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ABSTRACT 

A study of 13.3 X 106 stopped K+ in a heavy-liquid bubble chamber 

+ + -yielded 269 Ke4 decays of the type e 'Tl' 'Tl' v, a total greater by a factor 

of 4 than the number found in a previous experiment. No examples of 

- + +-e 'Tl' 'Tl' V were found. With 95% confidence the upper limit for the decay 

- -1 + 
rate of Ke4{ e ) was found to be 56 sec The rate for Ke4{ e ) was found 

to be {2 .60 ± 0.30)X 103 sec -1. 

The angular distrlbutions an.d the dipion invariant-mass plot have--

been fitted by varying the form factors f , f , g, andh, and the differ
s p 

-
encebetween s- and p-wave 'Tl'-'Tl' phase-shift. Two acceptable solutions 

have been found. Both agree that the vector form factor, h, is signifi-

cantly nonzero and that its sign is negative with respect to that of f s . 
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Also it has been found necessary to include f in order to obtain a good 
p 

fit. Although both solutions give the magnitude of the phase difference 

to be 25 ± 9 deg, the two estimates have opposite sign. 

No evidence of a (J'reso~ance is seen. The angular distributions are 

found to be consistent with time -~eversal invariance, and with the locality 

of lepton production. 
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1. INTRODUC TION 

The rarity of the Ke4 decay makes it a difficult process to study. 

Thus, in spite of its considerable theoretical intere.st, there has to date 

been only one experimental investigation, 1 based on 69 events. 

The experiment presented here represents an extension of this work 

with statistics increased by a factor 4. This has been made possible 

through the use of a larger heavy-liquid bubble chamber, permitting a 

greater number of decays per picture. Also the number of pictures 

taken this time was greater by a factor of more than 2. 

Progress reports on this work have already been presented at various 

conferences, 
2 

and a preliminary analysis of the data has been given by 

Berends, Donnachie, and .cades. 3 

The decay modes of interest are 

+ K
e4

(e ): 

Ke4( e -): 

+ + - + K -+ 1T 1T e v; 

+ + + --K -+ 1T 1T e V. 

( 1) 

(2 ) 

The general form of the matrix element has been discussed bysev-

1 4. 5, . (h era authors, assumlng a V - A theory. ReactlOn 2) as been shown 

to proceed almost entirely through the axial-vector current, whereas 

reaction (1) is a mixture of vector and axial-vector. 

Several interesting topics are investigated in this paper. Firstly, 

the AQ = AS selection rule forbids K
e4

( e -), so a search for this reaction 

't t t f th l' f . 1 . k . . 4, 6 perml s a es 0 ,e ru e or ax1a -vector currents 1n wea lnteractlons. 

Th t f K ( +)' • d . h' 1 d" ,4, 6 -11 e ra e or e4 e 1S compare, W1t severa pre 1ctlons, some 

of which include the effects of final-state interactions. 

The angular correlations between the decay products lead to a deter-

mination of the form factors,and these are checked against theoretical 

prediction. 11 They also permit a te st of time -reversal invariance. ' 
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Lastly, Ke4 decays are notable for their unique property of allowing 

one to investigate the s -wave 'IT-'IT interaction in the absence of any addi-

o 1 1 0 0 0 1 12 -16 ThO 0 b 0 h tiona strong y lnteractlng partlc es, is arises ecause in t e 

final state of the decay, the two pions are accompanied only by two 

leptons, 

II. THEORY 

In this section we are following the treatment of the theory given in 

• Pais and Treiman's paper, 16 

The matrix element in first-order perturbation theory (aside from 

the usual kinematic factors) is 

where J V and JA are the strangeness -changing vector and axial-vector 

currents of the hadrons. 

From invariance considerations 

and 

where M is the mass of the K meson, and P= (p+ + P ), Q = (p - p ), 
- + 

+ . -where p + and p _ are the 'IT . and 'IT four -momenta and K is the kaonfour-

momentum. The dimensionless form factors, f, g,r, and h, are func

tions of the invariant quantities p2, (K_p)2, and (K· Q), or equivalently, 

S'IT' Sl' and () 'IT' whe re S'IT is the square of the 'IT + 'IT - invariant mas s 
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(i. e., S = _p2) and S~ is the squal."e of the e + v invariant mas s (i. e. , 
TI ~ , 

S = -L 2 'where L = P + P ; p ar.d p are the positron and neutrino 1. ,,' ' eve ,v 

four -momenta). In Fig. 1 we have the definition of 8, which is the 
, , TI 

angle of the TI + in the dipion center-of-mass system with respect to the 

dipion line of flight. 

Apart from spin, Ke4 decay is kinematically parameterized by five 

independent variables. We have chosen these five to be S , S~, 8 , 81 , 
' TI.t TI 

and e!>. The latter two angles are also defined in Fig. 1. 

The probability distribution summed over lepton spins is of the form 

2GZ . Z8 = TI SIn c 

(ZTI)8 16M5 

where 8 is the Cabbibo angle, m is the electron mass, and X is defined c ' 

as X = [(p.L)Z - STI' S1] 1/Z. 

The distribution funCtion I has an explicit structure in the variables 

8l and e!>, which do not enter into the form factors. By grouping terms 

according to their b~havior with respect to these variables we can 

examine the spectra more readily. 

For I we have 

+ I4 sinZ81 cose!> +15 sin 81 cose!>+I
6

cos81 + I 7 sin81 sine!> 

+ 18 sin Z 81 "s in e!> + ~ sin 
2 e 1. sin Z e!>. ( 4) 
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Neglecting terms involving m
2
/S£, the functions Ii ••. ~ depend onS IT' 

51' and 8
lT

, in the following manner (for the co~plete expressions see 

ReL 16): 

(5) 

I * 0 2e 6 = -Re FZF 3 Sln IT' 

1 * 0 

IS - ZImF1 F3 smelT' 

1 * 0 2 - '2 1m F Z F 3 sm 8 IT· 

F l' F 2' and F 3 are the following combinations of kinematic factors. 

and forn"! factors: 

. 2 1/2 
F1 = Xf - (P·L)(Q IS) g cose , 

IT 1T 

F 2 = (Q 2 S 1) 1/2 gO, ( 6) 

F 3 = (Q2 51) 1/2 X(h/M2). 

Note that th~ r form factor is unimportant in Ke4 decay, as it is always 

multiplied by m
2
/S1 , and so does not appear in (6). 

'. 

.• 
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The form factors f, g, and h car.ry direct strong-interaction infch-

mati on, assuming time-reversal invariance holds. In a partial-wave, 

expansion of the form factors with respect to the angular momentum:of 

the dipion system, a partial-wave amplitude of definite angular momentum 

and isospin Hmst have the phase of the corresponding pion-pion scattering, 

amplitude. The odd partial waves have I = 1 f~r the dipion system, 

whereas even partial waves contribute to both I = ° and I = 2 states." 

Invoking the 61 = 1/2 rule for semileptonic decays, we are left with 1 = 0, 

1=0, and 1 = 1, I = 1 states, assuming that states with 1. ~ 2 are not 

import~nt at these low energies. 

The terms in the partial-wave expansion up to and inchiding 1 = 1 

can now be written 

"" ,.., 

"" f = f s 
e ios + f"'" e iop cose , 

p 1T 

_ "" iop 
g - g e , 

h = h e iop , 

(7) 

where is' fp' g, and h are real functions of the variables S1T and S1' and 

the phases os and op are the pion-pion phase shifts, and are functions of 

S . 
1T 

By substituting (7) into (6) we obtain 

F = X £ eios + X f eiQPcose _ (P.L)(Q2/S }1/2geiOPcose 
1 s p 1T. 1T'.. 1T' 

( 8) 
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Although this is a perfectly valid substitution as long as f , f , g, 
s p 

and h are functions of S':J and S1. . In the case of the p-wave form factors 

£p' g, and h, however, the~e is a known energy dependence due to the angu

lar momentum barrier, which may be explicitly taken out of the form fac

tors. In fact this has been done for g and h, but not yet for £. To do 
. . P 

this for f we somewhat arbit~arily substitute 13 X £1 /M2, where 
p p 

13 == (Q2 /S ) 1/2. The exact form the expressions should take is unknown, 
'IT 

but our choice has the essential feature of forcing f to zero when S 
. P 'IT 

equals 4f.12, where f.1 is the mass of the pion. 

By substituting Eqs. (8) and (8 1) into (5) we obtain the distribution function 

I in terms of kinematic factors, the form factors fs' f~. g, h, and the s

and p-wave phase shifts os and op. In fact,since the absolute phase is 

arbitrary, the difference of the phases (os - .. op) is the measured quantity. 

In this_ treatment we have assumed that the leptons are produced at a 

point. This implies that the (Jl distribution can be fitted by an expression 

of the form 

dW /dcos(Jl = A(1 + B cos(Jl + Ccos UJ1 ), ( 9) 

and the cp distribution is fitted by 

dW /dcp = a( 1 + 13 coscp .+ '( sincp + 0 sin2cp ~ € sin2cp) ( 10) . 

[the'se distributions are obtained by integrating (3) over all variables 

except (J 1 and cp] . 
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Should extra terms be needed in either of these distributions, this 

would be a violation of the as sumption of locality for the lepton production. 

Four approaches were used in the analysis of the data from this 

experiment. 

1st Method 

Expression (3) was used to generate Monte Carlo Ke4 events for 

particular values of v(~ f'/f), 11(= g/f'), and y(= h/f), and of ao' p s s s 

where a
O 

is related to the s-wave phase shift by the Chew-Mandelstam 

effective range formula, 

cot os 1 = 
aOI3 

We have assu~ed that o~ is due to the tail of the p meson and is there

fore very small in our mass range and can be neglected. We have gen-

erally taken the form factors to be constant, but. have also investigated 

-the effect of allowing f to be enhanced. When it has been enhanced we s 

have used the relativistic Watson enhancement factor, 

-0 
f sin os 

f = s 
s 

where a
O 

is in pion Compton wavelerigths. 

The Monte Carlo-generated events were subjected to the same cuts 

as' the experimental data (the cuts arise from event-selection criteria to 

be discussed later). These events were then used to obtain the appro-

priately modified theoretical distributions of the .measured variables, 

which were then compared with the experimental plots by a X2 technique. 

By changing the values of the input parameters, the gross features of 
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the X2 map were studied. However, this procedure, when dealing with 

four variables, is costly in computer time, and therefore the optimum 

set of parameters necessary to minimize X2 was not obtained by this 

technique. 

2nd Method 

The optimization was performed by a program which simultaneously 

fitted the cose
lT

, cosel , <1>, and (SlT) 1/2 distributions •. The sum of the X2 

for the four distributions was minimized by varying the form factors v, 

11, and 'Y, and the average phase shift (os :- op). The latter is the average 

value of (os - op) taken over our mass spectrum. The fit was made to the 

theoretical one -dimensional plots 'suitably modified by the Monte Carlo 

program for the effects of cuts in the data. 

For the conditions prevailing in this particular experiment, these 

modified distributions have the forms given in the Appendix. 

3rd Method 

Expression (3) was evaluated for each event and the results were 

used to construct a likelihood function. A search program was employed 

to obtain the maximum value of the likelihood as a function of the free 

parameters, i. e., the form factors and the scattering length. Because 

of biases introduced in certain variables by the selection criteria, a 

restricted subset of the data was utilized and the range of integration 

suitably modified.·· 

4th Method 

Pais and Treiman 16 point out that information on (os- op) can be 

obtained by looking at the average values of certain I coefficients (Eq. 5). 
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l : 

This method, unlike the first thf~eapproaches, yields information inde-

pendent of the values of the fofm factors; and of assumptions regarding 

their energy dependence. It can be seen that the values of the 1's are 

governed only by the number of events in various regions of the two-

dimensional plot of q, vs cos8l..: 

Specifically, we have 

( 11a) 

also 

( 11b) 

where < In} are defined in Eq~ (?). 

Should these two expressions for calculating < os - op} not yield the 

same answer, this would mean that (i) time-reversal inval,"iarice is vio-

lated, or (ii) there is an I = 2 admixture in the s wave, or (iii) there is a 

significant d-wave IT-lT contribution. 

Furthermore, Pais and Treiman point out that (I9) should vanish 

under the assumptib~s of time-reversal invariance and the 6.1 = 1/2 rule, 

and the absence of wave!:! with 1. ~ 3. One may also test the assumption 

regarding the absence of waves with 1. ~ 2 by examining the cos8
lT 

spec

trum, which should be fitted by an expression of the form 

. 2 
dW/dcos8

lT 
= a( 1 + bcos8

lT 
+ c cos 8

lT
). (12) 

The need for any additional terms would imply the presence of higher 

waves. 
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III. EXPERIMENTAL PROCEDURE 

A. Details of Exposure 

, 
The beam used was a conventional two-stage separated beam of. 

overall length approximately 25 meters, p!"oduced at 15 deg from an 

internal target in the CERN proton synchrotron. The beam was trans

ported at 800 MeV /c, with a momentum bite of ±1.30/0, and degraded at 

the bubble chamber entrance window so that the K+ stopping points were 

well spread out in the center of the chamber. 

The CERN enlarged 1. i-meter -diameter heavy -liquid chamber 17 

was used. It was filled with C 2 F 5 Cl, which has.a density of 1.2 g/ cm 
3 

and a radiation length of 25 cm under operating conditions. In this 

exposure care was taken to keep the bubble size small in order to be 

able to see the decay origins clearly. This was also important in seeing 

the fl + from decay of stopping 1T + (range of fl + = 0,.15 em). 

We took 551 000 pictures, yielding a total of B.3X 106 stopping K+ 

in the fiducial region (24 stopping K + /picture). The film was divided 

equally between the three institutions (LRL, UW, and UGL) for scanning 

and preliminary selection of events. 

B. Scanning 

The film was' scanned for Ke4 candidates, and approximately two

thirds was rescanned in order to obtain the scanning efficiency. In 

order to estimate the total number of stopped K+ every 50thpictlXre was 

scanned for T decays. 

To pass the preliminary criteria used at the scan table, a Ke4 

candidate had to satisfy four conditions: 

., 

.. 
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(i) The decay point had to lie within the fiducial region. This was a 

region specified to avoid the immediate vicinity of the beam entry window, 

which was difficult to scan because of a particularly high density of tracks. 

(ii) The ionization of the incoming track near the decay point had to be 

consistent with that of a stopping K meson. 

(iii) There had to be three tracks from the origin. 

(iv) One track had to appear to be an electron, identified by spiraliza-

tion, and the other two had to be consistent with being pions. 

These requirements were not very stringent, and 2000 of the events 

passed by the scanners were measured. The momentum of the electrons 

was estimated by the Behr-Mittner procedure. 18 Phot~graphic prints 

of all these events, together with the results of measurement, were then 

examined by physicists, who applied the more demanding criteria that 

follow. 

C. Selection Criteria. for Ke4 

1. Exclusion of Tau Decays at Rest 

Most events recorded as candidates by scanners are merely T decays, 

for which one of the IT + is too short to be seen. If this IT decays to a 1-1+ 

which then emits an e+ in approximately the same direction as the 1-1+ 

track, the latter can be mistaken for the first part of the electron track. 

The electron thus appears to originate from the K+ decay point. Even 

though such events outn~mbe:r geml,ine Ke4 by approximately 5 to 1; they 

pre sent noproblem of identification. This come s about because they are 

characterized by a IT - and a IT + going off nearly opposite to each other 

(at 155 to 180 deg), and with nearly equal momenta. This configuration, 
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though kinematically a110wed for Ke4 decays, IS not particularly favored. 

Criteria can be set up, then, that exclude these 'T decays, while at the 

same time they reject only a few genuine K 4' These criteria involve - e 

measurements on the two long pion tracks. For a T decay the missing 

mass, M
N

, should be that of a iT' +, vis 139.6 MeV. This estimate will 

be subject to some measurement error, so in practice one must reject 

as 'T those events with MN lying in a certain finite range. The extent 

of this range was determined by plotting MN for a random sample of 

Ke4 candidates (Fig. 2). These events were selected so that the missing 

momentum was less than 50 MeV Ic, since a iT' + with a momentuin exceed-

ing this value would have a range greater than 4.5 mm and its track 

would be clearly visible even if steeply dipping in the chamber. It is 

seen that most of the events are centered closely about 139 MeV. On 

the basis of this figure it was decided to exclude all events for which 

130 MeV < MN < 150 MeV and at the same time the missing momentum 

was < 50 MeV Ic. This rejected about 1450 events. 

2. Exclusion of Tau Decays in Flight 

Although the candidates had to have an incoming track whose ioniza

tion was consistent with the K+ meson's having come to rest, this require

ment does not exclude slow primaries with momenta < 200 MeV Ie. A 

'T decay in flight with a short iT' + track and a fJ. mistaken as part of the 

electron track would no longer necessarily have its two visible pions 

approximately collinear. Thus all candidates were tested to see whether 

the two pion tracks were consistent with the pions' having come from a 

'T decay in flight with a K+ momentum < 200 MeV Ie. If so, and if it were 



.' 
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further found that the third pion had a momEmtum < 50 MeV Ic, the 

event was rejected. This criterion affected about 100 events. 

3. Kinematical Constraint 

For an event to be accepted it did, of course, have to fit satisfac

torily the Ke4 hypothesis. A further 150 events failed to meet this re

quirement and were rejected. On examination of the prints by a physi-

cist, alternative interpretations were found in all cases. 

4. Exclusion of Negative Secondaries with Steep Tracks 

For some events, although the negatively charged secondary was 

consistent with being a pion, there was still some doubt af:j to its identi

fication. This was the case when the track was either particularly steep 

or short. Such a track could be an electron and so when combined with 

the e + would constitute a Dalitz pair. The event would therefore not be 

a Ke4 but a r', KfJ.3' or K'ITZ' 

It was decided in consequence to reject the Z1,events for which the 

negative track had a dip angle> 70 deg. 19 

5. Exclusion of Positrons with Steep Tracks 

It was sometime s difficult to decide whether a steep track was an e + 

from a Ke4 decay or a 'IT + from a T decay. Thus all events with an e + 

dipping at art angle> 70 deg were rejected. This accounted for a 'further 

two events • 

6. Exclusion of Pion Secondaries with Short Tracks 

As indicated above under 4, a very short 'IT - (if it did not produce 

a visible star at the end of its range) could be confused with a e -. Not 

so much difficulty was encountered in the identification of a short 'IT +, 
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because in general even if the track of the 1T + itself were not visible one 

could see its decay f.L +. Nevertheless if either pion had a short track, 

whether one could unambiguously identify it or not, it was difficult to 

measure the direction of the track accurately. In the circumstances it 

was decided to reject the 22 events for which the 1T - or the 1T + had a 

momentum < 48 MeV/c (corresponding to a range of approximately 4 mm). 

A. 

IV. RESULTS 

+ 
Branching Ratio for Ke4( e ) 

After application of the various criteria outlined in the previous 

section, 269 events remain as Ke4( e +) decays. The se must be corrected 

for various losses before' the branching ratio can be obtained. 

1. Correction for T-Decay-at-Rest Griterlon 

Figure 3 shows a scatter plot of the unfitted values of mome:ntum 

vs invariant mass of the dilepton system for all accepted Ke4. No 

events are to be seen in the rectangular region, owing to the criterion 

for eliminating T decays with approximately collinear configuration. 

The figure demonstrates that the majority of Ke4 are far removed from 

this region, and that a correction of only two events should be applied. 

The magnitude of this correction has been confirmed by use of the 

Monte Carlo program previously described. 

2. Correction for T-Decay-in-Flight Criterion 

Some Ke4 at re st have a configuration such that for certain direc

tions for the incoming K meson the event would be thrown out by the T-

decay-in-flight criterion. The Ke4 found in this experiment were exam.,.. 

ined with a view to determining the chance that the event would have 

.. , 



," 
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been rejected had the incoming K meson assumed some other direction. 

This study led to the conclusion that between 0.50/0 and 1% of genuine Ke4 

decays had been lost . 

3. Correction for TT Having Steep Tracks 

This is a purely geometrical correction based on the solid angle 

available. Its value is 6.0%. 

4. Correction for Positrons. Having Steep Tracks 

This is also a geometrical correction, but allowance has been made 

for events having both a steep TT track and a steep positron track. The 

correction is 5.6%. 

5. Correction for TT± Having Short Tracks 

The same Monte Carlo program yields a correction of 15% for 

± 
short TT tracks. 

6. Correction for Scanning Efficiency 

Based on a rescan of two-thirds of the film, the average efficiency 

of the first scan was 66% and that of the second scan 73%. This meant 

that.83±5% of events passing the criteria were found. The events were 

divided up in various ways accorcling to their configuration, but no pref

erential bias against any particular type could be discerned. 20 

7. Other Corrections 

No other important means of losing Ke4 have been fou~d. 21 There 

are in addition, however, some corrections to be considered for effects 

leading to the acceptance of spurious events as genuine Ke4. 

For example, a 'T decay at rest that would normally be rejected by 

Step 1 could be accepted as a Ke4 if one of the pions scattered very early 
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so that its scattered direction were mistaken for its original direction at 

the K decay. Consequently a study was made of the visible scatterings 

to be found on the first 1.5 cm of the tracks associated with events re-

jected by Step 1. This permitted an estimate of the chance that such 

scatterings could occur in the first 2 mm of the track (and thus escape 

observation), and of the likelihood that the scatterings would be of a 

size and in a direction such as to lead to acceptance of the events as 

Ke4' The resulting correction was very small, viz., about 1 event. 

Events normally rejected under ( 1) have a second way of evading the 

criterion. This arises when the ,/ decays in flight to give a combined 

1T +, f..l. + length significantly greater than the range that the 1T + would have 

had if it had come to rest. If the 1T +, f..l. + track is mistaken as being 

entirely due to the 1T + (this is quite likely, as f..l. + from 1T + decay at rest 

do not always have readily visible tracks in heavy-liquid chambers) the 

event may be accepted as a Ke4' From the moderation times of the 

pions and the known lifetime it is calculated that 1 spurious event has 

been accepted in this manner. 

The last background we mention also concernsT decay. We consider 

the 1T + to decay while .still lightly ionizing, and to give a very· short track 

(i.e. ,the f..l.+ goes baCkwards in the pion center-of-mass system). If the 

electron from the f..l. + decay is emitted approximately in the same direc

tion as that of the original 1T +, the whole 1T +, f..l. +, e + combined track can be 

mistaken for an e + emitted from the K decay. From a consideration of 

the average moderation time of a pion from a T decay, the lifetime of the 

+ 
1T , the solid angle available to the f..l. + in the pion c. m. system, and the 

solid angle available to the e +, a correction of about 1 event is indicated. 

.J 

.... ,. 
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,Several other sources of background were investigated and were 

found to be small. The overall result is that our final sample of 269 

accepted ,events contains about? events that are not genuine K
e4

., 

8. Estimation of the Total Number of K+ Based on the Scan for 'T Decay 

The average number of 'T decays found in the sample scan of every 

50th ,picture throughout the run was 1.34 ± 0.02 'T /picture. The error is 

dominated by the statistical uncertainty. The scanning efficiency was 

determined to be 99.5%. ,The total number of'T on the 551000 pictures is 

551 000X1.34 X i~.~ = 743 000. 

U sing the branching ratio22 , 

+ + + ' 
K - 'T I all K de cay s = (5.5 7 ± 0.(4) 0/0, . 

+ one finds the total number of K 

9. Estimation of the Branching Ratio 

, 6 
= (13.3 ±0.3) X 10 . 

After application of the various corrections, the estimated total 

number of Ke4( e +) is 431 (see Table I). The branching ratio is therefore 

+ / + -5 Ke4(e) all Kdecays = (3.25±0.35)X10 • 

This compares well with the value (3.6±0.8)X10-5 found in the previous 

experiment. 1 The corresponding decay rate is (2.60 ± 0.30) X 10 3 sec- 1• 
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B. Upper Limit to the Branching Ratio for Ke4( e -) Decay 

No candidates for the Keie -) mode were found, either in this or in 

the previous experiment. 1 

Although the scanning criteria for this mode were similar to those 

for K 4(e f), the detection efficiencies for the two modes are not equal. e . 

The sources of background are different, so one cannot make a straight 

comparison. 

For example, a 1T -+ j.l. -+ e decay is less probable, so corrections 

IV A 1 and IV A 2 can be relaxed. 

Instead of rejecting one of the pions - -viz. the negative one - -when 

its track is steep, we now under IV A 4 must reject either 1f+ if its track 

is steep. + + This is because the 1T may be ambiguous with an e and the 

K decay could then be a T' with a Dalitz electron pair. 

Events must be rejected if the two 1T ~ are consistent with having 

come from a T decay and the e lies in approximately the direction of 

the expected third pion. This is necessary to avoid a Tdecay in which 

the 1T 
o charge-exchanges, and one of the gammas from the 1T decay 

gives a Compton electron almost immediately, the combined 1T -, e 

track appearing to be an e - from the K decay. 

Considerations of this nature lead to an overall detection efficiency 

for Ke4(~ -) which is 70% of that appropriate for Ke4( e f). 

Thus this experiment yields an upper limit 

- / + -7 Ke4( e ) all K decays < 7 X10 

at the 95% confidence level. 
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C. Mas s and Angular Distributions 

Figure 4a shows the distribution of <\>. the angle between the dipion 

and dilepton planes. Figure 4b gives the same distribution with the 

events from the previous experiment inCluded. Both are adequately 

fitted by a function of the form a( 1 + f3 cos <\> + '( sin<\> + () sin
2

<1>)' where 

for Fig. 4b f3 = O.20±O.08, '( = O.26±O.08, and () = -O.03±O.11. The 

2 value of X is 3.5 for eight degrees of freedom. ( The curves shown 

refer not to this solution but to solutions involving simultaneous fits to 

several histograms. These are described later.) 

The angle that the TT + makes with thedipion line of flight in the dipion 

rest system is plotted in Fig. 5. Unlike <1>, cos e is strongly affected by 
TT 

the cut on short-track pions. An impression of the size of the correc-

tions needed to each bin is given by the cross-hatched events. These 

were ~stimated by the Monte Carlo program (mentioned in Section II, 

Theory) which generated Ke4 events by using our most probable set of 

values of the form factors and the TT-TT phase shift (to be obtained in the 

next section). 

The cos e TT distribution should be of the form a( 1 + b cose
TT 

+ c cos 2e '11'). 

From Fig. 5b, we estimate b to be (O.61±O.12). Evaluationof the coeffi-

cient c depends sensitively upon the numbers of events with large values 

of 1 cose I. The se are the value sfor which the correction for short
'11' 

track pions is greatest, and so it is difficult to estimate c with any degree 

of reliability. We have considered it desirable to base conclusions to be 

drawn later from this distribution solely on that part which is largely 

unaffected by the cut, i. e., the region lying between the dotted lines. 
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It can be seen from Fig. 6 that the slope of the cose plot changes 
.. 1T 

markedly as a function of S. This behavior can be understood if the f 
1T P 

form factor goes to zero as 13 goes to zero at small values of S. The 
. 1T 

quantity [(I3X/M2) f~], which replaces fp in the analysis to allow for the 

effects of the angular momentum barrier, has just this kind of behavior. 

Figure 7 shows the invariant-mass distribution of the dipion system. 

The cross-hatched events in the first three bins have been added to com-

pensate for the loss of short pions. Similarly the estimated two events 

excluded by the T-decay-at-rest criterion (Section IV A 1) are kinemati-

cally constrained to fall within the fourth bins. 

+ Figure 8 gives the histogram of cosel.' the angle between the e and 

the dilepton line of flight in the dilepton rest frame. cosel. is largely 

unaffected by the short..,track pion correction, but for this angle a new 

effect become s significant. It concerns events for which the laboratory-

system velocity, 13 ,of the dilepton system is close to unity. For this 
ev 

class of events the errors. on cosel. arising from measurement errors 

on angles and momenta can become highly asymmetric. This introduces 

a systematic bias as events are moved more readily towards negative 

values of cosel. than towards po.sitive ones. This effect is readily re

duced to negligible proportions by removing the 16% of events for which 

13 > 0.95. This cut explains why the numbers of events in Fig. 8 are 
ev 

less than those for the other plots. 

Figure 9 is a two-dimensional scatter diagram showing the correla-

tion between cosel. and <1>, for events with 13 < 0.95. As was indicated 
ev 

in the Section II, on Theory, correlations between these two angles have 

a particular significance in the Pais -Treiman method of analysis. The 

average values of the relevant correlations are shown in Table II. 
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It is to be noted that the quantity (sin2e! sin2<1», which determines 

(1
9
), is consistent with zero, as is required by time -reversal invariance. 

D. Determination of the IT-IT Phase -Shift Difference 

and the Form Factors 

In principle the most satisfactory way of determining the s -wave 

I =0 IT-IT phase shift is to use the ratios of the I coefficients given in 

Eq. (11). The theory upon which such estimates are based rests on 

very few assumptions, viz. the absence of d waves and of an I = 2 

admixture in the s wave, and time-reversal invariance. 

Unfortunately the correlations concerned are not very strong, and 

the statistical accuracy obtainable with 300 events is exceedingly poor. 

We are not even able unambiguously to determine the sign, as both 

~. 

expressions (Ua) and (11b) involve quantities (vis., 14 and IS) which are 

not significantly different from zero. Taking the data at face value, the 

estimates 

and 

of the magnitude of (os - op) 

! (os - op)! 

!(os-op)! 

-1 1 I = tan (2 (17) (I~) = 90± 40 deg 

= tan -1 (2 (IS) I ( 15») = 0 ± 40 de g. 
( 12) 

One observation we can make, however, is that (1
7
)' and conse

quently the numerator of expression (11a), is almost 3 standard devia-

tions from zero. [Note the errors as quoted in (12) are not Gaussian. ] 

Thus although the large fractional error on the denominator makes it 

difficult to establish a magnitude for tan( o,s- op), our result is not 

easily reconcilable with a ,value close to zero. 

Until it becomes .possible to perform experiments yielding larger 

numbers of events, the above method for extracting the phase shift is 
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not very promising, so in order to proceed further we need to introduce 

values for the form factors, and assumptions regarding their energy 

dependence. 

As mentioned in Section II (Theory), three methods of obtaining. 

acceptable sets of values for the form factors and phase-shift difference 

have been used. They each have certain advantages. The maximum-

likelihood technique is able to extract information contained in correla-

tions between the different variables. This information is lost in per-

. forming a simultaneous least-squares fit to the histograms of <p, cose , 
. 11" 

1/2 
coseJ.' and (S11") . However, this· second method is able to make use 

. . , . 

of events with I cose I> 0.6 and f3 > 0.95 in those plots where they 11" . ev 

introduce no bias. The Monte Carlo method, on the other hand, is the 

most effective way of checking the influence of cuts and biases in the 

data. 

Assuming all form factor s to be independent of S 11" and SJ.' ,the least-

2 squares-fit program yields four solutions with acceptable values of X 

These are listed in Table III. 

Nominally there are 29 degrees of freedom. However, the fact that 

the same events are used in all histograms imposes restrictions that 

tend to reduce the effective number of degree s of freedom. By fitting 

50 batches of Monte Carlo events generated with solution A parameters, 

and examining the resulting X2 values, we estimate that the effective 

2 . 
number of degrees of freedom to which the X values of Table III refer 

lies between 28 and 29. This implies that these histograms are almost 

independent projections. In considering the results of Table III, it 

should be noted that the Pais -Treiman form factor f may be obtaine<i . p 
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from the value of v QY multiplying it by ~O.11. 

With the maximum-likelihood program we can in .fact exclude solu-

tions C and D. This is rendered possible by a study of 81 vs ct> correla-

tions, which are not open to examination by the program that performs 

a fit to the one -dimensional plots. Specifically, it is found that the' 

large values of 'I and of sin( os - op) lead to values of 18 which are 3 to 

4 standard deviations removed from the experimental number. 

Of the two remaining solutions, A is somewhat favored over B, but 

both have acceptable X2 values. Unfortunately, with respect to deter-

mining the phase shift, although the two solutions have the same magni-

tude for (os - op), the signs are opposite. We postpone discus sion of 

this point until later in the paper. 

We have also investigated the effect of an S energy dependence in TT .• 

f proportional to the Watson enhancement factor, and solutions corre
s 

sponding to solutions A and B in Table III are given as solutions A and 
e 

Be in Table IV. The differences are not large. 

The maximum-likelihood method yielded essentially the same solu-

tions, within errors, and the Monte Carlo approach also located the two 

2 
minima in the X map in regions corresponding closely to solutions A 

and B. 

V. DISCUSSION 

+ . . 3 
The rate for ,K

e4
(e ) decay has been found to be (2.60±O.30)X10 

sec -1 Theoretical calculations that do not include final-state interac-

tions all contain an adjustable 'parameter, and can be brought into agree-

ment with our rate with a reasonable value of the parameter. Brown 
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and Faier 9 allow for the final-state interactions by assuming that the 

decay proceeds through a (j meson. Although their rate is in agreement 

1/2 with our value, the (S) spectrum does not furnish any evidence of 
1T 

the presence of a (j meson. Weinberg, 11 using current algebra and soft-

pion techniques, is able to relate the Ke4 form factors to those of K e3 , 

3 -1 
and hence predicts a rate of (1. 88 ± 0.23)X 10 sec . In regard to this, 

however, we point out that for solution A, where v is large, f contributes 
p 

:::::30% to the rate. 

-7 -The upper limit, at the 95% confidence level of 7X 10 for the Ke4( e ) 

branching ratio, adds weight to the AQ = AS rule. K e4( e -) decay, if it 

occurs, proceeds through the axial-vector current. K e4(e +) decay in

volves a mixture of both axial-vector and vector, but although the latter 

gives rise to strong interference terms, its contribution to the rate is 

smalL Thus our conclusions refer specifically to the rule as it applies 
\ 

to the axial-vector currents in weak interactions. In interpreting our 

result one must be careful to make allowance for the differing,dipion 

interactions in K
e4

(e -) decay and in K
e4

(e +) decay. For K
e4

(e -) the 

dipion state is pure I = 2, whereas for Ke4( e +) we have I = a or 1. Be

cause of the relatively low energy of the interaction, one further assumes 

only sand p waves to be important in K
e4

(e +), whereas only s waves, 

would be pre sent in Ke4( e -). The violation parameter is defined as the 

ratio of the amplitudes of the currents, 

_ A(AQ = 
x - A(AQ 

-AS) 
+&S) 

In order to evaluate x one needs to know the enhancement factor due to 

the final-state interaction. For no s-wave interaction our branching 
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ratios lead to x < 0.15 at the 95 % confidence level, whereas for enhance-

ment factors variously estimated as extending up to a value of 4 (Refs. 8 

and 10) we obtain 

x < 0.3 (95% confidence level). 

The three methods that yielded values for both the form factors and 

the phase-shift difference agreed that there are two acceptable solutions. 

We should mention, that in the paper based on the previous experiment1 

a single unambiguous solution was reported. This was because the im-

portance of the cosBI. distribution and the form factor fp had not at that 

time been recognized. The differing conclusions of that paper and this, 

it should be stre ssed, are not due to any contradiction between the two 

sets of data, but rather to the method of analysis now including the fp 

form factor. For the same reason, the analyses given in the first three 

preliminary reports 2 of this experiment are to be regarded as inadequate. 

That we should have obtained two solutions that fit the data is not 

entirely unexpected. Berends, Donnachie, and Oades 23 have pointed out 

that if the original type of analysis proposed by Cabibbo andM~ksymowicz 13 

were applied to the (S )1/2, cose , and <I> data with the modification that 
TI TI ' 

f were no longer put to zero, then one must obtain two solutions that p 

are equally satisfactory. These are related to each other in the following 

way: ... 
f 1 s, = f 2 s' ... ... ' 

1fp = f ' + Szg" 2 P 
"" 

19 = -2g , 

1h = 2h, 
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where S is a kinematic factor, having an approximate value of 9.5, and 

is appropriate to our particular method of introducing an angular momen-

tum barrier effect for f
p

. They went on to point out that this ambiguity 

could be resolved by studying the variable (i1. Specifically the two solu

tions lead to coefficients for the cosB 1. term that are equal in magnitude 

but opposite in sign. 

An essential conclusion of this experiment is that the information-

contained in our eJ.plot is insufficient to distinguish which solution is 

correct. The two possible values of the coefficient of cosel. are -0.09 

and +0.03. The experime-ntal value is -O.1.4±0.09. 

Thus although our experiment favors the former value, we would be 

unwise to consider this solution as established. The need for such cau-

tion is particularly emphasized by the fact that by allowing f to be s 

enhanced we can materially alter the relative probabilities of the two 

solutions. Neverthele ss, certain definite statements can be extracted 

from the data. 

The most statistically significant angular correlation is the slope of 

the cose plot, which was seen in Section IV C to have a value 0.61± 0.12. 
1T . 

This slope is governed by the values of v and 'Y'/, and our measurement 

leads to the approximate relation 

2v + 9'Y'/ = 7, 

which holds when the magnitude s of the form factors and phase shift are 

not greatly in exce s s of those of solutions A and B.· 

It is clear from this relation that if v could be determined, the value 

of n would be established and consequently g. The ambiguity of the two 
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solutions would then be resolved. However, v has little significance for· 

the other angular distributions and has essentially to be determined from 

the cose distribution. 
1T 

Next we note that both solutions require the vector form factor h 

(-y = h/f' ) to be significantly different from zero, and its sign is negative. 
s 

It is true that in solution B it is not so far removed from zero. However, 

the poorerx2 for this solution is largely due to an internal conflict in 
,.., 

the data in which the large value of h required by the coefficient of cos<j> 

is set a:gainst other requirements of the fit. Thus y for this solution has 

already been reduced to a level that make s the overall probability les s 

than that of solution A. That h is significant is a conclusion that was 

not justified on the statistics of the previ()us experiment. 

Finally, we point out that the quantity TJ sin( as - op) is a constant 

for both types of solution given by Berends, Donnachie, and Oades, 

a change of sign of TJ being compensated by a similar change in sin ( os - op). 

This constant relationship is seen to hold true for the two solutions A 
,.., 

and B, and also the solutions in which f . is enhanced, A and B. The . see 

values of the product are respectively (0.68 ± 0.22), (0.57 ± 0.20), 

(0.46 ± 0.20), and (0.56 ± 0.13). The quantity is almost entirely governed 

by the coefficient of sin<j>. 

Weinberg 11 estimates sin os = 0.1 (giving aD = 0.2 \1T) and TJ = 1, 

using current algebra. His value for the product is thus 0.1. His re-

quirement of a positive value for TJ leads to a choice of solutions B or 

Be' Our evaluation of the product'TJ sin( os - op) is thus just over 2 

standard deviations from his estimate. 
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In conclusion we consider the possibility of resolving the two-

solution ambiguity in later experiments. In principle the ideal way to 

extract the phase shift is to use either equation (ifa) or (fib). This, 

as Pais and Treiman have explained,. could yield estimates independent 

of assumptions regarding the form factors. That we were not able even 

to obtain the sign of the phase shift in this experiment was because our 

statistics were inadequate to obtain values of 18 or 14 that were signif

icantly removed from zero. 

Likewise the sign of the phase shift was unresolved in the alternative 

approach because of the smallness of the coefficient of cos8l.' which is 

related to 1
6

. Indeed, in order to make an unambiguous measurement 

of (os - op) it is necessary to determine that one of the odd moments of 

cos 8l.' 14 , 16 , or 18 is significantly different from zero. It should be 

noted that, this being the case, the problem is not me,rely one of accu

mulating larger statistics. The 8J. plot, as we have pointed out, is liable 

to suffer from biases' arising from measurement inaccuracy. Increased 

measuring errors in any subsequent experiment would of course render 

it necessary to make even more drastic cuts in 13 than the one employed 
ev 

in this inve stigation. 

f 

l' , , 
, 
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ApPENDIX 

These are the equations used in the simultaneous fit to the <p, cose , 
iT 

cosGl , and (SiTl1 / 2
, histograms. Thee:x:pressions include corrections 

appropriate to the selection criteria adopted in this inve stigation. 

<p Distribution 

~~ = 0'( 1 + I3cos<j> + A Sih<j> + k cos
2

<j», 

where 0' = 56.3/(2+K), 

and 

13= -12.38 Y cos (os - o:p) M~ 

A = 60.7 1] si1.1(os - op> M, 

2 2 
K = ( O. 29 Y - 8.9 n ) M, 

[ . 2 . 2' 2 ,] - 1 
M = 127 + 0.37 v + 23.3,1] + 0.14 Y + 3.68 1]V '. 

cose Distribution 
iT 

ar 
acose 

7T 

where 

arid 

,(, 2 = a 1 + b cosO + c cos e ), 
iT iT 

a = 246/( 6 + 0.72 c), • 

b = (33 v + 162.5 1]) cos( os - op) L, 

222 
c = (1.81 v + 33.5 1], - 0.46" + 18.1 nv)L, 

L~[154 + 14.4 1]2 + b.46 ,,2]-1. 

cosel Distribution 

ar .', 2 
a cosO

l 
= AU + B cosOl + C cos eJ.)' 

where A = 28.3/( 1 + 0.333 C), 

B = ..,4.9 1]y N, 

C = (-190 - 0.552 v
2 

- 7.9 1]2 + 0.21 ,,2 _ 5.52 1]v)N, 
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and [ 2 2 2 ]-1 N = 190 + 0.552 v +2.1.3 '11 + 0.21 Y + 5.52 r)V • 

(S ) 1/2 Distribution 
TT 

2 2 2 . 
2 80 to 300 Me V: (122 + 0.23 v + 6.3 '11 + O. 10 Y + 1. 9 2 '11 v) F, 

. -

2 . 2 ... - 2 . . 
300 to 320 MeV: (135 + 0.53 v + 18.7 '11 + 0.26 Y + 4.90 r)v)F, 

320 to 340 MeV: (108 + 0.54 v 2 + 23.3 '112 + 0.28 y2 + 5.50 r)v)F, 

2 2 2· 
340 to 360 MeV: (73 + 0.40 v + 21.0 '11 + 0.21 Y + 4.42 r)v)F, 

360 to 380 MeV: (43 + 0.21 v 2 + 15.2 '112 + 0.12 y2 + 2.69 r)v)F, 

380 to 400 MeV: (21 +0.07 v 2 + 8.9 '112 + 0.06 y2 +1.19 r)v)F, 

222 . 
400 to 420 MeV: (9 + 0.014 v + 4.1 '11 + 0.01 y . + 0.35 r)v)F, 

222 
420 to 440 MeV: (3 + 0.007 v + 1.4 '11 + 0.004 Y + 0.15 r)v)F, 

where [ .. 2 2 2 ]-1 F =, 1.25 + 0.0051 v + 0.264 '11. + 0.003 Y + 0.055 r)V • 
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ble to our experiment, the effect would be to lower our value of E
12

, 

i. e., to increase the rate. 

21. In the previous expe:riment corrections were required for Ke4 that 

were unidentified because one of the secondaries left the chamber. 

Because of the much larger chamber used this time, these correc

tions are now negligible. 

22. See summary by A. H. Rosenfeld et al., Rev. Mod. Phys. 40, 1 

(1968) [Lawrence Radiation Laboratory Report UCRL-8030 (Rev. ), 

Jan. 1968]. 

23. F. A. Berends, A. Donnachie, and G. C. Oades, A Study of K14 

Decay, University of Glasgow Preprint (to be published in Phys. Rev.). 

r 
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Table I. Summary of corrections 

due to scanning and selection criteria. 

Section Fractional 
number acceptance 

IVAi 0.~93 

IVA2 0.993 

IVA3 0.94 

IVA4 0.944 

IVA5 0.85 

IVA6 0.83 

.IVA 7 1.011 

Product 0.624 

UCRL-18626 
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Table II. Mean values of the <j> vs 81 correlations 

relevant to the determination It" .. 1
9

• 

(cos281 ) -0.502 ± 0.035 

( sin2 gl cos2<\» - 0.011 ± 0.034 

( sin2B1 cos<\» -0.001 ± 0.028 

(sin8l cos<\» . +0.093 ± 0.036 

( cos(1 ) -0.048 ± 0.029 

( sin81 sin<\» +0.102 ± 0.036 

( sin281 sin<\» -0.004± 0.028 

.. 2 
(sin 81 Sin2<1» -0.041 ± 0.033 
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Table III. Values of the form factors and phase shifts 

for the four soluti'ons with acceptable X2 (f unenhanced). 
s . 

.f' (Note a) 
s 

g 

"" h 

"" f' 
p 

11 (= g/f ) s 

< Os - op) (rads) 

a O( 'kTf} 

2 
X 

A 

4.32 ± 0.26 . 

-6.96 ± 0.77 

-10.4±3.8 

54.0±6.1 

-1.6t±0.15 

-2.41 ± 0.86 

12.5±1.2 

-0.44 ± 0.14 

-0.89 ± 0.28 

26.6 

Solutions 

B 

4.52±0.29 

6.01±0.86 

-4.92±3.67 

1.33±0.17 

-1. 09 ± 0.81 

-3.1± 1.1 

0.44±0.15 

C 

4.25 ± 0.33 

1.06±0.60 

-42.5±8.3 

21.7±9.5 

0.25 ± 0.14 

-10.0 ±1.8 

S.1±2.2 

1.21±0.10 

1 26 
+ 0.68 

. - 0.52 Very large 

38.6 36.3 

D 

4.14 ± 0.32 

-2.36 ± 0.65 

-42.2 ± 8.5 

41.4±9.3 

-0.57±0.15 

-10.2±1.9 

10.0±2.1 

-1.17±0.10 

-2 83 + 0.40 . 
'. -0.50 I 

26.0 

a. We have used the value of 0.26 for sin8
c 

[N. Brene, M.Rass, 

and A. Sirlin, NucL Phys. B6, 256 (1968)] in order to obtain 

these values. 
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Table IV. Values of the form factors and 

phase shifts corresponding to solutions 
,.., 

UCRL-18626 

A and B of Table III when f is enhanced. 
s 

Solutions 

A B 
e e 

,.., 
(Note a) f 4.08 ± 0.23 6.1±0.66 

s 

g -6.77 ± 0.74 6.8±1.09 
.... 
h -9.35±3.42 -5.02±3.89 

""' 
f' 52.2 ±5.8 -14.7±5.7 
p 

,.., .... 
r1{= glf } s -1.66 ± 0.15 1.12±0.13 

......... 
y (= h/fs) -2.29 ± 0.83 -0.82 ± 0.63 

v {= fl If } 
p s 12.8±1.2 -2.41 ± 0.90 

. ,( 6s - 6p) (rads) -0.28 ± 0.12 0.50 ± 0.10 

a O (}o;.lT) -0.58 ± 0.24 1.50 ± 0.48 

2 
31.8 33.0 X 

a. We have used the value of 0.26 for sin e 
c 

··[N. Brene, M. Ross, andA. Sirlin, 

NucL Phys. B6, 256 ( 1968)] in order to 

obtain these valuef:!. 

,-.-' 
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. FIGURE CAPTIONS 

Fig. 1. A diagram illustrating the various angles referred to in the text. 

Fig. 2. The missing mass, M
N

, calculated on the basis of measurements 

on the two pions, for a random sample of Ke4 candidates. For the.se 

events the missing momentum is less than 50 MeV/e. 

Fig. 3. Scatter plot of the unfitted. momentum vs invariant mass of the 
, 

dilepton system for all accepted K 4. Events in the rectangular 
. e 

region have been excluded by the T-decay-at-rest criterion. 

Fig. 4. Distribution of the angle cp, (a) for this experiment, and (b) for 

both experiments combined. 

Fig. 5. Distribution of the angle e , (a) for this experiment,and (b) for 
IT . 

both experiments combined. The cross-hatched events show the 

extent of the correction needed for the short-track-pion criterion. 

Only events lying within the range -0.6 < cose ~ +0.6 are used in 
IT 

the overall fit. 

Fig. 6. Distribution of e , uncorrected for the loss of short-track pions 
IT . 

(a) for events with (S )1/2 < 320 MeV, and (b)for.events with 
IT 

(S ) 1/2 > 32 0 Me V . 
IT 

.' 

Fig. 7. Distribution of the invariant mass of the dipion system, (a) for 

this experiment, and (b) for both experiments combined. The cross-

hatched events show the extent of the correction needed mainly for 

the criterion excluding sho:rt pions. 

Fig. 8. Distribution of the angle (}1' (a) for this experiment, and (b) for 

both experiments combined. Events with 13 > 0.95 have been ev 

excluded from these histograms. 

Fig. 9. Scatter plot of cos(}l vs.cp for both' experiments combined. 

Events with 13 > 0.95 have been excluded. 
ev 
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LEGAL NOTICE 

This report was prepared as an account of Government sponsored work. 
Neither the United States, nor the Commission, nor any person acting on 
behalf of the Commission: 

A. Makes any warranty or representation, expressed or implied, with 
respect to the accuracy, completeness, or usefulness of the informa
tion contained in this report, or that the use of any information, 
apparatus, method, or process disclosed in this report may not in
fringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, or for damages 
resulting from the use of any information, apparatus, method, or 
process disclosed in this report. 

As used in the above, "person acting on behalf of the Commission" 
includes any employee or contractor of the Commission, or employee of 
such contractor, to the extent that such employee or contractor of the 
Commission, or employee of such contractor prepares, disseminates, or pro
vides access to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 
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