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The Relaxation Energy of Vacancies and Impurities 

In a Molecular Lattice 

James J. Burton and George Jura 

Inorganic Materials Research Division, 
of the Lavrrence Radiation Laboratory, 

and Department of Chemistry, 
University of California, 

Berk~ley, California· 

' ABSTRACT 

The energy of relaxation and relaxation of surrounding-atoms are 

computed for vacancies, lar~e and small impurity,atoms, vacancy impurity 

atom di-defects, and di-vacancies in a.fcc (argon) lattice, assuming 

a Lennard-Jones potential and neglecting all kinetic energy effects~ 

It is found that at normal lattice spacing the energy correction is small 
! 

for all types of defects consider.ed. Under compression, relaxation energy 

increases rapidly. Relaxations are always small. ·rt is found that 

-formation of a vacancy next to an impurity is preferred to formation of 

isolated vacancy. Concentration of di-vacancies is found to be very small 

except at temperatures approaching the melting point. 
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INTRODUCTION 

Although some measurements ha\'e been made from which the energy of'. • 

the-formation of'a vacancy co.n be deduced, it has not been possible to 

deduce the changes that occur in .the, inunediate neighborhood of' the 

vacancy. In order to investigate j.n detail the lattice distortion in- · 

•·-. the immediate ·vicinity of' a vacancy,. resort must still be made to - . ' .. 

- theoretical models. · The classi·cal method has been to. assume a potential 

-· ·function for the molecule under Con.sider~ti·on, and then with .Simplifying 

assumptions, minimize the energy ·of' the system. This technique has not, ·· 

been applied extensively to ionic crystals, it cannot be applied to 

metals, and probably i's of' only qualitative significance when applied 

to molecular solids. Obviously, as long as only the potential energy 

is_ considered, the calculation is strictly valid only at .0°K. -- The 
. : .. 

usual subject for computations of' this· nature 'is argon. The 'monatomil 

nature of' the molecule and the symmetry of' the lattice minimize the . 

-~-~ 
·-:. 

. -~-
·t ;.~. 

work that must be done to obtairi an ans,-Ter. To date, the only problem ;~; 

that has been cons.idered has been the formation of'\, a vacancy in argon 
't . • 

· .. ·.· i 
at th.e normal interatomic distance.· 

-'· examination is ma9-e of' .this problem. 

In this paper ,l a more· refined 
-. I 

In addition calculations are 

ma.de for the substitution of' un impurity atom in the lattice, for the 

formation of' a vacancy next to the impurity atom, for the formation of' 

two adjaceil;t vacancies,·. and 'also for the effect of a change of' interatomic. 

distance ob the energy of' formation of' the vacancy, and for the effect 

of' a chan¢e in the ~otential function. 

' '· 

.·. ,··.' 
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This paper will exa.riline two of the more elementary lattice defe.ct · 

problems, namely perturbation of an infinite face centered cubic molecular 

crystal in the neighborhood pf a vacancy of an impurity atom and the 

stability of di-defects in fcc molecular crystals. In the present 

calculations only the potential energy is considered, and since the 

vibrational contribution to the energy is not considered, the results, 

are reasonably valid only at 0°K. Pxgon is used as the solid and 

consequently the problem is simplified by the symmetry of the lattice 

and.the nonatomic nature of the molecule. Presumably the results '' 

obtained here would apply· qualitatively to other molecular crystals. 

Several calculations ·of the energy of formation of a vacancy have 

been carried out in whi·ch the authors neglected kinetic effects. Girifalco 
. . ' . . 

·and Street~an1 carried out calculations on a bee lattice, considering 

all points in a large box arow1d the defect but neglecting distant 

neighbors. They found the nearest E~nd next-nearest neighbors relaxing 

inwards and a ,large ( 20%) energy correction due to relaxation. Kanz·aki2 

calculated relaxations around a vacancy in A:r (fcc) using a Lennard-.Jones 6-'IO 

potential. . However he assumed the effect of relaxation on the energy 

was second order.in the relaxation and considered o~ly nearest and next

nearest neighbor interactions.. He i'ourid that .the nearest neighbors 

relaxed .towards the vacancy and the next-nearest away- the relaxation 

of the next-nearest neighbors being greater than that of the nearest • 

Ha1i3 also calculated the effect of a vacancy on a fcc lattice and assumed 

a second order relation between relaxation and energy. He found the 
. ' 

nearest and next-next·-nearest neighbors relaxing inwards towards the 

vacancy and the next-nearest ·relaxing outwards. His findings showed 

that the re1~xat1onm f~ll oft rapidly with di$tanee from the defect. 
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Nardelli and Repanai~C~iarotti 4 and Foreman and Lidiard5 have 

carried o'L].t dynamical calculations based on the Einstein model. Nardelli's 

·.·relaxations agree with those found here and his relaxation energy is much : 

larger than that found considering only potential effects. Foreman also ~ 

/ 

det'e:r,mined th~ energy of formation of a vacan.cy from heat capacity data 

for solid argon and found that the predicted relaxation· energy was not 

large enough to account for the smallness of the energy of formation 

of a vacancy, 'iThich was 25% lower than expected. 

Alder, Vaisnys, and Jura6 ·have calculated the relaxation of the 

surface of a semi-infinite fcc ·molecular lattice and have found·that 

the spacing between layer~.is greatest .at the surface, falling off · 

steadily to the equilibrium distance as one goes deeper into the lattict 

I 

. i 

., 

Stripp, and Kirkwood7 ha~e calculated the interaction of separate~ . 

vacancies and have found that they attract ,.,ith a· force whose potent~~± 

varies as l}r6 where .r is the separation of the defects~ c·~ 
:'·-. 8 . 

Johnson has carried out static calculations on the stability of ~. 
\f: 

di-vacancies in metals and have found them to be ,~table in certain 
~ 

configurations. 

Our calculations. of the relaxations around a iVacancy;. in a fcc 

lattice show that 'the nearest and next-next-nearest neighbors move. 

towards the defect, and that the next-nearest move away. This is in 
. . 3 4 5 

accord with.the latest calculations. ' ' The correction in the energy 

of formation of the defect ·due to ;relaxation is small at zero pressure. 

In the ·ptesent calculations the treatment is more general than in the . t . 
·earlier static results in that .the calculations are not restricted.by 

I . 

the assumption that onlY second order terms in the relaxation are , .. 

.... 

,· 

'·· 
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significant and that distant neighbors may be neglected. Since the same, 

or essentially the same, treatment can be used when foreign atoms are 

present or for a compressed lattice, results are also presented for 

.these. calculations. We have also calculated the energy of formation 

of a vacancy next to another vacancy and next to a neon or krypton impurity. 

In all cases the energy required to produce the vacancy is lower than 

that in the perfect lattice •. Relaxations around the di-defects and 

energy corrections were small as in the case isolated defects. 

CALCULATIONS 

The model adopted for the infinite crystal is: (1) all quantum 

effects may be neglected,which limits the results to ·heavy atoms 

beca;use of the·neglect o;f the zero point energy; (2) only the potenti~J. 

energy-need be considered, thereby limiting the treatment to 0°K; 

(3) the total potential is pairwise additive; and (4) the atoms intera4i 

with Lennard-Janes potential of the f'orm 

V(r) ,m 
r· 

a. 
b 
r 

where r is the dista~ce between the atoms. Calculations were carried 

out both for m = 12 and m = 7, the latter value was used for an isolated 

vacancy sinc.e recent work by Alder and Van Thiel9 indicates that argon 

has a 6-7 p6tential at high pressure. It was also assumed that the 
i 

concentrat:i;ion of defects is so small that their interactions may be 
_, 

neglected.: 
I 

Of all of the assumptions made in the calculations, the one most open( 

to question is that concerning pair-wise additivity. For· the perfect 

.. 
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-lattice, this assumption -will not be ·in error by more :thana few percent 

at the most. However, in· the tre:3.tment .of ·the problems considered here, 
. - ' . ' ' . . .... .·: ·. 

·. 'w ·, ' 
the error may be large. Sparney has estimated that· an error of as much . 

. . . . ' . 

as 10-30% might be made when the van der Waals forces are .considered to 

be pair-wise additive. Jansen11 has shown that consideration of three · 

<body forces can explain the stability of the fa(!e center~d structure 
. ·~-· 

,· 
•,' 

.... ·· 

with respect to the hexagonal close packed system. 
'i :· 

The·latter, does n~t '•' ( 

I", ' 

f. 

reallY show the necessity for the use of· three body sUms. since the eriet~ .. 
::· 

difference between the two structures ·is very small, only a few tenths i·,, 
' . ' 12 . ' . ' .' ,·. ., .·. •'' ' ' . ~f 

of a percent. Rossi and Danon have indicated that inclusion of three~ . 
.-!{ _:~ 

body forces introduce a large error in the predicted energy of-vaporiz~l.J ~-.' ·. 
'· 

·· ·tion. 
.*;.~-;-~:-. ·. 

They attribute this er:r·or to. either neglected f.our body· forces'' _.·.~ ·. · 
• ;:·';\ ;": .• j 

<·;>--;;):::..- . 
: ~ ,-· .'·~; or a poor potential functiorf. 

~- . . . \ .. · .. .. :r .. 

On the basis of these assumptions. ;the potential energy of the. 

lattice can be· wri.tten, · 
. ;' i 

for m · - 121 

. ' 
.. " ~ ' 

·- .. · 

... '"• V(rij) 

aA6 .· 
-g) 

· ... 

' where 
. ' 

'• . 
•'; 

.;,, .... 

'' 

. ~' ~. 

; . 
.. . • .. 

'; 

. l: 
x,y,z 

.,. 

.. ~ . 'ro. 
'· 

. 1 ·. ;· 
···(· x2+ ·y2_ · · 2) · !l 2 · . + z ' .• · . 

x+y+z· = even 

.. -, 
.... 

., : 
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where ET is twice the energy of vaporization, a. and f3 are the parameters 

· in the potential function, r is the interatomic distance and N is the 
0. 

nu.Tllber of atoms in ·the lattice. Followlng the earlier vrork of Alder 

6 et al., the edge of the unit cell is made 2, which places the restriction 

that the sum of the coordinates must be even, and the nearest neighbor 

distance is made unity. Under these circumstances the following values 

are found for the parameters of the argon lattice: 

. ~- . . 
· .. • 

a. 

A. 
6 

= 1.0000000 

= 0-59599996 

= 14.45392103 

Al2 = 12.13188ol8 

t·J: 
The, last two· were calculated by the method of Lennard-Jones and Inghaffi; .' 

and is in agreement with their earlier calculations. 

ISOLATED METHOD DEFECTS 

With the above assumptions the energy required to evaporate a single 
~. ' -

. atom from the lattice is 

ED = . f3Al2 - cx.A6 

= 7.22696051 Energy units 

2Ey 
i = 

where ·By is the mean energy of vaporization per atom of the lattice. 
. , . ., . 

· If the lattice is allowed to relax around the .def~ct, .the energy 

of formation of the defect;· ·ED' is obtained by considering ail potential 



l 

·. .. ~· 

-~-

.·''• 

,,···. ,', -8-
. !'•', 

'.· 

:pairs-inVolving relaxing atoms 

··E
·D 

.. ·,,,,, .. 

where AE is the change in the :potential from the _relaxed _to the relaxed, 

' ' ·state. 

· ... -

'" 

·.' 

· ... 
'· .. 

. . ·. '· ~ .. ' . ' 

The vacancy·is assumed to be at. (o;o,o}. Assuming thaf only the 

. ·. near·est ne:tghbors to thedefect relax' and that they relax radially 

~. ,.,. ' 

'.•.;. ,: . 

.. , :· 
':··:·. 

and symmetrically, (l,l,O) - (l-5,1~5,0}, the. energy of _a single nearest 
.. . . ~ 

··neighbor, 'with relaxation 5, is .... ,-

E (5) = 2 2 z 2 v(l-5-~, 1..;5-y,z) 
.X . + y · + Z . · = 2ri . ' . 

. ~ . ~ .. 
' ~ .. 

\ 
~ .. 

. -~. . .. 
·, . 

;··. _:. i·.·. 

·:f .. 

·.'. 
. ·. ~ ,. . ~- :·: 

~- ·• 
·, .7' 

·~·· . 

<.'.' 

\il•· 

. ! .. 
' ·I 

... , 1.· ~ ··"'!~. . 

·.· .-

'i 
\ 

.1. + .v(~-25, ~-25~0) + ,2V(2-28,o,o) + 4V(i-5;o) ..... 

·+ ·4v (2-25, l-8,'-1:..8} 
,:·· 

., . 

To simplify tti~ calculations, the infinite ·sum is expanded as fo.llo~s-:\f 

.... 
... ·,. 

i ·. 
. ! ~ .- .,_ .. 

.\ 

·-.. 

.· '." 

2 2 z 2 
. x + y · + z . = 2n 

-n > l 
... 

,_· ·_, 

V(,i-8-x, · 1-5-y, z) ··.·. 
! ·.·:;-

\. 

' 
= 2 '·. 2 £. 2 

, X + y + Z. = 2n 
V(l-8-x, i-5-y, z)~ 

-·= 

·n.> 16 

' 

: ~ · . 

.' -~- \ 

: :.':Y(~-8-x, l-8~y, z}· 
- 2n 

. · .. · 
.. ; -· .· 

Ell(8) + E12(5) 

.. 

·, 
'' l·. 

... :..·, 

'·' 
. -· ~--: 

·-.::._ 

:· .·-;: 

j:':-

. '•. 
,:...i 

·.'. Cj 
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Ell (o) is evaluated by dir.ect summation while E12(?) is obtained from 

a :power serie_s. 

r 
\ 
t 

\ 

E12(o) = ~ .o8233486 

- ··0318o536(Cox) 2 + (oy) 2 .+ (oz) 2} 

.00568384((ox) 4 + (oy) 4 + (oz) 4) 

.00057929((ox)6 
+ (oy) 6 "" (oz) 6) 

.000071;5 ((ox) 8 + ( oy) 8 + ( oz).8) 

.0071239~((ox) 2 (oy) 2 + (ox) 2(oz) 2 + (~y) 2(oz) 2 } 

.oi56962 c(·ox) 4(oy) 2 + (oy) 4(oz) 2 

· · + (ox) 4(oz) 2+ (oz) 4(ox) 2 , 

+ (oy) 4(oz) 2 + (oz) 4(oy) 2) 

+ .002707((ox) 4(oy) 4 + (ox) 4(oz) 4 

+ (oy)4(oz) 4} 

.ooo2403((ox) 6(oy) 2 + (oy) 6(ox) 2_ 
6 2 - 6 2 

+ (ox) (oz)_ + (oz) ~_ox) 

+ (oy) 6(oz) 2 
t (oz) 6(oy)2l 

+ ~00285632((ox) 2(oy) 2(oz) 2 } 

.oo26o8((ox) 4(oy) 2(oz) 2 + 

(ox) 2(oy) 4(z) 2 + 

(ox) 2(oy) 2(oz) 4) · 

The' :power. series expansion is used rather than an integrS:l as integration . 

will not yield as accurate,an answer when _the lower limit is this small. 
. ' . . ' . 
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. . ' ~. 

' . ..,;· :.· ... :· . ' 
·- ' .. · 

,• · .. :; .: ' ~ '. 

'·"· ., '1: ,: ,: . . ,· 

.·The pow~r series ex~ansion ··given is fox' a point at (o,·o,o) going to· 

It is not feasible to expand. '' ' .. ,· .... 
. .. 

... ' ~ . 

. E1(o) .;, Ell (5)_~ E:L~(5) 
I • ·• 

,·;·- ...... ' •' 

'·: --. 

,. . . . : ~ ... 

'·." 

. ;··.

:. ~?·· i 

, ; ,P 
.:...·· ~---· 

' 
in. a pow.~r __ series ov~r all points because o~ the s1owhess :with which 

} ~ . ' 

such _a .. s~ries .conve:r_-ges. · ' · ·· · 
.. 

• ; • ••• > ·' -:·-~ • 

' ........ 

.. •. Summing; over the· twe1v·e nearest neighbors_, the' expression .. for. the/ , .. 
':'!· ,. 

_ energy is· ... ~ 
~· ~ : -.: .. 

' .. - .-.-.{ -_ 

' 

. ,· 

"·,·- ... ' 

- . ! . . . ·• .. 

E(5) - 6(V, (2•25, 2•25,o); + 2v_ (2-25,g,o) ·· 
>' 

. :f + _4v (1-5,'1~5,0).·+ 4V (2;..25,1-5,1-5)}·•• 

+ ~2Ell (~) + -12~12( 5 )". .. . . . . . . 

I ., 
: i .··,- ·. . 
Not~. that to •·obt13,in the .total_ energy co~tributio~ of _the 

....... 

'1. ' >,_, ... :.: ·;. · .. ··:,. .. 

.. -~ . 

·,.·. 

.... :·-

,·.: '. 

.,-:··. 
_ ... ,' 

. r.-

- .. ~. 
. ' ~- : 

. ~- ' 
i 

.. - .·. 
··- . 

.· ... ~ .. 

neighbors, the. interactions of the 'nearest n~ighbors with each 
. . . ' . . .! . .. .·' 

mu~t pe_ mUlt.iplied by si,x, not twelve, .. s.o-that _each.pair is c::o"unted 

once•.· 
'· 

' 'J .. 

With this-we may write· 
' ., . ~ 

• i 

·, ·it;.' \. 

;:. 

where E. is expanded as abo.ve •. 
·,··,_' 

·.·'!"; .. ··; ,._.'• 
·,_ .. · 

· · , ~ Silnilq.r' and obviously· ~ore complex_ exPressions. ar~ .writte;n i:f more. 
.-. . . f • ; •, •• • 

. . .. 'i ~ . . . . . .· ' . 

atoms are ~e'rmitted to. r~lax._ . . . .;. ' .. ·'' ; . _·, 
'. ~ .-

C•. ., 
. r .· . . -. :· -_·_. .. _. .. _. .. .,_- _... . . . . 
To m(lniinize the energy~ ·.only ~ need be considered since this _is .-· · 

. .. . .-.. · /· .: '. -' ·. _. ' . . . . . _.:· . . ' ' ·.... . .·:·-· . . , : . 

c.-·· ·the, only/term 'in which the ~e1rucation; app-~ar~- .. 

'· .. 

.-~ . 

, . . _ . - · · · ·· .. -~\r 

Mih~miz~tion o:r £).]: was per_formed in9:a .step ·'lol'ise ~a-11:~er~ ·.··First the · 
''i .· .-1 

.solution :for the relaxation of the near~st neighbors Jas obtained~ 
. _}: ."· 

..... 
. . 

', ';·· 

~- .. 

, ... 

".·t: 

·'"':\~ . . 

\:. 

"' ~- . ..._. 

. ,, ... 

i'' 
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This was then the basis for the first approximation when the nearest . 

and next-nearest neighbors were considered. The solution of this was 

then used as a starting point f~r the most complete calculations 

performed. Calculations were made on an IBM 7094 and an SDS 910. 

The minimum for·6E for each mole of relaxation examined was found 

by a half interval technique. Because of the machine time 'and labor· 

required to carry the.calculations to neighbors more distant from the 

defect and the qualitative significance of the results, computations 
.. 

were made only for the first three layers around the vacancy. 

Calculations for an impurity atom are essentially the same as for 

a vacancy; this was done for a large and a small impurity atom. In 

11r this the constants used for argon 

r 
0 

= 1 unit =. 3. 79 A · 

2Ev = 7.22696 units =.2828. lo-16 ergs ·~~J~I:l' 
. . .,. 

weremodified as follows: .Ar-KR and Ar-Ne pair potentialswere related 

6 14 -14 ' 15 : to'the -12 potentials of Ar, Ne, and Kr 1n ~he following way. 
' { 

If rA-A represents the gas eg,uilibrium distance and UA-A.the depth of 

the well in the gas 

·rA-A + rB-B 
rA-B = . 2 

I' .. 

'·,, -

,· . 
·'' ·.' 

.. ·,; 

._._,. 
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7" .-: 

~··. 

.. :·,, 

... ~ . ·•· .· ',c·_ 

'· ... 
. . · ... , . . . .. . ~ 

.. '.: '·.·· .. ~ .. 

~ ' •12 ... 
: ' ~ ·, '• .. ·,. 

·'I· ·_:, '' .. '.~ . . .. ;-··._ ..... . .. · .... ·;-. · .. ~- .: 
. .. ~-· J . . '•-. ·.· 

. , . .' 
~ .. . .. .·:RESULTS· 

·'·· .. ,'• 
. ;.::. .·.· . . ,· ·. ~ ,, . 

'. ' . •. '. •' .. ···· 

.. Calculations fbr the relaxation of the'.near~st nei~bors w.~~ ,·. · 
·' ,:•' 

-'.initially carried out· ass~ing. th~t.the relaxation would preserve· the 
- '' .- ~ ', :, :; . .: -

~; xz' and yz :planes as~ :planes. of' synnne~ry. ; This involves six ' 
. ' . ' -. ..,.t.. . ' . . . 

i.nde:pe~dent variables and it was found, with this conditio!l~'that:ED,· 
•. ·• ·~ . . . . • ' • ·-~. r . 

·· ! ··is ·minimized by. a relaxation.,;,hich pres~~~s· the·. full .(r6tational)•.· . 

symmetry about the defect. ·calculations for.com:pletely independent 

' ·.relaxation of the twelve nea'rest neighbors, a thirty-six variable 

. :problem, were not :performed •. .. · ... ·,·· 

. ::' For the next- and next-next-nearest neighbors . it. was assumed· that . 
·,. •• r •.,. 

the relaxations would also have the high symmetry established ~or th~·):; . 
:_ ... 

nearest neighbors. 
' . 

i 'I'hose relaxations .nrl.nimizing b.E, and b.E are given in Tables 
;_;. ' 

· · Relaxations are e2q>ressed in~ terms. of t~e coor<iinates.· · The lattice 

· .. -~ 

... ' 

-~- . 

:point with coordinates (x;y,z) relative to the defect at (o,o,o)was .. 

······relaxed to the new positioif (x-5x,: y-oy,: z.;;oz) .and ox, XYI an~ oz are 
' . . •' ' . : . . ·- . .. . .. · .... 

I. 

tabuiated.beneath x,· y, and· z. 6E' is given for e~ch reiaxation in the 

.. . ; units defined above•. · 

" 

In. each case the energy of formation of the defect in the unre-: 

laxed lattice, E~'- is given! E~ is the diff~rence in -energy between 

< • the :perfecti _e.rgon lattice and the defective (unrelaxed) lattice. For 
i 

·' ; .·a ~ im:pur5..ty energy is released on su,bstitution of the impurity atom· 
~ ' ' . .• : . . . 

· .. ·· ;( f~r the~ J .. at~m,. arid the · e.ffect . ~f th~· ~elaxation is ;to· i~crease · the · 

\ : ... ~ 
(.-.: 

' . . 
'-; :. ' .. .... 
... ··.·i··· 

· ... ~-

:: ,':'4 :· 

. '._ :· 
. ,.· :· 

. ·. -:···· 

:;. 
. .... ·&.' 

.... ""'_·. 

.,_,\_ ... · '·. 
. , I "''· .. >·. "_·. .II,' .. 

amount of .energy released. · Crea.tion· of. a vacancy, or substitution of· .. · ~ . . . .. ... ~ . 
. · .. - ... 

:. ' 

a Ne. for an Ar at.om requires energy and the. relaxation! decreases the 
\ .. . \. 

; ,>. 

amotint required.. . .. ·.· . ... -, . ' .. ~ 

,· ... 

. ' '••' . 
\: . .. 

.·: ' 
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At first, the relaxations appear to be intuitively incorrect. 

However, an examination of the geometry of the lattice shows that 

·for each relaxation, the ·motion of the atoms always increases the 

overlap with some atoms and decreases the overlap with others. The 

im.,rard relaxation of the nearest neighbors is obvious, and the small 

magnitude of the relaxation can .be accounted· for on the basis of the 

fact that some of the nearest neighbors of the vacancy. are also 

nearest neighbors of the relaxing atom. Fo~ example, the atom at 

(1,1,0) has as its nearest neighbors atoms at (1,0,1), (1,0, -1), (0,1,1), 

and (0,1,-1). The inward ~otion of these atoms increases the overlap 

between the atom (1,1,0) and the four mentioned atoms relaxing inwards 

that are its nearest neighbors as well as the nearest neighbors of the 

vacancy. At the same time the overlap with the vacancy disappears, and. 

the overlap with the remaining seven nearest neighbors is decreased. 

Thus the total relaxation and its direction;. a·r.e· the result of both 

increasing and decreasing overla:ps~ 

Again for second nearest neighbors any movem~nt in the lattice 
1 

increases overlap, serving to keep the relaxation small. However, here 

the interaction between two of the relaxing (next-nearest neighbor) 

atoms is small and the most important term is the .absence of the 

attraction ~f the center atom, thus leading to a relaxation outward •. 

~e behavior of the third nearest neighbors cannot be accounted for in 

· this way. . The largest term seen; by a third nearest neighbor is not the 

absence of the attraction of the central atom, which is already a very 
i 

small term. Rather the important terms are due to the motion of its own 

' .i 

..-. 



. , .. \ 

:: .·. 
. ··;. 

·;.-

';_· . .;":· 
.~. . .: 

... ~. ,,. ·· .. : 

~1.4~ ':. ·. ·_;. ··. 

·· ... ·:· 
.·.:· ... :. .•. -:.\ :f· 

··;;. .: .· 

nearest neighbors . (two. qf. which are neares~ neighbors to th~ defect 
."/• ·,.; ., 

· .. · 

'. ..,., .. _ and one a next~nearest.neighbor).· It is into the potential hole 

created by the movement of 'these nearest neighbors. that the third · · · / -~ .! .• ~ • ;' ... 

nearest atom moves.· ·A~ pressure. on the· lattice is increased (interatolnic· \.o, · ·· ·'' 
· .. · . . . •.·.' 

distanceis decreased), nearest n~ighbors of the vacancy. are· farther 
..;.' ·' 

up· on the repulsive side of the ce1;tral· atom and so can relax further·: · 
. . . . 

into the hole; . Next nearest neighbors ru::e less strongly attract.ed 

to the central atom and so move less away from ~the central a toni.. At·•·· . 

. · . ) .· ~ . 
sufficiently high pressure they would actually< move toward the defect.:,· . 

. The increased movement of the first two layers toward the vacancy leavei 
. . . 

the third·nearest neighbors. a larger hole in which to.x:elax;· and. so 

their mot:lon· toward the ceilter increases with pressure. That the.· 

relaxation of the third nearest neighbors contributes more to DE th. 

the second nearest is.understandable as there are twenty-four 
.. . 

nearest neighbors ·and only six next~nearest neighbors.· 

Expectedly, the relaxations of the atoms around a krypton (large) 
·.,;·; .. ,.:'-·. ';i 

.......... 
_.· ... 

. . 
impurity are of the opposite sign from those aro'4d a vacancy, arid a ... ::·. · .. · .. : 

.. ~ 

. neon (small) imptirity affects ·the latti.ce qualitatively like a vacancy,· .. 
. :· . 

. ' 
,except that the attraction oft):l,e neon increases the relaxations • 

. For relaxations around an. internal defeet·.6E is foUnd to coverge 
. . 

less ra:Pid4Y than.for surface ~elaxations. 6 . Also the numerical.values 

of the re~ations for internal effects• are of less significance than ', .,, -...~-. 

~ . . . . ' . . ' . : . ' 

those for/surfaces, as these calcul~tions are. highly: dependent on the 
.f . 

·· . .... ,.· 

-~~~~-~f- ......... · .. ~ 
r~~J-. . '~ .. 

. . 'i·,~~~J. '_; t... -· 

established •. ~-· > 

... 
repulsive: potential, which is not accurate, while the. iatter depend 

I . . . .' I 

i 6 ' . 
mostly on the 1/r -att:ractive ~otential; whose form ii

1 
-w-ell 

.·.-.) 

•\ . 

.... 

. ,. 

'. 
.. ' 

.·· 
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Correcting the energy of formation of a defect by the amounts 

determined for three layers of relaxation, we find the following: · 

Vacancy: 

.. 
\ 

' \ .·· 

... 

. '( 

/. 

r/ro = .1.00 

6 - 12 Potential 

ED =· 7.226961 = 2Ev-

. ED = 7 .18o46 3 = 1987Ev 

b-E 3 E = -6.4 X 10-
.D 

6 - 7 Potential 

ED = 7-226961. = 2Ev .· 
ED = 7•0}2137· ~ 1.958Ev 

, ~ -2.18 X, 10-2 
ED = 

r/ro = .90 

6. -· 12 · Potential 

ED =' 1. 609058 

ED = .233165 

. 6 ~ 7 Potential 

ED = 4-532935 

·· ·. E = .3.444041 .· . D 

6E 6 . -1 . E = -3·1 X lO 
D 

i, 

. :. 

. I. 

-: 
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.. ~ .. 

·-~ . 

•. ~ . 

. •'. 

·. '. 

... :·> 

',l• ,. 

' . 

:·: •' 

-.-

Krypton Impurity 
·-. .;:.,. 

. . 

_ ]:]; = -1.43141'7 

·,· ,• 

. . 
'..6-E · - . -- -2 
- - 7 ol· X 10 · -,E 

- D 

Neon_ Impurity 
··.,._ 

. ,,. . 
·,y· . .. 

. . r·= 

.. •. ·,- i 

. ·:.' . ~ , .. •' 

·· ........ · 
' '· -~ 

'· ~· ' 

...... 
'·· · ... .. : ~--. ', 

-..... (:. 

·.· <;. .-:>.-::·{_ .... 

. . ,: 

·.·. 

· ... 

),·· ., ·.: -~' ,:;:. 

"'· 

·-' 

: .· . ' 

. r . 

':! •• ~ ••• 

'·.··, 

.-t·· 

I L ..... ,··.·:···· '· 
··'!\ . ;_ 

· .... ·: .. ·• .· ~' . . \ ,_ 
'::. 

--•·I3y va.ry:i,.ng th~ __ interatomic. distance used iri the 'caicuiations·:it

is p~ssible to consider for~tion of vacancies under high press~: o~. 
at a hypothetical· disterided lattice. This. was done f.e>r . interatomic 

i '> . 
- . . ' 

distances ranging from l.06to' .84 times the normai distance; the 

results of these calculations are shown in Tables III and D!. 

As expected the relaxations- inward:_ increased ·with decreasing 

separation. For. a 6-12 potent-ial the sign of the fir-st relaxation 

' changes at about 1.03 the normal dista.'nce so that nearest neighbors· 
i -
r _,. 

. relax away .i.f'rom the' vacancy. 
-· ~ . The volume• at-this distance corresponds 

;. 

roughly to;' the .volunie in liquid argon. 'whether this corres:p~ndence is 
l ·-1 .. 

. ' 
coincidental or of some sign:i,ficance has not· been studi'ed as the · · 

. , 
behavior of the lattice under high pressure was of grea~er· interest to 

us. 

.. -
· •. _, .. ·.!' .: . 

.. ~ . 

. ~ ·. ..... : ~-~ . 

. -~ .. _ 

. .s ....... .. ~- .. 

. •"': 
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At sufficiently small separations, even before'the energy of 

vaporization becomes positive, the potential energy of form~tion of a 

vacancy becomes negative. There are two processes which may be· exa.mined 

in the formation of.a·vacancy: a constant volume process, in which case 

M is the important thermodync:.mic fpncttem, and a constant pressure 

process for which /iF is of interest. 

For constant pressure creation of a vacancy we consider an interior 

atom removed to the surface. of' the crystal (and neglect surfac'e relaxa-. 

tions). Then 

/iF = -.6E + P6V - ~ 

where 6E now.refers to the energy of formation of a vacancy.with 

tions; T = o, and P is obtained from the potential from 

1 
Cav) 
dr T 

. noting that Ei) is twice the average energy of vapo;rization. ·For r = ·• 9 · 

we obtained .· 

6 - 12 Pot 

/iF . = 23.408 

6 - 7 Pot 

~F = 11.73 

! 

. The .constant volLume process, for the formation of': one vacancy per 

. n atomsJ may be regarded in the following way: Starting with n atoms " 

with. separation r, we go tci n atqms and: a vacancy in a lattice with 

- . ., . 

. ,_. 

\·. 



~- .. 

, ... _ 

~·- : 

.. ... ,.. . .[ 

-~ . 

-~-: 

' '•t 

~~~: ~: 

j.· 

- _., . 

.~}~::f·;·_.: 

). 

'-i 

·interatomic dist~nc~·r ;, = · ( ·+nl) l/3·'~ •. 
... ,. 

. . . n l"pr this proces's we ma/ readily 
' .. ~ ·~. ( 

·.compute. M and obtain the .followiiJ,g values for the formation of one · 

yacancy per n ato;ms, . with r ::: • 9: • 

6··~·12 .·.Pot· 

··:· ... 

. . . . ~- . 

.. ~· 

• 

n 

1,000' 

1o;ooo 
:r, ' ~ .· . 

n 

100 

1,000 

10,000_ 

·· .. ;·_ 

· .... ··_. ·' 

·. 6 

., 
... 

. 
'• 

' .. ' ~ 

' ' 

'' . ~ '' ' 

' .... · 
'. . 

7, ·Pot· 

·-;. 

.. 
' 

i. 

' 

... 

. ' . . 

; 

·. '-; 

~ ·:. 

23~447 

23.415 

'. ~. 

.:··· •, 

.M --~ 

11-742; 

· .. _.:;.· 

.' ': 

. ·-.-~~ .. ,. ' 

·,·:. 

.:I 

,·,"'""·' 

··.;' . 

.,_ :. ·' ... _, ..... 

·j>,. 

:-··. 

'Comparing tl'le values of iF' and ·6A.: found with th.e' av~rage _;nergy : 
. ~- ~ . . . . . . ·.• . -~ . . . . . . . ._ 

:no.t too high temperature the :iattice ·w~~ld disorder, whatever the~ 
·' .i 

. This is .in agreem~nt.with the shock actual form of the potential is. 

· worl(of Alder ·et aL9 who fo~1d 
. 

afirst order transition in solid 

Argon lying on the extension'of the nor~l melting·curve; 

·· .. ·,· 

.! 
.... ·. 

: ~· 

'. 

.. I' ~ >,,,·)" •. - -~
·,.·! 

· .. :·_..!, 

.···· .. •. 

-~ ' ' 

. :I '.: ... 
... , ·' · .. --~-· 

t. 
~--.. 

. 
. ' 

'• ·. 

. ·; 
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DI-DEFECTS 

:Method 

In this section we assume (1) that there are two neighboring 
. . . . 

vacancies located at (o,o,o) nnd (1,1,0), (2) that only nearest 

neighbors to the di-defect r~lax and (3) that the relaxations retain 

the synunetry of the lattice. On this basis .it becomes po.ssible to · 

write an expression for the relaxation energy similar to that of an 

isolated vacancy. This expression can be readily modified to calculate 

relaxation energies for a vacancy next to an impurity atom or, as with 

the isolated vacancy, for vacancy formation in a compressed lattice. 

Next to such a di-defect there are eighteen nearest neighbors 

plus the impurity_ atom in that case. The problem becomes one of 
1 

minimizing an energy function in sixteen variables. This was done 

on an IBl-1 7094 using the same technique employed with the isolated ·1 

defect. Fortunate~, it '"as found that the modified half interval 

technique used did lead to a convergent solution. 

Results 

The di-defect results are given in Table 9· The energy required 

to produce ~ given defect in a perfect lattice without relaxation is 
J 

E~, the rel~ation· energy is .6.E, and the energy required to produce 

the defect· is ED. Obviously 

. . . 

ED-· Eo+ .bE D . 
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. The·· energy required to fntroduce a vacancy next to the other ·part of the.· ··· , . · .... " 
:·. .. 

defect {vacancy or impurity) in a relaxed lattice, Fy, is the .quantity of 

. real interest in th'ese ·calculations. This value is also given in 

· ~·Table 9· The energy scale used in this table is that defined in the 

isolated defect calculations and used throughout this paper. 

. ,• 

...... · · . 

. The relaxations. themselve·s are presented in Table 10. 
. .. '_: ·-~: .. 

A discussio~ · '': ... 
" . 

of the relaxation calculations is contained in Appendix I. In all cases . 
:.::·. 

the relaxations themselves are. small, being of the same order of. magnitude ··; .. · 

as ·for isolated defects. It was .found that a krypton atom ·relaxed 1·5% 
-~ .- . 

into the vacancy and a neon atom relaxes 3.6%. These relaxations are 
) . 

, . 
. ·L·. 

·small as for the p:ure material, the impurity atom rapidly increases its 
•. ··:' . . ' 

·. ove~l~p· With its <?th·er· ne8.r~st neighbOrs. Relaxations into the di-vacancy ·· 
·;··r.-~>;. : 

.· .··, oeh~ved., like th~se into .the isolated vacancy. All nearest neighbors' 

·. rela:xed inwards tow-ards the vacancy-vacancy and the neon-.vacancy defects. 

In the case of a krypton-vacancy defect; the neighboring atoms moved 

towards the vacancy and. away from the krypton impurity as expected 

from the isolated defect calculations.· 

Comparison. of Fy in Table 9 with the energy required·to pr()duce·. 

an isolated vacancy indicates that• the energ:Y· of formation of. a vacancy .. · 

next to an9ther defect is lovrer the.n that fol' an. isolated vacancy. Free 

energies :for formation of vacancies are correspondingly lower. This 

. is in agreement with the ·attraction of vacancies.predicted byStripp 

7 et al.. 

., 

.. •. 

I • 

-·~···. '. 

., 

. .,_ .. 

.. ~·. 

.. ' ~ : 

. . . ' -~ . . · . 



•, 

,. 

' j 

. ,;: 

-21-

It is possible from these results to estimate .. the relative concentra:.. 

. tions of various defects. Follovring Kr·oger and Vink,
16 

we write. the 

concentration of a given defect [D] as 

[D] = 

where SD .is the.entropy of formation of the defect and ED is the total· 

energy required to prod~ce the defect. ·sD may b·e calculated from 

elementary statistics. ED may be separated into a kinetic energy.term, 

K:o,· and a potential energy_ term, ED. This latter term has been obtained 

in this paper for various modes of vacancy formation. If we assume 

that, in the formation of a vacancy, K:o is independent of the location · 

of the vacancy, we obtain 

' [Dl] 
SD /k .-ED /kT 

:. 1 . 1 
e e =· 

[D2] SD /1-:. -ED /kT 
2 . 2 . 

E' e . '\t~ 
cn.1J for the relative. concentratj.ons of' two types· of (vacancy) defects. 

. [D2] 

is plot.ted itl Fig. l.and.2 for various t~es of vaca~.cies, where [D2 ] is 

always the concentration of isolated vacancies as in a pure argon lattice• 

[D2 ] has been estimated by Foreman and Lidiard5 to be .1% near the 

melting point of argon. From a knowledge of. the concentration of 

isolated vacancies in pure argon, we can obtain the concentration of 

various tyPes of di-defects. 

From, Fig. ·1 we see that the formation of a v~cancy next to a. . 
\ 

krypton atom is strongly preferred at low temperature,s and less so at 
'I . 
\ .... 

higher temperatures.· Concentration of vacancies next) to neon impuritiesi/' . 
I . . . 
i 

behaves similarly. Concentration of di-vacancies is insignificant in 

. i 
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. ...... 

·. -, ··. . . 
comparison with the concentration .of vacan.cies except ·at high temperatures 

. : . . . 
- .. ,-

_,., 
. (> 8o°K) where we approach th~~ melting point of argon;· this is. shovm .. 

'· •;. ·.·. 
.. ~-~ 

in Fig. 2. 
. . .,:. 

· ~he preference for formation of a v:acancy next to an impurity ·causes ··· ., .·' ,, 
, ·.:.,. 

. . ---

a decrease in th~ average energy of fo~ation of a vacancy in impure .· 
.. -- ,' 

. . 

argon, partfculEl.rlY at low temperatures; average energy· of vacancy · 

formation is plotted in Fig. 3 as a function of kryp:ton concentration 

at various temperatures. The values shown here for high impurity. · · ....... 
. '.,. 

concentration are almost certainly not valid since the impurities will. '· 
·.,-' .. '' 

' .' ·.·.· -.-_ ... ->-.: · ... ,.··. 
interact, and this interaction has .. not been included in the calculation~.' · · · 

··~ ~- .. · ·. < "· .. 
. . . .. 

·similar curves are obtained for neon. 
. . ,., ,: 

·: Throughout these .ca.J_culations we have considered the process· in .. '" · · · · .. 
< • • • • • \ ' ' •• -·~1::17' :.·: ~---:~ < j: 

whiCh a>\ argon atom is moved . from the interior of the lattice to . .• ~;If:, :_ .. ; 
infinity. The process of physical significance invo.lv~s the remov.alt~? .··. ~ ~. 

of the .interior atom to the SUrface of the. crystal. This process ,_.,· . 

• ·J·' 

require~. roughly Ev less energy than the. remov~ of the atom to. ihfini':t.Y, , 

where IV is the average energy· of vaporization of\,'the pure lattice. 
_,·. 

· This term does not affect any of the results presented thus far~ ·.Considering 
·~· ' . . . . ' . .· . . 

·· .... ·. 

this term, the .energy ·required to produce· a vacanc;r in an impure ·lattice 

may be obtained from Fig~ .3 for the process Qf physical significance. 

This we have ·used to estimate the.concentration of vacancies in. an 

impure arg~n lattice at 8o°K, 'vhich is shown. in Fig. 4 •.. Impurities 
! 

are seen to increase the concentration of vacancies. Again values 
; 

for large/ impurity concentrations.are not significant. Even in :i,mpure 
·-- \ 

~amples the concentration of vacancies predicted by.tl'lis model is much 
' ' . . 

·.smaller than that.deterffiined.experimentally.5 
· .... 

l· 
. !. 

...... 
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CONCLUSIONS 

The qualitative behavior of the relaxations around a vacancy are 

fairly independent of the exact form of the repulsive potential. As 

one would intuitively expect,· the effect of high pressure is to drive 

surrounding atoms further into the hole left by a vacancy. For atoms· 

more distant from a defect than second nearest neighbors, the most 

important contribution to their motion is the behavior of their own 

nearest neighbors. 

Relaxations around small atoms are qualitatively like those 

around vacancies, while relaxations around lar~e atoms are opposite 

to sign to those around vacancies. 

At high pressure it was found that an order-disorder transition 

could occur at riot. too high temperature. 

.i 

It was found that formation of a vL~.cancy next to another defect i~}c:.:;1 
energetically preferred to formation of an isolated vacancy. We have 'f; 

shown that the conqentration of vacancies next to ~mpurity atoms is 

higher than that which would be expected from a random distribution 

of vacancies, particularly at low temperatures. From this we conclude 

that the concentration of vacancies at u given temperature increases 

with impurity concentration • 

We have also shown that the concentration of di-vacancies is 
' J 

insignificai~t in pure argon except at high temperatures (> 80°K) where 

· . we approach the melting point of pure argon •. 
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·'· APPENDIX I 
.. : ·; 

-;•: ,• 

·For di-defects, as with isolat'ed defec~s, we have assumed that the 

.. . - . ~ .relaxations retain· as much of the synnnetry of the .lattice as :possibl~· . 
-~·))~---. ,, . . 

Accordingly,·· we have separated th~ relaxing at'oins into:,.:kquiyalentv > /'; 
• . : i ; ' . : ~~ -. -"! -: 

.:points. 

. . 
,•-

•••. 1. . (1,· o, -1) (o,1; 1) 

(o,: -1, 1) 

- (0, _1, ~1) (A} 
~-Y -~ .l -

1'·(1 
' . ' 2, 1)' ..• 

' ' (2, o, 0) 
•; r 

:;· (1, 1, 0) 
'I 

;( -1,. -1, 0) 

(2, 2,· 0) 

- '. (-1, o, •1) = ·(o, .-1,: •1) 

=- ' ( -1, 1,,, 0)' 

·(1 
. ' 2,-_ -1)' (2, ),· l) :_ -~· (2_; .1, L1) 

-. ~·--. . ~ 

'' 

(o, 2, b) 
' I ~. 

. ·; 

'·. : ,'\ 

.,; 
.:~ _j ,.,. 

..:. -· , . 

.:: .· 
: ~ . '. -_, 

·,,_ ~ 

',.·, 

. ...:. ~ . (B.} .. -,_,: ... _ 

. ~ . . -·.' 
' . -~-- ·. =.· 

." ~ .. ' ).' . 

... (C} 

·· ;.variables; (B} by'. threev~riable~; (C) by two; (Ij} by three; (E) by , · 
\ 

';• 

' .. \ 

i· ·. 

·' ~ 

two; and (F), (G). and (H} by one variable, for a total of sixteen 
'; 

! ' 
. variables. 

'' 

The energy was minimized with respect to these· sixteen variables 

, in the same manner as for the isolated defect. ·' 

. ~ ' 

'· 
·,; 

.. .f .. {. 

! 
. I 

.-t 1 
. I 

. ''l i·: 

: ','l 

·.' 
·\.·'{c) 

(d) 

I . ': 

{D), --
(H} 

(EL 
. ,•• 

·. 

:-··. ' ~ . I 

i 
. I 

~:; ~' · .. , l·i. 
: . 
.. 

. . :·-· ,.· ; 
' ' .-·· ~- i ' . 
,··' ' .. 

~ ~ I ' 

··t ; ... 

. i ·-~ l . 
"i ., 
·I·' r : 

:·-. .• 

. I 

~·and; the total number of variables to be 
·l' ~- • i . t 

. ·l ; ~ 
·The ; energy was minimized. as before.· 

~onsidered. is ·:red~ced to ten.' · 
.. ! . : ;· 

... 
• 1! 

·r.-

1'. :, 

t. 'I, .,, 

. i ... 
:~ .. 

,t • \t... : f 
! _- .. 

'' 
_; .. ~ 

'.•' 

:·:~· 
· .. .., .. _{ i;" 

·~··, ·,I 

; ·~ ... 
': '. 

! -~ • 

. :" 

•,; '•. 

' •. 
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(Table X continued). 
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( Ta:ble X continued) 
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FIGURE CAPliONS 

ln 
[Dl) 

where [n2 J is concentration of isolated vacancies 
[D2.] 

i~ pure Ar and [D ] of di-vacancies in pure Ar • 
. 1 

ln where [D2 ] is concentration of isolated vacancies 

in pure Ar and [D1 ] is the concentration of vacancies adjacent 

to Kr atoms in argon with .1% Kr. 

Figure 3. Average energy of creat:l.o!J of a vacancy in an impure lattice 

: ~- ·. 

vs. -log (krypton concentration). Energy of vaporization.· 

from pure ·1att.ice is taken as ·1. 

Figure 4. log [vacancy] vs. :-log [impurity] at 80°K • 

i: 
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