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ABSTRACT 

We present an analysis of 45 000 Trp interactions in the Alvarez 

72-inch hydrogen bubble chamber resulting in two charged particles. 

The reactions Trp - n1T+1T and Trp - pIT ° Tr and elastic scattering hav 

been studied at 2.05, 2,17, 2.36, 2.60, 2.86, and 3.22 GeV/c. 

We find that the three-body interactions are dominated by pro-

duction of the p meson. Nucleon resonances, although present, are 

not important. The f °  is seen at the three higher energies. 

We have used the OPE model, modified by absorption, to calcu-

late and fit the production and decay angular distributions of the p and 

to estimate the s-wave contribution to TrTr scattering. On the basis of 

the model and the observed (F-B)/(F+B) asymmetry in the 1T+1T  state, 

good agreement with the experimental data in the p region is found, if 

6 0  is allowed to increase slowly through 1i/2. We do not require a 

resonant isoscalar s-wave amplitude. 

We have fitted the diffraction peak in 11p elastic scattering to 

an exponential form and find that between 2.0 and 2.5 GeV/.c the expo-

nential slope varies. This behavior is linked to the presence of reso-

nances in the s channel. The fast decrease of the secondary peak is 

linked to the exchange of the P' Regge trajectory in the t channel. 

Evidence is shown for production of the A 2  in lTp - lTp + missing 

mass. 
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I. INTRODUCTION 

• The object of this work was envisaged as a systematic investiga-

tion of the bulk of the Trp interactions between Z.0 and 3.0'GeV/c--

those resulting in two charged particles in the final state. Our attention 

was concentrated on the elastic processes (12 000 events) which con-

stitute 1/4 of the rrp  cross section, and the three-body states (14000 

events). 

To derive elastic and total cross sections, it is essential to 

correct any bias against forward elastic scatterings. Since we are in 

the Iintermediateu  energy range, high enough for several partial waves 

to be important, but not high enough for us to approximate them by some 

asymptotic form, we are limited in our objectives. We confine our 

• attention to the diffraction and seco.ndary peaks in the differential cross 

sections and relate them to t-channel (exchange of Regge trajectories) 

and s-channel (nucleon resonance) effects. 

•For. the three-body reactions, we are led to the absorptive mod-

ification of the one-pionexchange model. We devote much discussion 

to this topic and show that it gives good agreement for the production 

and decay of the quasi-two-body state rrp - N. We also attempt to 

• 	 use the absorption model to learn more about nT scattering, and in 

particular the nature of the isoscalar s-wave phase shift, ô. We find 

that it passes through 90° near the p, but too slowly for it to be resonant. 

• Evidence of the f.0  and the A 2  is seen in nTr Tr and lrp miss-

ing mass respectively, but other resonant states, such as nucleon isobars, 

are unimportant. No other enhancement in the TrTr states is observed. 
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II. EXPERIMENTAL METHODS 

A. Beam 

The data in this experiment were obtained during two separate 

extensive exposures of the Alvarez 72-inch hydrogen bubble chamber 

to a separated ii beam. The first run, 1T72, with beam energies 

1.55 to 2.36 GeV/c, took place at the Bevatron in early 1962; the second, 

Tr63, started in March 1963and ran for about 18 months and covered 

beam energies from 1.85 to 4.2 GeV/c. Both beams were designed for 

the corresponding K experiments; they are not discussed here. 

From these extensive exposures, we selected film at beam en-

ergies 2.05, 2.17, and 2.36GeV/c from ii72, and 2.60, 2.86, and 3.22 

GeV/c from iT63. In Fig. 1, we have used the elastic scattering events 

to show the distribution of measured beam momenta in the experiment. 

B. Scanning 

The definition of the topology of interest here is quire straight-

forward. It is a two-pronged event (event type 22), the signature of an 

interaction resulting in two charged particles. These form about 2/3 of 

the Trp  total cross section at our energies. Since the other interest in 

this film was the study of strange particles, 1, 2 the number of beam 

tracks per picture was held to 15 to 20. In the 72-inch chamber, on the 

average, this results in a two-prong event in every picture. Further, 

these interactions have a visible proton 1/3 of the time and a stopping 

proton 1/6 of the time. It is also obvious that many pictures will have 

several two-prongs, an undesirable state of affairs. 

In general, this is an experiment to study millibarn-type phe-

nomena as distinct from microbarn-type phenomena. About a third of 

the two-prong cross section is elastic scattering, most of which is 

situated in the diffraction peak. The inelastic cross section has peaks 

in certain regions of phase space, characteristic of resonances of which 

the p meson is the most important. The p, f., and nucleon isobars all 

have observable cross sections on the order of millibarns. In contrast, 

the total strange-particle cross section is about 1 mb. Resonances 
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• 	decaying into strange particles are in the microbarn region. In partic- 
- 	 2 	3 ular, resonances observed decaying into KK, such as the 4) ,  K1 K 1 , 

or the 	can be produced in our interactions, decaying into K+K 

or 1riT - . However, their low-cross sections make it 'very hard to ob-

serve them in two-prongs, or to describe their branching ratios into all 

it final states, unless the ratios are very large. In the decay to K+K, 

the K's do not decay and they have to be differentiated from it's by 

ionization alone. In the decay to 	the resonance is like a micro- 

barn pimple on the iiir millibarn cross section. 	- 

What are rare among two-prong e.vents, however, and can be found 

only in this topology are backwards elastic scatterings. One is tempted 

to bias the scanning somehow in order to find these interesting events. 

Nevertheless, in this experiment we have attempted an unbiased scan to 

amass data and statistics in a relatively painless and clean manner., 

Our discussion of exotica must necessarily be limited. 

With our plethora of two-prongs, we can afford to discard events, 

provided that it is done in an unbiased way, if this gives us a cleaner 

sample and otherwise makes life easier. 

Consequently, our scanning instruction has these general features. 

Only frames were scanned that had 

no more than 20 beam tracks, 

no bunching of beam tracks, and 

no extraneous' tracks emanating from the window area. 

For cross-section purposes, all skipped frames were recorded 

as such. For incoming tracks, to be called beam tracks, they had to 

come through the window and be within 5 0  of the other beam tracks. We 

accepted interactions only away from the window area, for good meas-

urement of the beam track, and not at the downstream end, to avoid 

trouble with turbulence, poor ionization, and short tracks. 

A portion of the events, 50% of those at 2.05 and 2.17 GeV/c and 

all at 2.36 GeV/c, was originally scanned and 'measured in the ir72 ex-

periment. • It was found that the kinematic fitting programs assigned more 

than one hypothesis to about 50% of the events, necessitating reexamina-

tion of the film by scanners to resolve ambiguities. Since this consists 
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of deciding whether the ionization of the positive track is consistent 

• with a plan or a proton that has the fitted momentum, the operation is 

a trivial one. We felt, however, that due to the large number or re - 

solvable ambiguities, such a reexamination of this particular class of 

events was wasteful and time-consuming and that it should have been 

possible to include the ionization information in the first scan. 

Accordingly, scanners were instructed to record the interactions 

as beam-track 10, ZO, 30, etc. , the lowest number being assigned to 

• the interaction at the left on the scanning table. Those events with ob-

vious protons were numbered 14, 24, 34, etc. ; stopping protons, were 

15, 25, etc. How this information was used is described in the section 

on ambiguous events. 

Most of the stopping protons are from elastic scattering events. 

Events with low values of momentum transfer to the proton are subject 

to scanning bias. The range.of the proton is a few centimeters (see 

• • Fig. Z); the negative particle follows almost the same trajectory as the 

incident pion with very little deviation; in those events with the scatter-

ing plane perpendicular to the scanning table, these effects are so ac-

centuated that events are unobservable. We attempt to correct for this, 

as is explained in the section on biases, but in order that our cutoff in 

the momentum transfer squared, be conservative, scanners were 

• 

	

	exhorted to look out for small-anglescatterings. A method of finding 

them was suggested. All 'tbeamlike tracks that appear to be diverging 

• at the downstream end Of the chamber were to be traced back to the main 

body of the chamber, where a dark, short, stopping proton track might 

be observed. It should be remembered that events with very low values 

of 	may be observe4 in this way. A proton of 140 MeV/c momentum, 

corresponding toa kinetic energy of 10 MeV, has a range of 1 cm, or 

2/3 crri on the scanning table. Sirce 

Zm T 	4XO.938 T 	1 

2 - 	2 	- • 0.018X 10 	10 	p 

whereT is measured in MeV; this corresponds to a A value of 1 
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In theory, protons with a projected length of i mm on the scanning table 

- 	 are observable. 

C. Measurement and Data Reduction 

In Fig. 3, we represent on a flow chart the 1T63 data-handling 

systems to be described below. 

The transition of the events from the bubble :chamber film to data 

summary and SUMX tapes is initiated by the recording of the "indicative" 

scanning data on IBM cards. Program LYRIC 5  (which replaced LINGO 6 ) 

converts these cards to tape and originates a Master List, and is then 

used at various stages to update or correct the Master List, generate 

measurement lists as either paper output or magnetic tape, give a 

summary or tally of the events, and check the status of an event in order 

to detect human or programming error during any operation involving 

data handling. 

The n72 events and about 173 of the 3.22-GeV/c events were 

measured on the Franckenstein projection microscope. The rest of the 

events were measured on SMP' s. The measurement tapes are input to 

PANAL, 8  a measurement editor program. At measuring time, about 

1% of the events were rejected by the measurers, either for reasons of 

scanner error or for event and fiducial unmeasurability. The PANAL 

tapes are input to PACKAGE, where a further 3% of the events are lost 

during the PANG track-reconstruction process. These losses are due 

to measurement errors, and are revealed when measured points are out 

of order along a track, measurements in two views do not correspond, 

or measured points are found to lie outside the chamber. In the process-

ing of 2,60-GeV/c data, 1/3 of events were rejected for these three 

reasons. This was due to changes in the optical constants of the chamber, 

which were subsequently accounted for by a new consistent set of param-

éters. About 1.5% of the remaining events fail to fit any reaction hy-

pothesis tried by KICK. Examination of these events on the scan table 

shows them to have, for the most part, secondary interactions soon 

after the main interaction. A further 4% of those with a fitted hypothesis 

had X values greater than the maximum accejted. For well-measured 
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Fig. 3. Schematic diagram of the Alvarez Tr63-K63 data-
handling system. 
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events with the correctly assigned hypothesis, we expect only 0.5% to 

lie outside these upper x2 limits. A good part of these events also have 

secondary interactions. Other obvious reasons are steeply dipping 

tracks, tracks with small angle and virtually, undetectable scatterings, 

and elastic scatterings with very short stopping protons. This last 

category features prominently among all the failing events., as expected, 

and is the only one to contribute a bias. In general, no second meas-

urement of the failing events was ins.tituted At 2.86 GeV/c all failing 

events were rémeasured, mainly with the aim of trying to recover some 

of the short-recoil elastic scatterings. It was found, however, that in 

frames with appreciably more than one event there was always the like-

lihood of a good event's being measured again, whilst the failing event 

nearby was overlooked. At 3.22 GeV/c, although an unbiased scan was 

undertaken, because the initial interest at this momentum was the re-

action ip - TrpTr°Tr°, only events with obvious protons were measured 

at first. When the rest of the events were being remeasured on the film, 

the failing events from the first sample also, were remeasured. Again, 

this affected maiiily the elastic scatterings. 

The PACKAGE output tapes were condensed via two further 

Alvarez-system programs WRING and AFREET, into so-called Results 

Tapes. At this point LYRIC was called on once again to merge these 

tapes with the final Data Summary Tape (DST). Only events agreeing 

with the Master List went on the DST; the others had undergone trivial 

but almost untraceable bookkeeping errors and were usually discarded. 

In this experiment, since we were dealing with one simple event type 

and the measuring was done on SMP's controlled by a LYRIC-generated 

measurem'ent tape, . this leakage was not important, 'less than 00. 

The format of a DST and the use of the decision-making and 

"physics output" program DST-EXAM are the standard as usedin the 

Alvarez experiments 1T63 and K63, and are described in Ref 9. Suffice 

it to say here that the .tape contains measured and fitted information 

according to the various hypotheses found acceptable in PACKAGE, and 

that the program acts upon this information according the X2.  calculated 

in PACKA.GE  to yield a best hypothesis, on the basis of which it calculates 
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various kinematic quantities--e.g. , effective masses of particle pairs, 

momentum transfers, and angular correlations These quantities are 
10 

output as condensed summary tapes, which are input to SUMX, a 

data-summarizing program. We use SUMX to analyze the data in terms 

of histograms and scatter plots All the data processing described was 

carried out on the IBM 7094 and 7044. 

D. Decision Making and Ambiguous Events 

Three fits are attempted by PACKAGE: elastic scattering 

Trp -* lrp, a four-constraint fit, and the three-body final states lrp-3lTpTr °  

and rrp 	 where we have one constraint on the momenta of the 

outgoing particles. In addition there are the hypotheses in which more 

than one undetected neutral particle is produced, up - Up + neutrals 

and up .- 	+ neutrals. 

Other hypotheses are available, e.g., up K+Kn,  pKK ° , 

K+lrA. In the 1T72 experiment these hypotheses were tried and it was 

found that almost every event could fit at least one of these strange-particle 

states. To separate out those events that are genuine is a hard matter, 

and is best attempted after most of the events have been fitted to the non-

strange hypotheses. A good place to seek them is in the missing-mass 

hypotheses. 
The hypotheses that we do consider divide naturally into two 

classes: those with a proton in the final state and those with a neutron. 

About 50% of the events have a single unambiguous hypothesis according 

to the fitting programs. The acceptable 	for 4C fits was taken to be 

30: for IC fits the figure was 13. However, the decisions are made on 

the basis of the confidence level, the distributions of which should be 

flat if x2 is calculated correctly. To achieve this in practice we have 

to multiply our calculated x Z by a. correcting factor to compensate for 
11 

our inability to predict it properly. 	For one constraint this number 

is 0.8; for the four constraints it is 0.6. We exhibit the confidence 

levels for up -k pTr°Tr , 1r1T , and up in Fig. 4.  

A useful yardstick for classifying ambiguous events was whether 

the confidence level of the second most favored hypothesis was greater 

4 
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than 1/3 of the best confidence level. Ambiguous events, in which the 

momentum of the positive track was less than 1 GeV/c, are resolvable 

on the scanning table. Here we used the information contained in the 

beam track number. On the basis of a scanner's indication that a 

proton was obviously present in the final state, all neutron hypotheses 

were discarded. 

An initial sample of ambiguities was examined on the scanning 

table. It was decided that only the positive identification of a proton 

could be used. Thu,s, we did not define an "obvious pion," It became 

clear that in several instances frames with more than one two-prong 

would have events measured with the wrong beam track number. For 

those events with heavily ionizing protons, we merely lost the extra 

information and the event was looked at by a scanner in the usual way. 

However, events with lightly ionizing positives with an "obvious proton" 

appellation had to be treated with care. 

DST -EXAM program 2 outputs a subset of ambiguous events. 

These are potentially resolvable events in which the ionization of the 

disputed track is appreciably different for the rival hypotheses, the point 

of view being taken that a ratio of 1.5 is distinguishable. With this in 

mind, we acted on the scanners' information only if the ratio of the 

ionization corresponding to a proton to the ionization of a pion was greater 

than 2.0. This was quite conservative, since a nondipping proton has 

twice minimum ionization at 730 MeV/c momentum. In addition, the 

dip of the positive track had to be less than 70 0 (800  for stopping protons.) 

For genuinely resolvable proton events this worked quite satisfactorily. 

Lightly ionizing positives failed these tests. The only doubtful region 

was for pions with momenta of the order 500 MeV/c. Since in addition 

the events would have to be ambiguous and niislabeled, any misidentifica-

tion should have at most a second-order effect. 

DST-EXAM prograth 19 writes a new DST. It deletes wrong 

hypotheses according to the decisions made during the re-examination 

of events on the scanning table. The information is punched on IBM 

cards. In addition it tests the beam track number, predicted ionizations 

and dip and automatically resolves "obvious proton" events. 
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• 	 There still remain the unresolvable ambiguous events. As the 

beam momentum increases from 2 to 3 GeV/c more momentum is 

available to the final particles, with correspondingly less difference in 

ionization between the particles. At 2.05 to 2.36GeV/c, 7.8% of events 

are ambiguous; at 2.60 to 3.22 GeV/c, the figure is 9.8%.  However, for 

elastic scatterings the figures are 0.45% and 0.85%. The regions of 

ambiguity for elastic scatterings is in the backwards hemisphere in the 

center-of-mass system, i. e. , when the proton has momentum in the 

laboratory system greater than 1500 MeV/c. We shall have cause to 

return to this point in discussing biases in the data. 

To distinguish Trp-* ipr° from Trp - Trp + neutrals, and sim-

ilarly for Tr p 	 the following prescription 12  was adopted in 

DST-EXAM: The missing-mass hypothesis was alloted a reasonable 

confidence level, 0.2. However, this is modified depending on the values 

of missing energy and momentum and on how well the momenta of the 

tracks are measured. If the missing mass is less than the minimum-- 

i. e. , the mass of a neutron or a r 0 , as the case may be--we introduce 

a factor with a Gaussian behavior, exp{-(x-u) 2/a 2  where x (missing 

energy) - (minimum missing energy), and a is the measured error of x. 

If there is a good fit corresponding to the missing mass- -e. g. 

in the case of Trr missing mass--there is a further factor 

- 	where Pfit 
 is.the probability or confidence level for the 

fit]
corresponding fit. In Fig. S we show the missing-mass plot for both 

fitted and unfifted events. The separation of events is reasonable. 

Without the help of ionization'we cannot separate the two missing-

mass hypotheses.. If there is sufficient missing energy to make a neutron 

and a 1T °  under one hypothesis or two lrOI.s  under the other, neither can 

be preferred. In the fits we must rely on the confidence levels alone. 

In Fig. 6 we show that the separation is not at all bad, 
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E. Biases and Possible Errors 

The bubble chamber is an excellent unbiased detector of.particle 

interactions. Naturally, the interactions have to take place in the finite 

volume of the chamber, and any decaying particles must have decayed 

before they leave the chamber. Our chamber is longer than it is wide, 

and some spatial asymmetry is thereby introduced. More important is 

that we really observe the events projectedonto three planes, the angles 

between whih are less .than 15°. Butithiii limits, unlike 7spark cham-

bers and counters, we do not have different efficiencies for various 

kinematic regions. This is excellent if we want to study angular correla-

tions or cross sections as a function of effective mass, for example. 

In carrying out the experiment we naturally introduce biases in 

scanning and measuring and in the assumptions that are implicit in the 

kinematic analysis The events may favor certain kinematic regions, 

eg., low L 2 . There are two classes Of bias: those we can forsee and 

take account of, and those that reveal themselves in the course of an, 

experiment. We can do nothing, of course, about the ones that do not 

:r eveal themselves. 

On events measured on, the SMP's only a limited portion, z 20 cm 

of the beam track, can be, measured. However, in fitting the events we 

use the beam averaged momentum. A' sample of beam tracks is meas - 

ured accurately on the Franckensteins to determine the central beam 

momentum, P, and its spread. The beam-averaged momentum is 
ave 	 ' 

P 	a + P 	('I-a), where P 	is the measured beam momentum 
pang 	ave 	 pang 

as calculated in PANG and a is a comprehensive factor that contains 

both the error in measurement and the spread in nominal beam momentum. 

Under these conditions the shorts  beam-track does not contribute any 

appreciable error. What was more serious was the unexpected effect 

of being able to measure on1ya limited portion of an outgoing fast track,. 

We shall return to this soon. 

That the missing masses corresponding to the fits are distributed 

about the mass of the missing particle shows that there are no serious 

systematic biases or shifts introduced inthe measuring or fitting. An 
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incorrect beam average or contamination from other hyptheses would 

result in displacements from the correct central value, or skew distri-

butions. The full width at half -maximum is 0.05 (GeV) 2  for the 	and 

120 MeV for the neutron. 

Contamination of other hypotheses by elastic scatterings was 

found to occur. In certain kinematic regions the fitting programs prefer 

the wrong inelastic process, sometimes unambiguously so. 

A trivial case is the fitting to Trp 
_ 	of elastic scatterings. 

with stopping protons. Before applying the general ambiguity operation 

as described above, we made histograms of the effectiv.e masses of 

it IT and nit . The offending.. events are in the first bin in the niT plot, 

since they approach the mass of the proton. On the lr+iT_  mass plot 

they are observed as a sharp peak at about 900 MeV at 2.86 GeV/c. 

This falls to about 780 MeV at 2.05 GeV/c. The effect is almost corn-

pletely removed by applying the beam track criterion. As a further 

check all the remaining events in the suspect region were examined; it 

is believed that all this class of misidentified events has been set right. 

At this point one somewhat worrying point should be mentioned. 

At the lower momenta of the run, any misidentified events that may 

somehow remain are in the body of the p peak, but may get interpreted 

as evidence of the 2u decay of the w. This is further complicated by 

the belief that the np - nw cross section is appreciably larger at 

2 GeV/c than at about 3 GeV/c. However, the original misidentified 

events had an apparent A of less than 44 2 , as well as falling into one 

bin on the nTr plot, and the final histograms show no evidence of this 

(e.g. , Fig. 57c). 

Another class of elastic scatterings fitted the it p_* iT piT' hy-

pothesis. The situationhere is less easy to understand, since we are 

dealing with the tail of a x2 distribution which allows about 1.5% of 
• 	 the elastic scatterings to fall in the wrong category. 

( 	•. 	 2 
We find it convenient to discuss separately the case for IL less 

than and greater than 20 4 . The first inkling of something wrong came 

froi-n the comparison of the plot of the 1T 0 Tt effective mass with that for 

(see Fig. 48). There seems to be a rise in the number of events as 

we approach the minimum-mass end. • 



Selecting events with A <20 	and 	 O TT  less than 505 MeV, 

we made a scatter plot of the irir decay angle and Treiman-Yang azi-

muthal angle. The surprising finding emerged that the events clustered 

about zero azimuthal angle, and the scattering angle tended to be large. 

Other pieces of evidence were that on.a missing-mass plot for 

rp -~ lrpTr° thre was evidence for a clustering about zero missing 

mass. For twelve events with an appreciably nonzero Treiman-Yang 

angle, we plotted the labbratory-system scattering angle against the 

momentum (lab) of the proton. In Appendix A we show that, for low 

values of this momentum and for elastic scatterings only, there is a 

linear relationship between these two quantities. Inelastic events lie 

on a curve for a given TrTr mass which is above the straight line for. 

elastic scatterings. Ten of the twelve events lay along the line and were 

appreciably below the curve for m =  2 4. 

We remeasured on Franckensteins some 225 events; of these 

910 failed, 50% fit elastic scatters, and 6% went into the iTp missing 

mass category, leaving 35% to fit the original hypothesis Although the 

offending events lay below about 450 MeV, we measured events below 

about 505 MeV. We expect any genuine events to have a larger mass 

spread when measured again, and do not wish to introduce artificial 

discontinuities in the mass spectrum due to remeasurement. We ac-

cepted the second measurement in preference to the first. Our justifica-

tion is this. On a random sample of events there is no statistical reason 

to choose one or the other measurement. However, we hypothesize that 

the anomalous behavior of these events is their being elastic scattering 

events, and that they are falling into the wrong category either because 

a small percentage does this statistically in any case or because large 

errors are made in some of the measured quantities (e. g , beam mo-

mentum, momentum of the outgoing n, or the lab scattering angle); 

then, if we believe our second measurement is at least as accurate as 

the first, we can expect fewer events to be in the bad y,  tail. 

On comparing the output from the second measurement with the 

first we drew the following conclusions. The enhancement near 280 MeV 
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was mainly a creation of the SMP's. On those events which fit elastic 

scatterings on the second measurement the momentum of the outgoing 

was consistently higher than when measured with the SMP's. This 

was directly related to the greater track length measured by the Francken-

stems. In the most extreme cases a 3-GeV/c Tr was measured as 

1.5 GeV/c, giving an energy and momentum imbalance of 1.5 GeV. A 

spurious ir 0  with the same 3 as the iT satisfies the energy-momentum 

relations, and the 1r0ir  system has low mass and its "decay't is naturally 

coplanar with the production plane. 

For events with A 2 
	the effect is similar. The most 

striking feature is that the (F-B)/(F+B) asymmetry in the T1T scattering 

angle is strongly negative for events with irrr mass less than 600 MeV. 

If we choose TrplT°  events with cos 0< -0.5 and azimuthal angle less 

than 50 0  we obtain the Chew-low plot shown in Fig. 7. Of 230 events in 

this category and with 	20 p,  13% fail, 28% fit elastic scatterings, 

and 15% fit other hypotheses, leaving 38% still fitting Tp - lTpTr° on a 

second measurement. Those events which fit elastic scatterings were 

characterized by Tr's of momentum less than 300 MeV/c when fitted as 

lTp - iT piT ° . Both the outgoing rr and proton have high momentum. 

Errors in measurement of the order of 10% lead to an energy and mo-

mentum imbalance of a few hundred MeV and admit the inelastic hypoth-

esis; 6% of the remaining inelastic fits were ambiguous with elastic 

scatte rings. They had the same characteristics as genuine elastic 

scatterings. Of the 60 unambiguous fits, several also had Tr's with 

about 300 MeV/c momentum. The elastic scattering x ranged from 

90 to 500. Examination of some of these events made it plausible that 

these were elastic scatterings that tifaileditbecauseof  turbulence in the 

chamber or small scatterings in the outgoing tracks. If this was so, 

we were losing some elastic scatterings with high A and there was 

very little that we could do about it. 

Given a TrpiT° final state with either A in the region 5 to 10 

and a 1500 to 2000 MeV/c ir with a nearly parallel iT °  having almost 

2 	 ° the same momentum, or. L large and the 1T slow, then if we make a 
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Lorentz transformation from the Laboratory frame to the niT rest 

frame we will rotate the direction of the incident iT away from the 

outgoing. In fact, the angle between the two can exceed 900.  Thus 

arises the apparent strong backward asymmetry in the 1TiT scattering 

angle. 

Parameterization and Correction of Scanning Bias 

We attempted.to  pararnèterize the scanningbias against short 

protons in terms of the range of the proton. This range is synonymous 

with the measured length of, the proton when the proton stops in the 

chamber. We use the range in preference to the length, so as to in-

clude nonstopping protons. For a given range interval we observed the 

distribution of the scattering plane about the direction of the beam. The 

reference plane was defined as that of the beam and the Z axis, the 

vertical axis of the chamber. The distributionis flat but due to scanning 

errors is observed as having dips when the scattering plane .is parallel 

to the reference plane. We set up as a model that the visibility of the 

events depends on the range R and linearly on the sine of 8, the di-

hedral angle, •between the planes. 

We postulate that 

	

82N 	
JH(R) + sin81 

Maximum of 	0 	 1 

	

868R 	 t. 	 J 

where H(R) increases monotonically with the range and hence with the 

momentum transfer. H(R) must be very large for large R. By param-

eterizing in this form we avoid singularities when H(R) is equal to 0. 

In Fig. 8 we show the observed distributions and the corresponding 

fits up to ranges of 16, cm--which corresponds to a 	value of 54 

Above this value we expect very little scanning bias; see Fig. 9, which 

shows a scatter plot of R against 6. Figure 10a shows a cubic least-

squares fitto H(R). The linear fit didnot increase fast enough, and the 

quadratic fit began to decrease when R was greater than 16. 

If we assume that there is no scanning bias against events that 

scatter in the horizontal plane of the bubble chamber, and that this is 
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Fig. 9. Scatter plot of 8 versus R, range of the recoil 

proton for elastic scattering events. 
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Fig. 10. (b.) Experimental values of H(R) with cubic 
fit, H(R) = 0.01 (9.8 ± 0.22R - 0.11 R 2  + 0.048R 3 ). 
(a) Weighting function (H(R) iT + Tr)/  H(R) + 2). 
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true above some minimum value of R, then we say that we observed 

the number 

('It 

\' [H+sinö]dô=HTr+2 
'JO 

when in fact there were 

(bit 

\ 	[H.+ i] dô=HTr+Tr. 

For an event with range R our efficiency is (HTr+ 2)/(Hrr+ IT), and to 

correct this we weight each event by the reciprocal of the efficiency. 

In Fig. 10b we plot the weight as a function of .R and A . We use the 

weight to correct. all proton events since it is, according to our formula-

tion, a function of the range of the proton. 

F. Determination of Cross Sections 

Knowing the average distance, L, a beam particle travels in 

liquid hydrogen, one can determine the total interaction cross section 

by the formula 	 . 	 . 

a = 1.008/N dL , 

where N 0  is Avogadro.'s number and d is the density of liquid hydrogen, 

taken here as 0.0586 g/cm 3 . In practice, the procedure consists of 

scanning a large number of frames, counting the number of entering 

beam tracks, and recording the total number of interactions observed 

in the same fiducial volume and under the same acceptance conditions 

as in the two-prong scan. This information plus a knowledge of the path 

length (118 cm) in the fiducial volume, an estimate of the p.  contam-

ination in the beam, and the correction due to unobserved elastic scatter-

ings yields a value for the mean free path. At 2.86 GeV/c we obtain an 

observable total cross section of 29.2 mb, corresponding to L = 97.1h3 cm. 

We compare this with the value 32.7 mb interpolated from the results of 

Citron et al. 	A correction to our value amounting to about 11.5% is 

indicated. 
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To determine our two-prong cross section we have normalized 

our total number of interactions, corrected for unobserved small-angle 

scatteriñgs, to the precisely determined value of Diddnes et al. 4  for 

the 1T72 energy range and of'Citr'on et al. 	for the higher beam momenta. 

A beam scan had been undertaken in the rr72 experiment. Every 

fifth frame of about a dozen rolls at each of three momenta- -2.05, 2.7, 

and 2.36 GeV/c- -was scanned. Frames with too many tracks were ex-

cluded. There was no fiducial volume restriction. In order to find out 

how many of these interactions were two-prongs a special USER sub-

routine was written for LYRIC, which read the Master List and totted up 

the events on the frames that had been beam scanned. It also read data 

cards on which were punched the total number of interactions correspond-

ing to those frames that the two-prong scanner had looked at, and frame 

numbers that the beam scanner had ignored. LYRIC in reading the 

Master List ignored these frames in the totting up. Because of the dif-

ferent fiducial volumes of the two scans a correcting factor had to be 

introduced. 

This procedure was also carried out for the 2.86 -GeV/c events, 

but the same fiducial volume was used. 

For the 2.60-GeV/c and 3.22-GeV/c film a somewhat different 

cross-section scan was performed. Six rolls were selected with less 

than the average number of beam tracks per. frame. Every suitable 

frame was scanned, and the interactions on a frame were subdivided into 

zero-prongs, two-prongs, and other interactions. In this way the pro-

portion of two-prongs was obtained directly. This method, both simple 

and direct, was used on the 2.05- and 2.7-GeV/c film, Consistency 

was found between the two methods. 

No correction was made for events overlooked by scanners. A 

two-prong rescan of a few rolls indicated scanning efficiencies of 

89 ±4%.  The two-prong cross section contains this factor in both the 

numerator and denominator. If we assume that the cross-section scan 

is subject to the same efficiency, the net effect on the value obtained is 

negligible, but it will introduce most of the error (5%)  in our determina... 

tion. The total number of interactions used ranged from about 2000 to 

4000, introducing statistical errors of 1.6 to 2.3%. 



To determine actual cross sections, as against observable cross 

section, we derived the total elastic scattering cross section, using both 

the weighting function that we have derived and the exponential depend-

ence of the differential cross section in the diffraction region (as is de-

scribed in the section on elastic scattering). The scanning bias involves 

• a correction of 13%.  The exponential dependence gives a further cor-

rection of 21%,  making a total correction to the elastic scatterings of 

37 %. The actual total and two-prong cross sections are 1010 larger 

than the observed. In the section immediately following we present the 

numbers obtained. 



• 	III. EXPERIMENTAL RESULTS. 

A. Cross Sections 

In Table I we. exhibit the numbers of events fitting the five hy -

potheses 	 . 	 . 	. 	. 

(fl 

.nppn ° Th,  

iTp-1rp, 	 . 	 ( 3) 

+ neutrons, 	 , 	 (4) 

irp - 	p ± neutrals 	 . 	 (5) 

at the six different beam energies. 

At each momentum interval we have normalized the corrected 

total number of events to the total two-prong cross section as obtained 

in the cross-section scan. Reaction (2) has a5% correction for short 

protons: we have already made reference to the elastic scattering cor-

rection. The values obtained for the total two-prong and reaction cross 
15 

sections,. and events per microbarn, are shown .in Table II. 	Statistical 

errors vary between 1.5 and 4.5%. Due to the way in which absolute 

cross sections were obtained, we believe that there is about 5%uncer -

tainty in the normalization caused by the spread in scanning efficiencies. 

Consequently, we attach this error to all cross sections shown. 

	

B. Elastic Scattering 	 , 

Introduction  

In this experiment we obtain two pieces of information on the 

irN scattering amplitudes, the total elastic cross sections, and the dif- 

ferential cross sections for the process 1rp - lip. The most complete 

information available would involve knowing the polarizations of the 	• 

initial and final nucleons and the elastic and differential cross sections 

not only for our reaction but also for the pure isospin 3/2 reaction, 
lT+p _ l+p as well as for .charge exchange, lip -+ li0n, 
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Table I. Number of events at each momentum, all final '  
states. 

Beam Number of events 

momentum - - 
(GeV/c) pir°  r ir 	p 	lTtlr neutrals 11p neutrals Total 

2.05 864 624 1045 960 463 3956 

2.17 951 701 1177 1158 576 4563 

2.36 1005 901 1551 1481 820 5758 

2.60 1418 1122 2003 2171 1170 7884 

2.86 982 1727 1725 1609 1153 6196 

3.22 2540 1939 4326 4735 3586 17126 

Total 7760 6014 11827 12114 7768, 

45483. 
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Table II. Partial cross sections. 

Cross 	sections (in mb)± 5% 
Events 
per + fir 	Tr prr°Tr p 

+ ir ir 	neutrals - ir pneutrals Total 

2.05 0.159 5.5 4.1.5 9.0 6.1. 2,9 27.7 
2.17 0.178 5.3 4.15 8.7 6.5 3.2 27.8 

2.36 0.233 
4.3 3.9 8.55 6.4 3.4 26.6 

2.60 0.345 4.1 3.4, 7.8 6.3 3.4 24.9 

2.86 0.286 3.4 2,7 7.7 5.6 4.0 23.4 

3.22 0.839 3.0 2.4 7.25 5.6 4.25 22.5 

Total 2.04 
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Until now, elastic scattering in this energy range (2.05 to 3.22 
• 	BeV) has been very hard to interpret. Orthodox partial-wave analyses 

become increasingly difficult to carry out even below 2 BeV, The 

terms in a cos 0 or Legendre polynomial.expansion of the angular dis - 

tribution are, in general, dependent on a large number of partial waves. 

• 

	

	With good statistics, in an experiment measuring the differential cross 

sections and polarizations of both ir.p and IT p elastic scattering at 

• 	graduated intervals of the incident beam momentum, Duke at al. 16  were 

able to pick out the important partial waves up to about 1.6 GeV/c and 

determine the spins and parities of the N(1688) and (1920) Yokosawa, 17  

by extending partial-wave solutions at lower energies, was able to re-

produce the f 7 / 2  resonant amplitude at 1920 MeV and to fit polarization 

data at 1.70 to 2.50 GeV/c with a resonant 972  amplitude at 2190 MeV. 

In the same paper, he also discusses an alternative approach to elastic 

scattering, namely by the optical model. 

A good discussion of the applicability of the optical model to iTp 

elastic scattering will be found in Perl and Corey, 18  which contains 

many references to previous work. At 2 GeV/c, orbital angular mo-

menta larger than 3 must be considered. Each value of the orbital 

angular momentum can couple with the spin 1/2 of the nucleon to give 

two values of the total angular momentum. We thus have two amplitudes 

associated with two phase shifts which, because of the inelastic proc-

esses that are known to occur, are complex To describe the elastic 

scattering at our energies would need 20 or more parameters This is 

not feasible The optical model makes specific physical assumptions 

as to the behavior of the phase shifts with increasing 1, the orbital 

angular momentum. In the most simple form of the model (see Sim-

mons 19) we have one parameter L. The nucleon appears as a black 

• absorbing disk for orbital angular momenta 1 L, i. e, the first L-

phase shifts are purely imaginary and the rest are zero The model 

may be refined by introducing an interaction radius over which the ab- 

• 	 sorption decreases. Perl and Corey argued that, rather than imposing 

a prior shapc on the nucleon- -e g , a Gaussian behavior- -and employing 
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an impact parameter representation to convertthe summation over 

partial waves into an integral, we could keep the summation and find 

the shape of the nucleon from the angular distributions, since we were 

dealing with comparatively few partial waves. They attempted fits to 

elastic scattering from 1.33 to 2,92 GeV/c, using the formula 

du  
q 	

(a1 ) l(c0s0)I 2 , 	 (6) 

O  

where the a1  are the real parameters to be determined. 	 -: 

In an attempt to correct the model for its deficiencies, namely 

the assumptions of zero spin-flip amplitudes and zero real amplitudes, 

the authors added to the above series an extra set of terms 
imax 

Z b. (cOsO) 1 . Despite this addition, the fits give only fair agreement 
i=O 	1 

with the data, failing to give the exact shape of the secondary peaks. 

Since this is to our knowledge the most ambitious application of 

the optical model, we have not attempted to fit the data to any optical 

model but are content to present the data and mention some physical 

hypotheses which would seem to have more success in explaining them. 

Presentation of data 

In Figs. 11 through 16, we display the, six differential cross 

sections, which are 'tabulated both in terms of momentum transfer 

squared and the c. m. scattering angle, cos 0, in Tables lila and IIIb. 

We find it convenient and instructive to consider the differential 

cross sections as being made up of four separate regions, of which only ' 

the first two can be discussed, with. some certainty by us. The four 

regions are the forward diffraction peak, the second maximum, the  

large-angle region (cos0O), and the events at 180 0 , 

iffraction region 

If we define the diffraction region as extending from zero mo-

mentum iransfer , up to A = 4.0 m 2  [0.72 (GeV) 2 ], We see that the 

points seem to lie on a straight line on the semilogarithmic scale. This 

suggests an obvious parameterization 	 ' 	 ' ' 
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Fig 12 	rrp elastic scattering differential cross sections 
showing the optical point and exponential fit to the 
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Fig. 14.. Trp elastic scattering differential cross sections 
showing the optical point and exponential fit to the 
diffraction peak at 2.60 GeV/c, 2003 events. 
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Fig. 15. lTp elastic scattering differential cross sections 
showing the optical point and exponential fit to the 
diffraction peak at 2.86 GeV/c, 1725 events. 
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Table lila. ir"p differential cross sections in mb/(GeV) 2 . 

/m 2 e 0 20Ge/c 2 t7 GeV /c 2.36 Coy/c 2.60 CeV/c 2.86C V/c ilacV/c 

Er ro r Error Error Err or Error 
cr 

Error 
 

2 454 32 444 28 46.7 2.7 41.3 2.15 39.8 2,9 34.8 1.3 
4. 33.6 2.6 33.5 2,4 32.4 2.0 27.5 1.6 29.7 2.0 26.2 1,0 
6 22.4 1.8 23.0 1.9 20.0 1.6 20.7 1.3 19.8 1.4 19.35 0,8 
8 16.6 1.7 15.7 .1,6 17,8 1.5 149 1,1 17.9 1.3 16.6 0.75 

to 12.8 1.5 10.5 1.3 12,4 1.3 11.3 0.95 II.? 1.05 11.0 0.6 
12 9.7 1.3 9.4 1.2 9.8 1.1 9.7 0.9 8.9 0.9 	. 9,2 0,55 
14 5.0 0.9 6.0 1.0 5.6 0.7 7.3 0.8 6.0 0.8 6.8 0.5 
16 4.1 0.8 6.2 1.0 5.6 0.7 4.7 0.6 5.8 0.75 4.4 0.4 
18 1.0 2.8 0.65 4.2 0.6 4.45 0.6 4.0 0.6 3.55 0.3 
20 2.4 0.6 	. 2.2 0.6 3.1 0.5 2.5 0.45 3 	15 0.55 2.6 0.3 
22 2.1 0.6 2.3 0.6 2.0 0.4 2.3 0.4 1.8 0.4 2,2 0.3 
24 1.4 0.3 1.3 0.3 1.2 0.25 1.8 0.3 1.7 0.3 1.3 0.15 
28 0.3 0.2 0.85 0.3 0.5 0.2 0.95 0.2 1.3 0.25 0.7 0.1 
32 0.3 0.1 0.2 0.1 0.05 0.05 0.4 0.1 0.3 0.1 0.4 0.1 
36 0.3 0.1 0,5 0.2 0.3 0.1 0.3 0.1 0.3 0.1 0.2 0.1 
40 0.5 0 1 0.3 0.1 0.4 0.1 0.2 0.1 -  0.4 0.1 0.2 0.04 
48 08 0:2 0.7 0.2 0.35 0.1 0.4 0.1 0.3 0.1 0.3 0.05 
56 0:9 0.2 1.2 0.2 0.5 0,1 0.4 0.1 0.2 0.1 0.25 0.05 
64 0.5 0.2 0.85 0.2 0.5 0.1 0.3 0.1 0.2 0.1 0.2 0.05 
72 1.3 0.2 0.65 0.2 0.75 0.1 0.2 0.1 0.2 0.5 0.15 0.04 
80 0.9 0.2 0.8 0.2 0.4 0.1 0.4 0.1 0.15 0.1 0.1 0.04 
88 0.7 0.2. 0.4 0.1 0.5 0.1 0.4 0.1 0.15 0.1 0.1 0.04 
96 0.5 0.1 0.65 0.2 0.35 0.1 0.3 0.1 0.2 0.1 . 	 0.05 0.02 

104 0:3 0.1 0.2 0.1 0.1 0.06 0.1 0.05 	- 0.15 0.1 - 	 .0.1 0.02 
Ilz 0.04 0.04 0.2 0.1 0.05 0.04 0.08 0,04 0.1 0.05 0.0 0.01 
120 0.04 0.04 0.2 0.1 0.03 0.03 0.08 0.04 0.1 0.04 0.01 0.01 

- 	 128 	
- 03 0 : 1 0.0 0.04 0.03 0.03 0,02 0.02 0.1 0.04 0.01 0.01 

136 01 0.1 0.1 - 0.05 - 	 0.1 0.05 0.0 0,02 0.02 0,02 
L 0.004 

- 	 144 
- 	 0.0 0.04 0.04 0.04 0.0 0.03 0.0 0.02 0.0 0.02 

- 

152 0.2 0.1 - 0.0 0.04 0.0 0.03 0.04 0.03 0.02 0.02 0,02 0.01 
160 0.1 0.1 0.04 0.04 0.0 0.03 0.0 0.02 - 0,02 0.01 
168 0.4 0.4 0.1 0.1 0.03 0.03 0.02 0.02 	- < 0.008 <0.004 

• 	
-. 	 176 	- 	 - - 0.1 0,1 0.1- 0.05 0.04 0.03 J J 

184 0.4 0.4 0.05 0.04 0.02 0.02 0.1 0,04 0,02 0.01 
- 	 192 • 0.1 0.05 0.02 0.02 - 0.01 0,01 

200 	- -• - 	 - 0.06 0.06 0.06 0.03 • < 0.008 0.03 0.02 
• 	 208 - 	 • • - 9.14 0.05 J 0.0 0.01 

- 	 - 	 216 • 0.12 0.05 0,02 0.02 0.02 0.01 
• 	 224 	• • 0.02 0.02 0,01 0.01 

232. 0.05 0,03 0,00 0,01 
• 	 - 	 240 - • 0.0 ' 	 0.02 0.03 0.02 

-• 	: 	 • 	 298 - . 0.02 0.02 0.04 0.02 
• 	 256 . 0.02 0.01 

264 0.01 0.01 
272 • • 	 - 0.02 001 	- 

• 	 • 	 • 	 280 - 	 . - 0.02 0.02 
• 	 288 - 



Table Ilib. up  differential cross Sections in rnb/steradian. 

CosO 	2.05 GeV/c 	2.17 GeV/c 	2.36 GeV/c 	2.60 GeV/c 	2.86 GcV/c 	3.22 GeV/c 

do,  
Error 

d 
Error 

d 
Error 

,d 
Error da 

--- Error 
thy 

- - 	Error 
0.98 
0.96 10.20 0.8 11.80 0.75 13.50 0.70 12.95 0.55 - 13.75 0.70 1270 	035 
094 9.00 0.7 9.70 0.65 9.40 0.55 8.40 0.45 8.20 0.50 8.10 	0.30 
092 6.90 0.6 6.35 0.55 5.80 0.45 5.60 0.40 6.25 0.45 5.69 	0.25 
090 4.65 0.5 5.05 0.50 5.28 0.40 4.34 0.35 4.00 0.35 3.57 	0.18 
088 3.85 0.45 2.70 0.35 3.60 0.35 3.28 0.28 2.75 0.28 2.42 	0.16 
086 3.40 0.40 3.25 0.38 2.65 0.30 2.38 0.23 2.22 0.25 1.59 	0.12 
084 2.05 0.30 2.20 0.31 1.80 0.24 	- 1.62 0.19 1.59 0.21 1 • 05 	0.10 
082 1.80 0.30 175 0.28 1.52 0.22 145 0.18 1.00 0.17 0.70 	0.08 
080 1.10 0.25 1.38 0.25 1.15 0.19 0.92 0.15 0.58 0.13 0.44 	0.065 
078 1 • 15 0.25 0.67 0.17 0.90 0.17 0.65 0.12 0.67 014 0.26 	0.05 

-076 1.10 0.25 0.58 .0.16 0.65 0.14 0.46 0.10 0.55 0.12 0.22 	0.05 
072 0.50 0.10 0.53 0.07 0.31 007 0.30 0.06 0.22 0.06 0.10 	0 • 02 

068 0.40 0.10 0.29 0.05 0.14 0.05 0.16 0.04 0.13 0.04 0.08 	0.02 
04 0.13 0.06 0.18 0.04 0.02 0.02 0.07 0.03 0.17 0.05 012 	0.02 

-00 0.13 0.06 0.05 0.02 0.06 0.03 0.05 0.02 0.06 0.03 0.10 	0.02 
052 0.05 0.03 015 0.04 0.09 0.03 0.13 0.03 011 0.03 0.095 	0.015 
044 0.14 0.04 0.08 0.03 0.10 0.03 0.13 0.03 0.08 0.02 0.07 	0.013 
036 0.21 0.05 0.25 0.05 017 0.04 0.10 0.02 0.06 0.02 0.05 	0.010 
028 0.23 0.05 0.30 0.06 0.17 0.04 0.08 0.02 0.04 0.02 0.02 	0.008 
020 0.16 0.05 0.23 0.05 0.22 0.04 '0.11 0.03 0.07 0.02 0.015 	0.005 
012 0.25 0.06 0.19 0.05 0.12 0.03 0.13 0.03 0.04 0.02 0.002 0.002 
004 0.30 0.06 0.17 0.04 0.13 0.03 0.08 0.02 0.06 0.02 0.002 	0.002 

-004 0.14 0.04 	. 0.13 0.04 0.09 0.03 0.02 0.01 0.02 0.01 0.000 	0.002 
-012 0.19 0.05 0.16 0.04 0.03 0.02 0.03 0.01 0.02 0.01 0.01 	0.005 
-020 0.08 0.03 0.09 0.03 0.02 0.01 0.02 0.01 0.00 0.01 0.002 	0.002 
-028 0.09 0.03 0.06 0.03 0.01 0.01 0.00 0.01 0.01 0.01 0.01 - 0.005 
-036 0.04 0.02 0.01 0.01 0.01 0.01 001 0.01 0.00 0.01 0.002 	0.002 
-044 0.03 0.02 0.06 0.03 	- 0 02 0.01 0.01 0.01 0.01 0.01 0.01 	0.005 
-0052 0.01 0.01 0.00 0.01 1 0.01 0.01 0.01 0.01 0.002 0.002 
-060 0.09 0.03 0.02 0.02 < 0.008 0.01 0.01 

< 0.004 
0.01 	0.005 

-068 0.01 0.01 0.01 0.01 J . 0.01 0.01 1 0.002 	0.002 
-076 < 0.006  

0.01 001 0.02 0.01 0.01 0.01 o.O1 0.01 0.01 	0.005 
-084 0.00 0.01 0.02 0.01 0.02 0.01 0.01 0.01 0.01 	0.005 
-092 0.06 0.03 0.02 0.02 0.02 0.04 0.04 0.02 0.01 0.01 0.002 	0.002 

0.04 0.02 0.06 0.03 	- 0.02 0.01 0.04 0.01 	, . 	0.01 0.01 , 	0.005 	0.003 
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da 	 eAt 	 '(7) dt [ilt— t=O 

where -t = 

We have taken a conservative cutoff at the lower end of 2.5 m 

and have made least-squares fits 20
to the logarithms of the distributions 

with upper limits 20 mo2  and 40 mno2.  In Table IV, we have tabulated 

the two sets of A which are consistent with each other within the errors 
2 assigned. P( 2 i ) s the x probability of the fit to relation (7) above. 

In Figs. 1.7 through 22, the best fit is shown on a s emiloga rithmic.plot 

for the set 2.5 to 40 mlTo2.  These values were used to derive the elastic 

cross sections shown in Table II and the zero-angle differential cross 

sections shown in Table IV. All the curves extrapolate through or just 

above the optical point. This is in keeping with the findings of other ex-

perirnents 223  at these energies, and with dispersion-relation calcula-

tions that any real amplitude is small in the forward direction. 24 
 We 

also feel that it implies that no serious error has been made in the 

estimates of the efficiencies and overall normalizations. Interpreting 

the numbers as giving us some idea of the upper limit of the magnitude 

of a = Re f(0)/Irn f(0), we obtain the values shown in Table IV, 

It is apparent from Table IV that the values of A at the lower 

three energies are significantly larger than the upper three. In order 

to say something more definite, we have presented a compilation of A 

values from 1.34 to 18.4 GeV/c in Table V, and in.Fig. 23 plotted them 

against log o s, where s is the square of the total c. m. energy. As is 

now well known, in its dependence on the beam momentum the diffraction 

peak displays no obvious monotonic behavior, and A remains within 

the range 7.5 to 7.8 (GeV) 2 . However, on the basis of our data points 

at 2.05, 2.47, 2.36, and 2,60 GeV/c, and those of Esterling et al. 
25 

 at 

1.70, 1.88, 2.07, 2.27, and 2.50 GeV/c, we believe that there is a 

strikingly fast variatiOn of A between 2.0 and'2.5 GeV/c. Below 2.0' 

GeV/c, the peak broadens [A 7.0 (GeV) ] then narrows quickly over 

a few hundred MeV/c, finally broadening again to 7.8 (GeV) 2  at 2.6 GeV/c. 



-4Z- 

0 

cu 

D 
Q 

N 
' 0 0 0 0 41  

Cd 0 0 0 0 0 0 

41 -H 41 41 -41 -H 
0 If) 0 1 0' 

dOOOOO 

NI 

	

Lfl 	 If) 	 If) 

NI 	c) 

	

co 0 	0 If)  0 ,- 0 NI 0 	0 

U) 

0 
0 

+ od0'dNId0d 0 d 0 c 

Cd- 

NI 
— co C-. CO If) 

-- .• NI 0' If) 0' 
0 

-H -H -H -H -H -H 

'd N N m N N 10 If) 

10 '0 I 10 L1) Lfl Lfl 

NIl 
br 

U) 

0 NI 	'0 
' 

If) N N CO 0 
NI 

NI 
NI 

0 

(ID ' 

'0 '0 '0 

NI 
0 

00000C 
41 < 

b -H 
CO 

-H 
0' 

-H 
N 

-H 
N 

41 
If) 

-H 
0 

NI NI 
U) 

NI 

• 0- m CO 

— 
41 

f)) 0 N NI Cl) (fl - 
NI 

) NI NI NI ' 

rd 00 0  

41 41 41 44 .41 44 

() 
CO 0 

NI 
CO CO 

CO 
N 
I-f) 

N 
CO 

0 

NI 
NI NI 0' N 41 .  If) -C 

o 
41 
ul 

NI'  

O 
-H 
0 

-41 
0' 

-4-4 
N 

-H 
0 

-H -H 
0 

NI< 41  

En 

cd NI 
0 

rd 



-43- 

I0.0 

U) 

E 
- 	1.0 

b 
-D 

11 

1.0 	0.9 	0.8 	0.7 	0.6 	0.5 

cos e 
MU B fl936 

Fig. 17. 1rp elastic scattering diffraction peak. • shows 
the optical poiritat 2.05 GeV/c, A = 8.48 ± 0.33 GeV 
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Fig. 18. 'ip elastic scattering diffraction peak. • shows the 
optical point at 2,17 GeV/c, A = 8.20± 0.30 GeV2. 
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Fig. 19. .Trp elastic scattering diffraction peak. o shows 
the optical point at 2.36 GeV/c, A 8. 48 ± 0,27 GeV2. 
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Fig. 20. Trp elastic scattering diffraction peak. • shows 
the optical point at 2.60 GeV/c, A = 7.88 ± 0.22 GeV2. 
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Fig. Z. irp elastic scattering diffraction peak. • shos 
the optical point at 2.86 GeV/c, A 7-57± 0.23 GeV2 
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Fig. 22. ii'p elastic scattering diffraction peak. • shows 
the optical point at 3.22 GeV/c, A 787* 0.15 GeV2. 
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Table V. 	Compilation of A values for lip elastic scattering. 

Beam •Beam Beam momentum A momentum A momentum A 

(GeV/c) [(GeV) 2  (GeV/c) I (GeV) 2 J (GeV/c) {(GeV) 2 J 
2.17 8.20±0.30 

1.34 7.5± 0.4 . 3.63 7.95± 0.40 
2.27 8.88±0.20 

1.48 7.5±0.4 4.0 8.53±0.49 
2.36 8.48±0.27 

1.59 7.2±0.5 . 4.13 8.4 ±0.3 
2.50 8.16±0.20 

.1.70 7.1± 0.5 	. 4.95 7.8 ±0.3 
2.50 7.60±0.12 

1.70 7.06±0.2 6.0 7.68±0.2 
2.60 7.88±0.22 

1.88 7.62±0.2 8.5 7.52±009 
2.86 7.57±0.23 

2.01 7.94±0.16 1.0 7.50±0,34 
3.0 7.65±0.10 . 

2.05 8.4± 0.33 
3.15 7.9 ±0.3 

12.4 7.68± 0.09 

2.07 8.25±0.20 18.4 7.53±0.21 
3.22 7.87±0.1.5 

(For other experiments see Fig. 23 and Ref. 	27..) 
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Fig.. 23. Variationof A, exponential slope in rrp elastic 
scattering, with ,c. m. energy. The position of known 
isospin 3/2 nucleon resonances is indicated by 1/2. 

o This work: 2.05, 2.17, 2.36, 2.60, 2.86, 3.22 GeV/c. 
:4  .Bertanza et al., 1.34 GeV/c. 

Chretien et al. , 1.48 GeV/c. 
• S. 0. B. B., 1.59, 2.75 GeV/c. 
o Allen etal., 1.70 GeV/c. 
i Esterling et al. , 1.70, 1.88, 2.07, 2.27, 2.50 GeV/c. 

Damouth et al., 2.01 GeV/c; 
Perl et al. , 3.1.5, 4.13, 4.95 GeV/c; 
Pen, Lee, and Marquit, 3.63 GeV/c. 

V Coffin et al. , 2.50, 3.00, 4.00, 6.00 GeV/c. 
9 Bondar et al., 4.0 GeV/c. 
D Harting et al., 8.5, 12.4, 18.4 GeV/c. 
1 Brandt et al., 10.0 GeV/c. 	 . 
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Two physical theories lead naturally to the exponential behavior 

of the forward peak, Regge poiesZ6 and a version of the optical modeL 

We briefly relate the salient features of each theory and attempt to de-

rive the implications of the behavior of A. 

The contribution from one Regge trajectory to the scattering 

amplitude is given by 

f(s, t) 	(t) p(t) [cos ot) , 	 (8) 

where a(t) is the Regge pole trajectory function, 

(t) is the signature function, and 

• 	p(t) is the residue or coupling function; 

(t) determines the real and imaginary parts of f(s, t) If the signature 

of the trajectory is defined as T = ±1, which is equal to (-i), in the 

boson case, for those re3l particles lying on the trajectory, then 

-ilra(t) 

______ 	
9 

sin Tra(t) 

The 	is the scattering angle in the c. rn. for the crossed process i. e., 

t-chánnel scattering; cosO is a linear function of s. For small values 

of t we may approximate 

f(,t) 	(t) 	(t) [s /s.0 (t) . 	 (10) 

With a linear behavior for a(t), 

i.e., ct(t) = a(0) + a't,  

and an exponential behavior for (t), 

i.e., 	(t) = (0) elt 	 (iZ) 

we obtain a contribution to the differential cross section, 

	

1t=O 

elit 	 (13) Za't  

We draw the conclusion that diffraction scattering can be de-

scribed by one trajectory, the Pomeranchuk P with aP(0)and that 

A = ZiP + ZaP [log s - log s 0] . 	 (14) 
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From Fig. 23, 	the evidence at high energies for Trp scatter- 

ing is that the slope of the trajectory a'p is small. (This puts the onus 

for the peak shrinkage in pp scattering on the residue factor.) How-

ever, the Regge argument seems to have little relevance to the anom-

alous variation of A at our energies. 

In the optical model, if we assume some smooth variation with 

1 of a1  in Eq. (6), we can write the scattering amplitude as an integral 

over impact parameter b, 
00 

f = iq 	0 (2q bsi4o) [a(b) -1] bdb. 	

b2 	

5) 

If we assume a Gaussian behavior for a(b)-1e. 	 (16) 

du 	(T  ] e (b2)t 
dt 	,dt t=o 

(17) 

and we identify A = 1/2 ( b 2 ) , as a measure of the mean-square 

radius of the rrp interaction. 

We may thus interpret the variation in A assaying something 

about the scattering in a high orbital angular momentum state (1 = 4 or 5). 

When A is small, the radius of interaction has decreased and there is 

little scattering in the relevant 1 state, i.e. , op is small. Corre-

spondingly, when A is large, 6 is large. This behavior is typical 

of that expected from an interference between a real background and a 

resonant amplitude. 28 

In fact, the variation of A has a distinct resemblance to the 
14 behavior of the total cross section in this region. 	In neither case 

can we distinguish the fact that there are, in reality, two (possibly three) 

resonant amplitudes between 2.0 and 2.5 GeV/c of presumably opposite 

parities. It is tempting to try to correlate both the forward differential 

cross section and a with the behavior of A. However, due to possible 

errors in normalization as well as statistical errors, the variation of 

a is not significant. The variationin I f(0) 1 2 . reflects the increase in 

the total cross section. An argument by Lynch 29  suggests that a highly• 

inelastic resonance i.e. , x < 0.5-- will increase the cross section and 
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therefore {f(0)] 
2  as the first power of x, but will increase the elastic 

cross section only quadratically in x and the effect will be to sharpen 

the diffractiOn peak at the resonance. He notices, an effect similar to 

ours in Kp elastic scattering from 1.43 to 2.45 GeV/c presumably 

associated with the f 	resonance at 2040 MeV and theg 7 1 2  resonance 

30 	 + 	/ 
at 2140 MeV. 	A peak sharpening is observed in Tr  p elastic scattering 

in the region of the (1920). It will be interesting to see if there is a 

similar effect inthe region of the A(2460). 

Lastly, in Table VI, we list the parameters C, , (b),. and 

L = (b)/q for elastic scattering.' These are of interest in connection 

with the theory of the absorption model of peripheral interaction 3  which 

is dealt with in Section IV, where we define C and  

The second maximum 

The presence of a secondary maximum is a prominent feature of 
16 

p elastic scattering.from about I GeV/c. 	Simmons attempted to 
19 

explain the second peak as a second diffraction maximurn. 	. His simple 

formula, which is just Eq. (6) 	 , 

with 	 . 	, 	a1  =a f o r 1 L 

and 	 a1 =Iforl>L, 

fails to reproduce either the main or the secondary peak. Moreover, 

since the peak persists over such a wide beam energy interval and, 

occurs roughly at the same place in momentunri transfer squared, we 

reject this explanation. 
27g 

Coffin et al. 	showed that the secondary maximum decreased 

with increasing beam momentum. In Fig. 24 with some of the curves 

from this work, we see how data at four of our energies show the same 

general behavior. Somewhat arbitrarily, we have defined the secondary. 

region to lie between 40 and 110 m02.  In cos 0, this corresponds to, 

for example, the interval 0.3 to -1.0 at 1.59 GeV/c, 0.5 to -0.3 at 

1 • 	
' 	2.05 G'eV/c, 0.7 to +0.35 at 3.22 GeV/c and 0.73 to 0,4 at 4 GeV/c. 

IIr -0.72 du 
The numbers of events and values of o = j2 	. 	

dt, the cross
Ut  

section, , are shown in Table VII.  

In Figure 25, we hav.' p1oLt..d 	against ' s or a tog - log seaL, 

for our six points. We observe that our data and those of other. pub1.i;.hed 



-54- 

Table VI. 	Absorption parameters for iT-p elastic scattering. 

Beam 
T 

____ 
momentum U 

(mi) 
C = q = 

Z, 
L =j7i 

(GeV/c) 47rc (MeV/c) ZAq q 

2.05 35.0 0.84 882.0 0.076 3.6 

2.17 35.5. 0.87 91.23 0.073 3,7 

2.36 34.2 0.83 958.5 0.064 4.0 

2.60 33.3 0.87 1013.0 0.062 4.0 

2.86 32.7 0.89 1071.4 0.058 4.2 

3.22 32.3 0.84 11451 0.048 4.6 
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Fig 24 Behavior of secondary maximum in irp 
elastic scattering with increasing beam momentum. 
Curves are taken from Coffin et al. 
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work in this region abpve 1.8 Ge V/c fall (within errors) on a straight 

line. 	 II A least-squares fit corresponds .to the relation a 	s -3.95± 0.3  

In searching for a model that may give rise to this behavior, we 

remark that although s-channel effects are important, it is hard to see 

how they could generate this fast energy variation. One advantage of 

integrating over a t interval is that we smooth out the effect of any 

ripples in the differential cross section associated with resonances. 

In Regge theory, the contribution to the differential cross section 

from one pole according to Eq. (0) is of the form 

da 	/ s \ Za(t) -2 
cc 

This suggests that in this particular area of s -t space we are observing 

the effect of one trajectory. A similar energy-dependent shrinkage, 

which has been explained by the exchange of thep trajectory, has been 

discussed by Sonderegger et al. 31
Exchange of nucleon and isobar 

trajectories in the u channel can account for.the backward w±p scattr- 

ing observed by Brody et al. 32 

Three trajectories dominate the t channel in IrN scattering, 33  

the Pomeranchuk P, the second vcuurn P', and the p. We believe that 

there are grounds for suggesting that the second maximum is the con-

tribution of the P . 	Confirmation of this can be possible only with 

more experimental and theoretical work. 

Measurements of the polarization of the protonby Suwa et al. 35 
36 and Chamberlain et al. 	indicate a large negative polarization in the 

region of the second maximum, whose behavior is strongly energy-

dependent. This suggests that a spin-flip amplitude is respOnsible for 

the peak. 

Extrapolating the diffraction peak to t 	-1.35 gives rise to a 

small contribution to the cross section. Since the slope of the P tra-

jectory is small, we would expect to have the same energy variation as  

for the slope of the diffraction peak, if the P caused the second maxi-

rnuni. - 
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Since the slope. a'.p 	0.85 and the intercept a p(0) 	0.55 of 

the p trajectory are thought to be close to those for the P, we cai.mot 

use the energy variation to eliminate the p. However, although we cx-

pect the p to have an importan.t effect on the polarization, its contribu-

tion to the cross section is small. The second maximum in charge ex-

change is an order of'i-nagnitude smaller than that for Trp elastic scat-

tering, and is in accordance with its being the difference between lTp 

an 	elastic scattering, which also shows .a second maximum with 
37 

an'energy dependence similar to the 1rp case. 	This would seem to 

rule out the possibility of the peak's coining from the interference be-

tween the p and another trajectory, since the amplitudes have .opposite 

signs in ip and 1T+p  scattering. 

Although it is possible that the effect is due to an interference 

between two amplitudes--e.g., the P and the P'--if we assume that the 

shrinkage is due to the P' alone, we can estimate the slope of P' tra-

jectory needed to explain the energy dependence. 	. 

Assuming that a1(0)0.,we have 

a (135) 	-1.0±0.15 

	

P 	 . 

a t(0) - 135' 
p 	. 	p 

a' , 	1.25±0.15. 
p 

This is a much faster variation than that needed by Rarita and 

Phillips32' 
34,38 

 The trajectory will go through zero at 4 = 0.56 GeV 2 ; 

t = 1.05 GeV 2  corresponds to a particle with spin 2. There is no reason, 

however, why the trajectory should not flatten out as t increases. 

Backward region 	. 	. 

The backward hemisphere should be a good place to isolate the 

effect of any s-channel resonances. Near 180 0  we might observe the 

Regge effects of the u channel. We tried to illustrate these effects by 

choosing Intervals in cos 0 in which the data seemed to accumulatL 

In Table VII we have listed the cros5 sections f o r cos 0 intervals -0 3 

• 	 to -0.68, -0.68 to -0.8 ,8, and -0.88 to -1.0. Although, in contrast to the 

previous region, there seems to be a nonsmooth variation of the cross 

section with energy (see Fig. 26), our. statistics are too meagre for .us 

to say anything definite. 	 . . 	 . 	 . 



L1( 

bc 

ZL 

H .  
b 

10 

1.3 	 1.5 	I.? 	1.9 	2.1 

Loge S 

MU B 11554 

Fig. 26. Variation of 	and a 	the cross sections, 
between cos 0 = - 0.3 to -0.68 and -0.68 to -0.88 
respectively.Log-log scale is used to permit 
direct comparison with Fig,. 25. 
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Total elastic cross section 

Finally, in Fig. 27, we show how the total elastic crpss section, 

like other Trp two-body reactions in this energy range 	falls mono- 

tonically. This is understandable in view of the competing many-body 

channels which become available to the Trp  system as the beam energy 

increases. Above 7 GeV/c the elastic cross section falls slowly from 

5 mb to about 4 mb at 20 GeV/c7 27j, ?. 

Summary 

In conclusion, the study of elastic scattering shows that both s-

and t-channel effects are important. Resonances show their effect on 

the slope of the diffraction peak. We feel that a possible explanation 

for the behavior of the second maximum lies with the spin-flip amplitude 

for the P Regge trajectory. 

C. Three-Body States 

in this section we give a description of the experimental results 

from Reactions (I) and (2), 

Ttp 	n7+1T, 	 (I) 

(2) 

Production catter plots 	 - 	 - 

In Figs. 28 and 29 we show Dalitz plots for both reactions at each 

of our six energies. The density of these plots is not constant, indicating 

strong final-state interactions, the most prominent feature being the band 

H 

	

	 associated with the p meson at m 	0.56 BeV 2 . The density along the 

band itself is not constant and the question immediately arises whether 

the concentration of events, particularly at low 	or pir°  masses, 

is a property of the p-decay angular distribution or is due to the presence 

of 1TN  resonances. This is a difficult question to settle satisfactorily. 

• 

	

	For the moment, we shall point out that when we add all six momenta 

together in Fig 30, it is apparent that there is structure corresponding 

to bands in the TFN. systems. However, these are less intense than the 

TrTr band, At the three higher energies, we see indications of the f °  in 

the Tr±Tr  system. In the combined data in Fig. 30, its presence is quite 

evident. 
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Fig. 27. Total elastic scattering cross section as a 
function of beam momentum. See Fig. 23 for key 
to symbols. 
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Fig. 28. Dalitz plots for the reaction iTp - pIT°  Tr. 
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Since the Dalitz plot suppresses all production-angle information, 

to reveal this we plot the data, in two dimensions, on a Chew-Low plot. 

Generally, this presupposes the importance of some particular Feynrnan 

exchange diagram. In our case, we plot the irir  effective mass against 

the m•mentum transfer squared between the initial and final nucleons. 

The pertinent diagram is that of one-pion exchange, OPE, Fig. B-I. 

Figures 31 and 32 show not only that the events cluster about the p mass, 

but also that they occur predominantly with A 	20 mo . Further, 

values less than 20 mo2  are in the physical region only if the beam 
Tr 

momentum is greater than 2.36 GeV/c. Since it is apparent that the f ° , 

like the p, is made at low A 
a (see Fig. 64), it is obvious that only at 

energies above 3 GeV/c will the kinematics favor its production. Figure 

31d suggests thatin p production at 2.60 GeV/c there is a secondary 

clumping of events at about 50 mo 2 . The combined data at 2.75 and 3.0 
/ 	 41 

GeV c presented by Hagopian et al. 	show a similar effect, and remark 

that a calculation by Jackson, based on a model in which w exchange 

interferes with ir° exchange, does not explain their effect. However, 

at 2.86 and 3.22 GeV/c in our data the effect is no longer seen, (Figs. 

31e and 31f). (At 2.86 GeV/c, we show the effect of the contaminating 

elastic scatterings at low irir mass. These have been removed in the 

other plots.) The combined energies show a further feature, in Fig. 33, 

that there is a general concentration of events along the lower edge of 

the plot. This allows us to refer with some justification to OPE outside 

the p region. 

distributions 

In Figs 34-39, we plot the A distribution for all events and for 

the p region; we define the latter as m 2 	0.41 to 0.76 (GeV) 2 . We 

have incorporated a crude test of the OPE energy dependence suggested 

by Alfred Goidhaber. 42  We multiply dcr/d 2  by the square of Plab' 

the beam momentum- -and the resulting quantity should be energy-in-

dependent. For p production, the height .of the distribution (uncor-

rected for short proton tracks) varies between 28 and 38 mb. For p °  

production, the variation is greater, from 40 to 65 mb. We leave 

fitting the A distribution to some model until the next section. 
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Fig. 	31. Chew-Low plots for the reaction 	p 

(a) 2.05 GeV/c . 	(d) 2.60 GeV/c 

(b) 2.17 GeV/c (e) 2.86 GeV/c 

(c) 2.36 GeV/c (f) 3.22 GeV/c 
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Fig. 32. Chew-Low plots for the reaction Trp - 
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Tnt mass spectra 

Figures 40 through 45 show the irir effective mass spectra for 

both charge states at each energy. The shaded events are those with 

less than 20 mo2 n  . The curves are least-squares fits, as deter-
43 

mined by MINFUN, to background and a p-wave Breit-Wigner reso- 

nant form. For the latter, we have used an integral over the relevant 

interval of the Chew-Low formula (Eq. B-25) with only the p-wave 

contributing. For the background we use phase space, except that for 

the events with a A ctit, we have modified it by the OPE pole term 
2 	2 	22 

z /[ 	+ p. ] . We believe this is a more realistic description at low 

and accounts, in a simple -minded way, for any s-wave im inter-

action. 

We remark that p production is the most important single effeát 

present. At the higher energies, we see the effect of the f °  above the 

• curve. On Fig. 46 we have selected events with A 20 mno2.  at 3.22 

GeV/c and fitted the distribution to modified phase space and a d-wave 

Breit-Wigner. Our best fit of mc = 1267 MeV and F 0 = 99 MeV is in-

.cluded in Fig. 45b. (Visual estimates for the f °  production cros sec-

tions will be shown in Table X. 

• 	 We do not see enhancements outside these regions. At 3.22 

GeV/c, we see a 3 -standard -deviation one-bin fluctuation in the .ii°rr 

distribution at 780 to 800 MeV. With the combined data in Fig. 47a, we see 

these events distort our peak from the Breit-Wigner shape assumed by 

our fits for the p. No evidence has ever been presented for any effect 

other than p production in this region, and we regard the excess of 

events at 795 MeV as not significant. In Fig. 47b we see a definite 

narrow peak centered about 780 MeV It is tempting to associate these 

events with the 21T decay of the w. We discuss this presently. 

In Table VIII we tabulate the parameters and x probability for • 

each of the 24 mass plots of Figs. 40 through 45. it is evident that by 

taking the weighted mean, we can determine the mass of the p and p °  

with some certainty. The widths and percentages of background required 

vary considerably. If statistics permit, a fit can be preferred with an 
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unrealistically large width and correspondingly small amount of phase 

space. This occurs at energies 2.05, 2.17, and 2.86 GeV/c. We con-

clude that for the widths, the more extreme numbers tell us more about 

our statistics than they do about the p. It is amusing to note that widths 

	

44. 	 23. as low as 77 MeV and as high as 210 MeV have been reported for 

the p. 

In order to check the values of the mass and width of the p ob-

tamed for 	2 	
n 20 mo2  and to avail ourselves of the greater statistical 

accuracy afforded by combining the data at all energies, we also carried 

out the three-parameter fit with a background consisting of the sum of 

the six phase spaces weighted by the numbers of events at each momentum. 

The fitted curve for the p case is shown in Fig. 48. The mass and 

width agree well with the previous result (See Table IX), The param-

eters for the p °  are also in agreement, but the probability is bad, 

0.06%. 

p Production cross section 

To say something about the p production cross section it is im-

portant to be able to estimate the background. We have been circum-

spect about the numbers in Table VIII and have combined them judi-

ciously with an eyeball estimate of the data to give the cross sections in 

Table X. In Fig. 49,45 
 we plot the cross section for the total three-body.  

Reactions (1).and (2)and for p production. Both cross sections are 

falling between 2 and 4 GeV/c. The quasi-two-body reaction iTp-- Np 

fulfills the OPE prediction that it should decrease like 
Plab2'  The 

dashed line which is to be regarded as a useful visual.guide is 12/Plb2 

lab for the p °  (p). The other OPE prediction of the ratio. 

= 2 is not realized. 	 . 

Possible presence of w . 	 .. 	. 

To investigate whether, we are observing an effect of the w, we 

have attempted a four-parameter fit based on an interference model due 
46 in part to Durand and Chiu. 	Initial and final-state absorption admits the 

possibility of an interference between p exchange in w production and 

iT exchange in p production. They write down a formula giving the 
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• dependence on m 	an 	A containing three terms: 

da 	m  

	

drn 2 dA 2  - 	22 2 	22 	p dz2 1r[(rn-m ) ±m F ] 
p 	 p 	p 

rF 	 do 

	

 
() 	 ()r 	2 	22 	22 

+ - 	 --- 	(rn  
.2 	22 	2 	2 	2 	co 	p 	 p 	p 

[(rn- rn )+m () I () ] d 
(k)  

22 	2 	2 
2 	2 ]

(M7m p
) +m

da. (rn-rn) 	j 	p p 
1?w 	co 

. 

	

ciA 	[(m'-m 	+ m F ] 

The first term is the contribution from pure p production. 

• For du /dA2  we use the Chew-Low formula. The second term is pure 

0) production, where we assume the o makes an electromagnetic tran-

sition to the p ° . The third term is the important one for the rrTr  mass 

spectrum, and can give rise to a large effect even if r = F 

is small. For da/dA 2  we have used the experimental distribution 

published by Coh,Bugg, and Condo. 47  We have used Fig. I of Ref. 47 

to set du /dA?  equal to da /dA2 	cm at cos 0 	= 0.85 at 3.22 Ge V/c, 
• 

and have taken da /d12 
p  

 constant and equal to the same value. We
Pw 

have allowed the phase-space background, m, F, and r to vary. 

	

• 	• 	Our value for r is not to be interpreted as the w - 2ir branching ratio, 

since it has the strongly energy-dependent variation of the irN - 

production cross section folded in. The order of magn itude needed for 

r is about %. 

• . • 	Figure 50 shows a fit to the .n+ 	distribution, with A 2  20 rn0. 

It is not surprising that with one extra parameter we are able to make a 

better fit. Yet, in the above formula, the mass and width of the w were 

	

• . 	 fixed at 783 MeV and 12 MeV. The mass of the p °  is about 4 MeV less, 

• 	 and the width is 20 MeV less than that required vitknut thc w. 
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By selecting events with A in the range 5 to 10 mo 2 , we en-

hance the sharp peak at 780 MeV, Figure 51 shows a fit to the mass 
• - 	 plot both with and without w interference. If we choose events at the 

lower momenta only, the peak is still evident but does not account for 

most of the effect. Since the cross section is known to be larger at 

lov'er energies, 48  we would expect the narow peakirg to predominate 

at lower energies. According to the known A distibution 47  f o r the w, 

we should expect a genuine u. - 2ff peak to be even more distinguishable 
• 	 from the p in the A region 10 to 20 rno 2 , but it is in fact absent, 

• 	 casting in doubt the interpretation, without some artificial restrictions, 
• 	 of the observed peaks as due to the c. 

• 	 Desai49  considers that a better alternative is the presence of a 

2+ particle at 780 MeV He is able to fit both the mass and decay 

angular distributions under these assumptions 

p Parameters 

• 	 To determine the parameters of the p optimally, we do so where 

the OPE model should be most valid, at very low A 2 . We choose as 

low a A interval as possible without sacrificing statistical accuracy. 

With a yardstick of 1000 events, we pick 4 mo2 for the p and 6 mo2
TT 

for the p. These are shown in Figs. 52 and 53. We determine 

for the p?, mc = 758 ± 5 MeV, 	1, 0  = 141 ± 10 MeV, 

forthe p, m c 7,54 ± 5 MeV, 	1, 0  = 146±10 MeV 

• 	 We have summarized the data on the mass and width of the -p in 

Table IX. We see no obvious dependence of m on A 2 . The mass 

difference, (Mp - m 
p 
 seems to be about 5 MeV. Both widths are of 

• 	 2 • 	 the order of 140 MeV. At certain A regions there may be distorting 

effects, possibly due to the w, which cause the observed p °  width to be 

about 120 MeV 

Events at high A 2  

In Fig. 54 we have plotted m 2 	against ü, the square of 
• 	 baryonic momentum transfer between the beam pion and the final nucleon. 

This is the valid plot in case of baryon exchange, and has the effect of 

s1perimposing on one another the tails of the A 2  plots shown in 
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Figs. 34-39. Thoughno.backwards peaking was observed in the 

distributions it is clear that more Tr+Tr events in the p region are 

produced With high 	(or low u) than 	An obvious question is 

whether these are really u events. In Fig. 55 we show the mass plots 

for u HO m0 2 . The charged events in Fig. 55a are consistent with 

weak p production. The narrow peak in the neutral combination is 

centered at the p °  We have checked these events for possible biases, 

mismeasurement, or misidentification. There is no evidence for 

production in these events. 

N'w mass spectra 

In Fig. 56 we show Dalitz plots for all data with 	 less than 

20 mi.r02.  The density Of points and character of the p and •f ° . bands 

is unchanged, suggesting that these are not due to uN resonances. If 

we were producing the A+(I238),  we would expect twice as much in-

tensity in p1T 0  as in nut Checking this in the presence of the p is 

difficult, but the indications are that the production of this state is not 

important. In fact, experiments in the same energy range, studying 

the reactions 
+ 	 +0 11 	p - prr.iT 

++ 
and 	 Tr p  -nTrTr 

while showing substantial A (1238), show small amounts of 

+(I238) 	pu° and very little of 	(I23 	u nt 
50-52 

 We conclude 

that the concentration of events is due to the way in which the TrTr System 

tends to decay, with the final ii continuing in the same direction as the 

beam Tr , This becomes more pronounced at higher TTT masses, 

In Fig. 5 7 we show the NTr effective-mass plots for all six 

energies combined. The background due to phase space is the same in 

all four plots. However, the forward outgoing iT distorts the distri-

bution, so that there is a tendency for high up and un and for low •  

Tr°p and iT+fl  effective masses. As.we shall show, in Reaction (2) the 

7r 0 ir decay distribution up to the p region is symmetric, which is re-

flected in Fig. 57a at the low-mass end. This makes it difficult to say 

how much A ° (238) is formed. It is also hard to say whether any 
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° (1.920) is made. The most prominent feature in Fig. 57a is the 

formation of the N 0 (1688). The N(1688) is also evident in the pIT °  

and nlr+  distributions. There seems to be evidence for a small amount 

of A +(19zo) in these.distributions, In Fig. 57d we have clear evidence 

ofthe .(1238). We have not considered the possibility of Np inter-

ference in any of these processes. 

If we examine these distributions at each individual momentum, 

considering only those peaks which emerge clearly above the background, 

despite the bad statistics we can estimate the production cross sections. 

These are shown in Table XI. Entries are left blank where either we 

have consistency with the absence of the resonance, or we are unable 

to estimate the effect above the background. 

Decay angular distributions 

We present here mainly a qualitative description of the decay 

angular distributions. In the next section their significance for the OPE 

model is discussed, The two decay angles are 6 and 4). They are 

defined in Fig. 58: 0 is the TrTr scattering angle in the 1T1T rest frame. 

Itis the polar angle that the outgoing Tr makes with the direction of 

the beam pion which we take as the Z axis; 4) is the angle between the 

irir scattering or decay plane and the production plane; 4) 0 0  occurs 

when the normals to the planes are parallel. 

In Fig. 59 we select events in the p band, 650 to 850 MeV and 

plot A vs cos 6.. In the neutral case, we note a strong forwards-back-

wards asymmetry, which is largest at the lowest values of L 2 . In con-

trast, the p plot is symmetric. Both tend to become isotropic as A 2  

increases. It is evident that if we choose events with low A, less than 
2  

4 m o , we will accentuate the characteristics of the angular distribu- 

tions. 	 . 

In Fig. 60 we plot ni 	against c.s.6. The charged combina- 

tion in Fig. 60a is isotropic below 700 MeV, Above 800 MeV, there is 

a definite tendency for the ir to go in the forward direction. In con-

trast, the neutral combination is always asymmetric. No further 

structure, e. g. ,. a diagonal effect, is evident. The similar plots for 4), 
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Fig. 58. Definition of TTF decay angles and 6 ; 	is angle 
• 	 in irTr rest frame between decay and production planes; 

0 is angle between outgoing and incident if. 
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Fig. 61, show that it is isotropic in the charged combination but appears 

to have some asymmetry in the region of the p °  In Fig. 62, we have 

selected various mass bands for events with A 	 10 mo and plotted 
Tr 

the Tr 0 fl cos 9 distributions. The curves are least-squares fits to a sum 

of Legendre polynomials, Z a.P. (cos 9). Because pf their orthogonal-

ity, if we attempt a higher-order fit--i. e , h - n + i--the various 

a., i = 0 	n do not change appreciably. This makes it easier to de- 

cide when the higher-order fit is preferable. In Table XII we have 

summarized the coefficients needed for the Tr+1T distributions in Fig. 63. 

The new features which emerge are that order 2 is good up to 

1 GeV and is inaccordance with the p wave's being resonant in the 

region 700 to 800 MeV. We note that A 0  has the same behavior as A 2 , 

but as we show in the next section, this is not evidence for either an 

s-wave resonance or a background thatpeaks at the p. The 1T+Tr 

distribution is symmetric in the 1020- to 1110-MeV band. We show a 

• 	 fourth-Order, fit. The probability for second order is 2%, but since the 

next band contains a large amount of P 4 , coming presumably from the 

f ° , we do expect some d-wave to be coming in. The. Tr+u . band con-

taining the f °  is shown with a sixth-order fit. The probability for 

fourth order is less than 1%.  Experimenth with higher-energy 
53 

Tr beams - -for example, Biswas et al. 	at 8 GeV/c- -show evidence 

that for TrTr masses above 1600 MeV most of the events have the out-

going iT going forward. At these energies TrTr scattering becomes 

diffractive, which implies that several partial waves are contributing. 

We believe that the existence of f-waves in the region 1110 to 1380 MeV 

is thus not unreasonable. We are reinforced in this belief by the un- 
+ • 	. 	importance of the A (1238) in our events and by the fact that in Ref. 53 

it seems to be entirely absent. The irir distributionhas a 28% prob- -. 

ability for a sixth-order fit, but only 710 for second or fourth order. 

For consistency, we show the sixth-order'fit. 	. 



5t11:f 

(a) 

• 	: 	.. 	.. 	 •. 	.. 	• 	• 	 .2 

I 	I 	I 	I 	I 	 I 	I 	I 

> 
a, 

- 0.40 

1.40 

0.90 .; 	 . _•%... 	 . 	. 	.. 	.. ..,. 

0.40 
0 	 90 	 . 180 

4 (deg) 
MU B -12326 

	

Fig. 61. Scatter plot of M vs 4 	(Treirnan-Yang angle) 
for events with 	mo. 

piT,T , 	663 events. 
nir rr, 	1500 events. 



-1.09- 	 - 

3L 

25 

20 

is 

10 

I 

0 

4€ 

40 

3€ 

30 

2€ 

20 

ii 

(I) 	° 

	

•.-4-- 	
S 

C 

	

1) 	e 

> 
• 	 LU 	70 

40 

50 

40 

30 

20 

	

• 	 10 

0 

4€ 

40 

35 

30 

2€ 

20 

II 

10 

	

4 	 .. 	
S 

4€ 

40 

3€ 

30 

25 

20 

11 

jo 

S 

S 
3 

20 

20 

is 

10 

3' 

21 

21 

II 

IC 

SC 

• 41 

41 

31 

31 

21 

21 

II 

ii 

 

J4 
i J.t1 	L 	L 

.L 	J 
It 	i 	I 

-ii.JJ If1J4 

 

I 

 

! T4T 1 T 14/ 

(e)J 

/ •l%I4 T4 

f () 

I 	I 	I 

p4  CT,. 	T+T, 
(h) 

kr) ~.T  
- I 	 0 	 I-I 	 0 

CosB 
€4012550 

Fig. 62. Distributions of cosOfor P1T0i( events with 2  0rn0 	: 
showing least-squares fits to sum of Legendre polynomials. 

(a) M, 360-600MeV, 99events. (e)M, 840-930MeV, 260 events. 
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6U0-7ZUMeV, 346 events. (1) •M, 930-1UZUMeV, 134cvents. 
720-780MeV, 394events. (g)M,1020-Ut0MeV,79 events. 
780-840MeV 364events. (h)M 

, 
1I10-1380MeV 112 events 
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2 	2 nTr ir 	events with A 	IO-m ..o 	, 	show- 
ing least-squares fits to sum of Legendre polynomials. 
(a) M 	,360-510 MeV, 1.03 events. 
(h) M,- 510-600 MeV, 143 events. 

 M, 600-720 MeV, 515 events. 
 

Tr 
M 1 , 720-780 MeV, 652 events. 

 M 	, 780-840 MeV, 572 events. 
 M1T11, 	840-930 MeV, 431. events. 

-(g) M, 930-1020 MeV, 247 events. 
(h) M 	, 1020-111.0 MeV, 127 events. 

• (1) . M, 11.10-1.380 MeV, 282 events. 
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Density matrix elements for the p 

By expanding the cos 0 distribution as a sum of Legendre poly-

nomials, we have in fact found the m = 0 multipole moments.. We can 

extend this to the . p and expand 

2 
da 	dcr 

- dcosOd 

as a sum of spherical hari-ionics and determine the various (Y1m ) from 

m Cd 	dif ym 0  
. 	i ( ' 4  

To relate this to the well-known density matrix expansion of the 

angular distriiution, which we discuss in the next section, we make use
54 of the Clebsch-Gordan series, which we write in the form 

ym ()  

= 	(l-rn, l ' m '  j m -m(l - mlm'J0)1) ymm(Q,) 

We may derive the density matrix elements from a linear combi-

nation of the multipole moments. 

O production and decay distributions 	 •. 

InFig. 64 we present the A 2  distribution for f °  production, 

where we have selected events with the mass between 1140 and 1340MeV. 

Figure 65 shows a scatter plot of 	and cos 0. The asymmetry and 

strong polar effect in cos 6 are obvious. The distribution in 	seems 

to be isotropic, exhibiting little correlation with cos 0. We contrast 

this with similar plots for the p (see Figs. 68 and 69). 'To describe 

the decay of a spin-2 particle, eight independent density matrix ele-

ments, .(2) mm , are required. We have not attempted to determine 

them. 	 . 	. 	. 	. 
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We conclude this descriptive section with an overall Surver of 

the data contained in Figs. 66 and 67. This the thod of displaying thita, 

- 	 due to Dr. Vaken Hagopian, shows the variation of the cioss sec,t'ioll  
with m, 	cos 0, and . A quantitative description in terms of the 

OPE model as a function of th€'se quantities is contained in the next 

• 	 section, which goes far towards explaining the observed distiibutions. 

D. irir Scattering and the_Absorption Model 

Discussion of peripheral interactions 

We have shown in .the preceding section that the reactions 

lTp - nTr+Tr , 
	 (1) 

(2) 

are dominated by production of the p meson. Taken oer all aai1.abl 

values of momentum transfer, the quasi-two-body reaction Trp ,- Np 

is 1/3 to 1/2 of the three-body reaction. At low thoentum.transfe, 

5 mo2  , the ratio rises to about 8 0%. The p is thus ty1)ially 
formed at low values of n, an the reaction Tr p - Np is ,charactpris - 

tically a peripheral interaction s  This leads one quitenaturally tb a 

model in which the reaction proceeds predominantly by OPE. The present 

form of the OPE model has been refined since its inception, but not 

beyond recognition. 

A peripheral interaction is characterized by small momentum 

transfers. The colliding systems see each other only through a com-

paratively long-range interaction; the reaction takes place mainly through 

the high-angular-momentum components in a partial-wave expansion of 

the scattering amplitude. All these effects are characteristic of a reac-

tion in which a single virtual particle is exchanged by the colliding 

systems.. In general, in an inelastic reaction, one would like to select 

the exchanged virtual particle to correspond with the smâdl.est momentum 

tran5fer between an incident nd an outoing ti tich. 	(JTow 'IL!, In 

p1 odu c tion, due to the speci 	jrcanistaiic-cs'of th 	p ° 	n >nn t i 

the sralles t momentum transfer is. usually between the n 	incident and 

- outgoing, and not btvecn the Iwo n ucleous. 
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Chew and Low, 	by considering the proximity to the physical 

region of the pole in the one-particle exchange amplitude, proposed a 

method of extrapolation from the physical to the unphysical region. 

Such an extrapolation was tried by Carmony. 56 Since the extrapolation 

procedure needs good statistics, and as a degree of arbitrariness was 
57 

involved in its use, 	it was found more convenient to extend the Chew 

Low formula (see Appendix B) to the physical region of low momentum 

transfer. In the parlance of Ferrari and Selleri, 58 
 this is the pole 

approximation. Their contribution was twofold. In Ref. 59 Selleri 

makes the reasonable assumption.that the effect of the virtual particles 

being off the mass shell--i.e., that 	 is, not to alter the Tr-Tr 

phase shifts but to modify the li-n  scattering amplitude by what is, in 

effect, a kinematic factor. In practical terms the Chew-Low formula 

for 
2 

aw2 a 

becomes modified by a factor 	
2 

rawl 

Lki 
where a is the momentum of the beam pion in (for our case) the liii 

rest system, and k the momentum of the decay pions. Jackson and 

Pilkuhn60  derive a 	for various types of meson exchange. The 

off-mass -shell factor occurs naturally from the coupling at the upper - - 

i.e., three -meson- -vertex. 	The secord proposal of Selleri 59  is the 

controversial one. If, for simplicity, weexamine pseudoscalar ex-

change, we see that 

2 .2. 	2 

	

2 	{F( 	)] 	a 	
2 	2 

where F(L 2 ) is some form factor which arises when the exchanged 

particle is off its mass shell; (F(-) =1. Also, 

a = 
	

2 +m±w)2][2+(m-)2] 
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which., for large A, 	
[ma  is the mass of the beam pion.] 

Hence - 	, for large 	increases with 	An I -wave resonance 

according to this formulation will have a differential cross section as a 
2  function of A that goes like A21 

. To maintain some sort of agree- 

ment with experiment, for pseudoscalar exchange producing a vector 
2 	 2 meson, F( ) must  necessarily go as 14L 	Thus there arises the 

famous form factor, 61 

f 	221 	1 	2 2 1 
.F(2) 	

+ 	+ 0.28/ [i JA L .+ 	• J 32 

which preyious experiments1' 23, 52 
have shown gives good agreement 

for the differential cross section of the reaction Trp - Np. Since, for 
yector.exchange and.most other prodesses, besides p production, more 

drastic and arbitrary form factors are required__such as exponential 

factors whose effect really masks out the basic peripheral, mechanism 

and which do alter the one-particle exchange model out of recognition 

doubt has been cast not only on the whole business of form factors, 

mainly because their behavior is different from what is expected from 

a form factor, but also on exchange models in 'generaL 

Angular correlations 

Treiman and Yang 62
pointed outthat for all p roce'sses going by one- 

pion exchange there could'be no correlation between the production 

plane of the process andthe decay plane of the Tr-Tr systen as seen in 
the 	rest frame because the exchanged particle is spinless and 

cannot, therefore, transmit any angular momentum informatiOn from 

one vertex to another. 

While all the above is perfectly true, it rmained for Jackson 6  
to point out that although the Treiman-Yaig angle can be defined in 

more than one way, what is really being described is the azimuthal 

angular dependence of the scattering of the incident beam particle by 

the exchanged particle. For OPE it is just 	scattering. In the 
1T-Tr 

rest frame the contribution to the magnetic quantum number m 
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and along the incident ir direction comes from the orbital angular mo-

mentum, the incident pion, and the exchanged pion; m = 0. There is no 

azimuthal angular dependence for simple rr-n scattering. For other 

exchange processes things are obviously more complicated. Gottfried 

and Jackson64' 65 considered this problem and showed how the angular 

decay correlations gave information as to the angular momentum and 

parity properties of the exchanged system. In this work they first intro-

duced the now familiar expression for the density matrix of the decaying 

system. 

For the process uN - Nun, the particles that can be exchanged 

are few. They can have only negative G parity. For up - plr°Tr the 

exchanged particle has to have zero charge. The possible candidates 

are Tr0, , and A: For Trp - nTr+Tr_ there is no available vector 

particle, and only the ir and A 	 2 2  can be exchanged. In the L distri- 

butions for p production, Figs. 34 through 39, apart from the small 

effect at 2.60 GeV/c we observed no obvious secondary maximum that 

could be linked to u exchange. They are qualitatively similar to the 

O2 distributions. As to A 2  exchange, according to the principle of 

Occam's razor, there is no need to invoke its presence until one is 

forced to. In any case, experimental agreement with the predictions of, 

the exchange model decreases as the spin of the exchanged particle in- 
66 	 . 	. 	. 	. 	. creases. 

So, for Trp - Nun we are in the fortunate position of having to 

consider only OPE. For p production, the angular distribution should 
(i) 	 . . have 	= , and anything else should be zero, The decay angular 

distribution should be, apart from the background, cos 0 in the polar 

angle and flat in the azimuthal angle, 4. . 	 . 
Experimentally, the cos 0 distributions (Figs. 59, 60, 62, and 

63) show the presence of a linear term, which suggests an interference, . 

We shall return to this. The distributions in , Fig. 61, tend to be flat, 

• except for some asymmetry near the p °  and a slight but definite accu- 	 • 
• mulation near 90° for the p. . It would seem that the Treiman-Yang 	• 

condition for OPE is fulfilled. However, only when we make a scatter 



plot of, the scattering angle versus azimuthal angle does the surprising 

fact emerge that there is definite structure in the Treiman-Yang angle, 

Figs. 68 and 69. The description of the reaction as involving iT-iT 

scattering must be modified. Is it possible to keep the peripheral model, 

preserve the concept of exchanging a pion, and yet explain the presence 

of nonzero magnetic quantum numbers along the incident beam direction? 

Before attempting to answer this we should note that no ad hoc form 

factor will give .rise to the observed nonzero elements in the density 

matrix. 

Absorption 

Beginning about 1962 a phenomenological theory has grown up 

known loosely as the absorption correction to peripheral interactions. 67  

It seeks to correct the defects, as outlined above, of the one-meson 

exchange model. The basic idea is the folloving. The peaking of the 
2 reaction cross section at low A tells us that predominantly high- 

angular -moinentum states are involved. The one -me son-exchange 

diagram invàlves mainly the high -angular -momentum states, but the 

observed differential cross section is even more peripheral. The wrong 

distribution ofangular momentum states is being loaded into the matrix 

element We must invoke another physical method of cutting down the 

low -angular -momentum states In concept, the answer is easy. The 

lower the angular momentum, the larger is the cross section for non-

peripheral processes and the lower theavailable cross section for any 

given peripheral process The presence of highly inelastic channels 

• 

	

	 depletes further the low-angular-momentum amplitudes, and the result 

is a sharpening of the A distribution. It also results as we shall 

• 	. 	. 	demonstrate later,. in a depolarization of the angular momentum states 

of the resonance Thus the absorption model has the required ingredients 

to explain the deviations from the predictions of the unmodified OPE 

model.. 	 . 	 . 	• 

In most of the formulations of the absorption model the relation-

ship between the absorbed amplitude and the unmodified Born amplitude 
• 	 isgivenby 	 • 
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Ff 3 	 B f 3  

Where Sff
,S 
	represent the S matrix for elastic scattering in the 

initial and final states, and the j is a label to represent the components 

in a partial-wave expansion. For these S-matrix elements, by assum-

ing a Gaussian dependence for the elastic differential cross section 

dQ 

and that the elastic amplitudes are imaginary, we can write the elastic 

amplitude as 

aq 	r'1 	2 
f [A,q] = 	 e 	AL •] , 

and carry out 'a Fourier-Bessel transform to obtain 

2 a 	-[j - j 	-] 
i s3 = i'X 	- T ,, 	mm 

4rrA e 
2Aq2 	 . 

• 	When this expression is put into the above formula for the ab- 

sorbed amplitudes we see how the partial-wave amplitudes get reduced 

and how the reduction is greatest in the s- and. p-wave components. 

• 	 It is agreed that the 'formula for absorption gives generally.  

• good agreement with, experiment, but it has so far beenimpossible to 

derive the formula rigorously. To mention just one inconsistency, the 

formula can be derived in nonrelativis tic quantum mechanics by use of 

the Schr5dinger equation and the concept of potentials; in this case a 

necessary condition is that the range of the exchange potential should 

.be less than the extent of the absorption region, whereas this is pre-

cisely not so, and the best agreement with theory, OPE, maximally 

violates the condition. We shall not discuss the theoretical bases br. 

absorption. nor discuss the commonly presented development of the 	 . , 

theory as it is applied to experiment by Oottfried and Jackson and by 	 • 

Durand and Chiu, but will make reference to a different presentation 

• of an absorption calculation by Robert Huff.  
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Above we decomposed the amplitude into partial waves and intro-

duced the absorption at each value of the c0rn, angular momentum, 

making explicit the varying absorption with the c, m. angular momentum. 

In Huff's formalism the absorption is introduced into a framework built 

round the canonical conjugate variable to angular momentum, namely, 

angle. 

Without analyzing any inherent virtues of this "linear momentum 

representation" which might make it a more suitable vehicle on which to 

mount an absorption calculation, we could make two simple observations. 

• The expressions for the absorption came from the elastic scattering 

differentialcross section, and are thus explicitly functions of the scatter -  

• ing angle. Secondly, the summing over all intermediate states at which 

the reduction of amplitude is made consists of integrating over all values 

of the c. rn. scattering angle. Asa,procedure  this seemed more accurate 

and simple.r than the approximations involved in the angular momentum 

approach, in which the summation over .j gets. replaced by an integra-

tion over impact parameter, and the rotation coefficients of the first 

and second kinds, d3(0),  e J (z) , by Bessel and Hankel functions, 
68 	 66 

respectively. However Durand and Chiu and Hogaasen et al. 	have 

shown that it is possible and fairly straightforward to perform an exact 

summation. Further, to evaluate an integral numerically on the com-

puter involves a summation, and as it turned out in the Huff.app'roach, 

.a double integral comes into absorbedmatrix element [see Eqs. (C-34)-

(C-36)]. As regards computing procedure, the advantages of the Huff 

procedure are not so .attractive as they initially seemed. As in the an-

gular momentum approach, there are two parameters for the absorption, 

a total cross section 
°T 

 from which we derive the forward scattering 

amplitude, and an exponential elastic scattering slope A. In Appendix C 

we have included,' by courtesy of Dr. Huff, a full exposition of the ab-

sorption calculation in the linear momentum representation In it we 

arrive at formula (C-34), 	. 	. 	 . . . 

= B{O] -dcos 0. Bx.[e]  Q° 
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which relates the Born helicity amplitude to the absorbed amplitude. 

Q 0  is itself an integral, 

d.R[e. 0] f[3,o.,.], 

where f is a.function of the angles such that If 1 2 = I and 

R {Oj 	-Aqq'[-cos0o], 
iO 

where 
°iO  is the angle. between the dire ctiori of 0, the c, m. scattering 

angle, and the intermediate scattering angle 	
i [0 	i1 

We see that the maximum contribution to Q 0  comes from the 
region where 0 and 2. are collinear, i.e., °iO 0, The effect of the 

integral operator on B 	(0) is to generate a new function, which is a 

smoothed-out yersion of Bx( 0 ). Subtracting a smoothed-out version 

of itself from B. (0) gives rise to thecollimation effect. Where B (0) 

is already smooth--i,e, , at high A --  the two functions are similar and 

the difference is small. At low L 2 , where B(0) has a peak and a 

large derivative, the two functions are dissimilar and their difference is 

large. 

Depolarization 

It is obvious from the discussion above how the differential cross 

section as a function of A gets modified What is not so obvious and 

what should be demonstrated is how the depolarization of the IT-u states 

comes about. We shall discuss this first purely in terms of production 

of the p meson, but by then it will become more transparent how to 

account for interference effects and still adhere to the absorption model. 

For unmodified OPE we can write, for the invariant iTTr scattering 

amplitude, 

= 8uwf(Q) 

= 8 Tr 	
) [

21+1] el 	si61 {} P1 [cos 0], 

where we have pedantically included the off-the -mass -shell correction, 
[a]l 

I k i ' 
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Restricting the summation to 1 1 gives the p-wave scattering 

amplitude 

3 	
[] 

= 81T 	
e'61 sino[H Y 

[e,] 

= AY{O,], 

which gives rise to the 5 decay angular distribution 

W(6,) = 3/4w cos 2 O. 

Here pj = I and all other density matrix elements vanish. The dis-

cussion so far has all taken place in the 1TTr rest frame However, 

absorption effects are calculated in the overall c. m, frame in a helicity 

representation, since we compute the effect of initial- and final-state 

absorption on amplitudes that connect the various helicity eigenstates. 

Hence it is instructive to transform the irir scattering amplitude and 

density matrix to this same overall c. rn. frame. 

If 0 is the c. rn. scattering angle, and 4' is the angle between the 

incident beam pion and the direction of the p meson and incident pion in 
the p rest frame, we have the following relationship arising from the 

Lorentz transformation from one frame to the other: 

sin 4' = -3- sinO , 
a w 
E 

cos4' = - cos0 - ci] q-  , 
0)

CO  

where a 	

a.. 

= 
q E 

where the symbols are defined in Appendix B. 

The p amplitudes transform like a vector under Lorentz trans -. 

formation, 



i.e., 	 d 1 
 rn  

	

d 1 0 	d1(W)  

where 	-4 	and 	are the Trir scattering amplitudes and density 
matrix in a helicity representation, 

The Born helicity amplitudes for the OPE process contain the 

factor 	, where 	•denotes the p helicity, as well as the confribu- 
tion from the NNTr vertex and the propagator. When we Lorentz-

transform back to the Tr' -  c. m. we rotate the matrix elements by the 

angle W, and arrive back with oniy4 nonzero and 	= 1. However,00  
any tampering such as that outlined in Appendix B due to absorption, or 

what have you, of the helicity amplitudes followed by the rotation will 

certainly give nonzero 4, 	amplitudes as well as nonvanisliing 

off -diagonal density matrix elements. 

The effect of the absorption, which we take as the model producing 

this depolarization, may be represented by writing the invariant ampli-

tudes for the p as 

	

= 8 	 e 6 sin8 	' 	C c \rn 	k 	 1 k 	l.rn 

where. 	Ic 	1 and T [C 	C 	t] 1, r, 1 m 1 m 

The question arises as to the significance of amplitudes with non-

zero m. For genuine lr-Tr scattering there can be no terms with m/ 0. 

But the effect of the initial- and final-state absorption on the process, 
looked at as 1TTr scattering, is that the incident wave can no longer be 

thought of as a plane wave. The presence of the proton in the initial 
state causes an asymmetry in space, givingrise to the dependence on 

azimuthal angle: . 

The extension of these ideas to other partial waves is now seen to 

be trivial. 
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For the invariant scattering amplitude we have 

= 	
yl 

-' ' 	m m im 

where
1 
 = 	 2 1±1 e1sin6 C m 	k 	 11kC 

i im 

and the density matrix 

l, l) 	
1' 

p 	4 
1 

 

mm - T 14 
rum(m 

where in the computation of the bilinear form the summation over 

nucleon helicities in the OPE model is also implied. 

One could proceed froni here to treat the angular distributions 

W(O,)= 	 Y 1  (O,)Y 1 	(6) 

im 

and fit them with a reasonable set of parameters as follows The ele-

ments of the density matrix are determined by the average value of the 

various phase shifts over the mass interval considered and the amount 

of absorption, which depends on the A interval and is reflected in the 

values of the C 'S. A suitable parameterization would then be a set im 
• 	 of phase shifts--some of which.may have beendetermined previously by 

other means —and a set of values for Cim  This would be a most general 

• 

	

	 sort of parameterization, and makes no assumptions as to the nature of 

the cause of the depolarization. For the events of interest in this cx- 

• 	 periment. this was not done, but a more ambitious parameterization 

was attempted based on the absorption model. 	• 

• 	. 	 As we have outlined already, the effect of the absorption model 

• is to give depolarization of the TrTr angular momentum states. It re-

quires two parameters, which implicitly determine the C 1 1 s. The 

phase shifts still remain to be determined. 
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To write down the Born helicity amplitudes, as is done in Appen-

dix B, is perfectly straightforward, and follows from the foregoing dis - 

cussion, What is not clear conceptually is the physical meaning of an 

absorption modification to such an amplitude. A given helicity amplitude 

relates to a OPE process where the two final pions are in some angular 

momentum and isospin state. Such a three-body final state will have a 

final-state interaction, but we are presented with an imponderable if we 

attempt to describe it Omnes, 69 
 however, in talking about eigenstates 

of the S matrix (see Appendix C), maintains that his treatment of absorp-

tion is tt flo t restricted to the case in which the final system of particles 

excluding the nucleon can be treated as a particle. Accordingly we have 

gone ahead and used the same formalism irrespective of the nature of 

the irrr final state and, as it turns out, have even used the same param-

eters A, C. The two absorption parameters might change as the mass of 

the iiir system varies, but we have suppressed this degree of freedom. 

We note, however, that the paramete.r 'V =•/ qq A is a function of irTr 
mass. 

In effect the fit is ap.hase-shift analysis of rr-rr scattering, where 

we have corrected the OPE model by absorption. The question may be 

asked: if the main interest is really the determination of the phase 

shifts, is the introduction of absorption really.necessary. 	or does it 

obfuscate the issue? It has been stated 7°  that the dependence on the 

azimuthal angle is not large and, in any case, is of such a symmetry 

as to cancel out its effect. While this may or may not be true, we make 

the point that a fit that includes the extra information in the 4. depend-

ence and which does not introduce too many extra parameters is to be 

preferred to one that makes an assumption that is blatantly partially 

wrong. We make two further points. To investigate the behavior of 

the s-wave phase shift we direct our attention, in the main, to the 

(F-B)/F+B) asymmetry inthe cos 0 distribution, For agiven set of 

s and p phase shifts the value of the observed asymmetry depends on the 

absorption- -the maximum asymmetry being observed when there are no 

absorptioneffects, Lastly,, any fit to the data in terms of,a power-series 
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expansion of the decay angular distribution in cos U that makes no ref-

erence to the depolarization will yield some false conclusions. Let us 

illustrate this.point by reference to Fig. 70. This shows data with 

cos 	0.3 and 	42, We see enhancements in the mass distribu- 

tion in the region of the p °  and the p . The presence of these events 

can easily and naturally be accounted for by the absorption. The ele- 

ments of the density matrix, 	and 	 , are nonzero. However, 

according to the simple OPE model, the probability for finding events 

with cos 0 	0.3 is very small, and explanations outside the model 

must be sought. Resort can be made to a background term (see Fig. 9 
of Ref. 71) or some other resonance in the region, Ref. 72, If we 

return briefly to the effect of absorption on the s-p interference it is 

possible to show that a phase-shift analysis based on a power series in 

cos 0. will come up with the wrong value of the phase shifts if absorption 

is neglected. 

Including the interference terms, we have 

~04 
W(0, 

 

1 	(0) 	3' (1) 	2 
- p 00  + 	[Poo  cos 2O + 	sin 0] + 	, 0) cos o00 

/ 	 (0) + 
	2  

	

P00 	P00 	P 	- 

As we have stated earlier, the densIty matrix elements and, in 

particular, 	0) 
, depend on the phaseshifts and the C1 1 s 

Ignoring the Clm s is tantamount to putting in a different value 
for 

We may write 

C1  e 	sinö1 
= 	

e 6 l sin 

where if we have Cl. = Clm e IX , 

= 6L+X 
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and 
sin[61  + x] 

il l  = 
IClm sinö 
	I 

II I 
 could fake an inelasticity, but it is possible for IT, 	>1. 

In the absorption model treatment, following Gottfried and 

Jackson, 	we have assumed a purely imaginary elastic scattering 

amplitude. Thus our C 1 s are real. Any phase shifts we may de-

termine will also suffer, in part, by including any phase that the actual 

absorption may introduce and that we have neglected. 

Fit to the data 

We have set up a very elaborate model with which to compare our 

experimental data. As a model it is the only one that predicts the sort 

of angular correlations that are observed. There are two parameters 

in the absorption theory which we must somehow choose, if we can, so 

that the model will give good quantitative agreement with experiment. 

• 

	

	 We must also do the same with the phase shifts, but in this case we can 

make some simplifying assumptions. For the range of TrTr effective 

mass that we are dealing with, m 	1.5 GeV, it seems reasonable to 

consider five phase shifts, 	= 8, 8, o, 6, and 	Two of the 

• 	 • 	phase shifts are associated with peaks in the mass spectrum, and we 

use this to represent them by a Breit-Wigner formula. There are 

grounds for believing that 6 is small, 
52,.72

with the same sign as 

• 

	

	 . In our fits to the Tr 0 1T cos 0 distributions (Fig. 62) we did not need 

P below m = I GeV. : In this section we have considered its effect 

to be less than the approximations of the theory as applied to this sample 

of data. 	8 itself is represented by the ChewMandelstam effective 
V 74 

range formula 
• 	2 	I 
cosö = - 

2 	
+a, 0 k 	2 a 0  

I 

where 	 a = 2 - log 
iT 	e1 	t 
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This leaves 	we defer discussion of this until we consider the 

p °  in detail, 

In a three-body final state, there are five independent scalar in-

variants that we can construct from the various initial and final momenta 

of the particles. We can keep any four fixed and obtain the differential 

cross section with respect to the fifth. In this work, the obvious vari-

ables to choose have been 	, A, cos 0, and , The fifth vaiable is 

the total c. m. energy, E 
M. 	The OPE model tells us exactly how 

E 
c.m.  comes into the matrix element. At low beam energies, 2 GeV/c 

2 
or less, certain low values of A will not be available for w above a 

certain value. However, the major dependence on E 	comes in 
2 	 c.m* 

through the flux factor, i/ 	. With the introduction of absorption, 

further c. m, energy-de.pendent effects could be introduced by allowing 

and A, the two absorption parameters, to vary with E 
M. 

 We 

know, however, from Table VI that the absorption parameters vary 

slowly in this region for 'rrp. We therefore regard 
°T 

 and A as in-

dependent of beam energy, and in our parameterization they are aver-

aged over the span of beam momenta 2.05 to 3.22 GeV/c. We have 

already shown in Table IX and in Figs. 34 through 39 and 48 that there 

is general agreement with the OPE energy dependence, and in partic-

ular the factor 2,5 = [3.215/2,05] 2 between the two extreme energies. 

Accordingly in our treatment of the data we have lumped all six beam 

energies together. 

Detërmiiaation of parameters 

We use the following values for the mass and width of the p found 

at low A 2  in the previous sections 

for the p°. mc = 758±5MeV, 	F 0  = 141±10 MeV; 

f o r the p, mc = 754± 5 MeV, 	F 0 = 146±10 MeV. 

For the f 0  we found 

m = 1267±10 MeV, F = 99±10 MeV, c 	 0 
The phase shifts are then related by formula (B-26), 

where 
a: 	21+1 m 

F' =F' -. 1 	c 
0 a 

	

	 w cj 
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With respect to the determination of the other p:has e shifts and the 

absorption parameters, two alternative procedures suggest themselves. 

In the first, we could consider both final states, lrp -* pTr°Tr and 

together. As we have demonstrated earlier, the ratio of 

p °  to p production is not in accord with the OPE prediction of 2:1. We 

would be obliged to use the model 'to explain the discrepancy by using 

different absorption parameters for the p and the p ° . We would 

prefer to test the theory in this experiment, and leave this particular 

question until more light can be shed on it by other sorts of experiments, 

e g. , actual form-factor effects. The other advantage that might 

accrue to us is that we would be treating the T = 2, s-wave irir interaction 

simultaneously. However, the gain from including the extra informa-

tion in the 	distributions would be more than offset by the fact that 

in the Tr IT case the T = 2 interaction contributes to the s-wave ampli-

tude coherently with the T = 0 interaction, whose effect is difficult 

enough to describe properly and which is, in actuality, our main interest. 

We therefore followed the second procedure, which avoids these 

pitfalls, and study' the two final states separately. Ideally, to get at the 

T = 2 interaction we would like to study 1r+Tr+ or T1T states, e. g'. 
++(1238) 	to determine the behavior of the s- and d-wave 

T = 2 phase shifts. However, in this experiment we use the p ir 0  iT final 

state, not only to find the p absorption parameters but also a, the 

T = 2, s-wave scattering length in the Chew-Mandels tam 'formula. We 

then use these parameters in considering the n Tr+Tr_ final state. 

We undertook a maximum-likelihood fit to the p 1T °  if data with 

results that were only partially successful. Events were chosen with 

20 	For each event the probability of its occurrence was con- 

structed by computing a 4 ala 2
w a 2

A au " using absorbed OPE helicity 

amplitudes, and was normalized by dividing by the integral of the rate 

over the physical limits of A , 2 and Q 	 For the integral we used 

one setting of beam momentum interval. For the rate itself we used the 

five measured quantities E 
M. 

 w2, 
2 
 cos 0, and of'the event in 

question. 	 ' 	 ' 
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The actual mechanics of the program were as follows. A maxi-

mum value of A was read into the computer. The input file cotaining 

the events, ordered by increasing momentum transfer, was then read in 

until the maximum value of A was reached. For each event the five 

kinematic quantities were read in and stored together with a weight. This 

weight compensate.s for the scanning bias against protons with low mo-

mentum transfer, and is calculated from the beam azimuthal distribution 

of elastic scatterings (q. v ). With this set of parameters we compute 

the integral over the relevant area of the Chew-Low plot for all six 

beam-momentum settings. We then calculate the probabilities of events 

in the sample and form the logarithm of the likelihood function. We also 

calculate the probabilities with parameters incremented by small amounts 

to obtain numerically thefirst and second derivatives of the likelihood 

function. This part of the program is due to Dr. Philippe Eberhard, and 

seeks a maximum likelihood by a Newtonian method. It should be ob-

vious that demands on storage space and the complexities in the computa- 

• tion of the rate--which involves a double integral--make it absolutely 

essential for the calculation to be done on a big fast'computer. In Dec-

ember 1965 a CDC 6600 was delivered to the Laboratory. Without it, 

• this maximum-likelihood method could not have been carried out. 

Because of the ordering of events, the preliminary runs with a 

restricted sample involved small values of z, where the model should 

be most applicable. With 1.300 events and L 	6 	a maximum like - 
lihood was found with 

C = 1.82, A 2.23 (GeV) 2 , a = 0.55 fermi. 

A subsequent run with provision for a noninterfering phase-space 

background gave 

0% phase space, C = 1.69, A = 2.48 (GeV) 2  

As regards the scattering length, on the basis of the fits with the • 

above sets of parameters and the set to follow, we feel that a good value 

is a = -0.55±0.05 fermis, 
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Taken over the whole sample of 2775 events, A 2  20 	the 

parameters C = 1.82 1  A = 2.23 were consistent with a maximum in the 

overall likelihood. However, the likelihood was much smaller and not 

consistent with a mere doubling of events. The reason appears to be 

that we are attempting to describe simultaneously differential cross 

sections with respect to angle and A 2  the distribution in w is taken 

care of by the resonant form), and the likelihood method is most sen-

sitive to the angular  distributions. The data are concentrated at low 

values of A 2  before the parameters, as it were, have got a chance to 

start attenuating the. differential cross section, and so their values are, 

in the main, set by the angular distributions atthe lowest A 2 . In short, 

it was found that to match the experimental falloff in p 00
(4)  the parameters 

2  were driven to the values given above, with the consequence for the A 

distribution that it did not fall off fast eno .ugh (see Fig. 71). The angular 

distributions are fitted very well with this choice of parameters, perhaps 

better than similar fits by Jackson. However, in the density matrix ex-

pansion the absolute cross section is divided out, and although one feels 

.that the fit to the density matrix elements is the sensitive test of the 

absorption theory, in view of the distressing disagreement of the A 2  

distribution, these parameters were rejected. 

By inspection of the behavior of the A 2  distribution and density 

matrix elements for various values of the absorption parameters, it 

became evident that we could not reproduce both simultaneously. How-

ever, a choice of C= 1.15 and A = 10 (GeV) 2 --corresponding to the 

solid curve in Fig. 71--reproduces well the observed A 2  distribution for 

the p. There is no arbitrary normalization. We have taken 	 15 

to ield an absolute calculation. 75 

The situation with respect to the density matrix elements is, of 

course, less satisfactory (Fig. 72). The calculated curves have the 

general features of the data, of which there are enough statistics to shpw 

how the density matrix elements do vary with A 2 , but quantitative agree-

ment is absent. In the regions of low A 2 , the calculated density matrix 

elements differ by less than 1010 from the observed values. At values 



-t38... 

300 

200 

L 

00 

	

I 	I 	I 

Distribution in 

	

_p 	p °- 

	

M 77- 	0.46L0.7I 

	

Iob 	2.05- 3.22 GeV/c 

8 

c'J 
> 

6 	ci) 
(9 

E 
4 

bcsj 

2 

0 
	

4 	8 	12 	16 	20 	24 
2 

MU-1Q415 

Fig. 71. 	distribution for p.. Dotted line is from OPE 
absorption calculation, withC = 1.82 and A = 2.23 (GeV) 
Solid line is from OPE absorption calculation wit) C 1.1 3 
and A.= 10 (GeV)2. 



-'39- 

0.7 

I) 
p00  

0.5 

M éa an 
(I) p00 

+ 

p density matrix elements 
0.3 

0.0 

-0.l 

-0.2 
(I) 

rp  o 
-0.3 

1 

0.1 

0.0 

-0.1 

I 	I 	I 	 I 	 I 	1.1 	I 	I 
0 	4 	8 	12 	16 	20 	24 

2 ,2 

MU B-lO4l3 

Fig. 72. p - density natrix elements as a function of d. Dotted 
lines are from OPE absorption calculation with C = 1. 82 and 
A = 2.23 (GeV). Solid lines are from OPE absorption cal-
culation with C = 1.15 and A = 10 (GeV). 



-140- 

of 	15 	the observed points contain the effect of background 

and are less than the actual density matrix elements for the p at these 

values of A . Since the disagreement is least where the greater part 

of the data is, i. e. , at low 	we have used this new pair of absorp- 

tion parameters in all further calculations. 

The implications for the phase-shift determination are reflected 

in the (F-B)/(F+B) asymmetry. In Fig. 73 we plot the. Tr 0  iT asymmetry 

as calculated with the new parameters and a = -0.55 fermi. We see 

that the effect is to slightly overestimate the asymmetry--certainly in 

the p region. We shall return to this in considering the asymmetry in 

the p ° . The other feature of some importance in Fig. 73 is that below 

700 MeV, the cos & distribution is substantially symmetric. This is 

in disagreement with other groups; some discussion of this is found 

in Ref. 76. The calculated asymmetry is negative in this region. How-

ever, we would mention that only 55 events - -i. e. , 2. 50/s  - -are to be found 

below 620 MeV, therefore, statistically, the disagreement is not serious. 

The fit to the scattering length is determined by the increasing asym-

metry through the p region. The addition Of some d wave may help 

to reduce the interference, but this is unlikely at the low values of TrTr 

mass, where the discrepancy is observed. 

Before proceeding further, let us examine the parameters we have 

obtained and compare them with those obtained by other authors. A1- 
68 	 66,73,77 

though Durand and Chiu and Jackson and co-workers 	 use the 

angular momentum approach, our parameters can be used in their 

formulation. Durand and Chiu use the parameter v, where v 1/2A 

and C = 1. At 4 GeV/c, for Trp -- pp, they use v = .0.24 GeV. With 

A = 10 (GeV) 2  our value of v is 0.224. In Refs. 77 and 78 the param-

eters C± and j± are defined for the initial and final states: C- is 1, 

maximal absorption, and -/+ = 0.75; y  is related to A via the relation 

= 1/2Aq 2  

Ourpararneters give an effective exponential :elasti.c scattering 

slope and an effective total cross sectiOn of 57 mb, which we take to be 
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the geometric means of these quantities for the initial and f{nal states. 

This gives A = 125 to 13 (GeV) and u T9T 90to 100 mb, and there-

fore 	
A 2 
	

2 
8XL15 = 0.. 85 

Aq* 2 	12.5 

Lastly, we would like to comment on the values of A and a TOT  

° 79 	- 	pp 
Recent experiments with pphotoproduction seem to suggest that 

the exponential diffraction slope is of the order aIIM to 15 (GeV) 2 . 
Drell and Trefil, 80 

 on examining the energy and momentum dependence 

of coherent p °  photoproduction as a function of the atomic number of 

the target nuclei, present an argument to show that at 4 GeV/c the p ° N 

total cross section lies between 66 and 94 mb. Both these findings seem 

to suggest that our choice of parameters is not unreasonable. 81 

nTr+1T final state 

We pretend to understand the absorptive effects in the pN case and 

the behavior, of theT = 2 s-wave phase shift, and now we turn our atten-

tion to the p ° . There is a case to be made for using different absorp-

tion parame.ters in the p 0 n case, since this is a different final state 

from pp. but the state of the art does not really warrant it. The ques-

tion arises as to the absorptive effects in the s and d waves. Since the 

T = 2 s wave is small, we used the same absorption parameters as in 

the p. For the s-wave T = 0 interaction, the two obvious alternatives 

are to use no absorption or the same parameters. We used the latter 

and were guided to this choice by the fact that the p °  asymmetryde-

creases as 	increases in the range 0 to 10 	where we do not 

expect background to be important; see Fig. 74, also Ref. 70, Fig. 3, 

where the same effect is seen in good agreement with our data. The 

implications of this are that the s -wave interaction falls off relative 

to the p-wave as 	increases. The s wave has no off -the -rnassshell 

correcting term (a/k) 1 , and so the 	distribution is dominated by the 

propagator term 1/[2+2] 2 If the p wave gets absorbed and the s wave 

does not, the least we can expect is that the asymmetry remain roughly 
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constant. Since the reverse is seen, we believe our choice is quali-

tatively correct. 

We have alluded many times to the steady and strong asymmetry 

in the 1T+lr_ decay angular distribution. The suggestion that this is due 

to a strong T = 0 s-wave amplitude is not a new oiie; 82  we should like to 
83 

investigate the statement that this amplitude is, in fact, necessarily 

resonant. Hagopian et aL, 84 
 on the basis of equatorial coS 6 	0.3, 

events at low 	4 	, with something like 45% of the statistics in this 

experiment, aver that they see an indication of this scalar particle. 

Feldman et al. 85 
 see 

. 	 0 0 a peak in the Tr ir effective -mass distribution at 

700 MeV in a spark chamber experiment to study iTp- nlr ° Tr ° , but only 
at one beam energy, 1.52 GeV/c. 

To determine the T = 0, s-wave phase shift, 5, twelve values of 

m 1  were chosen, with five concentrated in the mass interval 670 to 

800 MeV. Associated with these ten points were ten values of 6. A 

quadratic expression in 	was put through any three adjacent points, 
and gave 5 0  at any other mass value. In this way, we ensured a smooth 

and continuous variation in•ô,. The maximum-likelihood fit indicated 
that 60 increased slowly through 90 0  in the region of the p ° . 

With this information, we can compute the A 2 
 distribution and 

density matrix elements for the p °  and take into account the strong 
s -wave contribution. 

In the A distribution, Fig.. 75, to which the s-wave contributes 

about 816 of the cross section, we have normalized arbitrarily to the 
area between 5 and 20 	The absorption calculation gives a slower 

falloff in the cross section than is observed, casting in doubt our assump-

tion for p ° n of the same absorption parameters as pp. 

The effect of the s wave on the density matrix elements will be to 

reduce the pure spin-I components - -since we are normalizing by a 

cross section that .contains more s wave--butour measurCd pj  will 

have the effect of the s-wave cross section added to it (see earlier). 

Thus Fig. 76 is similar to.that for the p density matrix elements, Fig. 

72. 	 . 	 . 
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In Fig. 69 we showed a scatter plot of cos 0 vs 4) for the p °  as 

compared with the p, Fig. 68. The elements of the density matrix 

were calculated from the model and averaged over the mass and 

interval, and used to calculate the contour curves. In both cases, good 

agreement is obtained. By projecting the distributions on both axes, we 

obtain the angular distributions shown in Figs.77 and 78. The agreement 

with thoery is good. 

Figure 69 is very similar to that shown by Durand and Chiu 83  and 

• 	by Derado et al. 
86 Further, our calculated density matrices are very 

similar to those calculated by Durand and Chiu and quoted by Derado et 

al. From these plots alone, it is very hard' to give preference to a 

theory with a resonant 	, as Durand and Chiu maintain, or to one that 

merely has it climb slowly through 900  near the p, since we are ave rag- 

• 

	

	ingmass-dependent effects, and both theories agree that 5,0is 900  near 

the p ° . 

• 	We may use the calculated density-matrix elements to show that in 

the p region and 	15, taking events with I cos 0 	0.3 will reduce 

the cross section to 1/7, of which the s wave is just 1/6. Hence, con-

sidering equatorial events, although we gain a factor of two in the s -wave 

• cross section, is still not sufficient to distinguish it from the p-wave 

• 	cross section. (We may mention here that without absorption we expect 

the equator ialH cross section to be about 6% of the total, of which 58% 

would be s wave) With a A limit of 4 
2 
 the proportion of s wave is 

enhanced to 2 5 %, at most, of the equatorial events. 

To determine the phase shifts outside the p region, we evaluated 

the (F-B)/(F+B) asymmetry as a function of mass, varying our input 

50 at the 12 fixed points, until it most closely resembled the experi-

mental points. The result is shown in Fig. 79, and 60 itself is shown 

on Fig. 80. Except for the region 620 to 700 MeV, we are able to fit 

the asymmetry from about 400 MeV up to 1000 MeV. Above 1000 MeV 

we have arbitrarily let the T = 0, s-wave amplitude vanish. Patently, 

we do not reproduce the asymmetric decay of the f ° . 

In the region iii±ediately below 700 MeV, no value of 60 is able 

to generate the large asymmetry, about 0.5, in this region. To make 
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Fig. 79. (F - B)/(F+ B) asymmetry for the 	system, with 
2• Solid line is from absorption calculation 

using .the 6 0  shown in Fig. 80. Dashed line is calculation 
with same absorption parameters, but with a resonant 6 0  
having m = 730 MeV and F = 90 MeV. . Dotted line i from 
unmodified OPE calculation ° of Wolf, Ref. 72, with 
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this clear, the following calculation is in order. Ignoring the T = 2 

contribution, we can express the asymmetry in terms of the phase 

shifts, 

F _:B - 2 sin 8 0  sinö 1  cos(6- 5 1)  

F + B 	3 sin 2  6 + sin2  6 0  

	

1.9. 	0 

For a given value of 6 this is approximately a maximum for 

(Zô - 	= . Thus for 6 = , 	= 	will give a maximum asym- 

metry of 18/31 = 0.58. At m 
1T Tr 

z 670 MeV, 61.  is about 400.  Taking 

65 0  gives an asymmetry of 0.64. However, in OPE these would be 

	

2 	2 

	

the values obtained only at the pole A 	As we have shown, the 

asymmetry decreases with A so that at the p 0 , averaged over 0 to 

2 it falls from 0.58 to 0.39. At m 	 670 MeV the maximum 

asymmetry we can generate in the calculation is about 0.45. We do not 

pretend to understand the data in this interval and would not like to ad-

vance any one hypothesis over another, whether it be an upward fluctua- 
70 tion in the data (we are in disagreement with Jones et al. ), lack of 

absorptive effects in this region, or other TrTr interactions that have 

not been coñside red. 	. 	. 

In the f °  region we predict zero asymmetry, since we do not 

have enough p-wave amplitude if a p Breit-Wigner form is used. We 

must invoke either, f. waves or a p-wave amplitude independent of the p. 

Our arguments in the previous section seem to favor the former. 

With a slow increase of og through 90° we can reproduce the in-

creasing asymmetry up to 900 MeV and account satisfactorily for the 

decrease to zero at 1100 MeV. Because of the approximations and in-

accuracies we have introduced with Our absorption model we believe 

that we have estimated the right order of magnitude of the absorptive 

effects, butthe 6 could change by ± 15 0 . In the region an error of 

±8° would be more suitable. 

If one makes the transformation 6 - 
Tr 

 - [6 - 6 1] the asymmetry 

	

does not change. In the expression for maximum asymmetry this is
Tr associated with the solution (26 -6 1) = 	. Near the p the two solu- 

tions are similar. Outside the p the transformed solution will have a 
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more complicated behavior than the present solution. In theory, a 

determination of the s-wave cross section will distinguish between the 

two. In Ref. 76, the attempt was made to do this, but between 400 and 
p 	

500 MeV, 61  is small and both solutions are near 450 

We should therefore like to present our solution for the behavior 

of 6 0  as a plausible one and to poin,t out that the resonance invoked by 
83 Durand and Chiu 	(see Fig. 79), is not only unnecessary but also in- 

capable of fitting our data. We may measure the slope 

d6 

dk 

and say whether 6 0  is changing fast enough through /2 for it to be 
87 

called resonant. 	At the p, 
d6 

dk 	0.42, and sowe aver that 6 is 

slowly varying and not resonant. 

Lastly we should like to remark that although we let 5 0  increase 

from 0 at threshold, we could have let it decrease from rr, as Chew 
. has suggested. 88 This would be in disagreement with the positive asym-

metry below 400 MeV shown by the data, since a decreasing phase shift 

would make the asymmetry change sign. However, there are only 20 to 
70 

30 events in this sample below 400 MeV, and Jones et al. 	with a total 

of more, than 1.100 events below 450 MeV find a negative asymmetry. 

In summary, we have shown that the absorption model gives qual-

itative and reasonable-to-good quantitative agreement to 'the experimental 

data. Possibly, we have introduced too much absorption into the s-wave 

amplitudes. The Huff formalism does not seem to generate so much 

absorption" as the angular momentum approach. With our absorptive .  

corrections in,. we are in agreement with other workers on the magni-

tude and sign of the T .= 2, s-wave TrTr.  interaction, and have shOwn that 

the T = 0 s-wave phase shift is 90° near the p but not resonant. 

I 	 . 	 , 
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E. Missing-Mass Hypotheses 	 - 

In Fig. 81 we show the missing-mass plot for Reaction (5), 

lTp - 	+  

We have summed over all energies and selected events with 	0.3 
(GeV) 2  in order to reduce the background in the region of the . The 

ii signal at each energy is not strong. In Fig. 81 we also show the 

mass plot at 2.86 GeV/c, where r production seemed to be higher. 

In Table XIII we present our estimates of r production at each energy. 

In Fig. 82a, b, c, we show the mass spectrum for the combination 
Tr (rn;m;) at 2.60, 2.86, and 3.22 GeV/c for all momentum transfer and 
for 0.65 (GeV) 2 . As the beam energy increases, the peak of the 
four-body phase space with no L 	cütgoes.fro.abo;ut 1250 MeV at 

2.60 GeV/c to about 1.450 MeV at 3.22 GeV/c. Cosequently, although 

the presence of the A2, 89, 90 with mass and width in agreement with 

those of Refs, 89 and 90, is evident in all three plots, it is •very hard 

to estimate it above background at the two lower energies. With the 

cut from 0 to 0.65 (GeV) 2 , the background is flatter and the A 2  
effect is enhanced, although at 2.86 GeV/c (Fig. 82b) our statistics are 

poorer and we can say only that the histogram is consistent with the 

presence of the A 2 . In Table XIII, we present cross sections for the 
reaction rp - pA based on estimates of the number of A 2  's pro-
duced at 2.36 to 3.22 GeV/c. At 3.22 GeV/c we note that the estimate 

for A production, A - p1T 0  of 0.15 mb, is in good agreement with 
that of Chung for A2 	P 

0 Tr 89 The equal branching ratio of 	p°, 
A2 -_> pr 0  has been reported previously in Ref. 91. 

The A1  is not apparent in the mass spectra with no cut. With 

the cut, we cannot rule out the presence of a shoulder near 1100 MeV. 

However, our histograms are different from those for the 1T+Tr_Tr combi- 
8990,92 	2 	 2 nation 	. 	with 	0,65 (GeV.) , and we are in disagreement 

with Ref. 92, which sees a definite narrow peak at 1100 MeV in Tr 
M. M. 
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Fig. 81. Distribution of missing mass in the reaction. 
,Tp- Trp ± missing mass at 2.05 to 3.22 GeV/c and 

>O.3GeV.. Shaded events are . 2.86 GeV/c only. 
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Table XIII. 	and A2  production cross sections in 
in irp - iTp + neutrals 

Beam Momentum 	 a crA 

(GeV/c) 
Ti 

(b)  
2 

2.05 0±85 - 

2.17 165±75 - 

2.36 105±50 60±40 

2.60 150±60 145±50 

2.86 235±90 350±100 

3.22 140±65 300±75 

is production cross 
2 

sectiOn for 	Trp - 	 pA 2 , 

a 	is production cross 
TI  

section for 	rp - 	Trp. 

Both cross sections include corrections for modes not seen in this 

experiment. 
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• 	 By making the cut A 0.15 to 0.65 (GeV) 2 , not shown, we find 

the A2  is unaffected but the events at 1100 MeV are depleted. In Fig. 

82d we add the data at 2.60 to 3.22 GeV/c. The A 2  is prominent. How-

ever, by making the cut 	0.15 (GeV) 2 , we see a strong peaking at 

1100 MeV. To give an unambiguous interpretation of this is almost 

•  impossible. References 89 and 90 have shown that the A 1  effect may 

be explained in good part by a OPE diagram where there is TTIT scatter-

ing at one vertex and iTp sctttering at the other. The situation for us, 

in that case, is very similar. The iT 0 Tr scattering is dominated bythe 

• • p and we haveir ° p scattering. The amplitude for lr ° p- rr°p is the 

mean of iTp - Trp and IT 
+p  _ 	

We should therefore expect an A 1  

enhancement at lOw A 	Since this is a dynamic effect, depending on 

• 	various amplitudes, we do not expect any constant ratio for an A 1  going 

to 	 and A l  going to 	 The worsened mass resolution will 

also tend to wash out any broad A 1  peak. 

In summary, we find evidence for, the production of the A 2  reso-

nant state. We see no strong A 1  effect. This supports the view that 

the A 1  is not a resohant state. The excess of events at low A near 

1100 MeV, while consistent with phase-space predictions, may be in-

terpreted as a kinematic effect of the p and Tr°p diffractive scattering. 

4 
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APPENDIX A 

Relation between Proton Momentum and its Scattering Angle 

in the Laboratory System 

The effective mass squared of the resulting particles accompany-

ing the recoil proton in a ip collision is given by 

E )2 - 	- i 	
(P 	p 

) 2 
n 	p 	in 	p 

where the notation is obvious. 

We compute this in the laboratory frame of reference: 

	

= m + m2  - 2E. E + 2P 	P cosO in 	p 	in p 	lab p 	lab
, 

 

where °lab is the lab scattering angle of the proton. 

Since mm is the square of the overall c. m. energy, 

2 	2 	2 
m in 	iT 

m + m + 2 E ii  rn 

	

p 	 p 

w -m2  = 2m 2  - 2E. E + 2E rn +2P P cosO Tr  p 	in p 	Tr p 	lab p 	lab 

Let us write 	 E = m ± T 
p 	p 

and 
E. 	m+E; in 	p 	iT 

• 	- m = 2 lab p cos 
01b  -2 T {EiT  + m]. 

Nonrelativistically, 1. e., P . 400 MeV/c, 

we may write 	T = P2 / 2 m 
pp 	p 

- m 	
2 P1abp 

cos °
lab 	rn [EiT + mn]. 

For el3stic scattering only, the left-hand side vanishes and we have 

P[E+m] 
cos® 	= 	 p 

lab 
ZP m 

lab p 

The curves for w / mTr for P lab = 1.59 GeV/c are shown in Ref. 93. 
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APPENDIX B 

Helicity Amplitudes for One -Pion Exchange 

We generally follow Jackson and Pilkuhn 60  and Gottfried and 

Jackson73  in the definitions of the simbols used, except that we use 

Ea, ..... for a0 , b 0 	. For momentum transfer squared, we use 

-t. (See Fig. B-I.) 

The invariant amplitude for the process is 

(d) 5u(b) F2] J 	; 	. 	( B - I) 

i is the mass of the exchanged pion. F(i) is some form factor, taken 

here as unity. 	is the invariant nn 'scattering amplitude. Equa- 

tion (B-I) should be compared with Jackon and Pilkuhn's formula (8), 9 

=4o Y [o,] , 

partial-wave expansion in 1T1T rest frame, 

iöl 	r 	il 
e 	sin51 	a I 

where 	= 8rrw 	 k 	[ k j 	 (B-3) 

	

• 	 is the ith partial-wave amplitude, w is the mass of the 1T1T system and 

	

• 	 E the energy in the c. m. system, k is the mon-i'entum of the decay 

pions in the tnt rest frame, Q  'rrrr decay angles, a is the 

momentum of m, the incident beam pion, in the iriT rest frame, and 

is thus both a function of A and : 

	

- • 	
• 	 a= 	

j(2 + (m+ ) 2 )(AZ+(mw) Z ) . 	' 	(B-4) 

• 	To compensate for the exchanged pion's being off the mass shell, 

• 	4 I becomes a funion of 	via the factorI 59  Below,, we shall 

try to justify the presence of this factor. 

We now wish to write Eq. (B-I) explicitly in the overall c. m. 
94 

frame and in a helicity representation. 



Nucleon Helicities 

The four different expressions for U..' v s u., according as the 

initial and final nucleon spin projections are parallel or antiparallel 

to their momenta directions, now follow. 

X d , Final Nucleon 	k b , Initial Nucleon 	 G u.' y U. 

	

j 	sj 

1. 	 . 	 0. - 	 . 	
- cos- 2 	 2: 	 - 	2 

1 	 .0 
-- 	 G + s 1n 2 	 2 	

(B-5) 

I 	 0 - 	 sin- 2 	 2' 	 2 

I 	 0 -- 	
-- 	 -G cos- 2 	 '2 	 . 	 - 	.2 

Here 0 is the c. m. scattering angle, and 

=q [Ed+m
± '

JEb+mb 

Eb+b 	 Ed+md 

	

= + md)(Eb - mb)± I(Eb + mb)(Ed - m) 	(B-6) 

We note here that averaging over the initial nucleon helicities and sum-

ming over final nucleon helicities gives 

sin2 ! + 	 [(mb md) +]. 	. 	(B-7)
2. 
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Dipion Contribution 

Spin amplitudes undergo a unitary transformation as one goes from 

one Lo.rentz frame to another. This can be expressed as a rotation 

through some aigle of the amplitudes. Using helicity amplitudes makes 

it simple for us to see what angle this is. We know that under a Lorentz 

transformation along the helicity direction, i. e. , in the direction of the 

momentum of the particle, the helicity states are unchanged. Suppose 

we have some z axis defined in the particlets rest frame; we will 

obtain, the helicity states by rotating the axes in such a way that the new 

z axis is the direction along which the particle will move, i, e. , the 

directionof the Lorentz transofrmation. Thus, generally, the angle 

in question is the, one between the directions of the Lorentz transforma-

tions as seen from the rest frame of the particle. 

For us, the particle is the dipion system and the angle is be-

tween the axis in the rest frame, which is the incident beam direction, 

and the irrr momentum direction in the c. m. frame. ' The angle is ' xP 
(see Fig. B-Z), where  

a w  sinW = q sin 0 

E 

	

a,cos'i' = q[cos0 - a] -----s 	, 	 ( B-8) 

q Ea 
(B-9) 

qE 

However, since we are, in fact, rotating the axes, the argument in the 

rotation matrices will be 

In the rrir rest frame, the partial-wave amplitudes are 

4 (ta) =4 (2) ö
m O 	 . ., 	 (B - lU) 

l... 	 . 
wherer

A
is given by(B-3). 	 . 

U 

In the helicity representation, therefore, 
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I' 

- . Fig, B - I, Feynman diagram, in the Born approximation, for 
OPE process. Notation follows that of Jackson. and 

• 	Pilkuhn, 

	

I 	 • 
I 

	

IC 	 - 
"I 

	

I. 	• 

7TT 	left f r a m e 	 d • 	 . 

Overall 	c.m. 	 . 	 • 	• 

• 	 MUB-12538 

	

Fig. B-2. . Relation between particle directions in o'rerall c. m. 	 • 

	

and TrTr rest frame. 	 • 	 • 
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AM
2 	1 	 1 	2 

( 	) = di mm 

= dl, 0 ()4( 2 ) 

/Yl 	( - W , O)4(). m (B-Il) 
't2i+I 

OPE Helicity Amplitudes 

Let the helicity projections of the four particles be 

Xa 	x by  X. 
CW 	Xd 

with 	 X = X a  Xb, 	X c  - Xd  

and let us write 	B' 	for the OPE helicity amplitude, where the 	iTir 

systern .i.s in an angular momentum state 1: 

-. 	ee1 COs 	
.- 	

sin 

• 	 B 1 	= G 	 f 	F[2] 

	

o 	• 	 ol 	2+2 A 1 	• 

	

sin— 	- 	cos- 
+ 	2 	- 	2 

(B-12) 

We write down some selected B 1 : 	: 

B2 I/z = (0 + 	B° 	-) 

=F{2] 	
8 	e  ' 60  sin 6, 

2+0 2k 
(B-13a) 

- 

B2 	
/z = (0+ 1 B(1) 	+) 

=cos 	
F[z] 	

8ff 	3e '81  sin 6 1 [ --Jcos W 

(B-13b) 

BM 	= (l 	IB M 

oF[ 2 ] 
= 	sin - 	 8rr - 3e 	I sin 6  + 	2 	 k 	 1 

aw 	sinW 
- k • 

(B-1.3c) 
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B(2) 2 	= (0 + [B 2  + 

= G cos 0 F[2] 8 	5 e ' 6 2 	8 	2 3cos 2 W-1 

Ii + 
(B-13d) 

B2 -1/2 	= (1 	;B! +) 

= G+sin 

(B -13 c) 

B 721/2 	= (2- B 2 fl-) 

= -G 	cos 	F[2]  8n- 5e1öZsinö [_O]2. 	sin2W 
- 	2 2 + 2 	k 	2 k 	2 

(B13f) 

Haying obtained these OPE amplitudes in the helicity representa-

tion, we are at will to alter them by some mechanism, for example, 

absorption. Then, in order to get decay angular distributions, we go• 

back to the irr rest frame, i. e. , we perform the inverse rotation 

through the angle 'Ic Then we construct the bilinear forms from 

'}'1 71* sum, and average over nucleon helicities, and we arrive at t5 	tsp 
the density matrix elements, 

i0e.,  

B 	B 
*lt) 

Xb d 
p = 	 (B-14) 

T ± {Y1B B 

L b'xd 	
I5t 

Cross Sections 

In this section, we derive expressions for 
2 	 3 a 	ar 2 2and 	 2 

E)W ac2 



and show the connection with the Chew-Low fOrmula and the formulae 

of Jackson and Pilkuhn and of H6gaasen et al. 

The cross section is given by 

da = 
	

y 	2]dP 	 (B-5) 

ji 

	

is the flw, 	 (ab) - (mmb) 2  

la 
= [alab Eb] 2 = [qE] 2 

	
(B-6) 

dp is the three-body phase space (Lorentz invariant). 

With normalization of states, 

	

(k'E'/kE)= 2 	8EE' (2) o(k-k') 

dp =n 	6 (p.2 - m 2 ) d4k] 64 (k.k) 

	

r 	dk.1 
n -k 	). 	 (B-8) 
i [(Zn) 3 	2E.J 	in out 

We choose to write dp in a form which shows that we are considering 

the three-body as the product of two two-body phase spaces: 

dp = dQ d2l[ 
4w 	 4E 

L 	 L cm. 

= 	I 	_dcosOd(dw2 	n 	
d 2  , 	(B-19) 

( 2 Tr) 9 L 4,, 
 JL 

12 
14P G2[t1 [ sin2 	+ 	

cosi-] 
, (B-20) 

which by (B-2), (B-3), and (B-7) 



= G 2  {bmd)2 
+  

X 	64 n 	4  
	

] 

l+lt 

n 	[Z1+Zl+ 	
[a 

 

sin 5 	sin61 	e 	Y 	(O,) Y 	(O,) 
] 

(The absorption model introduces partial-wave amplitudes with rn / 0. 

We can replace the summation in 'the last expression by 

zlt ~ i)[_ 
a 	1+1' 

sinb  

11' 

Y(O,) Y 	(O,)] 	, X 	Gll1 m'  
(B-Zla) 

mm 	 . 

and the following discussion proceeds analogously.) 

For convenience, let us consider first one partial wave, and then 

we have, from Eq. (B-15), 

da1 	
(Zn) 	G Z[F [A] 

] 

Z 

 [(mb-md)2 	A2] 

L+A 	J 

X 64 	[21+1] 2  sin2ô14[] 

21 

[P1(cosO)]2 

	

x ___ 	
.k. 	

dw2 dA 2 , 

	

9 	16w  

 
(2'rr) 
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r 
64n 2 
	

IT 	21 F[A 2 ] I r 	2 	2 
G 	 [(mb_md) +A  I 

aaw 2 aA 2 	(2iT)5 64 17 L +2J 

21 

	

X (21+1) 2  sin2  8 	[] [P1[cos 0]] 

	

z 	
] {()2 + A] 	(21+)s1n28 

	

29 	[4Tr] 4 

IY(o,c) 2 	 (B-23) 

Evaluating this expression at A2 = 
	we make the 'tpoie ap- 

proximation, and by summing over 1, we derive the Chew-Low 

	

formula. 	At A2 
=2,  F[A 2] I and a 	k, sine the exchanged 

pion is now considered to be on its mass shell; 

2(1) 	 iGZ 1 [(mbmd)2+A2I 
I. 	 k(2l+I) 

• 	 L 4iT 	[2+A2] 2 

• 	 2 sin 8 

k2 
	

2 	 (B-24) 

	

r 2 i 	2 2 	_______ 
2 	2 8ir 2 

 L4iT J[(mb-md) +A ]wk [L2+A2IZ . (B-25) 

To connect formula (B-23) with expressions for the production of 

vectOr 60  and 2+  mesons 66  by pion exchage, we have to show the re-

lationship between the phase shift 81  and the coupling constant 
* 

	

	 For those phase shifts that are resonant at w = mc  we can write 

down the Breit-Wigner form for the scattering amplitude, 
(1)  

Fm 
e' 1 sin6 1  = 	

F'] , 	 (B-26) 



4- , sin2 ô dc 2  = 	m 	 (B-27) 

Instead of this last equation, let us define I(1)  in 

- 	a 	21 	
21

w 2 d
2 	

m

=
k 
	[ac J r'm c 	 (B-28) 

here a and k are the values of a and k at w= m - 	.c 	C 	 (,) 	 C 

We can also describe the resonant particle as decaying into two 

pseudoscalar particles by the coupling 

g 	 1 1 	(a-e) : t1, 	 . 	(B-29) 

where a-e)' is a tensor of the ith rank, formed from the four-vector 

(a-e), i. e. , a raw 	 95 tensor in the Zemach 	sense, and t 1  is a sym- 

metric traceless polarization tensor describing the spin states of a 

spin-1 particle. 

The t I1  s are not unit tensors, but have the normalization 96  

= t1:t1 = 
	1! 	• 	 (B-30) 

With expression (B-29) for the coupling, we derive the partial decay 

rate into two particles of momentum 

(1)2 r4k 2  1' k 
C 	

(B-31) - " 

	
Lm2 j 2[21+1j 

In Table B-I we summarize these results for 1 = 0, i, and 2. 

• Note that for 1 = 2, our normalization differs from that of Hgaasen 
66 

et al. , 	with consequences for the definition of g(2)• 

In the evaluation of (B-29), for the various spins and helicities in 

• Table B-I, we have transformed the momenta into the. mr rest frame. 

This is because the polarizations are then formed from three-vectors, 

i. e. , they have no 'time" components. • In this way, we relate to the 

previous work, where we transformed the spin states from the irTr rest 

frame to the c. m. frame using the matrices d'(- I'), which depend on 

	

the same Lorentz transformation. 	 .. 
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From (B-28) and (B-31) we see that we can derive g(  from 

	

, 21 	 2 	21 	2 	a 
a 	 rn 	 (1) 	4k k 

  

s 	d 	
c  [

a

c
] g 	[c] 

C 

1 e , 	

= m(22 	

-32) 

Lt us return now to Eq. (B-23), integrate over W and use the 

last equation: 

	

2  1 iF[2] 
12 	2 	2 

a~ 2= 	-2 [jJz+zj [ 1 C md) 	+ 

(1) 2 	(4a 2) 
	

ii

1 	
2 g 	 C 	y 	, 	

l333 

	

X 	4 1r 	'"'' 
rn 

C 

For 1 = 1, this is identical with Jackson and Pi1kuhn 0  Eq. (10). 

For 1 = 2--apart from the different normalization factor of 3/2--this 
66 

is Eq. (2.4) of Hogaasen et al. 

With this identification, we have attempted to show that, because 

of the nature of the coupling of a spin-i particle to two pseudoscalars--

Eq. (B-29)--the inclusion of the kinematic off-the -mass -shell factor 

lall 
in the partial-wave expansion formulae. is justified. 
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APPENDIX C 

Absorption Calculation in a Linear Momentum Representation 

This unpublished wprk is entirely due to Dr. Robert Huff, and is 

included here with his kind permission. 

On-ines 69  introduces the concept of eigenstates of the S matrix 

a), 	P) 	to be contrasted with the physically observable states 

a), 	b)...: 

a) = uaala) 	(summation conyention), (C-1.a) 

Ia) aa ) (C-1.b) 

where ',u is a unitary matrix; 

S) = e ' 8a 	a)  

where 	6 	is the real eigen-phase-shift. 
CL 

The relationship between F, the absorbed matrix, and B, the 

Born matrix, is given in the eigenstate representation by 

(P,IF a) =e 	 ( 	B(1). (C-3) 

Thus 	(biFla) 	 (PIFIa) (C-4a) 
, 

(C-4b) 

= 	Sbbt (bt Isla) 	Si, (C-40 

a'b 1  

where 	
5 a'a = 	1aa' Uaa elöa = 	(a' 	s1.12 a) , (C-5a) 

and
5 bb' 	Pb u,e 	= 	(bIS'b') Pb (C-5b) 
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Hence we have the matrix relation 

(C-6) 

In the usual angular momentum representation, the physical 

states 	a, b are labeled Ii, J, M, X 1 , X .  and J f, J, M,X, X 4) 

for the initial and final states; J, M refer to the c. m.. angular momen-

turn; X are the helicities of the four particles in the quasi-two-body 

reaction; all the other quantum numbers, including the c. m. energy, 

are contained in the labels i and f: X = X 1 - 2 	= 

With this representation, Eq. (C-6) takes the form 

(fJMX3X4 FLiJM)'X2)= 

7 (fJMX 
34 	fJM 3 x4 )(fJMx 3 jBIiJMxx 

"- I  

n 

X (iJMX' 	JS/2 I iJMXX2 . (C-7) 

However, in a linear momentum representation, the physical 
states are I. of  I X 3 , X4) and i,2, X 1 , X 2), where 2 = direction [O,], 
We note the relationships 

Orthonormality 

5 dE2 	 (X2 	I = 	 ( C-8a) 

XiX a  

= 	 JMX)( JMX 1 X 2  J; 	 (C-8b) 
JMXX2  

Connection between two representations 

(2X1X J JMXXZ' ) = 	 () 	(C-9) 

[see Jacob and Wick 94  Eq. (24)]. 

V 



-1.75- 

P,1,frsr. 1(_\ ,-, 

(f2 X 3 X4  IFIi0Xi xz ) = 

(fX3 X4 	f f X 3 X4 ) 

t 	 I 
X ( f f X 3 ' X4 BIiftXI 

I 

X2 ) (i.X1.X2 Is 

(C-IO) 

We now try to simplify the above equation, •Using Eq, (C-9), we 

have 

(fc2fx3x4 IBti 2i  X X)= 1.Z 

(Q) 	" 

	

(fJMX3X4IBIiJMX) 	
J* 	

() 

	

4Tr °'M}J. 	MX 
JM 

(fJMX3X4 IBIiJMX1.X) 2+I 
	

[] 	
(C 1.1) 

where we have used the unitarity and group properties of the øôIs and 

also the fact that (fJMX 3 X4 1 BJ JMX 1.X 2  is independent of M. 

Let us write the Euler angles for the rotation 

if = 	if'°ifif' : 	 (C-1.2) 

	

1J = e 1 ifd 	[Ojf] eWf 	 (C-1.3) 

But we have, again using relation (C-9) 

(fO. f X 3 X4  IBI jOX1X2 ) = 

• 	 KfJMX 3 X 4  fBI iJMX 1 X 	d 	[Ojf]' 	 (C-1.4) 
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Thus 	( f 	X3X4 JBI iQ i  X 1 
k z =  

eW (fO. f X34  BI iOXX 	 (C15) 

In Appendix D we quote Huff to show 

0. 	Of 	0. 	O 	1[.f] 

•ll 	 1 e1.iif - W] - 	 2 cos  2 	2 sin-2-- e 

if 	
- 	 gif 

COSZ 
(C- 1.6a) 

0. 	
4 
0. 	0 	

1 

	

. 	0 

13•f 	 if + 	] 	sin 	ef - sin _- cos ___ e 	i

If s1n- 
(C-f 6b) 

It will be useful to relate matrix elements which differ by having 

the angles 	and Q. interchanged. To obtain this we start from 

['&] 	[f] 	 (O.k) . 	 (Ci7) 

But 	d 	(Ojf)= 
(-1.)X 	

d 	(O jf) 	 (C-18) ~tX

we then have 

= ( 1.)e 	if .if 
d[O.f] 

[i 	if] 	 (C-19) 

Thus 	KffX34  B i2.X2 ) 

i[X+][if -wif] 

	

e 	 (fc2.X3X4 B I i2f X j X z) 	(C-20) 
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For the special case of Q.,= 0 

(f.fX3X4JBli012) 	(1)XKf0x34lBiifX1Xa). : 	(C-21) 

We apply these relations to BSI/Z,  .sing X = 	, '= X 3 -X 4 . 

• 	= [IJX 	(foXX IBS 	ff X 2 ) 

d 	
(f 0 XX 	Bi XX'2) 

(i 	
1 X s 1/ 2  

= 	 BI1OXX) (iX 	SI1tXz)(i) 

We can now write the full absorbed matrix element of Eq (C-10), 

•O 3 ) 4  Fl iO 	= 

S dcosO. 	(fO.X'3X 	Bli0X')Q(O,Oj), .• 

x ni  

where 

Q [0,0] Yd ~D i  d&2f  [-1] X 	e
il) i 1k ,  

X (f0 3 X 4  s1 /2 	X 3 X 4 ) 	 s 1/ 2 l1 f xl2) 	(CZ4) 

Define 	S . 	 =• I - R 	- 	 i 	 • (C - 25) 

=6x. X ,  5X 2 X ÔX 	 ö[cos0 - coQ.] 

o2x 
- 	

8364X4 

• 	
.+ Q•f 

[0,0.], 	 • 	(C-Z6 
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where 

Qf{OO.1 	d. e 	 (fOX34 RJf.) , 	(C-27a) 

Q[OO.] = 
	

d 1(-1) 	e
.iKi.X RI iO), (C-27b) 

and 	 * 

Q1f[O,O.] = 	çd.d f[I] 	e X' 	'] x 

(fE)X X R I ff X) (i 	RI iQf 
12) 	 (C-27c) 

To simplify further these R matrix elements with Q= [0,9, 01, 

(C-28a) 

we define 	
0='°iO' - iO] 	 (C-28b) 

= f0' °fO' Wf0] 	 (C-28c) 

COSO. 0  = COSO. COSO + sjn9. sinO cos T, (C-29a) 

0 1  • 	0 	0. 	0 
 1 

- 	] 	
cos-2--- cosZ+ sin-2— sin-2- e 1 

TI  io e 	- 	iO 	iO 
 iO 

Cos 

(C -29b) 

0. 	0 	0 

piO 	e 2ii0 + Wi0] = COS 	Sj 	

. 	:: 
sin - 

2 
(C -29c) 

and similarly for 

cosE)fO , 11 f0 . and f0' 

W.e simplify our notation. 
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Fx(o) = ( f0x3x4 IFIi 0 X1z ) ' 	 (C-30) 

Rf (0) (fOX3X4 R l fOX  ) , 	 (C-31a) 

R(0) = iOXX I RI iOX2 , 	 (C-31b) 

and similarly for Bx(0). 

Specifically we consider the two matrix elements in Eq. (C-27c), but 

the discussion .proceeds analogously for (C-27a) and (C-27b). Hence, 

applying Eq. (C-15), we have 

KfQX 3 ) 4  RI ff X3 4)- e 

and byEq. (C-16), 	
= 	

Rf [0f0]. 	 (C-3a) 

By Equation (C-20) we have 

(-1) 	(i1 2  IRI 12f X 2 ) = e 	
if ] 

X (ifXX IR I 
and again by Eq. (C-15) = e'if + 1X jf 	[O jf] 	 (C-32b) 

and again by Eq. (C-16) = R;X{Of]. 	 (C-32c) 

Therefore we have, for Eqs. (C-27) 

Qf[O,01] Sd.  e' 	 0 P 0 	Rf [0 .0]. 	 (C-33a) 

Q.[O,O.] = 	d. eik +Xp1Rj[0.0], 	 (C-33b) 

Qf{0 	= 	d d f e i 	'] 	
.+XPXRf 0f01 RIx[OIf] 

(C-33c) 

I' 
) 
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In Eq. (0-23), as well as the integration over all values of cosO., 	 I 

there is a summation over all intermediate helicities X ; assuming 

that only the nonhelicity flip terms contribute is not a bad approximation, 

since the major contribution to elastic scattering is in the forward 

direction, where any helicity flip terms are already falling off to zero, 

at least in the 	N. state, 

Accordingly, Eq. (0-23) becomes 

I F[O] = B{e] -dcos 0. B[0.] 
 

where 

° (0,0 ) = Qf0  Q 	 (0 1 01) + Q (0, Od -  Q. 1 (O,0.) 

Q[0,0] = 	d& 

QP[0,0 	 T ] 	d. e ' i0 	Rx[o. 

(0-34) 

(C-35) 

(C-'36a) 

(C-36b) 

=df e 	 i.ff 0fO1  Rix[O.f]. 	(C-36c) 

• 	We now make our final simplifications. Under the substitution 

0 	 (t) i 	15 i- 
	• 

i0 1if 
and O

•Q 0if' 

Hence, replacing 	by 	+ cf  in the expression (C-36c) for Q., we 

obtain 

Q[0,0] = 	dcos0fQ[QOf] 	[0f,0i] 	 (0-37)

TJ  Further, since 0 iO 	i - 0. 0 	1 
and 11. 0 	iO 

• under the substitution 

(Eq. 0-29), we may write 	 - 
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Tr 
Q[O, el =db  R0iO1 Re[e1 [x-] 	 11 

 (C-38a) 

Q{O,O] = Z 	d. R1[O.0] Re[ei io 
	(C-38b) 

The question remains,what function do we use for R and R. ? 
fI.L 

Following a suggestion by Huff, we talk about an effective scattering 

amplitude T, which gives rise to an effective elastic cross section which 

may possibly behave like 	the geometric mean of the initial- and final- 

state elastic scattering (fOr some justification of this app.roach, see 

AppendixE:) 
acr 	 2 el 	4ir. 	

IT 2  
; 	 (0-39) 

qq' 

if we assume T is purely imaginary by the optical theorem, we have 

T- 
 iqq 	-Aqq'[i - cosO] 	 (0-40) 

- 	2 
81T 

Knowing the relationship of T to the S matrix and with the definition of 

R in Eq. (0-25), to first order we have 

=2 aT 	
- cosO] 	 (0-41) 

Here q, q' are initial and final c. m, momenta; a 
T' 

 A are two absorption 

parameters, an effective total cross section and an effective elastic 

scattering exponential slope. We may define 

- 	 0• 
T 	

(C-42) 
4TrA 

and 	 = I 	, 	- 	
(0-43) 

2Aqq 

and 	R[O] = C e/2c0L 	 (C-44) 
8iTy 

For consistency we have C 81ry 



-182- 

To find what correspoiids to maximal absorption, we use the 

orthonormality relations (C-8a) and (0-9) to find the absorptjoni
n  the 

s wave. In fact, this is just the average absorption over all angles, 

i.e., R °  = I - 	g2R{0] d 	
(0-45) 

2 
which, from (0-44), is 	I - C[I - e /4 	, 	 (C-46) 

which brings us back to Jacksons condition of C I. We obtain fits with 
I < C < 8Tr, 

because our difinition of R is true only to first ordci, 
Since 

R = 	 - 	T - 	T2  - 	T 	, 	 (C-47) 

and therefore the values of C that we derive compensate for Our 

neglect of higher -order terms. 

For computing the absorbed amplitude from the Born amplitude, 

the term Q {0,Oj was dropped, since it involves a quadruple integral. 

Its effect is second order, tending to reduce the absorption. The steps 
involved in obtaining F )j0j are the following 

I. For a given value of production angle 0 and mass of the 
1TTr 

system, we evaluate BX[0J for a given initial and final helicity state. 
We now vary 0, 'the intermediate scattering angle, u between 

0 and 180 0  and evaluate 	x  [0.]. 
1 

For a given value of 0 and E)i we vary . between 0 and 1800 
and evaluate cos 0 ., Ti , and 	 as well as R{0. 0 ]. 

The results of step 3 give rise to the integral over Di. and yield 
Q. [0,0.] and Qf  [0,0.]. 

We multiply? and Q by B X°•] and evaluate the integral over 
cos 0. The integrand subtracted from' B[o] gives F[0]. 
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• 	 Determination of . 1 , Pf 

We examine the relation 

(jf Of
-

qf f) (2f) 

• 	for J 	112, obtaining 

1. 	1. a- 	--iC. Cr 	—ili. a • 	 2 	ifz 	2 	ify 2 	ifz 

	

• 	 e 	e 	 e 

	

--i1 i a- —i L.a —i. a 	 ---O 	— 	a 2 	z2 	iy2 	iz 	2 	fz 	2 -i 
f  a 	i y2 	fz e 	e 	•e 	e 	e 

-w. I 	 +w. I 2 	if 	if 	 2 	if 	if • 	Defining fl . f  e 	 and 	eif 

1. 
—1 ea 
2 •y 	I 	 I and using e 	=cosC+ i a sinL, 

• 	 0 i 	 0. - 	f 	 - 	. 	if T7i f  COS 	
_13f Sifl ----- 

we have 
0 i 	 0f • 	 f 

• 	
Sifl 	

i 

if 

0. 	 -i. 
1 	

0.
1 

	

• 	 1 	 . 

	

• 	
[cos 	 e 	sin 

C. 
1 [e 	sin --- 	cos --- 

r 	O 	 _ l f 	O f X 	• 	COS 	 -e 	sin 

• 	 f 	Of 	 of 

	

• 	 • 	e 	sin-,--- 	• 	cos--- 	-- . 	• 
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Thus 
O•f • 

	
71. f  COS 	 COS 

- 	Of e . Of COS 	+ Sin - Sin 	e -, 

a 	o. if 	i 
e. I i 	 0. f • 	. 	i 

o 	i. sin 	= cos . sin -a--- e - sin -.-- Cos 1• e 	 * 

These equations give n 	 and,p,, Once we determine if COSO.f. 

• 	But cosO 	cosO. cosO i f 	 f 4-• sinO, 
i 

sin® cos 
f i f 

a 
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APPENDIX E 

Effective Scattering Amplitude 

In 'the angular momentum approach, it is straightforward to use 

an ?Tintermediateu S matrix whose partial-wave components S 
13) 
 are the 

geometric means of the initial- and final - state S matrices, i.e., 

= (S 	sc2, which is exactly what we need in the absorption 

formulas. 	 ' 

There is no corresponding averaging in the linear momentum 

	

elastic 	 elastic 

	

approach. Starting from aa 	/ac2 and a °ix 	/a Q, we cannot 

arrive at some intermediate R(6 that relates to 8 cr/8Q. 

Define (1 X X4 tSI2X3 x4)  

	

= 	2J+I 	DJ*  

J,M 	 M 

with J) = ( 53) 
S) 	(see Eq. C-H). 

But, from the orthonormality relation (C-8a), 

x4IsI Olt X 3 X 4 )('I x 3  X4 S OX 3  X) 

3, M 

However, 

f d O lt  (f, 0 X3 X4!S!f, 

(i, O lt  X X2 II i, 0 X, X2 ) 

	

= 	23+1 2J'+1 	5(J') 
L_. 	4rr 	4Tr 	f 	iX 

J,M,J' 

	

x 	()f 	(2") 	(0 11 ) d'l" 

	

= 	2J+1 SM (3)3 (  
L 	'hr 	f 	j). 05 
33' 

	

12J'+l fd[cosOhhJd 	[OH] dX 
 16 n]] 



If = X, the integral in brackets reduces to 5,, but otherwise the 

linear momentu-n relation analagous to Is )j2 SM ST does not hold, 

i.e., 

jdQ 11  
onlyif 

X 3 _X4 _X 3 X4t. 

We know the initial-state absorption from rp elastic scattering, 

but since the final-state scattering is unknown, nothing is gained if we 

try to parameterize in terms of the final-state absorption parameters. 

It is better to go directly to the intermediate function R(0) and param-

eterize that. 
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