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RESONANT APPROXIMATION FOR SINGLE-PARTICLE RESONANCES IN 

* THE RENORMALIZED RPA-PROBLEM 

. t M. Welgel 

Lawrence Radiation Laboratory 
University of California 

Berkeley, California 94720 

·April 1970 

Abstract 

UCRL-19578 

An approximate version of the renormalized RPA-treatment for scattering 

of nucleons on a hole nucleus is given, in which the shape resonances are treated 

according to a method of V. V. Balashov et al. In order to make the results 

more transparent we take into account the additional influence of the non reso-

nant part of the single-particle continuUm. with the help of a separable particle-

hole force. 

* Work performed under the auspices of the U. S. Atomic Energy Commission. 

t 
On leave from the Sektion Physik der Universitat Munchen, Munich, Germany. 
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l. Introduction 

. 1 
In a previous work ) we have given the equations for the renormalized 

, .. ., 
RPA-problem with inclusion of the single-particle continuum by extending Migdal's 

quasi-particle approach2 ) to the continuum3). We designed a model in which the J 

so called nuclear-structure problem (only bound single-particle orbits are 

included) was used as a zero-order solution.' In this model one could first 
I ' 

1 solve the nuclear-structure probiem with the full effective particle-hole forc'e. 

The influence of the continuum was ta.ken into account by approximating all matrix 

elements containing continuum single-particle states with a separable force so 

avoiding the original complicated Fredholm problem. This is due to the fact 

that the Fredholm determinant degenerates for a separable force. The details as 

. . 1 3 
well as further refer.ences can be found in refs. ) and ) . The model implied 

the assumption that the solution for the nuclear-structure problem is already 

a 'good approximation for the corresponding "bound-:state" solution with inclusion 

of the single-particle continuum. But in some cases it is well known tha.t one 

has t6 include single-particle resonances--for instance the ld
312

-resonance in 

16
0--in order to obtain a satisfactory solution for the nuclear-structure pro-

blem. We have been able to overcome this difficulty by applying the method of 

Garside and MacDonald
4 ' 5). But it turns out that the resulting equations are 

rather complicated, so one might try an approximate treatment by the use of a 

. "resonant approximation" for the r~sonant single-particle states6 ' 7 ). We will 

give in the second section the relevant definitions and approximations needed 

in such an attempt. The resulting equations are derived in the third section. 

In order to ma.ke the structure of the problem more transparent a solvable model 

is pre·sented in the fourth section, in which all matri.x elements ·containing non 
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resonant continuum single.;.. particle states are approximated by a separable force. 

We will restrict ourselves to the case of one shape resonance only, since the 

generalization to several channels can be achieved easily by following the same 

road as in the one channel case. 
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2. General RPA-Formalipm and the Definition of the Resonant Approximation 

1 In ref. ) the following equation for the particle-hole amplitude was 

* obtained (A; I.l2): 

(II.l) 

Here PV].l,M is the quasi-particle..,.hole amplitude: 

= (z z )-112 < oj1}/1Ji IM > 
\) ].1 ].1 \) 

(II. 2) 

where are the Schroedinger creation--and annihilation operators, 

respectively, of a nucleon with the quantum number set ].1 defined by a suitable 

shell-model hamiltonian .. For continuum wavefunctions we choose the standing wave 

boundary condition. The 
~ 

z's 
\) 

2 
are Migdal's renormalization constants ); 

2TI I is the renormalized particle-hole matrix element. By IM } we denote a 

scattering state as well as a bound state J B } . Since we assume the target 

' nucleus to be a closed shell nucleus plus one quasi-hole, we can specify the 

scattering state Is > by the quantum number set k 
b 

tk ) of the incoming particle plus the quantum number set j
0 

of the correspond-
a ~ 

ing quasihole. Hence Is} means more explicitely Is; k , j } • With nv 
0 0 

.we denote the quasiparticle occupation number for the state v with respect 

* 1 In this paper we are using the same notations and definitions as in ref. ). We 

l l 
refer to ref. ) as A, so that (A; I.l) means eq. ( I.l) of ref. ) . L: 111earis 

a).. 

summation over the discrete variables as well as integration over the continuum 

variables. 
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to the groundstate I 0 ) of the compound-nucleus. The zeropoint of the energy 

is chosen to be ground state energy of the compound nucleus. 

One knows 6 ' 7 ) that within the range of the single-particle potential the 

continuum wave function I p ) in the resonance channel E; can be represented 

in the vicinity of an isolated pol by 

-for p = E; (II. 3) 

with ( E; IE; ) = 1. Here, with p, · E; etc. we specify the channels--for instance 

c ( € ) ; 
p 

C(€ ) has the following structure:. 
p 

r(s )/27r 
.p .. 

2 
- € - !;,.) + 

res 

The details for obtaining ·. Is > and C(€ ) can be found in ref. 7). p 

(II.4) 

Our goal is to replace the continuum states IP ) by the quasibound 

state Is ) and furthermore to treat amplitudes with the index s similarly 

as amplitudes specified by true bound states. In the original problemwe can 

distinguish three different particle-hole states: 

( v , 11 ) = { ( r, i ) ; ( i , r) I ( p, i ) ; ( i , p ) I ( c , i ) ; ( i , c) } (II. 5) 

Here i characterizes hole states, r true bound states and c continuum 

states not belonging to the class defined by (II. 3). In the new problem we want 

* to deal with a new classification given by: 

(v,ll) = { (r,i); (i,r) I (E;,i); (i,s) I (c,i); (i,c) } (II.6) 

* One may also use modified continuum wave functions I c ) constructed orthogonal 

to I E; ) 8) . 
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In order to have a clear distinction we will label the particle-hole amplitudes, 

matrix elements etc. in the new classification by pAO,M' I etc. Since in the 

second term of (II.l) only the wave functions within the range of the particle-

he,le force are needed we can insert there the quantities according to the new 

class:iJ,fication. We obtain then for the relevant term ((v)J) according to (II.6)!) 

9 with ) : 

(II. 7) 

(II.8) 

We have to be mindful of that eq. (II. 1) does not apply ~ priori to P;
0 

,M 

since jt; ) is not an eigenstate of the shell model hamiltonian. In the next 

section we are going to derive the equations for these quantities. 

•• 
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UCRL-19578 

Using (II.7), (II.8) and (II.3) we can rewrite.(II.l) as follows 

with 

(n -n ) 
p f1 v {in o o o 

Vfl ,M = R + E: - E: - in ( n -n ) k V J' 11 M,S 

D = Vfl 

JM f1 v v f1 0 0~ 

+27TD Lr p } 
Vfl OA VOflA AO,M 

1 (V,f.l) Ef (p,i); (i,p) 

vEp 

f1 E p 

(III.l) 

(III.2) 

Here, the quantity 
A A 

I p is labelled according to ( n. 6). ·· We can distinguish 

three possibilities for jM ) : 

a) I M ) = IB ) 

From (II.3) we deduce the following relations: 

PVf.l,B 

c ( ~::) P.;f.l ,B 

C(E: ) p 
f1 v.;,B 

(Vf.l) Ef (p,i); (i,p) 

vEp 

f1 E p 

(III.3) 

Insertion of (III. 3) into ( III.l) gives the following equation for pA • 
Vfl,B' 

(III.4) 
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If either v or ll is equal to t;, this equation is obtained by multiplying 

( III.l) with C(£ ) 
p 

and integration over the energy. Hence we have the 

following definitions for (r = n below threshold) 9 ): 

"-1 (EB): {EB + in(n -n )} -l (v ,p) t (t;,,i); (i,EJ, (III.5) f = £ - E - for 
Vl.l ll \) \) ll 

"-1 J~L. 
f(E ) 

1 
+in) ft;,l.l (EB): = 2 2 EB + £ - E 

E - D.) + r ;4 ll p 
p res . 

(III.6) 

1 
- in) 

(III.7) 

If approximation (II.8) is not valid one has to replace p in (III.4) by N~). 

b) = Is > with k $ p 
0 

= Is, k j > 
0 0 

The equation for these amplitudes can be derived ih the same manner as. in the 

preceding subsection. We get: 

" (n -n ) {ok v o. 
"-l 

(Es) L " 
l\a ,s} PVl.l ,S = + f 27T I . ll \) o Joll Vl.l a>. VOl.lA 

(III.8) 

c) IM) = Is > - js, k j > with k = Po E p 
0 0 0 

f 
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The scattering state was defined by3 ) 

Is > = (z. z )-l/2 
Jo Po 

in 
E

8 
- H + in t/lt t/1. I o > 

Po Jo 

UCRL-19578 

(III.9) 

therefore it seems reasonable according to our assumptions to approximate the 

scattering state in the interior (localized state) by 

(III.lO) 

with: 

( )-l/.2 in · t I > = ZJ. Zc E - H + in t/lc t/1. 0 
o "'o S "'o J o 

( III.l1) 

Since I~ > is concentrated in the interior it should be sufficient to treat 

IS > • If neither v or ]J belongs to p one obtains, 

( III.l2) 

If--.for instance--V belongs to p we get from eq. (.III.l): 

In the interior now the following replacement holds: 

(III.l4) 
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Furthermore, since we are only· interested in the interior region we can insert 

instead of (p J p } the following expression: 
. 0 

I 

( III.l5) : 

I 
The quantum number set ~(E;0 ) coincides with the quantum number set p(p

0
) if we 

exclude the energy (( ~~~) = 1). Use of (III.l4) and (III.l5) leads to: 

Pt;i,s = o.. on
lJo "'"'o 

Analogously we get: 

+ ( III.l6 ), 

(III.l7) 

Equations (III.4), (III.8), (III.l2), (III.l6) and (IIL17) provide the system 

of equations necessary for the RPA-treatment with inclusion of the continuum. 

The transformation to the original problem is formally given by eq. (III.l). 

In the next section we are going to derive a model in which all matrix 

elements containing single-particle states Jc ) are approximated by a separable 

interaction. 

,..,~ 
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4. Model Equations 

We can split off the sum over the quantum numbers in our equations in 

two terms, where the first sum contains only the sllinmation over bound or quasibound 

states. In the second sum we replace the matrix elements by separable ones, 

i.e.: 

A A 

2TI I = \ W W 
vcr~a v~ cra (IV.l) 

so obtaining: 

I ,[" = 2TI \ I ' p M + \ w ~ vcr~a acr, . v~ cra (IV~2) 

where the restricted sums are defined as follows (U is an arbitrary function 
v~ 

of v and ~): 

[' A L (t}_ ' + u ) + L: (ur,:i + air,:) u = 
v~ 

v~ 
rl rl 1r il; 

p 

(IV.3) 

[" A 

=2: 
A 

+ u. ) u (U . 
w Cl lC 

v~ Cl 
(IV.4) 

Insertion of (IV.2) into eq. (III.4} leads to the following eigenvalue problem: 

A AB 
{A . + C - o o . E } Ap. . = 0 

vcr~\ vcr~\ v\ cr~ B \cr,B for v~ $ ( ci ) ; ( i c) , 

where we have introduced the following abbreviations: 

= A L " I W 12 . ( n -n ) - t:. l 
v~ v~- . ~ v EB + t:~- v in(n -n ) v ~ 

(IV. 5) 

(IV.6) 
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(IV.7) 

A 

A . 
.VO]JA. 

A 

(n -n ) 27T I 
jJ, V · VO]JA 

o, o (:r (EB) - EB) 
AV O]J V]J 

(IV. 8) 

(IV.9) 

The amplitudes with one index belongingto the continuum are given by: 

(n -n ) 
- 1-1 v A W D l 

EB + £ - £ - in(n -n ) VJ-1 B 1-UB ]J v . \) ]J . 
(IV.lO) 

with 

(IV.ll) 

Ectuation (IV~5) provides a matrix.equation which may be solved by iteration. 

For r + 0 and >.. + 0 we get the standard nuclear structure problem which might 

be used as the starting point of the iteration procedure. Above threshold one 

will obtain complex energy eigenvalues due to presence of UB (even if r + 0). 

Since we have removed the shape resonances it should be easy in a practical 

calculation to interpolate UB as a function of E. When one has solved the eigen-

value problem (IV. 5) the amplitudes containing continuum single-'particle states 1'\ 

I c > can be obtained from (IV .10). 

The subcase b) can be treated in a similar manner. Due to the inhomogenous 

term in eq. (III.8) we get the following inhomogertous matrix equation: 
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A As Ak j ,s 
{A , + C , - o ,o E

8
} p, = d 0 0 

vall/\ vall/\ v/\ all 1\cr,s. Vll 

with: 

k j ,s 
A 0 0 
d 

VlJ 

A A 

= ->-(n -n )(n. -n ) W Wk . · · ll · V . J k Vll J 
[ 0 0 0 0 

for (vp)$(c,i);(i,c) . 

E (1-U ) - A m
8 s' s 

The amplitudes with one continuous index are given by: 

p 
VlJ,S 

(IV.l2) 

(IV .13) 

(IV.l4) 

Since d is non zero one has in this case only to invert a matrix of finite dimension 

to obtain the solution. As expected these solutions have resonances for E8 = ReEB. 

If the incoming particle belongs to the class p the inhomogenous term 

occurs in the eq. ( III.l6) for pE;i ,S and not in as in subcase b. For 

this reason we get a different inhomogenous term in comparison with (IV.l2). 

One obtains: 

A 
C' • s 

,-:§ A§ 
{A , + c , - o ,o E

8
} "'p, A 

VO"lJA VO"lJA VA O"ll /\O",S 
A "'oJ o' 

= d Vll 
for VlJ ~ (c,i);(i,c) . (IV.l5) 

with 

A 

C' • s 
AsoJo' 
d 

VlJ 

A A 

= ( n -n ) f ( E ) 1 { o o A US W v~ W soj o } ( 6) 
V ,, s j S 1-UA J. lJ v s + E ( i-U"' - A m"' • IV .l 

~ 0 0 s 0 0 s s s 

The equivalent relation to (IV.l4) turns out to be: 



n -n 
~ v 

E8 + E - E - in(n -n ) 
~ v v ~ 

-14-

I 
I 

for (vp)E(ci) ;(ic) 

Both solutions have as in the former case resonances for E
8 

-+ ReEB. 

UCRL.,.l9578 

(IV.l7) 

The final solution according to the classification (II.5) can be obtained 

for the bound states I B ) with the help· of the relations (III. 3). In the scat

tering problem we get approxi~ately for the case k $ p: 
0 

(v~) E (r,i); (i,r) 
( IV.l8) 

vEp 

·-~ E p 

(n -n ) 
~ ~ + }.1 v · , ·w 1 ·[·D w 
u k u • E . . ( . ) 1\ 1-U S+ k j v ~J +E -E -1n n ~n v~ 

( v~ )E( c i) ; ( i c) 
0 0 . s ~ v . v ~ s . 0 0 

If k
0 

= p
0 

E p one can derive the following relations using (III.l), (III.lO), 

(III.l2), (III.l6) and (III.l7)·: 

n -n 
}.1 v 

E8+s ;_E: -in(n -n·) 
~. v v ~ 

c('e: ) "p· " 
p. v~,s 

0 

c.( E: ) c ( E: )' A 

p
0 

P Pn~.s 

A. W D"" C(E ) 
v~ S p 0 

1 - U"-
S 

(v~) E (c,i); (i,c) 

( v~ ) E ( r, i ) ; ( i , r) (IV.l9) 

V=i ~=p 

The second and third relations in (IV.l8) and the third relation in (IV.l9) are 

valid only in the interior. 
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From (IV .18) and (IV .19) the wanted expressions for the S..;matrix and the 

T-matrix can now be read off. After reinserting the single-particle phase fac-

tors taken out by using standing wave boundary conditions, one obtains: 

Okk· 0 . . - 2TTi 0 ( Ek . 
0 lJo OJO 

E)Tk. k J. (E) 
l, 0 0 

(IV.20) 

wHh 

Tk. k . (E): 
l' OJO. 

for k ~ p, k ¢ p , (IV.2l) 
0 

T . k . (E): 
pl' OJO 

for k = P, k = p E p 
0 0 . 

for k = p, k
0
Ej:p (IV.22) 

for k $ p, k = p E p, (IV~23) 
0 0 

(IV.24) 

For E = E: - E:. and E. -+ E: + 1'1 the S-matrix does not possess--as expected--S p l p res 

single-particle resonance, since (IV.20) takes the following form 

Q,i
2o {l + 2TTi 

f/27T[ (.E:,..,-£ ~1'1)+i/2f] 
· ·~ res (l + .. ·)} ~ 1 

(E: - E:. -1'1)2 +'f2/4 
p res 

(IV.25) 

where we have supressed the a-function of energy. 
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5. Summary 

A model for calculating the nucleon-nucleus scattering on one-hole type 

nuclei has been settled down in the framework of the renormalized RPA-theory, 

in which the shape resonant shell model states have been treated approximately ~ 

I 
as bound states. With a separable ansatz for the remaining continuum matrix-

elements we have been able to derive a system of equations, which can be solved 

* up to integrations over known nonresonant functions by standard matrix methods. 
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