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Abstract

Analytic torsion of noncompact manifolds

by

Debin Liu

Motivated by the desingularization of certain orbifolds and the construction of geo-

metric quantization, we consider a vector bundle En+k →Mn over a closed manifold M ,

and introduce a regularization of analytic torsion on E by replacing the Hodge Laplacian

in the torsion zeta function with a Witten Laplacian. We also investigate the relationship

of the primary and secondary invariants between the total space and the base manifold.

By passing to the adiabatic limit, we show that the index of E coincides with the index

of M . For analytic torsion, with the additional assumption that k is even and n is odd,

we show that the Quillen metric associated with the analytic torsion of E is independent

of the metric chosen, and equals the usual Quillen metric of M .

ix



Contents

Curriculum Vitae vii

Abstract ix

1 Introduction 1

2 Preliminary 6
2.1 Elementary geometry of fiber bundles . . . . . . . . . . . . . . . . . . . . 6
2.2 Clifford multiplication . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.3 Dirac operator and Witten deformation . . . . . . . . . . . . . . . . . . . 12
2.4 Riesz-Dunford functional calculus . . . . . . . . . . . . . . . . . . . . . . 15
2.5 Index of closed manifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.6 Analytic torsion of closed manifolds . . . . . . . . . . . . . . . . . . . . . 21

3 Adiabatic Limit and Index of Vector Bundles 26
3.1 Compact fiber case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
3.2 Noncompact fiber case . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
3.3 Index of vector bundle . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

4 Analytic Torsion of Vector Bundles 43
4.1 Regularized torsion zeta function and analytic torsion . . . . . . . . . . . 43
4.2 Comparison with other regularization . . . . . . . . . . . . . . . . . . . . 49
4.3 Quillen Metric and Topological Invariance . . . . . . . . . . . . . . . . . 51

5 Equivalence of Quillen metrics 61
5.1 Main theorem and several intermediate results . . . . . . . . . . . . . . . 61
5.2 Proof of main theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
5.3 Local index theorems and small time behavior . . . . . . . . . . . . . . . 75
5.4 Proof of Theorem 5.1.12 . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

Bibliography 112

x



Chapter 1

Introduction

A fundamental problem in geometry and topology is the classification of manifolds in

terms of their homeomorphism types. Unfortunately, this problem is difficult even for

3-manifolds, as two lens spaces may share exactly the same homotopic and homological

information, but are still not homotopy equivalent. In 1935, in order to classify 3-

dimensional lens spaces, K. Reidemeister [1] introduced a topological invariant, called

R-torsion, associated with the simplicial chain complex of universal covers. It is the

first topological invariant that can distinguish closed manifolds that are homotopically

equivalent but not homeomorphic. In fact, 3-dimensional lens spaces can be completely

classified using their R-torsions and the fundamental groups.

For a closed manifold M , its R-torsion τ(M) is always a positive number and can

be expressed in terms of the determinant of the combinatorial Laplacian. In the 1970’s,

D. B. Ray and I. M. Singer [2] [3] introduced analytic torsion as an analytic analogue

of R-torsion. It is defined by replacing the combinatorial Laplacian with the Hodge

Laplacian. Besides the similarity in the definitions, they also observed that R-torsion

and analytic torsion enjoy the same properties and indeed agree on lens spaces. This

led them to conjecture that on a closed manifold satisfying a certain acyclic property,

1



Introduction Chapter 1

R-torsion coincides with the analytic torsion. This conjecture was verified by J. Cheeger

[4] [5] and W. Müller [6] independently, and this result is now known as Cheeger-Müller

theorem.

We will discuss analytic torsion in more detail in Section 2.6. For clarity, here we

briefly introduce its construction. As the manifold M is closed, the heat operator is of

trace class. Using supertrace, one can define the torsion zeta function to be

ζT (s) =
1

Γ(s)

∫ ∞

0

ts−1Trs
(
Ne−t∆

)
dt, (1.1)

where Γ(s) is the Gamma function, N is the number operator, and ∆ is the Hodge

Laplacian with its null space removed. Intuitively, ζT defines a holomorphic function

only when Re(s) is sufficiently large. But it can be proved, by using the asymptotic

expansion of the heat kernel, that ζT (s) has an analytic continuation as a meromorphic

function that is regular near s = 0. The Ray-Singer analytic torsion is then defined as

follows.

Definition 1.0.1 The analytic torsion T (M) of (M, g) is defined by

log T (M) = −1

2
ζ ′T (0). (1.2)

Analytic torsion has remarkable applications in seemingly unrelated fields and prob-

lems. For instance, in number theory it has been used by N. Bergeron and A. Venkatesh

[7] to quantify the exponential growth of torsion in the homology of arithmetic groups

(see also the work of F. Calegari and A. Venkatesh [8], where analytic torsion is used to

study the arithmetic Langlands program). On the other hand, D. Fried [9] introduced

a Ruelle-type zeta function R(s) for a closed oriented hyperbolic manifold M , which is

defined in terms of the lengths of prime closed geodesics. Notably, he showed that its

2



Introduction Chapter 1

value at zero is related to the corresponding analytic torsion as R(0) = T (M)2. This

suggests that analytic torsion can be used to count the number of closed periodic orbits

of a hyperbolic geodesic flow. Analytic torsion can also be used to study the volume of

hyperbolic manifolds. In [10], W. Müller considered the analytic torsions T (M,ρm) of

a closed hyperbolic 3-manifold M associated with a family of standard representations

{ρm} of SL(2;C). He then proved that the volume vol(M) can be completely determined

by this family of analytic torsions T (M,ρm) in the sense that when m tends to infinity,

the leading coefficient of the asymptotic formula of T (M,ρm) is given by vol(M).

Despite the well developed theories and the far-reaching applications of analytic tor-

sions of closed manifolds, very little is known for noncompact manifolds. The main

reason behind this is that the Hodge Laplacian in general may have a nonempty con-

tinuous spectrum, which prevents the heat operator from being trace-class. To make

sense of the torsion zeta function in this case, one must introduce a regularization to

recover the trace-class property. In fact, all previous work along this line relies on a local

regularization of the heat trace. This is usually achieved by taking a compact exhaustion

{MY } and defining the regularized heat trace to be the constant term in the asymptotic

formula of the heat trace over MY as sending Y → ∞.

In this dissertation, following [11] and [12], we will introduce a new global regulariza-

tion of the heat operator using Witten deformation. This is based on a joint work with

Xianzhe Dai [13]. Instead of a general complete noncompact manifold, we will consider

a vector bundle E over a closed manifold M . The motivation for this consideration is

twofold. First, the distance function along the fibers provides us with a natural Morse-

Bott function, which will be used in the construction of the Witten deformation. Second,

this setting arises naturally as a local model in many contexts.

For example, in the work of X. Dai and K.-I. Yoshikawa [14], the authors intro-

duced a holomorphic torsion invariant for a type of compact complex surface Y with

3
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certain orbifold singularities. Their idea was to desingularize the double covering X of

Y to obtain a K3 surface X̃. In this situation, the singular set of Y must be discrete:

Sing (Y ) = {p1, · · · , pk}, and there is a blowing-down of a disjoint union of CP 1’s:

π : (X̃, X̃θ) → (X, SingX), where X̃θ = E1 ⊔ · · · ⊔ Ek, and each Ei
∼= CP 1. (1.3)

Moreover, they constructed a two-parameter family of Kähler metrics on X̃, which con-

verges to an orbifold Kähler metric on X, by gluing the Eguchi-Hanson instanton at each

pi and a Kähler metric on X. By taking a tubular neighborhood near the blowing-up of

each singular point, the local picture is modeled on an open neighborhood of the zero

section of T ∗CP 1 → CP 1, where the cotangent bundle T ∗CP 1 is equipped with a family

of asymptotically locally Euclidean (ALE) Kähler metrics. Therefore, to compute the

torsion invariant using this local data, one is forced to study the analytic torsion of the

cotangent bundle.

Another example comes from geometric quantization. Let (X,ω) be a symplectic

manifold that admits a Hamiltonian action of a compact connected Lie group G with Lie

algebra g. This induces a smooth Morse-Bott function µ : X → g∗ which is usually called

the moment map. If 0 ∈ g∗ is a regular value of µ and G acts on X0 := µ−1(0) freely, then

X0 is a G-invariant co-isotropic submanifold of X, and the quotient XG := X0/G is a

smooth manifold with a unique symplectic form ωG induced by ω. In this way, one obtains

the Marsden-Weinstein symplectic reduction (XG, ωG). X is called pre-quantizable if the

symplectic form is integrable: [ω] ∈ H2(X;Z). In this situation, there is an induced

line bundle L → X, called the pre-quantum line bundle of X, and a finite dimensional

Hilbert space Xquantum. It turns out that Xquantum comes with a natural G action, and

the Guillemin-Sternberg conjecture [15] predicts that the geometric quantization should

commute with the symplectic reduction, namely (Xquantum)G = (XG)quantum. Inspired by

4
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this conjecture, it is natural to wonder if analytic torsion ”commutes” with the symplectic

reduction. To attack this problem, it is crucial to understand how the analytic torsion

behaves near X0, for which the local picture is the normal bundle NX0 → X0.

The dissertation is organized as follows. In Chapter 2 we collect some necessary

preliminaries in geometry, algebra, and analysis. In Chapter 3, we introduce a Witten

Laplacian with a particular Morse-Bott function as the potential function and calculate

the asymptotic expansion of the supertrace. Then we show the equivalence between two

indexes. In Chapter 4, we introduce a regularization of analytic torsion for a vector

bundle and show that the corresponding Quillen metric is independent of the metric

chosen. In Chapter 5, we prove that the Quillen metric of the total space of a vector

bundle coincides with the Quillen metric of the base manifold.

5



Chapter 2

Preliminary

In this chapter, we provide a brief review of the geometry of fibration, Clifford multipli-

cation, Dirac operator and Witten deformation, functional calculus for closed operators,

and the construction of some spectral topological invariants on closed manifolds.

2.1 Elementary geometry of fiber bundles

Let Y k ↪→ Ek+n π−→ Mn be a smooth fibration with base manifold M and fiber Y .

Then there is a unique subbundle V E ⊂ TE, called the vertical subbundle, which is

defined as the kernel of the projection:

V E = kerπ∗ = {X ∈ Γ(TE) | π∗(X) = 0}. (2.1)

For any x ∈M , we denote by Yx = π−1(x) the fiber of E at x. Then for any p ∈ Yx, VpE

is exactly the tangent space of the fiber Yx at p, namely VpE ∼= TpYx.

Now we fix an arbitrary Ehresmann connection on the fiber bundle E → M . This

6
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amounts to a splitting of the tangent bundle:

TE = HE ⊕ V E, (2.2)

where HE is called the horizontal subbundle associated with this connection. One may

observe that as (π∗)p : TpE → Tπ(p)M is a linear map with kernel ker(π∗)p = VpE, there

is a natural identification: HpE ∼= TpE/VpE ∼= Tπ(p)M .

Let us introduce some notations. Throughout this paper, we will use PH and P V to

denote the projections of TE onto HE and V E respectively. Let X ∈ Γ(TE) denote an

arbitrary vector field on E, with XH ∈ Γ(HE) and XV ∈ Γ(V E) being its horizontal

and vertical components. As a consequence, we have X = XH + XV . We denote by

U ∈ Γ(TM) a tangent vector on the base manifold M . It is well-known that U admits a

unique horizontal lift Ũ ∈ Γ(HE) satisfying π∗(Ũ) = U . If no confusion arises, we may

also write Ũ as U . Besides, we let W ∈ Γ(V E) denote a vertical vector field.

Regarding the integrability of these subbundles, one has the following classic results:

Proposition 2.1.1 (1) V E is integrable, namely [W1,W2] ∈ Γ(V E) for any vertical

vector fields W1,W2 ∈ Γ(V E).

(2) In general HE may not be integrable. In fact, for any U1, U2 ∈ Γ(TM) with hori-

zontal lifts Ũ1, Ũ2 ∈ Γ(HE), one has [Ũ1, Ũ2]
H = ˜[U1, U2].

(3) For any U ∈ Γ(HE) and W ∈ Γ(V E), [U,W ] ∈ Γ(V E) is always vertical.

Now we construct Riemannian structures on this fibration. Suppose gM is a Rieman-

nian metric on M . When there is no risk of confusion, we will also denote the pullback

metric π∗gM on TE by gM . Let gY (x) be a family of symmetric (0, 2)-tensors that de-

pends smoothly on x ∈M and induces a Riemannian metric on the each fiber Yx. Using

7



Preliminary Chapter 2

the pointwise identification HpE ∼= Tπ(p)M and VpE ∼= TpYπ(p), we can equip TE with a

metric

gE = gM + gY (2.3)

by requiring that gE preserves the splitting. As a result, the splitting TE = HE ⊕ V E

is orthogonal with respect to gE. Since clearly (π∗)p : HpE → Tπ(p)M is an isometry for

each p ∈ E, the projection π : (E, gE) → (M, gM) is a Riemannian submersion.

Now we introduce a natural connection, first considered by J.-M. Bismut [16, section

1(b)] (see also [17, section 4(a)]), that faithfully reflects the splitting structure of the

tangent bundle. Let ∇LC denote the Levi-Civita connection of E with respect to gE.

Definition 2.1.2 The connection ∇E on TE is defined by

∇E
Ũ1
Ũ2 = ∇M

U1
U2, ∇E

Ũ
W = P V (∇LC

Ũ
W )

∇E
W Ũ = 0, ∇E

W1
W2 = P V (∇LC

W1
W2),

(2.4)

where Ui, U ∈ Γ(TM), Wi,W ∈ Γ(V E). We let S denote the difference tensor S =

∇L −∇E.

Using the definition above, one can easily verify that this connection is compatible

with the metric gE. For later purpose, it is useful to compute all the components of S.

Proposition 2.1.3 Let Ui, U ∈ Γ(TM), Wi,W ∈ Γ(V E). Then the only nonvanishing

components of S are

⟨S(W1)W2, U⟩ = −⟨S(W1)U,W2⟩ = −⟨∇LC
W1
U,W2⟩ (2.5)

8



Preliminary Chapter 2

and

⟨S(U1)W,U2⟩ = −⟨S(U1)U2,W ⟩ = ⟨S(W )U1, U2⟩ = −1

2
⟨[U1, U2],W ⟩. (2.6)

Moreover, we have

(1) S(U1)U2 ∈ Γ(V E), S(·)W ∈ Γ(HE).

(2) S(W )U ∈ Γ(HE)⊕ Γ(V E).

(3) ⟨S(·)·, ·⟩ is independent of the choice of gM .

2.2 Clifford multiplication

We start with the algebraic preliminaries. Let V be an n-dimensional real vector

space, equipped with an inner product gV . Let {e1, · · · , en} be an orthonormal basis of

V , and {e1, · · · , en} be its dual basis. Then the Clifford algebra Cl(V ∗) is the algebra

spanned by V ∗, subject to the relations

ei · ej + ej · ei = −2δij. (2.7)

The canonical isomorphism (as vector spaces) between Cl(V ∗) and the exterior algebra

ΛV ∗ is given by identifying ei1ei2 · · · eik with ei1 ∧ ei2 ∧ · · · ∧ eik , provided that ij’s are

mutually distinct. Under this isomorphism, the left Clifford multiplication by ei becomes

c(ei) = ei ∧ −ιei . In particular, this equips ΛV ∗ with a Clifford module structure c :

Cl(V ∗) → End(ΛV ∗). When restricting to ΛpV ∗, the right Clifford multiplication by ei is

given by (−1)pĉ(ei) := (−1)p (ei ∧+ιei). Moreover, as an algebra, End(ΛV ∗) is generated

by 1 and c(ei), ĉ(ei)’s. In the sequel, we will call c(ei) and ĉ(ei) the left and right Clifford

9
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multiplications of Cl(V ∗) on ΛV ∗. It is not hard to verify that for any i, j ∈ {1, 2, · · · , n},

c(ei)c(ej) + c(ej)c(ei) = −2δij,

ĉ(ei)ĉ(ej) + ĉ(ej)ĉ(ei) = 2δij,

c(ei)ĉ(ej) + ĉ(ej)c(ei) = 0.

(2.8)

In particular, the last equality shows that c and ĉ always anti-commute.

Remark 2.2.1 Suppose we rescale the metric by a factor ε−2, i.e. we consider the inner

product ε−2gV . Using the isometry (V, ε−2gV ) → (V, gV ) induced by εei := ẽi 7→ ei, we

can identify Clε(V
∗) with Cl(V ∗) as algebras. In this way, we see that the natural left

and right Clifford multiplications of Clε(V
∗) on ΛV ∗ are given by

c(ẽi) = ẽi ∧ −ιẽi ,

ĉ(ẽi) = ẽi ∧+ιẽi ,

(2.9)

and they are independent of ε.

Now we turn to the geometric side. Consider a Riemannian manifold (En, gE). The

space of differential forms comes with a natural Z2-grading structure:

Ω∗E = Ω+E ⊕ Ω−E, (2.10)

where Ω+E and Ω−E denote the space of even (respectively odd) forms. This leads to a

Z2-grading on the endomorphism bundle:

Γ
(
End(Λ∗E)

)
= Γ

(
End+(Λ∗E)

)
⊕ Γ

(
End−(Λ∗E)

)
. (2.11)

In particular, A ∈ Γ
(
End+(Λ∗E)

)
if A : Ω±E → Ω±E, and A ∈ Γ

(
End−(Λ∗E)

)
if

10
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A : Ω±E → Ω∓E. Observe that under the splitting (2.10), every A ∈ Γ
(
End(Λ∗E)

)
can

be expressed as

A =

A11 A12

A21 A22

 , (2.12)

where A11, A22 ∈ Γ
(
End+(Λ∗E)

)
, and A12, A21 ∈ Γ

(
End−(Λ∗E)

)
.

Definition 2.2.2 The (global) supertrace Trs : Γ
(
End(Λ∗E)

)
→ C∞(M) is defined by

TrsA = TrA11 − TrA22. (2.13)

The supertrace can be elegantly formulated using Clifford multiplication. To see this,

let {e1, · · · , en} be a local orthonormal frame. Then locally Ω1(E) acts on Γ(End(Λ∗E))

via Clifford multiplications c(ei), ĉ(ei) which again satisfy (2.8). Moreover, as a C∞(E)-

algebra, Γ(End(Λ∗E)) is generated by 1 and the c(ei), ĉ(ei)’s. For simplicity, for I =

{i1, · · · , ip} ⊂ {1, 2, · · · , n}, we let c(eI) denote c(ei1)c(ei2) · · · c(eip), and define ĉ(eI)

similarly. The following ”miraculous cancellation” formula is well-known:

Proposition 2.2.3 For two sets of indices I, I ′ ⊂ {1, 2, · · · , n},

Trs c(e
I)ĉ(eI

′
) =


(−1)

n(n+1)
2 2n, if I = I ′ = {1, · · · , n};

0, if otherwise.

(2.14)

Sometimes it is useful to separate the contributions of left and right Clifford mul-

tiplications. Here we introduce a construction following the idea in [18, section 4(d)].

Consider a vector bundle T ∗(E) ⊕ T ∗(Ê) over E that consists of two copies of T ∗(E).

Here, to avoid confusion, we use T ∗(Ê) to denote the second copy of T ∗(E).

We require that the two copies T ∗(E) and T ∗(Ê) act on Λ∗(E) only via left (re-

spectively right) Clifford multiplication. To be more precise, let e1, · · · , en denote a local

11
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orthonormal basis of T ∗(E), and ê1, · · · , ên denote the corresponding orthonormal basis of

T ∗(Ê). Set c(ei) = ei∧−ιei and ĉ(ei) = êi+ ιêi . Then in view of Λ∗(E⊕Ê) = Λ∗E⊗̂Λ∗Ê,

c(ei) (respectively ĉ(ei)) only acts on Λ∗E (respectively on Λ∗Ê). Clearly Proposition

2.2.3 still holds with respect to the induced Z2-grading on End
(
Λ∗E⊗̂Λ∗Ê

)
.

In general, for any a =
∑
aI,I′c(e

I)ĉ(eI
′
) ∈ End

(
Λ∗E⊗̂Λ∗Ê

)
, let a′ :=

∑
aI,I′e

I ∧ eI′

be the associated differential form obtained by replacing the Clifford multiplications with

eI ∧ eI′ . Moreover, we define the Berezin integral
∫ B

a′ to be the coefficient of the top

form term. Then Proposition 2.2.3 implies

Proposition 2.2.4

Trs a = (−1)
n(n+1)

2 2n
∫ B

a′. (2.15)

2.3 Dirac operator and Witten deformation

In this section we review some basic facts about the Dirac operator and the cor-

responding Witten deformation. Let (En, gE) be a (possibly noncompact) Rieman-

nian manifold, and {e1, · · · , en} be a local orthonormal frame. Then the Levi-Civita

connection induces a Clifford connection ∇ on Λ∗E, namely it satisfies ∇X (c(v)α) =

c (∇Xv)α + c(v)∇Xα for any X ∈ Γ(TE), v ∈ Ω1(E), and α ∈ Ω∗(E).

Definition 2.3.1 The Dirac operator of Λ∗E is a map D : Ω∗(E) → Ω∗(E) defined by

Dα = c(ei)∇eiα. (2.16)

It is clear that (2.16) yields a global operator, and there holds D = d + d∗, where d∗ is

the formal adjoint of d with respect to the metric gE. Consequently, the square of the

Dirac operator gives the Hodge Laplacian: D2 = ∆.

12
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Using the Bochner-Lichnerowicz-Weitzenbock formula, one can expression the Hodge

Laplacian in terms of the connection Laplacian (see the definition below) and Riemannian

curvature.

Definition 2.3.2 The connection Laplacian ∇∗∇ : Ω∗(E) → Ω∗(E) is defined by

∇∗∇α = −
∑
i

(
∇ei∇eiα−∇∇eiei

α
)
.

Proposition 2.3.3 (Bochner-Lichnerowicz-Weitzenbock formula) Let RE denote

the scalar curvature of the metric gE, and Rijkl denote the components of the Riamnnian

curvature. Then

D2 = ∇∗∇+
RE

4
+

1

8
Rijklc(e

i)c(ej)ĉ(ek)ĉ(el).

To compute the connection Laplacian, we pick a local coordinate {x1, · · · , xn} near

some p0 ∈ E so that the metric takes the form

gij = δij +O(|x|2). (2.17)

Let {e1, · · · , en} be the local orthonormal frame obtained by parallel transporting the

coordinate vector fields at p0 along the radial geodesics. Using (2.17) and the fact that

locally the curvature 1-form acts on Γ(TE) anti-symmetrically, we find that the action

of ∇∗∇ on Ω∗(E) is given by

∇∗∇ = −
∑
i

[
ei +

1

8

∑
j,k,l

(
RL

ijkl(0)x
l +O(|x|2)

) (
c(ej)c(ek))− ĉ(ej)ĉ(ek)

) ]2
(2.18)

Therefore Proposition 2.3.3 yields the following:

13
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Corollary 2.3.4

D2 =−
∑
i

[
ei +

1

8

∑
j,k,l

(
RL

ijkl(0)x
l +O(|x|2)

) (
c(ej)c(ek))− ĉ(ej)ĉ(ek)

) ]2
+
RE

4
+

1

8
Rijklc(e

i)c(ej)ĉ(ek)ĉ(el).

Now we introduce the Witten deformation. Let h ∈ C∞(E) be a smooth function

and τ ∈ R+ be a positive parameter.

Definition 2.3.5 The Witten deformations by h of the exterior derivative d and its

adjoint d∗ are given by

dτh = e−τh ◦ d ◦ eτh,

d∗τh = eτh ◦ d∗ ◦ e−τh.

The corresponding Dirac operator Dτh := dτh + d∗τh is called the Witten-Dirac operator,

and the Witten Laplacian is D2
τh = dτhd

∗
τh + d∗τhdτh.

It is easy to see from the definition that

dτh = d+ τ dh∧,

d∗τh = d∗ + τ ι∇h.

Therefore as an analogue of Corollary 2.3.4, one has the following formula for Witten

Laplacian.

14
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Corollary 2.3.6

D2
τh =−

∑
i

[
ei +

1

8

∑
j,k,l

(
RL

ijkl(0)x
l +O(|x|2)

) (
c(ej)c(ek))− ĉ(ej)ĉ(ek)

) ]2
+
RE

4
+

1

8
Rijklc(e

i)c(ej)ĉ(ek)ĉ(el) + τ Hessh(ei, ej)c(e
i)ĉ(ej) + τ 2|∇h|2.

Witten deformation was introduced by the theoretical physicist Edward Witten in

his seminal paper [19]. Witten’s goal was to provide a new, purely analytic proof of the

classical Morse inequalities. To do this, he borrowed ideas from supersymmetric quantum

mechanics and applied them to differential geometry. The core idea of Witten deforma-

tion is to modify the standard differential operators of de Rham cohomology using a real

parameter τ and a Morse function h, and then study the asymptotic behavior of the spec-

trum as that parameter goes to infinity. As seen in Corollary 2.3.6, when τ approaches

infinity, the potential energy τ 2|∇h|2 dominates the remaining terms everywhere except

at the critical points of h. This forces the values of eigenfunctions corresponding to small

eigenvalues to concentrate near the critical points.

2.4 Riesz-Dunford functional calculus

In this section, we review the so-called Riesz-Dunford functional calculus for closed

operators. This serves as a powerful tool for analyzing the properties of operators con-

structed from (local-)holomorphic functions. For the purpose of this paper, we will

present only a baby version of it. For more details, we refer to [20, Chapter VII].

To begin with, let H be a Hilbert space, T : H → H be a closed linear operator

(possibly unbounded). Let spec(T ) denote the spectrum of T . Suppose f is a complex

function over C, which is analytic near spec(T ) ∪ {∞}.

15
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Theorem 2.4.1 Suppose

(1) V ⊂ C is an open subset containing spec(T );

(2) The boundary Γ of V consists of a finite number of Jordan curves, equipped with

positive orientation with respect to V ;

(3) f is holomorphic on V ∪ Γ.

Then f(T ) is a well-defined linear operator over H, and we have the following Cauchy-

type integral formula

f(T ) =
1

2πi

∫
Γ

f(λ)(λ− T )−1dλ, (2.19)

provided that the integral on the right-hand side is absolutely convergent. Moreover,

spec
(
f(T )

)
= f

(
spec(T ) ∪ {∞}

)
.

As an example, suppose D : H → H is an unbounded self-adjoint operator. Then

from basic functional analysis theory, we know that spec(D) ⊂ R. Consider the function

f(z) = e−tz2 , where t > 0 is any fixed number. If we choose Γ properly such that

(λ−D)−1 is uniformly bounded, Theorem 2.4.1 implies that

e−tD2

= f(D) =
1

2πi

∫
Γ

e−tλ2

(λ−D)−1dλ. (2.20)

Moreover, if {Dn} is a sequence of such operators that converges to D in the norm

resolvent sense (i.e. (λ−Dn)
−1 converges to (λ−D)−1 under operator norm topology),

then it is easy to see that e−tD2
n and e−tD2

are all bounded operators, and

lim
n→∞

e−tD2
n = e−tD2

in operator norm sense.

16
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2.5 Index of closed manifolds

In this section and the next section, we review the definitions of index and analytic

torsion of a closed manifold. For our purpose later, we shall restrict our discussion to the

exterior algebra bundle without any twisting (equivalently, twisted with a trivial bundle).

The discussion for the general case with a non-trivial twisting is in fact completely parallel

to ours.

We start by discussing the spectral properties of the Hodge Laplacian. Let (M, g)

be an n-dimensional closed Riemannian manifold. It is well-known that the de Rham

complex

(Ω∗(M), d) : 0 −→ Ω0(M)
d0−→ Ω1(M)

d1−→ · · · dn−1−−−→ Ωn(M)
dn−→ 0 (2.21)

gives the de Rham cohomology:

Hk
dR(M ;R) = ker dk/ im dk−1. (2.22)

Moreover, regarding the kernel of the Hodge Laplacian, one has the following isomorphism

due to Hodge theory.

Theorem 2.5.1 (Hodge) Let ∆k denote the restriction of ∆ on Ωk(M). Then for each

0 ≤ k ≤ n, ker∆k is a finite dimensional vector space, and

ker∆k
∼= Hk

dR(M).

As M is compact, one has the following result describing the entire spectrum of the

Hodge Laplacian.

17
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Theorem 2.5.2 The spectrum of ∆ is discrete and diverges to infinity:

0 ≤ λ1 ≤ λ2 ≤ · · · ≤ λk ≤ · · · .

Moreover, each eigenspace is finite dimensional.

A lot of spectral invariants can be constructed using the (super)trace of heat type

operators. For this reason, we now digress to review several facts about trace class

operators and Fredholm operators. Suppose H is a Hilbert space with an orthonormal

basis {ei}. Let T : H → H be a compact operator. It follows from classical functional

analysis theory that T ∗T is a compact self-adjoint operator, and hence spec(T ∗T ) =

{0} ∪ {si}∞i=1 consists of eigenvalues of finite multiplicity except 0.

Definition 2.5.3 (1) The p-trace norm of T is defined to be

∥T∥p =

[
∞∑
i=1

s
p/2
i

]1/p
.

In particular, ∥T∥1 =
∑∞

i=1 s
1/2
i is called the trace norm of T .

(2) T is said to be of trace class if the trace norm is finite: ∥T∥1 < ∞. In this case,

the trace of T is defined to be

Tr(T ) =
∞∑
i=1

⟨Tei, ei⟩.

Clealy, the trace norm and the trace are related by ∥T∥p =
[
Tr (T ∗T )p/2

]1/p
. In

particular, ∥T∥1 = Tr (T ∗T )1/2.

Remark 2.5.4 If T is self-adjoint, its spectrum σ(T ) = {λi} is purely discrete. In this
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case, the trace of T can be written as the sum of all eigenvalues:

Tr(T ) = ∥T∥1 =
∑
i

λi.

Next, we discuss the index of an operator, which can be defined as the difference

between the dimensions of the kernel and that of the cokernel. It is a finite number only

when both of the dimensions are finite. That is:

Definition 2.5.5 Let H0,H1 be two Hilbert spaces, and A : H0 → H1 be a closed oper-

ator. Then A is called a Fredholm operator, if it has a dense range, and both kerP and

cokerP are finite dimensional. In this situation, the index of A is defined to be

indA = dimkerA− dim cokerA.

In many cases, one can express the index in terms of the traces of heat type operators.

Theorem 2.5.6 Suppose that

(1) A : H0 → H1 is a Fredholm operator;

(2) A∗A and AA∗ have discrete spectra, where A∗ : H1 → H0 denotes the adjoint of A;

(3) for every t > 0, e−tA∗A and e−tAA∗
are trace-class operators.

Then there holds

indA = Tr
(
e−tA∗A

)
− Tr

(
e−tAA∗)

,

for any t > 0. In particular, the difference on the right hand side is independent of t.

Now we return to the geometric side. As is easily verified, the Dirac operator D is self-

adjoint and Fredholm, and the operators D+D− and D−D+ satisfy the assumptions in
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Theorem 2.5.6. As a consequence, we see that indD = 0. Taking this into consideration,

to construct a nontrivial invariant, one may instead consider the index of a ”component”

of D. To be more precise, we recall that the endomorphism bundle has a natural Z2-

grading given by

End(Λ∗M) = End+(Λ∗M)⊕ End−(Λ∗M).

Under this splitting, D has the following 2× 2 matrix expression:

D =

 0 D−

D+ 0

 , (2.23)

where D− : Ω−(M) → Ω+(M) and D+ : Ω+(M) → Ω−(M).

Definition 2.5.7 The index of M , denoted by ind(M), is defined to be the index of D+.

By Definition 2.2.2 and Theorem 2.5.6, we find that

ind(M) = Trse
−t∆. (2.24)

A priori, ind(M) may still depend on the Hodge Laplacian ∆, and hence the metric

chosen. However, asM is closed, it follows from Hodge theory that ind(M) is independent

of gM and is in fact the same as the Euler characteristic χ(M). The index of M is a

primary invariant in the sense that it is constructed using cohomology groups directly and

only depends on the zero spectrum of Hodge Laplacian. In particular, it is a homotopy

invariant.
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2.6 Analytic torsion of closed manifolds

In contrast to index, analytic torsion is a secondary invariant that lies in the deter-

minant line associated with the de Rham cohomology groups. It can be defined using

the non-zero spectrum of Hodge Laplacian. If the primary invariant ind(M) vanishes,

then analytic torsion can be canonically identified with a positive real number, and it is

a homeomorphism invariant but not a homotopy invariant.

We start by reviewing the definition of Reidemeister torsion (or R-torsion for short).

Here we adopt the spectral interpretation first introduced by Ray-Singer [2]. As in the

last section, let (M, g) be an n-dimensional closed Riemannian manifold. We assume that

M is endowed with a smooth triangulation, which induces a simplicial chain complex of

real vector spaces:

C : Cn
∂n→ Cn−1

∂n−1→ · · · ∂2→ C1
∂1→ C0. (2.25)

We equip complex C with a metric gC = {gi} by choosing an inner product gi on each

Ci. Let ∂∗p : Cp−1 → Cp be the adjoint of ∂p with respect to gi. Then the combinatorial

Laplacian

∆(C)
p = ∂p+1∂

∗
p+1 + ∂∗p∂p : Cp → Cp (2.26)

is a self-adjoint linear map. As a consequence, ∆
(C)
p only has nonnegative eigenvalues.

The R-torsion will be defined in terms of the determinants of the combinatorial Lapla-

cians. This suggests that one shall renormalize the determinant by excluding the zero

eigenvalues. For this reason, we let ∆(C)
p denote ∆

(C)
p with the null space removed. Equiv-

alently, ∆(C)
p is the restriction of ∆

(C)
p onto the eigenspaces corresponding to nonzero

eigenvalues.
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Definition 2.6.1 The R-torsion τ(M) of M is defined by

log τ(M) =
1

2

n∑
p=0

(−1)pp log det∆(C)
p . (2.27)

In general, τ(M) may depend on the metric gC, and hence is not a topological in-

variant. However, one can always couple it with an induced metric to eliminate the

dependence on gC and obtain a topological invariant. To be more precise, we consider

the trivial chain complex:

H(C) : Hn(C) 0→ Hn−1(C) 0→ · · · 0→ H1(C) 0→ H0(C). (2.28)

The determinant line λC associated with H(C) is defined by

λC =
n⊗

i=0

(
detH i(C)

)(−1)i
, (2.29)

where detH i(C) = ΛdimdetHi(C) detH i(C) is the usual determinant line. Following the

idea of [21], one can make the following definition:

Definition 2.6.2 The Quellin metric associated with (C, gC) is defined by

∥·∥λC = τ(M) |·|λC , (2.30)

where |·|λC denotes the metric on λC induced by gC. In particular, ∥·∥λC defines a metric

on λC.

Proposition 2.6.3 ∥·∥λC does not depend on the choice of triangulation and the metric

gC. In fact, it is invariant under homeomorphism, but not under homotopy equivalence.

In their celebrated paper [2], Ray and Singer introduced analytic torsion as an analytic
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analogue of R-torsion. Their idea was to replace the combinatorial Laplacian ∆
(C)
p with

the Hodge Laplacian ∆p, and thus they were facing the problem of making sense of

det∆p. To resolve this issue, they made the following observation: Suppose λ > 0 is a

positive eigenvalue of ∆
(C)
p . Then the Mellin transformation yields

λ−s =
1

Γ(s)

∫ ∞

0

ts−1e−tλdt. (2.31)

On the other hand, by differentiating at s = 0, one finds that

d

ds

∣∣∣∣
s=0

λ−s = − log λ. (2.32)

From the computation above, we deduce that

log det∆(C)
p =

∑
eigenvalue λi ̸=0

log λi = − d

ds

∣∣∣∣
s=0

1

Γ(s)

∫ ∞

0

ts−1 Tr e−t∆
(C)
p dt. (2.33)

Inspired by this, one may use the derivative on the right-hand-side of (2.33) to define

det∆p. To be more precise, we recall that as M is compact, the heat operator e−t∆ is of

trace class for any t > 0. We still use ∆ to denote the operator obtained by removing the

null space from the Hodge Laplacian ∆. Let N : Ω∗(M) → Ω∗(M) denote the number

operator given by N |Ωp(M) = p.

Definition 2.6.4 The torsion zeta function is defined as

ζT (s) =
1

Γ(s)

∫ ∞

0

ts−1Trs
(
Ne−t∆

)
dt. (2.34)

When this function is differentiable at s = 0, the analytic torsion T (M) is defined by

log T (M) = −1

2
ζ ′T (0). (2.35)
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Using Poincare duality, one can check that analytic torsion is trivial for manifolds of

even dimensions.

Proposition 2.6.5 Suppose M is a closed, even-dimensional Riemannian manifold.

Then T (M) ≡ 1.

Following [2], we now discuss the metric dependence of analytic torsion. Roughly

speaking, T (M) can be viewed as an element of the determinant line

λM :=
n⊗

i=0

(
detH i

dR(M ;R)
)(−1)i

.

As each identification between λM and R1 amounts to choosing a metric on M , analytic

torsion T (M) by itself is not a topological invariant. As in the case of R-torsion, to recover

the topological invariance, one shall consider the Quillen metric defined by ∥·∥λM
:=

T (M)|·|λM
, where |·|λM

is the metric induced by the L2-metric on H i(M ;R).

In light of Proposition 2.6.5, in the following we always assume that dimM is odd.

Suppose g(σ) is a smooth family of Riemannian metrics onM parameterized by σ ∈ [0, 1].

One has the following variation formula for the supertrace:

Lemma 2.6.6 Let α = ∗−1∗̇. Then

∂

∂σ
Trs
(
Ne−t∆

)
= t

∂

∂t
Trs
(
αe−t∆

)
Since the torsion zeta function is defined as an integral of a supertrace, the lemma

above leads to

Theorem 2.6.7 Let H : L2(Λ∗M) → ker∆ denote the orthogonal projection onto the
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space of harmonic forms. Then

∂

∂σ
log T (E, g(σ)) = −1

2
Trs(αH).

For each σ, let ∥·∥λM ,σ denote the Quillen metric corresponding to g(σ). Then

∂

∂σ
∥·∥λ,τh,g(σ) = 0.

In particular, the Quillen metric ∥·∥λM ,σ doesn’t depend on the choice of g(σ).
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Chapter 3

Adiabatic Limit and Index of Vector

Bundles

This chapter is devoted to the study of the adiabatic limit of the heat operator when the

time is large. As a result, we will prove that the index of the total space E coincides

with the index of M . Passing to the adiabatic limit refers to the geometric degeneration

in which the metric is blown up along certain directions. This blow-up process usually

reveals important information about the metric that cannot be seen using regular meth-

ods. In particular, it is useful in the study of geometric invariants. Historically, the study

of adiabatic limit was initiated by E. Witten in [22], where he related the adiabatic limit

of the η-invariant to the ”global anomaly”.

We will start with the case when the fiber is compact and provide a slightly different

proof of some results in [23]. By introducing a Morse-Bott function and considering the

Witten Laplacian, we show that these results remain true when the fiber is complete and

noncompact. This provides us with a machinery that leads to the convergence of the

index under the adiabatic limit.

In what follows, we consider a fiber bundle Y ↪→ E
π−→ M over a closed manifold M .
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Let ∥ ∥0 = ∥ ∥L2(Λ∗E) denote the standard L
2-norm of sections. IfA : L2(Λ∗E) → L2(Λ∗E)

is a bounded linear operator, we use ∥ ∥0,0 to denote the L2-operator norm. Besides, there

is no parity restriction on the dimensions of E and M in this chapter.

3.1 Compact fiber case

Suppose the fiber Y is a compact manifold. We equip TE with a metric gE as in

(2.3), and a connection ∇E defined by (2.4). We further consider a family of metrics

with an adiabatic parameter along the horizontal direction:

gε =
1

ε2
gM + gY . (3.1)

For any p ∈M , let x1, · · · , xn be a normal coordinate centered at p. Let {e1, · · · , en}

be a locally orthonormal frame around p ∈ M of TM such that ei(p) = ∂
∂xi (p) and

∇L
ei
ej(p) = 0. Let {f1, · · · , fk} be an orthonormal frame for TY . The connection ∇E

respects the horizontal-vertical decomposition, but may not be orthogonal in general. To

fix this, consider the following connection

∇u = ∇E − 1

2

k∑
i=1

⟨S(fi)fi, ·⟩.

We denote by d∗,ε the formal dual of the exterior differential operator d with respect

to the metric gε. Let Dε = d+ d∗,ε be the corresponding Dirac operator. Then

Dε = εc(ẽi)∇u
ei
+ c(f j)∇E

fj
− ε2

4
c(ẽα)c(ẽβ)c(T )(eα, eβ)

:= εD̃M +DY − ε2

4
T,

(3.2)

where c(T ) is the Clifford multiplication of the torsion tensor. We refer to [17, P. 56] for
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the proof of (3.2).

Although of primary interest to us is the heat operator corresponding toDε, a detailed

analysis of the resolvent of 1
ε
Dε is necessary to understand the spectrum of Dε. Formally,

since 1
ε
Dε is self-adjoint, we have the following integration formula for the heat operator

e−
t
ε2

D2
ε =

1

2πi

∫
Γ

e−tλ2

(
λ− 1

ε
Dε

)−1

dλ, (3.3)

provided that the integral on the right-hand side is uniformly convergent. This can be

done by choosing the contour Γ properly. Given that 1
ε
Dε is unbounded, Γ should be

taken such that Γ, together with the infinity, surrounds its spectrum. We postpone the

definition of Γ to (3.10).

Now, as in [23, Section 2.2], by assuming that kerDY is a vector bundle, we can

consider the following decomposition:

L2(Λ∗E) = L2(kerDY )
⊥ ⊕ L2(kerDY ). (3.4)

Let p and p⊥ be the projections onto L2(kerDY ) and L
2(kerDY )

⊥, respectively. Using

(3.4), we can write the rescaled Dirac operator as 1
ε
Dε =

A1 A2

A∗
2 A3

, where

A1 = p⊥D̃Mp
⊥ +

1

ε
DY − εp⊥

T

4
p⊥,

A2 = p⊥D̃Mp− εp⊥
T

4
p,

A3 = D0 − εp
T

4
p,

(3.5)

and A∗
2 is the dual operator of A2. Here we set D0 := pD̃Mp for simplicity.

The following lemma plays a crucial role in proving the convergence of the heat
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operator. The proof essentially follows the argument in [17, Proposition 4.41], [23, Lemma

2.6], and is omitted here.

Lemma 3.1.1

(1) There exists a positive constant λ0 such that spec(|A1|) ⊂ [λ0

ε
,+∞).

(2) The operators A2 and A∗
2 are bounded.

For any λ /∈ spec(D0), we consider the operator

Sε = λ− 1

ε
Dε =

λ− A1 −A2

−A∗
2 λ− A3

 . (3.6)

It is obvious that Sε is invertible, and its inverse is given by

S−1
ε =

T1 T2

T ∗
2 T3

 , (3.7)

where

T1 =
(
λ− A1 − A2(λ− A3)

−1A∗
2

)−1

= (λ− A1)
−1
(
I − (λ− A1)

−1A2(λ− A3)
−1A∗

2

)−1
,

T2 = (λ− A1)
−1A2

(
λ− A3 − A∗

2(λ− A1)
−1A2

)−1

= (λ− A1)
−1A2(λ− A3)

−1
(
I − (λ− A3)

−1A∗
2(λ− A1)

−1A2

)−1
,

T3 =
(
λ− A3 − A∗

2(λ− A1)
−1A2

)−1

= (λ− A3)
−1
(
I − (λ− A3)

−1A∗
2(λ− A1)

−1A2

)−1
.
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We introduce the following notations:

B1 = (λ− A1)
−1A2 (λ− A3)

−1A∗
2,

B2 = (λ− A3)
−1A∗

2 (λ− A1)
−1A2.

(3.8)

Therefore

T1 = (λ− A1)
−1(I −B1)

−1,

T2 = (λ− A1)
−1A2(λ− A3)

−1(I −B2)
−1,

T3 = (λ− A3)
−1(I −B2)

−1.

(3.9)

Since 1
ε
Dε and D0 are self-adjoint, both of their spectra are real. As the fiber is

compact, it follows from [23, Theorem 1.5] that an eigenvalue of 1
ε
Dε either is bounded

from below by a uniform constant λ0 > 0, or decays at least linearly as ε → 0. Conse-

quently, we can pick a constant b > 0 such that 20b < min{λ0, λ1(D0)}, where λ1(D0)

is the smallest nonzero eigenvalue of D0. Thus by choosing ε small enough, one has

spec(1
ε
Dε) ⊂ [0, b] ∪ [20b,∞).

To define the integral, consider the contour Γ = Γ′ ∪ Γ′′ ⊂ C, where

Γ′ = ∂Bb(0),

Γ′′ = {|Re z| ≥ 4b, |Im z| = 2b} ∪ {|Re z| = 4b, |Im z| ≤ 2b}.
(3.10)

Here Γ′ and Γ′′ take the counterclockwise orientations. We first estimate the components

of
(
λ− 1

ε
Dε

)−1
along the contour.

Lemma 3.1.2 For any λ ∈ Γ, we have

(1) limε→0∥T1∥0,0 = limε→0∥T2∥0,0 = 0.

(2) limε→0∥T3 − (λ−D0)
−1∥0,0 = 0.
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Proof: Let us begin by estimating the operators that appear in the definitions of

T1, T2 and T3. For any λ ∈ Γ fixed, we choose ε > 0 sufficiently small such that |λ| ≤ λ0

2ε
.

It follows from lemma 3.1.1 that

∥(A1 − λ)u∥0 ⩾ ∥A1u∥0 − |λ|∥u∥0 ⩾
(
λ0
ε

− |λ|
)
∥u∥0,

which implies

∥(A1 − λ)−1∥0,0 ≤
1

λ0

ε
− |λ|

≤ 2ε

λ0
. (3.11)

Similarly, since D0 is self-adjoint, we have

∥(A3 − λ)u∥0 ⩾ ∥(D0 − λ)u∥0 −
∥∥∥∥εpT4 pu

∥∥∥∥
0

⩾ b∥u∥0 − εC1∥u∥0 = (b− εC1) ∥u∥0.

Thus

∥(A3 − λ)−1∥0,0 ≤
1

b− εC1

. (3.12)

By combining (3.11), (3.12), and the fact that ∥A2∥0,0 ≤
√
C2 is bounded, we obtain

∥B1∥0,0 = ∥B2∥0,0 ≤
2C2

λ0

ε

b− εC1

< 1, (3.13)

provided that ε is small enough. In fact, limε→0∥Bi∥ = 0 for i = 1, 2. As a result,

∥(I −Bi)
−1∥0,0 ≤

1

1− ∥Bi∥0,0
≤ 1

1− 2C2

λ0

ε
b−εC1

→ 1, as ε→ 0. (3.14)
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Using (3.11), (3.12) and (3.13), we obtain the following estimates for Ti’s.

∥T1∥0,0 = ∥(λ− A1)
−1(I −B1)

−1∥0,0 ≤
2ε

λ0

1

1− 2C2

λ0

ε
b−εC1

, (3.15)

∥T2∥0,0 = ∥(λ− A1)
−1A2(λ− A3)

−1(I −B2)
−1∥0,0

≤ 2ε

λ0

C2

b− εC1

1

1− 2C2

λ0

ε
b−εC1

. (3.16)

In particular, limε→0∥T1∥0,0 = limε→0∥T2∥0,0 = 0.

On the other hand, by the second resolvent identity, one has

(λ− A3)
−1 − (λ−D0)

−1 = −(λ− A3)
−1

(
εp
T

4
p

)
(λ−D0)

−1,

which implies

∥(λ− A3)
−1 − (λ−D0)

−1∥0,0 ≤
C3

b2 − εbC1

ε.

Therefore a direct computation shows

∥T3 − (λ−D0)
−1∥0,0

≤ ∥T3 − (λ−D0)
−1(I −B2)

−1∥0,0 + ∥(λ−D0)
−1(I −B2)

−1 − (λ−D0)
−1∥0,0

≤ ∥(λ− A3)
−1 − (λ−D0)

−1∥0,0 · ∥(I −B2)
−1∥0,0

+ ∥(λ−D0)
−1∥0,0 · ∥(I −B2)

−1 − I∥0,0

≤ o(ε) + C∥(I −B2)
−1B2∥0,0 = o(ε).

(3.17)

From this we see that as ε→ 0, T3 converges to (λ−D0)
−1 in the operator norm sense.

In the end, we prove the following main result of this section.

Theorem 3.1.3 Suppose kerDY is a vector bundle over M . Let δ > 0 and t > 0 be
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fixed. Then

lim
ε→0

∥∥∥∥e− t
ε2

D2
ε −

0 0

0 e−tD2
0

∥∥∥∥
0,0

= 0.

Proof: We first show that the heat operator admits an integral expression in terms

of the resolvent. Following the proof of lemma 3.1.2, we have

∥∥∥∥∥
∫
Γ

e−tλ2

(
λ− 1

ε
Dε

)−1

dλ

∥∥∥∥∥
0,0

≤
∫
Γ

∣∣∣e−tλ2
∣∣∣ ∥∥∥∥∥
(
λ− 1

ε
Dε

)−1
∥∥∥∥∥
0,0

dλ

≤ 2

∫
R
e−t(x2−4b2)

∥∥∥∥∥
(
λ− 1

ε
Dε

)−1
∥∥∥∥∥
0,0

dx

≤ 2(C + o(ε))

∫
R
e−t(x2−4b2)dx

= (C ′ + o(ε))e4tb
2

.

In particular, the integral is bounded for fixed ε and t. Therefore, Theorem 2.4.1 implies

e−
t
ε2

D2
ε =

∫
Γ

e−tλ2

(
λ− 1

ε
Dε

)−1

dλ (3.18)

for any ε > 0. To distinguish the contributions of different λ’s to the integral, we split

the region as Γ = {λ ∈ Γ : |λ| ≤ λ0

2ε
} ∪ {λ ∈ Γ : |λ| > λ0

2ε
}.

For the first part, we consider the substitution τ = ελ. Let Γε = {z ∈ C | z
ε
∈ Γ}. A

direct computation shows that the following estimate is uniform in ε:

∣∣∣∣∣
∫
|λ|≤λ0

2ε
,λ∈Γ

e−tλ2

εdλ

∣∣∣∣∣ =
∣∣∣∣∣
∫
|τ |≤λ0

2
,τ∈Γε

e−
t
ε2

τ2dτ

∣∣∣∣∣ ≤ C <∞ (3.19)
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This, together with (3.15), (3.16) and (3.17), implies

lim
ε→0

∥∥∥∥∫
|λ|≤λ0

2ε
,λ∈Γ

e−tλ2

T1 T2

T ∗
2 T3 − (λ−D0)

−1

 dλ

∥∥∥∥
0,0

≤ lim
ε→0

∫
|λ|≤λ0

2ε
,λ∈Γ

∣∣∣e−tλ2
∣∣∣ o(ε)dx

≤ lim
ε→0

∫
Γ

∣∣∣e−tλ2
∣∣∣ o(ε)dx

= 0.

(3.20)

To estimate the second part, we observe that if λ = x + iy ∈ Γ satisfies |λ| > λ0

2ε
for

some ε small, then |y| = 2b and x2 >
λ2
0

4ε2
− 4b2. Thus, letting X = εx,

lim
ε→0

∫
{(x,2b)∈C|x2>λ2

0/4ε
2−4b2}

e−t(x2−4b2)

∥∥∥∥∥
(
λ− 1

ε
Dε

)−1
∥∥∥∥∥
0,0

dx

≤ lim
ε→0

∫
{(x,2b)∈C|x2>λ2

0/4ε
2−4b2}

e−t(x2−4b2) 1

2b
dx

= lim
ε→0

∫
{(X,2b)∈C|X2>λ2

0/4−4b2ε2}
e4tb

2

e−tX
2

ε2
1

2bε
dX

= 0,

(3.21)

Combining (3.20) and (3.21), we complete the proof.

3.2 Noncompact fiber case

Now we discuss the case that the fiber is complete but not compact. Assume Y = Rk

is the k-dimensional Euclidean space, i.e. E is a real vector bundle of rank k. Similar

to the compact case, we equip E with a Riemannian metric gE given in (2.3). Moreover,

we assume that for each x ∈M , the metric gY (x) is a rescale of the Euclidean metric on

Y = Rk. In other words, locally gY (x) = f(x)gRk for some smooth function f(x). As the

34



Adiabatic Limit and Index of Vector Bundles Chapter 3

fiber is noncompact, we shall no longer expect the spectrum of |A1| to have a uniformly

positive lower bound.

To begin with, consider a function h on E that is locally defined by

h(x, y) =
1

2
(y1)2 +

1

2
(y2)2 + · · ·+ 1

2
(yk)2, (3.22)

where y1, · · · , yk are the coordinates of the fibers. We will always pick a local chart so

that |∇h|2 = |y|2. By choosing the transition functions to be O(k)-valued, h can be

defined globally. It is easy to see that h is a Morse-Bott function on E, namely the set

of critical points form a submanifold (in fact it is the image of the 0-section), and at any

point of the critical submanifold, the Hessian Hessh is nondegenerate along the normal

direction.

For τ ∈ R positive, let D2
τh be the Witten Laplacian defined in Definition 2.3.5. As

an analogue of (3.2), we have

Dε,τh = εD̃M +DY + τ ĉ(dh)− ε2

4
T. (3.23)

Let D̃Y := DY + τ ĉ(dh). Suppose for now that ker D̃Y is a vector bundle. Consider

the following decomposition of the L2-space:

L2(Λ∗E) = L2(ker D̃Y )
⊥ ⊕ L2(ker D̃Y ). (3.24)
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Then we have 1
ε
Dε,τh =

Ã1 Ã2

Ã∗
2 Ã3

, where Ã∗
2 is the adjoint of Ã2, and

Ã1 =
1

ε
DY +

1

ε
τ ĉ(dh) + p⊥D̃Mp

⊥ + εp⊥
T

4
p⊥,

Ã2 = p⊥D̃Mp+ εp⊥
T

4
p,

Ã3 = D0 + εp
T

4
p.

An argument similar to the proof of Lemma 3.1.1 shows that spec(|Ã1|) ⊂ [ λ̃0(τ)
ε
,+∞),

and Ã2 is a bounded operator.

To construct a contour as in the compact case, we need a uniform lower bound on

the spectrum (except 0) of 1
ε
Dε,τh.

Proposition 3.2.1 There exists λ′0 > 0 such that for any ε > 0 sufficiently small, we

have the following uniform bound for non-zero eigenvalues λ′ε of 1
ε
Dε,τh:

|λ′ε| ≥ λ′0, ∀λ′ε ̸= 0 ∈ spec

(
1

ε
Dε,τh

)
.

Proof: We will follow [23, section 4.2] and derive the uniform bound by comparing

two spectral sequences. For references of spectral sequence, we refer to [23, section 4.2],

[24, section 1], and [25, chapter 3.5].

It is clear that every λ′ε corresponds to a non-zero eigenvalue λε = ελ′ε of Dε,τh. To

obtain a uniform lower bound, it suffices to consider λε which decays to 0 as ε→ 0. Let

GΛ0
r
be the direct sum of eigenspaces of Dε,τh, such that the corresponding eigenvalues

decay at least like εr, i.e.

GΛ0
r
=

⊕
λε=o(εr)

E(λε).

Define Er := limε→0GΛ0
r
. Then it is easy to check that (Er, ε

−rdτh) forms a spectral
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sequence. A direct observation is that the sequence terminates at Ek, i.e. Ek−1 ̸= Ek =

Ek+1 = · · · = E∞, if and only if every λε ̸= 0 decays at most like εk−1.

Next, we consider Serre’s filtration

F i : =
{
a(z, y)dxα ∧ dyβ | |α| ≥ i

}
=
⊕
p≥i

ΛpM ⊗ Λ∗Y.

This induces the Leray spectral sequence (Ēr, d̄r,τh). It is well known that

Ē1
∼= Λ∗M ⊗ ker(D̃Y |Λ∗Y ) ∼= Λ∗M ⊗ spanR

{
e−τ

|y|2
2

}
Ē2

∼= H∗(Ē1) ∼= H∗
dRM ⊗ spanR

{
e−τ

|y|2
2

}
Ē∞ ∼= ker(Dε,τh).

(3.25)

By Theorem 1.3 in [12], for ε > 0 small enough, we have

ker(Dε,τh) ∼= H∗
dR(E,Uc) = H∗

dR(E)
∼= H∗

dR(M), (3.26)

where the second equality comes from the fact that Uc := {p ∈ E | h(p) < −c < 0} is

an empty set, and the last equality holds true because de Rham cohomology groups are

homotopy invariant. As a consequence, we see that Ē2
∼= Ē∞, and therefore the Leray

spectral sequence terminates at Ē2.

Now notice that the proof of Theorem 0.2 in [23] extends to our situation trivially.

In particular, we have Er
∼= Ēr. As a result, every λε has exactly linear decay. Thus we

can find a constant λ′0 > 0 such that

|λ′ε| =
1

ε
|λε| ≥ λ′0.
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Now if we take b > 0 so that 20b < min{λ′0, λ1(D0)}, the rest of the argument in

section 3.1 can be extended to the noncompact case without any change.

It turns out that, in the noncompact setting, the assumption that ker D̃Y is a vector

bundle is redundant. To see this, we observe that since T ∗E = π∗T ∗M ⊕ V ∗E, we have

Λ∗E = π∗ (Λ∗M)⊗ Λ∗(V ∗E). (3.27)

For simplicity, in the following we will still denote π∗ (Λ∗M) by Λ∗M .

Since D̃Y only acts on the Λ∗(V ∗E) part of the exterior algebra bundle, it is easy to

see

ker D̃Y = Λ∗M ⊗ ker(D̃Y |Λ∗(V ∗E)). (3.28)

A direct computation in local coordinates shows

(D̃Y |Λ∗(V ∗E))
2 = −

k∑
j=1

∂2

∂(yj)2
− kτ + τ |y|2 + τ · 2

k∑
j=1

f j ∧ ιfj .

It is a standard fact (see, for example, [26, Section 5.4]) that locally

ker D̃Y |Λ∗(V ∗E) = ker(D̃Y |Λ∗(V ∗E))
2 = spanR

{
e−

τ |y|2
2

}
. (3.29)

As we have seen, e−
τ |y|2

2 can be extended to a global function on E. As a result,

ker D̃Y |Λ∗(V ∗E)
∼= E × R1 is a trivial line bundle over E. Therefore we end up with the

following noncompact version of theorem 3.1.3.

Theorem 3.2.2 Let E → M be a vector bundle over a compact manifold M . For any
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t > 0 fixed, we have

lim
ε→0

∥∥∥∥e− t
ε2

D2
ε,τh −

0 0

0 e−tD2
0

∥∥∥∥
0,0

= 0. (3.30)

Remark 3.2.3 If we decompose (λ− 1
ε
Dε,τh)

−1 with respect to (3.24) as

(
λ− 1

ε
Dε,τh

)−1

=

T̃1 T̃2

T̃ ∗
2 T̃3

 , (3.31)

then from the proof of Lemma 3.1.2 one can actually deduce that for |λ| ≤ λ′
0

2ε
,

∥T̃1∥0,0, ∥T̃2∥0,0, ∥T̃3 − (λ−D0)
−1∥0,0 ≤ Cε, (3.32)

3.3 Index of vector bundle

In this section we show that the index of the total space E of a vector bundle coincides

with that of the base manifold M . We begin by reviewing the construction of the (L2-)

index of Witten Laplacian on the total space E (see [11], [12] for more details). Let

L2Λ∗(E) denote the space of L2 differential forms on E. Set Ω∗
(2)(E) = L2Λ∗(E)∩Ω∗(E)

to be the space of smooth L2 differential forms. As can be seen easily, Ω∗
(2)(E) together

with dτh forms a cochain complex:

· · · dτh−−→ Ωi−1
(2) (E)

dτh−−→ Ωi
(2)(E)

dτh−−→ Ωi+1
(2) (E)

dτh−−→ · · · . (3.33)

Denote byH∗
(2)(E, dτh) the corresponding cohomology. The index of the Witten Laplacian

is then defined as

χ(E, dτh) =
dimE∑
i=0

(−1)i dimH∗
(2)(E, dτh). (3.34)
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As the index of a closed manifold, χ(E, dτh) enjoys a heat operator expression:

χ(E, dτh) = Trse
−tD2

τh . (3.35)

Notably, it was shown in [12] that H∗
(2)(E, dτh) is independent of τ > 0. For this reason,

in the following we will simply denote χ(E, dτh) by χ(E).

As shown in (3.35), to understand the index, it is crucial to study the heat operator

e−tD2
τh . In fact, we have the following convergence result for the heat trace, which plays

a crucial role in relating two indexes.

Theorem 3.3.1 For any t > 0,

lim
ε→0

Trs

(
e−

t
ε2

D2
ε,τh

)
= Trs

(
e−tD2

0

)
. (3.36)

Proof: Using Remark 3.2.3, the assertion follows from an argument as in [24, Section

5(c)-5(e)].

Now we are ready to state and prove the main theorem of this chapter.

Theorem 3.3.2 Suppose E is a vector bundle over a compact manifold M . Then

H∗
(2)(E, dτh) ≃ H∗

dR(M). (3.37)

In particular,

ind(E) = ind(M). (3.38)

Proof: Using [12], more specifically arguing as in the proof of [12, Theorem 4.1], one

can show that the Witten deformed L2-cohomology of E is isomorphic to the (absolute)
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de Rham cohomology:

H∗
(2)(E, dτh)

∼= H∗
dR(E)

∼= H∗
dR(M). (3.39)

Thus (3.38) follows directly. Here we also provide an alternative proof. Recall that

D0 = pD̃Mp maps ker D̃Y to itself. Using the splittings (3.27) and (3.28), we can write

D0 as a twisted Dirac operator

D0 = DM ⊗ 1 + 1⊗Du : Λ∗M ⊗ ker(D̃Y |Λ∗(V ∗E)) → Λ∗M ⊗ ker(D̃Y |Λ∗(V ∗E)),

where Du is the induced Dirac operator on ker(D̃Y |Λ∗(V ∗E)). With respect to the natural

Z2 grading

Λ+E =
(
Λ+M ⊗ Λ+(V ∗E)

)
⊕
(
Λ−M ⊗ Λ−(V ∗E)

)
,

Λ−E =
(
Λ−M ⊗ Λ+(V ∗E)

)
⊕
(
Λ+M ⊗ Λ−(V ∗E)

)
,

the ”positive” part of D0 is D
+
0 = D+

M ⊗ 1+1⊗Du. One should notice that D+
M ⊗ 1 and

1⊗Du map Λ+
M ⊗ker(D̃Y |Λ∗(V ∗E)) to Λ−M ⊗Λ+(V ∗E) and Λ+M ⊗Λ−(V ∗E) separately.

When coupled with the projection to the kernel of D̃Y |Λ∗(V ∗E), 1 ⊗Du is the zero map.

Therefore the kernel and cokernel of D+
0 split as

kerD+
0 = kerD+

M ⊗ ker(D̃Y |Λ∗(V ∗E)),

cokerD+
0 = cokerD+

M ⊗ ker(D̃Y |Λ∗(V ∗E)).

(3.40)
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Since ker(D̃Y |Λ∗(V ∗E)) is 1-dimensional, we obtain

indD+
0 = dimkerD+

0 − dim cokerD+
0

= dimkerD+
M − dim cokerD+

M

= ind(M).

(3.41)

On the other hand, Theorem 3.3.1 and the heat equation formulation for index imply

indD+
0 = Trs e

−tD2
0 = Trs

0 0

0 e−tD2
0

 = lim
ε→0

Trs e
− t

ε2
D2

ε,τh = ind(E), (3.42)

which proves the theorem.
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Chapter 4

Analytic Torsion of Vector Bundles

4.1 Regularized torsion zeta function and analytic

torsion

Let (M, gM) be a closed n-dimensional Riemannian manifold, and E →M be a vector

bundle over M with rank k. We impose the same assumption on the metric gE as in

Section 3.2. Locally we can always write the metric as

gE = gM + f(x)gRk . (4.1)

In general, the spectrum of the Hodge Laplacian ∆ over E may contain a nonempty

continuous spectrum. As a result, the heat operator e−t∆ is not of trace class, and

hence the torsion zeta function ζ(s) given in 2.34 is not well-defined even when Re s is

large. In this section, to extend the theory discussed in Section 2.6 to the noncompact

setting, we introduce a Witten deformation of the Hodge Laplacian as a regularization,

and define an analytic torsion on E accordingly. Moreover, we show that the definition

is valid by applying results in [11] and [12] and calculating the asymptotic expansion of
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the supertrace of the heat operator.

Let h and ∆τh = D2
τh be the Morse-Bott function and the corresponding Witten

Laplacian introduced in Section 3.2. It is easy to verify that the triple (E, gE, h) is

strongly tame (we refer to [27] and [12] for more details about strong tameness), namely:

(1) (E, gE) has bounded geometry,

(2) lim supp→∞
|∇2h|
|∇h|2 (p) = 0,

(3) limp→∞|∇h| = ∞.

Thus it follows from [12, Theorem 2.2] that the spectrum of D2
τh is discrete.

LetKτh be the heat kernel of e
−tD2

τh . Then clearly NKτh is the heat kernel of Ne
−tD2

τh .

We first show that the heat operator is of trace class, and the McKean-Singer formula

still holds true in the noncompact situation.

Lemma 4.1.1 Ne−tD2
τh is a trace class operator. Moreover, there holds

Trs

(
Ne−tD2

τh

)
=

∫
E

trs

(
NKτh(t, p, p)

)
dvolgE , (4.2)

where trs denotes the pointwise supertrace.

Proof: Let V (y) = |∇h|2. One can check directly that it satisfies tV (y) = V (t1/2y).

So by a similar argument as in [11, Section 6], we conclude that Ne−tD2
τh is of trace class.

Equation (4.2) follows from this directly.

Using this lemma, we introduce the following definition.

Definition 4.1.2 We define the (Witten-)torsion zeta function to be

ζτh(s) =
1

Γ(s)

∫ ∞

0

ts−1Trs

(
Ne−tD2

τh

)
dt. (4.3)
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The regularized analytic torsion Tτh(E) of E is defined by

log Tτh(E) = −1

2
ζ ′τh(0), (4.4)

provided that the function ζτh(s) is differentiable at s = 0.

We will devote the rest of this section to proving the differentiability of ζτh(s) at the

origin. First, it follows from [11, Theorem 1.1] that, for t ∈ (0, 1] and τ ∈ (0,
√
t], we

have the following asymptotic expansion for Kτh along the diagonal:

Kτh(t, p, p) ∼
1

(4πt)
n+k
2

e−tτ2|y|2
∞∑
j=0

tjAτ,j(p), (4.5)

where Aτ,j’s are smooth sections of End(Λ∗E). Also, for r large enough we have the

following remainder estimate:

∣∣∣Kτh −
1

(4πt)
n+k
2

e−tτ2|y|2
r∑

j=0

tjAτ,j

∣∣∣ ≤ Ct
r+1
3

−n+k
2 τ

−2r+4
3 e−ad̃τ (t,y), (4.6)

where d̃τ is a parabolic distance satisfying d̃τ (t, y) ≥ min{c1τ |y|, c2tτ 2|y|2} for some

positive constants c1 and c2.

From section 2.2, we see that each Aτ,j can be written as

Aτ,j =
∑

I,I′⊂{1,2,··· ,n}
J,J ′⊂{1,2,··· ,k}

AI,J,I′,J ′

τ,j c(eIfJ)ĉ(eI
′
fJ ′

), (4.7)

and AI,J,I′,J ′

τ,j ’s are algebraic combinations of derivatives of the curvature of gE and the
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function h. In particular, we have

AI,J,I′,J ′

τ,j =
∑
0≤l≤j

∑
∑l

i=1|αi|≤2j

cI,J,I
′,J ′

α1,··· ,αl
(τ)∂α1h · · · ∂αlh.

Joining this with the asymptotic expansion of the heat kernel Kτh and Lemma 4.1.1,

there holds

Trs

(
Ne−tD2

τh

)
∼ 1

(4πt)
n+k
2

Trs

(
Nc(eIfJ)c(eI

′
fJ ′

)
)
·

∞∑
j=0

∑
I,J,I′,J ′

tj
(∫

E

e−tτ2|y|2
∑
0≤l≤j

∑
∑l

i=1|αi|≤2j

cI,J,I
′,J ′

α1,··· ,αl
(τ)∂α1h · · · ∂αlhdvolgE

)
.

The supertrace terms on the right are always real numbers, so it remains to evaluate

the integrals above. Note that the derivative factors satisfy

(∂αih)(y) = t
|αi|
2

−1(∂αih)(t1/2y).

Then using the substitution ỹ = t1/2y, we find that

∫
Rk

e−tτ2|y|2∂α1h · · · ∂αlh dy

=

∫
Rk

e−tτ2|y|2t
|α1|+···+|αl|

2
−l∂α1h(t1/2y) · · · ∂αlh(t1/2y) dy

=

∫
Rk

e−τ2|ỹ|2t
|α1|+···+|αl|

2
−l∂α1h(ỹ) · · · ∂αlh(ỹ)t−k/2 dỹ

= C̃α1,··· ,αl
(τ)t

|α1|+···+|αl|
2

−l−k/2.
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Therefore, by Fubini’s theorem and the assumption that M is compact, we obtain

∫
E

e−tτ2|y|2AI,J,I′,J ′

τ,j (p) dvolgE

=

∫
M

(∫
Ex

e−tτ2|y|2AI,J,I′,J ′

τ,j (x, y) dy
)
f(x) dvolx

=
∑
0≤l≤j

∑
∑

|αi|≤2j

∫
M

cI,J,I
′,J ′

α1,··· ,αl
(τ)
(∫

Rk

e−tτ2|y|2∂α1h · · · ∂αlh dy
)
f(x) dvolx

= CI,J,I′,J ′

j (τ)
∑
0≤l≤j

∑
∑

|αi|≤2j

t
|α1|+···+|αl|

2
−l− k

2 .

This leads to the following asymptotic expansion for the supertrace:

Theorem 4.1.3 For any τ ∈ (0,
√
t], we have

Trs

(
Ne−tD2

τh

)
∼ 1

(4πt)
n+k
2

∞∑
j=0

∑
l≤j

∑
∑

|αi|≤2j

Cα1,··· ,αl
(τ)tj+

∑
|αi|
2

−l− k
2

as t→ 0. Moreover, for r large enough, we have the corresponding remainder estimate:

∣∣∣∣∣∣Trs
(
Ne−tD2

τh

)
− 1

(4πt)
n+k
2

r∑
j=0

∑
l≤j

∑
∑

|αi|≤2j

Cα1,··· ,αl
(τ)tj+

∑
|αi|
2

−l− k
2

∣∣∣∣∣∣
≤ C(τ, r)t

r+3
1

−3n−3k.

Remark 4.1.4 Obviously j +
∑

|ai|
2

− l ∈ [0, 3j]. The asymptotic expansion above can be

expressed as

Trs

(
Ne−tD2

τh

)
∼ 1

(4πt)
n+k
2

∞∑
p=−k

apt
p
2 . (4.8)

In particular, the leading term is a−kt
−n+2k

2 . Moreover, for r sufficiently large, the re-
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mainder estimate implies

∣∣∣∣∣Trs(Ne−tD2
τh

)
− 1

(4πt)
n+k
2

r∑
p=−k

apt
p
2

∣∣∣∣∣ ≤ Ct.

As a consequence, we have the following main theorem of this section.

Theorem 4.1.5 For any τ ∈ (0, 1), ζτh(s) admits an analytic continuation as a mero-

morphic function on C, and it is analytic near 0. Consequently, log Tτh(E) is well-defined.

Proof: Let D2
q denote the restriction of D2

τh on ΛqE. Let Σ0 =
1

(4πt)
n+k
2

∑r
p=−k apt

p
2

be a partial sum of the series in the asymptotic expansion, with r large enough such that

Remark 4.1.4 applies.

We consider the two intervals [0, 1] and [1,+∞] separately. Let us first deal with the

second interval. Let λ0 be the smallest nonzero eigenvalue of Ne−tD2
τh . Then it is easy

to see ∣∣∣Trs(Ne−tD2
τh)
∣∣∣ ≤ Ce−

λ0
2
t

for some constant C > 0. Therefore integrating over the second interval yields a holo-

morphic function on C.

For the first interval, it follows from a straightforward computation that

∫ 1

0

ts−1Trs(Ne
−tD2

τh)dt

=

∫ 1

0

ts−1
(
Trs(Ne

−tD2
τh)− Σ0

)
dt+

∫ 1

0

ts−1Σ0dt

−
n+k∑
q=1

(−1)qq

∫ 1

0

ts−1 dim(kerD2
q)dt.

By Remark 4.1.4, the first integral above is holomorphic for s ∈ C satisfying Re(s) > −1.
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Next, notice that each term in

∫ 1

0

ts−1Σ0dt =
r∑

p=−k

∫ 1

0

ts−1 1

(4πt)
n+k
2

ap t
p
2dt

creates a single pole at s = −k
2
,−k+1

2
, · · · . Also, we see that

−
n+k∑
q=1

(−1)qq

∫ 1

0

ts−1 dim(kerD2
q)dt = −1

s

n+k∑
q=1

(−1)qq dim(kerD2
q)

has a simple pole at s = 0. Thus the proof is completed by noticing that 1
Γ(s)

is an entire

function with a simple zero at s = 0.

Remark 4.1.6 The results above can be extended easily to the following setting. Assume

the metric g̃E still takes the form gM + g̃Y as (2.3). Instead of a family of Euclidean

metrics, we now assume that g̃Y is a smooth family of asymptotically flat metrics with

bounded geometry. In this case, we consider the metric gE constructed in the beginning of

this section as a background metric, and define the potential function h using the distance

function of gE. Under these assumptions, all the results in this section continue to hold,

with only minor modifications to the proofs.

4.2 Comparison with other regularization

In this section, we compare our treatment with other regularizations of analytic tor-

sions over noncompact manifolds.

In [8], F. Calegari and A. Venkatesh used the torsion in the homology of arithmetic

groups to study the arithmetic Langlands program. Their main tool is analytic torsion

and a Cheeger-Müller type theorem. Due to the noncompact nature of certain arithmetic

manifolds, they were forced to develop a regularization theory for analytic torsion on a
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3-dimensional complete noncompact hyperbolic manifold (the idea goes back to early

works of others, including W. Müller [28] and R. Melrose [29]). In their situation, the

noncompactness comes from the existence of toric cusps. Roughly speaking, a toric cusp

is a finite volume end at infinity which looks like T2 × [0,∞). For the simplicity of

discussion, assume M3 is a finite-volume hyperbolic manifold with exactly one cusp C.

Then their idea was to create a truncation M(Y ) by cutting off the cusp at a large

”height” Y . As M(Y ) is a compact manifold with boundary, there is a nicely behaved

heat kernel KY (t, x, y).

As a consequence of the Selberg trace formula, they obtained the following asymptotic

formula as Y approaches infinity:

∫
M(Y )

TrKY (t, x, x)dx ∼ k0 log Y + k1 + (rapidly decaying terms in Y ), (4.9)

where k0 and k1 are constants. In particular, they define the regularized heat trace to be

the constant term k1.

A similar local regularization also appears in the work of W. Müller and J. Pfaff [30],

where they considered a general noncompact hyperbolic manifold Mn. They pointed out

that Tr∗(e−t∆) actually equals the spectral side of the Selberg trace formula applied to

e−t∆. In addition, they computed the following small-time asymptotic expansion:

Tr∗(e−t∆) ∼ a−n/2t
−n

2 + · · ·+ a−1/2t
− 1

2 + b t−
1
2 log t+O(t1/2). (4.10)

The disadvantage of the regularization above is twofold. First, compared to the

compact situation, there is an extra logarithm singularity in the asymptotic expansion

(4.10). This will lead to a technical difficulty in the analyze of the small time behavior.

Second, as the regularized heat trace is only the constant term in (4.9), if one varies the
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metric smoothly, there may not be a nice variation formula for the regularized analytic

torsion. In contrast to their treatment, our regularization given by Witten deformation

yields an asymptotic expansion (4.8) that contains only polynomial singularities. Besides,

as will be seen in the next section, the regularized analytic torsion admits the same

variation formula as in the compact case, which following a standard argument implies

the metric independence of the Quillen metric.

4.3 Quillen Metric and Topological Invariance

In this section, we introduce a corresponding Quillen metric on the determinant line

associated with En+k → Mn, and show that it is independent of the metric chosen. In

order to obtain a nontrivial analytic torsion with a nice asymptotic expansion, we impose

here an additional assumption that the dimensions of E and M are both odd. Let g(σ)

be a family of Riemannian metrics on E that depends on σ ∈ [0, 1] smoothly. Assume

for each σ,

g(σ) = gM(σ) + gY (σ) (4.11)

takes the form as in Section 3.2. For each σ, let hσ = |y|2g(σ) be the function defined

in (3.22). Let L(E) =
⊗dimE

i=0 (detH i
dR(E))

(−1)i
denote the determinant line of E, and

|·|L(E),g(σ) denote the L
2-norm on L(E) induced by g(σ). Following the compact case, we

introduce a Quillen metric on E.

Definition 4.3.1 The Quillen metric of E associated with the metric g(σ) is defined to

be

∥·∥L(E),τh,g(σ) = Tτh(E, g(σ)) |·|L(E),g(σ)

To address a variation formula for the Quillen metric, we first compute the derivative

of the Witten Laplacian. In the following we will alternatively use a dot to stand for the
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derivative with respect to the parameter σ. Sometimes we will omit the dependence on

σ for convenience. For instance, we will write ∆τh(σ) as ∆τh. Let ∗σ be the Hodge star

operator associated with g(σ), and α := ∗−1
σ ∗̇σ.

Lemma 4.3.2 ∆̇τh = A+B, where

A = −dτhαd∗τh + dτhd
∗
τhα− αd∗τhdτh + d∗τhαdτh,

B = [dτh, τ ḣ]d
∗
τh + d∗τh[dτh, τ ḣ]− [d∗τh, τ ḣ]dτh − dτh[d

∗
τh, τ ḣ].

Proof: First, we observe that

ḋτh = τdḣ∧ = [dτh, τ ḣ], (4.12)

where [·, ·] is the supercommutator. On the other hand, recall that d∗τh = eτhd∗e−τh.

Taking derivative on σ yields

ḋ∗τh = τ ḣeτhd∗e−τh + eτh(−αd∗ + d∗α)e−τh − eτhd∗(τ ḣ)e−τh

= −αd∗τh + d∗τhα− [d∗τh, τ ḣ].

(4.13)

Thus the assertion follows from a straightforward computation.

Now we extend the classic variation formula of the heat trace to the noncompact case.

Proposition 4.3.3 For each t > 0, the heat operator e−t∆τh(σ) depends differentiably on

σ, and there holds

∂

∂σ
Trs
(
Ne−t∆τh

)
= −tTrs

(
N∆̇τhe

−t∆τh

)
. (4.14)

Proof: Without loss of generality, in the following we will only provide estimates

for operators restricting to the space of functions. The estimates for differential forms
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are very similar. To prove (4.14), write ∆τh(σ) = ∆(σ) + V (σ), where V is a smooth

function coming from Witten deformation. As clearly V has a finite lower bound, by

shifting V if necessary, we may assume that V > 0. Notice that for each σ > 0 fixed,

(E, g(σ)) has bounded geometry, and ∆ is a C∞-bounded uniformly elliptic differential

operator. It follows from Lemma 1.2 in [31, Appendix 1] that for any u ∈ C∞
0 (E),

∥u∥H2(σ) ≤ C1

(
∥∆u∥H0(σ) + ∥u∥H0(σ)

)
(4.15)

for some uniform constant C1 > 0. Here we use H i(σ) to denote the j-th Sobolev space

associated with the metric g(σ). On the other hand, as ∆̇ is a C∞-bounded second

order differential operator, it induces a bounded linear operator ∆̇ : H2(σ) → H0(σ).

Consequently, one has

∥∆̇u∥H0(σ) ≤ C2∥u∥H2(σ) ≤ C3

(
∥∆u∥H0(σ) + ∥u∥H0(σ)

)
, (4.16)

for any u ∈ C∞
0 (E). In particular, this implies that ∆̇ is ∆-bounded. On the other hand,

as V̇ also grows quadratically in y, there is a constant C4 > 0 such that

∥V̇ u∥H0(σ) ≤ C4

(
∥V u∥H0(σ) + ∥u∥H0(σ)

)
. (4.17)

Thus V̇ is also V -bounded.

To show that the right hand side of (4.14) is well-defined, we need to prove that ∆̇τh

is ∆τh-bounded. Pick u ∈ C∞
0 (E). First we make the following observation

∥∆τhu∥2H0(σ) = ∥∆u∥2H0(σ) + ∥V u∥2H0(σ) + 2(∆u, V u)H0(σ). (4.18)

Using the Bochner formula, we can write the Hodge Laplacian as ∆ = ∇∗∇+ R, where
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R is a bounded zeroth order operator that depends on the curvature. Regarding the last

term in (4.18), one has

(∆u, V u)H0(σ) =

∫
E

⟨∇∗∇u, V u⟩ dvolg(σ) +
∫
E

⟨Ru, V u⟩ dvolg(σ)

=

∫
E

⟨∇u, (∇V )u⟩ dvolg(σ) +
∫
E

V |∇u|2 dvolg(σ) +
∫
E

⟨Ru, V u⟩ dvolg(σ).

(4.19)

By Cauchy-Schwarz inequality, we have

∣∣∣∣∫
E

⟨∇u, (∇V )u⟩ dvolg(σ)
∣∣∣∣ ≤ 1

2

∫
E

|V ||∇u|2 dvolg(σ) +
1

2

∫
E

|∇V |2

|V |
|u|2 dvolg(σ). (4.20)

Observe that as a function, |∇V |2(x, y) can be written as a second order polynomial in

y. Therefore there exists a C5 > 0 satisfying

|∇V |2 ≤ C5|V |. (4.21)

Combining (4.19), (4.20) and (4.21), we infer that

(∆u, V u)H0(σ) ≥ −C6∥u∥2H0(σ). (4.22)

Therefore (4.18) yields

∥∆u∥2H0(σ) + ∥V u∥2H0(σ) ≤ ∥∆τhu∥2H0(σ) + C6∥u∥2. (4.23)

Using (4.16), (4.17), and (4.23), we deduce that

∥∆̇τhu∥H0(σ) ≤ ∥∆̇u∥H0(σ) + ∥V̇ u∥H0(σ) ≤ C7

(
∥∆τhu∥H0(σ) + ∥u∥H0(σ)

)
. (4.24)
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Consequently, the operator ∆̇τh(∆τh + I)−1 is bounded, and ∆̇τhe
−t∆τh = ∆̇τh(∆τh +

I)−1 ◦ (∆τh + I)e−t∆τh is of trace class.

Using Duhamel’s principle, we see that the heat operator e−t∆τh is differentiable with

respect to σ, and its derivative is given by

∂

∂σ
e−t∆τh = −

∫ t

0

e−(t−s)∆τh∆̇τhe
−s∆τhds. (4.25)

By our discussion above, we can apply traces to both sides to obtain

∂

∂σ
Tr
(
e−t∆τh

)
= Tr

(
∂

∂σ
e−t∆τh

)
= −Tr

(∫ t

0

e−(t−s)∆τh∆̇τhe
−s∆τhds

)
= −

∫ t

0

Tr
(
e−(t−s)∆τh∆̇τhe

−s∆τh

)
ds

= −
∫ t

0

Tr
(
∆̇τhe

−t∆τh

)
ds

= −tTr
(
∆̇τhe

−t∆τh

)
.

(4.26)

As obviously the number operator N is bounded, this completes the proof.

To obtain a variation formula for the analytic torsion, we shall compute the right

hand side of (4.14) explicitly.

Proposition 4.3.4 ∂
∂σ
Trs
(
Ne−t∆τh

)
= t ∂

∂t
Trs
(
αe−t∆τh

)
.

Proof: It follows from a Hodge-type theorem (see [12, Theorem 1.3]), Lemma 4.3.2,

and Proposition 4.3.3 that

∂

∂σ
Trs
(
Ne−t∆τh

)
=

∂

∂σ
Trs
(
Ne−t∆τh

)
= −tTrs

(
N∆̇τhe

−t∆τh

)
= −tTrs

(
NAe−t∆τh

)
− tTrs

(
NBe−t∆τh

)
.

(4.27)
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Let ∆τh,i denote the restriction of ∆τh to Ωi(E). For the A-part, we have

−tTrs
(
NAe−t∆τh

)
= −tTrs

(
N(−dτhαd∗τh + dτhd

∗
τhα− αd∗τhdτh + d∗τhαdτh)e

−t∆τh
)

= −t
n+k∑
i=1

(−1)ii
[
− Tr

(
dτhαd

∗
τhe

−t∆τh,i
)
+ Tr

(
dτhd

∗
τhαe

−t∆τh,i
)

− Tr
(
αd∗τhdτhe

−t∆τh,i
)
+ Tr

(
d∗τhαdτhe

−t∆τh,i
) ]
.

(4.28)

Using the fact that dτh∆τh,i = ∆τh,i+1dτh and d∗τh∆τh,i = ∆τh,i−1d
∗
τh, we find that

−
n+k∑
i=1

(−1)iiTr
(
dτhαd

∗
τhe

−t∆τh,i
)
= −

n+k∑
i=1

(−1)iiTr
(
d∗τhdτhαe

−t∆τh,i−1
)

=
n+k∑
i=0

(−1)i(i+ 1)Tr
(
d∗τhdτhαe

−t∆τh,i
)
,

(4.29)

and

n+k∑
i=1

(−1)iiTr
(
d∗τhαdτhe

−t∆τh,i
)
=

n+k∑
i=1

(−1)iiTr
(
dτhd

∗
τhαe

−t∆τh,i+1
)

= −
n+k∑
i=1

(−1)i(i− 1)Tr
(
dτhd

∗
τhαe

−t∆τh,i
)
,

(4.30)
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Joining (4.28) with (4.29) and (4.30), we conclude that

−tTrs
(
NAe−t∆τh

)
= −t

n+k∑
i=0

(−1)i
[
(i+ 1)Tr

(
d∗τhdτhαe

−t∆τh,i
)
− iTr

(
d∗τhdτhαe

−t∆τh,i
)]

− t

n+k∑
i=1

(−1)i
[
iTr
(
dτhd

∗
τhαe

−t∆τh,i
)
− (i− 1)Tr

(
dτhd

∗
τhαe

−t∆τh,i
)]

= −tTrs
(
∆τhαe

−t∆τh
)

= t
∂

∂t
Trs
(
αe−t∆τh

)
.

(4.31)

Now we turn to the B-part. Using a similar trick, we deduce that

− tTrs
(
NBe−t∆τh

)
= −t

n+k∑
i=1

(−1)ii
[
Tr
(
[dτh, τ ḣ]d

∗
τhe

−t∆τh,i

)
+ Tr

(
d∗τh[dτh, τ ḣ]e

−t∆τh,i

)
− Tr

(
[d∗τh, τ ḣ]dτhe

−t∆τh,i

)
− Tr

(
dτh[d

∗
τh, τ ḣ]e

−t∆τh,i

) ]
= −t

n+k∑
i=1

(−1)i
[
− (i+ 1)Tr

(
d∗τh[dτh, τ ḣ]e

−t∆τh,i

)
+ iTr

(
d∗τh[dτh, τ ḣ]e

−t∆τh,i

)
+ (i− 1)Tr

(
dτh[d

∗
τh, τ ḣ]e

−t∆τh,i

)
− iTr

(
dτh[d

∗
τh, τ ḣ]e

−t∆τh,i

) ]
= t
[
Trs

(
dτh[d

∗
τh, τ ḣ]e

−t∆τh

)
+ Trs

(
dτh[d

∗
τh, τ ḣ]e

−t∆τh

)]
= t
[
Trs

(
dτhd

∗
τhτ ḣe

−t∆τh

)
− Trs

(
dτhτ ḣd

∗
τhe

−t∆τh

)
+ Trs

(
dτhd

∗
τhτ ḣe

−t∆τh

)
− Trs

(
dτhτ ḣd

∗
τhe

−t∆τh

) ]
= t
[
Trs

(
dτhd

∗
τhτ ḣe

−t∆τh

)
+ Trs

(
d∗τhdτhτ ḣe

−t∆τh

)
+ Trs

(
dτhd

∗
τhτ ḣe

−t∆τh

)
+ Trs

(
d∗τhdτhτ ḣe

−t∆τh

) ]
= 2tTrs

(
∆τhτ ḣe

−t∆τh

)
= t

∂

∂t
Trs

(
−2τ ḣe−t∆τh

)
.

(4.32)
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However, as E is odd-dimensional, we must have Trs

(
−2τ ḣe−t∆τh

)
≡ 0. This completes

the proof.

Now we are ready to show a variation formula for the analytic torsion and the Quillen

metric. Recall that by [12] and Theorem 3.3.2, one has the following identification for

the null space of the Witten Laplacian for any τ > 0:

ker∆τh
∼= H∗

(2)(E, dτh)
∼= H∗

dR(M). (4.33)

In particular, ker∆τh doesn’t depend on the Riemannian metric of E.

Theorem 4.3.5 Let H : L2(Λ∗E) → ker∆τh denote the orthogonal projection onto the

space of Witten-harmonic forms. Then

∂

∂σ
log Tτh(E, g(σ)) = −1

2
Trs(αH).

In terms of the Quillen metrics,

∂

∂σ
∥·∥λ,τh,g(σ) = 0,

In particular, the Quillen metric ∥·∥λ,τh,g(σ) doesn’t depend on the choice of g(σ).

Proof: In view of Proposition 4.3.4, the assertion directly follows from a computa-

tion as in [2, Section 7]. We provide a simple proof for completeness.

It follows from Remark 4.1.4 and the assumption on the dimension that for t > 0

small enough,

Trs
(
αe−t∆τh

)
∼ a−n+2k

2
t−

n+2k
2 + · · ·+ a− 1

2
t−

1
2 + a 1

2
t
1
2 + · · · . (4.34)

In particular, there is no constant term in this expansion. Recall that the analytic torsion
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is defined as the derivative of the torsion zeta function at the origin. For s ∈ C with

Re(s) >> 1, by Proposition 4.3.4 and using integration by parts, we find that

∂

∂σ
ζτh(s) =

1

Γ(s)

∫ ∞

0

ts−1 ∂

∂σ
Trs
(
Ne−t∆τh

)
dt

=
1

Γ(s)

∫ ∞

0

ts
∂

∂t
Trs
(
αe−t∆τh

)
dt

= − s

Γ(s)

∫ ∞

0

ts−1Trs
(
αe−t∆τh

)
dt

= − s

Γ(s)

∫ ∞

1

ts−1Trs
(
αe−t∆τh

)
dt− s

Γ(s)

∫ 1

0

ts−1
(
αe−t∆τh

)
dt

+
s

Γ(s)

∫ 1

0

ts−1Trs(αH)dt

:= −I − J +K.

(4.35)

Due to the uniqueness of meromorphic extension of the torsion zeta function, the cal-

culation above also holds true for s ∈ C with |s| small. Using (4.34), it is easy to see

that

∂

∂s

∣∣∣∣
s=0

I =
∂

∂s

∣∣∣∣
s=0

J = 0. (4.36)

For the last term, we have

∂

∂s

∣∣∣∣
s=0

K =
∂

∂s

∣∣∣∣
s=0

(
1

Γ(s)
Trs(αH)

)
= Trs(αH). (4.37)

This verifies the first equation. To show the last equation, for each p, we pick a basis

[c1], · · · , [cbp ] of L2(Hp
dRE). For any σ ≥ 0, let ωi(σ) be the unique g(σ)-harmonic form

in the class [ci]. It is easy to see that its derivative is exact, i.e. ω̇i = dηi for some

ηi ∈ Ωp−1(E). Up to a rescaling, we may assume that {[ci]} is chosen such that {ωi(σ0)} is

orthonormal for some σ0. Let Gp = (Gij) be the matrix given by Gij = (ωi(σ), ωj(σ))g(σ).
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Then

Ġij =
∂

∂σ

∫
E

ωi ∧ ∗σωj

= (ω̇i, ωj) + (ωi, αωj) + (ωi, ω̇j)

= (dηi, ωj) + (ωi, αωj) + (ωi, dηj)

= (ωi, αωj),

(4.38)

which implies Ġp = αH|L2(ΛpE). Consequently, by Jacobi’s formula we have

∂

∂σ

∣∣∣∣
σ=σ0

log|·|2λ,g(σ) =
∂

∂σ

∣∣∣∣
σ=σ0

∑
p

(−1)p detGp

=
∑
p

(−1)p
∂

∂σ

∣∣∣∣
σ=σ0

detGp

=
∑
p

(−1)pTr Ġp

= Trs(αH)

(4.39)

for any σ0 ∈ [0, 1]. It follows that

∂

∂σ
log∥·∥2λ,τh,g(σ) = 2

∂

∂σ
log Tτh(E) +

∂

∂σ
log|·|2λ,g(σ) = 0. (4.40)

Remark 4.3.6 Suppose g̃(σ) is a smooth family of Riemannian metrics on E that all

satisfy the asymptotically flat condition in Remark 4.1.6. Then, by an argument similar to

the one above, one can show that the corresponding Quillen metrics are still independent

of σ.
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Chapter 5

Equivalence of Quillen metrics

5.1 Main theorem and several intermediate results

As in the last chapter, let (M, gM) be a closed n-dimensional Riemannian manifold,

and E → M be a vector bundle over M with rank k. Suppose E is equipped with the

metric gE constructed in Section 3.2. As the analytic torsion twisted with an orthogonal

representation is always trivial on even-dimensional manifolds, we further impose a parity

assumption on the dimensions: suppose both n and n+ k are odd.

Now we explain the construction of Quillen metrics. In view of (3.39), we have the

following isomorphisms between determinant line bundles:

L(M) := detM ∼= det(ker D̃2
T,τh)

∼= detE2 = detE∞ ∼= detE =: L(E). (5.1)

The isomorphisms above provide us with two different L2-norms on L, which we denote

by |·|L(M) and |·|L(E), induced by gM and gE respectively. Let ∥·∥L(M) = T (M)|·|L(M) and

∥·∥L(E),τh = Tτh(E)|·|L(E) denote the corresponding Quillen metrics.

The main result of this paper is
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Theorem 5.1.1 Suppose Mn is a closed manifold, and En+k → Mn is a vector bundle

of rank k. Assume n is odd and k is even. Then for any τ ∈ (0,∞),

log Tτh(E)− log

(
|·|L(M)

|·|L(E)

)
= log T (M). (5.2)

In particular, ∥·∥L(E),τh = ∥·∥L(M).

The proof of Theorem 5.1.1 relies on a family of constructions and estimates. For

reader’s convenience, in this section we collect all technical results needed for the proof,

and in the next section we provide a proof of the main theorem. Some of these results will

be proved in later sections. In particular, the proof of Theorem 5.1.4 will be postponed

to section 3.2, Theorem 5.1.9 to section 5.3.1, Theorem 5.1.10 to section 5.3.2, Theorem

5.1.11 to section 5.3.3, and Theorem 5.1.12 to section 5.4.

To begin with, we equip E with the an adiabatic metric gε = 1
ε2
gM + gY . Let us

first compute the difference of the Levi-Civita connection ∇L,ε and the connection ∇E

constructed in section 2.1. Recall that∇L denotes the Levi-Civita connection for gE = g1.

Let Sε = ∇L,ε −∇E be the difference tensor.

Proposition 5.1.2 (1) Sε = ε2PHS + P V S.

(2) ∇L,ε = ∇E + Sε = ∇E + ε2PHS + P V S

(3) gE(S(·)·, ·) is independent of gM . In particular, gε(S
ε(X)Y, Z) = gE(S(X)Y, Z) for

any X, Y, Z ∈ Γ(TE).

For a > 0, we use P
(0,a]
ε to denote the orthogonal projection from L2(Λ∗E) onto the

eigenspaces ⊕0<|λ′
ε|≤aE(λ

′
ε) of

1
ε2
D2

ε,τh corresponding to small eigenvalues. We define P
[0,a]
ε

and P
(a,∞)
ε accordingly.
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Theorem 5.1.3 (1) There exists λ′0 > 0 such that for any ε > 0 sufficiently small, we

have the following uniform bound for non-zero eigenvalues λ′ε of 1
ε
Dε,τh:

|λ′ε| ≥ λ′0, ∀λ′ε ̸= 0 ∈ spec

(
1

ε
Dε,τh

)
.

(2) Let a =
λ′
0

2
. Then limε→0 Trs

(
1
ε2
D2

ε,τhP
[0,a]
ε

)
= 0.

Proof: (1) has been proved in Proposition 3.2.1, and (2) is a direct consequence of

(1).

The next three theorems describe the large time behavior of the supertrace and the

L2-norm on the determinant line bundle.

Theorem 5.1.4 For any t > 0 fixed,

(1) limε→0 Trs

(
Ne−

t
ε2

D2
ε,τh

)
= Trs

(
NMe

−tD2
M

)
.

(2)
∣∣∣Trs (NY e

− t
ε2

D2
ε,τh

)∣∣∣ < Cε.

(3)
∣∣∣Trs (e− t0

ε2
D2

ε,τh

)∣∣∣ < C, for any t0 ≥ t and 0 < ε < 1.

Proof: The proof is essentially the same as Theorem 3.3.1, and is omitted here.

Definition 5.1.5 We define the secondary Euler characteristics of M and E to be

χ2(M) :=
n∑

p=0

(−1)ppbp(M),

χ2(E) :=
n+k∑
p=0

(−1)ppbp(E),

(5.3)

where bp(M) and bp(E) denote the p-th Betti numbers of M and E respectively.
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Since the total space E is homotopically equivalent to the image of the zero section,

which is diffeomorphic to M , we see that

bp(E) = bp(M), χ2(E) = χ2(M). (5.4)

Theorem 5.1.6 Let a be the constant given in Theorem 5.1.3. For any t > 0 fixed,

(1) limε→0 Trs

(
Ne−

t
ε2

D2
ε,τhP

(a,∞)
ε

)
= Trs

(
NMe

−tD2
M

)
.

(2)
∣∣∣Trs (Ne− t

ε2
D2

ε,τhP
(a,∞)
ε

)∣∣∣ < Ce−Ct .

Here D2
M denotes the Hodge Laplacian with the null space removed.

Proof: It follows from the proof of Theorem 5.1.3 that for ε small enough, the only

eigenvalue of 1
ε2
D2

ε,τh that lies in [0, a] is 0. From this and (5.4), we deduce

Trs

(
Ne−

t
ε2

D2
ε,τhP (a,∞)

ε

)
= Trs

(
Ne−

t
ε2

D2
ε,τh

)
−

n+k∑
p=0

(−1)pp dimkerD2
ε,τh

= Trs

(
Ne−

t
ε2

D2
ε,τh

)
− χ2(E)

= Trs

(
Ne−

t
ε2

D2
ε,τh

)
− χ2(M).

Therefore (1) follows from a similar argument as Theorem 5.1.4.

Since a is the uniform lower bound of all non-zero eigenvalues of 1
ε2
D2

ε,τh, we obtain

the exponential decay in (2).

Before stating the rest of the results, we need to introduce a new metric that is

essentially conformal to gε.

Definition 5.1.7 For any T > 0, we define a metric on E by

g̃T = gM +
1

T 2
gY .
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Let D̃T be the corresponding Dirac operator, and

D̃T,τh := D̃T + τ ĉ(∇̃Th)

be the Witten-Dirac operator, where ∇̃L is the Levi-Civita connection of g̃T .

Let |·|L(E),T denote the L2-norm on detE naturally induced by g̃T . When T = 1, we

see that |·|L(E),1 = |·|L(E).

Theorem 5.1.8

lim
T→∞

log

(
|·|L(E),T

|·|L(M)

)
= log

(
|·|L(E)

|·|L(M)

)
.

Proof: See [24, section 6(e)] for the proof.

In the end, we discuss the contribution of supertrace when the time is small. Recall

that by assumption, M is compact and odd-dimensional. It follows from [32, Theorem

5.1] that

Trs

(
NMe

−tD2
M

)
∼ b−1/2t

− 1
2 +

∑
j≥1,odd

bj/2t
j
2 , (5.5)

and

b−1/2e
1 ∧ · · · ∧ en = 2i(−1)

n+1
2 (16π)−

n
2

n∑
k=1

(−1)kPf(Rk) ∧ ek, (5.6)

where Rk =
(∑

p,q ̸=k Rijkle
p ∧ ek

)
i,j ̸=k

is the matrix 2-form obtained by deleting the k-th

row and column from the curvature matrix 2-form.

Theorem 5.1.9 As t → 0, the asymptotic expansion of Trs

(
Ne−tD2

τh

)
starts with

a−1/2t
− 1

2 and does not contain a constant term. Moreover, for the leading coefficient

we have

a−1/2 = b−1/2. (5.7)

Proof: See section 5.3.1.
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Theorem 5.1.10 For any T > 0 fixed,

lim
σ→0

Trs

(
NY e

−σ2D̃2
T/σ,τh

)
= 0.

Proof: See section 5.3.2.

Theorem 5.1.11 There exists a constant C > 0 such that for any σ ∈ (0, 1] and T ∈

[σ, 1], ∣∣∣∣ 1T Trs

(
NY e

−σ2D̃2
T/σ,τh

)∣∣∣∣ ≤ C.

Proof: See section 5.3.3.

Theorem 5.1.12 There exist δ ∈ (0, 1] and C > 0 such that for any σ ∈ (0, 1] and

T ∈ [1,∞), ∣∣∣∣ 1T Trs

(
NY e

−σ2D̃2
T/σ,τh

)∣∣∣∣ ≤ C

T 1+δ
.

Proof: See section 5.4.

5.2 Proof of main theorem

In this section we provide a proof of Theorem 5.1.1. Here we use the idea of adiabatic

limit in an essential way. Historically, the adiabatic limit of analytic torsion was studied

by X. Dai and R. B. Melrose in [32], where they considered a compact fibration Y ↪→

E
π−→ M over a closed manifold M . Employing the technique of microlocal analysis, the

adiabatic limit of the analytic torsion of the total space is related to those of the base

and the fiber, as well as certain topological invariants of the fibration.

Let us first discuss the idea of the proof. Intuitively, in the case of vector bun-

dle, analyzing the behavior of the analytic torsion under the adiabatic limit may link
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log Tτh(E, gε) to log T (M). Unfortunately, there are two main issues. First, since the

torsion zeta function is an integral from 0 to infinity, when the time t is large, the su-

pertrace behaves differently by nature than when t is small. This forces us to deal with

large and small time separately. If t is large, we decompose 1
ε
Dε,τh under the splitting

L2(Λ∗E) = L2(ker D̃Y )
⊥ ⊕ L2(ker D̃Y ), where D̃Y is the Witten-Dirac operator on the

fiber Y . Then a careful study of the resolvent yields the desired estimate. On the other

hand, local index theory plays an important role in the small time case. Motivated by

the rescaling technique of E. Getzler [33], we introduce several different rescalings that

fit into various situations, and use them to derive the corresponding local index theorems

as well as some small time estimates.

Second, due to the lack of a uniform estimate, the two limits limε→0 and limt→∞ may

not commute. To solve this issue, we follow the idea of A. Berthomieu and J.-M. Bismut

[24] (see also [34]) to construct a closed 1-form αt,T on R+ × R+ and integrate it over a

closed rectangular contour. We analyze the asymptotic behavior of the integral of αt,T

over each side as we push two sides to infinity and one side to the x-axis. Then Theorem

5.1.1 follows from matching the divergent terms that appear in the above limiting process.

We will proceed as in [24, Section 4] to prove Theorem 5.1.1. Set T = 1
ε
for later

convenience.

Definition 5.2.1 (1) For any t, T > 0, we define a Riemannian metric g̃t,T on E by

g̃t,T =
1

t2
g̃T =

1

t2

(
gM +

1

T 2
gY

)
.

Let ∗̃t,T and D̃t,T denote the corresponding Hodge star operator and Dirac operator.

Moreover, let

D̃t,T,τh := D̃t,T + τ ĉ(∇t,Th)
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denote the associated Witten-Dirac operators.

(2) Let αt,T,τh be a 1-form on R∗
+ × R+ defined by

αt,T = dtTrs

[
∗̃−1
t,T∂t∗̃t,T e

−D̃2
t,T,τh

]
+ dT Trs

[
∗̃−1
t,T∂T ∗̃t,T e

−D̃2
t,T,τh

]
.

Remark 5.2.2 Under the identification T = 1
ε
, we have the following relations between

metrics:

g̃T = ε2gε, g̃t,T =
(ε
t

)2
gε.

Proposition 5.2.3 (1) αt,T is closed.

(2) ∗̃−1
t,T∂t∗̃t,T = 1

t
(2N − n− k), ∗̃−1

t,T∂T ∗̃t,T = 1
T
(2NY − k). Therefore

αt,T =
2dt

t
Trs

[
Ne−D̃2

t,T,τh

]
+

2dT

T
Trs

[
NY e

−D̃2
t,T,τh

]
. (5.8)

(3) If g̃ = 1
σ2 g, then σ

ND̃σ−N = σD, and

Trs

(
Ne−D̃2

)
= Trs

(
Ne−σ2D2

)
.

In particular,

Trs

(
Ne−D̃2

t,T,τh

)
= Trs

(
Ne−(

t
ε)

2
D2

ε,τh

)
.

Proof: (1) follows from [24, Theorem 4.3].

For (2), recall that {e1, · · · , en, f 1, · · · , fk} denotes an orthonormal coframe of g = g1.

Let {ē1, · · · , ēn, f̄ 1, · · · , f̄k} be the corresponding orthonormal basis with respect to gt,T .
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Then clearly we have ēi = 1
t
ei and f̄ j = 1

tT
f i. Now if

∗̃t,T
(
ēi1 · · · ēip ∧ f̄ j1 · · · f̄ jq

)
= ēip+1 · · · ēin ∧ f̄ jq+1 · · · f̄ jk ,

then equivalently we have

∗̃t,T
(
ei1 · · · eipf j1 · · · f jq

)
= t2(p+q)−(n+k)T 2q−keip+1 · · · einf jq+1 · · · f jk .

This proves the first line of (2). (5.8) follows from the fact that the dimension of E is

odd and thus

Trs

(
e−D̃2

t,T,τh

)
= χ(E, dτh) = 0.

We observe that the first part in (3) follows from a straightforward calculation. Using

Remark 5.2.2 we obtain the last equality.

Consider the following loop Γ = Γ1 ∪ Γ2 ∪ Γ3 ∪ Γ4 in R2 with counterclockwise

orientation, where

Γ1 = {(T0, t) | σ ≤ t ≤ A},

Γ2 = {(T,A) | 1 ≤ T ≤ T0},

Γ3 = {(1, t) | σ ≤ t ≤ A},

Γ4 = {(T, σ) | 1 ≤ T ≤ T0}.

Denote I0k :=
∫
Γk
αt,T for k = 1, 2, 3, 4. Then Proposition 5.2.3 implies that

I01 + I02 + I03 + I04 = 0. (5.9)
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The main theorem will then follow from letting A → ∞, T0 → ∞ (or equivalently

ε0 → 0) and σ → 0 sequentially for each I0k (subtracting divergent terms if necessary),

and comparing the limits.

5.2.1 I01

Observe that

I01 = 2

∫ A

σ

Trs

(
Ne−D̃2

t,T

) dt
t

= 2

∫ A

σ

Trs

(
Ne

−
(

t
ε0

)2
D2

ε0,τh

)
dt

t

=

∫ A2

σ2

Trs

(
Ne

− t̃

ε20
D2

ε0,τh

)
dt̃

t̃
,

where in the last equality we made a substitution t̃ = t2. We will still write the last line

as
∫ A2

σ2 Trs

(
Ne

− t

ε20
D2

ε0,τh

)
dt
t
when there is no confusion of notation.

(1) A→ ∞: To cancel the term which diverges at infinity, we subtract

a term 2χ2(E) logA to obtain

I01 − 2χ2(E) logA→

I11 :=

∫ 1

σ2

Trs

(
Ne

− t

ε20
D2

ε0,τh

)
dt

t
+

∫ ∞

1

Trs

(
Ne

− t

ε20
D2

ε0,τh

)
dt

t
.

(5.10)

(2) ε0 → 0: Theorem 5.1.4 shows that∫ 1

σ2

Trs

(
Ne

− t

ε20
D2

ε0,τh

)
dt

t
→
∫ 1

σ2

Trs

(
NMe

−tD2
M

) dt
t
.
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On the other hand,

∫ ∞

1

Trs

(
Ne

− t

ε20
D2

ε,τh

)
dt

t

=

∫ ∞

1

Trs

(
Ne

− t

ε20
D2

ε0,τhP (a,∞)
ε0

)
dt

t
+

∫ ∞

1

Trs

(
Ne

− t

ε20
D2

ε0,τhP (0,a]
ε0

)
dt

t
.

For the first term, it follows from Theorem 5.1.6 that

∫ ∞

1

Trs

(
Ne

− t

ε20
D2

ε0,τhP (a,∞)
ε0

)
dt

t
→
∫ ∞

1

Trs

(
NMe

−tD2
M

) dt
t

For the second term, Theorem 5.1.3 implies that P
(0,a]
ε0 = 0 for ε0 small enough. Therefore

if we let u = t
ε20
D2

ε0,τh
, then

∫ ∞

1

Trs

(
Ne

− t

ε20
D2

ε0,τhP (0,a]
ε0

)
dt

t
= Trs

N ∫ ∞

1

ε20
D2

ε0,τh

e−udu

u
P (0,a]
ε0


= Trs

N ∫ 1

1

ε20
D2

ε0,τh

(e−u − 1)
du

u
P (0,a]
ε0

− Trs

(
N(log

1

ε20
D2

ε0,τh
)P (0,a]

ε0

)

+ Trs

(
N

∫ ∞

1

e−udu

u
P (0,a]
ε0

)
→ 0.

(5.11)

Consequently,

I11 → I21 :=

∫ 1

σ2

Trs

(
NMe

−tD2
M

) dt
t
+

∫ ∞

1

Trs

(
NMe

−tD2
M

) dt
t
. (5.12)

(3) σ → 0: Recall that for t small,

Trs

(
NMe

−tD2
M

)
= b− 1

2
t−

1
2 + o(t

1
2 ).
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A straightforward calculation shows

I21 − 2b− 1
2

1

σ
→ I31 :=

∫ 1

0

[
Trs

(
NMe

−tD2
M

)
− b− 1

2
t−

1
2

] dt
t

+

∫ ∞

1

Trs

(
NMe

−tD2
M

) dt
t
− 2b− 1

2
.

(5.13)

5.2.2 I02

Let Pε : L2(Λ∗E) → L2(kerD2
ε,τh) be the orthogonal projection onto the kernel.

Notice that

I02 = −
∫ T0

1

Trs

(
∗̃−1
T ∂T ∗̃T e−A2T 2D2

ε,τh

) dT
T
. (5.14)

(1) A→ ∞: Clearly we have

I02 → I12 := −
∫ T0

1

Trs
(
∗̃−1
T ∂T ∗̃TPε

) dT
T
. (5.15)

Then by [24, Proposition 4.18], we have

I12 = log

(
|·|L(E),T0

|·|L(M)

)2

. (5.16)

(2) T0 → ∞: It follows from Theorem 5.1.8 that

I12 → I22 := log

(
|·|L(E)

|·|L(M)

)
. (5.17)

(3) σ → 0: I32 = I22 = log
(

|·|L(E)

|·|L(M)

)
.
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5.2.3 I03

Proposition 5.2.3 implies

I03 = −2

∫ A

σ

Trs

(
Ne−D̃2

t,1,τh

) dt
t

= −
∫ A2

σ2

Trs

(
Ne−tD2

τh

) dt
t
.

(5.18)

(1) A→ ∞: As before,

I03 + 2χ2(E) logA→

I13 := −
∫ 1

σ2

Trs

(
Ne−tD2

τh

) dt
t
−
∫ ∞

1

Trs

(
Ne−tD2

τh

) dt
t

(5.19)

(2) T0 → ∞: Since I13 is independent of T0, we have I23 = I13 .

(3) σ → 0: Recall that by Theorem 5.1.9,

Trs

(
Ne−tD2

τh

)
= a−1/2t

− 1
2 + o(t

1
2 ).

Thus

I23 + 2a−1/2
1

σ
→ I33 :=−

∫ 1

0

[
Trs

(
Ne−tD2

τh

)
− a−1/2t

− 1
2

] dt
t

−
∫ ∞

1

Trs

(
Ne−tD2

τh

) dt
t
+ 2a−1/2.

(5.20)

5.2.4 I04

To begin with,

I04 = 2

∫ T0

1

Trs

(
NY e

−σ2D̃2
T,τh

) dT
T
. (5.21)

(1) A→ ∞: Obviously I14 = I04 .

(2) T0 → ∞: It follows from Proposition 5.1.4 that
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I14 → I24 := 2

∫ ∞

1

Trs

(
NY e

−σ2D̃2
T,τh

) dT
T

= 2

∫ 1

σ

Trs

(
NY e

−σ2D̃2
T/σ,τh

) dT
T

+ 2

∫ ∞

1

Trs

(
NY e

−σ2D̃2
T/σ,τh

) dT
T
,

(5.22)

where in the last equality we make a change of variable T̃ = σT and still write the new

variable as T .

(3) σ → 0: For the first term in the last line of (5.22), using Theorem

5.1.10, Theorem 5.1.11, and the dominated convergence theorem, we obtain

2

∫ 1

σ

Trs

(
NY e

−σ2D̃2
T/σ,τh

) dT
T

→ 0. (5.23)

For the second term, similarly we use Theorem 5.1.10, Theorem 5.1.12 and dominated

convergence theorem to deduce that

2

∫ ∞

1

Trs

(
NY e

−σ2D̃2
T/σ,τh

) dT
T

→ 0. (5.24)

Therefore

I24 → I34 = 0. (5.25)

5.2.5 Matching the divergences

By Theorem 5.1.9, we have the following cancellation of the divergent terms appearing

in section 5.2.1-5.2.4:

−2χ′(E) logA− 2b−1/2
1

σ
+ 2χ′(E) logA+ 2a−1/2

1

σ
= 0. (5.26)
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Therefore

4∑
i=0

I3i = lim
A→∞
T0→∞
σ→0

[
4∑

i=0

I0i − 2χ′(E) logA− 2b−1/2
1

σ
+ 2χ′(E) logA+ 2a−1/2

1

σ

]

= lim
A→∞
T0→∞
σ→0

[
I01 + I02 + I03 + I04

]
= 0.

(5.27)

This completes the proof of Theorem 5.1.1.

5.3 Local index theorems and small time behavior

From now on, we will assume n is odd and k is even.

To evaluate
∫∞
0
ts−1 Trs(Ne

−t∆)dt, we still need to understand the behavior of the

supertrace when t is small. The key to this is the local index theory, which is usually

obtained by applying a rescaling technique introduced by Getzler [33], and studying the

limit of the supertrace of the heat kernel.

The standard Getzler’s rescaling technique amounts to a rescale operator G acting

on functions, differential forms, as well as differential operators over M . More precisely:

(1) For f(t, x) ∈ C∞(R1
+×M), we define (Gf)(t, x) = f(ε2t, εx). One can easily verify

that

G ◦ ∂

∂xi
◦G−1 =

1

ε

∂

∂xi
, G ◦ ∂

∂t
◦G−1 =

1

ε2
∂

∂t
.

(2) Suppose e1, · · · , en is a local orthonormal frame for T ∗M . Then G acts on ΛpM as

a rescale by its degree:

G(ei1 ∧ · · · ∧ eip) = ε−pei1 ∧ · · · ∧ eip .
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Thus it acts on Clifford multiplications by conjugation as

G ◦ c(ei) ◦G−1 =
1

ε
ei ∧ −ειei .

In this section, we will introduce several modified rescalings that fit into different

settings. Then we will use them to prove Theorem 5.1.9, Theorem 5.1.10, and Theorem

5.1.11.

5.3.1 Matching the leading terms: Proof of Theorem 5.1.9

By Theorem 4.1.3, for t small enough Trs

(
Ne−tD2

τh

)
admits an asymptotic expansion

as

Trs

(
Ne−tD2

τh

)
∼

∞∑
p=−n−2k

∑
q∈Z

ap/2,q t
p
2 τ q. (5.28)

By the construction in [11], we immediately see that ap/2,q = 0 for p even, i.e. the

expansion only consists of terms with half-integer powers in t.

Now, we study the convergence of the coefficients in the asymptotic expansion. We

adopt the construction in [18] and consider a rescaling G1 defined as follows:

(1) For f(t, x, y) ∈ C∞(R1 × E), (G1f)(t, x, y) = f(t,
√
tx,

√
ty). It can be checked

easily that as operators acting on functions,

G1 ◦ ei ◦G−1
1 =

1√
t
ei, G1 ◦ fj ◦G−1

1 =
1√
t
fj.

(2) The action on differential forms is defined accordingly. For our purpose, we rescale
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both the left and right Clifford multiplications. As a result, we have

G1 ◦ c(ei) ◦G−1
1 = t−

1
4

(
ei ∧ −t

1
2 ιei

)
:= t−

1
4 ct(e

i),

G1 ◦ ĉ(ei) ◦G−1
1 = t−

1
4

(
ei ∧+t

1
2 ιei

)
:= t−

1
4 ĉt(e

i)).

We define the actions on c(f j) and ĉ(f j) similarly. A useful observation is that ct

and ĉt converge to wedge products as t→ 0.

(3) In analogy to the treatment in [11], we rescale the time parameter of Witten defor-

mation by G1(τ) = t−
1
2 τ .

Remark 5.3.1 In fact, G1 amounts to localizing the calculation from (x, y) to any fixed

point (x0, y0). In the definition above we set (x0, y0) = (0, 0) for convenience.

Next, we derive the corresponding Bochner-Lichnerowicz-Weitzenbock formula (or

BLW formula for short). In what follows, we will write the index corresponding to fi as

ī, and use the notation
∑

ijkl to denote the summation over all possible combinations of

{i, j, k, l}, while allowing each index to be either with or without a ”bar”. For instance,

∑
i,j,k,l

Rijklc(ei)c(ej)ĉ(ek)ĉ(el)

:=
∑
i,j,k,l

Rijklc(ei)c(ej)ĉ(ek)ĉ(el) +
∑
ī,j,k,l

Rījklc(fi)c(ej)ĉ(ek)ĉ(el) + · · ·

+
∑
ī,j̄,k,l

Rīj̄klc(fi)c(fj)ĉ(ek)ĉ(el) + · · ·+
∑
ī,j̄,k̄,l

Rīj̄k̄lc(fi)c(fj)ĉ(fk)ĉ(el)

+
∑
ī,j̄,k̄,l̄

Rīj̄k̄l̄c(fi)c(fj)ĉ(fk)ĉ(fl).
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Lemma 5.3.2 Let RE denote the scalar curvature of E with respect to g1 = gE. Then

D2
τh =−

∑
i

[
ei +

1

8

∑
j,k,l

(
RL

ijkl(0)x
l +O(|x|2)

) (
c(ej)c(ek))− ĉ(ej)ĉ(ek)

)]2
−
∑
i

[
fi +

1

8

∑
j,k,l

(
RL

ījkl(0)x
l +O(|x|2)

) (
c(ej)c(ek))− ĉ(ej)ĉ(ek)

)]2
+
RE

4
+

1

8

∑
i,j,k,l

RL
ijklc(e

i)c(ej)ĉ(ek)ĉ(el) + τ
∑
i

c(f i)ĉ(f i) + τ 2|y|2.

Proof: For the Witten Laplacian, since h = 1
2
∥y∥2, one can easily verify that

D2
τh = D2 + τ

∑
i

c(f i)ĉ(f i) + τ 2|y|2. (5.29)

By this and Corollary 2.3.6, we complete the proof.

Next we consider the conjugation action of G1 on −tD2
τh and compute the limit.

Lemma 5.3.3

L1 : = lim
t→0

G1 ◦ (−tD2
τh) ◦G−1

1

= −∆0 −
1

8

∑
i,j,k,l

RL
ijkl(x0, y0)e

i ∧ ej ∧ êk ∧ êl ∧ −τ
∑
i

f i ∧ f̂ i − τ 2|y0|2,

where ∆0 = −
∑

i e
2
i −

∑
i f

2
i is the Euclidean Laplacian.

Proof: To apply Getzler’s rescaling technique, for any p0 = (x0, y0) ∈ E, we

trivialize ΛT ∗E over a normal coordinate neighborhood of p0 via parallel transport, with

respect to ∇L, along radical geodesics. Thus if q ∈ E is sufficiently close to p0, we can

identify TqE with Tp0E.

Notice that under the conjugate action of G1, each Clifford multiplication c (or ĉ)

comes with a factor t−
1
4 . The rest of the proof follows from a straightforward computation.
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Corollary 5.3.4

lim
t→0

√
tG1 ◦

(
Ne−tD2

τh

)
◦G−1

1 =

(
1

2

∑
r

er ∧ êr ∧+
1

2

∑
r

f r ∧ f̂ r∧

)
eL1 .

Proof: Recall that the number operator decomposes as N = NM ⊗ 1 + 1 ⊗ NY ,

where

NM = ei ∧ ιei =
n

2
+

1

2

∑
i

c(ei)ĉ(ei),

NY = f i ∧ ιfi =
k

2
+

1

2

∑
i

c(f i)ĉ(f i)

are the horizontal and vertical number operators. Therefore by the definition of G1 and

Lemma 5.3.3, we complete the proof.

The above limit should be understood in the sense that the coefficients of
√
tG1 ◦(

Ne−tD2
τh

)
◦ G−1

1 converge to those of the limit operator as t → 0. In order to see the

effect on the supertraces, we recall that the heat kernel Kτ (t, x, y) (along the diagonal)

of Ne−tD2
τh admits an asymptotic expansion of the form

Kτ (t, x, y) ∼
∑
j,l

tjτ lAj,l;I,J,I′,J ′(x, y)c(eIfJ)ĉ(eI
′
fJ ′

), (5.30)

while for Trs

(
Ne−tD2

τh

)
we have

Trs

(
Ne−tD2

τh

)
∼
∑
p odd

∑
q

ap/2,qt
p/2τ q. (5.31)

Notice that the corresponding heat kernel of the rescaled operator G1 ◦Ne−tD2
τh ◦G−1

1
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is t
n+k
2 G1(Kτ ). By the definition of G1, one has

t
n+k
2 G1(Kτ )(t, x, y)

∼ t
n+k
2

∑
j,l

tj · t−
l
2 τ lAj,l;I,J,I′,J ′(

√
tx,

√
ty)t−

|I|+|I′|+|J|+|J′|
4 ct(e

IfJ)ĉt(e
I′fJ ′

).

Since only terms with |I| = |I ′| = n and |J | = |J ′| = k can survive under the

supertrace, the two factors t
n+k
2 and t−

|I|+|I′|+|J|+|J′|
4 are canceled. This leads to

Trs

(
t
n+k
2 G1(Kτ )(t, 0, 0)

)
∼ (−1)

(n+k)(n+k+1)
2 2n+k

∑
j,l

tj−
l
2 τ lAj,l;top(0, 0).

In particular,

Trs

(
G1 ◦Ne−tD2

τh ◦G−1
1

)
∼
∑
p odd

∑
q

ap/2,qt
p−q
2 τ q. (5.32)

Recall that by assumption, the base manifold M is compact and odd-dimensional. It

follows from [32, Theorem 5.1] that

Trs

(
NMe

−tD2
M

)
∼ b−1/2t

− 1
2 +

∑
j≥1,odd

bj/2t
j
2 , (5.33)

and

b−1/2e
1 ∧ · · · ∧ en = 2i(−1)

n+1
2 (16π)−

n
2

n∑
k=1

(−1)kPf(Rk) ∧ ek, (5.34)

where Rk =
(∑

p,q ̸=k Rijkle
p ∧ ek

)
i,j ̸=k

is the matrix 2-form obtained by deleting the k-th

row and column from the curvature matrix 2-form.

Now we are ready to prove the main theorem of this section.

Proof: [Proof of Theorem 5.1.9] Let K̃τ (x, y;x, y) ∈ Γ(Λ∗E⊗̂Λ∗Ê) denote the diag-
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onal heat kernel of the limiting operator eL1 in Lemma 5.3.3. It is easy to see that

K̃τ =
1

(4π)
n+k
2

e−τ2|y|2e−
1
8

∑
ijklR

L
ijkle

i∧ej∧êk∧êl−τ
∑

i f
i∧f̂ i

. (5.35)

Recall that as an element of Λ∗E⊗̂Λ∗Ê, the curvature RL := (∇L)2 is given by

RL =
1

4

∑
i,j,k,l

RL
ijkle

i ∧ ej ∧ êk ∧ êl. (5.36)

To deal with the mixed curvature terms in (5.35), we consider another connection ∇̃ on

TE defined by

∇̃eiej = ∇M
ei
ej, ∇̃eifj = ∇̃fiej = ∇̃fifj = 0. (5.37)

Clearly ∇̃ is the extension of the pullback connection of ∇M , therefore its curvature form

R̃ is

R̃ =
1

4

∑
i,j,k,l

RM
ijkle

i ∧ ej ∧ êk ∧ êl = RM . (5.38)

By Chern-Weil theory, there is an ω ∈ Ωn−1(E) such that

∫ B

e−
1
2
RL

=

∫ B

e−
1
2
RM

+ dω. (5.39)

Moreover, ω can be written as polynomials of gE and gM as well as their derivatives. Since

(E, gE) clearly has bounded geometry, both e−τ2|y|2ω and d
(
e−τ2|y|2ω

)
are integrable. It

follows from a generalized Stokes theorem (see [35]) that

∫
E

d
(
e−τ2|y|2ω

)
= 0. (5.40)
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Notice that

d
(
e−τ2|y|2ω

)
=

k∑
i=0

2τ 2yie
−τ2|y|2dyi ∧ ω + e−τ2|y|2dω. (5.41)

By the construction above we see that ω is independent of y. Since yie
−τ2|y|2 is an odd

function in y, we have
∫
E

∑k
i=0 2yie

−τ2|y|2dyi ∧ ω = 0, and

∫
E

e−τ2|y|2dω =

∫
E

d
(
e−τ2|y|2ω

)
= 0. (5.42)

In particular, this shows that in (5.35), only the curvature terms coming from the base

manifold can make a contribution to the integration over E.

It follows from Proposition 2.2.4, Corollary 5.3.4, and the standard Mckean-Singer

formula that

lim
t→0

√
tTrs

(
G1 ◦Ne−tD2

τh ◦G−1
1

)
(5.43)

= (−1)
(n+k)(n+k+1)

2 2n+k

∫
E

∫ B
[(

1

2

∑
r

er ∧ êr ∧+
1

2

∑
r

f r ∧ f̂ r∧

)
eL1

]
dvolE

= (−1)
n+k+1

2 2n+k−1 1

(4π)
n+k
2

·∫
E

e−τ2|y|2
(∫ B∑

r

er ∧ êr ∧ e−
1
8

∑
ijklR

L
ijkle

i∧ej∧êk∧êl−τ
∑

i f
i∧f̂ i

)
dvolE

= (−1)
n+k+1

2 2n+k−1 1

(4π)
n+k
2

·(∫
Rk

(−1)
k(k−1)

2 τ ke−τ2|y|2dy

)
·
∫
M

(∫ B∑
r

er ∧ êr ∧ e−
1
2
RM

)
dvolM

= b−1/2.
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On the other hand, equation (5.32) implies

lim
t→0

√
tTrs

(
G1 ◦Ne−tD2

τh ◦G−1
1

)
=

∑
p−q+1=0

ap/2,qτ
q. (5.44)

However by (5.43), the right hand side should be independent of τ . Therefore ap/2,q = 0

for all q = p+ 1 ̸= 0 and

a−1/2,0 = lim
t→0

√
tTrs

(
G1 ◦Ne−tD2

τh ◦G−1
1

)
= b−1/2. (5.45)

5.3.2 A Vanishing result: Proof of Theorem 5.1.10

We consider a new metric gσ,T on E given by

gσ,T :=
1

σ2
gM +

1

T 2
gY . (5.46)

One should notice that this metric depends on two parameters σ, T > 0 in a non-trivial

way. Let Dσ,T,τh denote the Witten-Dirac operator associated with gσ,T . Observe that

gσ,T = 1
σ2 g̃T/σ. Therefore by Proposition 5.2.3,

Trs

(
NY e

−D2
σ,T,τh

)
= Trs

(
NY e

−σ2D̃2
T/σ,τh

)
. (5.47)

Let {e1, · · · , en, f 1, · · · , fk} be a locally orthonormal coframe for the metric gE = g1,1.

Set ẽi = σei and f̃ i = Tf i. Then {ẽ1, · · · , ẽn, f̃ 1, · · · , f̃k} forms an orthonormal coframe

for gσ,T . We will use c(ẽi1···ip f̃ j1···jq) to denote c(ẽi1) · · · c(ẽip)c(f̃ j1) · · · c(f̃ jp).

Inspired by [17], we consider a new rescaling G2 that only involves the base direction:
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(1) For f(x, y) ∈ C∞(E), (G2f)(x, y) = f(σx, y). Thus

G2 ◦ ẽi ◦G−1
2 = ei.

(2) We only rescale the left Clifford multiplications along the base direction, i.e.

G2 ◦ c(ẽi) ◦G−1
2 =

1

σ

(
ẽi ∧ −σ2ιẽi

)
:=

1

σ
cσ(ẽ

i).

As an analogue of Lemma 5.3.2, we have:

Lemma 5.3.5 Let RE,σ,T be the scalar curvature of E with respect to gσ,T . Then

D2
σ,T,τh = −σ2

∑
i

[
ei +

1

8

∑
j,k,l

(
RL,σ,T

ijkl (0)xl +O(|x|2)
) (
c(ẽj)c(ẽk)− ĉ(ẽj)ĉ(ẽk)

)]2
− T 2

∑
i

[
∇E

fi
+

1

2

∑
j,k

⟨Sσ,T (fi)f̃j, ẽk⟩σ,T
(
c(f̃ j)c(ẽk)− ĉ(f̃ j)ĉ(ẽk)

)
+

1

4

∑
j,k

⟨Sσ,T (fi)ẽj, ẽk⟩σ,T
(
c(ẽj)c(ẽk)− ĉ(ẽj)ĉ(ẽk)

) ]2
+

1

4
RE,σ,T

+
1

8

∑
i,j,k,l

RL,σ,T
ijkl c(ẽ

i)c(ẽj)ĉ(ẽk)ĉ(ẽl) + τ
∑
i

c(f̃ i)ĉ(f̃ i) + τ 2T 2|y|2.

Proof: Recall that ∇L,σ,T
fi

= ∇E
fi
+ Sσ,T (fi). By [18, (4.31)], since Sσ,T (fi) is anti-

symmetric as a derivation acting on Λ∗(T ∗E), its action is given by

1

4

∑
j,k
⟨Sσ,T (fi)ẽj, ẽk⟩σ,T

(
c(ẽj)c(ẽk)− ĉ(ẽj)ĉ(ẽk)

)
.

Applying Proposition 2.1.3, Proposition 5.1.2, and Lemma 5.3.2, we get the desired result.

Let Sσ,T = ∇L,σ,T − ∇E, where ∇L,σ,T is the Levi-Civita connection of gσ,T and ∇E

is the connection in Definition 2.1.2.
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Lemma 5.3.6 Sσ,T = σ2

T 2P
HS + P V S.

Proof: Let Ui, U ∈ Γ(TM),Wi,W ∈ Γ(V E). Using Proposition 2.1.3, one can

easily verify that

Sσ,T (W1)W2 =
σ2

T 2
S(W1)W2, P V Sσ,T (W )U = P V S(W )U,

Sσ,T (U)W =
σ2

T 2
S(U)W, Sσ,T (U1)U2 = S(U1)U2,

PHSσ,T (W )U =
σ2

T 2
S(W )U,

which completes the proof.

Now we calculate the limit of the rescaled Dirac operator.

Lemma 5.3.7 Let RE denote the curvature tensor of ∇E. Then

L2 := lim
σ→0

G2 ◦ (−D2
σ,T,τh) ◦G−1

2

=
∑
i

e2i + T 2
∑
i

[
∇E

fi
+

1

2
⟨ST (fi)fj, ek⟩T c(f̃j)ek∧

+
1

4
⟨ST (fi)ej, ek⟩T ej ∧ ek ∧

]2
− 1

8

∑
ijkl

RM
ijkle

i ∧ ej ∧ êk ∧ êl

− 1

8

∑
ijk̄l̄

RE
ijk̄l̄e

i ∧ ej ∧ ĉ(f̃k)ĉ(f̃ l)− T

4

∑
ij̄k̄l̄

RE
ij̄k̄l̄e

i ∧ c(f̃ j)ĉ(f̃k)ĉ(f̃ l)

− τ
∑
i

c(f̃ i)ĉ(f̃ i)− τ 2T 2|y|2.

Proof: First, we calculate the (σ, T )-dependence of the curvature components. By

Lemma 5.3.6, the Levi-Civita connection decomposes as

∇L,σ,T = ∇E +
σ2

T 2
PHS + P V S.
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By a direct calculation, we have

RL,σ,T (ei, ej)ek = ∇L,σ,T
ei

∇L,σ,T
ej

ek −∇L,σ,T
ej

∇L,σ,T
ei

ek −∇L,σ,T
[ei,ej ]

ek

=
[
RM(ei, ej)ek +

σ2

T 2

(
S(ei)S(ej)ek − S(ej)S(ei)ek − PHS([ei, ej])ek

)]
+
[
S(ei)∇M

ej
ek +∇E

ei
S(ej)ek − S(ej)∇M

ei
ek −∇E

ej
S(ei)ek − P V S([ei, ej])ek

]
,

RL,σ,T (ei, ej)fk = ∇L,σ,T
ei

∇L,σ,T
ej

fk −∇L,σ,T
ej

∇L,σ,T
ei

fk −∇L,σ,T
[ei,ej ]

fk

=
σ2

T 2

[
S(ei)∇E

ej
fk +∇M

ei
S(ej)fk − S(ej)∇E

ei
fk −∇M

ej
S(ei)fk − S([ei, ej])fk

]
+
[
RE(ei, ej)fk +

σ2

T 2

(
S(ei)S(ej)fk − S(ej)S(ei)fk

)]
,

RL,σ,T (ei, fj)ek = ∇L,σ,T
ei

∇L,σ,T
fj

ek −∇L,σ,T
fj

∇L,σ,T
ei

ek −∇L,σ,T
[ei,fj ]

ek

=
σ2

T 2

[
∇M

ei
PHS(fj)ek + S(ei)P

V S(fj)ek − PHS(fj)∇M
ei
ek − S(fj)S(ei)ek

− PHS([ei, fj])ek

]
+
[σ2

T 2
S(ei)P

HS(fj)ek +∇E
ei
P V S(fj)ek

− P V S(fj)∇M
ei
ek −∇E

fj
S(ei)ek − P V S([ei, fj])ek

]
,

RL,σ,T (ei, fj)fk = ∇L,σ,T
ei

∇L,σ,T
fj

fk −∇L,σ,T
fj

∇L,σ,T
ei

fk −∇L,σ,T
[ei,fj ]

fk

=
σ2

T 2

[
S(ei)S(fj)fk +∇M

ei
S(fj)fk −

σ2

T 2
PHS(fj)S(ei)fk − S(fj)∇E

ei
fk

− S([ei, fj])fk

]
+
[
RE(ei, fj)fk +

σ2

T 2
S(ei)S(fj)fk −

σ2

T 2
P V S(fj)S(ei)fk

]
,

RL,σ,T (fi, fj)fk = ∇L,σ,T
fi

∇L,σ,T
fj

fk −∇L,σ,T
fj

∇L,σ,T
fi

fk −∇L,σ,T
[fi,fj ]

fk

=
σ2

T 2

[
S(fi)∇E

fj
fk +

σ2

T 2
PHS(fi)S(fj)fk − S(fj)∇E

fi
fk

− σ2

T 2
PHS(fj)S(fi)fk − S([fi, fj])fk

]
+
[
RE(fi, fj)fk +

σ2

T 2
P V S(fi, fj)fk

]
.

Recall that for the metric gσ,T , {σe1, · · · , σen, T f1, · · · , T fk} is a local orthonormal frame.
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We let RL,σ,T
ijkl = RmL,σ,T (σei, σej, σek, σel), R

M
ijkl = RmM(ei, ej, ek, el), etc. Then

RL,σ,T
ijkl = σ2RM

ijkl +O
(σ4

T 2

)
, RL,σ,T

ijkl̄
= O

(σ3

T

)
, RL,σ,T

ijk̄l̄
= σ2RE

ijk̄l̄ +O
(σ4

T 2

)
,

RL,σ,T

ij̄kl̄
= O(σ2), RL,σ,T

ij̄k̄l̄
= σTRE

ij̄k̄l̄ +O
(σ3

T

)
, RL,σ,T

īj̄k̄l̄
= T 2RE

īj̄k̄l̄ +O(σ2).

It is easy to see that if we apply the conjugate G2 ◦ • ◦G−1
2 to Lemma 5.3.5, the first

two terms become
∑

i e
2
i + T 2

∑
i

[
∇E

fi
+ 1

2
⟨ST (fi)fj, ek⟩T c(f̃j)ek ∧+1

4
⟨ST (fi)ej, ek⟩T ej ∧

ek ∧
]2

+ o(ε2). On the other hand, the scalar curvature is only a function of x and y,

and the conjugation acts as a scaling on the variables. Notice that

RE,σ,T = T 2
∑
īj̄k̄l̄

RE
īj̄k̄l̄ +O(σ2),

and RE
īj̄k̄l̄

is actually the Riemannian curvature of the flat fiber. Therefore the scalar

curvature term drops out in the limit.

Now we calculate the rest of the curvature terms. Under the conjugate action, each

left Clifford multiplication along the base direction, like c(ẽi), comes with a factor σ−1.

Therefore by the (σ, T )-dependence of the curvature, the only terms that can survive in

the limit are RM
ijkl, R

E
ijk̄l̄

, and RE
ij̄k̄l̄

. This completes the proof.

As a consequence, we have

Corollary 5.3.8

lim
σ→0

G2 ◦NY e
−D2

σ,T,τh ◦G−1
2 = NY e

L2 , (5.48)

where L2 is the limit operator in Lemma 5.3.7.

In the end, we prove Theorem 5.1.10.

Proof: [Proof of Theorem 5.1.10]
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By (5.47), Corollary 5.3.8, and arguing as in [33], we have

lim
σ→0

Trs

(
NY e

−σ2D̃2
T/σ,τh

)
= lim

σ→0
Trs

(
NY e

−D2
σ,T,τh

)
= Trs

(
NY e

L2
)
.

Since the horizontal differential forms, i.e. those generated by ei and êi, in L2 are all

of even degree, but the dimension of M is odd, we see that

Trs
(
NY e

L2
)
= 0.

This completes the proof.

5.3.3 Remainder estimate: Proof of Theorem 5.1.11

Inspired by [24, section 8], we consider a new parameter a = T
σ
. Then

σ2D̃2
T/σ,τh =

T 2

a2
D̃2

a,τh.

Since the ranges for σ and T are σ ∈ (0, 1] and T ∈ [σ, 1], a ∈ [1, 1
σ
] and thus Theorem

5.1.11 amounts to a uniform upper bound when a→ ∞.

Proof: [Proof of Theorem 5.1.11] Using the notations in section 5.3.2, we see that

Trs

(
NY e

−σ2D̃2
T/σ,τh

)
= Trs

(
NY e

−T2

a2
D̃2

a,τh

)
= Trs

(
NY e

−T 2D2
1/a,1,τh

)
,

(5.49)

where D1/a,1,τh is the Witten-Dirac operator of

g1/a,1 = a2gM + gY .
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Consider another rescaling G3 constructed from G2 by replacing σ with 1
a
. A similar

argument as in the previous section shows that G3 ◦NY e
−T 2D2

1/a,1,τh ◦ G−1
3 approaches a

finite limit NY e
T 2L3 as a→ ∞. Moreover, it is easy to see that L3 is uniformly elliptic.

By a similar argument as in Section 5.3.1 we know for T small, Trs

(
NY e

−T 2D2
1/a,1,τh

)
admits an expansion of the form

Trs

(
NY e

−T 2D2
1/a,1,τh

)
∼ d1(a)T + d3(a)T

3 + · · · . (5.50)

Since Trs

(
NY e

T 2L3

)
= 0 and the asymptotic expansion depends only on the local

symbol, all the coefficients di(a) converge to 0 as a→ ∞.

On the other hand, by an argument as in [17, P. 64] (see also [36, P. 194-197]), each

di(a) admits an expansion like
∑
di,ja

j for a sufficiently large. In particular, the powers

of a can only be integers. This implies that di(a) = O( 1
a
) for each i. Thus by (5.49) and

(5.50) we have

∣∣∣∣ 1T Trs

(
NY e

−σ2D̃2
T/σ,τh

)∣∣∣∣ = ∣∣∣∣ 1T Trs

(
NY e

−T 2D2
1/a,1,τh

)∣∣∣∣ ≤ C

a
≤ C.

5.4 Proof of Theorem 5.1.12

In this section, we provide a proof of Theorem 5.1.12 that essentially follows the

argument in [24, section 9] and [34, section 11, section 13].
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5.4.1 Localization of the problem

Let α > 0 be a constant with α ≪ 1
4
injrad(M), f : R → [0, 1] be a smooth even

cut-off function such that

f(t) =


1, if |t| ≤ α

2
,

0, if |t| ≥ α.

Let g(t) = 1− f(t). For any v > 0, let

Fv(a) =
1√
2π

∫ ∞

−∞
eit

√
2a−t2/2f(vt)dt,

Gv(a) =
1√
2π

∫ ∞

−∞
eit

√
2a−t2/2g(vt)dt,

Hv(a) =
1√
2πv

∫ ∞

−∞
eit

√
2a−t2/2v2g(t)dt.

In the following we collect properties about these functions. The proof is standard

and is omitted here.

Proposition 5.4.1 (1) Gv(a) = Hv(
a
v
).

(2) Fv(a) +Gv(a) = e−a2. Therefore

Fσ(σD̃T/σ,τh) +Gσ(σD̃T/σ,τh) = e−σ2D̃2
T/σ,τh .

(3) There exist holomorphic functions F̃v(a) and H̃v(a) such that

Fv(a) = F̃v(a
2), Hv(a) = H̃v(a

2).

(4) For any c > 0, m ∈ N, there exist constants C1, C2 > 0 such that for any v ∈
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(0, 1], a ∈ C with |Im a| ≤ c,

sup
a
|amHv(a)| ≤ C1e

−C2
v2 .

(5) For any c > 0 ∈, m ∈ N, there exists a constant C > 0 such that for any v ∈

(0, 1], a ∈ C with Re a ≥ (Im a)2

4c2
− c2,

sup
a
|amFv(a)| ≤ C.

It is useful to observe that for the metric gσ,T = 1
σ2 gM + 1

T 2 gY considered in section

5.3.2, we have

Trs

(
NY e

−D2
σ,T,τh

)
= Trs

(
NY e

−σ2D̃2
T/σ,τh

)
.

It turns out that for Gσ(σD̃T/σ,τh), the computation would be easier if we consider the

original metric g̃T/σ,τh, while for Fσ(σD̃T/σ,τh) it is better to use the metric gσ,T .

Using Lemma 5.3.6, we obtain the following analogue of (3.23).

Lemma 5.4.2

Dσ,T = σc(ẽi)∇u
ei
+ Tc(f̃ j)∇E

fj
+ Tτ ˜̂c(dh)− σ2

4
c(ẽα)c(ẽβ)c̃(Tor)(eα, eβ)

:= σD̃M + TD̃Y,T − σ2

4
Tor,

where ˜̂c(dh) = 1
T
dh ∧+Tι∇h.

One can easily verify that T 2D̃2
Y,T = T 2D̃2

Y . Thus (3.29) implies that

kerT 2D̃Y,T |Λ∗Y = ker D̃Y |Λ∗Y = spanR

{
e−

τ |y|2
2

}

is independent of σ and T .
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Proposition 5.4.1 shows that

Trs

(
NY e

−σ2D̃2
T/σ,τh

)
(5.51)

= Trs

(
NY Fσ(σD̃T/σ,τh)

)
+ Trs

(
NYGσ(σD̃T/σ,τh)

)
= Trs (NY Fσ(Dσ,T,τh)) + Trs

(
NYHσ(D̃T/σ,τh)

)
.

First we deal with the second term. Let Hp(Λ∗E) be the p-th Sobolev space of sections,

and ∥ ∥p be the corresponding Sobolev norm.

Proposition 5.4.3 There exist constants C > 0 and T0 ≥ 1 such that for any σ ∈

(0, 1], T ∈ [T0,∞), ∣∣∣Trs (NYHσ(D̃T/σ,τh)
)∣∣∣ ≤ C

T
.

Proof: It follows from Lemma 5.4.2 that

Dσ,T = D̃M − 1

4
Tor +

T

σ
D̃Y,T/σ

:= E +
T

σ
D̃Y,T/σ,

Obviously we have

D2
σ,T = E2 +

T

σ
[E, D̃Y,T/σ] +

T 2

σ2
D̃2

Y,T/σ.

Since the pair (E, D̃Y,T/σ) is uniformly elliptic, [12, Lemma 2.1] and the standard

elliptic estimate imply for any s ∈ H1(Λ∗E),

⟨(E2 +
T 2

σ2
D̃2

Y,T/σ)s, s⟩0 = ⟨(E2 + D̃2
Y,T/σ)s, s⟩0 +

(
T 2

σ2
− 1

)
⟨D̃2

Y,T/σs, s⟩0

≥ C (∥s∥1 − ∥s∥0) +
(
T 2

σ2
− 1

)
∥D̃Y,T/σs∥20.
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On the other hand, from the proof of [17, Proposition 4.41] one has

T

σ
⟨[E, D̃Y,T/σ]s, s⟩0 ≤

CT

σ
∥D̃Y,T/σs∥20 +

CT

σ
∥s∥20.

Here we have an extra term ∥s∥20 since we no longer assume s to be perpendicular to

ker D̃Y,T/σ. This implies

∥Dσ,T s∥20 ≥ C

(
∥s∥21 − ∥s∥20 −

T

σ
∥s∥20

)
+

(
T 2

σ2
− 1− CT

σ

)
∥D̃Y,T/σs∥20.

Since we can always choose T large enough so that T 2

σ2 − 1− CT
σ

≥ T 2 − 1− CT > 0, it

follows that

∥s∥21 ≤ C

(
∥Dσ,T s∥20 +

T

σ
∥s∥20

)
. (5.52)

Using (5.52), Proposition 5.4.1 (4) and arguing as in [24, Section 8] (see also [24, Section

5]), we complete the proof.

For the rest of the section, we aim to show that the estimate of the first term in (5.51)

can be localized. Let p0 ∈ π−1(x0) ⊂ E be a fixed point. Notice that eit
√
2Dσ,T,τh is a

wave type operator. By the finite propagation speed of solutions of hyperbolic equations

and the fact that f(t) ≡ 0 for |t| ≥ α, the heat kernel of Fσ(Dσ,T,τh) depends only on the

restriction of Dσ,T,τh to Bα(p0). For this reason, we introduce the following construction

(see [13, section 4.2], [34, section 13(e)]):

(1) Set M0 := Tx0M
∼= Rn. Let {ei} be an orthonormal basis of M0, X =

∑n
i=1 xiei be

the radial vector field on M0. We will also use X to denote an arbitrary point in

M0.

(2) Pick ε > 0 such that 4ε < α. We identify BM0
4ε (0) ⊂ M0 with BM

4ε (0) ⊂ M by

the exponential map expx0
. Then locally E can be viewed as a vector bundle over
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BM0
4ε (0). Moreover, we trivialize E|

B
M0
4ε (0)

by identifying EX for X ∈ BM0
4ε (0) with

Ex0 by parallel transport along radial geodesics.

(3) Let ρ : R → [0, 1] be a smooth cutoff function such that

ρ(t) =


1, if |t| < 2;

0, if |t| > 4.

We define a map ρε : M0 → M0 by ρε(X) = ρ
(

|X|
ε

)
X. Let gM0 be a Riemannian

metric on M0 defined by gM0(X) = gM(ρε(X)). Since gM0 coincides with gM on

BM0
2ε (0), in the following we will replace (M, gM) with (M0, gM0).

(4) Using ρε again, we obtain the extended trivial vector bundle (E0 = M0 × Y, gE0)

over M0, satisfying (E0, gE0)|BM0
2ε (0)

= (E, gE)|BM0
2ε (0)

. The family of metrics gσ,T

also induces metrics gE0,σ,T on E0. Similarly, using parallel transport and ρε, for

any (X, y) ∈ E0 we can identify (Λ∗E0)(X,y) = (Λ∗M0)X ⊗ (Λ∗Y )y with (Λ∗M)x0 ⊗

(Λ∗Y )0.

(5) Similarly, we extend ker D̃Y to K := Λ∗M0⊗ spanR

{
e−

τ |y|2
2

}
. Then K is a subbun-

dle of Λ∗E0 satisfying

K =


Λ∗M ⊗ ker D̃Y |Λ∗Y , on BM0

2ε (0)× Y ;

(Λ∗M)x0 ⊗ ker D̃Y |Λ∗Y
∼= (Λ∗M)x0 , on E0 −BM0

4ε (0)× Y.

Let P̃ : L2(Λ∗E0) → L2(K) denote the orthogonal projection with respect to the

inner product induced by gE0 . Set P̃
⊥ = 1− P̃ .
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(6) Set φ(X) = ρ( |X|
ε
). Define

Lσ,T := φ2D2
σ,T,τh +

(
1− φ2

) (
σ2D2

M0
+ T 2P̃⊥D̃2

Y P̃
⊥
)
, (5.53)

where D̃2
Y,x0

is the Witten Laplacian on the fiber {x0} × Y .

(7) From Lemma 5.3.5, we see that Lσ,T fails to be uniformly elliptic as σ → 0. To

correct this, we consider

L̃σ,T := G2 ◦ Lσ,T ◦G−1
2 , (5.54)

where G2 is the rescaling defined in Section 5.3.2.

If A is a heat type operator on E0, we use A(p) to denote its diagonal heat kernel at

p ∈ E0. As a result of the construction above,

Trs (NY Fσ(Dσ,T,τh)) (p0) = Trs

(
NY F̃σ(D

2
σ,T,τh)

)
(p0)

= Trs

(
NY F̃σ(L̃σ,T )

)
(p0).

(5.55)

Again we decompose L̃σ,T with respect to the splitting L2(Λ∗E0) = L2(K)⊥ ⊕L2(K)

as

L̃σ,T =

L̃σ,T,1 L̃σ,T,2

L̃′
σ,T,2 L̃σ,T,3

 . (5.56)

Theorem 5.4.4 Let DY,σ denote the standard Dirac operator on the fiber Y(σx,y). Then
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as T → ∞,

L̃σ,T,1 = T 2L1 +O (T ) ,

L̃σ,T,2 = TL2 +O (1) ,

L̃′
σ,T,2 = TL′

2 +O (1) ,

L̃σ,T,3 = L3 +O

(
1

T

)
,

where

L1 = P̃⊥D̃2
Y P̃

⊥,

L2 = P̃⊥
{
− φ2(σX)

2

[
∇E

fi
,
σ

2

∑
j,k

⟨S(fi)fj, ek⟩
(
c(f̃ j)c(ẽk)− ĉ(f̃ j)ĉ(ẽk)

) ]
+
φ2(σX)

4
RE

ij̄k̄l̄c(ẽ
i)c(f̃ j)ĉ(f̃k)ĉ(f̃ l)

}
P̃ ,

L′
2 = L2 with P̃ and P̃⊥ interchanged,

L3 = P̃
{
D2

M0
+B(σ)

}
P̃ .

Here B(σ) is a first order differential operator, for which the differential is only along

the base direction.

Proof: The proof follows directly from Lemma 5.3.5, Lemma 5.3.6, (5.53), and

(5.54).

5.4.2 Uniform estimate on heat kernel

Let Hp(Λ∗M0⊗Λ∗Y ) = Hp(Λ∗E0) denote the p-th Sobolev space of sections of Λ∗E0.

Obviously H0(Λ∗M0 ⊗ Λ∗Y ) = L2(Λ∗E0).

To keep track of the dependence of σ and T , we introduce weighted Sobolev norms
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that fit into our construction.

Definition 5.4.5 Let ∇ = ∇M0 + ∇Y be a connection on E0, where ∇M0 and ∇Y are

the pullbacks of the Levi-Civita connections on M0 and Y respectively. Set

ψσ(X) := 1 + (1 + |X0|2 + |X|2)
1
2φ

(
σX

2

)
. (5.57)

For any s ∈ H0(ΛqM0 ⊗ Λ∗Y ) and s′, s′′ ∈ H1(Λ∗E0), we define

|s|2σ;0 =
1

(2π)n

∫
E0

|s|2ψ2(n−q)
σ dvolE0 ,

|s′|2σ,T ;1 = T 2|P̃⊥s′|2σ;0 + |P̃ s′|2σ;0 +
n∑

i=1

|∇eis
′|2σ;0 + T 2

k∑
j=1

|∇fj P̃
⊥s′|2σ;0,

|s′′|σ,T ;−1 = sup
v ̸=0∈H1(Λ∗E0)

|⟨s′′, v⟩σ;0|
|v|σ,T ;1

,

where ⟨ , ⟩σ;0 denotes the Hermitian inner product associated with | |2σ;0.

If L :
(
Hm(Λ∗E0), | |σ,T ;m

)
→
(
Hm′

(Λ∗E0), | |σ,T ;m′
)
is a bounded linear operator, then

we use ∥L∥σ,T ;m,m′ to denote its operator norm.

The next result follows from [34, Theorem 13.27].

Lemma 5.4.6 There exist constants C,C ′ > 0 such that for any σ ∈ (0, 1], T ∈ [1,∞),

and s, s′ ∈ H1(Λ∗E0), we have

Re⟨L̃σ,T s, s⟩σ;0 ≥ C|s|2σ,T ;1 − C ′|s|2σ;0,∣∣∣Im⟨L̃σ,T s, s⟩σ;0
∣∣∣ ≤ C|s|σ,T ;1|s|σ;0,

|⟨L̃σ,T s, s
′⟩σ;0| ≤ C|s|σ,T ;1|s′|σ,T ;1.

In particular, ∥L̃σ,T∥σ,T ;1,−1 ≤ C.
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Proposition 5.4.7 Set Γ̃ := {λ = a+ ib ∈ C | a = δb2 −A}. Then there exist constants

C > 0, 0 < δ ≪ 1, A≫ 1 such that for any σ ∈ (0, 1], T ∈ [1,∞), and λ ∈ Γ̃,

(1) the resolvent (λ− L̃σ,T )
−1 exists;

(2) ∥(λ− L̃σ,T )
−1∥σ,T ;0,0 ≤ C,

∥(λ− L̃σ,T )
−1∥σ,T ;−1,1 ≤ C(1 + |λ|2).

Proof: By Lemma 5.4.6, we find that for any s ∈ H1(Λ∗E0) and λ = a+ ib ∈ Γ̃,

∣∣∣⟨(L̃σ,T − λ)s, s⟩σ;0
∣∣∣

=
∣∣∣(Re⟨L̃σ,T s, s⟩σ;0 − a|s|2σ;0

)
+ i
(
Im⟨L̃σ,T s, s⟩σ;0 − b|s|2σ;0

)∣∣∣
≥ max

{
Re⟨L̃σ,T s, s⟩σ;0 − a|s|2σ;0,

∣∣∣Im⟨L̃σ,T s, s⟩σ;0 − b|s|2σ;0
∣∣∣}

≥ max
{
C|s|2σ,T ;1 − (C ′ + a)|s|2σ;0,−C|s|σ,T ;1|s|σ;0 + |b||s|2σ;0

}
= max

{
Cα2 − (C ′ + a),−Cα+ |b|

}
· |s|2σ;0,

where α =
|s|σ,T ;1

|s|σ;0
≥ 1. It is easy to see that if δ > 0 is sufficiently small and A > 1 is

sufficiently large, there exists a constant C ′′ > 0 such that

max
{
Cα2 − (C ′ + a),−Cα+ |b|

}
≥ C ′′, ∀λ ∈ Γ̃.

Using this and the Cauchy-Schwarz inequality, we see that

|(L̃σ,T − λ)s|σ;0 ≥ C ′′|s|σ;0. (5.58)

This proves (1) as well as the first inequality in (2).

Now, by the first inequality in Lemma 5.4.6, for λ0 ∈ R with λ0 ≤ −2C ′ and s ∈
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H1(Λ∗E), we have

∣∣∣⟨(L̃σ,T − λ0)s, s⟩σ;0
∣∣∣ ≥ Re⟨L̃σ,T s, s⟩σ;0 − λ0|s|2σ;0

≥ C|s|2σ,T ;1 − (C ′ + λ0)|s|2σ;0

≥ C|s|2σ,T ;1.

As a consequence,

∥(λ0 − L̃σ,T )
−1∥σ,T ;−1,1 ≤

1

C
. (5.59)

For any λ ∈ Γ̃, the first resolvent identity yields

(λ− L̃σ,T )
−1 = (λ0 − L̃σ,T )

−1 − (λ− λ0)(λ− L̃σ,T )
−1(λ0 − L̃σ,T )

−1. (5.60)

Notice that (5.58) implies

∥(λ− L̃σ,T )
−1∥σ,T ;1,0 ≤

1

C ′′ . (5.61)

Using (5.59), (5.60) and (5.61), we find that

∥(λ− L̃σ,T )
−1∥σ,T ;−1,0 ≤

1

C
+

1

CC ′′ |λ− λ0|. (5.62)

Now we interchange the last two factors (λ− L̃σ,T )
−1 and (λ0 − L̃σ,T )

−1 in (5.60) and

apply (5.59) and (5.62) to obtain

∥(λ− L̃σ,T )
−1∥σ,T ;−1,1 ≤

1

C
+

|λ− λ0|
C

(
1

C
+

1

CC ′′ |λ− λ0|
)

≤ C ′′′(1 + |λ|2). (5.63)
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Proposition 5.4.8 Let m ∈ N, Q = {P̃∇eiP̃ , P̃
⊥∇eiP̃

⊥, P̃⊥∇fj P̃
⊥}i=1,··· ,n

j=1,··· ,k. Then there

exists a constant Cm > 0 such that for any σ ∈ (0, 1], T ∈ [1,∞), and Q1, · · · , Qm ∈ Q,

∥∥∥[Q1, [Q2, · · · , [Qm, L̃σ,T ] · · · ]]
∥∥∥
σ,T ;1,−1

≤ Cm. (5.64)

Proof: We first assume m = 1. By multiplying by a constant factor if necessary,

we may assume that ∫
Y

e−τ |y|2dy = 1.

Then for s ∈ L2(Λ∗E0), the projection P̃ s is given by

P̃ s = e−
τ |y|2

2

∫
Y

e−
τ |y|2

2 s(X, y)dvolY . (5.65)

By Definition 5.4.5 and (5.65), we see that

[∇ei , P̃ ] = 0, P̃∇fiP̃ = 0, [φ2, P̃ ] = 0. (5.66)

Let Q1 = P̃∇eiP̃ , Q2 = P̃⊥∇eiP̃
⊥, Q3 = P̃⊥∇fj P̃

⊥. It follows from (5.66) that

[Q1, L̃σ,T ] can be expressed as

∑
k,l

ak,l(σ, T )∇ek∇el +
∑
k

bk(σ, T )∇ek + T
∑
l̄

b′l(σ, T )∇flP̃
⊥ + c(σ, T ), (5.67)

and ak,l, bk, b
′
l, c, together with their derivatives, are uniformly bounded for any (X, y) ∈

E0, σ ∈ (0, 1] and T ∈ [1,∞). Therefore by Definition 5.4.5 and integration by parts,

(5.64) is verified for [Q1, L̃σ,T ].
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Similarly, for i = 2, 3 we have

[Qi, L̃σ,T ] =
∑
k,l

ak,l(σ, T )∇ek∇el + T 2
∑
k̄,l̄

a′k,l(σ, T )P̃
⊥∇fk∇flP̃

⊥

+
∑
k

bk(σ, T )∇ek + T
∑
l

b′l(σ, T )∇flP̃
⊥ + c(σ, T ).

(5.68)

The coefficients are also uniformly bounded as before. Thus we have proved (5.64) for

m = 1.

In general, using an iteration argument as in the proof of [13, Proposition 4.9],

[Q1, [Q2, · · · , [Qm, L̃σ,T ] · · · ]] has the same type (5.68) as [Qi, L̃σ,T ]. This completes the

proof.

Definition 5.4.9 Let m ∈ N. We define a norm ∥ ∥2σ;m on Hm(Λ∗E0) by

∥s∥2σ;m =
m∑
l=0

∑
Qi∈Q

|Q1 · · ·Qls|2σ;0.

If A : (Hm(Λ∗E0), ∥ ∥2σ;m) → (Hm′
(Λ∗E0), ∥ ∥2σ;m′) is a bounded linear operator, we use

|||A|||σ;m,m′ to denote the corresponding operator norm.

Proposition 5.4.10 For any m ∈ N, σ ∈ (0, 1], T ∈ [1,∞), and λ ∈ Γ̃, the resolvent

(λ− L̃σ,T )
−1 maps Hm(Λ∗E0) to H

m+1(Λ∗E0). Moreover, there exist N ∈ N and Cm > 0

such that ∣∣∣∣∣∣∣∣∣(λ− L̃σ,T )
−1
∣∣∣∣∣∣∣∣∣

σ;m,m+1
≤ Cm(1 + |λ|)N .

Proof: First, we notice that for Qi ∈ Q, the operator Q1 · · ·Qm(λ− L̃σ,T )
−1 can be

expressed, using commutators, as a linear combination of operators of the type

[Q1, [Q2, · · · [Ql, (λ− L̃σ,T )
−1] · · · ]]Ql+1 · · ·Qm
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for some l ≤ m. Let C = {[Qi1 , [Qi1 , · · · [Qip , (λ−L̃σ,T )
−1] · · · ]]} be the set of commutators.

Then each [Q1, [Q2, · · · [Ql, (λ− L̃σ,T )
−1] · · · ]] has the form

(λ− L̃σ,T )
−1R1(λ− L̃σ,T )

−1R2 · · ·Rl(λ− L̃σ,T )
−1,

where Ri ∈ C.

By Proposition 5.4.7 and Proposition 5.4.8, there exists C > 0 such that

∥Ri∥σ,T ;1,−1 ≤ C, ∥(λ− L̃σ,T )
−1∥σ,T ;−1,1 ≤ C(1 + |λ|2), ∥Qi∥σ,T ;1,0 ≤ C.

Since we obviously have ∥s∥σ;1 ≤ C|s|σ,T ;1, the assertion follows.

Let K̃σ,T denote the heat kernel of F̃σ(L̃σ,T ). Using the results above, we obtain the

following uniform estimate for K̃σ,T .

Theorem 5.4.11 For any σ ∈ (0, 1] and T ∈ [1,∞), the heat kernel K̃σ,T , together with

all its derivatives, is uniformly bounded on compact subsets.

Proof: In the whole proof, C (or Cm) will denote a constant that is independent of

σ, T , and may vary from line to line.

Let λ ∈ Γ̃. By Proposition 5.4.7, we can express F̃σ(L̃σ,T ) as

F̃σ(L̃σ,T ) =
(−1)m−1(m− 1)!2m−1

2πi

∫
Γ̃

F̃σ(λ)(λ− L̃σ,T )
−mdλ (5.69)

for any m ∈ N. Using (5.69) and applying Proposition 5.4.10 for m times, we find that

∣∣∣∣∣∣∣∣∣F̃σ(L̃σ,T )
∣∣∣∣∣∣∣∣∣

σ,T ;0,m
≤ Cm.
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This implies ∣∣∣∣∣∣∣∣∣∆lF̃σ(L̃σ,T )
∣∣∣∣∣∣∣∣∣

σ,T ;0,0
≤ Cl, ∀l ∈ N. (5.70)

By an adjoint argument, we find that

∣∣∣∣∣∣∣∣∣F̃σ(L̃σ,T )∆
l′
∣∣∣∣∣∣∣∣∣

σ,T ;0,0
≤ Cl′ , ∀l′ ∈ N. (5.71)

As a result, for any l, l′ ∈ N we have

∣∣∣∣∣∣∣∣∣∆lF̃σ(L̃σ,T )∆
l′
∣∣∣∣∣∣∣∣∣

σ,T ;0,0
≤ Cl,l′ . (5.72)

Now we restrict our discussion to U = {|X| ≤ 1, |y| ≤ 1}. Let | |U denote the L2-norm

of L2(Λ∗E0|U), and ∥ ∥U denote the corresponding operator norm. Then using the trivial

embedding L2(Λ∗E0|U) ↪→ L2(Λ∗E0), we see that for s ∈ L2(Λ∗E0|U),

|s|U ≤ |s|σ;0 ≤ C|s|U . (5.73)

(5.72) and (5.73) imply an L2-bound in the standard sense:

∥∆lF̃σ(L̃σ,T )∆
l′∥U ≤ Cl,l′ . (5.74)

Thus by Sobolev’s inequalities, we find that for any q, q′ ∈ N,

sup
(p,p′)∈U×U

|∆q
p∆

q′

p′K̃σ,T (p, p
′)| ≤ Cq,q′ . (5.75)

This completes the proof.
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5.4.3 Uniform estimate on supertrace

Now we are ready to prove Theorem 5.1.12.

In view of (5.51), Proposition 5.4.3, and (5.55), Theorem 5.1.12 is a direct consequence

of the following theorem, for which the proof will be postponed to the end of this section.

Theorem 5.4.12 There exist constants δ > 0, C > 0, such that for any σ ∈ (0, 1],

T ∈ [1.∞), ∣∣∣∣ 1T Trs

(
NY F̃σ(L̃σ,T )

)∣∣∣∣ ≤ C

T 1+δ
. (5.76)

Recall that under the splitting L2(Λ∗E0) = L2(K)⊥ ⊕ L2(K), the operator L̃σ,T

decomposes as

L̃σ,T =

L̃σ,T,1 L̃σ,T,2

L̃′
σ,T,2 L̃σ,T,3

 . (5.77)

If we write (λ− L̃σ,T )
−1 =

U1 U2

U ′
2 U3

, then

U3 =
(
(λ− L̃σ,T,3)− L̃′

σ,T,2(λ− L̃σ,T,1)
−1L̃σ,T,2

)−1

. (5.78)

Definition 5.4.13 Let Θσ : L2(Λ∗E0) → L2(Λ∗E0) be the operator

Θσ =

0 0

0 L3 − L′
2L

−1
1 L2

 , (5.79)

where Li’s are the operators given in Theorem 5.4.4.
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Remark 5.4.14 By Lemma 5.4.2, if we let E = D̃M − 1
4
Tor, then

L̃2
σ,T = φ2(σX)

[
E2 + T (ED̃Y,T + D̃Y,TE) + T 2D̃2

Y,T

]
+ (1− φ2(σX))

(
D2

M0
+ T 2P̃⊥D̃2

Y P̃
⊥
)
.

It is clear that D̃Y,T = D̃2
Y +O(T ). Suppose E = E1 +O(T ). Therefore, compared to

Theorem 5.4.4, we find that

L1 = P̃⊥D̃2
Y P̃

⊥,

L2 = P̃⊥
[
φ2(σX)D̃YE1

]
P̃ ,

L′
2 = P̃

[
φ2(σX)E1D̃Y

]
P̃⊥,

L3 = P̃
[
φ2(σX)E2

1

]
P̃ .

When |X| ≤ ε
σ
, φ2(σX) ≡ 1, and thus

L3 − L′
2L

−1
1 L2 = P̃E2

1 P̃ − P̃E1P̃
⊥E1P̃ = (P̃E1P̃ )

2. (5.80)

Moreover, if we view D2
M as an operator acting on Λ∗M ⊗ ker D̃Y |Λ∗Y , then (P̃E1P̃ )

2 =

G2 ◦ (σDM)2 ◦G−1
2 for X ∈ BM0

ε/σ(0).

Proposition 5.4.15 There exists a constant C > 0 such that for any σ ∈ (0, 1] and

T ∈ [1,∞), we have

(1) ∥P̃⊥F̃σ(L̃σ,T )P̃
⊥∥σ;0,0 ≤ C

T
;

(2) ∥P̃⊥F̃σ(L̃σ,T )P̃∥σ;0,0 ≤ C
T
;

(3) ∥P̃ F̃σ(L̃σ,T )P̃
⊥∥σ;0,0 ≤ C

T
;
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(4) ∥P̃ F̃σ(L̃σ,T )P̃ − P̃ F̃σ(Θσ)P̃∥σ;0,0 ≤ C
T 1/2 .

In particular, ∥F̃σ(L̃σ,T )− P̃ F̃σ(Θσ)P̃∥σ;0,0 ≤ C
T 1/2 .

Proof: By Definition 5.4.5 and Proposition 5.4.7, we find that for any λ ∈ Γ̃ and

s ∈ L2(Λ∗E0),

|P̃⊥(λ− L̃σ,T )
−1s|σ;0 ≤

C

T
|(λ− L̃σ,T )

−1s|σ,T ;1

≤ C

T
(1 + |λ|2)|s|σ,T ;−1

≤ C

T
(1 + |λ|2)|s|σ;0.

(5.81)

Using Proposition 5.4.1(5), (5.81), and the fact that F̃σ(L̃σ,T ) =
1
2πi

∫
Γ̃
F̃σ(λ)(λ−L̃σ,T )

−1dλ,

we obtain the first three inequalities.

To derive the last inequality, notice that

P̃ F̃σ(L̃σ,T )P̃ − P̃ F̃σ(Θσ)P̃

=
1

2πi

∫
Γ̃

F̃σ(λ)
[
P̃ (λ− L̃σ,T )

−1P̃ − P̃ (λ−Θσ)
−1P̃

]
dλ,

(5.82)

and

P̃ (λ− L̃σ,T )
−1P̃ − P̃ (λ−Θσ)

−1P̃

= U3 − P̃ (λ−Θσ)
−1P̃

= −U3

[
L̃σ,T,3 + L̃′

σ,T,2(λ− L̃σ,T,1)
−1L̃σ,T,2 − L3 + L′

2L
−1
1 L2

]
P̃ (λ−Θσ)

−1P̃ .

(5.83)

Now we estimate the operators in the last line of (5.83) separately.

(a) Since U3 = P̃ (λ− L̃σ,T )
−1P̃ , by Proposition 5.4.7 we deduce that

∥U3∥σ,T ;0,0 ≤ C, ∥U3∥σ,T ;−1,1 ≤ C(1 + |λ|2). (5.84)

(b) By a similar argument as in the proof of Theorem 5.4.7, if δ, A, σ, T, λ
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satisfy the conditions therein, then

∥P̃ (λ−Θσ)
−1P̃∥σ,T ;0,0 ≤ C,

∥P̃ (λ−Θσ)
−1P̃∥σ,T ;−1,1 ≤ C(1 + |λ|2).

(5.85)

(c) It is easy to see that L̃σ,T,3 − L3 =
1
T
R, where R is a first order

differential operator for which the differential only involves ∇ei . Thus for any s, s′ ∈

L2(Λ∗E0), we have

∣∣∣⟨(L̃σ,T,3 − L3)s, s
′⟩σ;0

∣∣∣ ≤ 1

T
|s|σ,T ;1|s′|σ,T ;1,

which implies

∥L̃σ,T,3 − L3∥σ,T ;1,−1 ≤
C

T
(5.86)

(d) Let P̃σ : L2(Λ∗E0) → L2(K)⊥ be the projection map with respect to the inner

product ⟨ , ⟩σ;0. Define L̃′
σ,T,1 = P̃⊥

σ L̃σ,T P̃
⊥. Then clearly we have

L̃′
σ,T,1 − L̃σ,T,1 = (P̃⊥

σ − P̃⊥)L̃σ,T P̃
⊥. (5.87)

For any s, s′ ∈ L2(Λ∗E0),

⟨L̃′
σ,T,1P̃

⊥s, P̃⊥s′⟩σ;0 = ⟨L̃σ,T P̃
⊥s, P̃⊥s′⟩σ;0. (5.88)

Using (5.88) and arguing as in Proposition 5.4.7, one can show that for λ ∈ Γ̃, (λ −

L̃′
σ,T,1)

−1 maps H−1(Λ∗E0) to H
1(Λ∗E0), and

∥(λ− L̃′
σ,T,1)

−1∥σ,T ;−1,1 ≤ C(1 + |λ|2). (5.89)
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On the other hand, if we let P̃ ∗,σ denote the adjoint of P̃ with respect to ⟨ , ⟩σ;0, then

by Proposition 5.4.6 we have

∣∣∣∣⟨(L̃′
σ,T,1 − L̃σ,T,1)P̃

⊥s, P̃⊥s′⟩σ;0
∣∣∣∣ (5.90)

=

∣∣∣∣⟨(1− P̃⊥)L̃σ,T P̃
⊥s, P̃⊥s′⟩σ;0

∣∣∣∣
=

∣∣∣∣⟨P̃ L̃σ,T P̃
⊥s, P̃⊥s′⟩σ;0

∣∣∣∣
=

∣∣∣∣⟨L̃σ,T P̃
⊥s, P̃ ∗,σP̃⊥s′⟩σ;0

∣∣∣∣
=

∣∣∣∣⟨L̃σ,T P̃
⊥s, (P̃ ∗,σ − P̃ )P̃⊥s′⟩σ;0

∣∣∣∣
≤ C

∣∣P̃⊥s
∣∣
σ,T ;1

∣∣(P̃ ∗,σ − P̃ )P̃⊥s
∣∣
σ,T ;1

.

In view of (5.57) and Definition 5.4.5, one has P̃ ∗,σ = ψ
−2(n−q)
σ P̃ψ

2(n−q)
σ . Since

∣∣∣∣∣ψ2(n−q)
σ (X +X ′)

ψ
2(n−q)
σ (X)

− 1

∣∣∣∣∣ =
∣∣∣∣∣
(
1 +

√
1 + |X +X ′|2φ(σ(X+X′)

2
)

1 +
√
1 + |X|2φ(σX

2
)

)2(n−q)

− 1

∣∣∣∣∣
≤ C(1 + |X ′|)2(n−q),

we find that ∣∣(P̃ ∗,σ − P̃ )P̃⊥s
∣∣
σ,T ;1

≤ C
∣∣P̃⊥s

∣∣
σ,T ;1

. (5.91)

Combining (5.89), (5.90) and (5.91), we see that if |λ| ≤ T
1
8 ,

∥(λ− L̃σ,T,1)
−1∥σ,T ;−1,1 ≤ C(1 + |λ|2) ≤ CT

1
4 . (5.92)

Since (λ− L̃σ,T,1)
−1 maps L2(K)⊥ to L2(K)⊥, (5.92) implies

∥(λ− L̃σ,T,1)
−1∥σ,T ;−1,0 ≤

C

T 3/4
. (5.93)
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Now, we notice that

L̃′
σ,T,2(λ− L̃σ,T,1)

−1L̃σ,T,2 − L′
2(−L1)

−1L2

= TL′
2(λ− L̃σ,T,1)

−1(λ− L̃σ,T,1 + T 2L1)(−T 2L1)
−1TL2

+ TL′
2(λ− L̃σ,T,1)

−1(L̃σ,T,2 − TL2) + (L̃′
σ,T,2 − TL′

2)(λ− L̃σ,T,1)
−1TL2

+ (L̃′
σ,T,2 − TL′

2)(λ− L̃σ,T,1)
−1(L̃σ,T,2 − TL2)

(5.94)

By proceeding as above, we find that

i) ∥L̃σ,T,2∥σ,T ;1,−1 ≤ C, ∥TL2∥σ,T ;1,−1 ≤ C, ∥TL2∥σ,T ;0,−1 ≤ C.

ii) ∥L̃−1
σ,T,1∥σ,T ;−1,1 ≤ C, ∥(T 2L1)

−1∥σ,T ;−1,1 ≤ C.

iii) ∥L̃σ,T,2 − TL2∥σ,T ;1,0 ≤ C, ∥L̃σ,T,2 − TL2∥σ,T ;1,−1 ≤ C
T
.

iv) For λ ∈ Γ̃ with |λ| < T
1
8 , ∥λ− L̃σ,T,1 + L1∥σ,T ;1,−1 ≤ C(1 + |λ|) ≤ CT

1
8 .

v) L̃′
σ,T,2 and L′

2 satisfy the exact same estimate as L̃σ,T,2 and L2.

As a consequence, we have

∥L̃′
σ,T,2(λ− L̃σ,T,1)

−1L̃σ,T,2 − L′
2(−L1)

−1L2∥σ,T ;1,−1 ≤
C

T 1/2
. (5.95)

Therefore by (5.82), (5.83), and (5.95),

∥∥∥ 1

2πi

∫
Γ̃∩{|λ|≤T

1
8 }
F̃σ(λ)

[
P̃ (λ− L̃σ,T )

−1P̃ − P̃ (λ−Θσ)
−1P̃

]
dλ
∥∥∥
σ;0,0

≤ C

T 1/2
. (5.96)
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On the other hand, using Proposition 5.4.1, (5.81) and (5.4.3), it is not hard to see

∥∥∥ 1

2πi

∫
Γ̃∩{|λ|≥T

1
8 }
F̃σ(λ)

[
P̃ (λ− L̃σ,T )

−1P̃ − P̃ (λ−Θσ)
−1P̃

]
dλ
∥∥∥
σ;0,0

≤
∥∥∥ 1

2πi

∫
Γ̃∩{|λ|≥T

1
8 }
F̃σ(λ)

[
P̃ (λ− L̃σ,T )

−1P̃
]
dλ
∥∥∥
σ;0,0

+
∥∥∥ 1

2πi

∫
Γ̃∩{|λ|≥T

1
8 }
F̃σ(λ)

[
P̃ (λ−Θσ)

−1P̃
]
dλ
∥∥∥
σ;0,0

≤ C

T
,

(5.97)

from which the last inequality follows.

Proof: [Proof of Theorem 5.4.12] In the proof we will use dp to denote the volume

element dvolE0(p). Recall that we use K̃σ,T to denote the heat kernel of F̃σ(L̃σ,T ). Let

K ′
σ be the heat kernel of P̃ F̃σ(Θσ)P̃ . Set fσ,T (p, p

′) = K̃σ,T (p, p
′)−K ′

σ(p, p
′). Let ξ be a

smooth nonnegative function on E0 such that

supp ξ ⊂ BE0
1 (0), and

∫
E0

ξ(p)dp = 1. (5.98)

Let a ∈ (0, 1] be a constant. Since fσ,T is End(Λ∗E0)-valued, we take U,U ′ ∈ Λ∗E0.

By Proposition 5.4.11, for any p, p′ ∈ E0,

∣∣∣∣⟨fσ,T (0, 0)U,U ′⟩ −
∫∫

E0×E0

⟨fσ,T (p, p′)U,U ′⟩ ξ(p/a)
a2(n+k)

ξ(p′/a)

a2(n+k)
dpdp′

∣∣∣∣ (5.99)

=

∣∣∣∣ ∫∫
E0×E0

⟨(fσ,T (p, p′)− fσ,T (0, 0))U,U
′⟩ ξ(p/a)
a2(n+k)

ξ(p′/a)

a2(n+k)
dpdp′

∣∣∣∣
=

∣∣∣∣ ∫∫
E0×E0

⟨(fσ,T (ap, ap′)− fσ,T (0, 0))U,U
′⟩ξ(p)ξ(p′)dpdp′

∣∣∣∣
≤ Ca ·

∫∫
E0×E0

ξ(p)ξ(p′)dpdp′ = Ca.
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On the other hand, using Proposition 5.4.15 we deduce that

∣∣∣∣ ∫∫
E0×E0

⟨fσ,T (p, p′)U,U ′⟩ ξ(p/a)
a2(n+k)

ξ(p′/a)

a2(n+k)
dpdp′

∣∣∣∣ (5.100)

≤
[ ∫∫

E0×E0

⟨fσ,T (p, p′)U,U ′⟩2dpdp′
] 1

2

· ∥ξ∥20 ≤
C

T 1/2
.

Take a = 1
T 1/2 ≤ 1. By (5.99) and (5.100), we find that

|⟨fσ,T (0, 0)U,U ′⟩| ≤ C

T 1/2
. (5.101)

The exact same estimate holds for any point (p, p) ∈ E0×E0 on the diagonal. Using the

McKean-Singer formula, we have

∣∣∣Trs (NY F̃σ(L̃σ,T )
)
− Trs

(
NY P̃ F̃σ(Θσ)P̃

)∣∣∣ ≤ C

T 1/2
. (5.102)

By Remark 5.4.14 and the finite propagation speed property, we find that

Trs

(
NY P̃ F̃σ(Θσ)P̃

)
= Trs

(
NYG2 ◦ (σDM)2 ◦G−1

2

)
= 0, (5.103)

where the second equality is due to a parity argument as in the proof of Theorem 5.1.10.

The proof is completed.
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