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ABSTRACT OF THE DISSERTATION

Polar Codes for Data Storage and Communication Network Applications

by

Karthik Nagarjuna Tunuguntla

Doctor of Philosophy in Electrical Engineering
(Communication Theory and Systems)

University of California San Diego, 2022

Professor Paul H. Siegel, Chair

The dissertation provides polar coding techniques for a variety of source and channel
models with applications to storage and communication networks.

We first provide universal polar codes for asymmetric compound channels that avoid
common randomness. A staircase alignment of polar blocks is considered in the code construction.
An MDS code is used in each column achieving the universality and a scrambling technique is
implemented for each column helping avoid common randomness. These compound asymmetric
channels are used for modelling flash-memories, such as MLCs (multi-level cell flash memories),

and TLCs (three-level cell flash memories) memories. Hence the proposed universal polar codes
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for asymmetric channels can be used for flash memory error correction.

The costly noiseless channel model was used to model a flash memory device. Each of
the voltage levels to which a flash memory cell can be programmed has an associated wear cost
which reflects the damage caused to the cell by repeated programming to that level. Shaping
codes that minimize the average cost per channel symbol for a specified rate and shaping codes
that minimize the average cost per source symbol (i.e., the total cost) have been shown to reduce
cell wear and increase the lifetime of the memory. Hence, we study polar shaping codes for
costly noiseless channels minimizing total cost. We also study polar shaping codes for costly
noisy channels for the design of efficient codes that combine wear reduction and error correction
for use in a noisy flash memory device.

A novel scheme based on polar codes is proposed to compress a uniform source when
a side information correlated with the source is available at the receiver while the conditional
distribution of the side information given the source is symmetric and unknown to the source.
An adaptation of universal polar codes with an incorporation of the linear code duality between
channel coding and Slepian-Wolf coding is used in the design of those codes. Optimal rate is
achieved through the proposed codes for the source model. These codes can be used in a wireless
sensor network where the measurements tracked at two different nodes are correlated and the
correlation may not always be fixed due to environmental changes such as weather. The nodes
communicate the information sensed or measured by them to a central location.

Finally, we provide a capacity-achieving polar coding strategy on a multi-level 3-receiver
broadcast channel in which the second receiver is degraded (stochastically) from the first receiver
for the transmission of a public message intended for all the receivers and a private message
intended for the first receiver. A chaining strategy, translating the ideas of superposition coding,
rate-splitting and indirect coding into polar coding, is used in the construction. The codes
designed for such a channel model and setting can be used for video and audio file transfer in a

client-server network where the individual clients are a computer and two mobile phones.
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Chapter 1

Introduction

1.1 Polar codes

Polar codes, introduced in 2009 by Arikan [1], are provably capacity-achieving codes for
binary-input symmetric channels. They have an explicit construction and admit low-complexity
encoding and decoding. These properties have made them the subject of extensive investigation
since their introduction in 2009. The polar code construction is based on the phenomenon of
polarization, whereby independent copies of a discrete memoryless channel are recursively
transformed into channels that have nearly full capacity or nearly zero capacity. The channels
with nearly full capacity are used to transmit information reliably, while the channels with nearly
zero capacity are provided with predefined dummy bits.

When the recursive polar transformation is adapted to independent, identical random
variables, the resulting phenomenon is referred to as source polarization [3]. Source polarization
has led to code constructions for lossless compression, Slepian-Wolf source coding, lossy source
coding, and Wyner-Ziv coding [3], [26], [27] that achieve fundamental rate limits. Capacity-
achieving polar coding schemes are developed for asymmetric channels [24], [11], [33].

Polar codes are specifically designed for a given channel to achieve its capacity. Hence
they are not universally applicable to any DMC for achieving its capacity. Some constructions
based on polar codes have been proposed to achieve the universality [22], [23], [48]. Polar

coding schemes for networks, such as Gilfand-Pinsker coding [27], broadcast channels [17], [32],



interference channels [54], relay channels [53], multiple-access channels [40], [S], and wiretap
channels [30], [12], [39] have been investigated. Polar code constructions based on monotone
chain rules are used for the Slepian-Wolf problem [2] and the multiple description problem [6]
to attain all points in the rate region without time-sharing. All the polar code constructions for
these multi-terminal settings have low-complexity encoding and decoding methods.

Polar code construction requires determination of good bit-channels of almost full
capacity and bad bit-channels of almost zero capacity obtained after polarization. Efficient low-
complexity algorithms to determine these bit-channel sets used for polar code constructions have
been proposed [35], [50], [41]. The polarization phenomenon extends to arbitrary alphabets, such
as finite fields [47], [36]. Asymptotic polarization behaviour in large block regimes [4], [25], [36]
and its dependency on transmission rate [21] have been studied. Finite length scaling of polar
codes — the required scaling of block length to maintain a fixed probability of decoding error
as the code rate approaches capacity — has been studied for different polarization kernels and
alphabet sizes [20], [19], [18], [42]. A generalization of the polar coding scheme exploiting
several homogeneous kernels over alphabets of different sizes and its polarization behaviour [43]
is studied.

In this dissertation, we construct polar codes for settings that apply to storage devices
and communication networks. Specific contributions include: universal codes for asymmetric
channels, suitable for error correction in flash memories; shaping codes to for costly noiseless
and noisy channels, intended to enhance the reliability and extend the lifetime of flash memory
devices; source coding schemes with correlated side information at the receiver but with unknown
correlation at the transmitter, applicable to communication between nodes in a sensor network;

and a capacity-achieving coding scheme for a three-receiver broadcast channel.



1.2 Polarization

Polarization process is used in all the code constructions provided in this dissertation as
they are developed based on polar codes. We now review the source polarization results briefly.

We express any set of random variables X;, X1 1,...,X; (i < j) by arow vector (X;, X1 1,
...,X;) which is denoted by X**/. We denote the set {1,2,3,...,N} by [N]. If UV is a row vector
and <7 C [N], then U “ denotes the row vector consisting of elements in U'*N corresponding to
the subset of positions .7 in the same order.

Let (X1,11),(X2,Y2),. .., (Xy, Yy) be i.i.d. random tuples distributed according to p(x)p(y|
x) over 2" x % and N =2". Let 2" = {0,1}. Let Gy be the conventional polar transforma-
tion [1], represented by a binary matrix of dimension N x N. If U'"N = XN Gy, then we denote
P(U'™N = u"*N) by Py (u'™N) and similarly we denote P(U; = u;|U =1y N = yli=1yEN) by
Py, ity (u|u Ty tN),

For two random variables (X,Y) distributed as p(x)p(y|x), the Bhattacharya parameter

1s defined as

Z(X|Y) =2 Y By () Pepy (115) Py (O1Y):
y

Let B < 0.5 and define the following subsets obtained by polarization, with notation

adapted from [15].

S ={i€ [N]: Z(U|U" D) > 1 -2V,
S =Tlie [N]: Z(U|uti-Dy < 2-Ny,
Ay = {i € [N]: Z(U|U Dy Ny > 1 Ny

Zxiy =1{i € [N]  Z(U|U Dy Ny < 2_NB}.



Note that %x C $X|y. From Theorem 1 in [24] we have the following results.

.1 |

lim || = H(X), lim ] | = 1 H(X),
1

lim |7y | = HX]Y),

li

. 1
N_TQONLZXM =1-H(X][Y).

We define several other subsets of bit-channels as follows:
I =N Ly, F = AxNLyy,R= (Hx U Lx)".

We refer to these as good, bad, and not completely polarized bit-channels respectively. We refer
to bit-channels in 7% and bit-channels in .Zx as high-entropy bit-channels and low-entropy
bit-channels respectively. The fraction of bit-channels in set R with respect to the block length is
vanishing as N increases due to polarization. From [24, Theorem 1],

limﬂ:I(X;Y). (1.1)

N—oo

A capacity-achieving polar code design for a binary-input DMC involves providing

information bits in set / and frozen bits known to decoder in F.

1.3 Dissertation overview

The dissertation is organised as follows.

In Chapter 2, we provide universal polar code construction for a compound channel
containing finite number of asymmetric DMCs avoiding common randomness. A staircase of
polar blocks are considered in the code construction. The high-entropy bit-channels in each full-
height column of staircase are provided with an MDS codeword encoded from information bits to

achieve universality while randomly generated not-completely polarized bits are stored in good



bit-channels of all DMCs of the compound channel via scrambling for each full-height column,
which helps avoid common randomness. A thorough probability of decoding error analysis
is studied following the scheme. Multi-level cell flash memories are modelled as Truncated
support beta-binomial channel model, which is a compound channel containing asymmetric
channels [52]. Hence the proposed codes are useful for flash memory error correction in practice.

In Chapter 3, we propose shaping codes for costly noiseless and noisy channels based on
polar codes. Costly channel has a cost associated to each symbol of the alphabet. Shaping codes
encode information on costly channels subject to an average cost constraint. Our proposed polar
codes for costly noiseless channels achieve minimum possible average cost per information bit.
The proposed polar shaping codes for costly noisy channels achieves its minimum average cost
per information bit ensuring reliable transmission of information by using common randomness.
We also alternatively prove that a polar shaping code construction avoiding common randomness
also achieves the optimal total cost. In practice, application of shaping codes include data
transmission with a power constraint [16], and data storage on flash memories [29] and efficient
strand synthesis for DNA-based storage [28].

In Chapter 4, we provide coding scheme for compressing a memoryless uniform source
when a side information correlated to source is available at the receiver and correlation is
unknown to the source. The proposed scheme involves adaption of universal polar coding
schemes for compound channels and use of linear code duality between channel and source
coding. The code construction designed based staircase of polar blocks only applies to a class of
symmetric conditional distributions of the side information given the source. In wireless sensor
networks, individual nodes monitor data related to physical conditions, such as temperature,
sound, humidity, wind and forward to central node. The data monitored at any two nodes in
such a sensor network can be assumed to have some correlation which is not always fixed and
changes. Therefore, data monitored at one node can act as a correlated side information of data
monitored at another node if the later node intends to receive information from the former. Hence

the proposed schemes are useful for communication between nodes in a wireless sensor network.



In Chapter 5, we propose a scheme based on chaining polar blocks for a 3-receiver
broadcast channel when transmitter is required to send a public message to all receivers and
private message to receiver-1 reliably. The output at receiver-2 is degraded from the output at
receiver-1 for the broadcast channel. The proposed coding scheme essentially translates the
ideas of rate-splitting, superposition coding, and indirect decoding achieving all the rate pairs in
the capacity region. We also provide the motivation for our interest in considering the problem

through a file transfer application in a client-server network.



Chapter 2

Universal Asymmetric Channel Polar Cod-
ing without Common Randomness

2.1 Introduction

Arikan [1] constructed capacity-achieving codes for binary-input symmetric channels. A
capacity-achieving coding scheme based on source and channel polarization for binary-input
asymmetric channels was proposed by Honda and Yamamoto [24]. Following Mondelli et
al. [33], we refer to the scheme as the integrated scheme. In this scheme, complex boolean
functions are shared between encoder and decoder for non-information carrying bit-channels.
The use of common randomness is proposed to avoid these complex boolean functions [24].
En Gad et al. [15] used randomized rounding for low entropy and not-completely polarized
bit-channels. In addition, a side channel was used to reliably transmit bits corresponding to
not-completely polarized bit-channels, whose fraction is vanishing with respect to the block
length. This reduces the storage requirement to polynomial complexity. It was noted in [33] that
better simulation results were achieved when an argmax rule was used in place of randomized
rounding to encode low-entropy bits. A proof that argmax can be used to encode low-entropy
bits is given by Chou and Bloch [11].

A compound channel is a set of discrete-memoryless channels (DMCs), (2, {p;(y|x) :
1 €S},%) where y € # for every state [ in the set S. The compound channel can be looked

at as a DMC with state, where the state is arbitrarily selected and fixed for the transmission



of an entire block. The assumption is that the decoder knows the channel state. Hassani and
Urbanke [22], [23] presented two “polar-like” universal coding schemes to achieve rates close to
the compound capacity of binary-input symmetric DMCs. Sasoglu and Wang [48] introduced a
method to polarize symmetric channels universally. In this paper, we present a universal polar
coding scheme for the asymmetric setting that achieves the compound capacity of any finite set
of binary-input asymmetric channels. We can get such a scheme by a combination of Honda and
Yamamoto’s polar coding scheme for asymmetric channels [24] and a universal polar coding
scheme for symmetric channels proposed by Hassani and Urbanke [22], [23]. But a direct use of
Honda and Yamamoto scheme in the universal schemes presented in [22], [23] requires either
high-complexity boolean functions or common randomness [24], or a side-channel [15] in its
implementation.

Our main technical contribution in this paper is that we give a new coding strategy
exploiting the structure of staircase, originally proposed in the universal scheme for symmetric
channels [22], that eliminates the need to use storage-intensive shared boolean functions, a
separate side channel to transmit bits corresponding to bit-channels that are not-completely
polarized, and common randomness. We initially assume a condition on the polar block that
the number of the bit-channels which are good for all the DMCs of the compound channel is
greater than the number of not-completely polarized bit-channels in order to implement our
staircase scheme. The key idea behind the scheme is that we use randomized rounding to encode
not-completely polarized bit-channels that lie in a full-height column of the staircase and we
store them in the good-bit channel set for all DMCs in the same column so that they are reliably
decoded at the decoder.

Our solution addresses the technical challenges to construct the desired coding scheme
based on this idea. One of the main challenges of our random code construction method is
that the we should ensure that each block in the staircase has the same average distribution
as required for a single asymmetric channel code [24], [11] to get a reliable code. To do so,

we implement the following novel elements in the code construction. We add a designated



information bit of each full-height column to the encoded not-completely polarized bits of that
column and store these resulted bits in the good bit-channels of all DMCs in the same column.
To fill the positions in the non-full-height columns on the left, we use the frozen vector, which is
generated randomly according to the distribution requirements. Finally, the bit-channels of the
non-full-height columns on the right are encoded using randomized rounding with the required
distribution. These do not require decoding and are ignored at the decoder. We rigorously
prove that following these novel steps satisfies the average distribution requirement and provide
the decoding error analysis for the proposed staircase scheme. We also propose a continuous
encoding and decoding method for the staircase scheme that saves delay in communication by a
factor of the width of the staircase.

If the assumed condition is not true, we propose to make use of another universalization
method based on bit-channel combining [22] to produce a hybrid polar block that satisfies the
required condition so that we can apply the proposed staircase scheme using such a hybrid
block. We refer to this scheme as the hybridized staircase scheme. We define the bit-channels
of the hybrid polar block and then we establish the average distribution requirement for each
hybrid polar block used in the staircase to get a reliable code. This will give us the conditional
distribution requirement of each bit-channel of the hybrid polar block while encoding. Then we
provide steps for encoding and decoding by adapting the encoding and decoding methods of the
proposed staircase scheme for the original block. We show that the encoding method ensures
the average distribution requirement for each hybrid block and provide the rigorous decoding
error analysis for the hybridized staircase scheme. We present a new algorithm that efficiently
produces a hybrid polar block, satisfying the desired condition, which is at most 2°~! times the
original polar block length, where s is the number of DMCs in the compound channel.

In practice, common randomness is implemented by use of pseudo random number
generators with a common seed. They are not truly random in nature, and they can suffer from
shorter than expected period for weak seed states, correlation of successive values, or lack of

uniformity of distribution for large quantities of generated numbers. Our scheme only needs



random number generation at the encoder to implement the randomized rounding rule. We can
use truly generated random variables at the encoder side which can be practically realized by
hardware random generators like thermal noise and clock drift, for example. Some of these
methods may be limited by the rate of random variable generation. However, we note that we
need to only produce random variables for not-completely polarized bit-channels, which are
diminishing in fraction, and therefore do not require a high rate of random number generation.
Moreover, if the rate of random number generation is not sufficient, pseudo random generators
with periodically refreshed random keys generated by a hardware random generator can be
used. The capacity of some network settings such as an arbitrarily varying channel depends
on the availability of common randomness between the encoder and the decoder [14, p.172].
So, implementing a code for a network without common randomness and still achieving the
rates that can be achieved with the availability of common randomness is also a theoretically
interesting result.

The paper is organized as follows. In Section 2.2, we introduce some notations and
recall some background results. In Section 2.3, we review the integrated scheme that achieves
the capacity of binary-input asymmetric channels along with the enhancements in [24], [15].
In Section 2.4, we describe our new code construction for the universal polar coding scheme
for binary-input asymmetric DMCs. This section highlights the main contribution of the paper.
The result is that there exists a sequence of low-complexity universal codes, achieving the
capacity of a compound channel comprising a finite set of binary-input asymmetric DMCs
without using high-complexity boolean functions or common randomness or a side-channel in its
implementation. We also provide a continuous encoding and decoding method for the staircase
scheme in this section. In Section 2.5, we provide the hybridized staircase scheme with detailed
decoding error analysis and also provide our new algorithm to efficiently produce a hybrid polar
block with the desired condition satisfied. In Section 2.6, we describe the code construction in
detail, including encoding and decoding methods directly using the hybrid block produced after

combining two polar blocks by the universalization technique based on bit-channel combining.
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The description of the scheme in this section helps provide a clear view of the order of the
bit-channels of the hybrid block produced after combining two blocks. In Section 2.7, we

conclude the paper and also pose a few open problems.

2.2 Preliminaries

We denote random variables by upper-case letters, such as X, Y, and their realizations by
lower-case letters, such as x,y. We denote the input alphabet of the compound channel by 2~ =
{0, 1} and the output alphabet by %. We express any set of random variables X;, X1 1,...,X; (i <
Jj) by arow vector (X;,X;+1,...,X;) which is denoted by X*/. We denote the set {1,2,3,...,N}
by [N]. We denote the set {i,i+1,---,j} by [i: j] (i < j). Let U'N be a row vector and let
a7 C [N]. The row vector consisting of elements in U'"N corresponding to the positions in .27 is
denoted by U “ We denote the vector {U iLUjp,...,U N} by an indexed vector U J.IZN . We use the
abbreviation "w.p." for "with probability". Let P and Q be any two distributions on an arbitrary
discrete alphabet 2. We denote the total variation distance between the two distributions P and
Qs ||P— Q||. Therefore ||P — O] = Lee » 11P(2) — 0(2)| = Lep(er-0(0) P(2) — 0(2):

Let the finite state set of the compound channel be S = {1,2,...,s} for some s € N. We
refer to the DMC associated with state [ € S as DMC [. Let (X1,11),(X2,Y2),...,(Xn,Yn)
be independent and identically distributed (i.i.d.) random tuples distributed according to
Px(x)p;(y|x), where [ € S and N = 2". Let Gy be the conventional polar transformation [1],
represented by a binary matrix of dimension N x N. If U"N = X!"NGy, then we denote
P(U'N = u"*N) by Py (u'N) and similarly we denote P(U; = u;|U" =1y N = yli=1yEN) by
Py -ty (uilu = y"N). For two random variables (X,Y') distributed as Py (x)p;(y[x), the

Bhattacharyya parameter is defined as

Z(x|v) =2Y Pu(y) \/PX|Y1(1|y)PX‘Y1 Oly).
y
Let 0 < B < 0.5 and define the following bit-channel subsets, with notation adapted from [15]
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augmented by a subscript / to address the selected DMC in S.

L ={ie|N]:Zulu"1 < 2_Nﬁ}‘
Ay, =i € IN]: Z(UIU 1Y) > 127V

| - : _NB
Ly, = (i€ N ZUU Y™y <27V

Note that % C .,?(Xu/) ,» L €S. From [24, Theorem 1], we have the following polarization

results:

1
lim —|.%| = H(X).
Jim S| #%| = H(X)

1
lim — =1-H(X).
dim 2| (X)

1 l
]\%glloﬁfe%fxmﬁ =H(X[Y").

1
lim —

/
Jim | Ly | = 1 - HXY).

We define several other subsets of bit-channels as follows:

I = Hx N Ly,
Fi :%(mbg&\y)z’
R = (%{ fo)c.

We refer to these as good, bad, and not-completely polarized bit-channels respectively. We often
refer to bit-channels in 7% as high-entropy bit-channels. We refer to bit-channels in .Zx as
deterministic bit-channels or low-entropy bit-channels. The size of set R is a vanishing fraction

with respect to the block length as N increases due to polarization. The capacity of a compound

12



channel is well known [14, p. 170] and is given by

C. = maxminl(X;Y"). (2.1)
Px(x) lesS

where (X,Y') is distributed as Py (x)p;(y|x), whether or not channel state is available to the

decoder [14, p. 170]. From [24, Theorem 1], we have

|1 !
lim — =I(X;Y"). 2.2
im ( ) (2.2)

N—voo

The compound capacity-achieving distribution could be non-uniform even if some of the DMCs
in S are binary-input symmetric channels. However, there has to be at least one binary-input
asymmetric DMC in S to get a non-uniform capacity-achieving distribution. The scheme that we
give in this paper is applied whenever the input distribution is non-uniform.

Example:

Let S = {1,2}. Let DMC 1 be a Z-channel with cross-over probabilities p(0|1) = 0.5, p(1]1) =
0.5 and p(0]0) = 1. Let DMC 2 be a binary erasure channel with erasure probability 0.5. Let i;
be the mutual information I(X;Y'). If X is distributed as Bernoulli( ), then mutual information
it=H(Y'")—H(Y'|X) =H(%) — a and mutual information i, = H(X) — H(X|Y?) = I#. The

. . . . . . di 1 1—oa/2 .
derivative of the mutual information i; w.r.t &, that is 7, becomes 5 log(—; /2/ ) — 1. By equating

do’

the derivative to zero, we get a = 2/5. This gives the capacity-achieving distribution for DMC 1
as mutual information is concave in @. At oo = 2/5, notice that i, = 0.4855 is greater than
i1 = 0.3219. Hence, from equation (2.1), this will also give the compound capacity-achieving
distribution for the compound channel. Therefore the capacity of the compound channel is

H(1/5)—2/5=0.322.
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2.3 Integrated polar coding for binary-input asymmetric
channels

In this section, we present the capacity-achieving asymmetric channel coding scheme
based upon [24], [15], [11], which is used as a building block in our proposed universal polar
coding scheme. Let the asymmetric DMC be characterized by p(y|x) and let p(x) be the non-
uniform capacity-achieving input distribution. We use the same notations as in Section 2.2 with
the substitution of I and F for I; and Fj, respectively, as we are considering the single channel

case. Now we describe the encoding and decoding procedure.

2.3.1 Code construction

We first generate random function f : F — {0, 1}, where each f(j), j € F, is chosen
independently and uniformly. These frozen bits are shared between encoder and decoder.
We also generate independent random boolean functions A; : {0,1}/~! — {0, 1} for each

i € R by using the following probability rule:
i) = uwp. Py, i1 (u|ut1), foru € {0,1}

independently for each u'“~!. Let the set of random functions be denoted by Ag. These functions
are shared between encoder and decoder, which can require exponential storage complexity. The

encoding algorithm is described as follows:

Encoding

Input: uniformly distributed message M iy

Output: codeword X'V

for i =1: N, encode U; as follows:

1. If i € I, the value of Uj is given by setting U’ = M "1,
2.Ifi € F, we set U; = f(i).
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3. If i € %, we encode U; using the argmax rule [11],

U; = argmax Py, r:i-1 (x|uti=1y. (2.3)
x€{0,1}

4.1f i € R, we set U; = L, (U 1).
end

Transmit X'V = UNGy.

The decoding algorithm is as follows.

Decoding

Input: received vector YV
Output: message estimate M/
fori=1:N

1. Ifi € F,set U; = f(i).

2. Ifi e Y UI, set

(7,- = argmaXPUi‘Ul:i—l’Yl:N (x‘Ol:l_l,Yl:N).
xe{0,1}

3.Ifi € R, set U; = L,(U" 1),
end

Decode M = {1,

For i € %, the induced conditional distribution &;(u|u'"~1) on U; given U~ satisfies &; (u|u'"~!

) =1 and &(u+ 1|u'~1) = 0 where

u = argmax Py vi-1 (x| 1.

x€{0,1}
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The ensemble average distribution of U'*N induced by the code construction is as follows:
E i) [PUN = u"™ (A, 1)) = 27 MicrPy i1 (i) ie g 8 ).

This average distribution is 02~ ﬁ,) close in total variation distance to the distribution induced
when X'V is an i.i.d. random vector with distribution p(x), for B’ < 8 < 0.5. This makes the
decoding method reliable, with average probability of error E (3, r)[Pe(2z, f)] = o2 ﬁ/) [24].
Common randomness, using pseudo random numbers, can be used for encoding and decod-
ing these bit-channels in R [24]. In [15], use of a side-channel is proposed for bit-channels
(A5 U $X|Y)C as an alternative to sharing boolean functions. We chose to use boolean functions
or common-randomness to decode all bits in R rather than just to decode bits in (% U $X|Y)C,
a subset of R, for the purposes of applying this to universal coding that we propose in this
paper. The quantities Py ;vi-1 (uu"=1) and PUI,‘UH_]7y1;zv(u|u1”'*1, V)

y used during encoding

and decoding can be computed in O(NlogN) real operations [24].

2.4 Universal scheme for asymmetric channels without
common randomness

In this section, we provide our new staircase construction for asymmetric compound
channels. Let p(x) be the non-uniform compound capacity-achieving distribution for compound
channel S.

Let L = min{ |}, |b|,...,|l]|}. Clearly, limy_o ‘]IV—’l = i; from equation (2.2), where i; is
the mutual information I(X;Y l) when DMC [ is selected in the compound channel. For any € > 0,
there exists a large enough N;(€), such that i; — € < ‘]]V—” <i;+ € for all N > Nj(€). Therefore we

have min{i| —€,i —¢€,...,i;— €} gmin{‘f\,—”,‘f\]—z',...,@} <min{i;+€,ir+€,...,ig+¢€} forall

N > max{Ni (€),Na(€), .., Ns(€)}. This implies that min{i, iz, ..., i} — & < Totlillzl-kl} <
min{iy,ip,...,is} + € for all N > max{N;(€),Nz(€),...,Ns(€)}. Therefore, limN_m% =C..

If the inequality |[I; "L N...N1L| < L is strict, by assigning message bits to indices in
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Figure 2.1. Extended staircases with k =3,N =6 and p =2

LI NLN...NI, assigning uniform random frozen bits to indices in % — (I; "L N...N 1), and
using the same coding scheme as in Section 2.3 to encode the bits in other indices, we can get a
reliable code, but it will not be capacity-achieving.

As F;Ul; = gt for all [ € S, for any channels [,m € S, [ # m, a bit-channel which is
good for DMC [ and not good for DMC m will be a bad bit-channel for DMC m. This fact will
enable us to adapt the universal coding scheme for symmetric channels [22] to the asymmetric
case and to construct codes that achieve rates close to 1%, As in [22], [23], we use a staircase
scheme composed of polar blocks to achieve rates close to % In our scheme, we exploit the
staircase structure to give a new coding strategy that avoids storage-intensive boolean functions,
common randomness, and a side-channel for encoding bits in R. To do so, we initially assume

|ILNLN....NI| > |R|, an assumption that will be relaxed in Section 2.5.

2.4.1 Code construction

In order to achieve universality, we will require the use of a linear maximum distance
separable (MDS) code .# with block length | 7% | — |R|. We let p € N be the smallest integer
for which such a code exists over GF (27). We arrange polar blocks of size N, for N sufficiently
large, in a staircase with height N. We extend the staircase by placing k € N such staircases
side-by-side. Now take p such extended staircases, graphically placed one above the other, as

illustrated in Fig. 2.1 for the case N = 6, k = 3, and p = 2. In our code construction, while
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encoding, we fill U'*Vs of all the polar blocks column-by-column from left to right, and we
follow the same order while decoding. Hence we encode/decode different polar blocks in parallel
while encoding/decoding a column. The total number of columns is (k4 1)N — 1, and we label
them with indices 1: (k+ 1)N — 1 from left to right. While encoding, we need to make sure that
each of the polar blocks in the staircase has the same ensemble average distribution as in the
single asymmetric channel case so that decoding will be reliable.

Before we give the details of our code construction that avoids common randomness and
boolean functions, we briefly describe an elementary staircase scheme with non-uniform input
distributions which is adapted from the symmetric case [22] by directly using the integrated
scheme with common randomness. We need an MDS code with block length |.7%%| in this
elementary staircase construction. Let p’ be the smallest integer for which such an MDS code
exists over GF (21’/). For the sake of exposition, let us assume p’ to be 1, in which case the
number of extended staircases will be 1. In any column, we set any bit-channel not in 7
according to Py, ;-1 This is done using common randomness shared between encoder and
decoder, so the decoder will know these bits precisely. Then, we set bit-channels in 7% by using
the MDS code that encodes L bits into | 7% | bits if it is a full-height column. Note that no channel
information is used in the encoding step. Then, we set bit-channels in .7 in non-full-height
columns according to independent uniform distribution, which is known to the decoder by the
common randomness. This encoding method satisfies the ensemble average distribution for
each block in the staircase. The decoder has full channel state information, so it knows the
channel used. Thus, precisely L indices from .7 in every full-height column can be decoded
with negligible error. Finally, the remaining |7 | — L bits are obtained by erasure decoding of
the MDS code.

When p’ > 1, we use p’ staircases to store the MDS codeword in a full-height column
in its binary format. As we store the MDS codeword in the high-entropy bit-channels of a
full-height column, we need to make sure that each bit of the codeword in its binary format

satisfies a uniform distribution. In the code construction that we propose, we also use the MDS
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code over field GF(2”) and store it in high-entropy bit-channels that are required to satisfy
a uniform distribution. Lemma 1 below guarantees that this distribution requirement will be

satisfied.

Lemma 1. Let G be the generator matrix of the linear MDS code .# over GF (2P). If G does
not have a zero column, then we have an equal number of codewords with zero and codewords

with one in any given position in the binary representation of M .

Proof: Let j be any column of G. Since it is non-zero, it has a non-zero entry g;; €
GF(2P). The jth position of the codeword corresponding to message [0,...,m;,...,0] will
be m;g;;. As m; ranges over all elements of GF (27 ), m;g; ;j also does. Therefore the binary
representation of this codeword entry ranges over all possible binary p-tuples. This ensures that
for any position in the binary representation of .# there exists a codeword which has the value 1
in that position. Due to linearity of the equivalent binary representation, we must have an equal
number of codewords with zero and codewords with one in any given position. [

We now turn to the discussion of our new code construction that avoids the use of both
common randomness and high-complexity boolean functions. The construction introduces
the following novel elements. We use randomized rounding for not-completely polarized bit-
channels in a full-height column and store them in a bit-channel set that is good for all the
DMC:s. In order to satisfy the distribution for the high-entropy bit-channels, we add a designated
information bit in the column to these stored bits. To fill the positions in the non-full-height
columns on the left, we use the frozen vector, which is generated randomly according to the
distribution requirements. Finally, the bit-channels of the non-full-height columns on the right are
encoded using randomized rounding with the required distribution. These do not require decoding
and are ignored at the decoder. These encoding steps ensure that the required distribution is

satisfied for all of the blocks.
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We generate a random frozen vector W'V such that
]P)(Wlw = MI:N) = 2_‘%(‘Hi€RPU;|U1:i—1 (u,~|u1:i_1)H,~€gX 5,'(u,'|u1:i_1). 2.4)

The vector W' is shared between encoder and decoder, which is used to fill the non-full-height
columns on the left as mentioned. Let I’ be a subset of I; NI, N ... NI such that |I'| = |R|, to
store the bits encoded in the not-completely polarized bit-channels of a full-height column. Let
g :I' — R be an arbitrary bijection. Let L' =L —|I'|.

Now we are ready to present our code construction illustrating the encoding and decoding

schemes in detail.

Encoding
Input: pL’ information bits for each full-height column.

Output: UV, to which we apply Gy to get X'V, of each polar block in the staircase.

* To encode non-full-height columns on the left from ¢ =1: N — 1, we assign U; = W; for
the block with channel index i in that column. We repeat this for all p staircases. This step
ensures that the prefix part, which lies in the non-full-height region, of the polar blocks

satisfies the required ensemble average distribution.
* To encode full-height columns fromt =N <i < kN:

— First, encode the blocks with index i € %% in column ¢ using the argmax rule (2.3).
Repeat this for all p staircases. This maintains the required conditional distribution

for these indices.

— Second, encode the blocks with index i € R in column ¢ using the randomized
rounding rule, i.e., U; = u w.p. P11 (u|U"=1) for u € {0,1}. Repeat this for
all p staircases. This will maintain the required conditional distribution. Since

these are randomly generated, we use the inverse function g~! to store these bits in
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I' CIiNLN...NI; where they can be reliably decoded.

— Third, encode the blocks with index i € I by assigning U; = H ® Ug(,»), where Ug(,-) is
the bit copied from the block with index g(i) € R and H is a designated information bit
corresponding to that column. Repeat the same for all p staircases. This maintains the
distribution of the indices in 7% and also ensures the independence from previously
encoded bits of the polar block. This is the key step of the construction, since the
direct use of Ug(i) to encode U; would not satisfy the required distribution. Let P
represents the bits encoded in the previous columns. Let & = {z;,2,,73, .. .2 g;|} be
the set of possible bit strings that can be encoded in previous columns. The intuition
of the scrambling that we did in this step is shown through a picture of the joint
distribution on (P, Ug(i),H ,U;) given in Fig. 2.2. As the designated information bit
H is independent of both P and Ug(l-), for a given pair of P and Ug( i)» the conditional
distribution of H will be uniform, which can be noticed in Fig. 2.2. For a given P
and when Ug(i) =0, U; = H. So, the conditional distribution of Uj; is uniform, given
P when Ug(,-) = 0. For a given P and when Ug(i) =1, U; = H+1. So, again the
conditional distribution of U; is uniform, given P when Ug(i) = 1. Hence U; is also

uniform and independent of both P and Ug(i), which can be noticed in Fig. 2.2.
— Fourth, encode the blocks with indices i € % —I'.
+ Encode pL’ information bits (equivalent to L' symbols over GF (2P)) into code-
word m in the binary representation of .Z .

+ Fill blocks with indices in i € # — I’ in all p staircases with codeword m
as shown in Fig. 2.3. By Lemma 1, a uniform distribution is guaranteed for
these positions, as required for indices in Z%. Since m depends only on the
information bits of the current column, independence from previously encoded

bits of the polar block is also guaranteed.

— The layout of coding a full-height column is shown in Fig. 2.3.
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Distribution of P, that is bit string encoded in previous columns

Distribution of (7g(i), the bit encoded in a not completely polarized bit-channel in the current column, given P

Distribution of U; = H + U, the bit encoded in the bit-channel i € I', given Uy, P

Figure 2.2. Joint distribution of (P, Ug(i), H and U;) where the width of each symbol scales
according to the probability of the occurrence of the symbol.

— Hence all U;s corresponding to all polar blocks in the column are encoded in all
p staircases. This enables the continuation of SC encoding of the polar blocks to

encoding U;s corresponding to the next column.

* To encode non-full-height columns # = kN + 1 : (k+ 1)N — 1 on the right, we generate all
bits randomly to satisfy the distribution of the polar block. This is done for all p staircases
as follows:

— For blocks with index i € %, generate U; independently and uniformly.
— For blocks with index i € R, generate U; = u w.p. Py, y1i1 (u|U"=1), for u € {0,1}.

— For blocks with index i € %% use argmax rule.

e Transmit XN = U"NGy for each polar block.

Decoding
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Figure 2.3. Coding a full-height column: H is the designated information bit in the the column
and U is the encoded bit in the block with index g(i) in the column.

Input: Received vector Y "V for each block.

Output: Estimates of encoded information bits.

* To decode non-full-height columns on the left from s =1 : N — 1, we recover U; = W for

the block with channel index i in that column. Repeat this for all p staircases.
* To decode full-height columns from ¢t =N <i < kN:

— First, decode the blocks with index i € Zx UI’ in column 7 using the following
decision rule:

3 rli—1 vy 1IN
Ui:argmaXPUi“/l;i—l7y1:N(X|U Y5,
x€{0,1}

This is possible since these indices are either good for all channels or deterministic.

We repeat this for all p staircases.
— Second, decode the blocks with index in 7% — I’

* Decode the L' symbols from the good indices based on the channel that is
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selected using the argmax rule above. Let C be the partially recovered codeword.

* The codeword 71 can be recovered from C by erasure decoding since it is an
MDS codeword, providing an estimate of pL’ information bits corresponding to

the column.

— Last, decode blocks with index i € R by estimating U; = H & U - (;) Where U g’ O

the already decoded bit corresponding to the block with index g~!(i) € I in the same

()

column and H is the recovered information bit which was designated in the column

during the encoding procedure. We repeat this for all p staircases.

— Hence all U;s corresponding to all polar blocks in the column are decoded in all
p staircases. This enables the continuation of SC decoding of the polar blocks to

recover U;s corresponding to the next column.

* Ignore and do not decode non-full-height columns r = kN + 1 : (k+ 1)N — 1 on the right.
Note that this will not be a problem as information bits have already been fully recovered

from full-height columns.

Note that we encoded L'g information bits only in full-height columns. Hence we get the rate %
for each full-height column. Since ‘II\,J is diminishing, the rate for each such column will be close
to % Also, as k increases, the full-height columns will constitute a significant fraction of the
total block length and the overall rate approaches 1%/ The exact relation between the achievable
rate and k can be found in [22], [23].

We used a linear MDS code in our asymmetric staircase construction. Notice that in the
symmetric channel construction, linearity is not required. Now we derive an upper bound on p,
which upper bounds the total number of polar blocks in the staircase structure. If we consider a

Reed-Solomon (RS) code as the linear MDS code over GF (27), the block length of the code

should divide 27 — 1 [7, p. 174]. We bound p as follows:

24



o If || — |R] is odd:
By Euler’s Theorem, p can take value ¢ (|7 | — |R|) where ¢ is Euler’s totient function.

Therefore p < ¢(|.7x| —|R|) < |-#x|—|R| < N.

* If | 7| — |R] is even:
Use a RS code of block length (|.7%| — |R|) — 1. Then p < N since the block length is
odd. Fill the remaining position with the parity of the information bits to maintain the
required distribution of the high-entropy bit-channel in all p staircases and modify the

scheme accordingly.

The following theorem computes the ensemble average distribution of each polar block, the
overall decoding probability of error and the encoding/decoding complexity of the scheme, in

detail.

Theorem 1.

1. For every polar block encoded in the staircase
Eyyiv [PUN = "N W] = 27 &I o Py s (il ) T g5, 8 (uif ™).

2. Let PEJ(WI:N) be the probability of error when DMC | is selected in S for a given code in
the above random code construction. The average probability of error is Eyv [P, (WV)] =
0(Npk2*Nﬁ,)f0r B’ < B < 0.5 foreachl € S.

3. Encoding and decoding take O((1og, N)p'°€23~1) and O((log, N)*(log, (log, N))p'°&23~1) pi-
nary operations per bit, respectively. Encoding and decoding also take O(log, N) real operations

per bit.

Proof: Refer to the Appendix.
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2.4.2 Existence of universal code with high probability

Theorem 1 states that the average probability of error over the random ensemble is
O(Npk2=N b ) for any DMC that gets selected in S. We now show the existence of universal
codes with high probability in the random ensemble of codes. Let K be a positive constant. By

the Markov inequality, we get the following:
Pyiv (Pey > KsEyin [Py (W) < 1/Ks.
By using the union bound, we get the following:
Pyiv (Ures(Poy > KsEyv [P (WYV)])) < 1/K.
Therefore by taking the probability of the complementary event, we get
Pyin (Mies(Pog < KsEyun [Py (W) > 1—1/K.

By substituting K = N in the above equation, we get that universal codes that have the
probability of error O(sN?qk2~N ﬁ) exist with high probability 1 — 1/N in the random ensemble
of codes. This kind of analysis is not needed in the symmetric channel case as we have an explicit

universal code construction without randomization.

2.4.3 Application to single asymmetric channel

Note that the staircase alignment of blocks played an essential role in satisfying the dis-
tribution requirement of each block without common randomness or complex boolean functions.
Hence we can use the staircase scheme for capacity-achieving single asymmetric channel code
construction without common randomness or complex boolean functions. Note that we do not

require to use an MDS code for each full-height column for the single channel case. Hence we
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will only need one extended staircase in this case. In fact, our staircase scheme proposed is an
appropriate solution to achieving asymmetric channel capacity without common randomness,
complex boolean functions, or a side channel, independent of the compound channel setting.

For the single asymmetric channel case, we can alternatively use a chaining construction
to avoid complex boolean functions or common randomness. While encoding, we copy the
not-completely polarized bit-channels of a polar block into good bit-channels of its successive
block in the chaining construction. We add randomly chosen uniform i.i.d. bits that are known
to the decoder in advance to these not-completely polarized bits before copying them to the
successive block to satisfy the distribution requirement. The last polar block of the chaining
construction uses polarization with uniform distribution so that the block does not have not-
completely polarized bit-channels. This will enable the decoder to recover blocks in reverse
order while decoding. This is similar to the multi-coding implementation without the degraded
assumption [15, construction 16]. Polar code construction with uniform input distribution is
needed in case of chaining, whereas it is not needed in the staircase construction.

Gallager’s scheme [24] uses alphabet extension, which leads to the asymptotic complexity
O((AI)~%>NlogN) where Al is the gap of the achievable rate from the capacity of the asymmetric
channel. In our staircase scheme and in the chaining construction, the asymptotic complexity
does not depend on the gap of the achievable rate from the capacity as the two schemes are based

on the integrated scheme [24] that already avoids alphabet extension.

2.4.4 Continuous encoding and decoding for staircase scheme

We have k sub-staircases adjoined to form the extended staircase, the block length of
which becomes the overall block length. We need to increase the width of the staircase k to
infinity to achieve rates arbitrary close to 1%, Such a large k contributes to a very large block
length, leading to a large delay on the order of the block length. We optimize the delay in
communication by overcoming the width factor k by continuous encoding and decoding of

sub-staircases sequentially. For the sake of exposition, we consider p to be 1. This idea is general
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and applied to both symmetric and asymmetric staircase schemes. We index such sub-staircases
asm=1,2,--- k from left to right. Now we provide steps for the continuous encoding and

decoding of sub-staircases.

* Set j = 1. We encode U;s of columns # = 1 : 2N — 1. We will now have UV ready for
all blocks in sub-staircase m = 1. So we can apply the polar transform to UV to get
XN for all the blocks in sub-staircase m = 1. We transmit X'V corresponding to the
polar blocks in sub-staircase m = 1. The decoder receives vectors ¥ 'V corresponding to
the polar blocks in sub-staircase m = 1. Now we can decode U;s for columns z = 1 : N.

Increment j by 1.

* Now we encode U;s of the next N columns t = jN : (j+ 1)N — 1. We will then have
U'N ready for all blocks in sub-staircase m = j as in the above step. We then transmit
X'"N = U"NGy and decoder receives YN corresponding to the polar blocks in sub-
staircase m = j. Now we will be able to decode U;s for columns ¢t = (jJ=1)N+1:jN.
Once we do that, we will have U'*N ready for all the blocks in the sub-staircase m = j — 1.
Then we apply polar transform to UV to get X' corresponding to the polar blocks in

sub-staircase j — 1. Increment j by 1.
* We repeat the above step until j = k — 1 sequentially.

» Finally we finish encoding U;s until the last column. We will then have UV ready for all
blocks in the last sub-staircase m = k. We then transmit X 'V = U*NGy and the decoder
receives Y 'V corresponding to the polar blocks in sub-staircase m = k. Now we can decode
U;s until the last column. We will then have U'*N ready for all the blocks in remaining
sub-staircases m = k — 1 and m = k. Then recover the X!*" corresponding to the polar

blocks in sub-staircases k — 1 and k.

Fig. 2.4 illustrates these sequential steps of continuous encoding and decoding of sub-staircases

forN=3k=5and p=1.
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Remember that we do not decode U;s of non-full-height columns on the right when
applying the proposed continuous encoding and decoding method to our asymmetric staircase
scheme. Hence we do not have complete U'"N decoded for the last sub-staircase k. So we can

recover X "V only for the blocks until sub-staircase k — 1.

2.5 Hybridized staircase scheme

If the required condition |[I; "L N...NI| > |R| does not hold, we can use the univer-
salizing procedure based on bit-channel combining [22] to produce a partially universalized
block that satisfies the desired condition. We propose to apply the staircase scheme using such a
hybrid polar block. Now we discuss the idea of the universalizing procedure based on bit-channel

combining [22] while applying it to the asymmetric case.

2.5.1 Idea of universal method based on bit-channel combining

The idea of the universalizing method can be explained by considering two independent
polar blocks. Let S and S, be two non-intersecting subsets of S. If we combine (standard polar
combining operation [1]) a bit-channel of the first polar block which is good for all DMCs in
S1 and bad for at least one DMC in S, with a bit-channel of the second polar block that is good
for all DMCs in S5 and bad for at least one DMC in Sy, then we get two new bit-channels. This
combining of bit-channels governs a new order of decoding for the combined polar block. At
this point, we get one new bit-channel that is good for all DMCs in S U S, of the combined polar
block. We validate this fact shortly when we provide the probability of error analysis for the
hybridized staircase scheme described in this section. Note that a good/bad bit-channel in an
updated block means that its Bhattacharyya parameter defined with the received vector given is
low/high under the distribution that is induced when the codeword components of the original
blocks involved are i.i.d. according to the non-uniform input distribution we are working with.

We can combine many such bit-channels at a time with these two independent polar

blocks to achieve universalization. We consider bit-channel sets &7, which has bit-channels that
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are good for all DMCs in S; and bad for at least one DMC in S5, and 4, which has bit-channels
that are good for all DMCs in S, and bad for at least one DMC in S;. As already explained, if
we combine a bit channel in .o/ of the first polar block, say x, with a bit channel in % of the
second polar block, say y, then we get two new bit channels, one of which is good for all DMCs
in §1 US». In a polar block, a later bit-channel output has the previous bit-channel input as one
of its components. So a next valid bit-channel combining could be any bit-channel later than x in
</ of the first polar block with any bit-channel later than y in Z. Hence a best way to combine
bit-channels .27 of the first block with bit-channels . of the second block is to combine them in
order without missing any bit-channels in between. Let &/ = {x1,x,,...  X| %I} where x;, <xj,
for j1 < jo, B ={y1,¥2,---,¥|} Where yj;, <yj, for ji < j; and G =min{|</|,|%|}. We do
bit-channel combinings x; with y; for each 1 < j < G as shown in Fig. 2.5. Now we get G new
bit-channels that are good for all DMCs in S U S; in the combined block. These combinings
of bit-channels will create a specific order of decoding of bit-channels in the resultant block
produced. The description of the scheme in Section 2.6 will help provide a clear view of the
order of bit-channels in the block that is generated after combining two polar blocks.

We can consider two such universalized blocks produced in this manner and apply
this procedure again with any two non-intersecting subsets of S. This procedure can be done
recursively multiple times. So a block obtained after ¢ steps will be of size N -2".

We are combining bit-channels in 7% in the first step of the recursive procedure to
produce new bit-channels, which can be either good or bad for a DMC in S. We keep combining
these bit-channels in the recursive procedure while we are leaving the low entropy bit-channels
Zx and not-completely polarized bit-channels R of the original polar blocks in the recursive
procedure as is. So we have good bit-channels and bad bit-channels defined for each DMC in
S for the hybrid polar block. We also have low entropy bit-channels as well as not-completely
polarized bit-channels for the hybrid block, which are from the original blocks involved in the
hybrid polar block. Now we propose to apply our staircase scheme in Section 2.4 by using the

hybrid polar block with the desired condition instead of original polar block. The encoding and
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decoding procedure of the staircase scheme with the hybrid block will be identical to our staircase
scheme with the original polar block presented in Section 2.4. We refer to such a staircase scheme

as a hybridized staircase scheme, which is described in the following subsection.

2.5.2 Code construction for hybridized staircase scheme

We now define the vectors associated with a hybrid polar block generated after ¢ steps.
Let {X ]1 N }%’Zl be the codeword component vectors of length N corresponding to each of the
original polar blocks indexed j = 1,2,...,2" in the hybrid polar block and {le N }3;] be the
corresponding received word components when passed through DMC [ selected in S. Let
U}’N = X}:NGN, for j=1,2,...,2". So {U}:N}i;l are bit-channel vectors of length N of each
original polar block in the hybrid polar block. Let {U J’-“N }3;1 be the bit-channel vectors of
the hybrid polar block generated after the recursive combining of the original blocks whose
bit-channel vectors are {Uj1 N }3’:1 Let U"'"N'?' be the permutation of {U J’-LN }?;1 according to
the order of bit-channels in the hybrid block, governed by the recursive combining procedure.
Let the bijective transform that transforms U’'"N% to {U ]1 N }3’21 be .

We refer to the union of good bit-channel set and bad bit-channel set of the hybrid
polar block (of any DMC in S) as the high entropy set of the hybrid polar block. We denote
these high-entropy bit-channels of the hybrid polar block generated after 7 steps in the recursive
procedure by .#%,. We use the notation I! for DMC i’s good bit-channel set of the hybrid polar
block. So the DMC i’s bad bit-channel set of the hybrid block will be 7%, —I!. We denote the
low entropy bit-channel set of the hybrid polar block by .Zy,. We denote the not-completely
polarized bit-channel set of the hybrid polar block by R;.

While encoding, we need to ensure that, for each hybrid polar block in the staircase, the
original polar blocks involved in the hybrid block have the same ensemble average distribution
as in the single asymmetric channel case and also these original blocks involved are independent.
This defines an average distribution requirement for each hybrid polar block in the staircase.

Let Q be the measure on the hybrid polar block, which is according to the average distribution
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requirement of each hybrid block in the staircase. Therefore,
Q{U;:N}%; ({”}:N}izl) = H?:l (2 A e g, 5:‘(”j'z'|”}:i_1 JLicrPy, i (”ji|”}:i_l))~

This implies that

Aot t _ G g
QU,lzNAzz (u’l'N 2 ) = H5:1 (2 ‘%(‘Higgx 3,~(uj,~|u}'l ')HieRPUi‘Ul:i_l (uj,-|u}" ])) (2.5)
where «/'"N'?' is obtained by applying the bijective transform .7 ~! to {u}:N 3;1

So, to fill the non-full-height columns in the left, we generate W/I*N 2 randomly according

to measure QU/l;N,zt in the code construction as follows:
BN N RN
P(WII.N2 — u/l.NZ ) — QUII:N-Z’ (ull.NZ ) (26)

o .
We now compute QUi,/|U,1:,-/,1 (u;/‘u/].l 1) for each i’ € [N - 21].

For i’ € Zx,, there existi € %, j € [2] such that U/ = Uj;. Then,

o
=1y Qi1 (1)

— QU;U" (u/l:i/)

QUi’,|U’11i'—1 (M:/|M

AL
. Zu/z":NQf QU/I:N-zf (ull'N 2 ) (a_) l:i—1
- II:N2IN él(u]lluj )
Zu/i’+1:1v-2l Qu/l:N-Zl (u ’ )
Identity (a) follows by substituting (2.5) in both numerator and denominator. Note that u}";l

=180, to satisfy this conditional distribution, we use argmax rule for a

is a function of u
bit-channel i’ € %, that lies either in the full-height column regime or a non-full-height column

on the right side of a hybrid polar block in the staircase.
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For i’ € Ry, there exist i € R, j € [2'] such that U] = Uj;. Then,

e =1y _ QU/l:i’—l(””:il—l)
>— QUu:i/(’/l/l:i/)
o Zu/i/;Nlt QU/lzN.zt(l/l”:NQt) @P . (u..’ulzifl)
_ZM”"+1:N-2’ QU/1;N»2’(”/]:N.2I) = Iy pri-1(ujilu; .

QUZ{I|U/1:1‘/—1 (MHM

Identity (a) follows by substituting (2.5) in both numerator and denominator. Note that u}:i_l is

a function of /11, So, to satisfy this conditional distribution, we use the randomized rounding
rule for a bit-channel i/ € R, that lies either in the full-height column regime or a non-full-height
column on the right side of a hybrid polar block in the staircase.

For i’ € 7,

=1y _ QUﬂ:iL](u’lii'*l)
) QUllzi’ (I/t/l:i/)
_ Zu’i’:N-zf QU/l;N.zt (u/I:N-zf) (a_) 0
Zu/i/+1:N_2l QU/ISN-ZZ (u/IZN.Zf) D

QUI.’,|U’115/*1 (Mi/ |M

Identity (a) follows by substituting (2.5) in both numerator and denominator. The conditional
distribution of U} given U’ =1 g always uniform, which also means U} is independent of
U'''~1 Hence, for a bit-channel i’ € .#, that lies either in the full-height column regime or a
non-full-height column on the right side, we use the same encoding method as we use for high
entropy bit-channels in the staircase scheme with the original block, presented in Section 2.4.
This maintains the distribution requirement for high-entropy bit-channels in 7, that lie in the
full-height column regime or the non-full-height column regime on the right side, of a hybrid
polar block in the staircase.

We then use an appropriate decoding method, corresponding to encoding method. The
decoding rule for the bit-channels i’ € I] U %, that lie in the full-height columns will be as
follows:

U, = argmax P, x|l7’1:i/_1,{Yj1:N}§’:1).

1:i' =1 1:N2! (
x€{0,1} l-/|U a{Yj }j:l
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We now provide the probability of decoding error analysis and show that average probability of

error diminishes as block length grows for the proposed hybridized staircase scheme.

2.5.3 Probability of decoding error analysis for hybridized staircase
scheme

We provide the probability of decoding error analysis for the hybridized staircase scheme
with the hybrid block produced after ¢ steps in the recursive procedure. We now compute the
ensemble average distribution for each of the hybrid polar blocks used in the staircase.

For a hybrid block that lies completely in the full-height column regime:

For a bit-channel i € 7%, P(U} = ul,[W"N2 U1 = /17=1) = 0.5, because we use
the same encoding rule as we use for high-entropy bit-channels in the staircase scheme with
the original block. It is shown in Theorem 1 that the encoded bit in a high-entropy bit-channel
will be uniform and is independent of bits encoded in the previous columns. So we get the same
conditional distribution here as well. Therefore, P(U} = ul,[W/"N2 /=1 = /11y = 0.5 =
QUi’,\U"""*l (g ')

For a bit-channel i’ € %, UR;,
/ / JLN-2! 1’ —1 n:i'—1 1010 —1
P(Ul, == l/li/|W U ! =Uu ! ) = QU4//|U/1”'/71 (ul/|l/t ! ),
l

as described in the hybridized staircase scheme.

By the chain rule of conditional probability, we get

P(UII:NQ’ _ u/l:N~2”W/1:N~2t) _ Hi’e[N-Z’]]P)<UiI/ _ u;/’WII:NQ’U/l:iLl)

1y —1
- Hi’e[N-Z’]QU(/‘UllziLl (ui/|u )
U

_ QU/I:N-zt (ullzN-Zl).
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By taking expectations on both the sides, we get
‘N2 ANOE ANt Nt
By [P(U/]'N P =t |W/1'N 2 )] = Qpnwa (”/I’N 2 )-

For a hybrid block that lies partly in the full-height column regime and partly in the non-full-
height column regime on the right:

For a high entropy bit-channel i’ € ., that lies in the non-full-height column regime on
the right, we generate an independent uniform random variable. For the low entropy bit-channels
and not-completely polarized bit-channels that lie in the non-full-height regime on the right, we
use the same rule as in the case where they lie in the full-height column regime. So, for the
bit-channels that lie in the non-full-height column regime on the right, we get same conditional
distribution as in the previous case where they lie in the full-height column regime.

By the chain rule of conditional probability, we get

P(U/I:NQ’ _ u/l:N-2’|W/1:N-2’) _ Hi’E[N'Zl]IP(Ui/I _ u;,|W/1:N-2’U/1:i’—1)

11 =1
= Hi’e[N~2’]QU{/‘U/1:i’—1 (ui/|1/l ! )
12

Aot
= QUu:N-zf (u/]'N 2 )

By taking expectations on both the sides, we get
‘N2t AT ATOE At
EWII:NQ’ [P(UII'N 20 u/l.N 2 ’WII.N 2 )] — QU/I:N»ZI (ull.N 2 )

For a hybrid block that lies partly in the full-height column regime and partly in the non-full-
height column regime on the left:
Suppose that bit-channels {1 : m} of the block lie in the non-full-height column regime

on the left side and the remaining bit-channels {m+ 1 : N-2'} lie in the full-height column
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regime. Then, by the code construction and by the chain rule of conditional probability,

IP)(U/I:NQ’ _ u/l:N~2’|W/1:N~2’)

= LN (uy = W) ) i— 1 v P(U) = aly [W/ENH prlim=t =/t

By taking expectation on both sides and by the linearity of expectation, we get

]E’W/I:N.ZI [P(Ull:N‘zt = ull:N'zt |W/1IN~ZI)]

= E[L(Nf (up = W), (U = W20t =yt 27
(@)

= ]E[]l( ?:l(ug’ :W ))]HN m+lQU’\U’1 il l(u/\ullifl).

Identity (a) follows as the conditional probabilities of U; given U’ 17 ~1 for the bit-channels
{m+1:N-2'} in the full-height column are according to the measure QU,lzN,zx.

We evaluate Eyy, v [1(N)_, (u), = Wy))] as below:

By []1<m?:1(u§’ - Wii))] - EW/I:N-ZI[ Z ﬂ(ﬁle[N 21] (”// - Wii))]
u, €{0,1}:ie{m+1:N-2'}

(@)
= Y Epyion [1(Niepy2r) (uy = Wi))]
u,€{0,1}:ie{m+1:N-2'}

Z P<W/1:N~2’ _ u/l:N-2’)

uy €{0,1}:ie{m+1:N-2'}

(:) Z QU/11N~2t (u/1:N~2[)

uw,€{0,1}:ie{m+1:N-2'}

— QUllim (ullzm).

Identity (a) follows by linearity of expectation and identity (b) follows from equation (2.6).

Substituting this back into equation (2.7), we get
N2 _ N2 1:N-2! 1: 2! 1:i'—1
W/1N2’ [P(U/ N / N |W/ N )] — QUllzm(u/ m)HﬁY:m+1QU(,|U/1:i/—l(u;’|u, ! )
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NNt
= QUII:N»Z’ (MII'N 2 )
We have shown that the ensemble average distribution of each of the hybrid polar blocks in the
staircase is according to measure QU,.:NQ:. Now we provide lemmas and propositions which will

be used in the probability of decoding error analysis.

Lemma 2. Let P)J(. y(x,¥) be a joint distribution on (X,Y) supported on % x % for each

j € 7. Let Q(j) be the distribution on ¢ . Define Pxy(x,y) =¥ c s Q(j)P)J“,(x,y). Then
Z(X|Y) > Lje » Q)ZI(X|Y) where ZI (X|Y) = 2%,e0 \/ Py (0.9)PL y (1,).

Proof: Refer to the Appendix.

Lemma 2 is used in the proof of the following proposition.

Proposition 1. Let (X1,Y)) and (X,,Y») be independent random variable pairs which may not be
identically distributed. X| and X, are defined over 2 = {0, 1}, where Y| and Y, are distributed
over alphabets 21 and %,. Let U = X1 + X, and U, = X;. Then

1. Z(U1|\"Ya) < Z(X1|) + Z(X3|Y2) and Z(Uy|Y1Y2) > max{Z(X|Y1),Z(X;|Y2)}.

2. Z(U|Ui1 YY) = Z(X1|Y1)Z(X2|Y2) and hence Z(U,|U Y Yo) < min{Z(X|Y1), Z(X2|Y>)}.

Proof: Refer to the Appendix.

Lemma 3. Let P(x1,x2) = P (x1)Py(x2) and Q(x1,x2) = Q1 (x1)Q2(x2) be two joint distributions
on random variables X| and X, so that the random variables are mutually independent over both
the joint distributions P and Q. The marginals of random variable X; will be P;(x;) and Q;(x;)
over the distributions P and Q, respectively, for i = 1,2. Assume that the total variation distance

between P; and Q; is €, for i = 1,2. Then the total variation distance between the distributions P

and Q is at most €] + &.
Proof: Refer to the Appendix.

Lemma 4. Let the (X,Y) random variable pair have two measures defined as Qx y(x,y) =

Ox (x)p(y|x) and P y (x,y) = Px (x) p(y|x), respectively. So the conditional distributions Qy x (y|x)
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and Py|x (y|x) are both equal to p(y|x). The total variation between the joint distributions

|Ox,y —Pxy

| becomes ||Qx — Px||.

Proof: Refer to the Appendix.

The analysis of probability of decoding error is given in the following steps:

» We index each hybrid polar block in the staircase as b = 1,2,...,(2'Npk). Let P be the
measure on a hybrid polar block induced when X Jl ‘N is i.i.d. distributed according to p(x)

for each j and the vectors {X J.I:N }, {X!"N} are independent for j # k.

* Let &, be the error event of bit-channel i’ for hybrid polar block b in the staircase, which

is defined as follows:

Eny = {(u/I:N-Z’, {y}:N 3;1) tuples of blocks b € [2'Npk] :

ol . t
PU./‘U/I:i’_l’{YjI:N}?:l (btg/ + l’ull'l 1; {y}'N}ﬁzl) >

4

12

ol . t
PU.,|U’13i'—‘,{Yj15N}5t:1 (u;/’Ix/l'l la{)’}"N}?zl)

holds for (""", {y}V}2_ ) of block b}.

As mentioned in the Theorem 1, the overall error event satisfies

& C Upepnpr] Yre gy, utt Gib- (2.8)

Let &, = Uy¢ [U%, & be an error event corresponding to hybrid polar block b in the
staircase. We also define the error event & of bit-channel i’ below for the hybrid polar

block when the hybrid block is directly used for code construction:

éai, = {(MII:NQ”{y}:N}?l:l) .

ol . t
PU'I‘U/I:i’717{yi1:N}§’:1 (u;, + 1|u/1'l 17{)’}’]\]}?:1) >

13

1:d'—1 1:N 2!
PU./|U/1:i/717{Yj1:N}§f:1(l/l;/|l/tl ! ,{y] }]:1)}

l
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* We apply the union bound to equation (2.8) and take the expectation under the measure
induced by the random ensemble of codes. That gives the following upper-bound for the

ensemble average probability of error as shown in Theorem 1:

EyuvaPEW™ )< Y Eyna PUreagup W™ )] 2.9)
be[2!Npk|

e Now

P(CgablwlltNQ’)

(N2 {yENY2 ) tuples of all the blocks) €&,

Pml}e[zwpk](U,l:NQt = /"N {le:N}?:l = {y}:N}?ﬂ of block B)|W''*N%).
From the definitions of &7 and &, we get

P(éab|W/l:N~2[)

= > )»

AL . t N . t ~
((w1:N-2 AyjNY5Z)) of block b)eUy 2, Ul Ey ((wtN2 AyjVY3Z,) tuples of all the blocks b # b)

1:N-2! 1:N-2! : t : ; 5 Nt
P(ﬂ,}e[thpk](U’ N2' u/ N-2 7{le N}?:l — {y} N};:l of block b>|W/1 N-2 )’
By marginalizing over (U"*NZ {¥ jl:N}?t:Q tuples of blocks [2’Npk] — {b}, we get
]Pa(gb|W/1:N‘2t)

- y

N N 2!
((W'N 2! ,{y}'N}%:l) of block b)GUi/ert utt &y

P( (U/I:N-2’ _ u/l:N-Q”{le:N}?’:1 — {y}:N}?:l of block b)‘W/l:N-zt).
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By the chain rule of conditional probability and also by the fact that

P({Y]]:N}?’zl _ {y}:N}i’:] of block b|U/1:N.2t _ u/]:N.zt of block b7W/1:N.2z)

21 N
= L T2 i (il i),

where {x}:N }3’21 are the codeword component vectors of original blocks corresponding to

bit-channel vector u/'"N'%' of hybrid block b and {y}:N }3;1 1s also of hybrid block b, we get

P(éab|W/1:N~2t)

- >

N2t (N2 .
((u/"N2 ,{}’}-'N}ﬁzl) of block b)eui’effxf ult &y

P(U“:N'2 — u'"N2 of block b)|W/l:N'2 )Hﬁzlnfy:lpz (yji|xj,-).

By taking expectation on both sides followed by applying the linearity of expectation, we

get,

Eyynavar [P(& W)

- >

N2t 1N 2! -
((/"N2 ,{y}-'N}?:l) of block ”)EUﬂefX, urt &y

t

By [P(UNZ = N2 WV I TV po(vjili)

= )»

. . t ]
((M/I.N.zt ,{y}'N}ﬁzl) of block b)GUi/Eth UI; é’i,
11:N-2! o1 N
QUII:N-ZI (Lt of block b)Hj:1 Hi:lpl (yjl |_le-)

- r

(((MIIZN-ZZ 7{yjl.:N}il:l) of block b)EUi/egx ot &y
'

Quniwat AYINy2 (™7, {y}:N}i;l) of block b)
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= QU/I:NQf’{le:N}?f:l (UilefXIUIlt éal/)

— Q{X]}:N}?’:U{le:N}%l:l <Ui/€$xtUI,’£i’)7

. . . t . .
where QU,lzN,zr [y}~ Is measure induced when {X J-I'N }?:1 vectors distributed under mea-
A=

sure QU,];N,zt is transmitted over the DMC [ selected and {Y jl N }3;1 vectors are received.

Therefore,

1:N-2

EW/I:NQ’ [P(Ui’efxlull’&’b‘wl N )] = Q{X;:N}§;17{Y]']:N}?lzl (Ui/e.fxtulfgz")' (2.10)
Now Q {X}:N}%lil" {le:N}?t: 1 (Upe Ul &y) can be bounded as the sum of two entities as fol-
lows:

Q{X}:N}?tzly{le:N}ftﬂ (Ui’e,ffxt g g’/)
< Plresyun )+ Ppgmyr vy, = Loyt gy I

Note that there is a possibility that we combine two good bit-channels of DMC / in many
of the ¢ recursive steps while generating the hybrid block. In that case the Bhattacharyya
parameter of a bit-channel /' € I, Z(U}|U" 1 {y N }3;1), should be upper bounded as
212N gince the upper bound of the Bhattacharyya parameter of one of the produced
bit-channels after each combining is the sum of the Bhattacharyya parameters of the input

bit-channels of the combining by Proposition 1.

The P(Uye ¢, upé7) is upper bounded by ¥y, 4, P(&7) by using the union bound. Note
that P(&y) is upper bounded by Z(U;|U’ L1 {le N }3;1) as the decision rule for these bit-
channels is MAP (Maximum A Posteriori) decision rule under measure P [46, Proposition
2.7]. Therefore P(U; B, Ul &) is upper bounded by the sum of Bhattacharyya parameters,

ie. Lrenug, ZWUHUM YN} ), which will be 0(22N2~™") from the above step.
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¢ Now, the total variation distance satisfies

(a) Z

||P{X}:N}§;17{Y;W}§tzl - Q{X;:N}§;17{YJI:N}§I:1 || S j_z’l ||PX}:N7¥il:N - QX}:N’YJI:NH

) v
=1

The identity (a) follows by application of Lemma 3 using the fact that {X ]1 Ny jI:N }3;1
vector tuples are i.i.d. distributed in both the measures P and Q . The identity (b) is
true by the application of Lemma 4 using the fact that the conditional measure of Y jl N
given X ]1 ‘N in both the P and Q measures is induced by the selected DMC in S. Now the
total variation distance HPX}:N — QX}:N || is 027N ﬁ,), as we mentioned in Section 2.3 for

the single asymmetric channel case. Overall ||P, .. A — . A is
gle asy Pty i, = Qe gy [

upper bounded by O(Z’Z‘Nﬁ/) for B’ < B <0.5.

. _NF'
» Hence Q{X;;N}zz g (Ure.,urér) is upper bounded by 022 N2,

j=1
* From equations (2.9) and (2.10), the overall average error probability is upper bounded by
Zbe[zz Nph| 0 (XINY2 |yt (Upe Ul &y). Hence the overall average error probability
Jo == !

of the hybridized staircase scheme will become O(N?pk232~N b ) for any DMC [ in S.

2.5.4 Algorithm to produce hybrid polar block, to be used in the
staircase scheme
In this sub-section, we provide an efficient recursive method in Algorithm 1 to produce a
hybrid polar block that satisfies the desired condition with a block length at most 2°~! times the
original polar block length.
We refer to the properties associated to a hybrid polar block, such as good bit-channel

set, bad bit-channel set, low-entropy bit-channel set, not-completely polar bit-channel set, order

of bit-channels, as the type of the hybrid block. The variables hPolarBlock1 and hPolarBlock2
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identify with the type of a hybrid polar block that gets updated in the course of the recursive

procedure.

Algorithm 1: getHybridizedPolarBlock( Sy, ¥, hPolarBlock]1 )
Input: S; C S, scale index y and hPolarBlock1 with | N;es, I} |y < 27|R| satisfied

Output: hPolarBlock2 with | N;cs, |y > 27|R| satisfied

1setSy = argmax |Nies, I!|v
$2CS1:[S2|=(S1]-1

2 if | Nies, I} |y < 2Y7!|R| then
/* Recursive call */

3 hPolarBlock 1= getHybridizedPolarBlock(S», ¥ +1,hPolarBlock1)

/* Now |Mies, It|v > 2"T|R| is satisfied */
/* Combing step */
4 consider two independent hybrid polar blocks of hPolarBlock1 type
5 combine bit channels that are “good for all DMCs in S; and bad for DMC §; — §,”
of one block with bit channels that are “good for DMC S| — S, and bad for at least
one DMC in S,” of the other block to produce an updated hybrid polar block
6 set hPolarBlock2 to the type of updated polar block
/* Now |Nics, I?|v >2Y|R| is satisfied */

7 return hPolarBlock2

We refer to Il-1 and Ii2 for DMC i’s good bit-channel set of hybrid polar blocks of hPolar-
Block1 type and hPolarBlock?2 type, respectively. We refer to Iﬂiegllil |v and Iﬂieslliz\ n for the
size of bit-channel set N;¢ 51151 and N;e S1Ii2 per block length N. If the variable hPolarBlock1 is

a type of a hybrid polar block produced after k recursive combinings, then Iﬁiesllil |y will be

‘miesl Iil |

>t as the overall block length then will be 2KN. |R| is the size of the not-completely

equal to
polarized bit-channel set of an original polar block.

Algorithm 1 is implemented through recursive procedure getHybridizedPolarBlock(),
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which has three inputs, the first one of which is a subset S; of the compound channel set S.
The second input is scale index ¥ and the third input is hPolarBlock with | Mes, I' |y < 27|R]
satisfied. getHybridizedPolarBlock() procedure performs recursive combining to produce a
hybrid block and returns the variable hPolarBlock2 updated to the type of the hybrid polar block
produced with | Nies, I2|n > 27|R| satisfied.

To generate hybrid polar block, to be used in staircase scheme, from an original polar
block, which does not satisfy the desired condition, we call getHybridizedPolarBlock() with input
S initialized to compound channel set S, the input 7 initialized to 0 and the input hPolarBlock1
initialized to the original polar block type. Now we describe the execution of recursive procedure
getHybridizedPolarBlock() in detail with these three particular inputs.

First, we set S as a subset of S| with size one less than the size of S such that | N;cg, Il-1 v

is maximum. Note that the input S; is S. Then, we check the condition | Njes, Il-1 |v < 2|R|, since

yis 0. The condition not being true means that we already have | N;cs, I} [y > 2|R| satisfied. If
that checked condition is true, we call getHybridizedPolarBlock() a second time with inputs
S», 1, hPolarBlock1, which is the original polar block type. So the call returns and updates the
variable hPolarBlock1 so that the condition | Mes, I} |y > 2|R] is satisfied. Now we consider two
independent hybrid polar blocks of hPolarBlock1 type. We combine “bit channels that are good
for all DMCs in $; and bad for DMC S — S5” of one block with “bit channels that are good for
DMC § — S, and bad for at least one DMC in S,” of the other block to generate a new hybrid

block. We then update the variable hPolarBlock?2 to the type of the new hybrid block generated.

min{|Nies, ! [v—|Niesl} v, Nies—s, I [v—INiest} In}

Notice that, | Njes 17|y gets updated as | Nies Iy + > ,
C gl 2|R|=|Nies!} v , 1 7 .
which is at least | Nes I} v + =——5—= as | Nies, I; [v > 2|R|. So |NiesI7 |y will be at least

|R| + | Nies I} |n/2, which is greater than or equal to |R|. Now we return hPolarBlock2, which is
the type of a desired hybrid polar block to be used in the staircase.

We now analyse the recursive flow of calls to getHybridizedPolarBlock() and the depth
of recursion. As the number of recursive calls in our algorithm is not always fixed, we look

at the worst case recursion depth. In the first call of getHybridizedPolarBlock(), we need
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hPolarblock! (initialized to original block type) such that the condition | N;cg, Il-1 v > 2|R| is
satisfied for the combining step. If the condition does not hold, we invoke the second call
to getHybridizedPolarBlock(), which updates the hPolarblock1 to a hybrid polar block type
such that the condition | M;es, I} |y > 2|R] is satisfied. If the condition holds, we do not invoke
call to getHybridizedPolarBlock() a second time, in which case the recursion depth is 1. In
second call, we need hPolarblock] (initialized to original block type) such that the condition
| Nies, I}y > 2%|R] is satisfied. Note that size of S is two less than size of S in this call. If the
condition does not hold, we invoke the third call to getHybridizedPolarBlock(), which updates
the hPolarblock! to a hybrid polar block type such that | Nics, I! [y > 2%|R| is satisfied. If the
condition holds, we do not invoke call to getHybridizedPolarBlock() third time, in which case
the recursion depth is 2. Similarly, in the kth call, we need hPolarblock] (initialized to original
block type) such that the condition | N;cg, I! |y > 2%|R] is satisfied. If the condition does not
hold, we invoke a (k + 1)th call to getHybridizedPolarBlock(), which updates the hPolarblock1
to a hybrid polar block type such that | N;eg, I} |y > 2K|R| is satisfied. If it holds, we do not
invoke a (k+ 1)th call, in which case recursion depth is k. Note that the size of S; will be
k — 1 less than the size of S and the size of S, will be k less than the size of S in this call to
getHybridizedPolarBlock(), since the size of S; keeps decreasing by one whenever we make an
additional call to getHybridizedPolarBlock() in the recursive flow. So, if the algorithm happens
to execute the (s — 1)th call to getHybridizedPolarBlock(), then |S>| will be one and hPolarblock 1
(original block type) will be such that the condition | Njes, I} |y > 2°7!|R] is satisfied for any S,
as min{|1{|,|1}],...,[I}|} > 257 1|R| holds for sufficiently large N as the fraction of bit-channels
in R of original polar block vanishes as block length grows due to polarization. So we never
make sth call to getHybridizedPolarBlock(). Hence the maximum recursion depth that is possible
iss—1.

Now we will look at what happens in the execution of the kth call to getHybridized-
PolarBlock(), which is called from the (k — 1)th call of getHybridizedPolarBlock() with the

input hybridBlock] with the condition | N;es, Il-1 v < k=1 |R| satisfied (where S, here is of the
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(k— 1)th call). S of the (k— 1)th call is passed as input S; to the kth call. Scale index input
will be k£ — 1 in that call. As we set S> as a subset of §; with size one less than the size of
Sy such that | Nies, I} |n is maximum, |S| will be |S| —k and |S;| will be |S| — (k— 1) in this

call to getHybridizedPolarBlock(). Now we check the condition if | Njcs, Iil v < 2k|R

, since
scale index input is k — 1 in this call to getHybridizedPolarBlock(). If that is true, we then call
getHybridizedPolarBlock() a (k + 1)th time with inputs S, k and hPolarBlock 1, which will be of
the original polar block type. So the recursive call returns and updates the variable hPolarBlock1
that satisfies | N;es, I'|v > 2¥|R|. Now we consider two independent hybrid polar blocks of
hPolarBlock1 type. We combine “bit channels that are good for all DMCs in S, and bad for
DMC S| — 82” of one block with “bit channels that are good for DMC S — S, and bad for at least
one DMC in S,” of the other block to generate a new hybrid block. We then update the variable
hPolarBlock?2 as the type of the generated hybrid block. As we update hPolarBlock?2 after the

combining step with the generated hybrid polar block type, | Nics 7|y gets updated as | Nies, I} v

+ min{|Nies, I} [N —[Nies, I} v 1Nies, —s, I} IN—[Nies, I v} 24IR|—|Nies, I} Iv as
2 2

which is at least | M;es, I} |y +

| Nies, Iy > 2%|R|. So | Njes, I? |y will be at least 2571 |R| + | Nics, Ii|n/2, which is greater than
or equal to 21 |R|. Now we return hPolarBlock2 to the point of execution in the (k — 1)th call,
where the kth call is invoked from.

If the recursion depth is k, in the execution of the kth call to getHybridizedPolarBlock(),
we combine original polar blocks and return hPolarBlock2 updated as the type of hybrid
polar block generated to the point of execution in the (k — 1)th call, where the kth call to
getHybridizedPolarBlock() is invoked from. Again we combine two independent hybrid blocks
of the returned type in the execution of the (k — 1)th recursive call and return hPolarBlock2
updated as the type of hybrid polar block generated to the point of execution in the (k — 2)th call,
where the (k — 1)th call is invoked from. We keep doing this until we return to the first call and
finish the combining step in the first call to produce the hybrid block, to be used in the staircase.
Hence the block length of hybrid block returned by the algorithm in this case will be 2XN. Since

the maximum recursion depth is s — 1, the desired hybrid block returned by the algorithm is at
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most 27N,
We may improve the Algorithm 1 to have fewer recursive calls. Nevertheless, the
mentioned recursive procedure guarantees a block length which is at most 2°~!N. Hence the

overall block length of the hybridized staircase scheme becomes 0(22@ ~UpkN 2).

2.6  Universal scheme via combining bit-channels

In Section 2.5.1, we discussed an idea of universal procedure based on bit-channel
combining to produce a hybrid block. But we do not describe the detail order of bit-channels of
the hybrid block produced when combining two blocks. In this section, we describe the code
construction, including encoding and decoding methods directly using the hybrid block produced
after combining the two original blocks. We consider here S to be {1,2}. So we combine
"bit-channels that are good for DMC 1 and bad for DMC 2" of one block with "bit-channels that
are good for DMC 2 and bad for DMC 1" of the other block. The description of the scheme in
this section helps provide a clear view of the bit-channel order of the hybrid block generated

after combining the original blocks.

2.6.1 Combining two independent polar blocks to align good bit-
channels of the two DMCs in §

Let G = min{|I; N F|,|l, N F}|}. Consider the sets <7 and 2 to be the first G indices
in I} N F, and I, N Fy, respectively. Let & = {x1,x,...,xg} where x; < x < ... < xg and
B = {y1,y2,...,y6} where y; < y» < ... <yg. Consider two independent polar blocks and
refer to them as block 1 and block 2. Let X ">V be i.i.d. distributed according to non-uniform

compound capacity-achieving distribution p(x) and

UIZN :XIINGN’ VIZN :XN+1:2NGN. (211)
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The vectors X'V and XN 12V are codeword components of block 1 and block 2, respectively.
U'N and V"N are bit-channel vectors of block 1 and block 2, respectively. For each j € [G],
we combine bit-channel x; of block 1 with bit-channel y; of block 2, which produces two new
bit-channels with inputs U;j =U, o+ Vy ; and Vy’j =V i We do not involve bit-channels, which are
not in .o/ of block 1 and not in & of block 2, in combining. The combining of bit-channels of two

independent blocks is shown in Figure 2.5 of Section 2.5. Let {(X;,Y;)}, be i.i.d. distributed

according to p(x)p;(y|x) where [ € S.

Lemma 5. For each j € [G], for any B < 0.5, for sufficiently large N
1. Z(UL Uiy Ny > N
; >
(U;j is almost uniform given U=l 1=y 2N for both DMCs 1 = 1,2)
o N . _NB
2 Z(vy/j|U1.xj lvl.yj IU)éle'zN) <2 N )

V! is almost deterministic given U™i—1U! V1¥i=1y V2N for both DMCs 1 =1,2)
Yj Xj

Proof: Refer to the Appendix.

It follows from Lemma 5 that the bit-channel combinings mentioned above give us
a block of length 2N with 2|I} N Ib| + G good bit-channels for both the DMCs in S. In the
random code construction that we propose, encoding method ensures that the ensemble average
distribution of (U''*N V/IN) is (2N ﬁ,) close to the distribution induced when the word X 12

is i.i.d. distributed according to p(x). Now we describe the code construction.

2.6.2 Code construction

We first generate random functions f) : # — ([N L) — {0,1} and f> : 5% — (L N
L)UZA) — {0,1} where each fi(j), j € F and i € {1,2}, is chosen independently and uniformly.
These frozen bits are shared between encoder and decoder.

For both the blocks, we generate independent random boolean functions A” : {0,1}~! —

{0, 1} for blocks b = 1,2, and for each i € R, by using the following probability rule:

AP = uwp. Pypri (u|u"=1), foru € {0,1}
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independently for each u'“~!. Let the set of random functions be denoted by /llg . These functions
are used to encode not-completely polarized bit-channels and are shared between the encoder
and the decoder. We can alternatively use common randomness for encoding these bit-channels.
As mentioned earlier in this section, the goal here is to help provide a clear view of the order
of bit-channels as opposed to simplifying the encoding of bit-channels in R avoiding common

randomness. Now we describe the encoding and decoding algorithms.

Encoding

Input: uniform message M of 2|1} N I>| + G bits

Output: codeword X 12N

1. Partition M into M| and M, such that M, takes the first |I} N I>| bits of M and M, takes the last
I} N I| + G bits of M. Set U"'2 = My and V/(W"R2)VF — pp)

2. SetU! = f1(i) forall i € 54 — (I;NI) inblock 1 and V! = f5(i) foralli € 5 — (I NL) UB)
in block 2.

3. SetUy; = Uy, +Vy and V,, = Vy forall j € [G].

4.SetU; =U] foralli € H#x — o and V; =V/ forall i € 55 — B.

5. For all i € %, set U; and V; using the following argmax rules:

U; = argmax Py, 11 (x|uti—h,
xe{0,1}

V; = argmax Py, 11 (x[vE=h,
x€{0,1}
6. For all i € R, we assign U; = A (U~!) and V; = A2(V1I#1),
7.SetU! =U;and V! =V, forall i ¢ 7 .

8. Transmit X"V = UUNGy and XNV T12N — yING,.

Decoding
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Input: received vector Y 12V
Output: message estimate M of 2|I; N 1| + G bits
1.Set j=1,x9p=0and yp =0.
2.fori=x;_1+1:x;—1ofblock 1
Ifi € 7% — (I1 N D), set
U/ =U; = fi().
Ifi € (Ih1NhL)U %%, set
U] = U; = argmax Py i1 yrv (x| 011 Y EN),
x€{0,1}
Ifi € R, set
0/ = 0, = 2} (01,
end
fori=y; 1 +1:y;—1ofblock2
Ifie x —(I1Nh), set
V! =Vi= f).
Ifi e (I1NhL)U %, set

Vi/ =V,= argmaXPUi‘U]:i_l’Y]:N(x|vl:i71,YN+1:2N)‘

xe{0,1}

Ifi € R, set

‘71'/ — Vl — A’iZ(‘A/l:i—l).
end

3. Set

0y, = filxj).
N
Vy, = argmax

x€{0,1}
A ey N ey
Uy = Uy, +Vy, and Vy, = V.

lxi—1yrr \71liyi—1y1:2N
va{A|U1:Xj710)€‘VlzyjflylzzN(X|U J ijV Yi—lY )
J J

4. Repeat steps 2 and 3 for j = {2,3,...,G}.
5.fori=xs+1:Nofblock 1

Ifi e 7 — (11 ﬂ]g), set
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Ifie (I] ﬂlz) U %%, set
Ui/ = 0,~ = argmaXPUi|U1;i—17y1:N(X|01"‘71,YI:N).
x€{0,1}
If i € R, set
Ui/ — 01‘ — lil(ﬁlzi—l).
end
for i =ys+1: N of block 2
Ifi e 5 — (11 ﬂ[z), set
Vi =Vi= f().
Ifie ([1 ﬂ]z) U %, set
Vi/ — Vl — argmaXPUi‘Ul:i—l.YI:N(X|Vl:i71,YNJFI:ZN).
x€{0,1} ’
Ifi € R, set
‘71'/ — Vl — A‘iZ(Vl:i—l)_
end

6. Set M; = U\ and M, = V'(h"2)Y%  Combine M,, M, to get M.

Step 2 and step 5 in the above decoding algorithm are for decoding bit-channels which
are not involved in the combining procedure, whereas step 3 is for decoding the new bit-channels
which are produced after combining. The decoding method clearly shows the order in which we
decode the bit-channels of the hybrid block (U’ LN y/1N ), which is governed by the bit-channel

combinings between the two original blocks.

Theorem 2. Let P, (A}, A3, fi, f>) denote the decoding probability of error when DMC 1 is
selected in S for a given code in the above random code construction. For sufficiently large block
length N, the average decoding probability of error B[P, ;(A%, A3, f1, )] = O(Z_Nﬁ/)for each
1 €S, where B’ <3 <0.5.

Proof: Refer to the Appendix.
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2.7 Conclusion

We presented a universal polar coding scheme for a compound channel defined by a
finite set of binary-input asymmetric DMCs with non-uniform compound capacity-achieving
input distribution. The proposed scheme exploits the underlying staircase structure in the code
construction to avoid the need for side-channel transmission, storage-intensive boolean functions,
or common randomness for bits corresponding to not-completely polarized bit-channels. We
assume a condition that the number of bit-channels that are good for all the DMCs in the
compound channel is greater than the number of not-completely polarized bit-channels to
propose the code construction. When the condition does not hold, we proposed a hybridized
staircase scheme, in which we use a hybrid polar block, with a block length at most 2°~! times
the original polar block length, that satisfies the desired condition.

The staircase scheme we proposed also requires a large block length and suffers from
delay properties as in the symmetric channel case [22], even after the implementation of the
proposed continuous encoding and decoding. This leaves open the problem of designing codes
with short block length. Another open problem is the construction of a stronger universal polar
code with reduced storage complexity that achieves rate r less than compound capacity with
non-uniform compound capacity-achieving distribution p(x), while also achieving rate r for
any DMC whose mutual information evaluated at p(x) is larger than r and avoiding common
randomness. Another interesting open problem is reducing the height of the staircase to shorten
the overall block length for a single asymmetric channel capacity-achieving scheme. In each full-
height column, if the information bit-channels are at least as many as not-completely polarized
bit-channels, we can implement the code construction that achieves capacity. So the problem
is determining the shortest height / such that any 4 consecutive bit-channels have as many
information bit-channels as not-completely polarized bit-channels. If % is sub-linear in the block
length, the delay at which the staircase scheme operates will just be o(N), which can make the

scheme a good asymmetric channel capacity-achieving scheme.
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2.8 Appendix

Proof of Theorem 1:

We first prove part 1 of Theorem 1.
Step 1:

Consider any polar block in the extended staircase which lies completely in the full-height
column regime. To get the distribution on U'™" for such a polar block, we first compute the
conditional distribution P(U; = u;|U" 1 = u!*=1 WT:N) for each bit-channel i in the block.

If i € Zx, by the encoding rule
P(U; = ui| U = b= Wiy = & (1),
If i € R, by the encoding rule
P(U; = u| U = i1 Wiy = Pyt (i1,
If i € #x —I', by Lemma 1
P(U; = U = u¥ 1wy = 0.5.

Ifi € I', we will have

P(Ui — ui|U1:i71 — ul:ifI,WI:N) —0.5.

Now we discuss the case i € I’ in detail. H is the designated information bit corresponding to
that column. Ug(i) is the already encoded bit in the block corresponding to the bit-channel g(i)
in that column. We have U; = H ® Ug(,-). The distribution of H is Bernoulli(0.5). Note that the

random variables H and Ug(i) are independent. Now,

P(Ul :x|Ug(i) :y7W11N) :P(H+U (i) :x|l7 (i) :ijl:N)
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=PH = x+y|l7g(,~) =y, W),
Since H is independent of ﬁg(i) and W'V, we get
P(U; = x|Uyy =y, W"™N) =P(H =x+y) =0.5.

Therefore U; and U o(i) are independent. Now we establish that U; is independent of all the encoded
bits of previous columns and the frozen vector W'*N. This will imply that U; is independent of
U= of that block. P is the random vector denoting the encoded bits of the previous columns.

Now the conditional probability

P(Ui:ui’F,leN)Z Z P(Ui:uiaﬁ(l‘):ﬂP,Wl:N)

8
y€{0,1}
- Z ]P)( ~g(i) :y|F;W1:N)P(Ui = ”i|Ug(i) :y’F’W”V)'
yE{O,l}

Since U; is independent of bits encoded in previous columns and WV given the random variable

Ug(i), we get

PU; = uw|P,W'"N) =Y P(U, =yP.W'™P(U; = ;| Uy = ).
yE{O,l}

As U; and Ug(i) are independent, we get

P(Ui — Mi|F,W1:N) = Z P(Ug(l) = y|F,W1:N)P(Ui = l/t,')
ye{0,1}

== IP(U, = Ltl')

=0.5.

Hence the distribution of U for a block which lies completely in the full-height column regime
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becomes

P<U1:N — ul:N|W1:N) _ Hie[N]]P)(Ui _ ui|U1:i—1 — ul:i—l’leN)

= 2_‘y&‘niefx5i(ui|ulzi_l)HieRPUin:i—l (ui|u1:i—l).
This implies that
Ewl:N[P(Ul:N — ul:N|W1:N)] — 2_|%(|Hi€fx6i(ui|ul:i_l)HieRPUi|Ul:i—l (ui|ul:i—l)‘

Step 2:

Consider a polar block which lies partly in the non-full-height column regime on the
right side. For U; in a full-height column, the conditional probability rule is already derived in
step 1. We now derive the conditional probablility for U; in a non-full-height column.

By the encoding rule we have:

Ifi e %,
P(U,’ — ui|U1:i—1 — ul:i—17W1:N) —0.5.
Ifi e %,
P(Ui — ui|U1:i—l — ul:i—l,WI:N) — 5i(ui|u1:i_l).
IfieR,

P(Ul = Mi|Ul:i71 = uhiil?Wl:N) = PUi|U1:iflwl:N(Lli|l/l1:iil).

This implies that

P(UI:N _ ul:N|W1:N) _ Hie[N}Pa]i _ ui|U1:i—1 _ ul:i—l ,W]:N)
(2.12)
= 2_‘%‘111-63)(6i(ui|u1:l_l)HiERPUi‘Ulii—l (ui|u1:z—l).
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Hence the ensemble average distribution of U'*N becomes
Ewl:N [P(UlzN _ ul:N|W1:N)] = 2_|%(|Hie_fx6i(ui|u]:i_l)HieRPU,.wl:i—l (ui|u1:i—1)'

Step 3:
Consider a polar block which lies partly in the non-full-height column regime on the left
side. Let H be the set of bit-channels of the block that lie in the non-full-height column regime.

Those bits are encoded as W; corresponding to every index i € H. Now,

Eyiv [Hieﬁl(”i = W,)] = EwliN[IL(mieH(”i = W,))]

=Epuv| Z l(ﬂie[N](”i =W))].
u;€{0,1}:icH¢

By using the linearity of expectation, we get

By e 1(ui = W)

— Z EwlzN[]l(ﬂie[N}(ui =W))]

u;c{0,1}:icH¢
“ (2.13)
a _ . L
= Z 2 ‘%‘HiEfXSi(uihll‘l 1>Hi€RPUi‘U1:i71(Mj|M1J 1).
u,E{O,]}ZiGFIC
= 2_|Hm%5(‘Hiezxmﬁ&(ui’”l:i_l)HieRmFIPUi\U‘""l (ui|u1:i_l).

Identity (a) is true because of the fact that
EW1~N[1(Q~ (u:W))] :2*|<%’3(‘H. 5_(u,|u11i71)H. P L (u.|u1:i71)
: i€[N]\Ui i i€ %y Oi\Ui ieRLy;|yti-1\Ui ,

obtained from random construction of WV in equation (2.4). Now the distribution of U™V will

become
]P;(UI:N — ul:N|W1:N) — Hie[N]P(Ui — ui|U1:i—1 — ul:i—l’leN)
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@ el (ui = ‘/Vl-)2—|%(—H|Hiegx_g&(uimlzi—l)

TPyt ().

Identity (a) follows by substituting the conditional distribution of U; given U~ of a full-height
column derived in Step 1.

This implies

]EWL:N []P)(UI:N — ul:N’WI:N)]

=Epin[ILcg1(u; = VW)2—I:%(—FI\H,€$X_H5Z.(W|u1:i—1)

4

L:i—1
'HieR—FIPUi|U13i*1<”i|u )
By linearity of expectation, we get

]EW”V [IP)(UI:N — ul:N’WI:N)]

= By [ 1(ws = W2 5T, gy g 80l )

1

Ticg Py (™)
(a)

= 2 VA e g 8 (il ) MicrPryyyggi (uilu ).
Identity (a) follows from equation (2.13). This concludes the proof of part 1.

We now prove part 2 of Theorem 1.

Let & be the error event and / be the DMC selected in S. The error occurs if and only if
there is a decoding error while decoding some bit-channel in %y U I; of any polar block in the
full-height column regime. We index each polar block in the staircase as b = 1,2,...,Npk. Let
&, be the error event with a genie-aided decoder, which has the accurate values of the past U L=l

when decoding any bit-channel i € -Zx U, for all polar blocks. Let &, be the bit-channel error
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event for the bit-channel i corresponding to the block b, which is defined as below:

& = { ("N, y"N) tuples of all the blocks b € [Npk] :

1:i—17y1:N) I:N)

1:i—1
PUi|U1;i—17yl:N(ui+1|u ZPUi|U]:i—l7yl:N(I/li|l/tl ,y

holds for (u'™,y'*N) of block b}.

If the bit-channel i € Zx U, lies in the full-height column of polar block b, then error event
for bit-channel i for genie decoder will be the &j;,. If the bit-channel i € Zx U1, lies in the non-
full-height column of polar block b, then error event for bit-channel i for genie decoder will be
null event. This means that & = Upcvpi] Uliic 25Ul and index i of block b lies in a full-height column} Gib-
Note that error event & will imply at least one of the error events in {&}, : b € [Npk|,i €
Zx U1 such that index i of block b lies in a full-height column}.

So we will have

& C &.
One the other hand, it is obvious that
&g C 8.
Hence we can deduce that
&=6gC Upe[Npk] Yie Ep- (2.14)

Let us also define the error event &; of bit-channel i for a single polar block (U*N, ¥!*N), which

is used in the single asymmetric channel polar code:

fi = {(uLN,yIZN) . PUi|U1:i717yl:N (ui + 1‘u1:i717y1:N)

2 PUi|U1:i717Y11N (ul|ullil’y1N)}.
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We apply union-bound to equation (2.14) followed by taking the expectation. That gives the

following upper-bound for the ensemble average probability of error:

Eyin [Py (W) = By [P(E]WN)] < ) Eyiv [P(Uic g0, En|WHY)]. (2.15)
be[Npk]

For each block, let us define a measure on (U 1:N Y 1:N ) as follows:

QUI:N,YI:N<M]:N7y1:N> = 2_|J&|Hl‘€$x5i(ui|u]:i_] )HieRPUi“/]:i—l (I/li|lxt1:i_1) (2 16)

) Hf'vzlpl (yi|xi),

where x!*V is obtained by applying the polar transform to u'". Note that Py yiv is the measure

induced when X'V is i.i.d. according to p(x) and gets transmitted over the selected DMC [, and

YN is received. By using the results from [11] and [24], we have

HQUI:le:N —PUI:N7yl:N|| = O(Z_Nﬁ ) (2.17)

for B’ < B <0.5.

Let &), = Uje 11,63~ Note that

P(&|WHY) = )
((uN y1:N) tuples of all blocks [N pk])E&),

P(Meppiy (U = u!™, YN =y of block b))
From the definitions of &; and &;,, we get

]P)(gb‘WI:N> — Z Z

((u"N yt:N) of block b)€Uic gy ur, &; ("N y':N) tuples of blocks [Npk] — {b})

P(Mjeypug (U = ul™ YN =y of block b)[W '),
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By marginalizing over the (U'"N, Y V) tuples of blocks [Npk] — {b}, we get

P(&[WN)

) y P(U'N = o'V YN = yIN of block bW ).
((ulzN’yl:N) of block b)euiefollg"

By the chain rule of condition probability and also by the fact that
P(Y'"™N =y of block b|U"™N = u'™ of block b, W'N) =TIV | p; (vilx),

we will have the following:

| | ’ 2.18
_ Z ]P’(UI'N — u"N of block b’Wl'N)Hﬁlpl(yi’xi)' ( :
((u"N y1:N) of block b)GUieJxUIIéDi

In the term ITY_ | p; (yi|x;) in equation (2.18), notice that x!*V vector corresponds to block b, which

N

means it is obtained by applying the polar transform to u'*" vector corresponding to block b and,

y!:N vector corresponds to block b. By taking expectation on both sides of equation (2.18) and

applying the linearity of expectation, we get

Ey i [P(&[W )]

= ) Eyin [P(UMN = ul™N of block b|W ™) ITY., p; (vilx;).
((u"™N y':N) of block b)€Uic gy,

From equation (2.16) and part 1 of Theorem 1, we get

Ey v [P(& W)

= Z QUI:Njyl:N((MI:N,yl:N) of block b).

("N ,yN) of block b)€Uje » up éi
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Therefore,

Eor PG IW™)] = Qo yror (Uie 201 )

S ||QU1:N,Y1:N _PUI:N7yl:N|| +PU]3N7Y1:N(UiE$XUIléai)

(@)
S ||Qul:N7yl:N—Pul:N’Yl:N||+ Z PU]:N7yl:N(Cg)i)
i€ Ul

(%) ' 1ol
< O(Z—Nﬁ )_|_ Z Z(Ui‘Ul'l_IYI'N>
e Ul

(C) / /
<o My+om2My=002M).

Identity (a) follows from the union bound. Identity (b) follows from equation (2.17) and also
from the fact that P(&;) is upper bounded by Z(U;|U"~1Y*N), as the decision rule for these
bit-channels is the MAP decision rule under measure P [46, Proposition 2.7]. Identity (c) follows
from polarization results mentioned in Section 2.2. Therefore Ey v [P(Uje g0, En|WY)]
becomes O(Z*NB,) where B’ < B < 0.5. The overall average probability of error will be
O(Npk2=N ﬁ/) from equation (2.15). This concludes the proof of part 2.

We now prove part 3 of Theorem 1.

Encoding Complexity: Encoding complexity consists of two factors: encoding the
polar block and encoding the RS codeword. Encoding the polar block takes O(Nlog,(N))
real operations. Hence the number of operations per bit is O(log,(N)) real operations. En-
coding RS codeword can be done by computing a Fourier transform of length || — |R|
which takes O(|.7|log|7#|) operations over the field GF(2”) [22]. Addition and mul-
tiplication over this field take p and ploe2(3) binary operations, respectively. Hence there
are p'°20)0(|. 7% |log,(|#4])) binary operations. Therefore, overall RS encoding takes
O((log, N) p'°8263)=1) binary operations per bit.

Decoding Complexity: Decoding complexity consists of two factors: decoding the

polar block and decoding the RS codeword. Decoding the polar blocks takes O(Nlog, N) real
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operations. Hence the number of operations per bit is O(log,(N)) real operations. Erasure
decoding can be done using error correction decoding algorithms [7, p. 256]. Error correction
decoding of a RS codeword here can be done in O(|. 7% | (log, (|#%))*1og, log, | #x |) operations
over GF(27) [45, p. 216] since the block length of the RS code is |##%| — |R|. Addition and
multiplication over this field take p and p1°g2(3) binary operations, respectively. So there will be
o0 0(| 4| (log, (|74 |))* log, log, | #4|) binary operations. Therefore overall RS erasure
decoding takes O((log,(N))?log, log, N) p'¢23)~1 binary operations per bit. This concludes the
proof of part 3. L
Proof of Lemma 2:

The proof of Lemma 2 that we provide here follows the proof of Lemma 4 in [1]. First,

we have

ZX|Y) =2 ¥ /Pey(0.y)Pcy(1,)
yeX

— 1+ Y [ Y /Aot

YEY xeX

We now use the following form of Minkowsky’s inequality that is true when r < 1 and ajj is

non-negative:

~ =

Y (Y 0)apt) = [ ¥ 0N Y a)’] .

ket je ¢ jeZ ket

Then with r = 0.5 and aji = |/ Py y (x,y), we get

zxy)> -1+ Y Y o) ¥ /Py

ye¥ je ¥ xeZ
=Y 01+ L [ L /ALy
i€ s ye¥ xeZ
=Y o)z (x|r).
s
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Proof of Proposition 1:

The proof of the proposition follows from the proof of [46, Lemma 2.9]. We have

Py, v, vy v, (U1,u2,51,¥2) = Py, X,.v,.1, (U1 + U2, u2,¥1,y2) 219

= Px, v, (u1 +u2,y1)Px, v, (12,¥2).

We also have

Py, v vy (u1,1,2) = Y Puy vy v, (w1, 42,31, y2)

uz

- ZPX1,Y1 (I/tl +M27y1>PX2,Y2(u27y2)'
up

(2.20)

Now we evaluate the upper bound for Bhattacharyya parameter Z(U,|Y,Y>) as follows:

Z(UiIn, 1)
= 2 Z \/PU17Y17Y2(07y17y2)PU17Y17Y2(17y17y2)
y1y2
2 0.5
=2 Z ((ZPX1,Y1 (u27y1)PX27Y2 (u27)’2))<ZPX1,Yl (1 +vz,y1)PX2_‘y2 (VZ;)/Z)))
yiy2 U2 Vs
0.5
<2} Y (B (w20 P (1 v2, 90 Py (u2,32) iy (2:32))
Y1y2 uzva
0.5
=Y (2 (P .y (u2,y1)Px, vy (14v2,51) Py v, (42,52) Py v, (v2,52)) )
uv2 - Y12

()
< Z(XiN) +Z(X|Y2).

Identity (a) follows from equation (2.20). Identity (b) follows because when u, = v;, the term
inside the outermost summation becomes Z(X |Y; )Py, (u2) and when uy = v + 1, the term inside

the outermost summation becomes Z(X>|Y2) Py, (u2).
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The joint distribution Py,y,y, (41,y1,y2) can be expressed as

Puvy,(u,y1,2) = Y, Puvoyy, (un,u2,y1,y2)
e

= Pu,upny v, (u1,0,51,32) + Puyvoyy v, (1, 1,1, 32)

= Pu,(0)Py,y, 1,0, (1, 31,2(0) + Pu, (1) Py, vy v o, (41,31, ¥2[1).
Let
!
Py vy, (1,1,52) = Pyyyvajus, (U1, 31,52]0),
Pg vy, 1, 31,52) = Pyyyim (v, (1,31, 92| 1)

be the two joint distributions on random variable triplet (U;,Y,Y2). We now evaluate the

Bhattacharyya parameter corresponding to the distribution Plljl 1% (u1,y1,2)-

A (UiinY) =2 Z PI}1Y2 ()’IyZ)\/PL]/1|y1Y2 (O|y1y2)P[]jl|YlY2<1 y1y2)
Yiy2

=2 Py, (13210) \/PU1|Y1Y2U2 (0y1320) Py, v, 1,0, (1y1320)
V2

(a)
=2 Y. Pr, (1) Py, (7210) \/PX1|Y1Y2U2 (01y1320) Px, v, v,0, (1]y1320)
Vi

22 Y (1) Pryus (210) /P 1y (O Py (11)

yiy2

=23 B (1) /P (01 Py g (11)
M

= Z(Xi|1).

Identity (a) is true because Y; is independent of U, and also because Y, is independent of Y;
given U,. Identity (b) is true because X is independent of Y,U, given Y;. Similarly we can easily
prove that Z2(U|Y1Y») = Z(X;|Y1). Now Lemma 2 implies that Z(U;|Y1Y2) > Z(X|Y1). By

exchanging the roles of (X;,Y;) and (X»,Y>), we can also get Z(U;|Y1Y2) > Z(X»|Y»). Therefore
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Z(Uy|\"Y2) > max{Z(Xz|Y2),Z(X;|Y1)}. This concludes the proof of part 1.

Now we evaluate the Bhattacharyya parameter Z(U,|Y,Y>U,) as follows:

Z(U,)1hUy) =

=2) \/PU1 U 11,5 (U1,0,51,92) Puy vy vy v, (U1, 1, Y1, 2)
Y1yaui

(a) 0.5

=2 Z [PX1,Y1(Ml7y1)PX2,Y2(07y2)PX1,Y1(ul+17y1)PX2,Y2(17y2)]
yiyaui

0.5
=2 Y [Py (u1,y1)Px .y, (u1 +1,51) P, 1, (0,32) P, v, (1,2)]

yiyaui

=Y Y @) [PXI,Yl(ulayl)PXhY](ul+17)’1)PX27Y2(OaYZ>PX27Y2(17y2)}0'5)
WEX NEDN e

=Z(X1|n)Z(X2|Y2).

Identity (a) follows from (2.19). Since the Bhattacharyya parameter is always less than or equal
to 1, it also follows that Z(U|Y1Y2U;) < min{Z(X;|Y1),Z(X>2|Y>)}. This concludes the proof of
part 2. [

Proof of Lemma 3:

1
IP—oll=Y, §|P(x1,X2)—Q(x1,XZ)|

(xl 7x2)

-y %|P1(x1)P2(x2)—QI(XI)QZ(X2)|

(x1,%2)

=) %|P1 (x1)Pa(x2) — Q1 (x1)P2(x2) + Q1 (x1) Pa(x2) — Q1 (x1) Q2 (x2)|-

(x1,%2)

By the triangular inequality, we now get

IP-0ll< ) ( |P1 x1) P (x2) — Ql(Xl)Pz(XZN+%|Q1(X1)P2(X2)—Ql(X1)Q2(X2)|)

(xl 7x2)

:% Y Pz(xz)!Pl(xl)—Ql(Xl)H% 2 Qi(xn)IPa(x2) — Q1 (x2)

(xl ,XZ) (xl 7x2)
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= 3 IR — u(an)|+ 5 EIPs(az) — i (a2)

= ||P1 — Q1| +||P> — Q2|

=g +g&. O
Proof of Lemma 4:
[Oxy —Pxyl|l = Y Pyy(x,y) — Ox v (x,y)
(x7y):PX.Y (X7Y)>QX,Y(X7)’)

_ Y Px (x)p(y|x) — Ox (x) p(y]x)

(x,y):Px (x) p(y]x)>QOx (x) p(y]x)

_ y (Px(x) — Ox (x))p(y|x)

(x,y):Px (x)>0x (x)

= ) Y (P(®)—0x()p(ylx)

x:Px(x)>0x(x) ¥

= )Y (Px(x)—0x(x)

x:Px (x)>0x (x)
=lox —Fx[|. O

Proof of Lemma 5: The Bhattacharyya parameter of the new bit-channel produced with U;j as

input and Ui~V 12i=1y 12V a5 output will be lower bounded as follows:

: : oy @ : : . :
Z(U;j|U1.)Cj—1vl.yj—lyl.2N) Z maX{z(ij|U1.)Cj—1Y1,N),Z(Vyj|V1.yj—lyN+1.2N)}
)
>1-2V,
Identity (a) is true by Proposition 1. Identity (b) follows, as either Z(U,,|U =1y I'NY (if DMC
2 is selected in S) will be greater than 1 — 2 or Z(Vy, [V12i=TyN+12NY (if DMC 1 is selected
in S) will be greater than 1 — 2~V ? This completes the proof of part 1.

The Bhattacharyya parameter of the new bit-channel produced with Vy’j as input and
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Uity ly; *IU;jY 12N a5 output will be upper bounded as follows:

Z(V)fj|U1:xj_1V1:yj_1U;jY]:2N) @ Z(ij|U1:xj~—1yl:N)Z<Vyj|V1:yj—lyN+1:2N)

oy

Identity (a) is true by Proposition 1. Identity (b) follows, as either Z(U,,|U =1y I'NY (if DMC
1 is selected in S) will be less than 2=V or Z(Vy, |Uti Ty N+1E2N) (if DMC 2 is selected in S)
will be less than 2~ . This completes the proof of part 2. [
Proof of Theorem 2:

Let the linear bijective transform which maps (U''"N V/I"N) to (U'™N VI*N) be Hyy. Let
the word (u'"N vI*N) be obtained by applying Hay to the word (u/"N v/I*N). The probability
that the word (U''N V/I"N)= (/N /TN and received vector Y12V = y!2N when DMC [ in §

1s selected will be

27 CIPRIZD T (M e e LA () = WL Nie o — (1 mmun L2 (1) = i

Nier{A! @) = w1 [Nier{AR (V) = viH e g (8l ) &y (2:21)

'Pyl:N|U1:N (yIZN‘uLN)PylzN‘Ul:N()71V+1:2N’v1:N)‘

Note that we used the fact that Pyinyiv = Pyivyniiav. Let &7 be the error event for the ith
bit-channel of block b.

For i € I) N1, we define the error events as follows:

1

éa.l _ {(u/I:N,v/I:N,yIQN) :PU,-|U11i*1Y13N(”i+ 1|ul:i—1y1:N)

Z PU[|U11i—1Y1:N (I/tllull_ly]N)}’

@@i2 — {(MII:N’VII:N’yl:ZN) :PUi|U13"*1Y15N<Vl'+ Hvl:iflyl:N)
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Z PUi‘Ulil'*IYl:N (Vl|vll_1y1N)}.

For j € [G], we define the error event as follows:

2 I1:N _/1:N _1:2N\ . 1ix;—1.7 _1l:y;—1_1:2N

éi)j = {(u vV Y ) 'va{_|U1:Xj*1U/€‘V1:ijlyl:2N(vi+1|u ! ijV Vi y )
! ! (2.22)

Ay, lxi—=1 1 Tiyi—1_1:2N
> PV‘HUl:xj—IU;'Vl:yj—IYth(Vl‘l/l J Uy, V Iy
Yj J
Therefore the error event & becomes
1 2

& = {Uien,nn6; } U{Vie(,nn)uzéi }- (2.23)

The probability of error for the given fi, f>,A}, A3 will be
Poi(Ag, AR, f1, o) = Y 2~ AORIBN Y (M sy LA () = ]
(BN WEN yL2N)
L Mie(s—((nn)uz) L2 0) = vi}]
AficrfA @) =20 =l g0
Tlic g, (8 (wifu™ =) §(wilp 1))
Py (y1:N|u1:N)PY13N|U15N VNN

.]1[(u/1:N,v/1:N,y1:2N) c é"]

By linearity of expectation and independence of random functions (A',A2, 71, /), the ensemble
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expectation of P, ; will become
E[P.;(Ag, AR, f1. f2)] = Y 272 e gp, (83 (g™ ) & (i)
(M/I:NNII:N’yl:ZN)
. HieR(PUi‘Ul:ifl (ul'|l/ll:i71)PUi|U1:i71 (V[‘Vl:iil)) (225)
. Pyl:N|U1:N (y1:N|M1:N)Pyl:N‘U1:N (yN+1:2N’V1:N)

_1[(u/l:N7v/1:N,y1:2N) c (5"]
Now we define the measure Q on random variables U’FNY/IENy 12N o

Qurvynavyran ("N VN YUYy - = 272 g (8 (uifut ) §(vily )
. HieR(PUAUl:ifl (Mi‘MIZi_I)PUi‘UI:ifl (Vj|V1:i_l)) (226)

'Pyl:N‘Ul:N(yl:N|M1:N)Pyl:N|U1:N (yN+1:2N|v1:N),

Note that

QU/I:Nle:Nyl:ZN(ull:N, Vll:N,yLZN) = QUI:Nvl:Nyl:ZN (l/tl:N, leN’yI:ZN)‘
From equations (2.25) and (2.26), we have
Qunnynnyian (&) = E[P&l(/l]%,)tlg,fl 2] (2.27)

By marginalizing the distribution in equation (2.26) over the random variables (V1N yN+1:2V)

and (U'"N Y1:N), respectively, we will have

QUI:Nyl:N<M1:N,y1:N) = 2_‘%{|Hiefx 6i(bti‘bt1:i_1)HigRPUi|U1:i—l (ui|u1:i_l) 2.28)

. Pyl:N‘Ul:N (yl:N|ul:N).
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Qy1:NyN+128 (VIIN,yN—’_IIZN) = 2_|%(|Hie.fx 61'(Vl'|v1:i_l)HiGRPUi‘Ul:i—I (Vi|v1:i_1)

'Pyl:N‘Ul:N<)fN+1:2N|V1:N).

(2.29)

Clearly,

1:N vl:N 1:N

Quivyinytan (™, ,y ):QUlzNyl:N(MI:N,ylzN)QVI:NyNJrI:ZN(VI:N

7yN—H:ZN)‘

Therefore (U™, Y1:N) and (V1IN YN *+1:2V) are i.i.d. with respect to measure Q. Therefore, by

using the fact that Qp1:vy1v = Qyrvyn+12v, and equation (2.11), we get

HQUl:Nyl:N - PUlzNylzN H - | ’Qvl:NyN+l:2N - Pvl:NyN+1:2N | ’ . (230)
We bound the probability of error as follows:

QU/lszllzNyl:ZN(Cgo) S ||QU/1:Nvl]:Nyl:2N —Pu/l:NvllzNyl:ZNH +PU/1:Nvll:Nyl:2N(g)

S ||QU1:Nvl:Nyl:2N - PUI:Nvl:Nyl:ZNH +PUI:Nvl:Nyl:2N (éa)
From equation (2.23) and by using union bound, we get

QU/I:Nv/l:Ny1:2N (5) S HQUl:NvlzNyl:ZN - PUlszl:Nyl:ZN H + Z PU/l:Nvll:Nyl:ZN(gil)
ielink

+ Z PUII:Nvll:Nyl:ZN(éaiz).
iE(I] ﬂ]z)U,%

(2.31)

Now we bound each of the three terms of the summation in the right hand side of the inequality.

We bound the first term of the summation as follows:

||Qpivyinyian — Pyinyinyian||

(a)
< ||Qyinpniian — Pyinynian || + ||Qpinyin — Pyinyin||
ViNYy ViNYy Uy Uty (232)

b /
(:) 2‘ |QU1:Nyl:N - PUI:Nyl:NH (;) 0(27Nﬁ )
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Identity (a) follows from the fact that (U"N YN and (V"N Y¥*+1:2V) are independent with
respect to measures Q and P, coupled with application of Lemma 3. Identity (b) follows from
equation (2.30). Identity (c) follows from the fact that || Qi y1v — Pyiwv yiv || = O(27N B/) for
B’ <B<05.

Fori € I NI, P(&") is bounded below as in equation (60) in [24] for b € {1,2}:

P&ty <2V, (2.33)

For i € B, there exists a j € [G] such that i = y;. For such a bit-channel i, note that P(&?) is
upper bounded by Z(Vy [U’ lxj=ly/Lyj=ly 12Ny a5 the decision rule for these bit-channels is the

MAP decision rule under measure P [46, Proposition 2.7]. Therefore, from Lemma 5, we get
Py yinyron (62) < Z(Vy [0/ Ty 121y 12Ny < =N (2.34)
From equations (2.31), (2.32), (2.33) and (2.34), we conclude that
E[Pi (A A3, f1. /)] = 0@
foreachl € {1,2}. O
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Chapter 3

Polar Shaping Codes for Costly Noiseless
and Noisy Channels

3.1 Introduction

Shaping codes encode information for use on costly channels, i.e., channels with symbol
costs subject to an average cost constraint. Their conceptual origins can be traced to Shannon’s
classic 1948 paper [49]. Prominent applications include data transmission with a power con-
straint [16] and, more recently, data storage on flash memories [29] and efficient strand synthesis
for DNA-based storage [28]. Codes that minimize average cost per symbol for a given rate and
codes that minimize average symbol cost per source symbol (or total cost) have been investigated,
as has their application to noiseless and noisy costly channels. See [29] for further references.

Arikan [1] constructed capacity-achieving polar codes for binary input symmetric chan-
nels. Arikan also introduced source polarization, which served as the basis for source coding
for non-uniform source alphabets [3]. A capacity-achieving coding scheme based on source
and channel polarization for binary input asymmetric channels was proposed by Honda and
Yamamoto [24]. In this scheme, complex boolean functions are shared between encoder and
decoder for non-information carrying bit-channels. The use of common randomness is proposed
to avoid these complex boolean functions [24]. En Gad et al. [15] used randomized rounding
for low-entropy and not-completely polarized bit-channels. In addition, a side channel was

used to reliably transmit bits corresponding to not completely polarized bit-channels, whose
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fraction is vanishing with respect to the block length. A proof that argmax can be used to encode
low-entropy bit-channels is given by Chou and Bloch [11]. We proposed a staircase scheme [37]
that avoids both common randomness and complex boolean functions to encode not-completely
polarized bit-channels.

In this paper, we consider polar code design for costly memoryless channels, both
noiseless and noisy. Shaping can also be viewed as a dual problem to source coding by converting
information into symbols satisfying specified probabilistic properties, and we also adopt this
perspective.

We first propose a polar shaping code design for a (costly) noiseless channel and a
specified symbol probability distribution. The construction is an adaptation of the Honda and
Yamamoto polar coding scheme for asymmetric channels [24]. The total cost of the proposed
shaping code approaches the minimum possible value when the code is designed with the optimal
rate and symbol distribution [29].

We then study shaping codes for costly noisy discrete memoryless channels (DMCs).
This model is relevant to the design of efficient codes that combine shaping and error correction
for use in a noisy transmission or storage system. We first give an upper bound on the rate that
can be achieved on the DMC with a specified symbol occurrence probability distribution on
codewords. Then we formulate an optimization problem whose solution gives a lower bound on
the optimal total cost for the channel. (Note that the maximum rate achieved with a constraint
on the average cost per code symbol has been investigated by Bocherer [8].) Finally, we show
that polar codes for asymmetric channels [24] can be used to design shaping codes for costly
noisy DMC:s so that the total cost of the proposed code approaches the lower bound as the block
length grows. The construction uses common randomness for encoding frozen bit-channels and
not-completely polarized bit-channels in the code construction. Common randomness is crucial
to get the desired shaping distribution on the codeword symbols.

We also show that the optimal total cost can be achieved by using random code con-

struction methods, randomly choosing frozen bits and randomly choosing boolean functions
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for not-completely polarized channels [37], [24], and thereby avoiding the need for common
randomness. For such a random code construction, we show that, with high probability, there
exist codes in the random ensemble whose costs approach the optimal total cost with diminishing
probability of error.

We note that a scheme that combines polar-coded modulation and probabilistic amplitude
shaping [9] was introduced by Prinz et al. [44], and a novel constellation shaping based on

polar-coded modulation was proposed by Matsumine [31].

3.2 Preliminaries

We denote the alphabet of the costly channel by 2". We denote the output alphabet of
the costly noisy DMC by #/. We express any set of random variables X;, Xi11,...,X; (i < j)
by a row vector (X;,Xit1,-..,X;) which is denoted by X"/. We denote the set {1,2,3,...,N}
by [N]. Let UM be a row vector and let .7 C [N]. U denotes the row vector consisting of
elements in UV corresponding to the subset of positions .« in the same order. Let P and Q be
any two distributions on a discrete arbitrary alphabet .2". We denote the total variation distance
between the two distributions P and Q as ||P— Q||. Therefore ||P— Q|| = Y.c » 3|P(z) — Q(z)| =
Yop(2)>0() P(z) — O(z). We denote the KL-divergence between two distributions P and Q as
D(P[|Q).

Let X be the random variable distributed as p(x) over alphabet .2". In this paper, we
provide polar shaping codes for binary alphabets. So we let 2™ = {0, 1} to introduce polariza-
tion results. Let (X1,Y1), (X2,Y2),...,(Xn,Yy) be i.i.d. random tuples distributed according to
p(x)p(y|x) and N = 2". Let Gy be the conventional polar transformation [1], represented by a bi-
nary matrix of dimension N x N. Let U™ = X"NGy. We denote P(U'™N = u!*N) by Py1v (u!*™N)
and similarly we denote P(U; = u;|U" 1Y N = 1= 1yEN) by PUI,‘U1;,>1YnN(u,—\ulzi_ly':N).

For two random variables (X,Y) distributed as p(x)p(y|x), the Bhattacharya parameter
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is defined as

Z(X|Y) =21 By () Py (113) Py (O1Y):

Let B < 0.5 and define the following subsets, with notation adapted from [15].

S ={i€ [N]: Z(U|U" D) > 1 -2V,
S ={ie[N]: ZU U i-Dy < 27Ny,
Ay = {i € [N]: Z(U|U Dy Ny > | Ny

gx‘y = {i S [N] :Z(Ui|U1:(i—l)Y1:N> < 2_1\]5}.
Note that Zx C $X|Y. From Theorem 1 in [24], we have the following polarization results.

1 1

lim —|%| = H(X), lim —|.%|=1-H(X

dim = || = H(X), lim —|-Zx| (X)),
1

lim — — H(X|Y

dim S Hxy| = HX]Y),

o1
Jim | Zy| = 1= H(X[Y).
We define several other subsets of bit-channels as follows:
I =N Ly, F = HxNLyy,S = (HxULx)".

We refer to these as good, bad, and not completely polarized bit-channels respectively. We refer
to bit-channels in 7% and bit-channels in .Zx as high-entropy bit-channels and low-entropy
bit-channels respectively. The size of set S is a vanishing fraction with respect to the block length

as N increases due to polarization. From [24, Theorem 1],

lim ﬂ:I(X;Y). (3.1

N—roo
For a codeword of length N, we define the symbol frequency function f; : 27 — [0,1]
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for j € 2 as follows:
. 1Y _
FiG™) ==Y 1(xi = j).
N =

A costly channel consists of a finite discrete alphabet 2" and a cost function C : 2" — R™
that associates cost C(x) to each symbol x € 2. A costly noisy DMC additionally contains an

alphabet % for the noisy output and transition probabilities p(y|x) foreachx € 2 andy € #'.
3.3 Polar shaping code

3.3.1 Code construction

In this section, we provide shaping code that transforms uniformly distributed message
MU (| | bits) into XV, whose distribution is close to the distribution induced when X'V
is i.i.d. according to p(x) in total variation distance. We assume that the alphabet 2" is binary in

our polar code construction below.

Encoding

Input: uniformly distributed message M"17%| (|.7% | bits)
Output: codeword X'V

fori=1:N, set U; as follows.

1. For i € J#, the value of U; is given by setting

U :M1|i/3(|

2. For i € %, we set U; using the argmax rule
Ui = argmaxxe{o’l}PUi‘Ul:i—l (X’Ulzi_l).

3. For i € R, we set U; by randomized rounding with the
conditional distribution, Py, ;;ii-1 (x|U Li=1y,

end
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4. XN = NGy becomes the codeword.

The decoding algorithm is as follows.

Decoding

Input: codeword X'V

Output: message estimate M L[ |

1. We reconstruct U™V by applying Gy to XV,

2. Therefore M 17| = y 7o

Let Q be the measure on X 'V induced by the polar shaping code. Note that P is the measure on
XN induced when X"V isi.i.d. distributed according to p(x). From the results in [24], [15], [11],
it is obvious that ||Py1v — Qy1v|| = 0(2*Nﬁ).

Note that expected symbol frequency is as follows:

1
N ¢

1=

E[f;(X")] =

—

We refer to the distribution given by expected symbol frequency function as symbol occurrence
probability distribution for that block code. Let us call it gy(x). By using the fact that total
variation distance ||Pyiv — Qyiv|| = 027N ﬁ), it can be easily shown that gy (x) approaches

p(x) as follows:

M=
hac)
2<

Il
Ra¥

Q
=
~
=
SN—
I
T

IA
Zl= ==

=

~
—

(p(x) +[|Pgrv — Qx| ])

=p(x)+ 0(2_Nﬁ ).
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Similarly,

1N
X)) = — PXl:.x
gn(x) Ni:Zi ( )
lN
> LY (pl) 1P — Qv

N
I
—_

= p(x) - 02",

Hence gy (x) approaches p(x) as N grows. Note that the polar shaping code is invertible, in
contrast to polar source codes that are not strictly invertible [3]. As fraction of high-entropy
bit-channels, where we provide message bits, approaches H(X), we say that sequence of polar
codes achieve any rate R < H(X) with symbol occurrence distribution p(x). The extension to

the non-binary case can be done using ideas from [47].

3.3.2 Application to costly channel

Note the cost of a codeword x''*¥ € 2V per information bit

ij lN

]6%”

Therefore, the average cost per information bit of the shaping code will be as follows:

E[Cy(X"N)] = (X" M)]C())

L ®
ERA

%IH >:I

Note that average cost per information bit, which we refer to as total cost, E[Cy (X V)],
for the sequence of polar codes, approaches the optimal value [29, Theorem 3], by choosing

R close to H(X), by choosing p(x) as the symbol occurrence distribution characterized in
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[29, Theorem 3], which depends on the cost function. Hence, we say that the sequence of polar

codes achieve optimal total cost.

3.4 Shaping for DMCs

In this section, we consider shaping codes for DMCs characterized by transition proba-
bilities p(y|x).

A (2¥R N) code for a DMC consists of:
* message set: {1,2,...,2V8}
* source of common randomness Zy known to encoder and decoder independent of message,

« anencoder X'V : {1,2,...,2V} x Zy — 2N and

a decoder at receiver h: @V x Zy — {1,2,...,2NK},

R is the rate of the message. Let M be chosen uniformly from the set {1,2,... ,2NR }. Let YN
be the received sequence. Note that we also employ common randomness in the definition of
the code. Now we upper bound the rate that can be achieved on DMC with certain symbol

occurrence probability distribution in following subsection.

3.4.1 Upper bound on rate under a constraint on symbol occurrence
distribution
The upper bound we provide in this sub-section also applies to the case when 2~ is
non-binary alphabet. We refer to gy (x) and E[Cy (X '*V)] for symbol occurrence distribution and
total cost as defined in Section-3.3.
Definition: We say that R rate is achieved with symbol occurrence probability p(x) iff there exists
a sequence of (2VR N) codes for discrete memoryless channels such that PY = P(h(Y'N Zy) #

M) vanishes and gy (x) approaches p(x) as N goes to co.
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Lemma 6. If rate R is achieved with symbol occurrence probability p(x), then I[(X;Y ), mutual

information evaluated at p(x) for the DMC, will be an upper bound on R.

Proof: Let us consider a sequence of (2V%, N) codes for which gy(x) approaches p(x)

and probability of error diminishes. By Fano’s inequality, we get

HM|Y"™N Zy) = Ney,

where gy vanishes as N grows. Let X" be the random variable distributed as gy (x).

NR=H(M)
= H(M)—HM|Y"NZy)+H(M|Y"Zy)

<HM)—-HM|Y"™NZy)+ Ney

—

a

= H(M|Zy) —H(M|YNZy) + Ney

=

~—~

I(M;Y™N|Zy) 4+ Ney

I(M: Y| ZyY 1) + Ney

I
M=

~.
—_

(H(¥|Y"" ' 2y) — HYIM,Y " Zy) + Ney

I
M=

~.

—
>
~

IN
™=

N
Il
—_

(H(Y;) — HY;|M, Y"1 X;, Zy)) + Ney

(H(Y;) —H(Yi|X;)) + Ney

[
™=

N
I
—_

I
™=

N
I
_

I[(X;;Y;)+Nen

INE
2

I(XN;Y)+ Ney

where I(X";Y) mutual information evaluated at distribution gy (x) for the DMC p(y|x). Identity

(a) follows as source of common randomness is independent of the message. Identity (b) follows
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as conditioning reduces entropy. Identity (c) follows as ¥; independent of Y =1, Zy given X;.
Identity (d) follows as gy(x) = ~ YN, P(X; = j) and mutual information is concave in input
distribution for fixed p(y|x).

As N approaches infinity, 1(X",Y) approaches I(X;Y) since gy(x) approaches p(x)
and mutual information is continuous function with input distribution for fixed p(y|x). Hence
R<I(X,Y). O
We use this result in the following subsection to define an optimization problem for the costly

noisy DMC that provides a lower bound on the optimal total cost.

3.4.2 Lower bound on optimal total cost for costly noisy channel

Definition: We say that rate R is achieved with total cost C iff there exists a sequence of
(2VR N) codes for discrete memoryless channels such that PN = P(h(Y'"N, Zy) # M) vanishes
and E[Cy(X""N)] approaches C as N goes to .

Definition: Optimal total cost C,,, is defined as follows:
Copt = lnf(R,é)é,

where infimum is taken over (R,C) pairs such that R is achieved with total cost C.

Lemma 7. The optimal total cost Cop = infig, p(x))C', where C = % ¥..c o~ C(x)p(x) and infimum

is taken over (R, p(x)) pairs such that R is achieved with symbol occurrence distribution p(x).

Proof: We first provide the proof when 2 is binary alphabet. Without loss of generality
assume that C(0) # C(1) otherwise total cost is always equal to @. Notice that there will
be one to one correspondence between gy(x) and E[Cy (X V)], which are affinely related for
a given rate R. Hence gy(x) converges if and only if E[Cy(X'*V)] converges as N goes to oo.
The limits are also affinely related by the same function as both the sequences are. Hence, R

is achieved with total cost C iff R is achieved with symbol occurrence distribution p(x), where

€ = g Liez C(x)p(x).
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Therefore, Cppr = infig, p(x))C' , where C = }—ere 2 C(x)p(x) and infimum is taken over
(R, p(x)) pairs such that R is achieved with symbol occurrence distribution p(x).

When £ is non-binary alphabet, total cost at rate can be same for two different distribu-
tions. So, this argument does not apply to non-binary case. We need to use the fact that every
bounded sequence has convergent sub-sequence to prove that if rate R is achieved with total cost
C then there exist p(x) such that rate R is achieved with symbol occurrence distribution p(x)
where C = £ ¥ .c o C(x)p(x).

If rate R is achieved with C then there exists a sequence of (2¥% N) codes such that
PN = P(h(Y"N Zy) # M) vanishes and E[Cy] approaches C as N goes to c. The symbol
occurrence distribution gy (x) may not converge. But there exists a sub-sequence of the sequence
gn(x) that converges, as gy (x) is a bounded sequence. Let us index such a sub-sequence with
k where block length corresponding to the kth element in the sub-sequence is Ni. Let gy, (x)
converges to the distribution p(x). Clearly for sequence of codes (2" N;), E[Cy, | approaches C
as k goes to . As E[Cy,] = & YLre 2 C(x)gn, (x), we will have C = £ ¥ 5~ C(x) p(x). Therefore
we have sequence of codes for which probability of error diminishes and symbol occurrence
probability distribution converges to p(x) such that C = }—QZXE 2 C(x)p(x), which means that
if rate R is achieved with total cost C then there exists a distribution p(x) such that R rate is
achieved with symbol occurrence distribution p(x) where C = £ ¥..c 4~ C(x)p(x). On the other
hand, if rate R is achieved with symbol occurrence probability distribution p(x), then obviously
rate R is achieved with total cost C = £ Y.< o- C(x) p(x).

Therefore, Copr = infg, p(x))é, where C = %er 2 C(x)p(x) and infimum is taken over
(R, p(x)) pairs such that R is achieved with symbol occurrence distribution p(x). This concludes
the proof of the lemma. [

As stated in the previous subsection, if rate R is achieved with symbol occurrence

distribution p(x), then R < I(X;Y). Note that the solution for the following optimization
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problem is lower bound to C,;.

o 1
M1n1mlze(R’p(x))E Z C(x)p(x),
e® (3.2)

subjectto R < I(X;Y).

In the next subsection, we show that polar coding technique designed for asymmetric channels
can be used to achieve any rate R < I(X;Y) with symbol occurrence probability p(x). Therefore,
the sequence of polar codes, which are designed with minimizers of the optimization problem
achieve the lower bound provided by the solution of the optimization problem. This means
that the solution of the optimization problem characterizes the optimal total cost of costly noisy
DMCs.

We now compute the optimal total cost for a costly M-ary erasure channel. This channel

has alphabet size | 2| = M, and each symbol is erased with certain erasure probability.

Theorem 3. The optimal symbol occurrence input distribution of the shaping code that achieves
optimal total cost for an M-ary erasure costly channel with erasure probability p is given by

P (%) =27HCW) such that ¥ e 5 2~ = 1. We assume that the cost function C(x) is non-trivial

ZXGQ’ p* (X)C(X)
(1=p) Exe z P*(x)logy (1/p*(x))*

foreach x € Z'. The optimal total cost is given by Cyp =

Proof: Mutual information /(X;Y) evaluated at the input distribution p(x) for the erasure
channel is given by (1 —p) Y. .c 2 p(x)log,(1/p(x)). By substituting the mutual information in

(3.2), the optimization problem for the costly erasure channel takes the form:

Minimize g ,(, Z C(x
xe%

subject to R< (1—p) Y. p(x)logy(1/p(x)).
xeZ

For fixed rate R, finding out the symbol occurrence probability for minimum total cost will be a

convex optimization problem. Using Lagrange duality, we get the optimal symbol occurrence
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. . ~ —HC(x . ..
distribution at a fixed rate R as p(x) = 2 :,J ) , where U 1s a positive constant such that

R=(1-p) %ﬁ(x) logy(1/p(x))

and Ny = Y co 2~HCW) s normalization factor. We now minimize the function below, for

minimizing total cost:

Ye 2 C(x)27HCW)
(1= p)(Lrea HC(x)2HCK) +Nylogy Ny)

G(p) =

when p > 0. Notice that this function is the same as function 7 defined in the proof of [29,
Theorem 3] except for a factor 1 — p. The derivative G’(u) will have negative of the sign of
log, Ny, as shown in the proof of [29, Theorem 3]. As we assume that C(x) > 0 for eachx € 2~
and p increases from O to o, N, is decreasing from |27| to 0. So G will be initially decreasing
as U increases until N, becomes 1 and then will be increasing. So the minimum value of G
occurs when N, = 1. Hence the symbol occurrence distribution that achieves minimum total

cost is p*(x) = 27HCW for each x € 2~ where ¥, -2 #¢() = 1. Therefore the optimal total

Yoea PF(X)C(x) 0
1=p) Yxca p*(x)1ogy(1/p*(x)) "

Now we provide the shaping polar code to achieve any rate R < I(X;Y) with symbol

cost Copr = (

occurrence probability distribution p(x) over DMCs.

3.4.3 Polar shaping codes for DMCs

We assume alphabet 2" is binary in the proposed polar code construction. The polar code
that we provide here transforms uniformly distributed message M L] (|| bits) into code-word
XN whose distribution is close to the distribution induced when X"V is i.i.d. according to p(x)
in total variation distance. The code construction we propose here is actually derived from the
capacity-achieving polar codes for asymmetric channels [24] by Honda and Yamamoto. We

use common randomness in the code construction to get the desired shaping property. Now we

86



provide the encoding algorithm.

Encoding
Input: randomly chosen message M L]
Output: codeword X 'V
for i =1: N, encode U; as follows.
1. For i € I, the value of U; is given by setting U = M"!1l.
2. Fori € F, we set U; as uniform independent
random variable through common randomness.

3. Fori € %x, we encode U; using the argmax rule
U; = argmax ¢ o 1Py, yvi-1 (x|,

4. For i € S, we set U; with conditional distribution
Py, i (x|U li=1) using common randomness.
end

Transmit X'V = UINGy,.

The decoding algorithm is as follows.

Decoding

Input: received vector ¥ 'V
Output: message estimate M "//!
fori=1:N

1. If i € F, we reconstruct U; using common randomness,

which is uniform independent random variable.
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2. Ifi € & UL set

2 li—1 1N
Ul':argmaXxe{O7l}PUi|U1:i—l7y1:N(X|U LY HY.
3. If i € S, we reconstruct U; using common randomness

with conditional distribution Py, v:i-1 (x| gli-h,
end

Decode M = U

Let Q be the measure on X 'V induced by the polar shaping code. Note that P is the measure on
XN induced when it is i.i.d. distributed according to p(x). From the results in [24], [15], [11],
it is obvious that ||Pyixv — Qy1v|| = O(Z_Nﬁ,) for B’ < B < 0.5. As mentioned in Section 3.3,
gn(x) approaches p(x) as N grows large. The probability of decoding error is O(2~V ﬁ,) [24].

As fraction of information bit-channels, where we provide message bits, approaches
I(X;Y), the sequence of polar codes achieve rate R < I(X;Y) with symbol occurrence distribution
p(x). Common randomness we employed in the code construction is crucial to get the desired
distribution on the symbols of the codeword. If R and p(x) in the polar code design are minimizers
of the optimization problem proposed in the previous subsection, then sequence of polar codes
clearly achieve the optimal total cost.

As proposed in [24], [37], if instead of using common randomness, we randomly generate
frozen bits for bit-channels in F' and use boolean functions for encoding bit-channels in §, which
are shared between encoder and decoder, we will not be able to guarantee the desired shaping
distribution. The ensemble average symbol occurrence distribution will have the desired shaping
distribution, but we cannot guarantee the existence of a code in the random ensemble with the
desired shaping distribution. Nevertheless, we now prove that the random construction generates
codes whose total costs approach the optimal total cost with diminishing probability of error

if we design the polar code with minimizers of the optimization problem. Code constructions
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avoiding common randomness are advantageous as the practical implementation of common
randomness uses pseudo-random generators which often have many limitations. They can suffer
from shorter than the expected period for weak seed states.

Let p*(x) be optimal symbol occurrence distribution and R* be the optimal rate for costly
noisy DMC. Clearly, R* is the mutual information evaluated at p*(x) for the DMC.

Now we design sequence of polar codes with optimal symbol occurrence distribution
p*(x) and optimal rate R* by random code construction method [24], as mentioned above avoid-
ing common randomness. Let Wy denotes the random vector of frozen bits and boolean functions
for bit-channels in F' and R respectively. Note that the rate sequence Ry = K,—' approaches R*.
Clearly, the total cost for a given code will become as follows:
E[Cy(X"™)[Wy] = Lawe giov 2 M Micp 1{f (i) = u;}

e o, 8 (uilu' ™ Iies 1{Ai(u" 1) = i} Cy (x'),

=1y denotes the conditional distribution

where x'"N = u"NGy, 1{.} is indicator function, &;(u|u
induced by argmax rule for bit-channels in % as defined in [37], f(.) is frozen bit function
that is randomly chosen for bit-channels in F as defined in [37] and A;(.) denotes the boolean
functions to encode bit-channels in R as defined in [37].

Applying expectation on both sides and by the independence of frozen bits and boolean

functions [24], [37], the ensemble average total cost becomes as follows:

Ewy [E[Cn (X ) [Wy]]
= Yowe gt 27 A e g, 8 (il =) e Py, it (uilu" =) Oy (V)
— Tove g Q) Oy (x1Y).

This implies that Eyy [E[Cy (X ™) |Wx]] = f Lae 2 C(x)gn ().

Therefore, as gy (x) approaches p*(x) and ‘Nﬂ approaches R*, ensemble average total
cost By, [E[Cn (X V) |Wy]] approaches % Y we.2- C(x)p*(x) which is optimal total cost C,p;. On
the other hand, the ensemble average probability of error Ey, [P.(Wy)] = 02~V ﬁ/) [24] where
B’ < B < 0.5 and P,(Wy) is the probability of error of the given code. A good shaping code has

total cost close to the optimal value and negligible probability of error. So we should show there
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exists a sequence of codes whose total cost approaches optimal total cost and probability of error
diminishes. We show the existence of such codes with high probability. We precisely state our
result in Theorem 4 followed by a rigorous proof. For the sake of brevity, we denote, the total

cost for a given code, E[Cy (X V) [Wy], by Ty.

Theorem 4. In the above random code construction, P(Pe(WN) < N2 DNEwy [Tv] < Ty <
anEw, [TN]) approaches 1 for some ay > 1 and by < 1 that converge to 1. This means that,
with high probability, there exist codes in the random ensemble with total cost approaching the

optimal total cost and diminishing probability of error.

Proof: We first prove that P(byEw, [Tv] < Tv < ayEw, [Tn]) goes to 1 for any by that
converges to b < 1 from below and ay that converges to a > 1 from above. This is equivalent to
proving P(Ty > ayEw, [Ty]) converges to zero and P(Ty < byEw, [Ty]) converges to zero. For
the sake of brevity, we denote Ey, [Ty] as E[7y] in the proof.

Now we prove P(Ty > an[E[Ty]) converges to zero by contradiction. So we assume
there is subsequence indexed by r, P(Ty, > ay [E[Ty,]), whose liminf is non-zero. Let us denote
the sequence P(Ty, > an,E[Ty,]) as py,. Note that limsup of sequence py;, is less than 1, as
PN, 1s upper-bounded by ﬁ, by the Markov inequality. As ay, > 1, we will be able to choose
0 < ly, < 1 such that E[Ty,] = pn,an,E[Ty,]+(1 — pn,)In,E[Ty,].

Note that Iy, = lzf—w. Therefore,

1 _
limsuply, = limsup - PNAN,
r—yoo r—oo — DN,
r—soo 1— PN,
®) 1 —pn,a
= limsup ———
r—yoo — PN,

¢) 1 = (liminf, e pn.)a

—

1 —liminf, .. pn,

(d)
<1
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Identity (a) is true as limit of ay, exist. Idenity (b) follows as limit of ay, is a. Identity (c) is true

as the function 1 S = + decreases as x increases when a > 1. Idenity (d) follows from the fact that

1__?<1f0ra>land0<x<1.

HZZN’. Therefore, E[Ty,] < py,an,E[Ty,]+(1 —

Hence limsup of Iy, less than 1. Set [, =

er)l]’VrIE[TNr] and limsup of [, is less than 1. Note that
E(Ty,]=pn,an,E[Ty,]+(1—pn,—an,) Iy, E[Ty,] (3.3)

where gy, = (1 — pp, )7 +§ , and liminf of gy, does not vanish as the limsups of /y, and py, are
strictly less than 1.

Note also that
E[Tw,) > pw,an, E[Ty,]+P(Iy, BTy, <Tn,<an,E[Ty,)) Iy, E[Tx, ).
By plugging in for [Ty, ] using equation (3.3), we get
P(Iy, E[Ty,] <Tv,<an,E[Ty,]) < (1—pn,—qn,)-
This yields

P(Ty, < Iy E[Tw,]) = 1 =P(ly, E[Tw,| <Ty, <an,E[Ty,]) ~P(Ty,>an,E[Ty,])

> 1—(1— pn,—qn,)—PN, = qn,-

Hence gy, is a lower-bound to P(7y, <lj;. E[Ty,]). Hence P(Ty, <ly, [E[Ty,]) does not converge to
zero. As P(P, < NrZ’NV ) converges to 1, it follows that the sequence P(P, < N,2~ N v, <

l]’er[TNr]) does not converge to zero. As limsup of lllv, is less than 1, we can get a sequence of
codes whose total costs converge to less than optimal total cost C,,; with diminishing probability

of error. This is a contradiction. Hence P(Ty > an[t[Ty]) converges to zero.
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Now we prove that P(Ty < byE[Ty]) converges to zero. We again prove this by contradic-
tion. So assume P(7Tyy < byIE[Ty]) does not converge to zero. As P(P, < N2~V B/) converges to 1,
the sequence P(P, < N2~V 4 Iy < bNIE[TN]) does not converge to zero. This is a contradiction
as we can get a sequence of codes whose total costs converge to less than optimal total cost Cy
with diminishing probability of error. Hence P(Ty < by[E[Ty]) converges to zero.

We conclude P(byE[Ty] < Ty < anyE[Ty]) goes to 1. As P(P, < N2~V ﬁ/) converges to
1, we will have P(P, < N2_Nﬁl,bNE[TN] < Ty < ayE[Ty]) goes to 1.

Let 4, > 1 be a sequence indexed by m that converges to 1 from above. Let b,, < 1 be a
sequence indexed by m that converges to 1 from below. For each m, let us define a sequence d,,y
that converges to d,, from above and also define another sequence BmN that converges to Bm from
below. So for each m, we have P(P, < N2~V 4 , BmNIE[TN] < Ty < 4,,nyE[Ty]) goes to 1. Consider
a sequence 0 < g, < 1 converging to 0 as m — oco. Notice that we can find a sequence N, indexed
by m such that |y, — @m| < &ns |bmn,, — bm| < €, and [P(P, < NmZ_Nmﬁ/,l;mNmIE[TNm] <Ty, <
amn, BTy, 1) — 1| < &

This implies that P(P, < Ny2 %" by BTy, | < Ty, < amy, BT, ]) g0es to 1, by, <
1 and d,,n,, > 1 converge to 1 as m — oo. Note that this essentially completes the proof of the

theorem. L]

The extension to non-binary case can be done using ideas in [47].

3.5 Conclusion

We presented a polar shaping code. For a costly channel, we have shown that total cost of
the proposed polar shaping code approaches optimal total cost as block length grows. We looked
at costly noisy discrete memoryless channels. We first gave an upper bound on the rate that can
be achieved with certain symbol occurrence probability distribution over a discrete memoryless
channel. We formulated an optimization problem whose solution gives optimal total cost for the

costly noisy discrete memoryless channel. We showed that polar codes for asymmetric channels
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by Honda and Yamamoto with the aid of common randomness can be used to get the desired
shaping distribution on symbols of the codeword. To achieve the optimal total cost, we show that
we can also use random construction method by randomly choosing frozen bits and randomly
choosing boolean functions for not completely polarized channels [37], [24] avoiding common

randomness.
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Chapter 4

Slepian-Wolf Polar Coding with Unknown
Correlation

4.1 Introduction

4.1.1 Background

Arikan [1] constructed capacity-achieving codes for binary-input symmetric channels.
Korada and Urbanke [27] constructed a Slepian-Wolf polar coding scheme for two correlated
sources under some assumptions. Arikan [3] proposed a polar coding method for an arbitrary
discrete memoryless source with correlated side-information available at the receiver. Based on
that, he also derived a Slepian-Wolf polar coding strategy for any two binary correlated random
variables using a successive cancellation style decoding of the source sequences. Arikan [2]
proposed a monotone chain rule to achieve all the rates of the Slepian-Wolf region without the
use of a time-sharing policy.

A capacity-achieving coding scheme based on source and channel polarization for
binary-input asymmetric channels was proposed by Honda and Yamamoto [24]. Hassani and
Urbanke [22], [23] presented universal coding schemes to achieve rates close to the compound
capacity of binary-input symmetric discrete-memoryless channels (DMCs) that are based on
polar codes. The authors [37] proposed a universal polar coding scheme for the asymmetric

setting that eliminates the need to store high-complexity boolean functions. The scheme uses the
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elements of coding strategies in [22], [24]. Wang and Kim [55] discussed the linear code duality
between channel coding and source coding when the correlated side information is available at
the receiver. In this paper, we consider the variant of the Slepian-Wolf coding problem which
involves a binary memoryless source and correlated side information available at the receiver, as
usual, but where the conditional distribution of the side information given the source is unknown

to the encoder.

4.1.2 Problem definition

Let 2" be the binary alphabet and ¢ be some arbitrary finite alphabet. A binary discrete
memoryless source X; is distributed as Py (x) with side information ¥; available at the receiver.
The (X;,Y;)72 | sequence is an iid (identical and independently distributed) random process whose
joint distribution is Px (x) p(y|x). The conditional distribution p(y|x) is unknown to the encoder,
but available to the decoder only. We also assume that p(y|x) is known to come from a class ¢
of conditional distributions of a random variable over the alphabet % given a correlated random

variable over 2 . The class % is available to the encoder.

A (2¥,N) code for the defined problem consists of
* anencoder g: 2N — {1:2%}, and

« adecoder h: {1:28y x N — N

where N is the block length and 4 is called the rate of the code. Let PN — P(XN #£h(g(XN),YN))

be the probability of error. If there is a sequence of (2R N) codes for which the corresponding
sequence of Pe(N) goes to zero, then the rate R is achieved. Note that classical Slepian-Wolf
coding is the case when p(y|x) is known to both the encoder and decoder. In that case, we

know that the rate R is achieved if and only if R > H(X|Y). Therefore the achievable rates of

the proposed problem should be greater than max (| e H(X|Y) where (X,Y) is distributed as

Py (x)p(y|x).
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4.1.3 Contribution

We derive two coding strategies for the proposed setting based on the universal polar
coding schemes for a compound channel [23], [22], [37]. This will establish the duality between
the coding strategies for these source and channel coding settings. Our first method can achieve

all rates greater than max |y e H (X|Y) for a uniformly distributed source when the class ¢

yx)
contains only conditional distributions with properties of a symmetric channel. The second
method can achieve all rates greater than max (e H(X|Y) when € is a finite set for any
arbitrary source.

In Section 4.2, we introduce some definitions and notations which will be used throughout
the paper. In Section 4.3, we describe the Slepian-Wolf polar coding with correlated side
information available at the receiver. In Section 4.4, we describe our first method that uses
the idea of the staircase scheme for a uniform source. We also provide its applicability to a

non-uniformly distributed source. In Section 4.5, we explain the second method which is based

on the technique of universalization using bit-channel combining.

4.2 Preliminaries

We express any set of random variables X;, X;1,...,X; (i < j) by a row vector (X;, X1 1,
...,X;) which is denoted by X*/. We denote the set {1,2,3,...,N} by [N]. We denote the set
{i,i+1,---,j} by [i:j] (i < j). Let U"N be a row vector and let &7 C [N]. The row vector

consisting of elements in UV corresponding to the positions in < is denoted by U< .

Definition 1. A binary-input discrete memoryless channel with output alphabet % with transition
probabilities p(y|x) for each (x,y) € {0,1} x % is said to be symmetric if there exists a permuta-
tion T : ¥ — % such that 1 = m; ' and p(y|x) = p(7a(y)|x+a) for each (x,a,y) € {0,1}> x ¥,

where T, . % — % is the identity permutation.

We denote the row vector (7, (y1), s, (¥2), -+, sy (yn)) as s7V.y!N for any y!'™V € &N

and s'"N € {0,1}", where my : % — % is the identity permutation and 7} : % — % is the

96



permutation corresponding to a symmetric channel.

Let Gy be the conventional polar transform [1], represented by a binary matrix of
dimension N x N. If UTN = X"N Gy, then we denote P(U*N = u!*N) by P, 1.v (u'*V) and similarly
we denote P(U; = u;|UV 1Y N = yli=1yliNy by PUi‘Ul:i—lyl:N(l/ti‘l/tl:i_lyIZN). We denote the
subvector of UV corresponding to the bit-channel set .oz C [N] as U<

Let € = {p1(y|x),p2(y|x),...,ps(¥|x)}, s € N. Let (X,-,Yi)f.v:] be iid random tuples
distributed according to Px (x)p;(y|x), where [ € [1 : 5] and N = 2". For the random variable pair

(X,Y) distributed as Px(x)p;(y|x), the Bhattacharyya parameter is defined as

Z(X|¥) = 2 X P () /Py (113) Py (O1):
y
We define the following bit-channel subsets as follows, where 8 < 0.5.

S = {i € [N]: Z(UU"-D) > 1 2Ny,
S =1{ie[N]: Z(U|uti-Dy <2-My
Ay, = {i € [N : ZUIU DY Ny > 1 — oy

Ly, ={i € [N] :Z(Ui|U1:(i71)Y1:N) < 271\715}.

Note that % C .i”xm, for each [ € [1 : s|. We have the following results from Theorem 1 in

[24].

lim || = H(X).

N%oo

Alllm |,,§,”X\ =1-H(X).

Jim Ay | = HXY).
im

m |$X|Y | =1-H(X][Y).
%
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We remove the subscript / for denoting the bit-channel sets "%(X|Y)1 and %}qy)l when using
(X,Y) random variable pair distributed as Py (x)p(y|x) and denote them as Zyy and Sy,
respectively.

Let the p(y|x)s for each (x,y) € 2 x % be the transition probabilities of a symmetric
channel. Let (X;, Y,)i\’: | be iid random variable pairs distributed according to Py (x)p(y|x) where
Px (x) is distributed as Bern(%). Let U'"N = X""NGy. Then the MAP (ML) decision rule for the
bit-channel i € [N] in this setting will be the function ®; : {0,1}~! x &N — {0, 1} defined as

follows.

q)i(ulzi—l,yl:N) — ]I{PUlzi—17y1:N|Ui(l:t\1:i_1,ylzN’1)

2 PUlsifl_‘yl:N|Ui<ﬁ1:i717y1:N’0)}'

®; is precisely the decision rule used in the successive cancellation (SC) decoding for the
bit-channel i € Ly in the polar code construction for symmetric channels. Let us denote
the Bhattacharyya parameter corresponding to the bit-channel i € [N] as Z;. Therefore Z; =

Z(U; U =1y "N) in this setting.

4.3 Source coding with side-information (Slepian-Wolf
polar coding)

We revisit the polar coding scheme proposed by Arikan [3] for the Slepian-Wolf setting
that has the binary discrete memoryless source X; distributed as Py (x) with correlated side
information ¥; available at the receiver, i € [N]. (X;, Y,)f/: | is an iid process whose joint distribution
is Px(x)p(y|x). Here we assume that p(y|x) is known to both the encoder and decoder. The

encoding algorithm is presented below.

Encoding

Input: X'V source sequence.
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Output: Compressed bit stream corresponding to the source sequence.
» Compute U'"N = XI'NGy.

e Transmit U Zx v,

The decoding method is as follows.

Decoding

Input: Correlated side information ¥ '*¥ and U L,
Output: Source estimate X V.

fori=1:N

1.Ifi e .,%;'Y, set U; = U,.

2. Ifi e XX\Y’ set
[]l - H{PUi‘Ul:iflJ/l:N(l‘01:i_1,Y1:N) 2 PUi‘Ulji—17yl:N(0‘UI:i_17Y1:N)}.

end

Decode X'V as U'NGy,.

Note that the conditional distribution Py, ;y1i-1 yin(.|.) used above in the decoding al-
gorithm is derived under the setting where XN = U'"NGy and (X;,Y;)Y| is iid distributed as
Px (x)p(y|x). Arikan [3] proved that the probability of error for this scheme is O(2" _B) where
B < 0.5. In our setup, however, the actual conditional distribution p(y|x) is unknown to the
encoder. The encoder only knows that the conditional distribution is selected from the class €.
If the encoder transmits U ("p0les<Lx \Y)C, then the decoder can reliably recover the bits corre-

sponding to bit-channels (N Py eE-ZX| y) and hence the source. The fraction of bit-channels

ylx
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(Np(yxer-ZLx)y)© with respect to the block length may not be going to max,,(,ex H(X|Y) as
block length grows and the fraction may always be larger than max (e H(X|Y) by at least
some positive constant. In the following sections, we provide the source coding methods that
can guarantee any rate greater than max p(

ywew HXY).

4.4 Staircase scheme

In this section, we assume that the source is a binary symmetric source (uniform) and all

the condition distributions in ¢ are of symmetric channel type.

4.4.1 Code construction

We use polar blocks of size N, where N is sufficiently large for polarization so that we get
the H(X|Y) fraction of bad bit-channels (/#y) and 1 — H(X|Y) fraction of good bit-channels
(Zx|y) for each p(y|x) € €. We need an MDS code in the code construction. We use a Reed-
Solomon (RS) code of block length 27 — 1 over a field GF(27) as an MDS code where ¢ is

log, (N). We consider the RS code with L = min (e |-Z|y| — | information bits. Let .# be

ylx
the set of codewords of the RS code.

We arrange N polar blocks of size N one above the other like a staircase which will be of
height N. We extend the staircase by placing k € N such staircases side-by-side. Now place ¢
such extended staircases, one above the other. So the total number of polar blocks would be Ngk.
This is illustrated in Fig. 5.5 with N = 6, k = 3, and ¢ = 2.

A staircase scheme designed for a compound channel with the class ¢ of symmetric
channels [22] is a binary linear code after all. Based on the linear channel code, a naive Slepian-
Wolf code derived directly using the method [55] requires the computation of high dimensional
systematic parity-check matrix (g[(N —L)(1+N(k—1))+N(N — 1)] x N?gk) of the staircase
universal channel code. We avoid the computation of such a high dimensional parity-check matrix

and its use in our staircase code construction. We can also get a delay saving by continuous,

sequential encoding and decoding of substaircases in our staircase implementation, similar to
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12]sals|e|1|2]s]als|e]|1]2]3]a]5]6
12fs]als]|e|1|2]slalsfe]|1]2]3]a]5]6
tefsl{alsfe]|ol2]slals]efr]2]3]a]s5]6
tlefslalsle|af2]slalslefr]2]3]a]s5]6
12]s]a]s|e|1|2]s]als|e]i]2]3]al5]6
1]2]3lalslefr]2]s]als]|e|1|2]3]a]5]6
1V2fs]als|e|1|2]slals]e]|1]2]3]4a]5]6
1l2]slalslefn]2|s]als|e]|i|2]s]als]s
tefslalsle]|al2]slals]lefr]2]s]als]6
1v2fs]als]|e|1|2]s]als|e]|1]2]3]a]5]6
1lofsfals]e|1|elslalsle]|r]2]3]als]s
[t]2]s]als]e]r]2]ls]als]e]1]2]s]a]5]s

Figure 4.1. Staircase withk =3, N =6 and g = 2

universal channel coding in Chapter 2.

While encoding, we do the compression for all the polar blocks column-by-column
from left to right in the staircase structure, and we follow the same order for decoding. So, we
encode/decode the bit-channels of different polar blocks in parallel while encoding/decoding
a column. The total number of columns is (k+ 1)N — 1, and we label them with indices

1:(k+1)N —1 from left to right. Now we describe the encoding algorithm for the compression.

Encoding
Input: XV source sequence corresponding to each polar block in all ¢ staircases.

Output: Compressed bit stream for all the columns.
+ Compute U'"N = X"NGy for each polar block in all the g staircases.
* Now we start encoding the non-full-height columns on the left.

— The U;s of the non-full-height columns on the left side are transmitted as is without
any further compression for all ¢ staircases. Note that this will not affect the rate as

the fraction of these columns is diminishing as k approaches infinity.

* Next we start encoding the full-height columns t = N < i < kN.
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In the full-height column 7, there is a polar block corresponding to each index i € [N]

in all g staircases.

In the column ¢, for each i € [N], the U;s of corresponding polar blocks for all ¢
staircases will be read. Those ¢ bits corresponding to the index i € [N] will be
interpreted as a field element in GF(29) in its binary representation. Hence we can
read N finite field elements in the column. Let us call this vector V1 in GF(29).

— VEN=1 will be decomposed as an RS codeword and the error vector in a unique way

using a systematic encoding method for the RS code.

We designate the positions 1 : L for information symbols. So, we generate the
codeword in .# corresponding to data V1L by systematic encoding. The parity
symbols in the systematic encoding method for the RS code can be computed by
determining a remainder of a polynomial. This can be implemented using a shift

register circuit with multipliers and adders [45].

— Let the encoded codeword be V/I*¥N~1. Now the error vector will be E!:N -1 = y1:N-1
- V/IN=1Note that E'*L will be zero always. We set the Nth position of the error
vector EXN | Exy = Vy.

EL+ 1:N

— We transmit in the binary representation.

— The error vector E'*N can also be generated by computing the syndrome of V!V
using the systematic parity-check matrix. This is shown in Lemma 8. However
we propose to use the shift register circuit implementation to get the systematic RS
codeword [45] without explicitly computing the systematic generator or parity-check

matrix.

— This decomposition is also equivalent to standard array decoding with coset leaders

of the form [0"L xI+H1"N=1] where xt+ 1N =1 is a vector with elements of GF(29).

* Now we encode the non-full-height columns on the right.

102



— The U;s of the non-full-height columns on the right side are transmitted as is without
any further compression for all g staircases. Note that this will not affect the rate as

these columns are diminishing in fraction as k approaches oo.

Lemma 8. Let VI'N=! be any N — 1 dimensional vector over GF(24). Let V''N=1 be the

Reed-Solomon codeword in M corresponding to the data symbol stream V'L in the systematic

_yrN—1 yIN-1

representation. Let EVN™1 be the error VIN=1 . The syndrome of the word

when computed with the systematic parity-check matrix becomes EFT1N=1,

Proof: Let the systematic parity-check matrix be

Hsys = |:A I:|

where A is a N — 1 — L x L dimensional matrix in GF(2?) and l isthe N— 1 —LxN—-1—L

dimensional identity matrix. Then,

Hsys(VI:N_l)T = Hsys((V/l:N_l)T + (EIZN_I)T)

) N

= {A 1] (EMNHT

(b) (EL—H:N)T‘

—

We get the identity (a) because V/'"N=! is a codeword in .#. So its multiplication with
systematic parity check matrix should be zero. Identity (b) follows because E'* is a zero
vector. ]

Before turning to the decoding algorithm, let us define



for each polar block in all ¢ staircases, where E''* is the horizontal error vector computed for
each polar block in all ¢ staircases from the vertical error vectors E!*N corresponding to each

full-height column. So we have,

UlINGN — Ull:NGN+E/1:NGN-

That implies,

where S''N = E'NGy for each polar block in all g staircases. Note that we are transmitting

N — L bits for each full-height column. The rate for each full-height column is % which can

be made arbitrarily close to max,,(y|x)cy H(X|Y) for sufficiently large N. We did not compress

ylx)
the bit-stream corresponding to the non-full-height columns, but their effect on the overall rate
can be made arbitrarily small for a sufficiently large k because as k goes to oo, the fraction of the

number of bits in the non-full-height columns with respect to total block length goes to zero.

/1:N

Lemma 9. Let u''*N and s'*N be any two binary vectors. The conditional distribution of permuted

1:N YI:N

side information s given XN = yW'"NGy + s'"N will be the same as the conditional

distribution of the received vector given the word u'"NGy is transmitted over the symmetric

channel p(y|x).

Proof:

P(s"™N. YN = yIN|X TN = y/EN Gy 4 TN
_ P(YI:N _ leN.yI:N|X1:N _ MII:NGN+SI:N)
= Mictvp(siyil (W' Gu)i+5:)
= Micrvp(siyil (@ Gu)i+ 1)
@ ic1.vp(sisiyil ("N Gy)i)

= e 1.nvp(yil NGy )).
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The identity (a) follows from the symmetric channel property. ITici.yp(yi| (/"N Gy);) is pre-
cisely the conditional probability of getting the received vector y!*V given the word u’''*N Gy is
transmitted over the symmetric channel p(y|x). This concludes the proof. O

Fact 1: Let «'"*N be any binary vector. The conditional probability of error of all the
bit-channels in Zx |y when conventional decision rules [1] are used is upper bounded by 2-N?
given that «'"N Gy is transmitted over the symmetric channel p(y|x) for any 8 < 0.5.

The above fact follows from Arikan’s capacity-achieving polar coding construction for
symmetric channels [1] where it was proved that the conditional probability of error of a bit-
channel given that any particular word is transmitted over the channel remains same irrespective

of the word that is transmitted. Now we start describing the decoding algorithm.

Decoding
Input: Side information Y 'V for each block and ELT1 for each full-height column.
Output: Estimates of X"V corresponding to all polar blocks.

EL—H :N

* Using error vectors corresponding to all full-height columns, the decoder computes

the horizontal error vectors E’'*N corresponding to all polar blocks in all g staircases.

* Now the decoder estimates U/s of each column that corresponds to different polar blocks
from left to right. Then the estimation of U’!*N leads to estimate U'*N by adding E’"* for

all polar blocks in all ¢ staircases . Let the estimates be denoted as U"'"*N, U'"N and X'V,
* Decoding the non-full-height columns on the left side.

— The U;s corresponding to these columns are transmitted as is by the encoder.

— Hence Ui’ =U;— El’ = U; for all these columns in all g staircases.
* To decode full-height columns fromt =N <i < kN:

— The decoder has knowledge of the exact p(y|x) € €. For the blocks corresponding to

bit-channels i € Ly, we use the following decision rule to decode U/s. It recovers
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those Ul-’ s reliable due to Lemma 9 and Fact 1.

lA]-/ _ q)ia?/l:i—l’Sl:N.Yl:N)‘

1
— Decode l}i’ as 0 for the block corresponding to the component Vy of vector V!V in ¢
staircases.

— Now we have at least L positions of the MDS codeword that are recovered. Now the

erasure decoding of the MDS code recovers all N — 1 positions of the codeword.

— Hence all Ul.’ s corresponding to all polar blocks in the column are estimated in all
q staircases. This enables the continuation of SC decoding of the polar blocks to

estimate 0{ s corresponding to the next column.
* Decoding non-full-height columns on the right side.

— The U;s corresponding to these columns are transmitted as is by the encoder.

— Hence lA/i’ =U;— El’ = U, for all these columns in all g staircases.
« Now UUN = "N 4 E''N for each polar block.

o XN — NGy for each block.

Theorem 5.

The probability of error for the above staircase scheme is O(Ngk2~N P ) for B < 0.5.

Proof:
We decode UV corresponding to all the polar blocks. The error occurs if and only
if there is an error in decoding some good-bit-channel (Zyy) of any polar block. If U;s for

good bit-channels are recovered properly, then other U;s are recovered either by MDS erasure
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decoding in a full-height column or by the knowledge of U;s at the receiver corresponding to the
non-full-height columns. Let the error event be &.

Let & be the error event with a genie aided decoder which has the accurate values of the
past U''"~1 when decoding any bit-channel i € Zx|y for all polar blocks. Let all the polar blocks
in all of the g staircases be indexed as b = 1,2..., Ngk. Let &, be the error event corresponding
to an error in the ith bit-channel of block b. If bit-channel i € Zyy of the polar block b lies in a

full-height column, then the error event &;;, becomes as follows.

Ep = { ("N, y"N s"N)s of all blocks [Ngk] :

®; (' sV VY £ 4/l holds for block b}

Note that &, will be the null event, if the block b has bit-channel i that lies in a non-full-height
column. Clearly, & = Upe(1:ng1) Uie Ly &p. Note that error event & will imply at least one of

the &j,s. So we should have the following.
E C &.
Now the probability of error P(&) is upper bounded as follows.

P(&) < P(6g) = P(Upe{1:ngk} Yie 2y Gib)

—

a

< Y Y P

be{1:Ngk} ie Zxy

=

The identity (a) follows from the union bound. So, we need to bound P(&},) for i € Ly for all
polar blocks.

Now we evaluate the conditional probability of error of bit-channel i € Ly for the block
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b given the random vectors (U'"N, Y 1:N SUN) corresponding to the block b.

P(@@ib|U/1:N — u/l:N,ShN — sl:N) — P(q)i(Ullzifl,SlzN'leN) 7£ Ui/’

U/l:N — u/l:N,Sl:N — Sl:N)

_ P(q)i(ullzi—ljslzN'leN) 75 u/

il

U/l:N _ u/l:NyslzN :SI:N)

a . 4.1
:Z et POl ("N G)i) @b

(b)
<Z

— N

The identity (a) follows from Lemma 9. Identity (b) follows from Arikan’s [1] symmetric
channel polar coding construction where it was proved that the conditional probability of error
of a bit-channel given that any particular word is transmitted over the channel is always the same
irrespective of the word that is transmitted. Also, all of those conditional probabilities of errors
are upper bounded by the Bhattacharyya parameter of the bit-channel. This is essentially stated

as Fact 1. Now the actual probability of error of bit-channel i for the block b satisfies

P(&p) = Y P((UN = /BN TN — ¢I:NY) of block b)
(w't:N st:NY of block b

P(@@ib|UII:N _ u/l:N’Sl:N _ sl:N of block b)

< Z P((U/IIN — M/l:stlZN — S]:N) of block b)z—NB
(w''*N sU:NY of block b

— NP
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Therefore,

p&)< Y Y P&

< O(Ngk2 ™M),

Hence the proof of Theorem 5. U

4.4.2 Coding with non-uniform source

If the conditional distributions in % are of symmetric type, then any rate greater than

max,(ynes H (X|Y) can still be achieved using the staircase method irrespective of the source

yx)
distribution Py (x). Here the random variable pair (X,Y) is distributed as Pg(x)p(y|x) and
Py (x) = 0.5. The subtle idea is to implement the same code construction as if the source is
uniformly distributed. We use the bit-channels XX‘Y in the code construction irrespective of the
source distribution. The conditional probability of error of the bit-channel i € Zyy is the same
given any source sequence due to the symmetric channel property of the conditional distribution
p(y|x). Hence the average probability of error for the bit-channel i € .ﬁfg‘y does not depend

on the source distribution. This can be noticed from equation (4.1) in the proof of Theorem 5.

Therefore the probability of error will still be O(Nkg2 N ﬁ) for B < 0.5.

4.4.3 Encoding and decoding complexity

The encoding complexity consists of decomposing the vector of length N — 1 in GF(29)
into a RS codeword and the corresponding error vector. We proposed to use the shift register
circuit with adders and multipliers to get a systematic RS codeword for executing the decom-
position. This takes O(L(N — L)) = O(N?) multiplications and additions in GF(29). Addition
and multiplication over this field take ¢ and ¢'°%3 binary operations, respectively. Hence the
bit operations sum upto O(N?¢'°223) for each full-height column. Applying polar transform for

each polar block also takes O(Nlog, N) bit-operations.
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Decoding complexity consists of computing the polar transform 'V = E''"NGy, for all
polar blocks, SC decoding of all the polar blocks and also the erasure decoding of the RS codes
of length N — 1 over GF(29) for each full-height column. Applying polar transform for each polar
block takes O(Nlog, N) bit-operations. The SC decoding of a polar block takes O(Nlog, N)
real operations. The erasure decoding of the RS codes can be done in O(N(log,(N))?) symbol
operations [22]. Addition and multiplication over this field take ¢ and ¢'°%23 binary operations

respectively. Hence the bit operations sum to O(N(log,(N))?¢'°%23) for each full-height column.

4.4.4 Pros and cons

Pros:
The upside of the scheme is that it can be designed for a class 4 with infinite cardinality as well.
The block length does not increase with cardinality of the class 4. On the other hand, a code
designed with rate r supports any arbitrary source with any side information whose conditional
distribution given source p(y|x) is of symmetric channel type whenever r > H(X|Y). Here the
random variable pair (X,Y) is distributed as Py (x)p(y|x) and Py (x) = 0.5.

Cons:
The downside is that it can be applied only when class € contains only the conditional distribu-
tions of symmetric channel type. Also, for the non-uniform source with distribution Py (x), the

staircase construction does not support all the rates greater than max (| c¢ H (X |Y) where the

ylx

random variable pair (X,Y) is distributed as Px (x)p(y|x).

4.5 Scheme based on combining bit-channels

In this scheme, we assume the class ¢ contains a finite number of conditional distribu-
tions. Let || be s. The bit-channel sets £y and 7|y may not be the same for all p(y|x) € €.
The obvious approach is to share U (MiewZx 1Y) 50 that decoder can reliably decode the other bits
corresponding to bit-channels in (ﬁieggiﬂxw} by SC decoding. The scheme based on bit-channel

combining is a recursive procedure of combining polar blocks that increases the fraction of
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bit-channels N,y ex-Lx|y With respect to the updated polar block length. The fraction of bit-

ylx)

channels N,y ex-Lx|y With respect to the updated polar block length in the recursive procedure

(v[x)

can get arbitrarily close to 1 —max |y H (X[Y) when N is sufficiently large. Hence, this gives

ylx

the compression algorithm that can achieve any rate greater than max (e H (X]Y). Hassani

)
and Uranke [22] essentially did this for a symmetric source in the context of universal channel
coding. We validate that such a recursive method can be used for a non-uniform memoryless
source setting as well. So, this method is straightforward to use in this source coding setting in
view of the original scheme [22] proposed in the context of universal channel coding.

We need Proposition 1 to validate this method for an arbitrary discrete memoryless source
(which may be non-uniform) with the arbitrary class 4 (which may contain non-symmetric
p(y|x)) of finite cardinality.

We now validate the method with an arbitrary memoryless source while recalling the
idea of this method proposed in [22]. Let € = {p; (y|x), p2(y|x), ...., ps(¥|x) }. The first step is to
increase the fraction of bit-channels me N gx‘yz with respect to the updated block length. To
do this, first consider the two independent polar blocks U™V = X'"NGy and U''"N = X"V Gy,
y LN

and Y'I'N

where are the correlated side information vectors corresponding to the two blocks,
respectively. Then combine the bit-channels me N A%y, of the first block with bit-channels
Zx|v, N Hx)y, in the order. Suppose the bit-channel i € Zxy, N %y, with input U; and output
U1y N from the first polar block is combined with bit-channel j € ZLx|y, N Hx|y, with input
U} and output U’ L:j=1y’t:N from the second polar block. One of the two new bit-channels
produced by this combining has the input U; 4+ U} and the output U~ 1"ty BNy /EN, the
other bit-channel produced has the input U} and the output U; + U}, U Li-lgtj=ly ENy /LN
By Proposition 1, the second bit-channel produced by the combining has the Bhattacharyya

parameter

Z(U;|Ui _I_Uj/_)Ul:i—lUllzj—lyl:Nyll:N)
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r . s Ny @

where 8 < 0.5. The identity (a) is true because either the Bhattacharyya parameter Z(U;|U Li=ly N
yis2 ™V ? if the conditional distribution is p1(y|x) or the Bhattacharyya parameter Z(U;|U’ Lj=lyl:N
) is 2-M if the conditional distribution is p2(y[x). So we have G = min{| %Ly, N5y, |, [Lx )y, N
x|y, | new bit-channels that come into the category of Ly, N-Zy|y, in the updated polar block
of length 2N. We use a bold font from now on to denote the bit-channels in the updated polar
block to disitnguish them from the bit-channels of the original polar block. Now the fraction of

the updated bit-channels Zx |y, N-Zxy, with respect to the updated block length becomes as

2($X‘Y1 ﬁgx‘yz)‘i‘G
2N '

The procedure can be done recursively. In stage ¢ of the recursive procedure, we take
two polar blocks obtained in stage ¢t — 1 and perform the same bit-channel combinings that were
mentioned in the first step. After ¢ recursions, the fraction of the updated gX\Yl N "%XIYz with
respect to the updated block length becomes

2Ly, NZxy,) + (21 = 1)G
2IN '

This will increase and become closer to | Zxy, N Zx|y,| + G = min{|Zxy, |,|-Zxy,|} per block
length N as ¢ grows. Now let the bit-channels Zx)y, N-Zx|y, in the updated polar block be 1
and repeat the same recursive procedure to increase the bit-channels 21, N Zy,. We continue
the recursive procedure until we finish all p(y|x) € €. Hence by this method, one can increase

the cardinality of bit-channels M, e Zx|y per block length N that can get arbitrarily close

ylx)

to min (e |.,2”X‘ y|. Order of bit-channels are governed by the recursive combinings done to

ylx
produce the hybrid block. Other details for this method are given in [22]. The scheme supports
any non-uniform source with an arbitrary class ¢ of finite cardinality. But the block length can

become unbounded as the cardinality of the class 4 grows, in contrast to the staircase scheme.
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4.6 Conclusion

We defined the problem of source coding with side information at the receiver whose
correlation is unknown to the encoder. We studied two coding strategies based on polar codes
for this problem. The code designed by the staircase scheme with rate r supports any source
with any side information whose conditional distribution given source p(y|x) is of symmetric
channel type whenever r > H(X|Y). Here the random variable pair (X,Y) is distributed as
Py (x)p(y|x) and Py (x) = 0.5. A naive Slepian-Wolf code derived using the method [55] requires
the computation of a high dimensional systematic parity-check matrix (g[(N—L)(1+N(k—1))+
N(N — 1)] x N?gk) for the staircase universal channel code. We avoid the computation of such a
high dimensional parity-check matrix and its use in the proposed staircase code construction.
The second scheme is based on the technique of universalization using bit-channel combining.
Using this method, we can design a code for a non-uniform source with arbitrary ¢ of finite
cardinality. An open problem is to find a stronger coding strategy where a code designed for an

arbitrary source X at rate r can support any correlated side information ¥ whenever r > H(X|Y).
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Chapter 5

Polar Coding for Multi-level 3-Receiver
Broadcast Channels

5.1 Introduction

5.1.1 Background

Arikan [1] constructed capacity-achieving polar codes for binary input symmetric chan-
nels. Since then, many coding strategies have been introduced for multi-user settings using the
polarization method [3], [27], [2]. Goela, Abbe and Gastpar [17] introduced polar codes for
m-user deterministic broadcast channels. They also introduced polar coding for 2-user noisy
broadcast channels. They implemented superposition and Marton schemes which involve some
assumptions of degradation on the channel parameters to align the polar indices. Mondelli, Has-
sani, Sason, and Urbanke [32] proposed schemes to remove such constraints using a polar-based
chaining construction [22], [23]. Chou and Bloch [11] proposed a polar coding scheme for a
broadcast channel with confidential messages. Alos and Fonollosa [39] proposed a polar coding
scheme for a broadcast channel with two legitimate receivers, that receive a confidential and
private message, and one eavesdropper.

In this paper, we consider the problem of achieving the rates in the capacity region for a
discrete memoryless (DM) 3-receiver broadcast channel with degraded message sets [38], [14].

The second receiver is degraded with respect to the first receiver. The problem is to transmit
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a public message intended for all three receivers and a private message intended for the first
receiver. Our motivation to consider this problem for the broadcast channel came from a very
useful practical file transfer application in a client-server network. We now describe the file
transfer application in a client-server network, where our problem setting is applied, in the

following sub-section.

5.1.2 Motivation with a client-server model

We consider a client server model, in which server sends data to its three clients that are
computer, phone-1 and phone-2. Computer and phone-1 receive data from the server directly
via internet. Phone-2 receives data from server indirectly through bluetooth connection between
computer and phone-2. Computer supports both video and audio applications whereas the two
phones only support audio application. Suppose that server has one audio and one video file to
send its clients. Note that all three clients here are interested in receiving the audio file. Also
notice that computer is the only client interested in receiving both the audio and video files. This
is shown in the Fig.5.1. In some scenarios, computer may just want to receive the video file.

The internet link and bluetooth link add noise to the signal received at the clients. So this
can be modelled as noisy broadcast channel with 3-receivers which we are interested to look at in
this paper. The goal is to find a method where the server can send both the audio and video files
to its clients reliably at all possible data rates that can be supported by the network. It amounts to
finding a coding scheme that can achieve rates in the capacity region of this broadcast channel
problem. This particular client-server setting with the file transfer scenario is highly applicable
to household internet links, which is why we are motivated to consider this problem.

We define the coding problem for the DM multi-level 3-receiver broadcast channel with
degraded message sets in the following subsection. In general, the setting of a broadcast channel
with degraded message sets arises in video or music broadcasting over a wireless network at

varying levels of quality [14].
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Figure 5.1. A client-server network with 3 clients
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®Video file
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Figure 5.2. A 3-receiver broadcast channel model

5.1.3 Coding problem of DM (discrete memoryless) multi-level broad-

py2ly1)

Y,

Y3

cast channel with degraded message sets

The 3-receiver multi-level broadcast channel that we consider consists of a finite in-
put alphabet 2" and arbitrary output alphabets %/ for each output at the receiver-j for j €
{1,2,3}. The conditional distribution of outputs at receiver-1 and receiver-3 given the input, i.e.
Priys|x (y1,y3]x), along with the conditional distribution of output at receiver-2 given the output
at receiver-1, i.e. py,jy, (y2|y1), are given for this broadcast channel setting, where X is the input,
Y; is output at receiver-j for j =1,2,3,x € 2 and y; € % for each j € {1,2,3}. These two
conditional distributions define this broadcast channel with three receivers since the output at

the receiver-2 is degraded with respect to output at receiver-1. The broadcast channel model is

shown in the Fig. 5.2.

Now we define the coding problem to transmit a public message for all the receivers and

a private message intended only for receiver-1.
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A (2N 2NRi N} code consists of
+ a message set for public message: {1,2,...,2VR0}
* a message set for private message of receiver-1: {1,2,...,2Vk}
e anencoder XV : {1,2,...,2NR0Y} x {1,2,... 2NRi} 5 27,
* adecoder at receiver-1 Ay : N — {1,2,...,2VR0} x {1,2,... 2Nk}

* a decoder at receiver-2 hy : 45" — {1,2,...,2NFo}

a decoder at receiver-3 h3 : %N —{1,2,...,2NRo},

where N is the block length, Ry is the rate of the public message and R; is the rate of the
private message. Let M; be the public message which is chosen uniformly from the set
{1,2,...,2VR0} and M; be the private message of receiver-1 which is chosen uniformly from
the set {1,2,...,2NMR1} Let leiN be the output vector at receiver-j where j € {1,2,3}. Let

P = P((hy (7N) # (Mo, M) U (o (¥N) # Mo) U (s (¥{N) # My)) be the probability of

error. If there is a sequence of (2N R0,2N Ry ,N) codes, for which the Pe(N) goes to zero, then the

rate (Ro,R;) is achieved. The closure of all such achievable rate pairs is the capacity region.

5.1.4 Contribution

In this paper, we use a polar coding strategy to achieve the rates in the capacity region
for the multi-level 3-receiver broadcast with degraded message sets without time-sharing. This
represents the first time in the literature that polar coding for 3-receiver broadcast channels
without eavesdropper is considered.

Three layered polarization results are established using auxiliary random variables that
characterize the capacity region. We do a suitable rate splitting of the private message of receiver-
1 for the implementation of our polar coding strategy. We use a chaining construction at two

levels, one of which is within first and second layers whereas the second level of chaining is
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done within the second layer. The two-level chaining construction that we provide essentially
translates into polar coding strategy the ideas of three layered superposition coding and more
importantly, indirect-coding [38] with the rate splitting of the private message.

The two-level chaining construction is new in the context of reliable decoding at three
receivers. In particular, first level of chaining is done to recover public message by all the
receivers. Second level of chaining helps to recover the split of private message reliably at
receiver-1 while translating indirect coding of public message for receiver-3. In contrast, note
that Marton’s coding [32] uses a two-level chaining construction, where first level of chaining is
to align good bit-channels of the two receivers and the second level of chaining is to maintain
the joint distribution of auxiliary random variables involved.

We also consider a slight variation to the problem of degraded message sets. Suppose
that receiver-1 requires to decode only M. Then M| becomes private message to receiver-1 and
My is common private message to receiver-2 and receiver-3. We show that the capacity region
does not enlarge by relaxing the decoding constraint at receiver-1. So the same polar coding
strategy achieves the capacity region of the modified problem. This is an interesting observation,
as we know that for any 2-receiver broadcast channel, superposition coding is not optimal in

general, unless it is a problem with degraded message sets.

5.1.5 Organization

The paper is organized as follows. In Section 5.2, we introduce some notations and recall
some background results. In Section 5.3, we give our chaining construction to achieve the rate
pairs in the capacity region of the 3-receiver broadcast channel with degraded message sets and
provide the detailed decoding error analysis. In Section 5.3, we also show that the capacity of
the broadcast channel remains same, even when receiver-1 is relaxed to recover only its private

message. In Section 5.4, we conclude the paper.
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5.2 Preliminaries

We denote the set {1,2,...,n} as [n] where n € 2. Let Gy be the conventional polar
transform [1], represented by a binary matrix of dimension N x N where N =2",n€ Z+.
Let X be a binary random variable. Let the random variable pair (X,Y) be distributed as

Pxy (x,Y), then the Bhattacharya parameter is defined as

Z(X|Y) =2 Y By (3)y/Pepy (115) Py (O1Y):
y

The following are the identities from [24, Proposition 1] which provides the relationship

between entropy and Bhattacharya parameter.

(Z(X|Y))? <H(X|Y) (5.1

H(XY) < log(1+Z(X]Y)) < Z(X]Y) (5.2)

The capacity region for this multi-level 3-receiver broadcast problem [14], [38] is as

follows:

Ry < min{I(W;Y»),1(V;Y3)} (5.3)
Ry <I(X;Y1|W) (5.4)
Ro+Ry <I(ViY3)+I1(X;Y1|V) (5.5

for some joint distribution p(w,v)p(x|v) with |#'| < |Z|+4 and || < (|2 |+ D)(|Z|+4).
Here W and V are random variables over the alphabets % and 7, respectively, Y is the output
at receiver-j when X is input for j = 1,2, 3.

Let (W, Vi,Xi)fL | be the binary triplet random variable sequence that is 1.i.d. (identical
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and independently distributed) according to distribution p(w,v)p(x|v). So | 2| = |# | =|7V| = 2.
Let (W,V,X) also be binary random triplet distributed according to p(w,v)p(x|v). Let le N be
the received vector at receiver- j when the random variable sequence X '*V is transmitted over the
3-receiver discrete memoryless broadcast channel and let ¥; be the output at receiver-;j when X
is input for j = 1,2,3.

Now we establish three-layered polarization results that are going to be used in the code

construction.
Let B < 0.5. Let (Uy,)"™" = WI'NGy, we define the following bit-channel subsets as

follows for j =1,2,3.

Ay = {i € IN): Z(U)|(U) D) > 158,
Ly ={i € [N]: Z((U)] (0))) < ,).
Higy, =i € IN]: Z(UI(U)YIN) > 1-5,).

Ly, = {i € IN]: Z((U)il U)"VY]N) < 8,

where 8, =27V ?_ Note that Ly, € Ly, from Lemma 7 in [17] due to the degradation

assumption on receiver-2. Then,

[ |Zw|

gim = HOW), - dim mm = 1=HW),
. [yl |Gyl
z\lfﬂT_H<W|Yj)’;\lzl_r& =1-HW[Y)).

Let (UV)IZN = VI"NGy. We now define bit-channel subsets Hyw and ZLyy based on the
Bhattacharyya parameter Z((U,);|(U,) (=W 1N) as we did above. Similarly we define the

Ay wy,; and Zy |y, based on the value of Bhattacharyya parameter Z((Uy),|(Uy) 1:("*I)WIZNY].“V)

1

for j =1,3. Then,

I
fim ] _ H(VIW), lim

N—boo N—boo

A
[Zvwl _ 1—H(V|W),
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(A wy,|

lim ——— = H(V|WY;),
N—soo N

|$V|WY'|
lim —— 2 = 1 —H(V|WY;).
Jim — (VIwYj)

Let (Uy)"™N = X'"NGy. We define the bit-channel subsets Hx v, Zx v and also Hx vy, Lx|vy,
based on the values of Bhattacharyya parameters Z((Uy);|(Uy) "= DVINY and Z((U,):|(U,) H D

VINYEN) respectively, as we did above. Then,

[Lxwl

4
fim W — H(X|V), lim

N—o N N—>o0

o1
lim | A | = HXVY),

| —H(X|V).

.1
lim ]v'.,gx‘vyl’ =1 —H(X’VY1>

N—yoo

Under this probability distribution of (W'N, V1IN XN we denote P((U,,) "N = (u,,) ')
by P(UW)I:N((MW)LN) and similarly we denote P((U,); = (u,); [WEN (U,) 1y [N = wliNg =1y iN
) by P(Uv)i|W1:N(UV)l:i—lYler((”v)i|W1:N(”v)1:i_1)’%zN)-

Define I} = $W|Yj Nty for j=1,2,3, I} = $V|Wyj Ny for j=1,3, and I =

v I
Ly, N Ay for j= 1. Note that limy . 41 = I(W:Y)) for j = 1,2,3, limy e 4 =

I(V;Y;|W) for j=1,3, and limN%w% =1(X;Y;|V) for j = 1. We refer to I} (j =1,2,3),
I7 (j=1,3) and I (j = 1) as information bit-channels of receiver-; in (UM, (U)"N and
(Ux) "N respectively.

Define F}" = sty — I} (j =1,2,3), Fj = Ayw —1I; (j=13) and F} = Az — I}
(j=1). Werefer to F}" (j=1,2,3), F/ (j=1,3) and F (j = 1) as frozen bit-channels of
receiver-j in (U,)'"™N, (U,)'"N and (U,)"™" respectively.

Define R" = (Jy U Ly ), R” = (7w U Lyw )¢ and R* = () U Ly |y )¢ We refer
to R¥, R” and R* as not-completely polarized bit-channels in (U,)"", (U,)'"N and (U,)"N

respectively.
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We denote the subvector of UV corresponding to the bit-channel set &7 C [N] by U "‘27.
Let P and Q be any two distributions on a discrete arbitrary alphabet 2. We denote the total
variation distance between the two distributions P and Q as ||P — Q||. Therefore ||P — Q|| =
Y.cr5P(z) — 0(z)] = Yo.p(2)>0(z) P(2) — Q(z). We denote the KL-divergence between two
distributions P and Q as D(P||Q).

5.3 Polar coding for the DM multi-level 3-receiver broad-
cast channel

In this section, we are going to discuss the polar coding scheme for achieving the
capacity region of the DM multi-level 3-receiver broadcast channel with degraded message
sets. To achieve the capacity region, we need to achieve the rate pairs that satisfy equations
(5.3), (5.4) and (5.5) for all joint distributions on random variables over the alphabets of the
required size mentioned in the definition of the capacity region. We consider the case when
| 2| = |¥| = |#| = 2 to describe the polar coding scheme. The fundamental idea of the polar
coding strategy which we present is applicable even when the alphabets 2", % or ¥ are of

higher size. In [47], [46], polarization for the alphabets of higher size is discussed.

5.3.1 Typical set coding

Before we go into our polar coding construction, we briefly discuss the achievability of
the rate pairs in the capacity region using random coding approach by typical sets [14, p. 200].
Three layered superposition coding with a rate splitting of the private message and indirect
coding of public message at receiver-3 are used in the scheme. Let N be the block length. Let

2NR0 _

Ri = Ry1 + Ry3 be the rate split of the private message. We first generate w sequences,

whose components are i.i.d. according to the distribution p(w), independently for the public

2VRi1 N sequences, whose compo-

message. Then we use superposition coding to generate
nents are independent according to conditional distribution p(v|w) given each w" sequence,

independently for the part of private message. We again use superposition coding to generate
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2NRi2_xN sequences, whose components are independent according to conditional distribution

p(x|v) given each vV sequence, independently for the other part of private message. For each
public message and private message pair, their corresponding x" sequence gets transmitted as
a codeword. Receiver-1 recovers the unique public message and private message pair whose
(W W xV) is jointly typical with received sequence at the receiver. Receiver-2 recovers the
unique public message whose w” is jointly typical with received sequence at the receiver. Instead
of recovering public message like how receiver-2 does, receiver-3 recovers the unique public
message whose w"' sequence and at-least one of its vV sequence in second layer is jointly typical
with received sequence at the receiver, which is referred to as indirect decoding method. If Ry,

R1, R11, Ry; satisfy the following:

Ro < [(W;Y5) (5.6)
Rip <I(X:11|V) (5.7)
Ri1 +Rpp <I(X;11|W) (5.8)
Ro+Ri1 +Rip <I(X;Y1) (5.9)
Ro+Riy <1(V:Y3), (5.10)

then reliable recovery of the intended messages at each of the receivers is ensured. After
eliminating variables Rj; and Ry, by Fourier-Motzkin procedure [14] by substituting R; =
Ri1 + Ry2, we get the region described by equations (5.3), (5.4) and (5.5) that defines the
capacity region.

The intuition behind the rate splitting is that if we want to achieve a private message rate
satisfying Ry > I(X;Y;|V) and Ry < I(X;Y;|W), then we rate split R into Ry and Rj, such that
Ri> < I(X:;Y1|V). As we recover public message indirectly using vV sequences at receiver-3, the
sum of public message rate Ry and R;; should be less than I(V;Y3). So, if we make R;; small

while rate splitting, then it can be noticed that the public message rate can be improved, provided
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the reliability constraint at receiver-2, Ry < I(W;Y>), is loose.

5.3.2 Rate splitting of the private message for polar coding

Notice that a point in the region satisfied by equations (5.6), (5.7), (5.8), (5.9) and (5.10)
does not always satisfy the constraint R1; < I(V;Y;|W). We impose the new additional constraint
Ry < I(V;Y|W) for the rate split in the implementation of our polar coding strategy through

following lemma.

Lemma 10. For any rate pair (Ro,R}) that satisfies equations (5.3) (5.4) and (5.5) and for a
particular joint distribution p(w,v)p(x|v) on (W,V,X), there exist rates Ry| and Ry, such that

R1 = R11 + Ry (rate split of Ry ) and following three identities hold.

Ry <I(V;Y1|W)
R <I(X;Y1|V)

Ro+Ry <I(V;Y3)

Proof:

It is easy to find the split for R; such that the first two identities hold since I(V;Y;|W) +
[(X;N|V) =I1(X;Y;|W) (W —V — X — Y is chain). Let R}, and R/, be such a rate split for
R;. Suppose that the third identity does not hold for the split R; = R}, + R),. That means
Ro+ R}, > I(V;Y3). Say that Ry + R, =1(V;Y3) + & for some & > 0. On the other hand we
have Ry + R/, + R}, <I(V;¥3)+I(X;Y1|V). So we should have R|, < I(X;Y;|V)— 8. Say that
R\, =I1(X;Y1|V) — ;. Clearly 6; > 9.

Note that R}, > &, since Ry < I(V;Y3). Choose Rj; =R}, — 0" and Rj =R/, + 67
where min{R/,,8;} > 8" > §. Clearly, R;; and R, is a split of R; that satisfies the required
three identities. Hence the claim of the lemma is shown. [

In our polar coding strategy, the private message bits for receiver-1 are given in bits /{
and I{ that are corresponding to V¥ vectors and X" vectors, which are involved in the chaining

construction we provide, respectively. The rate split in Lemma 10 allows us to associate the
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private message bits encoded in ] and Ij to split rates of the private message Ri; and R;»,
respectively. We also involve the bits corresponding to Rj;, which are private message bits
encoded in /7, in the chaining procedure to translate the indirect coding method at receiver-3 into
polar coding. We also use the degradation condition of receiver-2 in our code construction. Now

we provide our code construction in the following subsection.

5.3.3 Code construction

We give a polar coding strategy for each of the following possible cases for the rate pair

(Ro,R1).
* Ry > 1(W;Y3)
« Ry <I(W;Y3)

We consider k polar blocks of size N large enough so that the polarization happens. We
propose a chaining construction with these & polar blocks for the rate pair (Ro,R;) by using the
rate split given by the Lemma 10.

While encoding each polar block, we first construct (U,)'"V and compute W'V =
(U,)"NGy. We next construct VN = (U,)"NGy given WI*N and apply polar transform to
obtain V"N, Lastly, we construct (U,)"*" given V¥ and apply polar transform to obtain X'V
(codeword). This encoding method ensures that the average distribution of (W,-,V,-,X,-)ﬁ-\': 118
close in total variation distance to the distribution which is induced when (Wi,Vi,Xi){.\; | 18
i.i.d. according to p(w)p(v|w)p(x|v). The total variation distance becomes O(2~" ﬁ,) where
B’ < B <0.5.

We first give the construction for the case where Ry > I(W;Y3). This is the case where
we translate the indirect coding into polar coding strategy. We assume NRy; > |I{ NI3| to
demonstrate the code construction. The construction we give under this assumption gives the
general idea of the chaining construction which can easily be extended to the case where this

assumption does not hold.
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Note that public message bits have to be recovered at all the receivers. If we give NR
public message bits in I3, receiver-2 and receiver-1 (due to degradation condition) can recover
these bits. But receiver-3 may not be able to decode in that case. On the other hand we can
recover these bits at receiver-3, if we place these bits into Ig” and remaining NRy — |I§V | bits in 13,
as NRy > |I§V |. In this case, In this case, receiver-1 and receiver-2 may not be able to decode. We
do a chaining, to resolve the alignment of the bit-channel set in 3" with bit-channels sets in I3’
and I3 to allocate the public message bits for reliable recovery at all the receivers.

LN

Since we are assigning a portion of public message bits in (U,)" " vectors for receiver-3,

we need to recover (U,)!"N LN

vectors at receiver-3. But we also use (U, vectors for encoding
private message bits corresponding to the rate Ry;. If we give these private message bits in I,
receiver-3 cannot recover these bits, which blocks receiver-3 from recovering (U, )"V vectors for
decoding the portion of intended public message bits. Here is where we need to do a second level
of chaining for aligning bit-channel set in I3 with bit-channel set in I; where we provide private
message bits corresponding to Ry;. This summarizes the main idea behind the construction that
translates indirect coding at receiver-3.

Fig. 5.3 shows how we fill (U,)'"", (U,)"*N and (U,)"*N vectors when k = 3 allocating
public and private message bits. The links between vectors in Fig. 5.3 indicate the copying of
bits between bit-channel sets of successive blocks. Now we provide detailed steps in encoding

and decoding methods in the two-level chaining construction for this case, Ry > I(W;Y3).

Encoding:
* Encoding (k —1)NRo + |I3' NI}/ | bits of the public message, first level of chaining:

— We first place |I§ N IY'| bits in (U,,)"3 "2 for all the blocks t = 1 : k. Note that NRy is
the sum of |y NIY| + |I¥ N Y|+ (NRo — |I]).

— We place |I¥ N Ey"| bits in (U,,)5 2" and NRy — |I¥'| in (U,)"1 for the blocks # =1
k —1 where I} is partitioned as disjoint union I3, UI3,, |I},| = NRo — |I}’|. Note that

NRo+NRy < |I¥|+ |F'NI| + |1} N I3| due to Lemma 10. As we assumed the case
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where NRy > I NI}

, we can select I3y such that I3; C ;N F).

— We copy bits in (U,,)5 2" and (U,)51 of block ¢ to (U,,)B* of block ¢ + 1 for
t =1:k—1 where I}y N F}" is partitioned as disjoint union B,,; UB,, and |B,| =

NRo— |l N 1IY|.

* Encoding (k — 1)NRy; +|I} NI3| bits of the private message for receiver 1, second level of

chaining:

— We first place |I} N I}| private message bits in (U,)5"% for all the blocks ¢ = 1 : k.

— We place NRy; — |Iy N I3] bits in (U,)5321 for the blocks # = 1 : k— 1 where I3, is
partitioned as disjoint union I3,, UL}, U (I{ NI3), and |I3,,| = NRy1 — |I] NI}|. Note

that NRy; < min{|3,|,|/{|} due to Lemma 10.

— We copy the bits in (U,,)321 of block ¢ to (U,)/i1 of block ¢+ 1 fort = 1 : k— 1, where

(I7 NFy) is partitioned as the disjoint union I}, U1}, and |I},| = |I3,,|.

* Encoding kNR; bits of the private message for receiver-1: We place NR|; bits in (U X)If
for all these blocks r = 1 : k. Note that NR|, < |I{| due to Lemma 10. We do not involve

this portion of the private message bits in the chaining.

* We place randomly chosen frozen bits with i.i.d. uniform distribution in (U,,)B»1, (U, )"
for the block r = 1. We place randomly chosen frozen bits with i.i.d. uniform distribution
in (U,) 5N (U,)51, (U,)521 for the block 7 = k. We place randomly chosen bits with
i.i.d. uniform distribution in the remaining positions of (U, )74 (U,)”W and (U,)”%W,
which are not filled by private or public message bits, in all the k£ blocks. We share these

remaining bits that are in (U,,), (U,)f7 and (U,)%/ of each block with the receiver-j for

j=1,2,3, in all the k blocks.

* We have constructed (U,,)”4, (U)W (U,)” " for all the k blocks. Now we en-

code other positions in (U,,) 'V, (U,)1*N, (U,)'*N as we do for single asymmetric channel
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case [24], [37] for all the blockst =1 : k.

We use the following decision rule for encoding (U, ).

(Uw)i = argmaXxG{O,l}P(Uw)i\(Uw)lzi—l)(X|(UW)]:i_])_

For i € 4y, the induced conditional distribution 8" ((uy)|(uw)~1) on (U,); given

(Uy) V1 satisfies 8 ()| (1) 1) = 1 and ( ()i + 1] () =) = 0 where
(Mw)i = argmaxxe{m}P(Uw)i‘(Uw)l:H (X|(l/lw)1:i_l)'

We use either randomly chosen boolean functions, which are shared with all the receivers,
or common randomness [24], [37] for encoding bit-channels in (UW)RW to maintain the
conditional distribution P )., y1+-1 On an average over the random ensemble. We now

compute W'V = (U,,)'NGy.

We use the decision rule below for encoding (U,) VW .

(Uy)i = argmax ¢ 10,1y Py, ), wiN (u,) 11 (x‘WliN(Uv)lzi—l).

For i € %y}, the induced conditional distribution &} ((u,);|w'™ (uy)=1) on (U,); given
WEN(U,)H=1 satisfies 8 ((uy)i|w'™ (uy) 1) = 1 and & ((uy)i + 1w (u,) 1) = 0

where
(uy)i = argmaXxG{O7I}P(UV)i|Wl:N(UV)l:i—l (x|wl:N(uv)1:"—l).

We use either randomly choosen boolean functions, which are shared with all the receivers,
or common randomness for encoding bit-channels in (U,)® to maintain the conditional

distribution Py ) win(y,)1:i-1. Now we compute VIN = (U,) N Gy.

i
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« We use the decision rule below for encoding (Uy) XV

(Ux)i = argmaxxe{071}P(Ux)i‘V1:N(UX)1:i—1 (X|V1:N(Ux) Li—1 )

For i € Zx|y, the induced conditional distribution 8 ()i V™ (uy)=1) on (Uy); given

VEN(U) 1 satisfies 5?((Mx)i|v1:N(ux)1¢"‘1) — 1 and 5l,x((ux)i+HVl:N(ux)l:i—l) — 0 where
(ux)i = argmaXXG{O,l}P(Ux)i\vliN(Ux)lzifl (X|V1:N(Mx)1:i71)‘

* We use either randomly chosen boolean functions, which are shared with all the receivers,
or common randomness for encoding bit-channels in (U, )% to maintain the conditional

distribution Pg; . 1y1:v (g, y1i-1. Now we compute X 'V = (U)"NGy.
o We transmit X 'V for all k blocks.

Rate of scheme: We encoded (k— 1) - NRo + |I}' N I}'| public message bits for k blocks. We en-

coded (k—1)-NRy1 +k-NRi»+|I} NI;| private message bits for k blocks. Hence the we achieve

( (k—1)~NR0+|15Vﬂ[§V| (/(—1)-NR11+k~NR12+‘]i/ﬂ[§‘
k-N

the rate pair , . ), which approaches the pair (Ry,R;) as

k goes infinity. Now we provide the decoding method for the case Ry > I(W;Y3).

Decoding, using ¥/ at receiver-j for all k blocks:

* The following steps 1) —4) give the decoding procedure at receiver-3. We decode both

(Uy)"™s and (U,)"*Ns of all the blocks to recover the public message bits at receiver-3.

1. Sett = 1. We decode (U,,)"*N and (U,)"*N by successive cancellation for the block
t. NRy bits (U,)5 and (U,)51 of the public message will be recovered in this step.
NRy bits in (U, )52 of the private message of receiver-1 will also be recovered.

2. We decode (U, )" followed by (U,)!*N by successive cancellation for the block 7 + 1.
The bits (U,,)5™2, (U,)51 and (U,)521 recovered for block 7 give bits in (U, )3+ and

(U,)11 during the successive cancellation decoding of block 7 + 1. NRy bits (U,,)%
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o Ry >I(W:Ys) NRu > Iy n 3|

Constructing (U,)"Ns Constructing (U,)"*Ns

NI(W;Yj;) good indices for receiver j NI(V :Y;|W) good indices for receiver j
(3=1,2,3) we use this only for j=1,3)

(
WﬂF;’ I%'”If/I;nF;' \EoF ’f'“’ﬂ”/lme/
| . |

|:| Bits of the public message |:| Blt’;:;?;zsg;z?:onﬁssagc
11

Bits of private message
corresponding to R

1L:N

Constructing (U,)'*Vs

NI(X :Y1|V) good indices for receiver 1

I

I
I

Figure 5.3. Private and public message bits allocation in (U,)'"V, (U,)'*N and (U,)"*N vectors
when k =3
and (U,)51 of the public message will be recovered in this step. NRy; bits in (U,)2

of the private message of receiver-1 will also be recovered. Increase ¢ by 1.

3. Repeat step (2) until t =k — 1.

4. We decode (U,,)'"N and (U,)!*N in successive cancellation style for block k. The bits
(Uy)572 (U,)51 and (U,)521 and recovered for block k — 1 give bits in (U,, )5 and
(U,)!1 during the successive cancellation decoding of block k. The bits (U, )52 of

the public message will be recovered in this step. The bits (UV)I3V "% of the private

message of receiver-1 will also be recovered in this step.

* The following steps (1)-(4) give the decoding procedure at receiver-1. The content in
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parentheses- () is ignored when decoding at receiver-2. We decode all (Uy,)'™Vs, (U, )!"Ns
and (U,)""Ns of all the blocks to recover the public message bits and private message bits
at receiver-1. We only decode (U,,)'""s of all the blocks to recover public message bits at

receiver-2.

1. Sett = k. We decode (Uy,)"*N (,(U,)"™" and (Uy)"*N) by successive cancellation for
block 7. NRy bits (U,,)5™% and (U,, )5 of the public message will be recovered for
block ¢. (NR11 bits in (Uv)l 1YH0G) of the private message of receiver-1 will also
be recovered. NRj, bits in (U,)"1 of the private message of receiver-1 will also be

recovered. )

2. We decode (Uy,)"™(,(U,)"™ and (Uy)"™N) by successive cancellation for block
t — 1. The bits (U,,)1, ((U,)11) recovered for block ¢ give bits in (U,)5 2" (,
(Uy)51 and (U,)521) during the successive cancellation decoding of block # — 1. NRy
bits (U,,)57%" and (U, )P of the public message will be recovered. (NRy; bits in
(U1 1Y) of the private message of receiver-1 will also be recovered. NR5 bits

in (U,)1 of the private message of receiver-1 will also be recovered.) Decrease t by

1.
3. Repeat step (2) until t = 2.

4. We decode (Uy,)"™N (,(Uy)"™N and (Uy)"™) by successive cancellation for block 1.

The bits (U,,)5» (, (U,)M) recovered for block 2 give bits in (U,,)5 2" (, (U, )51 and
(UV)I§21) during the successive cancellation decoding of block 1. The bits (U,, )5 2

L4 vV .
L0 of the private message

of the public message will be recovered. (The bits (U,)
of receiver-1 will also be recovered. NR|; bits in (Uy)1 of the private message of

receiver-1 will also be recovered.)

« During the successive cancellation decoding, we recover the needed bits in (U, )ZW

b

(U)W and (U,) 7V at each receiver by an appropriate decision/arg-max rule.
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« We use the following decision rule for decoding (U, )" and (UW)I}‘¢ at receiver-j = 1,2,3.
(Ui = argmaxe(0,1y Py, (v, -1y} () 1Y),
We use the following decision rule for decoding (U)W and (UW)I; at reciever-j = 1,3.
(Uy)i = argmaxxe{o,l}P(Uv)i\wliN(Uv)lriflyj'1N (X|W1:N(Uv)]:i_lyj] ).

We use the following decision rule below for decoding (Uy)Z¥V and (U,,)"1 at reciever-1.

(Ux)i = argmaxxe{o,I}P(Ux)in:N(Ux)1:;71Y11:N(X’VlIN(UQl:i_IYll:N).

* The remaining bits could be either the bits in frozen positions which are available at the
corresponding receiver or the bits in (U, )%, (U,)® and (Uy)R~ for which we use shared

boolean functions/common randomness to decode.

We assumed that NRy; > |I] N13|. Suppose if that does not hold, then we do not have to
perform chaining at the second level. The private message bits corresponding to the rate Ry; will
fit into 7] N 13 and hence can be recovered by receiver-3 and receiver-1. Allocation of the private

message bits in (Uy)'"

corresponding to the rate R, will still be the same as in construction for
the previously assumed condition. Fig. 5.4 shows the allocation of private and public message
bits in (U,y)!* and (U,)!* in the chaining procedure for k = 3 when NRy; < |I{ N1}|. The other
details of the construction can easily be extended from the construction under the assumption
NRy; >[Iy NI;|. Fig. 5.4 shows a case where the public message bits in I} fit into /Y N F}’. Notice
that the same chaining procedure still applies, as shown in Fig. 5.4 even when these public
message bits overflow into I3 N1}.

Now we look at the other case where Ry < I(W;Y3). Assume NRy > |I' NI}'| where

there will be non-trivial chaining construction. In this case, note that NR, public message bits
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o Ry>I(W:Y) NRu < |IY NI

1:N

Constructing (U,)"Ns Constructing (U,)""s

NI(W;Yj;) good indices for receiver j NI(V :Y;|W) good indices for receiver j
(3=1,2,3) (we use this only for j=1,3)
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171 1 ']
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C 1 1) o /]

\nr \BNE /ppapy

|:| Bits of the public message |:| BitSTBEIhS DLivate fessage
corresponding to Ry

1:N

Figure 5.4. Private and public message bits allocation in (U,,)""N and (U,)"*" vectors when

k=3
totally fit into |7}'|. We perform chaining within the layer (U,,)"*" itself and resolve the alignment
of bit-channel sets I3’ and I3’ so that these public message bits can be reliably decoded at all the
receivers. Since we do not require to fill the public message bits in /3, receiver-3 can ignore
decoding the (U,)"*N vectors. Hence there will be no need of chaining at the second level that
aligns bit-channel sets in /] and I3 for private message bits corresponding to the rate Ry;. It is just
enough to provide private message bits in /;. The other details of the code construction can easily
be extended from earlier case. Fig. 5.5 shows the case under the assumption NRy > I3’ N 1Y|
when k = 3.

Suppose if NRy < |Iy N IY|, we can fill NRy public message bits in I}’ NI} so that they
can be recovered at all the receivers. We can the fill NRy; and NR;, private message bits in /{ of
(U,)1*N and I§ of (Uy)"*" so that they can be reliably decoded at receiver-1. Hence chaining is

not needed when NRy < |Iy) N 1IY|.

5.3.4 Probability of error analysis

Let C denotes the random vector which contains randomly chosen frozen bits in the
code construction. The random variable C also contains randomly chosen boolean functions for

not-completely polarized bit-channels in case we do not employ common randomness in the code
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Figure 5.5. Private and public message bits allocation in (U,,)'"V and (U,)"*V vectors when

k=3

construction, of all the blocks as its components. We give the analysis for the code construction
that uses common randomness for not-completely polarized bit-channels. The spirit of the
analysis will remain the same for the case where we use randomly chosen boolean functions
for encoding not completely polarized bit-channels as in [24]. The analysis of probability of
error that we provide is done in three steps. First step is deriving the average distribution of each
block which is close to the distribution induced when (W N, V1IN XT:N) is i i.d. according to
p(w)p(v|w)p(x|v) in total variation distance through Lemma 11. Secondly, we write error event
at each receiver as a union of error events we define for each of these blocks. Notice that blocks
involved in the chaining are statistically dependent due to the chaining construction we did. We
use linearity of expectation and union bound to get an upper bound on average probability of
error at a receiver, which is sum of average probability of errors of each of these blocks at that
receiver. Finally, we use the fact that the total variation distance between average distribution of
the block in the code construction and distribution when (W!N VN X 1:NY g ii.d. according to
p(w)p(v|w)p(x|v) are close and polarization results to get bound on the average probability of
each block at that receiver. Theorem 6 provides a detailed analysis of the probability of decoding

error for the chaining construction. We now give Lemma 11 used in proof of Theorem 6.
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Lemma 11. Let Oy, 1wy, )18y, be the measure on (Uy,) "N (U,) "N (U)'™ as follows:
Qw1 (w1 (¢ (1 Ny N )
= (27 e g4, 8 ()il (i) =) icrw P, 0 i ()il () 1) ) -
(2 e g, 6 (a )il N ) )
Wicre Py, ), win (o, yi-t ()il wh™N (u,) F1)) -
(2770 e g, 5 (w il () 1)
Micre Py, visn (g i1 ()i N () 1))

Let Py, yiv (g, y1n )1 be the measure induced when (WEN VEN XUNY are ii.d. according to

p(w)p(v|w)p(x|v). The total variation distance,

P(UW)I:N(UV)I:N(UX)I:N — Q(UW)I:N(UV)I:N(UX)1:N|| =
02N, where B’ < B < 0.5, wY = () NGy, W = (u,) NGy and ¥ = (u,) NGy,

Proof:
We use short hand notation Q( (1) "™ (1,) "™ (1) ") and P((uty,) "N (1) N (1) '™V for
O,y (v w1y ((t00) N (1) PN () ™YY and. Py yiow gy gy () PN (1) Y (1) V), e
spectively. The proof is inspired from Lemma 1 in [24]. From equation (56) in [24], we have

the following identity:

n
B} —A} =Y (Bi—A)AT'BY,, (5.11)
i=1
where A’J‘. and B’J‘- denotes the product Hé‘: jAiand Hi-‘: iBi respectively. We are going to apply

this for n = 3N length vector, which is (U, )N (U,) "N (U,) V.

2‘ ‘Q(UW)I:N(UV)LN(UX)I:N - P(UW)I:N(UV)I:N(UX)I:N H
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nglQ((MV)MWI:N(MV)IZp_l)
2! 1Q<(Mx) |W1:NVI:N(MX)1:q—1)

ﬁl (1t Delw"™ () 1) = PG "™ () ))
Ty P(()m| (1) 1)
I3 P((uy) w0 (1) 77
Ty 1 (1) p "™ (1))
TT); O (t)g Wy (1) 971
3 Q) b ) 1)

[

—

P(ae) ey () )
T P(t )l 1) )
T, P((at) ' ()7
T2 P((0) b0 () 01

T 1 Q((1)g[w V™ (1) F471)) |

This implies that

2| |Q(UW)I:N(UV)1:N(UX)1:N - P(UW)I:N(UV)I:N(UX)I:N ‘ |

A
S oy
;
RS

() N (1) T (1)
N
(; |O((at)il (1) 1) = Pt )i () 1)

P((uw)I:ifl)Q((uw)i+1:N(uv)1:N(ux)I:Nl(uw)lzi)
N
+ 3 QG el w'™ () 1) —
P((uy)i[w"™ () 1))
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P((uw) I:N(uv)lzk—l)

Q((uv)k-i-l:N(ux) 1:N| (W) 1:N<Mv)1:k)
N

+ ) Qe v! ™ (1) 1) =

=1
P((u)a ™ () 1))
P((MW)I:N(MV> I:N(ux)l:l—l)

Q((ux)l-i—l:NKw)l:N(v)l:N(ux)l:l))

This implies that

2‘ |Q(UW)13N(UV)1:N(UX)1:N - P(UW)I:N(UV)I:N(UX)I:N H

<( X

(MW)I:N(MV)I3N(MX)I:N

[P((aa )il (1) 1) = Qs )il () 1))

1=

P(() ") Q)N (1) N (1) N | (1))

(MW)]:N(MV)I:N(MX)I:N

N
Y 1P )l w'™ () 1) = O )lw'™ (uy) 1)

N
Y 1Py () 1) = (el (1) 1)

P((”w) liN(uv)lzN(”x) b )Q((“x)l+l:N| (W)lzN(V)]:N(ux)l))

137



This implies that

2| |Q(UW)I:N(UV)1:N(UX)1:N — P(UW)I:N(UV)I:N(Ux)l;N||

<(X

=1 (14,,) N (1, ) N (1) 1N
[P )il (1) 1) = O ()il (1) 1))
P(() 1 O (u0) T (1) ™ (102) | (a) 1))

~

k=1 (1, ) VN (1, ) N (1, ) 1N
[(P((aty )" () 1) = O ()N () 1))

P((uw) I:N(uv)lzk_l )Q((uv)k+1:N(ux)1:N| (W)lzN(uv)lzk))
N
+(

I=1 (a0 ) 5N ()1 (1) N
|(P((ux)l‘v1:N(ux)1:lfl) _ Q((Mx)k|v1:N(ux)l:kfl))|

P((uw) I:N(uV)I:N(ux) l:l—l)Q((ux>l+1:N| (W)I:N(V)I:N(ux)l)

(5.12)

[(P((ay )l w'™™ () 1) = Q((at )aw'™ () 1))

N
+ ( Z Z P((MW)I:N(MV)I:N(ux>1:l—1)

1=1 (uw)lzN(uv)lzN(ux)lzl

[(P((u)s 0" (1) 1) = Q ()i (1) 1) )

Now we consider the individual sum terms in the above bound. Let us first bound the term,

L1 E )t P(0) P ((u00)i] (00) 1) = Q( ()il (1) 1)
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If i € A4y, then

Z P((uw)lzi_])|P((Mw)i|(uw)]:i_l) _ Q((uw)i|(uw)1:i_l))|

(Mw)l:i
2P ((uy) ™ 1)HPUW YU (1) 11— QU )i (U  =(10) 11 ]
uw)lz 1
(a) .
< P((uy)""1)v/(21n2)
(i) 1
05
(D<P(Uw)i\(Uw)lii”:(uw)liifl | |Q(Uw)l.|(Uw)lzi—lz(uw)l:i—l ))
(b)
< v/ (2In2)( P((uy)" 1)
(Mw)l:zfl
0.5
D(P(Uw)l,‘(uw)lzi—l:(uw)lzi—l ||Q(Uw)i|(UW)1:i—l:(uw)lzi—l ))
(C) .
< /@n2) (1~ H((U)i| (U1 1))
(d) )
< /@) (1 - Z(UIU) 1))
(e)
<4/ (4In2)(2—"")
— o2

where B’ < B.

(a) follows by pinsker inequality, (b) follows by jensen’s inequality, (c) follows due to the fact that

O((uy)i| (1) =1) = 0.5 and by the formula of conditional entropy, (d) follows from equation

(5.1), and (e) follows from polarization results mentioned in Section 5.2.

Ifi e %y, let

Pyt = max{P(0] 1) 1), P(1] (1) 1)}

Z P((uw)lzi71)|P((uW)i|(uw)lzifl) . Q((uw>i|(uw)1:iil))|

(Mw)lsi
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Z' 2P((uw)l:i_l)|’P(Uw)l,‘(Uw)lzi—l:(uw)lzi—l - Q(Uw)i|(UW)lzifl:(uw)lzifl||

<Y P )y 2m2)

0.5
(D(Q(UWM(UW)l:H:(Mw)le ||P(Uw)i‘(Uw)1;i71:(uw)1;i71 ))

l:i—1

(H((UW)il(U) = () 1))
= \/ In2)(H (U] (V) 51))
) )
< /@I 2)(Z((U)il(U)151))

<
) /
< y/(2m2)2-* = 02"

(a) follows by pinsker inequality, (b) follows by jensen’s inequality for concave functions. (c)

follows from Q((uy,)i|(uy)'~1) =1 when (u,,); = argmax,c o 1} {P(x|(uy,) "= 1)}, (d) is true
since log(%) > 0. (e) follows from equation (5.2), (f) follows from polarization results

mentioned in Section 5.2.

Hence

/

N
Y X () )IP()il () ) = O )il ) ) = 027V (513

i=1 (uw)lzi

Let us first bound the term,

2t 1)1 (¢ P () )Pty el w ™ (1) 1) = O((aay )™ (1) 1) ).
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If i € A7)y, then

Z P((uw)I:N(uv)l:k—l)lP((uV)k|W1:N

(uw)lzN(uv)l:k

() 1) = @y "™ () 1))

2P(w'™ (u,) )P,

k‘Wl N(U )I:kflzwlzN(uv)l:kfl -

WI:N(MV)I:kfl

QU )i [WIN (U, ) =1 =N (i, 1;1<71H

(a) .
< P(WI:N(uv)lzz—l) (21n2)

WI:N(MV)I:IHI

(D(P( Uy ) [WEN (U, 1= 1= TN (3 ) 15k 1HQ Uy)i|WEN (U, ) =1 =y 1N (4 )1:k—1)0'5
(b) .
< (21112)( P(WI:N(uv)lzzfl)

Wl:N(uv)lzkfl

(D(P(Uv)k|W1:N(U)lk Tyl (g, ) 1k 1HQ U )l WEN (U, =1 =iV (4 )HH)O.S
(c)
< 2In2)(1—-H )k‘WlN( )lk 1))
<¢<2ln2><1—< (U)W () 151))2)

where 8’ < B.

(a) follows by pinsker inequality, (b) follows by jensen’s inequality, (c) follows due to the fact

that Q((uv)klwlzN(uv) I:k—l) —

0.5 and by the formula of conditional entropy, (d) follows from

equation (5.1) and (e) follows from polarization results mentioned in Section 5.2.

Let py,in ()11
Ifie D%Vm/, then,

Z P((uw)l:N(uv)lzk—l)|P((uv)k|w1:N

(uw)lzN(uV)l:k

= max{P(0|w"N (u,) k1),

P(1|WI:N(uv>lzk71)}.

() 1) = @y ™ (uy) 1))
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= Z 2P( IN(MV)ll 1)HP k‘wlN )1k—1:W1:N(uv)1:k—l—

WI:N(MV)I:k—l

Q(U‘,)k‘wl:N(Uv)lzkfl:WI:N(uv)lzk—l | |

(a) .
< P(w"™N (1)) y/(21n2)

WI:N(uv)lzkfl

(D(Q(Uv) WEN (U, ) 1= =N () 15k 1||P W EN (U, ) =1 =N )1:k71)0'5
(b)

< (21112)( Z P(WI:N(MV>1:i—1)

WI:N(uv)lzkfl

(D(Q(Uv)k|W1N( Uy) k=1 LN (g ) ik 1HP Uy e [WEN (U, k=1 =y TN )1:/(71)0'5

—
~

<em2) (Y% P<<uw>lﬁN<uv>1:k-1><—1og<pwm<uv)m>>)°'5
("‘W)I:N(”\/)kk
LVEmD( Y Pl ()

(uW)I:N(uV)I:k

(H((U,)| W (U,) 1 = WI:N(uv)lzifl)))0.5

—
~

\/21n2 |W1N( )11 1))
< (21n2)(Z((U, )i WV (U,) 1))
(f)

< \/(2m2)2* = o)

(a) follows by pinsker inequality, (b) follows by jensen’s inequality for concave functions. (c)

follows from Q((u, )i ()~ 1) = 1 when (u,); = argmax,c (o 1} P(x|whN (,) 41, (d) is true

Py 1IN () 1ik—1
17PW1:N(MV)1:k71

) > 0. (e) follows from equation (5.2), (f) follows from equation (5.2),

(f) follows from polarization results mentioned in Section 5.2. Hence

k=1 (14, ) 1N (u,,) 1k (5.14)

— o™
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By using the same approach as we just used to derive equation (5.14), we will also get

N
Y X Pl Py () ) = (i () )|
I=T () N (1) N () 1 (5.15)

— o2

From equations (5.12), (5.13), (5.14) and (5.15), we get

NP
"P(Uw)lzN(Uv)lzN(Ux)lzN - Q(UW)I:N(UV)I:N(UX)I:NH - 0(2 N )

Hence proof of the lemma. [
Now we provide Theorem 6 that gives a detailed analysis of the probability of decoding

error in the chaining construction.

Theorem 6.
1. For every polar block encoded in the chaining construction, we have
Eg[PULY = ul¥, USN = N UV =y V| )]
= (27 i 4, 6 ()il () = Y Wi Py, s -1 (20 )il (1) 171 -
(27 i, 8 ()it () B1)
Micre Py, wisn (o, it ()i w'™ () 1)) -
(2—\%(\v\Hiefxwgix«ux)iwl:N(ux)lzi—l)
TicreP ), vin -1 ()i VY () 1))
where w'N = (1, )N Gy, vI'N = (1,) "N Gy and x"*N = (u,) "N Gy,
2. Let P,(C) be the probability of error for a given code in the proposed random chaining con-
struction above with k blocks. The average probability of error for the random code construction,

Ec[P.(C)] = 02N for B < B < 0.5.

Proof:
1.

Let us consider a polar block in the random chaining construction. We now compute the ensemble
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average distribution of such a block. We first evaluate P(U[N = ul:¥|C) for that block.

Remember that in the code construction, we give the private and public message bits in a portion
of U”% and we put randomly chosen frozen bits with i.i.d. uniform distribution in the remaining
portion of it. Let I, be index set where we put private/public message bits in U7 in that block.
Let the randomly chosen frozen bit function be f,, : 54y —I,, — {0,1}. By encoding method,

we get,

B(U, " =, |©) = iy P((Un): = (€, (U)*" = () )
= 27 iy, LU 0) = wid lic 87 ()il () 71)

Hicrv P, ), 0,1 ((uw)i] () 1)).

By taking expectation on both sides, by independence of frozen bits and by the linearity of
expectation, we get the following:
Ec[P(USY = ul¥|€)] = 27 Wi g, Ee [1{fuli) = wiHTic 24, 8 ()il () )
Micrv Py, ) i1 ()il (1) 1))
This implies that
Ec[P(U,N = u,N|C)] = 2_‘%W‘Hiefw6iw((MW)i|(L‘W)IZi_l)
Wicre Py, ) w1 ()il (1) 1) ).
Similarly, we give the private and public message bits in a portion of U W and we give
randomly chosen frozen bits with i.i.d. uniform distribution in the remaining portion of it. Let I,
be index set where we put private/public message bits in 7y of the block we considered. Let

the randomly chosen frozen bit function be f, : Hy\w — I, — {0,1}. By encoding rule, we get

PU™ = MO W = wi) =27 1{A30) = vi)
Tic 2, 8 ((10)ilw"™ () 1)

icr Py, ) win ;) ti-1 ((uv)i|w1:N(uv)1:i*1)).
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By taking expectation on both sides, by the independence of frozen bits and by the linearity of

expectation, we get the following:

Ec[PUS = ul¥|C, W =w™)] = 27 Eo[1{£(0) = )]
e 7, 87 ()i (1))

Micrr Py, wiv o,y (()ibw™ () 1)
This implies that

E[PULY = ul™|C, W = w™)] = 270w e g 87 ()il (1) w'™)

1

HiERVP(UVMWl:N(UV)lfi*l ((uv)i|W15N(uv)l:i—1 )

Similarly, we give the private and public message bits in a portion of U 7% and we give
randomly chosen frozen bits with i.i.d. uniform distribution in the remaining portion. Let I, be
index set where we put private/public message bits in 7y of the block we considered. Let the

randomly chosen frozen bit function be f : H#xy — L — {0,1}. By encoding rule, we get

U = MO,y =y =2 M e 1{£() = )
Hieiﬂxw 6iV((ux)i|vliN(ux)l:i—l)

HiERxP(Ux)[.|Vl:N(UX)l:i—l ((”x)i|V1:N(ux) 1:i—1 )) .

By taking expectation on both sides, by the independence of frozen bits and by the linearity of

expectation, we get the following:

Eo[P(U™ = ufN|C VN =v!)] = 27 Bo[1{ £(i) = xi}]
Hiezxw ;C((MX)i|V1:N(”JC)1:i_1)

HiGRXP(Ux)AVl:N(Ux)IIH ((ux>l.|v11N(ux)l:i—1 )) .
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This implies that
Ec[P(UN = uN|C, VN = vEN)]
=27 VAV e g, 87 ((a0)i Py ™™ (1) V=) e Py i 1 ()i oY (1) 1),
By the chain-rule of conditional probability, we get
POLY = U = U = |0
= PULN = V) - PUIN = N[O, WY = ).
P(USN = ulN|C,VIN = pIN),
By taking expectations on the both the sides and by using the fact that the frozen bit functions
fws fy and f; are independent, we get the following:
BOlP(US = uf?. U = U = |0
= Eg[P(UY = ulV|C)]- Ec[PULY = ul¥|C, WV = whiV)).
Eg[P(USN = ulN|C,VIN = yIN)].
After substituting each of the three product terms on the right hand side, we finish the proof of
part 1.
2.
Let & be the error event. Notice that the error occurs if and only if there is an error while
decoding bit-channels .Zj U} in (Uw)"™N for j=1,2,3 or Ly Ul in (U,)"N for j=1,3 or
Ly Ul in (U,)"N in any of the blocks involved in the chaining construction. Let us index the
blocks in chaining construction as b =1,2,... k.
The error event of bit-channel i of block b for receivers j = 1,2 or 3 in the first layer will be as

follows:

éai;-”b = {(WI:N,vLN,xLN,y}-:N)s of all the blocks b € [k] :

P(Uw)i|(UW)1:i71le:N ((uw)l —|— 1 ’(uw)ki— ]y}N)

2 P(Uw)i‘(Uw)l:i_lel:N ((uw)i| (l/lw)]:i_]y}:N)

holds for (u,™,y}™) of block b}.
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When there is only a single block, the error event of bit-channel i for receivers j = 1,2 or 3 in
the first layer will be as follows:

gl;v — {(WI:N,VI:N,XI:N’y}:N) .

P(Uw)i|(Uw)l:i—lyjlzN((l/lw)i + 1|<uw)1:i—1y}:N)
> P(Uw)i‘(Uw)lziflyjlzN ((”w)i| (uw)lzi—ly};N)}'

The error event of bit-channel i of block b for receivers j = 1 or 3 in the second layer will be as

follows:

5’#’ = {(wlzN,vLN,xIZN,y}-:N)s of all the blocks b € [k] :

1:N L:i—1_1:N
P(Uv)l_‘WI:N(UV)I:i—lle:N((uv)i+1‘W (l/tw) ! y] )

LN Li=1 1.5
Z P(Uv)i‘wl:N(Uv)l:i—lyjI:N((uv)i’W (I/tw) y] )

holds for (w'*V, ui:N,y}:N) of block b}.

When there is only a single block, the error event of bit-channel i for receivers j = 1 or 3 in the

second layer will be as follows:

é(;‘; — {(WI:N,VIZN,)CI:N,)/I-:N) .

J
P wi ity ()i £ 1wt () Ty i)
: l:i—1 7.
2P(UV),‘|W1:N(UV)1:£—1le:N((lflv)i|W1'N(l,tw) ! y}N)}

The error event of bit-channel i of block b for receiver j = 1 in the third layer will be as follows:

@@{;b = {(w!, vl’N,xIZN,y_}:N)s of all the blocks b € [k] :

P(Ux)i|vl:N(Ux)l:i—lyjlzN((l/lx)i +1 |v1:N<ux)1:i—1y};N)
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: Li—1 4.
Z Py vivw,ri- lle((l/tx)i|vl'N(ux) y}'N)

holds for (vI*V, ,yJ Ny of block b}.

X

When there is only a single block, the error event of bit-channel i for receiver j = 1 in the third

layer will be as follows:

(gal)Jc — {(WI:N,VI:N,XI:N,y}:N) .
UANETAEREA(CRL + 1 () YY)

: 1:i—1 1.
> P(Ux) [VIN(U,)ti= 1Y1N((”x)i|V1’N(ux) y}N)}

We define é"w = U,GI Ugwé" wh for j=1,2,3, éaij = Ujepv Ufwwg for j = 1,3 and co@;‘b =
U,epcugxlvcg’ for j=1.

We define éo = UzeIWufwg for j=1,2,3, é” = UZGIVUfV‘Wéa for j=1,3 and éa]x =
UlEP‘Uiﬂxw & for j=1.

We define & = &P UEPUE?D, £ = £ and &2 = £ U &P for each block b.

We define &1, = &) U &V UET, &y = &Y and &35 = &£3Y U &Y for each block b.

We define & = U’g 15” which will be error event for receiver-j, where j = 1,2,3.

Therefore the overall error event & = U§:1 &j. By union bound, we the following identity:
P(&|C) < X)_ Tjey P(E7IC) .

By taking expectation on both the sides and also by applying linearity of expectation, we get

3k
EcP(&|C) < Y Y Ec[P(£7|C)]. (5.16)
i=1b=1

~.

Let Q((y, )% (v, )1:N (1,)1v) be the measure on (UM (U,) N (U )N as follows:

Q((UW)I:N(UV)I:N(U )IN(I/ll N ui:N,u}C:N)

= Q YN (u :N)Q( )1:N|W1:N:w1;N(u&;N)Q(Ux)lzN‘VlzN:vl;N (M‘I,ZN)

(e, 3 (M) e (b))
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(2_‘%|W‘Hiefv|w 3iv(<uv)i|W1:N<Mv)1:i71)
HiGRVP(Uv)i|W15N(UV)IZ"*I ((uv)i|w1:N(uv)1:i_1)) :
(2*\e9f>qvlniegxw 57 ()i v (1) 11
Hl'eRXP(UX)I,‘VI:N(UX)I:i—l ((l/lx)i|V1:N(l/lx) l:i_l)) .
Note that Py, v g, )18,y s the measure induced when (W'N, VIV, XTV) is i.i.d. according
to the distribution p(w)p(v|w)p(x|v).
From Lemma 11, we have
_NB'
|’P(UW)I:N(UV)I:N(UX)I:N - Q(UW)I:N(UV)I:N(U)C)I:N‘| = 0(2 N ), where ﬁ/ < ﬁ
b
P(&71C)
= 2 (1) 4V, 1)V, 1)V 1Y) of all blocks [k]) €57
P( ey (UL =l UIN =l UIN = N, yIN 1N of block B)|C).
From the definitions of (E’J-b and &, we get
b
P(&7IC)
— Z(((MW)1:N7(Mv)l:N7(Mx)1:N7y;:N) of block b)Eg”
Z(((uw)”\’,(lftv) l:N.,(uX)':N,y}:N)S of blocks [k] — {b})
P(Mepy (Un™ = u ™, USN =uf™ UFN = ugN ¥ N =y iV of block b)|C).
By marginalizing over
(UN,U;N,UFN Y [N)s of blocks [k] — {b}, we now get
b
P(ng C) = Z(((uw)lrm(uv)er,(ux)er,y}:N) of block b)€&s
P((UIN = ul:N UFN = N gl = u;:N,YJ] N = y}-:N of block b)|C).
By chain rule of condition probability and also by the fact that
P(Y}*N =y of block b|X "N = x'N of block b, ©) = I p(yjilxi),
we will have the following:
b
P(Cg} C) = Z(((MW)I:N,(MV)er,(ux)er,y}iN) of block b)€&s
P((ULN = ul:N UMN = uI:N UMN = ul:N of block b|C)IIY., p(yjilx;).
In the term ITY_, p; (v i|x;) here, notice that x'*¥ vector is corresponding to block b, which means
)I:N

it is obtained by applying polar transform to (u, vector corresponding to block b and also
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y}:N vector is corresponding to block b.
By taking expectation on both the sides and by the linearity of expectation, we get the following:
Ec[P(¢7|C)]
- Z"((uw)1¢N,(uv)1:N,(ux)I:N,y}:f\’) of block b) €&
Ec[P(ULN =ulN UMN = ulN UN = ulN of block b|C)ITY, p(y;i|x;)
= X)) Y (1) 1Y i) of block b) €6
O, yov v s (N uy Ny ML p(y i)
= Q)13 () () vy (Es)
= ||P(UW>“N<Uv>“”<Ux>“”Y}’N = Qv vyl
Py, v, ) vy ()
2 1B e s = Qe oyl + P oy (65)
=0+ Py (v vy (65
Identity (a) follows from part 1. Identity (b) follows from Lemma 4.
For receiver-1, thatis j = 1, we get
EC[P(&])IT] = 02 + Py vy sy (61)
(<) 02~ Nﬁ/) P,y )N v (67) +P(UW)11N(Uv)13N(Ux)13NY11:N(éalv)
P e (67)
20(2_Nﬁ,) +Zie$WU1}VP(UW)1:N(U) lNle(CO@l )
+ Lie gywor P,y ovw,y v vy (671)
+ Lie gyur Pu, v,y vy (61)
<0+ Lic ayunp ZIUWI(U)1)
+Yie gy yur Z(U)i WV (0,) 1Y)
- Lie spuns ZUUV N (U F 1V
<02 M)+ N2V 4 N2V 4 N2V
<02V,

Identity (a) follows from the definition of &7, and union bound. Identity (b) follows from the
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definition of &7", &, &} and union bound.
For receiver-2, that is j = 2, we get
Ec[P(£D)IC] = 02N )+ Py vy vy (623)

(2 0(27Nﬁ/) + Py, vy vy (637)

(2 0(27Nﬁ/) + Liegyury Pu, v w,) v,y 1ivy) (&)

< 02+ Lie gyupy Z(UWH(U) 114 )

<o@ My +N2 N

— 02 ™).
Identity (a) follows from the definition of &5,. Identity (b) follows from the definition of &," and
union bound.
For receiver-3, that is j = 3, we get
Ec[P(E)C] = 0@ )+ Py o g vy vy (63)
200+ By g ()

By ) gy (63)
<0+ L P () V(U vy (65)
Lic o Fu, o) oy (63)
<02 M)+ Lie g Z(UWHT) 1)
+Xic A wun Z((U,)iWEN (U, Ty

<o My N2 N L N2V

<02 V).
Identity (a) follows from the definition of &3, and union bound. Identity (b) follows from the
definition of £3", &3’ and union bound.
From equation (5.16), the overall average probability of error will become O(k2~V ﬁ/). This
concludes the proof of part 2. Hence the proof of Theorem 6. U
Both encoding and decoding complexities will become O(NlogN) per block [24].

We have given the code-construction for the case where | 27| = |#'| = |#'| = 2. If any of
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these alphabets have arbitrary sizes, we can adapt multi-level polar code construction technique.
Let |2 |= 111 p; [V]= Hézlqj VAE H’]‘.erj where {r;}, {¢;} and {p,} are prime factors of
W,V and 2, respectively. Then random variables W,V and X can be represented by random
vectors (Wy,...,Wi), (Vi,...,V;) and (Xi,...,X,n) where W;, V; and X; are supported over the set
{0,1,...,r;—1},{0,1,...q;— 1} and {0,1,... p; — 1}, respectively. By chain-rule of entropy,
we get H(W,V,X) =5 HW;|WH )+ 2b_ H(V WV 4327 H(X; WYX ). We
can use the polarization for prime alphabets for each term in the above identity and derive a polar
code construction technique with an appropriate successive cancellation decoder [47], [46] for
larger alphabets. The key ideas in the analysis of the probability of error we provided for the

binary case still apply to the coding method for larger alphabets and can be extended.

5.3.5 Extension: receiver-1 requires only M

For a (2VRo 2NRi N) code of a setting with degraded message sets, the converse proof
of the capacity region just uses the fact that H(M;|Y"N), H(Mp|Y,*N) and H(Mp|Y;*N) are
o(N) [38]. We do not have to use the stronger fact that H(M;,Mp|Y{*") is o(N) to complete
the converse proof. This means that the same proof becomes the converse proof of the capacity
region for the problem when receiver-1 is relaxed to recover only M;. Hence, the capacity region
does not enlarge and remains the same. So the same polar coding method can be used to achieve

all rate pairs inside the capacity region.

5.4 Conclusion

We considered the problem of achieving the rates in the capacity region of a discrete
memoryless multi-level 3-receiver broadcast channel with degraded message sets through polar
coding. The problem is to transmit a public message to all the receivers and a private message
intended for receiver-1. Our motivation for this problem is due to a file transfer application
in a client-server network that has three clients, where this setting can be applied. We give a

new two-level chaining construction to achieve all the points in the capacity region without
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time-sharing. We also gave a detailed analysis of the probability of decoding error for constructed
coding scheme. We showed that the capacity of the broadcast channel does not enlarge, even
when receiver-1 is required to recover only its private message. Hence, we can use the same

polar coding strategy to achieve the capacity under this setting.
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