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ABSTRACT OF THE DISSERTATION
Essays on Strategic Incentives for Information Revelation
by

Ricardo Serrano-Padial
Doctor of Philosophy in Economics
University of California, San Diego, 2007
Professor Joel Sobel, Chair

Information has strategic value in most economic environments because
individuals have private information relevant to the decisions of others. The per-
formance of economic institutions therefore depends on the extent to which they
efficiently lead agents to reveal their information. My dissertation consists of three
essays on information revelation (and aggregation) in two types of institutions: ex-
change environments in which traders have private information regarding a good
whose value is commonly known to be the same for all ex post, as in common-
value auctions, and decentralized provision of public goods. The first essay analyzes
double auctions designed to model prediction markets. I identify conditions under
which the equilibrium price in the model fully reveals the asset’s value. The second
essay deals with the lack of liquidity in trade institutions when agents have com-
mon values and are perfectly strategic. In the third essay, I look at the extent to
which private information restricts the set of implicit agreements to provide pub-
lic services over time that can be supported via the folk theorem with complete

information.



Strategic Foundations of
Prediction Markets and the
Efficient Markets Hypothesis



Abstract

This paper studies information aggregation in pure common value double
auctions with a continuum of traders. This trade environment captures some of
the main features of prediction markets. The population includes both strategic
traders and non-strategic (naive) agents whose bidding behavior is not influenced
by opponents’ equilibrium strategies. Existence and uniqueness of monotone equi-
librium prices is shown under mild conditions on the distribution of naive bids.
In any such equilibrium, the mapping from asset values to prices has a domain
split into two distinct areas: a revealing region, where prices equal values, and
a non-revealing region. There is a strictly positive lower bound on the share of
naive traders below which prices are always fully revealing and an upper bound
beyond which prices are almost nowhere revealing. This indicates that, contrary
to prevailing views, non-negligible levels of noise or liquidity trade are compatible
with perfect information aggregation, although even moderate levels of noise can
lead to nowhere revealing prices. An empirical method to distinguish between the

revealing and non-revealing regions is suggested.

JEL Classification: C72, D44, D82.
Keywords: Information aggregation, double auction, common values, private in-

formation, prediction markets, efficient markets hypothesis.



I.A  Introduction

Markets have long been touted not only for their role in allocating goods,
but also for their properties as information processors. The efficient markets hy-
pothesis (Fama (1970)) postulates that prices in competitive markets “fully reflect”

all the available information, which

... never exists in concentrated or integrated form, but solely as the dispersed
bits of incomplete and frequently contradictory knowledge which all the

separate individuals possess.
Hayek (1945, p. 519).

Based on this conjecture, exchange institutions designed with the sole
purpose of forecasting future events, commonly referred to as prediction markets,
have emerged in the last two decades.! Although empirical evidence suggests that
market prices seem to perform well as information aggregators,? the mechanism
by which such aggregation takes place is not yet clearly identified. A major reason
for this gap is that economics lacks a theory of price formation in markets. Most
models either leave the price setting mechanism unspecified (rational expectations
equilibrium (REE) models) or assume the existence of a market maker, who sets
prices by making inferences on the amount of information individual traders possess
(market microstructure models). Existing research on information aggregation in
auctions provides an explicit mechanism that links individual trader actions to
market prices. However, it has focused primarily on single auctions, which do not

account for the two-sided nature of most asset markets.?

1Some examples are the Iowa Electronic Markets (IEM) for presidential elections, the Hewlett-Packard
internal market to predict future sales and Hollywood exchange, a virtual currency market aimed at
forecasting movie ticket sales. I refer the reader to Wolfers and Zitzewitz (2004) for a more comprehensive
list of existing markets.

2See, for instance, Forsythe, Nelson, Neumann, and Wright (1992), Berg, Forsythe, Nelson, and Rietz
(2005), or Berg, Nelson, and Rietz (2003) for evidence from the IEM, and Chen and Plott (2002) for a
study of the internal market at Hewlett-Packard.

3An important exception is the double auction model of Reny and Perry (2006), which provides
theoretical support to the existence of fully revealing REE.



I study price formation in markets by modeling them as common value
double auctions (CVDA) in which risk-neutral traders receive a private signal
stochastically related to the value of the security traded.* The reasons behind
this choice are threefold. First, double auctions provide an explicit mechanism
by which individual trade decisions translate into prices. Moreover, this mech-
anism resembles existing markets, given that both buyers and sellers post offers
to respectively buy and sell units of the asset. Second, having a common value
component is essential to study information aggregation, if we understand it as
the process of aggregating, through market prices, individual pieces of information
about the unknown value of the asset.® Finally, if the efficient markets hypothesis
is correct, pure common values plus risk neutrality imply that security prices in
prediction markets can be directly interpreted as estimates of some parameter of
the probability distribution of the events to be forecasted.

In order to test how robust information aggregation is to the presence
of boundedly rational agents, I introduce heterogeneity in the traders’ population
by having both strategic traders and naive traders. These naive traders can be
seen as the analogue of noise in REE models. I provide a very general definition
of naive bidding behavior, which includes the noise or liquidity traders used in
market microstructure models as a special case.® Thus, their presence allows the
comparison of existing results on information aggregation with the predictions of
my model. In addition, naive traders rule out no trade equilibria, which always

exist in double auctions in which all traders are strategic.

“Common values means that the (unknown) value of the asset is the same for all traders, although
their expectations do not coincide when they receive distinct signals. In contrast, private values imply
that each agent values the asset differently and knows exactly her own valuation.

*Recent models of prediction markets proposed by Manski (2004), Gjerstad (2005) and Wolfers and
Zitzewitz (2006) assume that agents have pure private values (referred to as beliefs). In this setting, each
agent knows exactly her valuation of the asset, which differs across agents. Since there is no individual
uncertainty, aggregation of beliefs cannot take place and, instead, these analyses look at how close prices
are to the mean belief.

5The defining feature of naive traders is that they follow a fixed bidding strategy, regardless of what the
other traders do in equilibrium. That is, unlike strategic traders, they do not best respond in equilibrium.
Moreover, since the analysis presented below applies to a wide class of naive bid distributions, I do not
require the naive population to be homogeneous. For instance, the results of my model would hold for a
bid distribution that is arbitrarily close to the distribution of bids generated by any mix of level-k agents.



A known issue in double auctions is that traders’ ability to affect prices in
finite agent environments makes equilibrium analysis quite intractable. However,
since it vanishes as the market grows, I look at a limit case with a continuum of
agents.”®

I characterize (increasing) monotone equilibrium prices in this continuum
economy and show that they exist and are unique among the class of monotone
prices when the distribution of naive bids satisfies a mild monotonicity condition.
Furthermore, I show that in any monotone equilibrium strategic traders place
their bids in regions of the bidding space where prices are equal to asset values
or outside the range of prices. Accordingly, prices are characterized by having
its range partitioned into two distinct regions: a revealing region where prices
equal asset values and a non-revealing area where prices differ from values and are
completely determined by naive bids. There are three distinct scenarios: for small
shares of naive traders, prices are fully revealing (i.e. they equal asset values).
When there is a moderate presence of naive bidders, the equilibrium price function
has both a revealing and a non-revealing region. Finally, if the share of naive
traders surpasses some threshold they always determine the price.

This result represents a middle ground between two opposing views about
the relationship between liquidity or noise trade and the informational content of
prices. According to some models (Kyle (1985, 1989)), the introduction of noise
prevents the market from collapsing by precluding prices from fully revealing asset
values. On the other hand, REE models predict that, as long as there is a positive
mass of risk-neutral traders, prices will be perfectly informative (Grossman (1976),
Hellwig (1980)). In the double auction setting, perfectly revealing equilibria are
compatible with non-negligible levels of noise trade. However, prices can be quite

uninformative for moderate shares of naive traders, which is at odds with the

"This paper should be regarded as part of a project aimed at analyzing information aggregation in
large markets. The study of the limit economy provides insight into the informational content of prices
as a function of the degree of noise trade, while subsequent research would explore the convergence of
prices in finite markets to prices in the limit economy.

81t is important to note that when agents are price takers, the population of naive traders can include
pure private value strategic traders, given that bidding their own valuation is a weakly dominant strategy.



idea that a small presence of sophisticated traders suffices to get full information
aggregation.

It is worth mentioning that, although I restrict my analysis to risk-neutral
agents, having risk-averse or risk-loving sophisticated traders would lead to quali-
tatively similar prices. This is so because the key feature of their bidding behavior,
i.e. that they avoid placing bids in regions of the bidding space where prices dif-
fer from values, does not depend on their risk attitudes. Hence, the forecasting
properties of prediction markets may not depend on eliciting risk neutrality.

The characterization of equilibrium prices provided here lends itself to the
development of an empirical test aimed at assessing how accurately prices reflect
asset values. Since strategic traders place bids only in the revealing region while
naive traders generally bid in both regions, a simple method to identify revealing
prices can be devised, based solely on data on prices and the density of bids in the
neighborhood of prices.

This paper is organized as follows. First I describe a typical prediction
market, highlighting its relevant features. I then look at existing theories that ad-
dress information aggregation through the price mechanism. The common value
double auction model is laid out in section two. Section three provides the charac-
terization of equilibrium prices in a continuum agent economy. An empirical test
of information aggregation is then suggested. Before concluding, I briefly discuss

convergence issues regarding finite double auctions.

I.A.1 Morphology of a Prediction Market

Assume our goal is to predict the outcome of a U.S. presidential election,
to be held at time 7. Primaries are over and there are two candidates left, George
and John. We would like to estimate at any time ¢ < T' the probability of each
candidate winning the popular vote. Denote such probabilities by P and P/ =
1—P¢Y, respectively. Each individual agent has some information about P¥, denoted

a7
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For this purpose, we set up a futures market in which agents can post and
accept offers to trade two futures contracts: the “George security” (denoted by G),
which pays $1 at time T if George wins the popular vote and $0 otherwise; and
the “John security” (J), which pays $1 if John wins and $0 otherwise. According
to the efficient markets hypothesis (henceforth EMH), the equilibrium price of
each security at any time ¢ (p], j = G, J) is such that the expected future price

conditional on all the existing information %, = J, %, satisfies
1+ E(T’fﬂlc%)]pi = E(Pg+1|ﬁt)> (L1)

where rg 41 1s the one period return to security j at time ¢ + 1, which will depend
on agents’ (identical) preferences. Under risk neutrality and pure common values,
7{ = 0 for all t and p?p = 1{j wins the popular vote},g given that neither security pays
dividends but instead has a liquidation value at T" of $1 or $0, depending on the

election outcome. This implies that (I.1) reduces to
pi = E(p%“|ﬁt) = E(l{] wins the popular vote}|gt) = ]fbi (12)

Therefore, if the efficient market hypothesis is correct and traders are
money-maximizers with no insurance motives, the price of each security provides
the “best” estimate of the winning probability of its associated candidate, given
the information available at that period.

Guided by this conjecture, prediction markets are usually set up as on-line
futures markets with specific features so as to induce risk-neutral behavior among
participants.'® Trading rules resemble those of existing stock exchanges, which
are in essence continuous-time double auctions: traders can either post offers to
sell or buy each of the securities (known as asks and bids, respectively) or accept
outstanding offers. An ask (bid) specifies the maximum number of units of the

security to sell (buy) and the minimum (maximum) price to be accepted. All valid

91{,} is the indicator function.

0Tn some of these markets there are tight limits on the amount of money that can be invested. For
instance, the investment limit at the IEM is $500. In addition, transaction costs in these markets are
negligible.



asks are ranked from lowest to highest price, whereas all valid bids are ranked from
highest to lowest. The two outstanding offers are the ask with the lowest price
and the bid with the highest price. If an outstanding ask (bid) is accepted, the
next highest ranked ask (bid) becomes outstanding. When an outstanding offer is
accepted, the price of the ensuing transaction is the price specified in this offer. At
each moment, traders are informed of the outstanding offers and the price of the
last transaction. Additional information such as trade volume, price and bid/ask
spread histories is also available.

The empirical evidence seems to suggest that prices perform well as fore-
casts. Regardless of the specific characteristics of the prediction market (size, vir-
tual vs. real currency, type of event to be forecasted), the short and long-run fore-
casting properties of prices appear to be better than existing benchmarks, mainly
experts’ forecasts and opinion polls. For instance, Forsythe, Nelson, Neumann, and
Wright (1992), Berg, Forsythe, Nelson, and Rietz (2005) and Berg, Nelson, and
Rietz (2003) find that market prices were consistently closer than opinion polls to
actual vote shares at the IEM election markets. With regards to experts’ forecasts,
Chen and Plott (2002) show that price forecasts in the (small) internal market set
up by Hewlett-Packard were closer to actual sales of the company than the official
company forecast.!! Finally, experimental evidence in oral common value double
auctions suggests that prices aggregate information, thus backing the EMH (Plott
and Sunder (1988), Forsythe and Lundholm (1990), Guarnaschelli, Kwasnica, and
Plott (2003)).

I.A.2 Theoretical Foundations of the EMH

Despite these empirical findings, REE models, on which the EMH is
based, do not describe price formation as a function of traders’ actions. Therefore,

how information may be reflected in market prices is left unexplained.!?

See Sunstein (2004) and Wolfers and Zitzewitz (2004) for a more general discussion about the em-
pirical evidence regarding prediction markets.

2In REE models such as those of Hellwig (1980), and Grossman (1976, 1978), traders observe prices
before choosing their demands. Thus, the mechanism by which traders’ actions translate into prices is



There are two strands of economic theory that analyze price informa-
tiveness by linking prices to individual trading behavior: market microstructure
models and auction theory. In market microstructure models such as the canon-
ical models of Glosten and Milgrom (1985) and Kyle (1985) prices typically arise
as a result of the interaction between competitive market makers and individual
traders. In this setting, uninformed market makers set prices according to a zero
profit rule by making inferences about the information traders may have.!3> Two
salient features are the sequential nature of these models and the heterogeneity of
the trader population. The latter usually consists of informed, strategic traders
and uninformed traders, who can be strategic or not (noise traders) depending on
the model. This literature captures important aspects of the price formation pro-
cess in some capital markets in which specialists operate the market. In addition,
they provide insights into how traders’ information gets reflected into prices and
the timing of this process. Specifically, they show that information is incorporated
into prices gradually, allowing informed traders to profit from their privileged in-
formation, contrary to the EMH. However, the presence of a non-trivial market
maker renders these models unsuited for the analysis of two-sided decentralized
institutions in which no specialists are present, where all the strategic interac-
tion takes place between individual traders operating without the constraint of a
zero-profit rule.

On the other hand, auction theory looks at information aggregation by
modeling markets as static common value auctions, which have a very simple
institutional structure and pricing rules are predetermined before the auction. Al-
though the static nature of these trade environments precludes the study of in-
formation aggregation dynamics, this approach has the advantage of providing an
explicit mechanism that links market prices to individual bids. Most research has

focused on one-sided common value auctions, starting with the first price auction

left out of the model.

13There is an extensive literature emerging from these two models. Important examples are Easley
and O’Hara (1992) and the analysis of Back and Baruch (2004), which shows that Glosten and Milgrom
(1985) and Kyle (1985) merge into the same model under some conditions.
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of Wilson (1977). The main finding is that equilibrium prices converge to the true
value of the asset as the number of bidders gets large as long as either the upper
bound of the asset value support grows (Wilson (1977) and Milgrom (1979, 1981))
or as the units at auction increase (this is the double largeness condition in Pe-
sendorfer and Swinkels (1997)).14 Information aggregation is caused by agents’
inferences about prices based on their private information and on the equilibrium
behavior of the other agents. These inferences influence bidding behavior which,
in turn, determines prices.

The main drawback of using one-sided auctions to analyze information
aggregation in markets is that there is an implicit non-strategic market maker (the
seller) in charge of the supply. Double auctions models solve this issue by having
both strategic buyers and sellers. However, common value double auctions have
proven quite intractable and very little research exists in this area. A remarkable
exception is the paper by Reny and Perry (2006), who study the existence of fully
revealing equilibrium prices in large mixed value double auctions. They show the
existence of approximately fully revealing prices in large double auctions when
agents’ utility is strictly increasing in the signals agents privately receive.'® Since
the private value component is non-negligible prices do not converge to values as

the market grows.

I.B The model

There is a continuum of agents, denoted by T. A fraction v € (0,1) of
them are sellers, each of them owning one unit of a security, with the remaining
fraction being buyers, willing to buy at most one unit. The value of the security
V' € [0,1] is unknown with probability distribution G(V'). Each agent receives a
private signal S € [0, 1] stochastically related to V. Signals are independent and

MKremer (2002) summarizes existing results and extends them to the English auction, while Hong
and Shum (2004) study the rates of convergence under both scenarios.
15They prove this result for double auctions with finite bid grids.
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identically distributed conditional on v, with probability distribution F'(S|v).!

Assumption 1 G(.) has a C' density g(.) bounded away from 0 in [0,1]. F(.].)
has a C* density f(.].) bounded away from 0 in [0, 1].

Assumption 2 f(.|.) satisfies the strict monotone likelihood ratio property.

The first assumption implies that the distribution of signals has full sup-
port for all values of the asset. That is, a trader receiving a signal s € [0, 1] cannot
rule out any asset value in [0, 1]. The second assumption means that higher signals
are more likely than lower signals when the asset value is high.

Buyers and sellers simultaneously submit bids and asks to buy and sell
specifying, respectively, the maximum price willing to pay and the minimum price
willing to accept. Bids are restricted to be in [0,1].'7 The price p is given by the
(1 — 7)-th percentile of the bid distribution. Buyers with bids above p and sellers
with asks below p get to trade.'® If there is a positive mass of bids at p there is the
possibility of rationing, i.e. some traders bidding exactly p may not trade. In this
case, the traders bidding p who end up with the object are chosen randomly.?

A fraction n € [0, 1] of both buyers and sellers are naive traders who do not
best respond in equilibrium but rather use a fixed bidding rule. The remaining mass
of agents are risk-neutral, strategic traders, i.e. they best respond in equilibrium.
The bidding behavior of naive traders is summarized by the probability distribution
of their bids, H(.|v). I assume that H(.|v) is continuous, weakly monotonic with

respect to asset values and has the same connected support for all v.
Assumption 3 H(.|v) has full support in [QH,EH] C [0,1] for all v € [0, 1], with
b <5, H(.].) is C' in (QH,I_)H) x [0,1] and absolutely continuous in [0,1]%.

16Tn what follows, I use uppercase letters to denote random variables (V, S) or cumulative distribution
functions (G, F') and lowercase to denote realizations of random variables (v, s;) or density functions (g,
f). In addition boldface letters (e.g. s,S) denote vectors.

17 This assumption is without loss of generality since bids outside the unit interval are weakly dominated
by bidding either zero or one.

8In the remainder of the paper I use the term “bid” to refer both to seller asks and buyer bids.

19Reny and Perry (2006) use the same tie-breaking rule.
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This assumption implies that the distribution of naive bids is atomless.
The full support assumption implies that H(.|v) is strictly increasing in (b ,EH)
for all v € [0,1], i.e. there are no intervals between the lowest and highest naive

bids where the mass of bids is zero.
Assumption 4 H(b|.) is non-increasing in [0,1] for all b € [0, 1].

Assumption 4 implies that, for all v, v’ such that v > v/, H(.|v) first order
stochastically dominates H(.|v'). It means that naive traders tend to bid higher
when the value of the asset is higher.

Examples of naive bidding satisfying the above assumptions include the
typical random or noise traders commonly used in finance models, who bid ac-
cording to the bidding rule "(s) ~ U[0,1] Vs,?° and traders bidding according
to their interim private beliefs, 8"(s) = E(V|s). The latter are similar to traders
in the prediction market models of Manski (2004), Gjerstad (2005) and Wolfers
and Zitzewitz (2006). In those models, traders fail to consider the common value
nature of the asset. Accordingly, one could interpret their behavior as strategic,
in the sense that, if they deem their interim beliefs as their true valuation of the
asset, they would be best responding by bidding E(V|s).?! Thus, a double auc-
tion in which the trader population is divided into pure private value and pure
common value strategic agents constitutes a special case of the double auction en-
vironment presented above. Also, the above definition of naive traders can include
any continuous approximation of the distribution of bids generated by a popula-
tion consisting of any mix of level-% agents (see Crawford and Iriberri (2006) for a
definition of level-% thinking in auctions).??

Given a profile of bidding (pure) strategies 8 : [0,1] x T — [0, 1] with

B(s,t) denoting the bid of strategic trader ¢ € T when she receives signal s, let

20T heir bid distribution is H (blv) = b for all v, which weakly satisfies Assumption 4.

21This is true given that in a continuum economy agents are price takers. Thus, it is optimal for a
buyer (seller) to bid her private value in order to maximize her gains from trade.

22The distribution of bids generated by such population can include atoms and therefore violate As-
sumption 3. However, such distribution can be approximated by an atomless distribution satisfying the
above assumptions.
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B(.|V,n) be the cumulative distribution function of bids when the share of naive

traders is 7 and B_(p|V,n) the mass of bids strictly less than p. Accordingly,

B(plv.n) == nH(plv) + (1 - 1) / / o< F(s]0)dsd, (13)

and

B (plv,) == nH(plo) + (1 — ) / / o< f (s]0) dsdlp, (14)

where p is a suitable (atomless) measure on 7.

The asset value V' determines the distribution of signals F'(.|V). Given
that there is a continuum of traders receiving i.i.d. signals, by the law of large
numbers, the profile of signals received by traders coincides with the whole distri-
bution of signals conditional on V.2 Accordingly, given strategy profile 3(.,.), the
market clearing price is completely determined by V. Hence, for all v € [0, 1] the

market price is given by the function p : [0,1]*> — [0, 1] that satisfies

(1 =) € [B_(p(v,n)|v,n), B(p(v,n)v,n)]. (I.5)

The payoff functions for a (strategic) buyer ¢ and a seller ¢’ are, respec-

tively,
(s, 1) = E((V = p(V,n)L(ss.0>pwvan )
+ E((V = B(s, t)AB(s, ), V) iss.n=pvim3|5), (1.6)
and
s, t) = E((p(Vin) = V) ss<pvm}|s)

+ E((B(s,t) = V)1 = XB(s,1), V) 1ias,e)=pvim} |5), (L.7)

23 As pointed out by Judd (1985) there are measurability problems when dealing with a continuum of
random variables. While acknowledging those issues, I do not address them in the analysis presented
here. Hammond and Sun (2006) propose extending the usual product probability space to one that
retains the Fubini property so that measurability is restored. For instance, as shown by Sun (1996), we
obtain the exact law of large numbers if we assume that T is a hyperfinite set (thus having cardinality
continuum) and extend the standard product measure space defined on [0,1] X T to the corresponding
nonstandard Loeb space.
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where A(b, v) represents the probability of getting the object given bid b and asset

value v when p(v,n) = b.

I.C Equilibrium Prices

In this section I investigate how well equilibrium prices forecast asset
values as a function of the presence of naive traders () and of their specific bidding
behavior (H(.|.)). Accordingly, I restrict my attention to equilibria with prices
p(v,m) that are increasing in v (henceforth monotone equilibria). The two main
results are stated in Propositions 1 and 2. The first provides a characterization of
monotone equilibrium prices, whereas the second shows existence and uniqueness
of such prices. All proofs are relegated to the Appendiz.

The characterization of equilibrium prices provided below is driven by
the inability of a single trader to affect prices when there is a continuum of agents.
Price taking behavior induces two key features of payoff functions (1.6)-(1.7): (i)
buyers and sellers have the same preference ranking over bids (Lemma 1), and (ii)
bidding behavior is oriented to maximize the probability of trading in favorable
conditions while avoiding undesired trades, considering prices fixed. The latter,
coupled with increasing prices, leads strategic traders to avoid bidding in areas of
the price range where prices are not equal to asset values, i.e. where prices are

non-revealing.

Lemma 1 (Symmetric Preferences) Buyers and sellers receiving the same sig-

nal s € [0, 1] have the same ranking over bids in [0, 1].

To get some intuition on both the symmetry of preferences and the incen-
tive to avoid bidding in non-revealing regions, consider the price function depicted
in Figure I.1. The range of prices consists of a revealing interval [0,p;] and a
non-revealing interval (p;,ps]. Prices are greater than values whenever p(v,n) is
above the diagonal and viceversa. Assuming there is no rationing, the payoff for a

buyer bidding b when she receives signal s is the expected value of the difference
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Figure [.1: Strategic Bidding

v —p(v,n), conditional on s, for all prices below b. That is, it is the expected value
of shaded area I. For a seller with signal s and bid b, the payoff is obtained by
integrating the difference p(v,n) — v for prices above b, i.e. the expected difference
between transactions involving prices above values (area II) and transactions for
which p(v,n) < v (area III).

The rationale behind symmetric preferences is the following: for a seller
with signal s, the payoff for trading the object when prices fall within two alterna-
tive bids b and b’ is the negative of the payoff for a buyer receiving the same signal.
In addition, when a seller bidding b trades (because p(v,n) > b) a buyer bidding
b does not trade. If a seller with signal s strictly prefers bid b to bid & > b it is
because the expected payoff, conditional on s, of trading at prices between b and
b is positive.?* But then, a buyer with the same signal would rather avoid trading
at those prices by also bidding b.

Consider now a seller who places a bid in a non-revealing area, e.g. by

/

24That is, for values between p~'(b,n) and p~*(b',7), where p~' denotes the inverse image of the price

function.
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bidding b. She has an incentive to deviate and bid either in [0, p;] since all trans-
actions in area I involve p(v,n) > v, or to bid in [pe, 1] if, conditional on her signal,
the expected difference between the gains in areas I and II and the losses in area III
is negative. In the latter case, by bidding above ps she abstains from trading and
gets zero payoffs. On the other hand, if a seller bids b she is engaging in negative
transactions, which can be avoided by bidding above the area where p(v,n) < v
(i.e. in [pq, 1]) or can be compensated with gains from areas I and II (by bidding
in [0,p1]). By the symmetry of preferences, no buyer would bid b or &'. This also
indicates that no strategic trader would bid below a non-revealing interval that
starts with p(v,n) < v.

Proposition 1 and Corollary 1 are a direct consequence of these two key

characteristics of traders’ payoffs. Let H(v) = H(v|v).

Proposition 1 (Equilibrium Prices) In any monotone equilibrium of a CVDA

satisfying Assumptions 1-4, there is a set V = |J[vy, U] with Ty < v, for all
k

k=1,..,K <00 and a collection of signals {s},} with s} < sj,, such that prices

are given by

p(v, ) = v ifvel0,1]\V 18)

p s.t. H(ply) = Z2EEEDGry € [u,, T,

where all v, € (0,1) and s; € [0, 1] satisfy:

L—v = nH(,) + (1 —n)F(silvg), (1.9)
1=~ = nH(vy) + (1 —n)F(sp[or), (1.10)

and, for all s < s} (s > s;),
E((V — p(V.) Lveta mrl9) <0 (2 0) (L11)

This result essentially describes monotone equilibria as the succession of

non-revealing intervals ([v,,Tg]), where prices are determined by the naive bids,
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and revealing intervals ([Uy, v;,,]) in which all strategic bids within the price range
are concentrated. It also establishes that the allocation of strategic bids across the
latter intervals is block-monotonic, i.e. lower signal traders bid in lower intervals.
Specifically, traders with signals in (s}, ;) bid in [0y, v,,,].%° It is important to
point out that prices may be fully revealing, i.e. V is the empty set, or completely
determined by the distribution of naive bids, i.e. V = [0,1]. The next corollary
further requires that, in any non-revealing interval, prices are above values in the

lower portion of the interval and below values in the upper part.

Corollary 1 In any monotone equilibrium with V non-empty, given (v,,T), €i-
ther p(v,n) = v a.e. in (v, Ux) or there exist vy, vy with v, < v, < v} < Uy such
that p(v,n) > v a.e. in v, v,] with strict inequality in a non-null subset, and
p(v,n) <wv a.e in [v),Tg] with strict inequality in a non-null subset. Moreover, if

this is true for intervals (v;, 0] and (0,7y), then E((V — p(V,0) Lve@wwsy|se) = 0.

Corollary 1 states that prices in intervals where no strategic bids are
placed need to begin with prices above values and end with prices below values.
When faced with the prospect of bidding just below an interval where values are
always above prices, a seller would rather deviate and bid just above that region to
avoid trading at those prices. A symmetric reasoning applies when the seller bids
just above an interval in which p(v,n) > v. It also says that, if a non-revealing
interval consists of two or more disjoint subintervals, each of them beginning with
prices above values and ending with prices below values, no strategic bidder bidding
below such interval has an incentive to deviate and bid in between two of those
subintervals.

Examples of prices that can and cannot be an equilibrium are shown in

Figure 1.2.%5

2When v, > 0 traders with signals below s bid in [0,,] and in [0, p~"(0,7)] if v; = 0, i.e. outside
the price range. Similarly, traders with signals above sj either bid in [Uk,1] (when Tx < 1) or in
[p~(1,7),1] (when v = 1).

26T correctly interpret these figures assume that strategic bids are placed in the intervals where
p(v,m) = v.
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The proofs of Proposition 1 and Corollary I hinge upon a series of lemmas
in the Appendix, which formalize the intuition about strategic bidding presented
above. In addition to having symmetric preferences (Lemma 1), I show that no
strategic bidder would place bids just below a non-revealing interval that starts
with prices below values (Lemma 2). Lemma 3 states that strategic bidders avoid
placing bids in non-revealing intervals. Finally, as assumed above, no rationing
takes place in equilibrium, since any atom is solely created by naive traders and can
only happen in very special cases (Lemma 4). In addition, the block-monotonicity
of the distribution of strategic bids is a direct consequence of the MLRP property
and of Lemma 2: if bidding just below a non-revealing interval is profitable for a
trader with signal s, it is also profitable for all traders with signals below s.

The next result states that monotone equilibria exist in any CVDA with a
continuum of agents satisfying Assumptions 1-4. Furthermore, monotone equilib-
rium prices are unique. Finally, it sheds light on how the presence of naive traders
affect the informational content of prices: there is a strictly positive lower bound
on the share of naive bidders below which prices are fully revealing and there is
an upper bound above which prices are always set by naive bidders and strategic

bidders bid outside the price range.

Proposition 2 (Existence of Monotone Equilibria) Let Assumptions 1-4 be
satisfied. Then a monotone Bayesian Nash equilibrium in pure strategies exists
for all n € [0,1] and the resulting price function p(.,n) is the unique monotone
price function that can be supported in equilibrium. Furthermore, there exists n €
(0, min{~y, 1 —~}) such that V is the empty set (fully revealing prices) for alln <,
and there exists T < 1 such that V = [0,1] for allm > 7 (7 < 1 if H'(v) > 0

whenever H(v) =1—1).

Existence of equilibrium is given by the continuity of distributions H, F’
and expectations, and by the monotonicity of H, F' with respect to v. The former

guarantees the existence, for each 7, of a block-monotonic distribution of strategic
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bids satisfying the equilibrium conditions of Proposition 1. The latter leads to in-
creasing prices when the distribution of strategic bids is block-monotonic. Unique-
ness is based on the fact that, due to the strict MLRP, each triplet (s}, v, Ux)
satisfying (1.9)-(I.11) and Corollary 1 is unique. An algorithm to obtain the col-
lection {(s}, v, Tx) HE | that characterizes equilibrium price p(v,7) is provided in
the proof of Proposition 2.

The last part of Proposition 2 establishes the existence of three types of
equilibrium prices depending on the proportion of naive traders: fully revealing,
partially revealing and nowhere revealing prices. To provide some intuition on this
result, let the quantile function (v, n) represent the highest signal corresponding
to bids at or below v such that p(v,n) = v, assuming block-monotonicity. That is,

for all v € [0, 1] such that 1_%"5(”) € (0,1}, a(v,n) is given by

Fla(o,n)v) = 1= 71__’;}[(”). (1.12)

For most distributions of naive bids, «(.,.) has three distinct regions,
depending on the value of 7 (see Lemma 5 in the Appendiz).*” For n € [0,7], it
is increasing with respect to v in [0, 1]. It is non-monotonic (whenever it is well-
defined) in v for n € (,7). Finally, it is decreasing for all n > 5. I show that,
when «(.,n) is increasing everywhere, prices must be fully revealing. This is true
because the proportion of naive traders is too small to create non-revealing intervals
starting with prices above values, as required by Corollary 1, when the distribution
of strategic bids is block-monotonic. On the other hand, prices cannot be revealing
in intervals of values where «(., n) is not well-defined or decreasing (Lemma 6). For
prices to be revealing in some interval [vy, v5] in which «(., n) is decreasing, it would
be necessary to have a mass of bids below vy that is strictly smaller than the mass

of bids below v; < vy. Moreover, that reduction of mass needs to be greater than

?"Distributions H(.|.) such that H'(v) < 0 for some v are typically multi-modal distributions, with
most of the mass concentrated in a small subset of the support. These can be generated, for instance,
by almost-jump bidding functions, which imply bidding in a small neighborhood of a finite set of bids
for most signals.
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F(a(vy,n)|v1) — F(a(vy,n)|ve), given that a(ve,n) < a(vy,n). However, this is not
possible under the strict MLRP, because the highest possible reduction of mass is
obtained by having bid distributions equal to F'(«(.,n)|.).

Before presenting an example that illustrates how information aggrega-
tion can be quite sensitive to the presence of naive traders, it is worth mention-
ing two aspects about trade activity in monotone equilibria. Block-monotonicity
means that the strategic traders more active in the market are the low signal sell-
ers and the high signal buyers. Since the former tend to bid relatively low and
the latter bid relatively high, they engage in trade more often, compared to high
signal sellers and low signal buyers. In addition, the density of bids will generally
be higher around fully revealing prices, given that strategic traders avoid bidding
in non-revealing regions. As suggested in Section I.D, this could be the basis to

develop an empirical test of information aggregation.

I now provide an example to illustrate how the informational content of
prices varies with the share and bidding behavior of naive traders and to provide

some intuition for Proposition 2.

Example 1 Consider a CVDA with the following characteristics. V s distributed
uniformly in [0,1]; the conditional distribution of signals is Beta(l + v,1) (i.e.
F(slv) = s")2 each naive trader bids according to 3"(s) := 2s'°, which is a

rough approximation of bidding E(V|s).?

Given ("(.), the distribution of naive bids is given by

5 5(1+’U) .
2p ifo<
H(plv) = (57) (1.13)

1 if v >

aJw  olw

28 This distribution satisfies all assumptions except the full support, provided it has positive density in
(0,1) rather than in [0,1].

29 This approzimation makes equilibrium computations more tractable without changing any substantive
aspect of the analysis.
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By Proposition 2, there exist cutoff points 7, 77 that determine whether
prices would be fully, partially or non-revealing as a function of 7. Since H'(v) > 0
for all v, 77 is strictly less than one.

The first thing to note is that, given 7, a necessary condition for a partially
revealing equilibrium with V = [v,, 7;] is that there exist a signal s} satisfying (1.9)
at three distinct values, namely v,, v; and v] € (vy,7;), the latter being the point
at which p(v,n) goes from being above to go below v. Therefore, the function
a(v,n) given by

)5(1+v)) ﬁ

o) |12 =y Lesys (G
1-n L=n

afv,n) = F~(
needs to be three-to-one in some subset of its range. If it is strictly increasing in
[0, 1], then equilibrium prices will necessarily be fully revealing. Otherwise, if the
mass of bids in some interval [v1, vs] is reallocated to [0, 1]\ [v1, vo] prices would no
longer be fully revealing in the latter set, and a positive mass of strategic bidders
would rather deviate. On the other hand, if for some 7 there exists a signal s such
that E(v — p(v,n)|s) = 0 where p(v,n) given by 1 —~v = nH (p|v) + (1 — n)F(s|v)
for all v € [0, 1) satisfies p(0,7) > 0 and p(1,n7) < 1, then [vy,ve] = [0, 1] fulfils
Corollary 1, and strategic bids will be confined to [0,1]\ (p(0,7), p(1,7)).%

In a symmetric market (y = 0.5), I find that 7 ~ 0.016 and 7 ~ 0.214.
This shows that the range of n compatible with fully informative prices can be
quite small. As an illustration, Figure 1.8 shows equilibrium prices when 10% of
traders are naive.

The first thing to note is that even with such a low proportion of naive
traders, prices can be substantially different from values in about half of the domain
of values. Roughly speaking, the probability that prices reflect the true asset value
is about one half in this example.

The mass of strategic bids is split between those with signals below s,

who place bids in [0,v,] and traders with signals above s}, who bid in [7y, 1].

301f E(V — p(V,1)|0) > 0 all the mass of risk-neutral bids would be placed above p(1,7) whereas it
would be placed below p(0,7) when E(V — p(V,7n)|1) <O0.



p(v,0.1)

a(v,0.1)

*

Figure 1.3: a(v,n) and p(v,n) for v = 0.5, n = 0.1
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This and the fact that buyers and sellers have the same preference ranking over
bids implies that sellers with signal s < s} are “active” in the market (i.e. their
probability of trading is positive) and get positive expected payoffs while buyers
with the same signal are indifferent between trading or not provided they only
trade when p(v,n) = v.

The graph of a(v,0.1) (middle graph of Figure I.3) provides some intu-
ition on the existence and uniqueness of prices. As mentioned above, (s7,v,,7;)
are given by (1.9)-(L.11), that is p(v,0.1) = v, p(v1,0.1) = v; and E((V —
P(V; 1)1 vepw, m)3ls7) = 0. The latter implies that the expected gain a seller with
signal s} makes when she trades at p(v,n) > v is exactly offset by trades at
p(v,m) < v: these two regions are given by [vy,v]) and (v}, 7;], respectively. Look-
ing at the graph of a(v,0.1) we can see that, as s} increases, the distance between
v, and v} goes to zero implying that the set of trades with positive payoff shrinks
to zero. Similarly, the distance between vj and 77 goes to zero when s} decreases.
Therefore, by the continuity of E(.|.) and a(.,0.1), we can find a unique triplet
(s},v,,71) satisfying the conditions of Proposition 1 and Corollary 1.

Before finishing the example, it is important to point out that, although
p(V,n) is the unique monotone equilibrium price, there are many possible equilibria
associated with p(V,n). Accordingly, I complete this example by characterizing one
of the possible equilibrium bidding strategies (see bottom of Figure I.3), namely
the symmetric equilibrium ((s,t) = ((s) given by

p

0 if s € 0, 1=
minv s.t. afv,n) =s if s € (=2, s*]
Bls) = ! (1.14)
maxv s.t. a(v,n) =s if s € (s*, 1;1;"]
1 if s € (F752,1]

\
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I.LD An Empirical Test of Information Aggregation

Assuming the model laid out in the previous sections is a reasonable ap-
proximation of some existing asset markets,?' Proposition 1 suggests a way to iden-
tify empirically the intervals of asset values where p(v,n) = v. Furthermore, this
identification should not require information on any of the parameters of the mar-
ket, namely ~v,n, H(.|.), F(.|) and G(.). The only identification restrictions (other
than Assumptions 1-4) would be the monotonicity of equilibrium prices and the
distribution of naive bids having full support on the set of possible asset values.3?

The heuristics of how to distinguish the set where prices are fully revealing
from the set where p(v,n) # v are rather simple. Recall that strategic bids are
placed only in intervals of the price range where p(v,n) = v. Accordingly, the
density of bids is higher in a small neighborhood of the observed price when it
equals the unknown asset value than when value and price differ. That is, we
should observe a discontinuous change in the density of bids at the boundaries
{v} and {v)} of non-revealing intervals. Specifically, as v increases, the density
drops at {v,} and jumps at {7y}, respectively. Hence, using only a series on prices
and on a suitable measure of the size of the order flow around market prices one
could statistically distinguish the two informational regimes: revealing versus non-
revealing prices. Note also that by identifying the sets where prices differ from
values we can establish a (not necessarily tight) upper bound on |p(v,n) — v].
Assume [p(vy, 1), p(Tk, n)] is a non-revealing interval of prices. Then, p(v,,n) = v,
and p(Tg,n) = U. By monotonicity of prices, |p(v,n) —v| < p(Vk,n) — p(vy, n) for
all p € [p(vg,n), p(Vk, )]

This approach can be of special relevance in some markets where the true

value of the asset is never observed, and therefore the forecasting properties of

31 Apart from prediction markets, other trading institutions with a double-auction format such as
futures markets or stock exchanges could be suitable for this empirical approach as long as participants
in those markets can reasonably characterized as either nonstrategic traders, who transact in these
markets primarily driven by liquidity or similar considerations, and arbitrageurs (i.e. strategic agents),
whose primary motive is to engage in speculative trading.

320bviously, since this is an static model and most actual markets are dynamic, any empirical analysis
would need some stationarity assumptions.
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prices are hard to assess. For instance, in markets where Arrow-Debreu securities
are traded, the true value of the security (i.e. the probability of the state of nature
in which the security pays a dividend) is never observed. Only the realization of

the state is observed.

I.LE A note on Equilibria in large CVDA

In the continuum agent economy analyzed in the previous sections agents
use their private information to decide at which prices they are willing to trade.
However, in markets with a finite number of agents, individual decisions have a
non-negligible effect on prices. Therefore, it is natural to ask whether the charac-
terization of prices given in Proposition 1 is a good approximation of what hap-
pens in large but finite common value double auctions with naive traders. That
is, whether we can find a sequence of finite economies such that, as the number
of traders goes to infinity, (i) equilibrium prices exist and, (ii) they “converge” to
monotone equilibrium prices of the continuum agent CVDA.33

Although this analysis is beyond the scope of this paper it is worth dis-
cussing what might happen when agents can affect the price. The first thing to
note is that when agents have the ability to affect prices zero (interim) expected
payoffs may not be possible in equilibrium, because traders may have an incentive
to deviate in order to push prices in their favor if the missed transactions for doing
so involve zero profits. Hence, for equilibrium prices to converge to fully revealing
prices they would need to balance vanishing positive expected payoffs with vanish-
ing pivotal probabilities (i.e. the probability of a given agent to affect equilibrium
prices). However, I conjecture that this is not possible, because the shares of naive

traders compatible with fully revealing prices (n < ) are too low to create such

33The appropriate notion of convergence would depend on the particular technique used in the asymp-
totic analysis. For instance, if the finite economies have a continuous bid space as in most analyses of
private value double auctions, given the conditional independence of agents’ signals, a natural notion
is almost sure convergence in the probability space generated by the random vector of asset values and
signal profiles. If an analysis & la Reny and Perry (2006) is required, where bids are restricted to be
chosen from a discrete grid, a different notion of convergence would be needed.
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34 On the other hand, convergence in the partially and

arbitrage opportunities.
non-revealing regions should hold, given that in such scenario positive payoffs do
not vanish in the limit.3

To provide some intuition, imagine that equilibrium prices in a large mar-
ket look like those in the top graph of Figure I.4. Unlike in the continuum agent
market, there is a fundamental asymmetry in the preferences of buyers and sellers
due to their incentive to affect prices in opposite directions. As a consequence, buy-
ers and sellers bid in different regions of the bidding space, i.e. now buyers (sellers)
do not bid where expected prices lie above (below) values. Accordingly, prices be-
low p; are slightly above expected values reflecting the overbidding of active sellers
trying to increase the price while prices above p, are below expected values due to
the underbidding of buyers. Note that no strategic seller (buyer) would bid very
close to vy, since he will only trade the object when prices are below (above) ex-
pected values. Therefore, only naive bidders would bid in a neighborhood (p1, ps2)
of v1. However, if 7 is too small, the mass of bids in (py, v1) (respectively (vq, ps)) is
not enough to bring expected prices above (below) values and prices would instead

be like those in the bottom of Figure I.4, which cannot be an equilibrium since

buyers (sellers) bidding close to py (p1) would like to revise their bids.

I.LF Discussion and Concluding Remarks

Unlike REE models where the use of Walrasian equilibrium leaves price
formation unspecified, double auctions provide insight into how individual trading
decisions determine market prices so that information aggregation can be explicitly
analyzed. In the pure common value market presented here, agents use their private
information in their bidding strategies, despite (i) being price takers and (ii) their

private information not adding any new information to the market. This stems

34This is why for very low n only fully revealing prices are possible in any monotone equilibrium of
the continuum agent CVDA.

35 A way to get convergence to fully revealing prices could be to make the share of naive traders converge
from above to 7 at a lower rate than the rate at which pivotal probabilities vanish, instead of holding 7

constant.
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Figure 1.4: Prices in a finite common value double auction
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from the fact that agents do not observe the price before deciding whether to trade
or not. In contrast, in REE models the use of private information in large markets
is often linked to risk aversion. This leads to a well-establish paradox associated
to REE models (Hellwig (1980), Diamond and Verrecchia (1981), Grossman (1976,
1978)): if agents are risk-neutral, prices become fully revealing regardless the level
of noise trade (modeled as random demand /supply).3¢ Accordingly, agents dismiss
their private information, which raises the question of how such information ends
up reflected in the market price.

Hence, the analysis presented here provides an alternative theory of how
and when prices aggregate information: even if no single agent can affect the price,
a trader can make more accurate inferences about the market price by using his
private signal. One could argue that the fact that information aggregation is driven
by the use of private information to forecast prices is a more appealing explanation
than information aggregation being driven solely by attitudes toward risk. In fact,
the introduction of risk aversion should not change the implications of the model.
Specifically, the key feature of strategic bidding behavior, namely that they do
not bid in non-revealing areas of the equilibrium price function, still holds for risk
averse agents since it is just a consequence of maximizing expected gains from
trade when trading at prices different from values. Accordingly, one should be
able to prove results similar to those presented above for a population of strictly
risk averse agents.®” This would imply that risk aversion does not substantively
affect the informational properties of prices. With regards to prediction markets,
my motivating example, this means that their performance should not hinge upon

eliciting risk neutral behavior.

36For instance, in Hellwig (1980), as long as there is a non-vanishing share of risk-neutral agents, the
unknown realization of the returns from the risky asset can be fully inferred from the price, for any finite
per capita level of noise in the asset supply.

37TRisk aversion breaks the symmetry of buyers and sellers’ preferences and induces some strategic
traders to abstain from trading. However, one should be able to get equilibrium prices similar to those
given by Proposition 1 by having two block-monotonic bid distributions, one for buyers and one for sellers.
This reasoning applies to any population of traders with heterogeneous degrees of risk aversion, as long
as the set of distinct attitudes toward risk is finite, so that the number of different block-monotonic
distributions is also finite.
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It is important to point out that the assumption of common values is key
to analyze information aggregation, given that they trigger the inference process
that drives information into prices.®® Thus, recent models analyzing prediction
markets where agents fail to understand the existence of a common value compo-
nent (Manski (2004), Gjerstad (2005), Wolfers and Zitzewitz (2006)) do not regard
prices as information aggregators. Instead, they look at how close prices are to
some statistic (e.g. the mean) of the distribution of agents’ interim beliefs (i.e.
beliefs based only on their privately held information). Their approach would be
equivalent to having a share of naive traders n = 1 when naive traders bids are
equal to the expected value of the asset conditional on their private signals. Not
surprisingly, in such a case, prices are almost nowhere equal to asset values.?”

From the analysis of the common value double auction, the main conclu-
sion to extract is that, with price-taking behavior, prices aggregate information
as long as the level of noise or liquidity trade, embodied by the presence of naive
traders, is small.*® Otherwise, prices can be far from fully revealing. As the above
example shows, the market price can be quite uninformative even for shares of
naive traders as low as 10%. This conclusion is at odds with some well-established
views about the informational efficiency of markets. Omne such view is that a
non-negligible share of marginal traders is enough to induce fully revealing prices
(Wolfers and Zitzewitz (2004), Forsythe, Nelson, Neumann, and Wright (1992),
Hellwig (1980)).*! As it is shown here, this is not true in the double auction. In
the example provided, the minimum share of marginal traders compatible with

fully revealing prices is about 98.5%. An alternative view is that, as long as there

38With private values individual beliefs depend only on the individual’s private information, thus
learning the market price does not provide any additional insight to the trader about the value of the
asset.

390ne could argue that private information already incorporates common information, and markets
simply attract well-informed individuals. In such a case, it would be interesting to model entry decisions
as a function of the quality of private information. Neither the double auction model presented here nor
existing models aimed at analyzing prediction markets deal with this issue.

40Tn the absence of price-taking behavior, one should expect prices being less informative.

4I'Marginal traders refer to those traders who react to their information and to changes in prices so
as to induce prices to reflect available information. The definition of “marginal” trader varies across
models. For some authors it means traders not suffering from rationality “biases” (Forsythe, Nelson,
Neumann, and Wright (1992)), whereas in REE models it means risk-neutral agents (Hellwig (1980)).
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is a positive amount or noise or liquidity trade, prices cannot be fully revealing
(Black (1986), Reny and Perry (2006), Kyle (1985, 1989)). In the double auction,
this is not true either. When we account for the strategic incentives of traders,
information aggregation is possible although it is quite sensitive to the amount of
non-strategic traders in the market.

The analysis also provides insight into the qualitative behavior of strategic
traders in double auctions. First, not surprisingly, low signal sellers and high
signal buyers are more active in the market. That is, sellers with lower interim
valuations and buyers with more positive views about the asset value will trade in a
wider range of prices, compared to low signal buyers and high signal sellers. More
interesting is that strategic traders restrict their asks and bids to areas where
prices are fully revealing and, if that is not possible, they will bid outside the
range of prices. This means that strategic traders are perfect price setters whenever
possible, given that they set prices equal to values in the range of prices where they
place their bids. This feature of the model provides the possibility to empirically
distinguish between revealing and non-revealing areas without knowledge of the
amount of naive traders, their bidding behavior, or the distribution of private
information.

I conclude with a word of caution. To induce price taking behavior I have
analyzed a continuum agent market. Therefore, it remains to be seen if the results

obtained carry through large but finite economies.
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I.G Appendix: Proofs

I.G.1 Proofs of Proposition 1 and Corollary 1

Proof of Lemma 1. Let p(V,n) be the price function resulting from strategy
profile 4(.,.), and assume buyer ¢ and seller ¢ bid b when they receive signal s, i.e.

B(s,t) = B(s,t') =b. If we subtract (1.7) from (1.6) we get

(s, t) = m* (s, ) + E((V = p(V,0))ls). (L15)

Since the last term does not depend on b, a buyer and a seller receiving the same

signal will have the same preference ranking over bids. B

Let p'(b,n) := max{v : p(v,n) = b}, p~"(b,n) := min{v : p(v,n) = b}.

Lemma 2 (Strategic Bidding in monotone equilibria (1)) Let §(.,.) be the
sophisticated traders’ strategy profile in a monotone equilibrium and (vy,vs) be a

non-degenerate set of asset values.

(i) If p(v,nm) <wv for allv € (vy,vy) and there is some tradert such that 3(s,t) <
p(vi,n) for some s, then there exists v/ < vy such that p(v,n) > v for all

v € (p~H(B(s,t),m),v"), with strict inequality in a non-null subset.

(ii) If p(v,m) > v for allv € (vy,vy) and there is some tradert such that 3(s,t) >
p(ve,m) for some s, then there exists v' > vy such that p(v,n) < v for all

ve (v, p N (B(s,t),m)), with strict inequality in a non-null subset.

Proof of Lemma 2. Part (i): assume that p(v,n7) < v holds for all v €
(p="(B(s,t),m),v1). Then, given that E((V — p(V,n))1{pv.m<ws}ls) > 0 for all s, a

buyer would strictly prefer to bid vy than (3(s, ¢). Since preferences are symmetric,

a seller would also prefer to bid v,.*? A symmetric argument applies to (ii). W

“2Note that if b is an atom of the price distribution, v’ < p;l(ﬂ(s,t)m) can only happen if the
probability of getting the object is zero, i.e. A(B(s,t),v) = 0 for all v € (p~*(B(s,t),n), p;l(ﬂ(s,t),n)).
Otherwise, a trader bidding at b would rather bid lower.
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The following fact is used in the proofs of Lemma 3 and Proposition 1.

Fact 1 Let Assumptions 1 and 2 be satisfied. If p(v,n) > v for allv € [v1,ve) and
p(v,m) < v for all v € (ve,vs] with p(.,n) increasing, then for all s € (0,1),

(1) FEV = p(Vin) lvepwspls) <0, then B((V = p(V,0)Lveq v ls’) <0

for all s < s;

(i) If B((V = p(V.0)) Lverwayls) = 0, then B((V — p(V.0))Livep, v)yls’) > 0
for all s' > s.

Proof of Fact 1.  Let E((V — p(V.1))1{vep v3]s) < 0. Thus,
= S o) = V) f(slo)g(v)dv > - / NV = (Vi) f(slo)g(w)dv. (116)
f(s) V1 ’ o f(s) V2 ’

By the strict monotone likelihood ratio of F' (Assumption 2) we have that

for all s < s and all v' € [vy,v2) and v € [vg, v3), J;((SS]E’,I)) > J;((ss/”;’)). Given this and

the above inequality, we have that

[ oo -visem g [0 s 2T
(L17)

Given that f(s’) > 0 for all s’ by the full support of F' and G (Assumption
1), (1.17) implies that E((p(V, 1) =V)Lvepepls’) > BV =p(V,0) Livew wpls)-

A symmetric argument applies to part (ii). B

Lemma 3 (Strategic Bidding in monotone equilibria (II)) In any mono-
tone equilibrium, the mass of strategic traders submitting bids in {p(v,n) : v —
p(v,m) # 0} is zero, except perhaps when there is a positive mass at the boundaries
of the price range, p(0,n) and p(1,n), and there is complete rationing (1 — v =
B(p(0,n)|v) for all v € [0,p7(0,1)]) and no rationing (1 —~ = B_(p(1,n)lv) for
allv € [p~*(1,7m),1]), respectively.
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Proof of Lemma 3. By Lemma 1,1 only need to look at a buyer’s incentives.
The proof goes along the following lines. First, I show that no strategic buyer is
best-responding by bidding the interior of an interval of prices in which p(v,n) # v.
Second, I show that if p(., n) is constant in an interval of values (i.e. the distribution
of prices has an atom) a strategic buyer will only bid at the atom if she gets the
object with probability zero or one, depending on whether the expected value of
p(V,n) —V at the atom is positive or negative, respectively. Otherwise, she would
bid slightly above or below to avoid to either avoid trading or being rationed.
Finally, I prove that these conditions cannot be satisfied at an atom in the interior
of the price range. Therefore, the only possibility left for a strategic buyer to bid
in {p(v,n) : v —p(v,n) # 0} is to bid at the boundaries, with the condition that
she does not trade almost surely when she bids p(0,7) and that she trades with
probability one when bidding p(1, 7).

Assume, that a buyer bids in an interval (p(vi,7n), p(v2,n)) where v >
p(v,n) and p(v,n) is strictly increasing a.e. in (vq,vy), i.e. there is no atom in
(v1,v9). In this case, she prefers to bid vs to any bid b € (p(v1,n), p(ve, 7)), given
that her payoff increases by E((V — p(V, 7)1 {p(vim)e®v.pwa.m)3|S), Which is strictly
positive for all s. Now assume that v < p(v,n) in (v1,v9). Then, a buyer would
prefer to bid below p(vi,7) given that E((V — p(V, 1)) Lipvme(p mpyls) < 0 for
all s.

Now assume there is an atom at b. If there is a positive mass of strategic
bids at b, with p(v,7) = b on some interval (vy,vs), a buyer with signal s might
bid at b € (0,1) under one of these conditions: (i) E((V — b)1{,vm=ey|s) = 0; (ii)
E((V = b)1gyvm=sy|s) > 0 with A(b,v) = 1 for all v € (vy,v2) (i.e. no rationing);
(iii) E((V = b)1ipvm=s3]s) < 0 with X(b,v) = 0 for all v € (v, v2) (i.e. no trading
when p(.,n) = b).

In case (i), she is indifferent between bidding slightly above or below

b. However, Fact 1 implies that there can be at most one signal satisfying (i).13

“3For (i) to hold v < b in the lower part of (v1,v2) and v > b in the upper part of the interval, so that
Fact 1 applies.
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Therefore the mass of bids at b due to (i) is zero. In (ii), unless she gets the object
with probability one (A(b,v) = 1) she would rather bid above b. Finally, in (iii) she
may bid at b only if the probability of getting the object is zero (A(b,v) = 0). Since
in each of the latter two cases A(b,.) is required to be zero or one in the whole
interval (vy,vs), there cannot be two traders bidding at b with distinct signals
satisfying (ii) and (iii), respectively. Accordingly, all the mass of strategic bidders
bidding at b either satisfy (ii) or (iii).

Now I show that (ii) and (iii) can only happen when b = p(1,7n) and
b = p(0,n), respectively.

Assume (ii) is satisfied for all bidders bidding at b and let s be the lowest

signal associated to b. Accordingly, a trader receiving s bids optimally at b if
E((V = p(V.n))Lip<nls) = 0, (I.18)

and

E((V = p(V,0)1pspy]s) < 0. (1.19)

By Lemma 2, we can apply Fact 1 to (I.18) and (1.19).** Hence, all
strategic traders with signals above s will bid at or above b (assuming A(b,v) = 1).
Likewise, given (1.19) and the fact that E((V — b)1{,vp=e|s) > 0, all strategic
traders with s < s will bid strictly below b.

For A(b,v) = 1 we need the mass of sellers bidding strictly less than b be

equal to the mass of buyers bidding at b or above. That is, for all v € (vq, v2),

YnH )+ (1 =n)F(sv)] = (1 =) n(1 = H(bJv)) + (1 —n)(1 - F(s]v))]. (1.20)

Given that B (blv) = nH(blv) + (1 — n)F(s|v), the above expression is satisfied
when B_(blv) =1 — ~ for all v € (vq, v).
Now assume that b < p(1,7), i.e. v3 < 1 and p(v,n) > b for all v > wvs.

For that to happen we need B(blv) < 1 — v for all v > v,. But this implies, by

4By the linearity of expectations, the conclusions of Fact I also apply to a succession of intervals
satisfying the conditions in the lemma.
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the continuity of B(b|v) and B_(b|v), that there exists v' < vy such that B_(blv) <
B(blv) < 1—7 for all v > v, which contradicts that A(b,v) = 1 for all v € (vy,vs).
Hence, (ii) is only possible in equilibrium if b = p(1,7) and vy = 1.

A symmetric argument applies when (iii) is satisfied for almost all strate-
gic traders bidding at b. In this case, the mass of sellers bidding at or below b needs
to be equal to the mass of buyers bidding strictly above b for A(b,v) = 0. This
requires that B(blv) = 1 —~ for all v € (v1,v,). By the continuity of B(b|v) and
B _(blv), b = p(0,n) and v; = 0, otherwise there would be a subset of (vy,vs) for
which 1 — v < B_(bJv) < B(b|v), contradicting that A(b,v) = 0 for all v € (vy,vs).

Finally, if p(1,7) is not an atom, the probability of rationing at p(1,7) is
zero and a buyer bidding p(1,7n) will always trade. In this case there can exist a
positive mass of strategic bids at p(1,7n) < 1, since any buyer bidding p(1,7) < 1
is indifferent between any two bids in [p(1,7),1]. A symmetric argument can be

made for bids at p(0,7) > 0. B

Lemma 3 allows for the possibility of having strategic bids placed at an
atom, at p(0,n) or at p(1,7n), of the price distribution if either sellers or buyers
bidding at the atom trade with probability one, respectively. However, as the
next lemma shows, atoms can only occur for very particular naive share and bid

distributions.

Lemma 4 (No atoms) In any monotone equilibrium if there exists vi < vy such

that p(v,n) = b on (v1,vy) then
(a) E((V —p(v,n)l{ycuy|s) > 0 forall s, and H(p(v,n)|v) = 1_77 for allv < vy;

(b) E((V —p(v,n))Lv<uyyls) <0 for all's, and H(p(v,n)|v) = 12 for allv = vy.

Lemmoa /j basically states that atoms in the price distribution are solely
created by naive traders, and that very special circumstances need to occur: the

share of naive bids is very high compared to 7 (or to 1—+); naive traders completely
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determine prices at the low (high) end of the price range, with those prices being
low (high) enough so that they do not encourage strategic traders to bid below
(above) the atom; and the distribution of naive bids is independent of asset values
in the interval of values associated with the atom.?

Proof of Lemma 4.  Assume there is an interval (v, v9) such that p(v,n) = b
for all v € (vy,v2). By Lemma 2 and Fact 1, if there exists a trader with signal
s bidding below (above) b then it is optimal for all traders with signals below
(above) s to also bid below (above) b. Accordingly, let s € [0,1] be the highest
signal associated with bids below b, and § > s the lowest signal associated with
bids above b. Since the distribution of naive bids is atomless (Assumption 3), this

implies that

B_(blv) = nH (blv) + (1 —n)F(s|v),
and

B(blv) = nH (blv) + (1 = n)F(5]v).

There are two possible cases, depending on whether a positive mass of
strategic bids is placed at b or not, i.e. whether s <5 or s =5.

If there is no positive mass of strategic bids at b, we have that B(b|v) =
B_(blv) =1 —~ for all v € (vy,v9). Since F(s|v) is strictly decreasing in v for all
s € (0,1) and H(b|v) is non-increasing in v for all b € [0, 1], B_(b|v) = 1 —~ for all

v € (vy,v9) only if s =0or s = 1.

a) s = 0: in this case H(b|v) = I_T“’ for all v € (v1,v7). But then, we need E((V —
PV, Lpvm<erls) = E((V — p(V.n))l{v<w,yls) = 0 for all s, otherwise

some strategic traders would rather bid below b. Finally, prices below b are

45 An example of equilibrium prices being constant in some interval of values is given by a high enough
presence of random traders bidding uniformly in [0,1]. In this case, H(blv) = b for all v. Hence, if 7 is
high enough so that E(V|0) > b= 1= then p(v,n) = 177” for all v, with all strategic traders bidding at

n

or above =2, In this case, all strategic buyers and no strategic seller engage in trade.
n
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completely determined by naive bids, since no strategic trader bids below b,

ie. H(p(v,n)v) = 1_77 for all v < v;.%6

b) s = 1: in this case H(blv) = % for all v € (vy,v9). In addition, we need
E(V —p(V.n))1v<uyls) < 0 for all s. Since no strategic trader bids above

b, prices above b are given by H(p(v,n)|v) = -2 for all v > v,.

If there is a positive mass of strategic bids at b, Lemma 3 applies, requir-
ing either that B (bjv) = 1 —« or B(blv) = 1 — . The former requires s = 0 or
s = 1, while the latter can be possible only if s = 0 or 5 = 1. Therefore, they
reduce to the same conditions on H(.|.) and E((V — p(V,7))1ipw.m<sy|s). B

Proof of Proposition 1. By the monotonicity of p(.,n7) and Lemma 3, all
the mass of strategic bids in (p(0,7), p(1,7)) is placed in a countable collection of
disjoint intervals in which p(v,n) = v. Let V be the complement of such set in
[0,1]. Thus, V D {v: p(v,n) # v} by Lemma 3. Assume V is non-empty, otherwise
Proposition 1 holds trivially.

Denote B*(.|.) the cdf of strategic bids and assume that B*(.|.) is atom-
less.’” Accordingly, B*(.|lv) = B*(.|v) for all v € [p(0,n), p(1,1)] and V can be
expressed, without loss of generality, as the countable union of disjoint closed in-

tervals [v,, Tx], such that p(v,n) is given by

1 —v—(1—=n)B*(p(vg,n)|v)
7

Further assume that prices are not a.e. equal to values in [v,, Tg]. Oth-

H(p(v,n)lv) =

for all v € [vy,, k). (I.21)

erwise, redefine V not to include such interval.
Notice that B*(p(vg,n)|v) = B*(p(Tk,n)|v) by Lemma 3 for all k, in-

cluding non-revealing intervals with v; = 0 (i.e. when p(0,7) > 0) and g = 1

46This is possible in principle given that H(.|.) is increasing in its first argument and decreasing in its
second argument.

“"This implies that p(0,7) > 0 and p(1,n) < 1, given that H(0) =0< 1 —~and H(1) =1>1—+ by
Assumption 3.
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(p(1,m) < 1). Hence, we just need to show that B*(p(v,,n)|v) = F(si|v), for all k
and all v € [v,, Tx], with s} satisfying (1.9)-(I1.11).

By Lemma 2 and the fact that p(0,7) > 0 and p(1,n) < 1, there exist
vy, v with v, < v < v < Ty such that p(v,n) > v a.e. in [y, v)] with strict
inequality in a non-null subset, and p(v,n) < v a.e. in [v}, Tx] with strict inequality
in a non-null subset.*® But this implies that, if bidding in [Uy_1, p(v,)] is optimal
for a seller with signal s, i.e. E((V — p(V,7))l{vew, s3ls) < 0, then E((V —
p(V.m) lvew, wyls’) < 0 for all s < s by Fact 1.* Hence, bidding above p(Ty,)
is strictly dominated by bidding in [Tx_1, p(v,)] for all sellers with s’ < s. A
symmetric argument can be used for all s’ > s when it is optimal for a seller with
signal s to bid in [p(¥y), v, 1]. By Lemma 1 the same applies for a buyer. Therefore,
B*(p(v,)|v) = F(si|v) for some signal s; > 0. Moreover, s} needs to satisfy (1.9)
if v, > 0 and (I.10) whenever v, < 1, given that p(v,n) = v in (Tx_1,v,) and
in (T, v,,,) and that H(.|.), F'(.].) are atomless distributions. Finally, condition
(I.11) is just the equilibrium condition for a seller with s < s} (s > s}) to optimally
bid below p(v,) (above p(vy)), which also implies that s} ; < s} for all & > 1.

Now assume that B*(.|.) has an atom. Since H(.|.) does not have atoms
in (p(0,m), p(1,7n)), neither can B*(.|.). An atom of B*(.|.) at b € (p(0,7n), p(1,7))
would imply that B_(b|b) < B(b|b), creating an atom of the price distribution at
b, which leads to a non-revealing interval where strategic bids are placed, a contra-
diction of Lemma 3. Therefore, B*(.|.) can have an atom only in {p(0,7), p(1,7)}.

If there is an atom in B*(.|.) at p(0,n), the price distribution may or
may not have an atom at p(0,7n). If the price distribution has an atom at p(0,7),
by Lemma 4, B*(p(0,n)|v) = 1 for all v and H(p(0,n)lv) = 2 for all v <
p . (p(0,m),m). Accordingly, B*(p(0,n)|v) = F(1|v) and (I.8) is satisfied. If the

“8Tn what follows, T use the convention, 7o = 0 and Vg1 = L

9By the linearity of expectations, this is also true when there are non-revealing intervals
above Ty satisfying Lemma 2, or subintervals in [vj,v}] with p(v,n) > (<)v. For instance, if
E((V — p(Vim) veq o 1s) + Lo BV = p(Vin)lvew, myyls) < 0 for some s, with E((V —
p(V,m){ve(w, u)318) <0, then these inequalities hold strictly for all 5" < s.
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price distribution does not have an atom at p(0,7), p(0,7) is given by (1.21), i.e.

Hence, if a non-revealing interval starts at p(0,7n) (i.e. v; =0), Lemma 2
applies to the interval [0,7;] and, by Fact 1, there exists a signal s; > 0 satisfying
(I.11) such that B*(p(0,n)|v) = F(s}|v).

Finally, assume B*(.|.) has an atom at p(1,7). If the price distribution
has an atom at p(1,7n), B*(p(1,n)|v) = 0 for all v and H(p(1,n)|v) = 1_77 for
all v > p~Y(p(0,n)) by Lemma 4. Thus, B*(p(1,n)|v) = F(0]v) and (1.8) is also
satisfied. If the price distribution does not have an atom at p(1,7), p(1,7n) is given
by

Hp(Ly)[1) = L—v— (1—7;)3*(/)(1,77)I1). (1.23)

Therefore, if a non-revealing interval ends at p(1,7n), Lemma 2 applies to
the interval [T, 1] and, by Fact 1, there exists a signal sj, < 1 satisfying (I.11)
such that B*(p(0,n)|v) = F(s}|v).

|

Proof of Corollary 1. First, notice that by Lemma 2, all price intervals
(p(vg,n), p(Uk,n)) with strategic bids below and above them satisfy the first part
of Corollary 1, i.e. prices are above values in the lower portion of the interval
(v, Ux) and below values in the upper portion. When there are no strategic bids
placed below (p(v,,n), p(Ux,n)) we have that v, = 0 given that H(0) =0 <1 —~
implies p(0,7) > 0. If there are strategic bids above this interval part (ii) of Lemma
2 applies. Finally, no strategic bids above (p(v,,n), p(Tx,n)) lead to 7 = 1 and
p(Uk,m) < 1. In addition, if there are strategic bids below part (i) of Lemma 2
applies. Hence, these two cases also satisfy the first part of the corollary.

This also applies when there is an atom at (v, 7). Since atoms can only
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happen when there are no bids either below or above the atom (Lemma 4), we are
in one of the above cases.

Regarding the second part of Corollary 1, assume there is a non-revealing
interval (v,,7x) that can be partitioned into two subintervals, (v, ?] and (v, vy),
such that, in each of them, prices are above values in the lower portion of the subin-
terval and below values in the upper portion with E((V —p(V, 1)) 1{ve@s,1]55) < 0.
In such case, E((V — p(V,7))L{ve@,.a3/55) > 0 and a strategic seller bidding below
p(vi,n) with signal close to s; would rather deviate and bid v since, by doing
so, he can avoid negative payoffs from trading when v € (T, 0]. By symmetry of

preferences a buyer with the same signal would also deviate. Il

1.G.2 Proof of Proposition 2

I provide a series of technical lemmas and facts related to the quantile
function «(.,n), which are used in the proof of Proposition 2. They show that
a(.,n) is increasing for small values of 7, non-monotonic for intermediate values
and not well-defined and decreasing when 7 is high enough. As shown below, prices
must equal values everywhere in the first case, and cannot be revealing in areas
where «(.,n) is either not defined or decreasing.

In what follows, D, represents the partial derivative with respect to the

1th argument.

Lemma 5 If Assumptions 1-4 are satisfied the following statements are true:

(i) «(0,n) is well-defined for n < ~y, strictly positive and increasing in n; a(1,n)

15 well-defined for n < 1 —~y, strictly less than one and decreasing in 1.

(ii) If D,a(v,n) < 0 then D,a(v,n') < 0 for all ' > n for which a(v,n) is well
defined.

(i4i) There exists n € (0, min{~y, 1—~}) such that a(.,n) is well-defined and strictly
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increasing for all 1 < n, and it is non-monotonic or decreasing for all n > n

in the subset of values where it 1s well-defined.

() If H'(v) > 0 for all v such that H(v) = 1 — =, there exists 7 € [n,1) such

that (., ) is decreasing whenever it is well-defined for all n > 7.

Proof of Lemma 5.
Part (i): since H(0) = 0, a(0,7) = F~'(1=2]0), which is well-defined if n < .
Since F'(.|v) has full support for all v and 1= is increasing in 7, «(0, n) is increasing

=
in 7. Similarly, H(1) = 1 so0 s(1,n) = F~' (372"

0) is well-defined for n <1 —~

and decreasing in 7.
Part (ii): by the a.e. smoothness of H and F' (Assumptions 1 and 3), a(v,n) is

a.e. differentiable. I differentiate both sides of (1.12) to obtain D, «a(v,n):

5 H'(v) + D, F(a(v,n)lv)
fle(v,n)lv)
Note that f(.|.) > 0 by the full support assumption and D, F(.|.) < 0 by

D,a(v,n) = — (1.24)

strict MLRP. Therefore, for D, a(v,n) < 0 we need the numerator of (I1.24) to be

negative, i.e.

T H () + DLF(a(e,n)lo) > 0. (1.25)

Thus, if we show that (1.25) implies

Cf 77 /
>
—77 —77H (v) + D, F(a(v,n)|v) 0,

which is equivalent to

H'(v)
(1—n)?

then we would have shown that if the numerator of (1.24) is negative, it becomes

> _sz(a(v>77)|v)D2a('U7n)’ (126)

more negative as 1 grows. This will suffice to prove part (ii) of the lemma.
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1—y—H(v)

Given that D,a(v,n) = G5z

(I.26) can be expressed as

D, f(e(v, n)lv)
flev,n)lv)

Therefore, we need to prove that (I.25) implies (1.27). By the strict MLRP

H'(v) 2 =(1—=~—=H(v))

(1.27)

1—F(s]v)
f(slv)

of f, ZEY) ig decreasing in v and is increasing in v for all s. Thus,

f(slv)

0 [F(slv)] _ f(slv)D,F(slv) = D, f(s|v)F(s|v)
3o {f(ﬂv)]'_ F2(5[0) =0, (1.28)
and

O [1=F(slv)] _ =f(slv)D,F(s|lv) = D, f(s|lv)(1 = F(s|v))

o [ F5lo) } - 72(sl0) =0 ({129)

Consequently, (I.28) and (1.29) imply that Dy f(slv) [

D, F(s|v) —D2F(s|v)]
f(slv)
for all s € (0,1) and all v.%

F(slv) * 1-F(s|v)

We need to consider two possible cases: H(v) < 1—+ and H(v) > 1—~.5

1. H(v) <1—7: if we divide both sides of (1.25) by F(a(v,n)|v),’ we obtain

. H@) _ D,F(a(vn)) D, fle(vn)v)
1—nF(a(v,n)v) Flav,m) —  fla(v,n)lv)
1—y—nH (v

Substituting F(a(v,n)|v) = ) in the above expression and multiply-

1-n
ing both sides by (1 —~v — H(v)) > 0 we get

l—y—H D
1=y —=nH(v) f(a(v,n)lv)
0By the full support assumption F(s|v) € (0,1) for all s € (0,1) and the bounds on Dﬁ(fs(‘z‘;) are well

defined.

Sf H(v) = 1 —, (1.27) is satisfied given that H'(v) > 0 is needed for (I1.25) to hold.

%2We can do so since F(a(v,n)|v) > 0 whenever H(v) < 1 — . Assume F(a(v,n)|v) = 0 otherwise.
Then 1 — v =nH(v) and H(v) > 1 — v, a contradiction.
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Since H(v) <1—+,v € (0,1) and n € (0,1],% 771(1,;’7553) is strictly positive

and less than one. Hence, (1.30) implies (1.27) given that H'(v) > 0 by (I1.25).
2. H(v) > 1 —~: two subcases need to be considered. If D, f(a(v,n)lv) <0
the right-hand side of (1.27) is non-positive. Thus, (1.27) is satisfied for all v

such that H'(v) > 0 and all n. When D, f(a(v,n)|v) > 0, by dividing both
sides of (1.25) by 1 — F(a(v,n)|v) we get™

U H'(v) o DFla(vnv) D, f(afv,n)v)
1—nl—=Fla(wn) = 1=Fla(v,n)lv) = flawn)v)

Substituting F'(a(v,n)|v) and rearranging terms, the above inequality be-

comes

D, f(a(v, n)|v)

nH'(v) > (I1-n+nH(v)—(1-7)) fla(v,n)|v)

(1.31)

> —(1—y—H(v)) ;

The second inequality holds because 1 —n + nH(v) > H(v) and, therefore,
(1-n+nH@w)—(1—7)) > —(1—~—H(v)) > 0. Since n € (0,1], (L.31)
implies (1.27).

Part (iii): first, note that a(.,n) is well-defined in [0, 1] iff n < n, := min{y, 1 —~},
given that 177"5() €[22 = 111 =0 for all v € [0,1].

Asn — 0, 1“’7’71{() — 1—7. Thus, lim, ¢ a(v,n) = F~'(1—v|v) Yu. By
Assumptions 1-2, F~'(1 — ~v|.) is well-defined and strictly increasing in [0, 1]. By

the continuity of F' and H, «a(.,n) is continuous and strictly increasing in [0, 1] for

531 (1.25) holds then 7 > 0.

%Note that F(a(v,n)|v) < 1 whenever H(v) > 1 —~. If F(a(v,n)|v) =1 then 1 —y —nH(v) =1 —n,
which can only hold if H(v) < 1 — « given that 1 —n+nH( )=H@)+ (1 —-n)1—-HW)).

55To see why notice that 1 —n 4+ nH(v) = (1 —n)(1 — H(v)) + H(v), which is at least H(v) given that

€ (0,1] and H(v) € (1 —,1].
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all n sufficiently small. This takes care of i being strictly positive. We need to show
that there exists 7 < 7, such that for all n < n, a(.,n) is everywhere increasing,
and for all > 7, there exists some v € [0, 1] such that a(v,n) is well-defined with
D,a(v,n) < 0.

Since H(0) = 0 and H(1) = 1, H'(v) > 0 in a set of asset values with
positive Lebesgue measure, so for high enough 7 inequality (I1.25) is satisfied for
some v. Assume for the moment that such 7 is lower than 7,. By part (ii) of
the lemma, if (1.25) is satisfied for  and v it will also be satisfied for all ' > .
Accordingly, if D, «(v,n) > 0, then D, a(v,n") > 0 for all ”” < n. Therefore, given
that D a(v;.) is well-defined and continuous in [0,7,] for all v, 1 exists and is given
by the highest 1 such that D,«a(v,n) > 0 for all v, i.e.

D,F(F~ (32210 ) )

Yo p. (1.32
H'(v)—DQF(F—l(L”H(”)w”U) } (1.32)

1-n

ntzsup{UE(O,l):ng—

o n

It remains to be shown that there is a n < n, satisfying (1.25) for some

v. Assume otherwise that 7, the highest n for which there is no v satisfying (I.25),
is greater than 7,.

1—vy—n
1-n

1. If n > 7, then 1%;; > 1. Since < 1 and H(.) is continuous, there exists

an interval of values [v, 7] such that 1—%@;{@) =1 and 1—%@;{@) is strictly

decreasing in v for all v € [v,T]. Hence, by the full support assumption,
a(v,n) = land a(v,n) < 1forallv € (v, 7], which implies that D, a(v,n) < 0
for some v, contradicting that (I1.25) is not satisfied by 7.

2. If n > 1 -+, we have that 11? < 0. Since 1%’; > 0, there exists an interval

l—w:ﬂH(ﬁ’) . 1:“/—HH(U)
———izr——'—-o and-——T:;——

of values [/, 7] such that is strictly decreasing

in v for all v € [v/,?']. Hence, by the full support assumption, a(?’,n) = 0
and a(v,n) > 0 for all v € [v/,7), which implies that D, a(v,n) < 0 for some
v, a contradiction.

1—y—nH(v)

— — o0 for all v such that H(v) < 1— and
~

Part (iv): note that, asn — 1,

1—y—nH(v)

= — —oo for all v such that H(v) > 1 —~. Therefore, for high enough 7,
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a(.,n) is only well-defined in a small neighborhood of all v such that H(v) = 1—7.
If for any such v we have that H'(v) > 0 then «(.,n) will be decreasing in such
neighborhood.’®¢ By part (ii) of the lemma, if a(.,n) is decreasing, it is decreasing

foralln’ >n. A

Fact 2 Let § be a measurable subset of [0,1] and s € (0,1) be such that P(8|v) =
F(s|v) for some v € [0,1). Then, D,P(S|v) > D,F(s|v).

Proof of Fact 2.  Assume 8N |[s, 1] is a non-null set, otherwise P(8|v) = F(s|v)
for all v by the full support of F(.|v) for all v. Since P(8|v) = F(s|v) = P([0, s]|v),

we have that
P([s,1] N 8lv) =P([0, 5]\ 8|v).

By the strict MLRP of F(.|.), the left hand side is strictly greater than the right-
hand side for all v' > v. Thus, D, [P(8|v) — P([0, s]|v)] > 0. B

Lemma 6 If a(.,n) is strictly decreasing in some interval [vy,vs] then any mono-

tone equilibrium price p(.,n) satisfies p(v,n) # v a.e. in [vy, Vo).

Proof of Lemma 6.  Assume p(v,n) = v and p(v',n) = v for some v' > v with
a(v,n) > a(v',n). Accordingly, if the mass of strategic bids below v is given by
bidders with signals in [0, (v, )], then the mass of bids below v" > v is strictly
smaller than the mass of bids below v, a contradiction. Hence, it must be that
there is an alternative, well-defined distribution of strategic bids B%(.|.) such that
B*(vjv) = 1_%’75(”) for all v € vy, v5]. Since «f(.,n) is decreasing in that interval,

we have that £ B%(v|v) = — 15, H'(v) < D,F(a(v,n)[v) (see inequality (I.25)).

®6In this case there is a unique v such that H(v) = 1 — . Assume otherwise that there are two such
values v, v’ such that H'(v), H'(v') > 0. Since H(0) = 0 and H(1) = 1, by the continuity of H(.), there
would have to be a value v" € such that H(v") =1 —~ and H'(v") < 0.
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Denoting (3%(s,t) the bid of strategic trader ¢ when she receives signal s,

we have that

Bl = [ [ Vmen felopdsau= [ B 0,010,

where 8%(v,t) = {s € [0,1] : 8%(s,t) < v}.
By Fact 2, D,P(8%(v,t)|v) > D,F(s*(v,t)|v) with s*(v, t) being the signal
such that P(8*(v,t)|v) = F(s*(v,t)|v). Accordingly, given that D, B*(v|v) > 0,

diBa( l0) = D, B*(u|v) + D, B*(u /DF (v, 1)]0)dy
v

Therefore, it is enough to show that [ D, F(s*(v,t)|v)du > D, F(a(v,n)|v)
whenever [} F(s%(v,t)[v)du = F(a(v,n)|v) in order to prove that there is no B%(.|.)
leading to revealing prices in [vq, vg].

By the strict MLRP we have that, for all v € [v1,v9] and all v/ > v,

0 — /F( (o, 8)[v)dp — Fa(v,n)|v) =

s%(v,t)Va(v,n) a(v,n)
- /[ (afo)dadp - / / f (el
(v,m) (v,m)As(v,t)
5% (v,t)Va(v,n) a(v,m) f(l“U/)
ol e - [ [ o) T
//(Un (Un/\s“vt f(l“U)

B /TF(s“(v, )oYyt — F(av,n)).

Therefore, [ D,F(s*(v,t)|v)dp > D,F(a(v,n)|v), which implies &£ B*(v|v) >
D,F(a(v,n)|v), a contradiction. B

IN

Proof of Proposition 2.
The proof is divided into two cases, depending on the value of n. For
n € [0,n], where > 0 is given by (1.32), I show that prices are necessarily fully

revealing; whereas when 7 > 7 prices cannot be fully revealing. In the latter case,
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I provide an algorithm to find monotone equilibrium prices satisfying Proposition
1 and Corollary 1 and show that they exist and are unique. After that, I show
that, except for a very particular class of naive distributions, there exists 7 < 1
such that for all n > 7 strategic bids are confined outside the range of equilibrium
prices, implying that V = [0, 1].

Before turning into these cases, a prerequisite for existence is that any
equilibrium prices satisfying Proposition 1 and Corollary 1 are in fact increasing.
This is guaranteed if any block-monotonic distribution of strategic bids leads to
market clearing prices that are increasing. According to Proposition 1, market

prices in non-revealing intervals are given by

1—v— (1 =n)F(silv)
; :

H(plv) = (1.33)

Given any 7 € (0, 1), the right-hand side of this expression is constant for
sy € {0,1} and strictly increasing in v for s; € (0,1). Hence, when H(.|.) satisfies
Assumption 4, the resulting price is increasing in v.

Now I turn into the two cases to be considered, n € [0,79] and n € (n, 1].
Case 1: (n € [0,1]). The function a(v,n) given by (I.12) is the quantile of the
signal distribution leading to strategic bids at or below v such that p(v,n) = v. By
Lemma 5, a(.,n) is increasing for all n < 7. This implies that there exists a fully
revealing equilibrium for all n < n, with the distribution of strategic bids satisfying
B*(v|v) = F(a(v,n)|v). Since prices are fully revealing and agents cannot affect
the price, no strategic trader has an incentive to deviate and, hence, any profile

of bidding strategies yielding B* constitutes a BNE. One such profile is given by
B(s,t) = B(s) for all t, with

0 if s € [0, a(0,7n)]
B(s) =1 vst. a(v,n)=s ifsc (a0,n),a(l,n)) (1.34)
1 if s € [a(1,n),1]

This takes care of existence of monotone equilibrium for n € [0, 7).
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Regarding uniqueness of monotone equilibrium prices, assume there exists
a monotone equilibrium with p(v,n) # v a.e. in (v,,7;) with v; < 7; for some
n < n. If p(vy,n) < p(01,m), by Lemma &, the mass of strategic bids placed in
[p(vy,m), p(T1,n)] is zero. Since the distribution of strategic bids is block-monotonic
(Proposition 1), all strategic traders with signals below (above) some signal s} bid
below p(vy,n) (above p(v1,7n)). However, given that a(.,n) is increasing, we have
that st > a(vy,n) and/or s; < a(vy,n).5 When s} > a(v;,n) then p(vy,n) < v,
if v; > 0 or p(v,n) =0 in [0,v’) for some v > 0 if v; = 0, contradicting Corollary
1. On the other hand, if s7 < a(71,n) then p(v1,7) > 7, if 1; < 1 or p(v,n) =1
in (v”,1] for some v” < 1 if 73 = 1, which again violates Corollary 1. Therefore,
the only possibility left is that p(vi,n) = p(ve,n), i.e. there exist an atom in the
distribution of prices. But, according to Lemma 4, this can only happens when
n > min{y,1 —~}, i.e. when n > 7.

Hence, when 7 € [0, 7] any monotone equilibrium price satisfies p(v,n) =
v.
Case 2: (n € (n,1]). By part (ii) of Lemma 5 «(.,n) is either non-monotonic or
decreasing. Hence, prices cannot be fully revealing, given Lemma 6. The following
algorithm identifies the values {v, }& |, {v,}5 | and signals {s{}& , that satisfy
the conditions of Proposition 1 and Corollary 1, which characterize equilibrium
prices. Then I show that these values and signals always exist and are unique.
Finally, I provide bidding strategies that implement equilibrium prices.

The steps of the algorithm are:

1. Find asset values {v/"}._, and {vM}[_, at which a(.,7) reaches a local min-
imum and a local maximum, respectively. If (., n) is not well-defined in an
interval (v',v”) with a(v',n) or a(v”,n) € {0,1}, let v" be the “unique” local

maximum in that interval when a(v”,n) = 1 and v” be the “unique” local

5"Note that a(.,n) is strictly increasing for n < n. If p = n and a(.,n) is constant in [v,,1] then
57 = a(v,,n) would involve p(v,n) = v in [v;,71]. Hence, one of these inequalities still needs to hold for

p(v,n) # v ae. in [v;,T1].
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i, !y — ()58 m_ M _ 159
minimum when «(v’,7) = 0.°® Let vf* = 0 and vy, = 1.

2. For each interval {[v]® j,vf\ﬁl]}l M with j = 0 if 0" = 0 and j = 1 if

I-1+j5

vM = 0, find signal values {s;};_; " such that, when p(v,n) satisfies 1 —y =

nH (p(v,n)v) + (1 —n)F(s;|v), are given by

0 if BE((V =p(V.n)lvepr wp,1310) >0,
si=9q 1 if E(V—p(V, U))l{VE[vgw,vgﬁl]}|1) <0, (1.35)

s if E(V = p(V.n)lvep,)msnls) =0

where v,(s),7;(s) are respectively given by

,U;’f_b‘ ZfOé( Ui— 777)
vi(s) = ’ ! (1.36)
ve v, v)] st alv,n) =s otherwise,
and
oM if a(vM,, n) < s,
v(s)=4 o (1.37)

ve P ,v] st alv,n) =s otherwise.

M M _
3. If s; > siy1 merge intervals [v]”,, v, | and [vf},_;, vi},] and redefine s; = s;

and 7;(s}) = 7;11(s}), with s, given by

0 if E((V —p(Vin)lvepr o ,,,1310) >0,
si=9 1 if E((V = p(Vim) Lyepmon 1) <0, (1.38)
S Zf E((V - p(‘/a n))l{VE[gi(s),DHﬂs)]}|S) =0.

Repeat this step until s; < s;41 for ¢ = 1,..., K, with K being the new

number of intervals.

%8Note that when a(v”,n) = 1 either a(v’,n) = 1 or it is not well-defined. Similarly, when a(v’,n) = 0,
when a(v”,;n) = 0 or it is not well-defined.

*9By the continuity of a(.,n), v < v} for all 7 if a(0,7) is a local minimum, and v} < v for all 4
if @(0,7) is a local maximum.
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4. Define s§ = si, v, = vi(sg) and U = Ug(sk), k=1, ..., K.

Several things are worth noting. First, each interval [v}";, v},] contains

M m M
v,y and 0. Thus, a(.,n) is increasing in (v} ;, v ) U (0] 5,1, v}{,) and decreas-

ing in (v}, v, 1).% This implies s; € [a(v;,,n), max{a(w}, n),a(v},n)}].

Assume otherwise that s; < a(vf”;,,,7) < 1. Then p(v,n) > v in [v,(s;), Vi(s;)]
since a(v,n) is above s; in [r;(s;), v, (s;)]. But this in turn leads to E((V —
P(V,m) e, s)misoylsi) < 0 when s; < 1, which violates (I.35). Given these
bounds on s;, there is a unique value v(s;) € (v}, v, ) such that a(v(s;),n) =
s;. Accordingly, p(v,n) > v in (v,(s;), vi(s;)) and p(v,n) < v in (V.(s;),7i(s;)).%!
Second, v;(.) and 7;(.) are increasing, while v{(.) is decreasing. By the
continuity assumptions and Fact 1, each tuple (s;,v;(s;),7;(s;)) exists and it is
unique. To see why, note that as s; grows the interval where prices are above

values (v;(s;), vi(s;)) shrinks while (v/(s;),7;(s;)) grows. Furthermore, as s; grows

the probability mass (conditional on s;) associated to (V/(s;),7;(s;)) grows relative
to the mass associated to (v;(s;), Vi(s;)), by the MLRP of F(.|s;). Therefore, there
is a unique signal s; (which in turn uniquely determines v,(s;) and 7;(s;)) satisfying
(1.35).

Third, when two adjacent intervals with signals s;, s;,1 are merged (step 3
of the algorithm), the new pivotal signal s} lies in (s;41, $;). Thus, any subinterval
of [v;(s}),Dir1(s})] with p(v,n) < v is preceded by a subinterval with p(v,n) > v,
which means that we can apply the same existence and uniqueness argument to
the tuple (s}, v,(s7), Vit1(s7))-

Finally, a(.,n) is increasing on [0,v,(s1)], [7i(si),v;11(s:)] and also on

Vi (sk),1]. That is, it is increasing in [0, 1] \ U[vy, U], which enables prices to be
k

5°Note that for i = 0, v = = oM when v = 0, and v 1= v%l for i = 1 when v = 1.

%I This is also true when s; € {0, 1}. Given (1.36)-(1.37), s; = 0 implies that v, = v"; and 17%’75(”) <
0 in some interval (v',v]") (otherwise (I1.35) would be violated), which leads to 7; = v]* (according to
step 1 of the algorithm, v;" is the upper bound of the interval of values where «(.,n) is not well-defined).
The latter implies that p(v,n) < v in (v',7;). Since a(.,n) is either increasing in (vZ”J7 vM) or above 0
when v/ ; = 0 (part (i) of Lemma 5), a(v,n) > 0 (and thus p(v,n) > v) in (v,;,v"). Similarly, s; = 1

implies that v, = = oM and 17%’7:7(”) > 1 in some interval (vZMﬂ/)7 which means that 7; = vﬁl. Hence,

p(v,m) > vin (U11w7’l) ) and p(v,n) < v in (v, v},).
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fully revealing in such set (Lemma 6).

Given all these facts, (1.35)-(1.38) imply that {(s},v,,vx)} satisfy (1.9)-
(I.11). Moreover, prices given by (I.8) are monotonic and satisfy Corollary 1.

Since this algorithm provides a unique solution, we need to show that a
collection {(s},, v}, v},)} not satisfying (1.35)-(1.38) violates (1.9)-(I.11) or Corollary
1.

Assume that there is a collection {(s},v},, 7))} satistfying Proposition 1.
If 53, € (0,1) then E((V — p(V,;n))1vew, w31ls,) = 0 by (L.11). In addition, (1.9)-
(I.10) and Corollary 1 require that a(v},n) > s}, with equality when v) € (0,1)
and «a(v),n) < s, with equality when v}, € (0,1). Corollary 1 further requires

a(v,n) to be increasing at v = v}, 7, whenever a(v,n) = s},. All these condi-
M

i

But then, if i = [ + 1, (s},,v},,7},) = (s;,v;,7;) given (1.35)-(1.38). On the other

tions imply that v, € [v/";,v)] and ), € [vj*;,v}] for some i,] with i < [.
hand, if ¢ < 1+ 1 let sx, k = 14,...,[, be the signals given by (1.35). If s, < sgiq
for all k then s), € (si,s1) for E(V — p(V,n))1{vew, m3]ls,) = 0 to hold. But
this implies that E((V — p(V,n))1vepw, m(s,)3)lsh) > 0, which by Fact 1 means
that E((V — p(V,n)1vep(s,)m,]Isn) < 0. Thus, a strategic trader receiving s,
would rather bid 7;(s),) than bid below v}, contradicting that {(s),v},7})} cor-
respond to equilibrium prices. Assume then that there exists some ¢ < h <
[ such that s, > spy1. In such case, abusing notation, let {s;} denote the
new collection of signals given by (I.38) after merging intervals [v}" ;, vy’ ;] and
Wiy vntal. I sy < spyq for some 7' in the new collection of signals, we
again have that E((V — o(V,n))l{vew, (s)m,3Isn) < 0, which leads to a prof-
itable deviation by a trader receiving signal s,. By using this argument itera-
tively, we arrive at the conclusion that applying the algorithm to the subcollection
of intervals [v]";, v},] that are included in [v},,7},] we obtain a unique signal s;
such that E((V — p(V, ) Livepw, )z sa3ls:) = 0, with v,(s;) € [v;, 0] and
i(si) € [v;,v]]. But then, as shown above, (s, v4(s;), 7i(s;)) is the unique tuple

satisfying (1.36)-(1.38), which are equivalent to (1.9)-(I.11), and that is compatible
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with equilibrium behavior by strategic traders. Hence, {(s},v},7},)} cannot part
of a characterization of equilibrium prices if (s}, v},,7},) # (s, v;(s:), 7i(8:)).

If sj, = 0 then v}, = 0 by part (i) of Lemma 5. We also have that
E((V = p(V,m)lvepm,3]|0) > 0 by (L11). In addition, Corollary 1 requires that
p(v,n) < v in the upper part of [0,7},), which means that v; € [v";,vj", ] for
some ¢ = 1,....,1 — 1+ j. But this can only happen if 1_%"5(”) < 0 in some
interval (v',v7";,,). Thus, ¥}, = v",;,, otherwise ¥} would not satisfy (1.10). We
need to consider two cases. If © = 1 we have that the unique triplet satisfying these
conditions is (s;,v,,71) as defined by the above algorithm. If i > 1 and s; < $;41
for all I < i, then E((V —p(V,m)1vew,,, (sip) sy | Si01) = 0 with vy (s141) <
v i1y (otherwise p(v, 1) < wva.e. in [y, (si111), Viy1(si41)]) and a trader receiving a
signal in (s;, s;41) would rather deviate and bid v;(s;+1). Therefore, s; > 5,41 =0
for some [ < . Using iterative merging we arrive at the conclusion that either
(8}, 0}, 0},) = (s7,vy,01) or that (s}, v},v},) violates Proposition 1.

Finally, when s = 1 we have that 7, = 1 by part (i) of Lemma 5 and

E((V = p(V;n)1vepwy]11) <0 by (I.11). The latter implies that 1_%"5(”) >11in

M

an interval (v;";,,v') for some i = 1, ..., I' with j' = 0 if v < 1and j = 1 otherwise,

whereas Corollary 1 requires that p(v,n) > v in the lower part of (v}, 1]. Hence,
vl = vM by (1.9). When i = I, (sk, vy, Ux) is the only triplet satisfying the above
conditions. If ¢ < I’ it has to be that s; > s;.1 = 0 for some [ > i, otherwise a
trader receiving a signal in (s, ;1) would rather deviate and bid 7y, 1 (s;41) > v,
given Fact 1 and that E((V — p(V,n))1vep,, snmepls) = 0. By the usual
merging argument it has to be that either (s},v},7}) = (s§, v, Ux) or that it
violates Proposition 1.

This completes the proof that a collection {(s},v,,7x)} satistying (1.9)-

(I.11) exists and it is unique. We just need to provide an example of bidding

strategies yielding such equilibrium prices. The following symmetric strategies
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implement equilibrium prices characterized by {(s}, v, Tx)} and (1.8):

0 if s € [0, s7]
B(s) =q v € [k, vp4q) st alv,n) =s if s € (s, Chi (1.39)
1 if s € (53, 1]

To complete the proof of Proposition 2, we need to show that there exists
77 such that V = [0, 1] for all n > 7. By Lemma 6, revealing prices can only exist
for values such that «(.,n) is increasing. In addition, by Lemma 5, once «f(.,n) is
decreasing at v it is decreasing for all ' > 7. Therefore, if there exists a share 7
such that «(.,n) is either decreasing or not well-defined, it will also be so for all
n > 7. In this context, the mass of bids at [0, p(0,7)] (resp. [p(1,7n),1]) is given by
the mass of signals s < s (s > s7), where

0 if E(V —p(V,n)|s) >0 Vs,
sp=14 1 if E(V — p(V,n)]s) <0 Vs, (1.40)
s s.t. E(V —p(V,n)|s) =0 otherwise,
with p(v,n) satisfying 1 —~v = nH (p(v,n)|v) + (1 —n)F(s;|v). The signal s} exists
and it is unique as shown above.

Note that, by Lemma 5, if for any v such that H(v) = 1 — we have that
H'(v) > 0, then there exists 7 < 1 such that a(.,n) is decreasing for all n > 7,
leading to nowhere revealing prices (Lemma 6).

If, however, H'(v) < 0 for at least a value v satisfying H(v) = 1—1, a
revealing region may exist around v for all n < 1. To see why, note that for any
such value there are two values v' and v” with v" < v < v” such that H(v') =
H(@") =1—~and H(v'),H (") > 0. Accordingly, for n close to one, «(.,n) is
decreasing in a neighborhood of v' and v” and increasing in a neighborhood of v,
and by its continuity, its range in these neighborhoods is the whole unit interval.
Thus there are at least two intervals {[v]™ j,vf‘ﬁl]}f:_f 7 i =1,2 as defined in the
above algorithm. If the two signals satisfying (I1.35) for each interval are such that
s1 < Sq, there exists a revealing region in the interval [7(sy), v(s2)] with v(s2), 7(s1)

given by (1.36) and (1.37), respectively.
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Hence, if H'(v) > 0 for any value v such that H(v) =1 —, then 77 < 1

whereas 77 might be equal to one otherwise. B
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Abstract

This paper investigates the existence of bargaining mechanisms that in-
duce trade with positive probability when agents are risk neutral, which constitutes
a polar case not covered by existing no trade results. It is shown that a quasi no-
trade theorem holds in the bilateral case: if the distributions of traders’ private
signals are continuous, no equilibrium with positive probability of trade exists
in any trade environment with pure common values. With discrete distributions
trade only occurs when the seller and the buyer receive their lowest and highest
signals, respectively. A counterexample in which trade happens with probability
one is provided to show that the result fails to hold when there are more than
two traders. A property of multilateral mechanisms eliciting trade is that buy-
ers’ payments cannot equal expected conditional values almost everywhere. This
implies that trade is incompatible with information aggregation in common value

environments.

JEL Classification: C72, C78, DS82.
Keywords: no trade, common wvalues, private information, bargaining mecha-

NISMS.



58

II.A Introduction

Existing no-trade theorems assert that, under strict risk aversion, trade
cannot happen with positive probability in pure common value environments when
there is uncertainty about the value of the goods traded (Tirole (1982), Milgrom
and Stokey (1982), Morris (1994)). However, it is an open question whether risk
neutral agents may agree to trade. Under risk neutrality, these no-trade theorems
only state that, if the initial allocation is Pareto optimal (i.e. any allocation in a
common value setting) and agents receive private information about the value of
the goods traded, there is no trade that strictly improves such initial allocation.
Hence, they do not rule out the existence of weakly individually rational (IR) and
incentive compatible (IC) bargaining mechanisms leading to trade with positive
probability. In any such mechanism, agents would be indifferent between the initial
and the final allocation, but they could nonetheless decide to trade.

I address this often overlooked indeterminacy by investigating whether
trade can happen when (i) risk-neutral traders have common priors about the
unknown value of the object to be traded and (ii) some of them receive private
signals about such value.! I show that, if there is one buyer and one seller, there
is no bargaining mechanism in which trade can happen with positive probability
when the signal distributions are continuous. When the signal space is finite, trade
can only occur when the seller receives her lowest possible signal and the buyer
gets her highest signal.

This result does not extend to the multilateral case with more than two
traders, as long as at least two of them receive private information. I provide
a counterexample with two buyers and one seller in which trade happens with
probability one. The key feature of multilateral mechanisms eliciting trade that

is absent in any bilateral environment is the possibility to condition the transfer

No trade results also apply to the case of heterogenous priors as long as players have concordant
beliefs in the sense of Milgrom and Stokey (1982) and the initial allocation is Pareto optimal. By
restricting attention to the common prior case, I look at a class of trade environments in which all the
initial allocations are optimal.
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between a buyer and a seller on the signals received by other agents. That is, even
in the extreme case in which there are no gains from trade, adverse selection can
be mitigated by using private information of agents not directly involved in a given
transaction.?

An important restriction on multilateral mechanisms eliciting trade is
that buyers’ payments and expected values (conditional on the vector of traders’
signals) cannot be equal almost everywhere.® This means that no multilateral bar-
gaining mechanism is ex post incentive compatible, i.e. in some transactions one
party will regret trading.? In addition, it implies that, when we do observe trade,
there is a strong violation of the information aggregation properties of prices. Con-
sequently, the efficient markets hypothesis (Fama (1970)) for risk neutral traders,
which states that prices equal expected asset values conditional on all the available

information, either violates incentive compatibility or requires zero trade volume.

II.B A Pure Common Value Environment with Private In-

formation

There are n risk neutral sellers, each of them owning one unit of an
indivisible object, and m risk neutral buyers, who can buy at most one unit.
The unknown value of the object is given by V', with probability distribution G.
The support of G is denoted by V. Each individual ¢ receives a private signal
stochastically related to V', S; ~ F(.|[v).® Let 8; be the support of Fj(.|v).

I make the following assumptions.

Assumption 1 V C R, is compact and has at least two elements. 8; are compact

2I thank Joel Sobel for pointing out this fact by suggesting the use of a third party’s signals to induce
trade between a buyer and a seller.

3 An exception to this rule exists when trade only takes place among lowest signal sellers and highest
signal buyers.

4For instance, in the example provided, when all traders receive the highest possible signal, buyers
pay the seller more than the conditional expected value of the object.

®In what follows, I use uppercase letters to denote random variables (V, S;) or cumulative distribution
functions(G, F) and lowercase to denote realizations of random variables (v, s;) or probabilities and
densities (g, f).
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fori=1,...,n+m, and there exists at least an agent j for whom §; has more than

one element.

Compactness is not essential, while the minimum number of elements in
the signal supports is necessary for the existence of at least two agents with distinct
posterior probabilities about V. Notice that I allow for asymmetries in the quality

of information by letting the signal distributions to differ across agents.
Assumption 2 G and F; are common knowledge, i = 1,....,n + m.

Assumption 3 G has full support. In addition, for any v € 'V, the conditional
distribution of S = (S1, 52, ...; Snim), denoted F(.|v), has full support.

This implies that the conditional distribution of S; with respect to any
vector of the other traders’ signals s_; € &_; also has full support. The next assump-
tion establishes the stochastic relationship between values and signals. It roughly

states that higher signals are more likely when the value is high and viceversa.

Assumption 4 (MLRP) For alli, F;(.|v) satisfies the strict monotone likelihood

ratio property: ;EZ,}Z; > ;Ez,m for all s;, st € 8; such that s; > s; and all v,v' €V

such that v > v'.

Overall, the above assumptions lead to the strict monotonicity of the

expected value of the object conditional on agents’ signals:
E(v|s) > E(v|s), (IL.1)
for all s,s" € 8§ =[], 8; such that s > ¢'.

Assumption 5 (Common values) Signals are payoff irrelevant, i.e. agents’

utility is only a function of V.
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II.C Trade Mechanisms

Direct bargaining mechanisms specify, for every signal profile s € § re-
ported (truthfully) by the agents, both a payment vector and a vector of probabili-
ties of trading the object.® The sum of payments is zero (balanced budget) and the
sum of sellers’ probabilities is equal to the sum of buyers’ probabilities. I denote the
payment function z: § — R"™™, with > . x;(s) = 0 for all s € 8, and the vector of
trade probabilities ¢: § — [0, 1]"*™, which satisfies >, ¢i(s) = > 10" qi(s) < n
for all s € 8. Abusing notation, I use v(s) to refer to E(V|s). Given the above

assumptions, the expected (interim) payoffs in mechanism (gq,z) for sellers and

buyers are, respectively,”

mi(si) == B, (=2i(si, Sa) — qi(si, S.)v(si, S.i)|si)
= {—:Bi(si, 5.i) = qi(8i, 5-4)v(83, 5.4) FdFi(s.4]s:) (11.2)

mi(s5) == Es,(qi(s5,55)v(s5,55) — (85, 5,5)s5)

= {a;(s5, 55)v(s5,55) — x5(s5,55) }dF.5(5.5]s5)- (IL.3)

s_jGS_j
The mechanism (q, z) is individually rational (IR) if 7f(s;) > 0 for all

s; €8;,i=1,...,n and w?(sj) >0foralls; €8;,j=n+1,..,n+m,ie

—Eq, (zi(si,55)|8:1) > By, (q;(si, Si)v(si, Sai)si), (IL.4)
and

B, (x;(s5,55)|s5) < B, (g;(s5, 55)v(s5,55)]s;)- (IL5)

In addition, (¢,z) is incentive compatible (IC) if telling the truth is a

SMyerson and Satterthwaite (1983) analyze bilateral bargaining mechanisms in the context of trade
with pure private values.

I abuse notation again by denoting F.;(.|s;) the distribution of all agents’ signals except agent i’s
(S.;) conditional on agent ¢’s signal, i = 1,...,n 4+ m.
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Bayesian Nash equilibrium:

By, (2:(s;, S) + ai(s, Sa)v(si, Sa)|s;) <
B, (2i(si, S.) + qi(si, S.)v(s), Sii)|s;)  (11.6)

for all s;,¢, € 8;,i=1,...,n and

Es_j(xj(s/ S_j) —Qj(S/ S_j)U(S/ S_j)|53'> <

i j j
Es, (2;(s5,55) — q;(s5, S5)v(s}, S5)|s;)  (IL7)

for all s;,85 €8, j=n+1,...,n+m.

II.D Bilateral Case: A No-Trade Theorem

I analyze the possibility of trade with one buyer and one seller under two
different scenarios: the continuous case (F.;(.|s;) is absolutely continuous, i = 1, 2)
and the finite case. I show that in the former there is no mechanism (g, z) involving
positive probability of trade that is individually rational and incentive compatible.
If there is no such mechanism, using the revelation principle we can assert that
there is no equilibrium with positive probability in any trade environment (with
voluntary participation) satisfying Assumptions 1-5 and the absolute continuity
condition.

However, when the signal space is finite, equilibria with trade exist, al-
though trade is restricted to take place only when both the seller receives her lowest
possible signal (s,) and the buyer gets her highest signal (33).

[ simplify notation by denoting x(sy, so) the buyer’s payment to the seller,
x(s1, 82) := —x1(81, $2) = w2(81, S2), and ¢(s1, s2) the buyer’s probability of getting
the object, q(s1, s2) := q1(81, S2) = q2(s1, s2). The proof is in the Appendiz.

Theorem 1 (a) (Continuous Case) If Fi(.|s2) and F(.|s1) are absolutely con-
tinuous with densities fi(si|s;)) >n >0 (i = 1,2) for all s € 8, there is no IR
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and IC bargaining mechanism involving positive probability of trade in any bilateral

trade environment satisfying Assumptions 1-5.

(b) (Finite Case) Assume 8 = 81 X 8y is finite. The only IR and IC

bargaining mechanisms satisfying Assumptions 1-5 that exist involve no trade for

all s € 8\{(s;,%2)}

The proof of Theorem 1 consists of two parts. First, I show that the
zero sum game nature of the trading environment implies that IR constraints hold
with equality almost surely. Given this, if there is trade with positive probability
for some seller’s signal s; > s; and for some buyer’s signal s; < 39, in order to
satisfy seller’s IC constraints we need to violate buyer’s IC constraints. This result
is driven by the strict monotonicity of v(s1, s3). To see how, assume that the seller
gets s; and that IR holds with equality for s;. For the seller’s IC constraint under
s, to be satisfied, the expected payment under s; > s; has to be strictly lower than
the expected net value of the object (q(s1,s2)v(s1,$2)), when expectations (taken
over buyer’s signals) are conditional on s;. Otherwise, by strict monotonicity, it
will be profitable for the seller to lie and report s; > s,.® This implies that ¢
and x, on average, favor the buyer when low signals are more likely. But given
this, a buyer with a very high signal has an incentive to report a low signal,
provided that, by strict monotonicity, the object is more valuable to him than to a
buyer receiving the lower (reported) signal. Hence, the scenario in which positive
probability of trading does not violate IR and IC constraints involves ¢(s) > 0
only for s = (s;,352), which is a non-null event in the finite case by the full support
assumption.

In sum, the strict monotonicity of v(s, s2), coupled with IR constraints
holding with equality, forces net values to be bigger than payments for low signal
profiles in order to satisfy low-signal seller’s IC constraints, but this provides incen-

tives for high-signal buyers to lie. Thus, the only way all constraints are satisfied

8Strict monotonicity implies that Es, (q(s1, s2)v(s;,52)|s;) < Es, (¢(s1,52)v(s1,52)|s,). Hence, if the
last term is not strictly bigger than Es, (z(s1, s2)|s;), a seller receiving s; will get a strictly positive payoff
from reporting si.
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is when net values and payments are zero (except maybe for (s;,32)).

II.E The Multilateral Case

A no-trade result like Theorem 1 does not exist for the case with three or
more traders, except when only one trader receives more than one signal.? In fact,
there are mechanisms (¢, =) leading to trade with probability one. However, except
in boundary cases, to elicit trade the probability that payments equal values needs
to be strictly less than one (Theorem 2). As an example, consider the following

trade environment.

Example 1 There are three traders, one seller (n = 1) and two buyers (m = 2).
Fach of the traders receives a private signal s; € {0,1}, with P(s; = 0) = P(s; =

1) = The conditional distribution of s_; given s; is given by

1
5

;

5 ifs-;=10(0,0), s, =0
+ ifs.;=1(0,0), s, =1
P(s_ilsi) = ¢ & if sy €{(0,1),(1,0)} (IL.8)
s ifs.i=(11), 5=0
% if s =(1,1), s; =1,

\

and the expected value of the asset conditional on the vector of signals is

p

0 ifs=1(0,0,0)
v(s) = v as=d (I1.9)
1 ifs=(1,1,1)

\
In this setting, it is possible to find a direct bargaining mechanism (z, q)

such that the object is traded for all s. In particular, we can find a payment

°In such a case, it is easy to show that in the finite case trade can only happen when the trader
with a signal space that is not a singleton either receives the lowest possible signal (seller) or the highest
possible one (buyer).
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function z(s) such that the probability of trade for buyer i is

0 if §; < 85
aG(s) =4 1 ifs;=s; (I1.10)
1 if 8; > 85,

where j denotes the other buyer. The above probabilities mean that the buyer
with the highest signal receives the object for sure except when both buyers have
the same signal, in which case each buyer receives the object with probability one
half.10

The IR constraints (II.4)-(I1.5) in this zero-sum environment hold with
equality.!* Thus, the IR constraints for buyer i € {2,3} given (II.8)-(I1.10) are,

respectively,'?

540, 0,0)) + [0, (1,0)) + (0, (0, 1)] + (0, (1,1)) =
and
%:L’,-(l, (0,0)) + %[ati(l, (1,0)) + x;(1,(0,1))] + %:L’i(l, (1,1)) = %38

Let 3x;(s;, 5—;) = x2(s2, (51, 83)) + x3(83, (51, 52)). The IR constraints for

the seller are given by

1 3 1 3

522:(0,(0,0)) + £ [B2i(1,(0,0)) + Ti(0, (0, 1))] + £ Zi(1, (0,1)) = 1
and

1 3 1 13

Given that the IR constraints hold with equality, the IC constraints (I1.6)

for buyer ¢ reduce to the following inequalities:

1 3 1 15
§xi(17 (07 0)) + E[xz(lv (17 0)) + xi(lv (07 1))] + gxz(lv (17 1)) Z ES

0These trade probabilities are similar to what happens in symmetric equilibria of common value
auctions.

" This is shown in the proof of Theorem 2.

2Recall that the notation followed is x;(s;, s—;). For instance, (0, (1,0)) denotes the payment from
buyer i to the seller when the signals received are zero for both buyers one for the seller.




66

and
1 3 1 11
S0, 0,0)) + = [2:(0, (1,0)) + 20, (0, )] + 50, (1,1)) > .
Similarly, the IC constraints for the seller are
S50, (1,0)) + 5 {81, (1,0)) + S0, (1, 1)) + g1, (1, 1) <
and
1 3 1 13
gin(O, (0,0)) + E[in(l’ (0,0)) + Xz;(0,(0,1))] + 52:@-(1, (0,1)) < T

If we further require that a buyer does not pay when he does not receive

the object with positive probability (x;(0, (.,1)) = 0 for i = 2,3),'3 then

(i) the payments when the object is (in expectation) least valuable are strictly

less than the value: z;(0, (0,0)) < v(0,0,0) =0 for i = 2,3,

(ii) for some buyer i, the payment when the object is most valuable is larger
than the value: z;(1,(1,1)) > v(1,1,1) = 1,' and
(iii) for some buyer i, z;(1,(1,0)) < v(0,0,0).
An example of such a mechanism (z, ¢) is given by (I1.10) and the follow-

ing symmetric payment function:

—1—36 if s;, =0, s_; =(0,0)
g if s;, =0, s_; =(1,0)
0 ifs;=0, s;=_(s1,1)
7i(85,5-;) = 3 1 ifsi=1,5,=(0,0) Y
—g ifs; =1, s_; =(1,0)
% ifs; =1, s_; =(0,1)
% ifs;=1, s_; =(1,1).

13This is a common feature in many trade environments, such as double auctions.

!4This is easy to check by subtracting the buyers’ first IR constraint from the second IC constraint
and setting z;(0, (1,1)) = 0.

'5This is due to the restrictions that (i) and the seller’s second IR constraint and first IC constraint
impose on Xz;(1,(1,1)).
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As illustrated by this example, incentive compatibility prevents payments
to be equal to values almost everywhere, except if buyers (sellers) only trade when
they receive their highest (lowest) signal. This is formally stated in the following
theorem. Let ¢;(s;) = fs_ies_i Qi (i, 8.4)dF;(s.4]84).

Theorem 2 If(z,q) satisfies Assumptions 1-5, then P(—x;(s;, S_;) = v(si, S—i)|qi(s:) >
0,s; > ;) <1 foralli e {1,...,n} and P(x;(s;,5-;) = v(x;(sj,S5-;)|g;(s;) >
0,s; <35;)<1forallje{n+1,.. ., n+m}.

Proof. First, it is straightforward to show that IR constraints hold with equality
almost surely (henceforth a.s.). Notice that pure common values plus the require-

ment that Y, z;(s) = 0 and Y1, ¢i(s) = >.12" | ¢i(s) for all s € § imply that

E (— S ail8) - o(s) [Z (S - Y MS)D = 3 E(m(s) = 0.

i=1 i=n+1 i=1

By Assumption & (full support) this is only true if m;(s;) = 0 a.s., i =
1,...,n + m, provided that m;(s;) is nonnegative by IR.

Now assume that P(—z;(s;, S—;) = v(S)|gi(s;) > 0) = 1 for some seller i
and signal s; > s;. By strict monotonicity v(s}, s_;) < v(s;, s_;) for all s < s; and
all s_;. But then, if ¢;(s;) > 0 she can earn a strictly positive payoff by reporting
s; when her true signal is s}, thus violating incentive compatibility. A symmetric

argument holds for buyers. B

II.LF Appendix

Proof of Theorem 1.  Denote A; C 8; and Ay C 85 the sets for which (I1.4)

and (I1.5) hold with equality, respectively. Accordingly, IC constraints simplify to

Eq,(x(s1,52)]51) < Es, (q(s1, 52)v(sh, S2)ls)) (IL.12)
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for all s) € A; and all s; € 8;, and
Es, (#(S1, 52)[85) > Es, (q(S1, 52)v(Sh, 85)]55) (IL13)

for all s, € Ay and all sy € S,.

PART (a): the continuous case

Assume trade occurs with positive probability, i.e. the sets
8 = {s; € 8&: Es,(q(si,S4)]s;) > 0} are non-null, ¢ = 1,2. By (II.12) and
the strict monotonicity of v(.,.) we have that, for all s; > s] with s; € 8} and

Sll € Ay,

Eq, (2(s1,92)]s1) < Egy(q(s1,S2)v(s], S2)|s))
< Eg(q(s1, S2)v(s1,5)]s7). (11.14)

These inequalities lead to the following result, whose validity we assume

for the moment.

Claim 1 If trade occurs with positive probability there exists a small enough signal

sy € Ay such that, for all s}, € As,

E,, [E., (2(S1, $2)]s4)[5] < Eu [Eay (q(S1, S2)0(Sh, Sa)s)s5)- (IL15)

Note that Fi(.|s5) x Fy(.|s}) induces a well defined product measure on
o(81 X 82), the o-field generated by 8; X 8. In addition, it is easy to check that
both x(Sy, S2) and ¢(Si, Sa)v(S1, S2) are integrable with respect to this product
measure.' Therefore, we can apply Fubini’s theorem and switch the order of

integration on both sides of (II.15):

E., (B, (2(S1, $2)]s4)[1] < Evy[Exy (q(S1, S2)0 (S, S2)ls5)]51) (IL16)

The latter is integrable since both ¢(.,.) and w(.,.) are bounded. Given this and that
Es, (x(s1,52)|s;) < Es,(q(s1,S2)v(s1,52)|s;) holds for all s; € 81 the former is also integrable.
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Given that {s; € Ay} is a probability one event and that 83 is non-null, this
strict inequality implies that there exist sy € 83 and a high enough signal s, € A,

satisfying s, < s such that

E, (2(S1, s2)|s5) < Eq, (q(S1, 52)v(S1, s2)|55) < Eq, (q(S1, 52)v(S1, 55)|s5)

where the last inequality is due to the strict monotonicity of v(.,.).
But since (I1.13) holds for all s}, € As, the buyer’s IC constraint for s is
violated. Hence, the only mechanism that satisfies IR and IC constraints involves

q(s1, s2) equal to zero a.s.

PART (b): the finite case

By Assumption 3 and the finiteness of 8, all s € § occur with positive
probability. Hence, IR constraints hold with equality and (I1.12)-(II.13) are satis-
fied for all seller and buyer’s signals.

First, I show that ¢(s1,$2) can not be greater than zero for more than
one s € §. Assume that there exist two seller’s signals with positive probability of
trade. In this case, (I1.15) is satisfied for s§ = s;. Applying Fubini’s theorem for

s, = Sy we have that

Es, [Es, (2(51, 52)[52)[81] < B, [Es, (q(S1, 52)v(S51, 52)52) 54
Note that for this inequality to hold, there needs to exist a signal s, € S5 such that

Es, (2(S1, 52)[52) < Eg, (¢(S1, 52)v(S1, 82)[82) < Eg, (¢(S1, 82)0(S1, 52)[52).

If this inequality holds for sy # 5, the buyer has an incentive to report
untruthfully whenever he receives sy, thus violating (I1.13). On the other hand, if
the only signal for which it holds is 55, then it would imply a violation of the IR
constraint, since this constraint holds with equality. A similar argument applies

when there exist two buyer’s signals with positive probability of trade.
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Second, I show that when the only s € 8 for which ¢(si,ss) can be
greater than zero is (s;,32). Assume there exists s; > s; with ¢(sq,$2) > 0 for

some Sy € 8o. Then,

x(s1, 82) = q(81, 82)v(s1, S2) > q(s1, S2)v(8y, S2),
which violates seller’s IC constraint for s;. A similar argument applies to any
Sy < 51 with ¢(s1, s9) > 0 for some s; € 8;.

Finally, it is straightforward to see that any mechanism such that ¢(s) =
alis—(s,50)y and x(s) = q(s)v(s), with a € (0, 1] satisfies IR constraints and (II.12)-
(I1.13).

Proof of Claim 1. First, note that ¢(s1,s2) = 0 a.s. for any s; € 8\ 87,
provided Es, (q(s1,S2)]s1) = 0 and ¢(s1, s2) > 0. This, in conjunction with (II.12)
and the absolute continuity of Fy(.|s}), implies that

By, (2(s1,52)|s7) < Ey,(q(s1, S2)v(s], S2)|s)) =0

a.s. for all s; € 8§;\8]. Hence, we have that the left hand side of (II.15) satisfies
Esl [Esz ($(Sl, S2)|S/1)‘8,2] <

Es, [Es, (2(S1, S2)Is1) [Ligsi<siynsiy + Ligsisspynsppllsa). - (IL17)

Likewise,
Esl [Esz (q(Slv S2>U(Slv 52)‘8/1”8/2] =

Es, [Es, (q(S1, S2)v(Sh, 52)|5/1)[1{{Sl<s’1}ﬂ sty + Ligsissynsiy |sg].  (11.18)

We have to show that there exists a small enough s} € A; for which the
right hand side of (I1.17) is strictly smaller than the right hand side of (II.18) or,
alternatively, that

o(s],85)

N

~

Eq, [Eo, ([£(S1, S2) — q(S1, S2)v(S1, S2)][51) 1115, <5y 53 185] <

Es, [Es, ([q(S1, S2)v(S1, S2) — (S, 52)”8/1)1{{51”'1}“ST}|S/2l’ (IL.19)

'

¥(s] 83)
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First, notice that by (I1.12),

P(s1,55) < B [Eo,(q(S1, S2)[v(sy, Sa) — v(S1, S2)]|81) Ligs <« 5:3159]

< (@ -)P{S1 <51} N8ilsy) =: ¢(s1, 53), (I1.20)

where ¥ and v denote the maximum and minimum values in 'V, respectively.

By Assumption 1 (v—wv) is bounded. In addition, the absolute continuity
of Fi(.|s,) implies that P(8iN(8)\A1)|s5) = 0. Hence, by arguing again the absolute
continuity of Fi(.|s}), given any € > 0 we can find a small enough s} € A; such

that P({S; < s1} N 83|s5) < e. On the other hand, we have that

Y(s),s5) > Eg [Eg,(q(St, S2)[v(S1, S2) — v(s], S2)]|81)1gs,>s,3 81}

5]

- / [ / 451, 52) 051, 82) — 05}, 52)] falsals)dsa] fu(s1]5) sy

s1>s], $2€82
31€ST

[ 1 [ atonsaboton0) = ol saldsaldss = w5 ).

s1>s), $2€82
81€8T

A%

The inner integral is strictly positive for any s; € 8% such that s; > s} by
strict monotonicity of v(.,.). In addition, since P(8; N A;|s}) = P(8}]s;) > 0, by
the absolute continuity of Fi(.|s,) there is a small enough s} € A; such that the
set of s; over which we integrate ({S; > s} N 8%) has positive Lebesgue measure,
implying that ¥ (s, s5) > 0. Moreover, ¢(s7, s5) gets larger as s} gets smaller given
that both the inner integral and {S; > s} }N 8] are bigger for smaller 5. Therefore,

we can find a small enough s} € A; such that

(51, 85) < @(s1,85) < Y(s), 85) < P(s), s5). W

This completes the proof of Theorem 1. B
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Abstract

Despite predictions of complete free riding in one shot public good games,
repeated interaction allows for any level of public provision, so long as it is feasible
and Pareto superior to no provision at all. We investigate the long run effects of
weakening the information players have about each others’ preferences. We find
that when agents are patient enough any provision level can be attained in the

long run.

JEL Classification: C73, D82, Hj1.
Keywords: Public good games, repeated games, incomplete information, belief-

wnwvariant Nash equilibrium.
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ITIT.A Introduction

The Folk Theorem asserts that cooperation can be sustained in non-zero
sum repeated games through punishment threats. This result is based on two
informational assumptions. First, payoff functions are observable. Thus, players
are aware of what payoffs can be implemented in equilibrium and how to punish
a deviation. Second, players have enough information about others’ past actions
to detect with high probability deviations from the equilibrium path.! While im-
perfect monitoring of players’ actions has received much attention, little is known
about what happens when there is incomplete information about players’ payoff
functions, which depend on privately observed types. In this context, players may
not be able to induce adherence to some strategy profiles satisfying feasibility and
individual rationality in the complete information game. Ignorance of a player’s
payoff function may preclude other players punishing a deviation. Moreover, de-
tecting a deviation may not be possible in strategies that require the revelation of
private information. We investigate the latter case in a general class of infinitely
repeated public good games with discounting. These games have the property that
the existence of private information hinders players’ ability to detect a deviation
but it does not affect their ability to find suitable punishments. Hence, we are able
to isolate the effect of the detection problem on the set of equilibrium payoffs from
enforcement issues.

We study long run implementation in a class of dynamic public good
games defined as follows. A finite number of players play repeatedly a stage game
in which they choose how much to contribute to a public good. Individual con-
tributions are observed at the end of each stage (perfect monitoring). A player’s
payoff in the stage game is a function of both the vector of contributions and the

player’s type, which she privately observes before the start of the game and re-

'For the Folk Theorem in games of complete information, see Aumann and Shapley (1976) and Ru-
binstein (1977, 1979) for games with no discounting and Fudenberg and Maskin (1986) for the discounted
case. Fudenberg, Levine, and Maskin (1994) study games with imperfect monitoring.
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mains fixed throughout.? Given any combination of types, free riding (i.e. zero
contribution) is a strictly dominant strategy in the stage game. Payoffs of the over-
all game are represented by the discounted sum of expected stage game payoffs.
These so called infinitely repeated games with incomplete information are classical
Bayesian games: Nature picks a type profile according to a commonly known prior
probability, and players play repeatedly the stage game selected by Nature.

We find that long run implementation is possible as long as there is little
but strictly positive discounting: After a screeming phase in which contributions
may not be close to the desired level, any feasible and individually rational provi-
sion can be sustained. This asymptotic result holds even if priors over type profiles
are private knowledge, provided the strategies proposed are best responses regard-
less of the beliefs players hold about other players’ types. That is, they represent
a belief-invariant Nash equilibrium.

With the exception of Chakrabarti (2003), who studies a Cournot-type
oligopoly game with privately observed costs, the existing literature on repeated
games with incomplete information has focused on two-player games. Aumann,
Maschler, and Stearns (1968) introduce the analysis of games with no discounting.
In their model one player has complete information while the other neither knows
her type nor observes her payoffs after each stage. In this case, equilibrium may
even fail to exist.®> As for the discounted case, Cripps and Thomas (2003) study
the “known own payoffs” case (i.e. the uninformed player’s payoffs are invariant
to Nature’s choice of types). They find that when players are patient enough and
the probability of one of the types goes to one, the Folk Theorem holds.*

2In particular, for any given type, individual payoffs depend positively on the overall sum of contribu-
tions and negatively on own contributions. This implies that players can punish a player by contributing
zero regardless of her type. Thus, detected deviations are always punishable.

3See Hart (1985) for a characterization of the equilibrium payoff set. On the other hand, Neyman
and Sorin (1998) find that the equilibrium set is non-empty when both players remain uninformed.

4This results does not hold with no discounting. Shalev (1994) shows that the set of equilibrium
payoffs is strictly smaller than the set of feasible and individually rational payoffs.
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III.B The Model

Consider a game I'(P, ) with a finite number of players I > 2, defined as
follows. According to the nondegenerate probability distribution P, Nature picks
a type profile § = (01,0, ...,0;) from the finite support of P, denoted by ©!, where
O is the set of individual types. Any given player ¢ only observes her own type
0; € ©. After Nature’s move, players enter the infinitely repeated game I'(6, ), in
which payoffs of the stage game G(#) are determined by the realized type profile
. Players’ actions are observed at the end of each stage.

G(9) = {A, {U(6;)}_, } is a public good game, in which A = [0,c] C Ry
is the set of possible individual contributions, and U(6;) : AT — R is the payoff
function, which is a function of both a player’s own contribution (a;), and the level

I
of provision of the public good (> a;):

J=1

I
Ual6;) = Ulai,_ a;]6;).
j=1

Assumption 1 For any 0; € ©, U(.,.|0;) is continuous, strictly decreasing in its

first argument and strictly increasing in its second argument.

Assumption 2 (Incentive to free ride) For any 0; € ©, U(r,g+r|0;) > U(r', g+

r'|0;) for any g > 0, and any r' > r > 0.

The last assumption implies that, for any profile €, contributing zero
would be a strictly dominant strategy in the stage game G(0).

Let w(6;) = min,  c4r-1 max,,ea U(a;, a—;|0;) be player i’s minmax payoff
when her type is 6;. We have that u(6;) = U(0, 0|6;) for any 0; € ©, by Assumptions
1 and 2. Denote opponents’ minmaxing strategy by a_,(6;). Note that a_,(0;) =
(0,...,0) for all §; € ©, so I'(P,J) is a game with type-independent minmaxing.
This property plays an important role in our construction. It allows players to
punish a detected deviation regardless of the information they have about the

deviator’s type.
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A payoff vector v = (v, ...,v7) is individually rational (IR) under 6 if
v; > u(6;) Vi. We will also say that a contribution vector is IR, meaning that its
associated payoff vector is IR.

A pure strategy for player i in I'(d, ) is a sequence of maps s; = {st},~,
st H=' — A, where H' denotes the set of all possible histories of play hf =
(0;,a,a?,...,a").5 Players discount future payoffs according to discount factors
{6, }1_,, with 0 < § < d; < 1 for any 4. {&;}._, are common knowledge. The payoff
for player ¢ when players follow strategy profile s = (s1,...,$;) and the realized

type vector is 6 is given by

vi(sl0) = (1—6;)) 017U (a'|6)).

III.C Belief-Invariant Nash Equilibrium

Our characterization of I'( P, d)’s payoff set applies to both PBE and Nash
equilibrium (NE). In addition, we introduce the concept of belief-invariant Nash
equilibrium (BINE), which we use in the long run implementation result stated in

the next section.

A strategy profile s is a NE of I'(P, ¢) if
Ep [vi(s]0)|6;] > Ep[vi(s;,s_4]0)|60;] Vs, and all 6, € ©, i =1,2,..., 1. (IIL.1)

Since P is common knowledge, a NE strategy profile only needs to satisfy (1) for
the prior probability distribution P. However, strategies satisfying (1) for any
well-defined probability distribution constitute a NE even if players have private
and differing beliefs about the likelihood of each § € ©f. Thus, NE implemented
with these belief-invariant strategies are robust to weakening standard Bayesian

assumptions about players’ knowledge of P.

®Since the set of contribution vectors is convex, we do not need to take into account mixed or correlated
strategies of the stage game, given that for any such strategy profile we can always find a contribution
vector that yields the same expected payoffs.
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Definition 1 A strategy s; is a belief-invariant best response to s_; for type 6;
player i if Ep [vi(si, 5_4|0)|0;] > Ep [vi(s,5_410)|6;] for all s, and all P € A(©1),
where A(OT) is the space of probability distributions over type profiles.

Definition 2 A strategy profile s is a belief-invariant Nash equilibrium (BINE) of
L(P,5) if Ep, [vi(s]0)|6;] > Ep, [vi(s}, s4|0)|0] for all s, all P; € A(OF) and all
ei S @, 1= 1,2,...,].

In a BINE, players on the equilibrium path are best responding to op-
ponents’ strategies given any well-defined probability distribution over opponents’
types. In other words, BINE strategies are invariant to individual beliefs about

players’ types.

III.D Long Run Implementation

Let Uy be the convex hull of the set of feasible payoff vectors of G(#) that
satisfy strict IR for all players. According to the Folk Theorem, any payoff vector in
Uy can be supported as the average payoff vector in a subgame perfect equilibrium
of I'(6, §), provided ¢ is high enough (Fudenberg and Maskin (1986)). However, in
['(P,J), the set of feasible and strictly IR payoffs depends on which type profile
is selected by Nature. Accordingly, we define a mapping (payoff target), which
uniquely assigns a payoff vector to any possible type profile, as the object of our

implementation results.

Definition 3 A payoff target for T'(P,§) is a mapping w : ©F — R! such that
w(0) € Uy for any 6 € O

5Belief-invariant best responses are logically related to the “belief free strategies” defined in Ely,
Horner, and Olszewski (2005). The latter refer to best responses that are independent of the opponent’s
private histories in two-player games with imperfect private monitoring. In such games, each player
observes her own action and a private signal about the other player’s action. Notice that in T'(P,d)
actions are observable. Thus, the only private information is the player’s type. Since belief-invariant
best responses are independent of the other players’ types, they are trivially independent of the “private
histories” of the other players and could therefore be considered belief free. Both equilibrium concepts
rule out sequential equilibria in which players best responses depend on the particular beliefs about
opponents private histories (either types in this setting or signals in the imperfect monitoring case).
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We show in Proposition 1 that any payoff target can be supported in the
long run by a BINE, provided I'( P, §) satisfies two mild assumptions. Assumption
3 is a weak separability condition, which is implied in games where the standard
single crossing property holds. It ensures that no two distinct types equally rank all
contribution vectors belonging to any /-dimensional convex subset of A’. Before
stating this assumption, we define utility equivalent types in a set X of contribution
vectors as types that share the same ranking over all contribution vectors belonging

to X.7 For any ¢ > 0, let B(a;¢) be the e -neighborhood of contribution vector a.

Definition 4 If for a given set X C A?, U(al6;) = b+ dU(a|6.) with d > 0 for all
a € X, then types 0.,0; are utility equivalent in X.

Assumption 3 Given any contribution vector a € interior(Al) and any scalar

e > 0, there are no two distinct types in © that are utility equivalent in B(a;e).

That is, for any pair of types and a contribution vector a, we can always
find two contribution vectors close to a such that the first type strictly prefers one
while the second type prefers the other.

The following assumption implies the existence of a positive contribution
vector that is strictly Pareto superior to zero provision under any possible type
profile. This assumption is satisfied, for instance, if there is a strictly IR lump-sum
contribution vector when nature selects all players to have the lowest WTC among

all types in ©.

Assumption 4 There exists a contribution vector a* >> 0 that is strictly IR for

all players under any 0 € ©1.

Proposition 1 states that, if the game satisfies Assumptions 1-4 and 9§ is
close to one, any payoff target w can be the continuation payoff in a BINE for any
period after T'(§). That is, the continuation payoff vector at any period t > T is
w(#), where 6 is the realized type profile. That is, any feasible provision scheme

can be sustained in the long run provided it is Pareto superior to zero provision.

"This is a local version of the definition provided by Abreu, Dutta, and Smith (1994).
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Proposition 1 Assume I'(P,0) satisfies Assumptions 1-4. Then, for any payoff
target w, there is a discount factor 6 < 1 and a finite period T'(§) such that, for
all § € (6,1), there is a BINE of I'(P, ) with continuation payoffs at any t > T
equal to w(f) for any 0 € ©.8

This result is based both on the existence of type-independent minmaxing
(Assumptions 1 and 2), and on the introduction of rewards for truthful reporting
at the beginning of the game (Assumptions 3 and /). While the former enables
players to punish observable deviations (contributions different from those on the
equilibrium path), the latter prevents undetected deviations (i.e. untruthful re-
porting).

The strategies used to prove Proposition 1 consist of three different phases
of play on the equilibrium path, coupled with off-equilibrium minmax threats. In
the first period, each player reveals her type (6;) through her initial contribution.
This communication phase is followed by a screening phase in which a rewarding
cycle is played repeatedly. Each cycle consists of I periods, one per player. In
each period ¢ = 1, .., I of the cycle, players choose a strictly IR contribution vector
a(0;;1), which depends solely on player i’s report. This vector has the property
that player i’s payoff will be higher given player ¢’s truthful revelation in the com-
munication phase (u(a(6;;1)|0;) > u(a(6;)]0;) for all 8, # 0;). By Assumptions 3
and 4, a(0;; 1) exist for all §; € ©. Once this phase is over, players play any feasible
and strictly IR contribution scheme (implementation phase). In the presence of
positive discounting, players can deter untruthful reporting by choosing the appro-
priate length of the screening phase. If the screening phase is played long enough,
the discounted value of rewards for telling the truth will outweigh any discounted
potential gains from lying to be obtained during the implementation phase. In
addition, by strict IR of {a(f;;7)} any detected deviation can be deterred with

minmax threats for patient enough players (0 close to one).

8The proof is in the Appendix.
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The belief-invariant feature of these strategies comes from the fact that
a player’s incentives for truthful reporting are independent of other players’ types
(i.e. a(b;;i) does not depend on 6;, for any j # i). Therefore, no matter what a
player believes about Nature’s choice of types, it is always a best response to report
her true type. Once all players have reported their types there is no uncertainty

about the sequence of contributions to be played.

Remark 1 (Consistency off the equilibrium path) By Assumption 2 punishment
threats are credible: not deviating when minmaxing a player is a belief-invariant
best response. Therefore, the BINE strategies proposed show a higher consistency
than that required in PBE.°

Remark 2 Proposition 1 does not hold in the undiscounted case as payoffs in the
implementation phase are the only relevant factor for players with 6; = 1. Thus,

truthful reporting may not be incentive compatible (IC) for certain payoff targets.

We conclude by pointing out two important limitations of Proposition 1.
First, average payoffs may not be close to the payoff target. Second, the length
of the screening phase depends on the discount factor. Hence, it is natural to ask
whether an approximate Folk Theorem is possible. The answer to this question
is not straightforward: It depends on the particular parameters of the game. For
instance, Cripps and Thomas (2003) show that when there are two players, one of
them with only one possible type while the other has two types, an approximate
folk theorem holds if the probability of one of second player’s types is sufficiently
close to zero. However, a proof of a folk theorem type of result is not available for

the general case.

III.E Appendix

Proof of Proposition 1.  Consider the following strategy profile s:

9The notion of PBE requires that equilibrium strategies are best responses under beliefs consistent
with Bayesian updating. This means that initial beliefs about types have to be derived from P. In this
case, beliefs are irrelevant, so any belief system will support on- and off-equilibrium play.
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On the equilibrium path:

A) Communication period: In the first period each player ¢ chooses a
contribution m(6;) so as to signal her type 6;.1° The vector of contributions in the
first period is denoted by m(6).

B) Screening phase: Players play cyclically (/N times, where N is a func-
tion of d) the sequence of I contribution vectors (a(6;1),a(0;2),...,a(0;I)) where
0 = (04, ...,0;) are the reported types in the first period. Each vector a(6; ) satisfies

the following conditions:!!

(i) Individual Rationality (IR): U(a(6;4)|6;) > w(f;) Vj, with strict inequality

when ¢ = J.

(ii) Incentive Compatibility (IC): U(a(0;4)|0;) > U(a(0},0_;;1)|0;) for any 6 #
0;, where a(0.,0_;;1) would be the contribution vector to be played if the
reported types were (01, ...,6;,_1,0.,0:11,...,01).

(iii) 0_;-Independence: a(0;i) is independent of the report of any player j # 1.
That is, a(0;i) = a(6;;1) for all §; € ©.

C) Implementation phase: If no deviation has occurred, a contribution
vector yielding w(0) is played.
Off the equilibrium path:

A) If a player ¢ does not send a meaningful signal (i.e. with positive
probability on the equilibrium path), players do not contribute from ¢ = 2 on.
B) If a player deviates at the screening or the implementation phase,

players do not contribute from the period after the deviation on.

By Assumption 4, we know that there exists a vector a* strictly IR for
any report #. Since U(.,.|.) is continuous, there exists an ¢ > 0 such that any

vector a € B(e,a*) is also strictly IR.

0Since there are infinitely many actions in A and finite types, it is possible to uniquely assign a
different contribution level m(6;) to each type 6;.
"Hence, the length of the screening phase is N x I.
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By Assumption 3, for any pair of distinct types 6;,0. € © we can find
two contribution vectors a(6;,6:),a(¢;,6;) € B(e,a*) such that U(a(6;,0!)|0;) >
U(a(0,6,)]0;) and U(a(0;,0,)|0}) > U(a(0;,0)]0).12

For each type 0; we select a set A*(0;) = {a(6;,0;) }g/20, of [|Of — 1 con-
tribution vectors satisfying these inequalities, one for each element of © \ {6;}.
We then order the [|O]| (]|©]] — 1) vectors in A} = Up,coA*(0;) in ascending order
with respect to type-6; utility, breaking ties arbitrarily, and assign them strictly in-
creasing weights adding up to one. Finally, we define a(#; ) as the resulting convex
combination of the vectors in A}.'* By defining a(6;) in this way we ensure that
it satisfies (i)-(iii). Note that, by (iii), player ¢’s report cannot affect the selection
of a(0; j) for j # i.

Thus, strategy profile s exists. Now we need to check that it is a BINE.
After observing 6;, player i’s payoff at ¢t = 1 on the equilibrium path is given by
Eplvi(s]0)]0;], with

vi(8]0) = (1 — 6;)U(m(0)]6;) + 0;m5(0) + 67w ().

In this expression, "= N x [ +1 and ;(0) represents the payoff obtained

during the screening phase:

m) = (1= 8035 A VUals: i)

j=15=0
1-sivd (G—-1)
= (1= 8= S U a(0: )16, (111.2)
(3 ,7:1

It suffices to show that, for all 7, , all € ©, and all strategies s, we have
that v;(s(0)]|6) > vi(s}, s—i|f). In such a case, Ep[v;(s|0)]0;] > E,[vi(s}, s-:]0:)|6:]
for all P € A(O%), which implies that s is a BINE.

We have two possible scenarios in which a player might deviate:

2This property is similar to the payoff asymmetry property stated in Abreu, Dutta, and Smith (1994).
The main difference is that we deal with a continuous action space, whereas in their model the action
space is discrete.

3This construction is similar to the one used by Abreu, Dutta, and Smith (1994) in their proof of
Lemma 2.
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1) Undetected deviation: Player i reports a type 0! different from the true
one. In this scenario, her payoff satisfies the following inequality for any realized
type profile 6 € ©:

vi(s},5_4|0) < (1 — 6;)maxU (alb;) + 6;7,(0) + 6] maxU(alb;),
acAl acAl

/

where 7/

(0) corresponds to the same expression as (4), except in that it uses

a(0},0_;;1) instead of a(f;4). By IC and 6_;-Independence of vectors {a(0;1i)}, we
have that 7}(0) < m;(0).
2) Detected deviation: Player i deviates in any other circumstance. If she

deviates in period ¢ > 1, her continuation payoffs will be:
vig(s2,54]0) < (1 — 5i)mi)I<U(a|9i) + 0;u(6;).
ac

The upper bound on payoffs is higher for undetected deviations as long
as m(0) > u(f;). Assume this is true without loss of generality, so that we need
only prove that reporting a false type is not a best response.

Assume that there is a type 0} # 0; for player ¢ such that, by not reporting
truthfully, she gets

vi(st, 5_50) = (1 — 51-)22%)1([]@\9@-) +6; max m(0)+ 5?22%(U(a\9i). (I11.3)

a(f’

103
If we show that there is a discount factor ¢, < 1 such that, for any d; > ¢,,
there is a finite T'(8;) = N(6;) X I +1 such that v;(s]0) > v;(s}, s_;|6), then it would
not be a best response for player 7 to report a false type.
First, note that v;(s|0) > (1 — 5i)£r€1}4r}U(a|9,-) + 0;m;(0) + 07 w(6;).1* Sub-

tracting (5) from this inequality we get
v;(8]0) — vi(s},5_40) > (1 —5;) [minU(awi) — maXU(a|9i)} +
ac Al ac Al

+0; |mi(6) — max Wé(@)} + 67 [Q(Hi) - maXU(a|9i)} : (T11.4)
a(0;,0 ;1) acAl

' The inequality is strict since w;(0) > w(6;).
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Further,

) —maxl(0) > (10 =560 [U(a(0s0)10) — s Uo(0 0000

Since U(a(6;1)]0;) > U(a(;,0—_;;1)|0;) V0. # 6; by IC, the right-hand side
of the above inequality is strictly greater than zero for §; < 1 and N finite. Thus,
the first and the third terms on the right hand side of (6) are strictly negative,
whereas the second is strictly positive.

As §; T 1, we have that: (1—6;) — 0; (1 —6/") — 0 at a slower rate than
(1—6)if I x N >1; 4= 5I—>1/Iand 67 — 1.

In addition, for 5i <1, as N — oo the following is true: (1 —§") — 1

and; 67 = o1t — 0.

Therefore, for a big enough discount factor 9; (strictly smaller than one)
there is a finite N(J;) such that the right hand side of (6) is nonnegative. This
implies v;(s|0) — vi(s}, s_;|0) > 0.

In order to determine 9, pick the lowest discount factor so that

(1 —a)of ¥ ig
1o {U (a(6;9)|6:) — max U(a' (0}, 0-:)16;)

646,

(1 ) |max0al6) - minUalp)
is satisfied for any type profile 6, i = 1,...,1. Next, for any game I'(P,§) with
discount factors (dy,...,07) such that § < ¢; < 1 Vi, choose N(¢;) so that (6) is

satisfied V6. Finally, pick the highest N(¢;) of all players.!> W

151f inequality (6) holds for N(d;), it also holds for any N > N(&;).
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