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ABSTRACT OF THE DISSERTATION

Self-Organization of a Long-Range Schelling-Type Interacting Particle System

by

Hamed Omidvar

Doctor of Philosophy in Electrical Engineering
(Communication Theory and Systems)

University of California San Diego, 2021

Professor Massimo Franceschetti, Chair

Inspired by the Schelling model of self-organized segregation in social sciences and

economics, we consider a long-range interacting particle system in which binary particles – whose

initial states are chosen uniformly at random – are located at the nodes of a flat torus (Z/hZ)2.

Each node of the torus is connected to all the nodes located in an l∞-ball of radius w in the

toroidal space centered at itself and we assume that h is exponentially larger than w2. Based on

the states of the neighboring particles and on the value of a common intolerance threshold τ ,

every particle is labeled “stable,” or “unstable.” Every unstable particle that can become stable

by flipping its state is labeled “p-stable.” Finally, unstable particles that remain p-stable for a

xii



random, independent and identically distributed waiting time, flip their states and become stable.

When the waiting times have an exponential distribution and τ ≤ 1/2, this model is equivalent

to a Schelling model of self-organized segregation in an open system, a zero-temperature Ising

model with Glauber dynamics, or an Asynchronous Cellular Automaton (ACA) with extended

Moore neighborhoods.

In this dissertation, we provide several results regarding the limiting configuration of

the above model as well as its initial configuration and its dynamics over the time. First, we

significantly extend the previously known results on the expected size of the monochromatic

balls formed at the end of the process by showing that for all τ ∈ (τ ∗1 , 1− τ ∗1 ) \ {1/2} where

τ ∗1 ≈ 0.433 the expected size of these balls is exponential in the size of the local neighborhood

of interaction N . We then further extend this interval to (τ ∗2 , 1− τ ∗2 ) \ {1/2} where τ ∗2 ≈ 0.344

by considering “almost monochromatic” balls, namely balls where the ratio of the number of

particles of one type and the number of particles of the other type quickly vanishes as the size of

the neighborhood grows. More notably, we then prove a concentration bound and a shape theorem

for the “spreading” of the “affected” nodes – namely nodes on which a particle of a given state

would be p-stable. Furthermore, we show that when the process reaches a limiting configuration

and no more state changes occur, for all τ ∈ (τ ∗, 1− τ ∗) \ {1/2} where τ ∗ ≈ 0.488, w.h.p. any

particle is contained in a large monochromatic ball of cardinality exponential inN . When particles

are placed on the infinite lattice Z2 rather than on a flat torus, for the values of τ mentioned above,

after a sufficiently long evolution time, w.h.p. any particle is contained in a large monochromatic

ball of cardinality exponential in N . Finally, we improve these results by showing that the interval

of τ can be extended to (τ ∗∗, 1− τ ∗∗) \ {1/2} where τ ∗∗ ≈ 0.433.
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Chapter 1

Introduction

Most real-world networks, e.g., biological and social networks, consist of particles or

agents that only interact with small groups of their counterparts located in their neighboring

areas rather than the entire network. These interactions, however, can lead to self-organizing

behaviors and seemingly global outcomes that sometimes were not originally intended, desired,

nor easily predicted. To study such behaviors, in this dissertation we consider an interacting

particle system with particles that have binary states and that are located at the integer points of a

large flat torus. Each particle can interact with the particles in its neighborhood whose population

can grow large but nevertheless remains exponentially smaller than the size of the entire network.

The model – originally inspired by the Schelling model of self-organized segregation in social

sciences and economics – turns out to be related to many other fields of science and has largely

resisted rigorous analysis for many years. In this chapter, without getting into too much detail,

we define this model more formally, provide a brief overview of our main results, and outline the

contents of this dissertation.

1



1.1 A Schelling-Type Interacting Particle System

We consider a flat torus (Z/hZ)2 and connect each node of the torus to all the nodes located

in an l∞-ball of radius w in the toroidal space centered at itself, and assume that h is exponentially

larger thanw2. This gives us a Cayley graphGw = C((Z/hZ)2, {−w,−w+1, . . . , w}2\{(0, 0)}).

We put a particle at each node of the graph such that its initial binary state is an element of the

set {θ, θ̄} that is chosen independently and uniformly at random. The “neighborhood” of a node,

or particle, is defined as the set containing the node itself and all of its adjacent nodes in Gw. All

particles have a common intolerance threshold 0 < τ < 1, indicating the minimum fraction of

particles in their same state that must be in their neighborhood to label them “stable.” A particle

that is not stable is labeled “unstable.” Furthermore, a particle that is not stable, but can become

stable by flipping its state, is labeled “p-stable.” Every time a particle becomes p-stable, it is

assigned an independent and identical clock. When the clock rings, the particle’s state is flipped

if the particle has remained p-stable for the entire clock duration. This flipping action indicates

that the particle has moved out of the system and a new particle has occupied its location. This

change is then immediately detected by the neighbors who update their labels accordingly. We are

interested in the limiting configuration of this process when both h and w tend to infinity, and h is

exponentially larger than w2. Hence, we consider the behavior of the system when log h = ω(w2)

as w → ∞. This is of course equivalent to looking at the behavior for h → ∞ when w2 =

o(log h), while also requiring w →∞. This choice ensures that the rate of growth of the number

of particles inside any neighborhood is exponentially smaller than the rate of growth of the

number of particles over the entire torus. As a consequence, interactions occur over an unbounded

range, but are also sufficiently “local” to ensure that a limiting configuration can be studied.

In social sciences and economics, this model has been extensively studied using Poisson

clocks and is known as the Schelling model in an “open” system [1,2]. In computation theory,

mathematics, physics, complexity theory, theoretical biology and material sciences, it is known

2



as a two-dimensional, two-state Asynchronous Cellular Automaton (ACA) with extended Moore

neighborhoods and exponential waiting times [3]. Related models appeared in epidemiology [4,5],

economics [6], engineering and computer sciences [7, 8]. Mathematically, all of them fall in the

general area of interacting particle systems [9, 10]. For an intolerance value of 1/2, the model

corresponds to the Ising model with zero temperature, which exhibits spontaneous magnetization

as spins align along the direction of the local field [11, 12].

The dynamics of these processes can be roughly divided into two classes. Glauber

dynamics assume unstable particles to simply flip their state if this makes them stable. In contrast,

Kawasaki dynamics assume that pairs of unstable particles swap their locations if this will make

both of them stable. While Glauber dynamics correspond to an “open” system where the number

of particles of each state can change over time, the Kawasaki dynamics correspond to a “closed”

system where the number of particles of each state is fixed. In this dissertation, we consider

Glauber dynamics. Other variants are possible, including having unstable particles swap (or flip)

regardless of whether this makes them stable or not, or to assume that particles have a small

probability of acting differently than what the general rule prescribes, have multiple intolerance

levels, multiple states, different distributions, and time-varying intolerance [13–22].

A common effect observed by simulating several variants of the model is that in the

limiting configuration large monochromatic areas containing particles with the same state are

formed, for a wide range of the intolerance threshold τ . This corresponds to observing sponta-

neous self-organization resulting from local interactions. See Figure 1.1 for a simulation of this

behavior.

Although simulation results have been available for a long time, rigorous results for the

limiting behavior of the model appeared only recently, even for the one-dimensional case and

assuming Poisson clocks. Brandt et al. [23] considered a ring graph for the Kawasaki model

of evolution. In this setting, they showed that for an intolerance level τ = 1/2, the expected

size of the largest monochromatic ball containing an arbitrary particle in the final configuration

3



Figure 1.1: Self-organization arising over time for a value of the intolerance τ = 0.42
on a 1000× 1000 flat torus and neighborhood size 441. Green and blue indicate areas
of “stable” particles in states θ and θ̄, respectively. White and yellow indicate areas
of “unstable” particles in states θ and θ̄ respectively. Initial configuration (a), transient
configurations (b)-(c), final configuration (d). When the process terminates all particles
are stable and large monochromatic areas can be observed.

is polynomial in the size of the neighborhood. Barmpalias et al. [24] showed that there exists

a value of τ ∗ ≈ 0.35, such that for all τ < τ ∗ the initial configuration remains almost static

with high probability (w.h.p.), while for all τ ∗ < τ < 1/2 the size of the largest monochromatic

ball in the final configuration is exponential in the size of the neighborhood w.h.p. On the other

hand, for all τ > 1/2 the system evolves w.h.p. towards a state with only two monochromatic

components. For the Glauber model the behavior is similar and consists of a transition from

a static configuration to a configuration with exponential monochromatic balls occurring at

τ ≈ 0.35, a special point τ = 1/2 with monochromatic balls of polynomial expected size, then

again exponential monochromatic balls until τ ≈ 0.65, and finally a static configuration for

larger values of τ . Holden and Sheffield [25] have considered the case τ = 1/2 and studied

the dynamical scaling limit as the size of the neighborhood tends to infinity and the lattice is

correspondingly re-scaled.

In the two-dimensional model, the case τ = 1/2 is open. Immorlica et al. [26] have

shown for the Glauber dynamics the existence of a value τ ∗ < 1/2, such that for all τ ∗ <

τ < 1/2 the expected size of the largest monochromatic ball is exponential in the size of the
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neighborhood. This shows that exponential monochromatic balls are expected in the small interval

τ ∈ (1/2− ε, 1/2). Barmpalias et al. [27] considered a model in which particles in different states

have different intolerance parameters, i.e., τ1 and τ2. For the special case of τ1 = τ2 = τ , they

have shown that when τ > 3/4, or τ < 1/4, the initial configuration remains almost static w.h.p.

1.2 Dissertation Outline

This dissertation is organized as follows. In Chapter 2, we present the model more

rigorously and in detail and provide some preliminary but important results that are used in

later chapters. We mostly focus on the initial configuration of the model at this point and the

random configurations that are of interest to us in this initial state. By stating these results in this

chapter we make the next chapters almost independent of the rest of the dissertation. Hence, the

reader can safely skip any of the subsequent chapters if desired although Chapter 5 borrows a few

definitions from Chapter 4 and reading these chapters together is recommended.

In Chapter 3 we first enlarge the intolerance interval that leads to the formation of large

monochromatic balls from the known size ε > 0 to size ≈ 0.134, namely we show that for all

τ ∈ (τ ∗1 , 1− τ ∗1 ) \ {1/2} where τ ∗1 ≈ 0.433, the expected size of the largest monochromatic ball

is exponential in the size of the neighborhood. Second, we further extend the interval leading to

large monochromatic balls to size ≈ 0.312. In this case, the main contribution is that we consider

“almost monochromatic” balls, namely balls where the ratio of the number of particles of one type

and the number of particles of the other type quickly vanishes as the size of the neighborhood

grows, and show that for all τ ∈ (τ ∗2 , 1− τ ∗2 ) \ {1/2} where τ ∗2 ≈ 0.344, the expected size of the

largest almost monochromatic ball is exponential in the size of the neighborhood. As shown

for the one dimensional case in [24] and conjectured for the two-dimensional case in [27], we

show that as the intolerance parameter gets farther from one half, in both directions, the average

size of both the monochromatic and almost monochromatic balls gets larger: higher tolerance
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in our model does not necessarily lead to less segregation. On the contrary, it can increase the

size of the segregated areas. The intuitive explanation is that highly tolerant particles are seldom

p-stable in the initial configuration, and the segregated regions of opposite types that p-stable

particles may ignite are likely to start from far apart, and may grow larger before meeting at their

boundaries. Finally, the exponential upper bound that we provide on the expected size of the

largest monochromatic ball implies that complete segregation, where particles in a single state

cover the whole grid, does not occur w.h.p. for the range of intolerance considered.

In Chapter 4, the first contribution is the development of a shape theorem for the spread

of “affected” nodes of a given state θ during the process dynamics – namely nodes on which

θ-particles would be p-stable. Letting w be the l∞ radius of the neighborhood of interaction on

the torus, and N = (2w + 1)2 its cardinality, we show that conditional on the existence of an l∞

ball in the torus having radius w/2 centered at the origin and containing only θ-affected nodes,

the spreading of these affected nodes starts with high probability from such a ball, and continues

for a time that is at least exponential in N . This is the first result that precisely describes the

transient dynamics of the spreading process. Key to this result is that we consider the spreading

of θ-affected nodes rather than the spreading of unstable particles. These nodes have the potential

of having a particle located on them being p-stable. While unstable particles may keep switching

between being stable and unstable during the process dynamics, the behavior of θ-affected nodes

is somewhat more static; once they become affected they remain so for a long time interval.

Another key property is that in the initial configuration, θ-affected nodes are rare: they do not

occur with high probability in an exponentially large region around the origin. It follows that

all the θ-affected nodes that are found within this region after an exponentially long evolution

time must have spread from the original affected region of radius w/2 centered at the origin. Our

second contribution is determining the limiting size of the largest monochromatic ball, for a given

interval of τ . A weakness of all previous results for the two dimensional case is that they obtain

lower bounds on the expected size of the largest monochromatic ball containing a given particle,
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but they do not show that in the final configuration any particle ends up in an exponentially large

monochromatic ball with high probability. A possibility that is consistent with the results in

the literature (but inconsistent with the simulation results) is that only an exponentially small

fraction of the nodes are contained in a large monochromatic ball at the end of the process,

but that those neighborhoods are so large that the expected size of largest monochromatic ball

containing any node is exponentially large. For this reason, current results leave a large gap in

our qualitative understanding of the two-dimensional process. We close this gap by showing that

when the process stops, for all τ ∈ (τ ∗, 1− τ ∗) \ {1/2} where τ ∗ ≈ 0.488, w.h.p. any particle

is contained in a large monochromatic ball of size exponential in N = (2w+ 1)2. When particles

are placed on the infinite lattice Z2 rather than on a flat torus, for the values of τ mentioned above,

after a sufficiently long evolution time, w.h.p. any particle is contained in a large monochromatic

ball of size exponential in N . These results are summarized in Figure 4.1.

In Chapter 5, first, we extend the intolerance interval for the formation of exponential

monochromatic regions to τ ∈ (τ ∗∗, 1−τ ∗∗)\{1/2}where τ ∗∗ ≈ 0.433. Second, we exponentially

improve the bounds on the size of the monochromatic region. Finally, we show that when particles

are placed on the infinite lattice Z2 rather than on a flat torus, for the values of τ mentioned above,

sufficiently large N , and after a sufficiently long evolution time, any particle is contained in a

large monochromatic region of size exponential in N , w.h.p.

In Chapter 6 we provide brief concluding remarks as well as an overview of possible

future directions.
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Chapter 2

Preliminaries

In this chapter we present the model more rigorously and in detail and provide some pre-

liminary results that are used in later chapters. Here, we mostly focus on the initial configuration

of the model, especially the random configurations that are of interest to us in this initial state,

and prepare the stage for later chapters of the dissertation.

2.1 The Model

Let us start with the following notational conventions. For a node, vertex, or vector

v = (v(1), . . . , v(d)) we shall use the l∞ norm denoted by

‖v‖∞ = max
1≤i≤d

|v(i)|.

Also, bac (dae) is the largest (smallest) integer ≤ a (≥ a), a ∧ b = min(a, b), a ∨ b = max(a, b).

Definition 1 (Initial Configuration) Consider the Cayley graph

Gw = C(T2, {−w,−w + 1, . . . , w}2 \ {(0, 0)}),
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where T = Z/hZ, log h = ω(w2), and w is assumed to be an integer. We define the initial

configuration by placing a binary particle at each node of Gw and choosing the state or type

of each particle independently at random to be θ or θ̄ according to a Bernoulli distribution of

parameter p = 1/2. By the state or type of a node we mean the state of the particle located at that

node and by particle u we mean the particle located at node u.

Definition 2 (Neighborhood of a Node) For any u ∈ T2, we define a neighborhood of radius ρ,

or ρ-neighborhood of node u as the set of all nodes in an l∞-ball of radius ρ in the flat torus T2

centered at u as

Nρ(u) :=
{
v ∈ T2 : ‖v − u‖∞ ≤ ρ

}
.

When ρ = w we drop the subscript and refer to the the neighborhood of u as N (u). This also

corresponds to a ball of unit radius in the graph metric centered at u. The size of a neighborhood

is defined as its cardinality. We indicate the size of N (u) with N = (2w + 1)2.

Remark 1 The choice log h = ω(w2) ensures that while the size of N (u) is not uniformly

bounded as w →∞, it is exponentially small compared to the number of particles in the entire

torus. This ensures that interactions among particles occur over an unbounded range and are also

sufficiently “local” to enable to study the limiting properties of the model. On the other hand, the

choice of the l∞ norm is to comply with the original definition of a neighborhood in the Schelling

model, but results can be easily extended to other norms.

Definition 3 (Intolerance Parameter) We define the intolerance parameter as the rational num-

ber τ = dτ̃Ne/N , where τ̃ ∈ [0, 1] and N = (2w + 1)2 is the size of the neighborhood of a

node.

Definition 4 (Stable, Unstable, and P-stable Particles) Let st(u) denote the state of a particle
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at node u and at time t, and let

rt(u) =
1

N

∑
v∈N (u)

1{st(u)=st(v)},

where 1{.} is the indicator function. A particle at node u at time t is stable if and only if rt(u) ≥ τ .

A particle that is not stable is called unstable. An unstable particle that can become stable by

flipping its state is called p-stable.

Definition 5 (Flipping Times) Every time a particle is labeled p-stable, a new independent

random variable with distribution F , denoted as its flipping time, is assigned to it. Except for

Chapter 3 where we assume that F is exponential, in other chapters we assume that F satisfies

the following properties:

F (x) = 0 for x ≤ 0, (2.1)

F is not concentrated on one point, (2.2)

∃γ > 0, such that
∫
eγxF (dx) <∞. (2.3)

The particle then waits for the amount of its last flipping time, and then flips its state, if

and only if the particle has remained p-stable since the assignment of this flipping time.

Remark 2 Two observations are in order. First, for τ < 1/2, a particle that is unstable is also

p-stable, however, this is not the case for τ > 1/2. Second, when F is exponential, the process

dynamics are equivalent to a discrete-time model where at each discrete time step one p-stable

particle is chosen uniformly at random and its state is flipped.

Definition 6 (Affected Nodes) A node in Gw is called θ-affected whenever a θ-particle located

there would be p-stable. By an affected node we mean a θ-affected node.
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Definition 7 (Final Configuration) We define a final configuration of the system as a configura-

tion of particles where there are no p-stable particles.

Remark 3 By defining a Lyapunov function to be the sum over all nodes u of the number of

particles in the same state as the particle at node u that are present in its neighborhood, it is easy

to argue that with probability one the process indeed reaches a final configuration, see [24].

Definition 8 (Monochromatic Ball) At any point in time, the monochromatic balls of a particle

at node u are the l∞-balls with largest radii that contain only particles in a single state and that also

contain u. We choose one of these monochromatic balls arbitrarily and call it the monochromatic

ball of node u. Let ε > 0, the almost monochromatic ball of a node u, are the l∞-balls with

largest radii such that the ratio of the number of particles in one state and the number of particles

in the other state is bounded by 2−N
ε and that also contain u.

Definition 9 (Size of Monochromatic Ball) The size of the monochromatic ball of node u at

time t is

Mt(u) := sup
ρ∈N, v∈T2, u∈Nρ(v)
∀i∈Nρ(v), st(i)=st(u)

∣∣Nρ(v)
∣∣ .

The size of the monochromatic ball of a particle at node u in the final configuration is denoted by

M(u). We also use Mt and M to denote Mt(0) and M(0) respectively.

Definition 10 (Size of Almost Monochromatic Ball) Let ε > 0, and µ(Nρ) and µ̄(Nρ) denote

the number of θ and θ̄ particles in Nρ respectively. The size of the almost monochromatic ball of

node u at time t is

M ′
t(u) := sup

ρ∈N,v∈T2

{∣∣Nρ(v)
∣∣ : u ∈ Nρ(v), and

µ(Nρ(v))

µ̄(Nρ(v))
< 2−N

ε

or
µ̄(Nρ(v))

µ(Nρ(v))
< 2−N

ε

}
.
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The size of the almost monochromatic ball of a particle at node u in the final configuration is

denoted by M ′(u). We also use M ′ to denote M ′(0).

Throughout this dissertation we say that an event occurs with high probability (w.h.p.) if

its probability approaches one as w tends to infinity. In all of our results, the rate of convergence

of events that occur w.h.p. is always 1− o(w−2). We also say that an event occurs almost surely

(a.s.) if the event occurs with probability equal to one (w.p.1).

2.2 Preliminary Results

We begin with the following elementary lemma giving lower and upper bounds for the

probability of a node being affected.

Lemma 1 Let pu be the probability of being θ-affected for an arbitrary node in the initial

configuration. There exist positive constants cl and cu which depend only on τ such that

cl
2−[1−H(τ ′)]N

√
N

≤ pu ≤ cu
2−[1−H(τ ′)]N

√
N

,

where τ ′ = τN−2
N−1

, and H is the binary entropy function.

Proof. We have

pu =
1

2N−1

τN−2∑
k=0

(
N − 1

k

)
, (2.4)

where the two unit reduction is to account for the strict inequality and the particle at the node

itself at the center of the neighborhood. Let τ ′ = τN−2
N−1

. After some algebra, we have

(
N − 1

τ ′(N − 1)

)
≤

τ ′(N−1)∑
k=0

(
N − 1

k

)
≤ 1− τ ′

1− 2τ ′

(
N − 1

τ ′(N − 1)

)
,
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and using Stirling’s formula, there exist constants c, c′ ∈ R+ such that

c
2H(τ ′)(N−1)√

(N − 1)τ ′(1− τ ′)
≤
(

N − 1

τ ′(N − 1)

)
≤ c′

2H(τ ′)(N−1)√
(N − 1)τ ′(1− τ ′)

.

The result follows by combining the above inequalities.

The following lemma is a consequence of Lemma 1.

Lemma 2 Let ρ = 2cN where 0 < c < [1−H(τ ′)]/2. In the initial configuration, the following

event occurs w.h.p.

A =
{
@ θ-affected nodes in Nρ

}
.

Let N (u) be the neighborhood of an arbitrary particle u containing N particles. Consider

N ′(u) ⊂ N (u) containing N ′ particles and let γ be the scaling factor N ′/N . Let W and W ′ be

the random variables representing the number of θ-particles inN (u) andN ′(u) respectively. The

following proposition shows that, conditioned on W being less than τN , W ′ is very close to the

rescaled quantity γτN , with overwhelming probability as N →∞.

Proposition 1 For any ε ∈ (0, 1/2) and c ∈ R+ there exists c′ ∈ R+ such that for all N ≥ 1

P

(
|W ′ − γτN | < cN1/2+ε

∣∣∣W < τN

)
≥ 1− e−c′N2ε

.

To prove this proposition, where the two constants ε and c are introduced for technical

convenience in its later applications, we need the following three lemmas.

Lemma 3 Let N be a set of θ and θ̄ arbitrary particles in the grid such that it has exactly K

particles of type θ and N − K particles of type θ̄. Then, if we choose a set N ′ of size N ′ of
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particles uniformly at random from N , we have

P (W ′ ≥ γK + t) ≤ e
−t2
2N′ , (2.5)

and

P (W ′ ≤ γK − t) ≤ e
−t2
2N′ , (2.6)

where W ′ is the random variable indicating the number of θ particles in N ′, and γ = N ′/N .

Proof. Let W ′
i be a random variable indicating the type of the i’th particle in N ′, namely W ′

i

is one if the type is θ and zero otherwise. Let Fi = σ(W ′
1, ...,W

′
i ), where σ(X) denotes the

sigma field generated by random variable X . It is easy to see that for all n ∈ {1, ..., N ′},

Mn = E[W ′|Fn] is a martingale. It is also easy to see that M0 = E[W ′] = γNτ , and MN ′ = W ′.

For all n ∈ {1, 2, ..., N ′}, we also have

|Mn −Mn−1| =

∣∣∣∣∣∣E
 N ′∑

i=1

W ′
i

∣∣∣ Fn
− E

 N ′∑
i=1

W ′
i

∣∣∣ Fn−1

∣∣∣∣∣∣
=

∣∣∣∣∣W ′
n +

K −
∑n

i=1 W
′
i

N − n
(N ′ − n)− K −

∑n−1
i=1 W

′
i

N − (n− 1)
[N ′ − (n− 1)]

∣∣∣∣∣
≤ 1.

Now, using Azuma’s inequality [28], we have

P
(
W ′
i ≥ γK + t

)
= P

(
MN ′ ≥M0 + t)

)
≤ e

−t2
2N′ .

With the same argument we can derive (2.6).
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Lemma 4 Let ε ∈ (0, 1/2) and c ∈ R+. There exists c′ ∈ R+ such that for all N ≥ 1

P

(
W ′ < γτN + cN1/2+ε

∣∣∣W < τN

)
≥ 1− e−c′N2ε

.

Proof. Let us denote cN1/2+ε by v(N). We let

pw = P

(
W ′ ≥ γτN + v(N)

∣∣∣W < τN

)
≤ P

(
W ′ ≥ γτN + v(N)

∣∣∣W ≤ τN

)
≤ P

(
W ′ ≥ γτN + v(N)

∣∣∣W = τN

)

The first inequality is trivial. The second inequality follows from

P

(
W ′ ≥ γτN + v(N)

∣∣∣W ≤ τN

)

being the probability of choosing W ′ ≥ γτN + v(N) particles from a set with W ≤ τN . It is

easy to see that this probability can only increase if we have W = τN . The result follows by

applying Lemma 3.

Let N ′′(u) = N (u) \ N ′(u). Let us denote the number of particles in N ′′(u) by N ′′. Let

W ′′ denote the random variable representing the number of θ particles in N ′′(u).

Lemma 5 Let ε ∈ (0, 1/2) and c ∈ R+. There exist c′ ∈ R+ such that for all N ≥ 1

P

(
W ′ > γτN − cN1/2+ε

∣∣∣W < τN

)
≥ 1− e−c′N2ε

.
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Proof. Let us denote cN1/2+ε by v(N), and τN − 1 by Nτ . Let

pw = P
(
W ′ ≤ τγN − v(N)|W < τN

)
= P

(
W ′ ≤ τN ′ − v(N)|W ′ +W ′′ < τN

)
≤
P
(
W ′ ≤ τN ′ − v(N),W ′ +W ′′ ≤ Nτ

)
P (W ≤ Nτ )

≤

bτN ′−v(N)c∑
k=0

P (W ′ = k)

min{Nτ−k,N ′′}∑
m=0

P (W ′′ = m)

P (W ≤ Nτ )

=

bτN ′−v(N)c∑
k=0

(
N ′

k

)min{Nτ−k,N ′′}∑
m=0

(
N ′′

m

)
Nτ∑
n=0

(
N

n

) . (2.7)

We use the following inequality, valid for all a ∈ (0, 0.5)

(
N

aN

)
≤

aN∑
m=0

(
N

m

)
≤ 1− a

1− 2a

(
N

aN

)
.

Since τ < 1/2, it follows that
(
N
Nτ

)
is a lower bound for the denominator of (2.7). We also have

the following upper bound for the numerator

bτN ′−v(N)c∑
k=0

(
N ′

k

)min{Nτ−k,N ′′}∑
m=0

(
N ′′

m

)
≤

bτN ′−v(N)c∑
k=0

ck
(
N ′

k

)(
N ′′

min{Nτ − k, bN ′′/2c}

)
,

where {ck} are positive constants for k = 0, 1, ..., bτN ′−v(N)c. Since for all l ∈ {0, 1, ..., bτN ′−
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v(N)c}, we have

(
N ′

bτN ′ − v(N)c

)(
N ′′

min{Nτ − bτN ′ − v(N)c, bN ′′/2c}

)
(

N ′

bτN ′ − v(N)c − l

)(
N ′′

min{Nτ − bτN ′ − v(N)c+ l, bN ′′/2c}

) ≥ 1,

it follows that there exist a constant c1 ∈ R+ such that

c1N

(
N ′

bτN ′ − v(N)c

)(
N ′′

Nτ − bτN ′ − v(N)c

)

is an upper bound for the numerator. Putting things together, we have

pw ≤ c1N

(
N ′

bτN ′ − v(N)c

)(
N ′′

Nτ − bτN ′ − v(N)c

)
(
N

Nτ

)
≤ c1NP (W ′ ≤ τN ′ − v(N)|W = Nτ ).

Using the same argument as in Lemma 4, we now have

pw ≤ e−c
′N2ε

,

where c′ ∈ R+ is a constant.

Proof of Proposition 1. Let

A =
{
τγN − cN1/2+ε < W ′

}
,

B =
{
W ′ < τγN + cN1/2+ε

}
,

C = {W < τN} .
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By Lemmas 4 and 5 there exist constants c1, c2 > 0 such that we have

P (A ∩B|C) = 1− P
(
AC ∪BC

∣∣∣ C)
≥ 1−

(
P

(
AC
∣∣∣ C)+ P

(
BC

∣∣∣ C))

≥ 1−
(
e−c1N

2ε

+ e−c2N
2ε
)
.

Hence, there exists a constant c′ ∈ R+ such that

P

(
A ∩B

∣∣∣ C) ≥ 1− e−c′N2ε

,

and the proof is complete.

Definition 11 (m-Block) We define an m-block to be an m/2-neighborhood. A monochromatic

block is an m-block whose particles are all in the same state. When m is not specified, by a block

we mean a w-block.

Definition 12 (Region of Expansion) We call a region of expansion of type θ any neighborhood

whose configuration is such that if we change all the θ-particles in a w-block anywhere inside it

to θ̄, then all the θ-particles on its outer boundary (i.e., the set of particles in the set composed by

the (w + 2)-block co-centered with the w-block and excluding the w-block itself) are p-stable.

The next lemma is a restatement of Lemma 6 which we prove in Chapter 3.

Lemma 6 Let τ ∈ (τ∗, 1/2) and let Nr be any neighborhood with radius r ≤ 2cN where

c ∈ (0, 0.5[1−H(τ ′)]) in the initial configuration. Then, Nr is a region of expansion w.h.p.

LetM denote an arbitrary m-block with m ≥ w and

IM :=
⋃
v∈T2

{
M∩Nw/2(v)

}
.

18



Figure 2.1: Part of the lattice partitioned into m-blocks. Green and gray indicate good
and bad blocks respectively.

Also, let WI be the random variable representing the number of particles in state θ̄ in I ∈ IM,

and NI be the total number of particles in I ∈ IM.

Definition 13 (Good Block) For any ε ∈ (0, 1/2),M is called a good m-block of type θ, if and

only if for all I ∈ IM we have WI −NI/2 < N1/2+ε. OtherwiseM is called a bad m-block (see

Figure 2.1).

By the following lemma (which is a restatement of Lemma 18 in Chapter 3), an N -block

is a good block w.h.p. Since for sufficiently large N the number of particles in different states

inside a good block is “balanced,” a node whose entire neighborhood is contained in a good block

cannot be a θ-affected node.

Lemma 7 Let ε ∈ (0, 1/2). There exists a constant c > 0, such that, in the initial configuration,

for all I ∈ IM we have

WI −NI/2 < N1/2+ε

with probability at least

1− e−cN2ε

.
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We now want to review a result from percolation theory. Without loss of generality, we

assume Gw is defined on Z2 rather than on the finite torus T2. Let us re-normalize (i.e., partition

and rescale) Gw into m-blocks starting from the m-block centered at the origin (see Figure 2.1)

and define the graph G′w := (V ′, E ′) where V ′ is the set of all m-blocks and E ′ is the set of all

pairs of m-blocks that are horizontally, vertically, or diagonally adjacent. We define a path in G′w

as an ordered set of nodes in this graph such that each pair of consecutive nodes are neighbors

of each other in G′w and no node appears more than once in the set. Let S(k) be the cluster of

radius k in G′w with center at the origin, i.e., S(k) is the set of all m-blocks on G′w for which

∆(0, x) ≤ k, where ∆ denotes the length (i.e., cardinality) of the shortest path on G′w, 0 denotes

the node at the origin in G′w, and x denotes an arbitrary node in G′w. Let ∂S(k) denote the surface

of S(k), i.e., the set of all the nodes in G′w such that ∆(0, x) = k. Let Ak be the event that there

exists a path of bad m-blocks joining the origin to some vertex in ∂S(k). Let the radius of a bad

cluster (i.e., cluster of bad m-blocks) be defined as

sup{∆(0, x) : x ∈ bad cluster}.

Let p denote the probability that an arbitrary m-block in the initial configuration in the above

setting is a bad m-block. It is noted that an m-block is a bad m-block independently of the others.

Let 0 < pc < 1 denote the critical probability in the above percolation setting. The following

result is Theorem 5.4 in [29].

Theorem 1 (Exponential tail decay of the radius of a bad cluster.) If p < pc, then there exists

ψ(p) > 0 such that

Pp(Ak) < e−kψ(p), for all k.
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Definition 14 (Firewall) A firewall of radius r and center u is a monochromatic annulus

Ar(u) =
{
y : r −

√
2w ≤ ‖u− y‖2 ≤ r

}
,

where ‖.‖2 denotes the Euclidean distance and r ≥ 3w.

Consider a disc of radius r, centered at a particle such that all the particles inside the disc

are in the same state. Lemma 6 in [26] shows that if r > w3, τ ∈ (τ ∗, 1/2), and w is sufficiently

large, then all the particles inside the disc will remain a.s. stable regardless of the configuration of

the particles outside the disc. Here we state a similar lemma but for a firewall, without proof.

Lemma 8 ( [26] ) LetAr(u) be the set of particles contained in an annulus of outer radius r ≥ w3

and of width
√

2w centered at u. For all τ ∈ (τ ∗, 1/2) and for a sufficiently large constant w, if

Ar(u) is monochromatic at time t, then it will a.s. remain monochromatic at all times t′ > t.

By Lemma 8, once formed a firewall of sufficiently large radius remains static, and

since its width is
√

2w the particles inside the inner circle are not going to be affected by the

configurations outside the firewall.

The goal now, is to identify a configuration that can trigger a cascading process leading to

the formation of monochromatic balls w.h.p. We will provide more details in Chapter 3.

Definition 15 (Radical Region) For any ε, ε′ ∈ (0, 1/2) let

τ̂ = τ(1− 1/(τN1/2−ε)),

and define a radical region to be a neighborhood of radius (1 + ε′)w containing less than

τ̂(1 + ε′)2N particles in state θ.

Definition 16 (P-Stable Region) For any ε, ε′ ∈ (0, 1/2), we define a p-stable region to be a
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neighborhood of radius ε′w, containing at least bτε′2N −N1/2+εc p-stable particles in state θ.

The following lemma will be revisited and proved as Lemma 12 in Chapter 3.

Lemma 9 A radical regionN(1+ε′)w in the initial configuration contains a p-stable regionNε′w at

its center w.h.p.

Now consider a geometric configuration where a radical region, and neighborhoods Nε′w ,

Nw/2 and Nρ with ρ > 3w, are all co-centered. Let

T (ρ) = inf{t : ∃v ∈ Nρ, v is a θ̄-affected node at time t}. (2.8)

Definition 17 (Expandable Radical Region) A radical region is called an expandable radical

region (of type θ) if there is a possible sequence of at most (w + 1)2 flips inside it that can make

the neighborhood Nw/2 at its center monochromatic with particles in state θ̄.

The next lemma, which will be revisited and proved as Lemma 13 in Chapter 3, shows that a

radical region in this configuration is an expandable radical region of type θ w.h.p., provided

that ε′ is large enough and there is no θ̄-affected nodes in Nρ. The main idea is that the θ̄ parti-

cles in the p-stable region at the center of the radical region can trigger a process that leads to

monochromatic balls of radius w.

Lemma 10 For all ε′ > f(τ), where

f(τ) =
3(τ − 0.5) +

√
9(τ − 0.5)2 − 7(τ − 0.5)(3τ + 0.5)

2(3τ + 0.5)
, (2.9)

there exists w.h.p. a sequence of at most (w + 1)2 possible flips in N(1+ε′)w such that if they

happen before T (ρ), then all the particles inside Nw/2 will become of type θ̄.

The following lemma, whose proof is similar to the proof of Lemma 1 and is omitted,

gives a lower bound and an upper bound for the probability that an arbitrary neighborhood of the
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size of a radical region is indeed a radical region in the initial configuration.

Lemma 11 Let ε′ and ε be positive constants. In the initial configuration an arbitrary neighbor-

hood with radius (1 + ε′)w is a radical region with probability pε′ , where

2−[1−H(τ ′′)](1+ε′)2N−o(N) ≤ pε′ ≤ 2−[1−H(τ ′′)](1+ε′)2N+o(N),

and τ ′′ = (bτ̂(1 + ε′)2Nc− 1)/(1 + ε′)2N , τ̂ = (1− 1/(τN1/2−ε))τ , and H is the binary entropy

function.
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Chapter 3

Expected Size of the Monochromatic Ball

In this chapter we first enlarge the known intolerance interval that leads to the formation

of large monochromatic balls from the previously known size ε > 0 to size ≈ 0.134, namely

we show that for all τ ∈ (τ ∗1 , 1− τ ∗1 ) \ {1/2} where τ ∗1 ≈ 0.433, the expected size of the largest

monochromatic ball is exponential in the size of the neighborhood. Second, we further extend this

interval to size ≈ 0.312 by considering “almost monochromatic” balls, namely balls where the

ratio of the number of particles of one type and the number of particles of the other type quickly

vanishes as the size of the neighborhood grows, and show that for all τ ∈ (τ ∗2 , 1− τ ∗2 ) \ {1/2}

where τ ∗2 ≈ 0.344 the expected size of the largest almost segregated region is exponential in the

size of the neighborhood of each particle. As shown for the one dimensional case in [24] and

conjectured for the two-dimensional case in [27], we show that as the intolerance parameter gets

farther from one half, in both directions, the average size of both the monochromatic and almost

monochromatic regions gets larger: higher tolerance in our model does not necessarily lead to

less segregation. On the contrary, it can increase the size of the monochromatic areas. This result

is depicted in Figure 3.2. The intuitive explanation is that highly tolerant particles are seldom

p-stable in the initial configuration, and the monochromatic regions of opposite types that p-stable

particles may ignite their formation are likely to start from far apart, and may grow larger before
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0.134

ε

Figure 3.1: We enlarge the intolerance interval for which the expected size of the largest
monochromatic region containing an arbitrary particle is exponential in the size of the
neighborhood from the known value ε > 0 to ≈ 0.134 (grey region). We also show that
the expected size of the largest almost monochromatic region containing an arbitrary
particle is exponential in the size of the neighborhood for an intolerance interval of
width ≈ 0.312 (grey plus black region).

meeting at their boundaries. Finally, the exponential upper bound that we provide on the expected

size of the largest monochromatic region implies that complete segregation, where particles of a

single type cover the whole grid, does not occur w.h.p. for the range of intolerance considered.

3.1 Overview of the Main Results

To state our results, we let τ ∗1 ≈ 0.433 be the solution of

3

4

[
1−H

(
4

3
τ1

)]
−
[
1−H (τ1)

]
= 0, (3.1)

where H is the binary entropy function

H(τ1) = −τ1 log2 τ1 − (1− τ1) log2(1− τ1), (3.2)

and τ ∗2 ≈ 0.344 be the solution of

1024τ 2
2 − 384τ2 + 11 = 0. (3.3)

In this chapter, we also let M and M ′ be the sizes of the monochromatic and almost

monochromatic balls of an arbitrary particle, respectively.
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We consider values of the intolerance τ ∈ (τ ∗2 , 1 − τ ∗2 ) \ {1/2}. Most of the work is

devoted to the study of the intervals (τ ∗2 , τ
∗
1 ] and (τ ∗1 , 1/2), a symmetry-like argument extends

the analysis to the intervals (1/2, 1 − τ ∗1 ) and [1 − τ ∗1 , 1 − τ ∗2 ). The following theorems show

that segregation occurs for values of τ in the grey region of Figure 3.1, where we expect an

exponential monochromatic ball, and in the black region of Figure 3.1, where we expect an

exponential almost monochromatic ball.

Theorem 2 For all τ ∈ (τ ∗1 , 1− τ ∗1 ) \ {1/2} and for sufficiently large N , we have

2a(τ)N−o(N) ≤ E[M ] ≤ 2b(τ)N+o(N), (3.4)

where a and b are decreasing functions of τ for τ < 1/2 and increasing for τ > 1/2.

Theorem 3 For all τ ∈ (τ ∗2 , τ
∗
1 ] ∪ [1− τ ∗1 , 1− τ ∗2 ) and for sufficiently large N , we have

2a(τ)N−o(N) ≤ E[M ′] ≤ 2b(τ)N+o(N), (3.5)

where a and b are decreasing functions of τ for τ < 1/2 and increasing for τ > 1/2.

The numerical values for a(τ) and b(τ) derived in the proofs of the above theorems are

plotted in Figure 3.2. For τ ∈ (τ ∗1 , 1− τ ∗1 ) \ {1/2}, as the intolerance gets farther from one half

in both directions, larger monochromatic balls are expected.

3.1.1 Proof Outline

The main idea of the proof is to identify a local initial configuration that can potentially

trigger a cascading process leading to the formation of monochromatic balls. We then bound

the probability of occurrence of such a configuration in the initial state, and of the conditions to

trigger the process.
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Figure 3.2: Exponent multipliers a(τ) and b(τ) for the lower bound and upper bounds
on the expected size of the largest monochromatic region E[M ], and the expected size
of the largest almost monochromatic region E[M ′].

To identify this local configuration, we use the relationship between the typical neigh-

borhood of a p-stable particle and the sub-neighborhoods contained within this neighborhood,

showing a self-similar structure. Namely, the fraction of particles of the same type, when scaled

by the size of the neighborhood, remains roughly the same (Proposition 1). We then use the

definition of a radical region that contains a nucleus of p-stable particles (Lemma 12), and using

the self-similar structure of the neighborhoods we construct a geometric configuration where a

sequence of flips can lead to the formation of a neighborhood of particles of the same type inside

a radical region (Lemma 13). Finally, we provide a lower bound for the probability of occurrence

of this configuration in the initial state of the system (Lemma 14), which can initiate the process.

The second part of the proof is concerned with the process dynamics, and shows a

cascading effect ignited by the radical regions that leads to the formation of exponentially large

monochromatic areas. We consider an indestructible and impenetrable structure around a radical

region called a firewall and show that once formed it remains static and protects the radical

region inside it from vanishing (Lemma 8). Conditioned on certain events occurring in the area

surrounding the radical region, including the formation of the initial configuration described in
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Figure 3.3: An arbitrary particle u that is close to a radical region will be trapped inside
a firewall of exponential size whose interior will eventually become monochromatic (a),
or almost monochromatic (b).

the first part of the proof, we show that a particle close to the radical region will be trapped w.h.p.

inside an exponentially large firewall whose interior becomes monochromatic (Lemma 17), see

Figure 3.3(a). We then obtain a lower bound on the joint probability of the conditioning events

and this leads to a lower bound on the probability that a particle is eventually contained in a

monochromatic ball of exponential size. Since the lower bound holds for both type of particles,

we expect to have both types of exponential monochromatic balls in a large area by the end

of the process. This leads to an exponential upper bound on the expected size of the largest

monochromatic ball of each type. To perform our computations, we rely on a bound on the

passage time on the square lattice [30] to upper bound the rate of spread of other monochromatic

balls outside the firewall, and ensure that they do not interfere with its formation during the

dynamics of the process.

The construction described above works for all τ ∗1 < τ < 1/2. For smaller values of

τ , particles are more tolerant and this may cause the construction of a firewall to fail, since

tolerant particles do not easily become p-stable and flip their types igniting the cascading process.

In order to overcome this difficulty, we introduce a chemical firewall through a comparison

with a Bernoulli site percolation model, see Figure 3.3(b). This firewall is constructed through

renormalization and is initially made of good blocks that occur independently and with probability

above the critical threshold for site percolation on the square grid. Using a theorem in [31] on

the chemical distance between good blocks, we show that they form a large cycle that, once it

becomes monochromatic, isolates its interior. Finally, using the exponential decay of the size of
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the clusters of bad blocks [29], we show that the region inside the chemical firewall becomes

almost monochromatic, namely for all τ ∗2 < τ ≤ τ ∗1 , we expect the formation of exponentially

large regions where the ratio of number of particles of one type and the number of particles of the

other type quickly vanishes.

All results are extended to the interval 1/2 < τ < 1− τ ∗2 using a symmetry-like argument.

Compared to the proof in [26], our derivation differs in the following aspects. The

definition of radical region is fundamentally different from the viral nodes considered in [26], and

the identification of the radical regions gives us an immediate understanding of the arrangement

of the particles in the initial configuration in terms of self-similarity arising at different scales.

Our definition of an annular firewall that forms quickly enough eliminates the need for additional

arguments from first passage percolation that are used in [26], it allows for a wider range of

intolerance parameters, and it is easily generalized to the notion of chemical firewall using the

results from [31]. The renormalization of the grid for the study of the growth of the monochromatic

balls is also different from [26] and works for a wider range of the intolerance. The idea

of considering almost monochromatic balls is new, and so are the approaches that we use

from percolation theory to argue the existence of the chemical firewall and the size of the

minority clusters. Finally, we rigorously apply a variation of the Fortuin-Kasteleyn-Ginibre

(FKG) inequality to show positive correlation of certain events, while in [26] it is often informally

argued that similar correlations exist in their setting.

3.2 Triggering Configuration

In Chapter 2 we started a few results on the initial configuration of the system. Propo-

sition 1 showed a similarity relationship between the neighborhood of a particle and its sub-

neighborhoods. This relationship is exploited in Lemma 10 (re-stated and proved as Lemma 13

in the following) to construct an initial configuration of particles that can trigger the process.
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Lemma 14 provides a bound on the probability of occurrence of this triggering configuration.

We now focus on a configuration that has the potential to trigger a cascading process.

We prove that a neighborhood that is slightly larger than the neighborhood of a particle and that

contains a fraction of same state particles that is slightly less than τ has the desired configuration.

For any ε, ε′ ∈ (0, 1/2) let τ̂ = τ [1− 1/(τN1/2−ε)] and recall the definition of a radical region

N(1+ε′)w to be a neighborhood of radius (1 + ε′)w containing less than τ̂(1 + ε′)2N particles in

state θ. We also recall the definition of a p-stable region Nε′w to be a neighborhood of radius ε′w,

containing at least bτε′2N −N1/2+εc p-stable particles in state θ.

Lemma 12 A radical region N(1+ε′)w contains a p-stable region Nε′w at its center w.h.p.

Proof. Let ε ∈ (0, 1/2). We show that w.h.p. the region Nε′w co-centered with N(1+ε′)w has at

least bτε′2N −N1/2+εc particles of state θ such that all of them are p-stable. Let A be the event

that there are less than τε′2N −N1/2+ε particles in state θ in Nε′w, which has N ′ particles. By

Proposition 1, there exists c1, c2 > 0 such that

P (A) ≤ P

(
W ′ ≤ τ̂N ′ − c1N

1/2+ε
∣∣∣W(1+ε′)w < (1 + ε′)2τ̂N

)
≤ e−c2N

2ε

,

where W(1+ε′)w represents the number of θ particles in N(1+ε′)w. Let I denote the set of the

positions of all the particles inNε′w, and let Bi be the event that a θ particle positioned at i ∈ I is

stable. By Proposition 1, there exists c3 > 0 such that, for all i ∈ I

P (Bi) = P

(
Wi ≥ τ̂N + cuN

1/2+ε
∣∣∣W(1+ε′)w < (1 + ε′)2τ̂N

)
≤ e−c3N

2ε

,

where Wi is the number of θ particles in the neighborhood of i and cu > 0 is chosen so that the

threshold for being happy is met. It follows that there exists c > 0 such that

P
(
A ∩BC

1 ∩ ... ∩BC
|I|

)
≥ 1−Ne−cN2ε

,
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Figure 3.4: Regions discussed in Lemma 13. Nε′w is a p-stable region w.h.p., the
dashed box isNw/2, u is a corner particle inNw/2, and finallyN (u) is the neighborhood
of particle u.

where |I| denotes the cardinality of I.

A radical region is expandable if there is a sequence of at most (w + 1)2 possible flips

inside it that can make the neighborhood Nw/2 at its center monochromatic.

We consider a geometric configuration where a radical region, and neighborhoods Nε′w ,

Nw/2 and Nρ with ρ > 3w, are all co-centered. We recall the definition of T (ρ) as follows

T (ρ) = inf{t : ∃v ∈ Nρ, v is a θ̄-affected node at time t}.

The next lemma shows that the radical region in this configuration is expandable w.h.p.,

provided that ε′ is large enough and no θ̄ particle at the location of any particle in Nρ is p-stable.

The main idea is that the θ particles in the p-stable region at the center of the radical region can

trigger a process that leads to a monochromatic θ̄ region of radius w/2.

Lemma 13 For all ε′ > f(τ), where

f(τ) =
3(τ − 0.5) +

√
9(τ − 0.5)2 − 7(τ − 0.5)(3τ + 0.5)

2(3τ + 0.5)
, (3.6)

there exists w.h.p. a sequence of at most (w + 1)2 possible flips in N(1+ε′)w such that if they

happen before T (ρ), then all the particles inside Nw/2 will become of type θ̄.
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Proof. Let ε ∈ (0, 1/2). Let us denote the neighborhood with radius ε′w and co-centered with

the radical region by Nε′w, see Figure 3.4. By Lemma 12, with probability at least 1− e−O(N2ε)

there are at least bτε′2N −N2εc particles in state θ inside this neighborhood such that all of them

are p-stable. Next, we show that if these p-stable particles flip before T (ρ), all the particles inside

the neighborhood Nw/2 will be p-stable w.h.p., which gives the desired result.

First, we notice that if there is a flip of a p-stable θ particle in Nρ \ Nw/2 it can only

increase the probability of the existence of the sequence of flips we are looking for, hence

conditioned on having these flips before T (ρ), the worst case is when these flips occur with the

initial configuration of Nρ \ Nw/2. Since a corner particle in Nw/2 shares the least number of

particles with the radical region, it is more likely for it to have the largest number of θ̄ particles in

its neighborhood compared to other particles in Nw/2. Hence, as a worst case, we may consider a

corner particle in Nw/2 which is co-centered with the radical region.

Let us assume that ε′ ∈ (0, 1/2), in this case Nε′w is completely contained in the neigh-

borhood of each of the particles in Nw/2. Let us denote the neighborhood shared between the

neighborhood of the particle u at the corner of Nw/2 and the radical region by N ′′(u). Also, let

us denote the scaling factor corresponding to this shared neighborhood by γ′′. We have

γ′′ =
(3/2 + ε′)2

4(1 + ε′)2
±O

(
1√
N

)
.

By Proposition 1 it follows that with probability at least 1− e−O(N2ε) there are at most

(3/2 + ε′)2τ

4
N + o(N),

particles in state θ in N ′′(u). Hence, we can conclude that, for any particle in Nw/2, w.h.p., there

are at most this many θ particles in the intersection of the neighborhood of this particle and the

radical region.
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Also, using Lemma 36, with probability at least 1− e−O(N2ε) we have at most

1

2

(
1− (3/2 + ε′)2/4

)
N + o(N),

particles in state θ in the part of the neighborhood of the corner particle u in Nw/2 that is also not

in the radical region. Combining the above results, we can conclude that with probability at least

1− e−O(N2ε) there are at most

(3/2 + ε′)2τ

4
N +

1

2

(
1− (3/2 + ε′)2τ

4

)
N + o(N),

particles in state θ in the neighborhood of a particle in Nw/2. Let us denote this event for the

corner particle u by A1. Let us denote the events of having at most this many θ particles in the

neighborhoods of other particles in Nw/2 by A2, ..., A|Nw/2|, where |Nw/2| denotes the number of

particles in Nw/2. We have

P (A1 ∩ ... ∩ A(w+1)2) ≥ 1− P (AC1 ∪ ... ∪ AC|Nw/2|)

≥ 1− (w + 1)2P (AC1 )

≥ 1− e−O(N2ε).

The goal is now to find the range of ε′ for which Nε′w is large enough that once all of its

p-stable particles flip, all the particles in Nw/2 become p-stable w.h.p. It follows that we need

(3/2 + ε′)2τ

4
N +

1

2

(
1− (3/2 + ε′)2τ

4

)
N − τε′2N + o(N) < τN,

to hold w.h.p. Dividing by N , and letting N go to infinity, after some algebra it follows that

ε′ >
3(τ − 0.5) +

√
9(τ − 0.5)2 − 7(τ − 0.5)(3τ + 0.5)

2(3τ + 0.5)
= f(τ), (3.7)
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Figure 3.5: Function f(τ) as defined in Lemma 13.

where f(τ) < 1/2 for τ ∈ (τ ∗2 , 1/2), as desired.

Figure 3.5 depicts f(τ) as a function of τ . When τ is close to one half, it is sufficient to

have an ε′ close to zero to potentially trigger the process. In this case, a small number of particles

located in a small p-stable region are needed to flip in order to make other particles in the radical

region p-stable. However, as τ decreases and particles become more tolerant, a larger number of

particles must make a flip in the p-stable region in order to make other particles in the radical

region p-stable, and hence larger values of ε′ are needed.

Using Lemma 13, we obtain an exponential bound on the probability of having an

expandable radical region inside a sufficiently large neighborhood. This shows that the probability

that an expandable radical region is sufficiently close to an arbitrary particle u in the initial

configuration, is not too small.
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Lemma 14 Let r = 2[1−H(τ ′)]N/2−o(N), where τ ′ = (τN − 2)/(N − 1). Let

C = {Nr contains an expandable radical region at t = 0} .

For all ε′ > f(τ) and sufficiently large N , we have

P (C) ≥ 2−[1−H(τ ′)](2ε′+ε′2)N−o(N).

Proof. Let Nr be an arbitrary neighborhood of radius r = 2[1−H(τ ′)]N/2−o(N) and let Nρ be a

neighborhood of radius ρ = r + w and with the same center as Nr. Let

A = {∀v ∈ Nρ, u+ would be stable at the location of v at time t = 0},

C = {Nr contains an expandable radical region at time t = 0},

Sε′ = {Nr contains a radical region of radius (1 + ε′)w at time t = 0}.

We have

P (C) ≥ P (C ∩ Sε′ ∩ A)

= P

(
C
∣∣∣ A, Sε′)P (Sε′ ∩ A).

Using the FKG inequality and since Sε′ and A are increasing events, we have

P (C) ≥ P

(
C
∣∣∣ A, Sε′)P (Sε′)P (A).

35



By Lemma 13 we have that P (C|A, Sε′) occurs w.h.p. By Lemmas 37 and 38 in Appendix A we

have that

P (Sε′) ≥ 2−[1−H(τ ′)][2ε′+ε′2]N−o(N).

Finally, P (A) tends to one as N →∞ which leads to the desired result.

So far, we have identified a local configuration (radical region) that can lead to the

formation of a small monochromatic neighborhood w.h.p. In the following section we show that

this monochromatic neighborhood is in fact capable of making a large region monochromatic or

almost monochromatic.

3.3 The Self-Organized Process

We now consider the dynamics of the process and show that for all τ ∈ (τ ∗1 , 1/2) the

expected size of the monochromatic ball in steady state is exponential, while for all τ ∈ (τ ∗2 , τ
∗
1 ]

the expected size of the almost monochromatic ball is exponential in N .

3.3.1 Monochromatic Ball

We need the following definitions and preliminary results for proving the first part of

Theorem 2. We recall that a firewall of radius r and center u is a set of particles of the same type

contained in an annulus

Ar(u) =
{
y : r −

√
2w ≤ ‖u− y‖ ≤ r

}
,

where ‖.‖ denotes Euclidean distance and r ≥ 3w. By Lemma 8, once formed a firewall of

sufficiently large radius remains static, and since its width is
√

2w the particles inside the inner
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circle are not going to be affected by the configurations outside the firewall.

We now call a neighborhood with radius w/2 a w-block. Consider the grid graph Gn. Let

us renormalize this grid into w-blocks and denote the resulting graph by G′n where each vertex of

it is a w-block. Consider i.i.d. random variables {t(v) : v ∈ G′n}, each attached to a vertex of

G′n. Let F denote the common distribution of these random variables and assume F (0−) = 0,∫
[0,∞)

xF (dx) <∞, and that F is not concentrated on one point. Consider a path η consisting of

the vertices v1, ..., vk ∈ G′n and define the passage time of this path

T ∗(η) =
k∑
i=1

t(vi).

We also define

Tk = inf
η∈(0↔kζ1)

{T ∗(η)},

where ζ1 is a coordinate vector and (0↔ kζ1) indicates the set of paths between the origin and

kζ1.

The following theorem, originally stated for bond percolation, also holds for site percola-

tion and appears as Theorem 1 in [30].

Theorem 4 (Kesten) Let F (0) < pc(Zd) where pc is the critical probability for site percolation

on Zd, and
∫
eγxF (dx) <∞ for some γ > 0. Then, there exist c1, c2, c3, c4 ∈ R+ independent

of k and such that

P
(
|Tk − E[Tk]| > x

√
k
)
< c1e

−c2x,

for x < c3k and c4k
−2 ≤ E[Tk]/k − µ where µ = limk→∞ Tk/k.

Using the above theorem, we obtain the following lower bound on the conditional proba-
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Figure 3.6: Neighborhoods described in the proof of Lemma 15.

bility that the spread of p-stable particles takes a sufficiently large amount of time.

Lemma 15 Let Nρ be a neighborhood with radius ρ > N3 and let u+ denote an arbitrary θ̄

particle. Let

A =
{
∀v ∈ Nρ, u+ would be stable at the location of v at time t = 0

}
.

There exist constants c, c′, c′′ ∈ R+ independent of N , such that for all N ≥ 1,

P

(
T (ρ/2) > c′′

ρ

N3/2

∣∣∣ A) > 1− cρ2e−c
′ρ1/3 ,

where T (ρ) is defined in (2.8).

Proof. We renormalize the grid into w-blocks starting with the block at the center of Nρ and

construct G′n as described above. Let NU be the set of all the w-blocks on the outside boundary

of Nρ (these are the blocks that are connected to Nρ in G′n). In order to find an upper bound

for the speed of the spread of the p-stable particles, assume that all the θ̄ particles in a w-block

will become p-stable with a single flip in one of its eight l∞ closest neighboring w-blocks. Also

assume that all the particles in NU are p-stable in state θ̄. Finally, denote the w-blocks on the

outside boundary of Nρ/2 with NU ′ .

We show that the speed of the spread of p-stable blocks, i.e., w-blocks containing p-stable
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particles, is independent of the configuration of the particles outside the neighborhood Nρ ∪NU

and then use Theorem 4 to obtain the final result.

Consider G′n in which each vertex is a w-block as described above. Here we attach i.i.d.

random variables {t(v) : v ∈ G′n} to each vertex. Let these random variables have a common

exponential distribution with mean 1/N . Consider a path η consisting of the verticies v1, ..., vk

and the passage time T ∗(η) =
∑k

i=1 t(vi). Let

T ′ = inf
η∈(NU↔NU′ )

T ∗(η),

where (NU ↔ NU ′) is the set of paths connecting NU to NU ′ . It is easy to see that T ′ ≤ T (ρ/2).

We now argue that regardless of the configuration of particles in the blocks of the graphG′n

containing Nρ ∪NU , the path with the smallest T ∗(η) consists only of w-blocks inside Nρ ∪NU .

Assume that this is not the case, then a w-block is in T ∗(η) but it is not in Nρ ∪NU . There needs

to be a path from this block to a block in NU ′ . This path has to cross the NU , and as a result there

is another path from NU to NU ′ that is at least as short as η. It follows that the shortest path from

NU to NU ′ only consists of blocks from Nρ.

Now we can assume thatNρ ∪NU is in an infinite lattice of blocks L, where i.i.d. random

variables {t(v) : v ∈ L} are attached to its nodes. Let BU and BU ′ be two blocks in NU and NU ′

that have the minimum l1 distance. We let

T ′′ = inf
η∈(BU↔BU′ )

T ∗(η).

By Theorem 4 and since the neighborhood is divided into w-blocks so that k is proportional to

ρ/
√
N , we conclude that there exist a constant c′′ ∈ R+ such that for any pair of w-blocks in NU
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and NU ′ , there exist constants c, c′ ∈ R+ such that for all N ≥ 1

P

(
T ′′ ≤ c′′

ρ

N3/2

∣∣∣ A) ≤ P

(
T ′′ ≤ ρ

N1/2

µ

N
− x
√

ρ√
N

∣∣∣ A)

≤ P

(
T ′′ ≤ E[T ′′]− x

√
ρ√
N

∣∣∣ A)

≤ ce−c
′(ρ)1/3 ,

where x = ρ1/3 and we have used the fact that if for a first passage percolation process with

exponential distribution with unit mean we have limn→∞ Tn/n = µ, then for the passage times of

our process, which is assumed to be exponential with mean 1/N , we have limn→∞ Tn/n = µ/N .

Finally, by the union bound, the probability that any of the p-stable particles in NU affects a

particle in NU ′ before or at time c′′ρ/N3/2 is at most c(4ρ)(8ρ)e−c
′(ρ)1/3 . Hence, we have

P

(
T (ρ/2) > c′′

ρ

N3/2

∣∣∣ A) ≥ P

(
T (T ′ > c′′

ρ

N3/2

∣∣∣ A)
> 1− c(4ρ)(8ρ)e−c

′(ρ)1/3 ,

which tends to one as N →∞.

We recall that a region of expansion of type θ is any neighborhood whose configuration is such

that if we change all the θ-particles in a w-block anywhere inside it to θ̄, then all the θ-particles on

its outer boundary (i.e., the set of particles in the set composed by the (w + 2)-block co-centered

with the w-block and excluding the w-block itself) are p-stable.

Lemma 16 Let τ ∈ (τ ∗1 , 1/2) and let N4r be a neighborhood of radius 4r = 2[1−H(τ ′)]N/2−o(N)

such that ρ > 8r. Let

D =
{
∀t < T (ρ/2), N4r is a region of expansion

}
,
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then D occurs w.h.p.

Proof. Since D is increasing in a flip of a θ particle, we can focus on the case when the initial

configuration is preserved. In this case, for the configuration to be expandable we need to make

sure that any particle right outside the boundary of a monochromatic w-block will be p-stable.

We obtain a lower bound for the probability of this event. With the same argument as in the proof

of Lemma 1, a lower bound for the probability that a given particle right outside the boundary of

a monochromatic neighborhood Nw/2 is p-stable, is

1− 2−[1−H( 4
3
τ)] 3

4
N−o(N).

Let us denote the latter event for the θ particles right outside the boundary of Nw/2 by A1, ..., AL,

where L is the number of θ particles right outside the boundary of Nw/2. It is easy to see that

these are all increasing events and using the FKG inequality we conclude that

P (A1 ∩ ... ∩ AL) ≥ P (A1)P (A2)...P (AL) ≥ (1− 2−[1−H( 4
3
τ)] 3

4
N−o(N))L.

Now, for any v ∈ N4r let Bv be the event that all the θ particles outside Nw/2 centered at v are

p-stable. It is also easy to see that Bv’s are increasing events. Hence, with another application of

the FKG inequality we have

P

 ⋂
v∈N4r

Bv

 ≥ (1− 2−[1−H( 4
3
τ)] 3

4
N−o(N)

)2[1−H(τ)]N+o(N)

,

where we have used the fact that L < N .

Lemma 17 Let Nρ, Nρ/2, N4r, and Nr be all centered at u with ρ = 2[1−H(τ ′)]N/2 and r =

2[1−H(τ ′)]N/2−o(N), r < ρ/8. Let u+ denote an arbitrary θ̄ particle, T (ρ) be as defined in (2.8),

and κ be such that κrN1/2 is the sum of the number of particles in a firewall with radius 2r
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Figure 3.7: Neighborhoods described in the proof of Lemma 17.

and the number of particles in a line of width w + 1 that connects the center to the boundary

of the firewall and includes Nw/2 at its center. Conditioned on the following events, w.h.p. the

monochromatic ball of u will have at least radius r.

1. A =
{
∀v ∈ Nρ, u+ would be stable at the location of v at t = 0

}
,

2. B = {T (ρ/2) > 2κrN1/2},

3. C = {Nr contains an expandable radical region at t = 0},

4. D = {∀t < T (ρ/2), N4r is a region of expansion}.

Proof. Conditioned on events A,B, C, and D, an expandable radical region contained in Nr can

lead to the formation of a firewall of radius 2r centered at this region (Fig. 3.7). Let Tf be the

time at which this firewall forms, meaning that all the particles contained in the annulus become

of the same type. We have

P

(
M ≥ 4r2

∣∣∣ A,B,C,D) ≥ P

(
Tf < 2κr

√
N
∣∣∣ A,B,C,D)

Let T ′f be the sum of κrN1/2 exponential random variables with mean one. It is easy to see that

T ′f is an upper bound for the time it takes until the firewall is formed, since the worst case scenario

for the formation of the firewall is when the κrN1/2 particles flip to θ̄, one by one. Hence, we
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have

P

(
Tf < 2κr

√
N
∣∣∣ A,B,C,D) ≥ P

(
T ′f < 2κr

√
N
)
.

Next, we bound this probability. We have

P
(
T ′f ≥ 2κr

√
N
)
≤ P

(
|T ′f − E[T ′f ]| ≥ κr

√
N
)
.

By Chebyshev’s inequality, we have

P
(
T ′f ≥ 2κr

√
N
)

= O

(
Var (T ′f )

(r
√
N)2

)
= O

(
r
√
N

(r
√
N)2

)
= O

(
1

r
√
N

)
.

It follows that w.h.p. particle u will be trapped inside a firewall together with an expandable

radical region and the interior of the firewall will be a region of expansion until the end of the

process. Hence this interior will eventually become monochromatic and, as a result, particle u

will have a monochromatic ball of size at least proportional to r2, as desired.

We can now give the proof for the first part of Theorem 2.

Proof of Theorem 2 (for τ ∗1 < τ < 1/2) First, we derive the lower bound in the theorem letting

a(τ) =
[
1− (2ε′ + ε′2)

] [
1−H(τ ′)

]
, (3.8)

where ε′ > f(τ), and τ ′ = (τN − 2)/(N − 1).

We consider neighborhoods Nρ, Nρ/2, and Nr, with ρ = 2[1−H(τ ′)]N/2 and r < ρ/8, all

centered at node u as depicted in Figure 3.8. We let u+ be an arbitrary θ̄ particle, and consider

the following event in the initial configuration

A =
{
∀v ∈ Nρ, u+ would be stable at the location of v at t = 0

}
. (3.9)
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By Lemma 37 in Appendix A, we have

P (A)→ 1, as N →∞. (3.10)

We then consider a firewall of radius 2r centered anywhere insideNr, let κ > 0 so that κrN1/2 is

the sum of the number of particles in it and the number of particles in a line of width w + 1 that

connects its center to its boundary and includes Nw/2 at its center. Consider the event

B =
{
T (ρ/2) > 2κrN1/2

}
,

where T (ρ) is defined in (2.8). By Lemma 15, we can choose r proportional to ρ/(N2) so that

P (B|A)→ 1, as N →∞. (3.11)

With this choice, we also have

r = 2[1−H(τ ′)]N/2−o(N),

and if we consider the event

C = {Nr contains an expandable radical region at t = 0} ,

by Lemma 14, we have for N sufficiently large

P (C) ≥ 2−[1−H(τ ′)](2ε′+ε′2)N−o(N). (3.12)
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Figure 3.8: Neighborhoods described in the proof of Theorem 2.

Consider a neighborhood N4r also centered at u and the event

D =
{
∀t < T (ρ/2), N4r is a region of expansion

}
.

By Lemma 16, we have

P (D)→ 1, as N →∞. (3.13)

We now note that A, B, C, D are increasing events with respect to a partial ordering on

their outcomes. More precisely, consider two outcomes of the sample space ω, ω′ ∈ Ω such that

ω, ω′ ∈ E where E is an event. We define a partial ordering on the outcomes such that ω′ ≥ ω if

for all time steps, the set of particles in state θ̄ in ω is a subset of the set of particles in state θ̄

in ω′. Event E is increasing if 1E(ω′) ≥ 1E(ω) where 1E is the indicator function of the event

E. According to this definition, A, B, C, D are increasing events. By combining (3.10), (3.11),

(3.12), and (3.13), and using a version of the FKG inequality adapted to our dynamic process,
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stated in Lemma 39 of the Appendix, it follows that for N sufficiently large

P (A ∩B ∩ C ∩D) ≥ P (A)P (B)P (C)P (D)

≥ P (A)P (B ∩ A)P (C)P (D)

= P (B|A)[P (A)]2P (C)P (D)

= 2−[1−H(τ ′)][2ε′+ε′2]N−o(N). (3.14)

Since by Lemma 17 we have that conditioning on A,B,C, and D, at the end of the process w.h.p.

particle u will be part of a monochromatic ball with radius at least r, it follows that (3.14) is also a

lower bound for the probability that the monochromatic neighborhood of particle u will have size

of at least proportional to r2. The desired lower bound on the expected size of the monochromatic

ball now easily follows by multiplying (3.14) by the size of a neighborhood of radius r.

Next, we show the corresponding upper bound, letting

b(τ) =

[
3

2
(1 + ε′)2

]
[1−H(τ ′)],

and ε′ and τ ′ as defined above. For any δ > 0, consider a neighborhood Nρ′ such that

ρ′ = 2(1+ε′)2[1−H(τ ′)]N/2+δN/2,

and divide Nρ′ into blocks of size Nρ in the obvious way. Let M+1 and M−1 denote the events of

Nρ′ being monochromatic in state θ̄ and θ respectively. Also let E+1 and E−1 be the events of

having a monochromatic ball in state θ̄ and θ inside a firewall of radius 2r centered anywhere
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inside Nρ′ . We have that for N sufficiently large

P (M+1 ∪M−1) ≤ P (M+1) + P (M−1)

= P (M+1 ∩ EC
−1) + P (M−1 ∩ EC

+1)

≤ P (EC
−1) + P (EC

+1)

= 2P (EC
−1)

≤ 2(1− 2−[1−H(τ ′)](2ε′+ε′2)N−o(N))ρ
′2/ρ2

= e−2δN−o(N)

. (3.15)

By considering the set of all the neighborhoods of radius ρ′ sharing particle u, by the

union bound the probability that at least one of them will be monochromatic of only one type is

also bounded by (3.15). We now consider the expected size of the monochromatic ball of particle

u, that is bounded as

E[M ] ≤
n∑

m=1

m2pm,

where pm denotes the probability of having a monochromatic ball of size m2 containing u. We let

ρ′′ = 2[(1+ε′)2(1−H(τ ′)]N/2+o(N),

and divide the series into two parts

E[M ] ≤
ρ′′∑
m=1

m2pm +
n∑

m=ρ′′+1

m2pm

≤ 2[ 32 (1+ε′)2(1−H(τ ′)]N+o(N) +
n∑

m=ρ′′+1

m2pm, (3.16)

where the first inequality follows from
∑m=ρ′′

m=1 pm ≤ 1. Since by (3.15) for all m ≥ ρ′, the
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Figure 3.9: Part of the grid renormalized into m-blocks. Green and gray indicate good
and bad blocks respectively.

probability of having a monochromatic ball of size m2 containing u has at most a double

exponentially small probability, the tail of the remaining series in (3.16) converges to a constant,

while for sufficiently large N the sum of the first ρ′ − ρ′′ − 1 terms is smaller than the first term

of (3.16), and the proof is complete.

3.3.2 Almost Monochromatic Ball

We now turn our attention to the case where τ ∈ (τ ∗2 , τ
∗
1 ]. We defined an m-block to

be a neighborhood of radius m/2. Let I be the collection of sets of particles in the possible

intersections of a w-block with an m-block on the grid in the initial configuration. Also, let WI

be the random variable representing the number of θ’s in I ∈ I, and NI be the total number of

particles in I ∈ I. We first recall the definition of a good block before introducing a few new

definitions.

Good block. For any ε ∈ (0, 1/2), a good m-block is an m-block such that for all I ∈ I

we have WI − NI/2 < N1/2+ε. The m-blocks that do not satisfy this property are called bad

m-blocks (see Fig. 3.9). It is easy to see that all the blocks contained in a good m-block are also

good blocks.
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For the following two definitions, we assume that the grid is renormalized into m-blocks.

In this setting each m-block is horizontally or vertically adjacent to four other m-blocks.

Definition 18 (m-path) An m-path is an ordered set of m-blocks such that each pair of consecu-

tive m-blocks are either horizontally or vertically adjacent and no m-block appears more than

once in the set. The length of the path is the number of m-blocks in the path. Two m-blocks are

connected if there exists an m-path between them.

Definition 19 (m-cycle) An m-cycle is a closed path in which the last m-block in its ordered set

is adjacent to the first m-block. An m-cycle divides the m-blocks of the grid into two sets of

m-blocks referred to as its interior and its exterior.

Definition 20 (r-Chemical Path) Renormalize the grid into 6w3-blocks starting from the block

centered at particle u. To define an r-chemical path, consider two neighborhoods N3r and Nr

with radii 3r and r respectively and both centered at a particle u.

Let r > 12w3. An r-chemical path centered at u, is the union of a 6w3-cycle of good

6w3-blocks contained in N3r \ Nr such that u is in its interior, and a path of good 6w3-blocks

from the 6w3-block at the center of Nr to a 6w3-block in the 6w3-cycle, such that the total length

of the 6w3-cycle and the 6w3-path is proportional to r/(6w3) (see Fig. 3.10).

Definition 21 (Chemical Firewall) Consider the r-chemical path defined above and renormalize

the grid into 2w3-blocks starting from the block centered at particle u. A chemical firewall with

radius r is a 2w3-cycle contained in the cycle of the r-chemical path such that particle u is in its

interior and all the particles in the 2w3-cycle are of the same type (see Fig. 3.10).
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Figure 3.10: Larger blocks are 6w3-blocks and smaller ones are 2w3-blocks. The
red cycle indicates the chemical firewall which is in the cycle of an r-chemical path
(orange).

With a similar argument given for Lemma 8, it is easy to see that the above structure acts

as a firewall, i.e., the flips of the particles in its exterior cannot affect the particles in its interior.

Definition 22 (r-Expandable Radical Region) An r-expandable radical region in state θ is a

radical region such that it is expandable and it is located at the center of an r-chemical path.

Lemma 18 Let ε ∈ (0, 1/2) and m ≤ N3. For all I ∈ I we have WI − NI/2 < N1/2+ε with

probability at least

1− e−cN2ε+o(N2ε).

Proof. By Lemma 36, for an arbitrary I ∈ I we have

P
(
WI −NI/2 ≥ N1/2+ε

)
< e−cN

2ε

,

where ε ∈ (0, 1/2) and c > 0. Since there are less than N3 elements in I, we have

P
(
WI −NI/2 < N

1/2+ε
I for all I ∈ I

)
≥ 1−N3e−cN

2ε

.
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Let us consider a neighborhood consisting of exponentially large number of m-blocks

where m ≤ N3. Based on the following lemma, the ratio between bad blocks and good blocks in

this neighborhood is exponentially small w.h.p.

Lemma 19 Let c be a positive constant and ε ∈ (0, 1/2). Let Nρ be a neighborhood consisting

of m-blocks and with 2cN particles. The ratio between bad blocks and good blocks is less than

e−N
ε w.h.p.

Proof. By Lemma 18, the probability of having a bad block is less than e−N2ε+o(N2ε). It is easy

to show that the number of bad blocks is less than 2cNe−N
2ε+o(N2ε) w.h.p. Hence, the ratio

between the number of bad blocks and the number of good blocks is less than e−Nε w.h.p., see

Figure 3.9.

We now want to argue that the formation of a chemical firewall is likely. We first notice

that a w-block located inside a good 6w3-block can make at least a 2w3-block at the center of

the good block monochromatic. This means that a monochromatic w-block at the center of the

r-chemical path can create a chemical firewall (see Fig. 3.10). Our next goal is to show that

the existence of an r-chemical path is likely. The critical step is to show that the length of the

r-chemical path is proportional to r/6w3.

We use a result from percolation theory [31] restated in the following. Consider site

percolation on square lattice in the supercritical regime. Let D(0, x) = infΓ |Γ|, where Γ is a path

from the origin to the vertex x and |Γ| is the number of vertices in the path. Let 0↔ x denote that

0 and x belong to the same connected component. The following is Theorem 1.4 from [31], and

it asserts that the length of the shortest path between the origin and an arbitrary vertex x cannot

be much different from its l1 distance ‖x‖1, see Figure 3.11.
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X X

Figure 3.11: The length of the shortest path of good blocks between two arbitrary
vertices denoted by X is w.h.p. not much different from its l1 norm distance between
them in the supercritical regime.

Theorem 3.3.1 (Garet and Marchand) For all α > 0, there exists p′(α) ∈ (pc(d), 1) such that

for all p ∈ (p′(α), 1], we have:

lim sup
‖x‖1→+∞

lnPp
(
0↔ x,D(0, x) ≥ (1 + α)‖x‖1

)
‖x‖1

< 0.

Now consider a two dimensional lattice which consists of good 6w3-blocks and bad 6w3-blocks.

The probability of a site being good then, is at least the value computed in Lemma 18, hence for

sufficiently large N we are dealing with a percolation problem in the super-critical regime. Let us

denote a radical region with radius ε′ by ε′-radical region.

Lemma 20 W.h.p. an ε′-radical region is at the center of an r-chemical path at time t = 0 where

r < n/10.

Proof. Since an r-chemical path is contained in a neighborhood of radius 3r, without loss of

generality we can assume that this neighborhood is contained in a Z2 lattice. It is also clear that

the flip of a θ particle, can only increase the probability of formation of the r-chemical path.

Divide the resulting lattice into m-blocks such that the ε′-radical region is at the center of an

m-block and call the resulting renormalized lattice L′. Consider performing site percolation on
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this lattice by considering good 6w3-blocks as open sites of L′ and bad 6w3-blocks as its closed

sites. As discussed above, for sufficiently large N we are dealing with a percolation problem

in its super-critical regime. Consider two blocks containing particles (2r, 2r) and (−2r, 2r) in

the original lattice denoted by 0 and x respectively. By Theorem 3.3.1 we conclude that for

sufficiently large N there exists a constant c > 0 such that

Pp
(
0↔ x,D(0, x) ≥ (1.25)‖x‖1

)
≤ e−c‖x‖1

where ‖x‖1 is the l1 distance of x from 0 and we have put α = 0.25. By the union bound and the

FKG inequality, we have

Pp
(
D(0, x) < 1.25‖x‖1

)
≥ P (0↔ x)− P

(
0↔ x,D(0, x) ≥ (1.25)‖x‖1

)
≥ θ(p)2 − e−c‖x‖1 ,

where θ(p) is the probability that a node belongs to an infinite cluster and we have used the FKG

inequality to conclude that P (0↔ x) ≥ θ(p)2. Now, using Lemma 18 it is easy to see that for

sufficiently large values of N this lower bound is as close as we want to one.

For each pair of corner particles of N2r on the same side the above argument holds. A

similar argument also holds for the existence of a path from the center of Nr to an arbitrary

block on the boundary of N3r, i.e., a 6w3-block which contains particles with l∞-distance of 3r

from the center of N3r. It is also easy to see that these events are all increasing events, i.e., their

indicator functions can only increase by changing a closed site to an open site, in this case, a

bad 6w3-block to a good 6w3-block. Hence, by the FKG inequality, the joint probability of the

existence of the above paths is at least their product which can be made arbitrary close to one for

large values of N .

Lemma 21 W.h.p. there are no clusters of bad 6w3-blocks with radius greater than N2 blocks in
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a neighborhood with radius 4r = 2[1−H(τ ′)]N/2−o(N) at time t = 0.

Proof. Let p, be the probability of having a bad 6w3-block, and let k = N2. By Theorem 1

it follows that w.h.p. there is no cluster of bad 6w3-blocks containing a bad 6w3-block with

l1-distance from its center greater than N2 6w3-blocks in a neighborhood with exponential radius

in N .

It is easy to check that for τ > 3/8, a monochromatic w-block in a good block can make

the whole block monochromatic (except for possibly a margin of w at the borders). On the

other hand, Lemma 22 shows that the same condition of Lemma 13 leads to the formation of

a monochromatic 3w/2-block for τ ∈ (τ ∗1 , 3/8) because once the ε′-radical region leads to a

monochromatic w-block at its center, it can as well lead w.h.p to a monochromatic 3w/2-block.

Lemma 23 then shows that the spread of the monochromatic 3w/2-blocks is indeed possible.

Lemma 22 Consider the NS neighborhood defined in Lemma 13 and co-centered with a neigh-

borhood Nρ of radius ρ > N with the property that no θ̄ particle inside Nρ will become p-stable

until some time T (ρ). Then w.h.p. there exists a set of flips with the following property: if they

happen before T (ρ) then all the particles inside a neighborhood with radius 3w/2 concentric with

Nρ will be of the same type.

Proof. By Lemma 13, w.h.p. there exists a set of flips that if they happen before T (ρ) will make

a w-block at the center of Nρ p-stable. By Proposition 1, it follows that this monochromatic

block will make all the θ particles in four identical trapezoids outside the w-block whose larger

bases are the sides of the w-block p-stable, and hence monochromatic w.h.p. Now, with another

application of Proposition 1 we have that for τ > τ ∗1 , all the θ particles in a 3w/2-block with the

same center as the w-block will be p-stable, hence the 3w/2-block can become monochromatic

w.h.p.
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Figure 3.12: Neighborhoods described in the proof of Lemma 23.

Lemma 23 Consider a good block at the center of Nρ with ρ > m. A 3w/2-block with θ̄

particles at the center of a 7w/2-block contained in the good block will make all θ particles

right outside the 3w/2-block p-stable with probability one and with at most (3w/4 + 1)2 flips

happening before T (ρ), for sufficiently large N .

Proof. Consider four identical isosceles trapezoids outside the 3w/2-block whose larger bases

are the sides of the 3w/2-block (see Figure 3.12). Let ζ = (3 − 8τ)/2 and ν = (16τ − 5)/6.

Let the smaller bases of the above trapezoids be 2(3/4 − 2ζ)w and their heights be 2νw. For

τ > 0.3463, since these trapezoids are located inside a good block for sufficiently large N all the

particles in state θ in these trapezoids will be p-stable with probability one. Consider the case

where these trapezoids have become monochromatic after the flips of θ particles happening before

T (ρ). Now consider four identical rectangles located outside the trapezoids. Let one side of each

of these rectangles be at the center of one of the smaller bases of each of the four trapezoids

and of length 2(1/8 − ν)w and let the other sides of the triangles be w/4. For τ > τ ∗1 , all the

particles in state θ located inside these rectangles will be p-stable. Now, as a worst case scenario,

let us consider a particle outside the 3w/2-block and next to its corner which shares the smallest

number of particles with the monochromatic balls. When the p-stable particles in the rectangles

flip before T (ρ), for this particle to be p-stable we need to have

[
1− 1

4
−
(

1

4
+

1

2
− ζ
)
ν − 1

4

(
1

8
− ν
)]

1

2
+
o(N)

N
< τ,
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Figure 3.13: Neighborhoods described in the proof of Lemma 24. particle u is depicted
by the circle in the red square and the ε′-radical region is depicted by the small orange
square in the red square.

which can be simplified to (3.3). This means that for τ < τ ∗1 and for sufficiently large N this

particle will be p-stable with probability one. Since all the other particles in state θ right outside

the 3w/2-block share at least the same number of particles with the single-type regions, we have

that for sufficiently large N , all the θ particles right outside the 3w/2-block will be p-stable with

probability one.

Lemma 24 Let Nρ, Nρ/2, N4r, and Nr be all centered at u with ρ = 2[1−H(τ ′)]N/2, r =

2[1−H(τ ′)]N/2−o(N), and r < ρ/8. Let u+ denote an arbitrary θ̄ particle, T (ρ) be as defined

in (2.8), and κ > 0 be such that κrN3/2 is the total number of particles in a 2r-firewall path.

Conditioned on the following events, w.h.p. the almost monochromatic ball of u will have at least

radius r.

1. A =
{
∀v ∈ Nρ, u+ would be stable at the location of v at t = 0

}
,

2. B = {T (ρ/2) > 2κrN3/2},

3. C = {Nr contains a 2r-expandable radical region at t = 0},

4. D = {6∃ cluster of bad blocks with l1-radius r′ > N2 blocks in N4r at t = 0},
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5. E = {NB/NG < e−N
ε in Nr at t = 0}, where NB is the number of bad blocks and NG is

the number of good blocks in Nr.

Proof. Conditional on events A,B, and C, w.h.p. a 2r-expandable radical region will lead to the

formation of a firewall that contains Nr. With additional conditioning on events D and E once

the firewall is formed, the expandable radical region will turn all the interior of at least Nr almost

monochromatic by the end of the process. Let Tf be the time at which the firewall forms, i.e., its

particles become monochromatic. We have

P

(
M ′ ≥ 4r2

∣∣∣ A,B,C,D,E) ≥ P

(
Tf < 2κr

√
N
∣∣∣ A,B,C,D,E) .

Let T ′f be the sum of κrN3/2 exponential random variables with mean one, where κrN3/2 is the

total number of particles in the 2r-chemical path. It is easy to see that T ′f is an upper bound for

the time it takes until the firewall is formed, i.e., all particles inside the firewall flip to θ̄, one by

one. Hence, we have

P

(
M ′ ≥ 4r2

∣∣∣ A,B,C,D,E) ≥ P
(
T ′f < 2κr

√
N
)
.

Next we bound this probability. We have

P
(
T ′f ≥ 2κrN3/2

)
≤ P

(
|T ′f − E[T ′f ]| ≥ κrN3/2

)
.

By Chebyshev’s inequality we have

P
(
T ′f ≥ 2κrN3/2

)
= O

(
V arT ′f

(rN3/2)2

)
= O

(
r
√
N

(rN3/2)2

)
= O

(
1

rN3/2

)
,

leading to the desired result.

With the above definitions and results, we can proceed to the first part of the proof of
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Theorem 3 (for τ ∗2 < τ ≤ τ ∗1 ).

Proof of Theorem 3 (for τ ∗2 < τ ≤ τ ∗1 ): First we derive the lower bound with

a(τ) = [1− (2ε′ + ε′2)][1−H(τ ′)], (3.17)

where ε′ > f(τ), and τ ′ = (τN − 2)/(N − 1).

We consider neighborhoods Nρ, Nρ/2, and Nr, with ρ = 2[1−H(τ ′)]N/2 and r < ρ/8, all

centered at node u as depicted in Figure 3.14. We let ρ = 2[1−H(τ ′)]N/2, and u+ be a θ̄ particle.

Consider the following event in the initial configuration

A = {∀v ∈ Nρ, u+ would be stable at the location of v}.

By Lemma 37 in Appendix A, we have

P (A)→ 1, as N →∞. (3.18)

We then consider a chemical firewall of radius 2r centered anywhere inside Nr, let κ > 0 so that

κrN3/2 is an upper bound on the total number of particles in the 2r-chemical path containing it,

and consider the event

B = {T (ρ/2) > 2κrN3/2},

where T (ρ) is defined in (2.8). By Lemma 15, we can choose r proportional to ρ/(N3) so that

P

(
B
∣∣∣ A)→ 1, as N →∞. (3.19)
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With this choice, we also have

r = 2[1−H(τ ′)]N/2−o(N),

and if we consider the event

C = {Nr contains a 2r-expandable radical region at t = 0},

by Lemma 14 and Lemma 20 and the FKG inequality, since ε′ > f(τ) we conclude that for

sufficiently large N

P (C) ≥ 2−[1−H(τ ′)][2ε′+(ε′)2]N−o(N), (3.20)

and there is a 2r-expandable radical region surrounding u. Let us divide the grid into m-blocks in

the obvious way. Let the radius of a bad cluster be defined as

sup{∆(0, x) : x ∈ bad cluster}.

where ∆ denotes the l1 distance. Let

D = {6∃ cluster of bad blocks with l1-radius r′ > N2 blocks in N4r at t = 0}.

By Lemma 21, we have

P (D)→ 1, as N →∞. (3.21)

Finally, let ε ∈ (0, 1/2) and let NB and NG denote the total number of bad blocks sharing at least
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Figure 3.14: Neighborhoods described in the proof of Theorem 3.

one particle with Nr and good blocks contained in Nr respectively and let

E = {NB/NG < e−N
ε

in Nr at t = 0}.

By an application of Lemma 19, also

P (E)→ 1, as N →∞. (3.22)

See Figure 3.14 for a visualization of the neighborhoods defined above.

Now it is easy to see that the events A, B, C, D, and E are increasing. By combining

(3.18), (3.19), (3.20), (3.21), and (3.22), and using a version of the FKG inequality adapted to our

dynamic process described in Lemma 39 of the Appendix, it follows that for N sufficiently large

P (A ∩B ∩ C ∩D ∩ E) ≥ P (A)P (B)P (C)P (D)P (E) (3.23)

≥ P (A)P (A ∩B)P (C)P (D)P (E)

= P (B|A)[P (A)]2P (C)P (D)P (E)

= 2−[1−H(τ ′)](2ε′+(ε′)2)N−o(N). (3.24)

Since by Lemma 24 we have that conditioning on A,B,C,D,E, at the end of the process

w.h.p. particle u will be part of an almost monochromatic ball with radius at least r, it follows that
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(3.24) is also a lower bound for the probability that the monochromatic neighborhood of particle

u will have size of at least proportional to r2. The desired lower bound on the expected size of

the monochromatic ball now easily follows by multiplying (3.24) by the size of a neighborhood

of radius r. The second part of the proof follows the same argument as the second part of the

proof of Theorem 2.

3.3.3 Extension to the Rest of the Interval

While for τ < 1/2 unstable particles can always become stable by flipping their type, for

τ > 1/2 this is only true for the p-stable particles. It follows that for τ > 1/2 p-stable particles

act in the same way as unstable particles do for τ < 1/2.

We let τ̄ = 1− τ + 2/N . A p-stable particle in state θ is a particle for which W < τ̄N

where W is the number of θ particles in its neighborhood. The reason for adding the term 2/N

in the definition is to account for the strict inequality that is needed for being p-stable and the

flip of the particle at the center of the neighborhood which adds one particle of its type to the

neighborhood. A radical region in this case is a neighborhood NS of radius S = (1 + ε′)w such

that WS < τ̄ ′(1 + ε′)2N , where ε ∈ (0, 1/2) and

τ̄ ′ =

(
1− 1

τ̄N1/2−ε

)
τ̄ .

By replacing τ with τ̄ it can be checked that all proofs extend to the interval 1/2 < τ < 1− τ ∗2 .

3.4 Summary

The main lesson learned from this chapter is that even a small amount of intolerance can

lead to segregation at the large scale. We remark, however, that the model is somewhat naturally
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biased towards segregation because particles can flip their type when a sufficiently large number

of their neighbors are different from themselves, but they never flip when a large number of

their neighbors are of their same type. Variations where particles could potentially flip in both

situations, namely they are “uncomfortable” being both a minority or a majority in a largely

segregated area, would be of interest. Another direction of further study could be the investigation

of how the parameter of the initial distribution of the particles influences segregation, since it

is only known that complete segregation occurs w.h.p. for τ = 1/2 and p ∈ (1 − ε, 1), while

we have shown that for 0.344 < τ < 1/2 and p = 1/2 the size of the monochromatic ball is at

most exponential in the size of its neighborhood, w.h.p. We also point out that for τ = 1/2 and

for τ ∈ [1/4, τ ∗2 ] ∪ [1− τ ∗2 , 3/4] the behavior of the model is unknown. Finally, our results only

show lower bounds on the expected size of the monochromatic ball containing a given particle,

but they do not show that in the steady state every particle ends up in an exponentially large

monochromatic ball with high probability. A possibility that is consistent with these results (but

inconsistent with the simulation results) is that only an exponentially small fraction of the nodes

are contained in large monochromatic balls at the end of the process, but that those regions are so

large that the expected radius of the monochromatic ball containing any node is exponentially

large. Proving an exponential lower bound on the size of the monochromatic ball w.h.p., rather

than in expectation, would rule out this possibility. This problem is studied in the following

chapters.
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Chapter 4

Evolution of the Process and Random Size

of the Monochromatic Ball

A weakness of all the previous results on the expected size of the monochromatic balls is

that they provide lower bounds on the expected size of the largest monochromatic balls containing

a given particle, but they do not show that in the final configuration any particle ends up in an

exponentially large monochromatic ball with high probability. A possibility that is consistent

with the results in the literature (but inconsistent with the simulation results) is that only an

exponentially small fraction of the nodes are contained in a large monochromatic ball at the

end of the process, but that those neighborhoods are so large that the expected size of largest

monochromatic ball containing any node is exponentially large. For this reason, current results

leave a large gap in our qualitative understanding of the two-dimensional process. In this chapter

of the dissertation we focus on showing that it is the case that any particle will end up in an

exponentially large monochromatic ball w.h.p. To do so we first need a better understanding of

the dynamics of the process that leads to the formation of these exponentially large balls. As

such, the first contribution of this chapter is the development of a shape theorem for the spread of

“affected” nodes of a given state θ – namely nodes on which θ-particles would be p-stable – during
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the process dynamics. Letting w be the l∞ radius of the neighborhood of interaction on the torus,

and N = (2w + 1)2 its cardinality, we show that conditional on the existence of an l∞ ball in the

torus having radius w/2 centered at the origin and containing only θ-affected nodes, the spreading

of these affected nodes starts with high probability from such a ball, and continues for a time that

is at least exponential in N . This is the first result that precisely describes the transient dynamics

of the spreading process. Key to this result is that we consider the spreading of θ-affected nodes

rather than the spreading of unstable particles. These nodes can have a particle located on them

being p-stable. Thus, they have the potential of hosting a particle that is unstable and can become

stable by flipping its state. While unstable particles may keep switching between being stable and

unstable during the process dynamics, the behavior of θ-affected nodes is somewhat more static;

once they become affected they remain so for a long time interval or indefinitely. Another key

property is that in the initial configuration θ-affected nodes are rare: they do not occur with high

probability in an exponentially large region around the origin. It follows that all the θ-affected

nodes that are found within this region after an exponentially long evolution time must have

spread from the original affected region of radius w/2 centered at the origin.

Our second contribution is determining the limiting size of the largest monochromatic ball,

for a given interval of τ . We show that when the process stops, for all τ ∈ (τ ∗, 1− τ ∗) \ {1/2}

where τ ∗ ≈ 0.488, w.h.p. any particle is contained in a large monochromatic ball of size expo-

nential in N = (2w + 1)2. When particles are placed on the infinite lattice Z2 rather than on a

flat torus, for the values of τ mentioned above, after a sufficiently long evolution time, w.h.p. any

particle is contained in a large monochromatic ball of size exponential in N . These results are

summarized in Figure 4.1.

Throughout this chapter we say that an event occurs with high probability (w.h.p.) if its

probability approaches one as w tends to infinity. In all of our results, the rate of convergence of

events that occur w.h.p. is always 1 − o(w−2). We also say that an event occurs almost surely

(a.s.) if the event occurs with probability equal to one (w.p.1).

65



Figure 4.1: For τ ∈ (τ∗, 1− τ∗) \ {1/2}, where τ∗ ≈ 0.433, we prove a shape theorem
for the spread of the “affected” nodes during the process dynamics (gray plus black
region) and then show that in the final configuration, for all τ ∈ (τ ∗, 1− τ ∗) \ {1/2}
where τ ∗ ≈ 0.488, with probability tending to one as w →∞ (w.h.p.), any particle is
contained in a large “monochromatic ball” of size exponential in N = (2w + 1)2 (gray
region).

4.1 Overview of the Main Results

Our first result shows that conditional on having all the nodes in a small neighborhood

of the origin being affected, this small neighborhood w.h.p ignites a cascading process leading

to more and more affected nodes, and this process creates a set of affected nodes whose shape

during an exponentially large interval of time resembles a ball in a given metric. To state these

results rigorously, we define the set of affected nodes within radius ρ of the origin at time t as

follows.

Definition 23 For any ρ, t > 0, we define

AF,ρ(0, t) :=
{
v ∈ Nρ(0) : v is affected at time t

}
.

We then consider the set AF,ρ(0, t) for any

t = t(w) ∈ [2c1N , 2c2N ], (4.1)

ρ = ρ(w) = 2c
′
2N , (4.2)

where N = (2w + 1)2, 0 < c1 < c2 < c′2 < 0.5(1−H(τ ′)),

τ ′ = (τN − 2)/(N − 1), (4.3)
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Figure 4.2: W.h.p. there exists a norm l∗ on the plane, such that, at time t all the
affected nodes in AF,ρ(0, t) are contained in Bl∗(0, t + N ct1/2 log3/2 t), and all the
nodes in Bl∗(0, t−N ct1/2 log3/2 t) are affected.

and where

H(τ ′) = −τ ′ log2(τ ′)− (1− τ ′) log2(1− τ ′) (4.4)

is the binary entropy function. We also let τ∗ ≈ 0.433 be the solution of

3

4

(
1−H

(
4

3
τ

))
−
(
1−H (τ)

)
= 0. (4.5)

Given these choices, we condition on having all the nodes in Nw/2(0) being affected at

time zero, and consider any τ ∈ (τ∗, 1/2) ∪ (1/2, 1 − τ∗). The following theorem shows that

in this case w.h.p. there exists a norm l∗(w) on R2 such that, denoting by Bl∗(0, t) the ball of

radius t in norm l∗ and centered at the origin, we have that at time t all the nodes in AF,ρ(0, t)

are contained in Bl∗(0, t + N ct1/2 log3/2 t), and the nodes in Bl∗(0, t − N ct1/2 log3/2 t) are all

affected, i.e., they belong to AF,ρ(0, t). The corresponding geometric picture is illustrated in

Figure 4.2. This shows the existence of two concentric exponentially large balls centered at the

origin, such that for t(w) in the given interval all the nodes in the affected set are contained within

the outer ball, and all the nodes inside the inner ball are affected.

Theorem 5 (Shape Theorem —Transient) For all τ ∈ (τ∗, 1/2) ∪ (1/2, 1 − τ∗), t = t(w) ∈

[2c1N , 2c2N ], and ρ(w) = 2c
′
2N , where c1, c2, c

′
2, and N are as defined above, and conditional on

having all the nodes in Nw/2(0) being affected at time t = 0, w.h.p. there exists a norm l∗(w) on
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R2, and a constant c > 0, such that at time t we have

Bl∗(0, t−N ct1/2 log3/2 t) ∩ Z2 ⊂ AF,ρ(0, t) ⊂ Bl∗(0, t+N ct1/2 log3/2 t). (4.6)

Remark 4 In Theorem 5 without loss of generality we have assumed that the linear time scale

is chosen such that the re-scaled limit shape of the set AF,ρ(0, t) is a unit l∗-ball. The lower and

upper bounds 2c1N ≤ t ≤ 2c2N in this theorem reflect the following trade-off: on the one side the

time scale t is chosen large enough so that after time t the set of affected nodes roughly resembles

a ball. On the other side, the time scale, and therefore the size of the ball, is chosen small enough

to ensure that the region of space where the spreading process occurs is sufficiently clear of any θ

or θ̄-affected nodes so that the process can proceed without interference.

Since as w →∞ we also have that t→∞, it can be of interest to investigate the limiting

behavior of the norm l∗(w). Although numerical simulations suggest that l∗ may converge to the

Euclidean norm, this question remains open. Finally, we also mention that similar shape theorems

have been proven in the literature for percolation models and other contact processes [30, 32–35],

but none of them applies to our model.

To state our second result, we let τ ∗ ≈ 0.488 be the solution of

5
(
1 + f(τ)

)2 − 6 = 0, (4.7)

where

f(τ) =
3(τ − 0.5) +

√
9(τ − 0.5)2 − 7(τ − 0.5)(3τ + 0.5)

2(3τ + 0.5)
. (4.8)

Theorem 6 (Size Theorem —Final Configuration) For all τ ∈ (τ ∗, 1− τ ∗) \ {1/2}, let

a(τ) =
(
1−H(τ)

) (
2− (1 + f(τ))2

)
,
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and

b(τ) =
(
1 + f(τ)

)2 (
1−H(τ)

)
.

For all ε > 0, w.h.p. we have

2(a(τ)−ε)N ≤M ≤ 2(b(τ)+ε)N . (4.9)

The numerical values for a(τ) and b(τ) are plotted in Figure 4.3.

Remark 5 For τ ∈ (τ ∗, 1 − τ ∗) \ {1/2}, as the intolerance gets farther from one half in both

directions, larger monochromatic balls are formed w.h.p. An intuitive explanation for this behavior

is that as τ decreases farther from 1/2, agents become more tolerant and configurations that can

start a cascading process become less likely, and hence located farther from each other. The

cascading process can then evolve without interference from other cascading processes for a

longer amount of time, and lead to the formation of larger monochromatic balls. On the other

hand, as τ increases farther from 1/2 agents become less tolerant. Since unstable agents will

flip their state only if this makes them stable, configurations that can start a cascading process

become less likely and located farther from each other in this case as well. By the same argument

as above, once the cascading process is ignited, it leads to larger monochromatic balls.

4.1.1 The Infinite Lattice Case

We can consider similar dynamics occurring on the infinite lattice Z2 instead of the finite

torus T2. Using Theorem B3 of [10, p. 3] it is easy to verify that the process on Z2 exists, and is

unique, and is a Feller Markov process on {θ, θ̄}Z2 . The following corollary follows from the

proof of Theorem 6.
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Figure 4.3: Exponent multipliers a(τ) and b(τ) for the lower bound and upper bounds
on the size of the largest monochromatic balls.

Corollary 1 (Size Theorem —Infinite Lattice) For all ε > 0, τ ∈ (τ ∗, 1 − τ ∗) \ {1/2}, let

t∗ = 2(a(τ)+ε)N . For all t ≥ t∗, w.h.p. we have

2(a(τ)−ε)N ≤Mt ≤ 2(b(τ)+ε)N . (4.10)

4.1.2 Proof Outline

Shape Theorem. To prove the shape theorem, we consider a variation of our process onGw.

We describe the spreading of the affected nodes around the origin for this new process and then

use a coupling argument to show that the same spreading also occurs in the original process. To

describe the spreading in the new process, we adapt a strategy developed by Tessera [35] for first

passage percolation (FPP). However, while Tessera’s result relies on Talagrand’s concentration

inequality [36, Proposition 8.3] (also restated as Theorem 1 in [35]) for the spreading time in

FPP, our shape theorem is based on a concentration bound that we develop independently for the

spread of affected nodes in our new process, by extending some results of Kesten’s [30, 32]. This

bound is a key step in our proof.
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We show that the set of affected nodes at time t in the new process is close to the set of

nodes whose expected time of becoming affected is at most t, and that there exists a norm l∗

such that the latter set is also close to an l∗-ball of radius t. The former statement is proved using

the concentration bound (our Theorem 7), and the latter statement is proved showing that the

expected time of the spread from one point to another in Gw is asymptotically close to the length

of a corresponding “optimal geometric path” (again using Theorem 7).

To derive the bound on the spreading time of the affected nodes, we represent the difference

between the random spreading time and the mean spreading time between any two nodes as a

sum of martingale differences and, after estimating the sum of squares of these differences, apply

a martingale inequality developed by Kesten (re-stated as Theorem 8 of this chapter). Along the

way, to bound the martingale differences, we use a modified result from [32] to compare our

process with two FPP processes on Z2.

Size Theorem. The main idea of the proof in this case is to show that w.h.p. while the

spread of the θ-affected nodes reaches the origin, the θ̄-affected nodes are still at distances at

least exponential in N from the origin. Once the origin is reached, the p-stable particles around

it will w.h.p. lead to the formation of an exponentially large “firewall” (i.e., an annulus of

particles in the same state) that is indestructible by other spreading processes. The interior of this

firewall will then become monochromatic, so that in the final configuration there will be w.h.p.

an exponentially large monochromatic ball around the origin.

To elaborate on this main idea, we define an expandable region, that is composed of a

local configuration of particles and a possible set of flips inside it, that can lead to at least one

new affected node outside of it. We consider the expandable region closest to the origin in the

l∗ norm, and denote its type by θ. We denote its l∗-distance to the origin by X , and consider an

l∗-ball of radius X at the origin. We then argue that, since there are no expandable regions in

this ball, any spreading of affected nodes of any type inside this ball dies out quickly, while the
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Figure 4.4: The gradual spread of affected nodes from the expandable region towards
the origin in time increments of size ρ′/4.

expandable region starts a spreading of θ-affected nodes towards the origin w.h.p. We then find

an upper bound X ≤ ρ, where ρ = ρ(τ,N), that holds w.h.p., and choose ρ′ = ρ′(τ,N) such that

w.h.p there is no θ̄-expandable region inside the annulus Bl∗(0, X + ρ′) \Bl∗(0, X). We consider

the extremal case X = ρ and study the “race” between the possible spreads of the θ̄-affected

nodes from outside Bl∗(0, ρ+ ρ′) and the spread of the expandable region at distance ρ towards

the origin, see Figure 4.4.

We consider the gradual spreading of the expandable region in time intervals of ρ′/4

towards the origin. Using the shape theorem, we argue that w.h.p. the origin will eventually

be contained in a neighborhood such that all of its nodes are θ-affected. We then show that the

origin is quickly surrounded by an exponentially large firewall while any spreading of affected

nodes started from outside Bl∗(0, ρ + ρ′) is still at large distances from it. This firewall is

an indestructible monochromatic annulus which isolates the origin from the outside flips, see

Figure 4.5. It will thus protect the cascading process which w.h.p. leads to the formation of a

monochromatic ball of size exponential in N containing the origin. This shows that the lower

bound occurs w.h.p. To see that the upper bound also occurs w.h.p. we note that in a large

enough exponential size neighborhood around the origin, w.h.p. the origin will be surrounded by

exponentially large monochromatic balls of particles in both states protected by firewalls.

In our proofs throughout the chapter, we focus on the case where τ < 1/2. The results for
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Figure 4.5: A firewall formed around the origin.

τ > 1/2 follow by a simple argument provided in Section 4.4.1.

4.2 The Concentration Bound

The concentration bound developed in this section is a main step required for proving our

main results and it resembles the one developed in the context of FPP [30].

4.2.1 First Passage Percolation

FPP was originally developed by Hammersley and Welsh [37] in 1965 and then further

developed especially by Kesten in 1986 [30, 32, 38]. It is a mathematical model to describe the

flow of a fluid through a random medium. A non-negative random variable ti, defined as the

passage time of an edge ei, is placed at each nearest-neighbor edge of the grid defined on Zd. The

collection {ti} is assumed to be independent, identically distributed with a common distribution

F . The random variable ti is interpreted as the time or the cost needed to traverse edge ei. The

basic problem is to asymptotically describe the set of nodes that have been visited by a given

time, when a fluid starts traversing the edges from the node at the origin. FPP on the nodes of the

lattice can also be defined along the same lines, when passage times are assigned to nodes instead

of edges.

The beauty of Kesten’s approach in developing a concentration bound for FPP, is that he

uses a martingale representation for the difference between the first passage time of any node and

its mean that is independent of the underlying geometrical structure of the process. We exploit
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Figure 4.6: The neighborhood Nv defined in the modified model.

such a property in our proof.

4.2.2 Modified Model

In this section, we work with a modified version of the model introduced in Section 2.1.

We prove some results for this new model, and then use them to prove Theorem 5 by coupling

the modified model with our original model. The modified model is defined in a way that the

spreading of the affected nodes resembles a FPP model. The model differs from the original one

in the following points:

• We consider Gw to be constructed on an infinite integer lattice Z2. Let c2, c
′
2, τ
′ be as

defined in Section 4.1. We assume that the states of particles that are located outside a

neighborhood Nv with radius v = 2c
′
2N centered at the origin, are frozen at the initial

configuration for the entire duration of the process.

• We consider the product space for the initial states of the particles and we denote by

V the event that in the initial configuration there are no affected nodes in Nv and this

neighborhood is a region of expansion. Using Lemma 2 and Lemma 6, we have that V

occurs w.h.p. It follows that without loss of generality, to prove our asymptotic results

we can assume that in the modified model all the events in the initial configuration are
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conditional on V .

• We assign a single flipping time to every particle on Gw in the initial configuration and

we label some nodes as affected*, as indicated below. In our modified model θ-particles

placed on affected* nodes always flip, once their flipping time expires, regardless of them

being p-stable or not. On the other hand, particles on nodes that are not affected*, upon

becoming p-stable they wait for an amount of time equal to their flipping time and then

make a flip. The first two bullets above ensure that if a particle becomes p-stable it remains

p-stable until it flips, and that once flipped any particle remains stable forever.

• We define an affected* block to be a w-block such that all the nodes on it are affected* and

we place such a block at a given location on Nv. Namely, in the initial configuration we

label the nodes located in this block as affected*.

4.2.3 Additional Definitions for the Modified Model

We now define notions of paths and passage times similar to FPP.

Definition 24 (Path and First Passage Time for the Modified Model) Let ti be the flipping

time of the particle located at vi. Let 0∗ denote an affected* block placed at the origin, and u

an arbitrary node on Nv. Let a path r be a set of particles v1, v2, . . . , vk such that they become

p-stable in a sequence, i.e., vj becomes p-stable after vj−1, and let

T (r) =
k∑
i=1

ti.

Then, we define the first passage time for the modified model from the origin to u as

a0,u := T (0∗, u) := inf
r∈P
{T (r)},
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where P is the set of possible sequences of flips when we place an affected* block at the origin

that will lead to an affected node at u. When we assume that in the initial configuration the

entire Nv is a region of expansion and there are no affected nodes of any type on Nv, P will be

non-empty. From the definition of region of expansion, since the affected* block will lead to the

formation of a monochromatic block, there will always be a possible subsequent flip until the

desired node becomes affected. Clearly, the notion of first passage time can be extended to any

pair of nodes on a neighborhood Nv denoted by ax,u, in which case, we assume that the affected*

block is placed at x instead of the origin. We note that with the given conditions on the initial

configuration and if we place an affected* block at x, with a similar argument as above there

always exists a set of flips leading to an affected node at any location on Nv.

4.2.4 The Concentration Bound

Theorem 7 Let c > 0 be a constant such that c ≤ c2 where c2 is as defined in Section 4.1, and

let u be any node onNv whose l∞-distance from the origin is at least 2cN . There exists a constant

c′ > 0 (independent of N ) such that, for N sufficiently large and for all λ ≤ ‖u‖, we have

P
{∣∣a0,u − E[a0,u]

∣∣ ≥ λ
}
≤ e−c

′λ/
√
‖u‖ log ‖u‖. (4.11)

4.2.5 Proof Outline

To prove the concentration bound, we represent the difference between a0,u and E[a0,u] as

a sum of martingale differences. The principal step to bound this sum is to first obtain a bound

for the sum of the squares of these differences and apply a martingale inequality developed by

Kesten [30] (re-stated as Theorem 8 of this chapter). This boils down to finding upper bounds for

two probabilities. The first one is the probability of the existence of a self-avoiding path with

at least a given number of steps and with at most a given passage time (see (4.37) and (4.38)),

the second one is the probability that the first passage time is larger than a certain quantity. To
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bound these terms, we introduce two intermediate FPPs that, when coupled with our modified

model, provide upper bounds for each of these probabilities. We decorate the variables pertaining

to these two processes by prime and double prime respectively, throughout this section.

4.2.6 First Intermediate FPP Process

First consider the following auxiliary process. Put a θ particle on each node of Z2. we

partition Z2 into w-neighborhoods starting from the w-neighborhood centered at the origin and

consider the re-normalized lattice Z ′ where each node of Z ′ corresponds to a w-neighborhood of

the partition. We assume that each node of Z ′ is connected to its horizontal, vertical, and diagonal

neighbors. Initially all the particles on Z2 in this process, regardless of their neighborhood

configuration, are labeled as stable, except for the particles located in the w-neighborhood

centered at the origin, which are labeled as p-stable. Each particle is assigned a single flipping

time ti, that is the same (single) flipping time of the particle in our modified process. Once a

particle vi flips, it is labeled as stable permanently, and all the θ-particles in the w-neighborhoods

that are horizontally, vertically, or diagonally adjacent to the w-neighborhood where the flip

has occurred, i.e., all the θ-particles on the neighboring w-neighborhoods in Z ′, are labeled as

p-stable. We then define a path as a sequence of vi’s such that the particles located on them can

flip in this order. By coupling, it should be clear that if there is a self-avoiding path with its first

node located in a block centered at the origin with at least a given number of steps and at most a

given passage time in our modified process, then there is such a path also in the process that we

have just described. Next, we perform an additional coupling of this process (and hence of our

modified process) with a d-dimensional FPP process.

Consider a d-dimensional lattice Zd, where d = log2N + 2 is assumed to be an integer.

Each node of Zd is represented by a vector of integer coordinates v = (v1, ..., vd). We construct

a mapping (Z ′,Z2)→ Zd as follows. We identify each node of Z ′ by the first two coordinates

(v1, v2) of Zd. For every (v1, v2) ∈ Z ′ we then assign the N nodes of Z2 of the corresponding
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w-neighborhood, to points of Zd by letting the remaining d− 2 coordinates be in {0, 1}(d−2). We

consider a site FPP process on Zd where the passage times for each image node on Zd from Z2

are chosen to be equal to the flipping times in our modified process. The passage times for the

rest of the nodes are chosen to be i.i.d with distribution F . We call this our first intermediate FPP

process. By coupling, it should be clear that if there is a self-avoiding path from the origin with at

least a given number of steps and at most a given passage time in our modified model, then there

is such a path also in the auxiliary process described in the beginning of this section, and in turn

in the first intermediate FPP process. It follows that we can bound the probability of occurrence

of such an event in our modified model by the probability of occurrence of the corresponding

event in the first intermediate FPP process. We state this bound rigorously in the following.

Definition 25 (Path and First Passage Time for the First Intermediate FPP) Let a path r′ be

a set of nodes in the first intermediate FPP setting such that the sequence v1, v2, . . . , vk of passages

with passage times t1, ..., tk is possible. Let

T ′(r′) =
k∑
i=1

ti.

Let N be a neighborhood. We define the first passage time from the origin to N in the

first intermediate FPP process as

T ′(0,N ) := inf
r′∈P ′
{T ′(r′)},

where P ′ is the set of possible sequences of passages starting from the origin and ending in N .

Finally, we write ξi for the i’th coordinate vector and define the passage time from 0 to nξ1 as

a′0,n := T ′(0∗, nξ1).

Due to the coupling described above, we have the following lemma which is used in the
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proof of the concentration bound.

Lemma 25 Let c, c′ > 0 be constants. We have

P{∃ self-avoiding path r starting at 0 of at least dcne steps

and with T (r) < c′n}

≤ P{∃ self-avoiding path r′ starting at 0 of at least dcne steps

and with T ′(r′) < c′n}.

Now we recall a proposition from [32]. Let 0 < pc < 1 be the critical probability of the

standard site percolation on the lattice.

Proposition 2 (Kesten [32], Proposition 5.8) If

F (0) = P{t(v) = 0} < pc,

then there exist constants 0 < B,C,D <∞, depending on d and F only, such that

P{∃ self-avoiding path r′ from the origin which contains at least n

edges and has T ′(r′) < Bn}

≤ Ce−Dn.

We now slightly modify the above proposition to account for d = log2N + 2. This

proposition is used in the proof of Theorem 7. The proof follows easily from the proof of the

original statement and is omitted.

Proposition 3 (Kesten – Modified) Let c > 0 be a constant, n ≥ 2cN , and d = log2N +2 be an

integer. If (2.1) holds then for sufficiently large N , there exist constants 0 < B,C,D <∞, 1 ≤
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E <∞, depending on F only, such that

P{∃ self-avoiding path r′ from the origin which contains at least n

nodes and has T ′(r′) < Bn}

≤ Ce−Dn/(logn)E .

4.2.7 Second Intermediate FPP Process

Consider the integer lattice Z2 and re-normalize it by partitioning the lattice into w-blocks

such that we have a w-block centered at the origin and these blocks form a new lattice L′. We

assume that each node of L′ is connected to its horizontal and vertical neighbors. Consider a first

passage percolation process on this lattice that is coupled with our modified process by assigning

the same random flipping times ti’s of our modified process to the nodes of Z2. We define the

passage time of each node on L′ as the sum of all the ti’s of the particles of its corresponding

block of nodes in Z2. We point out that, in our modified process, when we assume that Nv is

a region of expansion, once we have a monochromatic block, it can make a neighboring block

monochromatic by flipping its particles one by one such that the time of this event is no larger

than the sum of the flipping times of all the particles in this block. This fact implies that our

second intermediate FPP provides an upper bound on the passage time from one node to the other

on the modified process. These statements are made rigorous in the following.

Definition 26 (Path and First Passage Time for the Second Intermediate FPP) Let a path r′′

be a set of nodes v1, v2, . . . , vk in Z2 with flipping times t1, t2, . . . , tk such that they correspond

to a possible passage in the second intermediate FPP process on L′ as described above. Let

T ′′(r′′) =
k∑
i=1

ti.
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Let N be a neighborhood. We define the first passage time from the origin to N as

T ′′(0,N ) := inf
r′′∈P ′′

{T ′′(r′′)},

where P ′′ is the set of possible sequences of passages starting from the origin and ending in N .

Finally, we write ξi for the i’th coordinate vector and define the passage time from 0 to nξ1 as

a′′0,n := T ′′(0∗, nξ1).

Due to the coupling described above, we have the following lemma.

Lemma 26 For any a, y > 0, we have

P{a0,n ≥ ayn} ≤ P{a′′0,n ≥ ayn}.

4.2.8 The Bound

The following theorem is a restatement of Theorem 3 in [30] which plays a critical role in

the proof of our concentration bound.

Theorem 8 (Kesten [30]) Let {Fk}0≤k≤V be an increasing family of σ-fields of measurable sets

and let {Uk}0≤k≤V be a family of positive random variables that are FV -measurable. (We do not

assume that Uk is Fk-measurable.) Let {Zk}0≤k≤V be a martingale with respect to {Fk}0≤k≤V .

(We allow V = ∞, in which case FV = ∨∞0 Fk and we merely assume that {Zk}0≤k<∞ is a

martingale.) Assume that the increments ∆k := Zk − Zk−1 satisfy

|∆k| ≤ c for some constant c, (4.12)
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and

E{∆2
k|Fk−1} ≤ E{Uk|Fk−1}. (4.13)

Assume further that for some constants 0 < C1, C2 <∞ and x0 with

x0 ≥ e2c2, (4.14)

we have

P


V∑
k=1

Uk > x

 ≤ C1e
−C2x when x ≥ x0. (4.15)

Then, in the case where V =∞, ZV = limk→∞ Zk exists w.p.1. Moreover, irrespective

of the value of V , there exist universal constants 0 < C3, C4 < ∞ that do not depend on

V,C1, C2, c and x0, nor on the distribution of {Zk} and {Uk}, such that

P{ZV − Z0 ≥ x} ≤ C3

(
1 + C1 +

C1

C2x0

)
× exp

(
−C4

x

x
1/2
0 + C

−1/3
2 x1/3

)
. (4.16)

In particular, for x ≤ C2x
3/2
0 ,

P{ZV − Z0 ≥ x} ≤ C3

(
1 + C1 +

C1

C2x0

)
exp

(
− C4x

2
√
x0

)
. (4.17)

With a bit of abuse of notation, let

a0,n := T (0∗, nξ1).

Proof of Theorem 7. We order the vertices of Gw in some arbitrary way, v1, v2, . . . which remains

fixed throughout. Without loss of generality for the modified model, we work with a slightly
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simpler probability space which does not take into account the initial configuration of the particles

{θ, θ̄}Z2 , remembering that it is not possible to have multiple flipping times for each particle. This

probability space is

Ω = R+ × R+ × . . . , R+ = [0,∞),

and a generic point of Ω is denoted by ω = (ω1, ω2, . . .). In the configuration ω, the flipping time

of vi is

t(vi) = t(vi, ω) = ωi.

When it is necessary to indicate the dependence on ω we write a0,k(ω) instead of a0,k,

T (r, ω) instead of T (r), etc. We shall use the following σ-fields of subsets of Ω:

F0 = the trivial σ-field = {∅,Ω},

Fk = σ-field generated by ω1, . . . , ωk, k ≥ 1.

The martingale representation of a0,n − E[a0,n] is

a0,n − E[a0,n] =
∞∑
k=1

(
E{a0,n|Fk} − E{a0,n|Fk−1}

)
. (4.18)

This representation is valid because Z0 := 0 and

Zl :=
l∑

k=1

(
E{a0,n|Fk} − E{a0,n|Fk−1}

)
(4.19)

= E{a0,n|Fl} − E[a0,n], l ≥ 1, (4.20)

defines an {Fl}-martingale that converges w.p.1 to a0,n − E[a0,n]. The increments of {Zl} are
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denoted by

∆k = ∆k,n(ω) = E{a0,n|Fk} − E{a0,n|Fk−1}. (4.21)

The principal step is to estimate

E{∆2
k|Fk−1}.

To this end, we write

a0,n(ω) = f(t(v1, ω), t(v2, ω), . . .) = f(ω1, ω2, . . .)

for some Borel function f : Ω→ R+. Also, the following notation is useful. If ω = (ω1, ω2, . . .)

and σ = (σ1, σ2, . . .) are points of Ω, then

[ω, σ]k = (ω1, . . . , ωk, σk+1, . . .)

is the point that agrees with ω and σ on the first k coordinates and the coordinates after k,

respectively. νk+1 will be the product measure

νk+1 = Π∞k+1Fi

on the obvious σ-field in

Ωk+1 = Rk+1 ×Rk+2 × . . .

when eachRi = R+ and Fi = F . We can think of Ω asR1× . . .×Rk×Ωk+1 and if g is a function

from Ω→ R, then if we fix σ1, . . . , σk, g(σ) can be viewed as a function of σk+1, σk+2, . . .; that
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is, as a function on Ωk+1. Correspondingly,

∫
Ωk+1

νk+1(dσ)g(σ) :=

∫
Π∞k+1F (dσi)g(σ1, . . . , σk, σk+1, . . .)

is the integral over all coordinates σi, with i ≥ k + 1, and is a function of σ1, . . . , σk. By the

independence of the t(vi, ω) = ωi, i ≥ 1, we have

E{a0,n|Fk}(ω) =

∫
Ωk+1

νk+1(dσ)f([ω, σ]k). (4.22)

This is a function of t(vi, ω) = ωi, 1 ≤ i ≤ k, only. It also equals

∫
Ωk

νk(dσ)f([ω, σ]k), (4.23)

because [ω, σ]k does not involve σk and the integration over σk has no effect. Using (4.23) for

E{a0.n|Fk} and (4.22) with k replaced by (k − 1) for E{a0,n|Fk−1}, we find

∆k =

∫
Ωk

νk(dσ){f [ω, σ]k − f([ω, σ]k−1)}. (4.24)

Our task now is to estimate

gk(ω, σ) := |f([ω, σ]k)− f([ω, σ]k−1)|.

Note that

t(vi, [ω, σ]k) = t(vi, [ω, σ]k−1) =


t(vi, ω), if i ≤ k − 1,

t(vi, σ), if i ≥ k + 1.

(4.25)

Only for i = k do we obtain different values for the flipping time of vi in the two configurations
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[ω, σ]k and [ω, σ]k−1:

t(vk, [ω, σ]k) = t(vk, ω), t(vk, [ω, σ]k−1) = t(vk, σ).

We claim that this implies

gk(ω, σ) ≤ |t(vk, ω)− t(vk, σ)|. (4.26)

Indeed, for any path r,

|T (r, [ω, σ]k)− T (r, [ω, σ]k−1)| ≤
∑
v∈r

|t(v, [ω, σ]k)− t(v, [ω, σ]k−1)| (4.27)

≤ |t(vk, ω)− t(vk, σ)|.

Therefore, the same estimate holds for

|a0,n([ω, σ]k)− a0,n([ω, σ]k−1)| = | inf
r
T (r, [ω, σ]k)− inf

r
T (r, [ω, σ]k−1)|.

This proves (4.26). Let πn(ω) be the optimal path from 0 to nξ1 in the configuration ω;

that is, πn(ω) is a path from 0 to nξ1 with

a0,n(ω) = T (πn(ω), ω). (4.28)

In our modified process, such a path always exists. There could, however, be several paths with

this property. To define πn(ω) uniquely in case of ties, we order all paths from 0 to nξ1 in some

arbitrary way, and take for πn(ω) the first path in this ordering that satisfies (4.28). We write
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v ∈ π to denote that v is a node in the path π. Then, if

vk 6∈ πn([ω, σ]k), (4.29)

(4.25) and (4.27) show that

T (πn([ω, σ]k), [ω, σ]k) = T (πn([ω, σ]k), [ω, σ]k−1).

Thus, under (4.29),

a0,n([ω, σ]k−1) = inf{T (r, [ω, σ]k−1) : r a path from 0 to nξ1}

≤ T (πn([ω, σ]k), [ω, σ]k−1)

= T (πn([ω, σ]k), [ω, σ]k)

= a0,n([ω, σ]k).

Similarly, if

vk 6∈ πn([ω, σ]k−1), (4.30)

then

a0,n([ω, σ]k) ≤ a0,n([ω, σ]k−1).

It follows that gk(ω, σ) = 0 if (4.29) and (4.30) both hold, and by virtue of (4.26),

gk(ω, σ) ≤ |t(vk, ω)− t(vk, σ)| × 1{vk∈πn([ω,σ]k−1) or vk∈πn([ω,σ]k)}. (4.31)

This is then an estimate for gk. Let 1k(ω, σ) denote the indicator function in the right-hand side
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of the above inequality. Now using Schwarz’s inequality and (4.24) we have

E
[
∆2
k|Fk−1

]
≤ E

(∫
Ωk

νk(dσ)gk(ω, σ)

)2 ∣∣∣ Fk−1


≤ E

(∫
Ωk

νk(dσ)|t(vk, ω)− t(vk, σ)|1k(ω, σ)

)2 ∣∣∣ Fk−1


≤ E

[∫
Ωk

νk(dσ)|t(vk, ω)− t(vk, σ)|21k(ω, σ)

×
∫

Ωk

νk(dσ)1k(ω, σ)
∣∣∣ Fk−1

]

≤ E

[∫
Ωk

νk(dσ)|t(vk, ω)− t(vk, σ)|21k(ω, σ)
∣∣∣ Fk−1

]
.

(4.32)

Now

∫
Ωk

νk(dσ)|t(vk, ω)− t(vk, σ)|21k(ω, σ),

is a function of ω1, . . . , ωk only; the σ-variables all have been integrated out. Similar to (4.22) we

have

E

[∫
Ωk

νk(dσ)|t(vk, ω)− t(vk, σ)|21k(ω, σ)
∣∣∣ Fk−1

]

=

∫
F (dωk)

∫
Ωk

νk(dσ)|t(vk, ω)− t(vk, σ)|2 × 1k(ω, σ)

=

∫
F (dωk)

∫
F (dσk)

∫
Ωk+1

νk+1(dσ)|t(vk, ω)− t(vk, σ)|2 × 1k(ω, σ).

(4.33)

where we have used the fact that νk can be written as the product measure F×νk+1 onRk×Ωk+1 =

R+ × Ωk+1. Let us write

Jk(ω) = 1{vk∈πn(ω)}.
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Then

1k(ω, σ) = Jk([ω, σ]k−1) ∨ Jk([ω, σ]k)

= Jk(ω1, . . . , ωk−1, σk, σk+1, . . .) ∨ Jk(ω1, . . . , ωk−1, ωk, σk+1, . . .).

(4.34)

Recall that t(vk, ω) = ωk, t(vk, σ) = σk, so that

|t(vk, ω)− t(vk, σ)|21k(ω, σ)

≤ |ωk − σk|2
{
Jk(ω1, . . . , ωk−1, σk, σk+1, . . .)

∨Jk(ω1, . . . , ωk−1, ωk, ωk, σk+1, . . .)
}
.

Clearly the right-hand side is symmetric in ωk and σk for fixed

ω1, . . . , ωk−1, σk+1, σk+2, . . . ,

(in fact, this is true also for the left-hand-side). It is also clear that on {σk ≤ ωk} or on

{t(vk, σ) ≤ t(vk, ω)} we have

|t(vk, ω)− t(vk, σ)| ≤ t(vk, ω), (4.35)

Jk(ω1, . . . , ωk−1, σk, σk+1, . . .) ∨ Jk(ω1, . . . , ωk−1, ωk, σk+1, . . .) (4.36)

= Jk(ω1, . . . , ωk−1, σk, σk+1, . . .) = Jk([ω, σ]k−1).

(4.36) simply says that if vk belongs to the optimal path in configuration [ω, σ]k−1 or in configura-

tion [ω, σ]k, then it will belong to the optimal path in the configuration that gives the lower value
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to t(vk). Substituting (4.33)-(4.36) into (4.32) we find

E[∆2
k|Fk−1] (4.37)

≤ 2

∫
Ωk+1

νk+1(dσ)

∫ ∫
σk≤ωk

F (dωk)F (dσk)t
2(vk, ω)Jk([ω, σ]k−1)

≤ 2

∫
F (dωk)t

2(vk, ω)

∫
F (dσk)

∫
Ωk+1

νk+1(dσ)Jk([ω, σ]k−1)

=

(
2

∫
x2dF (x)

)
P{vk ∈ πn(ω)|Fk−1}.

Let |π| denote the number of vertices in π. For any a > 0, y > 0,

P{|πn| ≥ yn} ≤P{a0,n ≥ ayn}

+ P{∃ self-avoiding path r starting at 0

of at least yn steps and with T (r) < ayn}.

(4.38)

Now we want to use our intermediate FPP processes to bound the probabilities on the

right hand side of (4.38). Let us decorate the variables corresponding to our first and second

intermediate FPP processes by a prime and a double prime respectively. We are going to find

upper bounds for the right hand side terms of (4.38) using these intermediate processes. Let r′′n be

the optimal path between the origin and nξ1 in our second intermediate process. Using Lemma 26

we have

P{a0,n ≥ ayn} ≤ P{a′′0,n ≥ ayn} = P{T ′′(r′′n) ≥ ayn} ≤ P


w′n∑
i=1

ti ≥ ayn

 , (4.39)

where w′ = O(w) adjusts the number of particles for the renormalized graph (our second
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intermediate process). Using Lemma 25, we also have

P{∃ self-avoiding path r starting at 0 of at least yn steps

and with T (r) < ayn}

≤ P{∃ self-avoiding path r′ starting at 0 of at least yn steps

and with T ′(r′) < ayn}.

(4.40)

For a suitable a, using Proposition 3, and for sufficiently large N , we have

P{∃ self-avoiding path r′ starting at 0 of at least yn steps

and with T ′(r′) < ayn}

≤ C2 exp(−C3yn/(log n)C4).

Hence, we have

P{|πn| ≥ yn} ≤ P


w′n∑
i=1

ti ≥ ayn

+ C2 exp(−C3yn/(log n)C4). (4.41)

We show that

P
{∣∣a0,n − E[a0,n]

∣∣ ≥ x
}
≤ C3e

−C4x/
√
n logn for x ≤ n, (4.42)

when n ≥ 2cN for some constant c > 0 and N sufficiently large. Since our proof does not rely on

any special properties for the direcitons along the coordinate axes, we can conclude that for any

arbitrary direction one can obtain a similar result. In particular (4.11) holds.

We want to use Theorem 8, for which we need a truncation argument. Let n be fixed.
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Define

t̂(vi) = t(vi) ∧
4d

γ
log n, (4.43)

with γ as in (2.3). Passage times and related quantities, when defined in terms of the t̂ instead of

the t, will be denoted by the symbols decorated with a caret. For example, if r = (v1, . . . , vk),

then

T̂ (r) =
k∑
i=1

t̂(vi);

â0,n = inf{T̂ (r) : r a path from 0 to nξ},

π̂n = optimal path for â0,n.

Lemma 27 If (2.1) and (2.3) hold, then there exist constants 1/2 < C1 <∞, 0 < Ci <∞ for

i > 1, such that

P{π̂n 6⊆ [−n(log n)C1 , n(log n)C1 ]d} ≤ 3e−C2n, (4.44)

P{|a0,n − â0,n| ≥ x} ≤ 3e−C2n + C3e
−(γ/2)x, x ≥ 0, (4.45)

and

|E[a0,n]− E[â0,n]| ≤ C4. (4.46)
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Proof. The probability in the left-hand side of (4.44) is bounded by

P{|π̂n| ≥ n(log n)C1} ≤ P{â0,n ≥ an(log n)C1}

+P{∃ self-avoiding path r starting at 0

of at least n(log n)C1 steps and with T̂ (r) < an(log n)C1}

≤ P


w′n∑
i=1

ti ≥ an(log n)C1

+ C5 exp(−C6n(log n)C1/(log n)C7),

(4.47)

similar to (4.41). Note that the last inequality is true for some constantsC5, C6 that are independent

of n, although the distribution of t̂ does depend on n. This follows because for any constant C

and for large enough n, we have t̂(v) ≥ t(v) ∧ C. Thus also T̂ (t) ≥
∑

v∈r{t(v) ∧ C}, and it

suffices to apply Proposition 3 and choose C1 to be equal to C7.

Now we use (2.3) for the following standard large deviation estimate:

P


w′n∑
i=1

ti ≥ an(log n)C1

 ≤ e−γan(logn)C1
(
E[eγt1 ]

)w′n
. (4.48)

Now, using the fact that n ≥ 2cN , for sufficiently large N , and C1 > 1/2, the above

expression is bounded above by exp(−n). Now, the inequality in (4.44) follows. To prove (4.45)

and (4.46) we note that

0 ≤ a0,n − â0,n ≤ T (π̂n)− T̂ (π̂n)

=
∑
v∈π̂n

{
t(v)− t̂(v)

}
≤
∑
v∈π̂n

t(v)1{t(v)> 4d
γ

logn}.
(4.49)
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If π̂n ⊆ [−n(log n)C1 , n(log n)C1 ]d, then the last term of (4.49) is at most

∑
v∈[−n(logn)C1 ,n(logn)C1 ]d

t(v)1{t(v)> 4d
γ

logn}.

Hence,

P{|a0,n − â0,n| ≥ x} ≤ P{π̂n 6⊆ [−n(log n)C1 , n(log n)C1 ]d}

+ P


M ′∑
i=1

ti1{ti> 4d
γ

logn} ≥ x

 ,
(4.50)

where

M ′ = number of nodes in [−C1n log n,C1n log n]d ∼ d(2C1n log n)d. (4.51)

Therefore, we have

P


M ′∑
i=1

ti1{ti> 4d
γ

logn} ≥ x


≤ e−(γ/2)x

[
1 +

∫
y≥4(d/γ) logn

(e(γ/2)y − 1)F (dy)

]M ′

≤ e−(γ/2)x

[
1 + e−2d logn

∫
eγyF (dy)

]M ′
≤ exp

{
−(γ/2)x+M ′n−2d

∫
eγyF (dy)

}
≤ C3e

−(γ/2)x,

(4.52)

we now have that (4.45) follows from (4.50), (4.44) and (4.52); and (4.46) follows from (4.45)

and by the additional estimates,

0 ≤ â0,n ≤ a0,n.
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We also have that there exists y0 such that for all y ≥ y0,

P{|a0,n − â0,n| ≥ yn log n} ≤ P{a0,n ≥ yn log n} ≤ P{a′′0,n ≥ yn log n}

≤ e−γyn logn

[∫
eγxF (dx)

]wn
≤ e−(γ/2)yn logn,

(4.53)

where we have used the fact that replacing the ti’s belonging to the optimal path with an arbitrary

set of flipping times can only increase the probability of this event.

Now we can prove (4.11). By Lemma 27 we have for x
√
n ≥ 2C4,

P{|a0,n − E[a0,n]| ≥ x
√
n} ≤ P

{
|a0,n − â0,n| ≥

x

4

√
n

}
+P

{
|â0,n − E[â0,n]| ≥ x

4

√
n

}
≤ 3 exp(−C2n) + C3 exp

(
−γ

8
x
√
n

)
+P

{
|â0,n − E[â0,n]| ≥ x

4

√
n

}
.

The first term in the right hand side is at most 3 exp(−C2x) for x ≤ n. Hence if we prove the

following, the proof of (4.11) is complete.

P

{
|â0,n − E[â0,n]| ≥ x

4

√
n

}
≤ C7 exp(−C8x/

√
log n) for x ≤ n. (4.54)

The remaining part of the proof deduces (4.54) from Theorem 8. As in (4.18)-(4.21),

â0,n − E[â0,n] =
∞∑
k=1

∆̂k

with

∆̂k = E[â0,n|Fk]− E[â0,n|Fk−1].
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Moreover,

Z0 = 0, Zl =
l∑

k=1

∆̂k, l ≥ 1,

defines a martingale. We shall now verify the hypotheses of Theorem 8 for this martingale. Note

that replacing t(vi), a0,n and ∆k by t̂(vi), â0,n and ∆̂k merely amounts to changing the distribution

F to

F̂ (x) = F (x) ∨ 1{x≥ 4d
γ

logn}.

Therefore, by (4.26), (4.24) and the definition (4.43) of t̂, we have

|∆̂k| ≤ 2 max(supp F̂ ) ≤ 8d

γ
log n.

This corresponds to (4.12) by letting

c =
8d

γ
log n.

Furthermore, by (4.37), we have

E[∆̂2
k|Fk−1] ≤

(
2

∫
x2F̂ (dx)

)
P{vk ∈ π̂n(ω)|Fk−1}

≤
(

2

∫
x2F (dx)

)
P{vk ∈ π̂n(ω)|Fk−1}.

Thus (4.13) holds with

Uk = DĴk,
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where

D = 2

∫
x2F (dx), Ĵk(w) = 1{vk∈π̂n(ω)}.

We next let C > 0 as in Proposition 3 and

x0 = n log n
2D

γC
log

{∫
eγuF (du)

}
. (4.55)

Clearly this satisfies (4.14) for sufficiently large n. Finally, we verify (4.15). We have

∞∑
k=1

Uk = D
∞∑
k=1

1{vk∈π̂(ω)}

= D|π̂n(ω)| = D × length of π̂n(ω).

(4.56)

Moreover, as in (4.47) and (4.48), we have

P{|π̂n(ω)| ≥ y} ≤ P{â0,n ≥ Cy}

+ P{∃ self-avoiding path r starting at 0

of at least y steps and with T̂ (r) < Cy}

≤ e−γCy
[∫

eγuF (du)

]wn
+ C9 exp(−C10y/(log n)C11).

(4.57)

For y ≥ x0/D and x0 as in (4.55), the right-hand side of (4.57) is at most

e−(γ/2)Cy + C9e
−C10y/(logn)C11 .

Therefore, (4.15) holds with C1 = (1 + C9) and

C2 =
γC

2D
∧ C10

D(log n)C11
.

97



Thus, by (4.17) (applied to â0,n and to −â0,n), for n ≥ 2cN , x ≤ n when N is sufficiently large,

we have

P
{
|â0,n − E[â0,n]| ≥ x

}
≤ 2C3(1 + C1)(1 +

C1

C2x0

) exp(−C4

2

x
√
x0

)

≤ exp

(
−C12

x√
n log n

)
,

which proves (4.11) for our process on Gw.

4.3 Proof of the Shape Theorem

Throughout this section, we continue working with the modified model introduced in

Section 4.2. The coupling used to obtain the final result for the original model occurs in the last

steps of the proof in this section.

Notational Conventions. Given a subset A of R2, and t ∈ R, we let tA = {ta | a ∈ A}, and

AB = {a+ b | a ∈ A, b ∈ B}. So in particular An = {a1 + . . .+ an | ai ∈ A}.

We introduce the following definition from Tessera [35] with some modifications.

Definition 27 (Strong Asymptotic Geodesicity (SAG) for E[a]) Let Q : R+ → R+ be an in-

creasing function such that

lim
α→∞

Q(α) =∞.

Let c′1 ∈ (0, c1) be a constant and let Ā(0, r) =
{
x | E[a0,x] ≤ r

}
and [Ā]t denote the t-

neighborhood of the subset Ā with respect to E[a]. E[a] is called SAG(Q) when for all in-

tegers m ≥ 1, and for all x, y ∈ Nv such that E[ax,y]/m ≥ 2c
′
1N , there exists a sequence
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x = x0, . . . ., xm = y in Nv satisfying, for all 0 ≤ i ≤ m− 1,

α

(
1− 1

Q(α)

)
≤ E[axi,xi+1

] ≤ α

(
1 +

1

Q(α)

)
, (4.58)

where α = E[ax,y]/m; and for all r ∈ [2c
′
1N , 2c2N ], we have

Ā

(
0,

(
1 +

1

Q(r)

)
r

)
⊂ [Ā(0, r)] 6r

Q(r)
. (4.59)

Proposition 4 Let t ∈ [2c1N , 2c2N ] and

A′F (0, t) = {x | a0,x ≤ t}.

Almost surely, there exists N0 ∈ N, such that for N ≥ N0, there exist a norm l∗ on R2, and c > 0,

such that,

Bl∗(0, t−N ct1/2 log3/2 t) ∩ Z2 ⊂ A′F (0, t) (4.60)

⊂ Bl∗(0, t+N ct1/2 log3/2 t).

The proof of this proposition, as outlined in Section 4.1.2, consists of two main parts. We

now start by preparing the stage for the first part of the proof.

Let d̄1 and d̄2 be the metrics defined by the expected value of first passage times in the

first and second intermediate FPPs when we choose the nodes to be on Gw defined on Z2, i.e.,

d̄1 = E[a′0,n], d̄2 = E[a′′0,n].

Let x, y denote two arbitrary nodes on Nv and dl2 denote the Euclidean metric. Since in the

modified model we are assuming that Nv is a region of expansion and there are no affected nodes
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of any type on Nv, it is easy to see that there exists c, c′ > 0 such that for sufficiently large N we

can write

dl2(x, y)/N c ≤ d̄1(0, ξ1b‖x− y‖1/N
c′c) ≤ E[ax,y]

≤ d̄2(0, ξ1d‖x− y‖1/N
c′e) ≤ N cdl2(x, y). (4.61)

Proposition 5 (Tessera – Modified) Let 2c
′
1N ≤ rw ≤ 2c2N be a sequence where c′1, c2 are as

defined before, and Nrw be a sequence of neighborhoods with radii rw centered at the origin.

Almost surely, there exists C > 0 and w0 ∈ N (hence N0 ∈ N) such that for w ≥ w0 (hence

N ≥ N0), we have

sup
x,y∈Nrw

|ax,y − E[ax,y]| ≤ Cr1/2
w log3/2 rw. (4.62)

To prove this proposition, we first need the following lemma. Let c1, c2, c
′
2 be as defined

in Section 4.1 and c ∈ [c1, c2] be a constant. Let A1 be the event that for every pair of nodes in

Nrw , the first passage time is at most 2c
′
2N . To see that this event occurs w.h.p., let x, y ∈ Nrw ,

we first note that

P (ax,y > 2c
′
2N) ≤ P (a′′x,y > 2c

′
2N),

where a′′ is the first passage time of the second intermediate FPP. Now it is easy to see that

standard concentration bounds imply that there exists a constant C ′ such that the last term in the

above inequality is at most exp(−C ′2c′2N). It follows that event A1 occurs w.h.p.

Definition 28 (Optimal Path) A path from node x to node y is called optimal if its passage time

is equal to the first passage time between these nodes.

Lemma 28 Let Nrw be a neighborhood with radius rw centered at the origin. If (2.1) and (2.3)
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hold, then conditional on event A1 as defined above, there exist constants 0 < C1, C2 <∞ such

that for all x, y ∈ Nrw

P{πx,y 6⊆ N ′rw(log rw)C1} ≤ e−C2rw , (4.63)

where πx,y denotes the optimal path between x, y and N ′
rw(log rw)C1

denotes a neighborhood with

radius rw(log rw)C1 centered at the origin.

Proof. Let n be fixed. With a bit of abuse of notation, let

a0,n := T (0∗, nξ1), πn = optimal path for a0,n.

We show that, if (2.1) and (2.3) hold, then

P{πn 6⊆ [−n(log n)C1 , n(log n)C1 ]d} ≤ 3e−C2n, (4.64)

The probability in the left-hand side of (4.64) is bounded by

P{|πn| ≥ n(log n)C1} ≤ P{a0,n ≥ an(log n)C1}

+P{∃ self-avoiding path r starting at 0

of at least n(log n)C1 steps and with T (r) < an(log n)C1}

≤ P


wn∑
i=1

ti ≥ an(log n)C1

+ C3 exp(−C4n(log n)C1/(log n)C5),

(4.65)

where C3, C4, C5 are positive constants and we have used Proposition 3. Note that the last

inequality is true for some constants C3, C4 that are independent of n.

Now we use (2.3) for the following standard large deviation estimate:
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P


wn∑
i=1

ti ≥ an(log n)C1

 ≤ e−γan(logn)C1
(
E[eγt1 ]

)wn
. (4.66)

Now, using the fact that n ≥ 2cN , for sufficiently largeN , the above expression is bounded

above by exp(−n). Now, the inequality in (4.64) follows.

Proof of Proposition 5. Let A2 denote the event that the optimal path connecting any two nodes

in Nrw is contained in N ′
rw(log rw)C1

. Using Lemma 28 this event occurs w.h.p.

Let C3 be a constant to be determined later. Let w be sufficiently large so that P (A1) is

greater than 1/2. Let w be large enough such that for ‖x − y‖ ≥ 2(c/4)N , (4.11) holds. Using

(4.11) for these nodes and standard concentration bounds for nodes such that ‖x− y‖ < 2(c/4)N it

is easy to see that for all x, y in Nrw , there exists a constant C4, such that for sufficiently large N ,

P
(∣∣ax,y − E[ax,y]

∣∣2 ≥ C3rw log3 rw

)
≤ 2 exp(−c′C4 log rw).

where c′ is the constant in (4.11). Now letting C3 = 6/c′, we have that for large enough w, all

x, y such that ‖x− y‖ < rw,

P
(∣∣ax,y − E[ax,y]

∣∣2 ≥ C3rw log3 rw

)
≤ 2r−6

w .

Hence for w large enough we have

P

(
sup

x,y∈Nrw

∣∣ax,y − E[ax,y]
∣∣2 ≥ C3rw log3 rw

)
≤ 2r−6

w |Nrw |2

≤ 16r−2
w ≤ 16w−2.

Using the second Borel-Cantelli lemma, the result follows from the fact that event V defined in
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Section 4.2 occurs w.h.p. and
∑∞

w=1w
−2 <∞.

Now let t ∈ [2c1N , 2c2N ]. It follows from Proposition 5 that almost surely there exists C ′,

such that for sufficiently large N , we have

Ā(0, t− C ′t1/2 log3/2 t) ⊂ A′F (0, t) ⊂ Ā(0, t+ C ′t1/2 log3/2 t). (4.67)

We now focus on the second part of the proof of Proposition 4.

Theorem 9 Let t ∈ [2c1N , 2c2N ]. Almost surely, there exist c > 0 and N0 such that, for every

N > N0, there exists a norm l∗ such that,

Bl∗(0, t−N ct1/2 log3/2 t) ∩ Z2 ⊂ Ā(0, t) ⊂ Bl∗(0, t+N ct1/2 log3/2 t). (4.68)

The proof of the above theorem follows from the following results. We first need the

following lemma.

Lemma 29 Consider an arbitrary 10w-neighborhood denoted byN10w in the initial configuration

of the modified model. Assume that we place an affected* block outside of N10w, and at some

time t∗ > 0 there is a θ-affected node u at the center of N10w. Then, at time t∗, w.h.p. there

exists a sequence of flips of θ-particles in N10w such that if they happen there will be a θ-affected

w-block inside N10w.

To prove the above lemma we first need the following definition.

Definition 29 (Balance Property) LetRa,b(v) ⊂ R2 denote a rectangle of sides a and b centered

at v ∈ Gw. Let I be the collection of sets of particles in the possible intersections of the

two rectangles R0.5,w1/4 and Rw1/4,0.5 with the neighborhood N10w defined above in the initial
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configuration. Namely,

I :=
⋃
v∈Gw

{
R0.5,w1/4(v) ∩N10w

}
∪
⋃
v∈Gw

{
Rw1/4,0.5(v) ∩N10w

}
.

Also, let WI be the random variable representing the number of particles in state θ̄ for all I ∈ I,

and NI be the total number of particles in I ∈ I . We say a neighborhood has the balance property

if and only if, for any ε ∈ (0, 1/2), and for all I ∈ I we have WI −NI/2 < w1/8+ε.

Proof of Lemma 29. Let A be the event that the balance property holds for N10w in the initial

configuration. With a similar argument as in Lemma 7, and since adding conditions on the

configuration of N10w in the modified model can only increase the probability of having balanced

neighborhoods, it is easy to see that A occurs w.h.p.

Now assume that the balance property holds forN10w in the initial configuration. Consider

a w-block (henceforth referred to as a block) inside N10w such that the affected node at the center

of N10w denoted by u at time t∗ is located in the lower-left corner of this block. We then partition

Gw into blocks starting from this block (see Figure 2.1). Since node u is an affected node, the

balance property in the initial configuration implies that there have been

N ′ = (1/2− τ)N + o(N)

flips in the neighborhood of u. The number of particles in this neighborhood is close to the

number of particles in four blocks, since the number of particles in a block differs from the

number of particles in a quarter of a neighborhood only by O(w). This in turn implies that there

have been N ′ p-stable particles in these blocks that have flipped, so that node u has become

affected. Let B denote the event that the sequence of flips mentioned in the statement of this

lemma exists.

Now consider the first p-stable particle in one of these four blocks located at some node u1.
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In order for this particle to become p-stable, there should have been N ′ flips of p-stable particles

in the rest of its neighborhood. The rest of the neighborhood consists of at most three quarter of a

neighborhood, so the number of particles in it is close to the number of particles in three blocks,

since the number of particles in a block differs from the number of particles in a quarter of a

neighborhood only by O(w). Next, consider the first particle that has become p-stable in one of

these three blocks (located at some node u2). With a similar argument as above, there should have

been N ′ flips of p-stable particles in the rest of the neighborhood of this particle, which again

consists of at most three blocks to make this particle p-stable. We now want to consider an event

whose occurrence will lead to u1 requiring the maximum number of flips to become affected.

Let f1, f2, and f3 denote the number of flips in each of the three blocks that happen before u1

becomes affected, respectively. Let B1 denote the event where f1 = f2 ±O(w), f2 = f3 ±O(w)

and that the l∞ distance between each pair of the nodes with one node in one of these three blocks

and the other in another one of these three blocks is maximum, and that also the l∞ distance

between each of these nodes where a flip occurs and the node u1 is also maximum.

Now, if we show that event B conditional on B1 occurs w.h.p., it is easy to see (using the

Bayes’ theorem and the FKG inequality) that event B occurs w.h.p. as well, namely

P (B) = P (B1)P

(
B
∣∣∣B1

)
+ P (BC

1 )P

(
B
∣∣∣BC

1

)
≥ P (B|B1).

To see that B conditional on B1 occurs w.h.p., we first argue that the block with the

largest number of p-stable particles in at most the three blocks comprising close to 3/4 of the

neighborhood of node u1 – except for O(w) nodes – where flips could have happened has had at

least

(1/3)N ′ + o(N ′)

p-stable particles. Let u2 be the first node in the neighborhood of u1 that has become p-stable. Let

B2 denote a similar event as B1 but for node u2. With a similar argument for the above equation,
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it is easy to see that event B has a smaller probability when event B2 occurs as well.

P (B) ≥ P

(
B
∣∣∣B1, B2

)

It is now easy to check (using similar elementary arguments as in the proof of Lemma 5

in [39]) that the flips of particles leading to node u2 becoming p-stable and the flips of particles

leading to node u1 becoming p-stable will lead to the formation of a block of affected nodes

centered at this node. Finally, combined with the fact that the balance property holds for N10w

w.h.p., the proof is complete.

Proposition 6 There exists a constant c > 0 such that for sufficiently large N , E[a] is SAG(Q)

where

Q(α) =
α1/2

N c log3/2 α
. (4.69)

Proof. Let rw = 2c
′
1N where c′1 is the constant in the definition of SAG. Let Nv be as defined in

Section 4.2. Let events A1, A2 be as defined in the proof of Proposition 5. Let A3 be the event

that the first flipping time of all the particles inside Nv is less than N2. Let tx denote the first

flipping time of particle at node x ∈ Nv. Now 2.3 implies that for sufficiently large N there exists

a constant c > 0 such that

P (tx > N2) ≤ exp(−cN2).

It follows that event A3 occurs w.h.p.

Let us define a very good block as a 10w-block that satisfies the balance property and a

very bad block as a 10w-block that does not satisfy this property. Let us divide the lattice into

10w-blocks starting from the block centered at the origin. Since each of these blocks is a very

good block w.h.p., it follows from Theorem 1 that in Nv there are no clusters of very bad blocks

with radius larger than N2 in the initial configuration w.h.p. Let us denote this event by A4.
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Conditional on this event, using Lemma 29, we can conclude that when a node becomes affected

after a time O(N3) there is an affected block in a neighborhood of radius N3 w.h.p.

Now we can conclude that the intersection of the above events occurs w.h.p. In particular,

w.h.p. we have

sup
x,y∈Nrw

∣∣ax,y − E[ax,y]
∣∣ ≤ Cr1/2

w log3/2 rw, (4.70)

the optimal path between any two nodes inside Nrw is contained in Nv, and the first flipping time

of all the particles inside Nv is less than N2.

Consider an optimal path γ between x, y where x, y ∈ Nrw . It follows that the maximum

flipping time over all the particles on γ is at most N2 w.h.p. Therefore w.h.p. one can find a node

z in γ and λ ∈ (0, 1) such that we have

∣∣λax,y − ax,z∣∣ ≤ N2,

or equivalently

∣∣(1− λ)ax,y − (ax,y − ax,z)
∣∣ ≤ N2.

Now let us denote ax,y − ax,z by a∗z,y. We now show that w.h.p.

a∗z,y ≤ az,y +N5. (4.71)

To see this, we note that the event of az,y being smaller than some value and the event of having

an affected block centered at z are both increasing in the change of a θ-particle to a θ̄-particle, so

using the FKG inequality these events are positively correlated. Now we note that since z has

become affected after ax,z, by considering an upper bound for the fliping times that consists of
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the summation of all the flipping times and using standard concentration bounds we can conclude

that after at most N5 time, w.h.p. this node will be inside an affected block and hence we can

conclude that (4.71) holds w.h.p.

Next, we show that there exists a constant c > 0 such that a∗z,y ≥ az,y −N cr
1/2
w log3/2 rw

w.h.p. To see this, first we note that due to (4.70) and (4.61) we can conclude that there exists

c′ > 0 such that there are no affected nodes of any type in Nv \ [A(x, ax,y)]Nc′r
1/2
w log3/2 rw

,

where [A]t denotes the l∞ neighborhood of A. Consider a neighborhood N (z) with radius

N c′r
1/2
w log3/2 rw centered at z. We want to argue that w.h.p. the formation of the optimal path

from x to y from the time ax,z only involves the spread of affected nodes from N (z). To see this,

assume that the spread of affected nodes started from a node z′ contained in A′(0, ax,z) \ N (z)

has also participated in the formation of the optimal path. This implies that w.h.p. there had been

a sequence of possible flips leading to a p-stable particle that was needed for the formation of the

optimal path before the spread of affected nodes from N (z) had reached this particle. However,

this implies that w.h.p. node z is not on the optimal path from x to y which is a contradiction.

Hence we can conclude that there exists c > 0 such that a∗z,y ≥ az,y −N cr
1/2
w log3/2 rw w.h.p.

Now we can conclude that there exists a constant C ′′ > 0 such that w.h.p.,

∣∣λax,y − ax,z∣∣ ≤ N2,

and

∣∣(1− λ)ax,y − az,y
∣∣ ≤ NC′′r1/2

w log3/2 rw.

Combined with (4.70) we can conclude that, w.h.p. there exists a constant D > 0 such

that for all x, y ∈ Nρ there exists a node z for which we have

∣∣λE[ax,y]− E[ax,z]
∣∣ ≤ NDr1/2

w log3/2 rw,
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and

∣∣(1− λ)E[ax,y]− E[az,y]
∣∣ ≤ NDr1/2

w log3/2 rw.

The result now follows from Propositions 3.1 and 4.1 in Sections 3 and 4 in [35].

Now, in order to use the above definition to conclude the shape theorem we need the

following result which is a modified version of Proposition 1.8 in [35].

Proposition 7 (Tessera – Modified) If E[a] is SAG(Q) with

Q(α) =
α1/2

N c log3/2 α
,

then there exists a norm l∗ on R2 and C > 0 such that for all t ≥ 2c1N , when N is sufficiently

large we have

Bl∗

(
0, t−NCt1/2 log3/2 t

)
∩ Z2 ⊂ Ā(0, t) ⊂ Bl∗

(
0, t+NCt1/2 log3/2 t

)
.

Proof. The proof is similar to the proof of Proposition 1.8 in [35], except for the fact that we

need to prove a statement similar to Lemma 5.1 in [35] for our setting (since we do not have

triangular inequality for E[a]). We want to show that there exists a constant c′′ > 0 such that for

all W ∈ N and all r/W ≥ 2c
′
1N where c′1 is the constant in the definition of SAG, and for N

sufficiently large we have,

dH

(
1

r
Ā(0, r/W )W ,

1

r
Ā(0, r)

)
≤ N c′′

Q(r/W )
,

where dH denotes the Hausdorff distance with respect to the l2 norm. We note that due to (4.58)

109



we can write

Ā(0, (1− ε)r/W )W ⊂ Ā(0, r) ⊂ Ā(0, (1 + ε)r/W )W ,

where

ε =
1

Q(r/W )

Since there exists a c′′ > 0 such that ‖x− y‖ ≤ N c′′E[ax,y] for all x, y ∈ N we have,

Ā(0, (1 + ε)r/W )W ⊂ (Ā(0, (1− ε)r/W )12εr/W )W

⊂ (Ā(0, (1− ε)r/W ))Bl2(0, 12N c′′εr/W )W

= (Ā(0, (1− ε)r/W ))WBl2(0, 12N c′′εr)

where the notation [Ā(0, r/W )]12εr/W stands for the 12εr/W -neighborhood of Ā(0, r/W ). The

rest of the proof follows from the first part of the proof of Proposition 1.8 in [35] presented in

Section 5.3.

Proof of Proposition 4. The proof follows combining Propositions 5, 6, and 7. Using Proposi-

tion 5, we can conclude that, almost surely, there exist N ′0 and C ′ > 0 such that for N > N ′0, we

have

Ā(0, t− C ′t1/2 log3/2 t) ⊂ A′F (0, t) ⊂ Ā(0, t+ C ′t1/2 log3/2 t).

Using Proposition 6 we can conclude that E[a] is SAG(α1/2/N c log3/2 α). Finally, the

proof follows from Proposition 7 with Q(t) = t1/2/N clog3/2 t when N is sufficiently large.
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Lemma 30 Let c2 < c′2 < c′′2 ∈ (c2, 0.5(1 − H(τ ′))) be constants and let u ∈ Gw, and Nρ(u)

and Nρ′(u) be two neighborhoods with radii ρ = 2c
′
2N and ρ′ = 2c

′′
2N . There exists a constant

c ∈ R+, such that for sufficiently large N , we have

P
(
T (ρ) > ρ

)
> 1− e−

√
ρ′/Nc

,

where T (ρ) is defined in (2.8).

Proof. Let x, y be two nodes on Nρ(0) and Nρ′(0) respectively such that they have the largest l∞

distance from the origin (i.e., they are on the boundaries of these neighborhoods). Let a′ denote

the first passage time between two nodes located on Z2, similar to (4.61) there exists a constant

c′ > 0 such that for sufficiently large N we can write

P
(
ax,y ≤ ρ

)
≤ P

(
a′

0,ξ1(ρ−ρ′)/Nc′ ≤ ρ
)
.

Now due to (4.61) there exists a constant c′′ > 0 such that we can write

P (ax,y ≤ ρ) ≤ P

(
a′

0,ξ1(ρ−ρ′)/Nc′ − E
[
a′

0,ξ1(ρ−ρ′)/Nc′

]
≤ ρ− ρ′ − ρ

N c′′

)
.

Now using the fact that there are less than 64ρ′2 pairs of nodes on the boundaries of Nρ(u) and

Nρ′(u) we can use the Talagrand concentration bound [36, Proposition 8.3] to conclude that there

exists a constant c > 0 such that for sufficiently large N we have

P (T (ρ) ≤ ρ) ≤ exp(−
√
ρ′/N c).

We are now ready to consider the original model introduced in this chapter and provide

the proof of Theorem 5.
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Proof of Theorem 5 (Shape Theorem). Let NN and N2N be two neighborhoods with radii N and

2N respectively that are centered at the origin. Let us form a grid of w-blocks such that we have

a block centered at the origin. Let A be the event of having a θ-affected block at the origin in the

original model. Let A1 be the event that all the blocks in N2N \ NN are good. Using Lemma 7,

A1 occurs w.h.p. Let c′2, c
′′
2 ∈ (c2, 0.5(1−H(τ ′))) be constants such that c′′2 > c′2 and let Nρ′(0)

and Nρ′′(0) be neighborhoods with radii ρ′ = 2c
′N and ρ′′ = 2c

′′N respectively. Let A2 be the

event that there are no affected nodes of any type in Nρ′′ \ N2N . By Lemma 2, A2 occurs w.h.p.

Let A3 be the event that Nρ′′ is a region of expansion. Using Lemma 6, the fact that events A and

A3 are increasing events in the change of a θ-particle to a θ̄-particle, and the FKG inequality, we

can conclude that event A3 occurs w.h.p. Let A4 be the event that, conditional on the previous

events, there are no affected nodes of any type inside Nρ′ that is due to the spread of any type of

affected node outside of Nρ′′ at any time t ≤ ρ′. Using Lemma 30, and an application of FKG

inequality, this event occurs w.h.p.

Additionally, let A5 and A′5 be the events that the sum of the first flipping times of

the particles in N2N in the original process and in the modified process will be less than
√
t

respectively where t is as defined in the statement of the theorem. Standard bounds imply that

A5 and A′5 occur w.h.p. Now, conditional on A,A1, A2, A3, A4 we can consider the following

coupling between the original model and the modified model. We assume that all the particles in

the initial configuration that are located outside N2N in both models have the same states, and

that the first flipping time of each particle in the original model is the same as the flipping time of

its corresponding particle in the modified model. Using this coupling we can conclude that there

exists c > 0 such that

P

(
AF,ρ(0, t) ⊂ Bl∗(0, t+N ct1/2 log3/2 t)

∣∣∣ A,A1, A2, A3, A4

)
≥ P

(
A′F,ρ(0, t+

√
t) ⊂ Bl∗(0, t+N ct1/2 log3/2 t)

∣∣∣ A′5) ,
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Figure 4.7: Expandable region. X1 is called a θ-expandable region if there exists a set
of flips of θ-particles inside X1 leading to a θ-affected node in X2.

and

P

(
Bl∗(0, t−N ct1/2 log3/2 t) ∩ Z2 ⊂ AF,ρ(0, t)

∣∣∣ A,A1, A2, A3, A4, A5

)
≥ P

(
Bl∗(0, t−N ct1/2 log3/2 t) ∩ Z2 ⊂ A′F (0, t−

√
t)
)
.

Since events A1, A2, A3, A4, A5, A
′
5 occur w.h.p., and according to Proposition 4, event Bl∗(0, t−

N ct1/2 log3/2 t) ∩ Z2 ⊂ A′F,ρ(0, t ±
√
t) ⊂ Bl∗(0, t + N ct1/2 log3/2 t) occurs w.h.p., hence we

can conclude that, in the original model, conditional on A, w.h.p. we have

Bl∗(0, t−N ct1/2 log3/2 t) ∩ Z2 ⊂ AF,ρ(0, t) ⊂ Bl∗(0, t+N ct1/2 log3/2 t).

4.4 Proof of the Size Theorem

Without loss of generality, we assume that the set of nodes of Gw is a subset of the nodes

on Z2 and we work with the obvious probability space. We first define the expandable region; to

do so we need the following lemma.

Lemma 31 For any c > 0, there are no clusters of bad blocks with radius greater than N3 in a
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neighborhood with radius ρ = O(2cN) in the initial configuration w.h.p.

Proof. Let p, be the probability of having a bad block, and let k = N3. By Theorem 1, it follows

that w.h.p. there is no cluster of bad blocks containing a bad block with l1-distance from its center

greater than N3 in a neighborhood with exponential radius in N .

Now divide Gw into N -blocks and consider the union of particles inside a cluster of bad

N -blocks and the set of particles outside the cluster whose l∞ distance to at least one node in the

cluster is less than or equal to N/4. Note that for sufficiently large N , the probability of having a

bad N -block is below the critical probability of percolation, and each N -block is a bad N -block

independently of the others, hence by Lemma 31, w.h.p. there is no cluster of bad N -blocks

with radius larger than N3 in a neighborhood with exponential size in N on Gw. Let X1 denote

an arbitrary set of bad N -blocks and its outer boundary as defined above such that its radius is

smaller than N3. Also, consider the set of all the particles outside X1 whose l∞ distance to at

least one particle in X1 is less than or equal to N/4 and denote it by X2.

Definition 30 (Expandable Region) X1 is called a θ-expandable region if there exists a set of

flips of θ-particles inside X1 leading to a θ-affected node in X2 (see Figure 4.7). It is noted that if

X1 is not an expandable region, the possible spread of θ-affected nodes started in it will die out

before reaching X2. The center of an expandable region is the node at the center of the smallest

neighborhood that contains the expandable region.

Remark 6 It is noted that there is a difference between an expandable region and an expandable

radical region described in Definition 17. While an expandable radical region is a radical region

that can make a Nw/2-neighborhood monochromatic, an expandable region is capable of starting

the spread of affected nodes beyond a “local” region as mentioned in the following lemma.

We now want to argue about the distance of the closest expandable region to the origin.
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The following lemma shows how far the closest expandable region to the origin can be. We show

this by establishing a relationship between radical regions and expandable regions. The following

lemma exploits the fact that the closest radical region to the origin is also an expandable region

w.h.p.

Lemma 32 Let ε > 0 and ε′ > f(τ) as defined in (4.8). W.h.p. the l∗-distance of the origin from

the node at the center of the closest expandable region in the initial configuration that can make

the origin affected is at most

ρ = 20.5(1−H(τ)+ε)(1+ε′)2N .

Proof. Consider a neighborhood with radius 20.5(1−H(τ)+ε/2)(1+ε′)2N centered at the origin. Using

Lemma 11, w.h.p. there exists a radical region in this neighborhood. Using Lemma 13 a radical

region is expandable w.h.p. Using Lemma 31, w.h.p. there is no cluster of bad blocks with radius

larger than N3 in a neighborhood with radius ρ centered at the origin in the initial configuration.

This implies that the expandable radical region is not surrounded by bad blocks that can potentially

stop its spread. Now consider a neighborhood with radius 3N3 centered at the center of the radical

region. Since the event of having an expandable radical region at the center of this neighborhood

and the event of this region being a region of expansion are both increasing events in the change

of a θ-particle to a θ̄-particle, by an application of FKG inequality [40] and using Lemma 6 this

neighborhood is a region of expansion w.h.p. Now, since the expandable radical region can turn

the entire region of expansion monochromatic, this implies that this region is an expandable

region and this completes the proof.

The following lemma shows that in the initial configuration w.h.p. there is no part of an

expandable region in an annulus around the origin whose width is ρ′.

Lemma 33 Let ε > 0 and ε′ > f(τ) as defined in (4.8). W.h.p. there is no node that belongs to
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an expandable region in

Bl∗(0, ρ+ ρ′) \Bl∗(0, ρ),

for

ρ = 20.5(1−H(τ)+ε/2)(1+ε′)2N ,

ρ′ = 2(1−H(τ)−ε)(1−0.5(1+ε′)2)N+o(N).

Proof. By Lemma 31, w.h.p. there is no cluster of bad blocks with radius larger than N3 in a

neighborhood with radius 2(ρ+ ρ′) centered at the origin in the initial configuration. Also, for

large N we have,

Number of nodes in Bl∗(0, ρ+ ρ′ + 2N3) \Bl∗(0, ρ) ≤ 8ρρ′.

Also, if we have

Number of nodes in Bl∗(0, ρ+ ρ′ + 2N3) \Bl∗(0, ρ) = 2(1−H(τ)−ε)N+o(N),

then w.h.p. there will be no location inside Bl∗(0, ρ+ ρ′ + 2N3) \Bl∗(0, ρ) for which a particle

would be p-stable. Here we have used the fact that (H(τ) − H(τ ′′)) = o(1), and the fact that

having a p-stable particle is a necessary condition for having an expandable region.

The following lemma shows that w.h.p. an expandable region can lead to the formation of

a θ-affected w-block.

Lemma 34 W.h.p. there exists a sequence of possible flips in X1∪X2 that can lead to a θ-affected

w-block centered in X1.
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Proof. Since X1 is an expandable region, there exists a sequence of flips leading to a new affected

node inside a good N/4-block. By coupling with our modified model and using Lemma 29 we

can conclude that, w.h.p. there exists a sequence of possible flips in the N/4-block that can lead

to a monochromatic w-block in it. Now with an application of Lemma 6 and using the fact that

the event of having X1 ∪ X2 inside a N3-block and the event of having that block being a region

of expansion are positively correlated, we can conclude that the latter event occurs w.h.p. and this

completes the proof.

We are now ready to begin the proof of Theorem 6.

Proof of Theorem 6. We first show that the size of the largest monochromatic ball is at least

exponential in N w.h.p. Let ε′ > f(τ) with f(τ) as defined in (4.8), and ε′′ > 0, such that

a(τ)− ε ≤
(
1−H(τ)− ε′′

) (
2− (1 + ε′)2

)
,

b(τ) + ε ≥
(
1 + ε′

)2
(1−H(τ) + ε′′).

Let t∗ = 2(a(τ)+ε)N . We wish to show that for all t ≥ t∗,

Mt ≥ 2(a(τ)−ε)N w.h.p.

By Lemma 31, w.h.p. there is no cluster of bad blocks with radius larger than N3 in a neighbor-

hood with radius 2N centered at the origin in the initial configuration (event A0).

Let

ρ = 20.5(1−H(τ)+ε′′/2)(1+ε′)2N ,

ρ′ = 2(1−H(τ)−ε′′)(1−0.5(1+ε′)2)N+2 log2N ,

ρ′′ = 2(1−H(τ)+ε′′)((1+ε′)2−1)N ,
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We let N be sufficiently large so that there exists a norm l∗ and C > 0 such that (4.60)

in Proposition 4 is satisfied for t = ρ′1/3. We also assume that N is sufficiently large, such that

ρ′/N > w3, LL′ < ρ′/4− ρ′1/3 − (N4 +N)ρ′′ −N where

L =

⌈
ρ

ρ′/4− 2NC
√
ρ′ log3/2 ρ′ −N

⌉
,

L′ =
⌈
2NC

√
ρ′ log3/2 ρ′ +N

⌉
.

Let the closest expandable region to the origin in the l∗ norm be a θ-expandable region

and let Nρ′/4 be a neighborhood at the origin with radius ρ′/4, now let

T (ρ′/4) = inf

{
t
∣∣∣ ∃ a θ̄-affected node in Nρ′/4

}
,

A =
{

The origin is contained in a firewall of radius ρ′/N before T (ρ′/4)
}
.

We now want to show

A occurs w.h.p. (4.72)

To show this, we condition A on a few events that we show to occur w.h.p. and argue that since

event A conditional on these events also occurs w.h.p., A occurs w.h.p.

Let X denote the l∗-distance from the origin to the closest node in an expandable region,

that without loss of generality, we have assumed to be of type θ. Let

A1 = {X ≤ ρ, at t = 0} ,

A2 =
{
@ a θ̄-expandable region in Bl∗(0, X + ρ′) \Bl∗(0, X) at t = 0

}
.

Consider an l∗-ball of radius ρ. According to Lemma 32, w.h.p. there is an expandable
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Figure 4.8: W.h.p. the closest expandable region to the origin will not be farther than ρ
with respect to the l∗-norm.

region in this ball (see Figure 4.8). This implies

A1 occurs w.h.p.

Using the fact that the existence of a θ-expandable region in Bl∗(0, X + ρ′) \Bl∗(0, X) can only

increase the probability of event A2 (since they are both increasing events in the change of a

θ-particle to a θ̄-particle, by an application of FKG inequality [40] for the initial configuration

they are positively correlated), and the fact that conditional on event A1, event A2 would have the

smallest probability when X = ρ (since it implies having an annulus with the largest area), we let

A′2 =
{
@ a θ̄-expandable region in Bl∗(0, ρ+ ρ′) \Bl∗(0, ρ) at t = 0

}
,

and by an application of FKG inequality [40] for the initial configuration we have

P (A2) ≥ P

(
A2

∣∣∣ A1

)
P (A1) ≥ P

(
A2

∣∣∣X = ρ

)
P (A1) ≥ P (A′2)P (A1).

Using Lemma 33, event A′2 occurs w.h.p., hence we have

A2 occurs w.h.p.
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Figure 4.9: The gradual spreads of affected nodes from the expandable region towards
the origin in time intervals of ρ′/4. After each time interval, all the nodes inside the
corresponding l∗-ball of radius ρ′/4− o(ρ′) will be affected.

Now consider the line segment from the center of the closest expandable region to the

origin. Let N denote the set of particles such that their l∗-distances from at least one point on the

line segment is less than or equal to 2N c′ρ′ where c′ is the constant C1 in Lemma 28. Let

A3 =
{
@ a θ̄-affected node in N and it is a region

of expansion at t = 0 } .

Since event A3 has the smallest probability when X = ρ (again, since this will lead to

having the largest area for N ), and since the existence of an expandable region can only increase

the probability of this event, using FKG inequality and with an application of Lemma 1 and

Lemma 6, we can conclude that

A3 occurs w.h.p.

We define the spread of affected nodes as the supremum of the l∗-distances of affected

nodes on paths that start from a given node and that have at most a given first passage time. We

are now going to consider a sequence of gradual spreads of the affected nodes first starting from

the expandable region and thereafter from the node at the center of an affected block with smallest

l∗-distance towards the origin in ρ′/4 time intervals (see Figure 4.4).
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To consider the spread of the θ-affected nodes we first notice that using Lemma 34, w.h.p.

there exists a sequence of less than N4 flips that can create a θ-affected w-block centered at the

center of the expandable region. Let us denote this event by A4. Hence we have

A4 occurs w.h.p.

Let TN denote the time it takes until N4 flips occur one by one. Let A′5 = {TN < ρ′1/3}. Standard

concentration bounds imply that there exist c > 0 such that this event occurs with probability

at least 1 − exp(−cρ′1/3). Let A5 denote the event that the time that it takes until we have a

θ-affected block inside the expandable region is less than ρ′1/3. We have

P (A5) ≥ P
(
A′5
)
≥ 1− exp

(
−cρ′1/3

)
.

Hence we have

A5 occurs w.h.p.

Let A6 denote the event of having less than ρ′′ affected nodes of each type in the l∗-ball of

radius ρ. Standard concentration bounds imply that this event also occurs w.h.p., hence we have

A6 occurs w.h.p.

Now, since we know that w.h.p. there is no θ̄-expandable region inside Bl∗(0, ρ+ ρ′), this implies

that the spread of θ̄-affected nodes is going to die out quickly in this ball and there will not be any

spreads of θ̄-affected nodes beyond a radius of O(N3) from any of the θ̄-affected nodes. Hence,

we will consider the possible spread of θ̄-affected nodes from expandable regions outside of

Bl∗(0, ρ+ ρ′) towards the origin. In order to compute a lower bound on the time of the spread of
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these θ̄-affected nodes, we proceed as follows. We observe that there are at most ρ′′ affected nodes

in Bl∗(0, ρ+ ρ′) w.h.p, therefore if we remove a set of annuli centered at the origin from this ball

such that each annulus contains at least one affected node of any type along with the possible

clusters of bad blocks corresponding to that affected node and also a margin of good blocks

around these clusters, we would have a ball of radius at least ρ+ ρ′ − (N4 +N)ρ′′. Furthermore,

we argue that since the event of having larger spreads of θ̄-affected nodes in a given time interval

and the event of having this ball being a region of expansion of type θ̄ are both increasing in the

change of a θ̄-particle to a θ-particle, by assuming that this ball is a region of expansion of type θ̄

we would get a lower bound on the time of the spread of the θ̄-affected nodes. Hence, from this

point forward, to consider the spread of θ̄-affected nodes towards the origin we consider the ball

Bl∗(0, ρ + ρ′ − (N4 + N)ρ′′) and assume it is a region of expansion and does not contain any

affected nodes.

Let A7 denote the event that the l∗ radius of the spread of the θ̄-affected nodes in a time

interval of ρ′1/3 – that conditional on Ai, i = 1, 2, . . . , 6 is at most needed for the formation

of the θ-affected w-blocks in the first gradual spread (as described above) – is less than ρ′1/3 +

NCρ′1/6 log3/2 ρ′ in the l∗ norm in all directions in the annulus around the origin. To show that

this event occurs w.h.p. we consider the l∗-ball Bl∗(0, ρ + ρ′ − (N4 + N)ρ′′) described above.

By coupling with our modified model, it follows from the proof of Proposition 4 and Theorem 5

that the l∗ radius of the spread of any set of θ̄ expandable region adjacent to this ball inside this

ball will be less than ρ′1/3 +NCρ′1/6 log3/2 ρ′, hence we can conclude that

A7 occurs w.h.p.

Now let A8 denote the event that the origin is contained in a w-block of θ-affected nodes

before there are any θ̄-affected nodes in an l∗-ball with radius ρ′/2 around the origin. To show

that this event occurs w.h.p. we consider L time intervals of size ρ′/4 and argue that, first of all, in
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every one of these time intervals the spread of θ-affected nodes from the closest θ-affectedw-block

towards the origin (first started from the expandable region) is at least ρ′/4−NC(ρ′)1/2 log3/2 ρ′.

To see this, consider a line segment of length ρ and let N ′ denote the set of particles such

that their l∗-distances from at least one point on the line segment is less than or equal to N c′ρ′

where c′ is the constant C1 in Lemma 28. We argue that not having θ-affected nodes in N ′,

and having smaller spreads in a given time interval in this neighborhood are both increasing

events in the change of a θ̄-particle to a θ-particle hence using the FKG inequality they are

positively correlated. Let us consider a neighborhood with the shape of N ′ that does not contain

any affected nodes and is a region of expansion. By coupling with our modified model, it

follows from the proof of Proposition 4 and Theorem 5 that the spread of an affected block in

this neighborhood will be at least ρ′/4 − NC(ρ′)1/2 log3/2 ρ′. It follows that all the spreads of

θ-affected nodes started by the expandable region towards the origin during each interval will be

at least ρ′/4−NC(ρ′)1/2 log3/2 ρ′.

We now show that the possible spreads of θ̄-affected nodes started from outside of

Bl∗(0, ρ + ρ′ − w) are not going to reach or in any way interfere with any of these spreads

of θ̄-affected nodes and will not reach the Bl∗(0, ρ
′/2) before having the origin contained in

a θ-affected w-block (see Figure 4.9). To show this, since we are conditioning on events Ai,

i = 1, 2, . . . , 7, and since LL′ < ρ′/4 − ρ′1/3 − (N4 + N)ρ′′ − N it suffices to show that the

spreads of θ̄-affected nodes started from outside Bl∗(0, ρ+ρ′− (N4 +N)ρ′′−ρ′1/3−N cρ′′−N)

which does not contain any affected nodes and is assumed to be a region of expansion in every

time interval of size ρ′/4 is at most ρ′/4 + NC(ρ′)1/2 log3/2 ρ′, which guarantees that not only

these spreads will not interfere with the spreads of θ-affected nodes but also they will not reach

Bl∗(0, ρ
′/2) before having the origin contained in a θ-affected w-block. By coupling with our

modified model, it follows from the proof of Proposition 4 and Theorem 5 that this event also
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occurs w.h.p. Hence we can conclude that

A8 occurs w.h.p.

This also implies that by the time the origin is contained in a θ-affected w-block, the

θ̄-affected nodes are still in l∗-distance of more than ρ′/2 from the origin w.h.p.

Now let r be proportional to ρ′/N . Let us denote the event that the time it takes until

a number of affected nodes equal to the number of all the particles in a firewall with radius r

centered at the origin and a line of width 2
√
N from the origin to the firewall make a flip one

by one being smaller than ρ′/4 by A′9 (see Figure 4.10). Standard concentration bounds imply

A′9 occurs w.h.p.

Let A9 denote the event that this firewall is formed in a time interval smaller than ρ′/4.

We have P (A9) ≥ P (A′9) and since A′9 occurs w.h.p. we have

A9 occurs w.h.p.

With a similar argument for event A8, w.h.p. the spreads of all the possible θ̄-affected

nodes will be smaller than ρ′/3 for this interval (event A10). Hence, we have

A10 occurs w.h.p.

Finally we can write

P (A) ≥ P

(
A
∣∣∣ A0, A1, . . . , A10

)
P (A0 ∩ A1 ∩ . . . ∩ A10),
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Figure 4.10: Formation of a firewall around the origin.

hence, we have that

A occurs w.h.p.

Now, using Lemma 6 w.h.p. the interior of the firewall is a region of expansion in the initial

configuration and since w.h.p. only θ-affected nodes have reached this region by the time of the

formation of the firewall, it is still a region of expansion for the state θ̄. Now, since the sum of the

times of the gradual spreads, formation of the firewall, and the time that it takes until the interior

of the firewall becomes monochromatic (by a standard concentration bound) is less than t∗ w.h.p.,

for all t ≥ t∗ it will be monochromatic w.h.p. and this proves the lower bound.

Next, we show the corresponding upper bound. Consider four neighborhoods with radius

N(ρ+ ρ′) such that each of them shares the origin as a different corner node. Divide the union of

these neighborhoods into neighborhoods of radius ρ + ρ′ in an arbitrary way and consider the

nodes at the center of each of these neighborhoods. Now using the above result we have that for

t ≥ t∗, w.h.p., all these central nodes will have a monochromatic balls of size at least 2a(τ)−εN .

Also it is easy to see that for t ≥ t∗, w.h.p. all the four neighborhoods defined above will have

particles with exponentially large monochromatic balls of both states. This implies that for all

t ≥ t∗ the size of the monochromatic ball located at the origin is at most 4N2(ρ+ ρ′)2.
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4.4.1 Extension to Intolerance Parameters Larger than One-Half

As mentioned before, while for τ < 1/2 unstable particles are also p-stable, for τ > 1/2

this is not the case. Let τ̄ = 1 − τ + 2/N . A p-stable particle of type θ is a particle for which

W < τ̄N where W is the number of θ particles in its neighborhood. The reason for adding the

term 2/N in the definition is to account for the strict inequality that is needed for being p-stable

and the flip of the particle at the center of the neighborhood which adds one particle of its type to

the neighborhood. All our results can be easily extended for τ > 1/2 using τ̄ defined above. For

example, a radical region in this case is a neighborhood NS of radius S = (1 + ε′)w such that

WS < τ̄ ′(1 + ε′)2N , where ε ∈ (0, 1/2) and

τ̄ ′ =

(
1− 1

τ̄N1/2−ε

)
τ̄ .

By replacing τ with τ̄ , it can be checked that all proofs extend to the interval 1/2 < τ < 1− τ∗

for the shape theorem and the interval 1/2 < τ < 1− τ ∗ for the size theorem.

4.5 Summary

In this chapter, we provide two key theorems for our interacting particle system located on

a flat torus or on Z2. While most of the previous theoretical developments for this process focus

on its final or limiting configuration, our shape theorem provides a first-order characterization of

the geometry of “affected nodes” at any time during the evolution phase. Our second theorem

provides the first result for the size of the largest monochromatic ball of any node in the final

configuration, for a given interval of the intolerance parameter. Along the way, we also provided a

tight concentration bound for the spreading time of the affected nodes. As we will see in the next

chapter, the interval of τ leading to exponential monochromatic balls can be further improved,

using more complex geometric constructions. Also, we only discuss the existence of an l∗ norm
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for the shape theorem while simulations suggests an Euclidean norm and this remains to be

proven. Another direction of further study could be the investigation of how the parameter of the

initial distribution of the agents influences the formation of monochromatic balls, since it is only

known that a single monochromatic ball occurs w.h.p. for τ = 1/2 and p ∈ (1− ε, 1), while our

results are limited to the case p = 1/2. Finally, we point out that for τ = 1/2 the behavior of the

model is unknown.
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Chapter 5

Improving the Intolerance Intervals and

Size Bounds

In previous chapters we show that if the intolerance parameter of the model τ ∈ (≈

0.488,≈ 0.512) \ {1/2}, then for a sufficiently large neighborhood of interaction N , any particle

will end up in an exponentially large monochromatic region w.h.p.

In this chapter, we not only extend the above result to the interval τ ∈ (≈ 0.433,≈

0.567) \ {1/2}, but also, improve the bounds on the size of the monochromatic ball exponentially.

Furthermore, similar to the previous chapter we show that when particles are placed on the infinite

lattice Z2 rather than on a flat torus, for the values of τ mentioned above, sufficiently large N ,

and after a sufficiently long evolution time, any particle is contained in a large monochromatic

ball of size exponential in N , w.h.p.
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5.1 Overview of the Main Results

To state the results, we let ε ∈ (0, 0.1) , and τ ∗∗ ≈ 0.433 be the minimum value of τ that

satisfies

(3/2 + g(τ))2τ

4
N +

1

2

(
1− (3/2 + g(τ))2

4

)
N − τ(0.265)2N < τN, (5.1)

3

4

(
1−H

(
4

3
τ

))
−max{3

2
log2(ρ), 2 log2(ρ′)} < 0, (5.2)

0.5 log2(ρ)− log2 ρ
′ < 0, (5.3)

log2(ρ′′)− log2(ρ′) < 0, (5.4)

where

g(τ) =
(694τ + 800(((2τ − 1)(409τ − 20000))/80000)1/2 − 347)

200(6τ + 1)
, (5.5)

ρ = 20.5(1−H(τ)+ε/2)(1+g(τ))2N , (5.6)

ρ′ = 2(1−H(τ)−ε)(1−0.5(1+g(τ))2)N+2 log2N , (5.7)

ρ′′ = 2(1−H(τ)+ε)((1+g(τ))2−1)N , (5.8)

H(τ) = −τ log2(τ)− (1− τ) log2(1− τ). (5.9)

Theorem 10 (Size Theorem —Final Configuration) For all τ ∈ (τ ∗∗, 1− τ ∗∗) \ {1/2}, let

a(τ) =
(
1−H(τ)

) (
2− (1 + g(τ))2

)
,

and

b(τ) =
(
1 + g(τ)

)2 (
1−H(τ)

)
.
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For all ε > 0, w.h.p. we have

2(a(τ)−ε)N ≤M ≤ 2(b(τ)+ε)N . (5.10)

The numerical values for a(τ) and b(τ) derived in the proof of the above theorem are

plotted in Figure 5.1. For τ ∈ (τ ∗∗, 1− τ ∗∗) \ {1/2}, as the intolerance gets farther from one half

in both directions, larger monochromatic regions are formed w.h.p.

5.1.1 The Infinite Lattice Case

We can consider similar dynamics occurring on the infinite lattice Z2 instead of the finite

torus T2. Using Theorem B3 of [10, p. 3] it is easy to verify that the process on Z2 exists, and is

unique, and is a Feller Markov process on {θ, θ̄}Z2 . The following result follows from the proof

of Theorem 10.

Theorem 11 (Size Theorem —Infinite Lattice) For all ε > 0, τ ∈ (τ ∗∗, 1 − τ ∗∗) \ {1/2}, let

a(τ) and b(τ) be as defined above, and t∗ = 2(a(τ)+ε)N . For all t ≥ t∗, w.h.p. we have

2(a(τ)−ε)N ≤Mt ≤ 2(b(τ)+ε)N . (5.11)

5.1.2 Proof Outline

We now provide an informal outline of the proof explaining the main differences compared

to previous results. While the general strategy resembles the one of previous chapter, the main

step of the proof is fundamentally different. First, let us review the general strategy. We show

that while the spread of the θ-affected nodes (i.e., nodes on which a θ-particle would be unstable)

reaches the origin, the θ̄-affected nodes are still at distances at least exponential in N from the

origin. Once the origin is reached, the p-stable particles around it will w.h.p. lead to the formation
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Figure 5.1: Exponent multipliers a(τ) and b(τ) for the lower bound and upper bounds
on the size of the monochromatic region.

Figure 5.2: The spread of affected nodes from the expandable region towards the origin.

of an exponentially large “firewall” that is indestructible by other spreading processes. The

interior of this firewall will then become monochromatic, so that eventually there will be w.h.p.

an exponentially large monochromatic region around the origin.

The main difference between the proof provided here and the one in the previous chapter

(in particular the one in [41]) is that instead of considering the spreading of affected nodes towards

the origin in multiple stages – which leads to a large aggregated error term – we consider the

optimal sequence of flips reaching the origin in one spreading of affected nodes. This leads to

more refined expressions, and is possible thanks to improved bounds, improved geometrical
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constructions, and several other variations that we describe throughout this chapter.

To elaborate on the general strategy, we define an expandable region, that is composed

of a local configuration of particles and a possible set of flips inside it, that can lead to at least

one new affected node outside of it. We consider the expandable region closest to the origin in a

norm l∗ – whose existence is proved using results from [41] and is used for describing the spread

of affected nodes – and denote its type by θ. We denote its l∗-distance to the origin by X , and

consider an l∗-ball of radius X at the origin. We then argue that, since there are no expandable

regions in this ball, any spreading of affected nodes inside this ball dies out quickly, while the

expandable region starts a spreading of θ-affected nodes towards the origin w.h.p. We then find

an upper bound X ≤ ρ, where ρ = ρ(τ,N) is improved compared to previous results, and that

holds w.h.p. We then choose ρ′ = ρ′(τ,N) such that w.h.p there is no θ̄-expandable region inside

the annulus Bl∗(0, X + ρ′) \ Bl∗(0, X). We consider the worst case X = ρ and argue that the

possible spreads of the θ̄-affected nodes from outside Bl∗(0, ρ+ ρ′) are not going to disrupt the

spread of the expandable region at distance ρ towards the origin, see Figure 5.2.

In contrast to the proof in [41], leveraging the new results provided here, and instead of

considering gradual spreads of the expandable region in separate time intervals of ρ′/4 towards

the origin, we argue that the optimal sequence of flips reaching the origin is going to be close to a

straight line connecting the two points and these flips are not going to be affected by the spread

of θ̄-affected nodes (by looking at this “one shot” spread of affected nodes in ρ′/4 time intervals).

We then show that the origin is quickly surrounded by an exponentially large firewall while any

spreading of affected nodes started from outside Bl∗(0, ρ + ρ′) is still at large distances from

it. This firewall is an indestructible monochromatic annulus which isolates the origin from the

outside flips, see Figure 5.3. It will thus protect the cascading process which w.h.p. leads to the

formation of a monochromatic region of size exponential in N containing the origin. This shows

that the lower bound occurs w.h.p. To see that the upper bound also occurs w.h.p. we note that

in a sufficiently large exponential size neighborhood around the origin, w.h.p. the origin will be
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Figure 5.3: A firewall formed around the origin.

surrounded by exponentially large monochromatic regions of particles in both states protected by

firewalls. Thanks to the results of this chapter, the bounds that we achieve here are exponentially

tighter than the ones in previous chapter.

Throughout this chapter, as usual, we focus on the case where τ < 1/2. The results for

τ > 1/2 follow by a simple symmetry-like argument provided in Section 5.4.1.

5.2 Preliminary Results

In this section we prove the following key lemma that plays an important role in extending

the interval of τ .

Lemma 35 For all ε′ > g(τ), where g(τ) is as defined in (5.5), there exists w.h.p. a sequence

of at most (w + 1)2 possible flips in N(1+ε′)w such that if they happen before T (ρ), then all the

particles inside Nw/2 will become of type θ̄.

Proof. Let ε ∈ (0, 1/2), ε′′ = 0.265. Let us denote the neighborhoods with radii ε′w, ε′′w and

co-centered with the radical region by Nε′w,Nε′′w respectively (see Figure 5.4). By Lemma 9,

with probability at least 1− e−O(N2ε) there are at least bτε′2N −N2εc particles in state θ inside

Nε′w such that all of them are p-stable. Also using Proposition 1 there are a total of at least

bτε′′2N −N2εc p-stable particles in Nε′′w. Next, we show that if the p-stable particles in Nε′w

flip before T (ρ), all the particles inside the neighborhood Nε′′w will be p-stable w.h.p. and then
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Figure 5.4: Regions discussed in Lemma 35. Nε′w is a p-stable region w.h.p., the
dashed box isNw/2, u is a corner particle inNw/2, and finallyN (u) is the neighborhood
of particle u.

if these p-stable particles make a flip before T (ρ) as well, then all the particles in Nw/2 will be

p-stable w.h.p. which gives the desired result.

First, we notice that if there is a flip of a p-stable θ particle in Nρ \ Nw/2 it can only

increase the probability of the existence of the sequence of flips we are looking for, hence

conditioned on having these flips before T (ρ), the worst case is when these flips occur with the

initial configuration of Nρ \ Nw/2. Since a corner particle in Nε′′w shares the least number of

particles with the radical region, it is more likely for it to have the largest number of θ̄ particles in

its neighborhood compared to other particles in Nε′′w. Hence, as a worst case, we may consider a

corner particle in Nε′′w which is co-centered with the radical region.

Let us assume that ε′ ∈ (0, 0.265), in this case Nε′w is completely contained in the

neighborhood of each of the particles in Nε′′w. Let us denote the neighborhood shared between

the neighborhood of the particle u at the corner of Nε′′w and the radical region by N ′′(u). Also,

let us denote the scaling factor corresponding to this shared neighborhood by γ′′. We have

γ′′ =
(2 + ε′ − ε′′)2

4(1 + ε′)2
±O

(
1√
N

)
.

By Proposition 1 it follows that with probability at least 1− e−O(N2ε) there are at most

(2 + ε′ − ε′′)2τ

4
N + o(N),
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particles of type θ in N ′′(u). Hence, we can conclude that, for any particle in Nw/2, w.h.p., there

are at most this many θ particles in the intersection of the neighborhood of this particle and the

radical region.

Also, using Lemma 36, with probability at least 1− e−O(N2ε) we have at most

1

2

(
1− (2 + ε′ − ε′′)2/4

)
N + o(N),

particles of type θ in the part of the neighborhood of the corner particle u in Nε′′w that is also not

in the radical region. Combining the above results, we can conclude that with probability at least

1− e−O(N2ε) there are at most

(2 + ε′ − ε′′)2τ

4
N +

1

2

(
1− (2 + ε′ − ε′′)2τ

4

)
N + o(N),

particles of type θ in the neighborhood of a particle in Nw/2. Let us denote this event for the

corner particle u by A1. Let us denote the events of having at most this many θ particles in the

neighborhoods of other particles in Nw/2 by A2, ..., A|Nw/2|, where |Nε′′w| denotes the number of

particles in Nε′′w. We have

P (A1 ∩ ... ∩ A(w+1)2) ≥ 1− P (AC1 ∪ ... ∪ AC|Nε′′w|)

≥ 1− (w + 1)2P (AC1 )

≥ 1− e−O(N2ε).

The goal now is to find the range of ε′ for which Nε′w is large enough that once all of its

p-stable particles flip, all the particles in Nε′′w become p-stable w.h.p. It follows that we need

(2 + ε′ − ε′′)2τ

4
N +

1

2

(
1− (2 + ε′ − ε′′)2

4

)
N − τε′2N + o(N) < τN,
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Figure 5.5: The infimum of ε′ to potentially trigger a cascading process. The value of
g(τ) is much smaller than the function f(τ) introduced in Chapter 2.

to hold w.h.p. Dividing by N , and letting N go to infinity, after some algebra it follows that

ε′ >
(694τ + 800(((2τ − 1)(409τ − 20000))/80000)1/2 − 347)

200(6τ + 1)
= g(τ), (5.12)

where g(τ) < 0.265 for τ ∈ (τ ∗∗, 1/2), as desired. Now we need to make sure that once all the

p-stable particles in Nε′′w make a flip, all the θ̄ particles in the Nw/2 are going to be p-stable.

Similar to the above argument, we need to have

(3/2 + ε′)2τ

4
N +

1

2

(
1− (3/2 + ε′)2

4

)
N − τε′′2N + o(N) < τN,

which is true for τ ∈ (τ ∗∗, 1/2), as desired.

The function g is plotted in Figure 5.5. The following lemma, which is Lemma 20 in [39],

gives a lower bound and an upper bound for the probability that an arbitrary neighborhood with

the size of a radical region is a radical region in the initial configuration.
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5.3 Key Intermediate Results

In this section in addition to reviewing some of the previous key results related to the

modified model defined in Section4.2.2, we provide new definitions and results that play key

roles in the proof of the main results. Throughout this section, we consider positive constants

c′1 < c1 < c2 < c′2 < 0.5(1−H(τ ′)).

We recall the following definition from Tessera [35] with some modifications which was

also mentioned in the previous chapter.

Definition 31 (Strong Asymptotic Geodesicity (SAG) for E[a]) Let Q : R+ → R+ be an in-

creasing function such that

lim
α→∞

Q(α) =∞.

Let c′1 ∈ (0, c1) be a constant and let Ā(0, r) =
{
x | E[a0,x] ≤ r

}
and [Ā]t denote the t-

neighborhood of the subset Ā with respect to E[a]. E[a] is called SAG(Q) when for all in-

tegers m ≥ 1, and for all x, y ∈ Nv such that E[ax,y]/m ≥ 2c
′
1N , there exists a sequence

x = x0, . . . ., xm = y in Nv satisfying, for all 0 ≤ i ≤ m− 1,

α

(
1− 1

Q(α)

)
≤ E[axi,xi+1

] ≤ α

(
1 +

1

Q(α)

)
, (5.13)

where α = E[ax,y]/m; and for all r ∈ [2c
′
1N , 2c2N ], we have

Ā

(
0,

(
1 +

1

Q(r)

)
r

)
⊂ [Ā(0, r)] 6r

Q(r)
. (5.14)

Proposition 8 There exists a constant c > 0 such that for sufficiently large N , E[a] is SAG(Q)
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in Nρ where ρ = 2c2N and

Q(α) =
α1/2

N c log3/2 α
. (5.15)

The following proposition plays a key role in the proof of the main result.

Theorem 12 Let c′1 ∈ (0, c1) be a constant. Almost surely, for all x, y ∈ Nv such that ax,y/m ≥

2c
′
1N , there exists a sequence x = x0, ...., xm = y inNv (the same sequence as in the definition of

SAG) satisfying, for all 0 ≤ i ≤ m− 1, a constant c > 0, and w0 ∈ N (hence N0 ∈ N) such that

for w ≥ w0 (hence N ≥ N0), we have

α

(
1− N c

Q(α)

)
≤ axi,xi+1

≤ α

(
1 +

N c

Q(α)

)
, (5.16)

where α = ax,y/m; and for r ≥ 2c
′
1N .

To prove the above result we need also the following result which was proved in the

previous chapter and that we recall for the sake of readability.

Proposition 9 (Tessera – Modified) Let 2c
′
1N ≤ rw ≤ 2c2N be a sequence where c′1, c2 are as

defined before, and Nrw be a sequence of neighborhoods with radii rw centered at the origin.

Almost surely, there exists C > 0 and w0 ∈ N (hence N0 ∈ N) such that for w ≥ w0 (hence

N ≥ N0), we have

sup
x,y∈Nrw

|ax,y − E[ax,y]| ≤ Cr1/2
w log3/2 rw. (5.17)

Proof of Theorem 12. Using Proposition 9 we can conclude that almost surely, there exists

C,C ′ > 0 and N0 ∈ N such that for N ≥ N0

sup
x′,y′∈Nv

|ax′,y′ − E[ax′,y′ ]| ≤ C2c
′
2N/2NC′ .
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The result now follows by combiding the above equation with (5.13).

We also recall the following proposition which is a restatement with slight modifications of

Proposition 1 in [41].

Proposition 10 Let t ∈ [2c1N , 2c2N ] and

A′F (0, t) = {x | a0,x ≤ t}.

Almost surely, there exists N0 ∈ N, such that for N ≥ N0, there exist a norm l∗ on R2, and c > 0,

such that,

Bl∗(0, t−N ct1/2 log3/2 t) ∩ Z2 ⊂ A′F (0, t) (5.18)

⊂ Bl∗(0, t+N ct1/2 log3/2 t).

5.4 Proof of the Main Result

Without loss of generality we assume that the set of nodes of Gw is a subset of the

nodes on Z2 and we work with the obvious probability space. We first recall the definition of

the expandable region. To do so, we re-normalize Gw into N -blocks and consider the union

of particles inside a cluster of bad N -blocks and the set of particles outside the cluster whose

l∞ distance to at least one node in the cluster is less than or equal to N/4. We denote this set

by X1. Note that for sufficiently large N , the probability of having a bad N -block is below the

critical probability of percolation, and each N -block is a bad N -block independently of the others,

hence by Lemma 21, w.h.p. there is no cluster of bad N -blocks with radius larger than N3 in a

neighborhood with exponential size in N on Gw. Also, consider the set of all the particles outside

X1 whose l∞ distance to at least one particle in X1 is less than or equal toN/4 and denote it by X2.

We are now ready to give the proof of our main result. As explained before, while the
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proof borrows its general strategy and many of its initial steps from the previous chapters – that

are repeated here for the sake of completeness – one of the key steps of the proof that leverages

the results obtained in this chapter differs fundamentally from previous results and it is this steps

that significantly improves the intolerance interval for the model.

Proof of Theorem 10. First, we show that for the given interval of τ w.h.p. the size of the largest

monochromatic ball is exponential in N . Let ε′ > g(τ) with g(τ) as defined in (3.6), and ε′′ > 0,

such that

a(τ)− ε ≤
(
1−H(τ)− ε′′

) (
2− (1 + ε′)2

)
,

b(τ) + ε ≥
(
1 + ε′

)2
(1−H(τ) + ε′′).

Let t∗ = 2(a(τ)+ε)N . Our goal is to show that for all t ≥ t∗,

Mt ≥ 2(a(τ)−ε)N w.h.p.

Let

ρ = 20.5(1−H(τ)+ε′′/2)(1+ε′)2N ,

ρ′ = 2(1−H(τ)−ε′′)(1−0.5(1+ε′)2)N+2 log2N ,

ρ′′ = 2(1−H(τ)+ε′′)((1+ε′)2−1)N ,

Let N be sufficiently large so that there exists a norm l∗ and C > 0 such that (4.60)

in Proposition 4 is satisfied for t = ρ′1/3. Also assume that N is sufficiently large such that

ρ′/N > w3, and let

L =

⌈
ρ

ρ′/4− 2NC
√
ρ′ log3/2 ρ′ −N

⌉
.

140



Without loss of generality let us assume that the closest expandable region to the origin in

the l∗ norm is a θ-expandable region. Let Nρ′/4 be a neighborhood at the origin with radius ρ′/4,

now let

T (ρ′/4) = inf

{
t
∣∣∣ ∃ a θ̄-affected node in Nρ′/4

}
,

A =
{

The origin is contained in a firewall of radius ρ′/N before T (ρ′/4)
}
.

We now want to show

A occurs w.h.p. (5.19)

In the following we show that that event A conditional on a few other events occurs w.h.p. Since

we show these events also occur w.h.p. we conclude that event A also occurs w.h.p.

We define event A0 as follows.

A0 = {@ a cluster of bad blocks with radius ≥ N3 in Nv}.

Using Lemma 21 we have

A0 occurs w.h.p.

We let X denote the l∗-distance from the origin to the closest node in an expandable

region and define events A1 and A2 as follows.

A1 = {X ≤ ρ, at time t = 0} ,

A2 =
{
@ a θ̄-expandable region in Bl∗(0, X + ρ′) \Bl∗(0, X) at t = 0

}
.

We consider an l∗-ball of radius ρ. According to Lemma 32, w.h.p. there is an expandable
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Figure 5.6: W.h.p. the closest expandable region to the origin will not be farther than ρ
with respect to the l∗-norm.

region in this ball (see Figure 5.6). This implies

A1 occurs w.h.p.

Using the fact that the existence of a θ-expandable region in Bl∗(0, X + ρ′) \Bl∗(0, ρ) can only

increase the probability of event A2 (since they are both increasing events in the change of a

θ-particle to a θ̄-particle, by an application of FKG inequality [40] for the initial configuration

they are positively correlated), and the fact that conditional on event A1, event A2 would have the

smallest probability when X = ρ, we let

A′2 =
{
@ a θ̄-expandable region in Bl∗(0, ρ+ ρ′) \Bl∗(0, ρ) at time n = 0

}
,

and by an application of FKG inequality [40] for the initial configuration we have

P (A2) ≥ P

(
A2

∣∣∣ A1

)
P (A1) ≥ P

(
A2

∣∣∣X = ρ

)
P (A1) ≥ P (A′2)P (A1).

Using Lemma 33, event A′2 occurs w.h.p., hence we have

A2 occurs w.h.p.
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Figure 5.7: The spread of affected nodes from the expandable region towards the origin.

Now consider the line segment from the center of the closest expandable region to the

origin. Let N denote the set of particles such that their l∗-distances from at least one point on the

line segment is less than or equal to 2N c′ρ′ where c′ is a positive constant. Let

A3 =
{
@ a θ̄-affected node in N and it is a region

of expansion at t = 0 } .

Since event A3 has the smallest probability when X = ρ, with an application of Lemma 1

and Lemma 6, we can conclude that

A3 occurs w.h.p.

We define the spread of affected nodes as the supremum of the l∗-distances of affected

nodes on paths that start from a given node and that have at most a given first passage time. To

show that the spread of affected nodes from the expandable region towards the origin occurs

without any interruptions, we consider snapshots of this spread with time differences equal to

ρ′/4 (see Figure 4.4).

We first notice that using Lemma 34, w.h.p. there exists a sequence of less than N4 flips

that can create a θ-affected w-block centered at the center of the expandable region. Let us denote
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this event by A4. Hence we have

A4 occurs w.h.p.

Let TN denote the time it takes until N4 flips occur one by one. Let A′5 = {TN < ρ′1/3}. Standard

concentration bounds imply that there exist c > 0 such that this event occurs with probability

at least 1 − exp(−cρ′1/3). Let A5 denote the event that the time that it takes until we have a

θ-affected block at the center of the expandable region is less than ρ′1/3. We have

P (A5) ≥ P
(
A′5
)
≥ 1− exp

(
−cρ′1/3

)
.

Hence we have

A5 occurs w.h.p.

Let A6 denote the event of having less than ρ′′ affected nodes in the l∗-ball of radius ρ.

Standard concentration bounds imply that this event also occurs w.h.p., hence we have

A6 occurs w.h.p.

Since we know that w.h.p. there is no θ̄-expandable region inside Bl∗(0, ρ + ρ′), this

implies that the spread of θ̄-affected nodes is going to die out quickly in this ball and there will

not be any spreads of θ̄-affected nodes beyond a radius of O(N3) from any of the θ̄-affected

nodes. Hence, we will consider the possible spread of θ̄-affected nodes from expandable regions

outside of Bl∗(0, ρ + ρ′) towards the origin. In order to compute a lower bound on the time of

the spread of these θ̄-affected nodes, we proceed as follows. We observe that there are at most

ρ′′ affected nodes in Bl∗(0, ρ+ ρ′) w.h.p, therefore if we remove a set of annuli centered at the
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origin from this ball such that each annulus contains at least one affected node of any type along

with the possible clusters of bad blocks corresponding to that affected node and also a margin of

good blocks around these clusters, we would have a ball of radius at least ρ+ ρ′ − (N4 +N)ρ′′.

Furthermore, we argue that since the event of having larger spreads of θ̄-affected nodes in a given

time interval and the event of having this ball being a region of expansion of type θ̄ are both

increasing in the change of a θ̄-particle to a θ-particle, by assuming that this ball is a region of

expansion of type θ̄ we would get a lower bound on the time of the spread of the θ̄-affected nodes.

Hence, from this point forward, to consider the spread of θ̄-affected nodes towards the origin we

consider the ball Bl∗(0, ρ+ ρ′ − (N4 +N)ρ′′) and assume it is a region of expansion and does

not contain any affected nodes of any type.

Let A7 denote the event that the l∗ radius of the spread of the θ̄-affected nodes in a time

interval of ρ′1/3 – that conditional on Ai, i = 1, 2, . . . , 6 is at most needed for the formation

of the θ-affected w-blocks in the first gradual spread (as described above) – is less than ρ′1/3 +

NCρ′1/6 log3/2 ρ′ in the l∗-norm in all directions in the annulus around the origin. To show that

this event occurs w.h.p. we consider the l∗-ball Bl∗(0, ρ + ρ′ − (N4 + N)ρ′′) described above.

By coupling with our modified model, it follows from Proposition 4 that the l∗ radius of the

spread of any set of θ̄ expandable region adjacent to this ball inside this ball will be less than

ρ′1/3 +NCρ′1/6 log3/2 ρ′, hence we can conclude that

A7 occurs w.h.p.

Now let A8 denote the event that the origin is contained in a w-block of θ-affected nodes

before there are any θ̄-affected nodes in an l∗-ball with radius ρ′/2 around the origin. To show

that this event occurs w.h.p. we consider L equally distanced points {p1, p2, ..., pL} on the line

segment connecting the center of the expandable region to the origin. We now consider time

intervals of size ρ′/4 and argue that using Theorem 12 in every one of these time intervals i ∈ [L]

145



there will be a θ-affected node with an l∗-distance of at most O(N c√ρ) from pi where c > 0 is

a constant. Also, using Lemma 29 there will also be a θ-affected block with an l∗-distance of

at most O(N c√ρ) from pi w.h.p. We argue that not having θ-affected nodes in N ′ and having

smaller spreads of θ̄ in a given time interval in this neighborhood are both increasing events in the

change of a θ̄-particle to a θ-particle hence using the FKG inequality these events are positively

correlated. Now we also need to show that the possible spreads of θ̄-affected nodes started from

outside of Bl∗(0, ρ+ ρ′ − w) are not going to change the configuration of the particles involved

with any of these spreads (i.e., interfere with these spreads) and will not reach the Bl∗(0, ρ
′/2)

before having the origin θ-affected (see Figure 5.7). To see this, since we are conditioning on

events Ai, i = 1, 2, ..., 7, it suffices to show that the spreads of θ̄-affected nodes started from

outside a Bl∗(0, ρ+ ρ′− (N4 +N)ρ′′− ρ′1/3−N cρ′′−N), which does not contain any affected

nodes of any type and is assumed to be a region of expansion, in every time interval of size ρ′/4

is at most ρ′/4 + NC(ρ)1/2 log3/2 in the l∗-norm, which guarantees that not only these spreads

will not interfere with the spreads of θ-affected nodes but also they will not reach Bl∗(0, ρ
′/2)

before having the origin contained in a θ-affected w-block. Since Theorem 12 applies to every

pair of nodes in this region it follows from a similar argument for the spread of θ-affected nodes,

that this event also occurs w.h.p. Hence we can conclude that

A8 occurs w.h.p.

This also implies that by the time the origin has become a θ-affected node, the θ̄-affected

nodes are still in l∗-distances of more than ρ′/2 from the origin w.h.p. We also note that if the

above event occurs, using Lemma 29 there is also a θ-affected w-block in an l∗ distance of o(N)

to the origin. Now let r be proportional to ρ′/N . Let us denote the event that the time it takes

until a number of affected nodes equal to the number of all the particles in a firewall with radius

r centered at the origin and a line of width 2
√
N from the origin to the firewall and also a line
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of width 2
√
N from the closest θ-affected w-block to the origin, make a flip one by one being

smaller than ρ′/4 by A′9 (see Figure 5.8). Standard concentration bounds imply A′9 occurs w.h.p.

Let A9 denote the event that this firewall is formed in a time interval smaller than ρ′/4.

We have P (A9) ≥ P (A′9) and since A′9 occurs w.h.p. we have

A9 occurs w.h.p.

With a similar argument for event A8, w.h.p. the spreads of all the possible θ̄ affected

nodes will be less than ρ′/3 for this interval (event A10). Hence, we have

A10 occurs w.h.p.

Finally we can write

P (A) ≥ P

(
A
∣∣∣ A0, A1, ..., A10

)
P (A0 ∩ A1 ∩ ... ∩ A10),

hence, we have that

A occurs w.h.p.

Now using Lemma 6 w.h.p. the interior of the firewall is a region of expansion in the initial

configuration and since w.h.p. only θ-affected nodes have reached this region by the time of the

formation of the firewall, it is still a region of expansion for the state θ̄. Now, since the sum of the

time for the gradual spreads, formation of the firewall, and the time that it takes until the interior

of the firewall becomes monochromatic (by a standard concentration bound) is less than t∗ w.h.p.,

for all t ≥ t∗ it will be monochromatic w.h.p. and this proves the lower bound.

Next, we show the corresponding upper bound. Consider four neighborhoods each with
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Figure 5.8: Formation of a firewall around the origin.

radius N(ρ+ ρ′) such that each of them share the origin as a different corner node. Divide the

union of these neighborhoods into neighborhoods of radius ρ+ρ′ in an arbitrary way and consider

the nodes at the center of each of these neighborhoods. Now using the above result we have that

for t ≥ t∗, w.h.p., all these central nodes will have a monochromatic ball of size at least 2a(τ)N .

Also it is easy to see that for t ≥ t∗, w.h.p. all the four neighborhoods defined above will have

particles with exponentially large monochromatic balls of both states. This implies that for all

t ≥ t∗ the size of the monochromatic ball of the origin is at most 4N2(ρ+ ρ′)2.

5.4.1 Intolerance Parameters Larger than One-Half

With a similar argument as in previous chapters, the results can be extended to the case

where τ > 1/2. We let τ̄ = 1 − τ + 2/N . A p-stable particle of type θ is a particle for which

W < τ̄N where W is the number of θ particles in its neighborhood. The reason for adding the

term 2/N in the definition is to account for the strict inequality that is needed for being p-stable

and the flip of the particle at the center of the neighborhood which adds one particle of its type to

the neighborhood. All our results can be easily extended for τ > 1/2 using τ̄ defined above. For

example, a radical region in this case is a neighborhood NS of radius S = (1 + ε′)w such that

WS < τ̄ ′(1 + ε′)2N , where ε ∈ (0, 1/2) and

τ̄ ′ =

(
1− 1

τ̄N1/2−ε

)
τ̄ .

By replacing τ with τ̄ , it can be checked that all proofs extend to the interval 1/2 < τ < 1− τ ∗∗.
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5.5 Summary

In this chapter we significantly improve our previously known interval of the intolerance

parameter for which exponentially large monochromatic areas are formed w.h.p. Namely, we

extend the result to the interval τ ∈ (≈ 0.433,≈ 0.567) \ {1/2}. In addition, we improve the

previous results by providing slightly tighter values for the upper and lower bounds.
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Chapter 6

Conclusion and Future Directions

In this dissertation, we provide various theorems for an interacting particle system located

on a flat torus or on Z2. In Chapter 3 we first enlarge the intolerance interval that leads to the

formation of large monochromatic balls from the known size ε > 0 to size ≈ 0.134, namely we

show that when 0.433 < τ < 1/2 (and by a symmetry-like argument 1/2 < τ < 0.567), the

expected size of the largest monochromatic ball is exponential in the size of the neighborhood.

We then further extend the interval leading to large monochromatic balls to size ≈ 0.312. In

this case, the main contribution is that we consider “almost monochromatic” balls, namely balls

where the ratio of the number of particles of one type and the number of particles of the other type

quickly vanishes as the size of the neighborhood grows, and show that for 0.344 < τ ≤ 0.433

(and by symmetry for 0.567 ≤ τ < 0.656) the expected size of the largest almost segregated

region is exponential in the size of the neighborhood.

While most of the previous theoretical developments for this process focused on its final

configuration behavior, our shape theorem in Chapter 4 provides a first-order characterization of

the geometry of “affected nodes” at any time during the evolution phase. Our second theorem

provides the first result for the size of the largest monochromatic ball of any node in the final

configuration, for a given interval of the intolerance parameter. In this chapter we also provide
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a tight concentration bound for the spreading time of the affected nodes. In Chapter 5 we have

improved these results, we expect that the interval of τ leading to exponential monochromatic

balls. In the following we briefly discuss some of the possible future directions related to this

model as well as other extensions of the Schelling model.

6.1 Future Directions

While we significantly improve the interval for which the expected size of the monochro-

matic balls is exponential in N and we prove size theorems that hold for a considerable range

of τ , we expect that the interval of τ leading to exponential monochromatic balls can be further

improved. It is expected that this can be done using the techniques developed in this dissertation,

and perhaps using more complex geometric constructions leading to the discovery of phase

transition thresholds. Also, in our works we only discuss the existence of an l∗ norm for the shape

theorem while simulations suggests an Euclidean norm and this remains to be proven. Another

direction of further study could be the investigation of how the parameter of the initial distribution

of the agents p influences the formation of monochromatic balls, since it is only known that a

single monochromatic ball occurs w.h.p. for p ∈ (1 − ε, 1), while our results are for the case

where p = 1/2. Finally, we point out that for τ = 1/2 the behavior of the model is little known

mathematically.

6.2 Beyond Schelling Model

6.2.1 Extensions of Schelling Model

There are several other natural extensions to the Schelling model. One of these extensions

for example, that can be used to explain some of the social behaviors, is a model where each

particle has more than one attribute. For example, in Fig. 6.1 we have a model where each particle
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has two distinct attributes. As we can see in these simulations, for such models we still observe

segregation for each of the attributes.

Figure 6.1: Particles with multiple attributes on a 200 by 200 flat torus. (a) Segregation
with respect to attribute number one. (b) Segregation with respect to attribute number
two.

6.2.2 Towards Integration

As we have shown theoretically, the Schelling model is biased towards segregation.

This begs the question of how the model needs to be changed so that segregation will not

happen. A natural modification to the model is to consider a second threshold for the particles to

become unstable whenever there are too many particles in the same state as themselves in their

neighborhood. This can be thought as adding an incentive mechanism for the particles to avoid

forming segregated regions of any type. An example of such model with various choices for the

two thresholds τ1 and τ2 are simulated in Fig. 6.2. When τ2 is chosen to be 1− τ1 this means that

the threshold for particles to be unstable corresponds to roughly the same number of same-state

particles of any type. When τ2 is much larger than this value, segregation of the particles can still

be seen, however, as τ2 gets closer to 1− τ1 we can see that in all the simulations integration can

be observed. Especially for the case when τ2 = 1− τ2, we can observe complete integration while

when τ2 changes a bit from this value, we can still see integration but the size of monochromatic
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neighborhoods are in the order of N .

Figure 6.2: Incentivizing integration on a 1000 × 1000 flat torus and neighborhood
size 441. (a) When τ2 is close to one, segregation still occurs. (b) When τ2 is close to
but larger than 1 − τ1 segregation does not happen anymore. (c) When τ2 = 1 − τ1

complete integration is observed. (d) When τ2 < 1 − τ1 integration is observed but
small monochromatic neighborhoods are still formed.
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Appendix A

A.1 Concentration Bound on the Number of Particles in the

Initial Configuration

Lemma 36 Let ε ∈ (0, 1/2), and letN be an arbitrary neighborhood in the grid with N particles.

There exist c, c′ ∈ R+, such that

P
(
|W −N/2| < cN1/2+ε

)
≥ 1− 2e−c

′N2ε

. (A.1)

Proof. Let Wi be the random variable associated with the type of the i’th particle in N such

that it is one whenever the type is θ and zero otherwise. Let Fi = σ(W1, ...,Wi). Then it is

easy to see that Mn = E[W |Fn] for n = 1, ..., N is a martingale. It is also easy to see that

M0 = E[W ] = N/2, and MN = W . We also have

|Mn −Mn−1| =

∣∣∣∣∣∣E
 N∑

i=1

Wi|Fn

− E

 N∑
i=1

Wi|Fn−1

∣∣∣∣∣∣
=
∣∣Wn + (N − n)/2− [N − (n− 1)]/2

∣∣
≤
∣∣∣∣Wn −

1

2

∣∣∣∣ ≤ 1/2,

154



for n = 1, 2, ..., N . Now using Azuma’s inequality, there exist constants c1, c2 ∈ R+ such that

P
(
W −N/2 ≥ cN1/2+ε

)
≤ e−c1N

2ε

,

and

P
(
W −N/2 ≤ −c′N1/2+ε

)
≤ e−c2N

2ε

.

It follows by an application of Boole’s inequality that there exists a constant c ∈ R+ such that

(A.1) holds.

A.2 Preliminary Results for the Proof of Theorem 2

Lemma 37 Let ρ = 2[1−H(τ ′)]N/2 and

A =
{
∀v ∈ Nρ, u+ would be stable at the location of v at t = 0

}
.

Then A occurs w.h.p.

Proof. Let Ui for i = 1, 2, ..., |Nρ| be the event that particle u+ would be stable at the location of

i’th particle of Nρ. It is easy to see that P (Ui) = pu (see (2.4)). Hence we have

P (A) = P
(
UC

1 ∩ ... ∩ UC
|Nρ|

)
= 1− P

(
U1 ∪ ... ∪ U|Nρ|

)
≥ 1− |Nρ|

2−[1−H(τ ′)]N

√
N

≥ 1− 5√
N

which tends to one as N →∞.
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The following lemma gives a simple lower bound for the probability of having a radical

region inside a neighborhood which has radius r = 2[1−H(τ ′)]N/2−o(N). We call a radical region

with radius (1 + ε′)w an ε′-radical region.

Lemma 38 Any arbitrary neighborhood Nr with radius r = 2[1−H(τ ′)]N/2−o(N) in the initial con-

figuration has at least one ε′-radical region in it with probability at least 2−[1−H(τ ′)](2ε′+ε′2)N−o(N).

Proof. Divide the neighborhood into 2(1 + ε′)w-blocks, and let Nb denote the number of blocks

in Nr. Define the events

Qi = {The i-th block of Nr is an ε′-radical region},

Q = {There is an ε′-radical region in Nr}.

It follows that

P (Q) ≥ P
(
Q1 ∪ ... ∪QNb

)
= 1− P

(
QC

1 ∩ ... ∩QC
Nb

)
=

4r2

(1 + ε′)2N
2−[1−H(τ ′′)](1+ε′)2N−o(N)

= 2−[1−H(τ ′)][2ε′+ε′2]N−[H(τ ′)−H(τ ′′)](1+ε′)2N−o(N)

= 2−[1−H(τ ′)][2ε′+ε′2]N−o(N).

A.3 FKG-Harris Inequality

The following is Theorem 4 in [42] which is originally by Harris [43]. Let σt be the

configuration of the particles on the grid at time t. Let Eσ0 [X] be the expected value of the
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random variable X , when the initial state of the system is σ0. A probability distribution µ on

{0, 1}Zd is said to be positively associated if for all increasing f and g we have

E[f(σ)g(σ)] ≥ E[f(σ)]E[g(σ)].

Theorem A.3.1 (Harris) Assume the process satisfies the following two properties: (a) Individ-

ual transitions affect the state at only one site. (b) For every continuous increasing function f

and every t > 0, the function σ0 → Eσ0 [f(σt)] is increasing. Then, if the initial distribution is

positively associated, so is the distribution at all later times.

The following is a version of the FKG inequality [40] in our setting. The original inequality

holds for a static setting and is extended here to our time-dynamic setting using Theorem A.3.1.

Lemma 39 (FKG-Harris) Let A and B be two increasing events defined on our process on the

grid. We have

P (A ∩B) ≥ P (A)P (B).

Proof. Assume A and B are increasing random variables which depend only on the states of the

sites v1, v2, ..., vk and first time step. We proceed by induction on k. First, let k = 1. Let ω(v1)

be the realization of the site v1. We also have

(
1A(ω1)− 1A(ω2)

) (
1B(ω1)− 1B(ω2)

)
≥ 0,

for all pairs of vectors ω1 and ω2 from the sample space. We have

0 ≤
∑
ω1,ω2

(
1A(ω1)− 1A(ω2)

) (
1B(ω1)− 1B(ω2)

)
P (ω(v1) = ω1)P (ω(v1) = ω2)

= 2
(
P (A ∩B)− P (A)P (B)

)
,
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as required. Assume now that the result is valid for values of n satisfying k < n. Then

P (A ∩B) = E

[
P

(
A ∩B

∣∣∣ ω(v1), ..., ω(vn−1)

)]

≥ E

[
P

(
A
∣∣∣ ω(v1), ..., ω(vn−1)

)
P

(
B
∣∣∣ ω(v1), ..., ω(vn−1)

)]
,

since, given ω(v1), ..., ω(vn−1), 1A and 1B are increasing in the single variable ω(vn). Now since

P
(
A|ω(v1), ..., ω(vn−1)

)
and P

(
B|ω(v1), ..., ω(vn−1)

)
are increasing in the space of the n− 1

sites, it follows from the induction hypothesis that

P (A ∩B) ≥ E

[
P

(
A
∣∣∣ ω(v1), ..., ω(vn−1)

)]
E

[
P

(
B
∣∣∣ ω(v1), ..., ω(vn−1)

)]

= P (A)P (B). (A.2)

Next, assume A and B are increasing random variables which depend only on the states

of the sites in the first k time steps. We proceed by induction on k < K such that K denotes the

final time step over all the realizations. First, let k = 0. Let ω(t0) be the configuration of the

graph at the first time step. We have

P (A ∩B) ≥ P (A)P (B),

by the above result.

Assume now that the result is valid for all values of k satisfying k < K. Then, since our

process satisfies the conditions of Theorem A.3.1 and given ω(t0), ..., ω(tK−1), 1A and 1B are
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increasing in ω(tK), we have

P (A ∩B) = E

[
P

(
A ∩B

∣∣∣ ω(t0), ..., ω(tK−1)

)]

≥ E

[
P

(
A
∣∣∣ ω(t0), ..., ω(tK−1)

)
P

(
B
∣∣∣ ω(t0), ..., ω(tK−1)

)]
.

Now, since P
(
A|ω(t0), ..., ω(tK−1)

)
and P

(
B|ω(t0), ..., ω(tK−1)

)
are increasing in the space

of the configurations of the graph in the first K − 1 time steps, it follows from the induction

hypothesis that

P (A ∩B) ≥ E

[
P

(
A
∣∣∣ ω(t0), ..., ω(tK−1)

)]
E

[
P

(
B
∣∣∣ ω(t0), ..., ω(tK−1)

)]

= P (A)P (B).
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