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VIRIAL COEFFICIENTS AND EQUATIONS OF STATE FOR MIXED FLUIDS; 
APPLICATION TO CH4-H20* 

Kenneth s. Pitzer, Andrzej Anderko, and s. Michael Sterner 

Department of Chemistry, University of California 
and 

Chemical Sciences Division, Lawrence Berkeley Laboratory, 
1 Cyclotron Road, Berkeley, California 94720 

ABSTRACT 

The statistical mechanics of both pure and mixed fluids yields 
expressions in terms of virial expansions. The composition 
dependencies of various virial coefficients are well established, 
as are the integrals expressing their values in terms of 
intermolecular potentials. These expressions are simple for the 
second virial coefficient but increase in complexity so rapidly for 
higher coefficients that it is not yet feasible to generate a 
complete equation of state from intermolecular potentials by this 
method. But it will be shown that these properties for the second, 
third, and fourth virial coefficients can be combined in a very 
useful manner with information from the complete equations of state 
for the component pure fluids to yield a form for the equation for 
the mixed fluid which maintains consistency with all of the 
pertinent principles and has a minimum number of parameters to be 
evaluated empirically. The system CH4-H20 is presented here as an 
example and other very recent applications are cited. 

1. INTRODUCTION 

In addition to the ideal gas law as the low-density limit, 
statistical mechanics yields a second rigorous requirement for the 
equation of state of a multicomponent fluid, specifically, a series 
of composition dependencies of the second and higher virial 
coefficients. Many simple equations of state satisfy this second 
set of requirements but are not very accurate even for the pure 
components. Other equations are much more accurate for the pure 
fluids but, as extended to two or more components, the composition 
dependency requirement is violated for -the second and possibly 
higher virial coefficients. In particular, multicomponent 
corresponding states equations which introduce composition 
dependence through interpolated critical temperatures and volumes 
often violate this requirement for the second virial coefficient. 
Dimitrelis and Prausnitz (1990) and others have presented equations 
where the second virial coefficient has the correct composition 
dependence and a "dense -fluid" term has a more complex dependence. 
They point out the importance of a correct composition dependency 
of the second virial coefficient. 

our present objective is to develop multicomponent equations of 
state that are fully consistent with the composition dependency 
requirement not only for the second but also for all higher virial 

*This work was supported by the Director, Office of Energy 
Research, Office of Basic Energy Sciences, Division of Chemical 
Sciences and Division of Engineering and Geosciences, of the U. s. 
Department of Energy under contract No. DE-AC03-76SF00098. 
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coefficients and have accuracy approaching that of good 
experimental measurements without undue mathematical complexity. 
The equation comprises appropriate expressions yielding accurate 
2nd, Jrd, and 4th virial coefficients and an approximate expression 
for higher coefficients. This equation is generalized for mixed 
fluids in a manner consistent with the composition dependency 
requirements. We present this equation together with an 
application to the very demanding system CH4-H20. In addition, we 
note that this EOS has been effective for a series of systems 
comprised of normal fluids in the acentric factor system (Anderko 
and Pitzer, 1991). 

2. COMPOSITION DEPENDENCY OF VIRIAL COEFFICIENTS 

The basic statistical mechanics of fluids as related to the 
virial series shows that the second virial coefficient relates to 
interactions of two molecules, the . third virial coefficient to 
interactions of three molecules, etc. In a binary mixture this 
implies 1-1, 1-2, and 2-2 interactions for the second virial 
coefficient, etc. After appropriate statistical factors are 
introduced, the following relationships are obtained 

(1) 

with 

(2a) 

(2b) 

(2c) 

for a binary mixture with x1 and x2 mole fractions and z the 
compression factor. For a ternary mixture one has 

(3a) 

(3b) 

Each individual function, B1., c1jk' etc., is a function of 
temperature and in princip~e can be calculated from the 
intermolecular potential function if it is known. For the second 
virial coefficient and spherical molecules interacting by the 
potential r 11 (r), one has 

B1j = 21tNA£-{1-exp[-r 1j(r)/kT]}r 2 dr (4) 

With NA Avogadro's number the result is a volume per mole. For 
nonspherical molecules the potential depends on angles in addition 
to the intermolecular distance. Then the integrand remains the 
same, but it must be integrated over all angles in addition to r. 

The expression for the third virial coefficient is given by 
Prausnitz et al. (1986), Hirschfelder et al. (1954), and other 
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standard treatises. For the fourth and higher virial coefficients, 
the completely general expressions become very complex and are 
seldom used except for hard-sphere or other grossly oversimplified 
potentials. 

3. ·HISTORICAL COMMENTS 

Before proceeding to our new contributions, some background 
discussion seems appropriate. For the van der Waals equation the 
usual extension to mixtures maintains consistency. Here, 

B = b- a/RT (Sa) 

c = b 2 , D = b 3 , etc . (S])) 

with a and b the usual van der Waals parameters. Then a quadratic 
dependence on mole fraction is allowable for a and a linear 
dependence for b. This is the pattern generally used in various 
investigations including the comprehensive study of van Konynenburg 
and Scott (1980). CUbic equations of state have been used, 
however, for mixtures of very dissimilar components with mixing 
rules more complex than quadratic. 

The a-parameter equation of Benedict, Webb and Rubin (BWR, 1940, 
1942) made a great advance in accuracy for pure fluids, and their 
extension to mixtures maintained full consistency with statistical 
mechanics as they clearly stated. But this required eight separate 
equations for the x-dependencies of the various parameters. Later, 
three additional parameters were added, but starling and Han (1972) 
in their equations for mixtures still maintained full consistency 
with eleven equations for x-dependencies. 

Subsequently, the BWR equation was extended to 32 parameters 
for N2 by Jacobsen and Stewart (1973) and to 52 parameters for Ar 
by Stewart et al. (1981). The 32-parameter equation has since-been 
used f.or several fluids and even more complex equations have been 
given for H20. The rigorously consistent method of BWR was not 
followed in the extension of these equations to mixtures, 
presumably because of the complexity involved. Instead, such 
applications have followed the approximate corresponding states 
pattern, which often yields inconsistent second and possibly higher 
virial coefficients (see Appendix). 

4. A FULLY CONSISTENT EQUATION 

Since a fully consistent extension to mixtures of typical 
extended BWR equations seemed impractical, we sought an equation of 
simpler density dependency which yielded comparable accuracy. The 
equation described below was first applied to an array of fluids 
within the acentric factor system (Anderko and Pitzer, 1991). That 
study began with the same data base for 18 pure fluids which 
Schreiber and Pitzer (1989) had treated on an extended BWR basis. 
The new equation fits almost as well but with many fewer terms. 
This equation is easily extended to mixtures in a fully consistent 
manner and yielded excellent fits for a number of binary systems, 
including Ne-Kr, a series of CH4-alkanes, and a series of N2-alkanes 
(Anderko and Pitzer, 1991). 

Here we test this equation for the very demanding system CH4-H20 
where the two pure fluids are very different in various respects. 
The pure-fluid equation on a reduced basis is 
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1+CPr 
z = --,-;...: + cxp + PPr2 + YPl 1-bpr r 

(6) 

where Pr is the reduced density and b, c, a, p, y are parameters. 
The first term on the right hand side of eq. (6) is an approximate 
form of the repulsive term. Kim et al. (1986) showed that an 
expression of similar form, i.e., 

z = 1+0.77 (b/v) 
1- 0. 42 (b/v) 

(7) 

satisfactorily approximates the Carnahan-Starling (1969) expression 
for hard spheres. In this work we do not attempt to use analytical 
expressions for the compressibility factor of non-attracting bodies 
of different size and shape as these effects can be satisfactorily 
absorbed by the parameters of eq. (6). For the five parameters we 
assume the following expressions: 

(Sa) 

(Sb) 

(Be) 

(Sd) 

(Be) 

where Tr is the reduced temperature. 
In the course of the work on the acentric-factor-system fluids, 

an equation for methane was developed which is valid to at least 
600 K and to 1800 bars. For water we used the equation of Hill 
(1990} as a basis and generated a data base including PVT values to 
1800 bars and 1000 K, together with the properties of saturated 
vapor and liquid. Equation (6} was then fitted to this data base. 
The parameters for pure CH4 and H~O on a reduced basis are given in 
Table 1. With the possible exception of a very small near-critical 
region, each of these pure-fluid equations has an accuracy far 
higher than that of any of the mixed-fluid data to be treated. 
Parameters 3 and 4 were not needed for H20, and their omission 
explains the marked difference between certain other parameters for 
the two fluids. 

Extension o~ the EOS to mixtures 

In considering the application of eq. (6} to mixtures, we first 
rewrite the equation in terms of the density p instead of the 
reduced density Pr 

z = 1+cvp 2 J _ _,__.:.;c;... + cxv p + Pv p + YVcP 
1-bvcp c c 

(9) 

Thus, the ~antities to be defined for a mixed fluid are (bvc), 
(cvc), ••• (yvc>· Next we consider the virial expansion of eq. (9). 
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z = 1 + Bp + Cp 2 + Dp 3 + Ep • + ••• (10) 

B = bv e + eve + a.v e (11a) 

c = (bve)2 + (bve) (eve) + Pv~ (11:b) 

D= (bve)3 + (bve) 2 (eve) + yv~ (11c:) 

E = (bve) • + (bv e> 3 (eve> (11d) 

According to statistical mechanics, the second virial coefficient 
B should be a quadratic function of composition, the third virial 
coefficient c - a cubic one, the fourth virial coefficient D - a 
quartic one, etc. This implies that the composition dependence of 
b can only be linear. A quadratic expression for b would be 
acceptable for the second virial coefficient but would violate 
composition dependencies for all higher coefficients. According to 
the same criterion, c and a should be quadratic, p - cubic, and y -
quartic functions of composition. Therefore, the mixing rules for 
the parameters are: 
bv = l: xibi vei c 

i 
(12a) 

eve = l: l: xixj eij v cij 
i j 

(12:b) 

a.vc = l: l: xixj a. ij v cij 
i j 

( 12c:) 

Pv~ = l: l: l: xixjxk P ijk v;ijk 
i j k 

(12d) 

yv~ 
• 3 

= l: l: l: I: XiXjXxXt Ytjld Vcijlcl 
i j lc t 

(12e) 

where vcf is the critical volume for component i. Among the above 
mixing rules, only that for b does not require arbitrary 
assumptions. For the remaining parameters, it is necessary to 
postulate specific combining rules. 

For the effective critical volume of the (ij) pair the combining 
rule is defined as: 

(13) 

This equation generates analogous combining rules for triplets 
(ijk) and quadruplets (ijkt) 

[ ( 1/3 1/3 1/3 > I ]3 
Vcijlc = Vci + Vcj + Vck 3 (14) 
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(15) 

The combining rule for the a,1 parameter is expressed as 

« ij = { « 1 « j) 
112 

k1,ij (16) 

To postulate a combining rule for the Ptjk parameters, we note that 
a triplet (ijk) is made up of three pa1rs: (ij), (jk), and (ik). 
Therefore, Ptjk can be expressed as 

p ij k = { p i:l p j k p ik) 113 ( 17 ) 

On the assumption that expressions for Pil' Pjk and Ptk 
to that for a,1, eq. {17) can be rewritten using binary 
parameters for the {ij), (jk), and (ik) pairs: 

A A1/3 A1/3 A1/3 (k k k ) 1/3 
... ij k = ... i ... j ... k 2 • ij 2. j k 2 • ik 

are similar 
interaction 

(18) 

where~ fj = 1 for i = j. Analogously, we note that a quadruplet 
(ijkt) dan be decomposed into six pairs: (ij), (jk), (kt), (ik), 
(it) and (j t) • This assumption yields the following combining rule 

Yi:lkt = (y 1:1 Y :lk Y1ct Y ik Yu Y:~t> 116 

= ylf• Yl:/4 yl,j• Yt'4
(k3,ij k3,jkk3,kfk3,ikkJ,Uk3,jt)

116 

Finally, the combining rule for c is given by 

c 1:l = [ (c1 + c:l) /2] k 4 , 1:l 

(19) 

(20) 

The above formulation is applicable to mixtures containing any 
number of components. For binary mixtures, eqs. (18,19) simplify 
to 

(21) 

_ YJ/4 y1/4 k112 y iiij - i j 3. ij (22a) 

- y1/2 y1/2 k2/3 y iijj - i j 3,ij (22b) 

The subscript ij in the symbols k1 ,1, ••• ,k4 fJ will be omitted in 
further parts of this work, as it: is superfluous for binary 
mixtures. Other combining rules are obviously possible, but the 
above prescriptions are recommended on the basis of their empirical 
effectiveness. 

The above combining rules contain at most four binary parameters 
k1 , ••• k4 • Analysis of several data sets for mixtures in our earlier 
paper (Anderko and Pitzer, 1991) indicated that two of these 
parameters (k3 and k4) could be given the values 1.0. For CH4-H20, 
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the choice k2 = k4 = 1. 0 proved to be slightly better and was 
adopted. 

Expressions were determined for the temperature dependency of k1 
and k3 on the basis of the data sources listed in Table 2. All of 
the data through 473 K are in good agreement and show simple 
temperature dependency. At temperatures above 573 K, there are 
substantial differences between the results of Price (1979) and 
those of Sultanov et al. (1971 and 1972); we preferred the latter 
since they include values for both vapor and liquid phases, whereas 
Price measured only the solubilities in the liquid. In the range 
473-573 K, the temperature dependency appears to be surprisingly 
complex, which raises some concern about the accuracy of the 
results. We chose to present expressions for two temperature 
ranges but note that the sharp change in the temperature 
derivatives of k1 and k3 near 523 K and the differences between the 
two investigations above 573 K suggest caution in the use of these 
results above 473 K. The expressions for k1 and k3 are 

523 ~ T ~ 633 K 

k1 = -0.72249 + 0.0032440T 

k3 = 3.16670 - 0.0032978T 

300 < T ~ 523K 

k1 = 0.17472 + 0.0015272T 

k3 = 0. 98921 + 0. 63695q - 1.13331q2 + 1. 95561q3 
- 2. 98158q5 

+ 5.30068q7 

with q = T/310.93 - 1 

Typical results for the system CH4 - H20 are shown on Figures 1-
4. The phase composition at various temperatures up to 473 K are 
shown on Figures 1 and 2, where it is apparent that the equation 
represents the data essentially within experimental uncertainty. 
The results at higher temperatures on Figure 3 are equally 
satisfactory, although the accuracy in this range is lower. The 
volumetric data do not extend to very high density, and the fit on 
Figure 4 is fully satisfactory. It is the agreement to high 
precision over the wide range of pressure and for temperatures to 
473 K, however, that represents a very severe test and strongly 
recommends this type of equation for further use • 

. ,.. 5. MULTICOMPONENT MIXTURES 

,J While only binary mixtures have been considered in detail, the 
formulation of the equation for a mixed fluid is fully consistent 
with the requirements for mixtures with any number of components. 
Thus, eqs. (9-16, 20, and 26) require no modification; in 
particular, eqs. (16 and 20) relate to the second virial 
coefficient and in turn to binary interactions between molecules. 
It is only for the third or higher virial coefficients that ternary 
or higher molecultir interactions enter. Thus, eq. ( 17) can have an 
additional term PtJk related to the ternary interaction of molecules 
it j, and k; this yields 
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p ijk = ( p ij p ik p jk) l/l + p~jk (23) 

The corresponding change can be made in eq. (18), and appropriate 
terms for both ternary and quaternary interactions can be added to 
eq. (19). 

Since ternary and quaternary interactions al~o occur in pure 
fluids and binary mixtures, the correction term Ptjk relates to the 
difference between the i-j-k interaction and the appropriate mean 
of i-i-j, i-j-j, i-i-k, i-k-k, j-j-k, and j-k-k interactions, and 
this difference may be very small. Thus, in many cases there may 
be no need to modify eqs. (17-19), and then the properties of more 
complex mixtures can be predicted from knowledge of all of the 
component binaries. 

6. DISCUSSION 

The successful use of the equation presented above for a number 
of mixed systems of normal fluids, together with the present 
aqueous system, recommends it for further application. It is 
required that the equation represent the properties of the 
component pure fluids to an accuracy adequate for the mixed system. 
This may be a lower accuracy than that of the best data for the 
pure fluids. The present example illustrates this situation in 
that the fit for H20 was fully sufficient for use for the binary 
CH4-H20. 

We do not at this time have recommendations for methods for 
still higher precision or still wider ranges of density. We are 
considering other expressions for repulsive forces as an 
alternative to the first term in eq. (6), as well as terms to 
improve agreement in the near-critical region. There are 
possibilities of this type which maintain composition-consistency 
for the various virial coefficients. 
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APPENDIX 

EXAMPLE OF INCONSISTENCY 

This possible inconsistency in composition dependency is simply 
illustrated with the second virial coefficient and the one-fluid 
approximation of van der Waals. It is assumed that the volumetric 
properties of the mixed fluid are the same as those of an 
appropriate pure fluid. Thus, at the 2nd virial approximation 

z(T,p,x) =1+pB(T,x) (A-1) 

Next, assume corresponding states behavior and equal critical 
volumes for the two components, then with Br the reduced 2nd virial 
coefficient 
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B (T, X) = Vc Br (Trmix) 

The usual assumption for rr:tx is 
whereupon 

Trmix = T/ (xtTc.u + 2x1x 2Tc. 12 +xfTc. 22 ) 

(A-2) 

(A-3) 

Finally, the temperature dependency of Br must be considered. A 
series in negative powers of Tr is commonly selected 

Cl Cz Cn 
B = c 0 + - + - + ••• + -

r T Tz T n r r r 
(A-4) 

For accurate representation ?f :t:,}al fluid properties, this series 
must extend b~yond the term 1~ Tr • For ~lecules such as Ar, CH4, 
or N2 the ser1es has been term1nate~ at Tr , but Tsonopoulos (1974) 
recommends one additional term in T; , and for other fluids the high 
order terms are increasingly important. 

We now substitute eqns. (A-4) and (A-3) into eqn. (A-2) and 
obtain 

(A-S) 

Since the x-dependency of B(T,x) cannot be more complex than 
quadratic, only the terms in c0 and c 1 are acceptable; all higher 
terms are inconsistent with the fundamental relationship that the 
second virial coefficient relates to two-molecule interactions. 
For higher virial coefficients, the relationships are similar but 
may be more complex. Because of the higher-order x-dependencies 
allowed for these virial coefficients, there may or may not be any 
inconsistency. 

From a practical viewpoint, the magnitude of this inconsistency 
will be small if the critical temperatures are nearly the same. 
But even for moderate

3
differences in Tc the inconsistency becomes 

large for terms in T. and higher negative powers of T, and for 
systems of the type considered above, one would expect large 
numerical effects from this type of inconsistency. Thus, its 
elimination is important practically as well as esthetically. 
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TABLB 1 

Parameters of the equation of state for pure CH4 and pure H2o 

i e f ,CH4 ef,Htl 

1 0.252433 0.2108655 

2 -0.0906396 1.8210812 

3 1.810233 

4 -0.389954 

5 0.2884477 -1.5558686 

6 -1.06131065 -0.5399675 

7 -0.7332354 -1.4517638 

8 -0.0072373 -0.0022813 

9 0.0827465 -0.5509874 

10 -0.622962 0.3284448 

11 0.708662 0.7427161 

12 0.00988093 0.0053130 

13 0.108346 -0.0029473 

14 -0.267383 -0.3077978 

15 -0.102484 -0.0332291 

16 -0.00209377 -0.0014773 

Tc 190.53 647.07 

Pc 10.15 17.9168 
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TABLB 2 

PVTX and solvus data for CH4-H2o 

Authors T/K P/bar Type of Data 

Joffrion-Eubank 398-498 0-110 PVTX 

Culberson et al. 298-445 20-680 bubble point r 

Price 427-627 16-1900 bubble point 
{, 

Olds et al. 311-511 30-680 dew point 

Sultanov et al. 423-633 50-1100 solvus 
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") lines denote the results obtained from the proposed equation of state. 
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Figure 2. Pressure- composition relationships for the methane-rich phase in the water+ methane "'' 
binary at 310.93 K (solid circles), 344.26 K (open circles), 377.59 K (solid squares), 410.93 K 
(open squares) 444.26 K (solid triangles) and 473.15 K (open triangles). The lines denote the (, 
results obtained from the proposed equation of state. 
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Figure 3. Vapor-liquid equilibria in the water + methane mixture at 573.15 K (solid squares), 
623.15 K (open circles) and 633.15 K (solid circles). The lines denote the results obtained from 
the proposed equation of state. 
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Figure 4. Compressibility factors of the equimolar water + methane mixture in the ga.s pha.se at 
398.15 K (solid squares), 460.65 K (open circles) a.nd 498.15 K (solid. circles). The lines denote 
the compressibility factors predicted using the proposed EOS with binary parameters fitted to 
phase equilibrium data. 
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