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Abstract

Our approach differs from the usual global measure of cardiac efficiency by using PET/MRI to 

measure efficiency of small pieces of cardiac tissue whose limiting size is equal to the spatial 

resolution of the PET scanner. We initiated a dynamic cardiac PET study immediately prior to the 

injection of 15.1 mCi of 11C-acetate acquiring data for 25 minutes while simultaneously acquiring 

MRI cine data. 1) A 3D finite element (FE) biomechanical model of the imaged heart was 

constructed by utilizing nonrigid deformable image registration to alter the Dassault Systemes FE 

Living Heart Model (LHM) to fit the geometry in the cardiac MRI cine data. The patient specific 

FE cardiac model with estimates of stress, strain, and work was transformed into PET/MRI 

format. 2) A 1-tissue compartment model was used to calculate wash-in (K1) and the linear portion 

of the decay in the PET 11C-acetate time activity curve (TAC) was used to calculate the wash-out 

k2(mono) rate constant. K1 was used to calculate blood flow and k2 (mono) was used to calculate 

myocardial volume oxygen consumption (MVO2). 3) Estimates of stress and strain were used to 

calculate Myocardial Equivalent Minute Work (MEMW) and Cardiac Efficiency = MEMW/MVO2 

was then calculated for 17 tissue segments of the left ventricle. The global MBF was 0.96 ± 0.15 

ml/min/gm and MVO2 ranged from 8 to 17 ml/100gm/min. Six central slices of the MRI cine data 
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provided a range of MEMW of 0.1 to 0.4 joules/gm/min and a range of Cardiac Efficiency of 6 to 

18%.

Keywords

Cardiac efficiency; cardiac work; cardiac oxygen utilization; finite element electro-mechanical 
model; MRI; PET

I. INTRODUCTION

HEART failure (HF) is the fastest growing clinical cardiac disease that affects over 5 million 

people, results in over 277,000 deaths per year, accounting for 34% of deaths related to 

cardiovascular disease, and represents almost 2% of all health care expenditures in the U.S. 

[1]. Several conditions including ischemia, infarction, hypertension, chemical malady, 

diabetes, or genetic disorders can lead to unresolved impairment of the heart, compromising 

its ability to work as a pump and resulting in HF. For one, arterial hypertension affects 1/3rd 

of the US adult population, over 50% of elderly people (>65 years) [2], and is the most 

common cause of left ventricular hypertrophy (LVH). We know from our earlier studies that 

an imbalance between oxidative metabolism and cardiac function appears to be a key factor 

of LVH progression [3], [4]. Evidences using positron emission tomography (PET) indicate 

that a decline in fatty acid (FA) consumption, a relative increase in glucose consumption, 

and a decrease in oxygen consumption are some of the precursors of heart failure [5]. 

Human studies using magnetic resonance imaging (MRI) also showed a decrease in cardiac 

circumferential strain with LVH [6] indicating that mechanical and metabolic effects go 

hand-in-hand reducing efficiency of the heart in patients with LVH.

It has been shown [7] that a 2% change in the normal 25% efficiency of the heart could 

differentiate patients with LVH from those with normal hearts. Myocardial efficiency is 

usually measured as overall heart work (work = stroke volume × pressure) divided by 

oxygen consumption [8]. Myocardial volume oxygen consumption (MV O2) is the rate at 

which oxygen is used by myocardial tissues for aerobic metabolism producing CO2. MV O2 

is usually given in ml of oxygen consumed per 100 grams of tissue per minute which can be 

related to energy assuming 1 ml oxygen = 21 joules. PET imaging using 11C-acetate as a 

surrogate for energy input can be used to measure MV O2 [7]–[15]. 11C-acetate is rapidly 

picked-up by cardiac cells, metabolized into acetyl-CoA, and enters the tricarboxylic acid 

(TCA) cycle producing CO2 and reducing NAD+ to NADH and FAD to FADH2. The NADH 

and FADH2 generated by the TCA cycle move into the oxidative phosphorylation pathway 

consuming O2 and producing ATP and H2O. Since the production of 11CO2 in the TCA 

cycle is closely associated with the consumption of O2 in the oxidative phosphorylation 

pathway, the oxidation of 11C-acetate is an excellent probe for assessing oxygen 

consumption by measuring the rate of efflux from the heart tissue of 11CO2.

Overall assessment of cardiac work is relatively straightforward by estimating the area 

contained within the pressure volume-loop (PV-loop) though some methods can be invasive 

[16]. In this method only knowledge of stroke volume (SV) and end-systolic left ventricular 

pressure is required. In order to determine efficiency, measures of oxygen consumption by 
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11C-acetate PET are then combined with measures of cardiac work and arterial pressure to 

define an overall work-metabolic index [11]. Our approach differs from this global measure 

in that we seek to measure efficiency of tissue regions whose size is only limited by the 

resolution of the PET scanner. Regional cardiac tissue efficiency can be obtained by using 

finite element (FE) cardiac mechanical models to measure Work (stress × strain) 

accomplished by a volume of tissue divided by the chemical energy expended by the tissue 

volume measured by MV O2 using a 11C-acetate radiotracer. Our goal is to provide regional 

myocardial tissue maps of efficiency rather than global estimates. The regional change in 

tissue energy efficiency and perfusion are potential new biomarkers that allow identification 

of regional abnormalities in patients with heart failure, which could perhaps be missed when 

utilizing only a global approach.

Our work is the first to use nonlinear biomechanics [17]–[29] with data from simultaneous 

PET/MRI to obtain region by region estimates of cardiac efficiency. PET imaging of 11C-

acetate [7]–[15] provides regional MV O2, whereas MRI provides input to a patient specific 

FE mechanical model. With an estimate of intraventricular pressure [23] and a nonlinear FE 

mechanical model [24], [25] as input, Abaqus [26] provides regional estimates of stress and 

strain to provide measures of external work per tissue regions. The ratio of work to the 

energy equivalent of oxygen consumption measured by PET gives cardiac efficiency for a 

unit of cardiac tissue.

A normal heart is approximately 20-25% efficient as measured by the ratio of global 

external work vs. oxygen consumption with 80-75% lost as heat with the majority of 

metabolic substrate energy and oxygen consumption needed for electrophysiology and cell 

maintenance in support of contracting myocytes [30]. The human myocardium at rest uses 

8-10 ml O2 per 100 g per minute and has complete turnover of the ATP pool every 10 secs 

[6]. In a normal heart this requires oxygen for metabolism of FA as the primary metabolic 

substrate, accounting for 50-70% of ATP production from FA β-oxidation. FA provides 9 

kcal/gram compared to 4 kcal/gram for glucose. This production of ATP is used in several 

mechanical and non-mechanical functions during the process of active contraction and 

relaxation including transport of K+, Na+, and Ca++ across the cell membrane to maintain 

intra- and extra-cellular concentration and electrical potential differences and the 

sequestering of Ca++ from the cytoplasm into sarcoplasmic reticulum after depolarization. 

The release of Ca++ from the sarcoplasmic reticulum triggers conversion of chemical energy 

into mechanical work as shown in Fig. 1 through contraction between the thin and thick 

myofilaments.

This paper provides a methodology for estimating regional myocardial maps of tissue 

efficiency. This allows for the determination of efficiency heterogeneity related to different 

cardiac diseases and for the evaluation of the heterogeneity in response to therapeutic 

interventions. In the following we first describe methods used to process cine MRI data to 

develop a patient specific FE mechanical model for measuring work in cardiac tissue regions 

and to process the PET acquired 11C-acetate data to obtain an estimate of MV O2 in the 

same cardiac tissue regions as measured by 11CO2 efflux from the heart. Results are 

presented followed by a discussion of potential efficacy of measuring the heterogeneity of 

cardiac efficiency in cardiac diseases.
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II. VIRTUAL WORK

If one considers a piece of cardiac tissue that deforms as the heart transforms from end-

diastole (ED) to end-systole (ES) or vice versa, the piece of tissue will deform, as measured 

by strain (dimensionless), experiencing mechanical stress (force per unit area). The forces 

exerted on the piece of tissue will perform work which depends on the nature of the strains 

and stresses experienced by the tissue during the deformation. The goal is to measure these 

strains and stresses to obtain a measure of work performed on individual pieces of cardiac 

tissue.

The following provides a mathematical representation in Lagrangian curvilinear coordinates 

(Fig. 2) of the deformation of a volume of tissue. The goal here is to obtain an expression for 

the strain tensor in terms of the deformed coordinates. The mathematics follows closely the 

notation in [31]. Extra steps are presented in the Appendix to fill in the gaps between the 

equations presented in the book [31].

A. Lagrangian Curvilinear Coordinates

A general Lagrangian non-Cartesian curvilinear coordinate system is shown in Fig. 2 for the 

undeformed state and its convected coordinates for the deformed state. The tangent vectors 

(g1, g2, g3), which may not be orthogonal, are tangent to the initial undeformed curvilinear 

coordinates ξi. Note that the covariant tangent vector gi is the rate of change (derivative) of r 
with respect to the curvilinear coordinates ξi and Gi is the rate of change of R with respect to 

the convected coordinates ξi:

gi = ∂r
∂ξi

=
∂zm
∂ξi

im,

Gi = ∂R
∂ξi = ∂

∂ξi r + u ,

where

ip =
∂ξi
∂zp

gi =
∂zp
∂ξk

gk,

and the contravariant vector

gi =
∂ξi
∂zm

im .

Note: gi · gj =
∂zm
∂ξi

im ·
∂ξj
∂zn

in = δij.
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The contravariant vectors g1, g2, g3 are constructed with g1 orthogonal to g2 and g3, g2 

orthogonal to g1 and g3, and g3 orthogonal to g1 and g2. This implies gi · gj = ∂ij or 
∂zm
∂ξi

∂ξj
∂zm

= δij.

Now consider the derivative of the covariant tangent vector gi:

∂gi
∂ξj

= ∂
∂ξj

∂zm
∂ξi

im = ∂2zm
∂ξj∂ξi

∂ξn
∂zm

gn = Γij
n gn . (1)

Here the symbol Γij
n  is the Christoffel symbol of the second kind. Using (1), it is easy to 

derive an expression for the derivative of the contravariant tangent vector gj:

∂
∂ξi

gj · gk = gk · ∂gj

∂ξi
+ gj · ∂gk

∂ξi
= ∂

∂ξi
δjk = 0,

gk · ∂gj

∂ξi
= − gj · ∂gk

∂ξi
= − gj · Γki

n gn = − δjnΓki
n = − Γki

j ,

∂gj

∂ξi
= − Γik

j gk .

(2)

B. Strain Tensor in the Deformed Lagrangian Curvilinear Coordinates

Our goal is to come up with an expression for the strain tensor γij in the equation of the 

difference between the deformed and undeformed surfaces (a measure of strain):

ds2 − ds0
2 = dR · dR − dr · dr = 2γijdξidξj, (3)

First, we write the differential of the position vector r in the undeformed curvilinear 

coordinates:

dr = ∂r
∂ξi

dξi = gidξi, (4)

and the differential of the position vector R in the undeformed curvilinear coordinates:

dR = ∂R
∂ξi

dξi = ∂
∂ξi

r + u dξi,

= gi + ∂u
∂ξi

dξi .
(5)

Using (2), one can obtain an expression of the partial derivative of the displacement vector u 
expressed in terms of the contravariant tangent vectors gj:

∂u
∂ξi

= ∂
∂ξi

ujgj = ∂uj
∂ξi

gj + uj
∂gj

∂ξi
,

= ∂uj
∂ξi

gj − ujΓik
j gk .

(6)
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Therefore,

dR = gi + ∂uj
∂ξi

gj − ujΓik
j gk dξi = gi + u, i dξi, (7)

where u,i denotes the partial derivative ∂u
∂ξi

, and gi and gj are covariant and contravariant 

vectors in the undeformed state, respectively.

Substituting expressions for dr in (4) and dR in (7) into (3), we have the following 

expression for strain:

ds2 − ds0
2 = gi + u, i dξi · gj + u, j dξj − gidξi · gjdξj, (8)

where

u, i = ujgj , i = uj, igj − Γik
j ujgk (9)

is expressed in terms of the contravariant tangent vectors gj.

Following the details in the Appendix, one comes up with the following expression for the 

strain in terms the strain tensor γij:

ds2 − ds0
2 = γijdξidξj, (10)

where

γij = 1
2 ui j + uj i + u i

mum j (11)

is expressed in terms of the covariant derivatives

ui j = ui, j − Γijmum,

u i
m = u, im + Γik

muk .

The strain tensor is always covariant where coordinate lines ξi are expected to convect to 

contravariant form ξi. Therefore, the measure of strain is in terms of contravariant 

coordinates ξi and strain tensor γij. Notice also that the strain tensor 

γij = ui j + uj i + u i
mum j /2 is expressed in terms of covariant derivatives of the displacement 

vectors. The covariant derivative contains the partial derivative plus the change of the 

tangent vector due to deformation expressed by the Christoffel symbol.
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C. Virtual Work Performed by a Small Piece of Tissue

The concept of virtual work is defined in several books on continuum mechanics: [31]–[34]. 

In our work we assume the existence of an elastic potential W which is invariant with 

coordinate transformation of the strain tensor γij in (11): W = W(γij). A small change in 

energy δW due to δγij is related as δW = σijδγij, where δ denotes the virtual, incremental, 

or simply small variation. From W = W(γij), we have δW = (∂W/∂γij)δγij. Equating this 

with δW = σijδγij, implies that the stress tensor σij satisfies σij = (∂W/∂γij). Therefore, in 

our work we assume the virtual work performed on a piece of tissue with volume Ω from 

end-diastole (ED) to end-systole (ES) is

W =
Ω ED

ES
σijdγijdΩ . (12)

We now consider a special set of axes through a point of tissue where the shear strain 

components vanish. These axes are the principal axes of strain or principal directions. The 

eigenvalues λ1, λ2, λ3 that are solutions to

γij − λδij = 0 (13)

are the principal strains and the principal directions are the eigenvectors n1
1n2

1n3
1 , n1

2n2
2n3

2 , 

n1
3n2

3n3
3  that are solutions to the following equations γij − λ1δij nj1 = 0, γij − λ2δij nj2 = 0, and 

γij − λ3δij nj3 = 0. If γmin = min{λ1, λ2, λ3}, then ymin is the minor principal strain equal to 

the minimum of γ11, γ22, γ33 for the strain tensor transformed so that all shear strain 

components are zero. The same methodology applies for determining the major principal 

stress. We assume that in curvilinear coordinates the stress components are also covariant σ 
(n) = σijgjni. The stress tensor must be covariant form to be based on the contravariant 

curvilinear tangent vector gj and the contravariant normal vector ni. Let σmax be the major 

principal stress equal to the maximum of σ11, σ22, σ33 when all shear stress components are 

zero.

In our work, for the virtual work expressed in (12) we integrate the major principal stresses 

and the absolute value of the minor principal strains from diastole to systole:

W =
Ω ED

ES
σmaxdγdΩ . (14)

where γ = |λmin|. During contraction the minimum principal stain is expected to be negative, 

so we take the absolute value in our calculation of work.

The paper of [35] provided some estimates of strain throughout the left ventricle. Using FE 

modeling of human hearts, they found the average maximum principal strain in the 

equatorial region was 0.60, 0.40, 0.47, 0.33 ± 0.07 in the septal, anterior, lateral, and inferior 

walls, respectively. For a weakly compressible material, in most regions the maximum 

principal strain was found to vary around 0.40, and the minimum principal strain varied 

around −0.20 within a range of about 0.07. Additionally, for a highly compressible material 
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estimated average values of radial, circumferential and longitudinal strains was found to 

vary around 0.33, −0.07 and −0.13 within a range of about 0.07, respectively. This was in 

good agreement with tagged MRI measurements of principal strains [36].

To get a feeling for the magnitude of stress values let’s express the stress tensor in the 

curvilinear spherical coordinates

σrr σrϕ σrθ
σϕr σϕϕ σϕθ
σθr σθϕ σθθ

.

In the work of [37], estimates of the tensor component σϕϕ were performed in different finite 

element mechanical models where the thickness of the left ventricular wall was varied. They 

estimated that σϕϕ would obtain a maximum of 1.44 kPa at end-diastole for a thick wall of 

15 mm (someone with hypertrophy), 15.63 kPa for a wall of 2.5 mm, and 99.47 kPa for a 

thin wall of 0.5 mm (someone with dilated cardiac myopathy) (at a maximum endocardial 

surface pressure at diastole of 4 kPa [0.58 psi]). In other work estimates of stress along the 

myofibers were obtain from patient specific mechanical models for five subjects [38]. They 

predicted end-diastolic and end-systolic myofiber stress for normal five subjects would be 

2.21 ± 0.58 and 16.54 ± 4.73 kPa, respectively. Even in very early work using geometrical 

models instead of FE models, the left ventricular end-diastolic circumferential wall stress in 

13 normal subjects was found to average 2.6 ± 2 kPa, while peak systolic circumferential 

wall stress in this group averaged 37.7 ± 12 kPa [39]. (1 kPa = 7.5 mmHg or 0.145 psi and 

all measurements presented assume an atmospheric pressure surrounding the body is equal 

to zero.)

III. METHODS

A simultaneous PET/MRI cardiac patient study was performed using a PET/MRI 3.0T 

scanner (GE Healthcare, Milwaukee, WI) at University of California San Francisco (UCSF). 

The study was approved by the Committee on Human Research (CHR), the Institutional 

Review Board (IRB) at UCSF. Informed verbal consent was obtained prior to the scan. A 

dynamic cardiac PET study began immediately prior to the injection of 15.1 mCi of 11C-

acetate acquiring data for 25 minutes while simultaneously acquiring MRI data from cine 

pulse sequences. The MRI data consisted of 20-time frames of short axis views over the 

cardiac cycle. The 2D cine data were acquired with field of view (FOV) = 40 cm, radio 

frequency repetition time/echo time (TR/TE) = 3.2/1.1 ms, frequency band width (BW) = 

±127 kHz, image matrix = 192 × 192 (2.1 × 2.1 mm spatial resolution), and 16 mm 

thickness (6 slices per time frame with 8 mm space between slices).

The 59-year-old male patient had normal wall motion and thickening with left ventricular 

ejection fraction (LVEF) of 44%, end-diastolic volume (EDV) of 106 ml, and heart rate 

(HR) of 70 bpm. The patient’s blood pressure pre-injection of tracer was 140/83 mmHg and 

post-injection was 136/81 mmHg. The patient’s clinical history showed no evidence of 

ischemia, or necrosis except prehypertension and obstructive sleep apnea that presented to 

medical attention with increased fatigue, dyspnea on exertion and decreased exercise 

Gullberg et al. Page 8

IEEE Trans Med Imaging. Author manuscript; available in PMC 2022 June 01.

A
uthor M

anuscript
A

uthor M
anuscript

A
uthor M

anuscript
A

uthor M
anuscript



tolerance. EKG showed nonspecific T wave abnormality. Patient had undergone a stress-

treadmill test with no EKG abnormalities but a reduced LVEF of 44% – a new finding from 

previous transthoracic echocardiogram one year prior when LVEF was 60%. Patient had no 

history of hypertension, smoking or hypercholesterolemia, and was not on any medications.

A. First Task in Data Processing: Create a Patient Specific FE Mechanical Model of the 
Heart

The model of the heart was developed by utilizing deformable image registration to alter the 

Dassault Systemes FE Living Heart Model (LHM) shown in Fig. 3 to fit the ventricular 

geometry given in the cardiac MRI cine data. The patient-based FE model was then analyzed 

using Abaqus [26] to provide regional stresses and strains.

For a more detailed description of the electro-mechanical modeling of the LHM we refer the 

reader to [24], [25]. Basically, the LHM is an anatomical four-chamber FE electro-

mechanical human heart model created from computed tomography and magnetic resonance 

images. The FE LHM is discretized with 208,561 linear tetrahedral elements, 47,323 nodes, 

and 189,292 degrees of freedom (47,323 electrical and 141,969 mechanical degrees of 

freedom). It consists of a muscle fiber structure helically wrapping around the heart 

consisting of 208,561 discrete fiber and sheet directions ranging from pointing clockwise-

upward on the epicardium to pointing clockwise-downward at the endocardium. A unified 

finite element environment uses governing equations of excitation-contraction coupling to 

follow the electrical potential and mechanical deformation across a human heart throughout 

the cardiac cycle.

The continuum model of tissue stress consists of passive and active contributions; and 

assumes a Holzapfel-type free energy for the passive tissue stress [40] and active muscle 

driven by changes in the electrical potential. The passive behavior of the Holzapfel and 

Ogden material model [40] uses standard material properties defined in the LHM. The heart 

active contraction is created by adding an active stress to the passive stress such that the total 

stress σf in the fiber direction is equal to the active stress σaf plus the passive stress σpf: σf = 

σpf + σaf. A time varying elastance model [41] is used to define the active contraction stress 

in the cardiac muscle fiber direction. The active contraction σs in the sheet direction is the 

sum of the passive stress σps and a fraction of the active stress η*σaf in the fiber direction, 

where n is a scalar value less than 1.0 and represents the interaction between the adjacent 

muscle fibers: σs = σps + η*σaf. Complete details of implementation of both the passive and 

active material models can be found in [24] as well as [25].

The electrical stimulation is modeled using the monodomain version of the FitzHugh-

Nagumo equations [42] with electro-mechanical coupling balanced by kinematic equations, 

boundary conditions, and constitutive equations. Modeling the interplay between electrical 

excitation and mechanical contraction provides coordinated opening and closing of heart 

valves that regulate the filling of the chambers, while the interplay of electrical and 

mechanical fields controls proper ejection of fluid. The computational model provides a 

continuous transition over time and space through strong and weak forms of the governing 

equations that handle internal variables with temporal and spatial discretization, and their 

linearization. The finite element modeling provides throughout the cardiac cycle discrete 
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estimates of strain and stress over the myocardium from which one can estimate virtual work 

of individual tissue regions.

1) Segmentation of Cine MRI Data: The first step in creating a FE cardiac model 

from the cine MRI data was to segment the patient left and right ventricle in each time frame 

of the six slices (16 mm slice thickness) covering the length of the LV. The epi-and 

endocardial walls of the ventricles were manually segmented for each slice of each frame 

using the Image Segment software developed in the Laboratory of Dr. Paul Segars at Duke, 

University. The Image Segment software is similar to 3D Slicer (www.slicer.org). A 

segmented slice is shown in Fig. 4 (left).

2) Aligning the Living Heart Model (LHM) With the Patient Segmented MRI 
Slices: Once the MRI data was segmented, the FE model of the LHM was aligned with the 

segmented data. (Fig. 4 [right] shows an example after aligning and warping.) To do this, the 

FE mesh of the LHM in its unloaded state was exported from the FE program Abaqus and 

imported into Preview. Preview is the preprocessor of FEBio [27] which is a set of software 

tools for FE analysis which includes Hyperelastic Warping as a component. In Preview, the 

LHM mesh was scaled, rotated, and translated to initially align its ventricles with those 

defined within a given time frame from the MRI data. Since the LHM model was in a 

relaxed state, it was aligned to the mid-diastolic frame of the MRI data. The rigidly aligned 

LHM mesh was then voxelized at the same resolution of the MR image, setting the left 

ventricle (LV) and right ventricle (RV) intensities to correspond to those of the segmented 

image (Fig. 5A).

3) Hyperelastic Warping the LHM to the Segmented MRI Slices: Hyperelastic 

Warping [28] was used to determine the non-rigid deformations necessary to register the 

LHM mesh to the segmented MRI images. The warping analysis was conducted using the 

template image T (aligned, voxelized and intensity equalized LHM in Fig. 5A) and the given 

target image S (segmented MRI defined at mid-diastole in Fig. 5C). In order to deform the 

mesh to match the patient image data, a comparison was made between the template image 

and the particular target image on a voxel-by-voxel basis. So, an initial rigid transformation 

was performed in aligning the LHM mesh to the segmented MR image then followed by a 

non-rigid transformation. The initial rigid alignment aids in the hyperelastic warping 

calculation.

During warping analysis, the template mesh T is deformed to the target image S through 

application of an image-based force:

Fimage r, φ = − λ T r − S φ ∂S φ
∂φ , (15)

where φ(r) = R = r + u(r) is the deformation map, R is the deformed coordinate 

corresponding to r, u(r) is the displacement field, and λ is a penalty parameter that enforces 

alignment of the template model with the target image. The magnitude of the forces applied 

to the template mesh are determined by the local difference in image intensities (T(r) − 

S(φ)). The directions of these applied forces are determined by the partial derivative of the 
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image energy ∂S(φ)/∂φ. The body forces were applied at every element of the template FE 

mesh with the largest forces being applied in regions with large differences in local image 

intensities usually myocardial boundaries. As λ → ∞, the image energy converges to a 

minimum value. In other words, these overall differences in image intensities were 

minimized when the template mesh T was aligned with the MRI target S. (See [28] for more 

details.)

Initially, following the affine transformations, the template outline in blue in Fig. 5C and the 

target image S show a mismatch. Following the warping analysis, the LHM outlined in blue 

in Fig. 5D shows a much-improved match to the target MRI slice, yet for this slice there is 

still some mismatch in the endocardium of the left ventricle. The mesh created by warping 

the LHM to the patient MRI data is shown in Fig. 6. The registered LHM mesh was then 

rotated back to its original, physiological orientation and imported back into the 

Abaqus/CAE (Complete Abaqus Environment) package.

4) Using Abaqus to Analyze the Created LHM Mesh: The human heart is never 

completely unloaded even in an arrested condition. The heart, like the arteries and veins, has 

a pre-stress across the thickness of the atria and ventricles that functions to homogenize the 

loaded stress across the thickness of the tissue [24]. In order to reproduce this pre-stress, the 

reference geometry is processed using a series of Abaqus based scripts. Upon completion of 

these scripts, the new geometry model is analyzed for electrical conduction. The mechanical 

analysis is completed using the electrical conduction results to drive the contraction of the 

atria and ventricles.

5) Transforming the Results of the Patient Specific FE Cardiac Model Into 
PET/MRI Format: Next, the results in Abaqus for estimates of stress and strain of the FE 

model were used to calculate the Myocardial Equivalent Minute Work (MEMW) in the left 

and right ventricles. Using (14) the absolute value of the minor principal strain component 

of the strain tensor times the major principal stress component of the stress tensor at 

elemental points of integration were integrated from end-diastole (ED) to end-systole (ES) 

using the trapezoidal rule. These values were then averaged over volumes of tissue and were 

then multiplied by the heart rate and divided by the specific mass:

MEMW = HR
ρ Ω ED

ES
σmaxdγdΩ × joules · meter · gram−1 · min−1

(16)

where σmax is the major principal component of the stress tensor, γ is the absolute value of 

the minor principal component of the strain tensor, and ρ is the tissue specific mass (1.055 

gm/cm3).

Estimates of stress, strain, and work from the patient specific FE cardiac model were then 

transformed back into the PET/MRI orientation (Fig. 7) using the same transforms as 

determined in Step 2. This allowed calculation of the oxygen consumption (MV O2) in a 

specific tissue region measured by PET to be registered with the tissue region 

simultaneously acquired by the MRI data.
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Five slices of the cardiac model in MRI format near end-systolic phase are shown in Fig. 8. 

The cardiac slices are color coded for stress. Stress images were determined from the patient 

specific FE model oriented to the MRI data. Notice the stress appears to be greatest in the 

septal wall in the second from the top slice.

B. Second Task in Data Processing: Processing Dynamic PET Data

During the time of the MRI data acquisition a cardiac PET study acquired dynamic data for 

25 minutes after the injection of 15.1 mCi of 11C-acetate. Three orthogonal views of images 

of 11C-acetate uptake in Fig. 9 show excellent resolution provided by the time-of-flight PET 

camera.

The dynamic PET 11C-acetate data were analyzed in PMOD software (PMOD Technologies, 

Zurich, Switzerland) assuming a simple 1-tissue compartment model to calculate wash-in 

(K1) and wash-out (k2) rate constants for 17 standardized segmented myocardial tissue 

regions specified by the American Heart Association (AHA). The wash-in rate constant K1 

was used to calculate myocardial blood flow (MBF) [15]. The time activity curves (TACs) 

were also fitted with mono-exponential functions to estimate the decay constant k2(mono). 

The rate constant k2(mono) was used to calculate the tissue oxygen consumption using the 

expression

MV O2 = 135 k2 mono − 0.96 ml/100gm/min , (17)

where we assumed 1 ml oxygen = 21 joules [13]. The rate constants k2(mono) correlates 

well with the rate-pressure product and has been experimentally useful for detection of net 

myocardial oxygen utilization [9]. We did not correct for the 11CO2 contribution in the PET-

derived blood activity.

C. Third Task in Data Processing: Calculating Cardiac Tissue Efficiency

Cardiac efficiency was then calculated for 17 standardized segmented myocardial tissue 

regions specified by the American Heart Association (AHA) by dividing the myocardial 

equivalent minute work (MEMW) in (16) by the MV O2 in (17):

Cardiac Efficiency = MEMW /MV O2 . (18)

Bull’s-eye plots were constructed using MATLAB comparing differences between MBF, 

MV O2, MEMW, and Cardiac Efficiency.

IV. RESULTS

A. Mechanical Work

The temporal changes in 21 equally spaced time frames are shown in Fig. 10 of the major 

principal component of the stress and the absolute value of the minor principal component of 

the strain tensor from end-diastole to end-systole. Notice the extremely low stress during the 

diastolic phase of the cardiac cycle. It is also apparent that the strain in the FE model is 

nonzero even as the heart is loaded with pre-strain before the cardiac cycle begins. The 

strains are referenced to this nonzero initial state and this serves to homogenize the stresses 
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across the wall. As expected, the principal components of the stress and strain are higher 

during systolic phases compared to diastolic phases. Note that the transmural fiber strain is 

fairly uniform as compared to the stress. The average absolute value of the minor principal 

strain in the equatorial region was 0.3139, 0.3402, 0.3398 and 0.4056 in the septal, anterior, 

lateral, and inferior walls, respectively. Contrary to that reported in [29], our work shows an 

inhomogeneous distribution of transmural fiber stress, where stress is higher in some septal 

regions and along the epicardium, which may have to do with the patient’s underlying 

health.

Figure 11 shows in six myocardial slices the average absolute value of the minor principal 

strain, average major principal stress (MPa), and mechanical work (J/g/min) using (16) with 

a heart rate of 70 bpm.

The myocardium was segmented as shown in Fig. 12 into a clinically relevant 17-segment 

model from base through midventricle to apical segments. The regional MEMW for each 

segment was calculated by averaging the work values from all voxels in the segmented 

region of interest (ROI). These values are displayed in a polar map in Fig. 13 using 

MATLAB.

B. Chemical Energy – Oxygen Utilization (MVO2)

Images in Fig. 14 of the 17-segmented model in Fig. 12 provide Bull’s-eye plots of 

myocardial blood flow (MBF) along with wash-out rate constants k2 estimated using a 1-

tissue compartment model for 11C-acetate. MBF was fairly homogeneous throughout the 

myocardium with a slight decrease in the mid-inferior-apical region. The global MBF = 0.96 

± 0.15 ml/min/gm. Since a 1-tissue compartment model overestimates the wash-out rate k2, 

the MV O2 was determined by k2(mono) that was obtained by fitting the mono-exponential 

decay in the TAC [9] and using (17). The mean k2(mono) = 0.099 ± 0.025 min−1 and mean 

oxygen consumption in the total myocardium was MV O2 = 12.3 ± 3.4 ml/100gm/min, 

which is consistent with previous findings for a normal heart at rest that consumes 

approximately 8 to 12 ml/100gm/min determined invasively by the Fick’s method [13]. 

However, it is reasonable to expect an increase in MV O2 in a hypertensive patient in 

response to an augmented metabolic demand caused by a higher workload. The 

normalization of MV O2 in the failing heart may occur at the later stage of disease 

progression.

C. Cardiac Tissue Efficiency

Bull’s eye plots of the regional distribution of MV O2, MEMW, and Efficiency 

(MEMW/MV O2) are shown in Fig. 15 and corresponding bar graphs are shown in Fig. 16 

for four segments of the myocardium.

The myocardial distribution of MV O2, MEMW, and Efficiency may be heterogeneous 

despite the patient not having any significant heart disease. This heterogeneity in the 

contractility of the myocardial tissue may indicate that the energy utilization in different 

regions of the myocardial wall may vary; for instance, septal wall may be more efficient than 

the lateral wall.
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In summary, we consider a piece of myocardial tissue (size limited to the spatial resolution 

of the PET scanner) is allowed to deform by the equations we express in Section II. In doing 

so the piece of tissue will perform work by nature of the strain and stress forces exerted 

during the process of deformation going from a state at ED to ES. The energy to perform 

this work involves chemical energy in the production of ATP which is used in the process of 

active contraction of the myofibers resulting in deformation of the piece of tissue. PET with 
11C-acetate is used to measure the amount energy expended to produce ATP. We assume that 

we can measure this energy at the resolution of the PET scanner by using (17): MV O2 = 

135[k2(mono)] − 0.96(ml/100gm/min), to obtain a measure of oxygen consumption for the 

piece of tissue and relating this to energy assuming 1 ml oxygen = 21 joules. The work 

expended by the deformation divided by the energy expended as measured by 11C-acetate 

provides the measure of efficiency for the piece of tissue. This explanation of quantifying a 

piece of tissue is important because it differs from the total global cardiac efficiency of the 

total myocardium as measured by a PV-loop and total oxygen consumption.

V. DISCUSSION

This work is the first to show the feasibility of estimating cardiac tissue efficiency of specific 

tissue regions in human using a FE mechanical model of segmented MRI images of the heart 

to calculate work and kinetic modelling of PET dynamic 11C-acetate data to calculate flow 

and oxygen consumption. Cine MRI data and nonlinear biomechanics are used to obtain a 

patient specific nonlinear FE mechanical model that uses hyperelastic warping [28] to 

register the LHM [24], [25] to the segmented short axis MRI slices. The registered model 

used as input to Abaqus [26] provides regional estimates of strain and stress. Combining this 

with dynamic PET estimates of oxygen utilization provides a measure of tissue efficiency 

for specific cardiac regions. using PET and MRI together for calculating, evaluating, and 

studying myocardial tissue efficiency in patients, provides a wealth of diagnostic 

information from functional analysis as well as biochemical and physiological 

characterization of inhomogeneity of cardiac efficiency and relationships between 

myocardial metabolism, perfusion, structure, and wall dynamics.

Simultaneous PET/MRI is able to reconstruct accurate PET images fused with MRI and 

provide anatomic and metabolic characterizations of cardiac diseases. PET/MRI has shown 

to be useful in imaging viability and assessment of inflammatory and infiltrative processes in 

myocarditis and cardiac sarcoidosis [43]. Assessing inflammation is especially important in 

characterization of tissue integrity after acute myocardial infarction (AMI) and is possible 

using MRI T1 and extracellular volume (ECV) mapping as well as 18fluorodeoxyglucose 

(18FDG) PET imaging targeting inflammatory cell populations [44]. Combining MRI with 

PET imaging of 18FDG shows promise as a noninvasive approach to gain knowledge of 

cardiac function in hypertrophic cardiomyopathy relative to substrate utilization [45]. 

Cardiac PET/MR imaging also has the potential to assess cardiac tumors, ischemia, 

infarction, and function [46]. In characterizing perfusion defects, it may be that the 

integration of the differences in myocardial perfusion quantification of simultaneously 

acquired 13NH3 - ammonia PET and dynamic contrast enhanced (DCE) MRI data in patients 

at rest and stress will be able to better delineate defects and quantify perfusion in extended 

microvascular disease [47]. PET/MRI can also potentially provide useful biomarkers to 
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follow therapies related to metabolic manipulations [48] and mesenchymal stem cell 

induction [49] as treatments for heart failure (HF).

Cardiac tissue efficiency is an important additional measure for evaluating cardiomyopathies 

because a common feature is the inherent inefficiency of the heart in using oxygen to 

metabolize energetic substrates for the production of external work. In hypertensive left 

ventricular hypertrophy decreases in myocardial fatty acid oxidation correlated with 

decreased myocardial efficiency [7]. In HF cardiac efficiency is impaired because oxygen 

consumption is elevated for a given amount of work [50]. It has been found that efficiency 

measures are beneficial in monitoring various therapies, including drug therapies [51], [52], 

devices [53], and interventions [54], [55]. It has been found that it is important to carefully 

plan cardiac resynchronization therapy (CRT), because properly done CRT can improve 

cardiac efficiency by a higher stroke volume index without increase in metabolic cost [56]. 

Measuring cardiac efficiency is important in understanding the status of the diabetic heart 

where decreased cardiac efficiency is caused by oxygen waste for noncontractile purposes 

such as abnormal Ca2+ homeostasis that increases MV O2 and reduces efficiency [57]. 

Myocardial oxidative metabolism is also disturbed in cardiac amyloidosis patients with 

increased total MV O2 and reduced myocardial external efficiency [58]. Measures of 

myocardial efficiency using PET has been used to evaluate sympathetic reinnervation after 

orthotopic heart transplantation [59]. The aging heart also shows a decrease in cardiac 

efficiency [60]. In advanced age, the resting MV O2 and cardiac work in the rat remain 

intact; however, cardiac efficiency achieved at high demand are decreased with age, 

compared to the young.

Our preliminary results using simultaneous microPET/MRI (Fig. 17) showed a negative 

correlation between work and glucose metabolism indicating that the heart prefers substrates 

that maximize efficiency such as fatty acids (FA). However, during hypoxic stress an 

increased LV systolic function is coupled with an increase in myocardial FDG uptake [61]. 

Correlations between regional cardiac efficiency and flow and metabolic substrate utilization 

can be determined by using additional measurements: MBF using 11C-acetate [14], [15], 

myocardial FA utilization using 18FTHA [3], [4], and myocardial glucose metabolism using 
18FDG [3], [4], [50].

Cardiac efficiency is usually measured as overall heart work divided by oxygen 

consumption. Assessment of heart work is estimated from the area contained within the 

pressure volume-loop (PV-loop). Instrumentation, such as an in vivo pressure volume 

conductance catheter, can provide accurate measurements of volume and pressure but is 

invasive [16]. Recently Harms and co-workers [11] described a method of using only PET to 

obtain a global measure of flow, MV O2, and mass to obtain a global measure of cardiac 

efficiency. From a single dynamic 11C-acetate PET scan, their approach was to use the early 

first pass phase of a dynamic PET scan for determining forward cardiac output (mL min−1) 

and the peak uptake phase for determining left ventricular mass; and to combine this with 

systemic blood pressure and wash-out rate of 11CO2 as a measure of oxygen consumption, 

to obtain a global measure of myocardial efficiency. This work was highlighted by Bengel in 

an editorial in the Journal of Nuclear Cardiology [50] where other previous works [51] using 

only a dynamic 11C-acetate PET scan combine measures of oxygen consumption with 
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measures of cardiac output and arterial pressure to obtain an overall measure of cardiac 

efficiency. Work of de las Fuentes and co-workers [7] used both PET and MRI to obtain a 

global measure of cardiac efficiency using measures of 11C-acetate with PET to obtain 

oxygen utilization and a separate MRI study fitting tagged and cine data to a linear 

mechanical model to obtain measures of work. Our approach differs from these global 

measures of cardiac efficiency in that we measure efficiency of tissue regions whose size is 

only limited by the resolution of the PET scanner.

A. Limitations

In addition to developing our methodology and evaluating with only one patient study, there 

are limitations that arise in attempting to model complex physiological processes involving 

cardiac function. More work is needed to determine how sensitive the efficiency estimation 

is related to the accuracy of the cardiac FE mechanical model. The challenge in obtaining 

patient specific FE cardiac models is in obtaining subject-specific material properties [63], 

fiber structure, and intraventricular pressures. We are encouraged by an analysis [38] 

showing FE model results insensitive to variations of intraventricular pressures within 

normal range. We are also encouraged by our extensive work in validating our previous 

mechanical models of the heart. In early work [19] using models of normal, subendocardial 

ischemia, and transmural anterior ischemia, we demonstrated radial, circumferential, and 

longitudinal strain distributions results consistent with cine and tagged MRI results. In later 

work [20] we demonstrated how by changing material properties we could reproduce 

dyskinetic behavior in LV wall motion for regions of myocardial fibrous and remodeled 

infarctions. The results were consistent with results reported in the literature. We also 

investigated effects of fiber disarray through simulations of fibers distributed randomly 

about angles from 3° to 30° [65]. Fiber disarray up to values of 4° exhibited no compromise 

in the hemodynamic systolic parameters. Disarray values of 10° or greater show ever 

increasing degradation of systolic function, including lower systolic volumes and lower 

ejection fractions. Results showed the pronounced effects of disarray upon systolic function, 

whereas the diastolic function remained largely unchanged. The fiber strain remained 

unchanged with ever increasing disarray up to 4°, whereas the models above 10° did not 

contract sufficiently to produce the necessary fiber strains. In contrast, the first principal 

strain results showed that the wall strain values increased with decreasing systolic function. 

The extraction of patient specific fiber structure is a challenge; however, recent 

developments in DTMRI [66] are also encouraging where diffusion images of the heart 

could be obtained on human subjects in a reasonable time for specifying subject-specific 

fiber structure [67].

In a later publication [64] we demonstrated the accuracy of warping PET patient data to 

design a mechanical model by validating the results with tagged MRI data of the same 

patient. This was different than what we did in the present work where cine MRI data was 

used to design the cardiac mechanical model using hyperelastic warping. However, the 

previous work provides insight into the accuracy of warping. In that work the results of 

deformation by warping PET data gave results of strain that correlated well with MRI tagged 

data. The qualitative and quantitative evaluations of the validation study indicated that 

warping analysis of clinical PET images can provide point strain predictions consistent with 
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those determined by tagged MRI analysis. Specifically, in that work model values were 

modified to fit the data. Rather than rely on literature values for the active contraction, a 

subject specific active contraction methodology was developed and applied to globally align 

the template FE LV model with the end-systolic image by modifying the inherent active 

contraction properties in the model [17], [18]. The amount of active contraction applied to 

the models was governed by the amount of intensity mismatch in the images themselves. 

Thus, any initial mismatch in the initial warping analysis can be fine-tuned by modifying 

properties of the model. In our present work this was accomplished by using Abaqus to 

study and compare the dynamic deformation of the resultant model properties, modifying 

them if necessary, to better fit the imaging data.

These observations were made with models that we had designed in our own lab. With the 

development of the LHM of a full heart model including electrical modeling, we focused on 

using the LHM to process our PET/MRI model. This LHM is considerably more complex 

and precise with material properties, fiber and sheet structure, electrical stimulation, and 

variable LV pressure feedback with a total peripheral vascular flow model. Even though with 

this precision, it is pointed out in their publication [24] that there are limitations. In 

particular, it is difficult to simulate any of the compensatory mechanisms such as the 

autonomic neuronal response to a failed myocardium. However, we feel our work is based 

upon the most realistic model of the living human heart that has been developed to date.

There have been several discussions of the appropriate methods to model in vivo kinetics of 
11C-acetate [12], [13], [68]–[70]. In an early paper [68] one, two and three-tissue 

compartment models were compared for modeling the kinetics of 11C-acetate. Another early 

paper devil more deeply into the biochemical processes deriving analytical equations of a 

five-compartment model detailing the metabolic pathways of free acetate, activated acetate, 
11CO2 precursors, amino acids, and 11CO2 in the blood and tissue and cellular components 

[12]. However, when using imaging to model biological processes only a few parameters can 

be extracted with reasonable accuracy by mathematical estimation, implying only a few 

model compartments can be identified.

One problem with 11C-acetate is that 11CO2 is released from the tissue into the blood. This 

creates a contamination of 11C not tagged to the 11C-acetate tracer; thus, biases the blood 

input function due to efflux of 11CO2 into the blood. Modification of models have been 

proposed to correct for the 11CO2 contamination in the blood input function. In one [69], a 

2-compartment model with tissue recovery coefficient was proposed. In another [70], a one 

tissue compartment model used an averaged metabolite correction of the input function 

proposed by [68]. The concentration of 11CO2 was expressed as % total 11C concentration 

and the continuous time course was approximated by an exponential decay function.

In our work the wash-out k2(mono) of 11CO2 was estimated by fitting a mono-exponential 

decay in the time activity curve. Blood flow was estimated using a one compartment model 

without any correction for 11CO2 in the blood so that the nonlinear estimation problem 

might have better solvability properties. Thus, our values may be biased upwards. As with 

any flow tracer there is the need to correct for the flow dependent extraction fraction as was 

performed internally in our PMOD data processing program. The correction for partial 
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volume effects can also improve the accuracy [71]. Another aspect to consider is the relation 

between myocardial clearance kinetics of 11C-acetate, and the rate-pressure product as an 

index of myocardial flow and oxygen consumption [9].

B. Conclusions

Our method will provide a determination of efficiency heterogeneity related to different 

cardiac diseases and for evaluating the heterogeneity in response to therapeutic 

interventions. Data from Fig. 17 would suggest that the heart has a heterogeneity response to 

work and metabolism. This heterogeneity could provide some indication of potential for 

asymmetric cardiac hypertrophy [72] or regional dysfunction in dilated cardiomyopathy 

[73]. The diagnosis of efficiency heterogeneity could allow for mechanical therapy in the 

form of a novel implantable hydrogel treatment [74] to be applied more locally to relieve 

areas of wall stress where it is needed most. Also, therapy in the form of resynchronization 

[56], [75], [76] does not necessarily provide a uniform response of cardiac efficiency [76] or 

the onset of LV contraction and this may also be true of Left Ventricular Assist Devices 

(LVAD) [77]. The assessment of efficiency heterogeneity would be able to evaluate the 

prognosis of these types of therapies for HF patients.

The physiology of the heart is complex involving the conversion of chemical energy into 

mechanical energy. The question of how much energy is expended in a piece of myocardial 

tissue is thought-provoking and difficult to answer. Seeking an answer opens up a milieu of 

physics, chemistry, and mathematical questions. For example, even describing the 

transformation of a piece of tissue from an undeformed to a deformed state requires complex 

tensor calculus. However, the formulation of the physics, chemistry, and mathematical 

principles are key to developing a comprehensive model of the energy expenditure in a piece 

of myocardial tissue and answers that such a model can provide is vital to the understanding 

of the true health of the heart. PET/MRI imaging of the heart provides simultaneous 

measures of biochemistry and biomechanics that can be used to interrogate the energy 

expenditure through measures of myocardial tissue efficiency to better understand disease 

processes in diagnosis and threptic intervention of cardiac disease.
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Appendix

The following provides the details in the derivation of the strain tensor in the deformed 

Lagrandian curvilinear coordinates. We remind the readers that the Lagrangian curvilinear 

coordinates are shown in Fig. 2. The goal here is to present the equations in the derivation 

between (8) and (10) that is not presented in [31].

First, let’s begin with the expression for the strain in terms of the difference between 

deformed and undeformed surfaces:
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ds2 − ds0
2 = dR · dR − dr · dr = 2γijdξidξj, (3)

Again, we write the differential of the position vector r in the undeformed curvilinear 

coordinates:

dr = ∂r
∂ξi

dξi = gidξi, (4)

and the differential of the position vector R in the undeformed curvilinear coordinates:

dR = ∂R
∂ξi

dξi = ∂
∂ξi

r + u dξi,

= gi + ∂u
∂ξi

dξi .
(5)

Using (2), the partial derivative of the displacement vector u expressed in terms of the 

contravariant tangent vectors gj is

∂u
∂ξi

= ∂
∂ξi

ujgj = ∂uj
∂ξi

gj + uj
∂gj

∂ξi
,

= ∂uj
∂ξi

gj − ujΓik
j gk .

(6)

Therefore

dR = gi + ∂uj
∂ξi

gj − ujΓik
j gk dξi = gi + u, i dξi, (7)

where u,i denotes the partial derivative ∂u
∂ξi

, and gi and gj are covariant and contravariant 

vectors in the undeformed state, respectively. Substituting the expressions for dR in (7) and 

for dr in (4) into the following expression for strain:

ds2 − ds0
2 = dR · dR − dr · dr,

we have

ds2 − ds0
2 = gi + ∂um

∂ξi
gm − um

∂2zn
∂ξk ∂ξi

∂ξm
∂zn

gk dξi

· gj + ∂um′
∂ξj

gm′ − um′
∂2zn′

∂ξk′∂ξj

∂ξm′
∂zn′

gk′ dξj − gidξi · gjdξj

= gi + ∂um
∂ξi

gm − umΓik
mgk dξi · gj + ∂um′

∂ξi
gm′ − um′Γjk′

m′ gk′ dξj − gidξi · gjdξj,
= gi + u, i · gj + u, j dξidξj − gi · gjdξidξj,
= gi · gj + u, i · gj + gi · u, j + u, i · u, j dξidξj − gi · gjdξidξj,

(A1)
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where the partial derivative u, i = ∂u
∂ξi

 is expressed in terms of the contravariant tangent 

vectors gJ:

u, i = ujgj , i = uj, igj − Γik
j ujgk ,

or is expressed in terms of covariant tangent vectors gj:

u, i = ujgj , i = u, i
j gj + Γjik ujgk .

Substituting the following expressions into (A1)

u, i · gj = um, igm − Γik
mumgk · gj

= um, iδmj − Γik
mumδkj = uj, i − Γijmum,

gi · u, j = gi · um, jgm − Γjk
m umgk

= um, jδim − Γjk
m umδik = ui, j − Γjimum,

we have

ds2 − ds0
2 = uj, i − Γij

mum + ui, j − Γji
mumu, i · u, j dξidξj,

= ui, j − Γij
mum + uj, i − Γji

mum + u, i · u, j dξidξj,
= ui j + uj i + u, i · u, j dξidξj,

(A2)

where ui j = ui, j − Γij
mum is the covariant derivative of the displacement vector u.

Remember u,i can be expressed in term of covariant tangent vectors gj or contravariant 

tangent vectors gj. Here we choose to express

u, i · u, j = u, im′gm′ + Γm′i
k′ um′gk′ · um, jgm − Γjk

m umgk

in (A2); thus, yielding

u, i · u, j = u, ik um, jgk · gm + Γm′i
k um′um, jgk · gm − u, ik Γjmm′um′gk · gm − Γm′i

k um′Γjmn ungk · gm,
= u, ik um, jδkm + Γm′i

k um′um, jδkm − u, ik Γjmm′um′δkm − Γm′i
k um′Γjk

n unδkm,
= u, imum, j + Γm′i

m um′um, j − u, imΓjmm′um′ − Γm′i
m um′Γjmn un .

Substituting k for m′, we have

u, i · u, j = u, imum, j + Γki
mukum, j − u, imΓmj

k uk − Γik
mukΓmj

n un . (A3)
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The strain tensor is always covariant where coordinate lines ξi are expected to convect to 

contravariant form ξi. Therefore, the measure of strain in terms of contravariant coordinates 

ξi and strain tensor γij is

ds2 − ds0
2 = ui j + uj i + u, i · u, j dξidξj . (A4)

Substituting (A3) into (A4), we have

ds2 − ds0
2 = ui j + uj i + u, imum, j + Γki

mukum, j − u, imΓmj
k uk − Γik

mukΓmj
n un dξidξj,

= ui j + uj i + u, im + Γik
muk um, j − Γmj

n un dξidξj

= ui j + uj i + u i
mum j dξidξj = 2γijdξidξj .

(A5)

where u i
m = u, im + Γik

muk.
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Fig. 1. 
Sliding filament model of muscle contraction. Calcium released from sarcoplasmic 

reticulum initially binds to troponin-C resulting in conformational change of tropomyosin 

and exposes myosin-binding sites on the actin filament so that myosin heads can bind to 

actin. A power stroke results where ADP and inorganic phosphate are released from the 

myosin head so that myosin head can pivot and bend, pulling on the actin causing muscle 

contraction. A new molecule of ATP binds to the myosin head, causing it to detach from the 

actin. Finally, ATP is hydrolyzed into ADP and inorganic phosphate, causing the myosin 

heads to relax so that the cycle of contraction can begin again. With relaxation intracellular 

calcium is reduced: 1) by entering the sarcoplasmic reticulum for storage via a 

sarcoendoplasmic reticulum calcium-ATPase channel at the expense of an ATP molecule; 

and 2) through a sodium-calcium exchange channel which extrudes a calcium ion and 

admits a sodium ion when membrane repolarization starts. Calcium is no longer bound to 

troponin C. (Reprinted from www.macmillanhighered.com).
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Fig. 2. 
Lagrangian curvilinear coordinates. The Lagrangian curvilinear covariant coordinates (ξ1, 

ξ2, ξ3) for the undeformed state are convected into the Lagrangian curvilinear contravariant 

coordinates (ξ1, ξ2, ξ3) in the deformed state. The tangent vectors (g1, g2, g3) are tangent to 

the undeformed curvilinear covariant coordinates (ξ1, ξ2, ξ3), whereas the tangent vectors 

(G1, G2, G3) are tangent to the deformed curvilinear contravariant coordinates (ξ1, ξ2, ξ3). 

(Drawn based on Figure 2.3.1 in [31] but modified to indicate that here we assume that the 

undeformed covariant coordinates (ξ1, ξ2 ,ξ3) are convected into deformed contravariant 

coordinates (ξ1, ξ2, ξ3).
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Fig. 3. 
Living Heart Model (LHM). The LHM as described in [24], [25] includes the aortic arch, 

valves, coronary arteries and veins, pulmonary trunk, left and right atria and ventricles, 

papillary muscles and chordae tendineae, superior and inferior vena cava, mechanical tissue 

properties, and electrical stimulation. (Image from Dassault Systèmes).
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Fig. 4. 
Left: Segmented left (blue and green) and right ventricle (yellow and red) from the patient 

cardiac cine MRI data. Right: LHM after warping to the patient segmented MRI slice. This 

is reanalyzed in Abaqus.
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Fig. 5. 
Registering the aligned LHM mesh to the given patient segmented MRI target image by 

hyperelastic warping. (A) The aligned FE model of the LHM voxelized at the same 

resolution and intensities equalized with the corresponding segmented MRI. In blue is the 

segmented version of the original LHM including papillary muscles outlined. This 

represents the starting model corresponding to the template image T for the warping 

analysis. (B) The mid-diastolic patient MRI image S is segmented and shown in (C) with the 

blue outline of the original LHM FE model. This patient image represents the target image S 
of the hyperelastic warping analysis. From the blue outline of the LHM, it can be seen how 

the LHM template image T differs from the patient target S. (D) Following completion of 

the warping analysis, the FE mesh boundary in blue shows the registration with the 

segmented target image boundary.
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Fig. 6. 
The LHM mesh, warped to match the patient MRI data, in a format that can be analyzed 

using Abaqus.
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Fig. 7. 
The patient specific FE model is transformed back into MRI format.
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Fig. 8. 
Five slices in MRI format color coded for stress (MPa). Note: 1 megapascal [MPa] = 1 

newton/millimeter2 [N/mm2].
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Fig. 9. 
Time-of-flight reconstructed images of 11C-acetate uptake in the patient heart in short axis 

views from apex to base (left) and transaxial (upper right) and three orthogonal views: short 

axis, vertical long axis, and horizontal long axis (lower right). (128 × 128 × 128 voxels of 

2.7 mm).
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Fig. 10. 
Temporal changes of the major principal component of stress (left) and absolute value of the 

minor principal component of strain (right) in 21 equally spaced time frames of mid cardiac 

slices from diastole to end-systole. (Six 1.6 mm slices of 512 × 512 pixels of 0.7 × 0.7 mm).
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Fig. 11. 
Strain, stress and MEMW averaged over time from end-diastole to end-systole. Six central 

slices of the MRI cine data provided measures of strains and stresses for the cardiac 

efficiency estimates. (Six 1.6 cm slices of 512 × 512 pixels of 0.7 × 0.7 mm).
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Fig. 12. 
The regional myocardial segmentation based on the AHA guideline. Left: Heart ordinated 

with the long axis pointing downward. Center: Coronary territories with AHA 17 segments 

identified. (Reprinted from Manuel D. Cerqueira. Circulation. Standardized Myocardial 

Segmentation and Nomenclature for Tomographic Imaging of the Heart. Volume: 105, Issue: 

4, Pages: 539-542, 2002. DOI: (10.1161/hc0402.). Right: Bull’s-Eye plot of the AHA 17 

segments.
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Fig. 13. 
The regional myocardial equivalent minute work (MEMW). The regions are based on the 

AHA guideline (Fig. 12).
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Fig. 14. 
Processing dynamic PET data using 11C-acetate. A 1-tissue compartment model was used to 

estimate blood flow and wash-out rate (k2) of 11CO2 from the blood. The blood and global 

myocardium tissue TAC is shown for 25 minutes of acquisition. The blood flow is fairly 

uniform in the bull’s eye plot, whereas the wash-out rate k2 in the inferior lateral wall 

through the apex up to the mid septal wall shows decrease indicative of reduced oxygen 

utilization.
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Fig. 15. 
MVO2, MEMW, and Efficiency shown in bull’s eye format.
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Fig. 16. 
MBF, MVO2, MEMW, and Efficiency in four sectors of the myocardium. The septal wall 

has higher efficiency compared to the lateral wall.
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Fig. 17. 
Correlation of Regional Metabolic Rate Ki of 18fluorodeoxyglucose (18FDG) with MEMW. 

Comparison of the mid-ventricular values of MEMW and the Ki values for two healthy 

Lewis rats showed negative correlations. These were significantly different than zero with p-

values of 0.0068, and 0.0107, respectively. The heart prefers substrates that maximize 

efficiency such as FAs, which provide 9 kcal/gram compared to 4 kcal/gram for glucose. 

(Data acquired in collaboration with H.F. Wehrl and B.J. Pichler at University of Tübingen).
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