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Orbital magneto-optical response of periodic insulators from first principles
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We present a reformulation of the density matrix perturbation theory for time-dependent electro-
magnetic fields under periodic boundary conditions, which allows us to treat the orbital magneto-
optical response of solids at the ab initio level. The efficiency of the computational scheme proposed
is comparable to standard linear-response calculations of absorption spectra and the results of tests
for molecules and solids agree with the available experimental data. A clear signature of the valley
Zeeman effect is revealed in the magneto-optical spectrum of a single layer of hexagonal boron ni-
tride. The present formalism opens the path towards the study of magneto-optical effects in strongly
driven low-dimensional systems.

Magneto-optical phenomena originating from the loss
of symmetry between left (σ+) and right (σ−) circularly
polarized light in the presence of a magnetic field are
widely used for characterization of different kinds of mat-
ter [1, 2]. Magnetic circular dichroism (MCD) spectra
help to assign overlapping bands and give insight into
magnetic properties of the ground and excited states.
Faraday rotation of the plane of polarization of linearly
polarized light serves as a basic operational principle for
functional magneto-optical disks and optical isolators [3].
Optical excitations in the presence of a magnetic field al-
low manipulation of valley pseudospin degrees of freedom
in two-dimensional monolayers [4–10]. Giant Faraday ro-
tation has been revealed in graphene [11] and metal oxide
nanosheets [12]. Novel magneto-optical phenomena [13]
are expected in recently discovered Z2 topological insu-
lators [14]. These advances cultivate the growing interest
to development of a gauge-invariant and computationally
efficient ab initio theory of magneto-optical response.

While ab initio calculations of MCD spectra in
molecules can be performed nowadays in a nearly rou-
tine fashion [15–19] (as implemented in many quantum
chemistry codes [20, 21]), the complete response theory
for extended systems is still under development. The
reason is that external electromagnetic fields break the
translational symmetry of such systems, which in the for-
mal way is expressed through unboundness of the posi-
tion operator. Though according to the modern theory
of polarization [22–24], the position operator can be re-
placed by a derivative with respect to the wave vector in
responses to electric fields, the description of magnetic
fields is more complicated as it introduces vector cou-
pling to electron dynamics and leads to non-perturbative
changes in wavefunctions. Three approaches have been
considered in literature to deal with these difficulties:

(1) taking a long-wavelength limit of an oscillating per-
turbation [25, 26], (2) using the Wannier function for-
malism [27–30] or (3) treating perturbations of the one-
particle Green function or density matrix [30–32], which
are two-point quantities summed up over all occupied
bands and having gauge-invariant counterparts. While
wave functions may change drastically in the presence
of even a vanishing magnetic field, the gauge-invariant
counterpart of the density matrix changes perturbatively
[30–32]. We believe that using approach (3) helps to re-
duce numerical errors that may arise, for example, from
summing up non-gauge-invariant paramagnetic and dia-
magnetic terms in approach (1). Approach (3) also allows
us to work under purely periodic boundary conditions as
opposed to approach (2), where contributions of open
boundaries should be treated carefully [27–29].

So far the magnetic field has been considered in the
context of static responses [25–32]. In the present letter
we demonstrate that density matrix perturbation the-
ory [30, 32, 33] can be straightforwardly extended to the
case of dynamical non-linear phenomena. We focus on
second-order magneto-optical effects, i.e. the change of
the optical response in the presence of a magnetic field.
While the approach developed here is general and can
be adapted to any first-principles framework, we decide
to illustrate it using time-dependent density functional
theory (TDDFT) as this method provides a reasonable
level of accuracy at a moderate computational cost. The
implemented procedures form a part of the open-source
code Octopus [34–36]. For the sake of simplicity, we limit
our consideration to orbital magneto-optical effects for
insulators. While the spin contribution is trivial, the ac-
count of the Fermi surface contribution can be done for
metals by analogy with Ref. [26].

Let us consider the response to uniform magnetic and
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electric fields. We use the temporal gauge, in which both
of these fields are described by the vector potential A
and are given by B = ∇ × A and E = −c−1∂tA, re-
spectively, where c is the speed of light (atomic units
are used throughout the letter). Though the fields are
uniform, the vector potential A entering in the Hamil-
tonian H is non-periodic. This gives rise to ill-defined
expectation values of quantum mechanical operators de-
scribing physical properties of the system in the periodic
basis. The operators are gauge-dependent but this non-
periodicity cannot be resolved by changing the gauge.
However, it turns out that for any operator O it is
possible to distinguish the periodic and gauge-invariant
counterpart Õ by factoring out the Aharonov-Bohm-type
phase ϕ12 = −c−1

∫ r1
r2

A(r)dr [30–32]

Or1r2 = Õr1r2exp (iϕ12) . (1)

Here we take ~ = e = 1 and the integral is taken
along the straight line between points r2 and r1 so that
r = r2 + (r1 − r2)ξ, 0 ≤ ξ ≤ 1. This approach was pre-
viously used to derive corrections to the gauge-invariant
counterpart ρ̃ of the density matrix ρ in the static mag-
netic field [30–32]. In the present paper we generalize
these derivations to the case of time-dependent electro-
magnetic fields by rewriting the exact time-dependent
Liouville equation −i∂tρ+ [H, ρ] = 0 in terms of ρ̃:

− i (∂t + i∂tϕ13) ρ̃r1r3 =∫
dr2e

iϕ123

(
ρ̃r1r2H̃r2r3 − H̃r1r2 ρ̃r2r3

)
,

(2)

where the phase ϕ123 on the right-hand side is given
by the flux of the vector potential through the trian-
gle formed by points r1, r2 and r3 so that ϕ123 =
ϕ12 +ϕ23 +ϕ31 = B · (r1− r2)× (r2− r3)/2c. The corre-
sponding exponential term can be used to obtain correc-
tions to the density matrix to any order in the magnetic
field, while the time derivative of the phase ϕ13 on the
left-hand side is responsible for linear change in the den-
sity matrix due to the electric field ∂tϕ13 = E · (r1− r3).
It is seen, therefore, that Eq. (2) is gauge-invariant and
includes all-order corrections to time-dependent electric
and magnetic fields.

To describe the magneto-optical effects on the basis of
Eq. (2) we assume that E corresponds to the oscillating
electric field of the electromagnetic wave and B to the
static magnetic field applied. The magnetic field of the
electromagnetic wave is neglected. We, therefore, con-
sider only the first-order corrections in E, B and E×B.
Keeping only the terms to the first order in the mag-
netic field is reasonable even for strong magnetic fields
B � c/a2 ∼ 105 T, where a = 1 Å is taken as a typ-
ical interatomic distance. The equation for the density
response then takes the form

− i∂tρ̃+ [H̃, ρ̃] = −1

2

{
E +

1

c
V ×B, [r, ρ̃]

}
, (3)

where Õr1r2(r1 − r2) = [r, Õ]r1r2 , H̃ can be different
from the unperturbed Hamiltonian H0 due to local-
field effects, i.e. self-consistent variation of Hartree and
exchange-correlation potentials upon changes in the elec-
tron density, V = −i[r, H̃] is the velocity operator com-
puted with account of all non-local contributions to the
Hamiltonian, such as from non-local pseudopotentials,
and the scalar product is assumed between the operators
entering into the anticommutator on the right-hand side.
This is simply the quantum Bolzmann equation with the
Lorentz driving force. Unlike the singular position op-
erator r, the commutator [r, ρ̃] of the position operator
with the periodic function ρ̃ is well defined here and can
be substituted by the derivative with respect to the wave
vector, i∂kρk, in reciprocal space [30–32]. Differentiating
the Liouville equation (3), one can evaluate the deriva-
tives of the density matrix ρ̃(P ) = ∂ρ̃/∂P with respect to
perturbations P of parameters of the Hamiltonian, such
as the electric field E or magnetic field B.

Following the density-matrix perturbation theory [33],
we project the Liouville equation (3) onto unperturbed

wavefunctions |ψ(0)
vk 〉 of occupied bands v and find its

solution |η(P )
vk (Ω)〉 = Pcρ̃

(P )(Ω)|ψ(0)
vk 〉 within the un-

occupied subspace according to the Sternheimer ap-
proach [36–38] (see Supplementary Information). Here
Pc = 1−Pv = 1−ρ(0) is the projector on the unoccupied
bands, and Ω = Ω0+iδ is frequency considered, where Ω0

is the frequency of the external perturbation and iδ is the
small but finite imaginary frequency added to avoid di-
vergences at resonances [36–39]. Then elements of deriva-
tives of the density matrix between unoccupied (C sub-
script) and occupied (V subscript) subspaces are com-

puted as ρ̃
(P )
CV (Ω) =

∫
BZ

(2π)−3dk
∑
v |η

(P )
vk (Ω)〉〈ψ(0)

vk | and

ρ̃
(P )
VC (Ω) = (ρ̃

(P )
CV (−Ω∗))∗. The block diagonal elements

ρ̃
(P )
D of derivatives to the density matrix within occupied

(ρ̃
(P )
VV = −Pvρ̃(P )

D Pv) and unoccupied (ρ̃
(P )
CC = Pcρ̃

(P )
D Pc)

subspaces are calculated from the idempotency condition
for the full density matrix ρ = ρρ, which in terms of its
periodic counterpart ρ̃ and to the first order in the mag-
netic field is given by [30, 32]

ρ̃ = ρ̃ρ̃+
i

2c
B · [r, ρ̃]× [r, ρ̃] (4)

The commutator [r, ρ̃] corresponding to i∂kρ̃k in recip-
rocal space is calculated within the k · p theory [36–38]
(see Supplementary Information).

The contribution ανµ,γ to the polarizability in the pres-
ence of the magnetic field (ανµ = α0νµ + ανµ,γBγ) is
obtained from the current response as

ανµ,γ(Ω) =
i

Ω
Tr
[
Vν ρ̃

(EµBγ)(Ω)
]
. (5)

MCD response is measured as the ellipticity ξz gained
by the linearly polarized light transmitted along the z
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FIG. 1. (Colour online) Absorption cross-section S and ellip-
ticity ξ (in arbitrary units) for (a) adenine (δ = 0.05 eV) and
(b) cyclopropane (δ = 0.02 eV) as functions of the frequency
of light Ω0 (in eV) calculated using the present solid-state
formalism (solid blue lines) and standard finite-system for-
mulation (red dashed lines). The corresponding curves are
virtually indistinguishable. The results obtained in the finite-
system formulation for linewidths δ = 0.1 eV and δ = 0.2
eV are shown by magenta dash-dotted lines and green dotted
lines, respectively. The experimental data for adenine [40] in
water and cyclopropane [41] in the gas phase are represented
by circles. The parts of the spectra shown lie below the ion-
ization potential at zero temperature (6.7 eV and 9.4 eV for
adenine and cyclopropane, respectively). Carbon, hydrogen
and nitrogen atoms in the atomistic structures are coloured
in medium gray, white and blue/dark gray, respectively. The
inset shows the first MCD peak of cyclopropane.

axis per unit length, which comes from the difference in
σ± absorption and is given by [1]

ξz(Ω0) =
πΩ0

wc
BzRe

[
αxy,z(Ω)− αyx,z(Ω)

n0

]
, (6)

where n0 is the refractive index and w is the volume per
molecule or volume of the unit cell for solids. The angle
of Faraday rotation is determined by a similar expression
but with the imaginary part of ανµ,γ instead of the real
one. By contrast, in the magneto-optical polar Kerr effect
for reflected light, the ellipticity and angle of rotation are
determined by Im ανµ,γ and Re ανµ,γ , respectively [2].

The new formalism for calculation of the magneto-
optical response has been implemented in the Octopus
code [34–36] and first tested for molecules (Fig. 1) in
a large simulation box with periodic boundary condi-
tions. The orientationally averaged ellipticity is given
by ξ =

∑
γ ξγ/3. The absorption cross-section is com-

puted as S = 4πΩ0Im α0νν/(3c) [35, 36], where the po-
larizability α0νµ is found using ρ̃(Eµ) instead of ρ̃(EµBγ)

in Eq. (5). The interaction of valence electrons with
atomic cores is described using Troullier-Martins norm-
conserving pseudopotentials [42]. The local-density ap-
proximation (LDA) [43] is applied for the ground state
and the adiabatic LDA kernel for the response (though
the theory could be equally used with other function-
als). The density-averaged self-interaction correction [44]

is used to avoid spurious transitions to diffuse excited
states. Only the Γ point is considered. The size of
the simulation box of 24 Å and the spacing of the real-
space grid of 0.14 Å are sufficient for convergence of the
magneto-optical spectra.

The calculations for cyclopropane and adenine (Fig. 1)
reveal that the present formalism gives the results indis-
tinguishable from the formulation using the position op-
erator r (see Supplementary Information), which is com-
monly applied in literature for finite systems [15–19], and
in agreement with the experimental data [40, 41]. MCD
response of molecules can be divided into A and B terms.
The B [15, 17, 18] comes from perturbations of molecu-
lar states in the magnetic field and is present in all sys-
tems. The A term [15, 17, 19] comes from perturbations
of energies of excited states with non-zero orbital angu-
lar momenta. Such states are present only in molecules
with rotational symmetry at least of the third order like
cyclopropane. Since transitions to states with opposite
orbital angular momenta are coupled to the light of dif-
ferent polarization, Zeeman splitting leads to an energy
shift between σ± absorption peaks. MCD response, i.e.
the difference in σ± absorption, in this case is described
by the derivative of the spectral density [18, 19] and has
second-order poles. The A term is clearly dominant for
cyclopropane at linewidth δ = 0.02 eV (Fig. 1b), in
agreement with previous calculations [15]. Raising the
linewidth to the experimental values δ = 0.1−0.2 eV de-
creases the A term relative to the B term and brings the
shape of the calculated curve closer to the experimental
one. After this, the changes in the sign of the MCD sig-
nal are described well not only for adenine (Fig. 1a) but
also for cyclopropane (Fig. 1b).

To test the developed formalism for solids we have
applied it to bulk silicon and a monolayer of hexago-
nal boron nitride. The dielectric tensor is computed as
ενµ = δνµ+4πανµ/w. While account of local-field effects
is very important for molecules, for the solids considered,
these effects provide a minor correction to the spectra
(see the example for boron nitride in Supplementary In-
formation) and are not included below. The linewidth
δ = 0.1 eV is used. For boron nitride, we consider the
rectangular unit cell of 4.294 Å × 2.479 Å × 24.0 Å with
four atoms. For silicon, the cubic unit cell of 5.38 Å size
with 8 atoms is studied and the grid spacing is increased
to 0.25 Å. Integration over the Brillouin zone is per-
formed according to the Monkhorst-Pack method [49].
3000 irreducible k-points are needed for convergence for
boron nitride and 6600 for silicon (see Supplementary
Information).

The data computed for bulk silicon follow the shape of
the experimental curves [2] for Re εxy and Im εxy at the
direct absorption edge (Fig. 2a). The analysis of optical
transitions at the Γ point of the Brillouin zone, where the
highest valence and lowest conduction bands are formed
by triply degenerate p-like states (Γ′25 and Γ15, respec-
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FIG. 2. (Colour online) (a) Calculated components εxx (up-
per panel) and εxy (lower panel) of the dielectric tensor for
silicon as functions of the frequency of light Ω0 (in eV) for the
magnetic field of 1 T along the z axis. The real and imaginary
parts are shown by solid and dashed lines, respectively. The
results obtained in the independent-particle approximation
and using the LRC kernel correspond to black and red/gray
lines, respectively. The calculated data are blue-shifted in en-
ergy by 0.7 eV to take into account the GW correction to the
band gap [45, 46]. The experimental data from Refs. [47] and
[2] for εxx and εxy (scaled by a factor of 1/3), respectively,
are shown by symbols. Squares correspond to the real parts
and circles to the imaginary ones. The transitions at the Γ
point of the Brillouin zone are indicated by the vertical gray
line. (b) Calculated contributions to Im εxx (upper panel)
and Im εxy (lower panel) from the Γ point: total contribution
(triangles), contribution from transitions Γ′25 → Γ15 to the A
term (blue dashed lines) and contributions from transitions
Γ′25 → Γ15 with the magnetic quantum number lz = 0→ ±1
(green solid lines) and ±1 → 0 (black dash-dotted lines) to
the A term. Total Re εxy is shown by diamonds.

tively) [50], reveals significant contributions that can be
attributed to the A term (Fig. 2b). Two inequivalent
contributions come from excitations with the change in
the magnetic quantum number lz from 0 to ±1 and vice
versa. The ratio εxy/εxx for each of them at the resonance
frequency characterizes the relative frequency shift in the
magnetic field εxy/εxx ∼ ∆mzBz∆lz/δ, where ∆mz is
the change in the orbital magnetic dipole moment (see
Supplementary Information). The corresponding effec-
tive g-factors g = −∆mz/µB∆lz, where µB is the Bohr
magneton, are g = 3.5 in Γ′25 → Γ15 transitons with
lz = 0 → ±1 and only g = −0.40 for lz = ±1 → 0.
Thus, unlike absorption, transitions lz = 0→ ±1 prevail
in the magneto-optical response at the band edge. The
domination of the A term is consistent with the exper-
iments, where Re/Im εxy look similar to derivatives of
Im/Re εxx (Fig. 2a). The agreement with the exper-
imental data is further improved when we model exci-
tonic effects using the long-range contribution (LRC) to

the exchange-correlation kernel f
(LRC)
xc (q) = −β/q2 with

β = 0.2 in reciprocal space [45, 46, 51].
In boron nitride, the magneto-optical response of con-

tinuum states starts from a prominent peak at the band

FIG. 3. (Colour online) (a) Calculated components εxx (up-
per panel) and εxy (lower panel) of the dielectric tensor for
a boron nitride monolayer as functions of the frequency of
light Ω0 (in eV) for the magnetic field of 1 T along the z axis
directed out of the plane. The real and imaginary parts are
represented by solid and dashed lines, respectively. The re-
sults obtained in the independent-particle approximation and
using the LRC kernel (multiplied by a factor of 1/3) are shown
by black and red/gray lines, respectively. The calculated data
are blue-shifted in energy by 2.6 eV to take into account the
GW correction to the band gap [48]. The results obtained
with the LRC kernel are additionally red-shifted by 1.4 eV to
account for the binding energy of the first exciton [48]. The
transitions at the K and M points of the Brillouin zone are
indicated by vertical gray lines. Boron and nitrogen atoms
in the atomistic structure are coloured in magenta/medium
gray and blue/dark gray, respectively. (c) Calculated contri-
butions to εxx (black lines) and εxy (blue/gray lines) from the
K points of the Brillouin zone. (d) Calculated contributions
to Re εxy×103 from different points (kx,ky,0) (in Å−1) of the
Brillouin zone of the 4-atom cell for Ω0 = 7.8 eV.

edge even without account of excitonic effects (Fig. 3a).
In this material, the first optical transitions take place
at the K± points in the corners of the hexagonal Bril-
louin zone, where phase winding of wavefunctions re-
lated to the C3 symmetry imposes coupling to only one
(σ±) light component [52–54]. The magneto-optical re-
sponse from the K± points is just a second-order pole
(Fig. 3b). The domination of the A term is also seen
from the map for different k-points (Fig. 3c). Clearly
the response of boron nitride at the band edge is related
to the valley Zeeman effect [4–9]. Since the density of
states in two-dimensional materials tends to the Heavi-
side step function in the limit of zero linewidth, the A
term related to its derivative approaches a delta peak.
Therefore, discrete peaks in continuum magneto-optical
spectra of two-dimensional materials are indicators of the
Zeeman splitting.

The change of the magnetic dipole moment upon the
excitation at the K± points is ∆m±z ≈ ∓1.8µB. Explicit
calculations of the magnetic dipole moments according
to [26, 55] give ∓0.95µB and ∓2.8µB for the valence and
conduction bands, respectively. The calculated valley g-
factor gvl = −2∆m+

z /µB = 3.6 is, thus, close to the
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magnitudes of g-factors of about 4 in photoluminescence
experiments for WSe2 [4–7] and MoSe2 [7–9] monolayers.

It is known, however, that boron nitride exhibits strong
excitonic effects [48]. To mimic the first bound exciton
we apply the LRC kernel [45, 46, 51] with β = 10 (Fig.
3a). Using the kernel, the spectra become more similar
to those of symmetric molecules like cyclopropane (Fig.
1b).

The efficiency of the implemented procedures for
magneto-optics is comparable to standard linear-
response calculations of polarizability in the absence of
the magnetic field. When local-field effects are included,
magneto-optics for solids takes only twice as long as po-
larizability (due to the need for response at Ω0 ± iδ, see
Supplementary Information). Although the LDA func-
tional is used here for testing purposes, nothing impedes
using more accurate hybrid functionals or translating the
same approach into the many-body framework.

We acknowledge the financial support from the Euro-
pean Research Council (ERC-2015-AdG-694097), Gru-
pos Consolidados (IT578-13), European Union’s H2020
program under GA no. 646259 (MOSTOPHOS) and
no. 676580 (NOMAD) and Spanish Ministry (MINECO)
Grant No. FIS2016-79464-P.
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