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Abstract

We analyze the performance of a data-assimilation algorithm based
on a linear feedback control when used with observational data that
contains measurement errors. Our model problem consists of dynam-
ics governed by the two-dimension incompressible Navier—Stokes equa-
tions, observational measurements given by finite volume elements or
nodal points of the velocity field and measurement errors which are
represented by stochastic noise. Under these assumptions, the data-
assimilation algorithm consists of a system of stochastically forced
Navier—Stokes equations. The main result of this paper provides ex-
plicit conditions on the observation density (resolution) which guar-
antee explicit asymptotic bounds, as the time tends to infinity, on the
error between the approximate solution and the actual solutions which
is corresponding to these measurements, in terms of the variance of
the noise in the measurements. Specifically, such bounds are given for
the the limit supremum, as the time tends to infinity, of the expected
value of the L?-norm and of the H' Sobolev norm of the difference be-
tween the approximating solution and the actual solution. Moreover,
results on the average time error in mean are stated.
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1 Introduction

Data assimilation is a process by which a time series of observational data
for a physical system is used along with the knowledge about the physics
which govern the dynamics to obtain an improved estimate of the current
state of the system. Applications of data assimilation arise in many fields of
geosciences, perhaps most importantly in weather forecasting and hydrology.
The classical method of continuous data assimilation, see, e.g., Daley [14], is
to insert observational measurements directly into a computer model as the
latter is being integrated in time.

A new approach, inspired by ideas from control theory [2], has been pro-
posed in [3] that consists in introducing a feedback control term that forces
the approximating solution obtained by data assimilation toward the ref-
erence solution that is corresponding to the observations (see also [18, 19]
for other applications). This approach admits a general framework of in-
terpolant operators which include operators arising from local volume aver-
ages and pointwise nodal measurements. Special attention is given to nodal
measurements because they may be likened to the data collected by an ar-
ray of weather-vane anemometers placed throughout the physical domain.
This is unlike previous rigorous work [9, 27, 28, 33, 37] where the observed
data is assumed to be the lower Fourier modes of the reference unknown
full solution. The method of data assimilation introduced in [3] extends
equally to all dissipative dynamical systems and relies on the fact that such
dynamical systems possess finite number of determining parameters, such
as determining modes, nodes and local volume averages, see, for example,
[12, 21, 22, 23, 24, 25, 29, 30, 31] and references therein.

In this paper, we extend the approach of [3] to the case where the ob-
servations are contaminated with random errors. A prototypical analysis
of nonlinear filter accuracy using a feedback observer appears in [41] where
conditions for a stochastic stability were found using Lyapunov functions for
very general dissipative systems. There is an extensive literature related to
nonlinear filtering using Kalman filters, see, for example, [32], [34] and the



references therein. In these cases the statistics of the approximating solu-
tion are assumed to be Gaussian, which we don’t assume here. Rather, we
compute the approximating solution pathwise through the feedback control
problem. Blémker and coauthors [6] have a similar result where the inter-
polant is described in terms of Fourier modes. We treat measurement errors
for general interpolant observables and, in particular, when the measure-
ments are nodal values with random noise. In this way our analysis may also
be seen to extend the work of [6] from Fourier mode measurements to general
interpolant observables.

The method of data assimilation studied in this paper can be described
mathematically as follows. Let U(t) be a solution trajectory lying on the
global attractor of a known dissipative continuous dynamical system and let
u(t) be the approximating solution obtained from data assimilation of noisy
observational measurements of U(t). Assume that the dynamics of U are
governed by an evolution equation of the form

aUu

= F(U) 1)
with unknown initial condition U, € V' at time ty,. Here F': V — H, where
V and H are suitable function spaces.

Denote by O (U(t)), for t > 0, the exact observational measurements
without error of the true solution U at time ¢. For two-dimensional physical
domains we assume Op,: V — RP to be linear operator where D is of the
order (L/h)? and L is a typical large length scale of the physical domain of
interest and h is the observation density or resolution. Denote by Ry (U(t))
the interpolation of the observational data, namely,

Ry (U(t)) = L1 oOx(U(1)),

where £, : RP — H is linear operator. Note that ), need not be a projection
nor does its range need be included in the domain of F'. Further assumptions
on the general interpolant observable Ry, are given in (6) and (7) below.

In the absence of measurement errors the data-assimilation method pro-
posed in [3] would construct the approximating solution w from the inter-
polant observables R, (U(t)) dynamically as the solution to

du
dt
with arbitrary initial condition u(0) = wy. Here g > 0 is a relaxation pa-

rameter (nudging), whose value will be determined later, which forces the
coarse spatial scales of u, i.e., R (u), toward those of the observed data, i.e.,

Ru(U).

Fu) = p(Bi(u) — Ra(U)), (2)



Suppose the exact measurements Op,(U(t)) are subjected to some random
errors. Thus, the only observations available for data assimilation are the
noisy observations O (U (t)) given by

On(U (1)) = Ou(U(1) + E(1), (3)

where £: [0, 00) — R represents the measurement error, for example, due to
instrumental errors. That is, in reality the actual interpolated measurements
of U(t) contain random errors and are given by

= Lr(On(U(t)) + Ln(E(1)) = Ru(U(1)) + £(1),

where the random vector £(t) lies in the range of the interpolant operator
Ry,.

We will assume that the components of the random errors £(t) are inde-
pendent identically distributed of Gaussian type. In particular, the random
error £(t) will be expressed in terms of a finite-dimensional Wiener process
W, white noise in time with an appropriate covariance operator. The precise
assumptions will be given in the following sections. We observe that these
results could be generalized to other kinds of processes such as a Levy noise.

In this paper we examine the data-assimilation method given by equa-
tion (2) when the noise-free interpolant observable R, (U(t)) is replaced by
Ry (U(t)). In this case, our algorithm for constructing u(t) from the observa-
tional measurements Oy (U(t)) is given by the stochastic evolution equation

du = (F(u) = pRy(u) + pBa(U)) dt + péd, (4)

with arbitrary initial condition u(0) = uo.

While this algorithm makes sense for other dissipative dynamical sys-
tems, the two-dimensional incompressible Navier—Stokes equations, subject
to period boundary conditions, provide a concrete example of a dissipative
dynamical system, which we will use as a model problem for our analysis.
Note that a similar analysis of the three-dimensional Navier—-Stokes equa-
tions is obstructed by the problem of global regularity, however, it should be
possible to treat three-dimensional turbulence models and other dissipative
dynamical systems that are more regular using an analysis similar to what
we present here. In this paper, we find explicit conditions on the observation
density or resolution h and relaxation parameter p for the two-dimensional
Navier—Stokes equations which guarantees that the resulting approximate
solution u(t) converges, as t — 0o, in some sense, to the exact reference solu-
tion U(t) within an error that is determined by the observation density h, the
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relaxation parameter p and the variance of the error in the measurements. It
is worth mentioning that the application of algorithm (4) to recover solutions
to fluid flow problems provides a concrete and justifiable reason for investi-
gating stochastically forced equations such as the Navier-Stokes equations.

In the remainder of this work, the reference solution U will be determined
by the two-dimensional incompressible Navier—Stokes equations

a—U—VAUJF(U-V)U:—Verf

ot (5)

V-U =0,
which describe the motion of an incompressible fluid in R?. We assume peri-
odic boundary conditions with fundamental domain D = [0, L]* and take the
initial condition U(0,z) = Uy(z) and the body forcing f = f(z) to be an L-
periodic function with zero spatial average. The kinematic viscosity v > 0 is
assumed to be known. The unknowns are the velocity vector U = U(¢, ) and
scalar pressure p = p(t,z). We observe that (5) preserves the L-periodicity
and zero spatial average of the initial condition. Thus [, U(t,z)dz = 0,
for all t > 0, provided [}, f(x)dx = [, Up(x)dx = 0, which we will assume
throughout this paper.

For notational convenience we will denote L}, as simply L', and similarly

L2 by L? and H! (D) by H'. For ¢ € L' we define the average

per per

=7 [ ety

and for every Z C L' we denote Z ={p € Z: (¢) =0}.

In the absence of measurement errors the data assimilation method given
by (2) for the two-dimensional incompressible Navier-Stokes equations allows
the use of two kinds of linear interpolant observables. The first kind are
Ry: [H')? — [L?)?, which satisfy the approximating identity property

le = Ru(@)llz> < erh® el (6)

for every ¢ € [H']% and the second kind of interpolant observables are

ery ¢
Ry : [H?)* — [L?]?, which satisfy
le = Bu(p)ll7: < ch®[lollzn + b lloll7pe, (7)

for every ¢ € [H?2. In the presence of measurement errors this same data
assimilation method becomes the stochastic differential equation (4) and our
analysis needs additional regularity assumptions on Ry, for interpolants that



satisfy (7). In particular, we assume the range of Ry, is in [H']? for inter-
polants which satisfy (7). This does not result in loss of generality because
any interpolant operator whose range is in [L2]2 can be smoothed so its range
is in [H®]?, for any s > 0.

The orthogonal projection onto the Fourier modes, with wave numbers k
such that |k| < 1/h, is an example of an interpolant operator which satisfies
both approximation properties (6) and (7). A physically relevant interpolant
which satisfies (6) is given by the volume elements studied in [30] and [31],
see also [25]. Suppose the observations of volume elements Oy : [H1]?> — RN
are given by

Don— N
Oh(q)) = (@1, P2, .. SEQN) where (P%n = T3 q)(l‘) dl’, (8)
Pan L* Jq.

for n = 1,2,..., N, where the domain D = [0, L]?> has been divided into
N = K? disjoint equal squares @,, with sides h = L/K. Define R}, = £, 0Oy,
where £, : R*Y — [LQ(D)]2 with £5,(¢) is the L-periodic function given by

O =3 ] (a0 - 1) o D Q)

n=1

As shown in [30] the interpolant R, satisfies (6), with ¢; = 1/6. Note there
are many other choices for £, that result in interpolant observables based
on volume elements which also satisfy (6). For example, the appendix of [3],
which will be summarized in section 2.2 below, presents a smoothed choice for
L, which results in an Ry,: [H']> — [H?]? which also satisfies (6). In addition,
volume elements generalize to any domain D on which the Bramble-Hilbert
inequality holds. An elementary discussion of this inequality in the context of
finite element methods appears in Brenner and Scott [7], see also [11, 29, 45].

An interpolant observable Rj,: [H?]> — [H??> which satisfies (7) is ob-
tained, following the ideas of [31], when the observational measurements are
given by nodal measurements of the velocity. This corresponds to the data
collected from an array of weather-vane anemometers placed throughout the
physical domain. Suppose the observations of nodes Op,: [H 22 — RN are
given by

On(®) = (01,0, ..., pay) where ﬁz_l]:@(%)’ (10)

and z,, € Q,,, forn =1,2,...,N. Here @, are, as above, N = K? disjoint
squares with sides h = L/K such that D = UY_ Q,,. Setting Rj, = L}, 0O,



where £, is the smoothed version of (9) given in section 2.2, results in an
interpolant which satisfies (7).

The rest of this paper is organized as follows: section 2 describes the
functional setting for our analysis, gives the stochastic setting for our mea-
surement errors and recalls the a-priori estimates for classical solutions of
the two-dimensional incompressible Navier—-Stokes equations that we shall
use to obtain our bounds. Section 3 shows the stochastic data assimilation
algorithm given by (4) is well-posed. Section 4 states and proves our main
results. We end with a few concluding remarks.

2 Preliminaries

The preliminaries have been divided into three subsections. Subsection 2.1
sets up notation and the functional setting we will use in our analysis. Sub-
section 2.2 gives the stochastic setting for our measurement errors and sum-
marizes the specific details from [3] on the general interpolant observables
needed for our analysis. Subsection 2.3 recalls the theory and a-prior: esti-
mates for classical solutions of the two-dimensional incompressible Navier—
Stokes equations needed for our work.

2.1 The Functional Setting

We describe the functional setting which will be used to study the Navier-
Stokes equations. We refer to [13, 40, 42, 44] for the main results. Denote by
V all divergence-free R? valued L-periodic trigonometric polynomials with
zero spatial averages. Let H and V be the closures of V in [L?)? and [H']?,
respectively. Note that H and V' are separable Hilbert spaces with the inner
products and norms inherited from [L?]* and [H']?, respectively. In particu-
lar,

lul3; = (u,u), where (u,v)= /D (u(z) - v(x))d,

and, thanks to the Poincaré inequality (11),

lull? = (u,u), where ((u,v)) = /D (Vu(z) : Vo(z))da.

Denote by H’ and V' the dual spaces of H and V, respectively. If we
identify H with H’, then we have the Gelfand triple V' C H C V' with con-
tinuous, compact and dense injections. We denote the dual pairing between

eV and ¢ € V by (p,¥)vv. When ¢ € H, we have (p, )y v = (@, ).



Let II be the Leray-Helmholtz projector from [L?]? onto H. The Stokes
operator A is given by

Au= —TIAu  for every u € D(A) = [H*>NV.

Note that A is a closed, positive, unbounded self-adjoint operator in H with
inverse A~! which is a self-adjoint compact operator on H. By the spectral
theorem there exists a sequence {);}52, of eigenvalues of the Stokes operator,
with 0 < Ay < Ay < -+, with corresponding eigenvectors e; € D(A) such
that the set {e; : j € N} forms an orthonormal basis in H. Moreover, we
have \; ~ A1j, as j — oo, where \; = (2m/L)? (c¢f. [13]).

For @ > 0 we will denote the a-th power of the operator A by A® and
its domain by D(A%*). We have ||“||2D(Aa) = 22 A%(u, ¢5)[?. Moreover,
it follows that V = D(AY?) with ||¢|lv = |AY?p|g, for every ¢ € V, and
D(A*") is compactly embedded in D(A%?), for a; > . Finally, let D(A™%)
denote the dual of D(A®).

We have the following Poincaré inequalities:

|u|12q < )\1_1||u||%/ for veV (11)

and
lully < AT ulbgy for u e D(A). (12)

Let b(-,-,-): V x V x V — R be the continuous trilinear form defined as

b(u,v,2) = / ((u(z) - V)v(x)) - 2(z) da.
D
It is well known that there exists a continuous bilinear operator B(-,-): V' x
V — V' such that (B(u,v), z)yv = b(u,v, 2), for all z € V.
Lemma 2.1. (c¢f. [13, 40, 42, 44]) Let u,v,z € V. Then
(B(u,v),2)yrv = —(B(u,2),v)yy and (B(u,v),v)yy = 0. (13)

Furthermore,
[(B(u, ), 2)vrv| < [lullaflvllv][2] s (14)
Moreover, one can apply the two-dimensional Ladyzhenskaya interpola-
tion inequality (cf. [13])
lullZs < Crlulmlully, (15)

to the right-hand side of (14) to obtain

1/2

|<B(uav)aZ>V’,V| S OL|U‘H 1/2 1/2

1/2
a2 ollv]21 2 1212, (16)

8



for functions in V.
We will also make use of the Brézis—Gallouet inequality [8], which may
be stated as

Avl?
ol < cBuvHv{l + log 1A } )
AlolZ

for functions in D(A).

Lemma 2.2. (c¢f. [13, 43]) In the case of periodic boundary conditions the
bilinear term has the additional orthogonality property

(B(v,v), Av) = 0, (18)
for every v € D(A). In addition, one has

(B(u,v), Av) + (B(v,u), Av) = —(B(v,v), Au), (19)
for every u,v € D(A).

Applying the Leray-Helmholtz projector II to (5) one obtains the equiv-
alent functional evolution equation

dU
—r +vAU +B(U.U) = f. (20)

with initial condition U(0) = Uy, where we assume that f € H and U, € V.
Similarly the data-assimilation equation (4) becomes

du + (vAu + B(u,u))dt = (f — pIIRy(u — U))dt + pdW, (21)

where dW (t) = II£(t)dt is the noise term.

2.2 The Noise Term

In this section we describe the error term £: [0,00) — R?V that gives rise
to the noisy observations O, in equation (3) in terms of a Brownian motion.
We then use the definition Rj, = £, 0O to obtain dWW in (21).

Following Da Prato and Zabczyk [15], fix a filtered probability space
(Q,F,(F),P) on which is defined a sequence of independent one-dimen-
sional Brownian motions by(t), for d = 1,2,..., D, relative to the filtration
(F) such that

E(by(t)) =0 and E(by(t)*) =to?/2 for t>0.



For convenience we shall assume the filtration is complete and right contin-
uous. The measurement errors may now be described by

Et)dt = (dby(t), dbs(t), . .., dbp(t)). (22)

Note that ¢ is a dimensional constant whose units of measurement must
be chosen so the units of measurement for Oy (U(t)) are the same as £. Given
a quantity z let [z] represent the units used to measure z. Then [O}] = [£]
implies [0?] = [O4]?[t]. In particular, if our observations are velocities as
in (8) or (10), we then have [Oy] = [L]/[t] so that [0?] = [L]?/[t].

Writing the linear operator £,: R? — [H?]?, for a > 0, as

Li(Q)() = Cala(-), where (€RP and (y € [H, (23

it follows that the noise term in (21) is the Wiener process

NE

W(t) = ba(t)vs, where 4= 11¢,. (24)

d=1

We do not assume -, are orthogonal or even linearly independent.
When o > 0 our assumptions dictate that W is a [H?]*-valued Q-
Brownian motion, where E(W (¢)) = 0. Following [15] pages 26-27, we have

tQ = Cov(W (1) =E (D bult)ia @ by(t),).

d,p=1

Note that () is a nonnegative and symmetric linear operator with finite trace.
In particular, we have

Tr [Cov(W(t))] = Z (Cov(W(t))ej, e;)

=) E (Z (ba(t)va: €5) (bp()7p, eﬂ>>
j=1 d,p=1

= Z (Z E (ba(t)by(t)) (Va, €5) (Vs €j>>

— t% SN e’ = t% > halk



Therefore,
9 D

Q] = 5 bl < . (25)
d=1

We next turn our attention to the specific interpolant observable based
on volume elements given by (8) and (9). In this case, setting

lon—1(z) = {XQ” (@) - hz/LQ} and  lop1(7) =

0 {XQn(x)O_ hz/LQ} ’
(26)

yield, for n = 1,2,..., N, the D = 2N functions needed in (23) and we
obtain

Proposition 2.3. Let W(t) be defined as in (24), where £y are given by
(26), for d = 1,2,...,2N. Then W is a [L*|*-valued Q-Brownian motion
with covariance operator Q that satisfies Tr[Q] < o?L.

Proof. The calculation

52 2N

2 a h? |2
7 Dbl < 72\% =3 [ o) - [ @
n=1

2h2 ht
=0 Z/ 1——XQ”()+L—}dx<J(L2—h2)§U2L2

immediately yields the result. [

We now recall the construction of the smooth interpolant observables
used for nodal measurements that were constructed in the appendix of [3],
and which satisfy (7). Then we derive the estimates needed in our analysis
of (21) for the terms resulting from the It6 formula.

Let Q,, forn=1,2,..., N, be the N = K? squares with sides h = L/K
described in the introduction such that D = UY,Q,. In particular, we set
J={1,...,K}? and for (i,7) € J define

Qn = [(Z - 1>h7@h) X [(] - 1)h7jh)> (27)

where n =i+ (j — 1) K. Further define

Un(x) =Y xo.(x+kL), for xeR? (28)

kez?

as the L-periodicized characteristic function of @,,. Note that ¢, € L?, and
moreover, that (?2) = (v,) = h?/L2.

11



To obtain a smoother interpolant let

Ya(x) = (prj10 * ¥n) (@)
be the mollified version of v, where p.(x) = e ?p(x/¢), and

1
K() €xXp (1_—|Z|2> |Z| <1
0 2| > 1

1
K) ! = — | dz.
(Ko) /z|<le’<p(1—\z|2> :

() ]

p(z) =

with

Now setting

EQn—l - |:¢’rl B

. and Lo, = { . K : %)} , (29)

formn=1,2,..., N, yields the D = 2N functions needed in (23) for the defi-
nition of £;. As shown in the appendix of [3], if the observations are given
by volume elements, then the resulting interpolant satisfies (6); if the obser-
vations are given by nodal points, then the resulting interpolant satisfies (7).
We finish this section with some explicit estimates on the trace of the
covariance operator (), for the Wiener process W given in (24) for the choice
of ¢, given in (29). Before that, we state two propositions which we shall
make use of in the proof as well as in other parts of this paper. Detailed proofs
of these propositions appear in the appendix of [3], where the functions Un
have been introduced along with their associated interpolant observables.

Proposition 2.4. Let
U,={x+y:x€Q, and ly| <e}, for n=1,2...N.

Then {zﬂn :n=1,2,...,N} is a smooth partition of unity satisfying

(1) 0 < @n(a:) <1 and supp(&n) U, + (LZ)2,

(ii) p(z) =1, forall x € (Cp + (LZ)2) and

SN dn(x) =1, forall x € R?
(iii) (n) = (h/L)" and th < ||du]] o) < Eh,
(iv) supp(Veh,) C (Un \ Co) + LZ2,

12



(v) |Vibn(x)] < ch™" and |0%,(x) 02,0z, < ch™2, for all x € R?,
(,UZ) Hv’ézn}}LQ('D) S C.

Proposition 2.5. Let K = {1 — K,—1,0,1,—1 4+ K}2. The functions v,
are nearly orthogonal in the following sense: Suppose o, B € J are such that
n=oa;+ (ag— 1)K and m =y + (B — 1)K. Then

(i) /D Dn(@)im(@) dz =0, for f—a ¢k,

(i1) /D (V&n(x)) . (V@m(x)) de =0, forf—a¢k.

(iii) ‘ /Dz/;n(x)l/;m(x) dm‘ < (h+2¢)° = %hz for B—a ek,

(iv) ‘/D(Vizn(:v (V¢m dx) <ec, forf—aek.

Let us emphasize that the constant ¢, appearing in Proposition 2.4 parts
(v) and (vi), is independent of h. We are now ready to prove the following
proposition on the trace of the covariance operator () for Wiener process W.

Proposition 2.6. Let W(t) be defined as in (24) for the choice of £, given
by equations (29). Then W is a [H'|*-valued Q-Brownian motion with co-
variance operator () that satisfies

36

—o?L? (30)

Q< 3

and
2

L
Tr[AV2QAY?) < Cd2ﬁ. (31)

Proof. Since p € C*°(R?) then the range of £, is in [H®]?, for every a > 0,
and in particular for o = 1. Therefore, W is an [H']?>-valued Q-Brownian
motion. From (25), Proposition 2.4 part (iii) and Proposition 2.5 part (iii)
we estimate

g2 2N g2 2N

Z|7d‘H = Z|‘€d||L2 =0 ZHwn_ wn HL2
; ; 36h2 B\ 36
- 02;L2(<w3> (i) < oSy < B

13




Since in the periodic case we have ||TIp||y < ||V||z2 for every ¢ € H!, then
Similarly estimate

9 2N N
- -
TA2QA) = T3 |ally < 0 Y Vil
d=1 n=1

L2
< co’N = CUQW,
where Proposition 2.4 part (vi) has been used in the final inequality. O

2.3 The Deterministic Navier-Stokes Equations

The deterministic two-dimensional incompressible Navier-Stokes equations,
subject to periodic boundary conditions, are well-posed and possess a com-
pact finite-dimensional global attractor. Specifically, the following result can
be found in [13], [21], [40] and [42].

Theorem 2.7. Let Uy € V and f € H. Then (20) has a unique strong
solution that satisfies

UeC(0,T);V)NL*([0,T); D(A)), forany T > 0.
Moreover, the solution U depends continuously on Uy in the V norm.

Let us denote by GG the Grashof number

|f 1
G = 32
which is a dimensionless physical parameter. We now give bounds on solu-
tions U of (20) that will be used in our later analysis. With the exception
of inequality (35) these estimates appear in the references listed above. The

improved estimate in (35) is given in [20].

Theorem 2.8. Let T > 0, and let G be the Grashof number given by (32).
There exists a time to, which depends on Uy, such that for all t > ty we have

t+T
U@ < 226G and / U@ |2dr < 201+ ToA)wG. (33)
t
Furthermore, we also have
t+T
IR < 220G? and / AU(D)Bdr < 201+ Tod A G2 (34)
t

Moreover,
AU ()3 < a®X3(1 + G). (35)

14



3 The Data Assimilation Algorithm

Let U be the strong solution of (20) given by Theorem 2.7, and let Ry
be an interpolation operator satisfying either (6) or (7). Suppose the only
knowledge we have about U is from the noisy observational measurements
Ry(U(t)) 4+ £(t), that have been continuously recorded for times ¢ € [0, 7.
Our goal in this section is to show that the data assimilation algorithm given
by equations (21) for computing the approximating solution u are well posed.

The proof combines the well-posedness results for the noise-free data as-
similation equations (2), appearing in [3], with techniques from [17]. Similar
results can be found in [15] for stochastically forced partial differential equa-
tions. Namely, we have the following two theorems.

Theorem 3.1. Suppose U is the strong solution of (20) given by Theo-
rem 2.7, where Uy € V and f € H. Moreover, assume Ry,: [H']> — [L?*)
satisfies (6) and that 2ucih® < v. Then for any ug € H and T > 0, there
exists a unique stochastic process solution u of equation (21) in the following
sense: P-a.s.

u € C([0,T); H)n L*([0,T]; V)

and
MW@+A@@A@W—A@WWWMMMﬁ4m@
+A(ﬂﬂwﬂT—uA<&Mmﬁ—Uﬁ»@MT+WWW¢>@@

for allt € [0,T] and for all ¢ € D(A). Moreover,

5 (s ol +v [ ) < oo (37)

0<t<T

Theorem 3.2. Suppose U is the strong solution of (20) given by Theo-
rem 2.7, where Uy € V and f € H. Moreover, assume Ry: [H*? — [H']?
satisfies (7) and that 2ph? max(ci,+/¢s) < v. Then for any uy € V and
T > 0, the stochastic process solution of equation (21), given in the previous
theorem 1is such that P-a.s.

we C([0,T;V) N L2([0,T); D(A))
and

E(mmnwm@+uAmew@w)<m» (33)

0<t<T

15



Proof of Theorem 3.1. The proof of this theorem is based on a pathwise ar-
gument. We proceed along the lines of [17] in which a similar proof appears
except without the function U and the additional linear term. Consider the
auxiliary process z which satisfies

dz + vAzdt = pdW, 2(0) = 0. (39)

It is known, see [15], that

t
() = 1 / e~V g1y (7)
0

is a stationary D(A'Y2)-valued ergodic solution to (39) with continuous tra-

jectories. In particular, we have
2 2
2 Ko
E”Z<t>HD(A1/2) < o Tr[Q].

This estimate may be obtained by writing

z = szej and W = ZVVjej Z <Z%]bd>63
j=1 j=1

Jj=1 *d=1

where z;(t) = (2(t), e;) and v4; = (7a, €;)-
Then,

t
50 = n [ e uZm / ) gy 7).
0

Using the independence of the b;’s and the It6 isometry, it follows that

E |z () = p Zvdj ‘/ M) by ()

2 2

2

2 2

D t : 120
2 —2v\;(t—T dr <
Z KE / T= 4v\;

Therefore, provided 2o < 1 we have

D
2
Z Vd,5-
d=1

EllzlDae) = ZA?“E B

2 2 2

D oo
]
dz::z:: )\1 2a’ydj S 2 )\1 200 TI‘[Q]
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Now, using the change of variable @& = u — z, we find that @ is solution of
the (random) differential equation

d .
aﬂ—i—yAﬂjLB('&—l—z,ﬂ—l—z)—irul'[Rh('&—l—z):f, (40)
where f = f + Il R,(U) and @(0) =

Theorem 2.7 implies that U € C(
Poincaré inequality

T Ru(U)| i < |U = Ra(U)|l2 + Ui < (verh + A )U v
which implies that II Ry, (U) € C([0,T]; H). Therefore f € C([0,T); H).

For every w € (), there exists a unique weak solution @ of equation (40)
and it depends continuously, in C([0,T]; H) N L*(0,7;V) norms, for any
given T' > 0, on the initial condition @y = ug in H. A full rigorous proof of
this statement is very long, but at the same time it is very classical. Similar
proofs are detailed, for instance in [17] for the stochastically forced Navier—
Stokes equations and in [13] or [44] in the case of the classical Navier-Stokes
equations (i.e., when z = 0). The rigorous proof is based on the Galerkin
approximation procedure and then passing to the limit using the appropriate
compactness theorems. We state the necessary a-priori estimates here.

Take the inner product of equation (40) by @

0 = Ug.
[0,7];V). Hence, using (6) and the

<%,a> + (AT, @) = —(B(i+ 2,0 + 2), @) — p(IL Ry (@ + 2), @) + (f, @).

Using Lemma 2.2 and Young’s inequality, we get that
[(B(a + 2,0+ 2), )| = [(B(a,a), z) + (B(z,1), 2)]

< Cp (lall7allzllv + llallv [ 2]I74)
Vo OI% ~12 2 2 2
SjMW+;ﬂWbMW+VMWMW (41)

For the other term we apply the Cauchy-Schwarz, Young’s and Poincaré
inequalities along with the approximation property (6) to obtain

(LR (i + 2),8) = —pu{ Bi(2),0) — pl (@), )
< plz = Bu(2)|ult|m + plzluliln
+ i = Ru(@), @) - pll}
Elafty + & (1% +12 = Ra(2)[%)
+ Sl — Ru(@)l + Slalh — ulal
ch?u

IN

M _ -
Bt + el + 2L jal.

17



Also,
- N Lz Vi
(Foa) < A flmlal < 271 flalially < o171+ llalk-

Hence, since we chose h and p such that v > 2c;h?p, we get that

Sl + Sl
ogp T vsyg

Cc? 1 =
2 (=0 + | =13) + T

(/\ + a1h?) |23

From the above we have
d _ . _ 2 -
Sl + @l < a7 + )l + TP
202 202

==Vl + == ==

Since f and z are in C([0,T]; V), then by Gronwall’s Lemma and the previous
estimates on z and f to get that

T
sup |ﬂ(t)|%{ <(C, and / ||1fL(T)||%/dT < C.
t€[0,7] 0

Since, u = @ + z, we deduce from the properties of z that P-a.s.
u e C([0,7); H) () L*([0,T]; V

The rigorous justification to the fact that the process u is adapted follows
from the limiting procedure of adapted processes (via the Galerkin approxi-
mation).

Let us sketch the proof of (37). As usual, these calculations are performed
in a first step on the Galerkin approximation and then in a second step the
estimates for the solution u are obtained by a limiting procedure. But for
simplicity, we only sketch them for w. For similar estimates, see [5, 10]

Using It6 formula to |u(t)|%, where u(t) is solution of (21), we get that

dlu(t)|f; = 2{u(t), du(t)) + p* Tr[Q)].

Then, using assumption (13) and integrating over (0,t), we get

T T
sup [u(t)[ + 20 / lu(r) [2dr = Juol + / (f u(r))dr

0<t<T

o / (Ri(u(r) — U(r)), u(r))dr

+ 2 sup /0 (u(r), dW (7)) + pi*T Tr[Q). (42)

0<t<T

18



Using the Burkholder-Gundy-Davis inequality (cf. [15]) on the martingale
term in the right-hand side of (42)

t

o (s [t aw(n)) < 2y TR [ lutr)fyar
<2 sup [u(®)uy/TTHO)

o<t<T

1
< SE sup [u(t)f}, + 2T Te[Q)

0<t<T

On the other hand, using the approximation (6) and the Poincaré in-
equality, we get that

—2u(Rp(u —U), u)
< 2pulu — Ry(w)|p2lulm — 2pfulty + 2 Ri(U)| 2]l a
< 2plu — Ru(u)[7> — plulyy + 2p Ru(U)|7
< 2pei?||ullf — plulfy + 20 (U = Ba(U)[72 + U %)
< 2perP?||ul® = plulf + 2u(e:h® + ATHIU

Since 2uc1h? < v, combining the previous estimates with the Gronwall lemma,
one obtains

E ( sup |U(t)|?{> < C(|UO|H7T7M7 v, ha AlvTr[QL ”U”V) :

0<t<T
Using again this estimate in (42) finishes the proof. O

Proof of Theorem 3.2. Similar arguments as used in Theorem 3.1 may be
used to prove this theorem. O

4 Main Results

Our goal is to prove that u, the solution of (21), approximates the true
solution U of (20), when t — oo, to within some tolerance depending on
the error in the observations. Upon setting v = U — u this is equivalent to
showing that v is small. Note that from (20) and (21) the evolution of v is
governed by the equation

dv+ [vAv+ B(U,v) + B(v,U)—B(v,v)|dt

43
— —ull Ry (v)dt + pIldW, (43)
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with vg € V is chosen arbitrary. We now look for conditions on A and u
such that the feedback term, Ry, on the right-hand side of this equation,
which is stabilizing the coarse scales, together with the viscous term, which
is stabilizing the fine scales, controls the growth of v, which is due to the
unstable nature of this kind of nonlinear dynamical system.

Section 4.1 studies interpolant observables which satisfy (6) and, in partic-
ular, those come from finite volume elements. Section 4.2 studies interpolant
observables which satisfy (7) and, in particular, those which come from nodal
observations.

4.1 Observations of Volume Elements

This section first proves a general theorem on interpolant observables that
satisfy (6). This result is then applied to obtain explicit estimates when
the observational measurements arise, for example, from volume elements.
The same result holds for other kinds of observables that satisfy (6), such as
Fourier modes and the interpolants investigated in [29].

Theorem 4.1. Assume that U is a strong solution of (20), that Ry, satisfies
assumption (6) and that W is a [L*]*-valued Q-Brownian motion. Assume
that i 1s large enough, and h is small enough such that

1 201 "

h2 = > 80105/\1G2.

where ¢y, Cp, are respectively given in (6) and (15). Then the solution u of
(21) given by Theorem 3.1 satisfies

lim sup B(|u(t) — U(t)[3;) < pTr[Q].

t—o00
Moreover,
. 2 1
limsup = [ E(lu(r) ~U@)[})dr < (7 +p)nTlQL  (44)
t—o0 T

Proof. In this proof we focus on the time interval [ty, 00), where ty is given
in Theorem 2.8. Using the It6 formula on |v(t)|% we obtain

dv|3 = 2(v, dv) + p* Tr[Q] dt.
Substituting for dv and applying the orthogonality property (13) yields

dlv|3; + 2v||v|)3dt = — 2(v, B(v,U))dt — 2pu{v, Ryv)dt

+ 2u(v, dW) + p? Tr[Q] dt. (45)
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Estimate the first two terms of the right-hand side as follows: using inequal-
ity (16) and Young’s inequality

02
—2(v, B(v,U)) < vHvHQv+7L!v\?{HUH2v. (46)

Using Young’s inequality, the interpolation inequality (6) and the assumption
that 2c,puh? < v we obtain

—2p{v, Ryv) = 2p(v,v — Ry (v)) — 2plvly

3 3 (47)
< 2ulv — Ry (v)[72 — 7|Uﬁ{ <vloll¥ - 7|’U\12L1-
Therefore,
3 C?
dlofy + (5 = =ENUI ) ol dt < 200, dW) + i TH{Q) dt.

Since t > t, then inequality (34) and the hypothesis 2C2v A\ G* < /2 yield

02
LU} < 20tvn6 < 5

which implies
dlv|3; + pll3 dt < 2p{v, dW) + p? Tr[Q)] dt, (48)

for all t > tg. Now integrating over (to,t), then taking the expected value
and using Gronwall’s lemma, we obtain

E(lv(®)f) < E(lo(to)f)e ™" + uTr[Q], for all ¢ >t
Thus, it follows that

lim sup E(|o(t)[;) < 1 Tr[Q).

t—o00

To obtain (44), we estimate the terms in (46) and (47) using Young’s
inequality in a slightly different way. In particular,

202

A

14
—2(v, B(u,U)) < §||U||2v +

and

1%
—2u(v, Ryv) < §||v\|2v — plol.
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Therefore,
dlvlF + vl|vlbdt < 2p(v, dW) + p? Tr(Q]dt.

Taking expected values and integrating from t to t + T yields

E(lv(t+T)l5) + V/t E(lv(m)IlV)dr < E(jv(®)[7) + 1T Tr[Q).

Therefore
t+T
fimsupy [ B(Jo(r)[})dr < (@) + T TH(Q)
t—o0 t
from which (44) immediately follows. O

Theorem 4.1 applies to observations of the volume elements given by (8).
We now state and prove a corollary on finite volume elements that gives
explicit estimates on the how well u approximates U over time.

Corollary 4.2. Suppose that the observational measurements are given by
finite volume elements (8) plus a noise term of the form (22), where each
bq is an independent one-dimensional Brownian motion with variance o*/2.
Interpolate these noisy observations using (23) where Uy are given by (26).
Let p = 4C¥v\G? and choose N = K? large enough such that

h=L/K <+\/v/(2cipu).
Then the solution u to (21) satisfies

limsup E(|u(t) — Ut)|}) < mivG2o?
t—o0

and

1 krG?

+T
lim sup z E(||u(r) — U)||})dr < (— + —)H1VG2O'2
T J, v T L2

t—00
where r; = 16m2C} is an absolute constant.
Proof. By Proposition 2.3 we obtain
pTr[Q] < po?L? < 4CEvA\G?o?L? = kivGPo™.

where k1 = 1672C?. Similarly

(ﬁ + ;f) Tr[Q] < ('WG? + R%V2G4)02.

T T L?
Since the choices of 1 and h given in the corollary satisfy the hypothesis of
Theorem 4.1, the corollary is thus proved. ]
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We remark that the upper bound on the error in the approximating solu-
tion given by Corollary 4.2 is independent of h. In particular, as we take the
observation density finer and finer there is no improvement in the quality of
our approximation. This is not surprising, since increasing the resolution of
the observations did not lead to any decrease in the size of the measurement
errors present in the interpolant observables R, given by (23). We remedy
this defect with

Corollary 4.3. Suppose that the observational measurements are given by
finite volume elements (8) plus a noise term of the form (22) where each
bq is an independent one-dimensional Brownian motion with variance /2.
Let p be as in Corollary 4.2 and € € (0,1). Then, there exists an interpolant
observable based on volume elements with observation density h such that

max(e, 16r2G?)
12 12

(49)
where ko = 32m2c1CE is an absolute constant and for which

limsup E(|u(t) — U(t)|3) < po?Le

t—o00

and

. v [T 1
lim sup f/ E(|lu(r) — U()|2)dr < (T n u)uasze. (50)
t

t—o00

Proof. 1f \/v/(2cip) > L then we may take h = L in Theorem 4.1. In this
case U is a steady state, and consequently no observational data is needed
to accurately recover U. Otherwise, let M = K2 where Ky > 2 is the unique
integer such that

h = L/K2 < v/ V/(QCL[L) < L/(K2 — 1)

Let @/, be squares with sides of length A’ where m =1,2,..., M defined in a
similar way as (27). Choose h = h’/q where ¢ is the unique integer satisfying

>l >(qg—1)>2 (51)
With these choices of Ky and ¢ we have

V2eip/v <1/W = Ky/L < 2(Ky —1)/L < 2y/2¢1p1/v

and
e <qg=(g-D)+1<ePr1<27Y2
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Therefore

Vel (32ciu) <h =W /q < \/ve/(2eip)

from which (49) follows.

Let @), be the squares with sides of length h where n = 1,2,..., N and
N = L?/h* = ¢ M. The smaller squares @, fit inside the larger squares Q'
and each larger square is the union over ¢? of the smaller squares.

Define the averaging operator A: R?N — R*M by

|:-A<90>2m1:| . 1 Z |:902n1:|
== ’
Al$)2m T q.cq, b P

form=1,2,..., M. We note that Oy = Ao Oy, where Oy, are the noise-free
observations of volume elements given in (8), for the @, and O are the
analogous observations for Q.

Let On(U(t)) be the noisy observations defined by (3), where £(t) is given
by (22). Tt follows that Ao O, (U(t)) = O (U(t)) + F(t), where

F(t)dt = (dpy(t),dpa(t), ..., dBap (1))

and (), are one-dimensional independent Brownian motions such that
2

o
E(Br(t)) =0 and E(Bk(t)?) = t2_q2,
for k =1,2,...,2M. Therefore, by taking averages of volume elements, also

called spatial oversampling, we have reduced the variance in the noise term of
the measurements. In particular, from (51) the noise term is now equivalent
to a [L?|*-valued @’-Brownian motion with Tr[Q'] < 02L?/¢*> < o*L?*. We
now define the interpolant observable

Ru = L 0A 0 O.

Since Ry satisfies (6) with the same constants as before, then applying The-
orem 4.1 now completes the proof. n

4.2 Observations of Nodal Values

This section first proves a general theorem on interpolant observables which
satisfy (7). This result is then applied to obtain explicit estimates when the
observational measurements arise from nodal measurements.

Our proof follows the general strategy of the non-stochastic case treated
in [37] with modifications as was done in the proof of Theorem 4.1 above to
account for the stochastic terms which arise from the stochastic errors. In
particular, we shall make use of the following inequality which can be found

in [37].
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Lemma 4.4. Let p(r) =r —n(1 +logr) where n > 0. Then
min{p(r) : r > 1} > —nlogn.
We commence with the proof of

Theorem 4.5. Assume that U is a strong solution of (20), that Ry, satisfies
assumption (7) and that W is a [H']*-valued Q-Brownian motion. Assume
that p is large enough and that h is small enough such that

w>2vMGJ, and v > 203h2u
where c3 = max(cy, /¢y) and J = 20g(2+1og 2Cc!/?)(1+log(1+@G)). Then
limsup B(||u — U||3) < 4pexp(vA G2J? /) Tr[AY2QAY?
t—00

and

lim sup — / E(|Au(r) — AU(7)|5)dr

t—o0

2 72 2 2
{Sexp(uAlG J /u){ +4J <T —|—V)\1)1/)\1G } }
x 2 Tr[AY2QAY?.

Proof. We focus on the interval [ty,00), where ¢y is given in Theorem 2.8.
Using the It6 formula on ||v(t)||y; we obtain

dl[o][2 = 2((v, dv) + 2 T A2 QA dt.

For notational convenience we shall write ¥ = Tr[A"/2Q A'/?] throughout the
rest of this proof. Substituting for dv and applying (18) and (19) yields

d||v]|? + 2v|Av|3dt =2(AU, B(v,v))dt — 2u(Av, Ry,(v))dt
+ 2u(Av, dW) + p*Sdt.
The Brézis—-Gallouet inequality (17) implies
(AU, B(v, 0))] < llelcllellv| AU

Aol
<c&mmv{1+1gA||@ AU

and the assumption 2y max(ci,/cz)h* < v along with (7) and Young’s in-
equality implies

—2u(Av, Ry (v)) = 2p(Av, v — Ry(v)) — 2pullv[f}

202 v
< %o - Ra(o) s + S| Aol - 2ull0l;

< VAol — ullo?.
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Therefore
2 Kl | Av[%; 2
d|[v][y, + | M5 — 2C08|AU|gq 1 +1log ~——5 ¢ + | ||v][7-dt
Aol Allvlly
< 2u{Av, dW) + p*Xdt.
Now setting
2CE|A Avl)?
= —CBl Uln and r = —| U|H2
28 Mloll5
in Lemma 4.4, and noting that » > 1, we obtain that

20p|AU
ol + (1= 2Cal AU tog 22 )

< 2u{Av, dW) + p*Xdt.
Since t > tg, then by (35) we estimate

20| AU |1

VA

2Cg log < 2Cglog2CRc?(1+ G)? < .

Consequently,
o)t + { &= JIAU g flolfdt < 2pa(Av, dW) + 2Tt

Applying Young’s inequality we get

1 J?
o)} + 5{n - ;\Avﬁf}uvuadt < 2u(Av, dW) + 23t

2

Take ty as in Theorem 2.8 and define

%{M_ JFQ|AU(t)|§{} and VY(t) = /ta(s)ds.

to

at) =

Now, integrating and taking expected value yields
t
E(lo@®)II7) < E(v(to)li)e +u22/ e VO,
to
Since > 2v\GJ then by the estimate (34) we obtain

2

W) +0(r) < (-7 + L4 (= ane?
L
H VAL o 5o
< P
< 4(t T) + p —G-J".
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Therefore —V(t) — —oo and

t
/ VOV g < %(1 _ @—M(t—to)/4) N %, as t — 0o,
to ’u ILL

where ¢; = 4exp(vA1G*J?/p). Tt follows that
lim sup E(lo(8)[) < e = dpexp(vaGEI2 ) Tr{AV2QA?,
t—o0
which is the first inequality.

To obtain the second inequality, we use

4Cs|AU | | Avl%
=———— and r=
TN PATIE

in Lemma 4.4 to obtain

v 1 J?
Al + glAotids + 5 {n = 1AUT ol d 52)

< ou(Av, dW)dt + p2Xdt

where .
J = 4Cglog4Cpc?(1 4+ G)? < 2.

Let t; > tg be large enough such that
E(v(®)|3) < 2c4uX for  t>t.

After integrating inequality (52) and taking expected values, we obtain for
times ¢ > t; that

v t+T 5 t+T
5/ E|Av(7)|5dT < 241 + c4J22/ |AU (7) |3 d7 + p*TY
t t

< 2413 + 8¢y JPN(1 4+ Tv v\ G? + 1*TX.
This finishes the proof. n

The bounds on 22 are proportional to G(1+log(1+ G)) which is similar
to the deterministic case. However, the bounds on the expected value of
|lu — UJ|? depend exponentially on G. Therefore, unless the variance in the
stochastic error represented by Tr[AY2QA'/?] is very small, this bound will
be very large. However, this exponential dependence on G may be removed
by taking p = vA;G%J? and h=? correspondingly larger. This yields
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Corollary 4.6. Suppose p = csv A\ G*(1+1og(1+G))? and h is small enough
such that
v > 2cquh?,

where cs is defined as in Theorem 4.5 and cs = 4CE(2 4 log 20c'/?)2. Then
limsup B(||u — U||?) < 4ep Tr[AY2QAY?]
t—o00

and
LT
lim sup T / E(|Au(r) — AU(T)@I)dT
t

t—00
20
< {— + 16w\ + ﬂ}éleu Tr[AYV2QAY?).
T 2e
We apply Corollary 4.6 to nodal observations described by (10) to obtain

Corollary 4.7. Suppose that the observational measurements are given by
nodal observations (10) plus a noise term of the form (22), where each by is
an independent one-dimensional Brownian motion with variance /2. Inter-
polate the noisy observations using (23) where {4 are given by (29). Suppose

that \/v/(2csp) < L where p = csv M G*(1+1og(14+@G))? and choose N = K*?

such that
h=L/K <+\v/(2cu) < L/(K —1).

Then the solution U to (21) satisfies
limsup E(|lu(t) — U®#)||}) < ksvAGH(1 + log(1 + G))*o?
t—00

and

t+T
hmsup% / E(|Au(7) — AU(F)[%)dr
t

t—o0
C5V)\1

20
< {Z + 1600 + TG 11081+ 6))?)
e
x ks A G (1 + log(1 + G))*o?
where K3 = 128m%eccsc? is an absolute constant.

Proof. By Proposition 2.6 equation (31), we obtain

Tr[AY2QAY?) < 0025—2 < co’K? < 4eo*(K —1)?
< 32m%ce3es GP(1 + log(1 + G))?0”.
Since i and h satisfy the hypothesis of Corollary 4.6, then
lirtn supE(|lu — Ul|}) < 1287%ecescav A GH(1 4 log(1 + G))*o?
—o0

and the second inequality follows similarly. ]
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We end by noting that the oversampling argument used to reduce the
error in Corollary 4.3 can also be used with nodal measurements. Along
these lines we obtain

Corollary 4.8. Suppose that the observational measurements are given by
nodal observations (10) plus a noise term of the form (22) where each by is
an independent one-dimensional Brownian motion with variance o%/2. Let
w be as in Corollary 4.6 and € € (0,1). Then, there exists an interpolant
observable based on nodal measurements with observation density h such that

kaG*(1 +log(1 + G))?
12

max(e, 16k,G*(1 + log(1 + G))?)
72

<55 <

€
2
where ky = 321%c3CE(2 +1og 2Cpc/?)? is an absolute constant and for which

limsupE(||u(t) — U(t)||3) < 32eccsp®v o L3e

t—o0
and
L [T
lim sup — / E|Au(r) — AU(7)|3,dT
t—o00 T t
20
< {— + 160X + ﬂ}32600;»,,u21/_1Usze.

T 2e
Proof. Define 1/, Ky, M, N, q, @, and @/, as in the proof of Corollary 4.3
where we have taken c3 in place of ¢;. Let z,, € ), forn =1,2,..., N. Since

the @, are disjoint then the x,, are distinct. Inside each large square @/, fit
¢? smaller squares (Q,, and therefore ¢ points z,,. Denote

{xn:xneQm}:{xﬁn,j:j:1,2,...,q2}.

Since z, ; € Qp, for each j =1,... ,q%, we may view O, as a family of ¢?
observations of nodes O3, : [H?)? — R*M given by

Oi/(cb) = (¢1=j7 ey QOQM,j) where |:¢;7;_1’]:| = CI)(.TfmJ)
m,J

and m = 1,2,..., M. This leads to a family of ¢ independent noisy obser-
vations O7F,(U(t)). It follows that the average of the noisy observations

OuU®) = L3 G = LS oLwe) + Fi
q° - q° <

where

F(t)dt = (dpi(t),dBa(t), ..., dBanr)
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and the (; are one-dimensional independent Brownian motions such that
E(Bk(t)) = 0 and E(B,(t)?) = to?/(2¢?) for k = 1,2,...,2M. Therefore, just
as in the case with finite volume elements, we have reduced the variance in
the noise term by averaging. In particular, the noise term is now equivalent
to an [H']?>-valued Q’-Brownian motion with

LN\21
Tr[Al/ZQ’A1/2] < co? <ﬁ> - < Scesur o L2e.
q

We now define the interpolant observable

1 & -
Riv = 5 2 L0, (U().
j=1

Since Ry, satisfies (7) with the same constants as before, then applying Corol-
lary 4.6 now completes the proof. O

5 Conclusions

We have shown the continuous data assimilation algorithm proposed in [3]
continues to be well posed when the observational measurements contain
errors represented by stochastic noise. Provided the resolution of the obser-
vational data is fine enough, we have shown that the expected value of the
difference between the approximate solution, recovered by this data assimi-
lation algorithm, and the exact solution is bounded by a factor depending on
the Grashof number times the variance of the noise, asymptotically in time.
This occurs for general interpolant operator observables satisfying either one
of the approximate identity properties (6) or (7), and, in particular, for in-
terpolant observables based on volume elements and nodal measurements.
In the case of Theorem 4.5 the resolution of the observational data needed
for the algorithm to work for noisy measurements is roughly the same as with-
out noise; however, to remove the exponential dependency on the Grashof
number in the error bounds, Corollary 4.6, requires increasing the resolution
by its square. Once the resolution needed to remove the exponential term
is achieved, no further benefits are obtained by increasing the resolution.
To benefit from additional resolution in the observational measurements, we
note that oversampling an already very high resolution observation, and then
by locally averaging the oversampled observation, can produce a observation
that still has sufficient resolution but with reduced variance in the noise. In
our case, we assumed the random errors were independent; however, this
may not be the case in practical problems. For example, Budd, Freitag
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and Nichols [4] obtain great benefits by using adaptive filters based on as-
sumptions about the independence of the measurements errors in real-world
weather forecasting applications. The effect oversampling has on reducing
the errors in our theoretical bounds is consistent with the observed effects of
filtering in applications.

Computer simulations done by Gesho [26] have shown that in the absence
of measurements errors the algorithm studied in this paper performs much
better than analytical estimates would suggest. In the case of nodal mea-
surements, the actual resolution requirements for the observation density is
orders of magnitude less than the upper bounds given by the analysis. This
phenomenon, that the numerics perform much better than the analysis, was
also noted for a different data assimilation algorithm in [37] and [38]. It is
plausible that in the presence of stochastic noise the data algorithm studied
here will also perform numerically much better than our analytic bounds.
Work is underway to study the numerical performance of this data assimila-
tion algorithm when the observation density is much less than our analytic
bounds and to understand how the variance in the stochastic noise numeri-
cally affects the convergence of the approximating solution to the reference
solution over time.
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