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Abstract: Typical combustion kinetic prob]ems can be written in the

“‘_“—’ .

form 1? = AP 1}(0) given, wher'e A is an M by N matrix and p i

an N -vector with . . Here the ;. >0 de-

- B J t= f yt« Jb >

scribe the reactions and the ﬁj >0 are rate constants. This system
=0 i 1 i ap. =Y.. P.

has fx and f} is readily obtained from B/’bg}_/ Ja %/\fv

In this paper, we study in detail a method which takes advantage of this

property of the combustion kinetic problems.
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1. Introduction

The code LSTIFFlwas developed in 1979 for the purpbse of solving the
mathematical modeling problem of a laser médium excited by blast waves.
In the process of searching for the basic method upon which the code was
to be built, we have studied many possibilities. The Rosenbrock method9
was chosen for the code for the following reasons: fifst, the Rosenbrock
formulas are not implicit in the sense that backward differentiation for-
mulas (BDF)3such as Gear's methods are. We can therefore avoid some imple-
mentation difficulties. Second, it is possible to derive Rosenbrock for-
mulas with strong stability properties (A- and L-stable)} which are not
aVai]ab]e in high order BDF codes. Third, for the class of problems where
very accurate partial derivétives can be readily obtained such as in com-
bustion kinetic problems{othe method proved to be very efficient. Using
the problem set proposed by Enright, et a].zpreliminary tests of the code
LST#FE (containing L-stable methods up to order 4) show that the code is
much faster than the BDF code EPISODEZ In this paper, we will give a com-
plete development of the modified Rosenbrock method. OQur recent work in

error estimates for one-step methods will also be discussed.

2. Basic Formulas:

[f a stiff system of'ordinafy differential equations

)
y ==y 5 = =l
is integrated by a diagonally implicit Runge-Kutta method, one has to solve

the following system of nonlinear equations:

&e - ﬁf(xo-w“ Cgﬁ; Y, +J§ f’{fﬁj )=0; i=1,..,8 (2.

1)



At the 1 -th stage, if we use & for 4= 1 s ...st=1 ; and
(°’ % ks i 4

£ = 2: i &4 as the starting value for K, , then we

v u« 4=t

obtain a Newton-like iteration:

Lot ©)
(I-ghT) 8k, = bf(zrch, g+ ok +p. % ) - 4

bbb

= Bf Gareh, g0 2 (g vR ) - 4

(o) '
where A&; = &L - {?13 and J denotes the Jacobian af/'a} .
Methods of this type are called semi-implicit Runge-Kutta methods. For

7
autonomous systems, J = {3 (% ) and the modified Rosenbrock method12
o

becomes:
> 41 y i-1
(TR )k, = Af(y, +J% ik )+ f»{(yo)j;j Y koo 2

or

= Rfl) + ﬁ{’(h)}; x,.j. K

where = Xid = /34;,; 7 ’j Z O(‘j {)(J and we take only
one iteration of the modified Newton method The solution Z{ at the next
1

step is given by
S
‘3’1 =%, * 21 b, ﬁé (2.3)
1=

Equations (2.2) and (2.3) form a one-step method for stiff 0.D.E.'s. The

constants Z’ °§d y z%f ) LQ define the methods. In each stage, ﬁi

is obtained by solving a system of linear equations with the same matrix.

The Tinear combination of stages in (2.3) advances the solution 3} at 3%



to gi at DC1=.‘JCO+R N

In impiementation, Eq.

(2.2) involves the matrix-vector multiplications

2
in the 1ast term Also, it involves the M multiplications to form

11
)’K-F (’jo . To avoid these, we use Wanner's formulation:

(L - £k =

F(wf‘}“ > ek / R

(2.4)
S &*
R A M
t=1
whereﬁ
v, (5, -ve,) /¥
c = . - JC, .
W B’ 4
t-1
ay; = J % (% - Xc&')/ ¥ (2.5)
{IJ ‘&:1 ﬁ j J |
S
~ Y
mj = Z b& 5&‘5 YC&J_)/
&:4
For non-autonomous- systems, we have
1 ~1
(I —Xﬁfg(xo’go))%é = 'F(TB.*-A(,&) y’o.f-ﬁjzz' a‘j%)
' ¢-1
+ Bhf_(x,y) *E-,Ce' ﬂj -
£5 m
- m. K.
}){'L - %o.f- ot v o



-1
where Bf:X) Bd = X+j=1 C{J. % (1,':.2)...)8)
-1 : |
- (2.7)
AL = ag- %/Y ((,- ’...)S)

Similar to (2.4), we can scale (2.6) and (2.7) to avoid the nz' multipli-
cations in X%f (%,Y,) |

In section 3 we discuss the order cond1t1ons for the autonomous case
(Eq_. (2.2)). The order conditions for the non-autonomous case can be derived

similarly, however, it will be more complicated.

3. Order Conditions.

For the order conditions, we have to study the power series in f\« of
Yo {3({.’ and U; = b( +Z°<,d '&J in (2:2) and (2.3). In order to do
this in a systematical way, we need the following <:oncep1:s.5’6

Let T denote the set of rooted trees. The empty tree is denoted by CF
and the tree with only one node by T . If the subtrees fi R ""tm eT
are left after removing the root and the adjacent branches of a tree € s
then the tree T is denoted by [t, PR tm] . We defi’ne a monotoni-

cally labelled tree (LT) as follows: let ™M be a non-negative integer and

t:{z,...)ﬂ/}-—agl, ...,n} be avmapping which satisfies:
t(@) <L v ]Q"C v =2,

and we call T a monotonically labelled tree of order €(£) = o . Examples:



The node 1 is called the root. We denote the number of nodes in T and the
number of possible ways of monotonic labellings of the nodes of t by .f(f)
andc*fé)reSpectively (see Hairer and Wanner). There exists a one-to-one
correspondence between the set of elementary differentials apd the set of
monotonically Tabelled trees.

We define a pair of trees tew to be a tree W together with a sub-
tree having the same root. We also allow a pair Y < W . We denote the
set of all pairs of trees by PT . The number of possible monotonic label-
lings of the nodes of W, such that the tree t is labelled first is denoted
by & (t W) . We define the difference d(t <w) to be the set of
trees that remain after removing the subtree t .

The differential operator D operating on }f

_ d

can be interpreted by means of monotonically labelled trees as follows:
Dy = f
2 )
Dy = {-(%)
3 ) Y, 9
Dy = £-(,f) + £.(6.9)

Dy = £ (615 + £ €58« £ (6 £40) £ (8F6)
+ D)+ £ )



7)- 7- means the bilinear map ” operates on the vectors. 7-
£ ,

7
and f . We represent each 5‘3 by a node, each -(-’ by a node with one
N
branch, and each -G by a node with two branches, ...

3 3 4 N
P . \ 3
1 1 1 i 1 1
FIG. II

For every tree t & T, we define a function F(*) Y : R—-1R

recursively by:

F(e)y) = y
F(+) (y) 1c(m)(%) (FEIH) , -, _F(tm)(‘é)>

where t=[7’;1)"')tm] _

The functions F(f) are called elementary differentials. Some examples are:
F(D)e = £3)
Pl = § &) F)



£G)-(£4), $(p)
Cuy. £ fy

F(E) (v)
F(t:)(y)

where ‘{54 ,{'/2 ,'{73 are defined in Figure I.

If a: ] — TR is a mapping, the series:

‘ﬁ ?(’é)
B(a,y ) =2 a®) F&)(y) (3.1)
° teT S(t) !
is called a Butcher series. |
Some examples of Butcher series are:(é)B(o)go) = go with
i if t=¢ |
o) (‘é) = { o if L *' ¢ (3.2)
(i) _B(bﬂj) = ‘f,'](‘(y) is a Butcher series with
L t =T
by 4t
(¥) {O £ teT (3.3)
. v ¢ (t)
(e (Xo-#- ) = F t)( .
(i) Y é?é:LT 0y, oy (3.4)

is a Butcher series B(P,‘j,o) with F:{ forall t &

5,6
Theorem 3.1

let a:T— R , LT R , then the composition of the



two corresponding Butcher series is again a Butcher series

B(E,B(a,yo)) =B (ab; %o)

(3.5)
where the composition ab: T R is defined by
ry«(uct)
@) = 2 b ()T a(ust) 5.6
uct ePr
a,(uc‘b) = T a(z) , Y= 9({') N v = §(u)
Z ed(u.ct)
« (*t) and o((u Cf) are the numbers of possibilities of monotonic labeiling
the nodes of t and uct respectively.
Theorem 3.2
The functions UW., ‘ﬁ and !j. of Egs. (2.2) and (2.3) are Butcher
4 v 1

series defined by:

U, (®) = B(L_‘fi‘)y'o)

*. (&) = B (k; >’2}°)

yri (‘ev) = B (iﬂ. ’ ‘}o)
where the coefficients wg(t) , ‘k,’ (t)  and %1 (‘é) for €& T can be
expressed recursively by:

-1 &
w () =1, w@® = 3; i i (3.7)

%&(cp)""o 7 k, (T)= 1

&, , (3.8)



o {.F ‘{:-;[{;1 , "'ztm]

k®) =e®u &) u.(6,) + (3.9)
PO ¥k () if £-[2]
- (3.10)
Y, (4) =1, E(&) :L—‘bm.»'g(t) ,

Theorem 3.3

For every tree teT and t £ Cf’ , the coefficients of the Butcher

series of \}1 are given by

Y, (§) = T (¢) ; b, ¥ (¥ (3.11)

where T(T)=4, T(#) =e@®T(,).--T(t,) fo t=[H, ot ]
and -qJ:./(t)= 1,

5o, e, Yri) ) e be[h)8,]
i Y dm 14 I
1’{:&) = (3.12)

jz@qg&p e =]t ]

where )
= A, Y.. d =
P‘{) 4 * Y an | P&J {

we define:

0 for 4£4
) ..
. 1

| B for 474

Because of the recursive properties of _47('6) , they can be obtained by the

4

following procedure:

Attach to each node of t a summation letter starting with 1 at the



[P Tp—

10

root, then -‘,b; is equal to the sum over the product containing

) .
P“ whenever a single-branched node 4 is directly connected with an
¥% ‘ -

upper node %

o(j.& whenever a multiple-branched node 4 is directly connected with an
upper node ‘f<

Corollary: Method ( 2.2) and (2.3) is of order p if

T® ;. b, I (#) =1 (3.13)

for e({:) £ F and this equation is not satisfied for at least one tree of

order P+1.
The principal truncation error e('{:) is given by:

%P-H
e(t) = ) e(’c) F)(y,) —— (3.14)

telT (p+1)!
S@t) = p+t
where g(ﬂ = {- }_1(45) is the error coefficients.

Theorem (3.3) and the corollary give‘us a scheme to write all order
conditions for the method defined by Eqs. (2.2) and (2.3). However, these
order conditions can be simplified further as follows:

If we move all terms containing ¥ = Y&L = ?:1, to the right hand side.
This g1ves a polynomial P (‘0') where % denoted the tree number. A]so,

we define @ Ui) exactly as ‘qf('é) in Theorem (3.3) except that p is
replaced by F,LJ . Furthermore, for t €T and a positive 1nteger J s

we define:



11

V('t;i) = { s€&T ,s is obtained from t by removing 4

single branched nodes}

If t has less than 4 single branched nodes, then V(‘t,j) =0

We also define:

N@'«,S) = number of possibilities to obtain S by removing 1

single branched nodes from t

Theorem 3.4

If the order conditions in the Corollary are satisfied for all trees

of order gg({:)—i , then the order conditions can be replaced by:

)3 b. . () = Z_(—X)& > N(JC,S)/T'(S) | (3.15)

420 seVE,)

Example:
We will use the result of Theorem (3.4) to derive the order condition for
the tree
4 n
/%
k|
1

DRAAS =¢.§£f~‘ By Biaee™en e €n

To find the right hand side, we set up the following table:
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Single -branched .
node removed 3 { 1 2 2 2 3 3 4
Tree S 4<i1> :2::’ 12/)» ‘<i/) *\r/’ <<:/» \\(/’
Numb |
Fi:;i:“ﬁis NEts)| 2 2 ! 1 4 2 2 4
T() (6522|6542 543 | 522|542 | 43 | 42 | 3
Therefore, the order condition is:
_ | 2 2 -gz 1 1,4
..%e bi éijej&d&edenézen T 76.52.2 -1(6.5.2.24‘6.5.4-.2)4’ (54.3+5.z.z 54.1)
Lj n .
4
312 2 y (D
(G YV
Examples:
Tree T e(t) Order conditions
. 1 Y b =1
=4 _
/ 2 ‘;Zb“"@ =47
S
Y ! %bﬁ@% 3 1 3
2
2 6 , 2 =4 _ X, X
j%/ | q%b‘d‘i AV S



13

4. Simplifications of Order Cond1’t1‘ons.11

Many order conditions listed in the Table can be eliminated by using

the following propositions.

Proposition 4.1:

Let u,,u,, "V yV2, Vs be trees as sketched below:

() (D) O OO
N <ly
D BO.  w }
where the encircled parts are identical. Then:

(a) The condition:

2

) L
%— %elp =

2 .
O {?diﬁéﬁ =<>((.‘<'2 _3’) ;4=2,..,S

implies that 1y, (u,) = Y, ()
(b) The condition:
)2 b.e, = b&(1—o<&)
t
or Z—b{,&& = bﬁ(1-°<&-r) s k=14,..,8

implies that Y, (Vi)=1 and ‘i&(vz) =1 then Y, (V3)=1
Proof: by direct substitution, note that for the simplifying assumptions,

)
it is easier to work with éij instead of é‘J .
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Example:
L41 =

y 3
Yy () = 6.2 ) byt 8

¥, (4) = 622X bty 8; oty B, =

62 Zhot et = y(w)

In Table 1, trees 5 and 6 are "equivalent" if condition (a) is satisfied.’
Trees 9, 10 and 11 are all equivalent. When a group of trees (of the same
order) satisfies a simplifying condition (a or b), then this group of trees
can be eliminated except one together with the simplifying condition. This
approach will reduce the number of nonlinear equations to be solved. For -
example, for methods of order 5, there are 17 order conditions. However,
trees 10 and 11 are é]iminéted (they are equivalent to tree 9) and tree 15
is eliminated due to tree 14. Therefore, 3 equations are eliminated and in
their places, we have to add the simplifying condition (a) for s = 5. Note
that the simplifying condition (a) for trees 5 and 6 is different from that
for trees 9, 10, 11, 14 and 15. Therefore, it is not advantageous to.elimi-

nate tree 6.

5. Step Size and Error Controls:

For the implementation, an error estimate is necessary so that the
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step size can be automatically controlled. Basically, there are two approaches
for error estimates:
(a) use a pair of embedded methods, or

(b) use the Richardson extrapolation approach

Pairs of embedded formulas:

A pair of embedded formulas consists of two formulas which for the sake
of efficiency use as many stages as possible in common. The result of one
formula - say of order P - fs used as the starting value for the next step
and the result of the other - say of order 7. - as error estimate. We de-
note such a pair by P(q). The method with order q written inside brackets

is not used for step continuation.

Richardson extrapolation:

We use one basic method of order f’ to compute '91 - the solution
of one step with step-size .va and yz - the solution of two steps with

step-size {& . By Richardson extrapolation we obtain a result of order

P+-1
yz—yi

b = Bt P 1 (5.1)

6. Stability properties:

Numerical methods for stiff systems should - at least for a certain
class of differential equations - yield solutions which show a similar
stability behaviour as the exact solutions. One such class is the con-

tractive differential equations:

147 = {(y) (6.1)
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which are characterized by the contractive condition
n .
{y-2, fO-f@) <o vV oyte R (6.2)

For any two solutions x}cxb , 2(x) of the differential equation, we have:

[yerd) -2 ] < yee- 2] (6.3

" Eq. (6.2) implies that:

:?‘ll yo - 207 = adyw-20, £lye)- FE@) > <o

Therefore, we would Tike to have [|Y, =2, <€ |4, - 3| for the
numerical solution. There are implicit Runge-Kutta methods where this can
be obtainéd for all f . These methods however, require the solution of
an implicit system of equations. This is usually done in one or two itera-
tions. -'Then the step-size ev is restricted by convergence. Therefore,
in the case of semi-implicit methods one cannot expect contractivity for
arbitrary large step-size. |

We now study the stability of Rosenbrock methods for the scalar test

equation:

\}, = 7\\} ’ Re(l) \<0

We define the following: -

2:7\'8\4 Ae C

)

z
=Yz

A= (<)

W



°("+Yij 1€ 1<t &S

B-(gy) won g ={ °
0 otherwise
3 s
@{, =d§ @DJ X =j}=:4 .déj
Also, we use the following notations:
T

4 =(“u""us)T , =<ﬁu“‘7&s)

T

=(C17""CS) 5 'ﬂ

jo
I
~
——
i
~
-

Integration of (6.4) by the modified Rosenbrock method (2.2), yields:

?«_(_:Ho'ﬂ. +A£
T
%1=1é° +h e‘(‘
k = w(y1~Bk)
0O o o)
Because B = by ° - ° femce BS:O
b b .. 0

St 82

Proposition 6.1:

The numerical solution of (6.4) obtained by modified Rosenbrock

17
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method (2.2) is given by:

'%‘ = R(Z) \J: . i 4 (6.5)
R@) =1+ b.B . 0w
4=1

For the internal stages, we have:

u, = F26<3£yyo

k= | 41 4 (6.6)
R.;@ =1 + (0 %y ,0,.,0B 1w
4=t

The 12;(2) are called internal stability functions and TZ(Z)is called
the stability function.

The first few internal stability functions are (see 6.6):

R, (z) =1

R2 z) = f v, W = 4 +o2w

Ri@) = f+clyw + dszézwl

'R4 (2) = 1+l w + (a% B, +%us @3)w2 *"(43@2?1“’3

These are obtained easily from equation (6.6). The coefficients of W'4

are the left hand sides of the simplifying conditions. If the simplifying

conditions are satisfied, we have:

R, (2) = SE O(ZL)

Laguerre polynomials are defined by:

o = k ““")3&
=z e (Ve 5
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The first few Laguerre
93

L, ()
=

Ly )

pdlynomials are:

{

[

-+ +1

L@ = £ - ()= + L)

From the relation for the generating function for Laguerre polynomials

x\
- ) 3‘=(>-'1,\‘\J"<4 (6.8)

-9 T L@ = exp(-

and the recurrence relation:

o {
= ' @m=L (-2l 4L, @

(6.9)
Y\+1
we obtain:
> { Nn+i
o>l W% L“ (o) v = (6.10)
n=0
- _
By putting x=—:,— and 2 = ——5— ,i.e V= _:Z _—
i-3Z
- (6.11)
-—;«"Z ‘—- ("‘) ("YW) = exp(Z) |

Proposition 6.2:
(1)

The stability function for method (2.2) with S stages and
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order S is given by:

s-1 , ) N+
|
R@E) = 1 - _j(_ X e L, (5) C¥w) (6.12)
1
(2) If {%— is a zero of Lg @I) (i.e., l's (3}) =0 )s
then:

S1-2

R(z) = e + 0(z

(3) R(2) can be rewritten as:
S S-n 4 n
L., () Y2
P@) _ Lln ¥ (6.13)

R = =
&) Q () (1-‘6’:*3)s

(4) For the stability at infinity it holds:

Ry = L (39 (6.14)

A comparison of (6.5) and (6.12) gives:

B - L (e

Y(m+t)

This relation giveé the order conditions for the single-branched trees of

Table 1.
By putting = 2 and Z = - v , we obtain from (6.10):
¥ ¥(4-v)
i | Nn+1
i Q.
e 2) = { - & L (=) (Yw (6.15)
plaz) = 1 -2 T L () (vw)
z

Where as before W =




4
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A comparison of (6.6) and (6.15) gives

R, = exp(¢8) +O(z")

i
L0)B 1 = -%__!_Ln(—:;—)_(-r)

For N=0 this condition gives X; =Q . For W»1{ , these
relations are simplifying conditions.

Comparing the first term of (6.12) and (6.15) we have

Proposition 6.3:

Let TZ(f,X) denote the right hand side of (6.12) in order to indi-

cate the dependence on ¥ . Let

— S-1 4 ' a N+4
R (2,a,Y) -7 L () vw)
n=o0 \

Then:
4 ’ a=20

X1

Z Q,Y =
) R(az, ;i-) a#o

The internal stability functions are usually low order approximations to
X, 2

e " . Thus, in the following examples, we investigate the stability

functions of Tower order than (6 12). To this aim, we add on to the right

hand side of (6.12) a term j{; ct w?
1 1
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Note that proposition (6.3) remains true if we replace

S L} .
R(E)Y) Ey 'R(E)‘() + Z‘ clJ.W and
3=
— Sy 4
R(i,a,’() By R (z)a)‘() +$_§ 4 CLJ.W simultaneously. ’
Let R@E) = Z(z) be a stability function of order p , ¥>o0 |, il
z .
Q#) = (4-1’2)5 ( ), P(2) a polynomial of degree { § . By the maxi-
mun principle, R(Z) is A -stable iff
| RGy| > ¢4 Yy &R
This is equivalent to:
, , ,
E(y) = IQ(%)I - 1P<‘5‘3)] >0 VyeR
E(%) is called E -polynomial and has the form
E() = Z with e =0 ; &k ¢p

4 0
In the following, we study the stability functions of order S -~{

Example:
S =1 . R(@)=1+W (Note: for s=4 , h:.-i because of

order condition 1 )

This method is A -stable if Y > %—
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2
s=2 : R@E) = 1+W+(_;:—=X+A)W
e, 8 d

e, = (-2d P47 1) (2d + BYE 4 1)

il

R@)is A -stable if ez,e4 20 ,i4i.e., 0% o\‘\< 2.7(--%-
For d = —‘12’+2Y--;_— , P(2) is a polynomial of

degree | . R(2) is L -stable if | ¥-1] égz_
2 | y2 3
s=3 : R(3) :.1+W+(-%-—X)W +(—é- -Y+Y +cl)W

o, = 3(1-12¥ +36¥* _ 247”4 24d (1-37))

3
e, = -(6d+p)* + 12¥ (6d+p)
R@@ is A -stable for values of (7, d ) satisfying

€, 20 and QG 20 ( 26 )0 is equivalent to

3 2 4
o\<GA+Pg12X3 ). For d=-¥u3¥-3y. L
P@@) is a polynomial of degree 2 . R(8) is L -stable

if: 0.375603 ¢ ¥ ( 0.550386

7. Stability of the extrapdlated scheme in Richardson extrapolation.

Let R(2) be a stability function of order p . The stability

function of the extrapolated value is:

SR - R(k2)

of _ 4

(7.1)

Rex (22) =

Proposition 7.1:

Let Rex(z) be as defined in (7.1). Then lRex (°°)‘ 4 is equi-

P
valent to - -?'_Z_F‘,_’. $ R ¢t
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Proof: Since R(®) is real, -1 { R, ) holds for any value of R(so) .
The condition Tzexéﬁﬁ {1 gives:
P
2 -1
-  RE) ¢4
2P
Example: FQ(Z) is given by (6.12) or (6.13) for S=4 . From propo-

sition 6.2 (see (1) and (2)), the order of R(2) is p=4 if
{

L'q (—;7) $#0 Rex(z) is stable at infinity for -:—Z— ANOFE!

From (6.14) it follows:

R(») = L‘*(_:,_) = (Y- 4Y7 +3Y ,.3.X+EL_;)/‘(

Therefore, -F%x is stable at infinity when

2
7{4-4‘(3-0-37 - %‘6’+ L

__:% < - W ¢
or when ¥ & It U Iz, U 13 where: |
I, = [o.t05663, 0.107227]
I, = [o.204711 , 0.25]
I, = [o394338, oo

8. Conclusions,

In this paper, we present in details all mathematical tools and their
justifications for developing new algorithms for the numerical solutions of
stiff differential equations, We briefly summarize the main results here. In
section 1, we present the justifications for our belief that the modified

Rosenbrock method is suitable for problems in which the partial derivatives
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are readily obtainable, In pafticu]ar, we have in mind the chemical kenetic
problems, In sections 2,3 and 4 we present a very powerful method due to
Hairer for developing order conditions., Any numerical analyst who wishes
to design his own modified Rosenbrock method will find the mathematical tools
presented here extremely useful. Methods for estimating the truncation
errors are discussed in section 5 and the stability properties are discussed
in sections 6 and 7, | |

We have not developed any particular algorithm in this paper due to
two reasons: First; there exist in the literature some very good Rosenbrock
algorithms of(orders up to four with strong stability properties (see code
LSTIFF by Bui{ GRK4A by Kaps and Rentroé% and ROW4A by Gottwald and Hanne;%)
Second, the development of any new algorithm must be presented with a detailed
testing, We feel that this paper already contains enough information, a

second paper in this sequence is now being prepared.
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