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Precise predictions for A, — A. semileptonic decays
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2Ernest Orlando Lawrence Berkeley National Laboratory,

University of California, Berkeley, CA 94720, USA

3Santa Cruz Institute for Particle Physics and Department of Physics,
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Abstract

We calculate the Ay, — A v form factors and decay rates for all possible b — ¢fr four-Fermi
interactions beyond the Standard Model, including nonzero charged lepton masses and terms up
to order ay Aqcep/Me,p and A(QQCD /m?2 in the heavy quark effective theory. At this order, we obtain
model independent predictions for semileptonic A, — A, decays in terms of only two unknown sub-
subleading Isgur-Wise functions, which can be determined from fitting LHCb and lattice QCD data.
We thus obtain model independent results for A, — A7 decays, including predictions for the ratio
R(A:) = B(Ap — AeTv) /B(Ap — Acpv) in the presence of new physics, that are more precise than
prior results in the literature, and systematically improvable with better data on the decays with p
(or e) in the final state. We also explore tests of factorization in A, — A.m decays, and emphasize
the importance of measuring at LHCb the double differential rate d?T'(A, — A7) /(dg? d cos 0), in

addition to the ¢? spectrum.
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I. INTRODUCTION

In a recent paper [I], it was shown that LHCb data for the semileptonic A, — A uv
decays [2] combined with lattice QCD calculations [3], provide sensitivity for the first time
to sub-subleading O(Acp/m?) terms in the heavy quark effective theory (HQET) expan-
sion [4, B] of the A, — A, semileptonic decay form factors, independent of |V|. The
O(AéCD /m?) corrections were found to have their expected characteristic size, suggesting
that the expansion in Agcp/m. for baryon form factors is well-behaved up to Acp/m?
terms. The same framework also resulted in a new standard model (SM) prediction for the

ratio

F(Ab — ACTD)
F(Ab — Acluﬂ)

which is significantly more precise than prior results [3], GHIT].

R(A,) = = 0.324 + 0.004, (1)

The ratio in Eq. is of particular interest in light of the persistent hints of deviations
from the SM, in the ratios

(B — DYrp)
() — _
BO™) = v S pom . L=me @)

at approximately the 4o level, once the measurements for the D and D* final states are
combined [I2]. The Ay, — A.uv decays involve the same underlying b — ¢7v new physics
(NP) operators as B — D®) 7, but the HQET expansion for the ground-state baryon form
factors is simpler than for mesons. The “brown muck” surrounding the heavy quark is in a
spin and isospin zero ground state. A consequence of this is a simpler expansion of the form
factors, in which the O(Aqep/Mep , s Aqep/meyp) subleading contributions are determined
by the leading order Isgur-Wise function, reducing the number of free parameters in the
form factor fits, and thereby providing sensitivity to O(Acp/m?) terms.

The spread in the uncertainties quoted for theoretical predictions for R(D*) in the SM are
largely due to different estimates of O(Ap/m?) effects [I3-15]. The very same hadronic
matrix elements are also crucial to resolve tensions between inclusive and exclusive deter-
minations of |V| [I3-2I]. The abundant sample of A, baryons produced at the LHC may
therefore provide a complementary and theoretically cleaner laboratory to study the behav-
ior of the heavy quark expansion, identify possible NP effects, and extract |V|.

In this paper, we expand and generalize the study of Ref. [I] beyond the SM, to include all

b — crv four-Fermi operators, including those containing right-handed (sterile) neutrinos.



We compute the relevant form factors including O(Agcp/m?) terms, and compare the fit
results of Ref. [I] to the lattice QCD determinations of not only the three vector and three
axial vector SM form factors, but also the four NP tensor current form factors. We further
emphasize the importance of measuring at LHCb the double differential rate d?T'(A, —
Atv)/(dg? dcos ) in addition to the ¢* spectrum, and also explore tests of factorization in

Ay — A.m decay.

II. HQET EXPANSION OF THE FORM FACTORS
A. Form factor definitions

We are interested in the A, — A, matrix elements of operators with all possible Dirac

structures, for which we choose the basis

Oy =c¢v,b, Oga=cCyusb,

Os =¢b, Op =csb, Or =co,b, (3)
with o, = (i/2) [y4, 7). As done in Refs. [22-25] for excited charm mesons, we use the
conventions Tr[y*4"y7vP~°] = —4ie"P?  so that o"v° = +(i/2)e"*0,,. (This is the
opposite of the common convention in the B — D®¢ literature, which typically chooses
Tr[y#y"y7yPy5] = +4ie"P?, so that o"~° = —(i/2)e"P7 0 ,,.)

The semileptonic A, — A.fv form factors in HQET are conventionally defined for the
SM currents as [26-2§]

<Ac(p/7 SI)’EF}/Vb‘AbQQa 8)> = 'L_L(p/, S/) [flqu + fZU,u + ng,’JU(p, S) )
(AP, 8" e sblAp(p, 8)) = a(p', s") [g17u + 9200 + g0, ] 75 ulp, s) (4)
where p = mp,v, p' = my v', and the f; and g; are functions of w =v -v' = (mf\b +m3, —
q*)/(2my,ma,). The spinors are normalized to a(p, s)u(p, s) = 2m. We further define the

NP form factors,

(Ac(p', 8")|cbIAy(p, 5))
(Ae(p', 8")[evsbl Au(p, 5))
(Ac(p', )€ 0 DI A(p, 5))

u(p', s") ulp, s),

hs
hP a<p,7 Sl) V5 u(pa 8) 3

a(p/) 3/) [hl U;w + l hZ(U,u%/ - UI/Y,LL) + { h3<“;7u - U:fVu)

+ i ha(v,v), — v,,)|ulp, s) . (5)
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In the definition of the NP tensor current, the conventions are chosen to simplify the a;
corrections when expressed in terms of the standard coefficient functions.

In full QCD, the form factors of the SM currents were instead traditionally defined as [27],

(AP, 8)|Evubl Ao(p, 8)) = a(p', s") [Fryu — iF 0 ¢ + Faqu]u(p, s)

(A, ")|evvsbl Av(p, 5)) = a(p', 8") [Grvu — iG2 0 ¢ + G qu) s u(p, s) - (6)

Our notation for the form factors follows Ref. [28]; the notation of Ref. [27] corresponds to
an exchange of upper and lowercase symbols, F; <> f; and G; <> ¢;, in Egs. and @ The
relations between the form factors in Eqs. and @ are given in the Appendix .

B. Form factors in HQET

The ground state baryons are singlets of heavy quark spin symmetry, because the light
degrees of freedom, the “brown muck”, are in the spin-0 state. Hence, the baryon masses

m mo + +, ,C, {
AQ Q A 2

where the ellipsis denote terms suppressed by more powers of Aqop/mg. The parameter
Ay is the energy of the light degrees of freedom in the mg — oo limit. The A} parameter
is related to the heavy quark kinetic energy in the A baryon. We use m,, = 5.620 GeV,
ma, = 2.286 GeV [29], and employ the 15 short distance mass scheme [30H32] to eliminate
the leading renormalon ambiguities in the definition of the quark masses and A,. Details
of the 1S scheme treatment can be found in Ref. [I3]. In particular, we treat m}® =
(4.714+0.05) GeV and dmy. = my —m. = (3.40 £0.02) GeV as independent parameters [33].
(The latter is well constrained by B — X v spectra [34] [35].) We match HQET onto QCD
at scale p = \/mym,, so that o, ~ 0.26. For example, using Eq. for both A, and A, to
eliminate A}, at O(ay) we obtain Ay = (0.81 £ 0.05) GeV and A} = —(0.24 % 0.08) GeVZ.
(Similar HQET-based discussions can be found for other decay modes, B — D™/(p [13],
B — D*(p [22H25], and Ay — Allv [36, 37].)
Making the transition to HQET [, [5], at leading order in Aqcp/mcp,

(A(v', 8)]eTh | Ay(v, 5)) = C(w) u(v', s") Tu(v, s), (8)



where u(v, s) satisfies Y u(v, s) = u(v, s) and ((w) is the Isgur-Wise function for ground state

baryons [26], satisfying ((1) = 1. At leading order, one finds

fi(w) = g1(w) = hs(w) = hp(w) = hy(w) = ((w),
fo(w) = fs(w) = g2(w) = g3(w) = ha(w) = h3(w) = hy(w) = 0. (9)

At order Agcp/mep a remarkable simplification occurs compared to meson decays.
The O(Aqcp/meyp) corrections from the matching of the ¢I'b heavy quark current onto
HQET [38-40] can be expressed in terms of A, and the leading order Isgur-Wise function
((w) [4]. In addition, for A, — A, transitions, i.e., between the ground state baryons,
there are no O(Aqep/mep) contributions from the chromomagnetic operator. The kinetic
energy operator in the O(Agcep/me,) HQET Lagrangian gives rise to a heavy quark spin
symmetry conserving subleading term, parametrized by (i.(w), which can be absorbed into

the leading order Isgur-Wise function by redefining ( via

C(w) + (ec + ) Cre(w) = ((w), (10)

where ., = Apr/(2m,y). Luke’s theorem [42] implies ((1) = 0, so the normalization
¢(1) = 1 is preserved. Thus, no additional unknown functions beyond ((w) are needed
to parametrize the O(Aqep/me,p) corrections. Perturbative corrections to the heavy quark
currents can be computed by matching QCD onto HQET [38-40], and introduce no new
hadronic parameters. The same also holds for the order as Aqep/me corrections [43], 44].
The O(A%cp/m?,) corrections are parametrized by six linear combinations of sub-
subleading Isgur-Wise functions, by ¢ [27], which are functions of w. Only two of these,
by 2(w), occur at O(Agcp/mZ). The redefinition in Eq. introduces additional €2 (i.(w)

terms, which can be reabsorbed into by o(w). We may then define

{fiw), gu(w), hi(w), bi(w)} = {fi(w), giw), hi(w), bi(w)}/¢(w). (11)

Thus, including a,, Aqep/Mep, s Agep/Mep, and Agep/my corrections, the SM form fac-

tors are [1]
r ~ ~ / Z;l - 62
fi=1+a,Cy, +€C+5b+as[CV1 +2(w — 1)C’V1](€c+5b)+ s +...,
A R 2¢e. . 3w —1 Eec
f2:asCV2 — Wl +QS{CV2 Wl Ep — [20\/1 - (w—l)CVQ—FQCVS}w_'_l
by
+ 2(w — 1)CY, (. +5b)} + 2 +...,

C



- R 25() N 3w—1 €p
f3:@sCV3 — w1 —|—OJS[CV3 wrl Ec — [QCVl +20V2 —(w—l)CVS]w+1
+ 2(w — 1)CYy, (ec —1—55,)1 +.,
= 14 6,0, + (ot ) ot 46y [ O, Lk 2w — 1)C [ (e + 25) + b +
= Oug c Qg w — c — + ...,
g1 Ay b w4+ 1 A1w+1 Ax b 4mg
R R 2¢e. R 3w+ 1 e
go = QSCAQ - 1 + Qg |:CA2 w4+ 1 €p — [20141 - (w+1)CA2 +20A3}w+ 1
by
+2(w_1>0,/42(5c+56):| +m+...,
N R 251) R 3w+ 1 Ep
g3:OésCA3+m+Oés |:CA3U}——|—1€C+ [20,41 _20A2+(w+1>CA3]w+1
+2(w—1)01/43(6c+€b)] - (12)

where the Cr, are functions of w, and &; = a/m. (We use the notation of Ref. [28]; explicit

expressions for Cr, are in Ref. [I3].) In Eq. (12), primes denote 9/0w and the ellipses denote

Cc

Eq. (4.75) in Ref. [44] (where a redefinition different from Eq. was used).

O(ecep, €3, €2) and higher order terms in Aqep/mg and/or ;. Equation agrees with

For the expansions of the form factors parametrizing the BSM currents, we obtain,

~

A R w—1 w—1 , by
hs=1+&scs+(€c+€b)w+1+Oés{c'sw+1+2(W—1)Os](€c+€b)+4—mg+---,
A A A b b
hp:1+QSCP+€C+5b+a5[OP+2(w—1)0}3:|(5c+5b)+ 14m22+...,

A R w — ~ w—1 131
h1=1+OésCT1+(€c+€b)w+1+%{CT1U)+1+2(@U—1)C/T1}(€c+€b)+4—mg+---,
hy = 6 Oy — =55 4|0y 20T L — [2Cy, — (w+ 1)Cy, + 207, ] —=
2 — S TQ +1 S Tgw+1 b T1 T2 T3w+1
by

+2(w—1)0&2<€c+6b):|+4—7n(2:+...,
- . 2¢ep . 3w+ 1 €p
h3 = Qi CT3 + w1 + Qg |:CT3’[U—~|»1€C + [20T1 — 2611“2 + (w + 1)OT3} w4+ 1

+2(w — 1)C’Tg(sc+z—:b)} +...,
h4:&sw+1(CT350—CT255)+.... (13)

Similar to f3 and gs, neither of the hs and hy form factors receive Agqp/m? corrections.

The structure of hy o3 is similar to g; 23, while Ay is non-zero only at O(as Aqep/mep)-



C. Differential decay rates and forward-backward asymmetry

In Appendix [B] we collect explicit expressions for the A, — A.lv amplitudes for all
NP operators, including contributions from massless right-handed sterile neutrinos [45] [46].
Including the charged lepton mass dependence, and defining 6 as the angle between the

lepton and the A. momentum in the dilepton rest frameﬂ the SM double differential decay

rate is
2 2 5 2 (2 2
dwcflfosg _ G Z;A;E/CH (q ;4%) i Vw? — 1 K 27 )<H+ + 2(127{1) g—gﬁ?—lo
—3vuw? —1 (2f191 q* — %HH)) cos + <1 - %) (AQ’H1 ’HQ%}
(14)
where p, = mj/m3,, ra = ma,/ma,, ¢ = ¢*/m3, =1 —2ryw + 13,
Hy = (w—1)f + (w+1)g;, Hy=(w—1)F; + (w+1)G7,
Ho = (w+ 1)F§ + (w - 1)Gg , Hio = FiFo+ G100, (15)
and
=@ +r)fi+(w+1)(ra fo+ f3),
=1 =ra)g —(w—=1)(rag2+gs),
=1 =ra)fi = (raw = 1) fo+ (w—ra)f5,
= (1+70)g1 + (raw —1)ga — (w —7r4)gs.- (16)

The double differential rate in Eq. can be at most a degree-two polynomial in cos #, and
it was written in Eq. in the Legendre polynomial basis, so that only the zeroth order
term in the first line contributes to the dI'/dq?, after integration over d cos 6.

The single differential rate in the SM is correspondingly

dr — GEmy, [Val® (@ —p)® 5 P -2 3p¢
1 ( 2 ) Pl
T 5473 7 R Vw 25 He +2¢°H ) + 20 Ho (17)

and the forward-backward asymmetry is given by

dArp
dw {/ / } dwdcos@dcose

mAchb’2 (@ —Pz)
= 7 rs (w® — 1) 2f1914° — —’H+0 (18)

I This angle is not measurable in the 7 channel by present experiments, because neither the Ay nor 7
momentum can be precisely reconstructed. In principle, if the A, momentum was known and the 7 — 37wy

decay mode was used to reconstruct the 7 vertex, then € could be reconstructed.
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Our result in Eq. agrees with those in Refs. [3, 47]. Including all possible NP current
operators and a nonzero charged lepton mass, our result for dI'/dw as derived from Ap-
pendix [B| agrees with the result for SM neutrinos in Eq. (2.51) of Ref. [48]. We see from
Eqgs. or that the # distribution in the light lepton modes gives sensitivity to the
product f1 g1, which is not present in dI'/dw. The quadratic term in cos€ in the angu-
lar distribution provides sensitivity to the combination ¢?*H; — H_,. Thus, just like in the
case of b — st¢~ [49], measuring the dependencies on all three polynomials of cos 6, gives
information on the form factors beyond measuring only dI'/dq? and dApg/dq>.

To gain more information than obtainable from Eq. , the distribution of the A,
decay products would have to be studied. Such an analysis would be simplest for two-body
decays, such as A, — A(pr~ )7t [7]. This channel loses an order of magnitude in statistics
compared to the commonly used A, — pK = reconstruction, however, a model independent
description of this three-body decay amplitude is not currently available. With much higher
statistics and using A, — Ax*", the measurement of all A, — A. form factors would be
similar to that for A, — Aev [50H52], requiring measuring distributions in three angles (as
for B — (D* — Dm)lv).

If NP only modifies the (axial)vector interactions (see e.g. Refs. [7, 9] 53] for other cases),

which may be the most plausible scenario, then Eqgs. - are simply modified via the

replacements
fi = fi(l+ g1+ gr), 9i — 9i(1+ 91 — gr), (19)
and, in particular,
dAFB dAFB 9 2
1 — . 20
2 SO (1 1)~ )] (20)

In the m; = 0 limit, i.e., in the A ur and A.ev modes, the forward-backward asymmetry only
receives further contributions from tensor—(pseudo)scalar interference, even in the presence
of arbitrary NP. The relation in Eq. is then valid in the light lepton modes, as long as

NP does not simultaneously generate (pseudo)scalar and tensor operators.
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FIG. 1. Left: The data points show the LHCb measurement of the normalized dI"(Ay — A.uv)/dg>
spectrum [2]. The red band shows our fit of the HQET predictions to these data [2] and to the
LQCD form factors [3]. The blue curve shows the fit results, setting the order AéCD /m?2 terms to
zero. The gray band shows the LQCD prediction. Right: Our prediction for dI'(Ay — A.70)/dg?

normalized to R(A.) from the same fit, with and without including the A(QQCD /m?2 terms.
III. FITS TO LHCb AND LATTICE QCD DATA

A. SM form factor fits

The methods used to fit dT'(A, — A.uv)/dg* measured by LHCb [2] and lattice QCD
(LQCD) calculation of the (axial)vector form factors [3] were described in Ref. [I], and
are only briefly recapitulated here. LHCb measured the ¢? spectrum in 7 bins, normalized
to unity [2], reducing the effective degrees of freedom in the spectrum from 7 to 6. This
measurement is shown as the data points in the left plot in Fig. [l Our fits to the LHCb
data use the measured and predicted partial rates in each bin. This procedure differs slightly
from the fits performed by LHCb [2], which used the square root of dNeu,/dw evaluated at
the midpoint in the seven unfolded w bins. The right plot in Fig. [1| shows our prediction for
1/T x dU'(Ay — A7) /dg?, normalized to R(A.).

The lattice QCD results [3] for the six (axial)vector form factors are published as fits to
the BCL parametrization [54], using either 11 or 17 parameters. We derive predictions for
f1,2.3 and g1 23 using the 17 parameter result at three ¢ values, ¢* = {1GeV?, ¢2,./2, ¢Zax—
1 GeVQ} for a total of eighteen form factor values, constructing a covariance matrix from their

correlation structure. The values of ¢ are chosen to sample both ends and the middle of the
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FIG. 2. Fits of the HQET predictions in Eq. to the LQCD results [3] for the 6 form factors
(red bands) for f1 23 (left column) and g; 23 (right column). The blue bands show the same fits,
setting the order A(QQCD /m? terms to zero. Also shown are the LQCD predictions (gray bands and

data points); see text for details.

¢* spectrum. Adding more ¢? values from the BCL fit of the LQCD result to our sampling
does not noticeably affect the fit results. The difference in the form factor values obtained
using the 17 or the 11 BCL parameter results is added as an uncorrelated uncertainty. This

slightly differs from the prescription in Ref. [3], which used the maximal differences of the

11



form factor values between the two parametrizations, and cannot preserve the correlation
structure between the form factor values. The 18 form factor values used in our fits are shown
as data points in Fig. . The LQCD predictions, following the prescription of Ref. [3], are
shown as gray bands. The uncertainties are in good agreement. Similarly, the gray band in
Fig. [1] (left plot) shows the LQCD prediction for the normalized spectrum, using the BCL
parametrization.

In our fits, mi® and dmy,. are constrained using Gaussian uncertainties. The leading order
Isgur-Wise function is fitted to quadratic order in w — 1

§:1+(w—1)§’+%(w—1)2(’. (21)

Alternative expansions using the conformal parameters z or z* [47, 54-56] instead of w yield
nearly identical fits. Therefore, we do not explore the differences in the unitarity bounds
between meson and baryon form factors [57]. Fits with  linear in either w, z, or z* are
poor, while adding more ¢? values to our sampling indicates no preference for the inclusion of
higher order terms in w—1. In the fits 131,2 are assumed to be constants, which is appropriate
at the current level of sensitivity. With better experimental and lattice constraints in the
future, the sensitivity to lifting these assumptions should be tested.

Fit results combining the LHCb and LQCD results are shown in Table[l| and in Fig.
by red bands. To test the importance of the Ap/m terms, we also perform a fit with the
order A3 cp/m terms, parametrized by 13172, set to zero. These fits are shown in Fig. [2| as
blue bands, and the corresponding fit values are provided in Table [ This is a much poorer
fit, changing x?/ndf from 7.2/20 to 18.8/22.

We do not include explicitly an uncertainty for neglected higher order terms in Eqs. (12)
and . Four form factors, f3, g3, hs, and hs receive no A?QCD /m? corrections, so the
agreement of f3 and g3 with the LQCD results in the plots in the bottom row in Fig.
indicates that these higher order corrections are probably small. The order ¢, &, corrections
to f3 and g are given by two new functions of w, b5 and bs [27], while the 2 corrections to f3
and g3 also vanish. Thus, including such corrections, b; and bg would simply accommodate
the 0.5 0 —1 o differences between the LQCD results and our fit for f; and g3. The impact of
this is small, for example, setting f3 = 0 does not perceptibly change the SM prediction for
R(A.) compared to Eq. , while setting g3 = 0 changes the SM prediction from R(A.) =
0.324 + 0.004 in Eq. [I] by about 1o, to 0.320 + 0.003.

12



LHCb + LQCD LHCb + LQCD
¢ —2.0440.08 —2.06 4+ 0.08
¢ 3.16 + 0.38 3.28 + 0.36
by /GeV? —0.46 + 0.15 0*
by /GeV? —0.39 £ 0.39 0*
mi®/GeV 4.72 +0.05 4.69 % 0.04
dmp./GeV 3.40 £ 0.02 3.40 £ 0.02
x?/ndf 7.20/20 18.8/22
R(A.) 0.3237 + 0.0036 0.3252 + 0.0035

TABLE I. HQET parameters extracted from the two fits discussed in the text. Predictions for
R(A,) for each fit are shown in the last row. The by » values marked with an asterisk were fixed to

zero in the fit; see text for details.

In Fig. |3| show our fit results for ratios of form factors (red bands) and the LQCD pre-
dictions (gray bands). The top plot shows f;/g1, which HQET predicts to be O(1), whereas
the four ratios fo/f1 and g2/g1 (second row) and f3/f; and g3/g; (third row) are predicted
to be O(gcp, ). The ratio, fi1/g1 (= fiL/g1), is determined by Eq. as

Qgg wi1+“” (22)

so the enhancement of f; relative to g; is a model independent prediction of HQET, as seen

in the top plot in Fig. [3|

=1+a, (Ov — Ca,) + (ec +2s)

B. Tensor form factors

LQCD results [48] for the tensor form factors are available, and may be compared to
HQET predictions from our fits to the (axial)vector form factors, via Eqs. (I3)f] The
correspondence between the four form factors used in this paper for the tensor cur-
rent, {hl, ha, ha, h4}, defined in Eq. , and those used in the LQCD calculation [4§],
{h+, h,, EF, ﬁL}, are given in Appendix |Al In the former basis, only one form factor, hq,
is nonzero in the heavy quark limit, while the four form factors of the LQCD basis are equal

to one another in this limit. Note in particular that h; = 7L+.

2 In Ref. [48] the equations of motions were used to express the scalar and pseudoscalar current matrix
elements in terms of the axial and vector currents. The resulting expressions depend on the quark masses,
My,c. It is inconsistent beyond leading order in o, to use in such expressions the MS masses () and

me(M.) [48)] to evaluate the decay rates. Instead, one must use m.(u) and T, () at the same p.
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FIG. 3. Fits of the HQET predictions in Eq. to the LQCD results [3], for five ratios of the
six form factors. The top row shows fi/g1, which is O(1) in HQET, whereas f23/f1 (left column)
and g2,3/¢g1 (right column) are expected to be O(a, Agcp/mq). The red bands show our nominal

fit including A(QQCD /m?2 terms; the blue bands show fit results with A?QCD /m?2 terms set to zero.

The LQCD results [48] are presented using the BCL parametrization, including the corre-
lations of the parameters. These results are computed at the scale ;1 = m;, while in this paper

we match HQET onto QCD at yu = /m.m,;. Since the tensor current has a nonzero anoma-
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FIG. 4. Predictions for the tensor form factors based on Eq. and our fit to the LHCb data
and the LQCD calculation of the (axial)vector form factors, overlayed with the LQCD calculation

of the tensor form factors [48] (scaled to u = \/mpm.). The notation is the same as in Fig.

lous dimension, we use the multiplicative renormalization factor [as(mb) Ja( mbmc)] 4B

0.97 [58, [59], in order to scale the form factors to p = \/my me.

In Fig. [4] the gray bands show the LQCD results for the tensor form factors converted to
the hyo34 basis. Our prediction from the fit to the (axial)vector SM form factors and the
LHCb data are overlaid as red bands. The LQCD uncertainties are large for hy 34 at both
ends of the spectrum. This is an artifact of the 1/(w — 1) and 1/¢? factors in the transfor-
mation from the LQCD basis in Eq. . (The same information in the {h+, hy, ﬁ+, %L}
basis is shown in Fig. [7| in Appendix . In this basis the uncertainties are not strongly ¢
dependent.) Unlike the fits in Sec. , the LQCD results for the tensor form factors are
not an input to our fits, so there is no free parameter in these comparisons. Figure [7| shows
that the order ¢, terms, which are fully determined by HQET in Eq. , combined with the
definitions in Eq. , account for the near equality of h 1 and EJF, the slight enhancement
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of h, and the substantial enhancement of h,. The top left plot in Fig. 4| shows a tension
between our fit and the LQCD determination of hy = ﬁ+, visible in all plots in Fig. El In
addition, the LQCD result for h; prefers a slightly smaller curvature than our prediction.
This is similar to what is seen for f; and ¢; in the top row of Fig. The LQCD results
prefer a smaller curvature at small ¢?. This is related to the observation that LQCD rate in

Fig. [1] falls more quickly at small ¢? than the LHCb measurement.

C. R(A.) predictions with new physics

LHCb expects that the precision of the measurement of R(A.) can compete with that of
R(D™) in the future [60]. For the SM prediction we obtained [I]

R(A,) = 0.324 4 0.004 . (23)

Our form factor fit, combined with the expressions for the NP rates in Appendix [B] and the
HQET predictions in Egs. (13), allows for precision computation of R(A.) for arbitrary NP
contributions (see e.g. Refs [7, O, 53] for prior analyses). To gain a sense of the sensitivity
of R(A.), in Fig. [5| we show the allowed regions in the R(A.) — R(D) and R(A.) — R(D*)
planes, as any one of the five NP couplings in Eq. are turned on. The boundary of
each region corresponds to real NP Wilson coefficients, while the interior requires a relative
phase between the SM and NP. The V' — A NP interaction cannot have a physical phase
relative to the SM, and therefore spans a line in the R(A.) — R(D™) planes. Possibly by
numerical coincidence, the scalar operator exhibits a very large correlation between R(A.)
and R(D), resulting in a very narrow R(A.) — R(D) region for this operator. Note that the
(pseudo)scalar contributions vanish for the D (D*) modes, respectively, and are not shown.

In Fig. [ we compare the variation in R(A.)/R(A.)sm with the corresponding ratios for
D™ as a function of each NP coupling, assuming they are real. An error band, correspond-
ing to the uncertainties in the fit of Ref. [I], is also shown. In some cases the errors are
imperceptible. We see that the NP sensitivity of R(A.) is typically between the R(D*) and
R(D) variations.
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FIG. 5. R(A;) vs. R(D) (left) and R(D*) (right) for various NP operators, in the basis defined in

Eq. (3). The (pseudo)scalar contributions vanish for the D(D*) modes, and are not shown.

IV. FACTORIZATION AND Ap — A7

The LHCb measurement of the dT'(A, — AFp~v)/dg* spectrum [2] is normalized to unity,
and the LCQD results for the A, — A, form factors are also independent of |V,|. Thus, our
fit is sensitive to hadronic parameters, but it cannot be combined with the present LHCb data
to extract |Vy|. One may, however, use the LHCb measurement of dI'(Ay, — AT u~v)/dg* to
test factorization in A, — A.m, or to extract |V| assuming factorization (see also Ref. [61]).
For B — D™x decays, it has long been known that the ratios B(B~ — D%~)/B(B° —
Dtr7) ~ 1.9 and B(B~ — D*%77)/B(B° — D**n~) ~ 1.8 [29] deviate substantially from
unity, the prediction in the heavy quark limit. This implies that O(Aqep/m.) contributions
to the amplitudes enter at the 30% level, and deviations from factorization in the heavy
quark limit are substantial.

At leading order in the heavy quark expansion, the A, — A.m matrix element factorizes
2

such that the nonleptonic rate is related to the semileptonic rate at ¢ = m?2 via
dl'(Ay — Acev
['(Ay — Acmr) = 67 (01 + 02/3)2 Vaal® f2 ( bdq2 v) , (24)
q*=m3

where fr = 131 MeV is the pion decay constant, and C) » are the usual Wilson coefficients
in the effective Hamiltonian, satisfying (C; + C3/3) |Via| =~ 1. (Uncertainties in this linear
combination, fr, and 74, are neglected.) In Eq. , we write the A.ev final state to

emphasize that the semileptonic rate has to be evaluated neglecting lepton masses. In
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basis of Eq. .

Ay — A.uv decay, measured by LHCb, the impact of m,, # 0 is substantial at ¢* = m2.

Combining the factorization relation in Eq. (24), our fit for the form factors, and |Vy| =
(4.22£0.08) x 1072 [29] predicts B(A, — Acm) = (3.6 +0.3) x 1072, where this uncertainty

is from the fit and |V,|. By comparison, the measured nonleptonic branching ratio [29) i&ﬂ
B(Ay — A.) = (4.940.5) x 1073, (25)

Conversely, assuming factorization, one could use Egs. in Eq. to extract |Vi| =
(4.9+0.3) x 1072, where this uncertainty is only from our form factor fit and the measured

branching fraction, without an uncertainty assigned to the factorization relation itself. Thus

3 This PDG average for B(A, — A.m) includes an uncertainty scale factor of 1.5 [29], and is based on two
LHCb [62] [63] and one CDF [64] measurements. Reproducing this is not easy, as it involves rescaling
the CDF result from B(A, — pK~7t) = (5.0 £ 1.3)% to the latest values: B(A, — pK—7n") = (6.84 +
0.247020% [65] and B(A. — pK~7t) = (5.87 4 0.27 + 0.23)% [66]. The LHCb measurements also
preceded Ref. [66], and lifetime and other data also changed.
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we observe an O(15-20%) deviation from the factorization relation in Eq. (24), consistent

with this deviation arising from a Aqcp/m. suppressed correction [67]. ]

V. CONCLUSIONS

Fitting the LHCb measurement of the normalized ¢* spectrum for A, — A uv decay [2],
and the six (axial)vector form factors calculated in lattice QCD [3], one can test HQET
relations and the applicability of power counting. In Ref. [I] we found that the AZqp/m?
corrections were constrained by the fit to be of the expected magnitude, without any signs of
enhancements or breakdown of the power counting at the m, scale, as is sometimes claimed
in the literature. Compared to the lattice QCD only determination of the SM prediction of
R(A.), by fitting the LHCb measurement as well, we further found that the uncertainty of
the SM prediction may be substantially reduced, generating the most precise SM prediction
for R(A.) to date, R(A.) = 0.324 £ 0.004.

We expanded and generalized the results of Ref. [1] in several ways. First, we calcu-
lated A, — A, semileptonic form factors for all four-Fermi NP operators, including the
O(A{cp/m?) corrections (as well as the corresponding helicity amplitudes for use in the
Hammer library [71]). Using our fit of the LHCb measurement and the LQCD prediction for
the six (axial)vector SM form factors, we obtained parameter-free predictions for the four
tensor form factors at (’)(AéCD /m?). We observed some tension between our results based
on HQET and those in Ref. [48], at a magnitude greater than the Agqp/m? corrections (see
the top left figure for the h; = E+ form factor in Fig. .

The small uncertainties in our fit to the (axial)vector form factors, combined with HQET
predictions for the form factors at O(Agqp/m?) allowed us to derive precise predictions for
R(A.) for arbitrary NP. We studied the NP impacts on R(A.), including their correlations
with R(D™). The NP sensitivity of R(A.) typically falls between those of R(D*) and
R(D). We also explored tests of factorization in A, — A.m decay. Factorization in the
heavy quark limit, combined with |V,,| measurements and our fit to the semileptonic form
factors, implies a mildly lower nonleptonic rate than is measured, consistent with corrections

to the factorization relations arising at O(Aqep/me)-

4 Regarding the behavior of the heavy quark expansion, the decay constants also satisfy the HQET scaling
better than was thought in the 1990s. The Ny = 2+ 1+ 1 FLAG [68] averages, fg = (186 &+ 4) MeV
and fp = (212 £ 1.5) MeV, yield fp/fp =~ 0.88, which is not inconsistent with the leading order HQET
relation [69, [70] \/mp/mp [as(my)/as(m.)]~%/?% =~ 0.68, plus Aqep/me, corrections.
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LHCD measurements of the double differential rate d?T'(Ay, — A D) /(dg* d cos ), in ad-
dition to the ¢? spectrum, will provide the most differential information measurable in the
massless lepton channels (x4 and e), if the details of the A, decay are ignored. Besides the
q? spectrum and the (¢* dependent) forward-backward asymmetry, this double differential
distribution involves a third function of ¢2, which can help constrain form factors and test
heavy quark symmetry. If the absolute normalization and the double differential rate of
semileptonic A, — A, decays can be measured, it will provide a fully complementary path
to extract V|, explore the b — ¢ anomalies, and test HQET. We look forward to these

developments.
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Appendix A: Form factor definitions, conversions, relations

The form factors in Egs. (6]) and (4) are related via [27]

f2+f3>7 [ T S S

QmAb 2mAc

2my,  2mp, 5T 2my,  2myp,

92 93 92 93 92 95
Gi = g1 — (ma, — R T T A T
1= g1 — (ma, —ma,) (QmA,, T QmAC)’ 2 2my,  2mp, ’ 2my, - 2ma,

Fy = fi + (ma, + mAC)(

(A1)

or in the opposite direction,

fi=Fy+ Fy (my, +ma,), fo=(F5 — F2) my,, fa=—(F5+ Fy)my,,
g1 =G1 — Ga(myp, —my,), g2 = (G5 — Ga)my, , g3 =—(Gs+Ga)my, . (A2)

The form factors used in the lattice QCD calculation [3] and in the LHCb analysis [2]
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follow the definitions in Ref. [72],

/ — — / m b —m c
Al s) = ol ) [ 1o =0,

2 2

my, + ma, my, — My,

+fr—— (pu +p, - qu)
S+ q

2WLAC 2mA
+ f1 (% R ’ p;)} u(p, ),

q = mp, + ma,
(AP, )@ 775 b1 As(p, 5)) = —a(p', ') s {go % q

"
mAb - mAc / m?\b T mic
+9+S— p#+pu_Tqu
2mAc 2mA
+9g1 (’Y#—l- Pp— = *’p’#ﬂ u(p, s), (A3)

where ¢ = p — p/, and s1 = (mp, £ my,)? — ¢* = 2mp,mp (w £+ 1). These form factors are

related to the HQET form factors defined in Eq. via

I T e L=
fsz%+(f+—fo)w>

g1 =91, gzz%+(g+—go)l—ggm7
932%—(%—90)%' (A4)

At w = 1, corresponding to ¢2,,., the form factors satisfy g, (¢2..) = 91 (¢ .)-

In the heavy quark limit, fo = f+ = f1L. = g0 = 9+ = g1 = ¢ + O(a, Aqep/mep). The
lattice QCD results in Fig. 12 in Ref. [3] show that fo, f+, g0, 9+, g differ from one

another by less than O(10%), however, f, is substantially enhanced, consistent with the
HQET prediction in Eq. .

The form factors in Eq. (A3)), expressed in terms of the HQET definitions in Eq. , are

fi=fi, fo=f1+fQ(1 w?"{\)_*l;f3(w 1)
J+=hH+(w+1) —f2lri:\f3
g2(1 —wra) + gs(w — 1)
1—|—TA ’
g2 A + g3
1—TA ’

Y

gL =a, go = g1 —

gr =g — (w—1)
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FIG. 7. Predictions for the tensor form factors in the basis used in the LQCD calculation [48]
(scaled to u = /mpme), compared with our predictions based on Eq. and the fit to the LHCb

data and the LQCD (axial)vector form factors. The notation is the same as in Fig. El

Finally, the translation between the h; 2 34 tensor form factors used in this paper, defined
in Eq. (), and those defined in Eq. (2.14) in Ref. [48] are

h+:h1—h2+h3—h4(w+1),
1—wry W — TA

hiy=h—h
+ ! 21+7‘A 31+7“A

)

E_F:hl,

~ h h

Tl =y — 2T gy (A6)
1—7“/\
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and in the opposite direction,

hy=hy,

hg—%‘F(%L_hL)ngTAa

hs = %vL (hl—%L)%;

I~ AL (A7

In the heavy quark limit, the tensor form factors calculated in LQCD and shown in Fig. 2
of Ref. [48] satisfy hy = h, = hy = hy = ¢ + O(as, Aqep/Mep)-

Appendix B: Amplitudes

In this appendix we collect explicit expressions for the A, — A.fv amplitudes, including
mass terms and right-handed sterile neutrino contributions. These amplitudes correspond
to those used in the Hammer code [71].

As in Ref. [73], we write explicit expressions for the b — ¢ amplitudes rather than b — c,

defining the basis of NP operators to be

SM:  i2v2 VG r[by" Pre] [, Pre] (Bla)
Vector:  i2V2 V3G r[b(ayv"Pr, + o}y Pr)e] [7(BY 7. Pr + Bh1.Pr)] | (B1b)
Scalar: — i2v2V;Gr[b(af Pr + o3 Pr)c| [7(8; Pr + BPL)(] (Blc)
Tensor: — i2v2 VGr[ (balso” Prc) (2870, Prt) + (balo™ Ppe) (v8ho,, Put)] . (Bld)

The lower index of § denotes the v chirality and the lower index if a is that of the ¢
quark. Operators for the CP conjugate b — ¢ processes follow by Hermitian conjugation.
(The correspondence between the «, § coefficients and the basis typically chosen for b — ¢
operators can be found in Ref. [25].) The A, — A.lv process has four external spins:
sp =4, 8. =1,2, sy =1,2 and s, = £. (We label the A. and ¢ spin by 1 and 2, to match
the conventions of Ref. [73] for massive spinors on internal lines.)

Helicity angles and momenta are similarly defined with respect to the b — & process.
Definitions for the conjugate process follow by replacing all particles with their antiparticles.

The single physical polar helicity angle, #,, defines the orientation of the lepton momenta in
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their center of mass reference frame, with respect to —py,, as shown in Fig. 4 of Ref. [25].
Note that 6, = m — 6, for 6 defined in Eq. .

If subsequent A. — AY decays are included coherently, one further defines ¢, and ¢, as
twist angles of the /—v and A-Y decay planes, with the combination ¢, — ¢y becoming a
physical phase. Our phase conventions match the spinor conventions of Ref. [73] for not only
7 but also A. decay amplitudes. This amounts to requiring the inclusion in the 7 and/or A,
decay amplitudes of an additional spinor phase function, hs,(s,) and hs, (sp), defined with
respect to s, and s, such that hi(=) = 1 = hy(+), hi(+) = €' and hy(—) = e7**¢. Under
these conventions, the A, — A v amplitudes themselves are independent of ¢, — 4.

For compact expression of the amplitudes, it is convenient to define
wy =wEVw?—1, @2:q2/mib:1—2mw+ri, Ty = Mg/ My, , (B2)

along with

Yy = Jwy + Jw_, Yo = Jwy — Jw_,
Riy =(14ry)£(1—rp)cosby, Ry =(1—rp)x(1+ry)cosby,

Q. =r—w+vVw?—1cosb,, Qu =rw—14+rvw?—1 cosb,. (B3)
The A, — A v amplitudes obey the conjugation relation
A‘gbchgSy (U), Vw? — 17 9@7 (bf) = 'ASbSCs[Sy (wa —Vw? — 17 ™= 9@7 _¢€) ) (B4)

in which the exchange vw? — 1 — —vw? — 1 implies also w_ <> w,. One then need only
write the s, = — amplitudes, with the s, = + amplitudes following via Eq. (B4]). Further

writing A = 2\/§Gpm?\b\/m(cj2 — pe) X A, the explicit amplitudes are

1 1
A_q- = { — §hs(aiq + a%)ﬂ€z+ + §hP(04€ - 041%)5527

LA+ (e +ap)by Jro(yo—R_y + Ju;R__)

22
B+ (ag +ap)B)rE Q. fo(l+ (af +af)B)reE Oy
24 2¢*
I (14 (af — ag)ﬁf)m(\/w_RJML - \/w+R+—)
24>
(L4 (af —ag)B)reE-Qy  ga(L+ (af — ag)B))rE_Qx
242 242
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+ 4h1agﬂf\ /wy cos By — 2hg&£ﬁ}f§l_ cos 6,
+ 2hzakBL Y cos by — 2hyak Bt (w + 1)X_ cos 95} (B5a)

1 V4 aV\gYy
A,11+ — Sin 6@{ ( + TA)f1<aL + OéR)ﬂR
24/ G?
N rafo(a¥ +a%)Bh(w +1)2_ N fz(aY +ak)pl(w+ 1)3
24/ G2 24/ ¢?
(ra — Dgr1(ay — ag)BpEy
24/
raga(ay —ap)fp(w—1)8,  gs(a) —ap)B(w—1)%,
2\/¢ 2,/¢

— 2hoatBTry
+ 4hya B, 1§_2+M
q V&

+

_ 2hgafBhrS | 2haaf Bre(w + 1)2—} (B5h)
¢ ¢
1 1 v |AY18)»
A_qo_ —sin(‘)g{( +ra) /il + (ap +op)Bp)
24/ G?
rafo(l+ (ag +ap)Bp)(w + HE- | fa(l + (ak +ap)Bp)(w + DE-
i 2 + -
2/ ¢? 2/
L= Do+ (af —ap)b)%,
24/
L raga(L+ (ap —ap)Bi)(w = DE. gL+ (ap — ap)Bp)(w = )=
2 qAQ 2 (j2
— 4hyag BTy 2 T
B 2h3a£ﬁire§]_ n 2h404£5rip7”€(}20 + 1)2—} (B5¢)
q q

1 1
A9y = {5}13(04? + &}q;:)ﬁfzer - §hP<04€ - a%)ﬂgz_

 filep + ag)Brre(yw-R_y + JwzR__)

24>
| Jolaf + al)BErE 0y (e} +al)shnE. 0.
24> 2G>
B gy — O‘J‘g)ﬁgre(\/ﬁpb#r - \/w_JrRJr*)
24>
i gs(ap — ap)BRreE_Qy 4 golay — ap)BRret_Qy
24> 24
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+ 4h1a€ﬁ£\/w_ cos b, + QhQOfLF EZ_ cos 6,

— 2hzat BEY_ cos Oy + 2hya) Bh(w + 1)X_ cos 9@}

1% V\ AV
A_9_ =sin 9@{ AL+ (ap +ap)fy)re
2\/¢
L 911+ (g — ap)Bp)reSs

24/ G?
N Ao B (w- —1a)  2heafBf (rawy — )5
VPw- ¢
2hzak BT (ry —w_ )X }
2

. o0
A =sin 2] = o + a)sys

+gi(—af +ap)BrEs
8hial Ly, /wi (ryw_ — 1) N 4hoat BEre(raw_ —1)X_

¢ g
_ Ahgaq Bgre(wy —ra)¥- }
2

o)
Asy = cos? g{fla +(af+al)B)E

+oi(1+ (ap —ag)B )%y
8hiagL Bl re(rawy — 1)/ w=  dhyahBEry(raw, —1)S_

3
4hzakBFro(ry —w_ )X }
o 52
q
_ filag +ag)BrreS-
24/ ¢?
. gi(—ay +ap)Bpresy
24/ G?
4hiat BE(wy —ry)  2hoal BE(raw_ —1)X_
VPwy ¢
_ 2h3a:£B£(w+ — ’I“A)E_
¢? '

A

q2

A_99 =sin 04{

The total differential rate for A, — A.fv is obtained from these expressions via

3273

G2 m5 ,',.3 ‘/C 2 A2 2
dr = 2 AV vw2—1% Z | Ay e8| dw sin 0,0

Sb3ScySeySv
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