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Overcomplete Order-3 Tensor Decomposition, Blind Deconvolution, and Gaussian Mixture Models

Abstract

We propose a new algorithm for tensor decomposition, based on the simultaneous diagonaliza-
tion algorithm, and apply our new algorithmic ideas to blind deconvolution and Gaussian mixture
models. Our first contribution is a simple and efficient algorithm to decompose certain symmetric
overcomplete order-3 tensors, that is, three dimensional arrays of the form 7 =>"" ja, ® a; @ a;
where the a;s are not linearly independent. Our algorithm comes with a detailed robustness analysis.
Our second contribution builds on top of our tensor decomposition algorithm to expand the family
of Gaussian mixture models whose parameters can be estimated efficiently. These ideas are also
presented in a more general framework of blind deconvolution that makes them applicable to mixture
models of identical but very general distributions, including all centrally symmetric distributions

with finite 6th moment.
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CHAPTER 1

Introduction

Tensor structures arise naturally in machine learning and data sciences. They can be seen as
multi-dimensional generalizations of vectors and matrices: An order-1 tensor is a vector and an
d i ix, whil d R% X2 Xdn d here d;
order-2 tensor is a matrix, while an order-n tensor T € is an n-mode array where d;

is the dimensionality of mode 3.

FIGURE 1.1. A vector, a matrix and an order-3 tensor.

There are two key concepts in machine learning: The data to be studied and the model to
characterize the data. Both data and machine learning models can be represented using tensors. A
greyscale image can be stored using a matrix, hence images with multiple color channels can be
stored with order-3 tensors. Order-4 tensors can also be used to store time-dependent data: In
medical imaging, 3-dimensional functional magnetic resonance (3D fMRI) images are represented
using order-3 tensors and 3D fMRI scans over time can be stored with order-4 tensors. Beyond raw
data, higher order moments of random vectors are naturally tensors. Therefore tensors are used
to characterize many data models, e.g., exchangeable single topic models, Gaussian mixtures, or
hidden Markov models, to name a few. When viewed as multi-linear functions, tensors are also used
to represent deep learning models, e.g., multichannel convolutional kernels in convolutional neural
networks. However, as the order of the tensor increases, it becomes less interpretable since each entry
corresponds to more variables, and more importantly, it suffers from the curse of dimensionality

since the number of entries grows exponentially with the order. In the matrix case, we have
1



various decompositions to compress the number of entries and to give interpretable representations.
For instance, there are the QR decomposition, the singular value decomposition, and the CUR

decomposition [MDO09]. Therefore it is natural to ask a similar question for tensors:
Can we find efficient and interpretable decompositions of tensors?

There have been many types of tensor decompositions proposed. The idea of tensor decompo-
sition dated back to [Hit27] and was further developed as the CANDECOMP /PARAFAC (CP)
decomposition in [CC70,Har70]. In parallel, the Tucker decomposition was proposed in [Tuc66].
Recently, the Tensor-Train (TT) decomposition [Osell] was proposed. We will give a short intro-
duction to them in Section 2.3. Tensor decomposition initially found its application in multi-linear
models in chemometrics and psychometrics [LR92, Bro97, AB03, Bro06, Hen94, KVMO01|. And
in recent years the study and application of tensor decomposition have spread to many different
areas: signal processing [DLDM96, Com02, DC07, DLCC07, DLdBO08], numerical linear algebra
[LRA93,Ko0l01,DLDMV00,0ST08,ZG01, WTSA15,Sail6,SWZ19]|, optimization [LT17,
GM17,FG22, KKP21,RMC21], data mining and recommendation system [MMD06, XCH™'10,
TMBY17, WMG19,BAH19,ZCW20]|, neuroscience and medicine [BS05, MHH 06, DVD*07,
ABBT07,HVB'16,SBDS"19], computer vision [VT02,VBPP06, WA03, WA04,SH05 HSK13,
WPSZ18], machine learning [HK13,ABG114,GVX14,NROV14, AGH"14, AGJ15, GHK15]
and deep learning [NPOV15, GPNV16,LGR*15 KPY 16, YH17,TSN18 MZZ"19].

Among various applications of tensor decompositions, what in particular interests us is the
learning of latent variable models. Latent variable models are statistical models consists of observable
variables and hidden variables. As an introductory example, consider a simple mixture model: Let
X1,...,X, be a family of random variables. Each observation of the mixture is sampled from X,
with probability w;. Consider the choice of which random variable to sample as the hidden variable
H, a discrete random variable such that the probability of H = i equals w;. The learning task is to
recover the distribution of H (and sometimes the distribution of each X;) when only the samples
from the mixture are observable. We will review the latent variable models of our interests in
Chapter 4. In recent years, tensor methods are developed to give consistent and efficient estimators
of latent variable models [HK13,GVX14,BCMV14, ABG"14, AGH"14, AGJ15, GHK15|.

They are based on simple intuitions from the method of moments [Pea94|: (1) compute some

2



statistics, often sample moments from the data, and (2) estimate the model parameters that produce
(almost) the same corresponding population statistics. Following a similar intuition, we have the

following question:
Can we expand the family of efficiently-learnable latent variable models via tensor methods?

This dissertation is based on [CR22] and aims to answer the above two questions in part by
expanding the family of efficiently decomposable tensors, and showing two direct applications, blind
deconvolution and Gaussian mixture model (GMM) parameter estimation, of such decomposition in

latent variable model learning.

Overview of Chapter 2

In Chapter 2, we introduce some of the most important concepts studied in this dissertation
as well as notation used throughout the dissertation. We will provide introductions to tensors,

cumulants, and mathematical tools used in our analysis.

Overview of Chapter 3

In Chapter 3, we study the overcomplete tensor decomposition problem. It is well-known that
most tensor problems, including the decomposition, are NP-hard in the worst case [Has90, HL13].
Hence we focus on a specific case that is previously unsolved: Given a symmetric order-3 tensor
T = Eie[n] a2® 3 that is overcomplete, i.e., its components are not linearly independent, we measure
the overcompleteness by writing n = r + k, where any subset of r a;s is linearly independent. When
k is small, we give an intuitively simple algorithm (Algorithm 2) with running time polynomially in
r and exponentially in k£ to decompose the tensor, even when the input tensor T =T + & of the
algorithm contains some noise &£;,. Our randomized algorithm extends the idea of the simultaneous

diagonalization algorithm [LRA93]. Two backbones of our proof are:

e The robust analysis of the simultaneous diagonalization algorithm (Theorem 3.3.3) guaran-
tees the correctness of the decomposition;
e The analysis of random contraction (Section 3.3.3) based on the Gaussian correlation

inequality [LM17, Roy14] ensures that with non-negligible probability, a single loop of
3



Algorithm 2 will satisfy Theorem 3.3.3 and outputs the desired decomposition, hence

ensures the polynomial running time.

Overview of Chapter 4

In Chapter 4, we study one application of tensor decomposition: learning a family of latent

variable model of the form

(1.0.1) X=z+mn

using samples from x, where z and n are independent random vectors. The random vector z follows
a discrete distribution that can be seen as the latent variable and 7 is the additive noise which
has zero 1st and 3rd moments, and finite 6th moment. In particular, the family of distributions of
this form contains the Gaussian mixtures with n ~ AV(0,X), therefore we also solved one GMM
estimation problem. We show that the 3rd cumulant of such x has a nice tensor structure and thus
our algorithm applies when a natural non-degenerate condition is satisfied, and then the distribution
of z can be efficiently recovered. Furthermore, if § ~ A(0,X), the distribution of 1 can be recovered

as well.



CHAPTER 2

Notation and Preliminaries

In this chapter, we will cover notations, preliminaries and background knowledge used in the

dissertation.

2.1. Notation

For n € N, let [n] = {1,...,n}. Throughout the dissertation, lower case bold letters (e.g., a, b, c)
are reserved for vectors, upper case bold letters (e.g., A, B, C) are reserved for matrices, and upper
case bold calligraphic letters (e.g., A, B,C) are reserved for tensors.

We use N (u, X)) to denote the Gaussian distribution with center g and covariance X. Other
plain calligraphic letters (e.g., A, B,C), are reserved for random events in the analysis of Section 3.3.3.
We use P[-] to denote the probability of a event, E[-] to denote the expectation of a random variable,
and Var(+), Cov(-) to denote the variance of a random variable and covariance of a random vector,
respectively.

For clarity of exposition we analyze our algorithms in a computational model where we assume
arithmetic operations between real numbers take constant time. We use the notation poly(-) to
denote a fixed polynomial that is non-decreasing in every argument. We use O(-), (:) and ©() to
describe asymptotic behavior of functions: for f,g: R — R, we say f(z) = O(g(z)) if there exists
xg, M > 0 such that |f(z)] < Mg(z) for every = > xq, f(z) = Q(g(z)) if there exists x(, m > 0 such
that [f(x)| 2 mg(z) for every z > xg, and f(z) = ©(g(x)) if f(z) = O(g(x)) and f(z) = Q(g(x)).

For a vector a € R?, its i-th entry is denoted by (a);. For a matrix A € R¥", the (i, j)-th entry
is denoted by (A);j. We denote by o;(A) its i-th largest singular value, by AT its Moore-Penrose
pseudoinverse, and by k(A) = 01(A)/0win(dn) (A) its condition number. Let vec(A) € R denote
the vector obtained by stacking all columns of A. Denote by diag(a) the diagonal matrix with

diagonal entries from a, where a is a (column) vector, or simply diag(a;) when a;s are from a finite
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set {a; : ¢ € [n]}. Let ||-||, denote the spectral norm of a matrix, or the Euclidean norm of a vector
and |||, the Frobenius norm of a matrix.

In R, we denote by (a, b) the inner product of two vectors a, b, and by ® the tensor product:

For two vectors a® b, (a ® b);; := (a);(b);. Let a = a/||al|,. For a set of vectors {ai,as,...,a,},
we denote their linear span by span{ai,...,a,}. We use [aj,as,...,a,] to denote the matrix
containing a;s as columns. If A = [a;,ag,...,a,], we have A= [a1, a2,...,4,] and A follows a
similar definition, besides we denote by A.,, € R¥*™ the matrix [ai, a2, ...,a,] for some m <n

and by A,,+1. € R*(=m) the matrix [@m+1,.-.,a,]. We say the matrix A is p-bounded if
max;cp [laill, < p. We denote by I, the identity matrix in R"*". Given a vector a € R or a

diagonal matrix D € R™?, for r € R, notations a” and D" are used for entry-wise power.

2.2. Singular Value Decomposition

The theory of matrix decomposition is well-developed [Ste98,Ste01, GVL13,Hog13]. It is

well known that each matrix A € R%*% has a singular value decomposition (SVD):

A=UsV = Y suv/,
i€[min{dy,d2}]

where U = [uy,...,ug] € RM*4 and V = [vy,...,vg,] € R®*% are orthogonal matrices,

¥ = diag(0i), and 01 > -+ > Opin{d; dg) = 0
SVD is such a power tool that the reader can see from Section 2.3 that it also works as
the backbone of a well-known tensor decomposition algorithm: the simultaneous diagonalization
algorithm. However in real world problems, input data matrix or tensor can always be perturbed
or with noise. It is crucial to measure the difference between the SVD of a matrix A and that of
the perturbed version, A + E. Hence we state Wedin’s theorem, a “sin(f) theorem” for perturbed
singular vectors as well as Weyl’s inequality for SVD in this section. The following results are from

[Ste90, Ste9l].

Theorem 2.2.1 (Weyl’s inequality). Let A, E € RU*% with d; > dy. Denote the singular values

in non-increasing order of A and A + E by o; and &;, respectively. Then |o; — &;| < ||El|2.



Theorem 2.2.2 (Wedin). With the notation from Theorem 2.2.1, let a singular value decomposition

1 0
of A be: [Up,Us, U3]TA[V, Vo] = | 0 >, |, where the singular values can be in arbitrary order.
0 0

0
0 X5|. Let @ be the matriz of

Let the perturbed version be: [Uy, Us, Us]T (A + E)[Vy, V3] =
0 0
canonical angles between the column spaces of U1 and ﬁl, and © be that of Vi and \71, respectively.

Let 6 = min{mini(i]l)ii,mini7j|(2~)1)ii — (Eg)jj‘}. Then \/HSIH‘I’H% + ||sin(~)|]% S \/iHEHQ/é

2.3. Tensors

In this section, we aim to provide a short introduction to tensors. Tensors are the generalization
of matrices and can be seen as multi-dimensional arrays. We use T [i1,. .., iy, or (T );,. 4, to denote
the (i1,42,...,iy)-th entry of T for the multi-index (i1,72,...,4,) € [di] X [d2] X -+ x [dy], and
Ti] to denote the i-th subtensor of shape [d2] X - -+ X [d,] by fixing the first index. We say T is
symmetric if d = d; = --- = d,, and every entry (7 );,.., is invariant under permutation of indices.
Since we will be mainly dealing with symmetric order-3 tensors in Chapters 3 and 4, in the rest of
this section we will use order-3 tensors for simplicity, while most definitions can be generalized to

higher order cases.

Definition 2.3.1 (Mode-wise product). The mode-1 product of an order-3 tensor T € R91>*d2xds

and a matriz U € RD*N s defined by

(231) T/ = T(Ua Yy ) — Tl[j? i23i3] = Z (T)iliQig (U)jlly
11€[d1]
where T becomes an order-3 tensor in RN*%*9%  We have similar definitions of product on other

modes: for UM € RAxdt U@ ¢ Rexd2 UB) e REB*%  ye have that:
(2.3.2)
T T(U17U27U3) = T ]17]27]3 Z Z Z 2112Z3 U 1)) 191 (U(2)) 219 (U(3)) 313 *

i1€[d1] i2€[d2] i3€[d3]



Example 2.3.2. Let T € R?*?*2 pe q tensor with its matriz slices in the first index given by:

1 2
T[] = , T2l=
3 4 7 8
And let U € R3*2 pe
1 -1
U=|-1 1
0 1

4 4
TN = , T2 = , TR =
—4 -4 4 4 78

Furthermore, T (U, U, U) gives a tensor T" € R33*3 with slices in the first index:

00 0 000 0 0 -2
T'1=10 0 o, T'2l=10o 0o ol, 7T'Bl=]0 0o 2
0 0 —4 0 0 4 11 8

Specifically, when d} =1, i.e., for u € R%, T(u,-,-) becomes a matrix in R%*% In such cases
we call this product contraction. In particular, for u € R? and symmetric order-3 tensor T~ we

shorthand the contraction 7 (u,-,-) by Ty. For instance, let u = [—1, 1], then for T in the example

4 4
above, Ty =

4 4|

Definition 2.3.3 (Rank-1 tensor). A order-3 tensor T is rank-1 if it can be written as the tensor

product of 3 vectors:
(2.3.3) T = a; ®ags®ag < T[il, iQ, ig] = (al)il (az)iz (ag)i3.

Specifically, a symmetric T is rank-1if T =a®a® a = a®3.



Given an order-3 tensor T~ € R1*%Xds the CP decomposition [CC70, Har70] tries to find a
minimal set of vectors: {a; € R%, b; € R ¢; € R% : i € [n]} such that T can be written as the

sum of rank-1 tensors obtained from tensor products of these vectors: T = Zie[n] a; ® b; ® c;.

al a2 an
. y AR 4 y 4
b, [ b, [ b,
= I + + 4+
C1 Co Cp

FiGUuRrE 2.1. CP decomposition.

The Tucker decomposition [Tuc66] finds a core tensor G € R *"2*"3 and linear transformations
U; € R U, € R®2*"2 Uz € R%X™ guch that applying the linear transformations on each
mode of G yields T: T = G(U;, Uy, Usz). When G is diagonal, i.e., G is non-zero only when all
indices coincide, it reduces to the CP decomposition. Hence the Tucker decomposition can be seen

as a generalization of the CP decomposition.

T

U,

FiGURE 2.2. Tucker decomposition.

The recently developed Tensor-Train (TT) decomposition [Osell] attempts to compress the
tensor by parameter sharing between entries: it finds a set of vectors and matrices {a; € R™, M; €
R™M*"2 by € R™ 14 € [dy],] € [da], k € [d3]} such that TTi, j, k] = a/ M,by.

In this dissertation, we are interested in the symmetric decomposition, which is a special case of
the CP decomposition such that all rank-one components are symmetric. To characterize it, we give

the definition of the symmetric rank:



M; by
a;
Tli,j. k) =

FiGURE 2.3. Tensor-Train decomposition.

Definition 2.3.4 (Symmetric rank). Let T € R¥™*¥? be symmetric. The symmetric rank of T,

or simply the rank of T is the minimal n € N such that

(2.3.4) T=> a?

1€[n]

for a set of vectors {ay,...,a,}.

Remark 1. Note that there are different notions of tensor rank [KB09]: E.g., CP rank, which
s the minimal number of components in a CP decomposition, and Tucker rank or multi-linear
rank, which is the tuple of column ranks of matrix flattenings of a tensor along different modes.
The CP rank and symmetric rank may not coincide for a symmetric tensor [Shil8]. However, in
this dissertation we study only symmetric tensors with the notion of the symmetric rank. In fact,
Kruskal’s theorem (Theorem 2.3.6) guarantees that these two ranks coincide when the theorem holds

true for a symmetric tensor, therefore we do not distinguish them throughout the dissertation.

For a rank n symmetric order-3 tensor T = Zie[n] al@?’, we say the tensor T is p-bounded if
max;e(y[|ail2 < p.

The decomposition problem of symmetric tensor is stated as follows: Given a tensor T =
Zie[n] a?S of rank n, recover the component vectors a; € R% [Kru77] gives the classical result on
uniqueness of such decomposition, of which the version with robustness analysis (Theorem 3.3.1
and Corollary 3.3.2) will be the backbone of our theoretical analysis. We first provide the definition

of Kruskal rank and state the case of symmetric tensors below.

Definition 2.3.5 (Kruskal rank). Let A € R%". The Kruskal rank of A, denoted by K-rank(A),

is the mazimum k € [n] such that any k columns of A are linearly independent.
10



Theorem 2.3.6 ([Kru77]). Let T be of rank n, and a length n decomposition of T is given by
T =a® 4 ... +a®. Suppose K-rank(A) = R for A = [ay,...,a,] and 3R > 2n + 2. Then

for any other decomposition T = > u; ® v; ® w; with length n, there exists a permutation

1€[n]
matriz II, and diagonal matrices Ay, Aa, A3 satisfying AiAsAs = 1,,, such that [uy,...,u,] =
ATIAq, vy, ..., vy = AITAg, [w1,...,w,]| = AITIA3. That is, the decomposition of T is unique up

to permutation and scaling.

To generalize the notion of Kruskal rank to quantify the well-conditionness, we give the definition

of robust Kruskal rank.

Definition 2.3.7 (Robust Kruskal Rank, [BCV14,BCMV14]). Let A € R>" and 7 > 0.
The robust Kruskal rank (with threshold 7) of A, denoted K-rank,(A), is the mazximum k € [n]

such that for any subset S C [n] of size k we have op(Ag) > 1/7.

There are two widely-used algorithms for tensor decomposition: the simultaneous diagonalization

algorithm and tensor power iteration. We briefly review them below.

The simultaneous diagonalization algorithm [LRA93]|. The basic idea of the simultaneous
diagonalization algorithm! to decompose a rank-d tensor T~ = Zie[d] az®3 with linearly independent
components ai,...,a; € R% is the following: The contraction of T~ with x € R? gives Ty =
> ica) (% a;)a;a] = Adiag((x,a;))AT. For random unit vectors x,y € R, compute the (right)

eigenvectors of

T,T,' = Adiag <<x’ai>> AL
(v.a:)

With probability 1, the set of eigenvectors is equal to the set of directions of a;s (the eigenvectors
recover the a;s up to sign and norm). We use a version (Algorithm 1) that allows for the number of
a;s to be less than d and that includes an error analysis [GVX13,GVX14]. The running time
of the simultaneous diagonalization algorithm is polynomial in the dimension d, the inverse of
component-wise error 1/, and natural conditioning parameters such as the minimum singular value

of T« Ty ! [GVX13, Section 5.3].

IThe simultaneous diagonalization algorithm has been erroneously called Jennrich’s algorithm, see [Kol] for a
discussion.

11



Example 2.3.8. Consider a tensor T = a{® + a5® € R?*?*2 gjven by its matriz slices in the first

index:

01
1 0 '
The right eigenvectors of TxTy' are ui = [1/v2,1/v2] and uy = [1/v2,-1/v/2], and they are

Let x = [1,0] and y = [0,1]. Notice that Tx = T[1] and Ty = T[2]. We have Ty T, =

in the direction of ai,as. Next, solving a regression problem: miny, », [|T — (Au® + Aoud?)||,

recovers a; = [1,1] and ag = [1, —1].

Tensor power iteration [DLDMVO00,JGKA19|. Tensor power iteration is applicable when

a rank-n tensor T = Zie[n] )\Z-a?i)’ has orthonormal components ai, ...,a, € R% The iteration
updates:
T(V> v, )
Vé— ———
1T (v, v, )l

with random initialized v and v will converge to one of the a;s. The rest components can be
recovered with the same technique after subtracting Av®3 from T, where A = T (v,v,v). As
an illustrative example, for 7 in Example 2.3.8 and v initialized to be [1,2], v becomes close to
[1//2,1/+/2] numerically after 5 iterations. The advantage of power iteration over the simultaneous
diagonalization algorithm is that it converges much faster: v converges to one of the a;s within ¢
distance in O(loglog(1/¢)) iterations, while the disadvantage is that for tensors with non-orthogonal

components, a whitening transform is needed to orthogonalize the input [JGKA19].

2.4. Cumulants

In this section we provide to the reader a short introduction of cumulants, which will be the
main statistical object we study in Chapter 4. We give their definition, properties of interests, and

the technical details about the unbiased estimators of cumulants, called k-statistics.

Cumulants. Cumulants are a family of statistical parameters similar to moments. We first give

the definition of cumulants of a random variable.

12



Definition 2.4.1 (Cumulants). Let X be a random variable. Cumulants of X, denoted by K, (X)

form € N, are defined using the coefficients of the Maclaurin series of cumulant generating function:

(2.4.1) K(t) =logElexp(tX)] = 5_1 p XM,
mK
where K, (X) = d"K(t) .
dem =g
The m-th cumulant K,,(X) is a polynomial in E[X], E[X?],...,E[X™]. In particular, the first

cumulant coincides with the first moment, and the second and third cumulants coincide with
the corresponding central moments: K;(X) = E[X], K2(X) = E[(X — E[X])?] = Cov(X), and
K3(X) = E[(X - E[X])?].

Similarly, the cumulants of a random vector x, which are defined using the coefficients of the
Maclaurin series of K (t) = log E[exp(t 'x)], are a sequence of tensors related to the moment tensors
of x. Similar to the univariate case, we have: Ki(x) = E[x], K2(x) = E[(x — E[x])(x — E[x]) "] =

Cov(x), K3(x) = E[(x — E[x])®3]. Two properties of cumulants motivated us to study them:

Proposition 2.4.2. Let X, Y be two independent random variables. Then Kp,(X +Y) = K, (X) +
K, (Y) for all m.

ProoOF. It follows from the independence and the definition of cumulant generating function,

we have:
Kxyy(t) = log Blexp(t(X +Y))] = log(E[exp(tX)] E[exp(tY)])
— log(Efexp(£X)]) + log(Elexp(tY)]) = Kx(t) + Ky (1),
which implies that for all m, K,,,(X +Y) = K,,(X) + K, (Y). O

Proposition 2.4.3. Let x ~ N (u, X) be a Gaussian random vector. Then Kq(x) = p, Ka(x) = X,
and K, (x) =0 for m > 3.

Proor. It follows from the fact that the cumulant generating function of x is

1
Kt)=p't+ 5th:t.
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Besides, all symmetric distributions will have K3 = 0 since K3 coincides with the 3rd central

moment which equals to zero.

Sample cumulants. We now show the reader how to estimate sample cumulants using unbiased
estimators called k-statistics. k-statistics are the unbiased estimator for cumulants with the minimum
variance, and are long studied in the statistics community. We use such estimators to compute the
sample 3rd cumulant in Algorithm 3.

We first provide the formula for the 3rd k-statistic given in [McC18, Section 4.2] here:

Proposition 2.4.4 ([McC18]). Given id. samples X1, ...,xn of random vector x, the k-statistic
for the 3rd cumulant of x is: ks(r,s,t) = + i ke[N] UIR) (%), (x)s(Xk )i, where 1,5, are the
position indices in the tensor, and $\9*) is the coefficient given by: it is invariant under permutation
of indices, and for distinct 1,7,k € [N]:

1
N7

1 g
(dig) _ _ (igk) _
¢ N-1’ ¢

2

(2.4.2) Pl = R

Let T[r,s,t] = ks(r,s,t) be the 3rd k-statistic tensor of a random vector x. To obtain the

entry-wise concentration bound for T, we begin by bounding the variance of each entry in T

Lemma 2.4.5. Let x = [X1,..., Xy follow a distribution as in (1.0.1). The 3rd sample cumulant
T of x satisfies: Var(’i'[r,s,t]) = O(max;e(q E[X/]/N).

ProOF. This is essentially the version for the 3rd cumulant of [BRV13, Lemma 4]. The proof
uses the same argument.
We start with defining some multi-indices to simply the computation: let I = (r,s,t) € [d]® and
a = (i,5,k) € [N]3, then write gZ)(O‘)xEQ) = ¢lR) (x;),(x)s(x1)¢. Also, we define the intersection of 2
14



multi-indices «, 8 as: aN B ={i:i € o and i € §}. Now we continue to bound the variance of T

Var(TTr, s, t]) Z @ i Z @

ae [N]3 ae[N
B R <D rixD
ZNsd) ¢ (a) ZN ¢ a)] [X(g)]
(2.4.3) a,B€[N] a,B€[N]3
@ 0)) €))
2 H DX - ST 6o B B
aﬂﬁ#@ aﬂﬁ#@
(I) <D
ine 2 Y 0D ERD D)
anB#0D

Now let us consider how many terms there are indexed by 8 that does not intersect with «. Let
dist(83) be the number of distinct indices in 8. Then there are ( disjt\g B)) ways to generate (3, out of
which there are ( d]ig t_(;)) that will absolutely have no intersection with « as a can have at most 3

different indices. That is, when fixing the number of distinct indices in 3, at most a

()~ (o) ] (o)

fraction of index sets in 8 will intersect with «. To proceed, we need some other estimations on the

coefficients and the expectation. By (2.4.2) we have:

()] = O(1/NTHD=1) 37 gl = O(I).

a€[N]3

For E[x g ))XEQ)], by Cauchy-Schwarz inequality we have:

E[ EQ) gﬁ))] <maX{E[( (I))2],E[(X(1))2]}.

Applying Cauchy-Schwarz inequality and Holder’s inequality gives E[XEQ)XEQ)] < maxe(q) E[X?].

15



Then (2.4.3) can be further bounded by

~ 1 o
Var(TTr.s,1]) < 53 D |9l o B x|

anB#0
max EX
< & Z e |Z Z 68|
a€[N]3 c=1 dist(8)=c,anB#£D
max E[X N 3
:O( te[d] Z ’(b(a)‘z )Nl c Z 1)
a€[N]3 ) dist(B8)=c

3
maxte[d]E[Xt] o - —cprc
— oL B $ o3 y-iyi-e)
a€[N]3 c=1
maXic(d] E[Xtﬁ]

- o(MHE I

where the second last equality comes from that 1 — (Nf?’)/(N) = O(N~Y) and Ddist(8)=c L =

C C

O(N®). 0

Lemma 2.4.6. Given €,0 € (0,1), the entry-wise error between T and T = K3(x) is at most €

with probability at least 1 — § when using N > (6_2(5—1 max;e(q] E[Xf]) samples.

PROOF. Using Chebyshev’s inequality with the variance of 7 given in Lemma 2.4.5 yields the

result immediately. O

Lemma 2.4.7 (Estimation of the 3rd cumulant). Let 7,7 be the 8rd cumulant of x =
[X1,...,X4] and its unbiased estimate (k-statistic) using Proposition 2.4.4, respectively. Given any
e,6 €(0,1), and N = Q(d° 26~ max;e(q) E[X?]}), with probability 1 — & we have || T — Tlp <e.

PROOF. Apply Lemma 2.4.6 with accuracy ¢/d?, failure probability §/d® and taking the union

bound over d? entries, to see that N = Q(d’e~20~! max;c(q E[X?]}) samples are sufficient. O

2.5. Concentration and Anti-concentration Inequalities

The essential tools to analyze our algorithm in a high dimensional setting are the concentration

and anti-concentration inequalities. We provide the necessary results used in the dissertation here.
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These lemmas work as the fundamental building blocks in the analysis of our randomized algorithm

in Section 3.3.3.

Lemma 2.5.1 ([DG03,HK13]). Suppose § € (0,1), M € R¥™?, Q is a finite subset of R? and x

d mingeg||Mql|2 >1-§

. . . ad—1 .
is a uniformly random vector in S*~°. Then P |mingeql|(x, Mq)| > VedOl

For the next lemma we need the Gaussian correlation inequality:

Theorem 2.5.2 (Gaussian correlation inequality [LM17,Roy14]). For any convex centrally

symmetric sets K, L in R and any centered Gaussian measure uwoon R?, we have w(KNL)>

p(K)p(L).

Lemma 2.5.3 ([Kha67,Si67]). Let x € R? be a standard Gaussian random vector, ay, ..., ay €
St and t € [0,1]. Then P[(Vi)|(x, a;)| < t]> (t/4)k.

PrOOF. The claim follows immediately from Theorem 2.5.2 and the fact that the one-dimensional

standard Gaussian density in [—1, 1] is at least (2me)~1/2 > 1/8. O
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CHAPTER 3

Overcomplete Tensor Decomposition

In this chapter we study the decomposition of symmetric order-3 tensors:

®3

Given a tensor T = Zie[n] a’” of rank n, recover the component vectors a; € RY.

i

The problem is undercomplete if the a;s are linearly independent, otherwise it is overcomplete.

In contrast to the undercomplete regime, where efficient algorithms are developed, e.g., simultaneous

diagonalization [LRA93| and tensor power iteration [DLDMVO00,JGKA19], the overcomplete

regime, especially the order-3 case, is much more challenging and less understood [JGKA19, Chapter
7] in two ways:

e It is not obvious to apply algorithms like the simultaneous diagonalization algorithm and

tensor power iteration directly given the linear dependency of a;s.
e There are fewer techniques available for the order-3 case than there are for higher order

[JGKA19, Section 7.3].
These challenges motivate us to study the following question:

Can we efficiently recover a;s when T is overcomplete?

Organization of the chapter. In Section 3.1, we discuss some of techniques and challenges
in overcomplete tensor decomposition, and present our results on the high level. In Section 3.2,
we present our algorithmic ideas, then formally propose our algorithm (Algorithm 2), its analysis
(Theorem 3.2.1), as well as high level ideas to prove the correctness of Algorithm 2. And we
implement these proof ideas in Section 3.3. In Section 3.4, we provide numerical simulation results

of Algorithm 2 on synthetic data.

3.1. Introduction

Among basic tensor decomposition techniques for the undercomplete case we have tensor power

iteration and the simultaneous diagonalization algorithm (See Section 2.3 for a short introduction).
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Tensor power iteration is more robust than the simultaneous diagonalization algorithm, while
the simultaneous diagonalization algorithm can be applied more generally in the undercomplete
case: Tensor power iteration is mainly an algorithm for orthogonal tensors (orthogonal a;s) and
the general case with additional information, usually a whitening transform that orthogonalizes
independent components, e.g., the second moment matrix in [HK13], while the simultaneous
diagonalization algorithm can decompose the general case without additional information.

Our contributions below are based on the simultaneous diagonalization algorithm because of
this additional power. The robustness of the simultaneous diagonalization algorithm is studied in
several papers; our analysis builds on top of [BCMV14,BCV14] and [GVX14].

For the overcomplete regime, many techniques have been already developed. We have algorithms
such as FOOBI [LCCO07], an algorithm to decompose 4th cumulant tensor based on the simultaneous
diagonalization, and the work of [AGJ14, AGJ15], which are based on tensor power iteration with
incoherent components. Anandkumar et al. [AGJ17] analyze the dynamic and convergence of tensor
power iteration for overcomplete order-3 tensors, and Ge and Ma [GM17] provide similar analysis
for random order-4 tensors. In [BCV14], the authors analyze the robustness of the simultaneous
diagonalization, and proposed an algorithm that has running time exponential in the rank n. The
robustness result is further extended to the smoothed analysis case [BCMV14], where the input
tensor has its component vectors perturbed with a small Gaussian noise, and an algorithm with
maximal rank n < dli—11/2 /2 for order-l tensors is proposed. In the order-3 case, Recently, a line of
research utilizes the sum-of-squares technique to perform tensor decomposition in the overcomplete
regime: Ge and Ma [GM15] give a polynomial algorithm for overcomplete order-3 random tensors,
[MSS16] improves the previous results and gives a sum-of-squares algorithm for order-4 tensors.
The order-4 case is further improved in [HSS19].

Many techniques for the overcomplete case only make sense for orders 4 and higher or have
weaker guarantees in the order-3 case. For example, some techniques use the fact that a d x d x d x d
tensor can be seen as an d? x d? matrix (and similarly for orders higher than 4), while no equally
useful operation is available for order-3 tensors. Algorithms for order-3 tensors based on tensor

power iteration or sum-of-squares usually require certain assumptions on the input tensor, e.g.,
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incoherent components or randomness. Nevertheless, there are several results about decomposition
in the order-3 case that are relevant to our work.

Among works closest to ours, [DDL14, DDL17] propose an algorithm that is efficient in
the mildly overcomplete case for overcomplete order-3 tensor decomposition under natural non-
degeneracy conditions. Though our results have similar assumptions and computational cost
compared to [DDL14,DDL17], our algorithm is comparatively a very simple randomized algorithm

and we provide a rigorous robustness analysis.

Our contributions. We propose an algorithm based on the simultaneous diagonalization algorithm

for overcomplete tensor decomposition. Our informal claim is as follows:

Claim 3.1.1 (Informal statement of Theorem 3.2.1). Given a symmetric order-3 tensor
T = Zie[d+k} a;@‘? e R4 4nd when any d-subset of the a;s is linearly independent, there is a

randomized algorithm that recovers a;s within € error and with expected running time polynomial in

d*, 1/e* and natural conditioning parameters.

Note that our goal is to show that the running time has polynomial dependence in that sense and
the error has inverse polynomial dependence but we do not optimize the degrees of the polynomials.
Even though the algorithm is exponential in k&, we show in Chapter 4 the case k = 1 already makes
possible a new result on Gaussian mixture learning.

Our proposed algorithm (Algorithm 2) and its analysis (Theorem 3.2.1) are stronger than
Claim 3.1.1 in two important ways: It is robust in the sense that it approximates the a;s even when
the input is a tensor that is &’-close to T". Also, it turns out that parameter k above, the number of
a;s beyond the dimension d, is not the best notion of overcompleteness. In our result the tensor is
of the form 7 = Z:;Lf a®® where r is the robust Kruskal rank of a;s (informally the maximum r
such that any r-subset is well-conditioned, Definition 2.3.7), so that & is the number of components

above the robust Kruskal rank. Thus, our analysis also applies when the Kruskal rank is less than d.
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3.2. Overcomplete Order-3 Tensor Decomposition

We consider the problem of decomposing (recovering a;s) a symmetric order-3 tensor 7~ € R?*dxd

of rank n:

(3.2.1) T =) af

icln]

When the a;s are linearly independent, the simultaneous diagonalization algorithm efficiently
recovers them given 7. But it has no guarantees if the components are linearly dependent.
Our main idea for the linearly dependent case is divide and conquer: it is still possible that a
large subset {ai,...,a,} of components is linearly independent, so if we cancel out the other
components, {a,41,...,a,}, the residual tensor can be efficiently decomposed via the simultaneous
diagonalization algorithm. To cancel the other components, we search for a vector x orthogonal to
them so that Tx = Zie[n] (x,a;)a;a;] only involves the linearly independent components. A random
or grid search for an approximately orthogonal x is efficient if the number of components to cancel
out is small.

For clarity, we now describe an idealized version of our algorithm as if we had two vectors x,y
that are exactly orthogonal to the other components, while the actual algorithm uses a random search
to find them. We also want x, y to be generic with this orthogonality property, so that they can also
play the roles of x, y in the simultaneous diagonalization algorithm (see Section 2.3). Specifically, the
genericity here is that the eigenvalues of TxT} I are distinct. In that case, the eigendecomposition
of TxTy ! recovers the directions of {aj,...,a,}. Then, a linear system of equations provides the
lengths of {aj,...,a,}. Once {aj,...,a,} is recovered, the components of T associated to them
can be removed from T via deflation and the simultaneous diagonalization algorithm can be applied
a second time to the residual tensor to recover {a,;1,...,a,}.

Our formal statements are Algorithm 2 and Theorem 3.2.1. Our algorithm uses the simultaneous

diagonalization algorithm (Algorithm 1, as presented in [GVX14]) as a subroutine.

21



Algorithm 1 DIAGONALIZE [GVX14]

Inputs: M,,, M, € R¥>? number of vectors r.

1: compute the SVD of M,, = VDU'. Let W be matrix whose columns are the left singular
vectors (columns of V) corresponding to the top r singular values;

2: compute M = (WM, W)(W MW)!

3: compute the eigendecomposition: M = PAP~;
Outputs: columns of WP.

Algorithm 2 Approximate tensor decomposition

Inputs: tensor 7~ € R4*4%d error tolerance €, tensor rank n, overcompleteness k, upper bound
M on ||a;||2 for i € [n]. Let r = n — k (Kruskal rank).

1: repeat

2 pick x,y i.i.d. uniformly at random in S !;

3 invoke Algorithm 1 with Ty, Ty and r. Denote the outputs by a; for i € [r];

4: solve the least squares problem ming, ¢, || A, diag(&(x,a;)) A — Tylfa.

5. set R=T — D iep] &iad;

6 pick x’,y’ i.i.d. uniformly at random in S%~;

7 invoke Algorithm 1 with Ry, Ry and k. Denote the outputs by a,4; for i € [k];

8 solve the least squares problem: ming, . ,§T+k\|AT+1 diag(&i(x', arpi)) AL — Ryrlfo.

9: reconstruct the tensor 7' =3, .1 &id; 3,

10: until |77 = Tl < &, maxe &3 < 2M
Outputs: a) := {3/351», for i € [r + kJ.

(3

Theorem 3.2.1 (Correctness of Algorithm 2). Let T = ) , 1< k< (r—2)/2,

ic[r+k &
and a; € R Let A = [ay,...,a,44] and K-rank-(A) > r. Let 7 > 0, M > maxepix [aill5,
0 < m < minepip llailly, and 0 < oy < min{l,m3}. There exist polynomials polys o 1 (d, 7, M),
poly’ o1 (d, 7, M,m™1), such that if £i, < out/ POlys o1 and T is a tensor such that | T — T ||p < €in,
then Algorithm 2 on input T and e = Eout/ POLy3 9.1, outputs vectors &, . .. ,a;+k such that for some
permutation 7 of [r + k|, we have ||a;) — ajll, < €out, Vi € [r + k]. The expected running time is at
most poly(d¥,e k7% MF m~F).

out ’

Proof idea. The proof has three parts. First we show that if 7’ (with which the algorithm finishes)
is close to 7 and has bounded components, then the components of 77, {a} := 53/351- (1€ [r+ K|},
are close to those of 7. In the second part we show that, assuming good x,y,x’,y’ have been

found, how the error propagates in our algorithm and the algorithm indeed finishes with a tensor
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T’ that is close to T (and therefore, close to T via triangle inequality). In the third part we show
the probabilistic bounds that guarantee efficient search of good x,y,x’,y’.
The first part follows from [BCV14, Theorem 2.6] (the version we need is Theorem 3.3.1 here).
We now informally state what good x,y means. Note that in the idealized case, x,y are chosen to
be orthogonal to k = n — r vectors and to be generic, meaning that TxT,, ! has distinct eigenvalues.

In Algorithm 2 we rely on random search to find good x,y, namely x,y that satisfy:

(1) nearly orthogonal to last k terms: |[(X,a,44)|,|(y,&r+i)| are small for i € [k];
(2) non-orthogonality on first r terms: |(x,a;)|, |(y,a;)| are lower bounded for i € [r];

(3) the eigenvalues of TXT;1, (x,8;)/(y,a;), are well-separated.

Properties 1 and 2 guarantee that we have r components with noise after contraction, and property
3 guarantees that the simultaneous diagonalization algorithm can be applied to contracted matrices.
We will revisit and quantify these properties in Section 3.3.3. There will be also similar properties
for x',y’.

For the second part, we will assume that we have found good vectors x,y. Theorem 3.3.3 (from
[GVX14]) and Lemma 3.3.4 guarantee that we can simultaneously diagonalize matrices Ty and
Ty using the simultaneous diagonalization algorithm (Algorithm 1), and the outputs are close to
the directions of a;s. Lemma 3.3.5 shows that we can recover approximately the lengths of a;s
by solving a least squares problem once we have the directions. At this point we completed the
recovery of r components. Lemma 3.3.6 shows that when the deflation error is small, the residual
tensor R can be decomposed in the same way and the last k£ directions are recovered. At the end of
the second part, Lemma 3.3.7 shows that the lengths of the last £ components are approximately
recovered.

The third part is shown in Lemmas 3.3.10 and 3.3.11. [l

Remark 2. The constraint 1 < k < (r — 2)/2 on the rank is because of Kruskal’s theorem

(Theorem 2.3.6): we need 2(r + k) + 2 < 3r to guarantee identifiability.

Remark 3. Theorem 3.2.1 has an immediate extension to order-3p symmetric tensors for integer

p > 1 by “batching” each set of p modes together and reshaping into a dP x dP x dP tensor. However,
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for higher order tensors, additional tools are available. Hence we restrict ourselves to the (in this

sense) harder case of order-3 tensors.

3.3. Proof of Theorem 3.2.1

3.3.1. Uniqueness of Decomposition. We show that if Algorithm 2 satisfies its termination
condition, then its outputs are close to the components of 7. We deduce this directly from the

following known result on the stability of tensor decompositions.

Theorem 3.3.1 ([BCV14, Theorem 5]). Suppose a rank R tensor T =} ¢ (g al? ¢ RIxdxd
is p-bounded. Let A = [ay,...,ag| with 3K-rank,;(A) > 2R+ 2. Then for every ¢’ € (0,1), there
exists € = €'/ polys s 1 (R, T, p, p',d) for a fized polynomial polys s so that for any other p'-bounded
decomposition T' =3 e (g (al)®3 with || T" — T|lp < €, there exists a permutation matriz I1 and

diagonal matriz A such that |A® —I||p <&’ and ||A’ — ATIA||p < €.

The original statement in [BCV14] explicitly assumes that 7~ (the sum of R rank-1 tensors) has
rank I, but this assumption is redundant: a tensor T =3¢ (g al®® ¢ R4 with 3 K-rank(A) >
2R + 2 cannot have another decomposition with less than R terms because of Theorem 2.3.6. Also,
the original statement in [BCV14] is for the non-symmetric case and we only state here the version
we need, specialized to the symmetric case. This restatement is not completely obvious because a
symmetric tensor with minimal length symmetric decomposition of length R (i.e., with symmetric
rank equal to R) could have a non-symmetric decomposition of shorter length in general. But
under Kruskal’s condition, 3 K-rank,;(A) > 2R + 2 (implied by the robust Kruskal condition in
Theorem 3.3.1), Kruskal’s uniqueness theorem (Theorem 2.3.6) implies that the symmetric and the
non-symmetric decompositions (and ranks) of such a T coincide.

Note that in Theorem 3.3.1 a scaling matrix A is introduced. We will use the following corollary

instead to have a handier result without the scaling matrix:

Corollary 3.3.2. In the setting of Theorem 3.3.1, there exists a polynomial polys s o(R, T, p,p’,d)
such that if €' € (0,1) and e = €'/ polys 3 5(R, T, p, p',d), then for any other p'-bounded decomposition
T = Zie[R](a;)‘@?’ with ||[T" — T ||p < €, there exists a permutation 7 of [R] such that Vi € [R],
Jeangs — alll, < <.
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PROOF. We assume that the permutation is the identity. Let ¢ = (1 4 4p/3) and polys 55 =

cpolys 3 1. By Theorem 3.3.1, we have that for each i € [R]:
a; — Naill, < c ', and AP —1] <l

Since |z — 1| < 4|2 —1]/3 for all z € R, the second inequality implies that: |\; — 1| < 4|\3 —1]/3 <
4c¢=1e’ /3. Therefore

laj — agll2 < [laj — Naill2 + | A — Uflalla < (1+4p/3)c e =€

0

3.3.2. Robust Decomposition. In this subsection, we will derive the forward error propaga-
tion of Algorithm 2, i.e., how the output error depends on the input error in each step of Algorithm 2.
We will assume throughout this subsection that we already have two unit vectors x,y that are
nearly orthogonal to &,41,...,8,, that is, |(x,a,1)|, (¥, ar+i)| < 6 for i € [k], where 6 will be
chosen later, and K-rank,(A) > r. Let &, =T — T be the input error tensor. Also recall that

lla;|| € [m, M]. We summarize the roadmap of this subsection below in Fig. 3.1.

Recover the directions ay, ..., a, Recover the norms ||ai||2, ..., |[|a:||2 Deflation
Lemma 3.3.4 Lemma 3.3.5
Recover the norms ||a,41|2, .- -, ||ar+k||2 Recover the directions a,41,...,8,4+%
Lemma 3.3.7 Lemma 3.3.6

FiGURE 3.1. Roadmap of Section 3.3.2.

Part 1: robust diagonalization. We first cite the robust analysis of Algorithm 1.

Theorem 3.3.3 ([GVX14, Theorem 5.2]). Let T, = 3o iaia] = Adiag(p)AT, T =
Zie[r] )\iaiaiT = Adiag( M)A, A =J[a,...,a,], a; €R?, ||la;]| =1, \i, i € R fori € [r]. Suppose
(1) or(A) >0,
(2) wi, Ai # 0 for alli.
(3) (Vi) 0 < ki < |l [ Ni| < Ky, and
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(4) (Vi#7) |pi/Xi — pj/ A5 = o> 0.

Let 0 < e333 <1 and T;u T be matrices such that

63,3,3@207« (A)3 min{a, 1}

||Tu - THHF: ||T>\ - TA”F <

21 (A) kyr?
Then Algorithm 1 on input ’i‘“, Ty outputs unit vectors a, . ..,a, such that for some permutation
7 of [r] and signs s1,...,s, € {1}, and for all i € [r] we have ||ay;) — si&l| < e333. It runs in

time poly(d,1/a,1/k;,1/0,.(A),1/e333).
Now we apply Theorem 3.3.3 to our case: let Ex = Tx — ’i‘x and Ey, = Ty — ’i‘y. Write

Ty = A:TDXAI + Ar—l—l:D;A;l;_l; + (Ein)Xa

where A., contains ;s as columns, D, = diag(||a;||?(x,4;)) for i € [r] and Ar+1; contains a, s,

D! = diag(||a,1i||*(x,4,4;)) for i € [k]. Then we have
(3.3.1) |Exllp = |Ar1:DYAL .+ (Bin)sxllp < kM0 + e,
and similarly for Ey. The following lemma guarantees the correctness of step 3 in Algorithm 2.

Lemma 3.3.4 (Direction estimation). Let a;,...,a, be the outputs of step 3 in Algorithm 2. If

(1) Vi€ [r]: 0 < ky/m?® < |(x, &), [y, &) < 1;

(2) Vi,j € [rl,i # j: [(x,an)/(y,ar) — (x,8,)/(y,8,)| > a >0,

then there are signs si,...,s, € {£1} and a permutation © of [r| such that Vi € [r]:

2N AMTrS/2(EM30 + &41,)
k? min{a, 1}

lare) — sidi| < €334 =

This step runs in time poly(d, a™, k?l_l,T, M, 5554).

ProOF. Condition 1 in Theorem 3.3.3 holds since K-rank,(A) > r:

~

or(A) = 0, (AL)/M = 1/(rM).
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Conditions 2 and 3 in Theorem 3.3.3 hold because of our assumptions. Combining (3.3.1) and

K-rank;(A) > r which implies
UT(A:T)gﬁ(A:r)il = O’T(AZT)401(AZT)71 > (\/;T4M4)717

the assumptions of Theorem 3.3.3 are satisfied with parameter k, = M3. The claim follows. ]

Since x,y are actually chosen at random, we provide the probability for assumptions of

Lemma 3.3.4 to hold in Section 3.3.3.

Part 2: norm estimation. The next step is to recover ||a;||2. This can be done by solving the
least squares problem in step 4. To see this, one can verify that when a; = a; and Ty = Tx (no
error in earlier steps), & = ||a;||3 is a zero error solution to step 4. The following lemma guarantees

that we can approximate the norm via step 4:

Lemma 3.3.5 (Norm estimation). Let bi,...,b, be the columns of (ATT)T If Lemma 3.8.4 holds
with €334 < min{k;/(2m?), (2\/rTM)~'}, then & = T(x,bs,b;)/(x,4;) for i € [r] is the unique
solution to step 4 in Algorithm 2 and for the permutation m, signs s; in Lemma 3.5.4 and all i € [r]

we have
a1 — sii| < ess5 =2k 'm>M? [3Megza +rMed g+ 472 (kM0 + e3)] -

ProoF. For simplicity we assume the permutation is the identity. We start by showing
or(A.) > 0, which implies Al A, =1, and thus b; is orthogonal to a; for i,j € [r],i # j. By
Lemma 3.3.4, the distance between corresponding columns of A;,,« diag(s;) and A;T is at most €334,

therefore by Theorem 2.2.1 we have
|0 (A diag(si)) — or(Aur)| < [| Ay diag(si) — Aurllz < Viezsa,
which implies

(3.3.2) or(

pr
3
S~—
I
q
3
—
>
x
e
&
o

(Sl)) > JT(A:T) —\/res 34 > (TM)_I —\/regza > 1/(27M).
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Next, we show that &; is the unique solution to step 4. We restate the least squares problem in

a matrix-vector product form:
II?HHA®2[<X, E~11>£17 SRR <X7 éT>£7’]T - VeC(TX)H27

where A®% = [vec(a1a/),...,vec(a,a))] € R*7 Tt follows that o,(A®?) = o,(A.)% > 0 and
thus the solution is unique. Let B92 = [Vec(f)lf)lT), e ,Vec(f)rf);r)]—r and notice that BO2A®2 =1,

The solution to the least squares problem is then given by &; = ’i'(x, bi, b;) /(x,a;) since
- - T =z - ~ ST~ = 1T
[(x,a1)é1, ..., (x,a,)¢] =B vec(Tx) = [b] Txbi,...,b Txb,] .

Finally we show that s;&; is close to ||a;||3. The deviation of s;&; from ||a;||3 is bounded by:

1 ~ S =
‘”aiH?z’ - Sifi‘ = |llaill3 — m<z<x’aj><biaaj>2 +b; Exbj)‘
’ JElr]
x,4;)(b;,a;)2 x,4;)(b;, a;)> b Exb;
@39 o [G2IOAS s 3 (g [FR20e8E) OB
y S¢adq jelrji y S¢aAq y S1aAq
small when siéj close to a; small when s;a; close to a;  error from Ex
(note that (b;,a;)=1) (note that (b;,a;)=0)

We analyze the deviation of each term in (3.3.3). By standard arguments using triangle and
Cauchy-Schwarz inequalities, we have for all i, 5 € [r]:

[(x, si@)| > |(x,8,)] — €3.3.4 > ki/m® — e33.4 > ki/(2m?),
(3.3.4) ) ]

|<X7 Sjé]> - <Xvé.7>’ < €3.3.4, |<b2,8jéj> - <blaé]>| < €3.3.4;
where the first line comes from the assumptions of the lemma, and the last line follows from
Lemma 3.3.4. Notice that b; is orthogonal to &; for j # i, and (b;,a;) = 1. (3.3.4) implies that:

(x,4;)(b;, a;)2
<X7 82§z>

(x,a;)(b;, 4;)*

<X7 Siai>

(3.3.5)

- 1‘ < 6k; 'mPes.5.4,

The last term in (3.3.3) is bounded by:

b/ Exb;

(x, s;a;)

(3.3.6) < 2kl_1m3HEx||2HBiH§ < 2k:l_1m3||EXHF0T(./~&:T)*2 < 8k, 'm* 72 M? || Ex||p,

28



where the second inequality follows from the definition of b;, and the last inequality applies (3.3.2).
Combining (3.3.1), (3.3.3), (3.3.5) and (3.3.6) gives the desired result. O

Part 3: deflation. After we deflate T~ with the previously recovered r components, the induced
error with respect to the exact deflation 37, a??, is given by €& = &, + > iep] (a%® — a%).

Now we show that the remaining tensor can be decomposed with the same strategy via step 7 in

Algorithm 2.

Lemma 3.3.6 (Direction estimation). Let a,41,...,a,1x be the outputs of step 7 in Algorithm 2.
If

(1) Vi € [k]: 0 <ky/m® < [(X,arga)], [{y' &) | < 15

(2) Vi, j € [K],i# j: |(Xsara) /(Y arsi) — (X 8015) /(Y 815)| > o/ > 0,
then there are signs Sy41, ..., Sr+k € {£1} and a permutation @' of [k] such that Vi € [k]:

21174M7k5/2H8/HF
(k)2 min{o/, 1}

18y 17(s) — Sr+idrill2 < €336 1=

This step runs in time poly(d, kf_l, o1 M, E356)-

PROOF. The proof is similar to the proof of Lemma 3.3.4.

We only need to show that Theorem 3.3.3 can be applied here. Take

Ty =Ru T, = Ay ding(arsi 3, ai))A T,
Ta =Ry Ta= A diag(laril3(y, &) AL
Condition 1 in Theorem 3.3.3 holds because K-rank,(A) > r. Condition 2 and 3 in Theorem 3.3.3

follow with parameters k{, M3, /. Combining | T, — Tpllp, [Ta — Tallp < [|€']lp with the robust

Kruskal rank condition K-rank,(A) > r which guarantees

O'k(Ar—ﬁ-l:)g’i(Ar—i-l:)il = Uk(AT+1:)401 (AT+1:)71(\/%7—4M4)717
Theorem 3.3.3 hold and the claim follows. O

With a,41,...,a,1%, we can further approximate the norm of a,;1,...,a,1%, in the same way

we did for the first » components, via step 8. The following lemma guarantees it works:
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Lemma 3.3.7 (Norm estimation). Let b, 1, ..., b,y be the columns of (Al V)" If Lemma 3.3.6
holds with €336 < min{k]/(2m?), (2VEkT M)}, then & 1; = R(X',bryi, bryi) /(X & s), for i € [K]
is the unique solution to step 8 in Algorithm 2 and for the permutation 7', signs s,y; in Lemma 3.3.6,

and all i € [k] we have
’||ar+7r/(i) ||3 — 5r+i§r+i| S £3.3.7 = 2k:flm3M2 [3M€3.3,6 + kMe%.&G + 47’2”8,HF] .

PROOF. The proof is similar to the proof of Lemma 3.3.5.
We start by bounding o (ATH:) from below. By Lemma 3.3.6, the distance between correspond-
ing columns of A, diag(s;) and A, is at most £3 3.6. Similarly, by Theorem 2.2.1:
337)  op(Arir) = op(diag(sri)Arir) > op(Arin) — Vigsss > —— — Viesse > ——
-9 O\ Art1:) = Op(A1AG(Sp44 ) Ar41:) 2 Ok Aprt1: 3.3.6 = M 3.3.6 = M
Thus by reformulating step 8, we can show that &, = R(x/, f)rﬂ-, Brﬂ-) /(x/,a,4;) is the unique
solution to the least squares problem and H|ar+i||3 — Sr+i£r+i‘ is bounded by:

3 <X,» &) <Br+ia ér+i>2
<X/, 5r+iér+i>

+ > (lar)?

JE[k].j#1

llarsill® = srvi€rri| < llarsl

_ 1'
(3.3.8) BT B,

<X ) S'I‘+Za'l‘+i>

(X', 8y 15) (Bryi, ) ’
(X', i@y ri)

Similar to (3.3.4), we have the following bounds for the terms in (3.3.8):

(3.3.9)

(X', spriapyi)| > k{/m3 —E33¢ > kf/(2m3) for i € [k],
(X', 8y i) — (X, srvitra )| < €336, |(Briisars;) — (brai, spifey )| < 336 fori € [k],

where the first inequality is from assumptions of the lemma, the second and the last are from the

conclusion of Lemma 3.3.6. Now we can bound (3.3.8) with (3.3.7) and (3.3.9):

Narrill® = sri€rs| < 2k 'm3M3(Begz6 + (k — 1)e3 56) + 8k m372M2|| €|
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3.3.3. Probability Bounds. We give here bounds on the probability of finding good vectors
for contraction so that Algorithm 2 will finally terminate in polynomial time. Throughout this
subsection, let x,y be two independent random vectors distributed uniformly on S¢ ', and let
aj,as...,a,1x be such that ||a;|| € [m, M| and K-rank,([a1,...,a,4%]) > r, which implies that
their directions satisfy K-rank,ys([a1,...,a,.4k]) > 7.

We first list the events for good x,y to hold to apply Lemma 3.3.4:

(1) nearly orthogonal to last k terms: A;y = {Vi € [k], |(y,a,+i)| < 0};
(2) non-orthogonality on first r terms: Ay = {Vi € [r], {y, ;)| > ki/m3};

(3) the eigenvalue gap: Az = {Vi # j,4,j € [r],|(x, &) /(y, &) — (x,8;)/(y,a;)| > a > 0}.

We have similar events A x, A2 x. Note that in this subsection k;, § and a are considered as fixed
parameters.

The structure of this subsection is stated as follows: we will first demonstrate our proof idea
for controlling the probability of A;, N.Asy. After presenting our idea, we will first analyze the
probability of Ay, N Az, then the probability of A x N .Azx M .A3 when conditioned on the other
events of y. Finally we will collect these sub-events and give the probability that all of them will
hold.

It seems that direct union bound-type arguments are insufficient and some non-trivial conditioning
is necessary: First, A; x happens with small probability as meaningful values of 6 have to be much
smaller than k;/m? and a. Naively applying the union bound on some events and analyzing the rest
does not give enough wiggle room for a positive probability. Besides, A3 is the most complicated in
the sense that it controls the difference of two ratios. As we will see later, after conditioning on y,
the ideas of analyzing A; y,.Asy can be reused for the rest events, which makes the analysis easier

to follow. We now state the idea of our argument to bound the probability of A, N Az y:

Bands argument. We analyze the events geometrically and replace random unit vectors by
random Gaussian vectors together with concentration of their norm. Let z be a random Gaussian
vector let a and b be two unit vectors. An event of the form {|(z,a)| < t;} corresponds to a band,

while an event like {|(z,b)| > t2} corresponds to the complement of a band. We call them bands
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of type I and type II, denoted by B; and Bs, respectively. To better illustrate this, we give a

demonstration of bands as the shaded areas in Fig. 3.2.

|
_ 62
|
(a) Band of type L. (b) Band of type II.

F1cUre 3.2. Example of bands.

The intersection of bands of type I can be lower-bounded with a direct use of the Gaussian
correlation inequality, Lemma 2.5.3, while the intersection of bands of different types needs special
care. Consider By N By: when (a,b) = 0, the intersection becomes B; with a rectangular region
excluded. In this case, the two bands will be orthogonal, and the two events are independent. In the
general case, the excluded region is a parallelogram depending on (a,b). See Fig. 3.3 for illustration.
In the extreme case, two bands are parallel and hence the probability will be zero when t; < to. But
when (a, b) is not too close to one, we can, when bounding the probability, replace the parallelogram
by a slightly larger rectangular region without decreasing the final probability too much, which
is shown by the white dashed lines in Section 3.3.3. This is essentially done by projecting b onto

span {a} and span {a}*.
1 1
| |
1 |
(a) Orthogonal intersection. (b) Non-orthogonal intersection.

FI1GURE 3.3. Intersection of bands.

We see that events A, y, A2y are the intersection of bands and their probability is the probability
measure of their intersection. Specifically, we have: Ay = NE_ By, Aoy = Nj—1B2,;, where
Bii = {{y,ar+:)| < 0} and Ba; = {|(y,a;)| > k;/m3}. For the rest of this subsection, let
S = span{a,;1,...,8, 1}, St =span{a,;1,...,4,,1}, and projg be the orthogonal projection

onto S and projgr = I} — projg. Now we can bound the probability of A;, N.Asy:

Lemma 3.3.8. If k; > 0 and 0 < 0 < 2/7/d, then

PlA;y N Azy] > p1i= (0Vd/8)F(1/4 — r\/d/2nm M (4ky/m> + VT MB)).
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Proor. Write y = z/||z||,, where z is a standard Gaussian random vector. Consider the
following events corresponding to z, for R < Ry to be chosen later: B ; := {|(z,a,4)| < R10} and

By ;= {l(z, a;)| > Rok;/m3}. We have

Ay N Ay = (MiB1i) N (N B2,;) = (MiB1,;) \ (U585 ;)

2 (NiB1; \ {llzll; < Ra}) \ U;((Ba,;)* Udllzlly > Ro})

z nearly orthogonal to &,; while ||z||; not too small z nearly orthogonal to &; for some j or ||z||, too large

Set A = (i By Since A\ {2l < Ri} = A\ ({Jl2ll, < B} 14) 2 A\ ({[lprojs zll, < Ri}A):
Ary N Aoy 2 (AN (Hllprojs 2l < R} 1 A)) \ J((Bh)° U llzlly = Ro})
J

= A\ (Uyern ((B)° 0 A UK rois all, < Ry 0. ) (el > Bad 01 4),
which implies

]P)[.ALy N AQ’y]

(3:3.10) > BA— Y B{(B),)°, A] — Bl{[projszl < Ra}. A] — B{[lel2 > Ba. Al

Jelr]
We now bound the terms in (3.3.10). First,
P[(By )¢, Al = P[|(z, &;)| < Roky/m? | A] P[A].
Notice that when conditioning on the event |(z, a,;)| < R:10 for i € [k] we have:

(3.3.11) (z,projg. 4;)| = |2 A, 1. AL 4] < RiVES|ALL 4)]ls < RiVET M,

where the first equality comes from the definition of the projection, the second inequality follows
from the conditioning, and the last comes from the robust Kruskal rank condition. Furthermore, we

notice that projg a; is orthogonal to a,41,...,a,4; and the conditioning can therefore be dropped
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after applying (3.3.11):
P[|(z,4;)| < Roki/m® | A] <P[|(z,projsa;)| < Roki/m® + |(z, projg. a1)| | A
< P[|(z,projg &;)| < Roky/m® + Rl\/%TMQ]
< 2(V27||projg ay||y) ~ (Raoky/m® + RV M6)
< \/2/7T M (Ryky /m?® + RiVET M),

where the last two steps follow from bounding the density of a Gaussian distribution from above
and the fact that {&;,a,41,...,8,44} also satisfies the robust Kruskal rank condition so that
Iprojs a2 = (rM)~".
We use the following bounds for the last two terms in (3.3.10):
P(llprojs zlly < Ri, Al = P[[projsall, < Ri]PlA] < PlA]/2 (st Ry = Vd/2),
Plllzlly, = Ry, A] = Pll|zl|, > Ro | AJP[A] = (1 = P[||z]l, < Rz [ A]) P[A]
< (1 —P[||z]|, < R2]) P[A] (Gaussian correlation ineq., Theorem 2.5.2)

< PP[A]/4 (Markov’s inequality, set Ry = 2@)

Combining the previous estimates we get
PlA1y N Asy] > PIA](1 — 1/2 — r\/2/77 M (Roky/m® + RiVkrM6) — 1/4).
By Lemma 2.5.3, P[A] > (R160/4)%. The claim follows. O

At this point, we are ready to analyze the probability of As.

Lemma 3.3.9. In the setting of Lemma 3.3.8, let ps = p1 — (0\/&/8)]"7“27M(\/dk:07'Mk‘f1m3 + ).
Then P[AsN A1 x NA2 x | Aiy, .AQ,y] > p2.

PrOOF. We start with our idea to bound the probability of the “eigenvalue gap”:

~ i

—- — >a fors,telr],s#t.
<yaas> y7at>
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Since we condition on |(y, &;)| not being too small for all ¢ € [r], when further conditioned on y, we

have:

]P’“ (x,4s) _ <xaét;‘ > a

<y7 a8> <y7 é-t

_ <X7 éS> <X7 ét>
'ALy”Azy]__E[P[My,ég'_<yvéﬁ‘;26¥‘y}‘“ALy”Azy}

denominators are fixed

Therefore it is enough to show a uniform lower bound for P[|(x, Csas — Ciay)| > a, where |Cs|, |Cy|
are in [1,k; 'm?]. Notice that the set {|(x,Csa; — Cta;)| > a} is a type IT band, which we denoted
by Bs s:. Therefore the target event is the intersection of k type I bands By ;, v type II bands Bo ;
and (g) type II bands B3 5. More precisely,

P[.Ag, Al,xa ~A2,x ‘ Al,ya AQ,y] > inf P[mie[k]b’l,ia ij[T]BQ,j) r_]s,te[r],s;tétlf-"’S,st]-
|Csl,|CelELk; ' m?]

We reuse ideas from the proof of Lemma 3.3.8. Write x = u/||ul|2 with u being standard Gaussian.
Consider the following events for w: B} ; := {|(u,a,4)| < Vdo/2}, By ;= {|(u,a;)| > 2V/dk;/m?},
and By ., := {|{u, Csas — Ciay)| > 2v/da}. Set A = Nic[k)B1,;- With the concentration of [lullz in
[V/d/2,2V/d], the target probability becomes:

Pl B Njep) Bas NsseptoneBast] = P [ A\ ( ({lIprojs ully < vad/2} n.A4)

UYsern (B¢ 0 A |l > 2V} 0 A) (U (B30 0 )]

(3.3.12) >pi— Y PLA (B ).

s,ter],s#t
Now we consider the summand, which is the intersection of k£ + 1 type I bands. Take s = 1,t = 2
(the rest is similar) and write v = C1a; — Cyay = projg v + projgr v. Then:
PLA, (B)12)7) = P[|(u, v)| < 2Vida | A] PA]
(3.3.13)
< P|[|{u, projg v)| < 2Vda + [(u, projgi v)| | A] P[A].
When conditioning on A, (u, projgi v) is bounded by:

(331 (u, projgr v)| = [ul A, AT (Crar — Cadn)| < VARG AL, (Crar — Caa)]|2/2
3.3.1
< VdkOTME; 'm?®.
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With (3.3.14), we can drop the conditioning in (3.3.13):
PLAN (B 15)°] < P[|(u, projg v)| < a + Vdkor Mk, m?] P[A]
(3.3.15) < 2+ VdkOr Mk m?) /(v2r || projg v||2) PlA]
< 27 M (o + VdkOr Mk, m®) P[A].

The last inequality holds because the set {a;,a2,8,41,...,a,41} satisfies the robust Kruskal rank

condition, and thus

Iprojs vilz = IC1ar — Cotis — A, AL, vlla > (PM) /O + C3 + | AL, VI3 > V2(rM) .

The combination of Lemma 2.5.3 and (3.3.12) and (3.3.15) gives the desired probability. O
Finally, we are in a place to give the probability that all the events are true for x,y:

Lemma 3.3.10. In the setting of Lemma 3.3.8, P[Aix, A1y, Aox, A2y, A3] > pip2. In par-
ticular, the choices ki = 2rr "M~ 'm?r=1d=1/2/64, a = 7'M ~'+=2/16 and 0(rvdkr>M? +
64373 M3dv/k//27) < 1/16 imply that PlA; x, A1y, Asx, Asy, Az] > (03/d/8)% /256.

PRrROOF. The first part follows by combining Lemmas 3.3.8 and 3.3.9. For the second part, since

p2 < p1, the claim follows by using our choices in P[A; x, A1y, A2.x, A2y, As] > p3. d

At this point, we finished the analysis of the randomness in the first partial tensor decomposition,
to recover the first » components. In the next lemma we give the probability that random vectors

x’',y’ satisfy the assumptions of Lemma 3.3.6. The events we are analyzing are:

b = Vi € [K], |(x', &) | = Ki/m®},

by = (Vi € [k, |{y',&43)| = ki/m?}, and

Az ={Vi#j,i,7 € [k], (X', 8r43) /(¥ i) — (X', 8r45) /Y, Ar45)| > @ > 0}
Lemma 3.3.11. Let X'y’ be i.i.d. uniformly random in S*1. For &,,1,...,4, %, and kj,o/ >0,
we have

PlAb ., Ay A5] > (1 — k*VedrMo' — Vedkk]/m®)(1 — Vedkk]/m?).
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In particular, the choices ki = m3k~1d"1/%/(4\/e), o/ = 77 'M~'k=2d"1/2/(4\/e) imply that

PlA x; Aby, As] > 3/8,

PRrOOF. The first part reuses ideas from the proofs of Lemmas 3.3.8 and 3.3.9. We first separate

the intersection of events:
PlAy x N Ay y NA3] = P[AS  NA3 | Ay JIP[Ay ] > (PA3 | Ay ] — P[(Ap5)°]) PLAS ).

By Lemma 2.5.1, P[A} ] and P[A) /] are at least 1 — vedkk]/m?. Also

A A
P[(A5)¢ | A —E[IP’[ min <X’E}T+Z> — (x,z}T+]) <d
(A" Ay iaéj,z',je[k}’(Y’,ar+i> <Y’,ar+j>’

o4

Consider a uniform upper bound for Plmin;z;; je(x|(X', Cjar+i — Cja,4j)| < o], where |Cj], |C}] are

lower bounded by 1. Therefore, again by Lemma 2.5.1, we have
P[(A5)°| Aby] < k(k — 1)VedrMa'/(2v2) < k*VedrMd/.

Combining everything gives the desired result. The second part follows directly from our choices of

k; and o' O
3.3.4. Proof of Theorem 3.2.1. In this subsection we prove Theorem 3.2.1.

PROOF OF THEOREM 3.2.1. Without loss of generality, assume 7 is the identity, and assume
for a moment that £;,,, 0 are small enough so that: (1) the assumptions of Lemmas 3.3.5 and 3.3.7
are satisfied; and (2) €334 and £336 are smaller than 1 so that we can replace €3 5 , and €3 5 4 by
€3.3.4 and €336 in the expression of €335 and €3.37. We trace the error propagation backwards and
show how we can reach e accuracy for the algorithm to terminate while achieving non-negligible
success probability per iteration. The reconstruction error is bounded with Lemmas 3.3.4 to 3.3.7:
- T 3 ~®3
17~ Tlle < IT - Tlhe+ 3 2% - &%,
1€[r+k]

(3.3.16) <em+ Y |laill3 - si&l 1877 e + 187° — s7a g a3
i€[r+k]

< €in 4+ 3rM3e33.4 +rez35 + 3kM3e336 + kezzr.
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Collecting the results from Lemmas 3.3.4 to 3.3.7, we have:

£3.3.4 = O(T4M10k7“5/2k‘f20é_1(6m + 9)) £€3.3.6 — O(7'4M7k5/2’f'/{72_20/_163,3.5)

€335 — O(M3m3rkl_1€3_3,4) €337 — O(M3m3kkf_163.3,6),

which can be written in terms of ¢;, and 6:

(3.3.17)
€334 = O(T7M13m_6kr13/2d(5m + 9)) €33.6 = O(7'13M25m_12k11/27‘19/2d3(sm + 9))
€335 = O(TSM17m—6kr17/2d3/2(€m + 9)) €337 = O(7’13M28m_12k‘13/2r19/2d7/2(sm + 9))'

Equation (3.3.17) implies the reconstruction error is bounded by
||7—/ _ 7;HF — O(T13M28m712k15/2r19/2d7/2(Ein 4 9))

This gives a polynomial ¢(d, 7, k, 7, M, m~) = ©(r13 M?8m~12k15/2;19/247/2) increasing in every ar-
gument, such that if we request that e;,, < ¢/q(d, r, k, 7, M,m~!) and we set 0 = ¢/q(d,r, k, 7, M,m™1),
then |77 — T ||y < ¢ (the first termination condition). With this choice: (1) the assumptions of
Lemma 3.3.10 are satisfied; (2) for each iteration, with positive probability the events in Lem-
mas 3.3.10 and 3.3.11 happen; and (3) we can take €334 = @(T_GM_15m6r_3d_5/2£), €336 =
O(M3k=*d~1/2¢) and they satisfy the assumptions of Lemmas 3.3.5 and 3.3.7, respectively.

Now we argue that the second termination condition, maxie[r+k]|§i]1/ 3 < 2M, holds when the
events in Lemmas 3.3.10 and 3.3.11 happen. Notice that at this point || is close to ||a;||3. Without
loss of generality, assume maxie[r+k]]§i|1/3 = [&|Y/3. Since Vz,y > 0, [yV/? — 213 < =23y — x|,

we have |[|agl|2 — ]&-\1/3‘ < Haﬂ\f\”a,»”% — |&|, for all i € [r + k], which implies
€112 < Jlaulla + [llar]lz = [&?] < llarllz + [laully % < M +m < 2M,

where the second inequality comes from €335 < € and the third inequality comes from & < g4, < m3.
Therefore, the algorithm terminates with a 2M-bounded decomposition with reconstruction error at

most €.
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Set
pOIY3.2.1 (d¢ T, M) =2 pOIY3.3.2(2da T, Ma 2Ma d) Z 2 pOIY3.3.2(T + kv T, Ma 2M7 d)a
p01yg.2.1(d7 T, Ma m_l) = Q(dv d7 d7 T, Ma m_l) pOIY?).Z.l Z Q(da T, k? T, M7 m_l) p01y3.2.1 .

When the algorithm terminates, we have

g Eout Eout Eout
3318) [T -T'p<etem<et-<——+ < '
( H HF m q p01y3.2.1 q p()ly&2_1 pOIYS.S.Q(T + k, T, M7 2M7 d)

Thus, we can apply Corollary 3.3.2 and obtain component-wise £,,; accuracy.

For the running time, in each iteration, steps 3 and 7 run in time poly(d,e~!, 7, M,m™!). Least
squares steps 4 and 8 and the rest take poly(d) time. By Lemmas 3.3.10 and 3.3.11, the success prob-
ability per iteration is at least 3(9\/& / 8) 2k /211, which implies that the expected number of iterations
is at most 2! (0+/d/8)72¢ /3 and the expected running time is at most poly(d¥,e=* 7% MF m=F).

Since € = €ou¢/ POlys 5 1, the expected running time is also at most poly(d*, 1/ek,,, 7%, M* m=F). O

3.4. Numerical Simulations

In this section, we report some numerical simulation results of Algorithm 2 to verify its correctness
and study its feasibility. We implement and run Algorithm 2 on synthetic data generated as follows:

For the given dimension d and the overcomplete parameter r, we first randomly sample a matrix

A =[a,...,aq,] € R with i.i.d. entries from A(0,1), then a random symmetric tensor T;,
is constructed using the columns of A: T;, = Zie[d 1] a?g’. Note that the actual implementation

has a different termination condition from Algorithm 2: the algorithm terminates with a success if
the relative error between the output tensor 77 and input T, |7’ — T|g/l|T || is smaller than a
threshold €, while it terminates with a failure if the number of re-initializations reaches a threshold
N.

Algorithm 2 is applied to random tensors of different d € {10, 20, 30,40, 50,60} and r € {1,2,3,4}.
For each (d,r) pair, 50 random tensors are generated and the results are the average on them. In
experiments, we set ¢ = 0.1 and N = 10000. Fig. 3.4 shows the rate of success of Algorithm 2 on
each (d,r) pair. We see that, even in the mildly overcomplete settings, increasing d or r significantly

reduces the rate of success.
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FicURE 3.4. Rate of success on random Gaussian inputs. Horizontal axis indicates
the dimension d, and the vertical axis indicates the overcomplete parameter r. The
number in each cell indicates the rate of success of Algorithm 2 over 50 random
tensor in R% with d 4+ Gaussian components.

We summarize the running time and relative error results for the cases with a non-zero rate
of success in our experiments in Table 3.1. Though we see successful cases when d,r are small,
which verifies the correctness of Algorithm 2 and Theorem 3.2.1, as d, r increases, we see an increase
in the running time and relative error. The rapidly-decreasing rate of success makes Algorithm 2

impractical, which can also be partially recognized in our analysis: Equation (3.3.17) suggests that

polynomials polys 5 1, polys 5 1 are actually of very high degree in each of its inputs.

Parameters - - Results .
Running time (s) Relative error

d T Successful runs | All runs | Successful runs | All runs
60 1 183.6719 259.3723 0.0528 0.2450
50 1 127.9894 128.3883 0.0903 0.2252
40 1 57.3451 62.2241 0.0668 0.1667
30 1 23.6430 26.8917 0.0631 0.1201
20 1 10.3054 11.0066 0.0594 0.0725
10 1 1.1336 1.1336 0.0326 0.0326
10 2 6.4174 6.8246 0.0724 0.1084
10 3 7.2966 7.3902 0.0799 0.1697

TABLE 3.1. Running time and relative error for the cases with a non-zero rate of
success in Fig. 3.4. The results are averaged on successfully decomposed tensors in
the column “Successful runs” and on all tensors in the column “All runs”.
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CHAPTER 4

Blind Deconvolution and Gaussian Mixture Models

In this chapter we study two problems in data sciences that motivate and are direct applications
of Algorithm 2: blind deconvolution and GMM parameter estimation.

A deconvolution problem can be formulated as follows: We have a d-dimensional random vector
(4.0.1) XxX=z+mn

where z and 1 are independent random vectors. Given samples from x, the goal is to determine the
distribution of z. It is called deconvolution because the distribution of x is the convolution of the
distributions of z and 7. In principle, z can be seen as the signal we are interested in while 1 is

some random noise. Blind deconvolution tries to answer the following question:
Can we recover the distribution of z when the distribution of 7 is unknown?

The following mizture model parameter estimation problem can be recast as a blind deconvolution
problem: Let x be a d-dimensional random vector distributed as the following mixture model: First
sample i from [d], each value with probability w; (w; > 0, Y, w; = 1), then let x = pu; + 1, where n
is a given d-dimensional random vector and p; € R?. The estimation problem is to estimate ;s
and w;s from samples of x. It is a deconvolution problem x = z + 1 when z follows the discrete
distribution equal to p; with probability w; and is blind when the distribution of 1 is unknown.
The GMM parameter estimation problem can be described as follows: Let x € R? be a random
vector with density function x — >, wi fi(x) where w; > 0, 32, wi = 1 and f; is the Gaussian
density function with mean p; € R? and covariance matrix 3; € R4, GMM parameter estimation

is the following algorithmic question:
Given i.i.d. samples from x, suppose k is known, can we estimate w;s, ;s and X;s?

Specifically, the GMM parameter estimation problem is a deconvolution problem when the covariance

matrices of the components are the same, namely ¥; = 3. In such cases, the problem is recast as
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x = z + ) where z follows a discrete distribution taking value p; with probability w;, i =1,...,k
and 1 is Gaussian with mean 0 and covariance X. It is blind if 3 is unknown.
Inspired by our tensor decomposition algorithm (Algorithm 2), we are interested in a specific

family of 1 which contains Gaussian distribution n ~ N (0, X):
Can we recover the distribution of z when 1 has zero 1st, 3rd moments and finite 6th moment?

A practitioner may use the expectation-maximization(EM) algorithm [DLR77], [HTF09,
Section 8.5] for parameter estimation. However due to the non-convex nature of the objective
function, the EM algorithm is not favored by the theorists, while the tensor structure in the
higher order moments of GMMs implied guaranteed and efficient parameter estimation via tensor
decomposition [HK13,GVX14,BCMV14, ABG"14,AGH"14,AGJ15, GHK15|.

The intuition of applying tensor decomposition is based on the method of moments: The

distribution of z is identifiable from its 3rd moment tensor
k

E[z%% =) wipf®
i=1

if the decomposition of E[z®3] coincides with the right hand side. In such cases, decomposing E[z®?]

/

leads to the recovery of wi1 3uis, which will further be decoupled and the distribution of z can be

recovered. To obtain E[z®3], since E[n®3] = 0, one can exploit moment structures such as:
(4.0.2) E[x?] = E[z°] + (Ez®@n@n] + En@z©n] +E[n©n o 2]).

Notice that the second term in (4.0.2) can be seen as the sum of E[x] ® ¥ and its two different
“transposed” tensors, which suggests that when X is known, (4.0.2) can be used to compute E[z®3].
When ¥ is not given, some special cases are solved. For example, in [HK13] the authors showed

that when n ~ N(0,01;), one has that

E[z®3] = E[x®3] — o2 Z(E[x] Re e +e ExX|®e +e e REX]),
1€[d]
where e; is the i-th canonical basis vector in R, and that o is the smallest eigenvalue of Cov(x).
However, the challenges of our problem come with the unknown and possibly non-spherical covariance

of m: it is not obvious anymore to apply moment structures like (4.0.2) and our contribution is a
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formulation that involves an overcomplete tensor decomposition and uses our overcomplete tensor

decomposition algorithm in an essential way.

Organization of the chapter. In Section 4.1, we will revisit the existing works on blind
deconvolution and GMMs, and present our high level results. In Sections 4.2 and 4.3, we will present
our algorithms on blind deconvolution of discrete distribution and the parameter estimation of

GMDMs and prove their correctness.

4.1. Introduction

Blind deconvolution-type problems have a long history in signal processing and specifically
in image processing as a deblurring technique (see, e.g., [LWDF11]). The idea of using higher
order moments in blind identification problems is standard too in signal processing, specifically
in Independent Component Analysis (see e.g., [Car91,CJ10]). Our model (4.0.1) is somewhat
different but very natural and inspired by mixture models.

With respect to GMMSs, we are interested in parameter estimation in high dimension with no
separation assumption (i.e., the means p, can be arbitrarily close). Among the most relevant results
in this context we have the following polynomial time algorithms: [HK13], for linearly independent
means and spherical components (each X; is a multiple of the identity); [ABG"14], for O(d*)
components with identical and known covariance 3; [BCMV14], for O(d®) components with each
3, being diagonal in the smoothed analysis sense; [GVX13, Section 7], [GVX14], for linearly
independent means and spherical components in the presence of Gaussian noise; and [GHK15],
for a general GMM with O(v/d) components in the sense of smoothed analysis. Our algorithm
expands the family of GMMs for which efficient parameter estimation is possible. It does not require
prior knowledge of the covariance matrix unlike [ABG™14] and can handle more components (d
components) than [GHK15] at the price of assuming that all covariance matrices are identical.
With respect to recent results on clustering-based algorithms [DHKK20,JV19], we consider these
works incomparable to ours since clustering-based algorithms typically require some separation

assumptions in the parameters.
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Our contributions. We provide an efficient algorithm for the following blind deconvolution

problem:

Claim 4.1.1 (Informal statement of Theorem 4.2.2). Let x = z + n be a random vector
as in (4.0.1), where z is a d-dimensional discrete distribution supported on d points and m has
zero mean, zero 3rd moment and finite 6th moment. Suppose z satisfies a natural non-degeneracy
condition (Assumption 4.2.1). Then there is an randomized algorithm that, with probability 1 — §
over the randomness in the samples, recovers z within € error. The expected running time and

sample complexity are polynomial in d, e, 6~" and natural condition parameters.

Equivalently, it can solve the mixture model parameter estimation problem above under the
same conditions (Algorithm 3 and Theorem 4.2.2). We show an efficient algorithm for the following

GMM parameter estimation problem:

Claim 4.1.2 (Informal statement of Theorem 4.3.1). Given samples from a d-dimensional
mazture of d identical and not necessarily spherical Gaussians with unknown parameters w;, p;,
satisfying a natural non-degeneracy condition (Assumption 4.2.1), there is an randomized algorithm
that with probability 1 — & over the randomness in the samples, estimates all parameters within &
error. The expected running time and sample complexity are polynomial in d,e~", 61 and natural

conditioning parameters.

4.2. Blind Deconvolution of Discrete Distribution

In this section we provide an application of Algorithm 2: To perform blind deconvolution of an

additive mixture model of the form
(4.2.1) X=z+mn

in R?, where z follows a discrete distribution that takes value u; with probability w; for i € [d],
and 7 is an unknown random variable independent of z with zero mean, zero 3rd moment and

finite 6th moment. Our goal is to recover the parameters of z when given samples from x. By
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estimating the overall mean and translating the samples we can, without loss of generality, assume
that E[x] = ;¢ wip; = 0 for the rest of this section.

We will see that, under a natural non-degeneracy condition, Assumption 4.2.1, the parameters
of z are identifiable from the 3rd cumulant of x as the first and third moments of 1 are zero. Let

K, (x) be the m-th cumulant of x. By properties of cumulants (see Section 2.4):
(4.2.2) Ks(x) = K3(z) + Ka(n) = > _ wipl®.
i€[d]

3
//J‘i

If the symmetric decomposition of 7 = K3(x) coincides with (4.2.2), then the function wi1
of the centers p,; and the mixing weights w; is identifiable. However the component vectors
satisfy ) . wip; = 0 (they are always linearly dependent) and therefore applying the simultaneous

diagonalization algorithm naively has no guarantee.!

We show that, under the following non-
degeneracy condition, our overcomplete tensor decomposition algorithm (Algorithm 2) works

successfully.
Assumption 4.2.1. K-rank,([pq, ..., py]) =d — 1.

Remark 4. Note that at this point we are working with a centered mixture (Zz’e[d] wip; =0) and
thus the assumption is on the centered mixture. Note also that if x = z + n is a not necessarily
centered mixture, the assumption is satisfied automatically by the centered version of x when z has

affinely independent support.

Under Assumption 4.2.1, we can decompose (4.2.2) with Algorithm 2. To distinguish the
direction and the scaling factor of component vectors, we reformulate the problem: let a; = [,
and p; = [|p;]|2, our goal becomes to decompose T =3,y w;p3al® subject to > icfqwi =1 and
> icl Wipiai = 0.

We now state our algorithm (Algorithm 2) for blind deconvolution of discrete distribution.

INote that even when the overall mean is non-zero and the means are linearly independent, T still has linearly
dependent components as it is the central 3rd moment. If one does not use 7T, then one loses (4.2.2).
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Algorithm 3 Blind deconvolution of discrete distribution

Inputs: i.i.d. samples x1,...,xy from mixture x, error tolerance &', upper bound p,,q, on
|12 for @ € [d], lower bound wy,, on w; for i € [d], robust Kruskal rank threshold 7.

1: compute the sample 3rd cumulant 7 using Proposition 2.4.4;

2: invoke Algorithm 2 with error tolerance e42.2 = €’/ poly, 5 9, tensor rank d and overcompleteness

1 to decompose 7~', thus obtain a}, the estimated version of wi1 3;1,2», for i € [d];

3: set v to the right singular vector associated with the minimum singular value of A’ = [a], ..., a]];
N N N - ~3/2\ ~ - —1/3 .
4: set W= [q,...,1Wq) = 3/2/(Zie[d] VZ-/ ), By =W, / aj for i € [dJ;
Outputs: estimated mixing weights wy,...,wq, and estimated means fiq, ..., ft .

Theorem 4.2.2 (Correctness of Algorithm 3). Let x = [X1,...,X4] = z+n be a ran-
dom wvector as in (4.2.1) satisfying Assumption 4.2.1. Assume 0 < Wypin < MiNc(q Wi, Pmaz =
maX;c(g Pi; 0 < Pmin < Mingegpi, 0 < & < min{1, Wpinp,;,} and § € (0,1). There ex-
ists a polynomial poly, s 5(d, T, pmax,w;jn) such that if €409 = €'/ poly, 4, then given N i.i.d.
samples of x, with probability 1 — § over the randomness in the samples, Algorithm 38 outputs
fyy. .y fbg and Wi,..., W such that for some permutation m of [d] and for all i € [d] we have
[try — Bll2 < €' and |wgy — | < €'. The expected running time over the randomness
of Algorithm 2 is at most poly(d,e’~1, 671, 7, pmax,p;l%n,w;én,maxiE[Xf]) and will use N =
Q(s’_25_1d11 maX;e|q] E[Xiﬁ] (polyg.zl (d, 7, pmazs w;}fp;ﬁn)f) samples.

The proof of Theorem 4.2.2 has three parts. The first part is about the tensor decomposition.
Note that, assuming |7 — 7| is small enough, Theorem 3.2.1 guarantees that we can recover a;
approximately in the direction of a ;) and §; close to wy(; pfr () for some permutation m. However
we are not finished yet as our goal is to recover both the centers and the mixing weights. Therefore
in the second part we need to decouple w; and p; from wip?, which corresponds to steps 3 and 4 in
Algorithm 3. The correctness of these steps are shown in Theorem 4.2.3. At last, we show that
the 3rd cumulant can be estimated to within € accuracy, i.e., |7 — Tz < ¢, with polynomially

many samples for any € > 0. This follows from a standard argument using k-statistics, shown in

Section 2.4 and Lemma 2.4.7.

Decoupling. Before we move on to the proof of Theorem 4.2.2, we show the reader how the

mixing weights w; and the norms p; are decoupled after we decompose the tensor T. As E[x] =0,
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the true parameters satisfy Zie[d] w;p;a; = 0, which can be reformulated as a linear system
(4.2.3) A diag(w;p?)Pw?/3 =0,

where w = [wi,...,wy] and A contains a;s as columns. To decouple these parameters in the
noiseless setting, one only needs to solve this system under the constraint that w is a probability
vector. As rank(A) = d — 1, w?/3 lies in the direction of the right singular vector associated with
the only zero singular value. Then w will be uniquely determined since Zie[d] w; = 1. It is natural
then to recover the weights using our approximations to terms in the linear system, namely in the

1/3

direction of the right singular vector associated to the minimum singular value of Adiag(&) ,

where A = [a1,...,3a4]. The following theorem guarantees this will work:

Theorem 4.2.3 (Decoupling). Let 0 < W, < Min;e(q Wi, and Pmaz > maxie[d}Hung. Suppose

the outputs of step 2 in Algorithm 3, namely &1, ...,&q and A= [a1,...,a4], satisfy Theorem 3.2.1
4/3

with eour < w,,.; /(24dT) and permutation w. One can choose positive right singular vectors v,v

1/3

associated with the minimum singular value of A diag(w;p3)'/3, A diag(&;)"/?, respectively. Define

w = {’3/2/21'6[[1} V3% and gy = (&/@:)3. Then [wr () — Wi| < 12w, dre gy and lpriy — Pil <

—4/3
48wmi7/L PrmazATEout -

PROOF. Let v = [v1,...,v4],V = [01,...,04], W = [W1,...,Wwy]. We start by showing that v,v
and w are well-defined. Since w?/? is a solution to (4.2.3) and A diag(w;p?)'/? is of rank d — 1,
we pick v = w2/3/||w?/3||. To show that ¥ is well-defined, first we bound the singular values and
vectors of A diag(&)'/3. Let 6; = 0;(A diag(&;)'/?). By Theorem 2.2.1,

Gq < || A diag(wip?)/? — A diag(&)3 |2 < Veow < w2 /(24Vdr).

min

To obtain the deviation in the singular vectors, we first show that &1,...,54_1 are bounded away
from zero. Let £; = diag(o1(A diag(w;p?)'/3), ..., 04-1(A diag(wipf)l/?’)), > = diag(G1,...,64-1)
and A = w}r{fn /(27). Suppose 741 is the least singular value of the matrix obtained by deleting
the first column of Adiag(wip:?)l/:s, then it follows that o4_1(A diag(wip;?’)l/:s) > 641 > wrlr{;/ﬂ

where the first inequality follows from the interlacing property of singular values of a matrix and its

submatrix obtained by deleting any column, and the second inequality comes from Assumption 4.2.1.
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The minimum diagonal term in 3 satisfies:

5 w3 W3 3
min (1);; > o4-1(A diag(wip})'/?) = Vdeour > - 24\"7&"7 > et = A

Therefore by Theorem 2.2.2 with 39 = 0, we have for the singular vectors?:

/
in T€out-

v —¥l2 < V2deout /A = 2v/2dw, \/?

TEout > w2/ 59y 2dw Y 37’50ut > 0, where the second inequality

mwn

We get v; > v; — 2vV2 wmm
follows from ), cld) Vs 52 > > cld] v? = 1. Hence v also has positive entries and W is well-defined.
We now derive the bounds on the mixing weights and norms. Without loss of generality = is

the identity. The mixing weight error is bounded by:

~3/2 V3/2
W — w2 = —75 — =7
(2 D ield o/ > icld) v,
19372 = v3/2||5 19522

S @ -5

1€[d]

+
Sica i i ) Zieg )

We bound each term in (4.2.4) below, since v,v both have entries in (0,1]: 3¢ v 2> |v]3 =

L e @ 2 1913 = 1, and [[¥9/2]|2 = (e )Y/ < [|¥]l2 = 1. Moreover:

. / /
90— = (@ ) < S w?) = S v

i€[d] i€[d]

S i) < S i < S -l < 2 v

1€[d] 1€[d] i€[d]

A

where the above two inequalities follow from |23/2 — y3/2| < 3|a — y|/2 for z,y € [0,1]. We obtain

the following bound on the error in mixing weights:

(1+f>

~1/3

(4.2.5) |lWw —wll2 < |V — vl < 3\fwmm (d+ \f)Tz-:out <12w,, / dTeout-

2Note that even though Theorem 2.2.2 gives the angle between the subspaces spanned by the first d — 1 right singular
vectors of A diag(w; p?)l/ 3 and their perturbed counterparts, the same bound applies to the orthogonal complement,
spanned by v.
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Notice that our assumption on ,,; guarantees that w; > W, /2, therefore the error in the norm is

bounded by:

15i — pil = 1(&/ @) — pil < @7 2 (16)% —w! pil + pilw;” — @)%

< wi_l/g (gfmt + pmaz‘wil/?) - ﬁ)il/gD < (Qw;@%n)l/?) (5out + pmaxw;jr/z?)’wi - UNJ”L‘)

—4/3
< 48wm”/L PrmazdTEout

where the second inequality comes from Theorem 3.2.1, the third inequality comes from the fact

|z1/3 — /3] /|lz — y| < y~2/3 for any x,y > 0, and the last follows from (4.2.5). O

We are now ready to prove Theorem 4.2.2.

-1/3 —1
min pmzn)

PROOF OF THEOREM 4.2.2. Set the arguments of poly% 5 1, polys 5 1, to (d, T, pmaz, W
and (d, T, pmaz ), respectively. Assume for a moment that NV is large enough so that T in step 1

satisfies | T — T |lp < €out/(POlys 5 1) and we can apply Theorem 3.2.1. We start by verifying that
—4/3

we can apply Theorem 4.2.3. Set poly, o = 49w, ./~ max{pmaz, 1 }d7 polyz 5 1. By Theorem 3.2.1,
using our assumption ¢’ < 1, our choice of 499 guarantees that the output error of step 2 in

Algorithm 3 is

4/3
s

Eout = €4.2.2POLy391 = 5’/(49w;1 17 max{pmagz, 1}d7) < w3 /(24dT).

min
We now bound our estimation error for ||u;||2 and w; with Theorem 4.2.3. Assuming the permutation

is the identity we have for ¢ € [d]:

~ - ~ ~ —4/3
et — sll2 < |pi — pilllall + pillai — @il < (48w, " prawdr + pimas)eour < €,

- -1
|w; —w;| < 12wmi£3d750ut <é.

Next, we derive the sample complexity. We need:

17— 7~—||F < €in < Eout/(pOI}’é.z.l) =¢ polyso /(pOlyg.m poly,o9)-

By Lemma 2.4.7, N = Q(¢'"26'd"! max;c(q E[X{](poly3 5 ;)?) many samples are sufficient for e,
to meet the assumption. Since N is polynomial in 6~! and max;e(q) E[X?], the expected running

time will also be polynomial in them. O
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4.3. Parameter estimation of Gaussian Mixture Models

In this section we consider a specific family of mixture models, namely GMM with identical
but unknown covariance matrices. The model is as in (4.2.1), where n ~ AN (0,X). Our goal is to
approximate all parameters of the mixture: X, w;s and p;s. Again, suppose Assumption 4.2.1 holds
and the mean of the mixture is zero (by translating the samples as in Section 4.2). Algorithm 3
guarantees that we can recover the mixing weights w;s and centers ;s of z. To recover X, notice
that since the mean is zero, Cov(x) = E[xx"] = Zie[ ) Wi p;p; + 3. The covariance matrix can
be approximated then by taking the difference between the sample second moment of x and the
second moment of the reconstructed discrete distribution. We make this precise in Algorithm 4 and

Theorem 4.3.1.

Algorithm 4 Parameter estimation for GMM

Inputs: i.i.d. samples x1,...,Xxy from mixture x, error tolerance £’, upper bound p;q; on
|t ]2 for @ € [d], lower bound Wy, on w; for i € [d], robust Kruskal rank threshold 7.

1: invoke Algorithm 3 with samples from x and parameters e’ = "/ poly, 5 1, Pmaz, Wmin, T tO get
w; and f; for i € [d];

2: set X = % Zje[N} XijT - Zie[d] Wififg ;
Outputs: estimated covariance matrix X, mixing weights and means @, fi; : i € [d).

Theorem 4.3.1 (Correctness of Algorithm 4). Let x be a GMM with identical but unknown

covariance matrices satisfying Assumption 4.2.1. Assume 0 < wWmin < minie[d] Wi, Pmaz >

maX;e(g Pi; 0 < Pmin < Mingg pi, 0 < " < min{1, wminpS,;,} and & € (0,1). There exist

a polynomial poly, 5 1(d, pmaz) such that if e = €"”/poly, 5, then given N i.i.d. samples of x
and with probability 1 — § over the randomness in the samples Algorithm 4 outputs fiq,..., [y,
Wy,..., g and X such that for some permutation 7 of [d] and ¥i € [d]: |Z—2|p < €,

[wegy — Wil < € and [y — fillz < €'. The expected running time over the randommess

n—1 s—1 -1 -1 3 . B
07T Pmaz Prnins Winins MaXielq) 25;) and will use N =

o — _ 2
Q(e"25~1d" max;c g 32 (polyh o1 (d, T, prmas Wil b ))?) samples.

of Algorithm 2 is at most poly(d,e

PROOF. Let poly, 51(d, pmaz) = 1+ dp2,4 +2d(2pmaz +1). By Theorem 4.2.2, with probability

1 — 4, Algorithm 3 will output the estimated mixing weights w; and means fi; within ¢’ additive
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accuracy. The sample complexity and running time follows therein, where we have max;cq E[Xf] =
max;eq] 152?1- for GMM.

Next, we bound the error in the covariance matrix. Note that when the number of samples
guarantees that 7T is estimated to &;,, accuracy with probability 1 — ¢, it can also guarantee Cov(x)
is estimated to €;, accuracy with probability 1 — § since the latter takes Q(d65;n26_1 max;e|qg] »2)

many samples by a similar argument to Lemmas 2.4.5 and 2.4.6. So

- 1
HE - EHF = HN Z XX J Zw’blj’zﬂ’l

JE[N] i€[d)
H S segx] — Cov()|| + S hws — il lsaeel e+ 3 @illsad — ugieT
JE[N] i€ld] i€ld)

< i+ dphgee + Y (wi + &) (2] pill2 + &)’ < poly, 5, €’ <€,
1€[d]

where the second to last inequality follows from bounding &;, by € and w;, &’ by 1. O
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CHAPTER 5

Conclusions and Open Questions

5.1. Order-3 Tensor Decomposition

In Chapter 3, we showed that an order-3 tensor can still be robustly decomposed in polynomial
time, even if its components are linearly dependent. By Kruskal’s theorem, our algorithm works
up to n < 3d/2 — 1 components with every d components being linearly independent. Our work
does not assume randomness or incoherence of the components and is a complement to the existing
literature. However, many questions on tensor decomposition still remain to be answered. We

summarize the decomposability of tensors below.

n < d, efficient if linearly
independent

< %d — 1, our work

-%d —1<n < o(d??), effi-
cient for random tensor
n = Q(d®?), unknown

300

200

Rank n

100

0 10 20 30 40 50

Dimension d

FIGURE 5.1. Decomposability of order-3 tensors.

In the mildly overcomplete regime, (n < Cd for some fixed C'), our work and [DDL14, DDL17]
guarantee the decomposability for generic tensors, but the running time, though being polynomial
in d, depends exponentially on the notion of overcompleteness, while [AGJ14] gives a polynomial

time algorithm under the incoherence or randomness assumption, and their results generalize to
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the highly overcomplete regime: n = o(d3/ 2) components at most. It is not clear if we can take the

advantage of all these algorithms:
Can we decompose generic tensors in polynomial time with n = 0(d3/2) components?

Moreover, it is unknown, to our knowledge, if there exists any efficient algorithm, even for random
tensors when n = Q(d%/?).

From a practitioner’s perspective, our results are more of theoretical values and far from
being practical. Current tensor power iteration-based algorithms in the overcomplete regime
[AGJ14,AGJ17] depend on deterministic assumptions such as incoherent components or stochastic
assumptions such as components being drawn uniformly on the sphere. It is an interesting question
to develop algorithms for overcomplete tensor decomposition with both less theoretical assumptions

and stronger practical performance.

5.2. Blind Deconvolution and GMM Estimation

Our algorithm guarantees that if the natural non-degeneracy condition (Assumption 4.2.1) is
met, a Gaussian mixture with unknown but identical covariance matrices can be learned. However,
it is still an open question that whether algorithms based on tensor decomposition can estimate
arbitrary Gaussian mixtures. Our algorithm requires all covariance matrices being identical, while

[GHK15] learns only O(v/d) arbitrary Gaussians in RY. Therefore it is interesting to investigate:

Can we learn a mizture of O(d°) arbitrary Gaussians N (p;, X;) in polynomial time for ¢ > 17
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APPENDIX A

Codes for simulation

In this Appendix, we collect the python codes used for numerical simulations in Section 3.4.

1 import numpy as np
2 from tqdm import tqdm
3 def simul_diag(M1, M2, r: int):

4 """Simulatenous diagonalization algorithm.

ot

U, _, __ = np.linalg.svd(M1)
6 W=2"0U[:, 0 : r]

7 M1_whitened = W.T @ M1 @ W

8 M2_whitened = W.T @ M2 @ W

9 M = M1_whitened @ np.linalg.inv(M2_whitened)
10 e, P = np.linalg.eig(M)

11 return W @ P.real

12 def solve_matrix_sys(A_r, Tx, x):

13 nun

14 Solve a matrix valued linear system A_r * Xi * diag(A_r.T * x) * A r.T = Tx"""
5 B = np.linalg.pinv(A_r).T

16 Xi = np.diagonal(B.T @ Tx @ B)

17 return Xi / np.tensordot(A_r, x, axes= [0,0])

18 def decompose(T, x, y, r: int):
19 nun
20 Given an input tensor, run the simultaneous diagonalization algorithm and

length recovery"""

21 T_x = np.tensordot (T, x, axes=[[0],[0]])
22 T_y = np.tensordot (T, y, axes=[[0],[0]])
23 A = simul_diag(T_x, T_y, r = r)
24 Xi = solve_matrix_sys(A, T_x, x)
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return A, Xi
class overcomplete_tensor_decomposition():
"""Overcomplete tensor decomposition"""
def __init__(self, dimension, init_x = None, init_y = None, rng = Nomne):
if init_x is not None:
self .x_magic = init_x
elif rng is not None:
self.x_magic = rng.normal(size = (dimension))
else:
self .x_magic = np.random.normal(size = (dimension))
if init_y is not None:
self .y_magic = init_y
elif rng is not Nome:
self.y_magic = rng.normal(size = (dimension))
ellfslel
self.y_magic = np.random.normal(size = (dimension))

if rng is not Nomne:

self.x_2nd = rng.normal(size = (dimension))
self.y_2nd = rng.normal(size = (dimension))
else:
self .x_2nd = np.random.normal (size = (dimension))
self .y_2nd = np.random.normal (size = (dimension))
def __call__(self, T, tensor_rank, overcomplete_param):

# Decompose the first r compoents

A_r, Xi_r = decompose(T, self.x_magic, self.y_magic, r = tensor_rank -
overcomplete_param)

# Deflation

T_first = construct_sym_tensor (components= A_r, weights= Xi_r)

R =T - T_first

# 2nd decomposition

Ak, Xi_k = decompose(R, self.x_2nd, self.y_2nd, r = overcomplete_param)

# Reconstruction
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68

69

70

T_second = construct_sym_tensor (components= A_k, weights= Xi_k)
return T_first + T_second, (A_r, Xi_r, A_k, Xi_k)
def construct_sym_tensor (components, weights = None):
"""Construct a 3rd order symmetric tensor with columns of components and
muliplicative constants from weights"""
_, rank = np.shape(components)

if weights is None:

weights = np.ones ((1,rank))

return np.einsum(’il,jl,kl->ijk’, components * weights, components, components
)
dimensions = np.arange(10,70,10) # input dimension & Kruskal rank
overcomplete_params = np.arange(l1,5) # different overcompleteness from 1 to 4

7 rng = np.random.default_rng(seed=202206241)

MAX_TRIAL, EXP_PER_DIM = 10000, 50
exp_errors = {d: {r: np.zeros(EXP_PER_DIM) for r in overcomplete_params} for d in
dimensions}
exp_time = {d: {r: np.zeros(EXP_PER_DIM) for r in overcomplete_params} for d in
dimensions}
for d in tqdm(dimensions):
for r in tqdm(overcomplete_params):
for i in tqdm(range (EXP_PER_DIM)):
# params per experiment
min_err = err = float(’inf’)
trials = 0
# initialize inputs
components = rng.normal(size = (d, d+r)) # generate d+r Gaussian
vectors in R7d
tensor_in = construct_sym_tensor (components = components)
norm_tensor_in = np.linalg.norm(tensor_in)
# decomposition

start_time = time.time ()
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83 while err > le-1 and trials <= MAX_TRIAL:

84 # try decomposing the input tensor

85 decomposer = overcomplete_tensor_decomposition(dimension = d,rng =
rng)

86 outputs = decomposer(T = tensor_in, tensor_rank = d+r,
overcomplete_param = r)

]7 tensor_out = outputs[0]

88 # check termination

]9 err = np.linalg.norm(tensor_in - tensor_out)/norm_tensor_in #

measure relative error

90 min_err = min(min_err,err)

91 trials += 1

92 end_time = time.time ()

93 exp_errors [d] [r][i] = min_err

94 exp_time [d] [r][i] = end_time - start_time
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