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Abstract

Microlocal sheaves and mirror symmetry

by

Benjamin Gammage

Doctor of Philosophy in Mathematics

University of California, Berkeley

Professor David Nadler, Chair

In this thesis, based on the work [GN, GSa, GMW] completed by the author during his
time in graduate school, we explain various ways in which microlocal sheaf methods in
symplectic geometry can be used to prove homological mirror symmetry. We explain how
tropical methods originally developed by Mikhalkin can be used to prove homological mirror
symmetry for any hypersurface in (C×)n, and we also present a proof of homological mirror
symmetry in the case of multiplicative hypertoric varieties, emphasizing the features which
we expect will prove common to all K-theoretic Coulomb branches.
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Chapter 1

Introduction

This thesis demonstrates some applications of the theory of microlocal sheaves, as originally
developed in [KS94], to the Homological Mirror Symmetry program, introduced by Maxim
Kontsevich in [Kon95]. The thesis of this program is that given a Kähler manifold X (or
more generally a Kähler manifold equipped with a holomorphic function, which we think
of as a kind of “noncommutative space”), there should exist a dual Kähler manifold X∨

with the property that the category of coherent sheaves on X∨ is equivalent to the Fukaya
category of X. This latter category is an A∞ category, whose objects are Lagrangians (with
some extra structure) and whose A∞ products are governed by moduli spaces of holomorphic
disks in X with Lagrangian boundary conditions.

The Fukaya category as presented above is difficult to calculate, because of the challenges
involved in computing moduli spaces of holomorphic disks. But the good news is that for non-
compact symplectic manifolds, the Fukaya category simplifies tremendously. The most basic
instance of such a simplification occurs when calculating the Fukaya category of a cotangent
bundle T ∗M , which is equivalent to a category of local systems on M , or equivalently modules
over C•(ΩM) [Abo11, Nad09]. If we require asymptotic conditions on the Lagrangians in
our Fukaya category, the resulting category can be described [NZ09, Nad09, GPS18b] as a
category of constructible sheaves on M .

The key observation of Kontsevich in [Kon09] is that in the case where X is Stein (equiva-
lently Weinstein [CE12]), it can be presented by gluing together cotangent bundles T ∗Mi, in
a way respecting the exact symplectic structure. One might hope that the Fukaya category
of X can therefore be obtained by gluing together the Fukaya categories of these cotangent
bundles, i.e., that it can be written as a colimit of the Fukaya categories Fuk(T ∗Mi). As
noted above, each of these categories can be described as a category of constructible sheaves;
however, in gluing together the manifolds T ∗Mi, we will lose the ability to choose a polar-
ization, and hence we will need a more invariant way of presenting these categories. That
invariant presentation is given by the theory of microlocal sheaves [KS94] living along a conic
Lagrangian in T ∗Mi.

In other words, the data of the gluing X = colimT ∗Mi should be encapsulated in a
Lagrangian L ⊂ X, obtained by gluing together conic Lagrangians living in each T ∗Mi. This
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Lagrangian is the Lagrangian skeleton of X, and it can be understood as the stable set for
the gradient flow of a Morse function underlying the Weinstein structure on X. One would
then like to present the Fukaya category of X as the global sections of a cosheaf of categories
on the Lagrangian skeleton L, which locally look like a “wrapped” version of the category of
microlocal sheaves along L. This was the vision presented in several papers of David Nadler,
and it is now quite close to being a theorem, thanks to work [GPS18a, GPS, GPS18b] of
Sheel Ganatra, John Pardon, and Vivek Shende.

This thesis is the beginnings of an attempt to explain what a powerful computational
tool this approach is, and how the microlocal sheaf categories described above match up with
B-brane categories on the algebraic varieties or Landau-Ginzburg models which are mirror
to X.

Permutohedra and matrix factorizations

The body of this thesis begins in Chapter 2. Based on joint work [GN] with David Nadler,
we study the pair of pants Pn−1 = {1 + x1 + · · ·xn} ⊂ (C×)n, the basic building block
in the theory of complex hypersurfaces. We will return to the pair of pants in Chapter 3,
where pants decompositions of complex hypersurfaces will be the main technical tool, but in
Chapter 2 we are interested in studying the pair of pants in a way that respects its full Σn+1

symmetries (not manifest in the presentation given above, but clearer if we embed (C×)n

antidiagonally in (C×)n+1).
The first step in this process is to produce a skeleton Ln−1 of Pn−1 which is invariant under

the symmetric group Σn+1. It will turn out that not only does such a skeleton exist, but that
moreover its singularities are in some sense “as simple as possible.” In [Nada], Nadler had
already produced, for each dimension n, a finite list of Legendrian singularities, which are
expected to be the deformation-stable singularities in the sense that a “generic Lagrangian
skeleton” (a concept which is not yet defined) should have precisely those singularities. There
is one such singularity attached to every tree, and in particular there is a singularity LAk
attached to the Ak quiver. Topologically, LAk is the cone on the (k − 2)-skeleton of the
k-simplex, and its Legendrian structure can be completely determined by a choice of cyclic
ordering on the set of its top-dimensional strata.

Moreover, the skeleton Ln−1 can be expressed globally in a beautiful combinatorial fash-
ion. Recall that the n-permutohedron Pn is the convex hull in Rn, embedded antidiagonally
in Rn+1, of the Σn+1-orbit of the vector (1 . . . n). (For n = 2, for instance, this polytope
is the hexagon.) It is a remarkable fact that the n-permutohedron is actually the cell in a
regular tiling of Rn. Hence, writing Λn for the lattice of this tiling, it makes sense to study
the quotient ∂Pn/Λn of the boundary of the permutohedron by this lattice. Our first main
result in Chapter 2 is that this space is a skeleton of the pants Pn−1:

Theorem. The pair of pants Pn−1 admits a skeleton Ln−1 which topologically is given by
the quotient ∂Pn/Λn. Moreover, all the singularities in Ln−1 are of the form LAk described
above.
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We see now how useful our knowledge of the singularities LAk is. In general, a Leg-
endrian singularity contains much more information than the underlying topological space,
and calculating the microlocal sheaf category associated to it can be very difficult. In the
case of LAk , however, the discrete choice of cyclic order already upgrades it to a Legendrian
singularity, and its microlocal sheaf category is very easy to calculate: it is just the category
of modules over the Ak quiver. Hence the above result already tells us that the Fukaya
category of the pants Pn−1 is obtained by gluing together categories of Ak-modules along the
diagram given by the boundary of the permutohedron (modulo translations).

We would like to recognize the category obtained from such a gluing as coming from
algebraic geometry. The category so expressed should seem strange at first, nor does it
obviously resemble a category of coherent sheaves. In fact, we will express that category
not as a category of coherent sheaves, but rather as a singularity category, defined as a
quotient category Dn

sing(X
∨
0 ) := Coh(X∨0 )/Perf(X∨0 ). If X∨0 is the singular fiber of a function

W : X∨ → A1 whose only critical value is 0, Dmitri Orlov established an equivalence between
this singularity category and the category of matrix factorizations of the pair (X∨,W ), as
first studied by David Eisenbud.

These matrix factorization categories, which are measuring something about the criti-
cal locus of W , are quite poorly-understood compared with categories of coherent sheaves,
and especially in cases when W has non-isolated singularities there is much which is not
known about their structure. Hence the main result of Chapter 2, a homological mirror
symmetry equivalence relating the pair of pants Pn−1 to its mirror Landau-Ginzburg model
(Cn+1,W (z1, . . . , zn+1) = z1 · · · zn+1), is a promising first step in their study.

Theorem. The category µshw(Ln−1) of “wrapped microlocal sheaves” along the skeleton of
Pn−1 is equivalent to the category MF(Cn+1,W (z1, . . . , zn+1) = z1 · · · zn+1) of matrix factor-
izations of W .

Remark. In the case n = 2, the image of L1 under the argument map Arg : (C×)2 → (S1)2

is a bipartite graph in the 2-torus, most famous from the theory of dimer models. Hence the
skeleta Ln−1 for n > 2 can be understood as hinting at a higher-dimensional generalization
of the theory of dimer models. This point of view has been explored in [FU14], but we are
very far from having a general theory in the higher-dimensional case.

Affine hypersurfaces

In Chapter 3, based on joint work [GSa] with Vivek Shende, we describe a vast generalization
of the equivalence studied in the preceding chapter. Whereas that equivalence concerned
only the pair of pants, in Chapter 3 we prove homological mirror symmetry when X is any
hypersurface in (C×)n. To explain the setting of this equivalence, we first recall the history of
constructible-sheaf approaches to mirror symmetry for toric varieties. Given a toric stack TΣ

defined by a fan Σ (really a stacky fan, which means that we remember primitive generators
for the rays in Σ), we can define a Legendrian ΛΣ in the contact boundary of the cotangent
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bundle T ∗T n of an n-torus. The statement of constructible-sheaf mirror symmetry for toric
varieties, first suggested by [Bon16], elaborated in [FLTZ11a, FLTZ12a, FLTZ12b], and
proved in complete generality in [Kuw] is the following:

Theorem ([Kuw]). There is an equivalence of categories

Coh(TΣ) ∼= ShΛΣ
(T n)

between the category of coherent sheaves on the toric variety TΣ and the category of con-
structible sheaves on T n with singular support contained in ΛΣ.

This latter category is actually a Fukaya category, first recognized in [NZ09, Nad09] and
proved in its modern form in [GPS18a, GPS18b]. More specifically, the following is true:
write T ∗T n = (C×)n, and let W : (C×)n → C be a function whose general fiber W−1(C) has
skeleton ΛΣ. Then we have an equivalence of categories:

Theorem ([GPS18b]). The Fukaya-Seidel category Fuk((C×)n,W ) of the pair ((C×)n,W )
is equivalent to the category ShΛΣ

(T n) of constructible sheaves on T n microsupported in the
skeleton ΛΣ of W−1(C).

Moreover, in the case at hand, we know what the function W is supposed to be. Thanks
to work [HV00] of Kentaro Hori and Cumrun Vafa, we have the following prescription: let ∆∨

be the convex hull of the primitive ray generators of Σ. Then the mirror to the toric variety
TΣ is of the form ((C×)n,W ), where W is a Laurent polynomial with Newton polytope ∆∨.

Combining the prescription of [HV00] with the theorem of [Kuw], it is natural to expect
the following, which is the first main result of chapter 3:

Theorem. Let W : (C×)n → C be a Laurent polynomial whose Newton polytope ∆∨ contains
0, and let Σ be the fan of cones on the faces of ∆∨. Then the fiber W−1(C) admits a skeleton
of the form ΛΣ.

Combining this with Kuwagaki’s theorem, we reach a mirror symmetry equivalence of
the usual form:

Corollary. There is an equivalence of categories Coh(TΣ) ∼= Fuk((C×)n,W ) between the
category of coherent sheaves on the toric variety TΣ and the Fukaya-Seidel-type category of
the pair ((C×)n,W ), with W and Σ as above.

The methods of proving this theorem, which thus unifies and explains previous approaches
to mirror symmetry for toric varieties, are interesting in their own right. In order to find the
skeleton ΛΣ, we treat the fan Σ as a triangulation of the Newton polytope ∆∨, and hence as
a choice of tropicalization of the hypersurface W−1(C). As was first pointed out in [Nadc],
the pants decomposition and isotopy described by Grigory Mikhalkin in [Mik04] provides an
ideal setting in which to apply Morse theory. We expect that the interaction of Morse theory
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and tropical geometry will come to play a major rôle in the symplectic study of complex
hypersurfaces.

But in chapter 3, we actually prove more: in addition to the above, we prove a mirror
symmetry equivalence for the hypersurface X = W−1(C) itself. Denote by LΣ ⊂ T ∗T n

the conic Lagrangian given by the cone on ΛΣ; as we have seen, LΣ is the (non-compact)
Lagrangian skeleton of the mirror ((C×)n,W ) to a toric variety TΣ. The key fact which we
use in the proof of mirror symmetry for the hypersurface X is that its skeleton ΛΣ looks like
a bunch of copies of skeleta LΣ′ glued together along their non-compact ends.

Automatically from the cosheaf property of wrapped microlocal sheaves, this means that
the microlocal sheaf category µshw(ΛΣ) is a colimit of the categories µshw(LΣ′). But we
know that this latter category is equivalent to the category of coherent sheaves on the toric
variety TΣ′ . Using proper descent, we conclude that the Fukaya category of X is equivalent
to the category of coherent sheaves on a variety obtained by gluing together a bunch of toric
varieties along their toric boundaries. This variety has a name; it is the toric boundary of
the original toric variety TΣ. Hence we conclude:

Theorem. There is an equivalence of categories Fuk(X) ∼= Coh(∂TΣ) between the Fukaya
category of X and the category of coherent sheaves on the toric boundary of TΣ.

Multiplicative hypertoric varieties, and representation theory

In the final chapter of this thesis, based on joint work [GMW] with Michael McBreen and
Ben Webster, we use the microlocal-sheaf methods described above to establish a mirror
symmetry equivalence for multiplicative hypertoric varieties. Recall that a usual (“additive”)
hypertoric (or “toric hyperkähler”) variety is a hyperkähler reduction of the form

U(α,β) = T ∗Cn///(α,β)T

of T ∗Cn by a subtorus T ⊂ (C×)n of the n-torus (C×)n, which has a hyper-Hamiltonian action
on T ∗Cn, at real and complex moment map parameters α ∈ tR, β ∈ t. The multiplicative(/K-
theoretic/trigonometric/4d) analogue of the variety U is given as the complex symplectic
reduction

M(α,β) = (T ∗C \ {xy + 1 = 0})n///(α,β)T,

where T is as before. (But now the complex moment-map parameter β ∈ T is group-valued,
and we will make α group-valued as well by using it to keep track of a B-field parameter.) As
in the additive case, the parameters α and β play seemingly asymmetric rôles: the parameter
α controls a resolution of the singular variety M(1,1), while the parameter β deforms it. The
main theorem of Chapter 4 explains that these functions are swapped by homological mirror
symmetry.

Theorem. Let α ∈ T be in the compact real torus TR ⊂ T. Then there is an equivalence of
categories

Fuk(M(1,α)) ∼= Coh(M(α,1))
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between the Fukaya category of the smoothed variety and the category of coherent sheaves on
the resolved variety.

Remark. There is a slight lie in the theorem above: since we required α to be inside the
compact real torus, the variety M(α,1) is not a resolution of the singular variety M(1,1) but
rather a noncommutative resolution. Of course, these two categories are derived equivalent
(just as the categories Fuk(M(1,α)) are equivalent for different choices of α, which generically
affects only complex structure and not the symplectic structure), but they are distinguished
by the different t-structures they carry. Indeed, the theorem is stronger than we have stated:
both sides in the equivalence are equipped with a natural t-structure, and the equivalence is
induced from an equivalence of these abelian categories.

The t-structure mentioned above, on the symplectic side, comes from the hyperkähler
structure of these varieties: we find a Lagrangian skeleton of M(1,α) which is actually holo-
morphic Lagrangian, i.e., Lagrangian in two Kähler structures and complex in the third.
Then we can study not just microlocal sheaves along this skeleton but microlocal perverse
sheaves, which in the Fukaya-categorical picture correspond to holomorphic Lagrangian
branes [Jin15]. On the B-side, from the perspective of a commutative resolution, these
t-structures are the “exotic t-structures” familiar in representation theory.

Our interest in the above theorem comes from the position of multiplicative hypertoric
varieties as prototypical examples for K-theoretic Coulomb branches, a class of hyperkähler
manifolds developed mathematically by Braverman, Finkelberg, and Nakajima [BFN] to
explain some features of 4d N = 2 supersymmetric gauge theory. We expect the features
present in the example of multiplicative hypertoric varieties to reoccur in more general K-
theoretic Coulomb branches. For X a multiplicative hypertoric variety, we summarize these
features here:

• In one complex structure, X is equipped with a Hitchin system X → B.

• The central Hitchin fiber of X is a holomorphic Lagrangian skeleton L.

• The geometry of X is controlled by a certain periodic hyperplane arrangment P .

• Irreducible components of L are in bijection with chambers of P , as are summands in
a mirror noncommutative resolution.

K-theoretic Coulomb branches are not yet well-understood, and it will be very interesting
to develop our understanding of the structures above in the general K-theoretic Coulomb
branch X. For instance, in the case when X is a multiplicative version of the Springer
resolution (so far understood as a Coulomb branch only in type A), the mirror-symmetry
equivalence analogous to the one proved in this paper will be a case of the geometric Lang-
lands conjecture.
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Chapter 2

The pair of pants

2.1 Introduction

This chapter, based on the work [GN], written jointly with David Nadler, fits into the
framework of Homological Mirror Symmetry, as introduced in [Kon95] and expanded in [Kon,
HV00, KKOY09]. The formulation of interest to us relates the A-model of a hypersurface
X in a toric variety to the mirror Landau-Ginzburg B-model of a toric variety X∨ equipped
with superpotential W∨ ∈ O(X∨). Following Mikhalkin [Mik04], a distinguished “atomic”
case is when the hypersurface is the pair of pants

Pn−1 = {z1 + · · ·+ zn + 1 = 0} ⊂ (C∗)n ∼= T ∗(S1)n

with mirror Landau-Ginzburg model (An+1, z1 · · · zn+1). In this chapter, we will also be

interested in the universal abelian cover P̃n−1 of the pair of pants, which fits in the Cartesian
diagram

P̃n−1
//

��

T ∗Rn

��
Pn−1

� � // T ∗(S1)n

as the pullback of Pn−1 along the universal covering map T ∗Rn → T ∗(S1)n; it has mirror a
torus-equivariant version of the Landau-Ginzburg model (An+1, z1 · · · zn+1).

This chapter expands upon prior mirror symmetry equivalences for pairs of pants found in
[Sei11, AAE+13, She11]; however, it differs from those in its understanding of the A-model.
The traditional mathematical realization of the A-model is the Fukaya category, with objects
decorated Lagrangian submanifolds, morphisms their decorated intersections, and structure
constants defined by integrals over moduli spaces of pseudoholomorphic polygons. There is
increasing evidence (for example, [Kon09, BO, FLTZ11a, NZ09, Nad09, Tam, GPS18a, ST,
GPS, GPS18b]) that the Fukaya category of a Weinstein manifold is equivalent to microlocal
sheaves (as developed by Kashiwara-Schapira [KS98]) along a Lagrangian skeleton. In this
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chapter, we follow [Nadc] and study the A-model of the pair of pants in its guise as wrapped
microlocal sheaves.

A calculation of microlocal sheaves on a skeleton for the pair of pants was performed
already in [Nadc]; our calculation here involves a different skeleton, which is of independent
interest. The skeleton we study here is more symmetrical, having an action of the symmetric
group Σn+1 rather than just Σn; but more importantly, the skeleton here is of a different
“flavor” to the one constructed there. The calculations from [Nadc] are well-adapted to
considerations of mirror symmetry which relate a hypersurface in (C×)n to a toric degen-
eration and were used in [GS15] for this purpose. The skeleton we study in this chapter is
more adapted to mirror symmetry equivalences which relate a hypersurface in (C×)n to a
Landau-Ginzburg model. The first sort of skeleton can be considered as a “degeneration” of
the second–indeed, the relation between these two flavors of skeleton is very interesting and
will be studied further in future work.

The skeleton from this chapter is very well-suited to a combinatorial perspective, since
singularities are all arboreal in the sense of [Nada]. The form of our calculations should be
understood as a paradigm for extending the substantial literature devoted to understanding
Fukaya categories of Riemann surfaces through topological skeleta and ribbon graphs (for
example, [STZ14, Bon16, DK13, HKK, PS]) to higher-dimensional examples.

Moreover, the type of skeleton described here has close relations to the dimer models
which have appeared in earlier mirror symmetry contexts (e.g., [FHKV08, FU14, Boc12]);
in future work, we will explain how a dimer model encodes the data of a skeleton for a
hypersurface in (C×)2 and present applications. To some extent, this correspondence was
noticed (in a slightly different form) in [FU14], and in Section 2.4.8 we make use of the
Lefschetz fibrations described in that chapter.

2.1.1 Symplectic geometry

Cotangent bundles

Fix a characteristic zero coefficient field k, and let L ⊂ T ∗X be a closed conic Lagrangian
submanifold of a cotangent bundle. There are conic sheaves of dg categories µSh♦

L and µShL
on T ∗X, localized along L, which to a conic open set Ω ⊂ T ∗X assign, respectively, the dg
category µSh♦

L(Ω) of unbounded-rank microlocal sheaves and the dg category µShL(Ω) of
traditional microlocal sheaves along L ∩ Ω.

Definition 2.1.2. The category µShwrL (Ω) of wrapped microlocal sheaves along L∩Ω is the
category µSh♦

L(Ω)c of compact objects inside of µSh♦
L(Ω).

Proposition 2.1.3 ([Nadc] Proposition 3.16). The assignment Ω 7→ µShwrL (Ω) forms a
cosheaf µShwrL of dg categories on T ∗X, localized on L.

If x is a smooth point of L and Ω is a contractible conic neighborhood of x, then the stalk
of the sheaf µSh♦

L is equivalent to the dg category Modk of (unbounded-rank) k-modules,



9

while the stalk of µShL and the costalk of µShwL at x are both equivalent to the dg category
Perfk of perfect k-modules.

If x is a singular point, the local calculation is more complicated, but this calculation has
already been performed in [Nada] for a certain class of Legendrian singularities termed arbo-
real. In this chapter we will only be concerned with the An arboreal singularity LAn , a certain
singular Legendrian in the projectivized cotangent bundle T∞(Rn) which is homeomorphic
to Cone(skn−2∆n), the cone on the (n− 2)-skeleton of an n-simplex.

Proposition 2.1.4 ([Nada]). Let L be a conic Lagrangian in T ∗Rn which is locally equivalent,
near a point x ∈ L, to the cone on LAn . Then to a neighborhood of x, the sheaf µShL and
the cosheaf µShwrL each assign the category An -Perfk of perfect modules over the An quiver.

Weinstein manifolds

Let W be a Weinstein manifold. The Weinstein structure of W endows it with a Lagrangian
skeleton Λ, onto which W deformation retracts.

Since our definition of wrapped microlocal sheaf categories applies only in the setting of
cotangent bundles, in order to apply it here we have to relate the geometry of our Wein-
stein manifold to the geometry of a cotangent bundle. Let Λ be the skeleton of a Weinstein
manifold W and U an open neighborhood of Λ which is conic for the flow of the Liouville
vector field of W , and suppose that there exists a manifold X and a closed conic Lagrangian
L ⊂ T ∗X such that U is exact symplectomorphic to a neighborhood Ω of L by a symplecto-
morphism taking Λ to L.

Definition 2.1.5. In the situation described above, the category µShwL(Ω) is the microlocal
A-model category associated to the Weinstein manifold W . (To make explicit the dependence
on Weinstein structure, we will sometimes call this category the wrapped microlocal A-model
category of W associated to Λ.)

In practice, the symplectomorphism relating Λ to a conic Lagrangian in a cotangent
bundle might not exist. However, such symplectomorphisms always exist locally, so that we
can obtain a cosheaf of categories on the skeleton by defining these categories locally, gluing
them together, and checking that the resulting cosheaf didn’t depend on choices. A more
detailed explanation of our expectations can be found in Conjecture 2.4.6.

One skeleton for the pair of pants Pn−1 was described in [Nadc], where it was used to
prove a mirror symmetry equivalence. In this chapter, we study a more symmetric skeleton
of the pair of pants, which we can describe using the geometry of the permutohedron.

Let Vn be the quotient of Rn+1 by the span of the vector λ1 + · · · + λn+1, where {λi} is
the standard coordinate basis of Rn+1.

Definition 2.1.6. The n-permutohedron Pn ⊂ Vn is the convex poytope obtained as the
convex hull

Pn = conv{σ ·
(

1
n+1

∑n+1
a=1 aλa

)
∈ Vn | σ ∈ Σn+1}.
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The n-permutohedron is an n-dimensional polytope, and it is a remarkable fact that
the permutohedron actually tiles Vn. We denote by Hn−1 the union of all translates of the
boundary ∂Pn along this tiling and call this space the honeycomb. (When n = 2, the
honeycomb H1 is actually the boundary of the hexagon tiling of the plane.) Then the main
result of section 4 of this chapter is a stronger version of the following, which we obtain as
a Z/(n+ 1)Z quotient of a calculation performed in [FU14]:

Proposition 2.1.7 (Corollary 2.4.10 below). The cover P̃n−1 admits a skeleton L̃n−1 whose

image under the (cover of the) argument map Ãrg : T ∗Rn → Rn is the honeycomb Hn−1.

This result and the discussion above justifies our modeling of the wrapped Fukaya cate-
gory of P̃n−1 as the global sections of a certain cosheaf Qwrn−1 of dg categories on Hn−1 (and

the infinitesimally wrapped Fukaya category as the global sections of a certain sheaf Qinfn−1

of dg categories on Hn−1).

2.1.8 Combinatorics

As mentioned above, the sheaf and cosheaf Qinfn−1 and Qwrn−1 assign Perfk to a smooth point
of Hn−1, but to know their descriptions over the whole skeleton Hn−1, we need to understand
its singularities. These turn out to be singularities we already understand:

Proposition 2.1.9 (Proposition 2.2.16 below). A neighborhood of a point in a codimension-
m face of a permutohedron in Hn−1 is stratified homeomorphic to the product of Rn−m with
the Am arboreal singularity LAm.

(In fact, to prove the equivalence of (co)sheaves of categories we need, the above homeo-
morphism isn’t sufficient; it’s necessary to check the stronger statement that a neighborhood
of the corresponding point in the skeleton is contactomorphic, up to a smoothing, to the
product Rn−m × LAm , or that it admits the same category of microlocal sheaves. This is
Proposition 2.4.11 below.)

The upshot is that all the singularities of the skeleton L̃n−1 of P̃n−1 are of type Am (for
various m) which proves to be extremely convenient for calculation of the Fukaya category.
As the name suggests, the sections of Qinfn−1 or Qwrn−1 on a neighborhood of the Am singularity
LAm are equivalent to the dg category Am -Perfk of perfect modules over the Am quiver.

Remark 2.1.10. The equivalence of the category associated to an Am singularity with
the category Am -Perfk is noncanonical, reflecting the fact that the category Am -Perfk has
a Z/(m + 1) symmetry. Moreover, due to the standard appearance of the “metaplectic
anomaly” in the construction of Fukaya categories, we cannot keep global track of the integer
grading on this category without making additional choices, so in practice we will only ever
work with a Z/2-graded version of this local category, which is (noncanonically) equivalent
to the Z/2-dg category (Am -Perfk)Z/2.
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We can summarize the above discussion as describing the following procedure: Stratify
the space Hn−1 by singularity type, and let P (Hn−1) be the poset corresponding to the
stratification. The Fukaya category associated to the skeleton Hn−1 is the global sections of
a sheaf/cosheaf, taking values in the Z/2-dg category Z/2 -dgstk of Z/2-dg categories, which
assigns to a neighborhood of a point in a codimension-(m − 1) stratum of Hn−1 a category
equivalent to (Am -Perfk)Z/2.

Definition 2.1.11. The wrapped and infinitesimally wrapped combinatorial Fukaya cate-
gories associated to the pair of pants are the categories

Qwr
n−1 = Idem(colim(P (Hn−1)op

Qwrn−1 // Z/2 -dgstk)) Qinf
n−1 = lim(P (Hn−1)

Qinfn−1 // Z/2 -dgstk)

defined as (idempotent-completed) global sections of the cosheaf Qwrn−1 and sheaf Qinfn−1, re-
spectively, over the honeycomb Hn−1.

Objects in the infinitesimally wrapped category, which is defined as global sections of
the sheaf Qinfn−1, have a clearer geometric meaning: heuristically, an object of this category
can be described as the data of an object of (Perfk)Z/2 at each facet in Hn−1, exact triangles
among these at codimension-2 faces of permutohedra, and higher compatibilities given by
codimension k faces. (For instance, the compatibility at a codimension 3 face involves
assembling the four exact triangles around the face into an “octahedral axiom diagram.”)

For F a facet in Hn−1 and ξ a choice of codirection at F (breaking the Z/2Z indeterminacy
in the category associated to F ), we have a stalk functor φF,ξ : Qinf

n−1 → (Perfk)Z/2 taking an

object of Qinf
n−1 to the object of (Perfk)Z/2 which is placed at the facet F. If we understand the

data of an object in Qinf
n−1 as recording a path of a Lagrangian running along the honeycomb

Hn−1, then the stalk of an object along a facet F records how many times the Lagrangian
runs along F .

The following class of objects in Qinf
n−1 is easy to describe and are very useful in proving

mirror symmetry for this category:

Definition 2.1.12. Let B be a connected subset of Hn−1. A rank-one brane along B is an
object F in Qinf

n−1 such that the stalk φF,ξ(F) has rank-one cohomology for all facets F in B,
and all other stalks are zero.

The wrapped category Qwr
n−1, which is defined as a colimit, is a little to harder to un-

derstand directly but admits a very nice set of generators. Note that the stalk functor
φF,ξ : Qinf

n−1 → (Perfk)Z/2, when extended to the cocomplete category Q♦
n−1, is corepresented

by an object δF,ξ, which we call the skyscraper along the facet F .

Lemma 2.1.13. The category Qwr
n−1 is generated by the set of skyscrapers along facets in

Hn−1.
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Figure 2.1: Part of the honeycomb H2, with the support (indicated in bold) of a rank-one
object in Qinf

2 .

The skyscrapers, though defined abstractly, in practice have a simple description. Let P
be a permutohedron in Vn, and let Fi be the face shared by P and P + λi. Let B be the
boundary of the region obtained as the union of all positive translates of P in the directions
{λ1, . . . , λ̂i, . . . , λn+1}. See Figure 2.5 for an illustration of such a region B.

Proposition 2.1.14 (Proposition 2.2.42 below). The rank-one brane along B is the skyscraper
along F .

2.1.15 Mirror symmetry

The mirror to the pair of pants is the Landau-Ginzburg model (An+1,Wn+1 = z1 · · · zn+1).
Let T n+1 be the (n + 1)-torus (Gm)n+1 and Tn the kernel of the map Wn+1 : T n+1 → Gm.
Considering the skeleton Hn−1 for the universal abelian cover of the pair of pants instead
of the skeleton Hn−1/Λn for the pair of pants itself corresponds on the mirror to working
equivariantly with respect to the torus Tn (whose weight lattice is the lattice Λn). Thus,
the expectation of homological mirror symmetry is that the wrapped Fukaya category Qwr

n−1

ought to be equivalent to the torus-equivariant derived category of singularities

Db
sing(An+1,Wn+1)T

n

=
(
Coh(W−1

n+1(0))/Perf(W−1
n+1(0))

)Tn
= Coh(W−1

n+1(0))T
n

/Perf(W−1
n+1(0))T

n

,

since passing to the quotient commutes in this case with taking Tn equivariants.
There are a couple of ways to understand this category, coming from theorems of Orlov. A

presentation of Db
sing which keeps manifest the Σn+1 symmetry induced from permutations of
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the coordinates of An+1 is as the category MF(An+1,Wn+1) of matrix factorizations of Wn+1:
the objects of this category are pairs (V, d), for V a Z/2-graded k[z1, . . . , zn+1]-module and
d : V → V an odd endomorphism such that d2 is multiplication by Wn+1 = z1 · · · znzn+1.

A less symmetric presentation is given as follows: for a choice of a ∈ [n+ 1], let W a
n+1 =

Wn+1/za, and set Xa = (W a
n+1)−1(0). Then we have an equivalence of categories

Db
sing(An+1,Wn+1) ∼ // Db(Xa) .

This latter presentation is used in [Nadc] to establish a mirror symmetry equivalence. It
has the advantage of being built out of a simple inductive definition, but the disadvantage
that it breaks the natural Σn+1 symmetry of Db

sing(An+1,Wn+1). In this chapter, we use the
description as matrix factorizations, which allows us to write a mirror symmetry equivalence
which is compatible with more symmetries. Note that the category Db

sing(An+1,Wn+1)T
n

has a natural action by the group W̃n = Λn o Σn+1, where Σn+1 acts by permuting the
coordinates and the weight lattice Λn of Tn acts as twists by characters, and this action is
manifest in the matrix factorization description. The group W̃n also acts on Hn−1 in the
obvious way, and hence also on Qwr

n−1. The main theorem of this chapter is the expected
mirror symmetry equivalence between the A-model of (the universal abelian cover of) the
pair of pants and the (torus-equivariant) B-model of (An+1,Wn+1):

Theorem 2.1.16 (Theorem 2.3.9 below). There is an equivalence of categories

Φ : MF(An+1,Wn+1)T
n ∼ // Qwr

n−1

which is equivariant for the action of W̃n on each side.

This equivalence sends the natural generators of the derived category of singularities, the
structure sheaves Oin of the coordinate hyperplanes {zi = 0}, to the skyscrapers δFi along
certain distinguished facets of a standard permutohedron P inside Hn−1. (Specifically, Fi
is the facet separating P from P + λi.) The skyscrapers along other facets correspond to
certain complexes formed out of the sheaves Oin.

The relation between the above correspondence and the combinatorics of the permuto-
hedron can be seen more explicitly in the matrix factorization category. Let [n = 1] =
{1, . . . , n + 1}; for a nonempty proper subset I ⊂ [n + 1], write zI =

∏
i∈I zi and zIc =∏

i/∈I zi, and similarly set λI =
∑

i∈I λi. Write Oin for the image of Oin in the category
MF(An+1,Wn+1). Then under the mirror symmetry equivalence Φ, the skyscraper sheaf along
the facet separating P and P + λi corresponds to the matrix factorization

Oin =

(
k[z1, . . . , zn+1]

z{i}c // k[z1, . . . , zn+1]
z{i} // k[z1, . . . , zn+1]

)
,

while more generally, a skyscraper along the facet separating P and P + λI corresponds to
the matrix factorization

k[z1, . . . , zn+1]
zIc // k[z1, . . . , zn+1]

zI // k[z1, . . . , zn+1] .
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2.1.17 Notation and conventions

We fix an algebraically closed coefficient field k of characteristic zero. Throughout this
chapter, we work with (usually pretriangulated) differential Z/2-graded categories, which
we refer to as Z/2-dg categories. Appropriate homotopical contexts for pretriangulated dg
categories have been described in [Toë07] (with an adaptation of this theory to the Z/2-
graded case available for instance in [Dyc11], Section 5.1) and [Lur09, Lur] (as Hk-linear
stable (∞, 1)-categories).

We will denote by Z/2 -dgstk the category of k-linear pretriangulated Z/2-dg categories,
in any of the equivalent homotopical contexts just mentioned. One object of Z/2 -dgstk we
will use often is the Z/2-dg category (Perfk)Z/2 of Z/2-dg k-modules with finite-dimensional
cohomology.

When discussing polyhedral cell complexes in this chapter, the word “face” will mean a
general face (of any dimension), while “facet” will always refer to codimension 1 faces only.
Facets of the permutohedron Pn are all of the form Pk−1×Pn−k (where P0 = {pt}, and we
will refer to facets of the form Pn−1 ×P0 = Pn−1 as maximal facets of Pn.

In the table below we collect for the reader’s convenience some of the nonstandard or
frequently used notations used in this chapter, in order of appearance.

T n+1 (n+ 1)-dimensional complex torus
Wn+1 The map T n+1 → Gm given by (z1, . . . , zn+1) 7→

∏
zi

Tn Ker(Wn+1)
Pn n-permutohedron
FI Face of Pn corresponding to I ⊂ [n+ 1]
Λn Weight lattice of the torus Tn

W̃n Affine Weyl group Λn o Σn+1

Qinf
n−1 Infinitesimally wrapped combinatorial A-model category

Qwr
n−1 Partially wrapped combinatorial A-model category

δF,ξ Skyscraper along facet F in normal direction ξ
BP,J Rank-one brane along ∂{P +

∑
j∈J njλj | nj ∈ N}

Oin Structure sheaf of {zi = 0} in Coh(Spec k[z1, . . . , zn+1]/(z1 . . . zn+1))
Oin Image of Oin under the quotient Coh→ Coh/Perf

2.2 Combinatorial A-model

2.2.1 Permutohedron

Let T n+1 = (Gm)n+1 be the (n+1)-dimensional torus, and Wn+1 : T n+1 → Gm the character
defined by Wn+1(z1, . . . , zn+1) = z1 · · · zn+1. We will denote by Tn the kernel of Wn+1, so that
we have a short exact sequence of tori

1 // Tn � � // T n+1 Wn+1 // // Gm
// 1.
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Let χ∗(T n+1) = Hom(T n+1,Gm) ' Zn+1 denote the weight lattice of T n+1, and let
λ1, . . . , λn+1 denote its standard coordinate basis. The above short exact sequence of tori
induces a short exact sequence of weight lattices, giving the presentation

χ∗(Tn) ' Zn+1/Z〈
∑n+1

a=1 λa〉

Throughout this chapter, we will set

Λn := χ∗(Tn); Vn := Λn ⊗ R.

We will abuse notation and write λ1, . . . , λn+1 also for their images in Λn and Vn.
The symmetric group Σn+1 naturally acts on Zn+1 by permutations, and the action

descends to the quotient Λn and further to Vn.

Definition 2.2.2. The n-permutohedron Pn ⊂ Vn is the convex hull

Pn = conv{σ ·
(

1
n+1

∑n+1
a=1 aλa

)
∈ Vn | σ ∈ Σn+1}.

of the Σn+1-orbit of the point 1
n+1

∑n+1
a=1 aλa ∈ Vn.

Remark 2.2.3. The above definition of the permutohedron presents it as a convex poly-
tope in the n-dimensional quotient space Vn of Rn+1. This disagrees with the more typical
definition as the convex polytope

P′n = conv{σn+1 · (1, . . . , n+ 1) ∈ (Rn+1)∗ | σ ∈ Σn+1}

in the n-dimensional affine subspace

{(x1, . . . , xn+1) ∈ (Rn+1)∗ |
∑n+1

a=1 xa = n(n+ 1)/2}

We have chosen our convention with mirror symmetry in mind; in particular, we prefer
a permutohedron which is translated in a natural way by the weight lattice Λn = χ∗(Tn)
rather than the coweight lattice of Tn.

Our definition agrees with the usual one, up to a duality: after translating P′n by
(−n

2
, . . . , −n

2
), the identification of Rn+1 with its dual space coming from the standard basis

of Rn+1 sends P′n to Pn.

Example 2.2.4. The 1-permutohedron P1 is a line segment; the 2-permutohedron P2 is
a hexagon; the 3-permutohedron P3 is a truncated octahedron, with faces consisting of 8
hexagons and 6 squares. For n ≥ 3, the permutohedron Pn is not a regular polyhedron.

By construction, the symmetric group Σn+1 acts transitively on the vertices of the per-
mutohedron. To organize the combinatorics of this action, we will find it useful to record
here some alternate descriptions and helpful facts about the permutohedron.
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λ1

λ2

λ3

Figure 2.2: The 3-permutohedron P3 and three generators of Λ3. The fourth generator
points directly into the central hexagon.

Cayley graph description

We first cite from [GG77] a description of the permutohedron as a Cayley graph of Σn+1.
Recall that the inversions in the symmetric group Σn+1 are the transpositions of the form
(i i+ 1) for some 1 ≤ i < n+ 1.

Lemma 2.2.5 ([GG77, Theorem 1]). The 1-skeleton of the permutohedron Pn is the Cayley
graph of Σn+1 on the generators the inversions in Σn+1.

This description depends in particular on the choice of a vertex of the permutohedron to
correspond to the identity of Σn+1; this vertex will subsequently be denoted (1). Since Σn+1

acts transitively on the vertices of the permutohedron, a description of the permutohedron
near any vertex is sufficient to understand its global structure.

From the Cayley graph perspective, we see that k-faces incident to a given vertex of
Pn correspond precisely to those subgroups of Σn+1 generated by k inversions. Call the
inversions (i i + 1) and (i + 1 i + 2) adjacent. Then if I ⊂ {(1 2), (2 3), . . . , (n n + 1)} is
some subset of inversions and we decompose I =

∐
i Ii into its maximal subsets of adjacent

inversions and set ni = #Ii, then the (
∑

i ni)-dimensional face of Pn corresponding to I is
of the form

∏
iPni . In other words:

Corollary 2.2.6. The faces (in every dimension) of the permutohedron Pn are products of
lower-dimensional permutohedra.

We can analyze the description above in more detail to attain information about k-faces
of Pn for all k; in particular we will be interested in the facets. A facet incident on the
vertex (1) is determined by a choice of n − 1 inversions, and hence the set of such facets is
{Pn−k ×Pk−1}k=1,...,n. The polyhedron Pn−k ×Pk−1 has k!(n− k+ 1)! vertices, so the total

number of such facets in Pn is (n+1)!
k!(n−k+1)!

=
(
n+1
k

)
. Adding all of these up, we find that the

total number of facets is
∑n

k=1

(
n+1
k

)
= 2n+1 − 2.

Thus the facets of Pn are in bijection with proper, nonempty subsets of {1, . . . , n}. In
order to transfer the above analysis to the coordinate description of Pn, it will be helpful to
write this bijection in an explicit way.
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Lemma 2.2.7. Let S ⊂ {1, . . . , n + 1} be a proper, nonempty subset. Define a subset FS
of the vertices of Pn by declaring that the vertex σ · ( 1

n+1

∑n+1
a=1 aλa) is in FS if and only if

σ(i) < σ(j) for all pairs (i ∈ S, j /∈ S). Then the map S 7→ FS is a bijection between proper
nonempty subsets of {1, . . . , n+ 1} and facets of Pn.

Proof. Start by analyzing the facets incident on the vertex v =
∑n+1

a=1 aλa, which we can
treat as the vertex (1) in the Cayley graph. We already have an explicit description for
these facets: they correspond to (n − 1)-element subsets R ⊂ {(1 2), . . . , (n n + 1)}. We
claim that the facet corresponding to the subset R which is missing (i i + 1) has vertex
set FS, for S = {1, . . . , i}. Indeed, the facet corresponding to R is the orbit of v under
Σi × Σn−i+1 ⊂ Σn+1, which is precisely FS.

To extend this result to all the facets of the permutohedron, we note that the action of
Σn+1 on {1, . . . , n + 1} induces an action on the set of all proper, nonempty subsets of this
set. Similarly, the action of Σn+1 on the set of vertices of Pn induces an action on the set
of facets, and the correspondence S 7→ FS is equivariant for these actions (since ultimately
both are induced in the same way from the permutation representation of Σn+1). Thus, the
check we performed at a single vertex is sufficient to prove that S 7→ FS is a bijection on the
set of all facets of Pn.

Definition 2.2.8. The facets of Pn which are of the form Pn−1 will be called the maximal
facets of the permutohedron Pn. Under the above bijection, they correspond to subsets
I ⊂ {1, . . . , n+ 1} which have either 1 or n elements.

Minkowski sum description

The other useful description which Pn admits is as a Minkowski sum of line segments. Recall
that the Minkowski sum of two subsets A and B of Rn is

A+B := {a+ b | a ∈ A, b ∈ B}.

Let λ1, . . . , λn+1 be the standard basis vectors of Rn+1. Then we have the following description
of Pn:

Lemma 2.2.9. The n-permutohedron Pn can be represented as the Minkowski sum∑
1≤i<j≤n+1[

λi−λj
2(n+1)

,
λj−λi
2(n+1)

],

where [a, b] denotes the set {ta+ (1− t)b | 0 ≤ t ≤ 1}, for a, b ∈ Vn.

Proof. By construction, the set of vertices of the permutohedron is contained in the Minkowski
sum ∑

1≤i<j≤n+1

{
λi − λj
2(n+ 1)

,
λj − λi
2(n+ 1)

}
of two-element sets, and it is a general fact that the convex hull conv(A+B) of a Minkowski
sum A+B is equal to the Minkowski sum conv(A) + conv(B).
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A Minkowski sum of line segments is also known as a zonotope. As a cube is also a
Minkowski sum of line segments, a zonotope can also be understood as the projection of a
cube under an affine transformation. Hence, for instance, Pn is an affine projection of the(
n+1

2

)
-dimensional cube. Zonotopes have many nice properties, and the zonotopal perspective

is often helpful for inductively describing the geometry of Pn; many of the combinatorial
arguments which we made above could have proceeded in the language of zonotopes.

Voronoi cell description

In fact, Pn is a special kind of zonotope. Recall that every rank n lattice Λ ⊂ Rn has an
associated Voronoi tiling, a tiling of Rn symmetric under translation by Λ: for every lattice
point x ∈ Λ, there is a Voronoi cell Rx centered at x, where we define

Rx := {y ∈ Rn | |y − x| < |y − x′| for all x 6= x′ ∈ Λ}.

The vector space Vn is a quotient of Rn+1 and hence a subspace of its dual (Rn+1)∗, from
which it inherits the standard metric (coming from the dual basis to λ1, . . . , λn+1). With
respect to this metric, permutohedra are Voronoi cells:

Lemma 2.2.10 ([CS87]). The n-permutohedron Pn is a Voronoi cell for the rank n lattice
Λn ⊂ Vn.

Let W̃n denote the semidirect product ΛnoΣn+1. Then we have the following corollary:

Corollary 2.2.11. Λn-translates of Pn provide a tessellation of Vn preserved by the natural
W̃n-action.

This means in particular that for every facet F of Pn, there is a vector v ∈ Λn such
that 1

2
v is the center of F . Recall that earlier we exhibited a bijection between facets of Pn

and nonempty proper subsets I ⊂ {1, . . . , n + 1}. Now we see another way to understand
this bijection: let λI =

∑
i∈I λi. Then Λn is the N-span of {λI}∅(I([n+1]. The Voronoi cells

adjacent to the cell at the origin are those cells which are centered at points of the form
λI . This gives a correspondence between facets of Pn and nonempty proper subsets I of
[n + 1], associating to I the facet FI through which λI points. Moreover, if we write Ic for
the complement of I in [n− 1] (also nonempty and proper because I is), then λIc = −λI , so
FIc is the face opposite to FI .

2.2.12 Honeycomb

We are now ready to introduce the main object of study in this chapter.

Definition 2.2.13. Let ∂Pn ⊂ Vn denote the boundary of the n-permutohedron.
The (n−1)-honeycomb Hn−1 ⊂ Vn is the piecewise linear hypersurface given by the union

of translates
Hn−1 = ∂Pn + Λn
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We will describe the singularities of Hn−1 in the language of [Nada], which introduced a
special class of Legendrian singularities, called arboreal singularities ; these are conjecturally
the deformation-stable Legendrian singularities, and the category of microlocal sheaves along
an arboreal singularity admits a simple description as modules over an acyclic quiver. In
[Nadb], it was shown that any Legendrian singularity admits a deformation to an arboreal
singularity which preserves the category of microlocal sheaves along the singularity. Thus
the study of microlocal sheaves along any Lagrangian in a symplectic manifold is reduced to
a two-step process: first, deform the Lagrangian so that each singularity is the cone on some
arboreal singularity, then glue the corresponding categories together.

In the case of the honeycomb (when, in section 4, we describe its appearance as a Wein-
stein skeleton), the first step is unnecessary, since, as we will see, all the singularities of the
honeycomb are already arboreal. In fact, in the language of [Nada], all its singularities are
arboreal singularities of type Ak for some k; this arboreal singularity is homeomorphic to the
cone on the (k−2) skeleton of the k-simplex ∆k. This structure makes it possible to describe
the symplectic geometry of the honeycomb by means of the combinatorial constructions in
this section.

Below we describe the singularities of the honeycomb Hn−1 and show that they are all
stratified homeomorphic to An arboreal singularities; later, when we present the honeycomb
as a Lagrangian skeleton for the pair of pants, we will see that the singularities of this
Lagrangian actually have the symplectic geometry of An arboreal singularities.

Let ∆k ⊂ Rk+1 be a k-simplex with barycenter at the origin, and let skk−2∆k ⊂ Rk+1

denote its (k − 2)-skeleton. For A ⊂ Rk+1, we denote by Cone(A) the cone R≥0 · A ⊂ Rk+1

given by scalings of A (with cone point at the origin).

Definition 2.2.14. For k > 0, the topological Ak-hypersurface singularity is given by

LAk = Cone(skk−2∆k) ⊂ Rk+1.

This will be our topological model for the Legendrian arboreal singularity LAn ; we will
return to the symplectic geometry of this singularity in the proof of Proposition 2.4.11. Since
so far Hn−1 is only a topological space, we will describe its singularities for now in terms of
the topological singularity LAk .

Definition 2.2.15. Define the stratified space Hn−1 to be the space Hn−1 equipped with
the stratification by relatively open faces. In other words, the strata of Hn−1 are indexed by
faces F , and the stratum SF corresponding to the face F is just the face F , not including
any lower-dimensional faces incident on F .

Now we can describe precisely the singularities of the honeycomb:

Proposition 2.2.16. If p ∈ Hn−1 is a point in an (n − k)-dimensional stratum of the
honeycomb, then a neighborhood of p in Hn−1 is homeomorphic to LAk × Rn−k.
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Proof. Suppose first that p is in the 0-dimensional stratum of Hn−1, i.e., p is a vertex in
the honeycomb. In this case the proposition claims that in a small neighborhood B of
p, the complement B◦ := B \ {p} is homeomorphic to R>0 × skn−2∆n. As a simplicial
complex, skn−2∆n is determined by its face poset, which is the poset of nonempty subsets
of [n+ 1] := {0, 1, . . . , n} containing at most n− 1 elements.

Let ε > 0 such that the radius ε sphere Sε centered at p is contained in B, and let
Blink be the intersection of B◦ with Sε. Then positive dilation gives a homeomorphism
R>0 × Blink

∼= B◦. Hence we need to prove that Blink admits the structure of a regular cell
complex with face poset isomorphic to the poset of nonempty subsets of [n + 1] containing
at most n− 1 elements.

We claim first that in the honeycomb, the vertex p is incident on n + 1 edges. To see
this, we recall the Cayley graph description of Pn: A vertex v in Pn is incident on n edges,
and the n Λn-translates of Pn which contain v correspond to the n facets in Pn containing
v, which correspond in turn to the n choices of n − 1 edges in Pn which contain v. A copy
of Pn which contains v is determined by n edges containing v, so each translate incident
on v contains exactly one new edge which contains v. In fact, this edge is the same for all
translates: otherwise, translations would produce at least two new edges containing v, but
no translate could contain both of these, contradicting the fact that translates of Pn tile
space.

Now by symmetry we can conclude that for 1 ≤ k ≤ n − 1, any choice of k edges
containing p determines a k-face containing p in some translate of ∂Pn, and these are all the
faces containing p. In other words, there is a bijection

{k-faces in Hn−1 containing p} ∼= {k-element subsets of [n+ 1]},

and incidence relations among these are given by the natural poset structure on the set of
subsets of [n+ 1].

Thus we have established the proposition in the case where p is in a 0-dimensional
stratum. We can derive the case where p is in a k-dimensional stratum by starting with p′ a
vertex contained in a small neighborhood B′, and then restricting B′ to a ball B which does
not contain any strata of dimension less than k. In the analysis above, this corresponds to
restricting to a subposet of the set of subsets of [n + 1], which we can identify as the face
poset of skn−k−2∆n−k.

The proof above actually establishes more than an abstract description of the singularities
of the honeycomb Hn−1: it also explains the inductive way in which they are embedded in
one another. Note that the Ak singularity LAk = Cone(skk−2∆k) contains k + 1 copies of
R×LAk−1

, each embedded as the cone on a small neighborhood of a vertex in skk−2∆k. Since
the description we gave above respects all of these identifications, we can elaborate on the
above proposition:

Corollary 2.2.17. For 0 ≤ k ≤ n−2, let α be a k-face in Hn−1 incident on a (k+1)-face β.
Then the singularity LAn−k×Rk lying along β is one of the n−k+1 copies of LAn−k−1

×Rk+1

embedded as described above in the singularity LAn−k × Rk lying along α.
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2.2.18 Cyclic structure sheaf

From the above description we see that the only data needed around a point in Hn−1 to
determine its singularity type is the number of permutohedra in the tiling of Vn which
contain that point. We will encode that data, along with the data of relations among these
singularities, in a cosheaf on Hn−1, from which we will subsequently produce a combinatorial
model for the A-model category associated to Hn−1.

Definition 2.2.19. Define the cosheaf of finite sets On−1 over the honeycomb Hn−1 to be
the connected components of the complement

On−1(B) = π0(B \ (B ∩ Hn−1))

for small open balls B ⊂ Vn centered at points of Hn−1. For inclusions ι : B′ ↪→ B, the
corresponding corestriction map is the map induced on π0 by ι.

Because the cosheaf On−1 is constructible with respect to a stratification of Hn−1 as a
regular cell complex, the cosheaf On−1 can be equivalently described as a contravariant func-
tor from the exit-path category P (Hn−1) associated to the stratified space Hn−1. (Likewise,
a constructible sheaf on Hn−1 is a covariant functor from P (Hn−1).) The category P (Hn−1)
is equivalent to the poset which has one point α for each stratum Sα in Hn−1, and one arrow
α→ β for every relation Sα ⊂ S̄β.

For each α ∈ P (Hn−1), pick a ball Uα such that Uα ∩ S̄α = Sα, and Uα ∩ Sβ = ∅ for α, β
incomparable in P (Hn−1). Then we can define On−1 as the functor

On−1 : P (Hn−1)op → Sets, On−1(α) = π0(Uα \ (Uα ∩ Hn−1)),

where the map π0(Uβ \ (Uβ ∩Hn−1))→ π0(Uα \ (Uα∩Hn−1)) induced by the incidence α→ β
is defined through the inclusions

Uα \ (Uα ∩ Hn−1) Uα ∩ Uβ \ (Uα ∩ Uβ ∩ Hn−1)? _oo � � ∼ // Uβ \ (Uβ ∩ Hn−1),

using that the second is a homotopy equivalence.
Recall the cyclic category Λ of finite cyclically ordered nonempty sets: its objects are

finite subsets S ⊂ S1, and morphisms S → S ′ are given by homotopy classes of degree 1
maps ϕ : S1 → S1 such that ϕ(S) ⊂ S ′. We would like to lift On−1 to Λ; in other words, we
want to express On−1 as the composition of the forgetful functor Λ → Sets with a functor
Õn−1 : P (Hn−1) → Λ. Such a lift is the same as a choice of cyclic ordering on every set
On−1(α).

Moreover, we want this lift to respect the W̃n symmetry of Hn−1. The W̃n symmetry of

the honeycomb Hn−1 induces a W̃n action on P (Hn−1), and for α ∈ P (Hn−1), this symmetry

also induces an action of W̃n on the set π0(Bα \ (Bα ∩ Hn−1)). This action does not affect
the set itself but will alter the cyclic ordering if this set is endowed with one. Hence the
condition of W̃n-equivariance places extra requirements on the structure of Õn−1.



22

Lemma 2.2.20. There are n! possible W̃n-equivariant choices of lift Õn−1, each determined
by a choice of cyclic ordering on On−1(α), where α corresponds to any vertex in Hn−1.

Proof. Suppose we have chosen a cyclic ordering on On−1(α) as in the lemma. For α → β,
the inclusion On−1(β) ↪→ On−1(α) determines a cyclic ordering on all On−1(β). Conversely,
if α′ ∈ P (Hn−1) also corresponds to a 0-dimensional stratum in Hn−1, then the action of

W̃n transfers the cyclic ordering on On−1(α) to On−1(α′) and hence also determines a cyclic
order on all β with α′ → β. We have to show that for any incidence relation of the form

α // β α′oo

in P (Hn−1), both of the above methods of determining a cyclic order on On−1(β) coincide.

In other words, if σ ∈ W̃n is any element taking α to α′ and taking β to itself, then we must
show that σ acts as the trivial permutation on On−1(β). Since the affine Weyl group W̃n is
generated by reflections through root hyperplanes, we may assume σ is a reflection through
a root hyperplane. Any intersection of such a hyperplane with a face of a Voronoi cell for
the lattice Λn is transverse. Thus, if σ · β = β, then σ is reflection through a hyperplane
intersecting every connected component in On−1(β) and hence acts as the trivial permutation
on On−1(β).

Now we fix a cyclic order at vertices as follows: at a vertex α, elements of the set On−1(α)
can be identified with the n+1 copies of the permutohedron which contain α. We endow this
set of permutohedra with the cyclic order [P0, . . . , Pn] such that (taking indices cyclically

modulo n+1) we have Pi = Pi−1 +λi. Since we have w ·Pi = w ·Pi−1 +w ·λi for any w ∈ W̃n,
this gives a consistent choice of cyclic structure at all vertices.

λ1 λ2

λ3

Figure 2.3: The cyclic order at a vertex in H1

Definition 2.2.21. We define the functor

Õn−1 : P (Hn−1)op → Λ

by using this cyclic order to lift the cosheaf of sets defined above to a cosheaf of cyclic sets:

Õn−1(α) = π0(Bα \ (Bα ∩ Hn−1)),
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where Õn−1(α) is given the cyclic order described in the previous paragraph. This functor
factors through the non-full subcategory Λinj of cyclic sets and injective morphisms, and we

will denote the resulting functor P (Hn−1)op → Λinj also by Õn−1.

2.2.22 Quantization

The cyclic cosheaf Õn−1 encodes the data of all the singularities of Hn−1, our combinatorial
model for a skeleton of the pair of pants. Following the procedure described in [Nad15], we
can produce from this cosheaf a sheaf (respectively, cosheaf) on Hn−1 whose global sections
are a dg category modeling the infinitesimally wrapped (respectively, partially wrapped)
Fukaya category of branes running along the skeleton Hn−1. This procedure is analogous
to the constructions of topological Fukaya categories described in [DK13, HKK], although
thanks to the arboreal singularities of our skeleton, the construction we describe here works
in arbitrary dimensions.

The key ingredient in our construction is a functor

Q : Λop
inj

// Z/2 -dgstk

which is described as Construction 2.2.23 below. First, for S = [s1, . . . , sn+1] a cyclic set
of n+ 1 elements, consider the Z/2-dg category (An -Perfk)Z/2, whose objects include the n
simple modules k1, . . . , kn and the shifted injective-projective In[1] = P1[1]. We will relabel
these objects s1, . . . , sn+1, respectively, and denote by 〈s1, . . . , sn+1〉 the full subcategory on
these objects. Let CS be the dg category of twisted complexes on 〈s1, . . . , sn+1〉:

CS := Tw〈s1, . . . , sn+1〉.

Since the category (An -Perfk)Z/2 is generated by simples si, the category CS is equivalent
to (An -Perfk)Z/2 but with a manifest cyclic symmetry: the category CS admits an action of
Z/(n+ 1)Z, whose generator takes si to si+1, indexed cyclically.

Construction 2.2.23 ([Nad15] Proposition 3.5). The functor

Q : Λop // Z/2 -dgstk

has value Q(S) = CS, and the map Q(i) : CS′ → CS induced by the inclusion i : S ↪→ S ′ is
the dg quotient of CS′ by the full subcategory on {si | si ∈ S ′ \ S}.

Remark 2.2.24. The functor described in [Nad15] actually has target in the category of (2-
periodic) A∞ categories and strict functors; the functor described here is a (Z/2)-dg model
of that one. (In fact, below we will describe two different Z/2-dg models of this functor.) See
also [DK13] for a more extensive discussion of this functor, modeled there using the category
of matrix factorizations of xn.
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Remark 2.2.25. The notational confusion of si ∈ S with si the element of CS in the lemma
above is meant to indicate that our set of distinguished generators of CS is indexed by the
cyclic set S. The cyclic sets we consider will in general be sets S = [P1, . . . , Pn+1] of adjacent
permutohedra as at the end of the previous section; in this case we will continue to denote
the generators of CS by s1, . . . , sn+1, with the understanding that si is indexed to Pi. We
will always understand the indexing of the si cyclically, so that, for instance, we may denote
sn+1 also by s0.

A choice of a linear order {s1 → · · · sn → sn+1} underlying the cyclic order on S picks
out an equivalence CS ∼= (An -Perfk)Z/2 sending si to the simple object ki for i = 1, . . . , n
and sending sn+1 to In[1] ∼= P1[1]. But since the cyclic set S does not have a distinguished
linear order, there is no distinguished equivalence CS ∼= (An -Perfk)Z/2 without making such
a choice.

To see a more explicit description of the maps CS′ → CS whichQ induces from an inclusion
S → S ′, note first that the category CS is generated by degree 1 morphisms αi : si → si+1.
(This corresponds in An+1 -Perfk to the degree 1 map of simple objects ki → ki+1 representing
the class of the nontrivial extension.) For |j − i| < n, we can form a complex sij from the
objects si, si+1, . . . , sj by taking successive extensions by the maps αi. We write this object
schematically as a complex

si,j := (si
αi // si+1

αi+1 // · · ·
αj−1 // sj) ,

where sj is placed in degree 0. Under the equivalence CS ∼= (An -Perfk)Z/2 which sends si to
k1, the object sij corresponds to the An-representation

k
∼ // k

∼ // · · · ∼ // k // 0 // · · · // 0

with j − i+ 1 nonzero terms.
Let ik be the inclusion {1, . . . , n + 1} \ {k} ↪→ {1, . . . , n + 1}. Then the map Q(ik) acts

as

Q(ik)(si,j) =


si,j i 6= k 6= j

si+1,j i = k

si,j−1 j = k.

Since any object in CS is a direct sum of the si,j and any inclusion S → S ′ can be written
as a composition of inclusions which miss one element, the above gives a complete description
of the behavior of the functor Q on the subcategory of Λop whose morphisms are injections
of cyclic sets.

It will also be useful to have one other description of the functor Q which will give us a
different way of thinking about the Fukaya category we describe below. Note that instead
of taking the pretriangulated closure of 〈s0, . . . , sn〉 by using twisted complexes, we could
equally well have used perfect modules: i.e., we have an equivalence

CS ∼= 〈s0, . . . , sn〉 -(Perfk)Z/2 := Funex(〈s0, . . . , sn〉op, (Perfk)Z/2).
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Since the category 〈s0, . . . , sn〉 is generated by the degree 1 maps αi, an object F in
〈s0, . . . , sn〉 -(Perfk)Z/2 is determined by the n + 1 objects F(si) of (Perfk)Z/2 and the n + 1
maps F(si)← F(si+1) : F(αi).

The n + 1 equivalences of this category with (An -Perfk)Z/2 come from cyclic reindexing
and then applying the equivalence

(〈s0, . . . , sn〉 -Perfk)Z/2 // (〈s1, . . . , sn〉 -Perfk)Z/2

given by forgetting F(s0) and the maps F(s0)← F(s1) and F(sn)← F(s0).
The functor Q is defined in this language by

(Q(ik))(F) =

[
si 7→

{
(F(sk−1)← F(sk)) i = k − 1 (mod n+ 1)

F(si) i 6= k − 1

]
.

Remark 2.2.26. We will see below that the two dg models for the functor Q, using twisted
complexes or using perfect modules, give two different ways of talking about the Fukaya
categories we construct. The constructions in this chapter will use the language of twisted
complexes, but the description using perfect modules can provide a useful perspective.

In addition to the functor Q, we would like to produce a covariant functor

Qwr : Λinj
// Z/2 -dgstk,

in order to produce a cosheaf of dg categories on Hn−1. For any object S in Λ, and for any
map i : S → S ′ in Λinj, we define

Qwr(S) := Q(S), Qwr(i) := Q(i)L : Qwr(S)→ Qwr(S ′),

where we write Q(i)L for the left adjoint to the map Q(i).

Definition 2.2.27. 1) Define the local wrapped and infinitesimal quantizations Qwrn−1 and

Qinfn−1 to be the respective compositions

Qwrn−1 = Qwr ◦ Õn−1 : P (Hn−1)op // Z/2 -dgstk,

Qinfn−1 = Q ◦ Õopn−1 : P (Hn−1) // Z/2 -dgstk

These are, respectively, a cosheaf and sheaf of Z/2-dg-categories on Hn−1 whose sections in a
small ball around a point in a k-face are equivalent to the Z/2-dg-category of representations
of the An−k quiver.

2) Define the global infinitesimal quantization Qinf
n−1 to be the global sections of the sheaf

Qn−1:

Qinf
n−1 = limP (Hn−1)Qn−1.
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Define the global wrapped quantization to be the idempotent-completion of the global sections
of the cosheaf Qwrn−1:

Qwr
n−1 = Idem

(
colimP (Hn−1)op Qwrn−1

)
.

These will be our respective models of the infinitesimal and (idempotent-completed)

wrapped Fukaya categories of the Zn cover P̃n−1 of the (n− 1)-dimensional pair of pants.

Remark 2.2.28. These categories inherit W̃n symmetries from the W̃n-action on the poset
Hn−1 (and the equivariance of the cyclic structure sheaf Õn−1). In particular, these categories

have an action by the normal subgroup Λn ⊂ W̃n of translations. We will denote the action
of a translation λ ∈ Λn on an object F by F〈λ〉, so that F〈λ〉(U) := F(U + λ), to match
with our notation on the B-side in the next section.

2.2.29 The quantization categories

We would like to describe more explicitly the categories Qinf
n−1 and Qwr

n−1. Since the category

Qinf
n−1 is presented as a limit, it is easier to understand: an object of Qinf

n−1 is specified by the

data of an object in the categories Qinfn−1(α) associated to each vertex α in Hn−1 and coherent

isomorphisms relating the results of restriction maps Qinfn−1(αi) → Qinfn−1(F ) associated to
pairs of inclusions α1, α2 ↪→ F̄ from faces α1, α2 into the closure of a higher-dimensional
face F . For F an object of Qinf

n−1 and α a face in the honeycomb Hn−1, we will denote by
Fα ∈ Qinf (α) the component of F placed at the face α.

There are two useful ways to understand this category, corresponding to the two descrip-
tions of Qinf (α) = CÕ(α), as perfect modules and as twisted complexes. We will begin with

the first perspective, which allows us to think of an object in Qinfn−1 as the data of an object
of (Perfk)Z/2 at each facet in Hn−1 along with maps among these at codimension 2 faces,
satisfying some conditions.

Let α be a vertex in Hn−1, which is contained in n + 1 cyclically ordered permutohedra
P0, . . . , Pn. Then an object F in Qinfn−1(α), understood as a category of perfect modules over
〈s0, . . . , sn〉, is a collection of n+ 1 objects F(si) and n+ 1 degree 1 maps F(si)← F(si+1).

Lemma 2.2.30. Let F be the facet separating the permutohedra Pi and Pj, and let F|F be

the restriction of F to Qinfn−1(F ) (along the inclusion α → F ). Then the perfect complex
F|F ∈ Funex(〈si, sj〉op, (Perfk)Z/2) is given by

F|F (si) = (F(si) · · ·oo F(sj−1))oo F|F (sj) = (F(sj) · · ·oo F(si−1)).oo

Proof. This follows directly from the definition of the functor Qinfn−1.

Let Fi be the facet containing α which separates the permutohedra Pi and Pi−1. Then
from the above lemma we understand that the object of (Perfk)Z/2 placed at Fi is just F(si),
and at the codimension 2 intersection of Fi and Fi+1 is the map F(si)← F(si+1).
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There is also a geometric way of understanding Qinfn−1(α) as a category of twisted com-

plexes, for a face α in Hn−1: each of the distinguished generators si of the category Qinfn−1(α),
which are indexed by permutohedra Pi containing α, corresponds to a brane in the Fukaya
category which locally near α runs along the interior of the permutohedron Pi; the complexes
si,j correspond to branes which cross over to different permutohedra at α.

The compatibility conditions mentioned in the approach using perfect modules corre-
spond in this perspective to a list of the possible configurations which a brane can take
locally at each face α. If α is a codimension r face, so that it is contained in r + 1 permu-
tohedra P0, . . . , Pr, then there are r(r+1)

2
possible such configurations, corresponding to the

objects si and si,j in the category Qinf (α).

Example 2.2.31 (n = 2). Let α be a vertex in H1, which is shared by three hexagons
P0, P1, P2. Then locally at α, there are three possible brane configurations s0, s1, s2 (up to
a shift, these are equivalent to s1,2, s2,0, and s0,1, respectively). These are illustrated in
Figure 2.4.

P0

P2

P1

s0 s1 s2

Figure 2.4: A vertex v in H1 and the brane configurations corresponding to the generating
objects s0, s1, s2 of Qinfn−1(v).

One basic class of objects in the category Qinf
n−1 are the “microlocal rank-one” objects:

these are the objects F such that for every facet α, the object Fα is equivalent in Qinf (α)
to either s0 or s1 (where these correspond to the two permutohedra separated by α; cf.
Remark 2.2.25). The microlocal rank-one objects in the Fukaya category perspective are
those objects which run along each facet in Hn−1 at most once.

Definition 2.2.32. Let P = {Pi}i∈I be a set of permutohedra involved in the tiling of
Vn. Then the boundary B = ∂(

⋃
i Pi) is a subset of Hn−1 which is a union of strata. (We

will occasionally denote B by ∂P .) A rank-one brane along ∂P is an object of Qinf
n−1 whose

support along each facet α in B is equivalent to s0, where s0 is the generator of Qinfn−1(α)
corresponding to the permutohedron in P containing α, and whose support along each facet
α not in B is zero. If such an object exists, it is necessarily unique, and we will denote it by
BP .
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Example 2.2.33. Let P = {P0} be a single permutohedron P0. Then the object BP exists:
for any face α in Hn−1, its support (BP)α ∈ Qinfn−1(α) is given by

(BP)α =

{
s0 α ∈ ∂P0

0 α /∈ ∂P0.

This object, which under the mirror symmetry equivalence presented later in this chapter
will map to the skyscraper sheaf at the origin of An+1, corresponds in the Fukaya category
side to the immersed sphere whose endomorphisms were calculated by Sheridan in [She11].

Example 2.2.34. Let n = 3. The 3-permutohedron is the truncated octahedron, which has
both hexagon and square facets. Let P = {P0, P0 + λ1 + λ2} be a set of two permutohedra
which share a single square facet. Then there does not exist a rank-one brane along ∂P .

The second example above shows that we need to institute an additional condition on the
set P in order to guarantee the existence of a rank-one brane along ∂P. One such condition,
which will be sufficient for our purposes, is given in the lemma below.

Recall that for every face α of a permutohedron, we have a cyclic set Õ(α) of all permu-
tohedra containing α.

Lemma 2.2.35. For P a set of permutohedra, write ÕP(α) ⊂ Õ(α) for the the subset of

permutohedra in Õ(α) which are contained in P. If the subset ÕP(α) ⊂ Õ(α) is connected

in the cyclic order on Õ(α) for every face α in ∂P , then the rank-one brane BP along ∂P
exists.

Proof. We can define the object BP as follows: at any face α not in ∂P , we set (BP)α = 0. At

any face α in ∂P , denote the cyclic set Õ(α) of permutohedra containing α by [P0, . . . , Pr],

and let [Pi, Pi+1, . . . , Pj] denote the cyclic subset ÕP(α) of permutohedra contained in P .

By assumption, this set is connected in the cyclic order on Õ(α), and hence in Qinfn−1(α) we
can define the complex

si,j := (si // si+1
// · · · // sj) ,

and we set (BP)α = si,j.

We would like to give a similarly explicit description of the category Qwr
n−1, but the

definition above is not well-suited to describing objects of this category, for the reason that
colimits of dg categories are more difficult to present than limits are. In order to understand
this colimit, we cite from [Gai] the following useful trick, originally due to Jacob Lurie:

Lemma 2.2.36 ([Gai, Lemma 1.3.3]). Let P be a category and F : P op → StLk a functor to
the category of cocomplete k-linear dg categories and continuous functors. Let G : P → Stk
be a functor to the category of cocomplete k-linear dg categories which agrees with F on
objects and such that G(α→ β) is right adjoint to F (α→ β). Then there is an equivalence
colimP op F ∼= limP G.
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By construction,Qinfn−1 : P (Hn−1)→ Z/2 -dgstk agrees withQwrn−1 on objects andQinfn−1(α→
β) is right adjoint to Qwrn−1(α → β), so we are almost in the situation in the lemma. How-

ever, the functors Qinfn−1 and Qwrn−1 as defined have codomain all dg categories and not just
cocomplete dg categories. We can rectify this by passing to Ind-completions.

Let Q♦ be the functor defined the same way as the functor Q, except that its values on
objects are equivalent to (An -Modk)Z/2 instead of (An -Perfk)Z/2; that is, we allow complexes
of any dimension, with no restriction to perfect complexes. Following the procedure by which
we defined Qinf

n−1, we produce in the same way a category Q♦
n−1, which is similar to Qinf

n−1 but
allows infinite-rank stalks along facets. We are now in a position to apply the above lemma.

Corollary 2.2.37. The category Qwrn−1 is equivalent to the category of compact objects in
Q♦
n−1.

Proof. The functors Ind ◦Qwrn−1 and Ind ◦Qinfn−1 = Q♦
n−1 satisfy the conditions of the above

lemma, which thus provides an equivalence colimP (Hn−1)op(Ind ◦Qwrn−1) ∼= Q♦
n−1 between their

respective colimit and limit. Passing to the full subcategory of compact objects on each side
turns this into an equivalence(

colimP (Hn−1)op(Ind ◦Qwrn−1)
)cpt ∼= (Q♦

n−1)cpt.

Since the Ind-completion commutes with the colimit, the left-hand side of this equivalence
is
(
Ind(colimP (Hn−1)op Qwrn−1)

)cpt
, which is just the idempotent-completion of the category

colimP (Hn−1)op Qwrn−1. By definition, this latter category is Qwr
n−1.

We can use the above lemma to give an explicit description of the generators of Qwrn−1.
For F a facet in Hn−1 and ξ a choice of normal direction to F , consider the map

φF,ξ : Q♦
n−1

// Q♦
n−1(F )

ξ

∼
// (Modk)Z/2

which takes an object of Q♦
n−1 to the object of the category Q♦

n−1(F ) (which ξ identifies with
(Modk)Z/2) which is placed at the facet F of Hn−1. If ξ± are the two choices of normal to
F , then the resulting functors agree up to a shift: φF,ξ+ = φF,ξ− [1]. (Note that a choice of
ξ is equivalent to a choice of one of the two permutohedra containing the facet F. If P is a
choice of one of these permutohedra, we will occasionally denote the corresponding functor
by φF,P .)

Since the functor φF,ξ preserves products, it admits a left adjoint φ`F,ξ : Modk → Q♦
n−1,

and since it preserves coproducts, φ`F,ξ preserves compact objects. Hence, if we define δF,ξ
to be φ`F,ξ(k), then δF,ξ is an object of Qwr

n−1 which by construction corepresents the functor
φF,ξ.

Definition 2.2.38. For F a facet in Hn−1, the functor φF,ξ is a stalk functor along F . The
object δF,ξ in Qwr

n−1 corepresenting φF,ξ is a skyscraper along F .
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It will be useful to restrict our attention to the maximal facets in the honeycomb Hn−1.
Recall that the facets of the permutohedron Pn are of the form Pn−k × Pk for k = 1, . . . , n,
and that we call “maximal facets” the facets of the form Pn−1. Equivalently, these are the
facets which are shared by a pair of permutohedra P and P+λi for some i. In the description
of Qinf

n−1 using perfect modules, if an object Fv : 〈s0, . . . , sn〉op → (Perfk)Z/2 is placed at a
vertex v, then F(si) are its stalks along the n+ 1 maximal facets containing v. We can use
this to establish the following lemma:

Lemma 2.2.39. The category Qwr
n−1 is generated by the set {δF,ξ} of skyscrapers along max-

imal facets of Hn−1.

Proof. An object of Q♦
n−1 is zero if and only if its stalks along all maximal facets F are

zero, which shows that the set of skyscrapers generates Q♦
n−1. Since the category Q♦

n−1 is the
Ind-completion of its compact objects Qwr

n−1, the skyscrapers generate Qwr
n−1.

Remark 2.2.40. For a non-simply-connected symplectic manifold, the category of wrapped
microlocal sheaves (modeled here by Qwr) lacks the necessary finiteness conditions to embed
into the category of infinitesimally wrapped microlocal sheaves (modeled by Qinf ); instead,
both are contained inside a larger category Q♦. However, passing from Hn−1/Λn to its cov-
ering space Hn−1 unwraps branes: consider for instance the toy case R → S1, in which a
brane wrapping S1 countably many times might run only once along the universal cover.
We might thus expect that the objects in Q♦ which corepresent stalk functors have sufficient
finiteness to live inside Qinf

n−1. This turns out to be the case, as we will see below.

The following collection of objects of Qinf
n−1 will play an important rôle in the proof of the

main mirror symmetry equivalence of this chapter.

Definition 2.2.41. Let P be a permutohedron in Vn, and let J ( {1, . . . , n+1} be a proper
subset. Set P = {P +

∑
j∈J njλj | nj ∈ N}. The hypothesis of Lemma 2.2.35 is satisfied, so

this choice of P defines a rank-one brane BP , which we will denote by BP,J .

The object BP,∅ is the brane wrapping a single permutohedron, discussed in Exam-
ple 2.2.33 above. At the opposite extreme, in the case where J = {i}c = {1, . . . , n+ 1} \ {i},
we get a skyscraper:

Proposition 2.2.42. Let P be a permutohedron in Vn and let Fi be the facet separating P
from P + λi. Then the rank-one object BP,{i}c defined above is the skyscraper δFi,P .

Proof. Let P be as in the definition of BP,{i}c . As usual we will denote by B the boundary
B = ∂(

⋃
P∈P P ). To show that the object BP is isomorphic to the skyscraper δFi,P , we need

to define an equivalence

HomQinfn−1
(BP ,G) ∼ // HomQinfn−1

(δFi,P ,G) ∼= φFi,P (G)

which is natural in G.
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Figure 2.5: The support (in bold) of the skyscraper δF,P = BP,{2,3} along the edge F.

If we define a functor

h : P (Hn−1) // (Perfk)Z/2, α � h // HomQ(α)((BP)α,Gα),

then we have an equivalence

HomQinfn−1
(BP ,G) ∼= limP (Hn−1) h,

so it would be enough to show that this limit is naturally equivalent to φFi,P (G). We will
calculate this limit by making a series of simplifications until we arrive at the desired result.
Heuristically, we will see that after restricting to the support of B, the calculation we want
can be understood in a category of representations of a certain acyclic quiver.

First, let P (B) ⊂ P (Hn−1) be the full subposet on faces contained in B. Note that
h(β) = 0 for any β /∈ P (B), and there are no maps β → α for α ∈ P (B), β /∈ P (B). Hence
the natural map

limP (Hn−1) h // limP (B) h,

is an equivalence.
But this latter limit is just the Hom space

limP (B) h ∼= HomlimP (B)Q
inf
n−1

(BP |P (B),G|P (B))

of the objects BP and G after restriction to the category limP (B)Qinfn−1, so we need to compute
this latter category, which is equivalent to the category of modules over a certain quiver with
relations (QB, RB).

Let QB be the quiver with one vertex for every facet in B and one arrow for every
codimension 2 face in B, with the direction of the arrows determined as in the description
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of Qinf
n−1 by perfect modules. For k > 2, the two paths around each codimension k face form

a non-oriented k-cycle, and we add to RB the relation that these two paths commute.
Then limP (B)Qinfn−1 is equivalent to the category of modules over the quiver QB with

relations RB. The quiver representation corresponding to an object F in limP (B)Qinfn−1 has
at the vertex of QB corresponding to the facet α the perfect complex φα,ξ(F), where ξ is the
normal direction along α which points into P and φα,ξ is the corresponding stalk functor.

The quiver QB is a connected quiver with an initial vertex, corresponding to the facet
Fi; it has no oriented cycles, and any two paths with the same start and endpoint are forced
by a relation in RB to agree. By construction, the object BP is mapped by this equivalence
to the quiver representation with k placed at every vertex, and every map an isomorphism.
This object corepresents the functional on (QB, RB)-mod sending a quiver representation to
the object of (Perfk)Z/2 placed at the initial vertex. Hence we have an isomorphism

Hom(QB -Perfk)Z/2(BP |P (B),G|P (B)) ∼= φFi,P (G).

Composing all of the above equivalences, we conclude that the object BP corepresents
the stalk functor φFi,P , as claimed.

We will also need the following fact about the objects BP,J , which expresses how they
can be built out of one another:

Lemma 2.2.43. Let P be a permutohedron in Vn, let J ′ ⊂ {1, . . . , n+ 1} be a proper subset,
and suppose that J ′ = J \ {i} for some i and some proper subset J ⊂ {1, . . . , n + 1}. Then
in Qinf

n−1 there exists a map xi : BP,J → BP,J〈λi〉 and an isomorphism of complexes

BP,J ′ ∼= (BP,J〈−λi〉
xi // BP,J).

Proof. The definition of the map xi is clear in the case where J = {1, . . . , n + 1} \ {j} for
some j. In this case we want to exhibit a map xi : δFj ,P 〈−λi〉 → δFj ,P . But since the domain
corepresents the stalk functor along the facet Fj + λi and we know that the codomain is
rank-one along this facet, there is a one-dimensional space of maps between these two, so
such an xi exists. Moreover, from the definition of these two objects as the rank-one branes
BP+λi,J and BP,J , we see that the cone on this map is the rank-one brane BP,J\{i}.

To produce the maps on the objects BP,J for other J , we just need to note that the maps
xi commute, i.e., that the squares

δFj ,P 〈−λi − λk〉
xk //

xi
��

δFj ,P 〈−λi〉

xi

��
δFj ,P 〈−λk〉 xk

// δFi,P

are commutative. Hence we can read this square as a map of complexes in two different
ways: either vertically, as the map

xi : BP,{j,k}c〈−λi〉 → BP,{j,k}c
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or horizontally, as the map

xk : BP,{j,i}c〈−λk〉 → BP,{j,i}c .

We can produce all the maps xi by iterating this procedure, and they manifestly satisfy the
relations described in the lemma.

2.3 Mirror symmetry

2.3.1 Landau-Ginzburg B-model

Here we recall from [Nadc] the structure of the B-brane category associated to the Landau-
Ginzburg B-model with background An+1 and superpotential Wn+1 = z1 · · · zn+1.

Matrix factorizations

Consider the background M = SpecA, with A = k[z1, . . . , zn+1], and a superpotential W ∈ A
such that 0 ∈ A1 is its only possible critical value.

We will denote by X the special fiber W−1(0) = Spec(A/(W )).
Let Perf(X) be the dg category of perfect complexes on X, and Coh(X) the dg category

of bounded coherent complexes of sheaves on X.
The category of B-branes associated to the LG model (M,W ) is the derived category of

singularities Dsing(X), which is defined as the 2-periodic dg quotient category

Dsing(X) = Coh(X)/Perf(X).

Orlov [Orl04] established an equivalence of the derived category of singularities with
the Z/2-dg category MF(M,W ) of matrix factorizations associated to (M,W ). The ob-
jects of this category are pairs (V, d) of a Z/2-graded free A-module V of finite rank
equipped with an odd endomorphism d such that d2 = W id. Thus we have V = V 0 ⊕ V 1,
d = (d0, d1) ∈ Hom(V 0, V 1) ⊕ Hom(V 1, V 0), and d2 = (d1d0, d0d1) = (W id,W id) ∈
Hom(V 0, V 0)⊕ Hom(V 1, V 1). We denote the data of a matrix factorization by a diagram

V 0 d0 // V 1 d1 // V 0.

Orlov’s equivalence
MF(M,W )2Z

∼ // Dsing(X)

is given by

(V 0 d0 // V 1 d1 // V 0) � // coker(d1).
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Coordinate hyperplanes

For n ∈ N, set [n] = {1, . . . , n}.
In this chapter, we are interested in the matrix factorization category associated to the

background An+1 = SpecAn+1, with An+1 = k[za | a ∈ [n+ 1]], and the superpotential

Wn+1 = z1 · · · zn+1 ∈ An+1.

This LG model is mirror to the pair of pants.
The special fiber of this superpotential is

Xn = W−1
n+1(0) = SpecBn,

where we set Bn = An+1/(Wn+1).
It will also be convenient to set W a

n+1 = Wn+1/za ∈ A, for a ∈ [n+ 1].
For a ∈ [n + 1], let Xa

n = SpecA/(za) ⊂ Xn denote the coordinate hyperplane, and Oan
its structure sheaf. As an object of Perf(An+1), it admits the free resolution

An+1
za // An+1

// Oan,

and as an object of Coh(Xn), it admits the infinite resolution

· · ·
Wa
n+1 // Bn

za // Bn

Wa
n+1 // Bn

za // Bn
// Oan.

For a ∈ [n+ 1], let Oan ∈ MF(An+1,Wn+1) denote the matrix factorization

An+1

Wa
n+1 // An+1

za // An+1.

Proposition 2.3.2. The Z/2-dg category MF(An+1,Wn+1) is split-generated by the collection
of objects Oan, for a ∈ [n]. There are equivalences of Z/2-graded k-modules

H∗(Hom(Oan,Oan)) ' An+1/(za,W
a
n+1), a ∈ [n+ 1]

H∗(Hom(Oan,Obn)) = An+1/(za, zb)[−1], a 6= b ∈ [n+ 1].

Proof. The collection of objects Oan, for a ∈ [n + 1], generates Coh(Xn), and On+1
n is in

the triangulated envelope of the collection of objects Oan, for a ∈ [n], hence the collection of
objects Oan, for a ∈ [n], generates MF(An+1,Wn+1). The cohomology of morphism complexes
is a straightforward calculation.
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2.3.3 Equivariant/Graded version

In order to match the passage to a universal abelian cover on the pair of pants, we must pass
to a quotient on the mirror. Equivalently, we must work with a B-model category which has
been enhanced by equivariance data.

Let us return to the general setup M = SpecA, with A = k[z1, . . . , zn], and now assume
the superpotential W ∈ A is homogeneous for an algebraic torus T ⊂ (Gm)n.

Let χ∗(T ) = Hom(T,Gm) denote the weight lattice of T , and w ∈ χ∗(T ) the weight of
W .

Recall that a T -equivariant k-module is equivalently a T -representation, or equivalently
again a χ∗(T )-graded k-module. Given a T -equivariant k-module V , we write Vλ for the λ-
component of V , for λ ∈ χ∗(T ). Given a T -equivariant k-module V , and a weight µ ∈ χ∗(T ),
we have the µ-twisted k-module defined by V 〈µ〉λ = Vλ−µ, for λ ∈ χ∗(T ).

As before, let X = W−1(0) = SpecB denote the special fiber, with B = A/(W ).
Let Perf(X)T be the dg category of T -equivariant perfect complexes on X, and Coh(X)T

the dg category of T -equivariant bounded coherent complexes of sheaves on X.
Let Dsing(X)T = Coh(X)T/Perf(X)T be the dg quotient category of T -equivariant sin-

gularities. Note that Dsing(X)T is not a 2-periodic dg category, but rather the shift [2] is
equivalent to the twist 〈w〉.

Let MF(M,W )T be the dg category of T -equivariant matrix factorizations. Its objects
are pairs (V, d) of a Z/2-graded free T -equivariant A-module V = V 0 ⊕ V 1 of finite rank
together with a T -equivariant morphism d = (d0, d1) ∈ Hom(V 0〈−w〉, V 1) ⊕ Hom(V 1, V 0)
such that d2 = (d1d0, d0d1) = (W id,W id) ∈ Hom(V 0〈−w〉, V 0) ⊕ Hom(V 1〈−w〉, V 1). We
denote the data of a matrix factorization by a diagram

V 0〈−w〉 d0 // V 1 d1 // V 0,

or equivalently by its w-twisted periodicization

· · · // V 1〈−w〉 d1 // V 0〈−w〉 d0 // V 1 d1 // V 0 d0 // V 1〈w〉 // · · · .

The morphism complex between T -equivariant matrix factorizations is the usual T -equivariant
morphism complex between their w-twisted periodicizations. (Hence if T is the trivial torus,
then MF(M,W )T is the usual Z/2-dg category MF(M,W ) of plain matrix factorizations,
considered as a 2-periodic dg category.) Note that the shift [2] is equivalent to the twist 〈w〉.

As in the non-equivariant case, there is an equivalence of dg categories

MF(M,W )T ∼ // Dsing(X)T (V = V 0 ⊕ V 1, d = (d0, d1)) � // coker(d1)

Now let us focus on the background An+1 = SpecAn+1, with An+1 = k[za | a ∈ [n + 1]],
and the superpotential

Wn+1 = z1 · · · zn+1 ∈ An+1.



36

Recall the union of coordinate hyperplanes

Xn = W−1
n+1(0) = SpecBn,

where we set Bn = An+1/(W ).
Now consider the entire torus Tn+1 = (Gm)n+1 with weight lattice χ∗(Tn+1) ' Zn+1 =

Z〈λ1, . . . , λn+1〉. We will be interested in the subtorus Tn which is the kernel of the restriction
of the superpotential Wn+1 = z1 · · · zn+1 to T n. The torus Tn has weight lattice Λn =
Z〈λ1, . . . , λn+1〉/(

∑
λi). (As before we use λi to denote the class of λi in χ∗(Tn). Since we

will never be interested in the torus T n+1, this ambiguity poses no problems for us.) As a
subtorus of Tn+1, the torus Tn inherits a natural action on An+1, equipping An+1 with the
Λn-grading for which the coordinate function za ∈ An+1 has weight λa, for a ∈ [n+ 1].

We will be interested in the Tn-equivariant matrix factorization category MF(An+1,Wn+1)T
n
.

Note that since the superpotential Wn+1 ∈ An+1 has weight 0 for the Tn action, the shift
[2] in this category is actually equivalent to the identity, and hence Tn-equivariant matrix
factorizations actually form a Z/2-dg category.

For a ∈ [n+ 1], let Oan ∈ MF(An+1,Wn+1)T
n

denote the Tn-equivariant matrix factoriza-
tion

An+1

Wa
n+1 // An+1〈λa〉

za // An+1.

We have the following elaboration of Proposition 2.3.2.

Proposition 2.3.4. The dg category MF(An+1,Wn+1)T
n

is generated by the collection of
objects Oan〈λ〉, for a ∈ [n], and λ ∈ Λn. There are equivalences of Z/2-graded k-modules

H∗(Hom(Oan〈λ〉,Oan〈µ〉)) ' An+1/(za,W
a
n+1)λ−µ, a ∈ [n+ 1]

H∗(Hom(Oan〈λ〉,Obn〈µ〉)) ' An+1/(za, zb)[−1]λ−µ+λa , a 6= b ∈ [n+ 1].

Proof. This is the same calculation as in Proposition 2.3.2 but restricted to the subcomplex
of Tn-equivariant maps. The extra twist by λa in the second equality is a result of our choice
to twist the degree 1 (rather than degree 0) piece when defining the equivariant complex
Oan.

We highlight also one additional piece of structure which is useful for understanding the
equivalence proved in the next subsection.

Definition 2.3.5. We will let

fij : Oin[1] // Ojn〈λi〉

be the (closed, degree 0) map of matrix factorizations which is given by

An+1〈λi〉
−zi //

−id
��

An+1

−W i
n+1 //

W i,j
n+1

��

An+1〈λi〉
−id
��

An+1〈λi〉
W j
n+1 // An+1〈λj + λi〉

zj // An+1〈λi〉,
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where we write W i,j
n+1 for Wn+1

zizj
.

The map fij is a representative for

1 ∈ An+1/(zi, zj)[−1]0 ∼= H∗(HomMF(An+1,Wn+1)Tn (Oin,Ojn〈λi〉)),

and the collection of maps fij (together with their twists by λ ∈ Λ) form a set of generating
morphisms for the category MF(An+1,Wn+1)T

n
.

Lemma 2.3.6. Let I = {i1, . . . , ik} ⊂ {1, . . . , n + 1} be a nonempty subset equipped with
an ordering. By taking successive extensions of the Oijn along the morphisms fij ,ij+1

, we can
define an object

OIn :=

(
Oi1n

fi1i2 // Oi2n 〈λi1〉
fi2i3 // · · ·

fik−1ik// Oikn 〈
∑k

j=1 λij〉
)

(where we leave implicit in our notation the homotopies witnessing the triviality of com-
positions) which is independent of the choice of ordering on I, up to a shift of Λ-grading.
Moreover, if I = {1, . . . , n+ 1}, then OIn = 0.

Proof. In order to simplify notation, we will work here in the nonequivariant category (i.e.,
forgetting the Λ-grading). Now the objects OIn become easy to understand if we work in the
derived category of singularities Db

sing(Spec(An+1/Wn+1)) instead of the matrix factorization

category. The equivalence between these two categories takes the matrix factorization Oin
to the structure sheaf Oin = An+1/(zi) of the hyperplane {zi = 0}, and it takes the degree 1
map fij to the extension

An+1/(zj)
zi // An+1/(zizj)

zj // An+1/(zi).

Similarly, the map fjk : Ojn[1] → Okn descends to a map O{i,j}n [1] → Okn which in the
singularity category is the extension

An+1/(zk)
zizj // An+1/(zizjzk)

zk // An+1/(zizj).

By iterating this process, we conclude that OIn is represented in Db
sing(Spec(An+1/Wn+1))

byAn+1/(zi1 · · · zik). This proves the final statement of the lemma, since if I = {1, . . . , n+ 1},
then OIn is represented by a free rank-1 module over An+1/Wn, which is zero in the singularity
category.

2.3.7 Main result

The main result of this chapter will be a W̃n-equivariant equivalence between the equivariant
matrix factorization category MF(An+1,Wn+1)T

n
and the combinatorial Fukaya category
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Qwr
n−1 constructed in the previous section. We will establish this equivalence by describing a

functor

Coh(W−1
n+1(0))T

n Φ̄ // Qinf
n−1

and checking that it factors through both the projection

Coh(W−1
n+1(0))T

n // // Coh(W−1
n+1(0))T

n
/Perf(W−1

n+1(0))T
n ∼= MF(An+1,Wn+1)T

n

and the inclusion
Qwr
n−1
� � // Qinf

n−1,

and that the middle functor Φ in the resulting sequence of functors

Coh(W−1
n+1(0))T

n // //MF(An+1,Wn+1)T
n Φ // Qwr

n−1
� � // Qinf

n−1

is an equivalence of categories.
In order to define a functor with domain Coh(W−1

n+1(0)), we use the fact that the variety
W−1
n+1(0) can be obtained by gluing together copies of affine space: Let D be the poset of

proper subsets I of the set {1, . . . , n+ 1}, and write AI for A|I|. Then the natural inclusion
maps AI → W−1

n+1(0) and the inclusion maps AI → AJ induced by inclusions I ⊂ J give a
D-diagram of varieties, and we have an equivalence

colimD AI ∼ //W−1
n+1(0).

This induces an equivalence

colimD Coh(AI)T
n ∼ // Coh(W−1

n+1(0))T
n
,

so that the functor Φ̄ will be an object of

Fun(colimD Coh(AI)T
n

, Qinf
n−1)W̃n = lim

D
Fun(Coh(AI)T

n

, Qinf
n−1)W̃n .

A W̃n-equivariant functor from Coh(AI)T
n

is just a choice of object OI with commuting
maps xi : OI〈−λi〉 → OI for each i ∈ I. Since the limit diagram

D 3 I 7→ Fun(Coh(AI)T
n

, Qinf
n−1)W̃n

is strict, objects of this limit can be defined “by hand,” without any higher coherence data:
such an object is a choice of a W̃n-equivariant functor Coh(AI)T

n → Qinf
n−1 for each I, plus

coherent equivalences

OI\{i} ∼= (OI〈−λi〉
xi // OI).

According to the above analysis, we can define a functor Φ̄ as follows: fix once and for
all a permutohedron P in Vn. Then we define Φ̄ by declaring OI = BP,I and the maps xi to
be the maps from Lemma 2.2.43.
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Lemma 2.3.8. These choices satisfy the necessary relations to define a functor

Coh(W−1(0))T
n ∼= colimD Coh(AI)T

n Φ̄ // Qinf
n−1.

Proof. This is exactly the content of Lemma 2.2.43.

Note that this means in particular that for I = {1, . . . , n + 1} \ {i}, the structure sheaf
OAI is mapped by Φ̄ to the skyscraper δFi,P , where Fi is the facet separating P from P +λi.

Theorem 2.3.9. The functor Φ̄ can be factored as a composition

Coh(W−1
n+1(0))T

n //MF(An+1,Wn+1)T
n Φ // Qwr

n−1
// Qinf

n−1,

where the left-hand map is the projection, the right-hand map is the inclusion, and the middle
map Φ is an equivalence of categories equivariant for the W̃n action.

Proof. To see that Φ̄ factors through the projection

Coh(W−1
n+1(0))T

n // Coh(W−1
n+1(0))T

n
/Perf(W−1

n+1(0))T
n ∼= MF(An+1,Wn+1)T

n
,

we need only to check that the structure sheaf OW−1
n+1(0) is sent to 0 by Φ̄. The structure

sheaf OW−1
n+1(0) of the colimit colimAI is presented as the limit of the structure sheaves

iI∗OAI (where iI is the inclusion of AI into colimAI). The image of this object under Φ̄ is
the limit of the rank-one branes BP,I , which is zero, as required.

Hence Φ̄ does indeed induce a map MF(An+1,Wn+1)T
n → Qinf

n−1. Moreover, by construc-
tion this map sends the generators Oan to the skyscrapers δFi,P , which generate Qwr

n−1, and so
we see that Φ̄ factors through a map

Φ : MF(An+1,Wn+1)T
n // Qwr

n−1.

To show that this functor Φ is an equivalence, it suffices to check that each of the
generating morphisms

Oin[1]
fij // Ojn〈λi〉

for the category MF(An+1,Wn+1)T
n

is sent by Φ to the unique nonzero morphism

δFi,P [1] // δFj ,P 〈λi〉,

which we will denote by gij. This follows from the fact that a representative for fij in the
colimit presentation of Coh(W−1

n−1(0))T
n

is the map presenting Ojn as the cone on the map

lim(OA{i}c
// OA{i,j}c OA{j}c )[1]oo // OA{i}c [1],

so that Φ(fij) is the map presenting δFj ,P as the cone on

lim(BP,{i}c // BP,{i,j}c BP,{j}c)[1]oo // BP,{i}c [1] .

But this is a presentation of the map gij, as desired. We conclude that Φ is a W̃n-equivariant
equivalence of categories.
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2.4 Symplectic geometry

So far in this chapter we have described a category Qwr
n−1 and shown that it is equivalent

to Coh(An+1,Wn+1)T
n
. However, we have not yet explained why the category Qwr

n−1 is the

A-model associated to the Λn-cover P̃n−1 of the pair of pants. In this section, we will recall
our perspective on the A-model of a Weinstein manifold as a category of wrapped microlocal
sheaves on a Lagrangian skeleton, and, using the skeleton for the pair of pants described
in [Nadc], we will show that our category Qwr

n−1 is the A-model category associated to P̃n−1

in this formalism. This establishes the main equivalence of this chapter as an instance of
homological mirror symmetry.

2.4.1 Microlocal A-model

We recall here some properties of microlocal sheaf categories. We refer to [KS98] for defini-
tions and and a full exposition of the theory of microlocal sheaves, and to [Nadc] for a brief
review of the theory along with the definition of the wrapped microlocal sheaf categories.

Setup

Let Z be a real-analytic manifold. We will denote by Sh♦(Z) the dg category of all com-
plexes of sheaves of k-vector spaces on Z for which there exists a Whitney stratification
S = {Zα}α∈A of Z such that for each stratum Zα ⊂ Z, the total cohomology sheaf of the
restriction F|Zα is locally constant. We will denote by Sh(Z) the full subcategory of Sh♦(Z)
on the sheaves whose cohomology sheaves on each stratum are finite rank.

We would like to consider the subcategories of Sh♦(Z) defined by singular support con-
ditions, which we recall now. Fix a point (z, ξ) ∈ T ∗Z. Let B ⊂ Z be an open ball around
z ∈ Z, and f : B → R a smooth function such that f(z) = 0 and df |z = ξ. We will refer to
f as a compatible test function.

Then the vanishing cycles functor φf associated to the function f is defined by

φf : Sh♦(Z) //Modk,

φf (F) = Γ{f≥0}(B,F|B) ' Cone(Γ(B,F|B)→ Γ({f < 0},F|{f<0}))[−1],

where we take B ⊂ Z sufficiently small. In other words, we take sections of F over the ball
B supported where f ≥ 0, or equivalently vanishing where f < 0.

To any object F ∈ Sh♦(Z), we can associate its singular support

ss(F) ⊂ T ∗Z

to be the smallest closed subset such that φf (F) ' 0, for any (z, ξ) ∈ T ∗Z \ ss(F), and
any compatible test function f . The singular support ss(F) is a closed conic Lagrangian
subvariety of T ∗Z.
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For a conic Lagrangian subvariety Λ ⊂ T ∗Z, we write Sh♦Λ(Z) ⊂ Sh♦(Z) (respectively
ShΛ(Z) ⊂ Sh(Z)) for the full dg subcategory of objects F ∈ Sh♦(Z) (respectively F ∈
Sh(Z)) with singular support satisfying ss(F) ⊂ Λ.

Microlocal sheaf categories

Now we can recall the definition of the microlocal sheaf and wrapped microlocal sheaf cate-
gories associated to a conic Lagrangian.

Let Λ ⊂ T ∗Z be a closed conic Lagrangian subvariety. To Λ we can associate a conic
sheaf of dg categories µSh♦Λ on T ∗Z which is supported on Λ. Its global sections µSh♦(T ∗Z)
form the category of large microlocal sheaves along Λ.

Since µSh♦Λ is a sheaf, its definition can be stated locally. Let (z, ξ) ∈ T ∗Z, and let Ω be
a small conic open neighborhood of (z, ξ). We will write B = π(Ω) for the projection of Ω
to a small neighborhood of z in Z.

If ξ = 0, so that Ω = T ∗B, then we have a natural equivalence

Sh♦Λ(B) ∼ // µSh♦Λ(Ω)

of the category of large microlocal sheaves along Λ∩Ω with the category of large constructible
sheaves on B with singular support in Λ.

If ξ 6= 0, so that Ω ∩ Z = ∅, then the category of large microlocal sheaves on Λ ∩ Ω is
naturally equivalent to a dg quotient category,

Sh♦Λ(B,Ω)/K♦(B,Ω) ∼ // µSh♦Λ(Ω),

where Sh♦Λ(B,Ω) ⊂ Sh♦(B) is the full dg subcategory of objects F ∈ Sh♦(B) with singular
support satisfying ss(F)∩Ω ⊂ Λ and K♦(B,Ω) ⊂ Sh♦Λ(B,Ω) denotes the full dg subcategory
of objects F ∈ Sh♦(B) with singular support satisfying ss(F) ∩ Ω = ∅.

The main fact we will need about the calculation of these microlocal sheaf categories
is the calculation, done in [Nada], that the category of microlocal sheaves on an arboreal
singularity of type An is equivalent to the category of modules over the An quiver.

Now we recall from [Nadc] the category of wrapped microlocal sheaves:

Definition 2.4.2. The category of wrapped microlocal sheaves along Λ ∩ Ω is the full dg
subcategory

µShwrΛ (Ω) ⊂ µSh♦Λ(Ω).

of compact objects inside the category µSh♦Λ(Ω) of big microlocal sheaves.

In that paper was proved the following fact:

Proposition 2.4.3 ([Nadc] Proposition 3.16). The categories µShwrΛ (Ω) assemble into a
cosheaf of categories on Λ.
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We will refer to the global sections of this cosheaf as the category of wrapped microlocal
sheaves along Λ.

Remark 2.4.4. The cosheaf of wrapped microlocal sheaf categories as defined above is
a dg rather than Z/2-dg category–i.e., it possesses a natural Z-grading, equivalent to the
canonical grading on the Fukaya category of a cotangent bundle. However, later on, we will
be interested in gluing together different cotangent bundles, where these gradings will no
longer agree (unless we make some additional choices). Thus, we will forget the Z-grading
on µShwrΛ and for the rest of this chapter will work instead with a Z/2-graded version, which
we denote by (µShwrΛ )Z/2.

Skeleta and quantization categories

Now we are almost ready to discuss the relation of this chapter to Fukaya categories. Recall
first the definition of a Weinstein manifold:

Definition 2.4.5. A Weinstein manifold (W,ω, Z, h) is a symplectic manifold (W,ω) along
with a vector field Z satisfying the Liouville condition LZω = ω and a Morse function
h : W → R for which the Liouville field Z is gradient-like.

We will write λ for the Liouville 1-form (corresponding to Z under the equivalence given
by ω), and we will often refer to the Weinstein manifold (W,ω, Z, h) by W when the other
data are understood. The basic references for the theory of Weinstein manifolds are [CE12,
Eli], where details and elaborations of the material described here can be found.

To a Weinstein manifold is associated a canonical skeleton L, given as the union of stable
manifolds for flow of the Liouville field Z. In other words, if we denote by φt the time t flow
of Z, then the skeleton LW (or just L if W is understood) of W is defined by

LW = {x ∈ W | limt→∞ φ
t(x) ∈ Crit(h)}.

The Liouville flow gives a retraction of W onto L.
Weinstein manifolds are often understood by gluing together Weinstein pairs. A Wein-

stein pair is the data of a Weinstein manifold W 2n along with a Weinstein manifold Σ2n−2

embedded in the ideal contact boundary of W , such that the Liouville form on Σ is obtained
by restriction of the contact form from ∂W. We refer for details to [Eli] (or to [GPS18a],
where these are called sectors). There is a notion of skeleton for a Weinstein pair (W,Σ),
defined by

L(W,Σ) := {x ∈ W | limt→∞ φ
t(x) ∈ Crit(h) ∪ Σ}.

In other words, the skeleton of a Weinstein pair (W,Σ) is the union of LW with the cone
(under the Liouville flow) for the skeleton of Σ.

The cosheaf of Z/2-dg categories (µShwrΛ )Z/2 defined in the previous section is expected
to be of use in computing the wrapped Fukaya category Fukwr(W ) of a Weinstein manifold
W , defined in the standard way through counts of holomorphic disks. We state this as the
following conjecture (an elaboration of the original conjecture of Kontsevich from [Kon09]):
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Conjecture 2.4.6. Let W be a Weinstein manifold (or Weinstein pair) with skeleton L.

1. There is a cosheaf of Z/2-dg categories, which we denote by µshwr, on the space L
such that µshwr(L) is equivalent to the wrapped Fukaya category Fukwr(W ). (If W is
a Weinstein pair, this is the partially wrapped category, with stops determined by Σ.)

2. If W ∼= T ∗X (with standard cotangent Liouville structure but possibly also with Wein-
stein pair structure) and we write Λ for the skeleton of T ∗X, then on the space Λ ∼= L,
there is an equivalence of cosheaves µshwr ∼= (µShwrΛ )Z/2.

Remarks 2.4.7.

1. That the Fukaya category possesses the appropriate covariance properties for inclusions
of Weinstein pairs is proved in [GPS18a]; a full proof of descent, which would imply
part (1) of the conjecture, should appear in the forthcoming [GPS].

2. Part (2) of the conjecture is a mild enhancement of the equivalence from [Nad09, NZ09]
relating the infinitesimal Fukaya category of a cotangent bundle with the category of
constructible sheaves on the base. Those papers discussed infinitesimal rather than
wrapped Fukaya categories; but these categories agree for a Weinstein domain with
sufficiently many stops.

Part (2) tells us a how to construct the conjectural cosheaf: for each point p in the skeleton
L of W , take some neighborhood p ∈ U ⊂ W and an equivalence between (U,L ∩ U) ∼=
(T ∗X,LX), where T ∗X is some cotangent bundle equipped with a Weinstein pair structure
with associated skeleton LX ; then define µshwr|U to be the cosheaf (µShwrLX )Z/2, and check
that the resulting cosheaf is independent of choices. A detailed construction of this cosheaf,
through a procedure slightly different to the one described here, can be found in [Shea].

In the case of interest to us, the calculation of the cosheaf will be especially easy, since all
the singularities which appear in the skeleton we describe for the pair of pants will be arboreal
singularities of type Am, for some m, in the sense of [Nada]. The appropriate microlocal sheaf
calculation in this case is already known, and the independence of the above construction
on choices follows from our earlier discussion of the construction from [Nad15] of the functor
Q.

2.4.8 The permutohedron skeleton

In this section, we will show that the quotient of the honeycomb Hn−1 by translations in Λn

actually appears as a skeleton for the (n−1)-dimensional pair of pants Pn−1; or equivalently,
that the boundary of the tiling of Rn by Pn+1 is a skeleton for the universal abelian cover
of the pair of pants.

Recall that the standard (n− 1)-dimensional pair of pants is the complex variety

Pn−1 = {z1 + · · ·+ zn + 1 = 0} ⊂ (C×)n.
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Define the variety Yn−1 by

Yn−1 := {z1 + · · ·+ zn + 1
z1···zn = 0} ⊂ (C×)n .

It has a free action of the group Z/(n+ 1), generated by (z1, . . . , zn) 7→ (ζz1, . . . , ζzn), where
ζ is a primitive (n+ 1)st root of unity, whose quotient is the pair of pants.

The reason we begin by studying the (n+ 1)-fold cover Yn−1 of Pn−1 instead of the pair
of pants itself is that a procedure for constructing a permutohedron skeleton of the former
variety has already been described (though not in those terms) in the paper [FU14], so
working with Yn−1 allows us to appeal to their calculation directly.

The trick from [FU14] involves describing the spaces Yn−1 inductively: the space Yn
admits a description as the total space of a Lefschetz fibration with fiber Yn−1. As a conse-
quence, we will see that a skeleton for Yn can be obtained by attaching n + 1 handles to a
skeleton for Yn−1.

This Lefschetz fibration is the map

Yn
pn // C×, (z1, . . . , zn+1) 7→ zn+1.

It has n+ 2 critical points {(ζk, . . . , ζk,−(n+ 1)ζk)}k=0,...,n+1, where ζk are (n+ 2)nd roots of
−1
n+1

, and hence n+ 1 critical values {−(n+ 1)ζk}k=0,...,n+1. This Lefschetz fibration gives us
a very convenient presentation of the Liouville structure on the total space Yn:

Theorem 2.4.9 ([FU14], Theorem 1.5). Let LYn denote the skeleton of Yn. The restriction
to LYn of the argument projection Arg : (C×)n+1 → T n+1 to the (n+ 1)-torus is a finite map,
and its image Arg(LYn) divides T n+1 into n+ 2 (n+ 1)-permutohedra Pn+1. Moreover, the
monodromy of the fibration pn cylically permutes these permutohedra.

Proof. We will indicate here only the modifications to the argument from [FU14] which
are necessary in order to understand LYn as a Weinstein skeleton; the remainder of the
calculations can be found there.

The proof is by induction. The base case n = 1 is clear, so assume the theorem for Yn−1.
We can use the Lefschetz fibration pn to construct a skeleton for Yn as follows: first, let U

be a neighborhood of S1 ⊂ C×zn which does not contain any critical values of pn. Then p−1
n (U)

has a skeleton L′ which is given by the mapping torus of the monodromy transformation on
a skeleton of the general fiber. From our induction hypothesis, we can see that this skeleton
divides the (n+ 1)-torus into an oblique cylinder over the n-permutohedron.

So far we have described a Liouville structure and skeleton for p−1
n (U); a Liouville struc-

ture for the total space Yn = p−1
n (C×) comes from extending this Liouville structure over

the n+ 2 handles attached at the critical points of pn. This results in a skeleton LYn for Yn
obtained by attaching n+ 2 disks to L′.

The locations of the vanishing cycles along which these disks are glued, and the resulting
permutohedra, can be found in [FU14].
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Corollary 2.4.10. The pair of pants Pn has a skeleton Ln whose image under Arg divides
the torus T n+1 into a single permutohedron; equivalently, the universal abelian cover of Pn
has a skeleton L̃n whose image under Arg is the honeycomb lattice Hn.

Proof. The pair of pants Pn has a Lefschetz fibration p̄n : Pn → C×/Z/(n+2) ∼= C× obtained
from the Lefschetz fibration pn by a Z/(n + 2) quotient. (In standard coordinates on Pn,
this is the map (z1, . . . , zn+1) 7→ zn+1

n+1

z1···zn .)
Hence the skeleton Ln can be obtained as the quotient of LYn by the monodromy trans-

formation, which cyclically exchanges the permutohedra into which T n+1 is divided; this
gives us the desired description of Ln. Moreover, by a diffeomorphism of T n+1 (and hence
by a symplectomorphism of T ∗T n+1 ∼= (C×)n+1) we can assume this permutohedron is in

standard position on T n+1, so that Arg(L̃n) is equal to Hn.

Finally, we want to show that our combinatorial cosheaf from Section 2 is the same as
the microlocal cosheaf µshwr described in Section 2.4.1. This latter cosheaf, for the cover
P̃n−1 of the pair of pants, is a cosheaf on the space Ln−1, but by pushing forward along Arg
we can equivalently consider this as a cosheaf on Hn−1.

Proposition 2.4.11. There is an equivalence µshwr ∼= Qwrn−1 of cosheaves of dg categories
on the space Hn−1.

Proof. Let p be a vertex in Hn−1. We know that near p, the space Hn−1 (or equivalently, the
skeleton Ln−1) is stratified homeomorphic to the An arboreal singularity. We need to show
that at p, the skeleton Ln−1 actually has the correct microlocal sheaf category (An -Perfk)Z/2,
with the appropriate (co)restriction maps. We can see this from the inductive description of
the skeleton Ln−1 : this skeleton was obtained from the mapping torus Mm of a monodromy
action on Ln−2 by attaching a disk along a sphere transverse to the singularities ofMm. Hence,
by induction we see that there exists a neighborhood p ∈ U ⊂ Pn−1 and an equivalence
(U,Ln−1 ∩ U) ∼= (T ∗Rn−1,L), where L is the union of the zero section with the cone on
Legendrian lifts of the n−1 hyperplanes, taking p to 0. This establishes the microlocal sheaf
calculation, and by W̃n−1 symmetry this is sufficient to prove an equivalence of cosheaves.

Corollary 2.4.12 (“Homological mirror symmetry for the pair of pants”). There is an

equivalence MF(An+1,Wn+1)T
n ∼= µshwr(L̃n−1) between a category of equivariant matrix fac-

torizations and a category of microlocal sheaves on the universal abelian cover of the pair of
pants.
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Chapter 3

Affine hypersurfaces

3.1 Introduction

Homological mirror symmetry is a story of two categories radically different in origin. The
first is a category of Lagrangians in a symplectic manifold, morphisms defined by intersection
points, corrected by holomorphic disks. The second is a category of locally defined modules
over the holomorphic functions on a seemingly unrelated complex variety, morphisms cor-
rected by considerations of homological algebra. Most articles on the subject concern the
ingenious manipulations required to identify one with the other, most often requiring heroic
calculations of at least one side of this equivalence.

The contribution of this chapter — based on the work [GSa], written jointly with Vivek
Shende — is of a different nature. We wish to explain how in many circumstances — we
focus on Calabi-Yau hypersurfaces in toric varieties, though the same methods should apply
in the generality of Gross-Siebert toric degenerations — both sides can be cut into matching
elementary pieces, known to be homologically mirror, and the total mirror symmetry glued
together using foundational results in algebraic and symplectic geometry. More precisely,
this cutting and gluing is possible at the limiting point where on the one hand the complex
manifold degenerates into a union of toric varieties, while on the other, the symplectic
form concentrates along certain divisors, and we consider the category associated to their
complement. We will be entirely concerned with homological mirror symmetry at this limit
point.1

At this most degenerate point, the category of coherent sheaves on the union of toric
varieties — glued together along toric subvarieties — can be calculated as a colimit of
the categories of coherent sheaves on the toric components [GR17]. The main geometric
calculation of this article shows that the mirror hypersurface is correspondingly glued from
mirrors to toric varieties, along mirrors to toric varieties.

1It is a tautology that matching the limit categories matches their infinitesimal deformations, but it
remains to identify the geometric meaning of these deformations in a satisfactory way — we do not touch
upon this question here.



47

To deduce homological mirror symmetry, several further ingredients are required. The
first ingredient is foundational: one must know that the Fukaya categories of these pieces
are meaningful and that the whole may be glued together from the parts. Konstevich
conjectured such a statement [Kon09], and enough of this conjecture is now proven for
our needs [GPS18a, GPS, GPS18b, Shea, NS]. The second ingredient is calculational: one
requires mirror symmetry for toric varieties, functorial in restriction to toric subvarieties.
There is one approach to toric mirror symmetry directly in the setting of Lagrangian Floer
theory [Abo06, Abo09]. We will prefer the constructible sheaf approach of [Bon16, FLTZ12a,
Tre, Kuw], and formulate our results in this setting. Our main new contribution is proving
the required functoriality of the known mirror symmetry in this setting.

The remainder of the introduction will be a more detailed account of the above strategy.
We will on the one hand explain how the results given here fit into a proof of a homological
mirror symmetry statement intelligible to those whose view is that the A-model is the Fukaya
category, and on the other hand, we will formulate statements directly intelligible in terms
of microlocal sheaf theory.

3.1.1 An illustration

Consider the degeneration in which a genus-one holomorphic curve acquires a node. The
mirror degeneration is where a symplectic 2-torus acquires a puncture.
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Figure 3.1: The degeneration of a smooth genus-one curve to a nodal curve.

Figure 3.2: A torus acquiring a puncture as an S1 fiber approaches infinite radius.

   =      Colim

Figure 3.3: We obtain a nodal curve by gluing smooth pieces.

One way to arrive at the view that these two spaces should be mirror is the following
“t-duality” account. In general, the spaces on the two sides of mirror symmetry are expected
to be dual torus fibrations (in general, with singularities) over the same base; the radii of
the fibers on one side being inverse to the radii on the other side. In the present example, on
the complex side, we have a torus — a circle bundle over a circle. Under the degeneration,
one of the circle fibers is approaching zero radius. Thus on the symplectic side, we should
have a circle bundle over a circle, in which one fiber is approaching infinite radius. A circle
of infinite radius is a line — or in other words, the fiber should acquire a puncture.



49

=        Colim

Figure 3.4: The mirror to the above gluing: a punctured torus is glued together from Liouville
sectors.

In the description above, the puncture was just the removal of a point. As we draw
only the complement of this point, we are free to imagine the puncture as being larger, as
in Figure 3.2. In our previous description, the fiber containing the puncture was dual to
the node. We have expanded the puncture, so in this picture, one should regard the entire
horizontal region beneath the puncture as being dual to the node.

On the complex side, we have a singular complex curve; it is natural to take the normal-
ization. This is a smooth curve mapping to the singular curve, and in the case at hand, the
map simply identifies points. This is what is indicated in Figure 3.3. We can describe the
symplectic side by a similar gluing. Since the node corresponded to the strip beneath the
puncture, the mirror gluing on the A-side involves gluing the two ends of the strip.

The category we associate to this noncompact symplectic manifold is the wrapped Fukaya
category, which was originally constructed for Liouville manifolds, symplectic manifolds with
the property that (at least locally near the boundary) there is a primitive for the symplectic
form whose dual Liouville vector field is everywhere outward pointing [AS10]. In the above
gluing, however, the restriction of this Liouville form to the components does not have this
property: there are boundary components where it is parallel, rather than outward pointing.
In particular, the rectangle should be viewed as the cotangent bundle of an interval rather
than a disk. That is, the pieces in our gluing are not Liouville manifolds.

Instead, each piece is a Liouville sector, an exact symplectic manifold-with-boundary
(X, ∂X, λ) modelled at infinity on the symplectization of a contact manifold-with-boundary
(V, ∂V, λ). The boundaries must satisfy additional constraints: ∂V should be transverse
to a contact vector field, and the characteristic foliation on ∂X should be trivializable as
∂X = R × F . In this case (F, λ|F ) is a Liouville manifold. One can define in this context
the open- and closed-string wrapped Floer theories; wrapping and noncompact directions
of Lagrangians occur only along the convex boundary. This theory is covariantly functorial
with respect to inclusions of sectors [GPS18a].

The prototypical example is given by taking F to be the fiber of a Lefschetz fibration
on W . Indeed, conventionally the mirror to P1 is considered to be the ‘Landau-Ginzburg
model’ given by the function W (z) = z + z−1 on C∗. By comparison the sector we have
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described above is obtained from C∗ by deleting the a neighborhood of a fiber overW−1(−∞).
The analogous construction will generally produce a sector from a symplectic fibration with
singularities, tame at infinity. It is almost immediate from the definitions that there is a
fully faithful embedding from the Fukaya-Seidel category of the the Landau-Ginzburg model
to the Fukaya category associated to the sector; a priori the latter has more objects but in
fact one can show in the Weinstein case (from e.g. the generation results of [GPS]) that this
map is an equivalence.

Fuk = Coh

Figure 3.5: The homological mirror symmetry conjecture for a genus-one curve at the large
volume/complex structure limits.

Remark 3.1.2. The above example does not directly occur in this chapter — the self-nodal
curve is not the boundary of a toric variety. A similar example which does arise is the mirror
symmetry between the nodal necklace of three P1s and a thrice-punctured torus.

Gluing

The functor Coh(−) taking a variety X to its dg category Coh(X) of coherent sheaves
behaves well with respect to the gluings above. Following [GR17], we make statements for
the Ind-completion IndCoh(X) of the category Coh(X); statements for Coh(X) may be
recovered by taking compact objects. We write IndCoh! and IndCoh∗ for the contravariant
and covariant functors from derived stacks to dg categories which carry a stack to its category
of Ind-coherent sheaves and carry a map f : X → Y to a pullback f ! or a pushforward f∗,
respectively. The key fact [GR17, IV.4.A.1.2] is that IndCoh! takes pushout squares of affine2

schemes along closed embeddings to pullback squares of (stable cocomplete) dg categories.
By passing to adjoints, we see that IndCoh∗ analogously takes pushouts to pushouts.

Homological mirror symmetry as usually stated is an equivalence between coherent sheaves
on a given algebraic variety and the Fukaya category of its mirror. What the pictures above

2The above schemes are not affine, but the desired pushout formula can be checked affine locally by
Zariski descent.
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suggest is that this should extend to a natural transformation between the functor IndCoh∗,
perhaps with respect to some restricted class of maps including normalizations, and a functor
IndFuk∗, covariant with respect to some class of maps including those mirror to normaliza-
tion. It suggests moreover that IndFuk∗ should take certain diagrams — those mirror to
certain pushouts — to pushouts.

In fact, a covariant functor from a category of Liouville sectors to A∞ categories has been
defined in [GPS18a], and shown to carry diagrams like those illustrated above to pushouts in
[GPS]. Given these structural properties, establishing mirror symmetry amounts to showing
that there is an identification, respecting the relevant inclusion functors, of the Fukaya and
coherent sheaf categories of our building blocks.

More precisely, in higher dimensions we would have to treat covers with multiple overlaps,
which is not done in [GPS]. However, we will bypass the need for this with a trick explained
in [GPS18b, Ex. 6.20], which we review briefly below.

3.1.3 Skeleta and sheaves

In the example above, it was easier to see the pieces and the gluing after we expanded the
puncture. Taken to the limit, this process leaves us with the skeleton – the locus of points
which do not escape under the Liouville flow.

More precisely, the above definition of skeleton is appropriate for Liouville manifolds. For
sectors, one can use the same definition after deforming the Liouville flow to be tangent to the
boundary, which is always possible [GPS18a]. More generally, recalling that the boundary of
a sector can be trivialized as ∂X = R×F , one can fix a section of the projection to identify
with F and define the relative skeleton to be the locus of points in X which do not escape
to the complement of the skeleton of F .

A prototypical example of a Liouville manifold is the cotangent bundle T ∗M of a closed
manifold without boundary; the skeleton for the usual “pdq” form is the zero section. By
contrast, if M had boundary, the cotangent bundle would naturally be a Liouville sector,
again with the zero section as skeleton. An open set U ⊂ M determines an inclusion of Li-
ouville sectors T ∗U ⊂ T ∗M : the stopped boundary of T ∗U is the restriction of the cotangent
bundle to the boundary of U . Lifting a cover of M gives a cover of T ∗M by Liouville sectors,
whose intersections are again Liouville sectors (with corners). The covariantly functorial
[GPS18a] assignment U 7→ Fuk(T ∗U) thus defines a precosheaf of categories on M .

Let us see what it would mean for this precosheaf to be a cosheaf. The Fukaya category
of the cotangent bundle of a disk is equivalent to the category of chain complexes; it follows
that the cosheaf in question is a locally constant cosheaf of categories. To compute the global
sections, recall that the∞-groupoidal version of the Seifert-van Kampen theorem asserts that
the fundamental higher groupoid of a space is a locally constant cosheaf of spaces with stalk
a point. Linearizing this, we see that a locally constant cosheaf of A∞ categories with stalk
the category of chain complexes has global sections (a twisted version of) the category of
modules over the algebra of chains on the based loop space of M . Thus, the Fukaya category
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of a cotangent bundle is the category of modules over chains on the based loop space. This
final statement is originally a result of Abouzaid, by a different argument [Abo12].

Kontsevich’s localization conjecture [Kon09] asserts that the existence of a similar cosheaf
Fuk over the skeleton of any Weinstein manifold (e.g. the complement of an ample divisor
in a smooth projective variety), whose global sections should recover the wrapped Fukaya
category. The sequence of works beginning with [GPS18a, GPS, GPS18b] will establish this
result and its natural generalization to Weinstein sectors.

In fact there is a variant of this strategy which reduces still further the calculational
overhead and already allows us to extract the desired consequences. Another cosheaf of
categories µsh on the skeleton can be constructed directly from microlocal sheaf theory
[KS94, Nadc, Shea]. Unlike the Fukaya category, the cosheaf is defined in terms of the
skeleton; nevertheless it is true that exact symplectomorphisms induce equivalences of the
global section categories [NS].

In [GPS18b], it is shown that microlocal sheaf calculations in cotangent bundles agree
with (partially) wrapped Fukaya category calculations. In fact this has immediate conse-
quences beyond cotangent bundles, as noted in [GPS18b, Sec. 6.6]. According to [GPS, Ex.
8.5; Cor. 8.7], it is possible to arrange stops such that the wrapped category of a Weinstein
hypersurface in a cosphere bundle embeds in some partially wrapped category of the co-
sphere bundle itself. (One ‘doubles the stop’.) It follows that this category can be calculated
by some microlocal sheaf argument. It is not obvious that the required argument computes
µsh. A sheaf-side version of the assertion that stop doubling has the appropriate effect is in
[NS], though similar assertions (with similar proofs) appear already in [Gui].

Remark 3.1.4. Due to [GPS18b] (which relates local Fukaya calculations for arbitrary
skeletal geometry to calculations in sheaf categories), both the above argument and the
more general programme of [GPS18a, GPS, GPS18b] are now liberated from the previously
expected dependence on ‘arborealization’ [Nada, Nadb, Sta].

The point of all these reductions is that the calculation of µsh is in principle always
reducible to combinatorics, and in practice by now completely understood for the mirror
skeleta to toric varieties [Bon16, FLTZ12a, Tre, Kuw].

3.1.5 LG models

As we will be working with skeleta corresponding to Landau-Ginzburg models, we clarify
here some points regarding that setting. Let X be a Liouville manifold and W : X → C a
symplectic fibration with singularities subject to appropriate boundary conditions.

Often in the literature, the A-model category associated to W : X → C is a Fukaya-
Seidel-type category [Sei08], whose objects are Lagrangians L such that in the complement
of a compact set, W (L) is a ray in the some half-plane (for instance {Re(z) ≥ 0}). Morphism
complexes Hom(L,M) have as basis the intersections obtained after deforming L to some
L+ such that the angle of W (L+) is greater than that of W (M). We denote this category
by FS(W ).
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Following [GPS18a], we prefer the following variant. Consider any half-plane H ⊂ C
whose boundary avoids all critical values. Then the preimage W−1(H) is a Liouville sector.
We choose H := {Re(z) ≥ −N} to contain all critical points of W . It is almost immediate
from the definitions that there is a fully faithful embedding FS(W ) → Fuk(W−1(H)).3

When the fiber is Weinstein, it is an equivalence; when W is a Lefschetz fibration, the
category is generated by thimbles [GPS, Cor. 1.14]. According to [GPS, Cor. 2.9], it is
equivalent to consider any of the partially wrapped categories

Fuk(X,LW−1(∞))
∼−→ Fuk(X,W−1(∞))

∼−→ Fuk(X,W−1(H))

where W−1(∞) is our notation for the fiber of W considered as Liouville hypersurface in the
contact boundary, and LW−1(∞) is its skeleton.

We note that LW−1(∞) can change drastically during a deformation of Liouville forms, but
the above categories nevertheless remain constant. (For a much stronger result on constancy,
see [GPS, Thm. 1.4].)

In summary, our approach to mirror symmetry in this setting can be understood in terms
of the following diagram:

Coh(∂T) //

��

µsh(LW−1(∞))
c

��

// Fuk(W−1(∞))

��
Coh(T) // ShLW−1(∞)

(T∨)c // Fuk(T ∗T∨,W−1(∞))

(Here T∨ is the real torus dual to the compact torus inside T.)
Our goal is to construct these diagrams and show that both squares commute, with

all horizontal arrows are equivalences. The construction and commutativity of the right
square, and the fact that both right horizontal arrows are isomorphisms, is the topic of
[GPS18a, GPS, GPS18b, Shea, NS], and is discussed explicitly in [GPS18b, Cor. 6.20]; we
have reviewed some of the ideas of these articles above.

With LW−1(∞) replaced by a certain explicit Legendrian, the construction of the bottom
horizontal arrow on the left square is the topic of [Bon16, FLTZ12a, Tre], and the fact that
it is an equivalence is shown in [Kuw]. The leftmost vertical arrow comes from algebraic
geometry.

Thus our remaining work here is twofold: first, we show that the [FLTZ12a] Legen-
drian is in fact LW−1(∞), and then we construct an isomorphism Coh(∂T)→ µsh(LW−1(∞))
commuting with the rest of the above diagram.

Note that the vertical arrows in the diagram are not fully faithful, so it will not suffice
simply to construct the morphism Coh(∂T) → µsh(LW−1(∞)) and observe it commutes:

3Strictly speaking in [GPS18a] we demand Lagrangians which are eventually conical under the Liouville
flow, so one must first deform the Liouville flow (or the Lagrangians involved) to ensure that this holds for
Lagrangians which project to a ray. Also one should check that the subclass of wrappings which increase
the angle of the projection are cofinal amongst all wrappings; this follows from the cofinality criterion [GPS,
Lemma 2.1].
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a separate argument is required to show it is an isomorphism. The idea is to implement
the strategy of Section 3.1.1 using µsh(LW−1(∞)) in place of the Fukaya category. The
necessary technical result, beyond [Kuw], is a new functoriality (restriction is mirror to
microlocalization) for the isomorphism Coh(T)

∼−→ µsh(L(X,F )).

3.1.6 Mirror-symmetric setup

We introduce here the main objects of study in this chapter, following a line of thought
initiated by Batyrev in [Bat94]. See Section 3.2 for a further review of toric varieties.

Toric conventions

We work throughout with a fixed rank n lattice M , with dual lattice M∨. For a ring R, we
write MR for the base change MR = M ⊗Z R. The lattices M,M∨ define real n-tori

T = M∨
R/Z = M∨

R/M
∨, T∨ = MR/Z = MR/M,

as well as complex tori TC = M∨
C× , T∨C = MC× . It will be helpful to keep in mind the

identification of these tori as tangent bundles; e.g.,

T∨C ∼= TT∨ = (MR/M)×MR.

We will denote the projections onto the first and second factors by Arg and Log, respectively:
under a choice of holomorphic coordinates T∨C ∼= (C×)n, these are the maps

Arg : (C×)n → (S1)n, Log : (C×)n → Rn

given by

(z1, . . . , zn) 7→ (Arg(z1), . . . ,Arg(zn)), Log(z1, . . . , zn) 7→ (log |z1|, . . . , log |zn|).

When studying the symplectic geometry of T∨C = TT∨, we choose coordinates to produce an
identification with the cotangent bundle T ∗T∨, carrying its canonical Liouville structure.

Toric stacks

For the strongest results, we need the theory of toric stacks in the sense of [BCS17] — though
for the purpose of understanding the new ideas in this chapter, this can be ignored. Toric
stacks are smooth Deligne-Mumford stacks associated to the data of a “smooth stacky fan”
Σ, which is to say, a simplicial fan together with a choice of integer point along each ray.
We term these chosen integer points the “stacky primitives”.

The coarse moduli space of the toric stack is the toric variety which would ordinarily
correspond to the underlying simplicial fan. By abuse of language, we say the fan Σ and the
corresponding toric stack are projective or quasi-projective when the toric variety is.
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Our mirror-symmetric setup is as follows. We fix an integral polytope ∆∨ ⊂M∨
R contain-

ing 0, and then choose a regular star-shaped triangulation of ∆∨; this determines a smooth
quasiprojective stacky fan Σ ⊂ M∨

R whose stacky primitives have convex hull ∆∨. We will
be interested in the B-model on the corresponding toric variety and on its toric boundary.
We choose a Laurent polynomial W : T∨C → C whose Newton polytope is ∆∨ We will be in-
terested in the A-model on the Landau-Ginzburg model determined by W , and on a regular
fiber W−1(−∞). Our goal is to prove the mirror symmetry:

Coh(∂TΣ) ∼= Fuk(W−1(−∞)).

We often denote this fiber by ∂Tmir, as it is mirror to the toric boundary of TΣ.
When ∆∨ is reflexive, this is the matching of the large complex-structure/volume limits

of Batyrev’s mirror families. Even in the setting of reflexive polytopes, one must allow in
general allow stacks to get the correct category of coherent sheaves. Of course, in the case
of a smooth fan in the usual sense, no stack discussions are necessary. However, the use of
stacks buys us much more:

Lemma 3.1.7. Every convex polytope containing the origin is the convex hull of the stacky
primitives of a smooth quasi-projective stacky fan.

Proof. The quasi-projectivity condition is that the triangulation induced by the fan is regular,
in the sense of being the break locus of a piecewise-linear function α : ∆∨ → R. Choose an
integer point in the polytope, and let α0 be the piecewise linear function which is 1 at the
origin, and 0 at all facets of the boundary not containing the origin. For each facet of the
polytope, τ , choose some ατ inducing a regular triangulation of τ . Then take the function
α = α0 +

∑
ετατ for small ετ . (We thank Allen Knutson for this argument.)

3.1.8 Skeleta from amoebae

Consider the complex n-torus T∨C = TT∨, and choose an identification T∨C ∼= T ∗T∨ in order
to equip T∨C with a Weinstein structure. Given a Laurent polynomial W : T∨C → C (to be
chosen later), we are interested in the Fukaya categories associated to the superpotential W
and a general fiber ∂Tmir := W−1(−∞). Thus we seek skeleta for these spaces.

To find them, we study the amoeba ([GKZ94]), or in other words, the projection to the
tangent fiber:

A = Log(∂Tmir) ⊂MR.

The cones of Σ give a triangulation of the polytope ∆∨. Then we can choose the Laurent
polynomial W so that its tropicalization ΠΣ is a spine onto which A retracts. The complex
ΠΣ is a piecewise-affine locus dual to the triangulation of ∆∨ by the cones of Σ. Since Σ
is a star-shaped triangulation, the complement of the amoeba will have a unique bounded
component. Hence the complex ΠΣ bounds a unique compact polytope, which we will denote
by Πin

Σ .
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In [Mik04], it is shown how to isotope the hypersurface ∂Tmir so that the amoeba of the
resulting hypersurface is “close” to the spine ΠΣ. This was used by Nadler to compute the
skeleton of the “n-dimensional pants”, i.e., the zero locus of the polynomial W = 1+

∑n
i=1 zi.

Here we extend the technique to the general setting described in the previous subsection.
In these cases, Mikhalkin’s isotopy ensures the critical points of Log |∂Tmir — and in fact
the entire skeleton LΣ — lie above the boundary of the unique bounded component of the
amoeba. The preimage of such a boundary component is precisely a contact type hypersur-
face. We then apply an argument from [Nadc] to each pants in the decomposition of ∂Tmir

to obtain the precise form of the skeleton.

Theorem 3.1.9 (Theorem 3.3.27 below). Let Σ be a smooth quasi-projective stacky fan
obtained as a star-shaped triangulation of ∆∨. There exists a Laurent polynomial W : T∨C →
C with Newton polytope ∆∨ whose relative skeleton LW is the [FLTZ12a] conic Lagrangian
−LΣ (see Section 3.3.1).

Remark 3.1.10. In fact, as pointed out to us by Peng Zhou, the argument we will give below
requires a certain additional hypothesis on the fan. We do not include this hypothesis in the
above statement as he has since done the calculations required to remove it [Zho]. Roughly
speaking, the point is that below we use a Morse function on W of the form ||Log(·)||,
whereas in fact one must replace || · || with a convex function adapted to the polytope in the
sense that its restriction to each face has a unique minimum. In the body of the chapter we
will give our original argument, and state results with the corresponding hypothesis. It is
unknown to us whether there is any polytope which, even after affine change of coordinates,
fails to satisfy this hypothesis.

Remark 3.1.11. We note also that the underlying topological spaces of some of the La-
grangian skeleta we construct were studied earlier in [RSTZ14].

The skeleton LΣ long predates our identification of it as the skeleton of a Landau-
Ginzburg model; it has been the subject of much study by the community studying mirror
symmetry using constructible sheaf theory.

We recall its precise definition in Section 3.3.1; here we introduce it by example in Figures
3.6 and 3.7. The drawing convention is that the hairs indicate conormal directions along a
hypersurface; likewise the circles or angles indicate conormals at a point. Thus each picture
depicts a conical Lagrangian, and the corresponding FLTZ skeleton is the union of this with
the zero section.

3.1.12 Bondal’s correspondence and mirror symmetry

In [Bon16], Bondal showed that the category of coherent sheaves on a toric variety could
be embedded in the category of constructible sheaves on a real torus. Bondal’s ideas were
explored in detail in [FLTZ11a, Tre]; his constructible sheaves were observed to have micro-
support contained in LΣ and conjectured to generate the category of such sheaves.
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Figure 3.6: The fan and FLTZ skeleton for A2.

Figure 3.7: The fan and FLTZ skeleton for P2.
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Bondal’s correspondence is SYZ mirror symmetry

In [FLTZ12a], Bondal’s correspondence was fit into the framework of [SYZ96] mirror sym-
metry, i.e., the idea that mirror symmetry arises from dualizing torus fibrations. Let us give
a short (and somewhat different) derivation of LΣ from a combination of the SYZ principle
with the interpretation of the “infinite radius” degeneration as a stopping condition.

First consider the example where Σ ⊂ R has as cones the loci 0, [0,∞), and (−∞, 0], i.e.,
where Σ is the fan whose toric variety is the projective line P1. The momentum map gives
this space the structure of a circle fibration over an interval whose circle fibers degenerate to
zero radius at the ends. The mirror should be again a circle fibration over an interval, this
time with fibers degenerating to infinite radius on both ends. Above, we made this precise by
declaring that the mirror is the exact symplectic manifold T ∗S1, endowed with the Liouville
sectorial structure in which each end of the cylinder has some stopped boundary. Imposing
these stops results in a skeleton given by the union of the zero section and the conormal to
a point. This is precisely the skeleton LΣ associated in [FLTZ12a] to the fan Σ.

More generally, consider a toric Fano variety TΣ, compactifying a torus T, corresponding
to a fan Σ in M∨

R . Let TΣ → ∆ ⊂MR be the anticanonical momentum map. The polytope
∆ has the property that the cone over its polar dual ∆∨ is just Σ.

Mirror symmetry has to do with taking the dual torus T∨ and its dual fibration over the
polytope ∆∨ ⊂M∨

R . This polytope will not be used to define another toric variety but rather,
under the principle that the T-dual of a collapsing fibration is a blowing up one, we use this
polytope to define stopping conditions. Before, the torus spanned by the cocharacters of
σ would degenerate to radius zero along the corresponding face; now, we want it to be
impossible to go all the way around the dualized version of this torus. Correspondingly, for
each cone σ ∈ Σ, we introduce the stop σ⊥ over the face of ∆∨ whose cone is σ. The result
(up to a sign convention) is the skeleton LΣ.

Bondal’s correspondence is Hori-Vafa mirror symmetry

In [HV00] it is argued that the toric variety TΣ is mirror to the Landau-Ginzburg model
(T∨C,W ), where W is a Laurent polynomial whose Newton polytope ∆∨ is the convex hull of
the primitive vectors in Σ. In [FLTZ12a] (and again here) one sees from the SYZ perspective
that the mirror involves the skeleton LΣ. Theorem 3.1.9 identifies these points of view.

Bondal’s correspondence is homological mirror symmetry

Recent work of Kuwagaki [Kuw] has established the conjectural [FLTZ12a, Tre] microlocal
characterization of the constructible sheaf side of Bondal’s correspondence.

Theorem 3.1.13 ([Kuw]). For any stacky fan Σ, the correspondence of [Bon16, FLTZ11a,
Tre] induces an equivalence between the category of coherent sheaves on TΣ and the compact
objects in the category of sheaves microsupported in LΣ:

shLΣ
(T ∗(S1)n)c ∼= Coh(TΣ)
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Remark 3.1.14. When Σ is not smooth and proper, even the functor above is new in [Kuw]:
the functor described in [Bon16, FLTZ12a, Tre] takes values in quasi-coherent sheaves, and
it is necessary to lift this functor to take values in ind-coherent sheaves.

According to [GPS18b, Cor. 6.16], one has always shLΣ
(T ∗(S1)n) ∼= Fuk(T ∗(S1)n, ∂∞LΣ).

If in addition Σ arises from a star-shaped triangulation of a polytope, then we may use The-
orem 3.1.9 above, to further identify this category with the Fukaya-Seidel category of the
Hori-Vafa Landau-Ginzburg model mirror to TΣ.

We turn to the toric boundary and its mirror.

Theorem 3.1.15 (Theorem 3.4.12 below). Let Σ be any stacky fan. Then there is an
equivalence of categories

µsh(∂LΣ)c ∼= Coh(∂TΣ).

As explained in Section 3.1.5, from [GPS18a, GPS, GPS18b, Shea, NS], combining The-
orem 3.1.15 with Theorem 3.1.9, we conclude that that when in addition Σ arises as a
star-shaped triangulation of a polytope ∆∨, the left-hand side is equivalent to the Fukaya
category of a generic hypersurface whose Newton polytope is ∆∨.

Remark 3.1.16. One might hope to deduce Theorem 3.1.15 from Theorem 3.1.13 via the
pushforward pullback adjunction i∗ : Coh(∂TΣ) ↔ Coh(TΣ) : i∗. However, it is not clear
how to extract the former category from the latter, as i∗ is not fully faithful.

Instead, we will take advantage of the fact that ∂TΣ is built from toric varieties glued
along toric varieties. We recover Coh(∂TΣ) from the corresponding categories of the com-
ponents by the descent property of Coh along the colimit defining ∂TΣ.

On the other side, ∂LΣ admits an open cover by pieces which are the skeletal mirrors
to the toric varieties making up ∂TΣ: see Section 3.3.23 for a precise statement. We prove
in Section 3.4 that Theorem 3.1.13 intertwines microlocalization with respect to this cover
with coherent sheaf restriction to boundary components.

Remark 3.1.17. After this article appeared, we learned that a version of Theorem 3.1.15
was announced in [TZ] in 2011; no proofs ever appeared.

3.1.18 Other related works

We end the introduction by attempting to situate our work in the landscape of homological
mirror symmetry.

Our approach has been to pass as quickly as possible to microlocal sheaf theory, and
match functorial structures on both sides in order to reduce mirror symmetry to elementary
calculations. Previous works in this spirit include [FLTZ11a, Kuw, Nadc]; the particular
approach used in this article is close to what is suggested in [TZ]. Note however we use
the foundational work [GPS18a, GPS, GPS18b] rather than [NZ09, Nad09]; among other
reasons, this allows us to make statements regarding the wrapped Fukaya category.
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Another strategy to approach mirror symmetry is to identify particular Lagrangians,
compute their Floer theory, and identify the resulting algebra with some endomorphism
algebra on the mirror. We view this as the approach taken to the quartic K3 in [Sei15], to
toric varieties in [Abo06, Abo09], and to and hypersurfaces in projective space in [She11,
She15, Sheb].

After finding the skeleton and corresponding cover of the hypersurface, we could perhaps
have used [Abo06, Abo09] to complete the proof of mirror symmetry for Calabi-Yau hyper-
surfaces. However, this would require reworking those arguments in the wrapped setting and
establishing the appropriate functoriality with respect to inclusion of toric divisors, and this
strategy would still require in-progress results on continuity of pushforwards among Liou-
ville sectors (though in a somewhat less localized form than we have described above). In
addition, the works [Abo06, Abo09], as [FLTZ12a, FLTZ11a, Tre], give only a fully faithful
embedding of the coherent sheaf category into the Fukaya category; one would need a differ-
ent argument for generation. In any case, the form of the results in [Kuw] is better adapted
to our uses here.

Finally we note that in [AAK16], one finds a mirror proposal for very affine hypersurfaces
in terms of a category of singularities; it is a priori different from the category we have found
here. The reason for the difference is that the [AAK16] mirrors correspond to a maximal
subdivision of ∆∨, and we have taken a decomposition centered at a single point. One
could try and compare algebraically the resulting categories. For that matter, we have
provided here many mirrors, depending on the choice of point, and it should be interesting
to understand the derived equivalences between them in algebro-geometric terms.

The [AAK16] mirrors can also be approached directly by the methods of this chapter.
The main new difficulty in carrying this out is that the amoebal complements have many
bounded components, making it more difficult to find a contact-type hypersurface containing
the skeleton. It is, however, possible to use a higher-dimensional version of the inductive
argument in [PS]. That proof has two essential ingredients: a gluing result and a way to
move around the skeleton to allow further gluings. The gluing result needed is exactly our
microlocalization of the theorem of Kuwagaki. We will return elsewhere to the question of
its interaction with deformations of the skeleton.

3.2 Toric geometry

We recall here some standard notations and concepts from toric geometry; proofs, details,
and further exposition can be found, e.g., in the excellent resources [Ful93, CLS11].

Our notation is chosen to match the mirror symmetric setup of Section 3.1.6: in most of
this chapter we will be interested in a fixed toric variety T, with dense open torus TC whose
character and cocharacter lattices are denoted by M and M∨, respectively. When we must
discuss another toric variety T′, we indicate the corresponding characters and cocharacters
by M(T′) and M∨(T′), respectively. In our review here we confine ourselves to the case of
toric varieties; for toric stacks see [BCS17].
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3.2.1 Orbits and fans

A toric variety T is stratified by the finitely many orbits of the torus TC. The geometry of
this stratification determines a configuration of rational polyhedral cones (the ‘fan’) in the
cocharacter space. We briefly review this correspondence.

For any cocharacter η : Gm → TC, one can ask whether limt→0 η(t) ∈ T, and if so, in
which orbit it lies.

This gives a collection of regions in M∨, and for such a region σ we denote the corre-
sponding orbit by O(σ). Each cone σ is readily seen to be closed under addition; in fact,
each is the collection of interior integral points inside a rational polyhedral cone σ ⊂ M∨

R .
This collection of cones is called the fan of T. Every face of the cone in the fan is again a
cone in the fan.

A character χ ∈ M is by definition a map TC → Gm, but composing with the inclusion
Gm → A1 determines a function on TC. One can ask whether such a function can be
extended to a given torus orbit O(σ). Evaluating on one-parameter subgroups η ∈ σ, one
needs limt→0 χ(η(t)) = limt→0 t

〈χ,η〉 to be well defined, or in other words that 〈χ, η〉 ≥ 0. In
fact, this condition is also sufficient, and moreover the ring of all functions on T extending
to O(σ) is k[σ∨], where

σ∨ = {χ ∈M | 〈χ, σ〉 ≥ 0}.

In other words, if we write Tσ for the locus in T on which all the k[σ∨] are well defined, the
natural map Tσ → Spec k[σ∨] is an isomorphism.

For cones σ, τ in a fan, the following are equivalent: τ ⊂ σ iff σ∨ ⊂ τ∨ iff O(σ) ⊂ O(τ)
iff k[σ∨] ⊂ k[τ∨] iff Tτ ⊂ Tσ. As sets,

Tσ =
∐
τ⊂σ

O(τ)

O(σ) =
∐
τ⊃σ

O(τ)

Definition 3.2.2. Let Σ be a fan of cones in M∨
R . We denote by TΣ the toric variety

determined as above by the fan Σ.

3.2.3 Orbit closures

Let σ ⊂M∨
R be a cone of the fan. The corresponding orbit O(σ) is acted on trivially by the

cocharacters in σ, hence by their span Zσ. That is, if we write denote by TC/σ the complex
torus (M∨/Zσ)⊗C×, then the TC action factors through TC/σ. In fact the resulting action
is free, and admits a canonical section inducing an identification TC/σ ∼= O(σ). Note in
particular that the dimension of the orbit is the codimension of the cone in the fan.

This identification can be extended to the structure of a toric variety on the orbit closure
O(σ). As mentioned above, as a set
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O(σ) =
∐
τ⊃σ

O(τ)

The identification of the open torus with TC/σ induces the following description of the
lattice of cocharacters:

M∨(O(σ)) ∼= M∨/Zσ
The fan of O(σ) is obtained from the Σ by taking the cones τ such that τ ⊃ σ and

projecting them along M∨ →M∨/Zσ.
The orbit closures have the relation Oσ ∩ Oτ = Oσ∧τ , where σ ∧ τ is the smallest cone

in the fan containing both σ and τ if such a cone exists, and by convention Oσ∧τ = ∅ if no
such cone exists. That is, the association σ → Oσ is inclusion reversing.

3.2.4 Fans from triangulations

Let ∆∨ ⊂ M∨
R be an integral convex polytope containing 0. We will be interested in stacky

fans obtained from star-shaped triangulations of ∆∨.

Definition 3.2.5. A triangulation T of ∆∨ is a star-shaped triangulation if every simplex
in T which is not contained in ∂∆∨ has 0 as a vertex.

Such a triangulation defines a stacky fan Σ: the stacky primitives of Σ are the 1-
dimensional cones in T , and the higher-dimensional cones in Σ are cones on the simplices in
T which are contained in ∂∆∨.

Remark 3.2.6. Note that not every fan Σ arises in the above fashion. The above construc-
tion produces only those fans Σ satisfying the following property: Let ∆∨ be the convex hull
of the primitives of Σ. Then every primitive of Σ lies on ∂∆∨. A more complete discussion
of this restriction can be found in Section 3.5.

Since the subdivision T of ∆∨ was a triangulation, the fan Σ is necessarily smooth. But
we would also like to require that Σ be quasi-projective; recall that this is equivalent to the
condition that the triangulation T be regular.

Definition 3.2.7. A subdivision T of ∆∨ is regular (sometimes also called coherent) if
it is obtained by projection of finite faces of the overgraph of a piecewise linear function
α : ∆∨ ∩M∨ → R.

3.2.8 The toric boundary

In this chapter, we are interested in the boundary ∂TΣ of a toric variety Tσ, and we will
need to use the fact that it is the union of the nontrivial orbit closures:

∂TΣ =
⋃

06=σ∈Σ

Oσ.
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In fact, we need a scheme (or stack) theoretic version of this statement. Below we always
take both each Oσ and ∂TΣ with their reduced structure.

Lemma 3.2.9. In the category of algebraic stacks, ∂TΣ = colimσ Oσ.

Proof. There is evidently a map colimσ∈Σ Oσ → ∂TΣ, we must check it is an isomorphism.
The question is étale local, thus we reduce to the case of affine toric varieties, i.e. some
TΣ = Spec k[τ∨] where τ is the unique maximal cone in the fan.

The ring of functions O(∂TΣ) is the quotient of it by all functions which vanish on
all faces; observe that this ideal is generated by the points of the interior of τ∨. That is,
O(∂TΣ) = k[τ∨]/k[Int τ∨]. Meanwhile the rings of functions O(Oσ) are the further quotients
of this by all functions except for those on the facet of τ∨ corresponding to σ.

Thus we are interested in whether the map k[τ∨]/k[Int τ∨] → limη<τ∨ k[η] is an isomor-
phism, where the η are the faces of τ∨. We can study this character by character, i.e.
separately at each integer point of ∂τ∨. What we must show is that the RHS is one di-
mensional. As pointed out to us by Martin Olsson, this can be seen by observing that the
character χ part of the RHS is computing precisely the cohomology of the normal cone to τ
at the character χ — and this cone is contractible.

We will discuss the mirror to this cover in Section 3.3.23

3.3 Weinstein skeleta from tropical geometry

Fix a polytope ∆∨ ⊂ M∨
R containing 0. Let W : T∨C → C be a general Laurent polynomial

with Newton polytope ∆∨. In this section, we find a relative skeleton for W.
In fact, we find many such skeleta, one for every choice of a regular star-shaped triangu-

lation T of ∆∨. Such a triangulation determines a tropicalization of W , and we will use this
tropicalization to compute a skeleton for the complex hypersurface Tmir := W−1(0). The
resulting skeleton will live inside a contact-type (real) hypersurface C ⊂ T∨C, and hence its
cone will be a relative skeleton for W .

Let Σ be the fan obtained from T as in Section 3.2.4. We will denote by LΣ the relative
skeleton described above. It has appeared previously in [FLTZ11a, FLTZ12b, Tre] as the
common microsupport for the constructible sheaves of Bondal’s correspondence [Bon16], and
was interpreted in mirror symmetric terms in [FLTZ12a].

For the rest of this section, fix ∆∨, T , and Σ as above. We will usually not distinguish
notationally between T and Σ.

3.3.1 The FLTZ skeleton

We begin by describing the conic Lagrangian LΣ ⊂ T ∗T∨ which we intend to reinterpret as
a relative skeleton for the Landau-Ginzburg model (T ∗T∨,W ). After describing the skeleton



64

LΣ, the remainder of this section will be devoted to proving that the boundary at infinity
∂LΣ of LΣ is a skeleton for the hypersurface Tmir.

To a non-stacky fan Σ, [FLTZ12a] associated a conic Lagrangian

LΣ =
⋃
σ∈Σ(σ⊥)× (−σ) ⊂ (M∨

R/M
∨)×MR = T ∗T∨.

In [FLTZ12b], a stacky version of this construction is given. Note first that we can
understand the torus T∨ as the Pontrjagin dual of the lattice M∨ :

T∨ = M̂∨ = Hom(M∨,R/Z).

Now let σ ∈ Σ be a cone, corresponding to a face Fσ of the polytope ∆∨. If Fσ has vertices
β1, . . . , βk, then we denote by M∨

σ the quotient

M∨
σ = M∨/〈β1, . . . , βk〉.

Thus the group of homomorphisms Hom(M∨
σ ,R/Z), which we will denote by Gσ, is a

possibly disconnected subgroup of M̂∨ = Tn.We write Γσ for the group π0(Gσ) of components
of Gσ. We use these possibly disconnected tori to define LΣ in the general case.

Definition 3.3.2. The FLTZ skeleton LΣ ⊂ T ∗T∨ is the conic Lagrangian

LΣ =
⋃
σ∈Σ

(Gσ × (−σ)).

We will denote by L∞Σ or ∂LΣ the corresponding Legendrian in T∞T∨: it is the spherical
projectivization of LΣ \T∨. When Σ is a non-stacky fan, this reduces to the above definition.

Remark 3.3.3. Our conventions end up being opposite to those in [FLTZ12a]; we will often
need the Lagrangian −LΣ obtained as the image of LΣ under the automorphism of T ∗T∨
which negates the fibers.

Example 3.3.4. Let Σ be the complete fan of cones in R2 which has three one-dimensional
cones σ1, σ2, σ3, spanned by the respective vectors (−1, 3), (3,−1), and (−1,−1), and three
two-dimensional cones, which we will denote by τij, where σi, σj are the boundaries of τij.

The tori σ⊥i have four points of triple intersection, and the tori σ1, σ2 have four additional
points of intersection. For any τij, the group Γτij of discrete translations of τij is equal to the
group σi ∩ σj, so that for each τij and each p ∈ σi ∩ σj, there is an interval in the cosphere
fiber T∞p T∨ connecting the Legendrian lifts of the tori σ⊥i and σ⊥j . See Figure 3.8.

The discrete data is used in the definition of the stacky skeleton to add pieces that will
connect the Legendrian lifts of tori σ⊥, τ⊥ in ∂LΣ over points where those tori intersect in
the base T∨.
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Figure 3.8: The stacky fan and FLTZ skeleton described in Example 3.3.4. The “stackiness”
of this fan is due to the fact that Gσ is nonzero for each top-dimensional cone σ; on the
mirror, this is reflcted by the presence of cocircles in L∞Σ (the gray circles in the figure)
above points other than 0.

3.3.5 Pants decomposition of ∂Tmir

In order to produce a skeleton for the hypersurface ∂Tmir, we will follow [Nadc] in using
Mikhalkin’s theory of localized hypersurfaces to isotope the hypersurface ∂Tmir to a form
where it is easy to read off its skeleton. Here, we describe Mikhalkin’s pants decomposition
and localization for the hypersurface ∂Tmir.

Triangulation and dual complex

Recall that we are assuming the fan Σ is smooth and quasi-projective; equivalently, that
the subdivision T of ∆∨ is a regular triangulation. The regularity of T is witnessed by a
piecewise linear function α : ∆∨ ∩M∨ → R. The Legendre transform of α is the function

Lv : MR → R, m 7→ maxn∈∆∨(〈m,n〉 − v(n)).

Definition 3.3.6. The dual complex for the regular triangulation T is the polyhedral com-
plex in MR obtained as the corner locus of the Legendre transform Lα. We will denote the
dual complex for T by ΠΣ.

Example 3.3.7. Let e1, . . . , en be a basis of M∨, and let ∆∨std be the polytope with vertices
0, e1, . . . , en. Then we can take v = 0, and the resulting dual complex Πstd is the corner locus
of the function (a1, . . . , an) 7→ max(0, a1, . . . , an).
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In the language of tropical geometry, the complex ΠΣ is the tropical hypersurface associ-
ated to the Newton polytope ∆∨ with regular triangulation T . Recall that the amoeba of a
hypersurface in (C×)n is its image in Rn under the map

Log : (C×)n → Rn, Log(z1, . . . , zn) = (log(|z1|), . . . , log(|zn|)).

The complex ΠΣ has the property that after an appropriate scaling of the coefficients of W ,
we can ensure that ΠΣ sits as a spine inside the amoeba of the hypersurface ∂Tmir. As always
in tropical geometry, the remainder of this section will involve transfering information from
ΠΣ to information about the hypersurface ∂Tmir.

Figure 3.9: A maximal subdivision of the polygon with vertices (−1, 0), (0,−1), (1, 1), and
its (unimodular) dual complex Π.

Since the triangulation T of ∆∨ is star-shaped, one consequence of the duality between
ΠΣ and T is the following fact, which we will soon find very useful:

Lemma 3.3.8. Let Π0
Σ be the component of MR \ ΠΣ corresponding to the vertex 0 of the

triangulation T . Then the boundary ∂Π0
Σ of this component is a (possibly unbounded) polytope

with face poset anti-equivalent to the poset of nonzero cones in the fan Σ.

The polytope Π0
Σ will be bounded if and only if the toric variety TΣ is proper, in which

case Π0
Σ will be the only bounded polytope in MR \ Π0

Σ. In any case, the skeleton for ∂Tmir

which we produce will essentially lie over the boundary ∂Π0
Σ.

Tropical pants

We required the subdivision T of ∆∨ to be a triangulation, which means that all of the faces
in T are simplices. This allows us to divide up ΠΣ into pieces we understand:

Definition 3.3.9. The neighborhood in ΠΣ of any vertex is a tropical pants.

These pants will be our basic building blocks in the construction to follow. This has
two appealing features: the first is that the complex ΠΣ is obtained by gluing these pants
together. Second, note that a (k − 1)-face in ΠΣ is the product of Rk with a (k − 1)-
dimensional tropical pants. Hence the loci along which pants involved in the description of
ΠΣ are glued are themselves lower-dimensional pants.
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Tailoring

The above is a useful description of the tropical curve, but we need to figure out how to
transfer that information to the hypersurface ∂Tmir itself. This was accomplished in [Mik04].
The key step is an isotopy for a hypersurface which modifies its amoeba to look more like
its tropical curve. We begin by describing this construction in the case of the pants.

Definition 3.3.10. For n ≥ 1, the standard (n− 1)-dimensional pants is

Pn−1 = {z1 + · · ·+ zn − 1 = 0} ⊂ (C×)n.

Definition 3.3.11. We will let An−1 = Log(Pn−1) denote the amoeba of the pants. Let
∆∨n−1 ⊂ Rn be the standard (n− 1)-simplex, and Πn−1 its dual complex, translated so that
the vertex of Πn−1 lies at the origin of Rn. Then we will call Πn−1 the spine of the amoeba
An−1.

Remark 3.3.12. The phases of the coefficients in our definition of Pn−1 will be important
later. Since we have chosen the coefficients all real, the components of ∂An−1 will be the
image of the real points of Pn−1.

Proposition 3.3.13 ([Mik04]). There is an isotopy, equivariant for the action of the sym-

metric group Σn+1, from Pn−1 to a symplectic hypersurface P̃n−1 with the following property:
For M ∈ R>0, let C×(M) = {z ∈ C× | log |z| < −M}. There exists an M ∈ R>0 such

that we have an equality

P̃n−1 ∩ {~z ∈ (C×)n | log |zn| < −M} = P̃n−2 × C×(M).

By Σn+1 symmetry, there are similar equalities on the other n ends of P̃n−1.

In other words, the amoeba of P̃n−1 is concentrated near its spine Πn−1: outside a
neighborhood of the singularities of Πn−1, the amoeba of P̃n−1 is exactly equal to Πn−1.
Following [Nadc], we will call the hypersurface P̃n−1 the “tailored pants.” (In [Mik04], it
was called the “localized pants.”)

Now we define a tailored pants P̃P whose tropical curve is dual to an arbitrary simplex P
appearing in the triangulation T of ∆∨. Pick a basis e1, . . . , en for M∨, and let A∨ : M∨ →
M∨ be an affine-linear map taking the standard simplex ∆∨n−1 (defined using our chosen
basis) to an arbitrary n-simplex P. The map A∨ induces a dual map A on M and hence
an endomorphism fA of T∨C. We can write A as the composite of a matrix Aij followed by
translation by some a ∈M ; in these coordinates, the map fA is given by

(z1, . . . , zn) 7→ (ea1
∏

i z
A1i
i , . . . , ean

∏
i z

Ani
i ).

The map fA will not be an isomorphism unless the simplex P has minimal volume; in general,
it is an unramified cover T∨C → (C×)n.
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Figure 3.10: The spine Πn−1, included in the amoebae of Pn−1 and P̃n−1.

Definition 3.3.14. We denote by P̃P the preimage of the tailored pants P̃n−1 under this
map. It is the tailored pants dual to the simplex P , or the tailored P -pants for short.

The tailored P -pants is a hypersurface whose amoeba is concentrated near the dual
complex ΠP of the simplex P . It is isomorphic to a degree-d cover of the standard pair of
pants, where d = det(Aij).

The utility of the property described in Proposition 3.3.13 is now clear: suppose two
simplices P1, P2 in the triangulation T share a common facet F , so that their respective
dual complexes ΠP1 ,ΠP2 overlap in an edge E. Let E◦ be the complement in E of small
balls around the vertices of ΠP1 and ΠP2 and U a neighborhood of E◦. Then the tailoring
construction ensures the following fact:

Lemma 3.3.15. Above U , the pants P̃P1 and P̃P2 agree: there is an equality P̃P1∩Log−1(U) =

P̃P2 ∩ Log−1(U).

This allows Mikhalkin to generalize the tailoring construction to an arbitrary hypersurface
(see also [Abo06] for a more detailed construction):

Lemma 3.3.16 ([Mik04]). The hypersurface ∂Tmir is isotopic to a symplectic hypersurface
∂Tmir

loc such that for each vertex v in the tropical curve ΠΣ ⊂MR, corresponding to a polytope
P in the triangulation T , there is a neighborhood Uv ⊂ MR such that Log−1(Uv) is equal to

the intersection P̃P with a large ball in T∨C.

3.3.17 Skeleta of pants

With our basic building blocks in hand, we are ready to begin computing Weinstein skeleta.
In [Nadc], the skeleton ΛΣ was computed in the case that ∆ is a standard simplex. In this
section, we recall that computation and generalize it to the case when ∆ is any simplex
(not necessarily minimal-volume), with 0 a vertex of ∆. The resulting hypersurface ∂Tmir

is an unramified cover of the standard pants, and it will be the basic building block in the
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Figure 3.11: The amoeba of the localization of the hypersurface xy + 1
x

+ 1
y

= 0.

main theorem of this chapter. In Section 3.3.23, we will globablize this calculation and prove
Theorem 3.3.27.

The FLTZ skeleton of affine space

First let us explicitly describe the skeleton Ln corresponding to the case where Σ is the
standard fan for affine space An. When n = 1, we have that L1 ⊂ T ∗(S1) ∼= S1 × R is the
circle along with a single spike–i.e., half a cotangent fiber–at the origin; more precisely,

L1 = {(θ, 0) | θ ∈ S1} ∪ {(0, ξ) | ξ ∈ R≥0}.

Writing T n for (S1)n, we have

Ln = (L1)n ⊂ (T ∗S1)n ∼= T ∗T n,

We write ∂Ln for the Legendrian boundary at infinity in T∞T n.
We will work in coordinates (~θ, ~ξ) on T∨C ∼= (C×)n, where zj = eξj+iθj . In other words,

(~θ, ~ξ) are coordinates on the base and fiber of the tangent bundle

T∨C ∼= TT∨ = (MR/M)×MR,

so that the natural projections onto the first and second components take components of
z ∈ (C×)n to their arguments and their log norms, respectively.

Weinstein structure

The space (C×)n has a natural Stein structure defined by the plurisubharmonic function

|Log |2 : (C×)n → R, |Log |2(z1, . . . , zn) = |Log(z1, . . . , zn)|2 ,

where as usual we denote by Log : (C×)n → Rn the log norm map. Note that we needed
to pick coordinates in order to write down the map |Log |2: this “kinetic energy” function
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provides the identification of the tangent bundle T∨C = TT∨ with a cotangent bundle T ∗T∨
with its canonical exact structure.

In more detail: the Stein structure given by |Log |2 endows (C×)n with a Weinstein
structure, with symplectic form given in coordinates by

ω =
∑n

i=1 dξidθi,

and Liouville form and Liouville field given by

λ =
∑n

i=1 ξidθi, X =
∑n

i=1 ξi∂ξi .

(See [CE12] for more details on the relation between Stein and Weinstein structures.)
Under the identification TT∨ ∼= T ∗T∨ given by our choice of coordinates, this Liouville
structure is equal to the canonical Liouville structure on a cotangent bundle. The tailored
pants P̃n−1 inherits a Liouville structure by restriction of λ and ω; we will now deform this
Liouville structure.

In order to make use of the inductive structure on the ends of the tailored pants P̃n−1, we
will translate the spine Πn−1 about which the amoeba of P̃n−1 is tailored. (This translation

is the same as a homotopy of Weinstein structures on P̃n−1, or alternatively, it is the same
as scaling the coordinates of P̃n−1 by e`.) Let Π`

n−1 be the dual complex for the standard
simplex, translated so that its vertex lies at the point (`1, `2, . . . , `n) ∈ Rn for some `i � 0.

We let P̃`n−1 denote the resulting tailored pants.

Remark 3.3.18. The reason for this translation is that our calculations rely on the skeleton
lying over the boundary of the region of Rn\A dual to the central vertex of the triangulation
T . (For the untailored pair of pants Pn−1, this is the component of ∂An−1 which is the image
of the locus in Pn−1 where all coordinates are real positive.) To ensure this, we need the
origin in Rn – the center point for the radial Liouville flow – to lie in the correct component
of Rn \ A.

The union of stable cells for the flow of the Liouville vector field X is the Lagrangian
skeleton of P̃`n−1, which we denote by Λn−1. We will describe this skeleton below, and in the
next subsection we will globalize these constructions to produce a description of the skeleton
for the hypersurface of interest in this chapter.

The skeleton Λn−1

To describe the skeleton Λn−1 of the pants, we need to identify the vanishing loci of the
Liouville form λ|P̃`n−1

and their stable manifolds. By inductively applying the property of

the tailored pants described in Proposition 3.3.13, we see that the vanishing loci λ|P̃`n−1
on

the “legs” of the pants P̃`n−1 are precisely {SI}∅(I([n], where

SI = {(z1, . . . , zn) ∈ P̃`n−1} ∩ {log |zi| = 0}i∈I ∩ {log |zj| = log |zj′|, zj ∈ R>0}j,j′ /∈I ,
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and the tailored pants P̃n−1 is constructed so that there is only one remaining zero of λ|P̃`n−1
,

which we denote by S∅. If all `i are equal, then this is the point

S∅ = {(z1, . . . , zn) ∈ P̃`n−1 | zi ∈ R>0 for all i, log |zi| = log |zj| for all i, j};

otherwise, this point is translated along the simplex S+
∅ (see below).

Since the Liouville flow is just radial flow, the respective stable manifolds of the vanishing
manifolds {SI}I([n] of λ|P̃`n−1

are

S+
I = {(z1, . . . , zn) ∈ P̃`n−1} ∩ {log |zi| = 0}i∈I ∩ {log |zj| > 0, zj ∈ R>0}j /∈I .

The skeleton Λn−1 of P̃`n−1 is the union of these stable manifolds S+
I . This exhibits Λn−1

as the union of a simplex with torus orbits of its boundary subsimplices, as follows: let
∆n−1 ⊂ (R>0)n denote the (n− 1)-simplex

∆n−1 = S+
∅ = {(z1, . . . , zn) ∈ (R>0)n ∩ P̃`n−1 | log |zi| ≥ 0 for all i},

and for proper I ⊂ {1, . . . , n} let ∆I ⊂ ∂∆n−1 denote the boundary subsimplex

∆I = {(z1, . . . , zn) ∈ (R>0)n ∩ P̃`n−1 | log |zi| > 0 for i /∈ I, log |zi| = 0 for i ∈ I}.

Each of these subsimplices has an action of the subtorus T I = (S1)I ⊂ (S1)n ⊂ (C×)n, acting
on the arguments of the coordinates zi for i ∈ I, and we recognize that the stable manifold
S+
I is precisely the orbit of this torus:

S+
I = T I ·∆I .

We can summarize the above dicussion (which is taken from the proof of [Nadc], Theorem
5.13) as follows:

Lemma 3.3.19 ([Nadc]). The skeleton Λn−1 of the tailored pants P̃`n−1 is a union

Λn−1 =
⋃

∅6=I 6=[n]

T I ·∆I

of the torus orbits of the simplices ∆I .

We now reformulate this description again in order to relate it to the Lagrangian Ln with
which we began. Recall that our choice of coordinates gave us an identification (C×)n ∼= T ∗T n

of (C×)n with the cotangent bundle of the n-torus T n, which we understand as the quotient
T n = Rn/Zn. Within the dual vector space (Rn)∨, let Σn be the standard fan of the toric
variety An, and note that there is a natural bijection between the set of nonzero cones σ ∈ Σn

and the indexing set {∅ ( I ( [n]} in the lemma above:

I // σI := {(x1, . . . , xn) ∈ (Rn)∨ | xi ≥ 0 for i 6= I, xi = 0 for i ∈ I}.oo
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Using this bijection, we can denote the torus T I and simplex ∆I by TσI and ∆σI , respectively.
The torus T I now admits a description in terms of the cone σI : the orthogonal to σI

is a linear subspace σ⊥I ⊂ Rn, and the image of this subspace under the quotient Rn/Zn is
precisely the torus T I . Thus, each cone σ naturally determines a conic Lagrangian

σ⊥ × σ ⊂ T ∗T n.

LetA0
n−1 be the component of Rn\An−1 containing 0, and let Cn be the orbit T n·∂An−1 ⊂

T ∗T n of its boundary. In other words, we have

Cn = {(z1, . . . , zn) ∈ (C×)n | Log(z1, . . . , zn) ∈ ∂A0
n−1}.

The importance of Cn is in the following proposition:

Proposition 3.3.20. For σI ∈ Σn the cone corresponding to I ⊂ [n], the stable manifold
T I ·∆I is equal to the intersection Cn ∩ (σ⊥I × σI). Hence we can rephrase the conclusion of
the above lemma:

Λn−1 =
⋃

06=σ∈Σn
Cn ∩ (σ⊥ × σ) = Cn ∩ (−Ln)

Proof. Note first that all fans in the cone Σn intersect ∂A0
n−1 in the simplex ∆n−1. Now fix

a cone σI ∈ Σn. It’s sufficient to check the equality (σ⊥I × σI)∩∆n−1 = ∆σI , since if we take
TσI orbits on both sides we obtain the equality claimed in the proposition. To check this
equality, we note that the simplex ∆n−1 is given by

∆n−1 = {(z1, . . . , zn) ∈ (C×)n | θi = 0, ξi ≥ 0 for all i},

and the boundary subsimplex ∆σ is precisely the locus in this simplex where ξi = 0 for i ∈ I.
By definition, the Lagrangian σ⊥I × σI is given by

σ⊥I × σI = {(z1, . . . , zn) ∈ (C×)n | θi = 0, ξi = 0 for i ∈ I; ξi ≥ 0 for i /∈ I},

and the intersection of this with ∆n−1 is precisely ∆σI .

Skeleta for P -pants

Corresponding to the simplex P , we produced in Definition 3.3.14 a tailored P -pants P̃P .
As for the standard pants, we write P̃`P for the scaling of P̃P which translates its amoeba

by `. Following closely the calculation have just performed for the skeleton of P̃`n−1, we now

compute the skeleton of P̃`P ; these skeleta will be the basic building blocks in the skeleton of
∂Tmir.

After a translation, we can assume one vertex of P is the origin in M∨
R ; let ΣP be

the stacky fan whose primitives are the nonzero vertices of P . As before, let A0
P be the

component of MR containing 0. Then we write

CP := {z ∈ T∨C | Log(z) ∈ A0
P}.
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As in Section 3.3.1, let Gσ be the possibly disconnected torus Hom(M∨
σ ,R/Z), where M∨

σ

is the quotient of M∨ by the vertices of the stacky primitives in σ.
Then the skeleton of P̃`P is what we expect:

Lemma 3.3.21. The skeleton ΛP of P̃`P is

ΛP =
⋃

06=σ∈ΣP

CP ∩ (Gσ × σ),

where the union is taken over cones on the faces of P.

Proof. Pick a basis e1, . . . , en for M . After translation by `, we can find a linear map
A : M → M which maps the translated dual complex Π`

P onto a translated dual complex
Π`
n−1 for the standard pair of pants. Now the proof is almost the same as before: we can

use the inductive property of the pants, altered by the action of A, to see that the leg of P̃`η
dual to the cone σ contributes to the skeleton a stable manifold

S+
σ = {(z1, . . . , zn) ∈ P̃`n−1 | Log(z1, . . . , zn) ∈ σ,Arg(z1, . . . , zn) ∈ Gσ},

and the d remaining critical points of |Log |2|P̃`η , where d = vol(P ), contribute covers of

the simplex ∂A0
P ∩ σ. The identification of the stable manifolds with the intersections

CP ∩ (Gσ × σ) follows as in Proposition 3.3.20.

A stacky example

A crucial point is that the above result holds in the case of a simplex P with arbitrary
volume, obtained as a cover of the standard simplex ∆n−1. The P -pants P̃P may be higher
genus; its skeleton ΛΣ is mirror to the boundary of a toric stack obtained as a quotient of
affine space An. We give here an explicit example of such a skeleton:

Example 3.3.22. Let ∆ ⊂ R2 be the simplex with vertices {(0, 0), (2, 0), (0, 2)}, so that
the corresponding stacky fan Σ is a stacky fan for the stack A2/(Z/2 × Z/2). We draw the
stacky fan and FLTZ skeleton in Figure 3.12. The boundary ∂A2/(Z/2× Z/2) matches the
mirror skeleton pictured in Figure 3.13.

3.3.23 The skeleton of ∂Tmir
loc

We now apply the above construction to the copies of P̃n−1 which comprise the hypersurface
∂Tmir

loc . As before, by choosing a basis for M we can pick coordinates T∨C ∼= (C×)n and then
use the function |Log |2 to define a Weinstein structure on T∨C, which is inherited by ∂Tmir

loc .
We will use the pants decomposition of ∂Tmir

loc to understand the skeleton associated to
this Weinstein structure, which we denote by ΛΣ.

Recall that we write Π0
Σ for the component of MR \ΠΣ dual to the unique 0-dimensional

cone in Σ and ∂Π0
Σ for its boundary. We will denote by A0

Σ the component of the complement
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Figure 3.12: The stacky fan and FLTZ skeleton for A2/(Z/2× Z/2).

Figure 3.13: The skeleton L∆ of the pants P̃∆ associated to the simplex ∆ with vertices
(0, 0), (2, 0), (0, 2), and its 4:1 cover of the skeleton of the standard pants.

of the amoeba corresponding to Π0
Σ, and our skeleton will live over its boundary ∂A0

Σ.
However, in order to avoid performing any calculations beyond those described above, we
must adopt a certain technical hypothesis on the fan Σ. As remarked in the introduction,
this hypothesis can be removed: see [Zho] for details.

Definition 3.3.24. A polytope P ⊂ Rn is called perfectly centered if for each nonempty
face F ⊂ P, the normal cone of F has nonempty intersection with the relative interior of F .

As in the proof of 3.1.7, we write α : ∆∨ → R for a function inducing the regular
triangulation of ∆∨ defined by Σ. The complex ΠΣ depends on our choice of α.

Definition 3.3.25. We will say that a fan Σ is PC if there exists some α as above for which
the polytope Π0

Σ is perfectly centered.
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Assume now that the fan Σ is PC.

Remark 3.3.26. So far, no fan is known to us not to be PC; nor, however, do we know any
compelling reason why all fans should be PC.

Let AΣ = Log(∂Tmir
loc ) be the amoeba of ∂Tmir

loc , and ∂A0
Σ the boundary of the component

of MR \ AΣ described above. Then we let C = Log−1(∂A0
Σ) be the lift of ∂A0

Σ to a (real)
hypersurface in T∨C. Our skeleton for ∂Tmir

loc will live inside of the hypersurface C, which,
since it is transverse to the Liouville flow, is of contact type.

Recall that we write −LΣ =
⋃

06=σ∈Σ σ
⊥ × σ for the (negative) FLTZ skeleton.

Theorem 3.3.27. The skeleton ΛΣ of ∂Tmir
loc can be written as the intersection

ΛΣ = C ∩ (−LΣ).

Proof. From our hypothesis that the fan Σ is PC, we may assume that the polytope Π0
Σ

is perfectly centered. This means that we can transport the fan Σ along an identification
M∨

R
∼= MR so that each nonzero cone σ in Σ intersects its dual face in Π0

Σ, as in Figure 3.14.
This allows us to define an open cover of ∂Tmir as follows: for each top-dimensional cone σ
in Σ, let Vσ be a neighborhood of the cone σ, thought of as in MR.

Let Uσ = Log−1(Vσ) ∩ ∂Tmir
loc be the lift of Vσ to an open subset of ∂Tmir

loc . Then Uσ is

an open subset in a pants P̃`σ. By construction, the image of Uσ in P̃`σ contains the whole

skeleton Λσ of P̃`σ. Now every zero of λ|∂Tmirloc
is contained in some Uτ , as is its stable manifold;

hence the skeleton ΛΣ is equal to the union of the skeleta Λτ .

Corollary 3.3.28. The FLTZ Lagrangian LΣ is a relative skeleton for W : T∨ → C.

Example 3.3.29. Let ∆∨ be the polytope with vertices (1, 1), (0,−1), (−1, 0), as in Fig-
ure 3.3.5 and Figure 3.3.5. In Figure 3.14, the fan Σ is drawn superimposed on the amoeba
AΣ. A neighborhood of each top-dimensional cone in Σ is a pair of pants which contributes
to L a pair of circles attached by an interval. The circles live over the points where the rays
of Σ intersect Π, and the intervals lie over the boundary of the bounded region in the center
of the amoeba.

A cover by mirror skeleta

One nice property of the skeleton ΛΣ which makes our mirror symmetry equivalence pos-
sible is a mirror to the decomposition of ∂TΣ mentioned in Section 3.2.3. Recall from the
discussion there that the orbit closure O(σ) in a toric variety TΣ is itself a toric variety, with
underlying torus TC/σ := (M∨/Zσ)⊗ C×. We write Σ(σ) ⊂ M∨/Zσ for the corresponding
fan, which is made up of the images of cones which contain σ.

We write LΣ(σ) ⊂ T ∗(T/σ)∨ for the FLTZ skeleton corresponding to O(σ). We write
σ⊥ ⊂ T∨ for the subtorus annihilated by all elements of σ ∩M∨ = σ ∩M∗(T∨) and note
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Figure 3.14: The fan Σ for P2 superimposed on the amoeba AΣ.

there is a canonical identification (T/Zσ)∨ = σ⊥. (Note that in order to deal with the
stackiness of O(σ), we will actually need the possibly disconnected torus Gσ.)

The closed cover of ∂TΣ by the O(σ) matches an open cover of ∂LΣ by pieces ΛΣ(σ). In
other words:

Corollary 3.3.30. A neighborhood U of the skeleton ΛΣ ⊂ ∂Tmir admits an open cover
U =

⋃
Uσ, along with an exact symplectomorphism to Uσ from the mirror to O(σ), taking

the skeleton of this mirror to ΛΣ(σ) := Uσ ∩ ΛΣ.

Proof. The appropriate cover of ΛΣ as a topological space is immediate from our description
of the skeleton ΛΣ: using the equivalence

ΛΣ
∼= L∞Σ =

( ⋃
06=σ∈Σ

Gσ × σ

)∞
,

we define

ΛΣ(σ) :=

( ⋃
06=τ⊂σ̄

Gτ × τ

)∞
⊂ ΛΣ

for any nonzero cone σ ∈ Σ. This Lagrangian is equivalent to a product ΛΣ(σ) = LΣ(σ) ×D
of the previously-mentioned mirror skeleton for O(σ) with a contractible space (or, in the
stacky case, a disjoint union of contractible spaces) D.

Now note that each piece ΛΣ(σ) contains the product of D, which is a disjoint union of
(n − k − 1)-disks, with a k-torus T k, along with the product of D with some conormals to
T k. Let Uσ be a Weinstein neighborhood in ∂Tmir of this D × T k. From the analysis in
Section 3.3.17, we can pick an identification

Uσ ∼= T ∗D × T ∗T k

so that the Liouville field on Uσ is a combination of the standard Liouville fields on T ∗D,T ∗T k

together with a radial vector field on the components of D. Moreover, the part of ΛΣ(σ) ∩Uσ
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living away from the zero-section of T ∗T k is just the cone, under this Liouville flow, of the
skeleton of the hypersurface which is mirror to the toric boundary ∂O(σ) of the orbit-closure
O(σ).

Remark 3.3.31. The above proof in fact establishes something stronger: the space ∂Tmir

has a Liouvile-sectorial cover by Liouville sectors mirror to O(σ). Our approach (embedding
∂Tmir inside the contact boundary of T ∗T n and studying microlocal sheaves within T ∗T n)
does not require this statement.

3.4 Microlocalizing Bondal’s correspondence

As above, we denote by TC be a complex torus with respective character and cocharacter
lattices M and M∨. Bondal’s coherent-constructible correspondence is a fully faithful em-
bedding of the category of coherent sheaves on a toric compactification T into the category
of constructible sheaves on the real torus T∨R := M ⊗ R/Z. It was originally observed in
[Bon16] and further developed by various authors, most notably [FLTZ11a, Tre, Kuw].

In particular, it was shown in [Kuw] that this embedding extends to an equivalence of
categories. We use this equivalence to prove a similarly-flavored equivalence “at infinity”,
i.e., an equivalence between the category of coherent sheaves on the toric boundary and the
category of wrapped microlocal sheaves away from the zero section.

Categories and conventions — We work with dg categories over a fixed ground ring k.
This theory can be set up either directly [Kel94, Kel07, Dri14] or by specializing the theory
of stable (∞, 1)-categories of [Lur09, Lur] as in [GR17, I.1.10].

The microlocal sheaf theory of [KS94] is easily translated to the dg setting; see [Nad09,
2.2] for a discussion. For a manifold M , we write Sh(M) for the unbounded dg derived
category of sheaves of k-modules on M . We impose no restrictions on the stalks; i.e., we
write Sh for what in [Nadc] is called Sh�, (and similarly for the later µsh).

For a conical subset Z ⊂ T ∗M , we write ShZ(M) for the full subcategory of Sh(M)
consisting of those sheaves with microsupport in Z. When Z is subanalytic Lagrangian,
then this subcategory is compactly generated, and we write ShZ(M)c for the subcategory
of compact objects. This subcategory is generally larger than the category of sheaves with
perfect stalks in ShZ(M); e.g. when Z = ∅ it contains the tautological (derived) local system
with fiber C∗(ΩM). The idea to use compact objects in the unbounded category to model
the wrapped Fukaya category stopped at Z is due to Nadler [Nadc]; that it works is now
a theorem [GPS18b]. The reader is referred to these articles for further discussions of this
category.

For X an algebraic variety (or stack), we write QCoh(X) for the dg derived category
of quasi-coherent sheaves on X in the sense of [GR17]; as observed there, the bounded
subcategory agrees with the usual usage of this term. It is useful to remember that perfect
complexes (bounded complexes of projectives) are precisely the compact objects in QCoh(X),
which can be recovered from Perf(X) by ind-completion. Similarly, we will write IndCoh(X)
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for the Ind-completion of the category Coh(X) of coherent sheaves on X ([GR17]). We can
recover the category Coh(X) by passing to compact objects.

To simplify notation, we write as if Σ is an ordinary (non-stacky) fan. To arrive at the
corresponding statements in the stacky case, one need merely remember the data of a fi-
nite abelian group Γσ for each cone in σ, and correspondingly replace the sets {A(σ)}σ∈Σ,
{B(σ)}σ∈Σ with sets {A(σ, χ)}σ∈Σ,χ∈Γσ , {B(σ, χ)}σ∈Σ,χ∈Γσ , where the added χ denotes trans-
lation in T∨ and twists by a character, respectively. See [FLTZ12b, Section 5] for details.

3.4.1 Bondal’s coherent-constructible correspondence

For a cone σ ⊂ M∨, we write B(σ) for the structure sheaf on Spec(k[σ∨]), or its push-
forward to any toric variety whose fan contains the cone σ. On the other hand we write
A(σ) for the constructible sheaf on M ⊗ R/Z obtained by taking the !-pushforward of the
dualizing (constructible) sheaf on the interior of σ∨. One then makes the following

Basic calculation ([Bon16, FLTZ11a, Tre]): Let TΣ be a toric variety with fan Σ, with
dense torus TC. Let σ, τ ∈ Σ be cones. Then there are canonical isomorphisms

H∗Hom(A(σ), A(τ)) ∼= k[τ∨] ∼= H∗Hom(B(σ), B(τ)) if σ ⊃ τ,

and all other Homs between such objects vanish. This is moreover compatible with the
evident composition structure.

In [Kuw, Sec. 12], it is shown that the same holds where the B(σ) are replaced by
appropriate lifts of these objects to ind-coherent sheaves.

We denote full dg subcategories generated by the A(σ) and B(σ) by:

AΣ := {A(σ) |σ ∈ Σ} ⊂ sh(T∨)
BΣ := {B(σ) |σ ∈ Σ} ⊂ IndCoh(TΣ)

While the calculation above might seem to imply only the equivalence H0(AΣ) ∼= H0(BΣ)
of triangulated categories, we recall the following useful fact:

Lemma 3.4.2. Let Ci be a collection of dg categories, each of which has all morphisms
concentrated in cohomological degree zero. Then any diagram valued in the H0(Ci) lifts
canonically to a homotopy coherent diagram in the corresponding Ci.

Proof. The hypothesis on Ci implies that the natural maps

H0(C) τ≤0Coo // C

are quasi-isomorphisms. Thus any diagram among the H0(Ci) can be lifted to a diagram
among the Ci by composing with this pair of quasi-isomorphisms.
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As the category of quasicoherent sheaves on a toric variety is generated by the structure
sheaves of the affine toric charts, the restriction to the subcategory BΣ is really no restriction:
the morphism IndCoh(TΣ) → Mod − BΣ is an isomorphism. Passing to compact objects,
one obtains Coh(TΣ) ∼= 〈BΣ〉.

On the other side, the objects of AΣ all satisfy the microsupport estimate

ss(A(τ)) ⊂
⋃
σ⊂τ

σ⊥ × (−σ) ⊂ T∨ ×M∨
R = T ∗T∨.

In particular, writing

LΣ :=
⋃
σ∈Σ

σ⊥ × (−σ),

we have that Aσ ∈ ShLΣ
(T∨) for all σ ∈ Σ. As conjectured by [FLTZ12a, Tre], and proven

by Kuwagaki [Kuw], these objects generate this category:

Theorem 3.4.3. [Kuw] The morphism ShLΣ
(T∨)→ Mod− AΣ is an isomorphism.

Kuwagaki’s method of proof is first to establish this statement in the affine case, where
Σ is formed by a single cone. Then he constructs functors of constructible sheaf categories
which, he shows, match under the above correspondence with restriction functors to toric
affine charts. His main result is that these functors, on the constructible sheaf side, satisfy
what would be Zariski descent on the coherent side.

3.4.4 Restriction is mirror to microlocalization

Let T be a toric variety, σ a cone of the fan Σ(T), and iσ : O(σ)→ T the inclusion of the orbit
closure corresponding to the cone σ. As the orbit closure is itself a toric variety, one can ask
what functor of constructible sheaf categories corresponds under Bondal’s correspondence to
the pullback i∗σ. We will see that the answer is a sort of microlocalization functor.

Restriction to orbit closures

Recall that the orbit closure O(σ) carries the structure of a toric variety, with associated
cocharacter lattice M∨/Zσ. For τ a cone containing σ, we write τ/σ for the image of τ in
M∨/Zσ. The map τ → τ/σ gives a bijection between cones containing σ and cones in the
fan of Σ(O(σ)).

Let us recall that

Tτ =
∐
τ⊃η

O(η)

O(σ) =
∐
η⊃σ

O(η),
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and therefore the intersection of the orbit closure O(σ) with the affine piece Tτ decomposes
as

Tτ ∩O(σ) =
∐

τ⊃η⊃σ

O(η) =

{
O(σ)τ/σ τ ⊃ σ,

∅ otherwise.

For τ ⊃ σ, there is a natural identification (τ/σ)∨ ∼= τ∨ ∩ σ⊥ ⊂ τ∨. The corresponding
map k[(τ/σ)∨] ↪→ k[τ∨] has a unique M -graded left-inverse k[τ∨] → k[(τ/σ)∨], which gives
the affine inclusion O(σ)τ/σ ↪→ Tτ . We conclude:

Lemma 3.4.5. We have canonical isomorphisms

i∗σB(τ) =

{
B(τ/σ) τ ⊃ σ,

0 otherwise.

The source or target of the induced map

i∗σ : H∗Hom(B(τ ′), B(τ))→ H∗Hom(B(τ ′/σ), B(τ/σ))

vanishes unless τ ′ ⊃ τ ⊃ σ, and in this case is canonically identified with the map k[τ∨] →
k[(τ/σ)∨].

The same holds for the indcoherent lifts of the B(σ), with i!σ in place of i∗σ; as shown in
[Kuw, Sec. 12].

Microlocalization

Our description of the mirror to the restriction functor i∗σ will be given in terms of Sato’s
microlocalization. We now briefly review this notion; for details see [KS94, Chap. 4].

Microlocalization is built from Verdier specialization, and the Fourier-Sato transform.
The Verdier specialization along a submanifold X ⊂ Y carries sheaves on Y to conic sheaves
on TXY , by pushing forward along a deformation to the normal cone. The Fourier-Sato
transformation carries conic sheaves on a bundle to conic sheaves on its dual, by convolu-
tion with the kernel given by the constant sheaf on the locus {(x, x∗) |x∗(x) ≤ 0}. Sato’s
microlocalization is the composition of these, and carries sheaves on Y to conic sheaves on
T ∗XY ; we denote it by µX .

As usual, write

LΣ =
⋃
σ∈Σ

σ⊥ × (−σ) ⊂ T ∗T∨

for the [FLTZ12a] skeleton mirror to TΣ.
For the orbit closure O(σ), we denote the corresponding torus TC(σ) := TC/(Zσ ⊗Gm),

and skeleton LΣ(O(σ)) ⊂ T ∗T(σ)∨. Note the canonical identification T(σ)∨ ∼= σ⊥.
We compute the following microlocalization:
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Lemma 3.4.6. Let π : σ⊥×(−σ◦)→ σ⊥ ∼= T(σ)∨ be the projection. Consider the morphism

mσ : Sh(T∨) → Sh(σ⊥)

F 7→ π∗((µσ⊥F )|σ⊥×(−σ◦)).

Then there are canonical isomorphisms

mσA(τ) =

{
A(τ/σ) τ ⊃ σ

0 otherwise.

The source or target of the induced map

µσ : H∗Hom(A(τ ′), A(τ))→ H∗Hom(A(τ ′/σ), A(τ/σ))

vanishes unless τ ′ ⊃ τ ⊃ σ; in this case the map is canonically identified with k[τ∨] →
k[(τ/σ)∨].

Proof. Since the sheaves in question are constant along the fibers of π, which are contractible,
the pushforward π∗ does essentially nothing, and we subsequently omit it from the notation.

The vanishing when σ 6⊂ τ follows immediately from the microsupport estimate ([FLTZ12a,
Prop. 5.1])

ss(A(τ)) ⊂
⋃
σ⊂τ

σ⊥ × (−σ) ⊂ T∨ ×M∨
R = T ∗T∨.

Now consider A(τ) with σ ⊂ τ . The specialization of A(τ) along σ⊥ can be understood
as follows. Choose a splitting T∨ = σ⊥×T′, where T′ = Hom(Zσ,R/Z). Let T′ε be an epsilon
ball around the origin of T′. Then the Verdier specialization along σ⊥ can be visualized as
first restricting to σ⊥ × T′ε, and then rescaling the T′ε factor to be very large, in the limit as
ε→ 0. In this limit, the T′ε factor can be identified with Hom(Zσ,R).

Restricting to σ⊥ ×T′ε breaks A(τ) into a direct sum of Nk pieces, where the Nk grading
counts how many times the cone has wrapped around (S1)k. Let us call the result A′(τ).

First we study the grading zero component, A′(τ)0. The rescaling limit carries A′(τ)0

to A′(τ)0|σ⊥ � Aε(σ), where Aε(σ) is the costandard sheaf on the dual cone to σ inside
Hom(Zσ,R). The Fourier transform (which happens only in the second factor) of Aε(σ)
returns the standard sheaf on −σ, which restricts to the constant sheaf on −σ◦. On the
other hand, A′(τ)0|σ⊥ is readily seen to be A(τ/σ).

For the remaining components, note that since each has already wrapped around at least
once in some direction, they are invariant along the line spanned by some extremal ray of
the dual cone to σ inside Hom(Zσ,R/Z). It follows that their Fourier transform is supported
on the face of σ annihilated by that ray; hence the restriction of such a component to −σ◦
is zero.

Finally, for the Homs, the above statement follows from the fact that Nk grading coming
from counting wrapping is identified with the natural gradings on k[τ∨], k[(τ/σ)∨], etc, as
in [Tre, Prop 2.3].
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In words: Bondal’s correspondence intertwines the pullback i∗σ with the microlocalization
mσ, at least as far as AΣ and BΣ are concerned. Using the generation result of [Kuw] (and
noting again Lemma 3.4.2), this can be extended to the larger categories.

Remark 3.4.7. In [FLTZ11a, Tre] a functoriality statement is established for certain toric
morphisms of toric varieties; however, the inclusion of an orbit closure is not a toric mor-
phism. Pushforward and pullback along this morphism can be realized by correspondences
of toric morphisms, but even these toric morphisms do not satisfy the hypotheses of that
functoriality result.

3.4.8 Microlocalizing sheaves of categories of microlocal sheaves

The Kashiwara-Schapira stack

Let M be a manifold. As shown (though not quite stated) in [KS94], there is a sheaf of
categories on T ∗M , the Kashiwara-Schapira stack, whose global sections recover the usual
category of sheaves on M . To define it, one begins with the presheaf of categories µshpre,
whose sections in a small ball U are the quotient category

µshpre(U) = Sh(M)/ShT ∗M\U(M).

The Kashiwara-Schapira stack is the sheafification of this presheaf of categories; i.e., it is
obtained by replacing sections by their limits over certain open covers. To be precise, let us
specify in which category (∞, 1)-category of dg categories these limits should be understood.
We use the following notation:

We write dg to mean the category whose objects are small stable (aka pre-triangulated)
dg categories, and whose morphisms are exact functors. We write DG for the category
whose objects are cocomplete stable dg categories, and whose morphisms are exact functors.
There are various not full subcategories of DG characterized by what sort of adjoints the
morphisms are. We indicate, e.g., by ∗DG the category in which all morphisms are left
adjoints; by ∗∗DG the category in which all morphisms are left adjoints of left adjoints, etc.

Taking adjoints gives equivalences of categories, e.g. ∗DG ∼= (DG∗)op, etc. This turns
out to be very useful: as described in [Gai], we can turn colimits into limits. Taking ind-
completion and then adjoints gives an equivalence dg ∼= ∗∗DG ∼= (∗DG∗)op. Thus a colimit
in dg becomes a limit in ∗DG∗, which we can compute in DG∗. Taking adjoints again and
passing to compact objects gives the originally desired colimit.

Since the restriction maps in µshpre are continuous and cocontinuous, it is valued in
∗DG∗, and one can sheafify it equivalently in this category or in DG∗. The resulting sheaf of
categories is discussed in some detail in [Gui, Nadc] (though [Gui] only speaks of triangulated
categories).

For a conical Lagrangian L ⊂ T ∗M , there is a sheaf of full subcategories µshL on objects
whose microsupport is contained in L. This sheaf becomes a cosheaf via the equivalence
(∗DG∗)op ∼= ∗∗DG ∼= dg. Note we may pass to compact objects in the cosheaf to obtain a
cosheaf valued in dg.
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Microlocal restriction

It is nontrivial to calculate from the definitions the restriction functors of µsh. Two tools
are provided in [KS94]. The first is the µhom functor. By definition, for sheaves F,G on
M , the sheaf µhom(F,G) on T ∗M is obtained by microlocalizing the sheaf Hom(π!

1F, π
∗
2G)

along the diagonal of M ×M . Its main feature is that there is a canonical identification

Homµsh(U)(F,G) = µhom(F,G)(U)

It generalizes the Sato microlocalization we have already used: for any smooth X ⊂ Y , we
have µX(F ) = µhom(kX , F )|T ∗XY .

The second tool is the theory of contact transformations. This can be used in the following
way. Suppose L is some smooth open subset of the microsupport L. Then there is an
embedding T ∗L → T ∗M . Under appropriate hypotheses, one can define a sheaf on L ×
M whose microsupport is the graph of the embedding. This sheaf provides a convolution
kernel which, again under appropriate hypotheses, should give an isomorphism µshL(M)|L →
shL∩T ∗L(L).

In this article we make use only of the first of these tools, though there is likely also a
route to the below results using the second.

Lemma 3.4.9. Let Σ ⊂ M∨
R be a fan and LΣ the corresponding skeleton inside T ∗T∨R. Let

σ ∈ Σ be a cone, and let π : σ⊥ × (−σ◦)→ σ⊥ be the projection. Then the functor

F 7→ π∗(µσ⊥F |σ⊥×(−σ◦))

factors canonically through an isomorphism

µshLΣ
(σ⊥ × (−σ◦))→ shLΣ(σ)

(σ⊥)

Proof. Morally, the point is that, in a neighborhood of σ⊥×(−σ◦), the embedding LΣ ⊂ T ∗T∨R
is symplectomorphic to LΣ(σ) × (−σ)◦ ⊂ T ∗(σ⊥ × (−σ◦)). We expect that one can deduce
the above lemma directly from this geometric fact, using the general formalism of contact
transformations. (In fact there is probably even an easier argument using the stabilization
trick of [Shea].) However, to avoid checking the hypothesis necessary to apply this theory,
we will instead establish it by appeal to the result of [Kuw] that the category shLΣ

(T ∗T∨) is
generated by the sheaves A(τ). Thus it suffices to study these objects.

We have already seen that the first functor vanishes iff τ 6⊃ σ iff ss(A(τ)) is disjoint
from σ⊥ × (−σ◦); the latter condition by definition guarantees that A(τ) goes to zero in
the microlocalization µshLΣ

(σ⊥ × (−σ◦)). This gives the desired factoring. Note moreover
this argument holds over any open subset of σ⊥ × (−σ◦), hence this determines in fact a
morphism of sheaves of categories µshLΣ

|σ⊥×(−σ◦) → π∗shLΣ(σ)
.

We must check this morphism is an isomorphism on global sections. By [Kuw] applied to
Σ(σ), the A(τ) generate the latter; by [Kuw] applied to Σ the A(τ) generate and in particular
generate the microstalk functors at smooth points, which (as pointed out in [Nadc]) generate
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µsh(Ω) for any Ω. Thus it suffices to show that the map is fully faithful when restricted to
the full subcategory on the A(τ). Since the Homs are computed as global sections of the
µhom sheaves, it suffices to show that the following natural map of sheaves is in fact an
isomorphism:

µhom(A(τ ′), A(τ))|σ⊥×(−σ◦) → Hom(µhom(kσ⊥ , A(τ ′)), µhom(kσ⊥ , A(τ)))|σ⊥×(−σ◦).

It is straightforward to check this explicitly in the simplicial case: after some change
of coordinates we are making calculations having to do with the standard and costandard
sheaves on the upper 2n-ant of Rn, and its faces.

More generally, (or to avoid calculation even in the above case), note that the µhom of
standard/costandard sheaves on polyhedral cones is always just a constant sheaf on the union
of certain conormals to strata of the cone. It is easy to see that the two above sheaves have
the same support, so it is enough to know the assertion at a single point of this microsupport.
This reduces us to the assertion found in [KS94, Chap. 7] that, along the smooth locus of
the microsupport, the Sato microlocalization is canonically identified with the microlocal
restriction.

Remark 3.4.10. We do not know a completely satisfactory characterization of precisely
when the restriction in the Kashiwara-Schapira stack can be calculated by the Sato microlo-
calization; in particular, it seems that this is not always the case [GSb]. Another way to
make the above calculation, also suggested in [GSb], is to use the fact that µhom commutes
with the Fourier-Sato transform, in order to reduce to a calculation of ordinary Hom sheaves.

3.4.11 At infinity

We are now ready to pass to the boundary on both sides of Bondal’s correspondence. On
the B-side, this means passing from the toric variety TΣ to the union of its toric boundary
divisors, and on the A-side, this means moving from the relative skeleton LΣ of the LG model
W : T ∗T∨ → C to the complement of the zero section: L◦Σ := LΣ \ T∨.

Theorem 3.4.12. There is an equivalence of categories

Coh(∂TΣ) ∼= µsh(∂LΣ)c.

Proof. To avoid worrying about whether various colimits exist, we will work with the co-
complete categories IndCoh and µsh, and we will return to the above statement at the end
by passing to compact objects. This is essentially only a matter of notation.

According to Lemma 3.2.9, the toric boundary is a colimit of its component subva-
rieties. By [GR17, IV.4.A.1.2], taking coherent sheaves carries colimits to colimits (the
result is there stated for affine schemes, from which the statement we require follows by
étale descent; note also that a colimit of underived schemes or stacks remains a colimit
of the corresponding items viewed as derived objects, since the inclusion of underived ge-
ometry into derived geometry is left adjoint to truncation of derived structure). Thus:
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IndCoh(∂TΣ) ∼= colimσ∈Σ IndCoh(O(σ)). By Zariski (or étale in the stack case) descent we
may trade IndCoh(O(σ)) ∼= Mod−BΣ̂(O(σ)). (For a detailed explanation of this isomorphism

see [Kuw].)
The coherent-constructible correspondence of [Bon16, FLTZ12a, Tre] and Kuwagaki’s

theorem [Kuw], respectively, give the following two equivalences:

colimσ∈Σ Mod−BΣ̂(O(σ))
∼= colimσ∈Σ Mod− AΣ̂(O(σ))

∼= colimσ∈Σ ShL
Σ̂(O(σ))

(T(σ)∨).

Finally, by taking adjoints to the restriction morphisms we analyzed in Lemmata 3.4.6 and
3.4.9, we obtain the following identification:

colimσ∈Σ ShL
Σ̂(O(σ))

(T(σ)∨) = colimσ∈Σ µshLΣ
(σ⊥ × (−σ◦))

On the right, the maps are co-restriction functors of wrapped microlocal sheaves, and
this colimit is just the one associated to a cover of ∂LΣ. This completes the proof.

3.5 A glimpse in the mirror of birational toric

geometry

Since the works [BO, Kaw09], it has been understood that birational features of algebraic
geometry often have natural interpretations in the derived category of coherent sheaves.
Mirror symmetry provides an illuminating perspective on these derived equivalences, which
in algebraic geometry seem to be among a discrete set of objects. Remarkably, on the mirror
this discretization becomes unnatural, and one can continuously interpolate between the
mirrors of derived equivalent varieties. Many other features of birational geometry (e.g.,
semi-orthogonal decompositions associated to blowups) also have beautiful new geometric
interpretations in terms of mirror geometry. For discussions in the context of toric varieties,
see [FLTZ11b, DKK16, BDF+15].

Here is another result in this direction.

Corollary 3.5.1. Let W : (C×)n → C a Laurent polynomial with Newton polytope ∆ and
Σ1,Σ2 a pair of fans obtained as star-shaped triangulations of ∆. Then there is a derived
equivalence Coh(TΣ1) ∼= Coh(TΣ2).

Proof. Let L1,L2 be the corresponding [FLTZ12a] skeleta. We have shown that (a Liouville
domain completing to) the fiber W−1(−∞) is isotopic both to a domain with skeleton ∂L1,
and to a domain with skeleton ∂L2. By [GPS, Cor. 2.9], we have an equivalence of the
wrapped Fukaya categories Fuk(T ∗T∨, ∂Λ1) ∼= Fuk(T ∗T∨, ∂Λ2). By [GPS18b] we may trade
this for an equivalence of constructible sheaf categories, and by [Kuw] we may trade the latter
for the asserted equivalence of coherent sheaf categories.

What the above argument does not yet give is a formula for the above equivalence. In
fact, there are many such derived equivalences, corresponding to monodromies (as we vary
the coefficients of f) around the discriminant locus. We will describe these in future work.
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Non-Fano mirror symmetry

It was observed in [AKO08, Abo09] that mirror symmetry for toric varieties requires modifi-
cation in the case of a non-Fano variety T: the naive interpretation of the Hori-Vafa mirror
Landau-Ginzburg model for a non-Fano variety contains Coh(T) as a full subcategory but
can be strictly larger. One procedure to remedy this discrepancy is suggested in [BDF+15].
By contrast, [Kuw] holds for all toric varieties. Here we explain this discrepancy in an exam-
ple; in future work, we plan to use the same ideas to establish the conjectures of [BDF+15].

In the body of this chapter, we began with a polytope ∆∨ with star-shaped triangulation,
and let Σ be the fan given by this star-shaped triangulation. Any fan Σ obtained in this way
has the following property: let v1, . . . , vk be (stacky) primitives for the rays in Σ, and let ∆∨

be the convex hull of the vi. Then each vi is on the boundary of ∆∨. This excludes fans Σ
in which one of the primitives vi is too short to reach ∂∆∨. In this case, the the mirror to
∂TΣ will not be a hypersurface with Newton polytope ∆, but only a Liouville subdomain of
such a hypersurface. The simplest case of this is described in the following example.

Example 3.5.2. Let Σ1 be the fan with primitive rays (−1, 2), (1, 2); Σ2 the fan with
primitives (−1, 2), (0, 2), (1, 2); Σ′ the fan with primitives (−1, 2), (0, 1), (1, 2); and ∆∨ the
polytope obtained as convex hull of the primitives for any of the three fans above. (These
convex hulls obviously agree.) Then each of Σ1 and Σ2 is obtained as a star-shaped trian-

Figure 3.15: The fans Σ1,Σ2,Σ
′.

gulation of ∆∨; hence the results of this chapter show that the boundaries ∂TΣ1 and ∂TΣ2

are both mirror to a generic hypersurface H with Newton polytope ∆∨.

Figure 3.16: The FLTZ boundary skeleta Λ1,Λ2,Λ
′ for the fans Σ1,Σ2,Σ

′.

We obtain two different skeleta Λ1,Λ2 of the hypersurface H, corresponding to the respec-
tive triangulations Σ1 and Σ2, and we know that each of these is the boundary of a stacky
FLTZ skeleton; by studying the fans Σi, we conclude that Λ1 consists of two circles connected
by four different intervals (since the two rays in Σ1 share a non-unimodular simplex of area
4), and Λ2 consists of four circles, cyclically connected by intervals (there being four circles
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since the middle ray, of length two, is double-counted by the stacky FLTZ procedure). Each
of these is a skeleton for H, which is a quadruply-punctured genus-one curve.

Let Λ′ be the boundary of the [FLTZ12a] skeleton for Σ′. Then Λ′ is no longer a skeleton
for the hypersurface H, as Λ1,Λ2 are. It resembles the skeleton Λ2, except that the central
ray, now of length one, is no longer double-counted. This means that Λ′ is obtained from
Λ2 by deleting one of the two double-counted circles along with its two connecting intervals.
Hence Λ′ consists of three circles, connected in a row by a pair of intervals. It is the skeleton
of a triply-punctured genus-one curve, a subdomain of the quadruply-punctured curve H.
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Chapter 4

Multiplicative hypertoric varieties

4.1 Introduction

In this chapter, based on the work [GMW], written jointly with Ben Webster and Michael
McBreen, and following earlier work [MW] of those authors, we realize a homological mirror
symmetry equivalence for multiplicative hypertoric varieties.

Multiplicative hypertoric varieties are variants of the more familiar toric hyperkähler, or
“additive hypertoric,” varieties defined in [BD00, Kon00]. Both multiplicative and additive
hypertoric varieties appear as the simplest examples of, and hence an excellent testing ground
for, a class of hyperkähler manifolds arising from supersymmetric gauge theory and of great
interest in geometric representation theory. Additive hypertoric varieties appear as Coulomb
branches of 3d N = 4 gauge theories, as first constructed in [BFN], with abelian gauge
group. Their multiplicative cousins appear as Seiberg-Witten systems governing 4d N = 2
theories, and after compactification on a circle they appear in the K-theoretic Coulomb
branch construction from [BFN] (see also [Telb, FT] for further descriptions of these spaces).

4.1.1 SYZ mirror symmetry

From the perspective of mirror symmetry, the salient feature of multiplicative Coulomb
branches is the presence of a Hitchin fibration: to a first approximation, these spaces are
hyperkähler manifolds admitting the structure of an integrable system whose generic fiber
is a holomorphic Lagrangian torus. The mirror, obtained by “dualizing the torus fibration”
á la [SYZ96] (a procedure which must be corrected in general for singular fibers), will be a
space with the same structure. The expectation is that the symplectic geometry of each of
these spaces should be equivalent to the algebraic geometry of its mirror.

The simplest multiplicative hypertoric variety is the affine variety

(T ∗C)◦ := C2 \ {zw + 1 = 0}.

As discussed in [Aur07, Section 5.1], this space admits a fibration by 2-tori with a single
nodal torus fiber, and it is self-mirror. The space (T ∗C)◦ is holomorphic symplectic, and the
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S1 action eiθ · (z,w) = (eiθz, e−iθw) is quasi-hyperhamiltonian, with a moment map valued
in T∨× t∨R; as described in Section 4.2, this can be lifted to a hyperhamiltonian action, with
Lie algebra-valued moment map, on the universal cover of (T ∗C)◦.

All multiplicative hypertoric varieties are given as hyperhamiltonian reductions of (T ∗Cn)◦ :=
((T ∗C)◦)n by a subtorus TR of (S1)n. Hence a multiplicative hypertoric variety U is deter-
mined by two pieces of data:

1. a subtorus T ⊂ (C×)n complexifiying TR; and

2. a hyperhamiltonian reduction parameter, which we can split into a complex moment
map parameter β ∈ T∨ and a GIT stability parameter δ ∈ t∨R.

As we’ll see below, following these parameters under mirror symmetry forces us to equip the
variety U with the additional data of a B-field parameter γ ∈ T∨R . The B-field, as a class in
H2(U;R/Z), can be recovered from γ by the Kirwan map.

Consider a pair (β, α) ∈ (T∨)2 with the unique factorization α = γ ·exp(δ) for γ ∈ T∨R and
δ ∈ it∨R, and let U(β,α) be the corresponding multiplicative hypertoric variety. The variety
U(1,1) is singular; the varieties U(β,1) and U(1,α) are a smoothing and a resolution, respectively.
Hence U(β,α) will be smooth as long as (β, δ) lies in the subset of T∨ × t∨R ⊂ (C∗ × R)n

where none of the coordinates equals (1, 0) ∈ C∗ × R. (If (β, δ) = (1, 0) but γ is generic,
the underlying variety U(β,α) is singular but the γ parameter specifies a noncommutative
resolution.)

The diffeomorphism type of the underlying manifold U(β,α) does not depend on (β, α), so
long as they avoid the locus above, but its isomorphism type as an algebraic variety depends
on β (and not α) and its induced Kähler form only on δ. Work of Hori-Vafa [HV00], codified
by Teleman in [Tela], suggests that the operations of passing to a level of the complex
moment map and applying GIT reduction for the torus are exchanged by mirror symmetry.
Applying this observation twice, we expect the following:

Ansatz 4.1.2. Fix a torus T ⊂ (C×)n and parameters (β, α) ∈ (T∨)2 as above, and write
U(β,α) for the resulting multiplicative hypertoric variety. Then U(β,α) and U(α,β) are an SYZ
mirror pair.

The homological mirror symmetry statement we prove in this chapter will be in the setting
where the B-side variety has β = 1, and the A-side has α = 1. (This implies in particular
that the A-side variety is affine with exact symplectic form.) Moreover, we will focus on the
case where the nontrivial parameter lives inside the compact real torus T∨R , which will allow
us to take advantage of the holomorphic symplectic geometry of these varieties.

Remark 4.1.3. In some sense, Ansatz 4.1.2 is a corollary of the main results of this chapter
(at least in the case where both β and α lie in the compact real torus T∨R and one of them is
the identity in T∨R ), and in Section 4.2.5 we also explain how it follows from the constructions
in [AAK16]. The reason we state this result as an ansatz rather than a theorem is that the
statement involves a B-field parameter, which the definition of SYZ mirror pairs in [AAK16]
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is not equipped to see. For instance, [AAK16, Remark 1.3] gives an example of SYZ pairs in
this sense which are not homological mirror pairs because of the presence of a B-field term.

In order to state the best version of Ansatz 4.1.2, we would need a more refined definition
of SYZ mirror pairs which does take into account the B-field; this definition should have the
desideratum that SYZ pairs should always be homological mirror pairs. We do not attempt
to provide such a definition here, but it is certain that the varieties U(β,1) and U(1,β) satisfy any
such definition, as a result of the equivalence of abelian categories underlying our homological
mirror symmetry equivalence. In the absence of a B-field term, this equivalence would match
up SYZ fibers (as objects of the Fukaya category) on one variety with point sheaves on the
mirror. The analogous statement in our situation would first require a concept of point
sheaves on a noncommutative resolution.

The above result is also very close to the SYZ mirror symmetry proven in [LZ18], the
difference being that we begin with a multiplicative rather than additive hypertoric variety.
We speculate on the relation between these results in Section 4.1.9.

4.1.4 Fukaya categories from Lagrangian skeleta

Computation of the Fukaya category of an affine variety has recently become much more
tractable, thanks to work of Ganatra, Pardon, and Shende on Fukaya categories of Liouville
sectors, following a conjecture by Kontsevich [Kon09] and subsequent work by many other
mathematicians on constructible-sheaf approaches to mirror symmetry. The main object
of study, in this approach, is the Lagrangian skeleton L of a Weinstein manifold X: the
skeleton L is defined as the locus of points which do not flow off to infinity under the Liouville
flow on X.

The skeleton L should be understood (at least in nice cases) as encoding the data of a
cover of the Weinstein manifold X by Liouville sectors Ui. The main result of [GPS18a] is
the following:

Theorem ([GPS18a]). Fukaya categories of Liouville sectors form a precosheaf of categories.

For the purposes of this work, we will assume a strengthening of this result, originally
conjectured by Kontsevich, which has been promised but not yet proved by the authors of
[GPS18a]:

Conjecture 4.1.5. Fukaya categories of Liouville sectors form a cosheaf of categories.

This would imply that the Fukaya category of X can be assembled from local compu-
tations on its Lagrangian skeleton L. Moreover, the results of [GPS18b] imply that these
calculations are equivalent to calculations of categories of constructible sheaves.

To apply these results in our case, we first define a Liouville structure on U(β,1) and
calculate its corresponding skeleton:
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Proposition 4.1.6 (Proposition 4.2.10 & Proposition 4.2.20). There exists a Liouville struc-
ture on U(β,1) with associated Lagrangian skeleton L a union of orbifold toric varieties Xi,
whose moment polytopes are chambers of a certain toric hyperplane arrangement Ator. More-
over, if we assume that β ∈ T∨ is actually contained in the compact real torus T∨R , then we
can choose L so that it is actually holomorphic Lagrangian.

Recall that a holomorphic Lagrangian (or “(B,A,A)”) brane in a hyperkähler manifold is
a subspace which is Lagrangian with respect to Kähler forms ωJ and ωK , and holomorphic
with respect to complex structure I. The special complex structure (defined only on an
an open subset of U(β,1)) in which L becomes holomorphic will be called the Dolbeault
complex structure.

Knowledge of a holomorphic Lagrangian skeleton is even better than knowledge of a La-
grangian skeleton, as it gives us a t-structure. By applying the Nadler-Zaslow-type theorem
proved in [GPS18b], we know that in a neighborhood of each Lagrangian Xi, the Fukaya
category looks like a category of sheaves on Xi constructible with respect to the toric strati-
fication. Using the (Dolbeault) complex structure on L, we can define an abelian subcategory
of perverse sheaves on Xi with singularities along toric strata. This should model the Fukaya
category of holomorphic Lagrangian branes near Xi, again in the Dolbeault complex struc-
ture [Jin15].

The resulting stack of microlocal perverse sheaves can be described by purely linear-
algebraic data. Thus, by gluing together categories of perverse sheaves on toric varieties, we
produce a description of the Fukaya category of U(β,1) as a category of modules for a certain
quiver with relations Q. This quiver has one vertex for each chamber of Ator (with self-loops
for the monodromies of the open torus of Xi), a pair of opposite edges for each facet shared
by a pair of chambers, and the relations that the composition of one of these edge pairs is
equal to monodromy around the corresponding toric divisor.

Remark 4.1.7. As noted above, the above t-structure on Fuk(U(β,1)) is very useful for
understanding SYZ mirror duality. In particular, the moduli of torus-like objects supported
on SYZ fibers is in this context precisely the moduli space of Q-modules with dimension
vector (1, . . . , 1).

4.1.8 Homological mirror symmetry

On the B-side, we need to compute the category of coherent sheaves Cohdg(U(1,β)). For a
generic choice of β, U1,β is a resolution of the singular space U(1,1). However, to match the
A-side description given above, we will have to treat this category instead as the (quasiequiv-
alent, but with a different t-structure) category of coherent sheaves on a noncommutative
resolution of U(1,1).

The noncommutative resolution appears because our A-side description came from a
holomorphic Lagrangian skeleton, which exists when β ∈ T∨R ; on the B-side, this is the re-
quirement that we consider the most singular affine multiplicative hypertoric variety, with
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β = 1 and δ = 0, leaving γ as the only nontrivial parameter. This B-field specifies a sheaf
of algebras on U(1,1), which can be understood as a noncommutative crepant resolution in
the sense of [vdB04a]. Following the approach of Kaledin and others [Kal08], this noncom-
mutative resolution can be produced by quantization in characteristic p, where γ now plays
the rôle of a noncommutative moment map parameter for quantum Hamiltonian reduction.
The resulting noncommutative resolution is a special case of constructions of line operators
in gauge theory, described mathematically through the extended BFN category of [Web].
These quantum Hamiltonian reductions were constructed for additive hypertoric varieties in
[Sta13, MW] and for multiplicative hypertoric varieties in [Gan18, Coo].

The category Coh(U(1,β)) is explicitly described as a category of modules over a certain
quiver with relations. This quiver with relations can be expressed in terms of the combina-
torics of the hyperplane arrangement Ator in exactly the same way as the quiver describing
the Fukaya category of U(β,1). By comparing these two descriptions, we reach our main
theorem (Theorem 4.4.14):

Theorem A. Assuming Conjecture 4.1.5, we produce an equivalence of categories

Fuk(U(β,1)) ∼= Cohdg(U(1,β))

between the Fukaya category of the affine MHT U(β,1) and category of coherent sheaves on
U(1,β). Moreover, if we assume that β is in T∨R ⊂ T∨ then this equivalence is induced from
an equivalence on the hearts of the natural t-structures as defined above.

These above mirror symmetry equivalences live above the components of T∨R where β is
generic. These components are separated by each other by walls of (real) codimension 1.
However, inside the full moduli space T∨ of β, these walls are of complex codimension 1, so it
is natural to want to follow these mirror symmetry equivalences around the walls, to produce
derived equivalences between the categories located at various choices of generic β ∈ T∨R or
in other words a local system of categories over the complement T∨gen of the discriminant
locus. In Section 4.4.15 we explain the construction of this local system of categories on the
B-side. We expect, but do not check here, that this matches up with a corresponding local
system of Fukaya categories.

4.1.9 Relation with [MW]

The paper [MW] on which this chapter follows concerned mirror symmetry for additive
hypertoric varieties. The SYZ geometry of this situation was described in [LZ18]:

Theorem 4.1.10 ([LZ18]). Let M be an additive hypertoric variety. Then M is SYZ mirror
to an LG model (U∨,W : U → C) whose underlying space U∨ is a multiplicative hypertoric
variety. In other words, the complement in M of a divisor D is SYZ mirror to the multi-
plicative hypertoric variety U∨.
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In this chapter, we explain that the multiplicative hypertoric variety U∨ is mirror to an-
other multiplicative hypertoric variety U. This leads us naturally to the following conjecture:

Conjecture 4.1.11. Let U be a multiplicative hypertoric variety. Then there exists an
additive hypertoric variety M, a divisor D ⊂M, and an isomorphism U ∼= M \ D.

Remark 4.1.12. Unlike the remainder of the results described in this chapter, which are
expected to hold in some form for multiplicative Coulomb branches more generally, the
embedding U → M given by the above conjecture is special to hypertoric varieties and is
not expected to exist in general. The best relation we can hope for between general addi-
tive and multiplicative varieties is the formal comparison isomorphism described in Theo-
rem 4.4.5. Using the description of additive/multiplicative Coulomb branches as Spec of the
homology/K-theory of a space, this map can be understood as a manifestation of the Chern
character map from K-theory to homology.

The above conjecture suggests a concise explanation of the relation between the results
of this chapter and those of [MW].

Fix β ∈ T∨R ; attached to this, we can define U = U(1,β) as before as a hyperkähler
variety with noncommutative resolution. Similarly, we can consider the additive hypertoric
variety M = M(0,β) with complex moment map parameter 0 and the same real moment map
parameter δ and B-field γ. Write Cohdg(M)0 for the category of coherent sheaves on M
which are supported on the completion of M at the zero fiber of the moment map to d∨.
This is one of the categories of coherent sheaves studied in [MW].

Since the zero moment map fiber does not intersect the divisor D described in [LZ18],
this category is equivalent to Cohdg(M \ D)0 and hence equivalent to a category Cohdg(U)1

of coherent sheaves on a completion of U on the fiber over 1 ∈ D∨.
Although we do not prove Conjecture 4.1.11, we are able to construct directly the de-

sired equivalence on formal completions; this is Theorem 4.4.5 below. Thus, we obtain an
isomorphism

Cohdg(U)1
∼= Cohdg(M)0. (4.1.1)

Since this is submerged in the notation, we note that this result holds for a general value
of the parameter β ∈ T∨, and we highlight two special cases. When γ = 1, the varieties
M and U are “purely commutative” resolutions of the singular affine additive/multiplicative
hypertoric varieties, and (4.1.1) is an equivalence of categories of coherent sheaves. However,
when δ = 0, then (4.1.1) is an equivalence of module categories for the non-commutative
resolutions M and U. In fact, this theorem is a key technical tool and motivating observation
for the non-commutative resolution we construct.

Under the homological mirror symmetry equivalence from Theorem 4.4.14, we see that
the passage from Cohdg(U) to Cohdg(U)1 is mirrored by passing from the category Fuk(U∨)
to the category Fuk(U∨)uni where we require the monodromies on each component of L to
be unipotent.

A different incarnation of this A-brane category was produced in [MW] by studying a
category DQ of DQ-modules supported on the union of toric varieties L with unipotent
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monodromies on the components of L. In order to specialize the category DQ at a particular
quantization parameter h = 1, the authors of [MW] use a grading on DQ, mirror to the conic
C×-action on M, coming from the Hodge theory of DQ-modules. (It would be interesting to
understand better how this sort of C∗-action interacts with mirror symmetry in general.)

By composing the microlocalization functors discussed in [MW, §4.4] with the usual
solutions functor from D-modules to constructible sheaves, we produce a fully faithful functor

Sol : DQh=1 → Fuk(U)uni,

explaining the relation of a version DQh=1 of DQ specialized at h = 1 to the perverse-sheaf
approach to the Fukaya category discussed in this chapter.

To produce a full statement of homological mirror symmetry for the additive hypertoric
variety M, we would have to take into account the superpotential W . In the language of
Liouville sectors and skeleta, this would entail adding to the Lagrangian skeleton L discussed
above a noncompact piece asymptotic to the fiber of W . Taking into account this piece has
the effect of allowing some monodromies on components of L to become noninvertible, which
on the mirror is the difference between M and M \D. We will not explain the details of this
procedure in this chapter.

4.1.13 Notation

The basic combinatorial datum in this chapter is a short exact sequence 1 → T → D →
G→ 1 of complex tori. We write GR (and similarly for D and T ) for the compact real torus
inside G; G∨ for the dual torus, containing compact torus G∨R; and we write g, gR, g

∨, g∨R for
their respective Lie algebras; hence we also write igR, ig

∨
R for the Lie algebras of the split

real tori in G,G∨. (Note that since we write GR for the compact real form of G instead of
the split, our conventions on which part of the torus is “real” and which “imaginary” are
reversed from [Tela]. )

The pair of parameters (β, α) on which the definition of multiplicative hypertoric varieties
depends lives in T∨ × T∨. We will sometimes find it useful to factor

α = γ · exp(δ),

where γ ∈ T∨R and δ ∈ it∨R. For instance, if T∨ is identified with C×, then γ = e2πiArg(α), and
δ = log |α|.

We will also write
gH := gR ⊗R R3 = g⊕ gR

for the “quaternionified Lie algebra” of G, and g∨Z := X•(G) for the character lattice of G.
In this chapter, we use both dg categories and abelian categories; we will always be

explicit about which are which. All limits, colimits, sheaves, etc. of categories are always
taken in the appropriate homotopical sense. Here we make clear our notation for various
flavors of categories we consider:
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• For X an algebraic variety, we write Coh(X) for the abelian category of coherent
sheaves on X, and Cohdg(X) for the dg-category of complexes in this category.

• For A a (possibly dg) algebra, we write A -moddg for the dg category of complexes
of A-modules. In the case where A is an underived (i.e., concentrated in degree 0)
algebra, we write A -mod for the abelian category of A-modules.

• For M a Liouville sector, we write Fuk(M) for (an idempotent-complete, dg model of)
the Fukaya category of M as defined in [GPS18a].

• For X a manifold, we write Sh(X) for the dg category of possibly infinite-rank com-
plexes of sheaves on X with constructible cohomology. If X is a complex manifold, we
write Perv(X) for the abelian category of possibly infinite-rank perverse sheaves on X.

• In general, for C a dg category equipped with a t-structure, we write C♥ for the abelian
category which is its heart.

We also study various classes of closely-related spaces, whose notation we list here:

• The letter M always denotes a toric hyperkähler variety, which we refer to in this
chapter as an “additive hypertoric variety,” to distinguish it from its multiplicative
analogue.

• Multiplicative hypertoric varieties will be denoted by U. We will sometimes call this a
“Betti MHT” to distinguish it from its Dolbeault version.

• The “Dolbeault version” of a multiplicative hypertoric variety, which lives at a special
point on the twistor P1 where the Lagrangian skeleton becomes holomorphic, is denoted
by UDol.

4.2 Multiplicative hypertoric varieties

Here we begin by describing the construction of toric hyperkähler varieties and their multi-
plicative versions. The most basic hypertoric variety is the space T ∗Cn, which is holomorphic
symplectic and in fact hyperkähler, which is obvious from its identification with Hn. All other
additive hypertoric varieties will be hyperhamiltonian reductions of this space.

Hence we begin with the data of a split k-dimensional algebraic torus T over C and a
faithful linear action of T on the affine space Cn, which we may assume is diagonal in the
usual basis. Furthermore, we assume that no coordinate subtorus lies in the image of T . In
other words, letting D ∼= Gn

m be the group of diagonal matrices in this basis, we have a short
exact sequence of tori

1 −→ T −→ D −→ G −→ 1. (4.2.1)
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The action of D on Cn induces a hyperhamiltonian action of DR on T ∗Cn, hence a
hyperkähler moment map µH : T ∗Cn → d∗ ⊗ R3, which we factor into algebraic and real
parts as

(µC, µR) : T ∗Cn −→ g∨ ⊕ g∨R, (zi, wi)
n
i=1 7−→

(
(ziwi), (|zi|2 − |wi|2)

)n
i=1

. (4.2.2)

By restricting along the inclusion T ↪→ D, we also have an action of T and hence a
hyperkähler moment map to t× tR. This moment map is obtained by composing the moment
map (4.2.2) with the the maps obtained by dualizing the inclusion t→ g. From now on, we
will use µH = (µC, µR) to denote this moment map.

Fix (β, δ) ∈ t∨ ⊕ t∨R = t∨H.

Definition 4.2.1. The hypertoric variety Y associated to the data of the short exact
sequence (4.2.1) and the choice of (β, δ) is the hyperhamiltonian reduction T ∗Cn///(β,δ)TR of
T ∗Cn by TR with parameters (β, δ). In other words, Y is the GIT quotient of µ−1

C (β) by T
at character δ.

There are many natural ways to produce a “multiplicative” or “loop-group” version of the
above construction. The construction we describe below produces a multiplicative hypertoric
variety U. We refer to the complex structure that arises naturally in our construction as the
Betti complex structure. Later, we will into introduce a Dolbeault complex structure,
for which our preferred Lagrangian skeleton of U becomes holomorphic.

4.2.2 The Betti MHT

Our construction now proceeds exactly as before, except that we replace the space T ∗Cn

with its multiplicative version

(T ∗Cn)◦ := {(z1, . . . , zn,w1, . . . ,wn) | ziwi 6= −1} ⊂ T ∗Cn,

equipped with a holomorphic symplectic form ΩK :=
∑n

i=1
dzidwi
1+ziwi

, as well as a Kähler form
ωK coming from its Stein structure – for instance, as the pullback of the standard Kähler form
along a closed embedding in C3n. (Later, when describing the skeleton and the hyperkähler
structure, we will find it convenient to replace ωK with different but homotopic Kähler
forms.) We will write ωI and ωJ for the real and imaginary parts of ΩK , respectively.

Remark 4.2.3. One difference between additive and multiplicative hypertoric varieties is
the absence of a complete hyperkähler metric on the latter. As we shall see, however, a
complete hyperkähler metric does exist on an open subset of (T ∗Cn)◦, and our constructions
are most natural from the perspective of this hyperkähler structure.

Nevertheless, our multiplicative varieties have perfectly good holomorphic symplectic
structures, from which we can define moment maps for hyperhamiltonian torus actions; it
will be helpful to keep in mind that the resulting hyperhamiltonian reductions will actually
become hyperkähler quotients when we restrict to the locus where a complete hyperkähler
metric exists.
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As in the additive case, D acts on (T ∗Cn)◦, although with respect to ΩK the action is now
quasi-Hamiltonian in the sense of [AMM98] (see also [Saf16] for a modern perspective): to the
D-action is associated a moment map µ̊C× valued in the group D∨. This D-action is quasi-
Hamiltonian for the holomorphic symplectic form ΩIJ , and the DR action is Hamiltonian for
the third symplectic form ωK , so that we have a quasi-hyperhamiltonian moment map

(µ̊C× , µ̊R) : (T ∗Cn)◦ −→ D∨ × d∨R, (zi,wi)
n
i=1 7−→

(
(ziwi + 1), (|zi|2 − |wi|2)

)n
i=1

.

From now on we use µ̊C× , µ̊R to denote the composition of the above maps with the pullbacks
D∨ → T∨, d∨R → t∨R.

Now let β ∈ T∨, α = γ · exp(δ) ∈ T∨.

Definition 4.2.4. The multiplicative hypertoric variety U(β,α) associated to the data
of the short exact sequence (4.2.1) and (β, α) is the GIT quotient µ̊−1

C×(β)//δT, equipped with
the B-field determined by δ. (The B-field term will be taken to be trivial until Section 4.4;
we will discuss its meaning there.) Where the parameters (β, α) are either already clear or
else irrelevant, we will sometimes refer to this variety just as U.

As in the case of additive hypertoric varieties, the variety associated to parameters
(β, δ) = (1, 0) is singular and affine; the first parameter controls a smoothing, and the
second a resolution, of the singular variety U(1,1). In particular, the variety U(β,1) is smooth
(for generic β) and affine. In this chapter, we will be interested in the symplectic geometry
of this affine variety; we will see that the mirror to this space is a (possibly noncommutative)
resolution of U(1,1).

We will need one extra piece of structure on U(β,α). The action of D on (T ∗Cn)◦ descends
to an action on U(β,α) factoring through the torus G = D/T . The latter has a multiplicative
moment map

(µ̊C× , µ̊R) : U(β,α) −→ D∨ × d∨R

which is just the restriction of the corresponding map for D, and has image given by a
translate of G∨ × g∨R determined by (β, δ).

4.2.5 Symplectic geometry and SYZ duality

Here we describe the two most important features of the symplectic geometry of U(β,1) : first,
a Lagrangian torus fibration (with singularities) over a contractible base, and second, the
rôle of the central fiber in the fibration as the skeleton for a natural Weinstein structure on
U(β,1).

Example 4.2.6. Consider again the hyperkähler moment map µ̊H : (T ∗C)◦ → C× × R,
which we can present more invariantly as a map with codomain R× S1 × R, given by

(z,w) 7−→ (log |zw + 1|,Arg(zw + 1), |z|2 − |w|2).
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Consider the map

µ̊I,C : (T ∗C)◦ → R2, (z,w) 7→ (log |zw + 1|, |z|2 − |w|2)

obtained by composing µ̊ with the projection onto the two copies of R. The fiber of this
map over any nonzero point is a Lagrangian 2-torus, and the fiber over the central point is a
nodal curve. This space is known to be mirror to itself: see for instance [Aur07, Section 5.1]
for a detailed discussion. SYZ mirror symmetry dualizes all the smooth tori in the fibration;
that this space is self-mirror should be understood as the statement that the dual of a nodal
curve is itself a nodal curve.

The space (T ∗Cn)◦, as a product of copies of (T ∗C)◦, is similarly self-mirror. We can
arrive at mirror symmetry statements for all multiplicative hypertoric varieties by applying
the following principle from [Tela, Conj. 4.2] (implicit in the work of [HV00]):

1. A Hamiltonian action of a torus TR on a space X equips the mirror with a map
f : X∨ → T∨, and furthermore

2. the mirror to the Hamiltonian reduction X//δTR with B-field γ is the fiber f−1(α) where
α = γ · exp(δ)

As mentioned before, we have to be careful since Teleman is using the split real form and
we are using the compact. In the notation of [Tela], we would have δ = −iRe(log(α)) and
γ = exp(Im(log(α))).

In our case, we begin with the space X∨ = (T ∗Cn)◦, with mirror X = (T ∗Cn)◦ also. The
mirror to the Hamiltonian (for the real symplectic form ωJ) TR action on X∨ in the sense of
(1) above is the T∨-valued moment map on X, and vice versa.

Now note that a multiplicative hypertoric variety U is obtained from X = (T ∗Cn)◦ in
two steps: first, we take the preimage of a complex moment map value β; according to the
above, the mirror to this preimage is the Hamiltonian reduction X∨//δ′TR of X with B-field
γ′ such that β = γ′ exp(δ′).

Second, we take the Hamiltonian reduction µ−1
C×(β)//δTR of the preimage µ−1

C×(β) by the
torus TR at real moment map value δ and imposing B-field γ; on the mirror X∨//δ′TR, this
corresponds to imposing the complex moment map value α = γ exp(δ).

The result of this analysis is the following:

Ansatz 4.2.7. For (β, α) ∈ (T∨)2, the multiplicative hypertoric varieties U(β,α) and U(α,β)

are an SYZ mirror pair.

As we explain in Remark 4.1.3, we take the above mostly as a motivating principle, both
because we lack the correct definition of “SYZ mirror pair” necessary to make the statement
precise, and because the best proof of this statement uses the homological mirror symmetry
equivalence which we prove later in the chapter. To justify the above reasoning, however,
we must explain why the complex moment map is mirror to the T-action on (T ∗Cn)◦.
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The relation between these can be read directly off the results of Abouzaid, Auroux
and Katzarkov [AAK16, Section 11] on mirror symmetry for complete intersections in toric
varieties. One aspect of that work is a construction of mirror symmetry between a conic
bundle of the form

X0 = {(x,y, z) ∈ (C×)n × Cd × Cd | fi(x) = yizi}

and its mirror, which is a (C×)n-invariant open subset Y 0 of an n + d-dimensional toric
variety Y . Implicit in this framework is that the projection X0 → (C×)n is dual to the
action of (S1)n on Y 0. In particular, passing to a level of a character on (C×)n corresponds
to the dual Hamiltonian quotient of Y 0, expressed by intersection of the polytope ∆Y with
a linear subspace tropicalizing the character.

Indeed, these constructions can be seen directly in [AAK16]. Write (T ∗Cn)◦ in the above
form via the the description

(T ∗Cn)◦ ∼= X0 := {(x1, . . . , xn, z1, . . . , zn,w1, . . . ,wn) ∈ D∨ × T ∗Cn | ziwi = xi − 1}. (4.2.3)

Let fi(x1, . . . , xn) = xi − 1, and let ϕi(ξ1, . . . , ξn) = max(ξi,−1) be its tropicalization. Then
we know from [AAK16, Theorem 11.1] that the mirror to (T ∗Cn)◦ is

Y 0 := Y \ {W1 · · ·Wn = 0},

where Y is the toric variety with moment polytope

∆Y = {(ξ1, . . . , ξn, η1, . . . , ηn) ∈ Rn × Rn | ηi ≥ ϕi(ξ1, . . . , ξn) = max(ξi,−1)}, (4.2.4)

and Wi = 1 + vi, where vi is the unique toric monomial with weight (0, . . . , 0, 1, . . . , 0),
nonzero only in the (n+ i)th entry. The polytope ∆Y is isomorphic to the positive orthant
in R2n, and so Y ∼= C2n. However, because this polytope is embedded in an unusual way,
the monomial vi is equal to ziwi. Thus, we have an isomorphism

Y 0 ∼= (T ∗Cn)◦,

matching the known result that this space is self-mirror, as we explained above, the complex
moment map for D is dual to the action of DR on the dual (T ∗Cn)◦.

Remark 4.2.8. A result very similar to the above appeared as the main result of [LZ18].
Those authors begin with an additive hypertoric variety M and then compute, using the
techniques but not the results of [AAK16], that the complement of a divisor D in M is SYZ
mirror to a multiplicative hypertoric variety U. We thus conjecture that the variety M\D is
isomorphic to a multiplicative hypertoric variety; if this is true, it would give an alternative
approach to the result of [LZ18].

Remark 4.2.9. The above SYZ duality can also be understood as the statement that the
singular variety U(1,1) is self-mirror and moreover that the mirror map between the complex-
structure and (extended, complexified) Kähler parameter spaces T∨ and T∨ is the identity.
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We focus now on the multiplicative hypertoric variety U(β,1), whose symplectic geometry
we are going to investigate. For the remainder of this section, we will always assume α = 1
and β is contained inside the compact real torus T∨R .

Recall that we have a residual action of the torus G on U(β,1) with quasi-hyperhamiltonian
moment map. As in Example 4.2.6, we write

µ̊I,C : U(β,1) → g∨R ⊕ g∨R
∼= g∨

for the composition of the moment map with the projection to the first and third factors of
G∨× g∨R = g∨R×G∨R× g∨R. (The notation reflects that this will be the complex-valued part of
the quaternionic moment map in complex structure I.)

Proposition 4.2.10. L := µ̊−1
I,C(0) is a skeleton for the Stein manifold U(β,1).

Proof. We begin with the case (T ∗C)◦, where the result is already known, by several different
methods. For instance, one can begin with the Lefschetz fibration µ̊C× : (T ∗C)◦ → C×, which
has generic fiber C× and one singular fiber. Let S1

ε ⊂ C× be a small circle in the base, and
A ⊃ S1

ε an annulus containing S1
ε but not containing the singular value 1. Then µ̊−1

C×(A) is
symplectomorphic to (C×)2 and has skeleton a 2-torus obtained by parallel transporting a
belt circle of the fiber around S1

ε . The critical point of the Lefschetz fibration tells us that
to extend this to a skeleton of the whole space (T ∗C)◦, we must glue a disk onto a vanishing
cycle in this torus. Finally, by deforming S1

ε out to be the unit circle, we collapse the disk
to a point and produce a skeleton L obtained by parallel transport of the vanishing cycle,
which is precisely µ̊−1

I,C(0).
Hence we know the result also for (T ∗Cn)◦ = ((T ∗C)◦)n, and it remains to prove the

proposition for a general U(β,0) = µ̊−1
C×(β)//T. Let f : (T ∗Cn)◦ → R be a potential for the

Stein structure with skeleton L(T ∗Cn)◦ , so that ∂∂̄f = ωK , and µ̊−1
I,C(0) is the stable set for

the gradient flow of f (with respect to the Kähler metric).
By symmetry, we may assume that f is invariant under the action of the compact torus

DR. Then f descends to a function f̂ on the quotient (T ∗Cn)◦//T (which is the real Hamil-
tonian reduction (T ∗Cn)◦//TR) and the restriction f̂ |µ̊−1

C×
(β)//T of f̂ to µ̊−1

C×(β)//T = U(β,1) is a

primitive for the Kähler form on U(β,1).
The skeleton L of U(β,1) is then the stable set for gradient flow (with respect to the Kähler

metric) of f̂ |U(β,1)
. We can understand this skeleton by studying the residual moment map

µ̊C× : U(β,1) → G∨. Pick n − k characters χ1, . . . , χn−k of G∨ which together give a unitary
isomorphism ~χ : G∨ ∼= (C×)n−k. Then the composition of µ̊C× with any of these characters
χ is a map to C× from which we can study the skeleton L.

Now note that since we require β ∈ T∨ to lie inside the compact real torus T∨R , the
corresponding inclusion of G∨ into D∨ sends the compact torus G∨R into the compact torus
D∨R. Hence all the critical values of each map χi ◦ µ̊C× continue to lie inside the compact
torus S1 ⊂ C×. By the same reasoning as in the case of (T ∗C)◦, we conclude that the image
of L under µ̊C× is precisely the compact torus G∨R.
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Finally, observe that each fiber of the moment map µ̊C× : U(β,1) → G∨ is a Hamiltonian
reduction of the corresponding fiber of the moment map on (T ∗Cn)◦. Since the Hamiltonian
reduction parameter is 0, the Liouville vector field on a generic fiber, which is (C×)n−k,
continues to have stable set the unit (n−k)-torus, and on fibers where this (C×)n degenerates,
the stable set is the symplectic parallel transport of the this (n− k)-torus.

The skeleton L is thus defined by the equations log |̊µC×| = µ̊R = 0, which is precisely
the zero set of µ̊I,C.

Now we need to determine the geometry of the skeleton L. In general, the Lagrangian
geometry of an arbitary skeleton of a Weinstein manifold may be quite formidable. Our
skeleton L, however, is far from arbitrary. In a sense which it is difficult to make precise
without a better understanding of stability conditions on Fukaya categories of hyperkähler
manifolds, the skeleton L is adapted to the holomorphic symplectic geometry of U.

Since L is cut out by two of the three components of a hyperhamiltonian T × tR-valued
moment map, one expects to find a complex structure in which L is actually a holomorphic
subvariety. In fact, such a complex structure can be produced on an open neighborhood U
of L in U(β,1); in accord with the usual conventions of non-abelian Hodge theory, we will
call it the “Dolbeault complex structure” or, according to our conventions above, “complex
structure I,” as opposed to the complex structure K implicit in our definition of (T ∗C)◦ =
C2 \ {zw = −1}. The resulting complex manifold has already been studied in [MW]; and the
holomorphic subvariety corresponding to L was completely described in Proposition 4.7 of
loc. cit..

As we shall see below, the Dolbeault space is one fiber of a twistor family for a complete
hyperkähler metric on U . This metric does not extend to the full space U(β,1), but this should
not be too surprising; unlike for compact manifolds, a noncompact Kähler manifold equipped
with a holomorphic symplectic form is not guaranteed to have a complete hyperkähler metric.
For instance, the space (T ∗Cn)◦ “wants” to hyperkähler rotate to the elliptic fibration with
a single nodal fiber. But there is no such fibration globally over A1; such a fibration exists
only over a formal or analytic disk.

Remark 4.2.11. Since L is a union of smooth components meeting cleanly, understand-
ing their Lagrangian geometry does not actually require knowledge of the full hyperkähler
metric or twistor family of U; one could repeat the arguments of [MW, Proposition 4.7] de-
scribing these components and their intersections without mentioning the Dolbeault space.
Nevertheless, that the Lagrangian skeleton L is actually holomorphic Lagrangian is of great
theoretical importance in our understanding of SYZ duality. Moreover, for skeleta of more
general hyperkähler manifolds, the embedding of L as a holomorphic subvariety in the Dol-
beault space is likely to be an essential tool in understanding their local geometry.

4.2.12 The Ooguri-Vafa space

In this section, we recall the work of [GMN10] using wall-crossing formulae to describe the
hyperkähler geometry of a neighborhood of L in (T ∗C)◦. Strictly speaking, the results we
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describe here are not necessary for this chapter and may be safely skipped: to calculate
the Fukaya category of U, we need only the description of the skeleton L contained in
Proposition 4.2.20. We include this section for those readers who might be interested in
the full hyperkähler (rather than just holomorphic symplectic) structure on multiplicative
hypertoric varieties.

Let Z be the Tate curve C×/qZ. The Tate curve is an elliptic fibration f : Z → D over
the unit disk, with central fiber a nodal curve and all other fibers elliptic curves. Natural
coordinates on Z are a holomorphic coordinate a on the base and angle coordinates θe, θm on
the fibers, where θe is monodromy-invariant, and θm is only locally-defined, with monodromy
transformation θm 7→ θm + θe.

The space Z has been known since [OV96] to have a hyperkähler structure described by
the Gibbons-Hawking ansatz (see also [GW00, Section 3] for a more detailed mathematical
explanation); this description involves a connection 1-form given by an infinite series of
Bessel functions and can be difficult to understand. The main result of [GMN10] is the
construction of a new pair of coordinates Xe,Xm in which the hyperkähler structure can be
described simply.

These coordinates, which depend on a parameter ζ ∈ C×, are defined by

Xe = exp(a/ζ + iθe + āζ),

Xm = exp(Zm/ζ + iθm + Z̄mζ + C),

where we write Zm = 1
2πi

(a log(a)− a), and the term C accounting for instanton corrections
from the singular torus fiber (without which the formula for Xm would not extend over this
fiber) is given by the integral formula

C :=
i

4π

∫
`+

dζ ′

ζ ′
ζ ′ + ζ

ζ ′ − ζ
log[1 + Xe(ζ ′)]−

i

4π

∫
`−

dζ ′

ζ ′
ζ ′ + ζ

ζ ′ − ζ
log[1 + Xe(ζ ′)]−1,

the contours being defined as `± := {a/ζ ∈ R∓}.

Theorem 4.2.13 ([GMN10]). The holomorphic symplectic forms

Ω(ζ) :=
dXe
Xe
∧ dXm
Xm

on Z form a twistor family Z(ζ) over C×. Moreover, this extends to a twistor space over P1,
with fiber over 0 the complex structure of the Tate curve Z.

Actually, the function Xm defined above is only piecewise-analytic; it has discontinuities
along the rays {Im(a/ζ) = 0}. Write Xm,− and Xm,+ for the two possible extensions of Xm to
the real axis, from {Im(a/ζ) < 0} and {Im(a/ζ) > 0}, respectively. Then these extensions
differ by

Xm,+ = Xm,−(1 + X−1
e )−1.

Let z be the extension of X−1
m from {Im(a/ζ) > 0}, and w the extension of Xm from

{Im(a/ζ) < 0}. (On the opposite half-planes, z and w are equal to the product of X±m with
(1 + X−1

e ).)
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Corollary 4.2.14. The functions z and w are globally defined on Z and satisfy zw−1 = X−1
e .

They define an embedding Z(ζ) ↪→ (T ∗C)◦.

In these coordinates, the holomorphic symplectic form in complex structure ζ becomes

Ω(ζ) =
dXe
Xe
∧ dXm
dXm

=
dz ∧ dw
1− zw

.

Unfortunately, the third Kähler form ω(ζ) does not have a nice expression in terms of the
coordinates z and w. However, we do not need a precise expression for this form: we will be
interested in the case |ζ| = 1 when this form comes from a Stein structure on Z(ζ) and we
may replace it with a homotopic Stein Kähler form, as we have done in Proposition 4.2.10
to calculate the Lagrangian skeleton of this space.

4.2.15 Dolbeault hypertoric varieties

From the above discussion, we know that a neighborhood of the skeleton L of (T ∗C)◦ is
hyperkähler, and that at a special point 0 in the twistor P1, the complex structure is that
of the Tate curve Z, where the elliptic fibration and in particular the subspace L become
holomorphic. By passing to a hyperhamiltonian reduction of Zn by the torus T, we arrive at
an analogous result for all multiplicative hypertoric varieties.

Corollary 4.2.16. Zn carries a quasihyperhamiltonian action of the torus D with hyper-
hamiltonian moment map νH : Zn → d∨ ×D∨R ( i.e., the action is now honestly Hamiltonian
for the holomorphic symplectic form but quasi-Hamiltonian for the third Kähler form).

Let (β, α) ∈ (T∨)2 as in our definition of U, and factor these as β = γ1 · exp(δ1) and
α = γ2 · exp(δ2) for γi ∈ T∨R and δi ∈ it∨R. Write δ = (δ1, δ2) ∈ (t∨R)2 ∼= t∨.

Definition 4.2.17. The Dolbeault multiplicative hypertoric variety UDol associated to
the exact sequence (4.2.1) and the data (β, α) is the hyperhamiltonian reduction Zn///(δ,γ1)TR,
equipped with B-field specified by γ2.

Note that this is a variety in the complex-analytic sense rather than an algebraic variety.
We will be particularly interested in the case where the complex moment map parameter

δ ∈ t∨ for Zn is zero. Accordingly, we now specialize further our choice of parameters for U:
we require that δ = 0, so that (β, α) ∈ (T∨)2 actually live in the compact tori (T∨R )2.

As in the Betti case, the variety UDol has a residual hyperhamiltonian action of GR;
now, the subspace L we described before is the preimage of 0 under the complex part of
the hyperkähler moment map on UDol, which means in particular that L is a holomorphic
subvariety in the Dolbeault complex structure. The structure of this variety is very easy to
describe, although it will be technically convenient first to pass to the universal cover of the
Dolbeault space.
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We write Ũ(β,1) (and similarly ŨDol) for the pullback (by the GR-valued part of the moment

map) along the universal cover gR → GR, and we denote by L̃ the preimage of L under this
pullback.

Example 4.2.18. Consider the case where UDol is equal to the Tate curve Z. Here the space
L̃ is an infinite chain of projective lines, meeting nodally at 0 and ∞.

The geometry of the skeleton L in the Dolbeault complex structure has a very simple
description, analogous to the description of the core of an additive hypertoric variety.

The data of the exact sequence (4.2.1) and the parameter β ∈ T∨R ⊂ T∨C can be combined
into the data of a periodic hyperplane arrangement inside of g∨R as follows: let G∨,βR denote
the preimage of β under the composition T∨R ← D∨; this is an affine subtorus modeled on
G∨R. The intersection of G∨,βR with the coordinate subtori in D∨R form a toroidal arrangement

in G∨,βR
∼= G∨R. We can pull this back via the cover d∨R → D∨R to obtain a periodic hyperplane

arrangement on g∨,βR , the translate of g∨R by (any choice of) log β.

Definition 4.2.19. We denote by Aper
β the periodic hyperplane arrangement in g∨R defined

as above.

In other words, the chambers of the periodic hyperplane arrangement Aper
β are defined by

∆x = {a ∈ g∨,βR | xi < ai < xi + 1},

where x ∈ Zn ∼= d∨Z. is a character of D.

Proposition 4.2.20 ([MW, Proposition 4.8]). The skeleton L is a holomorphic subvariety

of the Dolbeault space UDol. The irreducible components of L̃ are the orbifold toric varieties
Xx with moment polytopes ∆x, for ∆x 6= 0. They intersect cleanly along toric subvarieties
indexed by the intersections ∆x ∩∆y.

Since we have not assumed unimodularity, the clean intersections statement needs to be
interpreted in the sense that there is an orbifold chart around the intersection with the toric
subvarieties corresponding to coordinate subspace, and the finite group acting by diagonal
matrices.

4.3 Microlocal perverse sheaves and the Fukaya

category

4.3.1 Microlocal sheaves

Let X be a manifold. We write Sh(X) for the dg category of complexes of (possibly infinite-
rank) constructible sheaves on X: for every object F ∈ Sh(X), there exists a stratification
X =

⊔
Xη such that the cohomology of the restriction of F to each Xη is a local system,
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possibly of infinite rank. (We emphasize that this is in contrast to the usual definition of
constructibility, which generally assumes finite dimensionality of the stalks.)

For Λ ⊂ T ∗X a conical Lagrangian, we write ShΛ(X) for the full subcategory of sheaves
on X with singular support contained in Λ. This category localizes to a sheaf µShΛ of dg
categories on Λ, as described in [KS94]. Each point (x, ξ) ∈ Λ determines a functor

ShΛ(X)→ Vectdg
k

defined by taking a sheaf F to the microstalk of F at (x, ξ), which we denote by F(x,ξ). This
is also known as the vanishing cycles of F at x in codirection ξ.

Definition 4.3.2. We denote by ShcΛ(X) the category of compact objects in ShΛ(X).

This is dual, in an appropriate categorical sense, to (the usual finite-rank version of)
ShΛ(X). Consequently, as discussed in [Nadc, GPS18b], this localizes to a cosheaf of cate-
gories on Λ, which we denote by µShcΛ.

Write Λ◦ for the complement of the singular locus in Λ; it will be a disjoint union
of smooth components Λ◦ =

⊔r
i=1 Λ◦i . Then the most important fact about the category

ShcΛ(X) is the following:

Proposition 4.3.3 ([Nadc, GPS18b]). Let (xi, ξi) be a point in Λ◦i . Then the functor taking
an object F to its microstalk F(xi,ξi) is corepresented by an object Pi of ShcΛ(X). The objects
P1, . . . ,Pr generate Shc(Λ).

Under the Nadler-Zaslow theorem described below, the object Pi will correspond in the
Fukaya category Fuk(T ∗X,Λ) to a transversal disk through Λ at (xi, ξi).

4.3.4 Fukaya categories of Weinstein manifolds and locality

Here we will recall some results from the work of Ganatra-Pardon-Shende on gluing Fukaya
categories of Weinstein manifolds. In [GPS18b] we find a comparison theorem between
sheaves and the Fukaya category, enhancing earlier work of Nadler and Zaslow [NZ09]:

Theorem 4.3.5 ([GPS18b]). Let X be a smooth manifold, and Λ ⊂ T ∗X a closed subanalytic
Lagrangian. Then the Fukaya category Fuk(T ∗X,Λ) is equivalent to ShcΛ(X).

We will be interested in the particular case when X is a toric variety and Λ is the union
of conormals to toric strata of X.

In order to relate the microlocal sheaf computations in this chapter to the Fukaya cate-
gory, we require one more result which has been promised by the above authors but whose
proof is not yet in print. We will state it as a conjecture.

Conjecture 4.3.6. Suppose that M admits a cover by Liouville sectors Mi. Then the Fukaya
category of M is the colimit colim Fuk(Mi), where the maps are defined by the functoriality
proved in [GPS18a].
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Remark 4.3.7. It is likely that the full strength of [GPS18b] is not actually necessary here:
many simplifications in the computations of Fukaya categories for hyperkähler manifolds
should follow from the results of [SV18], which establish that Floer homology computations
among holomorphic Lagrangians are local on the Lagrangians. We use the [GPS18a, GPS18b]
framework as it is more developed at the moment, although we expect that all of these
approaches will soon converge.

Corollary 4.3.8. Suppose that the skeleton L of M has a cover by pieces Li with the property
that Li is the relative skeleton for a pair (T ∗Xi,Λi) as above. Then the Fukaya category
Fuk(M) is the colimit of the categories ShcΛi(Xi).

Colimits of categories are difficult to compute in general; to simplify the situation, we
use the following trick:

Lemma 4.3.9. Let C = colim Ci be a colimit of cocomplete dg categories Ci along continuous
functors Fi. Then C is equivalent to the limit lim Ci obtained by replacing Fi by their left
adjoints.

We can thus compute the colimit in Corollary 4.3.8 as

colim ShcΛi(Xi) = (colim ShΛi(Xi))
c = (lim ShΛi(Xi))

c. (4.3.1)

If the limit in (4.3.1) is the dg category A -moddg of modules over a dg algebra A, then the
compact objects (A -moddg)c will be the dg category A -perfdg of perfect A-modules.

4.3.10 Perverse sheaves and gluing

The theorem of [GPS18b] described above reduces the computation of Fukaya categories to
microlocal sheaf computations, which can be difficult in general. However, in the case at
hand, we have a further simplification which will make the computation easy. Recall that
we are interested in the case where M is a hyperkähler manifold with a Lagrangian skeleton
which is not only Lagrangian but actually holomorphic Lagrangian, i.e., holomorphic in one
complex structure and Lagrangian in the other two Kähler structures.

In this case, we can hope to find a Liouville-sectorial cover as in Corollary 4.3.8 with
the property that the manifolds Xi are complex algebraic varieties, and the Lagrangians
Λi are unions of conormals to complex subvarieties in Xi. The category ShΛ(X) then has a
t-structure whose heart ShΛ(X)♥ is the abelian category PervΛ(X) of perverse sheaves on
X with microsupport along Λ. (From the Fukaya-categorical perspective, this is a Fukaya
category of holomorphic Lagrangian branes in T ∗X [Jin15].) In good situations, this category
remembers all the information of the category ShΛ(X).

The perverse t-structure is easy to describe from a microlocal point of view. The following
characterization of perverse sheaves is known to experts but is rarely emphasized in the
literature (see for instance [Jin15, Proposition 2.9] for a proof):
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Proposition 4.3.11. Let X,Λ as above. An object F in ShΛ(X) is contained in the perverse
heart of this category if and only if the microstalk F(x,ξ) at every smooth point of Λ is
cohomologically concentrated in degree 0.

This description admits an evident extension to the “global microlocal sheaf category”
along a Lagrangian skeleton.

Remark 4.3.12. Note that since we imposed no finiteness conditions on ShΛ(X), our “per-
verse sheaves,” defined as objects in the heart of the t-structure above, are also possibly of
infinite rank.

4.3.13 Perverse sheaves on toric varieties

Let X∆ be a k-dimensional projective toric variety with momentum polytope ∆. We denote
by Λ ⊂ T ∗X the union of conormals to toric strata. We will be interested in the abelian
category PervΛ(X∆) of perverse sheaves on X∆ with singularities along toric strata.

This category for smooth toric varieties is described in [Dup10]; we recall that description
here, together with the small extension necessary to make it work in the orbifold case.

First, take a small neighborhood U of ∆ and extend all of the facets of ∆ to hyperplanes
in U. These hyperplanes divide U into chambers, with ∆ being the central chamber. These
chambers are in bijective correspondence with conormals to toric strata of ∆.

In fact, if we think of the chambers δ in U as (with the exception of ∆ itself, noncompact)
polytopes, they are the momentum polytopes for the toric varieties Xδ obtained as unions
of conormals to strata in X∆. This statement must be interpreted carefully, but a reader
comfortable with the translation between moment polytopes and fans can easily define a fan
attached to an open subset of a polytope by simply throwing out the subcones of the fan
attached to faces of the polytope that have trivial intersection with the open subset.

Each variety Xδ contains a dense torus Tδ, given by the complement of its lower-dimensional
toric strata; note that if two chambers δ, δ′ share a facet F , then F corresponds in each to
a codimension-1 stratum XF and hence determines (by taking a small loop around XF ) a
homotopy class in each of Tδ, Tδ′ . We will denote this class by γF .

Definition 4.3.14. From the data of the polytope ∆, we will associate a certain quiver with
relations Q∆. The quiver is defined as follows:

1. For every chamber δ in U , we associate a vertex Vδ. (We will also write Vδ for the
vector space placed at vertex Vδ in a representation.)

2. For every facet F separating two chambers δ, δ′, there are a pair of opposite arrows

uδδ′ : Vδ′ � Vδ : vδδ′ .

3. The vertex Vδ has an action of the group algebra C[π1(Tδ)].
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For every facet F separating two chambers δ, δ′, we will write MF for the endomorphism of
Vδ given by

MF := vδδ′uδδ′ + 1Vδ .

The relations we impose on Q∆ are the following:

1. For F a facet of δ, the endomorphism MF ∈ End(Vδ) is identified with the loop γF ∈
C[π1(G)]. In particular, MF is invertible.

2. If F is a codimension-2 face along which δ and δ′′ meet, and we denote by δ′1, δ
′
2 the two

chambers which are adjacent (by a facet) to both δ and δ′′, then the following pairs of
length-two paths in Qδ agree:

a) The two paths from Vδ′′ to Vδ,

b) the two paths from Vδ to Vδ′′

c) the two paths from Vδ′1 to Vδ′2 .

We will write A∆ for the path algebra of the quiver Q∆ with relations as above.

Remark 4.3.15. There are a few small differences between the description we have offered
above and the one which appears in [Dup10]. First, the description there is in terms of
the fan for a toric variety rather than its momentum polytope; as we will see below, the
polytope description will make the geometry of the situation clearer. In that description
there are also additional vertex loops, which in our description have been absorbed into the
actions of C[π1(Tδ)]. Finally, in loc. cit., the toric variety X∆ was assumed to be smooth, but
nothing is changed if we allow orbifold singularities: these are quotients by a finite subgroup
of the diagonal matrices, and the desired morphisms and relations follow from pullback to
the prequotient.

Theorem 4.3.16 ([Dup10]). The category of perverse sheaves on the toric variety X∆ with
singularities along the toric strata of X∆ is equivalent to the abelian category A∆ -mod of
modules over the algebra A∆.

Given a perverse sheaf F on X∆, the corresponding quiver representation will have at
vertex Vδ the microstalk of F at a point of the open orbit of Xδ, which we think of as a
conormal, living inside T ∗X∆, of a stratum of X∆.

Example 4.3.17. Suppose X∆ = C. Then the above theorem reproduces the classical de-
scription of the category Perv(C, 0) of perverse sheaves on C with singular support inside
the union of the zero section and the conormal to 0 as given by the linear-algebraic data of
a pair of vector spaces and maps

var : Φ � Ψ : can

We identify 1Ψ + var ◦ can and 1Φ + can ◦ var with the generators of π1(C∗) and thus assume
that they are invertible.
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A second way of understanding this example is as follows: let Λ ⊂ T ∗C be the conic
Lagrangian given by the union of conormals to toric strata; in other words, Λ is the union
of the zero section with the conormal to the origin. Then the smooth points of Λ are Λ◦ =
C× t C×; the vector spaces Ψ and Φ are the respective microstalks of a microlocal perverse
sheaf F on these components, and the endomorphisms 1Ψ + var ◦ can and 1Φ + can ◦ var are
the respective monodromies.

The following examples make clear the way in which the action of C[π1(G)] keeps track
of the orbifold structure on our toric varieties.

Example 4.3.18. Consider the case X∆ = C/{±1}; even though the underlying variety
is still isomorphic to C, the space X carries a nontrivial orbifold structure. In fact, the
cotangent bundle of X∆ is C2/(Z/2Z), which is not smooth. The category of perverse sheaves
on X∆ = C/{±1} is the category of {±1}-equivariant perverse sheaves on C. As before, we
can take Φ and Ψ with the maps var and can, but the operation of parallel transport from
1 to −1 in C× followed by moving back to 1 using the {±1}-action gives an endomorphism
of Ψ which is the square root of the monodromy.

In case the example C/{±1} is confusing, the following example offers a possibly clearer
illustration:

Example 4.3.19. Let X∆ = C2/(Z/2). If we write

C[X∆] = C[x, y]Z/2 = C[x2, xy, y2] = C[a, b, c]/(b2 − ac),

then we see that on the open stratum of X∆, the torus acting is

T∆ := SpecC[a±, b±, c±]/(b2 − ac).

In Q∆, the two pairs of maps at the vertex V∆ corresponding to this stratum have compo-
sitions equal to 1 − a and 1 − c, respectively. However, in contrast to the normal crossings
case, 1 + u1v1 and 1 + u2v2 do not give all the invertible self-loops of V∆, but rather this
vertex is equipped with an extra automorphism b which is equal to a square root of ac.

The proof of the theorem closely follows the computation in Example 4.3.17; the higher-
dimensional version of that example, where X∆ = Cn, was computed in [GGM85], and then
the theorem is proved in general by using descent for categories of perverse sheaves to glue
together several copies of this result.

Example 4.3.20. Let X∆ = P2. Its momentum polytope is the compact chamber δc of
the arrangement depicted below. There are three chambers δ1, δ2, δ3 corresponding to the
conormal bundles to the toric divisors in P2, and three chambers δ12, δ13, δ23 corresponding
to the conormal fibers to the toric fixed points.
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The corresponding quiver has one vertex for each chamber, and a pair of arrows for each
plane separating two adjacent chambers:
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Moreover, perverse sheaves do encapsulate the whole Fukaya category in this case, in the
sense that the dg category ShΛ(X∆) is equal to the dg derived category of PervΛ(X∆) :

Proposition 4.3.21. ShΛ(X∆) is equivalent to the dg category A∆ -mod of modules over the
algebra A∆.

Proof. As described in Proposition 4.3.3, the category ShΛ(X∆) is generated by the objects
Pi which corepresent microstalk functors at smooth points of Λ. We need to prove that all
of the objects Pi are contained in the heart of the perverse t-structure on ShΛ(X∆).

First, consider the case where Pi corresponds to the open torus orbit in X∆. Consider
the free (infinite-rank) local system L on the open torus orbit U0

∼= G with fiber C[π1(G)]
obtained by pushing forward the constant sheaf on the universal cover of G. If ι : U0 → X∆

is the inclusion, then ι!L is the desired projective object.
Now consider the general case. Recall that the components of the smooth locus of Λ

are in bijection with toric subvarieties in X∆. Given such a subvariety, choose a T -fixed
point x in its closure, and let U ⊂ X∆ be the open subset given by all torus orbits which
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contain x in their closure. This subset is an orbifold quotient of Cd with the different toric
subvarieties corresponding to the coordinate subspaces, and the components of Λ◦ given by
the conormals to these. We have already constructed the perverse sheaf for the zero-section
in this context, and by Fourier transform, this allows us to construct it for any component
corresponding to a toric subvariety containing x.

To extend these perverse sheaves from U to all of X∆, we pushforward by ι! under the
inclusion ι : U → X∆ as above. Since Fourier transform and ι! for an open inclusion are exact
in the perverse t-structure, the results of this pushforward remain perverse, and it is clear
from the construction that they corepresent microstalk functors on ShΛ(X∆). In particular,
this implies that the Hom spaces HomShΛ(X∆)(Pi,Pj) are concentrated in degree 0, since this
can be interpreted as the microstalk of Pj at vertex vi.

4.3.22 The global calculation

We are going to glue together the categories of perverse sheaves discussed above.
Recall that the hyperplane arrangement Aper expresses Rn as an infinite union of n-

dimensional polytopes.

Definition 4.3.23. Let P denote the opposite face poset of this polytopal decomposition.

Now we are ready to describe the limit of categories described in the discussion following
Corollary 4.3.8.

Definition 4.3.24. To a face p ∈ P we associate a category Cp as follows:

• If p is a chamber of Aper, or in other words an n-dimensional polytope ∆, then Cp is
the dg category ShΛ(X∆) of constructible sheaves on the toric variety X∆ which are
smooth along toric strata. In other words, Cp is the category of modules over the quiver
Q∆ which has one vertex for each chamber adjacent to ∆ (including ∆ itself), a pair
of edges for every facet separating two of these chambers, and relations as described
above.

• If p is a k-dimensional face in Aper, pick an n-dimensional polytope ∆ containing p,
and let X∆◦ be the toric variety associated to a small neighborhood ∆◦ of p in ∆. We
define Cp to be the dg category ShΛ(X∆◦). In other words, Cp is the dg category of
modules over the subquiver obtained from Q∆ by throwing out vertices corresponding
to chambers which are not adjacent to p, and keeping all the relations which didn’t
involve those vertices. This description makes clear that Cp did not depend on a choice
of ∆; the more geometrically inclined can construct this equivalence using Fourier
tranform.

To an arrow p→ q in P (corresponding to an incidence of faces q ⊂ p), we assign the obvious
functor Cp → Cq given by forgetting some of the vertices. Geometrically, this is the functor
on microlocal sheaves induced by restricting to the appropriate open subset of the cotangent
bundle.
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From the discussion following Corollary 4.3.8, combined with the calculation from Propo-
sition 4.2.20 of the skeleton of U := U(β,1), we conclude the following:

Proposition 4.3.25. Fuk(Ũ) is the category of compact objects inside the limit limp∈P Cp.

We would like to compute this category. We begin by observing that this limit involves
a global version of the perverse t-structure described in Proposition 4.3.11.

Lemma 4.3.26. Let C = lim Ci be a limit of dg categories Ci equipped with t-structure, along
t-exact functors. Then C inherits a t-structure from the Ci whose heart is the limit of their
hearts:

(lim Ci)♥ ∼= lim C♥i .

Proof. Define C≤0 to be lim C≤0
i . The right adjoint to the inclusion of this subcategory into

C is the trunctation functor τ≤0 : C → lim C≤0
i , which agrees with the functor induced on C

by the truncation functors τ≤0
i . It is not hard to see that these data satisfy the axioms for a

t-structure.

Definition 4.3.27. We will define a quiver with relations Qβ as follows: the vertices of Qβ
are in bijection with the chambers of Aper, and the arrows and relations are exactly as in
Definition 4.3.14.

Theorem 4.3.28. There is an equivalence of dg categories limp∈P Cp ∼= Q -moddg between
the P-limit of the diagram of categories C and the category of modules over the quiver with
relations Q. This equivalence is induced by an equivalence of the hearts of the natural t-
structures on these categories.

Proof. The functors in the diagram Cp are t-exact, so we are in the setting of Lemma 4.3.26.
The category C thus has a perverse t-structure with heart limp∈P PervΛp(X∆p). By the same
gluing arguments used to prove Theorem 4.3.16, this is equivalent to the abelian category
A♥ of modules over the quiver Q.

To complete the proof, we need only show, as in Proposition 4.3.21, that the objects Pi
which generate the category C are contained in C♥. As in Proposition 4.3.21, these objects
are just the projective objects associated to vertices of Q.

We have been dealing so far with the universal cover Ũ, but it is easy to deduce from the
above result a similar one about U itself. Note that Q carries an action of g∨Z = π1(U) by
automorphisms. Let Q denote the quotient quiver and let Q -moddg denote the dg category
of modules over Q. We gather together both the statement above and its quotient by π1(U) :

Corollary 4.3.29. We have equivalences of categories

Fuk(Ũ(β,1)) ∼= Qβ -moddg, Fuk(U(β,1)) ∼= Qβ -moddg .
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Example 4.3.30. We spell out this construction when the underlying sequence of tori is
1 → C∗ → C∗. Thus U(β,1) = U(1,α) = (T ∗C)◦, whereas the Dolbeault hypertoric variety is

the Tate curve. (Since T is trivial, β = α = 1.) As previously explained, L̃ is an infinite
chain of rational curves, with 0 of one link intersecting nodally with ∞ of the next. Thus Q
has vertices indexed by n ∈ Z, each carrying a vector space Vn on which the group algebra
C[π1(C∗)] = C[Z] acts with generator γn. Between neighboring vertices, we have a pair of
arrows un,n+1 : Vn � Vn+1 : vn,n+1, and an equality 1 + vn,n+1un,n+1 = γn. This is equivalent
to the category of modules over the multiplicative preprojective algebra of the infinite quiver

. . .→ • → • → • → · · · .

Any such module may be viewed as the global sections of a C∗-equivariant coherent sheaf
on (T ∗C)◦.

The simple modules Sn over Q are defined by a copy of C placed at a single vertex n, with
all maps set to zero. These correspond to C∗-equivariant skyscraper sheaves at x = y = 0.

On the other hand, the projective object Pn has Vi = C[γi]. The maps vi,i+1, i < n and
ui,i+1, i ≥ n are given by the natural isomorphism taking γi to γi+1. The maps in the reverse
direction are fixed by the quiver relations. Pn corresponds on the B-side to a line bundle

whose global sections are the free graded C[x, y]
[

1
1+yx

]
-module generated by xn for n > 0

or yn for n < 0.

Example 4.3.31. Now consider the sequence C∗ → (C∗)2 → C∗, where the first map is
the diagonal embedding. In this case the C∗-valued moment map on U1,α) expresses it as a
C∗-fibration over C∗ \ 1, whereas the fiber over 1 is the “TIE fighter” given by a P1 nodally
intersecting two copies of A1 at 0 and ∞. On the other hand, U(β,1) is affine; its moment
fibration has two singular fibers, each given by a union of two nodally intersecting copies
of A1. The unwrapped skeleton L̃ is as before, but the lattice action on it now shifts the
chain by two links rather than one, so that L is a copy of two spheres meeting each other
transversally at two points.

Repeating the calculation as above, we find that the category of microlocal sheaves along
L̃ is the category of modules over the multiplicative preprojective algebra associated to the
Â1 quiver. Recall that the McKay correspondence of [KV00] identifies modules over the
additive Â1 preprojective algebra with the category of coherent sheaves on the stack C2/Z/2
(which we should think of as a noncommutative resolution of its singular coarse moduli
space); similar arguments identify modules over the multiplicative preprojective algebra
with coherent sheaves on the stack/noncommutative resolution (T ∗C)◦/Z/2, which is U(1,α).

More details of the calculation of this multiplicative preprojective algebra in the setting
of Fukaya categories and microlocal perverse sheaves can be found in [EL17] and [BK16],
respectively.
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4.4 Tilting bundles and coherent sheaves

We will now calculate the B-model category associated to the mirror of U(β,1): this is the
dg category Cohdg(U(1,β)) of coherent sheaves on the multiplicative hypertoric variety U(1,β).
As discussed before, we factor β ∈ T∨ as a product γ · exp(δ). δ will play the role of GIT
parameter, whereas γ will play the role of B-field parameter, indexing a noncommutative
resolution – or, in the case where δ is generic, indexing an Azumaya algebra on the resolution
specified by δ.

4.4.1 Noncommutative resolutions and mirror symmetry

Recall the notion of a non-commutative crepant resolution (NCCR) of an affine Goren-
stein variety X = SpecR, originally defined in [vdB04a]: this is an algebra A = EndR(M),
for some reflexive R-module M , such that A is a Cohen-Macaulay R-module and the global
dimension of A is equal to dimX. This notion generalizes to a non-affine scheme in an obvi-
ous way: we consider a coherent sheaf of algebras A with moduleM such that the restriction
to any affine open set is a NCCR.

In this chapter, we will explicitly construct a NCCR for each generic choice of B-field γ.
For simplicity, we will do this first in the case where the parameter is of the form (1, γ). In
this case, the underlying variety U(1,1) is affine and highly singular.

Recall that for a choice of γ̃ ∈ t∨R (from which we can produce an element γ = exp(γ̃) ∈
T∨R ), we have already described a quiver with relations Qγ. This has only finitely many
nodes, so we can think of its path algebra Aγ = A(Qγ) as an algebra with unit given by
the sum of idempotents ep for the different chambers p of top dimension in the quotient
arrangement Ator.

Theorem 4.4.2.

1. We have an isomorphism of algebras C[U(1,1)] ∼= epAγep.

2. The algebra A acting on the module M = Aγep is a non-commutative crepant resolution
of U(1,1).

This theorem is effectively the main theorem of this chapter, since it identifies the Fukaya
category of U(β,1) with the category of “coherent sheaves” on this non-commutative resolu-
tion. However, we are not yet ready to prove it. In fact, rather than showing directly that
this algebra A has the desired properties, we will show that it is derived equivalent to a usual
commutative resolution of singularities obtained by varying the parameter δ.

More precisely, assume that we have a (usual commutative) crepant resolution of singu-
larities π : Y → X. A D-equivalence between Y and a non-commutative resolution A is
an equivalence of dg-categories Cohdg(Y ) ∼= A -moddg.

A standard way for these to arise is through a tilting generator, a locally free sheaf T
on a scheme Y such that Ext•(T ,−) induces an equivalence of derived categories between
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End(T ) -moddg and Cohdg(Y ). The following is a corollary of [vdB04b, Lem. 3.2.9 & Prop.
3.2.10]:

Lemma 4.4.3. Suppose T is a tilting generator on Y such that the structure sheaf OY is
a summand of T , and let M = Γ(Y ; T ). Then A = EndCoh(Y )(T ) ∼= EndR(M) is a non-
commutative crepant resolution of singularities, canonically D-equivalent to Y .

We will prove Theorem 4.4.2 using this lemma, by constructing an appropriate tilting
generator (see Theorem 4.4.13).

4.4.4 Comparison of multiplicative and additive varieties

As mentioned before, a key component of the proof of Theorem 4.4.2 is that multiplicative
hypertoric varieties “locally look like additive hypertoric varieties.” More precisely, additive
and multiplicative hypertoric varieties have complex moment maps with respective targets
g∨ and G∨, and we will show that formal neighborhoods of the fibers of these maps agree.

We identify Zn with the cocharacter lattice of D by the map sending a ∈ Zn to the
cocharacter s 7→ diag(sa1 , . . . , san) : Gm → D. Under this identification, the standard char-
acters εi of D∨ are sent to the unit vectors of Z. We can also consider these as functions on
D∨, and for a given h ∈ D∨, we denote the values of these by hi.

Assume now that h ∈ D∨ is contained in the subtorus G∨. The fact that h lies in G∨ is
reflected by the relation

∏
i h

ai
i = 1 for a ∈ tZ ⊂ Zn.

Consider the formal neighborhood U of h inside G∨, and let Ûh be the preimage of this
neighborhood inside U. In particular, any power series in the functions ziwi + 1 − hi is
well-defined as a function on this completion.

Let M = M(1,δ) be the additive hypertoric variety associated to the data of the exact
sequence (4.2.1) and (1, δ) ∈ t∨H; in order to avoid confusion, we will use xi, yi, rather than
zi,wi, as variables for the additive hypertoric variety. Let log(h) ∈ g∨ be a choice of preimage
of h under the exponential map, such that log(hi) = 0 if hi = 1; implicitly, this fixes choices
of log(hi) for all i, such that

∑
ai log hi = 0 for all a ∈ tZ.

Let M̂log(h) be the base change of M to a formal neighborhood of log(h) ∈ g∨. Let L(×)
χ

be the line bundle on U induced by a character χ : T → Gm and L(+)
χ be the correspond line

bundle on M.

Theorem 4.4.5. The formal neighborhoods Ûh and M̂log(h) are isomorphic, by an isomor-

phism identifying the character line bundles L(×)
χ and L(+)

χ .

Proof. Recall that the projective coordinate rings of M and U are C[T ∗Cn][t]T/〈µC = 0〉
and C[(T ∗Cn)◦][t]T/〈µ̊C× = 0〉, where µC, µ̊C× denote the complex moment maps for the
T -actions, and t is an additional variable of degree 1 with T -weight −δ. We will produce
isomorphisms between certain completions of these coordinate rings.

Write ̂(T ∗Cn)◦h for the completion of (T ∗Cn)◦ with respect to the the ideal generated by
ziwi + 1− hi.
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Note that if hi 6= 1, then we have that ziwi is itself invertible, and

log(1 + ziwi) = log(hi + (ziwi + 1− hi))

= log(hi) +
ziwi + 1− hi

hi
− (ziwi + 1− hi)2

2h2
i

+
(ziwi + 1− hi)3

3h3
i

− · · ·

is an invertible function on ̂(T ∗Cn)◦h. If hi = 1, then

log(1 + ziwi) = ziwi −
z2
iw

2
i

2
+

z3
iw

3
i

3
− · · ·

is still well-defined, but no longer invertible. However, the quotient

γi :=
log(1 + ziwi)

ziwi
= 1− ziwi

2
+

z2
iw

2
i

3
− · · ·

is invertible.
Let T̂ ∗Cn

log h be the completion of T ∗Cn, now with variables xi and yi, at xiyi − log(hi).

Let xi, yi map to C[ ̂(T ∗Cn)◦h] by

xi 7→ zi yi 7→ wiγi.

This map is an isomorphism, and its inverse is given by

zi 7→ xi, wi 7→ yiδi,

where we define

δi :=
hie

xiyi−log(hi) − 1

xiyi
=
hi − 1

xiyi
+

hi
xiyi

∞∑
k=1

(xiyi − log(hi))
k

k!
.

Furthermore, under these maps, we have

n∑
i=1

aixiyi =
n∑
i=1

ai log(1 + ziwi) = log

(
n∏
i=1

(1 + ziwi)
ai

)
,

so that these isomorphisms intertwine the additive and multiplicative moment maps. Fur-
thermore, since γi and δi are D-invariant, this is an equivariant isomorphism.

Thus, we obtain an isomorphism of projective coordinate rings for Ûh and M̂log(h), which

moreover must match the modules corresponding to the line bundles L(×)
χ and L(+)

χ .
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4.4.6 Construction of the tilting bundle

By Lemma 4.4.3, it remains only to construct a tilting generator on U(1,α) for α generic. This
has already been carried out in the additive case, implicitly in [Sta13] and explicitly in [MW,
Th. 3.36]. This is accomplished using a now-standard technique in geometric representation
theory, quantization in characteristic p.

Roughly speaking, one notices that a cotangent bundle, as for instance T ∗An, has a
non-commutative deformation given by the sheaf of differential operators on the base; and
moreover, in characteristic p, this sheaf D is Azumaya over its center, which is actually (a
Frobenius twist of) the original cotangent bundle. If the parameter γ is p-torsion, it may then
be used as a noncommutative moment map parameter for a quantum Hamiltonian reduction,
after which one obtains an Azumaya algebra on the complex Hamiltonian reduction M of
T ∗An, as desired. The resulting Azumaya algebra is not split, but it does split on formal
neighborhoods of fibers of the residual moment map. Any choice of splitting on the fiber
over 0 can be extended uniquely to the rest of the whole of M using the contracting C∗
action.

For the multiplicative case, this method of quantization has an analogue: instead of
deforming to the sheaf of differential operators, one deforms to a sheaf of q-difference op-
erators. This was accomplished for multiplicative hypertoric varieties in [Coo, Gan18], and
for general multiplicative quiver varieties in [GJS]. This allows us to define an Azumaya
algebra on U as before, and one could easily prove the same infinitesimal splitting property,
but there is no contracting C∗-action that allows us to construct a tilting generator via the
same automatic process.

Disappointing as this fact is, we can still use it as inspiration to guess a tilting generator.
In fact, this is not truly a guess; the bundle in question arises naturally when we view C[U]
as a multiplicative Coulomb branch (the Coulomb branch C4 in the terminology of [Telb]),
and the other nodes in Q as spectrally-flowed line operators, i.e., as objects of the extended
BFN category introduced in [Web, §3].

However one chooses to motivate the definition of this tilting generator, it is easy to
describe: it is a direct sum of equivariant line bundles L(×)

χ , which we enumerate below.
Choose a lift γ̃ = log(γ) ∈ t∨R. Let g∨,γ̃R be the preimage of γ̃ under the projection d∨R → t∨R.

Let
∆x = {a ∈ g∨,γ̃R | xi < ai < xi + 1}, Λ(γ̃) = {x ∈ d∨Z | ∆x 6= ∅}.

These are the chambers and their parametrizing set for a periodic hyperplane arrangement
in g∨,γ̃R , which we denote Bper

γ̃ . We write Λ(γ̃) for the quotient of Λ(γ̃) by the action of
g∨Z. This is a finite set, parametrizing the chambers of the toric hyperplane arrangement
Btor
γ̃ := Bper

γ̃ /g∨Z. Note that if we choose γ̃ differently, then the result will change by an
element of t∨Z.

We continue to assume that γ̃ is generic, so that there is a neighborhood U of γ̃ in R⊗ t∨

such that for all γ̃′ ∈ U , we have Λ(γ̃) = Λ(γ̃′). In particular, the hyperplanes in Bper
γ̃

intersect generically.
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Consider the following vector bundles, defined on U and M, respectively:

t̃
(×)
γ̃ :=

⊕
χ∈Λ(γ̃)

L(×)
χ , t̃

(+)
γ̃ :=

⊕
χ∈Λ(γ̃)

L(+)
χ .

Note that if we choose a different value of γ̃ while leaving γ unchanged, the effect will be to
tensor t̃

(×)
γ̃ with the line bundle corresponding to the element of t∨Z

∼= Pic(U) we change our
branch of log by. In particular, we can always choose γ̃ so that 0 ∈ Λ(γ̃), that is, the trivial

bundle OU is a summand of t̃
(×)
γ̃ .

Theorem 4.4.7 ([MW, Prop. 3.36]). The vector bundle t̃
(+)
γ̃ is a tilting generator of M, and

so End(t̃
(+)
γ̃ ) gives an NCCR of M(0,1).

This motivates the corresponding multiplicative result:

Theorem 4.4.8. The bundle t̃
(×)
γ̃ is a tilting generator for the category Coh(U1,δ).

Proof. By work of Kaledin [Kal08, §3.1], it suffices to prove that the higher cohomology of

the sheaf End(t̃
(×)
γ̃ ) vanishes, and that the kernel K(End(t̃

(×)
γ̃ )) defined in [Kal08, Def. 3.2]

vanishes. Thus, it is sufficient to prove the appropriate vanishing on a formal neighborhood
of any fiber of the map µ̊C× : U→ G∨.

That is, it suffices to prove this fact on the completion Ûh for all h ∈ G∨. By Theorem
4.4.5, we can transport this bundle to M̂log(h) and obtain the completions of the line bundles

L(+)
χ for χ ∈ Λ̄. By [MW, Prop. 3.36], the corresponding sheaf t̃

(+)
γ̃ on M is a tilting

generator, which completes the proof.

Corollary 4.4.9. The map F → RHom(t̃
(×)
γ̃ ,F) defines an equivalence of categories Cohdg(U) ∼=

End(t̃
(×)
γ̃ ) -moddg.

Together with Lemma 4.4.3, this shows that if we choose γ̃ so that 0 ∈ Λ(γ̃), then the

algebra End(t̃
(×)
γ̃ ) is a noncommutative crepant resolution of singularities.

Remark 4.4.10. The same procedure gives a noncommutative resolution of any multi-
plicative hypertoric variety. Assume that δ is arbitrary; we can assume without loss of
generality that δ is integral (since all walls of GIT chambers are rational) without chang-
ing U(1,α). Choose a second character δ′ in the open part of GIT cone adjacent to the face
containing δ. By standard variation of GIT, 1 we have a crepant resolution of singularities
πα : U(1,α′) → U(1,α). Consider the sheaf of algebras

Aα =
(

(πα)∗(t̃
(×)
γ̃ ⊗ (t̃

(×)
γ̃ )∨

)
.

Note that this algebra only depends on γ. We leave to the reader the verification that this is
a relative NCCR via its action on (πα)∗t̃

(×)
γ̃ whenever the parameter α is generic, regardless

of whether γ or δ are generic separately.
1We can write U(1,α′) as a multiProj where we consider functions transforming according to positive

integer linear combinations of δ and δ′, and take the map defined by the line bundle corresponding to δ.
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4.4.11 Computation of the endomorphism algebra

It will be convenient to consider also a G-equivariant version of the tilting bundle. (Recall
that working G-equivariantly on U(1,β) is mirror to passing from U(β,1) to its universal cover

Ũ(β,1).) Let

t̃
(×)
per,γ̃ :=

⊕
χ∈Λ(γ̃)

L(×)
χ ,

where the summands are given their natural G-equivariant structure. This is an infinite rank
G-equivariant vector bundle. In the following corollary, endomorphisms of t̃

(×)
per,γ̃ are taken in

the category of G-equivariant quasicoherent sheaves.

Corollary 4.4.12. The map F → RHom(t̃
(×)
per,γ̃,F) defines an equivalence of categories

Cohdg(U) ∼= End(t̃
(×)
per,γ̃) -moddg.

We are now ready to compute the endomorphism algebra for the tilting bundle defined
above.

Recall from Section 4.3.22 that we defined quivers with relations Qγ,Qγ, and Aγ is the
path algebra of the latter quiver.

Theorem 4.4.13. There is an isomorphism

Aγ ∼= End(t̃(×)
γ ) (4.4.1)

sending the length zero path ex to the projection to the corresponding line bundle. This
induces an equivalence of categories Cohdg(U) ∼= Qγ -dgmod.

Note that this completes the proof of Theorem 4.4.2.

Proof. We define the map (4.4.1) as follows: the map C[G∨] → End(t̃
(×)
γ ) is given by the

composition
C[G∨]→ C[U]→ End(t̃

(×)
γ̃ ),

where the first map is the pullback and the second is the action of functions as endomorphisms
of any coherent sheaf. And for x,y ∈ Λ such that y = x + εi, we send

cy,x 7→ zi, cx,y 7→ wi.

We can easily check that this is a homomorphism: the relations (1) are just commutativity,
and the relations (2) are the moment map condition.

Given any x,y ∈ Λ, there is a unique element cx,y defined as the product along any
minimal length path between these vertices. This maps to the unique minimal monomial in
C[̊µ−1(G∨)] whose weight under the action of D is the difference x − y, and so cx,y · C[G∨]
maps surjectively to all elements of that weight in C[̊µ−1(G∨)]. Since we have assumed that
T contains no coordinate subtori, every cocharacter into T has non-trivial weight on at least
2 coordinates, and by the symplectic property, this implies that the Kirwan-Ness stratum for
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this cocharater has codimension ≥ 2. Thus, C[̊µ−1(G∨)] surjects to functions on the stable
locus.

This shows that cx,y ·C[G∨] maps surjectively to the elements of Hom(L(×)
x ,L(×)

y ) of the
correct T -weight. Ranging over all y with the same image in Λ̄, we obtain all homomorphisms
L(×)

x → L(×)
y , so the desired map is surjective. On the other hand, our relations allow us to

shorten any path to an element of cx,y · C[G∨].

Combining Corollary 4.3.29 and Theorem 4.4.13, we deduce our main theorem. It is
conditional on Conjecture 4.3.6.

Theorem 4.4.14. Let β ∈ T∨ be generic. Then there is an equivalence of dg categories

Fuk(U(β,1)) ∼= Cohdg(U(1,β)). (4.4.2)

Moreover, if β ∈ T∨R , this equivalence is induced from an equivalence of abelian categories.

4.4.15 The action of monodromy

As mentioned in the introduction, a mirror symmetry theorem over the full nonsingular
parameter space would include not only the equivalences (4.4.2), but also equivalences among
these as we circumnavigate walls in the parameter space. These equivalences would thus fit
into an action of π1(T∨gen) by “monodromy in a local system of categories,” compatible with
the equivalences (4.4.2). We will explain here this monodromy on the B-side.

But first, we consider as an illustrative example the derived equivalence between two
commutative resolutions. Why are these different resolutions derived equivalent? If one
knows about mirror symmetry, then the answer is obvious: their mirrors are connected by
a continuous path, in the space of complex structures on the same underlying symplectic
manifold, avoiding the discriminant locus, and parallel transport functors give the desired
equivalence of Fukaya categories.

The above reasoning explains that to understand equivalences between a pair of reso-
lutions, one should consider them as points in a complexified Kähler moduli space, where
the real codimension-1 walls separating these resolutions become complex codimension 1.
Passing between these resolutions, one encounters a “purely imaginary” point in the Kähler
moduli space, which, as we have seen in this chapter, corresponds to a noncommutative
resolution. So suppose that we choose a pair of parameters α = γ exp(δ), α′ = γ exp(δ′),
where the GIT parameters δ and δ′ differ by crossing a wall; for simplicity, also choose log-
arithms log(α) = γ̃ + δ, log(α′) = γ̃ + δ′. From the above reasoning, we expect that the
correct equivalence between the dg categories Cα := Cohdg(U(1,α)) and Cα′ := Cohdg(U(1,α′))
is a Fourier-Mukai transform whose kernel is the sheaf

t̃
(×)
γ̃

L
⊗Aγ Aγ

L
⊗Aγ (t̃

(×)
γ̃ )∨ ∈ Cohdg(U(1,α) × U(1,α′)).

In other words, we pass from Cα to Cα′ by passing through the noncommutative resolution
Aγ, which is D-equivalent to Cα, Cα′ via their respective tilting bundles.



121

However, the situation we face in this chapter is in some sense the opposite of the one
above: we understand all of the noncommutative resolutions (which occur when α is con-
tained in the compact torus T∨R ), and we want to understand equivalences among these,
which will have to pass through the commutative resolutions. So suppose now that α = γ and
α′ = γ′ so that U(1,α) and U(1,α′) are two noncommutative resolutions which differ by a wall in
the noncommutative parameter space. In this case the equivalence Aα -moddg

∼= Aα′ -moddg

should be given by the Morita equivalence

−⊗ t̃(×)
γ̃′ ⊗ (t̃

(×)
γ̃ )∨,

where we take the bundles t̃
(×)
γ̃′ , t̃

(×)
γ̃ on a commutative resolution which we imagine living, in

the noncommutative directions, on the wall between γ and γ′. We expect that these func-
tors will combine to give the desired π1(T∨gen)-action. It seems quite likely that this action
arises from real variation of stability conditions, as in [ABM15, Def. 1]. The stability condi-
tions constructed in [ABM15, Ex. 2] using dimensions of representations in characteristic p
should be replaced with the volumes of chambers in G∨,βR , since by [MW, Prop. 3.11], these
dimensions are just Erhart polynomials.

Finally, we mention the categorical monodromy on the A-side which has motivated the
above discussion. Traditionally, this is understood via parallel transport functors as in [SS06].
In the “microlocal” picture of Fukaya categories of Weinstein manifolds, these equivalences
will arise from nearby cycles functors for the non-characteristic deformation of a skeleton L
under Weinstein homotopy [NS]. Computing these functors explicitly can be difficult but
should be possible from a sufficiently good understanding of the behavior of L as the variety
U becomes singular.

It should also be possible to compute skeleta of U(exp(δ),1), in limits where δ →∞ within
a chamber of T∨reg; these skeleta should be adapted to mirror-symmetry equivalences relating
Fuk(U(exp(δ),1)) to coherent sheaves on a corresponding commutative resolution. From com-
parison with the analogous situation in toric geometry, we expect that these skeleta will be
computed by using a tropical degeneration of the variety U(exp(δ),0). Such degenerations are
already known for additive hypertoric varieties of complex dimension 2 (i.e., resolutions of
An singularities), since these are in fact toric varieties.
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