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K n o w l e d g e a n d th e 

Simul taneou s Conjoin t  M e a s u r e m e n t  o f  Activity ,  Agents ,  a n d Situations ^ 

Pete r  PiroII i 
Xero x Pal o Alt o Researc h Cente r  an d Universit y o f  California ,  Berkele y 

and 

M a r k W i l s o n 

Universit y o f  California .  Berkele y 

Abst rac t 

We outlin e a  measuremen t  theor y develope d b y 
integratin g idea s abou t  knowledg e leve l  analysis , 
productio n syste m model s o f  transfer ,  additiv e 
conjoin t  measurement ,  an d Rasc h model s o f 
measurement .  Production s ar e assume d t o rq)resen t 
situation-actio n element s o f  knowledge .  Th e mode l 
view s th e performanc e o f  suc h a  knowledg e elemen t 
as th e combinatio n o f  affordanc e propertie s 
associate d wit h th e elemen t  an d abilit y  propertie s 
associate d wit h a n individual .  Unde r  specifie d 
conditions ,  observe d behavio r  ca n b e use d t o separat e 
and quantif y variable s measurin g situation-actio n 
affordance s an d subjec t  abilities .  A  specifi c  versio n 
of  thi s mode l  i s  applie d t o dat a fro m fou r  studie s 
involvin g th e C M U Lis p Tutor . 

Introduction 

We see k t o develo p a  theor y o f  quantitativ e 
measuremen t  tha t  capture s th e intendedl y rationa l 
behavio r  tha t  result s fro m bringin g individual s an d 
situation s int o contact .  I n thi s theory ,  knowledge . 
agents ,  goals ,  an d situation s ar e constitutivel y 
defined ,  bu t  ca n b e assigne d indq)enden t  quantitativ e 
measure s unde r  appropriat e conditions .  Th e theor y i s 
grounde d i n cognitiv e model s o f  transfe r  an d 
fundamenta l  theorie s o f  measurement .  W e presen t 
an overvie w o f  thi s theor y an d a  measuremen t  mode l 
applie d t o a  corpu s from  fou r  studie s usin g th e C M U 
Lis p TutM -  (Anderson .  Conrad .  &  Corbett .  1989) . 

Outsid e o f  cognitiv e science ,  th e pursui t  o f  mor e 
direc t  quantitativ e measuremen t  o f  theoretica l 
construct s ha s a  lon g histor y (Campbell ,  1928 ) 
becaus e i t  i s  suc h a  stron g marke r  o f  understandin g 
an d contro l  o f  ove r  th e phenomen a o f  interes t 
(Michell .  1990) .  M a n y cognitiv e scientist s ar e 
unfamilia r  wit h model s o f  fundamenta l 
measurement ,  suc h a s additiv e conjoin t  measurement , 
an d w e nee d note ,  a t  th e outset ,  tha t  thi s mean s 
somethin g muc h deepe r  i n ou r  scientifi c  ontolog y 
an d epistemolog y tha n jus t  assignin g number s t o 
observations .  Suc h measuremen t  implie s stron g 

^Thi s wor k wa s supporte d b y Offic e o f  Nava l 
Researc h Gran t  N0(X)14-91J-1523 .  W e than k Kare n 
Drane y w h o performe d th e dat a analysis . 

hypothese s tha t  essentiall y  stat e tha t  propertie s an d 
relation s i n th e worl d behav e a s recognizabl e 
mathematica l  structure s tha t  w e cal l  quantitative . 

Knowledge = Observer-ascribed Intention 

The knowledg e leve l  wa s offere d (Newell .  1982 )  a s a 
ne w system s level ,  abov e th e symbo l  level ,  t o 
describ e intelligen t  systems .  Knowledge-leve l 
system s ca n b e specifie d completel y b y a n observe r 
examinin g a  system' s interactio n wit h th e externa l 
world .  A  knowledge-leve l  syste m consist s o f  a n 
agen t  behavin g i n a n environment .  Th e agen t 
consist s o f  a  se t  o f  actions ,  a  se t  o f  perceptua l 
devices ,  a  goal ,  an d a  bod y o f  knowledge .  Th e 
operatio n o f  suc h system s i s  governe d b y th e 
principl e o f  rationality :  i f  th e agen t  know s tha t  on e o f 
it s action s wil l  lea d t o a  situatio n preferre d accordin g 
t o it s  goal ,  the n i t  wil l  inten d th e action ,  whic h wil l 
the n b e take n i f  i t  i s  possible .  Knowledg e refer s t o 
intention s o r  belief s an d i t  i s define d functionall y a s 
"whateve r  ca n b e ascribe d t o a n agent ,  suc h tha t  it s 
behavio r  ca n b e compute d accordin g t o th e principl e 
of  rationality "  (Newell .  1982 ,  p .  105) .  Th e reaso n 
fo r  specifyin g knowledg e a s a  functio n tha t  doe s no t 
resid e i n an y particula r  structur e a t  th e symbo l  leve l 
i s tha t  knowledg e abou t  th e worl d canno t  b e capture d 
i n finit e structure .  Th e knowledg e leve l  i s  define d 
fro m th e stanc e o f  a n observe r  ascribin g knowledg e 
t o a  syste m base d o n observabl e externa l  situation s 
and actions . 

The Symbol Level and Knowledge Access 

The symbo l  leve l  i s th e mediu m o f  symbo l  structure s 
tha t  ru n i n a  physicall y realizabl e computationa l 
architecture .  Relation s amon g th e knowledg e an d 
symbol  level s ca n becom e complex .  I n genera l 
outlin e (Newell ,  1982) .  a  representatio n schem e i s 
define d a t  th e symbo l  leve l  a s a  combinatio n o f  dat a 
structure s an d processe s specifie d i n som e 
architecture .  Knowledg e representatio n scheme s 
determin e th e acces s function s t o th e knowledg e 
availabl e t o th e syste m i n a  give n situation ,  a s wel l  a s 
thei r  cos t  structure .  Th e principl e o f  rationalit y i s 
mechanisticall y realize d b y th e tota l  operatio n o f  th e 
symbol  leve l  system . 

Newel l  (1982 .  p .  108 )  foun d i t  usefu l  t o thin k o f 
knowledg e a s a n infinit e tabl e representin g a  relatio n 

812 



and containin g element s i n whic h situation s an d 
action s wer e conditionall y associate d accordin g t o 
goals .  A  compac t  wa y t o thin k o f  th e relationship 
betwee n knowledg e an d symbo l  level s i s provide d b y 
Rosenbloo m an d Aasma n (1990) .  Conside r  th e 
infinit e tabl e o f  knowledg e mentione d above .  A t  th e 
knowledg e level ,  th e principl e o f  rationalit y simpl y 
operate s o n th e entir e infinit e table .  A t  th e symbo l 
level ,  fo r  an y give n environmenta l  context ,  th e acces s 
t o tha t  knowledg e ca n b e imagine d a s a  degree-of -
belie f  functio n ove r  tha t  table .  Th e value s o f  thi s 
degrce-of-belie f  functio n determin e th e degre e t o 
whic h eac h knowledg e elemen t  i s plausibl e fo r  tha t 
context ,  an d thi s degree-of-belie f  valu e predict s th e 
eas e wit h whic h th e knowledg e elemen t  ca n b e 
brough t  t o bea r  withi n tha t  context .  Change s t o thi s 
acces s functio n ma y occu r  throug h learning . 

Measurement at the Knowledge Level 

The basi c assumptio n abou t  forma l  representations  o f 
th e knowledg e leve l  i s tha t  "t o ascrib e t o a n agen t  th e 
[symbol )  structur e 5  i s t o ascrib e whateve r  th e 
observe r  ca n k n o w fro m [symbol ]  structur e S " 
(Newell .  1982 ,  p .  112 ,  italic s i n original) .  I n an y 
particula r  mode l  w e nee d no t  worr y abou t  th e 
complet e unbounde d knowledg e potential . 
Productio n system s coul d b e use d a s th e basi s fo r  th e 
logi c fo r  th e knowledg e leve l  analysis .  Man y studie s 
(Pirolli .  1991 ;  Poison ,  Bovair ,  &  Kieras ,  1987 ; 
Single y &  Anderson ,  1989 )  sugges t  a  ver y simpl e an d 
direc t  correspondenc e betwee n forma l  productio n 
rule s an d element s o f  knowledg e whic h result s i n a n 
identica l  element s theor y o f  transfe r  (Single y & 
Anderson ,  1989) .  Th e followin g ar e som e ke y 
propertie s o f  th e Singley-Anderso n formulatio n tha t 
ar e relevan t  t o th e knowledg e leve l  analysis : 

•  Permanenc e property. ^  Productions ,  onc e 
acquired ,  remai n i n th e system . 

Abstractnes s property .  Th e productio n rul e 
condition s ar e pattern s tha t  variabiliz e ove r  th e 
spac e o f  possibl e situations .  Th e productio n 
syste m map s observabl e situation s an d goal s 
ont o th e condition s o f  productions .  Eac h 
productio n therefor e define s a n equivalenc e 
clas s o f  situations .  Th e productio n condition s 
m ay b e regarde d a s specification s o f 
situationa l  invariant s controllin g cognitio n an d 
behavicff . 

Independenc e propertie s Eac h productio n rul e 
ca n b e acquire d an d ca n transfe r  independen t 
of  othe r  productions . 

•  Asymmet r y property .  Eac h productio n 
specifie s a  stat e chang e i n th e interactio n o f 
agen t  an d environment .  Th e syste m ca n 

^Thi s propert y i s no t  explicitl y  state d b y Single y an d 
Anderson ,  bu t  i t  i s  clearl y par t  o f  thei r  theory . 

reaso n fro m condition s t o action s bu t  no t  vic e 
versa . 

T o whic h w e ad d th e followin g restrictio n t o 
constrai n th e syste m t o knowledge-leve l  analysi s 

•  Knowledge-leve l  restriction .  Onl y production s 
(o r  specifiabl e composition s o f  productio n 
executio n structures )  tha t  matc h identifiabl e 
externa l  situation s an d yiel d identifiabl e 
externa l  action s ar e relevan t  t o th e knowledge -
leve l  analysis . 

We nee d t o als o defin e propertie s indicatin g th e 
exten t  t o whic h observe d agent s approximat e 
knowledge-leve l  systems .  Fo r  th e purpose s o f 
developin g a  broa d measuremen t  model ,  w e see k t o 
make th e weakes t  possibl e assumption s abou t 
knowledg e access .  W e wil l  concentrat e o n knowledg e 
acces s propertie s i n relatio n t o individua l  differences , 
skil l  acquisition ,  an d practice : 

Affordanc e properties .  Individua l  production s 
hav e propertie s tha t  reflec t  th e performanc e o f 
a particula r  situation-actio n knowledg e 
element .  W e m a y als o refe r  t o th e opposit e o f 
affordanc e a s difficulty . 

•  Abilit y  properties .  Individua l  agent s diffe r  i n 
thei r  abilit y  t o exhibi t  knowledge . 

Intelligent Tutoring Systems as 
K n o w l e d g e - a s c r i b i n g I ns t rumen t s 

Concret e example s o f  knowledg e leve l  analyse s ar e 
provide d b y overla y studen t  model s i n intelligen t 
tutorin g systems .  A n overla y mode l  i s  ofte n specifie d 
i n th e for m o f  a  productio n syste m mode l  tha t  ca n 
solv e problem s i n a  particula r  domai n suc h a s 
medica l  diagnosis ,  geometry ,  o r  Lisp .  Th e intelligen t 
tutorin g syste m G T S ) ,  i n additio n t o it s pedagogica l 
role ,  i s  a  comple x observationa l  instrument .  Base d 
on it s mechanica l  observatio n o f  differen t  interfac e 
situation s wit h a  studen t  (e.g. ,  th e compute r  scree n 
state )  th e IT S use s it s productio n syste m mode l  t o 
predic t  possibl e actions ,  an d observe s th e actua l 
studen t  actions .  Th e IT S record s externa l  observabl e 
situation s an d actions .  Th e observe d situation-actio n 
mapping s ar e the n matche d agains t  th e mapping s 
embodie d i n th e productio n rules .  Th e IT S basicall y 
has a n interna l  tabl e o f  production s tha t  capture s th e 
element s o f  knowledg e tha t  ar e possibl e (bot h withi n 
and acros s students) ,  an d i t  ascribe s thes e knowledg e 
element s t o th e observe d studen t  agen t  whe n th e 
studen t  exhibit s th e appropriat e behavior .  Thi s 
proces s i s depicte d i n Figur e 1 :  Behavio r  ove r  tim e i s 
matche d t o production s (PI ,  P2 ,  an d P3) ,  an d 
respons e measure s (Ri )  associate d t o a  particula r 
productio n ar e table d b y trial s o n tha t  productio n (a s 
fo r  P I  i n Figur e 1) .  Th e IT S know s th e mappin g o f 
situatio n t o actio n implie d b y a  productio n symbo l 
structur e S ,  an d mechanicall y fulfill s  Newell' s  (1982 ) 
role  o f  observer :  "t o ascrib e t o a n agen t  th e [symbol ] 
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structur e S  i s t o ascrib e whateve r  th e observe r  ca n 
kno w fro m [symbol ]  structur e S "  Thus ,  i n practice , 
an IT S ca n b e viewe d a s a n automate d knowledge -
ascribin g instrumen t  tha t  treat s a  studen t  a s a 
knowledge-leve l  system . 

Behavio r  ove r  Tim e 

1 
Productio n Trial s 

2 3 

PI  I  R i  R 2 R 3 R 4 

Figure 1. Behavior over time is matched to 
production s an d trial . 

Theories of Fundamental Measurement 

Fundamenta l  measuremen t  concern s th e 
quantificatio n o f  observe d relation s o r  propertie s 
(Campbell .  1928 ;  Luc e &  Tukey .  1964) .  Th e mark s 
of  quantit y ar e establishe d b y ordina l  relation s an d 
additiv e structur e amon g th e variable s o f  interest .  I n 
th e cas e o f  extensiv e properties ,  suc h a s length , 
specifi c  ordina l  relation s ar e clearl y manifes t  i n 
comparison s o f  object s o f  differen t  length s an d 
additivit y i s manifes t  i n th e manne r  i n whic h length s 
ca n b e concatenate d t o produc e ne w lengths .  Mo r e 
abstractly ,  th e mark s o f  quantit y ca n b e establishe d 
by determinin g i f  th e observe d relation s o r  propertie s 
confor m t o algebrai c structure s tha t  satisf y specifi c 
axiomati c condition s (Michell ,  1990) . 

Bot h abilitie s an d affordance s ar e reflecte d i n th e 
s a me performance ,  s o ou r  knowledge-leve l 
assumption s provid e constitutiv e definition s o f  th e 
situation-actio n affordance ,  individua l  ability ,  an d th e 
measurabl e performance .  Unlik e extensiv e properties , 
suc h a s lengt h o r  mass ,  constitutivel y define d 
variable s rais e th e issu e o f  separatin g ou t  an d 
establishin g th e quantitie s associate d wit h eac h o f  th e 
constitutivel y define d concepts .  Thi s to o ca n b e 
achieved ,  a s i n th e theor y o f  additiv e conjoin t 
m e a s u r e m e n t  (Luc e &  Tukey ,  1964) ,  whic h 
establishe s th e axiom s tha t  mus t  b e me t  t o establis h 
th e appropriat e orde r  an d algebrai c structur e t o 
quantif y constitutivel y define d (conjointi y measured ) 
variables .  T h e genera l  ide a t o separat e ou t  th e 
measure s fo r  constitutivel y define d variable s i s 
familia r  t o anyon e w h o ha s use d th e additiv e factor s 
logi c o f  experimenta l  design .  I f  variable s define d 
ove r  th e tw o classe s o f  entitie s an d th e resultan t 
respons e variabl e ca n b e simultaneousl y scale d s o 
tha t  a n ordina l  additiv e (noninteractive )  structur e 

results ,  the n on e ca n separat e th e scale s associate d 
wit h th e variables .  Imagin e tha t  a n IT S use s a n 
overla y mode l  1 0 dichotomousl y scor e action s mad e 
by a  perso n i  an d i n a  situatio n clas s correspondin g t o 
th e condition s specifie d b y production) ,  suc h tha t  Xi j 

= 1  score s tha t  "subjec t  1  acte d a s i f  the y ha d 
knowledg e k j  appropriat e fo r  situatio n ; "  otherwis e 

Xi j  =  0 ? A s s u m e tha t  w e simpl y associat e a 

paramete r  2  wit h eac h individua l  t o indicat e leve l  o f 
abilit y an d eac h situation-actio n knowledg e elemen t 
wil l  b e associate d wit h a  paramete r  d  indicatin g it s 
difficult y (th e invers e o f  th e degre e t o whic h i t 
afford s understanding) .  O n e migh t  assum e a  simpl e 
stochasti c mode l  i n whic h th e probabilit y  o f  a  perso n 
J exhibitin g th e appropriat e knowledg e i n situatio n j 
i s  som e functio n o f  zi/dj .  Th e followin g i s a  simpl e 

model  wit h th e necessar y propertie s fo r  illustration . 
Let 

PriXij=lzi,dj )  = 

and the complement is 

Pr(X.y=0k,d;) = 

i^i+dj ) 
(1 ) 

(2 ) 

Examinatio n o f  thi s formulatio n show s tha t  a  perso n 

of  zer o ability ,  z /  = 0 ,  ha s a  zer o probabilit y o f 

exhibitin g knowledg e i n al l  situations ,  wherea s a 

perso n o f  infmit e ability ,  z /  =  <» ,  ha s a  probabilit y  o f 

on e o f  exhibitin g knowledg e i n al l  situations .  A 
situation-actio n elemen t  o f  zer o difficulty ,  d j  =  0 ,  ha s 

a probabilit y  o f  on e o f  bein g successfull y performe d 
acros s individual s o f  al l  ability ,  wherea s a n elemen t 

of  infinit e difficulty ,  d j  =  00 ,  ha s a  zer o probabilit y  o f 

bein g successfull y evoke d i n anyone .  I f  th e difficult y 
of  th e situatio n i s  equa l  t o th e abilit y o f  th e 
individual ,  z /  =  dj ,  the n ther e i s a  . 5 probabilit y  o f  i t 

bein g successfull y performed .  Th e estimatio n o f 
thes e parameter s become s realizabl e throug h th e 
observatio n o f  Ui e relativ e proportion s o f  correc t  an d 
incorrec t  solution s acros s individual s an d problems . 
Thi s i s becaus e th e relativ e proportio n o f  correc t  t o 
incorrec t  solution s i s predicte d b y th e combinatio n o f 
Equation s 1  an d 2  t o b e 

PrjXj j  = 1 )  _  z . 

PT(Xi j=Q )  d j 
(3 ) 

We ca n loo k a t  a  particula r  situatio n j  an d us e a s it s 
paramete r  th e relativ e proportio n o f  individual s 
scorin g a s successfull y havin g th e relevan t 
knowledge .  Alternativel y w e ca n loo k a t  a  particula r 

^Thi s exampl e i s a  modificatio n o f  on e discusse d b y 
Rasc h (1960) . 
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individua l  an d examin e thei r  relativ e proportio n o f 
succes s t o estimat e tha t  person' s parameter .  A 
particula r  situatio n (o r  individual )  ca n b e chose n a s 
an arbitrar y zer o poin t  o f  reference ,  an d anothe r 
situatio n (o r  individual )  a s th e unit .  Althoug h th e 
exampl e her e examine s probabilit y  correct ,  th e 
analysi s ca n b e easil y mappe d o n t o performanc e 
time . 

Not e tha t  w e ca n transfor m th e metri c o f  z /  an d d j 

abov e t o a  logarithmi c metri c an d achiev e a n additiv e 
structure .  Le t  d i  =  log(z, )  an d ^ j  =  log(<iy) ,  s o tha t 

Equation s 1, 2 an d 3  become : 

^ ( Y _,if l  P  .  exp(fl.-^, ) 
P r (X , - l i e , , ^ , ) - j ^ ^^p^^_^^^ ^ 

(4 ) 

(5) 

and 

Pr(Xj j= l l0|Jy) _ 

Thi s i s a  for m o f  th e logisti c o r  Rasc h mode l  tha t  i s 
mor e commonl y used ,  an d w e wil l  us e i n wha t 
follows .  Th e value s o f  0  an d ̂  ar e reporte d a s logits . 

Rasch Models 

Rasc h (1960 )  develope d a  measuremen t  theor y wit h 
similaritie s t o additiv e conjoin t  measuremen t  bu t 
base d o n assumption s o f  stochasti c processes .  W e 
use a  Rasc h framewor k i n ou r  measuremen t  model . 
Rasc h (1960 )  establishe d tha t  sufficien t  statistic s 

coul d b e obtaine d quit e simpl y fo r  th e parameter s i n 
hi s models .  Estimator s base d o n suc h statistic s fulfil l 
th e dua l  rol e o f  establishin g th e empirica l  condition s 
unde r  whic h a  mode l  applies ,  an d provide s th e 
underpinning s fo r  statistica l  estimatio n an d inference . 
Rasc h model s satisf y a n importan t  propert y o f 
specifi c objectivity .  Specifi c  objectivit y mean s tha t  a 
respons e measur e i s a  conjoin t  measur e o f  tw o 
entitie s (suc h a s a n agen t  an d situation )  whos e 
measure s ca n b e separate d an d quantified ,  simila r  t o 
th e manne r  discusse d above .  Rasc h state d tha t 
specifi c  objectivit y hold s whe n 

the result of any comparison of two objects 
[persons ]  .. .  i s  independen t  o f  everythin g 
els e withi n th e fram e o f  referenc e othe r  tha n 
th e tw o object s [persons ]  whic h ar e t o b e 
compare d (Rasch ,  1977 ,  p.77 ,  italic s i n 
original) . 

That  is ,  th e paramete r  describin g th e perso n mus t  b e 
inferentiall y  separabl e fro m th e parameter s describin g 
th e situation-actio n knowledg e element .  Thi s mus t 
hold ,  i n a  dua l  fashion ,  fo r  comparison s o f  situation -
actio n knowledg e elements . 

I t  ca n b e show n tha t  Rasc h model s satisf y th e 
condition s o f  additiv e conjoin t  measurement . 
Becaus e o f  spac e limitations ,  w e leav e tha t  proo f  t o a 
formcomin g paper .  I t  i s  importan t  t o observ e tha t 
thi s proo f  i s  show n t o hol d fo r  th e determinat e Rasc h 
model  (Rasch ,  1977 .  p.6) .  I t  remain s t o b e show n 
whethe r  i n an y actua l  situatio n th e Rasc h mode l 
holds ,  an d evidenc e fo r  al l  suc h rea l  situation s wil l 
alway s b e empirica l  rathe r  tha n theoretica l  (i.e. ,  th e 
conclusio n tha t  "th e Rasc h mode l  holds "  o r 
otherwise ,  wil l  fo r  al l  suc h situation s b e base d o n 
weigh t  o f  empirica l  evidence ,  rathe r  tha n b e tru e o r 
fals e accordin g t o s o m e theory) .  Numerou s 
procedure s fo r  testin g fi t  t o th e Rasc h mode l  hav e 
been give n i n th e literature .  Thi s i s parallele d b y th e 
searc h fo r  "indirec t  evidence"  (Michell ,  1990 ,  pp .  78 -
84) .  Tha t  is ,  th e evidenc e tha t  a n additiv e conjoin t 
structur e holds  i n a  give n (sufficientl y larg e an d 
interesting )  situatio n ca n onl y b e base d o n a  weigh t  o f 
empirica l  evidence ,  jus t  a s fo r  th e Rasc h model . 

Application of the Model 

Programmin g i s perhap s th e mos t  studie d cognitiv e 
skill .  Productio n syste m model s o f  thi s domai n 
revea l  remarkabl e regularitie s i n performance , 
learning ,  an d practice .  W e begi n b y notin g tha t 
Anderso n e t  al .  (1989 )  repor t  facto r  analyse s o f  th e 
Subjec t  b y Productio n matrice s o f  erro r  rates .  Thei r 
findings  sugges t  tha t  subject s an d production s hav e 
independen t  additiv e effect s (unde r  appropriat e 
transformation )  o n erro r  rates .  Thi s provide s som e 
indirec t  evidenc e tha t  th e genera l  Rasc h approac h 
requirin g separabl e parameter s fo r  agent s (people ) 
and knowledg e element s i s appropriate . 

Clearl y peopl e var y i n thei r  abilities ,  an d w e wil l 
assig n eac h perso n i  a  paramete r  0, .  Performanc e 

varie s acros s production s rules ,  an d w e wil l  assig n 
eac h productio n j  a  paramete r  5 j  t o indicat e it s 

difficulty .  Particularl y importan t  t o u s i s th e 
observatio n o f  practic e effect s fo r  individua l 
productions .  Performanc e tim e an d error s improv e a s 
a sublinea r  functio n o f  practice .  Erro r  rate s improv e 
as exponentia l  o r  powe r  function s o f  trial s o f  practic e 
(th e specifi c  for m m a y depen d o n a  numbe r  o f  othe r 
factors ,  Pirolli ,  1991) .  W e wil l  find  i t  usefu l  t o thin k 
of  eac h tria l  o f  practic e a s a n incremen t  tha t  improve s 
performance .  Th e sam e incremen t  ca n b e applie d t o 
model  eac h trial ,  i f  th e practic e functio n i s 
U-ansforme d int o a  spac e i n whic h i t  i s  linear .  I f  w e 
le t  a  b e th e increment ,  the n o n tria l  /  ther e wil l  b e ( r  -
l) a incremenet s receive d b y a  production .  W e wil l 
denot e thi s su m b y at-i ,  s o fo r  trial s 1 ,  2 ,  ... n th e 

difficult y 5 j  o f  productio n j  wil l  b e improve d b y cb q 

= 0 .  a i  =  a ,  0 2 =  2a.... ,  an- \  =  ( n -  l)a . 

Anothe r  relevan t  finding  fo r  u s i s tha t  variou s kind s 
of  treatment s ca n hav e specifi c  impac t  o n specifi c 
productions .  Fo r  instance ,  instructiona l  example s 
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Productio n Trial s 

Pi 
P2 

Pk 

1 

ei+6 i  +TO+a o 

81+5 2 +  1: 0 +  0 0 

Gi  +  6 k +  T O +  o o 

2 
9i  +  6 1 +T0 + a i 
9i  +  5 2 +  T0 + a i 

01 +  6j c +  T0 + a i 

3 
61 +5 i  +T 0 +  a 2 

61+ 62+to + " 2 

61 +  5 k +  to+0 2 

•  • • 
•  • • 
•  • • 

•  • • 

n 

ei+5i+T 0 +  an. l 

ei+6 2 +  t O +  an- l 

ei  +  5 k +  T0+an- l 

pi 
P2 

Pk 

02 +  6 i  +to+cx o 
e2 +  5 2 +  t i  +  0 0 

62 +  5 k +  t o +  o o 

i  Differen t  subjec t  (6 )  an d differen t  treatmen t  (t )  o n P 2 i 

0 2 +  6 i + x o + a i  8 2 +  6 1 + T O + a 2 

8 2 +  5 2 +  t i  +  a i  8 2 +  6 2 + t i  +  a 2 

8 2 +  6 k +  t o + a i  8 2 +  6 k +  t o + 0 2 

62 +  6 1 + t o +  an. i 

82 +  5 2 +  t i  +  an- i 

82 +  6 k +  t o +  an. i 

Figur e 2 .  A  matri x depictin g parametri c variation s wit h people ,  practice ,  an d treatment s fo r  a  se t  o f 
knowledg e element s o r  productions ,  Pi , 

improv e learnin g t o program ,  bu t  mor e importantl y 
an exampl e ca n b e analyze d t o determin e th e specifi c 
production s tha t  wil l  b e improve d (Pirolli ,  1991) . 
Learner s m a y emplo y differen t  learnin g strategie s 
when processin g instructiona l  materials ,  an d thes e 
hav e specifi c  effect s o n productio n performanc e 
(Piroll i  &  Recker ,  i n press) .  Eac h suc h specifi c 
treatmen t  k  wil l  b e associate d wit h a  paramete r  X k tha t 

alter s th e difficult y o f  performin g a  specifi c 
production . 

We ca n elaborat e th e mode l  i n Equation s 4  t o 6  b y 
expandin g 4  t o b e a  linea r  combinatio n o f  th e relevan t 
productio n paramete r  S ,  treaUnen t  paramete r  t ,  an d 
practic e incremen t  at-i ,  o r  ̂  =  5  +  T  +  Ot.i .  Figur e 2 

illustrate s a  hypothetica l  analysi s o f  performanc e o n 
production s Pi ,  P 2 ,  ... .  Pk .  ove r  trial s  1 ,  2,.. .  n  fo r 

differen t  subject s unde r  differen t  treatments .  I n th e 
to p tabl e o f  Figur e 2 ,  performanc e i s attribute d t o a 
perso n paramete r  ( 9 0 an d productio n parameter s 5i , 

62 ,  ... ,  Sk -  Performanc e i s  improve d b y practic e 

effect s a o =  0 ,  a i  =  a  an- i  =  ( n - 1 )a .  W e als o 

assig n a  treatmen t  paramete r  t o t o thi s bas e treatmen t 

Th e botto m tabl e o f  Figur e 2  show s ho w w e woul d 
indicat e a  differen t  subjec t  (82 )  w h o receive d som e 
treatmen t  (ti )  tha t  specificall y affect s jjerformanc e o f 

productio n P 2 (perhap s a n exampl e program) . 

We hav e devetope d an d applie d suc h a  mode l  t o a 
corpu s o f  dat a fro m severa l  studie s involvin g th e 
C MU Lis p Tutor .  Th e forma l  expressio n o f  th e 
measuremen t  mode l  i s 

/ , ( . ;A,B,^ia)=;-P<' '^"" '^^ > 

lexp(b;„ 0 +  a;„̂ ) 

(7 ) 
wher e A  i s a  desig n matri x describin g ho w th e dat a 
relat e t o productions ,  trial s o f  practice ,  an d tieaunent , 
and whos e row s ar e aix ,  ̂  i s a  vecto r  o f  parameter s 

tha t  describ e th e production ,  trial ,  an d treatmen t 
parameters ,  B  i s a  scor e matri x describin g ho w th e 
dat a relat e t o th e subject s an d whos e row s ar e bix , 

and 0  i s a  paramete r  tha t  describe s eac h subject .  A 
detaile d descriptio n o f  thi s mode l  an d th e margina l 

m a x i m u m likelihoo d algorith m use d t o estimat e it s 
parameter s i s  give n i n A d a m s an d Wilso n (1992) . 
The mode l  i s applie d t o particula r  circumstance s b y 
specificatio n o f  th e A  an d B  matrices .  Piroll i  an d 
Wilso n (1992 )  als o provid e som e simpl e illustrativ e 
examples . 

The dat a com e fro m fou r  experiment s (Bielaczyc , 
Pirolli ,  &  Brown ,  1991 ;  Piroll i  &  Recker ,  i n press ; 
Recke r  &  Pirolli ,  1992 )  investigatin g peopl e learnin g 
t o progra m recursiv e functions .  Althoug h condition s 
var y acros s experiments ,  al l  use d th e sam e 
programmin g problem s (thoug h possibl y i n differen t 
sequences )  an d involve d th e sam e productio n syste m 
models .  Fo r  ou r  first  test s o f  th e measuremen t  model , 
we selecte d 2 2 production s fo r  analysi s acros s th e 7 6 
participant s i n th e studies .  Thes e production s 
represente d ne w knowledg e learne d i n th e recursio n 
lesso n o r  element s tha t  coul d b e induce d fro m th e 
instructiona l  example s give n t o subjects .  O n e se t  o f 
subject s { N =  32 )  sa w a n exampl e illustratin g 
recursio n o n numbers ,  anothe r  se t  o f  subject s (A ^  = 
44 )  sa w a n exampl e illustratin g recursio n o n lists . 
S o me production s tha t  coul d b e induce d fro m th e 
numeri c recursio n exampl e bu t  no t  th e lis t  recursio n 
exampl e w e calle d numbe r  production s (4) .  Anodie r 
set  o f  production s coul d b e induce d fro m th e lis t 
recursio n exampl e bu t  no t  th e numeri c recursio n 
exampl e wa s calle d lis t  production s (5) .  S o m e 
production s coul d b e induce d fro m bot h example s (1 ) 
and som e coul d b e induce d fro m neithe r  exampl e 
(12) . 

Applicatio n o f  th e mode l  i n Equatio n 7  t o thes e 
dat a show s tha t  th e productio n difficultie s (5 )  var y 
fro m -1.9 8 logit s t o 1.5 7 logits ,  wit h th e numbe r 
production s havin g a  mea n difficult y o f  .4 1 logits ,  th e 
lis t  production s -.4 7 logits ,  an d th e production s 
availabl e fro m neithe r  exampl e ha d a  mea n difficult y 
of  -.0 2 logits .  Th e mea n o f  abilitie s (0 )  fo r  th e 
subject s seein g th e numbe r  recursio n exampl e wa s 
-1.0 7 logit s an d fo r  thos e seein g th e lis t  recursio n 
exampl e wa s -1.2 6 logits .  Seein g a  numbe r  recursio n 
exampl e ha d a  treatmen t  effec t  (t )  o f  -.3 6 logit s o n 
th e numbe r  productio n difficultie s an d seein g th e lis t 
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recursion  exampl e treatmen t  effec t  wa s -..2 2 logits . 
Each tria l  o f  practic e (a )  ha d an  effec t  o f  -.1 0 logits . 
Figur e 3  present s th e predicte d probabilit y  o f  erro r  (i n 
log-linea r  coordinates )  base d o n thes e paramete r 
estimates .  Example s improv e th e eno r  estimate s o n 
th e production s the y affect ,  an d thi s effec t  i s  tw o t o 
fou r  time s th e practic e incremen t  o n a  logi t  scal e (se e 
als o PiroUi .  1991) . 

dumber  Example-Numbe r  Production s 
,is t  Example-Numbe r  Production s 
îs t  Example-Lis t  Production s 
'dumbe r  Example-Numbe r  Production s 

= 0. 1 

0.0 1 
1 2 3 4 5 6 7 8 9 1 0 

Productio n tria l 

Figur e 3 .  Estimate d learnin g curve s fo r  th e C M U 
Lis p Tuto r  studie s (log-linea r  scale) . 

General Discussion 

Our  measuremen t  mode l  integrate s assumption s 
abou t  th e observatio n o f  knowledge ,  th e elementar y 
natur e o f  knowledg e an d it s transfe r  an d practic e 
properties ,  an d theorie s o f  fundamenta l  measurement . 
The measuremen t  mode l  estimate s th e affordanc e 
propertie s o f  individua l  element s o f  knowledg e an d 
th e abilit y  propertie s o f  individua l  subject s o n scale s 
tha t  ar e fundamentall y quantitativ e (hav e orde r  an d 
additivity) .  Unlik e analysi s o f  variance ,  regression , 
or  simila r  techniques ,  th e mode l  estimate s ar e no t  o f 
sample s o r  populations ,  bu t  th e specifi c  entitie s o f 
interest .  I n essenc e th e mode l  treat s knowledg e a s 
th e combine d additiv e effec t  o f  situation-actio n 
affordances ,  individuals ,  an d thei r  join t  historie s i n 
term s o f  practic e o r  treatments .  W e hav e treate d 
thes e parameter s a s scala r  properties ,  bu t  i t  i s  possibl e 
t o exten d th e mode l  s o tha t  abilitie s an d affordance s 
ar e treate d a s multifacete d structure s (i.e. ,  matrices , 
see Adam s &  Wilson ,  1992) . 
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