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ABSTRACT OF THE DISSERTATION

Independent Sets in Hypergraphs

by

Jiaxi Nie

Doctor of Philosophy in Mathematics

University of California San Diego, 2022

Professor Jacques Verstraéte, Chair

In this dissertation, we study problems concerning independent sets in hypergraphs. We
try to determine the minimum independence number of a hypergraph in a certain family of
hypergraphs.

In Chapter 1, we introduce history of this kind of problems.

In Chapter 2, we analyze the outcome of a randomized greedy algorithm for independent
sets in regular uniform hypergraphs with large girth. We show that the expected size of the output
independent sets can be expressed as the solution of some differential equations and show that it
is concentrated around its mean.

In Chapter 3, we establish an upper bound for the Ramsey numbers for nontrivial Berge

X1



cycles of even length and prove that this bound is essentially tight if a conjecture of Erdos and
Simonovits is true.

In Chapter 4, we show an upper bound for the Ramsey numbers for 3-uniform loose
4-cycle, improving previous result on this problem.

In Chapter 5, we find a lower bound for the maximum size of a loose triangle-free
subgraph in a uniform hypergraph in terms of its maximum degree. Moreover, we determine
the magnitude of the maximum size of a loose triangle-free subgraph in the uniform random

hypergraph.
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Chapter 1

Introduction

A hypergraph H is a pair (V(H),E(H)), where V = V(H) is a set of vertices, and
E = E(H) is a set of nonempty subsets of V called edges. An r-uniform hypergraph (or r-graph
for short) is a hypergraph whose edges have size . When r = 2, this gives the usual definition of
graph. Let v be a vertex of H. The degree of v in H, denoted by d(v), is the number of edges
containing v. A hypergraph is d-regular if all of its vertices have degree d. An independent set of
H is a set of vertices which does not contain any edge of H. The size of the largest independent
set in H is called the independence number of H, usually denoted by a(H).

In general, we ask the following type of questions:
Question 1. For r > 2, let 5 be a family r-graphs. What is minge ;» &t(G)?

In other words, what is the largest number N such that each r-graph G € J# contains an
independent set of size N? This question is closely related to many Ramsey-type and Turdn-type
problems: If J7 is the set of .7 -free r-graphs on n vertices for a family of r-graphs .#, then
it is a Ramsey-type problem; If 7 is the set of r-graphs on n vertices with average degree d
(possibly with some extra conditions like triangle-free, has large girth, or regular etc.), then it is

a Turan-type problem.



1.1 Turan’s Theorem

Let r > 2, and let F be an r-graph, then the Turdn number ex(F,n) is the maximum
number of edges in an F-free r-graph on n vertices. Let the Turdn graph T (t,n) be a complete
t-partite graph where each part has size |n/t| or [n/t]. Turdn determine the Turdn number for

cliques and show that the Turdn graphs are the only extremal graphs.

Theorem 1.1.1 (Turén [74]). For integersn >t > 2, as n — oo,

ex(Kie1.n) =e(T () ~ (1= ) ().

t
Equality holds only for the Turdn graphs.
An equivalent way to phrase the Turdn’s Theorem is the following:

Theorem 1.1.1 (Turdn [74]). Let G be an n-vertex graph with average degree d. Then

(1.1)

Equality holds only when d is an integer and G is a disjoint union of cliques Ky 1.

Therefore, Turan ’s Theorem in fact answers Question 1 when .77 is the set of n-vertex

graphs with average degree d. Here is a simple proof given by Caro [14] and Wei [77].

Proof. Taking a random ordering of the vertices of the graph, let I be the set of vertices v such
that v is larger than all of its neighbors. It is easy to check that / is an independent set and

n

1
Ell) = Zd(v)Jrl VN

vev

Suppose equality holds for G, then the second inequality implies that G is d-regular. Let v be

any vertex of G and let N(v) be the set of neighborhoods of v. Let G’ = G\ ({v} UN(v)). Since



the expected size of I is constant, we have E[ING'|v € I] = ”Ejﬁl . This implies that G’ is still

d-regular, which means that there is no edge between G’ and {v} UN(v). Therefore, G is a

disjoint union of cliques K . [

1.2 Triangle-free graphs

If ¢ in Question 1 is the set of triangle-free graphs on n vertices with average degree
d, then the seminal paper by Ajtai, Komlés and Szemerédi [2] improved Turdn’s Theorem by a

factor of order logd, which was later further improved by Shearer [70].

Theorem 1.2.1 (Shearer [70]). Let G be a triangle-free graph on n-vertices with average degree

d>2. Then
dlogd —d+1
a(G)> ———- 1.2
This theorem can be proved by analyzing a randomized greedy algorithm. The algorithm
starts with X =0 and Y = V(G). In each round, it randomly picks a vertex v in Y, puts it in X,

deletes v and its neighbors from Y, and then repeats until Y is empty. In the end the algorithm

outputs an independent set X .

Sketch proof. Let f(d) = %, and let X be the output of the randomized greedy algorithm

on G. Since f is convex, it suffices to show that

EX]> ) f(d®).

veV(G)

We will show this by induction on the number of vertices. Let v be the first vertex selected by the

greedy algorithm and let G’ = G\ ({v} UN(v)). Then by inductive assumption we have

E[X||=1+EIXNG > 1+E[ }, fdv)]= ) fdO).

veV(G') veV(G)

The last inequality is due to the form of f. [



1.3 Graphs with large girth

The girth of a graph is the length of a shortest cycle in the graph, graphs of infinity girth
contain no cycle. By definition, the graphs with girth at least 4 are triangle-free graphs. For
graphs with large girth, Shearer [71] improved (1.2), and Lauer and Wormald [50] showed that
there exist a function § = 6(d,g) such that limy_,..8(d, g) = 0 for fixed d and if G is a d-regular
graph of girth g, then

a(G)>~(1—(d—1)"72)n—dn.

| =

By analyzing the performance of a randomized greedy algorithm, Gamarnik and Goldberg [36]
prove the same bound, with an explicit form for 6. The algorithm iteratively selects a vertex
uniformly randomly from all remaining vertices of the hypergraph and adds it to the independent
set so far, and then deletes all remaining vertices that form an edge with the set of selected

vertices, and repeat until no vertices remain. It is convenient to let

g3

d(d—1)l7"]
(L5 Dr

e=¢(d,g) =

Note that for each fixed d, €(d,g) — 0 as g — co.

Theorem 1.3.1 (Gamarnik and Goldberg [36]). Let integers d > 3 and g > 4, and let G be a
d-regular graph on n vertices with girth g, and let .9 be the independent set generated by the
greedy algorithm. Then

—1)"%/d=2)
2

(1—(d— 1)-2/d-2)

. ~e)n<Elr < (L

+8>n, (1.3)

The bounds are effective when g > d and, in particular, Theorem 1.3.1 shows

(4 1)-2/d-2)
a(G)Z(l (d 12) —£>n. (1.4)



We also observe that when g is sufficiently large relative to d, this bound agrees with (1.2)

asymptotically as d — oo, since

I=(d=1)2 2 =1—exp (_2105(112_ 1)) ~ 21ng.

On the other hand, the best asymptotic upper bound for this problem is %n coming from

random regular graphs [12, 55].

1.4 Independent sets in hypergraphs

Turdn’s Theorem determined the Turan numbers of complete graphs. However, little is

known for the Turdn numbers of complete hypergraphs. Erdds offered 500 dollars for determining

Kr
Lk = lim —CX( nk7n)
MRT0)
for even one single k > r > 2, and he offered 1000 dollars for solving the whole set of problems.
For the smallest case when r = 3 and k = 4, Turan [74] made the following conjecture
Conjecture I (Turan [74]).

5

Ba=3. (1.5)

For the lower bound, Kostochka [49] gave several different constructions. Chung and

Lu [18] proved the current best upper bound.

Theorem 1.4.1 (Chung and Lu [18]).

34+417
2

I =0.5936.... (1.6)

134 <

As in the graph case, this problem is equivalent to determining the minimum indepen-

dence number of a hypergraph with given order and average degree, that is, answering Question 1



when 7 is the set of r-graphs on n vertices with average degree d. Using random sampling and

deletion, we can easily obtain the following result.

Proposition 1.4.2. Let r > 2, d > 1 and let H be an (r+ 1)-graph on n vertices of average

degree d. Then
,

r+1

a(H)> ——nd ™. (1.7)

Proof. Let X be a subset of V(H) whose elements are chosen independently with probability
p=d "7 We can get an independent set by deleting a vertex for each edge of H contained in

X. Then the expected size of such independent set is at least

pn—pr“—nd =" nd .

]

A better lower bound is given by Caro and Tuza [16], which can be viewed as a hypergraph

analog of Turdn’s Theorem.

Theorem 1.4.3 (Caro and Tuza [16]). Let G be an (r+ 1)-uniform hypergraph on n vertices with
average degree d. Then

a@)>—4 ., (1.8)

T i+ )
The same bound can also be obtained by extending the Caro-Wei proof for independent
sets in graphs: taking a random ordering of the vertices of the hypergraph, let I be the set of
vertices v such that for every edge e containing v, v is not the smallest vertex in e. Then it can be

shown via elementary combinatorial methods that

d!
E[I]> ) —

(1.9)
v I l( +1) Hfll(hL 7) "

The same algorithm can be implemented via the following random process, which provide



a different (and possibly easier) way to analyze the outcome (see for example in Dutta, Mubayi

and Subramanian [25]):

1. Equip each vertex with i.i.d. weight from the uniform distribution on [0,1]. Then with

probability 1, all vertices will have distinct weights.

2. Select all the vertices that are not the smallest-weighted vertex in any edge that contains it.

These vertices form an independent set.

If we select vertices in a more careful way — iteratively select the vertex with largest weight,
i.e., select the vertex with largest weight, delete vertices that form an edge with the vertices
selected thus far, and repeat — then this random process will be equivalent to the randomized

greedy algorithm. In any case, a computation shows
1
E n/ (1—2)dx
0

which gives (1.9). These bounds are asymptotic to I'(1 + %)nd ~+ as d — o, where T here is
the well-known gamma function that extends factorial function to complex numbers, defined as

follow for complex number z with positive real part:
I'(z)= / X le ¥ dx.
0

1.5 Hypergraphs with small girth

To define girth in hypergraph, we first need to define what is a cycle in hypergraph.
There are many different ways to define cycle in hypergraph—see, e.g., a talk by Sarkozy [67].
Here we chose to work with the Berge-cycle. For k > 3, a Berge k-cycle is an r-uniform
hypergraph with k edges ey, ez, ..., e, such that there exist distinct vertices vi,vy,. ..,V such that
{vi,vi} € e1,{vi,v2} €ea,...,{vk_1,vi} € ex. When k = 2, this corresponds to vi,v, € e; Nes.

A hypergraph is linear if the intersection of any pair of edges has size at most 1. The girth of a



hypergraph containing a Berge cycle is the smallest g such that the hypergraph contains a Berge

g-cycle. In particular, the girth of a non-linear hypergraph is 2. Ajtai, Komlés, Pintz, Spencer

and Szemerédi [1] established the following lower bound for (r+ 1)-uniform hypergraphs with
1

girth ¢ > 5, which improves (1.9) by a factor of order (logd)-.

Theorem 1.5.1 (Ajtai, Komlés, Pintz, Spencer and Szemerédi [1]). For integer r > 1, real
number d sufficiently large and integer n sufficiently large, let G be an n-vertex (r+ 1)-uniform

hypergraph with average degree d and girth at least 5, then

1
logd\ ¥
a(G) > 0.36-10"7 (%) n. (1.10)

Based on this theorem, Duke, Lefmann and Rodl [24] showed that the same bound(with
different constant) holds for linear hypergraphs. Let A(n) be the area of the smallest triangle
determined by three out of n points in a unit square, when the points are chosen to maximize this

area. Heilbronn made the following conjecture.

Conjecture II (Heilbronn). As n — oo,

As an application of Theorem 1.5.1, Komlés,Pintz and Szemerédi [46] disproved this

conjecture.

Theorem 1.5.2 (Komlés,Pintz and Szemerédi [46]). As n — oo,

logn

A(n) = Q(—=-). (1.11)

n2

They also gave the so far best upper bounds for A(n).



Theorem 1.5.3 (Komlos,Pintz and Szemerédi [46]). As n — oo,
A(n) <n~7to) (1.12)

1.6 Regular hypergraphs with large girth

In Chapter 2, we analyze a randomized greedy algorithm for independent sets in hyper-
graphs and extend the ideas of Gamarnik and Goldberg [36] to hypergraphs. First, it is convenient

to define the following: Let u(d, r) be the only positive real number that satisfies the following

equation:
y (”;if)% —1. (1.13)
n>0

Define 5
e=¢e(g,d,r)= dd—Dl=] (1.14)

gflj

rEe (k)

Our main theorem is as follows:

Theorem 1.6.1. For any integers r > 1, d > 2 and g > 4, let G be an (r + 1)-uniform d-regular
hypergraph with n vertices and girth g, let .¥ be the independent set of G generated by the

greedy algorithm. Let

£d, ) :u(d,r)—u(i’Tr)er. (1.15)
Then
(f(d,r) —e)n <E[.I]] < (f(d,r)+¢€)n, (1.16)

In particular, due to the form of the quantity € = €(g,d, r), this theorem is effective for
g>d, and shows
a(G) > (f(d,r)—&)n. (1.17)



For r = 1, this coincides with Theorem 1.3.1. Moreover, we prove that as d — oo,

fd,r) ~ (105;1)1, (1.18)

and so if g is large enough relative to d, then this slightly improves the constant in (1.10)
asymptotically as d — oo. On the other hand, the random hypergraphs give an upper bound that
is tight up to a constant when n > dS.

Moreover, we show that the size of the independent set generated by the greedy algorithm
concentrates around its mean asymptotically almost surely for linear hypergraphs with bounded

degree (i.e. hypergraphs that are not necessarily regular):

Theorem 1.6.2. For any integers r > 1 and d > 2, let G be an (r+ 1)-uniform linear hypergraph
with maximum degree d on n vertices, . (G) be the independent set generated by the greedy

algorithm, then for any positive function b(n) with b(n) — o0 as n — oo, we have
P[|.7(G)| - E[|.#(G)]| > Vnb(n)] =0, as n — .

1.7 Cycle-complete Ramsey numbers

Let .# be a family of r-graphs and ¢ > 1. The Ramsey numbers R(¢,.# ) denote the
minimum #n such that every n-vertex r-graph contains either a hypergraph in .% or an independent
set of size r. If we let J# be the set of .% -free r-graphs on n vertices, then the question of
determining ming¢ s 0¢(G) is equivalent to evaluating R(¢,.% ).

It is a notoriously difficult problem to determine even the order of magnitude of R(¢,Cy)
— the cycle-complete graph Ramsey numbers. Kim [43] proved R(t,C3) = Q(t?/logt), which
gives the order of magnitude of R(z,C3) when combined with the results of Ajtai, Komlds
and Szemerédi [2] and Shearer [70]. The current best lower bounds on R(z,C3) are due to
Fiz Pontiveros, Griffiths and Morris [62] and Bohman and Keevash [11], using the random

triangle-free process, which determines R(¢,C3) up to a small constant factor, comparing to the

10



current best upper bounds obtained by Shearer [70].

Theorem 1.7.1 (Shearer [70]; Fiz Pontiveros, Griffiths, and Morris [62]; Bohman and

Keevash [11]).

1 12 12
——0o(1)— < R(t.C3) < (1 1))—. 1.19
(o)) s SRC) < (1 o(D) (1.19)
The case R(7,Cy) is the subject of a notorious conjecture of Erdgs [17]
Conjecture III (ErdSs [17]). For some € > 0, ast — oo,
R(t,C4) = o(t*7F) (1.20)

The best bounds for this problem are the following, where the lower bounds are obtained
via probabilistic method by Spencer [72], and the upper bounds are proved by Szemerédi in an

unpublished form [27].

Theorem 1.7.2 (Spencer [72]; Szemerédi). As t — oo,

Q <(@) %) —R(1,C4) <0 <($)2) (1.21)

Below we list the current best results for R(¢,Cy,).

Theorem 1.7.3 (Caro, Li, Rousseau and Zhang [15]). For k > 2, ast — oo,

+ O\ K k=)
R = — 1.22
(t7C2k) 0 (logt) ’ ( )
Theorem 1.7.4 (Sudakov [73]). Fork > 1, ast — oo,
£ (k1) [k
R(t,Cop41) =0 longt ; (1.23)

11



Theorem 1.7.5 (Bohman and Keevash [10]). For k > 4, ast — oo,

§(k=1)/(k~2)

Theorem 1.7.6 (Mubayi and Verstraéte [58]). For odd integer k > 5, as t — oo,

pk=1)/(k=2)

Theorem 1.7.7 (Mubayi and Verstraéte [58]). Ast — oo,
R(t,Cs) > (1+o(1))'/3, (1.26)

R(t,C7) > (140(1))"/°. (1.27)

The lower bounds by Bohman and Keevash [10] are obtained by analyzing the Cy-free
process. For odd k > 5, these lower bounds are slightly improved by Mubayi and Verstraéte [58]
using random sampling on Cj-free pseudorandom graphs. Moreover, for k = 5,7, they improved

the previous bounds significantly using random block construction.

1.8 Cycle-complete hypergraph Ramsey numbers

For k,r > 3, an r-uniform loose k-cycle, denoted C,, is an r-graph with a cyclic list of
edges e, ez, ..., e, such that consecutive edges intersect in exactly one vertex and nonconsecutive

sets are disjoint.

Figure 1.1. 3-uniform Loose cycles of length 3 and 4.
The extremal problem for Cg’ is closely connected to the extremal problem for three-term

12



arithmetic progressions in sets of integers. Specifically, Ruzsa and Szemerédi [66] made the
connection that if I" is an abelian group and A C I" has no three term arithmetic progression, then
the tripartite linear 3-graph H(A,T") whose parts are equal to I" and where (Y, Y+ a, v+ 2a) is an
edge if a € A —in other words, the edges are three-term progressions whose common difference
is in A — is C3-free and has |A||T'| edges. Ruzsa and Szemerédi [66] showed that every n-vertex
triangle-free linear triple system has o(n?) edges, and applying this to H(A,T") one obtains Roth’s
Theorem [64] that |A| = o(|T|). A construction of Behrend [8] gives in Z/nZ a set A without
three-term progressions of size 11/ exp(O(y/logn)), and so H(A,Z/nZ) has n>~°(!) edges in this
case.

Ramsey type problems for loose cycles in r-graphs have been studied extensively [13,
19, 21, 34, 38, 39, 47, 48, 56, 58]. For r > 3 and k = 3, Kostochka, Mubayi and Verstraéte [47]

showed the following:

Theorem 1.8.1 (Kostochka, Mubayi and Verstraéte [47]). Forall r > 3, ast — oo,

0( r )gR(r,C§)§0(r

(log?)

NSO

) . (1.28)

They believed the lower bound is closer to the truth and proposed the following conjecture

Conjecture I'V (Kostochka, Mubayi and Verstraéte [47]). Forallr > 3, ast — oo,
3
R(t,CL) zo(ﬁ). (1.29)

They also made the following conjecture for k > 3:

Conjecture V. Forr,k > 3,

R(t,CL) = rer o), (1.30)

The conjecture is true for k = 3 due to (1.29). Towards this conjecture, Méroueh [60]

showed the following upper bounds, improving earlier results of Collier-Cartaino, Graber and

13



Jiang [19]:

Theorem 1.8.2 (Méroueh [60]). Ast — oo, for k > 3,
R(t,CY) zo(t”Wl')/ZJ), (1.31)
and for r > 4 and odd integer k > 5,
R(t,Cl) =0 <t1+t’<}7> . (1.32)
In particular, he showed that R(¢,C3) = O(£3/%). In Chapter 4, we proved a stronger

upper bound for R(z, Cﬁ), which matches Conjecture V when r = 3 and k = 4.

Theorem 1.8.3. As t — oo, there exists constant ¢ > 0 such that,

R(1,C3) < 13 exp ((1+0(1))%§\/10gt> . (1.33)

In Chapter 3, we consider an extension of loose cycle-complete hypergraph Ramsey
numbers to Berge cycles in hypergraphs: Recall that for kK > 2, an r-uniform Berge k-cycle
is a family of r-sets ey, es,...,e; such that e; Ney,exNes,...,exMNep has a system of distinct
representatives. We say that a Berge cycle is nontrivial if ey Ney N ---Neg = 0. Let % denote
the family of r-uniform nontrivial Berge k-cycles all of whose sets have size r. In particular, we
let ), = %’2

In support of Conjecture V, we prove the following result for 3-uniform nontrivial Berge

cycles of even length:

Theorem 1.8.4. For k > 3, and t large enough,

R(t, By) < 17T exp (4 10gt> . (1.34)
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The lower bound for R(t,%;) is closely related to the following notoriously difficult

conjecture.

Conjecture VI (Erdds and Simonovits [30]). There exist graphs on n vertices of girth more than

2k with @(n't1/%) edges.

This conjecture remains open, except when k € {2,3,5}, largely due to the existence of
generalized polygons [9, 53, 75]. Towards this conjecture, Lazebnik, Ustimenko and Woldar [51]
gave the densest known construction, which has Q(nHz/ (3"*2)) edges. We prove the following

theorem relating this conjecture to lower bounds on Ramsey numbers for nontrivial Berge cycles:

Theorem 1.8.5. Let k > 2, r > 3. If Conjecture VI is true, then as t — oo,

Do ()
R(t,,%’k)_Q(<logt) > (1.35)

This shows that if the Erds-Simonovits Conjecture is true, then Theorem 1.8.4 is tight up
to a t°(!) factor. Indeed, following the proof of Theorem 1.8.5, the known construction of Lazeb-
nik, Ustimenko and Woldar [51] would give a weaker lower bound of Q((z/logr)(3k—2)/(3k=4)),

Let By be the family of all 3-uniform Berge k-cycles without nontriviality. Random
graphs together with the Lovész local lemma give R(¢,By) > 1(2k=2)/(2k=3)—0(1) "see [3] for
similar computation. We prove the following theorem, which gives a substantially better lower

bound for B, if the Erd6s-Simonovits Conjecture is true.

Theorem 1.8.6. If Conjecture VI is true for k = 4, then as t — oo,

y 16/13
R(t,B4):Q<<\/@) ) (1.36)

We proposed the following 3-uniform analog of the Erd&s-Simovits conjecture:

Conjecture VIL There exist {By,Bs, ..., By }-free 3-graphs on n vertices with n'+1/1k/2]=0(1)

edges.
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This is true for k = 3 due to Ruzsa and Szemeredi [33]. The proof of Theorem 1.8.6 makes
use of the fact that there exist n-vertex { By, B3, B4 }-free 3-graphs with Q(n3/?) edges, that is, Con-
jecture VIl is true for k =4, which is due to Lazebnik and Verstraéte [52]. More generally, follow-
ing the proof of Theorem 1.8.6, if Conjecture VII is true, then we have R(¢,{B,B3,...,By}) >
126/ =k=2)=0(1) for even integers k > 4 and R(t,{B>,Bs,...,B}) > 2/(k=1)/(2k*=3k=1)~o(1)
for odd integers k > 3, which are substantially better than the lower bounds obtained by random
hypergraphs.

Theorem 1.8.6 is valid for all values of kK > 2 and r > 3, while Theorem 1.8.4 only works
for even values of k and r = 3. We believe that Theorem 1.8.4 should extend to odd values of k

and all » > 3:

Conjecture VIII. Forall rk > 3,
R(t,B]) < e o), (1.37)

1.9 Relative Turan numbers

The Turdn numbers for a graph F are the quantities ex(n, F) denoting the maximum
number of edges in an F-free n-vertex graph. The study of Turdn numbers is a cornerstone of
extremal graph theory, going back to Mantel’s Theorem [54] and Turdn’s Theorem [74]. A more
general problem involves studying the relative Turdn numbers ex(G, F ), which is the maximum
number of edges in an F-free subgraph of a graph G. The problems of determining ex(G, F) can
also be viewed as determining independence number of hypergraphs— consider a hypergraph
whose vertices are edges of G and whose edges are copies of F. The study of ex(G, F) has
attracted considerable attention in the literature. Foucaud, Krivelevich, and Perarnau [31] and
Perarnau and Reed [61] studied these quantities as a function of the maximum degree of G.

In the case that F is a triangle, ex(G,F) > %e(G) for every graph G, which can be seen

by taking a maximum cut of G, which is essentially tight. In the case G = G, ), the Erdds-
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Rényi random graph, ex(G,F) ~ % p(g) with high probability provided p is not too small, and
furthermore every maximum triangle-free subgraph is bipartite — see DeMarco and Kahn [23]
and also Kohayakawa, Luczak and Rodl [45] and di Marco, Hamm and Kahn [22] for related
stability results.

More generally, if F' has chromatic number k > 3, then by taking a maximum (k — 1)-

partite subgraph we find, for all H,

1
ex(H,F) > (l—k

which is best possible by the Erdds-Stone Theorem, which shows ex(Kj,, F) ~ (1 — kl—l)e(l(n).

The study of F-free subgraphs of random graphs when F' has chromatic number at
least three is undertaken in seminal papers of Friedgut, Rodl and Schacht [33], Conlon and
Gowers [20], and Schacht [69]. Let m»(G) = max{% :F CG,v(F)>3}

Theorem 1.9.1 (Conlon and Gowers [20]; Schacht [69]). Let G be a graph with at least two

edges and suppose that p > n~V/mH) Thep

e (3)

asymptotic almost surely (a.a.s.), that is, with probability tending to 1 as n — oo.

1.10 Triangle-free subgraphs of hypergraphs

In Chapter 5, we consider a generalization of the problem of determining ex(G, F) when
F is a triangle to uniform hypergraphs. If G and F are r-graphs, then ex(G, F) denotes the
maximum number of edges in an F-free subgraph of G. A loose triangle is a hypergraph T
consisting of three edges e, f and g such that [eN f| =|fNg|=|gNe|=1andenfng=0. We
write T for the loose r-uniform triangle. The Turan problem for loose triangles in r-graphs was

essentially solved by Frankl and Fiiredi [32], who showed for each r > 3 that ex(n,T") = ("*l)

r—1
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for n is large enough, with equality only for the r-graph S) of all r-sets containing a fixed

vertex. We remark that the Turdn problem for r-graphs is notoriously difficult in general, and the

asymptotic behavior of ex(n,K]) is a well-known open problem of ErdGs [26] — the celebrated
5(n

Turén conjecture states ex(n,K3) ~ 3 (3).

We make use of the following theorem:

Theorem 1.10.1 (Ruzsa and Szemerédi [66]; Erdds, Frankl, and Rodl [28]). For all n there
exists an n-vertex r-graph which is linear, loose triangle-free, and which has n*e=“V1°¢" edges

for some positive constant c.

This theorem is an important ingredient for our first theorem in Chapter 5, giving a

general lower bound on the number of edges in a densest triangle-free subgraphs of r-graphs:

Theorem 1.10.2. Let r > 3 and let G be an r-graph with maximum degree /\. Then as /\ — oo,

r=2

ex(G,T") > A~m1°We(G).
If a positive integer ¢ is chosen so that ('”}) < A < (,,) and t|n, then the n-vertex
r-graph G consisting of n/t disjoint copies of a clique K/ has maximum degree at most A

whereas

ex(G,T") = c: 1) 2= Le(G) = 0(1s" 1) ().

Here we used the result of Frankl and Fiiredi [32] that S} is the extremal 7"-free subgraph of
K]/ for t large enough. Therefore for r = 3, Theorem 1.10.2 is sharp up to the o(1) term in the

exponent of /. For r > 4, the best construction we have gives the following proposition:

Proposition 1.10.3. For r > 4 there exists an r-graph G with maximum degree /\ such that as
A — oo,

ex(G,T") = O(A™2) -¢(G).
We leave it as an open problem to determine the smallest ¢ such that ex(G,T") >
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A—c—o(l) -e(G) for every r-graph G of maximum degree /A. We conjecture the following for

r=23:

Conjecture IX. For A > 1, there exists a triple system G with maximum degree /\ such that as

/\ — oo, every T3-free subgraph of G has O(A_l/z) -e(G) edges.

1.11 Triangle-free subgraphs of random hypergraphs

Our next set of results concern random hosts. To this end, we say that a statement
depending on n holds asymptotically almost surely (abbreviated a.a.s.) if the probability that it
holds tends to 1 as n tends to infinity. Let G, , denote random r-graph where edges of K, are
sampled independently with probability p. For the r = 2 case we simply write G, .

A central conjecture of Kohayakawa, Luczak and Rodl [45] was resolved independently
by Conlon and Gowers [20] and by Schacht [69], and determines the asymptotic value of
ex(Gy,p, F) whenever F has chromatic number at least three. The situation when F is bipartite is
more complicated, partly due to the fact that the order of magnitude of Turdn numbers ex(n, F) is
not known in general — see Fiiredi and Simonovits [35] for a survey of bipartite Turdn problems.
The case of even cycles was studied by Kohayakawa, Kreuter and Steger [44] and Morris and
Saxton [57] and complete bipartite graphs were studied by Morris and Saxton [57] and by Balogh
and Samotij [7].

If F consists of two disjoint r-sets, then ex(n, F) is given by the celebrated Erds-Ko-
Rado Theorem [29], and ex(n,F) = ("~ 11) A number of researchers studied ex(Gj, ,, F') in this

case [4], with the main question being the smallest value of p such that an extremal F-free

n—1

subgraph of G}, , consists of all r-sets on a vertex of maximum degree — (1 + o(1))p (rfl

) edges.
The same subgraphs are also 7"-free, however the extremal subgraphs in that case are denser

and appear to be more difficult to describe. The second main result in Chapter 5 is as follows:

Theorem 1.11.1. Foralln > 2 and p = p(n) < 1 with pn® — e as n — oo, there exists a constant
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¢ > 0 such that asymptotically almost surely

minf(1 - o(1))p ()t P < ex(Gh, %) < minf (1401 ) p o 1),

)

and more precisely, for any constant § > 0, when n3/28 < p <n ° we have

ex(GZ’P,T3) < p%nz(logn)c.

We believe that perhaps the lower bound is closer to the truth.

—2+4o0(1)

Since th pforp>n has maximum degree A ~ p("gl) asymptotically almost

surely, Theorem 1.10.2 only gives ex(G3 , T3) > pl/2oMp2 a5, The upper bound in Theorem

n,p’
1.11.1 employs the method of containers developed by Balogh, Morris and Samotij [5] and
Saxton and Thomason [68].

We do not have tight bounds for ex(G/,

7,p> T") in general for all p and r > 4. Partial results

and conjectures are discussed.

Balogh, Narayanan and Skokan [6] showed that the number of triangle-free n-vertex
r-graphs is 200" using the method of containers. Note that a lower bound follows easily
by counting all subgraphs of the r-graph S], on n vertices consisting of all r-sets containing
a fixed vertex. In Chapter 5, we adapt the method to count triangle-free hypergraphs with a
specified number of edges. We let N(r,m) denote the number of T"-free r-graphs with n vertices
and m edges. Analogs of Theorems 1.11.2 and 1.11.3 for graphs were proven by Balogh and

Samotij [7].

(n)logn

Theorem 1.11.2. Let n > 2, €(n) be a function such that Fioglogn —ooasn—» oo, Let § = 6(n)

be a function such that €(n) < 8 < 1/2— &(n) and let m = n*~9. Then

N(3 m) § (n_z) 3m+o(m)

m
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The upper bound on ex(G; ,,73) in Theorem 1.11.1 will follow from the bound on

n.p>
N(3,m) in Theorem 1.11.2 by taking m = p!/3=0(Mp2 see details in Section 5.3.

Moreover, we are able to generalize Theorem 1.11.2 to r-graphs as follows:

Theorem 1.11.3. Letr>4,n>1,0< 6 <3/2and m = n3=%. Then

25
1 ) (14513735 )m+o(m)

Nmms(

m

When r > 4, let m = n®*9 with § some constant satisfying 0 < 8 < r —4. Then we have

r—1y\ mto(m)
N(r,m) < (n ) .

m

This bound will also leads to an upper bound for ex(G}, ,,T") whenn™" +3/2+0(1) < p<l,

n,p
which is essentially tight for p = p(n) with n™" +ato(l) < p < 1. However, there is a gap between
the lower bound and upper bound in the range n~"3/2+0(1) < p < p=rato(l),

Using the same techniques for the r = 3 case, we are able to show the following:

Theorem 1.11.4. For r > 4 and 0 < x < r a constant, let p = n~"" and define

£(x) = lim log, Efex(G},.T")].

Then for 0 <x <3/2, f(x)=x; ford <x<r, fr(x) =x—1; and for 3/2 < x <4, we have

3r—6 3 3
)H—r,x—l}gf,(x)g X;L ‘

We believe that the upper bound is perhaps closer to the truth and have the following

conjecture.
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Conjecture X. For r > 4 and 0 < x < r a constant, let p = n""" and f,(x) as defined in

Theorem 1.11.4. Then for % <x<4,

1.12 Notation and Terminology

For a hypergraph H, let V(H) denote the vertex set of H, v(H) = |V (H)

,and let E(H)
denote the edge set of H, |H| = |E(H)|. If all edges of H have size r, we say H is an r-uniform
hypergraph, or an r-graph for short. Forv € V(H), letdy(v) = [{e € H : v € e}| be the degree of
vin H. The average degree of H is denoted by d(H ) and the maximum degree of H is denoted by
A(H). Foru,v € V(H), letdy(u,v) = |{w: {u,v,w} € E(H)}| denote the codegree of the pair
{u,v}in H,and Ay (H) = max{dp (u,v) : {u,v} CV(H)}. Ahypergraph H is linearif Ay(H) < 1.
Let dH denote the shadow of H, namely, the set of pairs of vertices contained in at least one
edge of H. For positive functions f(n) and g(n), g(n) = O(f(n)) if there exists a constant ¢ > 0
such that g(n) < cf(n) for n large enough; and g(n) = Q(f(n)) if f(n) = O(g(n)). Moreover,
g(n) = o(f(n)) if for any constant ¢ > 0, g(n) < cf(n) for n large enough; and g(n) = o (f(n))
if £(n) = o(g(n)).

The rest of this dissertation is structured as following: In Chapter 2, we prove Theo-
rem 1.6.1 and Theorem 1.6.2. In Chapter 3, Theorem 1.8.4, Theorem 1.8.5, and Theorem 1.8.6
are established. In Chapter 4, we give the proof of Theorem 1.8.3. Finally, in Chapter 5, we
prove Theorem 1.10.2, Theorem 1.11.1, and Theorem 1.11.2.

Chapter 2, Chapter 3, Chapter 4, and Chapter 5 are written to be self contained. As a

result, there are repetitions of some basic lemmas across different Chapters.
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Chapter 2

Randomized Greedy Algorithm in Hyper-
graphs with Large Girth

In this chapter, we extend the ideas of Gamarnik and Goldberg [36] to hypergraphs. First,
we restate our main theorems. Recall that u(d, r) is the only positive real number that satisfies

the following equation:

Z n+d—2\u(d,r)y"t! _q 2.0
S\ d-2 m+1 '
Define ;
d(d— 1)l
e=¢(g,d,r)= ( = ) (2.2)

QYERER?
Our main theorem is as follows:
Theorem 2.0.1 (Theorem 1.6.1). For any integersr > 1,d >2 and g > 4, let G be an (r+1)-

uniform d-regular hypergraph with n vertices and girth g, let .9 be the independent set of G

generated by the greedy algorithm. Let

r+1
F(d,r) = uld,r) — %. (2.3)
Then
(f(d,r) —e)n <E[|.I]] < (f(d,r)+€)n, (2.4)
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We prove in Appendix that as d — oo,

logd)i.

p” (2.5)

flar)~ (

Moreover, we show that the size of the independent set generated by the greedy algorithm
concentrate around its mean asymptotically almost surely for linear hypergraphs with bounded

degree (i.e. hypergraphs that are not necessarily regular):

Theorem 2.0.2 (Theorem 1.6.1). For any integers r > 1 and d > 2, let G be an (r + 1)-uniform
linear hypergraph with maximum degree d on n vertices, % (G) be the independent set generated

by the greedy algorithm, then for any positive function b(n) with b(n) — o0 as n — oo, we have

P[|.7(G)| = E[|7(G)[]| > v/nb(n)] = 0, as n — ee.

2.1 Preliminaries

Gamarnik and Goldberg [36] introduce two notions for graphs, the influence-blocking
subgraph and bonus function. In this section, we generalize these notions to hypergraphs and
discuss their properties. A hypertree is a linear hypergraph with no Berge cycle, and a rooted
hypertree is a hypertree in which a special vertex called the root is singled out. In summary, we
show that the performance of the greedy algorithm on hypergraphs with large girth is locally
similar to its performance on a rooted hypertree — note that if a hypergraph has high girth, then
for each vertex, its neighbourhood within finite distance looks like a hypertree. Hence, if we can
show that the event of a vertex being selected into the independent set is mostly dependent on
its neighbourhood within finite distance, then we can simplify the analysis of each vertex into
the analysis of the root of a rooted tree. Then we analyze the probability of the root of a rooted
hypertree being selected by the randomized greedy algorithm. For ease of analysis, we consider

an equivalent way to do the randomized greedy algorithm as follows:
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1. Equip each vertex with i.i.d. weight from the uniform distribution on [0, 1]. Then with

probability 1, all vertices will have distinct weights.

2. Iteratively select the vertex with largest weight from all remaining vertices of G, and add it
to the independent set so far, and then delete all remaining vertices that form an edge with

the selected vertices, and repeat until no vertices remain.
The strategy is to analyze the probability of each vertex being selected into the independent set.

2.1.1 Influence-blocking hypergraphs

Garmarnik and Goldberg [36] introduce influence-blocking subgraphs; here we extend
this notion to hypergraphs. Suppose we already applied the first step of the greedy algorithm on
G. That is, the vertices of G are now equipped with distinct weights. Let v be a vertex of G, e be
an edge of G such that e contains v. We say v defeats e if there is another vertex V' in e such that
the weight of V' is smaller than the weight of v. That is, v is not the smallest weighted vertex
in e. Observe that if v defeats all the edges that contains it, then v must be selected into .# (G),
since it cannot be deleted according to the rule of the algorithm. In this case, the weight of any
other vertex that is not in the neighbourhood of v will not influence the behaviour of v. This

phenomenon can be generalized to sub-hypergraphs, which gives us the following definition:

Definition 1. Let G be a hypergraph whose vertices are equipped with distinct weights. An
induced sub-hypergraph H of G is called an influence-blocking hypergraph if for every vertex

veV(H), and e € E(G)\E(H) with v € e, v is not the vertex in e with smallest weight.

If G is a hypergraph whose vertices are already equipped with distinct weights, then we
also let .# (G) denote the independent set of G generated by applying the second step of the
greedy algorithm to G. Let v be a vertex of G, such that v ¢ .#(G). If e is an edge of G, such that
vEeand e CvU.Z(G), then we say v is deleted by e. The first property of influence-blocking

hypergraphs is that the performance of the greedy algorithm inside this sub-hypergraph is not

25



dependent on the performance of the algorithm outside this sub-hypergraph. This phenomenon is

described by the following lemma, which is a straightforward modification of Lemma 5 in [36]:

Lemma 2.1.1. Let G be a hypergraph whose vertices are equipped with distinct weights. Let H

be an influence-blocking hypergraph of G. Then .9 (H) = . (G)NV (H).

Proof. Let V(H) = {vi,v2,...,Vm}, such that vi > v, > --- > v, (where v; > v; means the
weight of v; is larger than the weight of v;). To prove the lemma, it suffices to show that
vi € Z(H) if and only if v; € .#(G), for all i such that 1 <i < m. We do that by induction. First,
fori =1, we have v € . (H). By the definition of influence-blocking hypergraph, v; cannot be
deleted by edges not in H. Since v; has the largest weight among all vertices of H, so it cannot
be deleted by edges in H either. Hence, we also have v; € .# (G). This completes the base case.
Now suppose 1 < i < m, and the argument holds for all integer less than i. If v; ¢ .% (H), then v;
must be deleted by an edge e € E(H) such that e\v; consists of vertices whose weights are larger
than the weight of v;. Then by the inductive assumption, v; must be deleted by the same edge in
the algorithm for G. Hence, we have v; € .7 (G). If v; € . (H), then v; cannot form an edge in
H with vertices whose weights are larger than the weight of v;. Hence, by inductive assumption,
v; cannot be deleted by edges in H. Also, by the definition of influence-blocking hypergraph, v;
cannot be deleted by edges not in H either. Therefore, we have v; € .#(G). This completes the

inductive step, and hence the proof of the lemma. [

The second property of the influence-blocking hypergraphs is that any subset of vertices
can be extended to a unique minimal influence-blocking hypergraph, which is presented by the

following lemma, which is a straightforward modification of Lemma 3 in [36]:

Lemma 2.1.2. Let G be a hypergraph whose vertices are equipped with distinct weights. Let A
be such that A C V(G), then there exist a unique minimal influence-blocking hypergraph B¢ (A)
of G such that A C V(Bg(A)). It can be simplified as JB(A) if there is no ambiguity.

Proof. Pick a set of vertices V4 as following: First, put all vertices of A into V4. Then, we

iteratively take edges that are not in A but whose smallest-weighted vertex is in A, and put all the
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vertices of such edges into Vy4, and then repeat until no edge like this remains. Let Z(A) be the
sub-hypergraph of G induced by V,. By definition, Z(A) is an influence-blocking hypergraph
of G, and is contained in any influence-blocking hypergraph of G that contains A. Hence, it is

minimal. Also, by the process that it is generated, we can see that it is unique. 0

Definition 2. For any integers r,1 > 1, an (r+ 1)-uniform path of length [ connecting vy to
Vi, is a hypergraph with vertices {vo,v,...,v|,} and edges e = {Viy,Virs1,- > V(g1)r) fOr
0 <k <I—1. If the vertices of a path are weighted and the smallest-weighted vertex in edge ej,

is vir for all 0 < k <[ —1, then we say the weighted path is increasing from v to vj,.

Note that the definition of path here is different from the definition of a Berge path, which
is defined in a similar way as the Berge cycle.
The following lemma evaluate the probability that a path in a hypergraph is increasing

when given a random total order:

Lemma 2.1.3. For any integers r,l > 1, the number of ways to assign {0,1,...,Ir} as distinct
weights to the vertices of an (r+ 1)-uniform paths of length  from vy to vy, so that it is increasing
is
(Ir+1)!
I (kr+1)

Hence, for an (r+ 1)-uniform path P of length 1, if each vertex is equipped with i.i.d. weight

(2.6)

from the uniform distribution on [0, 1], then

1

S 2.7
[T (kr+1) 2.7)

P[P is increasing from vy to v;,] =

Proof. For simplicity, we only prove this for » = 2. In this case, we want to show that the number
of proper weight assignments for paths of length [ is (2)!! = [T;_,(2k). The idea of the proof
for general case is exactly the same. Let a; be the number of proper weight assignments for
3-uniform paths of length / with distinct weights from {0, 1,...,2/}. Let W; be the weight of v;.

We prove a; = (2/)!! by induction. First, for [ = 1, Wy has to be 0, W, can be either 1 or 2. So
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a; =2 =2!!. Now for / > 2, suppose the lemma is true for / — 1. Then again, Wj has to be 0.
W, is less than all W; with i > 2, so W, is at least the third smallest weight. As a result, W, = 1
or 2. When W, = 1, W; can be any number in {2,3,...,2/}, and all the other vertices form a
3-uniform increasing path of length / — 1. So the number of proper weight assignments of this
kind is (2 — 1)a;—;. When W, = 2, W; has to be 1, and all the other vertices form a 3-uniform
increasing path of length / — 1, the number of proper weight assignments of this kind is a;_;.
Hence, by inductive assumption, we have a; = 2la; | = 21 - (21 —2)!! = (21)!!. This completes

the proof for r = 2. [

For any vertex v and any integer & > 1, let N,(v) be the set of vertices w such that there
exist a path, as defined in Definition 2, connecting v to w, whose length is less or equal than A.
When h = 0, let Ny(v) = v. The following lemma, which is a modification of Lemma 6 in [36],
show that for any vertex v, the probability that the minimal influence-blocking hypergraph

containing v is not a sub-hypergraph of N, (v) converges to 0 as h — oo.

Lemma 2.1.4. For any integers r > 1 and d > 2, let G be any (r+ 1)-uniform linear hypergraph
of maximum degree d, and suppose that the vertices are equipped with i.i.d. weights from the

uniform distribution on [0, 1]. Then for any vertex v and any h > 0,

d(d—1)"

P[#(v)  Np(v)] < W

(2.8)

Proof. For any vertex v there exist at most d(d — 1)"7" distinct paths of length &+ 1 that
connecting v to some vertex in Ny, 1(i)\Ny(i). By definition, Z(v) ¢ Nj,(v) if and only if at least

one of these path is increasing. So by applying a union bound and equation (2.7), we have

d(d—1)"" d(d—1)"
IT- (kr 1) rH’““( +1)

PIA(v) £ Nu(v)] <
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2.1.2 Bonus function of hypergraphs

To analyze the probability of the root of a rooted hypertree being selected into the
independent set, we use the following notion to establish a recursive equation, and hence by
some analysis, a differential equation.

Consider the following bonus function of hypergraphs, which is extended from the bonus

function of graphs introduced by Garmarnik and Goldberg [36]:

Definition 3. Let T be a rooted hypertree, whose vertices are equipped with distinct positive
weights. Let W, be the weight of a vertex v, DE(v) be the set of descending edges of v and I be

the indicator function. Then the bonus function of hypergraphs Sz : V(T) — R is defined by

W, v is leaf,

Sr(v) =
) W, H I(W, > min {Sr(u)}), otherwise.
e€DE(v) u€e,uFv

Given a weighted rooted tree, the bonus function value of the root is exactly the weight
of the root if the root is selected by the greedy algorithm, and is O if the the root is not selected,

as shown by the following lemma:

Lemma 2.1.5. Let T be a rooted hypertree, whose vertices are equipped with distinct positive

weights. Let 'y be the root of T, Wy be the weight of , then we have
St(y) =Wyl(y € Z(T)).

Proof. We prove by induction on the height of the tree. When the height is 0, this lemma is true.
Now suppose T has height 4 > 0, and this lemma holds for all trees with height less than /. Let
er, 1 <k <d, be all descending edges of the root y. Then by definition of the bonus function,

we have
d

Sr(y) =Wy [[1(Wy > min_ {S7(v)}).

=1 vEe VvEY
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So it suffices to show that

N

[T:Wy> min {Sr(v)})=1I(ye #(T)).

=1 vee,vEY

Let 7, be the subtree of T with root v, such that 7, contains only the edges descending from v.
If Wy > min,¢,, -, {S7(v)} for all k such that 1 <k <d. For an arbitrary k, pick v € e, v # ¥,
such that Wy > S7(v), then there are two cases. Firstly, if W, < W,, then we have St (v) = 0. By
inductive assumption, this implies v ¢ .#(T,). Then by Lemma 2.1.1, since T, is an influence-
blocking hypergraph of 7, we have v ¢ .#(T). This means that v will not be deleted by e;.
Secondly, if W), > W,,.. This also means that y will not be deleted by e;. This argument works for
all 1 <k <d. Therefore, y € .Z(T).

On the other hand, if Wy < min,c,, ,£y{S7(v)} for some k, then W, must be the smallest-
weighted vertex in ¢, and v € Z(T,) for all v € ¢4, v # 7. Since T, is an influence-blocking
hypergraph of T, by Lemma 2.1.1 we have v € .#(T) for all v € ¢, v # y. This implies that y
will be deleted by ey. Therefore, y & .7 (T). O

Let T(d,h) be the (r+ 1)-uniform rooted hypertree such that all non-leaf vertices have
d descending edges, and all leaves have depth h. Let T(d,h) be the (r+ 1)-uniform rooted
hypertree such that the root has d descending edges while all other non-leaf vertices have d — 1
descending edges, and all leaves have depth A.

Let 7y be the root of T'(d,h). Apply the first step of the greedy algorithm to 7'(d, k), that
is, randomly assign weights to T'(d, h). Let Fy j, be the distribution function of S74 5 (¥). That
is, Fy n(x) = P[S7(4)(¥) < x]. Similarly, let £y, be the distribution function of St (an (7). That

is, Fyn(x) = P[Sz 4 (¥) < x]. Note that by Lemma 2.1.5, we have

1= Fg(0) =Ply € #(T(d,h) (2.9)

1 —Fy(0)=Plye .#(T(d,h)] (2.10)
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Also by definition of the bonus function of hypergraphs, Fjy ;, and Fdj, satisfy the following

recursive equations for all x € [0, 1]:
1 1 J
Fyplx)=1- / B[Sy (¥) = Wy Wy = tldt = 1 - / 1= (1= Fy () @.11)
X X

1 1
Fyp(x) =1 —/ PIS7an(¥) = WylWy = t]dt = 1 —/ (1= (1=Fy_y 1 (1))t (2.12)

In order to get a differential equation, we need to show that F ;, and Fdﬁ converge as h — co. We

make use of the following lemma:

Lemma 2.1.6. For any x € R and integer h > 0, the following inequalities hold:
(=1)"Fyp(x) < (=1)"Fypi1(x) (2.13)

(—1)"Fyp(x) < (—1)"Fypsa(x) (2.14)

Proof. We prove inequality (2.13) by induction. First, when 4 = 0, by definition we have
Fy0(x) < Fy1(x). Now for h > 1, suppose inequality (2.13) holds for 2 — 1. Replace 2 by h+ 1

in equality (2.11) and consider its difference with the original equality, we have

Fyp1(x) = Fyp(x) = /xl ((1 —(1 _Fd,hfl(t))r)d -(1-Q _Fd,h(t))r)d) dt

Using this equation, we can check that when Fy ,(x) > Fy 51 (x), we have Fy j11(x) < Fgp(x);
and when Fy j,(x) < Fy,—1(x), we have F; 1 (x) > F4 5(x). Hence, by inductive assumption,
we have (—1)"Fy ,(x) < (=1)"F; ;.1 (x). This completes the proof for inequality (2.13). Same

reasoning gives the proof for inequality (2.14). [

Corollary 2.1.7. There exist functions Fy eyen(x) : R — [0,1] and Fy yq4(x) : R = [0, 1] such that
the sequence of functions {Fy o (x)}x>0 converges pointwise to Fy pyen(X) and the sequence of

functions {Fy or41(x) }i>0 converges pointwise to Fy p44(x), and Fy even(x) < Fg 044(X) for all
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xeR.

Proof. As aresult of inequality (2.14), for any x € R, the sequence {F 2x(x) }x>0 is increasing
and the sequence {Fy 2x41(X) }x>0 is decreasing. Also, by inequality (2.13), both sequences are
bounded. Hence, by the Monotone Convergence Theorem [65], they must converge, which
implies the existence of Fy oye,(x) and Fy »44(x). The inequality can be obtained by considering

the inequality (2.13) with 7 = 2k and k — oo. [

Similar results as Lemma 2.1.6 and Corollary 2.1.7 for Fd,h can also be obtained using

the same idea, and we omit the details.

2.2 Expectation

In this section we prove Theorem 1.6.1. The following lemma, which is a modification
of Theorem 7 in [36], provide an upper bound for the difference between the probability that a
vertex v in a hypergraph G is selected and the probability that the root y of a rooted hypertree is
selected by the greedy algorithm, showing that the performance of the greedy algorithm on G is

locally similar to that on a hypertree.

Lemma 2.2.1. For any integersr > 1,d > 2 and g > 4, let G be an (r + 1)-uniform d-regular
hypergraph with girth g. Let hg = L%J, T = T(d,h) with h > hy+ 1, let y be the root of T.

Then for every vertex v € V(G),

Pive .#(G)]-Plye #(1)) < 44— 1"

< (2.15)
P (k+ 1)

Proof. We apply the first step of greedy algorithm on G and T in the following way. We first
give vertices of G i.i.d. weights from the uniform distribution on [0, 1]. Observe that Np, 1 (v)
is a T(d,ho+ 1) hypertree, so we can find an isomorphism f that maps Ny, +1(v) to Ny, 11(7).
Then we give the vertices in Nj,11(y) the same weight as their coimage in Nj,1(v). Finally

we give all remaining vertices in 7 i.i.d. weights from the uniform distribution on [0, 1]. Then
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we apply the second step of greedy algorithm on both G and 7T to get .# (G) and .# (T). In this

setting, we have the following estimate:

Plv € .7 (G)] =P € 7 (G), Bg(v) C Npy(v)] + Py € F(G), Bi(v) & Ny, (v)]
=Ply e S(T),Zr(v) C NN+ Py € I(G), B6(v) & Niy(v)]
(Lemma 2.1.1)

<Plye A(T)|+P[HBs(v) € Np,(v)].
This implies that

Plv e 7(G)]-Ply e #(T)] <P[ZBc(v) € Ny, (v)]
d(d—1)ho

<l (Lemma 2.1.4)
h
P (k+ )

We complete the proof by repeating the reasoning above with the roles of P[v € .#(G)] and
Ply € Z(T)] reversed. O

Using similar idea as in the proof above, we can also show that the following limits exist:

Lemma 2.2.2. For any fixed integer d, the limits limy,_,.. P[y € .# (T (d,h))]| and

limy, . Ply € Z (T (d,h))] exist, where y denote the root of the rooted hypertrees.

Proof. We only present the proof of the existence of limy,_,.. P[y € .# (T (d,h))]. The proof of the
existence of limy,_,., P[y € .#(T(d,h))] is similar and we omit the details. Let 4, 4’ be positive

integers with 4’ > h. Using the same idea as in the proof of Lemma 2.2.1, we can show that

d(d—1)"1

Ply € #(T(d,h)]—Plye #(T(d,K))]| < T e D)

—0ash— oo,

So we conclude that the sequence {P[y € .# (T (d,h))]}s>1 is a Cauchy sequence and therefore

has a limit. [
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Now we are ready to show that Fy ,(x) and Fy ,(x) converge, and hence get the differential

equations we need:

Lemma 2.2.3. there exist functions Fy(x) and Fy(x)such that F;,(x) converges pointwise to
F;(x) and Fd,h (x) converges pointwise to Fy(x) as h — . Fy(x) and Fy(x) satisfy the following
equations:

1
Fy(x) = 1 —/x 11— (1— Fy())) %, 2.16)

1
Fy(x) =1 —/x [1—(1—Fy_y(r)))%r. (2.17)

Proof. We only present the proof of the existence of F,; here. The proof of the existence of F
is similar and we omit the details. By Corollary 2.1.7, there exist Fy oye,(x) and Fyg o44(x) such
that F; 5¢(x) converges pointwise to Fy oyen(x) and Fz 211 (x) converges pointwise to Fy ,qq(x)
as k — oo. Hence, to prove the existence of Fy, it suffices to show that Fy oye(X) = Fg 0qq(x)
for all x € R. By Lemma 2.2.2, lim,_,o, P[y € .7 (T (d, h))] exists. Since F;;(0) =1—-P[ye

S (T (d,h))], this implies that limj,_,., F; ,(0) exists. So we have

Fd,even <0> = }}E?oFd,h (O) = Fd,odd (0)

Now consider equation (2.11) with & = 2k, and let k go to infinity on both sides, and then use the

Dominated Convergence Theorem [65], we have

Fd,even(x) =1- /xl[l - (1 _Fd,odd(t>)r]ddt'

Similarly, we also have

Fd,odd(x) = 1= /xl[l - (1 _Fd,even<t>)r]ddt'
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Take the derivative on both sides and then take the difference of these two equations, we have

Fé,even(x) _Fé,()dd(x) = [1 - (1 _Fd,odd(x))r]d - [1 - (1 _Fd,even(x»r]d > 07

where the inequality comes from the fact that Fy oy < Fy oqq by Corollary 2.1.7. So for any

fixed x € [0, 1],

X X
Fren(®) = Fiesen )+ [ Fixon(01 = Faoaa0)+ [ Fl a0t = Fioaa ).

This combined with the inequality Fy ¢en < Fy pqq, iImplies Fy oyen = Fy pqq. This completes the

proof of the existence of F;(x). Now consider equations (2.11) and (2.12), let 4 — oo and then

use the Dominated Convergence Theorem [65], we get the desired differential equations. [

Lemma 2.2.4. For any integer d > 3, let G4(x) = 1 — F;_1(x), then G;(x) satisfies the following

equation:

n+d—2\ Gy(x)"+!
1— — — 2.18
E@( d—2 ) mel (2.18)

Proof. By equation (2.16), we have
! d—1
Galx) = [ (1= Gale))" e
X
Taking derivatives on both sides, we have

Gy(x) = —(1=Ga(x)")*".

Let Hy(x) = Y,>0 (";ﬁ;z) f;:ii , it is not hard to check that H,(x) = W. So the equation

above is equivalent to

(Ha(Ga(x))) = —1.
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Solving this equation, we obtain

Z (l’l—l—d—Z) Gd(x)rn—H L
—_— = =X
a0\ d—2 rn+1

Let x =1, we have 0 = —1 4 C, which implies C = 1. This completes the proof. 0

Lemma 2.2.5. For any integer d > 3, let G4(x) = 1 — F;(x), then we have the following equation:

~ Gd(x)H'l

Gi(x) =Gy(x)— P (2.19)

Proof. By equation (2.17),

Gt) = [ (1~ Gty e

Consider changing the variable in the integral by letting u = G,4(t). By equation (2.16), not hard

du

W . Hence,

to see dt = —

Now we are ready to prove Theorem 1.6.1.

Proof of Theorem 1.6.1. Applying inequality (2.15), we have

EZON _pye sramy<t ¥ 1Pve #(6)-Plye #(F@,m)
mevic)
d(d—1)ho

IR (k)

Note that this inequality holds for all 2 > hg+ 1. Let h — oo, we have

RIS, . dd— 1)’
2 il s ()<
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Let f(d,r) = limy, ;o P[y € (T (d,h))] = G4(0), then we have the required inequality (2.4).
Let u(d,r) = lim,_,. Ply € #(T(d —1,h))] = G4(0). By Lemma 2.2.4, we know that u(d,r)

satisfy equation (2.1). By Lemma 2.2.5, we have

r+1
£(dsr) = Gal0) = Ga(0)— 1O _ ) -

u(d,r)’“
r+1 '

r+1

This completes the proof. ]

2.3 Concentration

In this section we prove Theorem 1.6.2. If two vertices u,v are far away from each other,
then the indicator of the event that u is selected and the indicator of the event that v is selected by
the greedy algorithm have small covariance. This phenomenon can also be used to give an upper

bound for the variance of the algorithm.

Lemma 2.3.1. For any integers r > 1 and d > 2, let G be an (r + 1)-uniform linear hypergraph

on n vertices with maximum degree d, then the variance satisfies:
Var[.7 (G)] < 3d*2e” @'y, (2.20)

Proof. LetV(G) = {vi,v2,...,vn}, Xi =I(vi € Z(G)). Then

Var(7(G)) = Var(i;Xi)

— i‘i(E[xiz] —~E[Xi]?) +1 ; (E[X:X;] — EX]E[X}])

<n+ Y ) Y (E[XiX;] - E[X]E[X}]),

1<i<né>1v;eNs(vi)\Ns_1(vi)

where the inequality uses the bound (E[X?] — E[X;]?) < 1. For any 1 < i < n, we consider the
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sum

)y Y (EBXX)-EXEX))

6>1 v;ENg (vi)\Ns_1(v)
First, for any 6 > 3, let h = L%J, and let A; j, denote the event {A(v;) Z Ny(v;)}, AS,, denote
the complement of the event A; , that is {%(v;) C N,(v;)}. This event is only determined by

the weights of vertices in N1 (v;). Notice that for every v; € N5(vi)\Ns_1(vi), Npt1(vi) N

Npy1(vj) = 0. So A7, and AS , are independent. Then we have,

]E[Xin] =Pl € f(G),Vj € 7(G)]

=P, € 7(G),v; € J(G),AﬁhﬂA§7h] +Pvie Z(G),vje F(G),A inUA; nl-
By Lemma 2.1.1 and the independence between A7, and A;_ 4> We have

Plvi € 7 (G),v; € 7(G), A5, NAS ] = Plvi € 7 (B(i)),v; € I (B(v))), A4 NAS,]
=Plvi € I (BW:)), AiplPlvj € I (B(v))),Af ]

< E[X,']]E[Xj].
On the other hand, by Lemma 2.1.4

P[vieﬂ( )VJGJ( ) thAjh]<P[Alh]+]P)[A]h]
2d(d—1Y"
Hh+1( )

Hence,
2d(d — 1)

Hh—H( )

Since G has maximum degree d, we have |[Ng(vi)\Ns_; (vi)| < d(d —

E[Xl‘Xj] — E[XZ]E[X] <

1)0-1,9,
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In particular, for odd integer 6 > 3, we have 0 = 24+ 3. So the sum

)} )y (E[X:X;] —E[XE[X;]) < Y d(d —1)2F22h+3 2d(d —1)"
odd >3v;ENs(v;)\N5_; (v;) h>0 r(h+1)!

2d2 r2h(d_1)3h

h>1 h!
1)3h
<2d? Z
h>1
For even integer 8 > 3, we have § = 2h+4. So the sum
Z Z (E[ ] E[X < Z d 2h+3 2h+42d(d_ 1)h
even §>3v,;EN;s(v;)\Ns_1(vi) h>0 (h + 1)‘
2h 3h
r'(d—1)
= 2d°r Z _—
=1 h!
For 1 < 6 <2, use the bound E[X;X;] — E[X;]E[X;] < 1, we have
Y Y (ExX]-EXEX) <24
1§8§2VJ'GN5(V,‘)\N571(V,')
Combine the three inequalities above, we have
Y ¥ (ExX]-EXERX]) <22

8>1v;ENs(vi)\N5_1 (vi)

So the variance

Var(#(G)) <n 2472 Dy < 3@2p2er 4y
[

Proof of Theorem 1.6.2. By Lemma 2.3.1, we know that for fix d and r, there exist a constant ¢
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such that Var(.# (G)) < cn. Hence, by Chebyshev’s Inequality we have

B[||.7(G)| - E[|l.# (G)[]| > Viab(n)] < 50, asn— .

O

Chapter 2, in full, is a version of the material as it appears in “Randomized greedy algo-
rithm for independent sets in regular uniform hypergraphs with large girth”, Random Structures
& Algorithms 59.1 (2021): 79-95, co-authored with Jacques Verstraéte. The dissertation author

was the primary investigator and author of this paper.

2.4 Appendix

We first collect some real number inequalities:

Proposition 2.4.1. Let n,r,d be positive integers. Then

1. Forx>0,
x - xrn+1
e dt = _— 2.21
/o ngon!(m—k 1) 221)
2. Forn<+d,
n\”~" n?
(1 + E> <eT <e (2.22)
3. Fory>0,
(X)" <t (2.23)
n

Let ug = limy_,. Ply € (T (d,h))] = u(d+ 1,r). Note that uy can be viewed as the
probability of the root of T'(d,) being selected by the greedy algorithm, while f(d,r) can be

viewed as the probability of the root of 7' (d, ) being selected by the greedy algorithm.
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Proposition 2.4.2. f(d,r) ~ (lor%d)% as d — .

Proof. Let g(d,u) =Y ,>0 ("+Z_]) ”r‘::: . It is not hard to see that g is increasing with respect to
u. By Lemma 2.2.4, we have g(d,uy) = 1. Now for any € > 0, let u = ((%) +e)(l°gd) we

have

—ar [ ar (by 2.21)

This means that g(d,u) — o0 as d — oo, hence uy < [(%) + 8](1Ogd

)r when d is large
enough.

1 1
On the other hand, for any & > 0, let u = ¢('%2¢)+, where ¢ = (1 —&)~, we have

n+d) rn—l—l
du<Z( ) rn+1

n>0

u e e\”n
=L s (nta) (€ eedy
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When n > 4c"elogd, and d is large enough, we have

u e e\ 2e "
_ — 1 n < = a n
rn+1 <n+d> (c"logd )" < u Z <4c’elogd) (¢"logd)

n>4c’elogd

1”
- X ()
n>4c’elogd

1
1 r
Sc(ojd) —0asd—> oo.

n>4c’elogd

When n < 4c"elogd, and d is large enough, we have

r n
(54 9) (rogdy <u Y 1+ﬁ)"<celogd)

n<4c’elogd m+1\n d n<dc'elogd d n
"elogd \"
< ue (ceog ) (by 2.22)
n<4c’'elogd n
logd\ 7
<c ( chi > e(4c"elogd)ec 084 (by 2.23)

= 4e*c™ M (logd) T d ¢ — 0 asd — oo

This means that g(d,u) — 0 as d — o, hence ug > (1 — 8)% (%)% when d is large enough.

These estimates imply that uy ~ (1igdd)%, hence u; — 0 as d — 0. Recall that by Theorem 1.6.1,

_ u(d,r)"! gy
f(d7r)_u(d7r)_ r+1 _Mdfl_r_’_1
Therefore, f(d,r) ~ (105;1)% as d — o, O
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Chapter 3

Hypergraph Ramsey Numbers for Berge
Cycles

Recall that for kK > 2, a Berge k-cycle is a family of sets ej,ez,...,e; such that e; N
ey,exMNes,...,exMNe; has a system of distinct representatives, and a Berge cycle is nontrivial
if eMNeyN---MNeg = 0. The family of nontrivial Berge k-cycles all of whose sets have size r
is denoted by ;. In particular, we let %; = %’2 In support of Conjecture V, we prove the

following result for nontrivial Berge cycles of even length:

Theorem 3.0.1 (Theorem 1.8.4). For k > 3, and t large enough,
R(t, By) < 17T exp (4 10gt> . G.1)

It seems likely that Theorem 1.8.4 can be extended to r-uniform hypergraphs with r > 4,
however when following the proof of Theorem 1.8.4, two obstacles arise. The first is that one
requires supersaturation for Berge cycles in r-uniform hypergraphs for » > 3 (in other words, an r-
uniform version of Lemma 3.2.1). A second obstacle is that an r-uniform analog of Lemma 3.2.2
is not straightforward: for instance if an edge e in an r-graph is contained in m Berge cycles

of length 2k, then the number of edges may be as low as m!/(Zk=1)

: take a graph 2k-cycle, and
replace one edge with the hyperedge e, and each other edge with m!/(2k=1) hyperedges. We

believe these technical obstacles may be overcome (some of the ideas in the recent paper of
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Mubayi and Yepremyan [59] may apply).
The lower bound for R(t, %) is closely related to the following notoriously difficult

conjecture.

Conjecture VI (Erdds and Simonovits [30]). There exist graphs on n vertices of girth more than

2k with @(n't1/%) edges.

This conjecture remains open, except when k € {2,3,5}, largely due to the existence of
generalized polygons [9, 53, 75]. Towards this conjecture, Lazebnik, Ustimenko and Woldar [51]
gave the densest known construction, which has Q(n1+2/ (3"_2)) edges. We prove the following

theorem relating this conjecture to lower bounds on Ramsey numbers for nontrivial Berge cycles:

Theorem 3.0.2 (Theorem 1.8.5). Let k > 2, r > 3. If Conjecture VI is true, then ast — oo,

—af( )"
R(t,%’k)_Q(<logt> ) (3.2)

This shows that if the Erdés-Simonovits Conjecture is true, then Theorem 1.8.4 is tight up
to a t°(1) factor. Indeed, following the proof of Theorem 1.8.5, the known construction of Lazeb-
nik, Ustimenko and Woldar [51] would give a weaker lower bound of Q((z/logz)(3k=2)/(3k=4)),

Let By be the family of all 3-uniform Berge k-cycles. Random graphs together with the

2%k—2)/(2k—3)—o(1)

Lovisz local lemma give R(t, By) > t( , see [3] for similar computation. We prove

the following theorem, which gives a substantially better lower bound for B4 if Conjecture VI is

true.

Theorem 3.0.3 (Theorem 1.8.6). If Conjecture VI is true for k = 4, then as t — oo,

16/13
R(z,B@:Q((wi@) ) (3.3)

We prove Theorem 1.8.4 in Section 3.2, Theorem 1.8.5 in Section 3.3, and Theorem 1.8.6

in Section 3.4.
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3.1 Preliminaries

We make use of the following elementary lemma, whose proof is a standard probabilistic

argument, included for completeness:

Lemma 3.1.1. Let d > 1, and let H be a 3-graph of average degree at most d. Then

Proof. Let X be a subset of V(H) whose elements are chosen independently with probability
p=d ~1/2_We can get an independent set by deleting a vertex for each edge of H contained in

X. Then the expected size of such independent set is at least

pPdv(H)  2v(H)
3 3d2

pv(H) —p’|H| = pv(H) -

Hence, there must exist an independent set of size at least the desired lower bound, which

completes the proof. 0

Lemma 3.1.2. Let H be a 3-graph on n vertices, and 0 < € < 1/2. Then there exists an induced
subgraph G of H satisfying the following properties:
1——2

1. v(G)>n loga (¢),

2. A(G) < 49,

— €
Proof. Let H= G9). We do the following for i > 0. If A(GY)) < d(G) /e, we let G = G1).
Otherwise, iteratively delete vertices of G() with degree at least d(G(*)). Each deleted vertex
will result in the loss of at least d (G(i)) edges. So we can delete at most

GO _V(G(i)).d((;(i)) v(GD)  w(GW)
d(GD)  3.d(GW) 3 2
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vertices in this step. Let G+ be the subgraph induced by the remaining vertices. Then
we have v(GUHD) > p(GW) /2. 1f A(GUHY) < d(GUH1) /e, then we let G = GUtY) . Otherwise,
we have

d(G)) < eA(GHHV) < ed(G).

Let K = 2log, /o n. We must obtain an induced subgraph G with A(G) < d(G)/¢ after at most
K repetitions. Otherwise, after K repetitions, since the average degree decreases by at least a
factor of € after each repetition, the remaining graph G®) will have no edge, which satisfies the
condition A(G\K)) < d(GX)) /e. Suppose after m < K repetitions we have the desired induced
subgraph G with A(G) < d(G)/¢€. Since the number of vertices decreases by at most a factor of
2, we also have

__ 2
> n 10g2<%)

v(G) >

n
om
This completes the proof. 0

We use the following slightly weaker version of a lemma due to Méroueh [56]; the lemma

is in fact valid for 3-graphs H with no loose k-cycles:

Lemma 3.1.3. Let H be a PBy-free 3-graph. Then there exists a subgraph H* of H such that

\H*| > |H|/(3k*) and each edge of H* contains a pair of codegree 1.

Proof. Given a 3-graph G and a pair of vertices x,y, we say that {x,y} is G-light if dg(x,y) < k.
Let G| = H, and let H; consist of all edges of G| containing a G;-light pair, and let G, = G| \H.
For i > 2, let H; consist of all edges of G; containing a G;-light pair, and let G, = G;\H;.
Suppose for contradiction that Gy is not empty. Let e; = {v|,v2,v3} be an edge in Gy, then
by definition, {v,,v3} is not a G;_;-light pair, and hence, there exists an edge e; = {v,,v3,v4}
such that vq # vy. For 2 <i<k—1, let e; = {vj,vit1,vit2} be an edge in Gy |_;. By definition,
{Vit1,vit2} is not a Gy_;-light pair, and hence, there exists an edge e;+1 = {vit1,vit2,vit3}
in Gy_; such that v;3 is distinct from all v;, 1 < j <i. Therefore, we have a tight path of

length k in G| = H, that is, a hypergraph consisting of k + 2 distinct vertices v;, 1 <i < k42,
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and k edges e; = {v;,vit1,vit2}, 1 <i < k. This is also a nontrivial Berge k-cycle. Indeed,
when k is even, {vo,v4,...,Vk, Vi1, Vk—1,---,v3} forms a system of distinct representatives of
{e1Nex,eaNes,eaNeg, ... ex_2Neg,eNeg_1,ex—1MNex—3,...,e3MN ey}, and when k is odd,
{v2, V4, s Vis1, Vi Vi—2, - --,v3} forms a system of distinct representatives of {e; Nen,ex N
eq,eq40 €6, ... ex_3MNex_1,ep_1Ner,exNex_2,...,e3MNejp . This results in a contradiction, since
H is %y -free. Therefore, G; must be empty, and hence H can be partitioned into k — 1 subgraphs
H;, 1 <i<k—1, such that each H; consists of edges containing a G;-light pair, which is also
H;-light. Let H' be a subgraph H; with the most edges, then by the pigeonhole principle,

|H|

H|>"—.
> 5

Now consider a graph J whose vertex set is the set of 3-edges of H’, and two 3-edges of H' form
an edge of J if they share an H’-light pair. It is easy to see that J has maximum degree at most
3k — 6. Then we can greedily take an independent set of J of size at least v(J)/(3k —5), and this

independent set correspond to a subgraph H* of H' such that

s LV
3k—5 " 3k¥
and each edge of H* contains a pair of codegree 1. [

3.2 Upper bound of R(t, %)

In this section we prove the upper bound in Theorem 1.8.4
A key ingredient of the proof of Theorem 1.8.4 is a supersaturation theorem for cycles
in graphs: we make use of the following result proved by Simonovits [35] (see Morris and

Saxton [57] for stronger supersaturation):

Lemma 3.2.1. For every n,k > 2, there exist constants y,by > 0 such that for every b > by, any

1+1/k

n-vertex graph G with at least bn edges contains at least Yb**n? copies of Cyy.
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We next give a simple lemma which says that if a graph has many cycles of length 2k

containing a fixed edge, then it has many edges.

Lemma 3.2.2. Let G be a graph containing m cycles of length 2k, each containing an edge

e € G. Then |G| > m'/*=1) /2,

Proof. For each cycle C of length 2k containing e, let M(C) be the perfect matching of C
containing e. Fixing a matching M C G of size k containing e, at most (k — 1)!12%~! cycles C
have M(C) = M. It follows that the number of distinct matchings M C G of size k containing e

is at least m/(k — 1)!2K~1, and therefore

|G| —1 S m
k—1 )= (k—1)2k 1

We conclude |G|~ > m/2¥~1 and therefore |G| > m!/*=1) /2, O
Now we are ready to prove Theorem 1.8.4.

Proof of Theorem 1.8.4. 1t suffices to show that for every large enough integer n, any %,;-free
3-graph H on n vertices must contain an independent set of size at least n(2k=1)/(2k)=5/(2/logn)
By Lemma 3.1.2 with € = exp(—\/@), we find an induced subgraph Hy of H with ng
vertices, average degree dy and maximum degree D such that ny > n'=2/ Viogyn and Dy < dy/ €.
By Lemma 3.1.3, there is a subgraph H of Hy with at least |Hy|/(4k?) edges such that each edge
of H; contains a pair of codegree 1 in H;. Let x : V(H;) — {1,2,3} be a random 3-coloring and
let H, consist of all triples in H; such that the pair of vertices of colors 1 and 2 has codegree
1 in H; and the last vertex in the triple has color 3. The probability that an edge in H; is also
an edge in H, is at least 1/27, and therefore the expected number of edges in H, is at least
|H{|/27 > |Ho|/(108k?). Fix a coloring so that |Ha| > |Hy|/(108k?). Consider the bipartite
graph G comprising all pairs of vertices of colors 1 and 2 contained in an edge of H;. Thus,
|G| = |H>| and G has average degree dg > do/(108k?). For convenience, let b > 0 be defined

by dg = an(l)/ 50 |G| = bn(l)H/ K By Lemma 3.2.1, there exist constants ¥, by > 0 such that if
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b > by, then G must contain at least bekn(z) copies of Cy;. Notice that we must have 1/€ > by
when 7 is large enough. The proof is split into two cases.

Case 1. b > 1/¢. By the pigeonhole principle, there exists an edge e such that the number
of Gy, containing e in G is at least

2kyb*n3

— 2k b2k—1 ]_f
[

Let G’ be the union of all 2k-cycles in G containing e. Then by Lemma 3.2.2, for some constant

¢,

] 1
|G| > cb2+k—%ng = Echk%ldG > 216k2€8_1_k%1d0 > Dy

provided n is large enough. Let C be a 2k-cycle in G containing e. Then there exist edges
ey U{vi},eaU{v}, ... e U{vy} in Hy where ey, e,...,ex € C and vy, vy, ..., vy have color
3. Since H, is %,;-free, for some vertex z we have vi = v, = --- = vy, = z. Since each cycle
C in G’ contain e, they must have the same z. Now the degree of z in H; is at least |G’| > Dy,
which contradicts the fact that Hy has maximum degree at most Dy.

Case 2. b < 1/¢. In this case, dg < 2n0/ /€ and so dy < (216k*/€)n, L7k . By Lemma 3.1.1

on H(),

2 2 2k-1 2k—1_ _ 5k=2 _
w»ww>%“2cw)'MZ—LWkWW>ﬂ*%w
3a7 3\ € 9v/6k

2k 4
Now let n = %1 Vioar Clearly, logn > 2k 1logt Hence, an n-vertex %,;-free 3-graph H

contains an independent set of size

2k—1_ 5 (L+ 4 )(2/671 __ 5 )
n 2k 2/Togn =t 2k—1 " \/logt 2k Vlogn >t
. : s+
provided n is large enough. Therefore, we have R(t, By;) <t Vioei, O
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In fact, by more careful computation, we can obtain a slightly better upper bound

2k c
1+ 5k—2 2k)log?2
R(t, %) <t*71 Vel where ¢ > 3,7 - (212—1g .

3.3 Lower bound of R(t, %)

In this section we prove the lower bound in Theorem 1.8.5. We will use the following

lemma to get a large bipartite subgraph with large minimum degree and small maximum degree:

Lemma 3.3.1. Let k > 3, ¢ > 0, and let G be an n-vertex graph of girth more than 2k with more
than 2cn' V% edges. Then there exists a bipartite subgraph G' of G such that o6(G) > en'/k

A(G") < n'* k=1 and v(G') > .

Proof. A maximum cut of G gives a bipartite subgraph with at least enH1/k edges. A subgraph

k41 may be obtained by repeatedly

G’ of this bipartite subgraph of minimum degree at least cn
removing vertices of degree at most cn'/*. Let A := A(G’) be the maximum degree of G’, and
let v be a vertex of maximum degree, then the number of vertices at distance k from v is at
least Ak~ 1n*=D/k since G has girth larger than 2k. In particular, Ak 1p*k=D/k < and so

A< nl/k / c®=1. The number of vertices in G’ is at least c*n, since G’ has minimum degree at

least cn'/k + 1 and girth larger than 2k. [

Let r > 2, a star with vertex set V is an r-graph on V consisting of all edges containing
a fixed vertex of V, i.e., the edge set of a star is {¢ C V : |e| = r,v € e} for some vertex v € V.

Let integers d > m and let S, ,, be a d-vertex r-graph consisting of m vertex-disjoint stars of size
|d/m]| or [d/m].

Lemma 3.3.2. Let integer r > 2, and let integers d > m.The probability that a uniformly chosen

set of s vertices of Sy, is independent is at most

N
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Proof. Let the vertex sets of these stars be V1, V,. .., V,,. The probability that a uniformly chosen
set of s; vertices in V; is independent in Sy ,,, is at most 1 —s;/[d/m| < 1 —ms;/2d if s; > r, and
is 1 if s; < r. Hence, this probability is at most 1 —m(s; — r) /2d for 0 < s; < d. Therefore a

uniformly chosen set I C S, ,, of s vertices with |[INV;| = s; is independent with probability at

(- =457) on( £757) (=57

i=1

most

Now we are ready to prove Theorem 1.8.5.

Proof of Theorem 1.8.5. 1t suffices to show that for n large enough, there exists an n-vertex
% -free r-graph with independence number O(nl_% logn). Let G be an n-vertex graph of girth

more than 2k with 2cn! T1/k

edges for some positive constant c. By Lemma 3.3.1, there exists
a bipartite subgraph G’ of G with at least N = cn vertices, minimum degree at least en'/* and
maximum degree at most n'/% /ck=1. Let X, ¥ be the parts of this bipartite graph where |Y| > |X|.
Let m = 8logn/c*. We form an r-graph H with vertex set Y by placing a random copy of Sd(x)m
on the vertex set N (x), the neighborhood of x in G, independently for each x € X. Since G’ has
girth more than 2k, it is straightforward to check that H does not contain any nontrivial Berge
k-cycle. We now compute the expected number of independent sets of size t = rmn'—1/k /K1 in

H. Clearly, logt > (1 —1/k)logn. If H has no independent set of size ¢ with positive probability,

then since v(H) > N/2, we find that

k. k
k 2k+1 T Tl
c c t t k=1
R(t,. B)>N/2 > — >
(1, 2 N/2 = 2 (Srlogn) = Chr (logt) '

for some positive constant ¢y .. This is enough to prove Theorem 1.8.5.

For an independent 7-set [ in H, I N Ng(x) is an independent set in Sa(x),m forallx € X.
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Since these events are independent, setting s(x) = |I N Ng/(x)|, and applying Lemma 3.3.2 gives:

IP(I independent in H) < I_)I(exp <_%(X_)rm)>

2

. ms(x) rm
—p ( x& 20 T X 2d(x)> '

xeX

For every x € X, enl/k < d(x) < n]/k/ck_1 and therefore

k—1 2
X
[P(I independent in H) < exp <—C mEvex () | [Xlrm ) :

2nl/k 2cnl/k

Now Y ,cx s(x) is precisely the number of edges of G’ between X and I. Since every vertex in /

1/k

has degree at least cn'/¥, this number of edges is at least cn'/*t = rmn /ck. Consequently, using

1X| <n/2,
k k k
t t t
P(I independent in H) < exp (__c;n + _c;n ) = exp (__c;n ) .

The expected number of independent sets of size ¢ is at most

n ckmt ckmt
Jexp( —— < exp tlogn—T =exp(—tlogn).

This is vanishing as n — oo, and the proof of Theorem 1.8.5 is complete. [

3.4 Lower bound of R(¢,By)

In this section we prove the upper bound in Theorem 1.8.6. Lazebnik and Verstraéte [52]
showed that there exist n-vertex By-free 3-graphs with (1/64o(1))n?/? triples. More specifically,
for n large enough, there exists a linear n-vertex Bs-free 3-graphs J,, with n/? /10 triples and

1/2

maximum degree at most n'/“. We want to find an upper bound for the probability that a random

s-set is independent in J,,.
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We make use of the following lemma.

Lemma 3.4.1. Let n, s be integers such that s < \/n/2. For n large enough, the probability that

a uniformly chosen set of s vertices of J,, is independent is at most

$3—-216
exp _—80713/2 .

When s > \/n/2, the probability is at most 639 /640.

Proof. This is trivial when s < 6. When 6 < s < y/n/2, let X be the uniformly chosen s-set. For
any edge e € E(J,), let A, be the event that e € X. Then by inclusion-exclusion principle, for n

large enough, the probability that X is not independent is at least

Y, PA)— Y P(AAA)

e€E(Jy) {e.f}CE(n)

>L ﬂ/z n—3\ n'/2\ (n—5 B n3/2/10\ (n—6
=y \ 10 \s=3) "\ 2 J\s=5 2 s—6
S P

~40n3/2 _m

$3

>
—80n3/2

%)

Therefore, for s > 6 and n large enough, the probability that X is independent is at most

1 §3 < §3 < $3—-216
80732 = P\ Tgon32 ) S P\ T g0z )

When s > /n/2, the probability is at most

(Va2 _ 639
80n3/2 640

This completes the proof. ]

Now we are ready to prove Theorem 1.8.6.
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Proof of Theorem 1.8.6. Let G be an n-vertex graph of girth more than 8 with 2c1n5/4

edges
for some positive constant ¢;. By Lemma 4, there exists a bipartite subgraph G’ of G with at
least N = c‘l‘n vertices, minimum degree at least ¢in'/* and maximum degree at most nl'/4 / c?.
Let X, Y be the parts of this bipartite graph where |Y| > |X|. We form a 3-graph H with vertex
set Y by placing a random copy of J,(,) on the vertex set Ng/ (x), the neighborhood of x in G,
independently for each x € X. Since G has girth more than 2k, it is straightforward to check
that H does not contain any Berge 4-cycle. Let m = 86%/ 4 Vlogn, and lett = mn13/16. Clearly,

logr > 13logn/16. If H has no independent sets of size ¢ with positive probability, then since

v(H) > N/2, we conclude that

4 t 16/13 1613
Rogznzzd () sa(o)
2 8c}/4\/10gn Vlogt

for some positive constant ¢,. This is enough to prove Theorem 1.8.6.

Let A be az-setin Y, and let
Xy ={x€X:|Ng(x)NA| >1/2}, X4 =X\A.

Case 1: When |X,| < n3/%. Since the induced bipartite subgraph of G’ on X4 UA has girth 8, the
number of edges of G’ between X4 and A is less than (ns/ 6)5/ 4 = n?/2% If A is independent in
H, then Ng/(x) NA is also independent in J;(,) for all x € X. Since these events are independent,
setting s(x) = |Ng(x) NA[, and applying Lemma 3.4.1 gives

. . s(x)3 —216
P(A ind dentin H) < _——
(A independent in H) < H exp( 80d(x)3/2 )

XEYA
B s(x)3 27
P ( L 80d (x)3/2 +X§A lOd(x)3/2) '

XEYA
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For every x € X, cein'/* <d (x) < nl/4 / c? and hence together with Jenson’s inequality we have

9/2

¢ Lrex, S(x)° L 271X
80n3/8 100-;’/2,13/8

P(A independent in H) < exp (—

9/2 _
<exp| — Cl/ (Erex, s(x))? 271X 4|
N 80’13/8|YA|2 lOc’;’/zn3/8 '

Note that } %, s(x) is exactly the number of edges of G’ between X4 and A, which is at least
teyn'/* —n®/? = (1—0(1))cymn'"/1°.

Also note that [X4| < N/2 = c¢jn/2. Consequently,

(1—o(1))m3n!3/16 . 27cf/2n5/8>

20c)/? 20

“exp m3n13/16
xp| ————— | .
320}/2

Case 2: When |X,| > n°/°. Applying Lemma 6 gives

P(A independent in H) < exp (—

3 13/16
P(A independent in H) < (639/640) Xal < eXp(—n5/6/640) < exp (_m 12 ) :
32¢,

3n13/16

In both cases we have IP(A independent in H) < exp (— ) . Therefore the expected num-

320}/2

ber of independent sets of size ¢ in H is at most

3,.13/16 3,.13/16
(n) exp _mn—l/z < exp mn13/1610gn — mn—l/z =exp (—mn13/1610gn) .
t 32¢, 32¢,

This is vanishing as n — oo, which completes the proof of Theorem 1.8.6.

]

Chapter 3, in full, is a version of the material as it appears in “Ramsey Numbers for
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Nontrivial Berge Cycles”, SIAM Journal on Discrete Mathematics 36.1 (2022): 103-113, co-
authored with Jacques Verstraéte. The dissertation author was the primary investigator and author

of this paper.
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Chapter 4

Hypergraph Ramsey Numbers for Loose
cycle

Recall that for k,r > 3, an r-uniform loose k-cycle, denoted C,Z, is an r-graph with a
cyclic list of edges e, ea, ..., e such that consecutive edges intersect in exactly one vertex and
nonconsecutive sets are disjoint.

The following conjecture was proposed in [47]:
Conjecture V. Forrk > 3,

R(t,C) = e toll), (4.1)

Towards this conjecture, Méroueh [60] showed R(,C}) = Ot +V/LK+D/21 for k > 3
and R(t,C}) = O(t'*1/1¥/2]) for r > 4. In particular, he showed that R(¢,C3) = O(¢3/?). In this
chapter, we proved a stronger upper bound for R(z, Cﬁ), which matches Conjecture V when r = 3

and k = 4.

Theorem 4.0.1 (Theorem 1.8.3). As t — oo, there exists constant ¢ > 0 such that,

R(1,C3) < 13 exp ((1 +0(1))%§\/10gt> . (4.2)

It seems likely that Theorem 1.8.3 can be extended to r-uniform hypergraphs with » > 3.
In order to do this, it suffices to show that for any n-vertex 4-graph H, there exists an induced

subgraph H' of H with n'~°() vertices such that e(H') < n7/4*+o(1),
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Also, we believe that the strategy we used to prove Theorem 1.8.3 should be extended
to loose 2k-cycles for k > 3. The obstacle is that we do not have variants of Lemma 4.2.4 and

Lemma 4.2.5 for loose 2k-cycles.

4.1 Preliminaries

We make use of the following elementary lemma, which can be considered as a 3-uniform

version of Turdn’s Theorem, whose proof is a standard probabilistic argument:

Lemma 4.1.1. Let d > 1, and let H be a 3-graph of average degree d. Then

2v(H)

o(H) > —.
3d2

Proof. Let X be a subset of V(H) whose elements are chosen independently with probability

1/2

p=d '/“. We can get an independent set by deleting a vertex for each edge of H contained in

X. Then the expected size of such independent set is at least

pPdv(H)  2v(H)
3 3dr

pv(H) = p’|H| = pv(H) —

Hence, there must exist an independent set of size larger than the required lower bound, which

completes the proof. O

An obstacle in the proof of Theorem 1.8.3 is the presence of vertices of degree much

larger than d(H ). We deal with these vertices using the following lemma:

Lemma 4.1.2. Let H be an n-vertex 3-graph, and let 1 <t < n. Then there exists an induced

subgraph G of H such that A(G) < 2td(G) and v(G) > n'~1/logt,

Proof. The 1dea is to repeatedly delete vertices with large degree until we obtain the desired

induced subgraph. We set H = Gy, and run the following algorithm for integers i > 0:

1. If A(G;) < 2td(G;), set G = G; and STOP.
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2. Set GEO) = G, we do the following for j > 0: If there is a vertex u; € V(Gij )) such that
uj >2d(Gj), let GEjH) = Gﬁj)\{uj}; otherwise, set G;1 1 = Gl(j).

If the algorithm does not stop for some integer i > 1, then the average degree must
decrease significantly. By definition we have d(G;) < A(G;)/(2t) < d(G;—1)/t, which implies
that d(Go) > t'-d(G;).

Suppose the algorithm stop for some integer k. We claim that d(Gy_») > 1/2. Otherwise,

by definition |Gy_1| = 0, and hence G = Gj_, which contradicts the selection of k. So we have
n?/2>d(Go) >t -d(Gy_) =122,

which implies that k < 2log, n + 2.

On the other hand, the number of vertices decreases much slower comparing to the
average degree. In step 2, by definition |G§j+1)| < |G5j )| —2d(G;). This implies |G§O)| >
|G§j)| +2j-d(G;) >2j-d(G;) for each j > 0, and hence j < |G§0)|/2d(G,~) =v(Gj)/6. So we

have v(Git1) > (2)v(G;), which implies that for n large enough

5 k 5 2log, n+2
v(G) =v(Gy) > (8) n> (6) n>nl~1/logt,

]

Definition 4. Let H be a 3-graph. We say a pair {u,v} € V(H) is H-heavy if dy(u,v) > 6

Otherwise, it is H-light. An edge of H is H-k-heavy if it contain k H-heavy pairs.

An important property of the heavy pairs is that any non-uniform loose 4-cycle consisting
of triples and heavy pairs can be extended to a 3-uniform loose 4-cycle Cﬁ (See picture in

Figure 4.1):

Lemma 4.1.3. Let H be a 3-graph. If there are 4 sets e, e, e3, and ey such that e; is either an

edge of H or an H-heavy pair, and these 4 sets form a loose 4-cycle, then H must contain a copy
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ofCE.

Proof. If e; = {u,v} is an H-heavy pair, then, since dy (u,v) > 6, we can find a vertex w; such that

e;U{w;} is an edge of H and w; ¢ U;l-:le j- Replace all the H-heavy pairs by their corresponding

edges ¢; U {w;} in H. These edges form a C3. O
° °
el el
® °
® & ey — @ &2 (2 (]

(£} (4] W4
°
%

Figure 4.1. Non-uniform loose 4-cyle can be extended to a Cﬁ.

Definition 5. Let H be a 3-graph. A bowtie in H is a subgraph B on 5 vertices {v,w,x,y,z} with
a pair of edges {{v,w,x},{x,y,z}} such that all pairs but {w,x} and {x,y} in dB are H-light

(See Figure 4.2). We let B(H) denote the number of bowties in H.

Figure 4.2. Heavy lines represent H-heavy pairs while dashed lines represent H-light pairs.

We make use of the following technical lemma:

Lemma 4.1.4. Let H be an n-vertex Cy-free 3-graph, then

B(H) < 10°n%. (4.3)

Proof. Let B = B(H). Give each vertex of H a color uniformly at random from {1,2,3,4,5},
and let C(v) denote the color of v. A bowtie B = {{v,w,x},{x,y,z}}, where {w,x} and {x,y}
are H-heavy pairs, is properly colored if C(v) = 1,C(w) = 2,C(x) = 3,C(y) =4 and C(z) = 5.
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Note that the expected number of properly colored bowties is 23 /3125 > /1600, so we can fix
a coloring such that the number is at least /1600 . For any vertex v with C(v) = 1, let B(v)
denote the set of properly colored bowties containing v.

Then by Pigeonhole Principle, there exists a vertex v such that |%(v)| > B/(1600n). Let
L be a graph on the vertices with color 2 or 3 such that a pair {w,x} is an edge of L if and only
if {v,w,x} is an edge in a properly colored bowtie. By the definition of H-light pair, not hard
to check that A(L) < 5. Hence by Vizing’s Theorem [76], the edge chromatic number of L is
less than 6. So there exists a subset B’ of Z(v) with | B'| > |%(v)|/6 > B/(10000n), such that
the corresponding pairs {w,x} of all bowties in %’ form a matching. Let S = {z1,22,...,2}
be a set such that each z; is contained in a bowtie B € %’ and C(z;) = 5. For two different
bowties By = {{v,w1,x1},{x1,y1,21}} and B, = {{v,w2,x2},{x2,y2,22}} in &', we claim that
if z; = 2o, then {x;,w;} = {xp,w,}. Otherwise, not hard to check that there would be a loose

4-cycle consisting of edges of H and H-heavy pairs (See pictures in Figure 4.3), and hence a Ci

/’!\
// / \ \\

. PN ~
e / \ S
/ \

/ \

/ \

X1 X2
\ /

\ /

\ /

\ /

1 DA NN L L)
< .
~ .
< .

Figure 4.3. 2 possible ways to get a loose 4-cycle when z; = zp and {x;, w1} # {xp, w2 }.

by Lemma 4.1.3.

L

1%

Note that {x,z; } is an H-light pair, so each z; € S can be contained in at most 5 bowties
in %'. This implies |S| > |#'|/5, and hence n > |S| > 107> /n.
l

Next we introduce an extremal result on rainbow Turdn numbers, which are closely

related to the extremal problems for loose cycles. In an edge-colored graph, we say that a
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subgraph is rainbow if no two of its edges have the same color. The rainbow Turdn number
of a graph H, denoted ex*(n,H), is the maximum number of edges in an n-vertex properly
edge-colored graph that does not contain a rainbow H as a subgraph. Keevash, Mubayi, Sudakov
and Verstraéte [42] showed that ex*(n,Ca;) = Q(n'*1/%) for any integer k > 2. They conjectured

that this is tight and verified it for k € {2,3}. Recently, Janzer [40] established the conjecture.

Theorem 4.1.5. For any integer k > 2,
ex*(n,Co) = O(n' 7). (4.4)

The following lemma is a simple application of Theorem 4.1.5. We will use this lemma

in the proofs of Theorem 1.8.3.

Lemma 4.1.6. Let H be a linear 3-graph on n vertices. If H does not contain Cgk as a subgraph,

then the number of edges in H is O(n't1/%).

Proof. We first take a random tripartition of H. color the vertices of H uniformly at random with
three colors {1,2,3}. Let H' be the spanning subgraph of H containing all edges with distinct
colors. Note that the probability that an edge in H is an edge in H' is 2/9. So we can fix a
coloring of H such that |[H'| > 2|H|/9. Let G be the bipartite graph whose two parts are the set
of vertices in H with color 1 and the set of vertices with color 2, and whose edges are pairs of
vertices contained in some 3-edge in H'. We color each edge {x,y} in G with the vertex z in H
such that {x,y,z} form a 3-edge in H'. Since H’ is linear, we know that |G| = |H'| and that G is
properly edge-colored. Also, G does not contain a rainbow C,;, because H' does not contain a

C3,- So |G| = O(n'*1/%) by Theorem 4.1.5, and hence |H| = O(n'+1/k), O

A key ingredient of the proof of Theorem 1.8.3 is a supersaturation theorem for cycles
in graphs: we make use of the following result proved by Simonovits [35] (see Morris and

Saxton [57] for stronger supersaturation):
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Lemma 4.1.7. For every k > 2, there exist constants y,by > 0 such that for every b > by and

1+1/k

integer n > 1, any n-vertex graph G with at least bn edges contains at least Yb**n? copies

OfCQk.

We next give a simple lemma which says that if a graph has many cycles of length 2k

containing a fixed edge, then it has many edges.

Lemma 4.1.8. Let G be a graph containing m cycles of length 2k, each containing an edge

e € G. Then |G| > m'/*=1) /2,

Proof. For each cycle C of length 2k containing e, let M(C) be the perfect matching of C
containing e. Fixing a matching M C G of size k containing e, at most (k — 1)!12%~! cycles C
have M(C) = M. Tt follows that the number of distinct matchings M C G of size k containing e

is at least m/(k — 1)!2K~1, and therefore

|G| —1 S m
k=1 )= (k—1)12k-1

We conclude |G[*~! > m/2%~! and therefore |G| > m!/*=1) /2. O

4.2 Upper bound of R(¢,C3)

In this section, we prove Theorem 1.8.3. The key component of the proof of Theorem

1.8.3 is the following lemma:

Lemma 4.2.1 (Main Lemma). Let H be a Cg -free 3-graph on n vertices, then, when n is large
1

. . . 1
enough, there exists an induced subgraph H* of H on n) vertices such that ny > (n/5) (@Vien)

and

d(H*) = O(v/nexp(y/logn)). (4.5)

Proof Ideas. Here we outline our strategy to prove the Main Lemma: First, we partition

H into 2 subgraphs H; and H, such that none of them contain any 3-heavy edge. Then we
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show that the number of H;-0-heavy edges is 0(n3/ 2) for both i = 1,2. After that, we show that
there exists an induced subgraph H’ of H such that the number of H;-1-heavy edges in H' is
O(n3/ Zlogn) for both i = 1,2. We then Use Lemma 4.1.2 to obtain an induced subgraph H* of
H on nj vertices with small maximum degree. Finally, we show that the number of H;-2-heavy
edges in H* is O(n’/?exp(y/logn)) for both i = 1,2. Note that any edge in H is H;- j-heavy for
some i € {1,2} and j € {0,1,2}. Therefore, H* is the desired induced subgraph.

Before giving the formal proof of the Main Lemma, we introduce two lemmas for C;k.
In these lemmas (Lemma 4.2.2, 4.2.3), an H-heavy pair is a pair of vertices in H with codegree
at least 4k — 2.

Lemma 4.2.2 is due to Méroueh [56].

Lemma 4.2.2 ( [56]). Let H be a C;’k—free 3-graph. Then H can be partitioned into 2k — 2
subgraphs Hy, H; ..., Hy,_ such that H; does not contain any H;-3-heavy edge for all 1 <i <
2k —2.

Proof. Let G; = H, and let H; consist of all edges of G containing a Gi-light pair, and let
G, = G1\H;. For i > 2, let H; consist of all edges of G; containing a G;-light pair, and let
Gi+1 = G;\H;. Suppose for contradiction that G;_1 is not empty. Let e; = {v|,v2,v3} be an
edge in Gy;_1, then by definition, {v;,v3} is not a Gy;_»-light pair, and hence, there exists an
edge ep = {v2,v3,v4} such that vq # vy. For 2 <i <2k —3, let e; = {v;,vi11,vi12} be an edge in
Goj—1—;- By definition, {v;y1,v;i2} is not a Go;_,_;-light pair, and hence, there exists an edge
€ir1 = {Vit1,Vit2,vit3} in Gox_p—; such that v;, 3 is distinct from all v;, 1 < j <. Therefore,
we have a 2k-cycle vi —v3 —vs — -+ —Vvop_| —Vor — Vor—2 — - -+ — v2 — v1 whose edges are all

H-heavy pairs, which implies the existence of a Cgk. [l

Lemma 4.2.3. Let H be a 3-graph on n-vertices. If H does not contain Cgk as subgraph, then

the number of H-0-heavy edges is O(n'*1/%).

Proof. Let ep(H) be the number of H-0-heavy edges in H. Let J be a graph whose vertices are

the set of H-0-heavy 3-edges in H and whose edges are pair of 3-edges in H whose intersection
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is an H-light pair. By definition of H-light pair, not hard to check that A(J) < 6k —12. So we can
greedily take an independent set of J of size v(J)/(6k — 11). This independent set correspond to
a linear spanning subgraph H’ of H such that |H'| > eo(H)/(6k — 11). Note that H' is C5,-free.

So by Lemma 4.1.6 we have |[H'| = O(n'T'/¥), and hence eo(H) = O(n'+1/%). O
We introduce two more lemmas specifically for Cz.

Lemma 4.2.4. Let H be a Cf{ -free 3-graph on n-vertices. There exists a graph G on the same set
of vertices as H such that |G| < n and the number of H-1-heavy 3-edges that does not contain

any edge of G is O(logn - n/?).

Proof. Let H' be the spanning subgraph of H consisting of all H-1-heavy edges. We say that an
H-1-heavy edge is “small” if the codegree of its H-heavy pair in H' is at most 10°,/z, otherwise
it is “large”. Let Hg be the spanning subgraph of H' consisting of all “small” edge and let
H; = H'\Hj.

We first show that |[H§| < 103n3/2log, n.

Assume by contradiction |H{| > 10313/2 log, n. Further partition H according to the
codegree of the H-heavy pair in each 3-edge. Specifically, for 0 <i < log2(103 V/n), let H! be

the spanning subgraph of Hg with edge set
E(H]) := {{u,v,w} € H§ : {u,v} is an H-heavy pair, 2"~ < dpys(u,v) <2'},
and let G; be the graph consisting of the H-heavy pairs in dH/, that is,
E(G;) := {{u,v} € 0H! : {u,v} is an H-heavy pair}.
Then by Pigeonhole Principle, there exists an i such that

H/
|H]| > s 3,
log,n
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and hence |G;| > |H!|/(103/n) > n. Recall that B(H) is the number of bowties in H. Then by

Jensen’s inequality and the facts that 2|G;|/n > 2, we have

2(Gi/n\ iy |Gil? i
}: 2i— [ 2i—2 ! 2i—2
)> ( )2 ( 2 >2 > n 2 '

veV(H

Note that |G;| > |H!|/2'. So we have
2
B(H) > |4| > 10%2%/4 > 10°n>.
n

This contradicts to Lemma 4.1.4.
On the other hand, let G, be the graph consisting of the H-heavy pairs in dH] . It suffices

to show that |G| < n. Assume for contradiction that |Gz| > n. Then by Jensen’s Inequality we

have
d 2|G
BH)> Y G.(v) (10°v/n)? > n GLI/M g6,y > 1012 > 10°n°.
2 2
veV (H)
This contradicts to Lemma 4.1.4. L]

Lemma 4.2.5. Let H be a Ci -free 3-graph on n-vertices. H' is an induced subgraph of H on ny
vertices such that all edges in H' are H-2-heavy and A(H') < exp(2+/logn) -d(H') /4. Then the
number of H-2-heavy edges in H' is O(exp(y/log n)ng/z)

Proof. Assume for contradiction that |H'| > ¢ exp(\/@)ng/ ?, where the constant ¢; > 0 to
be determined. color the vertices of H' uniformly at random with colors {1,2,3}. An edge of
H' is properly colored if all of its vertices are of different colors and its H-light pair has colors
{1,2}. Note that the probability that an edge is properly colored is 2/27. Let H” be the spanning
subgraph of H’' containing all properly color H-2-heavy edges. We can fix a coloring such that
|H"| >2|H'|/27.

Consider the bipartite graph G comprising all pairs of vertices of colors 1 and 2 contained

in an edge of H”. Note that for each edge xy of G, the codegree of xy in H” is exactly 1.
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Otherwise, if there are distinct vertices z;, zo such that they both form an 3-edge in H” with
xy, then x — z; —y — zp — x is a 4-cycle whose edges are all H-heavy pairs. This contradicts the
fact that H is C3-free. So we have |G| = |H"|. Let f be a function that maps xy € e(G) to the
vertex z such that {x,y,z} forms a 3-edge of H”. If there is a 4-cycle vi —v, —v3 —v4 — vy in
G, then all of its edges are mapped to the same vertex by f. That is, there is a vertex z such
that f(vivy) = f(vav3) = f(v3va) = f(v4v1) = z. Otherwise, let z; = f(v;vi+1) for 1 <i<3and
24 = f(vqvy). If z; = z3, without lost of generality, assume z, # z1, then 2o — vy — 71 —v3 — 22
is a 4-cycle whose edges are all H-heavy pairs, contradiction. So we have z; # z3. Similarly,

2o # z4. There are 3 cases left and they all result in a Ci (See Figure 4.4).

22

<1 {1
%) V3 V3 V3
21 23 <3
Vi V4 Vi V4 Vi
13
24

24

Figure 4.4. 3 ways to form a Ci’

For convenience, let b > 0 be defined by |G| = bng/z. Recall that |G| = |H"| > 2|H’|/27 >
2c1n(3)/2 exp(y/logn) /27, so we have b > 2cy exp(y/logn)/27. By Lemma 4.1.7, there exist con-
stants ¥, by > 0 such that if b > by, then G must contain at least }/b4n(2) copies of Cy4. Note that
b > by for n large enough. By the Pigeonhole Principle, there exists an edge e such that the
number of C4 containing e in G is at least

=4yb’ny ".
|Gl °

Let G’ be the union of all 4-cycles in G containing e. Then by Lemma 4.1.8, for some constant

¢ >0,|G> c2b3n(])/2. There exists a vertex z such that for any edge e € E(G’), f(e) =z. So
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we have

2 3.2
é/zzczb |G| S 2°cicr

/ 3
A(H") > cb’n o 2 310

exp(2+/logn)-d' (H) > A(H")

for some constant ¢, contradiction. Therefore, |[H'| = O((logn)'/ 2n8/ 2). O
Now we are ready to give the formal proof of the Main Lemma.

Proof of Lemma 4.2.1. First, by Lemma 4.2.2, we can partition H into 2 subgraphs H; and H»
such that H; does not contain any H;-3-heavy edge for both i = 1,2. By Lemma 4.2.3, we know
that the number of H;-0-heavy edges is O(n/2) for both i = 1,2.

Then by Lemma 4.2.4 there are graphs G, G5 such that |G|, |G2| < n and the number of
H;-1-heavy 3-edges that does not contain any edge of G; is O(n3/ 2]ogn). Using Turdn’s Theorem
(Theorem 1.1.1), we have an induced subgraph H' of H on ny vertices such that ny > n/5 and
V(H') does not contain any edge in G| and G,. So the number of H;-1-heavy edges in H' is
O(n*/?logn) for both i = 1,2.

We then use Lemma 4.1.2 with 7 = exp(2+/logn) to get an induced subgraph H* of H on
ny vertices such that n; > n(l)fl/(z‘/@) > (n/5)11/2VIogn) and A(H*) < exp(2+/Togn) - d(H*).
Let H; be the spanning subgraph of H* consisting of all H;-1-heavy edges in H* for i = 1,2.
Note that |H*|\|H; UH;| = O(n*/*logn). If |H} UH}| < |H*|/2, then |H*| = O(n*/*logn).
Otherwise, if |H; UH;| > |H*|/2, assume without lost of generality that |H;| > |H; |, then by

the Pigeonhole Principle,
A(H{) < A(H") < exp(2+/logn)d(H*) < exp(2+/logn)d(H})/4.
So by Lemma 4.2.5, |H;| = O(exp(y/Togn)n/?). Since |H}| > |H*|/4, we have

|H*| = O(exp(y/logn)n>/?).
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Last but not least, we use the Main Lemma to prove Theorem 1.8.3.

4 813
Proof of Theorem 1.8.3. Letn =13 Woviog — 13 exp((8v/3/9 +0(1))y/Tog7). Let H be a
C;I’—free graph on n vertices. By the Main Lemma (Lemma 4.2.1), there is an induced subgraph
H* of H on n; vertices such that n; > (n/5)'~1/2VIogn) and d(H*) = O(exp(y/Togn)+/n). Then

by Lemma 4.1.1 we have

This completes the proof. 0

Chapter 4, in full, is currently being prepared for submission for publication of the mate-
rial, co-authored with Jacques Verstraéte. The dissertation author was the primary investigator

and author of this paper.

69



Chapter 5

Triangle-free Subgraphs of Hypergraphs

Recall that the Turdn numbers for a graph F with respect to another graph G are the
quantities ex(G, F) denoting the maximum number of edges in an F-free subgraph of G. A
loose triangle is a hypergraph T consisting of three edges e, f and g such that |eN f| = |fNg| =
lgNe|=1anden fNg=0. We write T" for the loose r-uniform triangle. The Turan problem
for loose triangles in r-graphs was essentially solved by Frankl and Fiiredi [32], who showed for
each r > 3 that ex(n,T") = ("_}) for n is large enough, with equality only for the r-graph S/, of
all r-sets containing a fixed vertex.

In this chapter, we give a general lower bound on the number of edges in a densest

triangle-free subgraphs of r-graphs:

Theorem 5.0.1 (Theorem 1.10.2). Let r > 3 and let G be an r-graph with maximum degree /\.
Then as /\ — oo,

r=2

ex(G,T") > A~m1°We(G).
For r > 4, the best construction we have gives the following proposition:

Proposition 5.0.2 (Proposition 1.10.3). For r > 4 there exists an r-graph G with maximum

degree /\ such that as /\ — oo,

ex(G,T") = 0(A2)-e(G).
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Let G}, , denote random r-graph where edges of K, are sampled independently with

probability p. The second main result in this chapter is as follows:

Theorem 5.0.3 (Theorem 1.11.1). For all n > 2 and p = p(n) < 1 with pn’ — oo as n — oo,
there exists a constant ¢ > 0 such that asymptotically almost surely

min{(1-o(1))p (Z) it VR < ex(G),, T3) < min{(1+0(1))p (’;) pharrely

and more precisely, for any constant 6 > 0, when n~3/2+8 <p< n_‘s, we have

ex(Gip, T3) < p%nz(logn)c.

In this chapter, we adapt the method of Balogh, Narayanan and Skokan [6] to count
triangle-free hypergraphs with a specified number of edges. Let N(r,m) denote the number of

T"-free r-graphs with n vertices and m edges.

Theorem 5.0.4 (Theorem 1.11.2). Let n > 2, €(n) be a function such that % — 00 asn — oo,

Let 8 = 8(n) be a function such that €(n) < 8 < 1/2—¢&(n) and let m = n*>%. Then

N(3 m) p (n_z) 3m+o(m)

m

The upper bound on ex(th s 73) in Theorem 1.11.1 will follow from the bound on

N(3,m) in Theorem 1.11.2 by taking m = p'/3=°()n2, see details in Section 5.3.

5.1 Deterministic host

In this section we prove Theorem 1.10.2 and Proposition 1.10.3
For graphs, Foucaud, Krivelevich and Perarnau [31] used certain random homomorphisms
to obtain good lower bounds on ex(G, F'). We briefly summarize these ideas. Let .# (F) denote

the family of graphs F’ such that there exists a graph homomorphism ¢ : V(F) — V(F') and
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such that ¢ induces a bijection from E(F) to E(F'). Let H be an .# (F)-free graph with many
edges, which we will use as a template for our subgraph of G. Specifically, we take a random
mapping ¥ : V(G) — V(H) and then constructs a subgraph G’ C G such that uv € E(G’) if and
only if y(u)x(v) € E(H) and such that x(u)x(v) # x(u)x(w) for any other edge uw € E(G)
(that is, we do not keep edges which are incident and map to the same edge). It is then proven in
[31] that G’ will be F-free because H is .# (F)-free, and that in expectation G’ will have many
edges provided H does.

For general r-graphs, it is not immediately clear how to extend these ideas in such a way
that we can both construct a subgraph with many edges and such that the subgraph is F-free.
Fortunately for 7" we are able to do this. In particular, for this case it turns out we can avoid a
hypergraph analog of the family .# (F) provided our template r-graph is linear. This is where

the Ruzsa-Szemeredi construction of Theorem 1.10.1 plays its crucial role.

Proof of Theorem 1.10.2. Let t be an integer to be determined later. Let ¥ be a random map
from V(G) to [t] and G; be the r-graph on [t] from Theorem 1.10.1. For ease of notation define
x(e)={x(v1),...,x(vr)} when e = {vy,...,v,}. Let G’ be the subgraph of G which contains

the edge e if and only if
(1) x(e) is an edge of G;, and
(2) x(€) & x(e) for any €' € E(G) with |eneé'| = 1.

We claim that G’ is T"-free. Indeed, let T be a T" of G’, say with edges ej,e;,e3 and
eiNej = {x;;} for i # j. Because G; is linear, if ¢, ¢’ are (possibly non-distinct) edges of Gy, then
leneé'| is either 0, 1, or r. Note that ¥ (e;), x(e;) are edges of G; by (1). Because ¢;Nej = {x;;}
for i # j, x(xij) € x(ei) N x(e;), and by (2) the size of this intersection is strictly less than r.
Thus yx(e;) N x(e;) = {x(xij)}. Further, we must have, say, x (x;;) # x (xi) for k # i, j. This is
because (1) guarantees that ) (x) is a distinct element for each x € ¢;, so in particular this holds

for x;j,xix € e;. In total this implies x(e1), x(e2), x(e3) forms a 7" in G;, a contradiction.
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We wish to compute how large e(G’) is in expectation. Fix some ¢ € E(G). The
probability that e satisfies (1) is exactly e(G;)r!/t". Let {ey,...,e4} be the edges in E(G) with
le;Ne| = 1. Given that e satisfies (1), the probability that y(e;) ¢ x(e) is exactly 1 — (r/t) 1.
Note that for any v ¢ eUej, the event x(v) € x(e) is independent of the event (e;) Z x/(e), so

we have
;

Prlx(v) € x(e)| e satisfies (1), x(e1)  x(e)] = -

On the other hand, if v € e] \ e, then

Prlx(v) € x(e)] e satisfies (1), x(er) ¢ 2(e)] < ;.

as knowing some subset containing x(v) is not contained in y(e) makes it less likely that

x(v) € x(e). By applying these observations to each vertex of e, \ e, we conclude that

r

Prlx(es) ¢ x(e)| e satisfies (1), y(e1) & x(e)] > 1— (;)H.

By repeating this logic for each e;, and using that e(G;) = r2~°(1), we conclude that

presaises (1), 2“9 (1 (1)) 2w (1 (1)

By taking 7 = r(r/2A)'/0~1) and using that (1 —x~')¥ is a decreasing function in x, we

conclude by linearity of expectation that
Ele(G))] > A~ Fm100) . ¢(G).

In particular, there exists some 7"-free subgraph of G with at least this many edges,

giving the desired result. [

We close this section with a proof of Proposition 1.10.3.
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Proof of Proposition 1.10.3. According to Rodl and Thoma [63], there exists an r-graph G with
©(n?) edges such that every three vertices is contained in at most one edge. Let G’ be a T"-free
subgraph of G. Define G” by deleting every edge of G’ which contains two vertices that are
contained in at most 2r edges. Note that e(G') —e(G") < 2r(3).

Assume G” contains an edge e = {vy,...,v,}. Because v, v, are contained in an edge
of G”, there exist a set E;p C E(G') of at least 2r + 1 many edges containing v; and v,. As
G contained at most one edge containing v{, v, and v3, any ej; # e in Ej; does not contain
v3. Fix such ej;. Because v,,v3 are contained in an edge of G”, there exists a set Ep3 C
E(G') of at least 2r+ 1 > r — 1 edges containing v,,v3. Because G contains at most one edge
containing v, vs,u; for any u; € e12\{v2}, we conclude that there exists some ¢33 € E»3 such
that e;p Nea3 = {v2}. Fix such ep3. Because vy, v3 are contained in an edge of G”, there exists
a set Ey3 C E(G') of at least 2r+ 1 > 2r — 3 edges containing v, v3. Because G contains at
most one edge containing vy,v3,u; for any u; € e Ueps\{vi,v3}, we conclude that there exists
some e13 € Eq3 such that ej3Nep = {vi} and ej3MNex3 = {v3}. These three edges form a
T” in G', a contradiction. We conclude that G” contains no edges, and hence e(G') < 2r(5)
for any T"-free subgraph G’ of G. As G has maximum degree /A = ®(n?), we conclude that
ex(G,T") = 0(n?) = O(A~1/%) - ¢(G). O

We note that one can replace the G used in the above proof with an appropriate Steiner
system to obtain a regular graph which serves as an upper bound. It has recently been proven by
Keevash [41] and Glock, Kiihn, Lo, and Osthus [37] that such Steiner systems exist whenever n

satisfies certain divisibility conditions and is sufficiently large.

5.2 Random host: lower bound.

In this section we prove the lower bound in Theorem 1.11.1. As noted in the introduction,
the bound of Theorem 1.10.2 is sharp for r = 3 by considering the disjoint union of cliques,

so we cannot improve upon this bound in general. However, we are able to do better when G
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contains few copies of 7" by using a deletion argument.

Proposition 5.2.1. Let R(G) denote the number of copies of T” in the r-graph G. Then for some

positive constant ¢ and any integert > 1,
ex(G,T") > (e(G)> " —R(G)rY1>~3")e~cvioer,

Proof. Let x be a random map from V(G) to [t] and G, the r-graph on [f] from Theorem 1.10.1.
For ease of notation, if e = {vy,...,v,} we define x(e) := {x(v1),...,x(v;)}. Let G’ be the
subgraph of G which contains the edge e if and only if x(e) is an edge of G;.

We claim that eq,e3,e3 € E(G') form a T" in G’ if and only if e,e5,e3 form a T” in G
and y(e;) = x(e2) = x(e3) is an edge of G;. Indeed, the backwards direction is clear. Assume
for contradiction that these edges form a 7" in G’ and that y(e;) # x(e2). Let x;; for i # j be
such that e;Ne;j = {x;;}. Because G; is linear, if e, ¢’ are (possibly non-distinct) edges of G;, then
lené’| is either 0, 1, or r. Because each e; is in E(G’), we have x/(e;) € E(G;) by construction.
In particular, as e; Ney = {xj2} and x(e;) # x(e2), we must have x(e;) N x(e2) = {x(x12)}.
As e3 contains an element in e; (namely x13) and an element not in e; (namely x;3), we must
have x(e;)Nyx(e3) = {x(x13)}. Similarly we have y(e2) N x(e3) = {x(x23)}. Because x(e;)
is an r-set for each i, we have x (x;;) # x (xi) for {i, j,k} = {1,2,3}. Thus x(e1), x(e2), x(e3)
form a 7" in G;, a contradiction.

The probability that a given T” C G maps onto a given f € E(G;) is at most (r/t)3 3,
since in particular each vertex of 7" must map onto one of the r vertices of f. By the claim

above this is the only way that a 7" can appear in G’, so by linearity of expectation we find

e(G, r3r—3
ER(@)) < G k()

Let G” C G’ be a subgraph obtained by deleting an edge from each T" of G'. By

construction G” is T”-free. Since e(G;) > t?e~“V!°¢! for some positive constant ¢, we conclude
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by linearity of expectation that

ex(G,T") > E[e(G")] = Ele(C) — R(G)]

e(Gy)r! e(G)rir—3

=———¢(0) 33

tr R(G)

> (e(G)IZ—r _R(G)r3rt5—3r)e—c2\/@‘

]

Corollary 5.2.2. For any integer r > 3, and function p = p(n) < 1 such that p2/ (2r=3)p > 2, we
have

1 Soan
Elex(Gy, ,, T")] > pFinte cVioen,
for some constant ¢ > 0.

Proof. Note forn> 4 that Ele(G}, ,)] = p(}) > pn’r~", and that E[R(G}, ,)] < p’n¥ 3. Plugging

these into the bound of Proposition 5.2.1 gives for some positive constant ¢

E[CX(Gz,pa Tr)] > (pnrr—rtZ—r —p3n3r_3l’3rt5_3r)e_ch/1Ogl,

Taking t = (2r*") 73 /2 =3)p. we conclude for some positive constant ¢, and sufficiently large

n that

E[ex(G),, T")] > prsnle 2108,

]

To get the a.a.s. result of Theorem 1.11.1, we use Azuma’s inequality (See for example

in Alon and Spencer [3]) applied to the edge exposure martingale.

Lemma 5.2.3. Let f be a function on r-graphs such that |f(G) — f(H)| < 1 whenever H is
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obtained from G by adding or deleting one edge. Then for any A > 0,

22

Pr | 1£(G}.,) ~ EIF(G,)]| > ()] <ot

Proof of Theorem 1.11.1(Lower Bounds). Let €(n) = eXV1°8" where k > 0 is some large enough
constant. For p < n~3/2/g(n), it is not difficult to show that a.a.s. th » contains o( pn?) copies

of T3, and by deleting an edge from each of these loose cycles we see that ex(G> ,,T3) >

n,p
(1—o(1)p(}) aas..

For n=3/2/g(n) < p < n~3/?g(n), we do an extra round of random sampling on the edges
of G}, , and keep each edge with probability p' = €(n) 2. The r-graph we obtained is equivalent

G, ., with pp’ <n3/2/g(n). Thus eX(G27p,T3) > (1—0(1)pp'(5) =(1—0(1))p(3) /e(n)?

a.a.s.. Using p > n—3/2/g(n), we conclude that ex(G> ,,T3) > p'/3n2e=3kv102" 3 a5, in this

np
range.

We now consider p > n—%/ 2¢(n). The bound in expectation follows from Corollary 5.2.2.
To show that this result holds a.a.s., we observe that f(G) = ex(G,T?) satisfies the conditions

of Lemma 5.2.3. For ease of notation let X,, , = ex(G; ,,T>) and let B, , = p'/3n?e=2v1oe" e

n,p’

the lower bound for E[X,, ,] given in Corollary 5.2.2. Setting A = 3B, (’3‘)_1/ > and applying

Azuma’s inequality, we find

r 1
1 2
Pr [Xn’p < EB,,VP} <Pr|X,,—E[X,, <—-2 (g) ]

- ) % 12
S Pr ‘Xn,p _E[Xn,p” > A (3) S exp(_T)

Note that for p > n_3/28(n) we have A > e(k/3=c2)vIogn s oo a5 5 — 00, So we conclude

the a.a.s. result. U
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5.3 Counting triangle-free hypergraphs with containers

In this section we use the method containers to prove Theorem 1.11.2. The method of
containers developed by Balogh, Morris and Samotij [5] and Saxton and Thomason [68] is a
powerful technique that has been used to solve a number of combinatorial problems. Roughly,
the idea is for a suitable hypergraph H to find a family of sets 4" which contain every independent
set of H, and in such a way that |%| is small and each C € % contains few edges. For example,
by letting H be the 3-uniform hypergraph where each edge is a K3 in some graph G, we see that
independent sets of H correspond to triangle-free subgraphs of G. The existence of containers
then allows us to better understand how these subgraphs of G behave.

We proceed with the technical details of this approach. Given an r-graph H = (V,E), let
v(H)=1|V|, e(H) = |E|, and let & (V) be the family of all subsets of V. For a set A of vertices in
H, let d(A) be the number of edges in H that contain A. Let d(H) be the average vertex degree
of H, and let A j(H) = max4—;d(A). In order to establish our upper bounds, we need to use

the following container lemma for hypergraphs:

Lemma 5.3.1 (Balogh, Morris and Samotij [5]). Let r,b,l €N, § = 2+ and H = (V,E) an

r-graph such that

1oy
) H) el
) [
Then there exists a collection € of subsets of V such that:
(1) For every independent set I of H, there exists C € € such that I C C.

(2) ForeveryC € %,

C| < v(H) - 8L,
(3) 7] < x5V e,

N

We will use this container lemma to give an upper bound for N(r,m). The idea is to

consider the 3-graph H with V(H) = E(K},) and E(H) consisting of 7" in K},. Notice that the
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container lemma requires upper bounds for the maximum codegrees of the hypergraph. In order

to meet this requirement, we will use a balanced-supersaturation lemma for 7”:

Lemma 5.3.2 (Balogh, Narayanan and Skokan [6]). For any integer r > 3, there exists ¢ = c(r)
such that the following hold for all n € N. Given any r-graph G on [n] with e(G) = tn’ ™!,
t>6(r—1),letS=tn""*ifr>4and S =1 ifr = 3. Then there exists a 3-graph H on E(G),
where each edge of H is a copy of T" in G, such that:
(1) d(H) > '35>
(2) Aj(H) < et>2837 for each j=1,2.
Using the previous two lemmas, we derive the following container lemma for T3-free

hypergraphs. Similar result for 7"-free hypergraphs can also be obtained using the same idea,

and we omit the details.

Lemma 5.3.3. Let ¢| = ¢(3) be the constant obtained in Lemma 5.3.2 with r = 3. For any integer
n and positive number t with max(12,¢1) <t < (g’) / n?, there exists a collection € of subgraphs

of KS such that for some constant c;:
(1) For any T3-free subgraph J of K3, there exists C € € such that J C C.
1 2
(2) [4] < exp (2805,

(3) ForeveryC €%, e(C) < tn’.

Proof. By Lemma 5.3.2 with r = 3, there exists a positive constant ¢ such that for any 3-graph
G on [n] with e(G) = ton?, where ty > t, there exists a 3-graph H on E(G) such that each edge

of H is a copy of T2 in G, such that:
(1) d(H)>c;'8.

Q) Aj(H) <eify P, j=1,2. Ay(H) = 1.
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We can then use Lemma 5.3.1 on H with [ = ton?/(3c?) and b = n*/\/c11p to get a
collection € of subgraphs of G such that they contain all 73-free subgraphs of G, and for each

C €%, e(C) < (1—¢)tyn? for some constant € > 0. Also, we have

2b 2 2
’Cg| < Z (ton ) <exp (M)
s=0 § \/5

for some constant ¢ > 0.

We use the above argument on G = K to get a family of containers %;. Notice that
the containers of 4] are also 3-graph on [n], so we can repeat this argument on each C € %]
with more than tn” edges to get a new collection of containers %>. We do this repeatedly until
all containers have less than rn” edges. Since in each step the number of edges will decrease
by a constant (1 — ), this process must stop after at most log (n/1)/€ steps. Let 1o = () /n?,
tre1 = (1 — &)ty for k > 0, and let M be the largest integer such that 73y > r. By definition

of , we have t);_; > (1 — €)', and hence, there exists a constant § = §(¢) > 0 such that

logty—; o jlogt
T <(1 5)l\ﬁ.

Then in the worst case, the number of containers we have in the end is less than

M ¢ (logt;)n? M ¢, (logt;\n?
Hexp<—2(\/gt—:) )zexP(Z—Z(\i—:) >

i=0 i=0
M
logt
2 i
<exp|cn™) (1-06)——=
( Zé Vi
cz(logt)nz)
<eXp| —————|.
P ( 5/
This completes the proof. [

With the lemma above, we are ready to prove Theorem 1.11.2. The proof of Theo-

rem 1.11.3 is essentially the same and we omit the details.

Proof of Theorem 1.11.2. Let € be a collection of containers and ¢ a constant as in Lemma 5.3.3

25+¢(n)

, where & (n) = 2198%€" Gince g(n) < 8 < 1/2—€(n), and () = 0(2El),

withz =n logn loglogn
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t must satisfies the condition in Lemma 5.3.3. By considering all subgraphs of each C € € with

=n29 edges, we conclude that

N(3,m) < exp (%) . (t:j)

< exp (clogt : % +(1+ (38 +¢1(n))logn) m)

< exp (610gn-m (3 +(24+0(1)) 10glogn))

m

ologn
2 (3+@to(1) et )m
<[
<(3)
Since 6 > €(n) = a)(lolgf)’;n), we have
n2 3m+o(m)
N(3,m) = (—) .

m

5.4 Random host: upper bound

In this section we prove the upper bound of Theorem 1.11.1.

Proof of Theorem 1.11.1(Upper Bound). We will only present the proof of

eX(G§17p7T3) <min{(1+o(1))p (Z) 7p%n2+o(1)}

for p < 1. The proof of the more accurate upper bound in smaller range is essentially the same,

with more careful and explicit computation for the o(1) factor. For p < n=3/2+e() the proof for
upper bound is exactly the same as that for lower bound when p < n—3/ 2¢(n). We now consider
n=3/24e) < p < =€) for some small function £(n) = o(1) to be determined. Our goal is to
show

Prlex(G>

n7P,T3) >m| — 0, asn — oo,
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for some m = p'/3n2to() Let X,, be the expected number of 73-free subgraphs in th » With
m edges. By Theorem 1.11.2, when n3/2rern) <y < 2811 for some function & (n) =o(1),

there exists a function & (n) = o(1) such that the expectation of X, satisfies

E[X,) =N(3,m)-p™

I’l2 m(3+e&(n))
< (—) p”

m

) (3+&(n) \"™
NER

We can let m = n?p!/3-8) for some small function &3(n) = o(1) such that

2 (e

Also we can pick some suitable €(n), so that n3/2+e(n) <y < p2-8 () Thus we have E[X,] — 0
as n — oo. Then by Markov’s inequality, we have

Prlex(G> ), T%) > m] = Pr[X,, > 1] <E[X,,] = 0, as n — oo.

n,p
So a.a.s. we have

ex(G,317p,T3) <m= p%nzﬂ’(l).

Finally for p > n=°(1), we have ex(G3 . T) < ex(K>,T) = @(n?) = p'/3n?>t°() aas. O

n,p’

Chapter 5, in full, is a version of the material as it appears in “Triangle-free Subgraphs of
Hypergraphs”, Graphs and Combinatorics 37.6 (2021): 2555-2570, co-authored with Sam Spiro,

Jacques Verstraéte. The dissertation author was the primary investigator and author of this paper.
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