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INTERACTIONS BETWEEN MOLECULES ADSORBED ON A SURFACE
Oktay Sinanoglu* and Kenneth S. Pitzer

‘Lawrence Radiation Laboratory and College of Chemistry
University of California, Berkeley 4, California

August 1959
ABSTRACT-

The intermolecular potential energy between two inert ges molecules
is considerably altered when these molecules are next to a solid surface
as in physical é&sorptionl The éhange in the interaction is evidenced
-by the additional long range repulsién that is often observed between
the molecules of a monolayer and also by the additional attgactiOns thét
must play a role in multilayer formation.

In this article, the "two molecule-surface potential” is derived
from qyantum mechanical third order perturbation theory. It is shown
that Ehis potential consists of two parts just as the energy giving
the van def Wéals,attraction of a sinélé molecule to a surface does. The
first part exists only when the surface has a net electrostatic field
and this is equivalent to the classical polarization effect. The second
part arises from the fiuctuations of the surface fields and is of the
same ;rigin as the "dispersion" forces. The third order energy, i.e.,
the new intermgiecular interéétion'gauséd by the surfacé,'is directly
relatéd té,the zero-coverage heat of adsorption and except for fhis
experimental quantity, the fesults do not require specific agsuﬁptions
abéut the surface. Thus, the theory is applicable to'either metal or

: 1
insulator surfaces. When both the two molecule-surface and the one

¥
'University of California Predoctoral fellow 1958-1959.
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molecuié;surface inteféctibnévéfe é;aiiéﬁié éxﬁériﬁeh£aii& (for example,
from the appliéation of virial'cdefficiéhfg-iréépmént;in physical
adsorption) the eiectrostétic field of the éurfAcévéah‘be estimated.
The "fluctuation" or "dispersion” part of the third order energy
is shown to yield a repulsion betﬁeen two molecules in a "monolayer"
that amounts to 20 - 40% of the gas phase Lennard - Jones pbfential
minimum, Eo' The 'same energy yields an additional attraétion'of‘about
10 - 20% of £ when the two molecules are on top of one another as in
multilayer formation. The theory is applicable also when more than two

molecules at a time need be considered on the surface.
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- INTERACTIONS BEIWEEN MOIECULES ADSORBED ON A SURFACE

A) Introduction

| Physical adsorption is characterized by relstively weak forces
as compered to chemisorption and it might be considered & process
in which both the adsorbed molecules and the adsorbent surfoce remain
quite unchanged. Thus the Van der Weals forces that cause physical
adsorption can be understood for the most part through the use of
quantum machenical perturbstion theory. The theory of these forces

between molecules hes been reviewed by Margenaul end some recent

A

4, Margenau, Revs. Mod. Physs; 3&; 1 (1939).

2

considerations by Pitzer.” Extensive reviews on the foreces that

2&. 8o Pitzer; “Advances in éhemical Physics,” Vol. 1I, Interscience
PublSng No Yﬁp {;1959)5 v@x‘ gee Kw Se Pitzerg U@RX:=-8595 (seﬁtép 195830

ceuse physical adsorption also existe”’ *

7. Ho de Boer, Advances in Catelysis, VIII, 29 (1956).
A

S« Brunauyer, "The Adsorption of Gases and Vapors,  Princeton University

Press, Princeton {1945); p. 180.



-5- UCRL-8835

éome interesting phenomené such 23 the formatioa of monolayers
and multilayers on an adsorbent involve the forces be%ween adsorbed
molecules themselves as well as with the surface. Such forces can
be investigated through the applicetion of statistical mechanics to
experimental measurements especially in physical adsorption, and
although this is difficult whén the adsorbate is dense, it becomes
particularly suiteble in the dilute case, i.es relstively hich
temperature adsorption moking use of & theory similar to the virial

coefficients treatment of imperfect geses.” By such & method it

_ ,
’a) W. A. Steele end G. D. Halsey, Jr., J. Chem. Phys., 22, 9719 (1954);

see also, b) M. P. Freeman, J. Phys. Chem., 62, 729 (1958)s

is possible to investigete the adsorption of essentially one molecule,
two ﬁolecules, etc. at & time on & surface and the potential energies
of interaction involved in each 03$645

Such experimental evidence has long shownﬁ’sb that two inert
gas atoms adsorbed into a monolayer display a rather different
poteﬁtial‘energy.between themselves es compafed to their energy
when they are in the gas phase, i.e. the presence of the surféce
apparently causes a new long range repulsion to appear between the
two molecules of the monolayer and this repulsion tends to counter-
balanc¢e their usual London ettraction. On the other hand, in multi- .

layer formation additional attrac@ions must exist. These
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observations are not explaingble in terms of second order perturbation
theory of long range forcess This theory predicts thet the total inters
action between a systemv of adsorbed molecules and the surface must be
"peirwise additive;” hence the interaction between molecules would be
une,ﬁ;ére&: The repulsion in the monolayer has ususlly been ascribed‘?’
to the dipoles permanently induced in the non-polar molecules by an

electrostatic field that is known to be present on z:ne‘i;za,.‘i.6 and charcmal?’

%7. ¢. P. Mignolet, Ree. Trav. Chim., Ths 701 (1955).

surfaces. The msgnitude of these induced dipoles can be inferred
from the non-idenl behavior of the adsorbed two-dimensional ges if
the entire additionsl repuleion in the presence of the surface is
attributed to this classical electrostetic effects However the
velues so obtained ususlly seem 0 be too high in comparison to the

estimates from measured contact pai;en‘t;ials6 and work function J’.aw:ring,7

L

Te. Enrlich end F. @. Hudds, J. Chem. Phys., 30, 493 (1959).

It is apperent that part of the "many-body” repulsion must be caused
by & mechanism other then ordinary electrostatic polarizetion
Meny-body Porces between sphericel; inert molecules have been
investigated quite extensively. When overlap effects are negligible
these forces arise for the most pert from the "triple-dipole’”
interaction in third order perturbation theory. These "three-body”

forces have been reviewed extensively, along with their epplication
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to the third virial coefficient of en imperfect gos, by K:.hamae

8‘.?, Kihera, "Advences in Chemicel Physics;” Vol. I, Interscience

Publse, Ne Yo (1958); pe 267; “Triple-dipole” emerzy wes firet
 aiseussed by Bo Mo Axtlrod and E. Teller, J. em. Payz.r 33, 299
(1943); Axilrod, Toid., 19, 719 (1951}

A recent discussion with reference to ¢olleidal particles has been
given by ‘Spamaay,g Although the thyeesbody force between three

M. 3. Sperncay, Physice, 25, 217 {1950

molecules is quite smell, it is to be expected that foreces of
similer origin should become apprecisble, es compared to the _
interaction between two molecules, when the third body is & large
surface. | ‘

If the two molecules overlap; then éir'ez; in second order
perturbati@n appreciable many-body forces should ayise as shown
10

by Jansen and McGinnies™ for three atoms. However, we shall

10, Jensen, Ro T. McGinnies,

Reve, }ﬂ?ﬁe 961 (1955)°

assume that this effect is part of the change that must take

place in the shorterange repulsive vegion of the intermclecular
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potential and concern ourselves with non-overlap, long range
intez'ac?ionso

Higher order perturbations neve been studied by aadeu using

) 1 LQ E&ﬁ&g Jo chem*

_Phys., 27, 1280, 1284 (1957); 28, 282 (1958).

the simple Drude or harmonic oscillstor medels It is found that
for & systen of & few molecules the perturbation serles converges
quite rapidly end more will be seld sbout convergence in Section C.
In the Pollowing we shall give & general derivetion of some
forces that arise between spherical {hence non-polar) molecules in
the presence of & semi-infinite solid "surface" {metal or insulator)
baged on a third order perturbation tryestment. Since in this order
the energy is "triple-wise” ada.itiveil {see end of Section c) it
will be necessary to consider only the system of twe molecules and
the surface. We ghall ghow thaet; just as in the case of Van der
Wa.‘a.ls‘f’ energy between one molecule znd the surfaee,f’ the energy of
two molecules and the surface is composed of an "electrostatic”
part end & quantum-mechanical "fimctustion” or "dispersion” part.
Moreover; it will be found thet each part of the "three-body”
energy can be related directly to the corresponding pert of the
one molecule adsorption energy.  Thus it is éf‘ten posaible to
obtain the potential energy of intersction between two molecules,
physically adsorbed on a surface, in terms of the experimentel
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zero-covernge heat of adsorption, go On the other hand the preéent
trestment ensbles ome to estimate the "electrostatic” fraction of u,
when both ;_3;3 and the "surface intermolecular potential” as:°e aveileble
experimentally. The intimate connection between these two energies
makes it nevessery to discuss first the van der Waals energy of a
single molecule on g purfece with comnents on the epplicetion of
some of the existing theories beforé going into the derivation of
the "two molecule-surface” potentials |
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B) Second Order Energy

Iet us consider the most genersl a‘e’rivatien of the van der Weals
attraction energy bLetween e spheriesl, non-polar melecule such as a
rare ges atom and any golid which extends fyom minus to plus infinity
in the x and y directions, defining the surfa;:e plene; and i semi«
infinite in the perpendicular z direction. We shell use straighte
forward perturbation theory. If the adsorbed molecule is not oo

large, the peprturbation cen be writteén as

Tooy o ) (1)

where fi’;l is the instentancous dipole moment of the molecule and a{l is
the instentencous electric field produced by all the electrons and
nuclei of the solid at the center of melecule, 1. The unperturbed
Hamiltondsn is simply:

5 = H, ¢ H, | {2)

‘fee. mum of the parts describing the molecule and the surface separately.
Where overlap is negligible, the system will be represented by

¥ = *lfl@ ‘%@_ # (3)

f.ee the product of unperturbed wave functions for the molecule and
the surface., When {1) 48 applied as the perturbing potential on (2)
and {3), the first order energy venishes. But the second order energy

becomes
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(v)

8@ + Em,-

El’g"(a) X Z ‘<w l &1 §.1 ,]. 9’?[2 ‘

| (991’) # 0

where p, T refer to the various unperturhed energy staetes of the

molecule and the-"surface” {mesning the semi-infinite solid) respectively,
and $'s denote the excitetion energies to these various states. Now, if
ve assume thet the §'s can be replaced by some 'mean excitetion energies”

and usé¢ the relations

® | : |
Yoot oD e ollg Pro> el 2D o

p= _

s |
Y g o0 >’° | (6)

for a gphericel molecule; Bas (4) becomes
(22 % o YA I N
2 Ketn o pF - 2 lags) I In 0
s/ L
o (7)

The first term is simply the electrostatic polarization of the molecule
due to a net field < £1>ea over the surfaces This field would be zero

if the solid were uniform up to its surface; as is roughly the case for
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an ingulator. But on a metal it arises from an effective dipole
iayerlg on the surface caused by e¢lecbron leakage through the surface

3. G Follard, Phys. Rev., 61, Thofa), (1gk2).

barriex%w The second term corvesponds to the usual “dispersion”

. Hupng end G. Wyllie, Proc. Phys. Soc. (fondon}, 62, 180 {1949).

AN AR MR

type of force. The physical meaning of this force becomes cleaver

if we write

a5 e rat o #ain i 1K a

= <|v€l - <r§l>oo |2>:>o. (8)

Thus the sccond tewm of Eq. (7) msy be looked upon as arising from
the a&&itional pblarizatien of the molecule due to the non-venishing
of the mean square of the fluctuations of the "surfoce" electric field
about its average value. And of course, when the thermal motion of
the nuclei in the 8¢lid is negligible; these fluctuations are due
primarily to the quantum motion of the electrons. In fact, Eqe (8)

can be 'writtenlg in texms of first end second order density metrices

Yy, Bardeen, Phys. Rev., 58, 727 (1940).
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for the electrons after making the Born-Oppenheimer approximstion,

in a form most useful when the s0lid is a metal. However we must

be cautious "With this interpretation of the second term of Eq. (7)
due to the presence of the factor (81/(61 +8 S))o» If for a metal

the free electron model is adopted and 53 agsumed negiigible compared,
to 5,, as was dene by Prosen and Sachs 515 this factor is unity meking

t

lSEe Je Rs Pmsén and Re G S&ChSp Egﬁ -'S.VEev-.s g%g 70 (19}%2) o

the abové interpretation correct; i.e. only the molscule ig polarized.
ﬁwever, the ?resence of a guite large & g 88 in insulators and real
metals,y in effect accounts for the polarizetion of the "surface” in
turn by the molecules

Nowy 81l the fomxlass ok thatere used for either insulators or \
metals can be shown to follow directly or indirectly from the general
expression BEgs {7). When the "surface” is am insu?iataﬁ; Ege {8}
cen be evaluanted by summing {or ‘integz;*’é,ting) the contributions from
each molecule or section that mekes up the solid considering these
‘as fluctuating dipoles. Then the oversall ven der Waals stiraction

can be obtained directly from one of the fom;‘lasl“h

which give the
intermoleculay dispersion energy (such as London's, Kirkwood-Miller's;
ete.) using empirical quentities such as polarizebilities and dia-
magnetic susceptibilities. Aithough & metal should be trested in
terms of metallic electrons and it seems at first thought thet it

could not be divided into sections, the consideration of electron
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correlationw

has been shown to lead to essentially the same result
es though the metal behaved as en insulator made up of sections of

oscillating d:’ii.;zus::i.es‘.:L6 With these considerations in mind; an estimate

161{. Margenau and W. G. Pollard, Phys. Rev., gg, 128 (1941).

of the total potential between one molecule and the surface {and the

heat of adsorption) can be obteined by assuming the usual Lennayde

Jones [12-6] potential; frequently used in imperfect gas the@ry,l?

Msee for exeample:
Hirschfeldey; Curtiss and Bird;, "Molecular Theory of Gases and Liquids,”

John Wiley and Soms, Inc., New York {195k).

hold between a portion of the solid and the molecule and integratingela

181,0 L. Hill, J. Phys. Chem., 63, 456 (1959).

v

The result which we shall need later is

o) = 2 0 o, [( &2 )51»-( 1 (5

ﬁ %Ciﬁne r3

with R the distence from the molecule to the surface and ¢, r, the
paramcters of the Lemnard-Jones [12-6] pot-ential..l? Notice that at the

minimm, Ro’ the attractive portion of emergy is simply 1.) times U,
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the heot of adsorption at Zero coversge.

| The mognitude of the van der Weals ottraction between a molecule
and e surface can be estimated by the use of the "mn%%ﬁlliﬁ " or
metallic type formulas some of which we have cited above. (These
formulas Wwill be mentioned here only by namej the resder is referred
to the general references given for deteils.) Such estimates are
uéua.lly found to yield values 'fo'r the heats of ads@rp@i@n;ﬁﬁlg

i

198, A. Pierotti and G. D HBelsey, Jr., Js Phys. Chem., 3, (1959) .

however; which are too lows A similar situation hes éxisted in the
comparison of observed and calculated van der Waals attractions between
two molecules 20 Recently; hwever, in connection with London forces

20, s. Pitzer, "quantun Chemistry,” Prentice Hall, N. Y., {195);
p. 339

it has been shown®>' that the trouble often lies in the 8's; the

2Ny, E. Donath, University of Californie, Phe D. thesis (1958) end

UCRL-8385 {July 21, 1958}.

"meon excitations energies.” These also occur in Eqg. {7) end in most

of the specific formulas mentioned sbove. In sdsorption as well as
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in inteymolecular dispersion energies the §'s are usually assumed to
be spproximately equal to the fonization potentisls, I, Recent

that in more than two electron atoms
electron correlation ralses the 8 by & factor of about 2.1 higher
then I, It must be pointed out here ¢het the use of this proper b
{for the molecules end possibly for the solid) will bring the
"insulator-type" adsorption energy formulss such e¢ London's into
2,19

quite good agreement with experdiment. Slater<Kirkwood formuila

involves N, the number of electyons in the cuter shell of molecules,

instead of 83 here N should be reparded ss an empirical peyameter end
"effective" valuas used.® Kirkwood-Miller form 24519 does not
contein any of these “paramcters” emd sithough it 'is strictly valid
 for spherical systems,” 1t 1s still guite successful in adsorption,
In the rest of this article, we shall use the sppropriate moleculer
8's (2.1 1) instead of I wherever they ocecur.

The Pormulas derived fyom Eqs {7) and Eq. {8) strictly for
metals™51® p150 predict hests which sxe too small.’) Here the
increage in gl hag & spaller effect on g;g?. However, it should be
recalled that the Q..a appearing as the wain feature in both Baordeen's

16 formilas veﬁe d,erivedlb’

1
and Margensu and Pollard's for monovalent
metals neglecting the effect of the pericdic potential of the

lattice and the effect of the polarizability of the fon cores.

Thus, such formmuisas should not be spplied to, for instence, traunsition
metels thet have incomplete deshells and might ghow very la:ga "inner

core” effects.
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The low values predicted for the heats of adsorpticn by the
theories above, in the way that they are often applied, ave
induced éﬁseﬂs‘smﬁé of snother type of force, ises the "cherges

transfer” ©° foree ss contributing to ven depr Waels adsorption

ulliken, J. Am, Chemo Socs,

Pl

Ty 811 {2952)s

metalgs However, in view of the lack of a sﬁi-’f“icf:iently gquantitative
treatment of these forces in adsorption and considering the
preceding discussion, we shall essume that Ven der Weals etiraction
of non-poler molecules to metals as well as to insulators is giﬁ'en

yrmily by Egi) of £q. (7).
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C) The Third Order Enerey

Now, if instead of a single molecule on the "surface” several
molecules are considered, no new effects arise in the non-overlep
second order perturbation. The potential energy of the system is
simply the sum of London aﬁtrac’sionsl between molecules and their
individunl ven der Weals attractions to the surfac¢ as given by
Eqs (7)s To see the effect of the surface on the long range inter-
action between molecules we must turn to the third oxder term of
the perturbation series. If, ss we had dome for the second order
term in Eq. (1), we consider the adsorbed molecules to be quite
small, and after expanding the instentaneous potentisl of the
molecules in multipole series in the usual i’ashion,l teke only the
leading dipole terms, the interaction operator between two molecules

and the surface becomes

F=op By ke Nty etk (10)
where agoin ;:a_ and ?;'e are the instantaneous electric fields produced
at the centers of the molecules 1 and 2 respeclively, by a given
distri’butién of all the electrons and nuclei that wake up the solid.
&'s are the instantencous dipole moments of the melecules {here we
always meen inert gas atoms or other small quasi-spherical molecules)
given by e }‘:’; ‘x—'?i 5 $+6. summing the radius vectors of all the electronms
of a given atom. The last term of Eg. (10) is the dipole-dipole o-
peratox for the interaction between two molecules with the temsor, T, ,

given by



-19- UCRL-8835

A

A V "
T = (L -3 5,00/ rj?_g (11)

G

A )
ng is the unit vector along 212’ the distance between the two

molecules as shown in Fig. 1.

With the J of Egs. (10) Q?‘(l) the thivd order energy becames§2§

“otn general gﬁﬁ) will have an additicnal term which is different
in different perturbation theories (sees Morse and Fechbach,
"Methods of Theoretical Physics;* Vol. 1X; McGraw Hill Co., H. Y.
(1953)); however this term vanishes in our case because of the

dipole selection ruleés.

. .E(s') = Z . Z <° l ‘“”> <“'l KA m>_<vm‘ |5 o>

n #0 m#n,0 (Eo - En)-( Ey = Ey)

(12)

This encrgy vanishes for one molecule and the surface; i.es for J
given by Eq. (1). IF on the other hand; Eq. (10) is substituted
into By. (12), each matrix clement there; can be written &s & sum
of three terms end since the eigenstates of the system are téken
ih the product form as in Eq. {3) {with each factor forming en

orthonormel set) o typical matrix element is of the fomm
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(ot 1) e Colge 1)) 8, )

where again g, p, J label the various eigenstates of molecules 1 end 2
and the entire solid (ineluding all the nuclei and electrons that |
meke it up), vespectively. (The 8 4 ©tee arve Kronecker deltas only
here and should not be confused with the excitation energies in Eq. (h),l
Eq. {5) and in the forthcoming equations.) Then, multiplying out
such matrix elements in Eq. {12) and using the dipole selection iulés '

for spherical molecules ,21‘* it can be geen that only certein combinations

auLandau, Liftschitz, "“Non-relativistic Quantum Mechenjes,” Addison-

Wesley Publ. Co., Reading, Massachusetts (1958}.

of transitions glving rise to such temms as

7

N \m1>m \ \Ng/m\\&;,>g S Q<%2f/\6'o

T(’*&l
y oy

dorto | Ealon) +oon | L syfon) + 3,000) |

y (14)

vith 8,{cp) = E] - £0 and similarly b for the surface,

1
contribute to the sum (Eqg. (12)). The derivation follows along
quite similay lines to that given by KihamS for three molecules.

There are two types of texms designated by transitions such as

000 ===> PO0 ==l pO'0 w==i> 000
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and 000 =i QOO ==> '00 = 000
(S — () o~
o n m 0

in which only the ground state of the solid is invelved, and six
types of terms corresponding to different double transitions in
each matrii element, such as

GO0 —=> 00 —=> pot' > 000

The numerators of these six are all equivalent (Eq. {14)) but four
of the denominators {of the form (81 + 62)(81 + SS)) are different
from the other two {of the form {&1 + 583(52 + as)). After using

"mean excitetion energies” and polaerizebilities for the molecules -

(Egss {5) and (6)) a8 had been done for E "( 2) previously, the result
is3 |
Eg.gg [<~1 00 \~L> < i/oo' 512 '%\12 \/£2>oo ]
, (15a)
2

5
2r _ 2
12 (al + 53-) r;éo

a (5, +5_) N y o A |
_+ - = 3—. <<£1>3': '<£2>m AN i§,12>01<f€12' {% )
oF J(Lg) = S?, * Eg)‘* - - — {150)

where for'convenience we have assumed molecules 1 and 2 to be identical.

In arriving et this result use hes been made of reletions of the type:
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IRORERRIS PR TS REDA Y

relde) an
pr mmeg (oD () - Ka AXa D)

and 1 in Eqs {15) st1l1 wvefers to an eigenstate of the semi-infinite
solid as & vhole.

The meaning of Eq. (15) is similar to that of Eq. {7) discussed
previously. Agein the fiyst pert; E (_9 )' '(?_ﬁ"’ for electrostatic)
exists only when the surface pQSSes;ea a net average electrostatic
field < £>w ) snd within the approximation of Eq. (6); ie.es the
substitution of atemic polarizebility into Eqe {16), it 4s the seme
as the classicel interaction betwesn two permanently induced dipoles
and already has been considered by de ;Bi@em-3 The second part Egz

g

involving the sum

KB B3R bt 2 = ;<<«§1> <§a>a
8 * «..m><~m me> (18)
) <<é€1 . £2>oo" 5<3’51 *Bia Bie ‘° Ea>oo> - <<£1>eo °<?§e>oo

i
ANV S AP AP \F oo)
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is sgain of the "dispersion” or "fluctuation" type. When 5 is small,
it represents the interaction resulting from the additional simultaneous
polarizati‘eﬁﬁof the molecules by the in phese flucﬁuaticﬁs of the
“surface” fields at the points 1 and 2. A

The "electrostatic" or average fields in Eq. (15) must be in the
z-direction (see Figo 1) whenever they exist; on a,c:-coiint ‘éf the

symuetry in the xy-plene, so that the electrostetic energy in Eq. (158)

is given by
£(3) a,12<z/z 2. (o
'Ee.qo - :f; FJ'Z)\FQ >oo (1 - 3 cos® @) (19)
and similarly we have from Eq. (7)
o 2. | '
SR A te0)

When one of these energies is known the other is :cbtainabie by the
approprizte eiim‘ination of< FZ>‘ 's,? |
On insuletors Eq. (19) and (20) sre usually unimpertant§ and

"fluctuntion” encrgles constitute the primery effects. On metal and
charcozl surfeces both @.g. and f£l. energies must be taken into |
account. The discussion of _E}B ) and I}_(a) in relation to one another
when e.5. terms ere rot negligible will be deferred until the end
of this section, i.c. until after a detalled derivetion of what we
have called the "fluctuation” energy between edsorbed molecules,to

whieh we now turns
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#ig. 1. Coordinates used in the general derivation of E(3).
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The “fluctuation” parts of Egs. {7) and {15a) are given by |

g‘i) = - ;}' 5 i2>_,c (21a)
'<l E '122 = <(F§)22 + 2<(?’£)2> (210)
and . | )
o (25 + a ) A N
(ﬁ, = ';i 2(8 - )2 << ] . - 3< 8o Bp %2> (22) )

where the summetions over the eigenstates of the solid not including
the T = O ground state have been indicated by < >T . Eq. {21b)
follows from the equivalence of the x and y coordinates over the
surface; 3 | =
In terms of the coordinates shown in Fign IQEQQ (22) becomes
2.
o3) . 2 22020 5 K?"y"> (-5 ea? ) o R,

=
Fel. ;32 2(81 + 5 )

<?z Fz> (1 - 3 cos® 0) - 3 sin © cos Q< p Fx> ] (25)

@ denoting the angle between 5212 and the normal to the surface. -'-,l’he
coordinate axes have been so chosen that z is along the normel
end the x 2 - plane contains ?12 {Pigil). Notice also that e.g.

<F§ Fg>t is identical with<F’i‘ Fg>% i.e. the expectation
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value over the ground state of the solid, because< 2o 1€
zero. {See Eqs. (8) end (i8)). Eq. (23) can be simplified considerably
by noting ’ﬁha‘t<?lx§‘$>m <§.‘%23>wvanish becauge f is
an odd function in all the x-coordinates involved {i.e. 2ll electrons
and nucled of the solid). In addibion the matriz elements)é‘le‘ax) ,
can be replaced to a good approximation by the corresponding qusntities

<F§1F§ﬁ> y o9 (Figa 1)3 1e¢s the P@iﬂtﬁ ‘1. and g can be bmught

1) .

on top of enge aribther along the nowmel to the surface passing through

the midu:geizit mof r,,o This approzimetion can be partly justified

12
in the following manners
Bince the states of the solids Vo Vo wesy form an orthonormel

set, we have as in Eq. (18)

>

and similarly for x and y. Now because of trenslational symuetry

D/*s

<2< @

T 0

the over-all eigenstates describing the solid must be of generalized

Bloch function form; i.e.

Qy ae m‘t‘ Qu (R} {25)

where R denctes the coovdinates of all the electrons and nuclei,
k., isa generalized wave vector and U, 'e periodic function of R
depending on the symmetry of the solid. Thus the matrix elements

such as < P, Q> will be of the form:
1 ot

. |
E‘i}w azfai %’E’ B Fl uo U 4 ;%o ' (26)
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Fiz is the sum of the instantanecous eiéctric fields of all the electrons
and nuclei in the solid, and these electrons and nuclei may be

sssumed to be quite uniformly distributed at all instences. This
assumption sllows us to consider Fy as & nearly "periodic” operator
in the sense that if all the electrons end nuclei were to be

translated by a lattice constant in the g or y directions, it

would remsin quite unchanged. In ﬁh&s case, according to group theory,
only those metrix elements (Bq. {26)) for which the %%({x;y) equﬁls

zero would be gonvmishinguzs »26 Even though thls selection rule is not

25N, P. Mott, H. Jones, "The Theory of the Properties of Metals end
Alloys," Reprinted by Dover Publ. Inc., Ne ¥ {1936); p. 59.

26!4@- Tinkham, "Advanced Quantum Hechanics of Atoms, Molecules and
Solids; " A. 8. U C. Store, University of California, Berkeley {1958); p. 9.

rigorously applicable here because F, is not reslly a "periodic”
operator, nevertheless it suggestzs that the greatest contribution

| to Eq. {24) will come from exeitations for which the generalized

wave vector }é *ﬂ(x,‘y) in the % y plane is spproximetely unchanged. It is
interesting to note that even when the c¢rude free-electron
approxiﬁafion is made ifhen the solid is a metal; a similar conclusion
can be shown™” to follow; in this cese where the assumption of the
periodicity of F, ceunot be made at all, Eq. (26) reduces to a single

electron matrix element involving ordinsry one electron Bleoch functions.
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Nevertheless it is found 15 thet even these matrix elements have
apprecisble values only when the changes in the wavelength (in the

x y plene) of an electron sre small compared with the reciprocal of a
distance of the order of a lattice constent. ({See Bq. {1k4) of
Reference {15)).

If then, it 1s further assumed that & (Fig. 1) is either much
smalley, then or spproximately equal to a lattice constant of the
"surface,"” the origin of the eéordina-’ges for the wave functions in
Eq. (26) cen be shifted from 1 end 2 to 1’ or 2' respectively and

in view of the trenslational ;smperties Just discussed, one gets
(e y<F?f PR ;@3 B *

TE0

: o>

end similerly for y and z. Eq. {27) leads to the equivalence of

(27)

the x and y matrix elements in Eq. (23) yielding:

o? &, (25 +5) - | N .
g) 1%:2 2?’63’ i 8 )Z [<F§' FZ% “<F§'E§% ] (L - 3 cos® @)
2

(28)

When the two molecules are the same distance from the surface (g = 90%),
the p@ints 1" and 2’ coincide with m the midpoint of 1:"

already have < Fl.Fz> and FX Fx, 2 going over into < < > >
and <<F >2> s the seame matm elements appe&ring in E ﬁ.

(Eq. 21)). On the other hend when © differs from 90° so that L'

and 2' ere sbove and below m, writing

{nemp ~ Py (29)
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‘mlght be expected to provide a reasouzble approximstion. Actually
somewhat later we shall give encther quite different derivation of

gi) which will show among other essumptions made above, the validity
of Eq. (29). |

It is, by this time, epparent thet Eqs. {28) and {29) wowid

permit the replacement of the matrix clements in E(5 } in terms of
Eg) (;Which might eventually be viewed as an empirical :qz;antmy;)
provided a simple relation can be found emeng the various components
of < | £ l> Fortunately such & relation does indeed exists The
same proportionality constant between C(F )é and <(1='z )2> is
obtained upon an examination of two very different models of e solid
end the result is perhaps perfectly general. First, it has been
snm15 that in the non-degenerste or degenerate fres-electron gas

model of a metal;

<(F")2>‘r . .<’(Fy>2>r . %<(Fz»2>r v (30)

Secondly, if we consider an insulator or a metel (Margenaw?oilardm _

model) as made up of fluctusting-dipole sections (in the sense of

"dispersion” forces) then < (f )2> etc, can be calculated from
T

2 ~ | 2 1
<l£ml>oo"f<’§mi>oo&° (31)
where do reférs to en infinitesimel volume element in the solid
: 5 : 1 val f the sq
and < l-gnm 1 >oo | is the expactation value of & e' square
of the field produced at m by the section d w . Using

By = * B * Mo’ - B2
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vhere T and x =~ are analogous to Ty, and Tip of Egs {11) and

for the components

{ 3)2\
< (F’;D)a —<—2~————~ [1 + 3(2;1)2 ] (33)

and 'simi’l-arly for y and z, g;l ~~—> being the x-component of the
unit vector in the direction from @ tom. Eq. {51) can be

integrated separately for esch component; eogs

(o oo [ ][ 2282wy on
R

<§p.x)2>7 is related to the polarizability of the solid per unit
volume {Eqs.{5), (6)}. Eas« (33),(34) sgain lead to exactly the same
result as Eg. {30) after perforning the elementery integrations. Thus
we take Eq. (50) as & sufficiently menewral resultb.

Finally, cembining Eqs. (21), (22), (28), (29) and (30), we have
an approximate relatien between E(5 ) and E(a) analogous ‘o fthe.

relation between the e.ss energias in Egs. (19) and (20)4

Sz f%_,,% (2) ) ) | L=} cos® @ 3 | (35)
=, ¢ ,_
where 2, + 8
% = W)

and Em (®) usuauy”l"‘l“’lé is of the form

Bl) « - (36)

goddS
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with K}f & ponstant {to be detemmined empirically when Effgo ~ 0,
or fm?m the theories discussed in Section B} and gm the—aistance from
m to the surface. |

The derivation presented sbove hag the sdvantege of being general
end indepéadent of the nature of the solid. Everything that would
specifically involve the solid has been taken ecapre of by E(Q) which
of coursé mey be viewed if necessary ag an experimental qmmtii:yp
However a crucial assumption has been mede in Eqs {27) depending on
the uniformity of electron and nuclesr distribution at sll times,
an assumption which seems reasonsble intuitively but cannot be fully
Justifieds We shall give another derivation of E“) however whﬂ.ch
is quiﬁe independent of the _first ong; yet leads_e;sentially to the
seme results as Eg. {35). | |

The matrix elements of the electric fields sppesring in Eqe (22)
can be evaluated directly if o specific model is adopted for the solid.
This evaluation would be possible, for instance, for the free clectron
model ¢f a me‘calgls however this model is not suitable because
Yen der Weasls interactions ere very strongly influenced by electron
corre.laticn-og’ 14,21 The "oseillating«dipoles” model which we have
already discussed is a velid one for insulators and even for metals.lé
To evaluate 2(3 3 for this model we sgein consider the solid to consist

of smail eleméntary portions 4 ®.and write es in BEq. {31):

’r N
<~l "42/1' - 3\ml ~12 v\é.‘/t

f[<£1m ) "'Qoo ”5<£1m 7«@12 212 o £3b>oo] a» (37)
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where f?.’im and F, are the fields due t0 the section do st the points

1 and 2. Substituting Eq. {32) end after some manipulation the

integral in Eg. {37) becomes

{3 cos © cos @, cos@ + 1) dw ‘
s> [ - (38)
2 r5
Ims “aw

in terms of the angles and digtances defining the triangle 12w as
shown in Fig. 2. OFf course the integrand is just the expression that
appears in the "triple dipole” =etzergy8 and our task now is the
integration of this energy over the entire solid for given positions
of 1 and 2, as in the similer evaluation of E(‘e) by integrating
(insteed of summing) London forces between 1, say, and a section of
the solid.>”" We shall integrete Bys (38) for two orfentations of the
molecules only, teee @ = 0° and @ = 90%

When @ » 0%, 4.e. 1 and 2 eve on the same normel to the surface,
the integral A in Eq. (38) is exsctly integrable in cylindricel
coordinates with origin at m (Fig. 2). Writing 5 6, 0 end r,
in these coordinates one getst . B

Ash #3534, (39)

¥ pdpdz
1 )
' ?3 0 - ha? 22 ]5/2

cos 91 cos @2 cos @ 4V (zawaa)(z Y +p )pdpdz
Acaf r3 23 aw%ff -hazls/g »
o "2
and b2 E: 22 + .pa + 8.2,

Tap

m

The result is » : :
A-(@ - OO) 8 o @‘%’m (’40)
Gam '
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Fig. 2. Derivation of E by integration.
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On the other hend, when ¢ = 90 » i.2. when 1 a.nd 2 are in the
same monoleyer; the integration is somewhat more involved due to the

appeeraence of cos P in the denominators of

A = -\ ,

1 J g0 {1- K2 cos® ¢)5/é

A = f aa(l - 2Eita/"lna)(l - g8 cos® ¢/a2) av
¢ ' bB (1 - ka cos2 ¢)5/2- | ' (41)

2 2 452 pe /bh
Nevertheless by expanding these denominators In binomial series and

keeping 3-4 terms ,A is obtained to about one percent accuracy:

Alo =90°) & 224 e Ry, ‘
RO m
m
( ) QRx?x - aa a2 R: y R:;
fa,a_a{ , +0.520 B . 0422 B
m" Ll + 02) (82 + a2)5 (R + ) (u2)

2

o B o)

where the arctan resulting from ’che fmal z integration hes slso
been expanded in a power series of (a/R ).

| The comnection between these and the result of the former
derivation, Eq. {35) becomes apparent when we substitute the trouble-
some qua nmt;y,< { L )2> related to the polamza.bzlz.ty of the
metal, in Eq. (38) from g_( ) besed on the same model' (See Bq. (34)).

One obtains

(3) (o o o0 o _ 2 £ (4
Efl° (g x ) ® - 2; Ao Q—-—RT— 3 ( Ba)
. 2 m
and
(3) (g = 0% ¥ L /e
Egl’ (e = 907) ;;" A, 3 £ (a, Rm) (430)
12 R
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Eq. {43e) is exactly the same as Eq. {35) provided a ;3;5 lav is
agsumed for E(EJ (Rm‘) » end this résult lends additional support to the |
agsumpbion of Eq»s (29) that hed been mede in the previoits derivation.

On the other hend, Eqe {43b) would also be the ssme ag Eq. {35), if

£(a, leg of the former were to equal the factor of /4 in the latter.

An eém;inatien of the Bq. {(42) reveals that £{a; Rm} is & very slowly
varying function of both a and g‘m’ and iﬁs velue remains within

about + 15%.0f 0:25 over the relevant ranges of these variables.

The previous derivation of Eqs {35} had been quite independent
of the natwe of tiz'e s0lid; anid, for ingtence, the g“s are not
restricted to é.ip@‘ie flelds as ia the gecond aerivaﬁi@n. - Yet, when
the proper (e.g. empirical when < >Jm 0) ( )'s are used in both;
the two derivations lead essentially to the same result (at leest
for the Intevesting cases, © = 0° and ¢ = 90° exsmined). This is
not surprising, however, ':sinee any differences that would have arisen '
between the results of the two derivations as & consequence of the
specific model used in the seconﬁ; are largely cancelled in the
elimination of< (gf: )2>°° shich is common to both Eia) and E(5 )

EG ) and E(5 ) in Eqgss (19) end ‘§;>5) have the same dependence

ebSo
on @ and PN -and can be combined together givihg the total surface
intermolecular potentiszl Egg

. | . |
2 Sl {() cfa BP0} WY
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The "electrostatic” or average field <::sz>éo is independent of
the X,y coordinates on the surface and we have also made the

approximation
< f > < E > ~ < E" > ( )'4‘5 )
1 /o0 2 [e]e} m 00

and used the average field at m. The total Egg) cannot be related
(2 )

to the total E 5 because the relative importance of the e.s.
terms are quite different in each case. Nevertheless Eq. (44)
can be put into a very useful form after substituting for <<:FZ:>EO

from BEq. (20):

s2) rig(l - 3 cos® 0) ({2 (R,)| < ) (46)
| 6, +To_ -
where Al < T > )
and we have defined the parameter
- B, (8 i} 55, (47)
T

i.e. the "electrostatic” fraction of the total van der Waals

attraction of a molecule at m to the surface. zm is not a constant
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varies in geme.fz"za,il.5 ol as 3;5 ,

but depends on R because E( ) whereas

-SZ. falls off emnent;ally-. 5 However if we ere interested in
the behaviour of moleci;xles strictly in o monolayer, then we find |
a simple proporticnelity between g(ﬁ ) and aE}g)o In general the
range of §m tMt is important for 8(3 ) is not very lerge so that we
might replace Zm by an vavemge i either over the whole range or at
least up to a certain _B; and then essume Yo ® O for R > R; -

If a Lennard-dones {12-6) potentisl had been assumed between
two molecules {e.g¢ in inert geses), when the molecules are adsorbed
on a surface the new intermoleculer potenﬁial is modified and now

becones

"(r )‘*e [Cla) 12'6] f;::-e (lu»}cos 9) (18)

provided the original rlifa repulsion has not been altered appreciably

by the surfece. 5‘-0 and z, are unchanged and are the gas phase
paremeters. ! 8(R,) includes both the g.s. and f£1. contributions
(Eq. {46)): When more than two molecules are considered on the
surface; the total potential e'nergy of interaction between the
molecules themselves will be obtained by summing e12 over all pairs.

In other words, the intermolecular energy is still "pajrwise

additive” to the same extent as the gas phsse Lennard-Jones potentiel.
Badeu has found that for & system of molecules‘ the third order
energy is "triple-wise sdditive." With a system of molecules and

the surface the only additional triplets that we haven't included
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in 5(5 ) is the "triple-dipole” ener@g of three adsorbed molecules
and this of course is the seme as in the ges phase, Then 'pairwise-
sdditivity” of g*@m» s Bgo (48), to the same extent s the Iaennardn‘
Jones {12-6) g(gm) follows. An estimate of the contribution of
higher order perturbations %o ¢'(r,,) can also be obtained from the

1L with reference to the model we have used in the second

work of Bade
derivation of ﬁw ) + Replacing sumation over the s0lid by integrstion
as in Eq,. {37) the effect of higher oxder perturbations on gig can

be shown to be negligible. This is to be expected since the higher
terms involve higher inverse powers of the distances.

The full use of Egs. (46}, (47) and (48) in conjunction with .

ode

experimental date end relative magnitudes of fsgf and Eﬁf’g will be

discussed in the next section.
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D) Applications and Magnitudes
;E_(B) as given by Eg. (46) can be obtained most directly when the

electrostatic effects are quite umimportant as on most imsulators.>
One only bas to substitute for E<m Especially in a "momolayer”
the repulsion between two atoms can be esmm&ed simply by using
1.5 U for §§§), (Eq. (9)) 1:2' we assme the a,mms to be restricted to
their minimum energy dmstances { 5)) tmm the surfme and behave like
a two dimensional gas; then one does not need an estimate of this
distance R = R but only U, the energy of adsorption at zero
coverage . _ : |

The most straightforvard application of Eq. (46) is im connmection

5

with the viri‘al coefficients treatment of physical adsorption.” There,

g) can be obtained without the. complications of 'mh»zero coverage

| from Bl , _the "second surface virial coefficient” involving a single
molecule and the surface.’ When T is mot negligible, the total EC2)
might be approximated by a general R law and its parameters obtained
from & best £1t to B, data. Similarly E 3(3) i related to G, , the
two-~mplecule-gurface virial coezt?ﬁeient?b A combination of gls and
£,,, would enable one to get an estimate of sn aversge To Noiice, that
although in general it is difficult to estimate & relisble value for
&g, the ‘surface "mean exciﬁaticn energy”, its appearance in A and &,

- of Eq. (46) is not cfitical. Because A varies only from unity to two )
and A from six to seven as (%/81) ranges from infinity to zero. 1In
general A will lie close to 1.5 and 4, to 6.5. - |
A few applications withv.actugl-da.«ta will serve to demonstrate the

use of some of these ideas and at the same time show the relative

e OB

magnitudes of E 3.
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Ebrlich and Hudda' have estimated the heat of desorption of Xe
on tungsten to be about 8 keai/mole end é?gb ~ 1.6 keal/mole.
If we peglect any effects of nom-zero coverage and assume that
(8 - 1.6) = 6,k keal/mole represents the emergy minimum U of a’
Lennard-Jones (9-3) potential, then gi.?f (B)) ~ 9.6 keal/mole.

2,k at

~— The same value is obtained from Kirkwood-Milller formula
l_i»m = 3.1 A,oo, 80 that this estimate is reasomable. Taking 88 very
roughly as twice the iomization potential I of tungsten atom (see
Section B sbout 5,'s), 4 ~ 1.59. With these values one gete
§§,§) ~ 0,163 kealfmole and _T;}i?zo ~ 0.133 keal/mole, at I, =x, and
when € - 90° and the two molecules are at their equilibrium distance
from the surface. Comparing these figures with the gas phase Lengar&
Jones (12-6) potential minimum, €, between two Xe atoms, we observe
that -E'-g.) amounts to ~ 37% and EéBS) ~ 30% of &,- The resulting inter-
molecular potentisl 1s the curve (b) in Fig. 3. On the other hand if
we consider the case of the two molecules on top of amother ag in
mu;tilayer _f’omationvwe get gg) ~ - 0,18 £,5 1., an attraction when
the first molecule is at R, ~ 3.5 A° and x,, = I .

Freemn27 has studied the adsorption of single atoms of g_r on

alumina and A on carbon black. DNeglecting the e.s. effects for this

2y, p. Freeman, J. Phys. Chem., 62, 723 (1958}.
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Fig. 3. Potential energy of interaction.between two Xe
atoms. "_

Curve a - Lennard-Jones (12-6) potential in the gas
phase.

~Curve b - Lennard-Jones (12-6) plus the third order
' repulsion between two Xe atoms in a monolayer
on tungsten. Both atoms are the same distance,
\ Ro’ from the surface.
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system and usinsvggi) = 1.5 Qo = #«58 kcal/mole27 and Es m.8.2-e$
estimated by comparing the Kirkwood-Miller and London formulas,2 one
obtains Eigi (go) ~ 23.1% of g,at r,, =1 and @ = 90° and about
-10% €, attraction vhen € = o°.
Of course very often it is also possible to estimate E(s) usiﬁg
a calculated value of Egi), e.g. from Kirkwocd-Miller's formula. For .
instance, the attraction of Kr to tungsten, B gl)’ is found to be
~ 6.9 keal/mole at & distance of R~ 3 A by this formuls. This
leads to 0.32 & repulsion in the monolayer at 1o = Lo {The Lennard- -
Jones parameters, £ I, in the sbove calculetions as well as I'g have
been taken from Reference 20, p. 339). o
Finally the estimation of ¥ from data can be demonstrated on the :

system: A and carbon black. At the distance of minimum energy, gé,

one has
| o(2) 1.50 {1 -7)

‘ (49)
frL v 1+ {y/2) ’

if it is assumed that a Lennard-Jones {(9-3) potentisl has been fitted
only to E( ) excluding E( ) o We take B ~2 1= 22.4 ev and from
Freeman 7 15U =58 kcal/mole° Then for & ggggi repulsion, §§gi
between two A atoms in a 'monelseyer’ that would amount to about 70% of
&, 8t I;, = r, as in the Xe ~ W case, one would get 7 ~ 38%. This
number compares favorably with ¥ ~ 30% that one gets from Eg. {49)
after calculating E( ) from Kirkwood-uﬁller’s formula at R = 2°9h §a27
The results presented above might be summarized by stating that
the third-order perturbation introduces, aside from the "electrostatic’

effect, a repulsion between the molecules in a monolayer which amounts
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‘to about 20 - 40% of their gas phase potentiel minimum, &, {at
f12 _
an attraction, if two molecules lie on top of one another; which

might be about 10 - 20% of ¢ « This additional ettraction is among

= Jo The same third-order "fluctustion” energy gives rise to

the factors contributing to the formation of multilayers { ‘multi-
moleculayr adsorption”). '

It 48 well known that wi?;h g relatively ﬁézxsg adsorbate reseﬁxbiing
a liguid only a small amount of additional atiraction above and béyond
the heat of liquefaction of the adsorbate is needed to provide for
-the fomation of multilayerseﬁ ‘Altheug& the _gxl'eatex’ portion of this

energy is provided by the ordizxéry van der Wasls field of the surface ,28’ 29

' 28T¢ L, Hill, A&vénces in CQtalysis,(%, 236 {1952)
2%. D. Halsey, Ibid, &, 265 {1952).

i.es by ggz » (goge effects decreasing exponentially from the surface,

might be negligible in the additional layers) Eﬁ,{?? as discussed above
is also a contributing factor; in the e - W example with only two
molecules on the surface Qgg amounts to roughly ten percent of the

(2) ‘ ,
E; . acting on the top molecule at R, “’8 A,



-41- UCRL-8835

ACKNOWLEDGEMENT

We are indebted to Dr. Mark P. Freeman who attracted our attention
to this problem.
This research was pérforméd under the auspices of the U. S. Atomic

Energy Commission.



This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-
mission, nor any person acting on behalf of the Commission:

A. Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained 1in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

B. Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

As used in the above, '"person acting on behalf of the
Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.





