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TOTAL AND DIFFERENTIAL. CROSS SECTIONS FOR 

tt .. p ·-+ T)n FROM THRESHOLD TO 1300 MeV* 

Walter Bruce Richards 

Lawrence Radiation Laboratory 
University of California 

Berkeley, California 

November 17, 1965 

ABSTRACT 

The reaction tt-p ~ Tjn has been observed through the decay mode 

Tl ~ 2y at Ttt_ = 592, 655, 704, 875, 975, 1117, and 1300 ~eV. Deta~ls 

are given of the detection apparatus, a cubic array of six steel-plate 

spark ct.18.1llbers, completely surrounding a liquid-hydrogen target. 

Showers produced in the spark chambers by decay photons were recorded 

photographically for analysis, We identified events attributed to the 

decay of an Tl by the large c.m. opening angle between the two photons, 

We have calculated the total cross section for l1 production, 

which is proportional to the number of events under 'the peak at large 

angles in the opening angle distribution. This rises steeply from 

threshold to a maximum of about 3 rob at 650 MeV, and then falls 

gradually to about 0.75 rob at 1300 MeV. 

The differential cross section was obtained by taking the 

coe±'ficients of a Legendre polynomial fit to the angular distribution 

of bisectors of selected two shower events, and converting them to the 

coefficients ·of the Tl c .m. angular distribution; 'rhe differential 

cross sectio~ is found to be isotropic at 592 MeV, to require terms 

through P2 ~:tween 655 MeV and 975 MeV, and to have a forward peak fit 
. ~ . 

by terms tht~ugh P
3 

at 1117 MeV and through P4 at 1300iMeV. 

.. , 
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It is suggested that production at threshold is predominantly 

through an S state, with some P1 and n
3 

waves entering by 655 MeV. 

Speculation about a possible enhancement in the P
3 

wave at 1100 MeV 

is given. We suggest that all of the absorption in the s11 ~:N state 

can be explained by the ~ production, and briefly discuss the nature 

of the ~-N S-wave interaction at the ~ threshold. 

rl 
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I. INTRODUCTION 

One of the most unexpected features of contemporary high energy 

physics research is the '~population explosion" that has taken place in 

the sub-nuclear particle world in the last two decades. With the first 

1 experimental observat~on of rt mesons in 1947, the list of particles 

slowly began to grow, and the rate of expansion increased after acceler-

ators capable of producing particles in the GeV energy region went 

into operation at Berkeley and Brookhaven in 1953. In 1957 it was 

possible to make a tidy list of thirty objects which could qualify for 
1 ' 

the title of "elementary particle." Today, in view of the fact that the 

same list includes almost 100 particles, ·the meaning of the words 

2 "elementary particle" has become unclear. 

This explosion has confronted the theoretical physicist with a 

situation of ever-increasing complexity, which still awaits a break-

through in understanding. Experimental physicists have been furnished 

a. rich variety of objects to examine, with the aim of detennining their 

properties and. revealing the relationships which are present among them. 

First observed in 1961, the T) meson is the most recently discovered 

meson which is stable against decay by the strong interaction. A survey 

of the experiments from which the quantum numbers of the '!) were d.educed 

to be 

may be found in Ref. 3. Originally the T} was seen as a peak at 550 MeV 

4 in the effective mass spectrum of three pions from the reaction 

+ + .. 0 rc d --7 p sp rt rc rt 
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A radiative decay mode, reported at the 1962 CERN conference,5 was soon 

established to be ~ ~ 2y by analysis of heavy liquid bubble-chamber 

film from two different experiments. This gave conclusive evidence 

that the C-parity of the ~ is +1, and that it has even spin, probably 0. 

The most straightforward of the two experiments mentioned above 

involved measurement of -the curvature of electron-positron pair tracks 

in a bubble chamber magnetic field, 6 Each electron-positron pair was 

produced by materialization of one of the r-rays from the decay of a 

neutral meson in the reaction 

- 0 
:n:p~Xn 

where 

0 
X ~ 2y. 

Direct measurement.Df the energy of all four resulting leptons permitted 

direct calculation of the e~i'ective mass of the two r-rays. Two peaks 

. 0 
were f'ound, one at the mass of the :n: and one at the mass of the ~· 

This experiment, however, vras only a confirmation of the results 

of.an earlier bubble chamber experiment, which had also shown that the 

-~meson has a·2y decay mode.7 Since the method of-identification of 

the ~ among the events in this bubble chamber film was the same as is 

used in the present experiment, it will be described in some detail. 

Again, the class of reactions to be considered is 

- 0 
:n:p~Xn (1) 

0 where the X, subsequently decays into two y-rays. The principal 
: .-\~ 

. t 1-:' 

reaction wl!-~~h takes place is, of course, the charge exchange reaction 
;·· 

i.: 

f., 

•. 

~· 
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~-p ~ ~~n. For any X
0

, if the reaction is studied in the ~-p center-

of-mace syst~n, the neutral meson has a fixed velocity. From kinemati-

cal considerations it then follows quite si.m:ply that in the center-of-

mass system the angle subtended by the two decay photons, called the 

opening angle, ¢>, follows a probability distribution given by the 

following equation: 

cos (J)/2 

' 
(2) 

2 2 
2f3xoi xo sln r:J)/2 0-2 2 

f3 xo - cos <P/2 

where f3xo is ·the velocity of X
0 in units of the velocity of light, and 

Inspection of the d.enom5.nator shows that the distribution has an 

infinite peak at a minimum opening angle for whi.ch 

cos (3) 

In Fig. 1 is a graph of the theoretical distribution function. The 

other curve superimposed is the same distribution function, but folded 

into it are a typical angular resolution of' measurement and. the effect 

of the. momentum spread of the incoming beam as determined in this 

experiment; ·therefore; it is broader and lower. 

In the center-of-mass of rrection (1), tfue- energy available is 

fixed by the kinetic energy of the incoming pion, independently of the 

:mass of X0 ~ ,; However, the partition of this available energy between X0 

'• ?.; 
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Figure 1. Theoretical opening angle curves, showing one with a typical 

resolution function folded into it. 

"· • 



--, 

,. 
'.~-

-~-

11 

-~-

.. .., 

-5-

and the neutron in the final state--and hence the center-of-mass 

0 veloci.ty of' the X --does depend on the mass of the neutral meson. 

0 - Roughly speaking, the greater the mass of the X , the more energy is 

taken up 'by rest mass and the less by its kinetic energy, or velocity. 
' ' 0 

This implies that an X of large mass will yield photons according to . 

the distrfbution function (2) whose minimum opening angle is quite 

large, -while an X
0 of small mass gives photons '-lith a smaller opening 

angle. 

Thus, if in an experiment there are several possible reactions 

of the type 

- 0 
1t p -7 ~ n, 

0 x
1 

--) 2-y; 

0 x2 -7 2r; 

where 

the observed center--of -mass distribution of opening angles is a 

superposition of' peaks, whose locations give the masses of the neutral 

meson, and whose relative magnitudes give the branching ratios among 

the different flnal states. In Fig. 2 an· opening angle distribution 

0 from the present eXJ>eriment is shown, where the peale due to rc decay 

is above the minimum at 30 deg, and the peak due to 11 decay is at 

1.30 deg. 

Turning now from the general discussion of the 11 meson, its 

background and how it may be observed, I would like to describe briefly 

some of th~ reasons why this experimental investigation was undertaken.9 
~-

··. 
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Prior to the performance of the present experiment in the 

sUJmner and fall of 1963, there existed only a few isolated measurements 

of the total production cross section of' the 1J meson in various 

reactions, and no significant differential cross section determinations 

at all. Peculiar behavior had been noticed in the total cross section 

in the reaction 

,.,hich was (500 .±. 150) 1-tb, 20 MeV above threshold in the center-of' -mass 

system, and then dropped to (150 2:. 100) ~-tb, only 60 MeV 'above threshold. 10
· 

This type of bel1avior is to be expected more from a composite system 

· than from an elementary partl.cle, and yet the substantial decay mode 

11 ~. 1(+ rc-n:0
, which j_s forbidden by G-parity, seems to indicate the opposite. 

In view of this surprising observation, a systematic set of measurements 

of the production cross section in some other channel seemed important •. 

Another question concerns the interaction of the ·TJ meson with 

nucleons. Figure 3 shows the prominent resonances in the cross section 

of the rc-N system in the isotopic spin 1/2 state at energies just above 

the tlu·eshold for TJ production. 11 Except for isotopic spin, and hence 

G parity, the TJ has the same quantum numbers as the pion. It would 

1heref'ore seem quite fruitful to study the reaction n:-p ~ 11n in the 

same energy region to see if the total TJ production cross section also 

passes through resonances, Measurement of the differential cross 

section in ~his region would considerably add to the knowledge of the 
.', 

,~;~ 
productionprocess. If' the '1 cross section shares the same resonances) 

~~~ t,, 

it would ibaJcate that the excited nucleon :isobar states can also decay 
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through an 11 particle. In view of the various theories of elementary 

particles based on symmetry principles, measurements of this kind are 

particularly important. 

Finally, it was hoped that systematic study of the 11-N inter-

action coul<..l gj_ve some ins:i.ght into phenomena of rc-N elastic scattering 

around. 600 1vleV. Since rc-N scattering at this energy is highly 

~a·bsorpti ve, g_uanti ta ti ve phase shift analyses of the important angular 

momentum states have 1)een d1.fficult and yield conflicting results •12 · 

To give an example, different workers have fit the elastic scattering 
I ' 

data in this ener~J region with anywhere from 0 to 3 resonant amplitudes. 

It follows from simple resonance theory that any S-matrix pole 

associated i-ri th a rc-N resonance must be shared with all communicating 

channels, although there is no guarantee that the coupling strength 

will be the same. 13 Because the major two-body channel vrhich communicates 

with the I-spin 1/2 rc-N system around 600 MeV is T)-N, it is possible 

that the existence and position of the resonances could. be better 

analyzed in the inelastic T)-N channel. Also, to reverse the argument, 

·it might be revealed that an enhancement in the rc-N cross section is 

fundameni~lly a reflection of a strong interaction in the T)-N system. 

For all of tl:.te above reasons, then, this research was begun. 

An experiment was planned in which neutral final states from re-p 

collisions were observed at nine energies in the region of the 600 and 

900 MeV resonances. Steel plate spark chambers completely surrounding 

a liquld hydi'ogen target were used as detectors. The photons from the 
\ ;• 

decay of ·tl{~:neutral mesons in the final state produced cascade showers 

in the steJ~J)plates, which could then be recorded photographically for 
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analysis. The data on the ordinary charge exchange reaction 
- 0 . . 14 

~ p ~ ~ n is reported elsewhere, while the analysis of the reaction 

-~ p ~ ~n is the subject of this thesis. 

In the next section the experimental method and apparatus used 

to observe the T) meson will be explained, and following that will be a 

description of the data analysis and the results •. 
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II. EXPERD1ENTAL METHOD AND l.'QUIPl-reNT 

:-, A. General 

The arrangement of the experimental apparatus is shovm in Fig. 4. 

Pions produced in the Bevatron of the lawrence Radiation laboratory were 

conveyed to a liquid hydrogen target by a system of magnets which could 

be tuned to pass particles at any of nine different momenta. T'n.e kinetic 

energy range of the pions was from 500 to·1300 MeV, so that the behavior 

of the cross sections could. be studied in the general region of the 600 

and 900 MeV resonances. 
i ~ 

A triple coincidence of signals from three monitor counters 

placed along the beam indicated that a negatively charged particle had-

entered the target. To count the number of these incoming particles, 

an electronic scalar was used. Placed around the hydrogen~rget on 

the downstream side was another group of nine counters, which served to 

determine if any of the particles emerging from the target after the 

interaction were charged. Si.nce the experiment was designed to study 

only the neutral final states, this group of nine counters was put in 

· anti-coi.ncidence with the monitor counters, and the product was used to 

signal the occurrence of an acceptable neutral event. 

rrypical neutral final states selected by the anticounters were 

·- 0 0 :rr p ~ :rr n, :rr . ~ 2y; 

:rr-p ~ 2:rr0 n, 2:rr0 ~ 4y; 

- 0 0 6 :rr P ~·3:rr n, 3rt ~ y; ... 
:rr p ~ T)n, T) ~ 2y or 11 ~ 3rr0 ~ 6y; 

' 
- Av

0 A 0 2 K0 (2 3) 0 (4 6) :rr p -7 n.n. J ~ rc n -~ .yn, -> . or :rr -7 or y. 
. ., 
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Figure 4. Plan vie¥1 of the experimental arrangen ent. The 

counters, Be target, and camera are not drawn to scale. 

' 
;'-- ., 

I 
I-' 
!\) 
I 



,, 
,li 

.. 

.. 

-13-

Any decay products in the final state had to be neutral also, if the 

event was not to be rejected by the anticounters. 

A second. electronic scalar was used to count the number of 

neutral events. The ratio of the number of neutral events counted 

dur:!.rig any given period to the number of incoming beam particles 

counted during the same period is a quantity which is simply related· 

to the total neutral cross section, That is, except for corrections, 

the total cross section for the process 

~-p ~all neutral. final states 

was determined in this experiment by the counters alone, 

Inspection of the final states listed above shows that 

ultimately they all consist solely of neutrons and photons. Neither 

the·;rc9 nor the 11 travels any measurable distance from the point of 

production before the decay .takes place, Therefore, to detect and 

record. the direction taken by the decay photons was the function of the 

rest of the experimental apparatus. This was done through the process 

of electron-positron pair production in the presence of heavy nuclei, 

followed. by the development of a cascade shower. l5 · 

When a high energy photon passes through a sufficient amount of 

matter, there is a high probability of its undergoing materialization, 

or conversion into an electron-positron pair. As the two particles then 

penetrate more material, they undergo accelerations, and hence radiate 

more photons •. This leads to the production of more pairs, which also 

radiate, and in this fashion the particles continue to multiply into 
' : ~ l 

a shower, Another process whtch contributes to the number of charged 
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particles in the shower is Compton scattering of a photon from an 

electron, in which the electron is ejected from the atom. The shower 

builds up until the original ene:r,gy of the photon has been divided so 

·many ways that each individual particle has a much lower energy. Then 

the predomj_nant mechanism by which· the electrons lose their remaining 

energy becomes excitation and ioniz~tion of atomic electrons, rather 

than radiation, and shower development ceases. 

In this experiment the steel plates in the spark chambers 

provided the photon conversion material. The hydrogen~rget and anti-
1 

counter system were completely surrounded by an assembly of six large 

spark chambers, which formed the six faces of a closed cube. vfuen 

the counters indicated that a neutral event had occurred, the spark 

chambers were triggered, and a photograph was taken, which contained 

two mutually perpendicular views of the sparks in each chamber. The 

incoming beam track was recorded tn the entrance chamber, where there 

was a small aluminum region through which the beam could enter the 

cube. From zero to six photon-initiated showers were recorded in each 

frame, depending both on the number of photons in the final state, and 

the fraction of them having an energy above the detection threshold of 

the chambers • 

The measurement and analysis of these pictures yielded the 

branching ratios among the various final states, and hence the total 

cross section for the reaction 

1( p ~ T}n • 

(' 

\ p 
In additiml'; the angular distribution characteristic of T} production 

was obtained. The methods used to reduce the data will be described 
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after a more detailed description of the elements of the experimental 

apparatus. 
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B. The Pion Beam 

Pions for the beam were produced by bombarding a beryllium 

target plunged into the internal circulating proton beam of the 

Bevatron. The number of pions produced, N~, is proportional to the 

effective number of nucleons per cm3, p/Al/3, where pis the'density 

of the target material and A is the molecular weight. Electrons are 

also produced, mostly when photons from neutral pion decay convert to 

electron-positron pairs in the target. Hence, the number of electrons 

is proportional to N p z2/A, where Z is the charge on the target 
1( 

nucleus. 16 As a suitable material for the target, beryllium was 

chosen to maximize pion production while minimizing the ratio of the 

number of electrons produced to the number of pions produced. 

In the shape of a rectangular solid, the target was 6 inches 

long in the direction of travel of the protons, 1/2-in. wide and 1/4-in. 

high, with a 1/8-in. thin lip at the upstream end, extending 1/4-in. 

into the path of protons traveling in orbits of larger radii. The lip 

degraded the energy of these protons so that they would fall to a 

smaller radius in succeeding revolutions and strike the main part of 

the target. This target, not drawn to scale, can be seen in Fig. 4, 

the plan view of the experiment. 

The pions were transported from the internal target to the 

experimental area by the system of magnets shown in Fig. 4. The 

elements of the system were the magnetic field of the Bevatron itself; 

B1 , a 16 by ,36-in. C-magnet, with an 8-in. gap; Q1 , Q2, and Q
3

, all 

16 . by 32 bt l6 -in. triplet quadrupole magnets, with an 8-in. diameter 
...... 

bore; the dQlJ.imator, a lead cylinder, 24-in. long with a hole whose 

., 
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width was 2-in. in the horizontal plane, and which was bounded by an 

8-in. diameter circle in the vertical direction; and B2, an 18 by 

36-in. H-magnet, with an 8-in. gap. 

The internal target was mounted on a remotely controlled cart, 

which traveled inside Quadrant III of the Bevatron near the north 

tangent tank at a constant radius from the center of the quadrant. For 

.each desired momentum, a combination of target position and Bevatron 

field strength was found that permitted pions near that momentum to 

~ave the Bevatron vacuum tank through a thin aluminum window with an 
! 

orbit which passed through a fixed pointrnear the center of B1 • The 

IBM 650 computer program, ETHELBERT, was used to trace these orbits 

through the magnetic field of the Bevatron. l7 The total range of 

azimuthal travel was 2.56 deg (26.8 linear inches), and the variation 

in the time in the acceleration cycle at which the target was plunged 

was such that the internal magnetic field of the Bevatron was between 

10 and 15 kg at spill time. At each beam energy the amount of 

· def'lection in B1 was set at a different angle near 15 deg so that 

· the different orbits from the internal target were all directed do'tm 

the fixed center line of the rest of the magnet system. 

In Fig, 5 the optical properties of the beam are shown 

schematically (not to scale). Quadrupole Q1 produced a focus in the 

horizontal plane somewhere inside the collimator pipe, and a focus in 

the vertical plane a l:l.ttle before the collimator. The position of 

the vertical focus was chosen to minimize the vertical size of the 
.. ·· 
; ,; 

'beam enve19J?k tnside Q2 and Q
3

. The position of the horizontal focus 

inside the '-~~~llimator differed at different beam energ~es, as will be 
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explained belo·w in the paragraphs on momentum selection. 

Bending magnet B2 turned the beam through an angle of 25 deg. 

~len quadrupole Q2 focused the beam both horizontally and vertically 

at the position of target B, the liquid hydrogen target of another 

experiment which was in progress at the same time. 18 Finally, pions 

not scattered from target B were refocused by quadrupole Q
3 

onto 

target A, the target for this experiment. This last quadrupole contained 

a brass collimator to reduce the pion flux at the final target. In 

order to decrease multiple scattering of the beam particles in the air, 

a bag containing helium slightly above atmospheric pressure was placed 

in the beam channel from the Bevatron through Q2 • 

The Bevatron magnet and B
1 

introduced dispersion into the first 

section of the berun; that is, only particles of the correct momentum 

were 'brought to a hortzontal focus in the center of the collimator. 

Pions of sl:Lghtly different momentu•·n were deflected by a different 

amount and brought to a focus to the right or left of the center, and 

hence only a narrow momentum band with 6.pfp ~ 2.5% could pass through the. 

system. This is illu.strated by the dotted lines in Fig. 5, for pions 

which have a momentum which is approximatelyl%too high. There it is 

seen that since these rays of high momentum approach B2 from an off

axis focus, a deflection of slightly less than 25 deg would make these 

rays coincident with the rays of correct momentum from there on. In 

fact, since these pions have a slightly higher' momentum, they are not 

deflected bJ7, quite 25 deg in B2, and the beam is achromatic from there 
I; .' ~l: 

on to the hyP.rogen targets. 
); ' 
... 

The.~xact position of the horizontal focus within the colli1nator 
··'F· 
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required to produce this achromatic effect was slightly different for 

the different locations of the internal Bevatron target, and was 

established with the use of the computer program, OPTIK.
19 OPTIK was 

used throughout in designing the external magnet system to estimate· 

the currents required in. the magnets to produce the desired optical 

properties. The final solution :was checked with another computer 

20 program, TRANSPORT. 

Wire orbit measurements in B2 were made prior to the experiment 

to determine within 1% the momenta passed by the system. The currents 
! \ 

in the quadrupoles were then tuned to produce a beam of the desired · 

characteristics at the target position. At the final current settings, 

the beam profiles were approximately Gaussian in shape, with full 

widths at the 1/e points between 1.5 and 2.6 in. in the horizontal 

plane, and between 2.0 and 3.2 in. in the vertical plane. 

The solid angle acceptance of the system was 1 msr. The duration 

of the spill varied 'between 200 and 800 msec, while the average instan-

taneous rate of pions as determined by the three monitor counters in 

· front of targe·t A was maintained near 50,000 pions/ sec. 

.. 
ViS'':::: 
\0D~ 
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c. Liquid Hydrogen Target 

The pion beam passed trrrough a target containing liquid 

hydrogen, which was located in the center of the experimental apparatus. 

Shown in Fig. 6 is a diagram of this target. The flask containing 

liquid hydrogen was made from 5-mil 1-iylar by joining two roughly 

hemispherical ends to a center band. This band was 3-3/4 in. in dia. 

and 1-3/4 :Ln. vrid.e, while the ends had a radius of 2-1/2 in. By making 

a weighted average of the actual flask length along possible beam 

paths, we determined the effective length of the flask to be between 
; 

3.92 and 3.94 j_n, The weighting factor, different at different 

energies, was given by the measured beam profile out to a distance 

from beam center determined by the radius of the last and smallest 

beam monitor counter. 

The hydrogen flask was supported and serviced by two 1/2-in. 

stainless steel tubes., which ran from it through a 3-in. alumim.un tube 

to a reservoir of liquid hydrogen on top of the apparatus, As can be 

seen in Fig. 11, of Sec. II. E., the outer aluminum_ tube approached the 

· target from a direction that minimized the solid angle it subtended. 

One of the 1/2-in. tubes was the. fill tube, which directly connected the 

bottom of the flask and the bottom of the reservoir, and continuously 

supplied. liqui.d hydrogen to the target vessel. The other 1/2-in. tube 

was the boil-off tube, as shown in Fig. 6. This tube was open to the 

air above the liquid. level in the reservoir, to allow evaporated 

hydrogen to ¢scape from the system. 

At,the top the boil-off tube could be closed by a valve, in 
i 

order to en1lf5y the liqu1.d hydrogen from the target flask. 1·n1en the 
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Target vessel 
( 0.005" Mylar) 

To L H2 reservoir 
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Figure 6. Elevation view of liquid-hydrogen target flask and surrounding 

vacuum dome. 
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valve was closed, the gradually aC.cumulating gaseous hydrogen forced 

the liquid hydrogen out of the flask and back up the fill tube into 

the reservoi.r. At freq_uent intervals throughout the experiment, data 

were taken with the target empty in order to determine the background 

due to interactions of the beam in substances other than hydrogen. 

To 1ninimize the heat transfer to the target by conduction, the 

flask was contained in an evacuated alUininum dome. Where the beam 

entered and. left the dome, there were windows of lamina ted Mylar, with 

a total thickness of 22.5 mils in each window. (1'he total amount of 

material in g/ cm2 traversed by the beam in the vicinity df the target ··. 

was about one-thj_rd the amount of liquid hydrogen in a full target.) 

The thickness of the aluminum dome was 45 mils, the minimum considered 

safe. The diameter of the dome was 2-ft., thus placing the walls far 

enough from the hydrogen that interactions in the aluminum could be 

distinguished from interactions in the hydrogen. Aluminum was used 

because of its low z, so that conversion of photons in the walls of the 

dome would be minimized. 

Heat transfer by radiation was reduced by the addition of 

several layers of 1/4-mil almainized Mylar around the flask. Even so, 

a signlficant amount of boiling of the liquid hydrogen was observed 

through the windo,.rs when the flask was full, and the density of the ..... 

.• ·liquid was estimated to be (5 .±. 3)% less than the normal density, due 

to the presence of the bubbles. For calculation of the number of 

hydrogen nuclei available for interaction, this factor was taken into 

account. 

. .• 
xrzr"":::;: . t0ii'~ 
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D. Counters 

1, Scintillation Counters 

The scintillating material used for the counters in this 

experiment was a solid solution of terphenyl in polystyrene, and all 

light pipes were made of lucite. RCA 6810 photomultiplier tubes were 

used to view all the scintillators on the outside of the spark chamber 

cube, w~ile inside the cube RCA 6199 photomultipliers, ~maller 10-dynode 

tubes, were used to keep the amount of material between the hydrogen 

target and the spark chambers at a minimum. 
I 

According to function, the scintillation counters fall into 

two classes: a) those defining the beam, and b) those detecting a 

charged final state, 

The beam-defining counters, M1, M2 , A0 , and M
3

, were positioned 

along the incoming beam as indicated in Fig. 4, M1 and M2 , placed at 

the ends of Q
3

, were 1/4-in. thick and large enough in diameter to 

detect all the pions passing through the quadrupole. M
3 

had a 

thickness of 1/16-in, and was placed inside the spark chamber cube as 

·close as possible to the vacuum jacket of the hydrogentarget, \-lith a 

diameter af only 2-in., M
3 

insured that beam particles accepted by the 

system would traverse the liquid hydrogen andnot the material of the 

walls of the flask, A0 , a 1/4-in. thick counter with a 4-in. diameter 

hole, was used in anticoincidence with M1M~ to prevent a pion which 

scattered into M
3 

from the steel portion of the entrance spark chamber 

from being a9cepted, The signature of an acceptable beam particle, then, 
.. 

i : 

was M1M~Jt.!: 
To t~tect and suppress charged final states, anticounters A

1 

.•.. 
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through A
9 

were placed around the hydrogen target inside the spark 

chamber cube, as shown in Fig. 4 and in Fig. 11' of' Sec. II. E. In 

Fig. 7 is illustrated schematically (not to scale) .the construction of' 

the anticounter system, the size of which was determined by the 

requirement that it fit around the 2-ft. diameter vacuum dome enclosing 

the liquid hydrogen target, The separate counters, A
1 

through A4 , 

were 1/ 2-in. thick, and each formed one slde of' the unit, while A
5 

throu~1 A8 were four phototubes attached to one 1/4-in, thick scinti1-

.lator on the downstream end of. the system, In this scintillator was.·· 

I ' 
a hole, slightly larger than the beam size and covered by another 1/4-in. 

thick circular counter, A
9

. This last anticounter had by far the 

highest counting rate. 

The anticounter unit covered a solid angle of slightly more 

than 2~ sr on the downstream side of the hydrogen target. However, 

•, even though the anticounters did not completely surround the hydrogen 

target, the loss of efficiency in rejection of charged final states 

was estimated to be very small. It is kinematically impossible for 

· the particles of a :~-1:(ody final state to go into the backward hemisphere, 

To estimate ·the effici.ency for a three-body final state, data from an 

experiment on single pion :production at tliese energies was used, These 

+ -showed that in ~ 1r n final states, those cases in which both charged 

part1cles '"ent into the backward hemisphere constituted only 'Zfo of the 

events. 21 These few events do not create a problem, because any charged 

particle events which were not eliminated by the anticounters can be 
·:;;. 

recognized ;il;i. the film. One can then reject these events and correct 
) ''" t '·~, 

the electrdl:i:tc cross section measurements by the fraction of the events 
' ~·' ' 
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' Flgure 7. Drawing of anticounter system. 

seam ----

MU-36198 

•• 



. ' 
,.· ... .. 

'. 

'• 

-27-

on film which contain charged particles . 

2. Cerenkov Counter 

Prior to and after the experiment, the electron and muon 

contamination of the beam was studied with a Cerenkov counter in which 

sulphur hexaflouride gas was the radiating medium. This counter was 

placed just downstream of Q
3

, and was preceded and followed by 2-in. 

diameter scintillation counters, s1 and· s2 • To determine the contam

ination, the ratio s1s2cjs1s2 , which gives the fraction of the beam 

particles with velocity above the threshold of the Cerenkov counter, 

was recorded as a function of the gas pressure. 

The velocity threshold of a Cerenkov counter is at vth = n(p)' 

where c is the velocity of light, and n is the index of refraction of 

the gas, which depends on its pressure. Since the beam is momentum-

analyzed by B~, particles of lower mass have higher velocities. Thus 
c;. 

as the gas pressure is raised from atmospheric, the counter first 

responds proportionately to the lowest mass component, and then the 

higher mass contribution is added. A typical curve of the triples-to-

doubles ratio vs. pressure of the gas is given in Fig. 8, where the 

three plateaus due to a) electrons alone, b) electrons plus muons, and 

c) electrons, muons, and pions, are visible. 
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T rr- = 873 MeV 

p ±L\P 
fl-1 

P (psi) 

280 

MU-36199 

Gas Cerenkov counter pressure curves taken at T _ = 875 MeV. 
Plateau A is due to electrons, plateau B is :frofft electrons 
and muons, and the high plateau at the right is :from electrons, 
muons, and pions. The pressure threshold :for detecting pions is 
at P1t'_ ± DP, and the threshold :for detecting muons which have 
been momentum-analyzed is at P ± ~. The threshold :for 

I-ll 
detecting muons from pions decaying after the last bending magnet 
varies with their momentum :from P to P i 

!-l~X J..L~n. 

'-. 
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E. Spark Chambers 

Six spark chambers, each weighing 2-2/3 tons, provided a 

y-ray detector with 4~ sr coverage around the hydrogen target and 

anticounter unit. Illustrated in Fig. 9 is the manner in which the 

chambers were arranged in a cube. Figure. 10 shows the construction of 

one of the chambers. Each one had 41 plates: one 1/32-in. aluminum 

plate, four 1/16-in. aluminum plates, thirty-five 1/8-in. steel plates, 

and a 3/4-in. steel base plate. Lucite strips at the edges and four 

staggered lucite squares near the center maintained a gap of 5/16-in. 
: 

between each pair of plates and also provided electrical insulation. 

The ~p between the last 1/8-in. steel plate and the base plate was 

inactive. Also, the thin aluminum plate did not provide an active gap; 

its function was merely to prevent the first 1/16-in. aluminum plate 

from bulging under the internal pressure of the gas. In the chambers 

a mixture of 9Cf1/o neon and lC!{o helium was main~ained at an equilibrium 

pressure slightly higher than atmospheric pressure. 

Of the thirty-eight active gaps, the first four were associated 

with the alumi.num plates. The purpose of these gaps was to provide a 

visual check for charged particles. With the y-rays, there was a 

relatively low probability that one would be converted in the aluminum 

region, in contrast to a charged particle, which would ionize the gas 

as soon as it entered the chamber. Therefore, t)le aluminum plates 

formed a second line of defense again$~ cr~rged particles not caught 
,, 

by the antic~unters • 
.. f.~{ ,. 
. ' Taktftg into account the expected energy spectrum of the photons · 
1,, ~ .. , 

and the di~,~~ibution of the angle of entrance of the y-rays into the 
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Figure 9. a. Exploded view of the spark chamber cube. A neon-heliwn gas 
n;Uxture was introduced into each gap at "1," and run out 
~~gain at "5." 'I'he optical faces, through which the sparks 
i'W:~re photographed, are at "2" and "4~" and the electrical 
:;6onnections were made to each chamber at "3 . " : ~>-~ 

b. The spark chamber cube assembled, 

., 
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plates, it was estimated in a Monte Carlo calculation that the 34 steel 

plates preceding the remaining 34 active· ~ps provided a total of 4.6 

effective conversion lengths for pair production. This meant that there 

was less than a 2% chance that a photon would pass through the chambers 

without undergoing materialization. 

In over-all size, the typical chamber was 5 by 5 by 1-1/2 ft. 

H~ever, four out of the.six chambers were not typical in some aspect: 

a, Two of the chambers, on the left and right in Fig. 9a, had a small 

extra section appended at one corner. It was necessary to add this 

"dog-leg" in order to have a complete cube and yet have two edges 

of each chamber exposed to permit stereo observation of the sparks 

between the plates. 

b. Not shown in Fig. 9, the top chamber had the corner opposite ''3" 

cut off to allow the tubes which serviced the hydrogen target to 

enter the cube. 

c. At the place where the pion beam passed through the entrance 

chamber, there was a region 4-in. in diameter where the plates 

were made of thin aluminum foil instead of thick steel to minimize 

spurious interactions of the beam with the chamber. This was the 

, . biggest area of the detector not capable of converting 1-rays, but 

it subtended a solid angle of only rr/100 sr, which is negligible. 

Figure 11 is a photograph of the assembly during set-up. Not 

yet in place are the top and entrance chambers, so the anticounter and 
;~· 

t 
hydrogen target vacuum. dome and se!Vice pipe may be seen, in addition 

J.)>! ,.: ~ 

· to the other four chambers. Partially hidden' by the "dog-leg," the last 
. '.~ :· .. 

~· ~ ~,.:.~~ 

monitor couiiti'er is seen in the lower center of the picture. 

.... 
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.. 

Figure 11. A photograph of the spark chamber assembly during setup. · The 

top chamber and the beam-entrance chamber are missing. Out of 

'' vieYf a.t top right is the liq_uid-hydr.ogen reservoir. 

·;• 
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F. Optical System and Photography 

The optical system used to photograph the six spark chambers 

is shown schematically in Fig. 12, where for simplicity each mirror and 

light path appears only once, either in the plan view or the elevation 

view, but not in both. 

In the cube the chambers were arranged so that each one could 

be viewed from two mutually perpendicular stereo axes. Mounted on the 

optical faces of each chamber was a plano-convex lucite lens to enable 

the camera to see sparks at the far end of the thin parallel gaps from 
I 

a point on the axis of the chamber. In orde'r to eliminate spherical 

aberration, the curved surface of each lens was made a hyperboloid of 

revolution. Since the focal length of all the lenses was the same, 

namely 423-in,, it was necessary to maintain that same distance from 

each face of each spark chamber along the light paths to the camera, 

This necessitated rather wide excursions of the light paths originating 

from chambers close to the camera. 

In the system there were 36 plane front-surfaced mirrors, 

·ranging in size from 4 by 5 in, to 24 by 80 in, For ease of adjustment, 

the smaller mirrors were attached to aluminum plates which had been 

mounted on camera tripod heads. The large ones were suspended from 

springs which were attached to metal blocks glued to the back and edge 

of the glass approximately every 12 in. 

A double-frame 35 mm Flight Research Corp. camera (Model 207) 

with a cycle time of 90 msec. was used to photograph the sparks, Since 
-~, ' .:;, 

the chambe~ ~nd mirror system was contained in a darkened house, no 
_,:.- ;\ 

;\,:.:. 
shutter was tiecessary; the exposure time was simply th~ lifetime of the 

-•. 

1!.':;:-:::: 
\, •''1l' 
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Figure 12. Diagflam of the optical system. Each mirror is shmm only 

;.; i 
onc·,e j either in the plan view or in the elevation view. 



sparks, and the DuPont 14oB film was advanced in the darkness between 

events. The trigger circuits were gated off for 90 msec. after each 

event to allow time for the film advance .. During every event a 

stroboscopic lamp was triggered electronically and illuminated a 

data box behind the mirrors which contained information such as the 

roll number and target condition. The signal to advance the film also 

advanced a serial counter with nixie-light readout photographed on each 

frame. The camera lens had an aperture set at f/8, a.nd a focal length 

of 58 wn, so that the reduction factor from the object space to the 

film was 185 :1. 

To provide reference fiducial marks on the film, incandescent 

flashlight bulbs covered with an 1-shaped mask were mounted near the 

four corners of each lucite lens. Their position in space could be 

reconstructed from the film to an accuracy of 3/8-in. It was necessary 

to check all the bulbs periodically and replace the ones that had burned 

out since the last check, since swi tchj_ng them off ·between Bevatron 

_pulses. reduced their mean life to about 10 hours. 

A photograph of a typical event is shown in Fig. 13. On it is 

superimposed a template, which was used during the scanning of the film 

to make clear the limits of the chambers, and the position of the 

target relative to each view. The ·vi~rs of the chambers were arranged 

in a format on the film in three groups of four views each, with each 

group of four being the views contained in one of the three possible 

cross sections of the cube. 
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G. Electronics 

1. Elements of the Logic System 

This section describes the simple electronic circuitry which 

act¢.d as the central nervous system of the experiment, Having received 

·pulses from the scintillation counters, this group of electronic 

components determined when a neutral event had occurred. It then sent 

a signal to trigger the spark.chambers only if a) the camera had had 

enough time to advance the film since the las,t picture, and b) no 

other beam particle had previously passed through the counters within 
i 

a time approximately equal to the sensitive time of the 'chambers. 
I 

Shown in Fig. 14 is a block diagram of the electronics system. 

The first Wenzel coincidence circuit,. 1-71' received signals from the beam 

monitor counters. A coincidence among M
1

, M2, and M
3

, in the absence 

of a signal from A
0

, defined an acceptable incoming particle and resulted 

in an output monitor signal from w1 • A 100 Me scalar, labeled 

"Monitor Scalar" ih t}1e diagram, counted the number of output pulses 

from wl. 

Together with the s~~ed signals from anticounters A
1 

through 

A
9

, the monitor signal was fed to the second Wenzel coincidence circuit, 

w2 • The anticounter signal?, of course, were connected to the anti-

coincidence input of w2 • An output pulse from vl
2 

was the electronic 

definition of a neutral event, and these signals 't<Tere counted by a 

10 Me scalar, the "Neutral Scalar." 

A t~ird coincidence'circuit, H
3

, was a'standard LRL transis-

torized Jaekson circuit which had been modified so that it had two 
•;t if 
l' :, 

anticoinci<fi~hce inputs instead of only one. This enabled two separate 
;·· 



-OJ- Tunnel diode discriminator 

-{9- Hewlett- Packard amplifier 

::[I]- Passive odder 

j)-Coincidence ci"uit 

-(]: Splitter 

~Unistoble multivibrotors 

-39-

+ 
To camera 
control 

J:t-.igure 14. Block diagram of the electronics. 
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disabling gates to be imposed on the neutral signal from 1-12 before it 

was used to trigger the spark chambers. 

Each t:l.Jne a signal was sent to the camera control circuits, the 

first gate was turned on. The unistable multivibrator which generated 

the'gating voltage had a period of 90 msec, which is the time required 

for the camera to advance the film; and this gate prevented neutral 

pulses from triggering the spark chambers faster than the camera could 

photograph the events. This camera cycle time imposed the upper limit 

on the rate at which data were taken. 
I ~ 

By introducing the second gate at w
3

, we were able to reduce 

the number of pictures in which there were two or more beam tracks. 

Frames of.this type are not useful in_the analysis, because it is not 

known what outgoing tracks to associate with which beam particle. In 

every picture of an event there is always one beam track due to the 

pion which produced the neutral event and triggered the chambers. 

However, if another beam pion had also entered the chamber within a 

short enough time before the triggering pion, its track would also 

·appear. The critical time interval--the sensitive time of the chambers--

depended raainly on how long it took the relatively low clearing field 

of the spark chambers to sweep out the ions of old tracks. By disabling 

the system after the passage of every beam particle for a time comparable 

with the sensitive time of the chambers, the number of double-beam 

pictures was minimized. Neutral events that had been preceded too 

recently by ~nether pion were automatically rejected, 

Pu~~~s from rnoni tor counter M2 were used to trigger this gating 
j· 

signal, bec!:l.use this counter was large enough to intercept all of the 

.•. .. 

f,';;':-: 
,. 'i]o 
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.. pions in the 'beam. The length of the g1te was set empirically at about 

2.5 J.J.Sec during the ex}Jeriment. This was the largest gate-width it 

was possible to use without slowing the rate of taking data. From the 

observed number of frames of film containing two or three incoming · 

beam particles, together with this known gate length, the sensitive 

. time of the chambers was estimated to be about 3 to 4 J.J.Sec. 

H:tth the exception of the modified Jackson coincidence 

circuit, all of the electronic components mentioned in this section 

.are completely described in the Lawrence Radiation Laboratory Counting 

22 
Handbook. 

2. Spark Chamber Triggering System 

Figure 15 is a schematic dj_agram. of the system used to apply 

a hig.~ voltage :Ln a very short time to the plates of the spark chambers. 

To accomplish this. high-speed switching, spark gaps were used. 

In the quiescent periods between pulses of the chamber 

voltage, a 15 volt potential·was maintained bet,.,reen all pairs of plates 

in the spark chamber to sweep away any ions formed in the gaps. Also, 

·· through. the clearing field power supply, current was drawn to clE rge 

the capacitors c2 to a high potential. Every c2 capacitor was one of 

19 strips of parallel condensers, which were contained in each of 6 

boxes--one near every chamber. The 114 condenser strips, each having 

2!~ 1000 pF capacitance, were connected separately by three-foot coaxial 

cables to the high-voltage plates in the chambers. ·By r...a.ving separate 

storage of c~arge for every high voltage plate, problems associated 

with uneve~;.listribution of the electrical energy among the plates 
' 'v~ 
i . '·~ n· .. ; . 

were avoide~:'~ Wj_th each c2 charged to approximately 9 kV, the chambers 
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were ready to b.e used, 

The triggering signal from the output of coincidence circuit 

w
3 

was fed to the spark chamber pulser, which applied a 20 kV pulse 

to the trigger wire of the first spark gap, The high voltage pulse 

which resulted from the breakdown of this gap was split six ways and 

transmitted to the trigger wires of six spark gaps at the indivldual 

chambers, Thus all six chambers were triggered simultaneously, Shown 

at A in Fig, 15 is the circuit from this first spark gap to one of the 

six other gaps, 

l ' 
At B is the circuit from one of the chamber spark gaps through 

one c
2 

capacitor to a single high voltage plate of the chamber. In 

the i.nstant that the chamber spark gaps were fired, the high voltage 

side of. c
2 

was connected to the ground plates of the chambers, placing 

c
2 

and the pair of chamber plates in parallel. Charge was rapidly 

q transferred from c
2 

to the plates until the voltage across both 

reached approximately 7,5 kV and sparks were formed along ion tracks 

left by the passage of high energy charged particles through the gas. 

· If no particle had passed through the chamber in question, sparking 

occurred at random places between the plates, or sometimes at favorite 

breakdown points. 

The elapsed time between the passage of a pion through the last 

monitor counter and the arrival of a signal at the spark chamber pulser 

was 175 nsec. After a delay of 250 nsec in the pulser, the spark gaps 

were flred., . It then took 100 nsec for the voltage to rise from 0 to 
I. . 

7.5 kV on -tihk plates • 
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III. . DATA REDUCTION AND ANALYSIS 

During the experimental run, nearly one-half million frames of 

film were exposed. This thesis is based on the analysis of approximately 

5CYfo of these. 

The events recorded on film are assumed to be a completely 

random, and therefore representative, sample of all the interactions 

which the electronics have decided are neutral. Included among the 

pictures, for instance, are some events which contain charged particles, 

due to the inefficiency of the anticounters, but these were counted by 

the electronics as neutral events. Pictures which contain more than 

one beam track receive the following interpretation: One beam pion has 

entered the cube, produced a neutral event, and triggered the chambers; 

then before the voltage on the spark chamber plates has risen to its 

full value, one or more additional beam particles come along to enter 

the picture, and thus at least two beam tracks, and possibly several 

events, are seen. These frames are not useful for analysis, because 

one does not know which outgoing tracks to associate with which incoming 

.beam particle, but the important thing is that the neutral events 

associated with multiple beam frames are not a unique type. In other 

words, a representative sa.lD.ple of neutral events as detected by the 

counters can be made from frames with only one incoming beam track. 

The frames with a single incoming beam track may be divided 

into two categories: those with beam particles that enter the chamber 

cleanly, and (those where the particles interact ·in passing through the . 
t 

entrance chamber. These differ .in one important respect: there is a 
~ ··:·~ , .. 

slightly hi~Sr fraction of outgoing charged particles in events 



·,.. 

.... 

·'. 

j' 

'! 

-45-

initiated by interacting beams; presumably because the beam particle 

is often deflected and strikes a less efftcient part of the anticounter. 

In all other respects, the frames with one good non-interacting beam 

track are assumed to be completely representative of all neutral 

events which occurred, and these form the basic sample for analysis • 
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A. Film Scanning 

As the first step in the data reduction, a scanner examined all 

frames of film to make a record of the number of good events of each type 

and to select the subset of good events which were to be measured. Each 

scanner learned a,basic set of precise criteria to use in making judgments.; 

about the film. In simplified form, the procedure used was as follows: 

(a) First, on the basis of the quality of the incoming beam track, 

the frame was defined to be "good" or "bad." A "good" frame was one which 

contained two views of a single dark beam track passing all the way through 

the entrance chamber without any interaction in the chamber plates. "Bad"
! 

frames showed more than one beam track, or one track which had undergone 

some change on the way through the chamber, or occasionally no beam track 

at all. A record of the number of events in each beam category was kept, 

and only frames with one incoming track were considered further. On a 

tJ~ical roll of film, about 75% of the frames were good by these criteria. 
;,' 

(b) Then in frames with a single incoming beam track, either 

"good" or "bad," all the views of the chambers were examined for outgoin~ 
-~:, 

tracks. Takin~ into consideration both views of each track, the scanner 

looked for ob¥ious, heavy charged particles which had been missed by the 

anticounter. They were dark and like an incoming beam track in appearance 

--long, straight, and clean, If there was any doubt about a borderline 

case, it was not considered to be a charged particle. Frames with charged 

particles were separately totaled according to whether the beam track was 

"good" or ''bad." 

{c) . ~ly "good11 frames with no obvious charged particles were 

considered ~n more detail. The total number of outgoing tracks in each 
:r:."::~ • 

frame was .reaorded, and each track was classified by appearance into t·..ro 
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categories. A "Type-2" track was a well-developed shower, generally 

"bushy" looking, while a "Type-1" track did not appear to be a shower. A 

. 'tj 

~ 

Type-1 track--not as straight, clean, and dark as a charged particle--was 
I 

a minimum of three collinear sparks within four gaps. Anything less was 

not considered to.be a track. Each chamber had several places which 

consistently broke down when the voltage was P\llsed, but as this produced 

a spark in exactly the same place in every frame, there was no difficulty 

· in recognizing that they yrere not minimal showers. 

"Good" frames which were to be measured were then marked on the 

scan sheet. A large fract~on of these frames· were resca;nned to check ··, 

the accuracy of the original work and to attempt to foresee any difficulties 

which might arise in the measuring process • 

.. 

·' ., 
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·B. Measurement of Film 

All events which could possibly be the result of a meson decay into 

two photons were measured with a digitized protractor. One-track events ,, 

occurred when one of the photons had too low an energy to produce a 

visible track. Two-track events were the expected type. Three-track events 

could sometimes be interpreted as a meson decay with two showers from 

photons, plus one track made by a proton knocked out of a steel plate by 

the neutron in the final state, Also, three-track events were useful in 

estimating the shape of the background in the two-track distributions. 

Hence, all "good" one, two, and three-track events which1 did not contain 

obvious charged particles were measured. In order to begin a roll of film, 

it was necessary to measure in several frames the position of as many of 

the 48 fiducial lights as could be se€m. If two or three out of the four 

lights associated with a given view were visible, the film position of the 

missing light or lights could be reconstructed, using the measured 

separation of the lights on the chambers. If more than two of the four 

lights were missing, information from an adjacent roll of film was used 

to flrrnish the film coordinates of the missing lights. The several 

measurements for a given roll of film were averaged to produce a w~ster 

set of fiducial measurements for that roll. 

After this was completed, the events were measured. On each 

frame two fj_ducials were measured to indicate the orientation of the 

projected f:!.l ... T!l image on the measuring table. The direction of the incoming 

beam track, and the beginning and end points of each outgoing track were 

. --~ 
measured in both views in which they occurred. Punched paper tape from 

·.:: .,i 
the digitized protractor was read by the first of a series of computer 

programs which, by using the master set of fiL~ fiducial measurements 

... .. 
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and the coordinates of the fiducials on the chambers, reconstructed in 

three-dimensions the direction of the incoming beam particle and the 

position of the tracks in the chambers. This information and all the 

parameters of the measuring and reconstructing process were maintained 

in a library of magnetic tapes. 

At the edges of the cube, a shower could begin in one chamber 

an~ end in another. Often the views of.the two different chambers 

involved were widely separated on the film, with the result that the 

scanners thought there were two different showers instead of two pieces 

of only one shower. This situation was detected because 1of the extremely "· 

small angular separation of the two pieces when reconstructed in three 

dimensions, and corrected by the programs. In this manner, about 1&/o of 

the three-shower events measured were changed to two-shower events, and 

2.5% of the two-shower events were changed to one-shower events. 

The uncertainty in a coordinate measurement could be estimated 

by making use of the redundant information in the stereo views. For 

example, if one vi.ew was a projection in the x-z plane, the other vie~-r 

might be a projection in the y-z plane, In that case, measurement of a 

point in both views yields two independent determinations of the 

z-coordinate ·' which may be compared. Distributions of the difference 

bet"Yreen the redundant coordinates indicated that a mean error of 0.4 in. 

in chamber space was to be expected in each coordinate. This same 

magnltude of error was also present in repeated measurements of the same 
: ~ 

point by diff~rent measurers. 
\~ 

:- -~ 

In iarge part, d~e to mistakes made by the measurers, only 7o% 
., •1 

to 9CJ{o of t*J; events which were to be measured on a typical roll of film 

could be accepted by the analysis prograJns and put on the library tapes. 
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A list was made of the events which had been deleted by the programs, 

and these were remeasured at a later time. 

A set of summary tapes, one for each energy, was made to use 

repeatedly as input for the various analysis programs. Only the 

geometrical information about the track positions for each event was 

·. contained in these tapes. 

To calculate the laboratory scattering angle of each traC..x 1 the 

following recipe was used: The origin of the coordinate system \>ras taken 

to be at the center of the liquid hydrogen target, with the positive 

z-axis perpendicular to the exit spark chamber, pointing1 in the general , 

direction of travel of the beam particles. Each event was assumed to 

originate at z = 0, with x andy coordinates of the particular beam 

trajectory of that event at z = o. The line of travel of the decay 

photon was de·t.ermined by two points --the origin of the event 1 and the 

beginning point of the outgoing track in the chamber. The cosine of the 

scattering angle was calculated by the dot product of the beam trajectory 

and the li.ne of travel of the decay photon. 
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C. Selection of Data 

Several criteria were used to select from all the measured events 

those to be used in the detailed analysis. 

1. One-Shower/Two-Shower Ratio 

To make a quick check on the operating condition of the chambers, 

the ratio of the number of one-shower events to the nwnber of two-shower 

events on each roll of film ~s totaled by the scanners was compared with· 

all other rolls of film taken at the same beam energy. If there was some 

ma.lfuncti.oning of one or more chambers during a roll, the ratio would be 

abnormally hi@l, and that particular roll would be discarded. 
! 

2. Alumi.mun Region Cu_!.of!_ 

\. As was explained in the section describing the spark chambersJ the 

.• 

: .... 

inside four plates of each spark. chamber in the cube were made of 1/16-in. 

aluminum, instead of steel. This region of the chambers was intended to 

make the paths of any cl"..nrged particles visible, but have a low probabi1i ty 

of initiating photon showers. However, this probability of' shower conversion 

was not negligible. Even if traveling perpendicular to the plates, each 

of the photons from ~ decay had to pass through slightly more than 1/4-in. 

of aluminum, and there was almost a 4% chance that each one would undergo 

materialization. 'l'herefore, if all the tracks beginning in the aluminum 

region were rejected, about 8% of the good events would be lost, 

In spite of this fact; an aluminum region cutoff was applied in the 

selection of data, in order to insure that the sample of events was not 

contami!'..ated by charged particles. The number of good ~ events thrown 
.. 

out in the process could be calculated rather accurately and a correction 

applied to (.tile data at a later stage. 

The ';"Bserved a.istribution of the number of showers which convert 



l· 

. \ 

-52-

at a given depth of penetration in a spark chamber, as a function of the 

depth, is shown in Fig. 16. The zero of the axis giving .the depth of 

penetration is chosen to be at the outside edge of the innermost steel 

plate, i.e., at the beginning of the first gap where showers which 

converted in a steel plate can be observed. Because of the resolution 

errors in measure~ent, the peak occurring at the first steel plate over-

flows into the aluminum region by approximately 0.75 in, Because of 

this, the aluminum region cutoff was chosen so as to include events in 

which one or both of the sho"W·ers converted less than 0. 75 in. before 

the first steel gap. 

This cutoff was applied only in the portion of each chamber that 

was directly eA~osed to the hydrogen target. At the edges of the cube, 

it could happen that a photon would pass through part of one chamber, 

out the end of it, and into a second chamber, In the cases where the 

photon showered in the second chamber, the aluminum cutoff was not 

applied, because the photon had necessarily passed through a 1/4-in. 

steel plate at the end of the first chamber and would be expected to be 

showering already in the aluminum region.of the second chamber. 

3. Shower Dev~ation Angle Cutoff and Full-Empty Subtraction 

In addition to passing through the liquid hydrogen, the beam 

particles also penetrate the ends of the Mylar flask containing the 

liquid hydrogen, the Jviylar windows of the vacuum dome, and the counters 

in the vicinity of the hydrogen target. Therefore, a fraction of the 

interactions occur in those places. Since the scattering from a proton 

bound in a ~~rge nucleus is not the same as the scattering from a free 

proton, the~& events must be removed from the sample of data to be 

·. 
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. Figure 16. Distribution of the nwnber of events which converted at a 

givep depth of penetration into the spark chambers, as a 

:fungihon of depth. Events which converted before the 
~·· . 

dep~fi indicated by the dotted line were rejected. 
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analyzed in order to eliminate any possible bias, Fortunately it is a 

simple matter to study these spurious interactions by taking data while. 

there is no liquid hydrogen in the target . 

An attempt was made to decide whether or not each individual 

event originated :i.n the target, in order to reject those that did not. 

This was done by considering the deviation of the sho•rer direction from 

a line between the center of the target and the beginning of the shower, 

Separate distributions of this angle of deviation for different intervals 

of shower lengths were made for both target-full and target-empty data, 

and a subtraction made. In each net distribution a deviJtion angle 

o ·t could be ~hosen such that no shower produced by a photon originating cu 

in the target would be expected to d.eviate by more than that from the 

line to the center of the. target, A graph of this cut-off angle as a 

function of length is given in Fig. 17, •rhere it can be seen that the 

, deviation angles become quite large. 
if 

However, this is to be expected, because of the following reason: 

Although showering does take place in a direction generally along the 

line of travel of the original photon, if the first few electrons 

undergo much multiple scattering, the shower may develop in a slightly 

different direction. T'ne expected amount of multiple scattering can be 

roughly calculated as follows: If an electron of momentum p and velocity 

v passes throu~1 a thickness of material 

the root mean angle .. of scattering is23. 

t with radiation length L d' ra 

e rms = ~~ V L
1 

d • ra 

For a 50 M~~ ."blectron passing through one 1/8-in. steel plate, e ··-
~w rms 

11.5 deg. 

{•! 
' \' . (~:~"'' 

• 1!-:. 

'\ 
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Figure 17. Maximum expected. angle of deviation of a shower from the line 

of travel of the initiating photon, as a function of the length 

of shower. Events with a larger deviation angle were rejected . 

. •; 
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It is apparent that one can never eliminate by a cutoff on 

·deviation angle all events from the target-full data which came from 

interactions in the apparatus structure rather than in the hydrogen. 

First, an event which originates in some object on the beam line, with 

photons that scatter in the forward or backward direction, appears to 

have come from the target, regardless of whether it did or not. In 

addition, a photon which did. not come from the target could produce a 

shower which, after--large multiple scattering, appears to point towards 

the target. In fact, about 4o% of the events with opening angles 

characteristic of ~ decay survived after the deviation angle cutoff 

was applied to a sample of data taken with the target empty, 

Since the invalid events cannot be completely weeded out of the 

hydrogen data, it is evidently necessary to make all distributions from 

both the target-full data and the target-empty data, normalize properly 

the target-empty distributions, and subtract them from the target-full. 

However, because of the statistical fluctuations in the relatively small 

sample of target-empty data, it is still advantageous to apply the 

shower deviation angle cutoff to both full and empty samples before the 

subtraction. The length-dependent o t of Fig. 17 was used in making cu 

this cutoff. 

In Appendix A the deri'vation of the normalization factor for the 

full-empty subtractions is given. 

'•. 
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D. Kinematical Information . 
., ·.' ,., 

Because there is no better place to put this section, the more or 
•.\ 

less logical development of the past few sections is interrupted at this 

point to provide various kinematical details. These are gathered together 

in tables and graphs to use for reference in the rest of the thesis. 

Table I gives the numerical values of the particle masses used in 

all calculations. 

Table I. Masses of particles 

Particle Mass (MeV) 

]"( 139.6 
p 938.2 

0 135.0 11: 

TJ 548.7 

., . n 939.5 

In Table II are found the seven different energies of the pion 

beam at which data relevant to TJ production were taken, and also the 

pion energy at the TJ production threshold. 

Table II. Beam energies of this experiment 

Incoming pion Incoming pion Total energy Momentum of TJ Velocity of 11 
kinetic momentum in c.m. in c. m. in c.m. 
energy ;system system system 

(MeV) (MeV/ c) (MeV) (MeVLc) . ( c = 1) 

561.3 686.8 1488.3 0 0 
.• 592.0 718.2 1507.5 115.9 0,2067 

~ . ' 655.0 782.2 1546.2 202.9 0.3468 
704.0 832.0 1575.7 250.7 0.4155 
875.0 1005.0 1674.4 373.0 0.5622 

975.0 1105.8 1729.5 429.1 0,6161 
.·!,;. 

1117.0 1248.8 1804.9 498.5 0.6724 
1300.0 1432.8 1897.6 576.1 0.7241 

, .. 
...... ' 
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.As described in the Introduction, the angle subtended by the two 

decay photons in the :Jt-nucleon center-of-mass system obeys a distribution 

function which is sharply peaked at a minimum opening angle. The most 
' 

important parameters which determine this distribution are the masses of 

the particles in the interaction and the kinetic energy of the beam 

particle. Together these fix the velocity of the neutral meson in the 

c.m. system, and as a result the minimum opening angle. Presented in 

0 Fig, 18 is a graph of the minimum angles for 1t and D decay as a function 

of the incomi.ng pion kinetic energy. The minimum opening angle for TJ 

decay is an especially sensitive function of the pion energy near threshold. 
. j . 

At each energy a range of opening angles about the TJ peak was 

defined from which to choose events for analysis. The upper limit of the 

region was chosen so that in a theoretical opening angle distribution, 

approximately 75% of all TJ'S would have opening angles between the 

minimum angle and that upper limit. Since the observed distribution is 

slightly smeared because of the moment~~ spread of the beam and the 

experimental resolution in measuring the angles, there are events below 

the theoretical minimum. Therefore, the lower limit of the TJ region was 

set slightly below the theoretical minL~um opening angle. Listed in 

Table III are the theoretical minimUm TJ opening angle and the limits of 

the TJ region at each energyo 

It is important to know the laboratory energy spectrum of the r-rays 

from T} decay when considering how many events are not seen because of the 

inefficiency of the spark chambers for detecting low energy photons. 
j. 

For TJ'S that ·scatter into a fixed angle, this energy spectrum is flat 

between the. iimits l/2(E + p ), E and p being the laboratory energy 
; T} - T} T} T} . 8 

and the momentum of the T1 at that anele. Thus the complete energy 
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Figure 18. 0 Minlmum c.m. opening angle for y-rays from rc and TJ decay, 

as a function of laboratory beam energy. 
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Table III. Opening angles of eta region. 

Beam energy IDwer limit of Theoretical min. Upper limit Theoretical 
eta region opening angle of eta fraction of 

region events 
(l-1eV) (deg) (deg) (deg) included (%) 

592 152 156.14 168 87 . . 
655 136 139.42 154 78 
704 126 130.90 148 78 

875 106 111.58 131+ 78 

975 100 103.94 126 76 

1117 92 95.49 120 77 
1300 84 87.21 110 75 

i ' spectrum is an integral over these flat spectra, weighted by the laboratory 

angular distribution of- "the TJ. _ In Fig. 19 the curve marked lOCI/o is the 

complete spectrum for a beam pion energy of 1117 MeV. 

At each TJ scattering angle, the extremes of the laboratory r-ray 

energy spectru.m occur_in the case where one of the photons continues in 

:, the srune direction that ~he T] was traveling, while the other one goes 

exactly backwards. 'rhis si tua.tion also corresponds to the maximum 180 

.degree laboratory opening angle. \~nile this opening angle is not the same 

when seen in the 1!-N c .m .. system, i.t is still true that when events with 

the largest c.m. opening angles are not considered, the maximum and 

minimum possible laboratory photon energies are closer to the average. 

'l'he spectrum labeled 75% in Fig. 19 corresponds to the laboratory energy 

spectrum when only the lowest 75% of the events, ordered by opening 

angles, are used for analysis, 

Shown in Fig. 20 are the maximum and minimum laboratory r-ray 
. ·:;; ~ . 

energies as·)}. function of beam energy in the range of this experiment, 
\ ... ':: 

_I •• for the cases that 100%, SC/fo, or 6o% of the TJ events are taken, in order 

of increasing opening angles. 

Y,t?--.:::: 
: 'D. 
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Figure 19. Laboratory energy spectrum of r-rays from ~ decay at a 

beam:'energy of 1117 MeV. If only the 75% of the events with 
'~ 

the;. sfuallest c .m. opening angles are considered, the energy > 

spe<fthun shrinks to that given by the dashed lines. 
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!t may be noted that when using a 75% cutoffJ as is done in this 

analysis} only at the highest two energies are there any y-rays at all 

with energy lower than 100 MeVJ with the pleasant consequence that 

relatively few~ events are lost due to the inefficiency of'the spark 

chambers. ~bis will be discussed quantitatively in the next section. 

:~ 

-~ ~-.:,. 
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Figure 20, Max~um and mini.i1J.um energies of photons from T] decay as a 
' 

function of beam energy, for various selections of opening 
:~ ··'' . 

angl~ range. 
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E. Detection Efficiency of the Chambers 

1. Probability of Detecting a Shower 

In order to be able to estimate the fraction of the D and ~0 

decays which produce two.visible showers, a study was made of the 

detection efficiency of the chambers. 14a This was done in terms of a 

particular model, according to which the probability that a given photon 

yields a visible shower is only a function of its energy. 

Thus the local variations in detection efficiency of the chambers 

were ignored. For example, each spark chamber was slightly more efficient 

I ' 
in the corner nearest the spark gap than in the diagonally opposite 

corner. Moreover, the neon gas had a slight tendency to ac.cumulate at 

the bottom of the vertical chambers, so that they were less efficient at 

the top. Sometimes, because of insufficient gas supply to one §'lp, a 

chamber, or the whole cube, the efficiency of a larger area changed. 

To get a quantitative estimate of the non-uniformities, the 

distribution in the number of showers detected as a function of the 

azimuthal angle was studied. Since the target was unpolarized, no 

preferred azimuthal direction existed, and therefore this distribution 

of final state photons must be uniform. For five different ranges of 

scattering angle, the distributions of showers detected vs. the azimuthal 

angle were made in eight bins. 1~ese were then least-squares fitted by 

a constant straight line. Typically, the. x2 / d parameter of the resulting 

best fits indicated only a 5% chance that the variations in the number 

of events in.the ·:various bins were due to purely statistical fluctu-

ations. 

Also,~ignored in this model was the angle at which the photon 
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entered the chambers, However, this was not a ·serious approximation. 

Since for a trajectory normal to the plates, there were four mean 

conversion lengths of steel in each chamber, about a z{o chance existed· 

that a high-energy photon traveling perpendicular to the plates would 

escape materialization. An angle of entrance to a chamber face of less 

the.~ 45 deg to the normal could not increase the path length of material 

traversed enough to improve this significantly. 

It is clear that simplifying the detection efficiency to merely 

a spatially isotropic energy dependence is somewhat of an approximation. 

I ' Hm·rever, it would be extremely difficult to try to include all of the 

above effects, some of which change with time, in any very exact fashion 

which would still be manageable in extensive calculations. The similar-

ities in the results obtained when using various possible fonns for the 

detection efficiency lead one to believe that the simple function to be 

described is adequate for the problem a·t hand. . 

The two salient features of the detection efficiency function 

are that it has an energy threshold, and that it becomes practically 

lOCf/o for a high energy photon. Hence an exponential fonn was chosen for 

the probability E: that a photon with energy E would produce a visible 
r 

shower; namely ( E - Et) 
( - 7 

=t 
E 

for E > E - e c 
7 t 

€ (5) 
I 
Ia for E < Et . I, 7 

· There are two;. parameters: ;'E is the detection threshold energy, and Ec 
t 

' ~~ 

determines ho~ steeply the function rises toward unity. There is no 
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physical reason to expect that the efficiency function should be exactly 

exponential, especially in the approximations used here. However:it has 

the correct general features stated above, and in addition is concave 

downward, which corresponds to the rapid decrease at low energies of the 

electron pair-production cross section. 

In order to calculate the threshold detection energy Et' the 

actual individual shower histories from 1-l'ilson' s Monte Carlo calculations 
24 . 

for lead were adapted for steel. Since our definition of a minimum 

track required sparks in three consecutive gaps, the histories were used 

to study the probability that· the longest range shower electron would 

travel through 3/8 in. of steel. As this probability was found to vanish 

for shower electrons produced by photons of less than 15 MeV energy; 

the value Et = 15 MeV was fixed in all calculations. 25 This was an 

additional approximation, to the extent "that the actual threshold varied 

somewhat in each case, depending on the amount of steel which had to be 

traversed to produce sparks in at least three gaps. An error would be 

introduced by this approximation if most of the photons had energies near-

_the detection threshold, but it has been·observed that y-rays from~ 

decay are of relatively high energy. 

It remained to fix the shape parameter E by analysis of the 
c 

experimental data. With the aid of Monte Carlo computer programs, this 

was done. Monte Carlo progra111S were used extensively in the study of the 

data of this experiment, to determine what would be observed in our spark 

chambers if various processes occurred with different detection efficiencies. 

In this case, the number of one-shower events and the number of two-shower 

events wi th .. dpening angles in the region of the rc0 peak were calculated 

.· 

•. 
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for charge exchange, 2~ n, and 3~ n final states, assuming different 

values of Ec. By. comparison with the experimentally observed ratio c:if 

one-shower to two.-shower events (in ~0 peak) a value of E i-Tas chosen at c 

each beam energy of the experiment. 

These values of E are listed in Table IV. All are within 7 c 

MeV of 72 MeV ~xcept at T~- = 704 MeV, where it is 92 MeV. Differences 

in the v~lue of E at different beam energies reflect the variations in c 

operating conditions, and the approximate nature of the efficiency 

function used. To give an indication of the resultant detection 
! 

efficiency, also given in the table are the calculated probabilities of 

det:ecting the lowest energy photon ·..rhich could come from an T) decay, 

when events with opening angles in the peak regions defined in Sec. III. 

D. are analyzed, 

Table IV. Parameters of efficiency function. 

T E Detection efficiency for 
~- c 

minimum photon energy 
(l-ieV) (MeV) (ojo) 

592 73 8!~ 

655 70 82 
704 92 70 
875 69 73 
975 66 72 

1117 75 66 
1300 72 65 

2. Probabili*y of CO!r..rersion in Aluminum Region 

' '4 
To ~f.l;lude the proba1)ili ty that the photons impinging on the 

,, ... 

chambers pr60;tlce a shower beginning in the aluminum plates, the results 

of a Born approximation calculation of the pair-production cross section 
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26 were used. This probability was expressed 

· PAl= 0.0159 · f(E) • t(in), . r 
(6) 

where f(E) is an energy-dependent factor plotted in Fig. 21, and tis' 
"/ . . 

the thickness of aluminum penetrated, in inches. In calculating the 

2 numerical factor, the term Z in the theoretical result was replaced by 

Z(Z + 0 .8), (where Z = 13, the atomic nu;11ber of aluminum), to account 

for the contribution of the atomic electrons, with screening. 

3. Monte Carlo EffiCiency Calculation 

The results of subsections 1 and 2 above •rere combined in one 
l 

large Monte Carlo calculation to investigate the effect of the fractional 

probability of detecting the photons in our chambers, and the effect of 

throwing away all events which began in the aluminum region. Fake ~0 

and ~ events were generated ac~ording to the preliminary experimental 

angular distributions at each beam energy. Also included was the 

ii momentum spectrum of the beam particles. Then the neutral meson decayed 

isotropically in j_ts rest frame into two r-rays. After a Lorentz 

transformation into the laboratory frame, the probability was calculated 

that each photon was observed, and that it converted in the aluminum or 

steel region of the chamber. The total conversion probability depended 

only on the laboratory energy of the photon, while the alt.uninum conversion 

probability depended both on the energy and also on the amount of aluminum 

it had traversed outside the cutoff line, a function of the angle at 

which the photon entered a chamber. 

The r~sults were expressed as a function of c.m. opening angle, 

c%> 1 in terms~ot the ratio of the original number of events generated in 
. f' '\ 

a pa.rticula:f;~~pening angle bin to the number of these events which would 
·' 
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Figure 21. The factor f(Er) used in E~. (6). 
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be detected as two-shower events with both showers beginning in the steel 

plates, Shown in Fig, 22 is a plot on a logarithmic scale of this ratio 

0 . 
for rc and TJ events at one energy. The spread in the data points at 

large opening angles arises because of the low statistics in the 

calculation; very few events have opening angles in that region. In 

each case the line is a graph of the expression 

Ratio = e 

where the variables, A, B, and c, have been determined by a least 

squares fit to the data points, and are listed in Tables 'v and VI. 'This 

fitted line was used in the total cross section calculation, as will be 

described in Sec, III. H. 

Another way of expressing the result of this Monte Carlo 

calculation is to give the fraction of the TJ events in the peak regions 

of Table III which are observed as two-shower events with at least one 

shower converting in the aluminum region; and the fraction observed as 

two-shower events where both sho·..rers convert in the steel. These 

fractions are given in Table VII. 

The final product of this program was a determination of the 

amount of distortion in the angular distributions of the y-ray bisector 

cat\Sed by the inefficiencies and aluminum cutoff. In Sec. III; I. is 

explained the reason for considering the bisector. This distortion was 

expressed again as a ratio of the munber of originally generated events 

in each angular bin to the number which were observed as two-shower events 

in the steeL· At all energies, this ratio, as a function of bisector 
t .. 

angle, was ~bhstant within + 2%: so it is not given in detail. 

"· 
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Figure 22. Ratio of the original number of events to the number that 

would survive to be seen as two-shower events in the steel 

regiy;n of the chamber. 'l'he lines are least-squares fitted 
t ~~~ 

to ~h~ data points, which were calculated for each opening 

angl~:~ by a Monte Carlo program. 
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., . ' .. ; I 0 Table V. Coefficients of the fit to the inefficiency ratio - 1t 

T1t_ A B c 
;•. 

(deg-1) · (deg-2) ~··- . .. . (MeV) 
'., 

592 -0.34073 0.00515 0.00028 

655 -0.44707 0.01168 0.00023 ~ . ,. 

" 704 -0.68763 0.02604 0.00015 

. ··. 875 -0.40172 0.01424 0.00024 

975 -0.36120 0.01273 0.00027 

1117 -0.26059 0.00929 0.00034 

1300 -0.21458 0.00768 0.00038 

Table VI. Coefficients of the fit.to the inefficiency ratio-~ ,_ 

T A B c 1t-

(deg-1) (deg-2) (MeV) 

592 -0.04272 0.00215 -0.00001 

655 -0.32657 0.00461 -0.00001 

704 -0.58794 0.00803 -0.00002 

875 -0.20619 0.00286 0.00000 

975 -0.17766 0.00238 0.00000 

1117 -0.31339 0.00459 0.00000 

1300 -0.14976 0.00174 0.00001 

Table VII. Observed fractions of ~ events in peak region as 
calculated by Honte Carlo efficiency program. 

T Fraction observed Fraction observed 
1t-

2-showers in 2-showers in as as 
alumimun steel 

(IvleV) (%) (%) 

' 592 9.29 ~.56 

655 9.47 85.71 

704 8.96 81.02 

875 
.f.,. 

9.62 86.35 \ 

975,. ),. 9.78 87.31 
' 

1117'1'::: 
\; ·., 9.68 86.30 

1300 9.81 87.74 
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F. Neutron-Proton Recoils 

The neutral final states in this experiment include a neutron 

in addition to the mesons. Usually the neutron) being a long-lived 

neutral particle) escapes without having been detected. But occasionally 

it makes its presence known by colliding with a proton in one .of the 

steel plates of the spark chambers) with a momentum transfer high enough 

to eject the proton) which then leaves a track in the spark chamber. 

This phenomenon is known as an n-p recoil. 

As it turns out, it is not possible to distinguish visually 

between a low-energy, short-range proton track and a minimum electron 

shower, Consequently, there are among the sample of three-shower events 

some which really consist of two genuine showers and one proton track, 

The frequency with which these occur needs to be studied, because they 

represent a sub-srunple of the two-shower events--both ~0 and ~--which are 

not observed. 

Therefore all three-shower events were tested to see if they 

would fit the n-p recoil hypothesis, Each possible pair of tracks in 

. turn was assumed to be showers) and the direction of flight of the 

corresponding neutron was calculated. As will be explained in Sec. III. 

I. on the differential cross section, there are actually two solutions 

for the neutron direction, If the three following conditions were satis-

fied, then the. event wa.s accepted as an n-p recoil: 1) either of the 

two solutions was within 10 deg ·in the laboratory of being in the 

direction of the third track; 2) the third track was not a ubushy" 

shower; and 3.) the calculated neutron energy was sufficient to eject a 

proton that:'dbuld penetrate three steel plates. In such events, some 
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correlation was found between the length of the third track and the 

range of the proton expected ynder the assumption that the n-p scatter

ing was elastic. Also, the distribution of the depth in the chamber at 

which the alleged proton tracks began was much flatter than the 

distribution of shower star~ing points as pictured in Fig. 16, consistent 

with a low probability of occurrence. 

In Table VIII the final results of this analysis are given, 

where the number of two-shower events in the peak opening angle regions 

(with both showers converting in the steel region) that also had an 
i ~ 

0 accompanying proton track are listed for ~ and ~mesons for each energy. 

These are used in the calculation of the total cross section. 

In addition, there vrere in the. sa,.'llple of two-shower events 

a few fakes which were really one-shower and a proton track, the second 

shower not having been detected. These tendea to lie at the upper end of 

i,! a two-shower opening angle plot, because usually the high energy photon 

0 detected was from a ~ decay, and was traveling in almost the same 

direction as the pion. Hence the angle between it and the neutron 

direction in the c .m. system ·was close to 180 deg. 

Table VIII. SWTh'!lary of 3-shower n-p recoil results 

T 
No. of events No. ~-

0 of ~ n-p No. of events No. of TJ n-p 
in ~o peak recoils in in ~ peak recoils in l) 

(MeV) region ~o peak region region peak region 

592 2070 24 220 3 
655 1387 80 325 15 
704 2474 183 664 34 
875 1597 116 153 9 
975 ~86 89 173 8 

":1 ,, 

326 1117 1129. 105 19 
1300 2$~59 321 423 21 

. . 
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In an analysis which is to be based only on genuine two-shower 

events, these represent a contamination, and therefore must be treated 

as background. In order to study the characteristics of these events, 

a computer program was written to test all two-shower events for this 

hypothesis, Each "non-bushy" track in turn was assumed to be a proton 

track, and the other a shower. The event could be reconstructed as 

0 either a rr or an 'f}, and the energy of the hypothetical missing photon 

calculated, If the calculated energy was low enough that it was 

reasonable that the photon had been missed, and if the length of the 

alleged proton track was in reasonable agreement with a p'redicted range, 

a distribution was made of the opening angle of the two observed tracks. 

The result was always a broad peak with very few events below 150 deg, 

which corresponded to a definite observed excess of events in this 

region of the raw opening angle distributions of all two-shower events. 

After all subtractions and cutoffs were applied, these events may still 

be seen at 160 deg in Fig, 26. Use -.;.ms made of this distribution as a 

background subtraction when calculating the total cross section. In 

Fig, 30 of Sec. III. H. will be found an example of this distribution. 



G. Determinati~n of 'T _, 6/P, andt::.:pjp. 
. 1! . 

' . - . . 

As vras illustrated iP: fig~ .18, the minimum opening angle for 11 

decay is an especially sensitive funct.ion of the. ~earn energy near threshold .• 

Thuf! one might expect to be· able Jo determine the .beam energy rather 

accurately by a careful study of the opening angle distribution. ·Even · 

more i)1fOrmation than. that 1 however,·. can be ;glean~d :from the distributions ... 

At any particular energy of the experiment, the detailed shape of 

the experimentally observed ,opening angle curve.depends on the resolution 

of the spiuk chambers and optical system, and the momentum spectrum of 

the. incoming beam particles. Either a momentum spread or a significant 

mean error of measurement results in a some•rhat broadened distribution,. 

These effects can be folded into the theoretical•opening angle curve by 
. . . 

nuril.erically performing a double integration 

·~· (¢> p)· ==l(r(¢ c])' 6o)s(.P n' 6n) dnl .· (¢' p')d¢'dp' (8) ' · I ' ' '~ ' - . do 1 • ' . bserved ~' · 1 theoretlcal . 
') 

: I ) -(\ll-1>')'- . 
where !'\¢>,<!>' ,6-!> = e is the resolution of measure;rnent., assumed . 2(60)<:: .. 

Gaussi.an:, which depends on 6(!), .the mean error of. measurement; and 

. ·.s(p,p'.,.b.p) is~the momentwn spectrum of the beam, which vas taken to be 

··trapezoidal in shape, with half-width at half -height of 6p. The spectru1n 

s dropped fronl. 1 to 0 in a F/o ·interval of 6p/p. 

At each setting of the 'beam magnet currents, :then; it should have 

been possible to determine the kinetic energy of the ·be-am pions, the width 

of the beam momentum spectrum, and the ancular :resolution of the apparatus, 

by considering the location and shape of the 11 peak ~n the opening angle 

distribution. However, the statistical fluctuations in the·experimental 

. data did no.t allow differentiation between a large ·momentum spread with 

small error of resolqt:ton, and .th,e, reverse. The only.ireaily significant 



.•· 

~ .. 

:o.· .. 

' \ .. 

·. 

: .. ,.. 

' ' 

< -77-

shape factor was the height of the peak for a given number of events. 

Therefore the following procedure was adopted: At each energy 

the angular resolution was first estimated by a Monte Carlo calculation, 

which simulated the process of measuring the events. Mock events were 

generated according to the preliminary experimental distributions. Then 

the beginning of the showers and the x-y coordinates of the origin of the 

event were perturbed at random by an amount which obeyed a Gaussian 

distribution, with a standard deviation determined by studying the errors 

of measurement on the digitized protractor. For the sho·v~ers, this was 

a standard deviation of 0.4 in. in space, and for the beam, it was 0.25 in·. 

The result was a slightly smeareQ. opening angle distribution: which 

could be fit by a theoretical curve with an angular resolution folded in 

to it. The best fit determined the estimate of the angular resolution 

of the apparatus to be used in all ensuing calculations. 

Next, with a ± 2.5% momentum spread and the estiwzted ang~lar 

resolution folded in, a theoretical curve and the experimental opening 

angle distribution were formed for a sequence of incoming pion kinetic 

energies. vli th the goodness of fit characterized by x2 
summed over the 

region of the T) peak, the theoret:i.cal curve which best fit the data 

determined t~e beam energy. 

It has been shown in the previous section that over this range 

of ppening angles, the inefficiency of the chambers did not alter the 

shape of the observed opening angle distribution by more than a few 

percent, which was well within the statistical fluctuations. 

energy 

Then; with the estimated angular 
.. \, 

; ~. ;~~ ~ 

for:,.the theoretical curve set as 
i"l! 

resolution and the kinetic 

described above, momentQm spectra 

from 1% tb 6% were fit to the experL~ental shape and the momentlli~ spread 
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of the beam determined, again by minimizing the x2 A s~mmary of the 

results of this fitting procedure is presented in Table IX. 

Table IX. Results of the opening angle curve fitting for 

. ~ ~ T b;w wire T by fit !:::.pjp !:::.~ in 1t region !:::.~ in region 
1!- 1!- T) 

orbits 
(}.leV) (MeV) (ojo) (deg) (deg) 

58L 592±3 . 2.75±0.75 1.87±0 .15 3.02±0.07 

650 655±5 2±1 1. 79±0 .15 2.86±0.15 

698 704±4 3.75±1 1. 73±0.15 2. 74±0.15 

873 875±10 2.50±1* l. 71±0.15 2.97±0.15 

990 975±10 2.50±1-Y." 1. 71±0.15 . 2.76±0.15 

1100 1117±8 2.50±1-Y.· 1.70±0.15 2.53±0.15 

1311 1300±20 2.50±1-Y.· 1.59±0.15 2.72±0.15 

-MThese values were assigned by studying the beam transport system, 

because the fit to the opening angle curve was not conclusive. 

•. 
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H. Eta Production Cross Section 

The cross section for ~ production in the reaction under study is 

also calculated by fitting the opening angle distributions w{th theoretical 

curves} using the method to be described in this section. However, the 

fundamental quantity which can be derived by analysis of this distribution 

alone, is not the tota.l TJ production cross section, but the ratio 

f (f (re-p -t ~n) 
R = !l 

CJ (re-p -7 rcon) (9) f . 
re 

where f is the branching ratio 
Tj 

f = r(TJ -t 2z) ... 1/3 (10) 
Tj rG] -7 all decays) ' 

and f is the branching ratio 
re 

f = r(re
0 

-7 2z) 
98.8%. (ll) r(reo -tall decays) --re 

The ratio, ·R, is the ratio of the number of events in the opening angle 

plot from ~ decay to the number due to re0 dec~y; and it is free from all 

of the numerous possible errors which arise in measuring the total 

neutrals cross section with the counters, or in scanning and meoouring 

the film, or in determining the ~ branching ratio. This branching ratio 

is particularly difficult to measure because the 2y decay mode is only 

one of the neutral modes of TJ decay. In determining R, the main errors 

arise from the estimation of the detection efficiency of the chambers and 

the background reactions. 

Once R has been determined, it can be multiplied by the charge 

exchange cross section, also measured in this experimer;tt, 14a to yield 

the partial· •Yi•· production cross section 

"-
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(12) 

To evaluate R a scheme is used which is a sli&~t generalization 

of the well-known method of least squares.
27 The usual least-squares 

formalism is used to find the coefficients of a power series, or a 

Legendre polynomial series, vrhich best fit a set of· experimental data in 

th f . . x2 e sense o a mlnlmum . Exactly the same method, derived by setting 

the derivatives of the expression for x2 equal to zero, may be used to 

find the values of coefficients for a linear combination of any set of 

functions which best fit a set of data. Furthermore, the errors in the 

coefficients are automatically calculated in the process as part of the 

so-called error matrix. 

The experimental data points vrere the final opening angle distri-

butions at each ener~s, formed by applying the cutoffs of Sees. III. C. 2 

and III. C.' 3 to both target-full and target-empty distributions, and 

then making a full-e.'llpty subtraction. The data ;.rere binned in intervals 

of 2 deg, from 0 to 180 deg, so that there were 90 data points to be 

fitted in each distribution. Shown in Figs. 23 through 29 are these 

final opening angle distributions. 

The functions used in linear combination to fit the experiment a]-

points were the following: 

a. The n opening angle curve. To obtain the theoretical distri-

buiion, Eq. (8) was n~'llerically integrated with the parameters fixed at .. 
the values in Table IX. Each point on this theoretical curve vras then 

divided by t~e value of the fitted efficiency curve which had been 

calculated:as explained in Sec. III. E. 3. ·Doing this distorted the 

shape of tlte~;opening angle curve slightly because large opening angle 

events were less likely to be detected than those near the peak. It also 
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determined the over-all fraction of the ~ events which would not be 

detected as two-shower events. 

b. 
0 . 

The n opening angle curve. This was calculated in exactly 

the same way as the ~ opening angle curve, except that the n° parameters 

were used. 

0 c. The 2n n background curve. Monte Carlo programs were used to 

estimate the shape of the contribution of various possible background 

reactions, 0 In this case a sample of 2n n events was generated according 

to a three-body phase space distribution, 0 In its rest frame each n 

decayed isotropically into a pair of photons . Then the c~amber detection '· 

efficiency function of Eg_, (5) ~long with the aluminu.m region conversion 

function in Eg_. (6), were used to calculate the probability that each 

possible combination of two out of the four photons would be the only 

ones detected, specifically in the steel region of the chambers. That ~s, 

Sh Al if Pi is the probability that photon . i produces a shower, and P j 

is the probability that photon j is converted in the aluminum plates, 

then the probability that photons 1 and 2 contribute a background two-

shower event was calculated to be 

(l _ p Al) 
1 

The opening angle between photons 1 and 2 was calculated and the probability 

P2 _
8

hwas then added to the appropriate bin of an opening angle distribution. 

In this fashion an estimate of the shape of the two-shower background 

0 from 2~ n production was formed, 

!"TTl;. 0 d. .Lue 3rc n background curve. This was calculated by Monte Carlo 
' 

methods in d similar fashion. It has been inferred from the rapid change ,· 

in the cross section for :;ix-shower events observed in this experiment as 
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a· 
.·. ·. the TJ threshold is crossed that most of the 31! n events· are produced by 

0 28 . 0 
the 31! decay of the TJ• Therefore, in this calculation the 31! 's 

were generated on the basis of this assumption, as resulting from TJ 

decay according to three-body phase space. The TJ'S themselves were 

generated according to the preliminary angular distributions. 

e. The. IlK. background curve. At the four energies above the 

- 0 threshold for the reaction 1t p ~AK, this process was a possible contri-

~ 0 butor to the background, • A two-shower event resulted if the K 

0 0 escaped from the chambers as a long-lived K2 , and the A decayed into 1t n, 

the 1t
0 furnishing two photons, As the 1t

0 is of relatively low energy, the', 

opening angles could be in the TJ peak region. A Monte Carlo calculation 

was done to estimate the shape of the opening angle distribution from 

this reaction, as it would be observed in our chambers. For simplicity 

it was assumed that the A's were produced with a c.m. angular distribution 

of (1- 0,8 cos eA)' and the A decay asymmetry was ignored. 

f. The wn background curve. Our three highest energies lie above 

the threshold for w production, and this is a possible background thr~gh 

0 . the 1t 1 decay of the w, if one of the photons is not detected, The r-ray 

0 which comes out opposite the 1t has a fairly high energy, so that it is 

0 usually one of the two photons from the 1t decay which has the largest 

probability of being missed, The two detected r-rays are then heading 

.in generally opposite directions, and hence yield a large angle 

contribution to the opening angle distribution. In a Monte Carlo 

calculation the shape of this contribution was estimated using the: 

·· assumptions. ;.hat the w production angular dist:nibution is isotropic, and 
w ·, 

that there 1ii~ no decay asymmetry. 

g. The n-p recoil background curve. The origin of these events 
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·is described in Sec~ III, F. Of concern here are the proton tracks that 

occur in conjunction with only one shower, the other shower not having 

been detected, so that what should be a one-shower event masquerades as 

·.a two-shower event, Fortunately, since the recoiling proton tends to be 

scattered at an angle to the neutron direction, a large fraction of these 

.events are removed from the sample by the shower deviation angle cutoff 

of Sec. III. c. 3. In order to fit the ones that remain, however, the 

opening angle distribution of those events that fit the two-shower n-p 

recoil hypothesis in the analysis of Sec. III. F. was included for a 

background curve, when calculating the total cross section, 

The coefficients of the linear combiP~tion of the above set of 

' curves which best fit the experimental data va:"e found directly by the 

method described at the beginning of this section. Frequently the first 

fit to the data produced a set of coefficients in which one or two of the 

small background terms were slightly negative. For example, a positive 

21ln distribution combined with a smaller negative 3:rr0 n distribution, 

often resulted in the best fit. This was not physically meaningful, 

however, so the fit was repeated vri th the negative term constrained to 

be zero, i.e., it was left out of the fit. The parameter Jx2jd , which 

indicated the goodness of fit, was imperceptibly changed by the omission. 

Since the most significant background resulted from final states 

containing more than two photons, the shape of the background estimated 

by the Mon~e Carlo calculations could be compared with an experimental 

estimate of this distribution. For this purpose, events were selected 

from the exP~rimental sample of three-shower events in which the shortest 
~ ' 
;.:~--~. 

of the three,showers was less than three inches long. These short 

;l 
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showers were considered to be "almost missing," and opening angle 

distributions were made from the remaining two showers as if they might 

well have been a background two-shower event. The background distribution 

calculated by the Monte Carlo method compared quite favorably with this 

experimental estimate.. In fact, this· experimental estimate of the 

background might have been used directly, except that better statistics 

were available in the Monte Carlo calculations, so that smoother curves 

could be used in the fitting, Figure 30 shows the various components 

of the background at T~- = 1300 MeV, normalized for the actual background 

subtraction from Fig. 29, a typical case. 

These calculations of the different background curves were 

regarded as an enlightened attempt to make a reasonable subtraction of 

0 events from the opening angle distribution to get .the rr and ~ 

cont:ributions. They were not designed to derive the 21r0 n, 31r0 n, ilK, or 

I; wn cross sections. The absolute number of background events was compara-

tively small, so that the relative statistical errors in the background 

coefficients were fairly large, Further, it is not .known exactly what 

·effect the simplifications made in the Monte Carlo ca~culations would 

have on the results. Much better knowledge of the cros.s sections for 

most of the background processes could be obtained from analysi~ of the 

three 1 four·, five, and six-shower events recorded in this experiment 

rather than analysis of the two-shower residue in the opening angle plots. 

To check the sensitivity of the results to the various assumptions 

made, fits were made 1) with an absolutely flat opening angle background, 

2) with a background proportional to the sine of the opening angle, as 

would be e~~cted for completely uncorrelated pairs of showers, and 
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3) with no efftciency corrections to the re0 and ·T) opening angle curves . 

In all cases these were significantly poorer fits to the data than the 

ones using the Monte Carlo estimations, while in cases 1 and 2 the value 

of the ratio-,· .R, ·did not vary more than one standard deviation. When 

using no efficiency correction, the fit was extremely poor. 

The only phenomenon not taken into account in the efficiency 

calculations was the occurr~nce of the n-p recoil events, described in 

Sec. III. F. A certain fraction of both the re0 and the 11 two-shower 

events is missing because a proton track.imitated a third shower, 

0 Hence, after the number of re 'sand T)'S producing each opening angle 

distribution was calculated by the least squares fit, each number was 

corrected, using the number in Table VIII to account for the missing 

two-shower events. As the opening angle in the meson decay is not 

correlated with the scattering angle or energy of the neutron, this 

correction could be properly made after the fitting, 

Table X contains the final results of the fitting, The fraction 

of events in the 11 opening angle region attributed to background events 

.is shown, along with the total number of 11's as obtained from the 

normali?..ation of the theoretical opening angle curve. At each energy 

the ratio R is given, along with the goodness of fit parameters. The 

charge exchange cross section is taken from Ref, 14 a, and thus the 

quantity, f • O'(tr-p ..ry 11n) is calculated and listed in th~ last column • 
T) 

Given in Fig, 31 is a graph of this partial eta production cross section 

as a function of beam energy • 

., 

V.-%" 
I 
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Table X. 

Fraction o:f T _ (MeV) 
rr background 

in(~)region 

.··· 
~t~ .. ·~· .~ 

4 592 

655 5 

704 13 

875 24 

975 16 

1117 14 

.1300 19 

"*See Ref. 14a 

'?'-::-~ 
I c!i'\.<, ' 

~ ,. 

~ -

Ratio R and Eta partial cross section 

Number o:f 
lx2

/d R eta's in (%) fit 

82±11 0.991 7 .2±1.0 

313±20 0.924 19.1±1.4 

553±30 0.989 19 .8±1.2 

82±18 0.848 6 .'1±1.4 

117±21 0.925 12.5±2.0 

247±23 1.000 19.5±1.9 

373±36 1.158 . 12.0±1.2 

~ 

"· , .. - ,'. ;·--":." :•~r~:~~·:·~~ . 

:f ·a(rr-p ~ rr0 n)* rr 
(mb) 

7.73±0.48 

. 5.44±0.35 

4.79±0.30 

6.39±0.40 

2.96±0.25 

2.18±0.20 

2.12±0.19 

' .. 

:f ·a(rr-p ~ T)n) 
T) 

(mb) 

0.56±0.08 

1.04±0.10 

0.95±0.08 

0.39±0.09 

0.37±0.08 

0.43±0.06 

0.26±0.03 

I 
\.0 
+:-
I 
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Figure 31. Partial cross section :for T} production in 1t'-P 
scattering. This represents only the fraction of the 
11'8 that decay into two r-rays • 
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I. . Differential Cross Section 

The production angular distributions are formed by analysis of 

two~shower events which have a y-ray op~ning angle characteristic of 

. ~ decay. Previously listed in Table III is the specific opening angle 

range used at each energy .. 

It is almost possible to calculate directly the center-of-mass 

scattering angle of the ~ f'or each event, Assuming that the masses of 

the four primary particles in the interaction, and the kinetic energy 

of the incoming pion are known, the measurement of the angular position 

of the two decay photons provides enough information to ·~alculate the ' 

direction of travel of the ~to within one of two possible directions. 

The physical meaning of this ambiguity is illustrated in Fig. 32. Given 

a particular opening angle, ~, conservation of momentum and energy 

fixes a unique magnitude of the angle a between r1 and the ~ (see 

Appendix B., Eq. (B-6). However, if one does not know which experimentally 

observed photon to call number 1, one cannot tell whether the meson is 

at position ~ or ~·. 

Presumably the way to resolve the ambiguity is to make a 

determination of the relative energy of the two photons by some measure-

ment on the showers. In the configuration of Fig. 32J y1 would be more 

energetic than , 2 , and hence its shower would contain more energy. An 

attempt was made to study the characteristics of the showers as a function 

of the photon energy by using a sample of ~ events with opening angles 

within a few degrees of the minimum opening angle, where the two possible 

solutions 7~nverge on the bisector, and the ambiguity disappears, Figure 

33 is a sc~tter plot of the measured length of these showers vs. the 

calculated laboratory energy of the photons. Showers which ended at an 

...... 
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Illustration of kinematical ambiguity. 
See text for explanation 
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li'igure 33. Scatter plot of the length of showers vs. the energy of the 
initiating photon. 
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· edge of a chamber were eliminated from the sample on the possibility 

that they had run out of the chamber. Because of the straggling of the 

showers,3° ambiguities in measurements of the length, and spark robbing 

:of one track by other adjacent tracks, the scatter plot more nearly 

· resembles a cloud than points clustering about a line. Even thou~1 the 

•. average shower length at a given energy did increase monotonically with 

photon energy, obviously it would be rather difficult to predict exactly 

how much energy is in any giYen ten-inch shower. Attempts to correlate 

with energy the number of sparks in the showers, the volume of the showas, 

and the solid angle of the showering particles also produced similar '· 

results, and this whole method of analysis "t<ras abandoned. 

Instead, a sli~tly less direct method was used. In Appendix B 

it is shown that it is possible to derive the ~ angular distributions 

from the experimental distribution of the bisector between the two r-rays. 

Since it is necessary to have a 4~ sr detector to perform a direct 

conversion, our parttcular experimental arrangt>..ment is ideal for this 

analysis. To summarize the method, if the distribution of the bisectors 

has been fit by a sum of Legendre polynomials as 

l: (14) 
i 

then the true ~ e.ngular distribution is given by . 

dO'' an 
11 

= (15) 

The Ai ar~ ~he coefficients of the bisector fit, and 
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(1 -
(16) 

-y 1 - {. ·.· . }3/2 2 .. 2 2 . 
X 1 - f3 X 

· where ~max is the upper limit of the opening angle interval from which 

the sample was taken, and f3 is the center-of-mass velocity of the meson~ 

A derivation of these equations is given in Appendix B, along with a 

table of values of the si' as calculated by numerical integration for 

the energies of this experiment, 

At each energy the events with opening angles in ~he ~ region formed 

the raw sample. The angular distribution of the bisectors in the c.m. 

system was made in ten bins of equal size in cos eBis' from - 1 to 1. 

To the target-full and target-empty distributions the aluminum cutoff 

and the shower deviation angle cuto~f were applied, and a full-empty 

subtraction of the surviving events was made, 

Then a correction was made for background events. The same Monte 

Carlo programs that were used to estimate the backgrounds in the opening 

angle plots also made bisector distributions of background events with 

opening angles characteristic of ~ decay, The primary background is 

from the 2~0n final state, and the approximate shape of the Monte Carlo 

bisector distribution for this reaction varied from (1 - 0.14 cos e) 

to (1 - 0.57 cos e) at the lowest and highest energies, respectively. 

Other backgrounds were essent~ally isotropic, To calculate the fraction 

of the events in the ~ region attributable to each background final 

state, the fit to the opening angle curve for the total cross sectionms 
' ~ ; 

employed. ~is calculation furnished the normalization for the sub.., 

traction o~ \the background bisector distributions. 
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Again, as in the case of the background ln the opening angle 

· diatributiol1, the Monte Carlo estimates of the background bisector 

· . distribut:i.ons could be compared with those made from two out o:f' three 

· ... ·/ 
sh.owers in the sample of three-shower events, when the third shower 

· · \ias very short. At low energies the angular distribution of the bisector 

:of the fake two-shower "events" with rt-like opening angles compared very 

well ,ri th the Monte Carlo background· calcula. tion, However, at the highest 
''. 

) ; t\TO energies there were significantly fewer bisectors in the backward 

hemisphere in the selected three-shower sample than the Monte Carlo 

calculation had predicted, Because the phase space assUII\Ptions made in , 

the Monte Carlo calculations become more liable to error as the energy 

. increases, and because there were an adequate number of events in the 

experimental three-shower sample at the high energies, the experimental 

estimate of the background shape was used instead of the Monte Carlo 

at T1C_ = 1117 MeV and 1300 r-1eV. 

After the background. was subtracted~ the number of events in each 

bin was multiplied by an efftctency factor to correct the shape of the 

bisector distribution for any distortions introduced by 1) the rejection 

of good events in the aluminum region, and 2) loss of events due to the 

inefficiency of the chambers. These correction factors were calculated 

by the Mont.e Carlo program descrfl:>ed in Sec. III. E. 3. In view of the 

statistical errors in the data, . this correction was almost of negligible 

effect, since the factors for all the bins in any distribution were the 

sa.m.e within 'i '2$ • 
i. ~~-

Havins made the above corrections, the bisector angular distri-
\, ,.!· 
., '·A . 

butinns w~t~ normalized to the partial cross section at each ene~gy~ 
f ••. 
t: .~ ... 

and the results 1 together with the errors, are listed in Tables XI through 
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A curve having the equation 

N 

L 
i==O 

dO'\ = 
<ill Bis 

(17) 

was.fitted to the ten data points in each distribution1 using the method 

of lef!!St squares.21 Table XVIII sUllllilB.rizes the result~. Thecorrect 

2 order of ftt was determined using the standard X test as the main 

·criterion. Another criterion that '\tms used is that if a kth order fit is 

required at a particular energy, the1,1 at all higher ene~gies, a fit of '· 

at least kth. ·order should be used. This is based on the assumption that 

once a given partial wave is present, it should continue to be present 

at all higher energies as well, even though its contribution may become 

small. It was necessary to employ this criterion in deciding the order 

of fit only at 975 MeV, where, according to the x2 test, a first order 

fit would have been best; nevertheless, a second order fit was chosen 

because that order had been necessary at lower energies. 

It niay be pointed out that one of the outstanding advantages of 

fitt:I.ng the data with Legendre polynomials rather than a simple cosine 

power series ts that the conclusions do not depend so critically on the 

·exact order of fit chosen. Because of the near orthogonality of the 

summed Legendre polynomials, the values of the low-order coefficients do 

not change very much as the order of fit is increased or decreased, in 

great contrast to the behavior of cosine power series coefficients. 

:.· Thus, althoJSh, argument is possible on whether or not to include a small 
• ~it. 

; ·};~ ~; 
high order}coefficient, the fitml choice cannot change an inference based 

· .... : 
;;t~ !-~~ \~ 

on large variations in the lovr order terms. 
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:In. Figs·: 34: through 4o ar~ pres~nted the. normaliied angular 

:) ~~tri.butions of the bisectors. The data points are the. experimental 

.'~:results Hsted in the tables, and the solid line in each graph is the 

.. ::·'best x2 fit to the bisector data, 

·,1 

Table XI •. Center-of-mass angular .distribution .of bisector, 

Tn:- = 592 MeV • 
. . ,~ :;.····'"================================= 

·~r;. ~~ ·, 
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""· •' 

,;· 
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. ' ,_.,.' 
~ ~ .. 

' ·-~-) -~~ 
• ,.1 •. 

.~ ' .. 
, .. 

. i 
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·.·~· 

/ 

Cos eB. 
l.S 

.0.9 

0.7 

·0.5 

0.3 

0.1 

-0.1 

-0.3 

-0.5 

-0.7 

-0.9 

. . , .. : Number of events in original sample: 

dal . 
an Bis 

(J-ib/ sr) 

58±22 

43±19 

38±20 

62±22 

28±16 . 

31±18 

59±21 

. 39±17 

39±17 

46±19 

72 

Number remaining after full-empty subtraction: 

· ·<.: Final mmibe!' after background subtraction: 61~ 

.. 
: <.: 

1. 

. The coefficients of th.e Legendre polyno!l).ial expansion of thi.s curve were 
?" "J ' 

'· 

divided by the factors of Eq. ( 16) 1 normalized in such a way that ~0 = 1 ;_ ~-. 
:! -~\ 

and the dot}~fl line in each graph is a plot of th~ new expansion, which , .· ·· 

. · .. : ~ . 

,·.,\; 
·.·.·::.-· 

·, 

,._-: 

· ...... -

_, ... 

·. represents ~~~ true T} differential cross section. 
' .·. . ~ 

:·.tf.h 

. ... ·': 

·.··~ 



','[ 

:-·~·-·. 

-. ~ -

. :;;· 

~ .... · 

·-.·. 

·-..: 

·,._-r · . .-.! 

·· .. :. 

·· .}J_B.-SR 

·-r·." 

,_- . 

150 

1:20 

90 

60 

30 

0 
1.0 

. ,_ ~-. 

'. 

.· .. · 

·- ... ·· 

0.6 

-104- ···._.-:: 

'· . 
.. ~- . .'· ~: .· .. 

·.:"···· 

OIFFERENTIRL CROSS~SECTION 
. '· 

T = 592!MEV 
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. Figure 34. Partial differential cross section of' 1'} production at 

T = 592 MeV• The solid line is the best :fit ·to the 
i.' . 2t- - . . . . ·. 

bisector, distribution data points, and the dotted line 

is t.~e 1'} di:f:ferentialcross section. 
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· DIFFERENTir:IL CROSS .SECTION 

T = 655 ,MEV· . ' . 
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Figure ·35~ Partial dit'ferential cross section of 'l production at 

, .' Tn- = 655 MeV. The solid line is the beet fit to the 

. _.·· ,• 

·.bisector di.stribution data points; and the dotted line 

is the 'l dift'erential erose. section •. 
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' ' 
. Center..:.of-mass angular ·distribution of bisector, . 

. •.··· .... 
. ' 

: T = 704 MeV. 
1{-

Cos e Bis dal . 
dn Bts 
(~b/sr) 

0,9 141±17. ,· 

93±15 
,,. 

0.5 90±14' 

0.3 49±12' 

0.1 67±12' 

-0.1 72±13 

-0.3 68±13' 
·+ -:. -0.5 60±13 

-0.7 ·· .. 65±13 
.. · / ~ ~ .. 

.(,.· ..,;0.9 48±12· 
'. 

::Number of events in original sample.: ·· 
·;·::r•. 

~·: Number remaining after full-empty . subtraction: 

499 .·.· 

486 

Final number after background subtraction: 
·~-~· :·· ~ 

. ' ~ ' . ·.1' :: .; . :,.· 
·,.· .. ·"·· 

·, '.· 

.. · . 

425 

,,.; '· 

' ' .. -;,' 

. ~ · .. \...... . 

!' 

·.·.! 

.. , 

'', 

: .. )\: 
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150 DIFFERENTIAL CRO~S SECTION 

T = 7041 MEU 

120 

510 

60 ............... 

30 

0~----~------------------------~--------------------~ 1.0 0.8 0.6 0.4 0,2 o. -0.2 -0.4 -0,6 -0.8 -1.0 

cos ac.n. 

Figure 36, Partial differential cross section of' '11 production at 

T~- = 704 MeV, The solid line is the best fit to the 

bisector distribution data points, and the dotted line 

is the '11 differential cross section • 
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Center-of..:mass angular distribution of bis~ctoi•,· 

Cos eBis dcr/ 
dn Bis 
(~b/sr) 

0.9 78±20 .. 

37±19 

0.5. 28±17 

0.3 35±15. 

'' .. 0.1 
. ~: 

23±17 •.. 

-0.1 25±14 

-0 .• 3 .14±12· 

;_0,5 

-0.7 13±14 
. :l 

'-0.9 37±17 .-· -.. _ .. ~ .. 
•'.• 

Number of events in original sample: .. . . ; . ·- ', ~ 

Number.· remaining· after full-empty subtraction: 91 

Final number a:fter background subtraction: i .. 

'' 

·,,.,/ 

70. 

· .. :\·,;' 

' ~ : 

;: 

'• . 

'·: 

·_.,. 

.·' .. • 
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150 DIFFERENTIRL CROSS SECTION 

T = 975 MEV 
; .~. 

·.-. -_ .. , 
' -~ ' 

,:_ 
. ···.· 120 

·.,_· . 

90 

•.,; 

60 

'· 30 

',i 

0~----~----------------._ __________ ~_.--------~~~~----~ 
1.0 o.e 0.6 0.4 0.2 o. -0.2 -o ,4· -o.s -0.8 

cos a c.n. 

·Figure 37. Partial differential cross section of~ production at 

T~- = 875 MeV. The solid line is the beet fit to the 

bisector distribution data points, and the dotted line 

is the ~ differential cross section • 
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·center-of-mass angular 'd.i~tribution of bisector~ .. · 

- 975 MeV. 

dO' I 
an Bis 
(~b/sr) 

0.9 45±15 

0.7 88±18 

0.5 46±17 

0.3 24±11 .I 

0.1 52±15 

-0.1 16±9 

-0.3. 13±8 
. i 

. -0.5 3±8 

10±8 
.. •: .. 

·.-··. 
·. -0.9. 0±8 

__ ... , 

Number . o! · events in original sample: 130 

NU!ilber· remai~:L'ng after full-empty subtraction: 115 

. Final number after background subtraction: 97 
= 

I··.: 

I ~ 

. •.;·,_._·· 

' .. · .. 

,1, 

... : ~· '.· 
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. 150 OIFFERENTI~L CROSS SECTION 

T = 975 !MEU 

·t,O 

90 I ...... 
' 

60 

30 

cos ec.tt. 

Figure 38. Partial differential cross section of ~ production at 

Tn- = 975 MeV. The solid line is the best fit to the 

bisector distribution data points, and the dotted line 

is .. tq.e ~ differential cr:oss section. The negative section 
; 

. of the dotted curve is statistically consistent with being 
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Table XVI. Center-of -mass angular distribution of bisector, 

T1t- = 1117 MeV. 

Cos eBis 

0.9 

o:.? 

0.5 

0.3 

0.1 

~0.1 

-0.3 

-0.5 

-0.7 

-0.9 

. Number of events in original sample: 

da, 
di1 Bis 

(J.Lb/sr) 

49±10 

49±12 

60±11 

52±11 

43±12 

34±9 

19±7 

15±7 

7±5 

12±5 

Number remaining after full-empty subtraction: 242 

Final number after background subtraction: 209 
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150 DIFFERENTIAL CROSS SECTION 

T = 111j7 MEU 

120 

90 

60 ...... . . . . 

30 

0~--~----_.----------------~----~------------------~ 
1.0 0.9 0.6 . 0.4 0.2 o. ·0.2 -0.4 -0.6 -0.8 -1.0 

COS Bc.n. 

Figure 39. Partial differential cross section of ~ production at 

Tg- = 1117 MeV. The solid line is the best fit to the 

bisector distribution data points, and the dotted line 

is the ~ differential cross section • 
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Table XVII. Center-of-mass angular distribution of bisector, 

.. 

T:n:- =·1300 MeV. 

0.9 

0.7 

0.5 

0.3 

0.1 

-0.1 

-0.3 

-0.5 

-0.7 

-0.9 

Numbe1• of events in original sample: 

dat 
dO Bis 

(f.lb/sr) 

37±7 

48±7 

I 41±7 

36±6 

21±5 

5±5 

3±4 

3±4 

4±3 

6±3 

Number remaining after full-empty subtraction: 

373 

34o 

Final number after background subtraction: 276 
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150 DIFFERENTIAL CROSS SECTION 

120 

90 

o.a 0.6 0.4 0.2 o. -0.2 -0.4 -o.B -o.a -t.o 

cos ec.n. 

Figure 4o. Partial di:fferential cross section of 11 production at 

Tg_ = 1300 MeV. The solid line is the best fit to the 

bisector distribution data points, and the dotted line 

is the 

of the 
~~ 

zerd. 

11 differential cross section. The negative section 

dotted curve is statistically consistent with being 
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Table ~lUII. Summary of JJegendre polynomial fits to the bisector distributions~ 

rp -~~ Order of 
!u -\- ~i v·£~),,}·'-r.d.. -- t 

_. __ ':"'_ .... - .... :~J ·-:~:· ,f .. _·~-. 

592 

655 

704 

875 

975 

1117 

1300 

0 

2 

2 

2 

2 

.3 

4 

Vx2;a 

0.609 

1.029 

1.218 

0.590 

1.204 

0.363 

0.487 

Ao 
(i-lb/sr) 

42±4 

81±6 

74±5 

31±3 

27±5 

3!~±1 

20±1 

Al 
(i-lb/sr) 

22±11 

32±9 

20±5 

34±8 

~9±2 

27±1 

./ 

A2 

( !lb/ sr) 

47±14 

22±12 

2.3±7 

6±9 

- 7±2 

5±2 

ft-, 
{~1b/ sr) 

-18±3 

-18±2 

. ~ ,. .. 

.. ._ ":'~-~ 

... ~ . - '-;. 

A4 
tublsr) \. I 

-12±3 

I 
I-' 

.t.l 
I 

... ~ ~~-
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'. Table XIX and Fig. 41 contain the Legendre polynomial expansion 

coefficients of the ~ differential cross section. 

The errors quoted in this section are only the statistical error ··V 

' I. .. in .the shape of the curve. The overall normalization error of arl the 

data points and coefficients at each energy, which arises from the 

uncertainty in the partial cross section, is additional. 

f .. ~. 

. ... 

·' \ 
' 'q 

' . 
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Table XIX. Coefficients in Legendre polynomial expansion of ~ differential cross section, 
~ 

normalized to partial cross section~ 

,.'~ '<::p ..... "' ... - Ao Al A2 A3 A4 

(MeV) (~/sr) (llbisr) (!lb/ sr) . (J-Lb/sr) ( t-Lb/ sr) 

592 42±4 

655 81±6 25±12 65±19 

704 74±5 35±10 30±17 . 
I 

22±6 
t-' 

875 31±3 30±9 t-' 
\0 
I 

975 27±5 37±9 8±12 

1117 34±1 31±2 -9±3 -29±4 . 

1300 20±1 28±2 6±2 -26±3 -22±4 . 

/ 

~~. 



.·; ... 

' , ' 

-
-: 60-
Ill 

~ 
::t.. 

..... o30 
< 

-120-

i I 

I 

i
-20~~--~~~~~--~~~~~~ 

600 800 1000 

T.,- ( MeV) 
1200 1400 

IIU8·8544 

Fi~e 41. Legendre polynomial expansion coefficients of the ~ 

differential cross section. The errors shown. do not 

inc~ude the overall normalization error at each energy. 
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' . IV. · DISCUSSION OF THE RESULTS-. 

A. -Comparison with Other Experiments 

1.· ··Total. Cross Section 

Shown in Fig. ~-2 are all the '1 production cross section measure-

·menta in the beam energy range from threshold to 1500 MeV known to the 

author at the .present time, where the reaction studied was either 

· :rt -p ~ 1)D or 1t+ n ~ T)P. Under the hypothesis of charge independence, .. , 
:: · t.he latter reaction is equivalent to the former. Measurements extending 

' 
.. -"-up to higher energies show that beyond 1500 MeV, the cross section 

decreases monotonically to about 10 J.Lb at P1t~ = 18 GeVjc}1-34 The ' 

branching ratios used to calculate the total '1 production cross section 

from the experimental observations of var~ous final states are2a. 

r(q -+ ?z) _ tl 
rr'll -+ all decays r - 35p' (17) 

., 
'l. .and 

r 1 -? neutrals 
r '1 -) charged = 2.25 • (18) 

The curve :J.n the figure was sketched by hand, favoring our own data, 

The isolated measurement by Chretie.n et a1., 7 and the ~eries of 

measurements beginning at 1.4 Gev· by Barm.in et al. 31 were made by 

· observing the 27 decay mode in heavy li.quid bubble chambers. In view 

of the relatively low efficiency of the bubble chambers for converting 

photons and the consequent large correction, it _:Ls gratifying tha.t 

their measur~entsragree within stat1.stics with ours. 
' i~~ 

Liq~~d deuterium bubble chambers were used in the 

; - of.Meer et ~[.35 and Pauli et a1. 36 It was assumed that 
..,' • . ~:; I 

'l 
deuterium was only a spectator to the reaction . 

experiments 

the proton in 
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This experiment·· 

Bulos · et al • 

· Meer et al. 

· Barmin et ol~ 

Chretien et al • 

Pauli et al • 

1500 

MU8·8590 

~ production total cross sections 

by Buloa et al. ;37 Meer et al., 35 
7 36 Chretien et al. , Pauli et al. , 

experiment. 

•'. 
- '· -; 

as determined 
31 Barmin et al., 

and this 
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' ' .·~ . "' . .; 
. (19) 

t ' 
· and events where the neutral final state particles had the effect! ve 

' mass of an 'f) meson were utilized to calculate the T} production cross 
. ' 

section. In. each event Paull et al. subtracted the observed. energy 

.·:·of the spectator proton to get the equ:i.valent c.m. energy of the 11 - p 

system, and thus ,.rere able to find the product:i.on cross section as a 

.:_: ... ,' function of' c.m. energy. As Meer et al. did not do this, their result 
' ~· 

is an integrated cross section over all energies available to the T}-P 
' ' 

, system. Our agreement with Meer et al. ls good. In 1 ts preliminary 

l 
form, the cross section of Pauli et al. is of the same order of 

.· ~ ... 

magnitude as ours a.nd indicates the sharp rise from threshold, but has 

· a rather errai;ic energy dependence. Because of' this behavior, the 
. ( . 

diaagreein.ent around 650 MeV and 900 MeV ia not felt to be of any 

significance. 

The eXJ?erim.ent p:f Bu.los et al. 37 ·..rae very similar to the one 

reported. in this thesis, and was run almost concurrently at the 

Brookhaven National La'boratory. The only significant difference was 

that they had only :four spa.rl~ chambers, compared to our six. In their 

case, the chambers corresponding to the top and bottom of our cube were 
... 8 

. missing. 3 Th:l.s f'orced them to make a correction for their detection 

geometry, and this correction was much larger for the .T} distributions 

than for the ff
0 distributions, because the fl'B have such large openi~g 

angles • 

Ne·lfel•theless, below 800 MeV our production cross sections agree 

extremely w~lll; and everywhere above 800 MeV the two experiinents .. 
~ ; oi' 

agree m.th:td \tat1st1ca, although our d.e.ta alone suggest, the existence 

·. t 

,., . 
' 
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~'L':'~of ·a: s~ll' enll.a~ceme~t at Tn- = 1100 MeV; while the data of Bulos et al. 
• • t :• ',,, ~ ·, ,· r " • • 

)>_:_:;·.:do. not~ Further speculation about the enhancement will be given in 

'.: -~ . Sec. IV. B. 5. The point at 875 MeV is one of the most difficult to 

measure, because the charge exchange cross section is at.the so-called 
1···:. 

900 MeV resonance, while at the same time the 2n°n cross section, which · · 
~ :, ~: '· 

._;_ · .. is the major source of background, is at some sort of maximum. Both 

. ·:·: phenomena tend to make the 1'1 peak in the opening angle plots relativel~ 

' · .very small (cf. Figure 26). Therefore, any discrepancy there is not too 

• J mysterious. 

In summary, all experiments show an extremely sharp rise of 

:the production ·cross sectlon from threshold, to almost 3 mb at 

.T~- ~ 650 MeV. Beyond that there is a.more gradual decline, with this 

· experiment and the experiment of Bulos et al. yielding the best measure-

ment of the energy dependence up to 1300 MeV. 

lL:, 2. Differential Cross Section 

', 

;· J· ..• 

There l1ave been fewer determinations of the 1'1 production differ

ential cross section, as the number of 1'1 events in most experiments has 

been too small to make the subdivision into angular inte~ls meaningful. 

_In another paper from the same experiment referred to above as Meer et 

al.,35 Toohig et al.39 give an angular distribution in 1'1 production, 

based on 30 events decaying by the charged 3n mode. This shows a 

forward peaking in agreement with our data in the same energy interval. 

~:·: ·. Pauli et al. 36 give one angular distribution made from all 230 1'1 events ... 

' , ' ·_. observed in. their experiment, in an energy range which corresponds to 

· ::~·;·a 600 to 90~;-~eV range of Tn_ in our experiment .. Except for one data 
·:::· -;-:· t.r·~ 

'·. point at coaF®V\ ( C .m.) = 0 1 Which is too high by 1.5 standard deviations 1 

. ,· 
,i•. 

,: t' 

,, 
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'·this CU.si:ribu.tion :l.s clearly characterized by an important positive 

cos2 term, wM.ch :ts in agreement with our angular distributions. 

'!h.e or.1ly other distributions to be · consj_dered are those of 

nu:-loa et al., 37 a.nd they present somm·iha.t of a problem. Their results 

have been publishecl with the best fit as isotropic at all energies from 

threshold UJ? toT _ = 1000 MeV. Then, only a linear cosine term is 
1( . 

us eel to fit t.he forwa.rd peak at their highest two energies. While the 

differences in t.he d.ata points :might not actually be too great in view 

of. posai.ble stat:l.stical fluctua·t:J.ons i.n the distribut:tons, there is a 

,· 

I ' '· 
very signif':t<'..a.nt d:tfference bet.ween the conclusion that the differential 

cross section ie completely isotropic throughout such a great energy 

range, and -~conclusion. that higher terms are present, 

Since their method of analysis seems to be logically correct, 

· it is not entirely obviOIJ.S to what to attribute the difference between. 

: i · their COl'l.Clusiona and ours. We have investigated the effect on our 

data of j_gnoring ahovrers which occur in the top and bottom spark chambers. 

Even though the bisector distr:i.but1.on of the remainillg events has 

inarked.ly less structure than the orlginal bisector distrtbution, this 

fact in it;self is of little consquence, since presu:m.a.bly Bulos et a.l. 

correct :for the geometrical effects in their analysis. 

The. correct:J.on they must make is not a trivial. one, however. 

In particular, the correction to be m.ade to the number of events in 

·· each bin depends on what the angular distribution happens to be. 

Although this, is also true in the case of our s:f.mple transformation from 
. I 

· · the bi.secto~ aiatribution to the 11 differential erose section, the 
~·;{~~ 

dependence j;~:~;much more complex where the less favorable detection 

. .' 

.. 

'l 
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< ·, .· geometry is used, as ·will now .be shown. Presented -in Fig, 43 are the 

. ·· .... ·results of a Monte Carlo comparison of the two experiments, which 
. . t! ... 

·''>·.illustrates the difficulties faced by Bulos et al, In two calculations, 

'.: 6000 events each 1>1ere generated, according to two different 'l angular 
·: 

' 2 distribut:l.ons (~sotropic and 1 + _cos e), and the bisector distributions 

··that ·would be observed using f'our and six chambers were predicted, 

The geometry assumed in the four-chamber case was exactly the same as 

that used by Bulos et al,3° In spite of the great difference between 

· · the initial distributions, Bulos et al. would see a forward peak as the 

! ' dominant feature in both cases, because only in the forward direction 

is the minimum laboratory opening angle small enough for most of the 

events to be seen without the top and bottom chambers. Thus, in the 

rest of the distribution, statistical fluctuations at the points marked 

"critical bins" in the isotropic case could make the t\-ro net results 

q distressingly similar. 

Thus it seems apparent that with only four chambers an extremely 

large number of-events would be required to be able to detect with 
. ' 
· ... c~rtainty the presence of any non-isotropic terms .in the 'l angular 

distribution, because the observables are so insensitive to these terms. 

From the fact that Bulos et al~ were not able to divide the complete 

angular range into more than five bins; we conclude that they did not 

have a suffic:l.ent number of events to.see the structure present in the 

T} differential cross section. 
,. 

A qui~k glance at the fine-dashed line in'Fig, 43 shows that 
\ i 

we do not sti:r.fer from the same difficulty, and hence we have confidence 
··' I.:-

"'··'\• 
; in our more :Ml;raight-forward method and in our result. 

. \·. 
-~ 

;' t .~- .. 
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. :F~j.gur:e 43. Monte Carlo comparison of observed bisector. 

distributions with four spark chambers and six 

a park chambers, :for two d.if'ferent I) angular 

distributions. 
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·_ ... . : '~ B. Interpretation· of the Data 
· ... . . ·, .. · 

. . . · 1. Identification of the Important Angular Momentum States up to 1 GeV. 

,: 
! . 

. .-... . The extremely fast rise from threshold of the total.cross section 

. : ,· · ~ediately suggests that the production takes pl.ice predominantly with 

:·.:the 11 and the nucleon in a relative S state. Near threshold the center

of-mass momentum dependence of the ·Cross section is of the form 

(20) 

where k is the ·11 wave number, a is the interaction radius, and the vl 
4o are the barrier penetration factors for orbital angular momentum t. 

The first few v~, are 

.. 

1 + (ka)
2 

4 
v (ka) = __ (l._.ka_.J):......:----r 

2 9 + 3(ka) 2 + {ka) 4 ~. 

(21) 

. (22) 

(23) 

Shown in Fig. 44 is the total cross section plotted as a function of the 

momentum in the .c.m. system, with a straight line which was fit to the 

first five data points with Jx2j d = 0.87. Thus, up to P. { c .m.) = . . 11 
200 MeV/c, the total cross section is closely proportional to the wave 

number, as would be expected for an S state. 

If one takes our data point at 116 MeV/c, anq the point of Bulos 

et al.37 at 158 MeV/c and inquires wh~t interaction radius would be 

required in Eqs. (22) and (23) to tnake the curv.e pass through those 

points, one finds that a = 2.2 fermi for P wave (l = 1) and that it is 

even larger for D vrave (.e = 2) • Since this interaction radius is larger 

than the pion Compton wavelength, which is characteristic of t~e longest 

range nuclear force, these possibilities may be discarded. 

To set more information about the important partial waves, the 

differential.1~ross section is considered. It can be shown that two 
.-., 

complex ampli~udes, f and g, are necessary to describe the scattering 

of a spin 0 p~~ticle on a spin 1/2 target. Spin-flip scattering is 
! \? 

described b:f::.~.~ while the scattering without spin-flip is given by f. 
! "4· 1! 

' 

.• 
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To make a partial wave ex.pa~sion, one .expresses the two amplitudes as a 
:, j • ••• 

. :_ · . sum over orbital angular momentum states : 41 · 

:. 

and 

Here the ·A's are the partial wave amplitudes, with the subscript 

indicating the total sPin; PJ(cos 8) is the tth order Legendre poly

nomial. In terms of these amplitudes, the differential cross section 
! 

for scattering on an unpolarized t-arget is 

(26) 

~~e absolute square of Eqs. {24) and ('25) may be inserted into Eq, (26) 

to yield the angular dependence of the differential cross section to be 

expected from any combinations of partial wave amplitudes, or angular 

momentum states. If states through t = 3 are included, and the differential 

erose section is expanded in a Legend:ee polynomial series, then the 

' ( ) 42 result iaas given :In Eq, 27 • The notation used for the partial wave 

amplitudes in this equation has been changed: the orbital angular 

.· .: momentum is indicated by spectroscopic s;ymbols, with £ = 0, 1, 2, 3 

indicated by S, P, D, F, respectively, and the subscript is twice the 

total angular momentum or spin. Also, the complex multiplication is 

* only implied: i.e., s1P1 is taken to mean Re s1 P1 • 

Armed~with this expression, we could proceed to examine the 
" ., 

coefficients in the Legendre polynomial expansion of the ·experimentally 
~ . 

t>. /i· 

observed ~ dt~ferential cross section, and try to guess which amplitudes 
:f :-;~~-! 

'[]i 
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b~st e~~i~ tb.e' dP.t~·.·::· .. Howe~er; the number .. of~~Pi~~::delwhich need to 

be .cons:l.d~red can be reduced by making ·use 'of' r~s.ults.' fro~ phase-shift 
. . - ' ' . . ··.;' 

·: .analyses ,of the elastic JC-nucleon scattering ~~·~, as··-will now be 
I '· .. 

'· 

;· :·.'• ex,P.liined. 
j .'I . 

. . ,:-_ ._., 

···.:_.,.:'.·.' .. :'::~.-.·, __ ;_ •. ·:·.-~~ = P
0

(c_o"' 0· )_ [s.· 2 ~ P.: 2 ·+ .. 2P· . ~ ·_:+: .2D. 2 + 3D··~ .+: 3.F·. 2 +. :_.4.'F· -~]-: 
~~ rJ .. 1 ;r .1· ·,· : ·3.'.~ 3. :· • .. ·· 5.: \d' 5'·' T ·. '·. ; . ; ;·.~t::, . . ' . . . .. .. . ' ..... ' 

; + P1 (eos e) [ 2Ph+ 4P3s1 +·4n3P1 + 0:8 ,D3P3 >7.2 n5P3 ........ . 
' • ; • • .· '• '' • -~r-. ,' 

+ 7.2 F5n3 ; 0 •. 5 F5n5 + 10.3 F-f5 ] . ... . . ':: 

[ 
2 2 I · 

, . : ··'+P2 (coa 8) 4 P3P1 + 2.P
3 

+ 4 n3s1 + 2 n3 ~ 6 n5s1 + 1.7_D5n3 
-~~-· . . . . •. . .. . 

. .. 2 . . • ... '· .. :· -2 · ... · ''· ... . 

+ 3.4 D5 + 6 F5P1 + 1.7 F5P3 + 3.4 F5 +:10.3 F-f3 

+ 1.1>'{
5 

+ 4.8 F/] . . . "' .. 

·.'·~ - :-

' . r . . . . . . . 
iL , . + P3(coa e) l7.2 Dl3 + 6 n5P1 + 4.8D5P3 +6F5s1 + 4,8 F5n3 

+ 3~2 F5n5 + 8 F7s1 ~ 2.7~f3 + 8 Ff5l' . 
>\. . . ·. . ~- ' 

(27) 

. : ·:, .' + P4(eos e) [10.3n5n3 + 2.5 n5 
2
+ lo.J F5P3 + 2.5 F5 

2 

· . . + 8 F { l + 5. 7 F { 3 + 5,' 1 Ff 5 + 4 .• 2 F / l 
· .. ·.' . 

, .. + P5(coo a) [ :14.3 F5n5 +13,3 F-fl + ?·7 F-f5] 

·. • . ;,> P
6

(cos e) [ 18.2 Ff
5 

+ 3.0 F/ l. . 
\. 

F(n• purely elastic 'r:-N scattering,· 1 t. follOws from uni tari ty 

'· of the S matr:l.x that partial wave amplitudes of Eqs. (24) and (25) may 

be written 
. . ~ . ~ " .. 

/ . 

' .·' ·.'· 

.'·:' .. -·. 

.... . : 

··:. ' ·,., .· 
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(28) 
. •.· ~ t 

where 62+1/ 2 ' .a. real numbe;r, is the phase shift in that partial wave, 
... -

and k is the wave number of the pi.on in the rc-nucleon c .m. system. 

If ·there are any inelastic final states which compete with the elastic 

scattering, their effect on the elastic scattering amplitude is to add , 

a positive imaginary part to the phase shi:ft. Then the amplitude is 

customarily written 

·where 

and 
- 2 Im 6-.t± 1/2 

bt±l/2 , e 

(29) 

(30) 

(31) 

The quantity, bt+l/2 ' is called the absorption pa.ra.mter and is 1 if the 

sca.tterin.g in that wave i.a completely elastic, and g6es to 0 in the. limit 

of .JnaJ::immu absorption. With this expression for the partial wave amplitudes 

inserted into Eqs. (24) and (25), one can integrate Eq. (26) for the 

· , di:f.ferentia.l cross section over all solid angle and find the contribution 

· . to the elastic sca.ttering total cross section from each partial wave. 

This turns out to be 

(32) 

~ f~~:~, 
The total crd81i section, elastic plus :!.nel.astic, can be found using the 

. ' 

.. 
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opt:tcal theorem, which is valid for each individual partial wave, 

{33) 

Hence 1 we ca.n.subtra:ct Eq. (32) from Eq. (33) to get the inelastic 

cross section in each partial wave: 
·' 

{34) 

~t follows that in the analysis of an .inelastic channel, one's attention 
::. . I· ' 

may be confined to those partial waves which phase shift analyses of 

the elastic data have shown to have an absorption parameter less than 

unity. 

All available information on elastic ~-nucleon scattering has 

been analyzed by several workers to find the values of the phase shifts 

12· 
and absorption parameters as a function of energy. While their 

results are not in complete agreement, it is generally accepted that 

armmd 6oo MeV s11, P11, and n
13 

waves (notation: .t2I,2J) have large 

a·bsorptive parts. (Since an 11-N state necessarily has isotopic spin 

1/2, only the runpli.tudes for n-N scattering in that !-spin state need 

be considered.) 

We see that precisely these waves suffice to explain our 

· observed. angular d.istrfbution. in 1') production below 1 GeV. As already 

deduced from the shape of the total cross section, production appears 
;} 

, to take pla.c~ exclusively in a relative S state innnediately above 
I, 

' ~. 

· threshold. :,~e isptropic angular distributions supportthis conclusion. 

i·T;~ 



·,''• 

: 

· .. : Begtnning at 655 MeV, we suggest that the linear cosine .coefficient is 

·.:~·;'due to either a P1s1 interference or a n
3
P1 interference, or both; and 

.that the coefficient of the second order Legendre polynomial is mainly . 
. ;·· ... · 

2 due at first to the n
3
s

1 
interference and the n

3 
term, By 800 MeV, the 

. s1 wave becomes less important, although the n
3 

wave still prevaj.ls 

up to about 1 GeV. These conclusions are to be compared especially 

with the phase shift analysis of Bareyre et al. 12a 

Even though th:i.s analysis of Bareyre et al. shows that at the 

' I = 1/2 900 MeV resonance, F and D waves are ala? highly absorptive, 
I 

the lack of any enhancement in the total cross section plus the absence 

of high order terms in the angular distribution for ~ production at this 

energy show that. this resonance does not decay with an observable rate 

into the ~-N state. In view of the large numerical coefficients multi-

plying these amplitudes (cf. 14.3 F5n5 in the P
5

(cos e) coefficient 

il : of Eq. (27)) the angular distribution provides especially strong 

negative evidence here. It has been pointed out that this fact suggests 

. * 

... 

that the Nl/2. (1688) should be assigned to an SU(3) octet, which coyld 

·be the Regge recurrence of the baryon octet, rather than a rJ multiplet. 43,44 

,. 2 • Quantitative Comparison with Phase-Shift Analyses Up to 1 GeV, ... 
. ~ 

It is of. interest to see if 1l production alone can completely 

accoun·t for the observed absorption in any of the 1t-N partial waves 

near the 1l threshold. One aim of this investigation is.an attempt to 

. * clarify the role played by the N1/ 2(1512) in 1l production, and vice-versa. 

The p~ocedure to be followed is merely to calculate the inelastic 
~. 

cross sect:tbij. in the various angular momentum states, \.}sing Eq. (34) 
~~. . 

'-tith b~±.l/2.'~ given by the several phase-shift analyses, Before the 

'· ·' 

·'. 
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result ca.n be compared. directly with our data,. an isotopic spin 

projection factor of 2/3 must be included, because the n-p initial. 

state is in a,n isotopic spin 1/2 state only 2/3 of the tiine. 

Sho~m :tn Fig. 1~5 are the absorption cross sections in the SD. . 

· n-N state, calculated, as explained above, from the absorption 

parameters of several different phase shift analyses. Also in the same 

.. graph are plotted the 1"1 production cross section data from this 

. experiment and from Bulos et al. 37 'Althmlgh the phase-shift predictions 

are not in complete agreement, this graph strongly suggests that the 

! 
observed s11 absorption is due almost completely to 1"1 production~ The 

fact that the data po:f.nts do not fall .off as rapidly as do the s11 

absorption cross sections above 700 MeV may be attributed to the 

contribution. from the P1 and n
3 

states, which become important there. 

The :t.nelastic cross section in the n
13 

n-N state also reaches 

!1 a maximum in the vieinity of the r1 production peak, but because of the 

(2J + 1) factor of Eq. (34), this cross section is about twice as big 

. as the '1 production cross section. Even though some n
3 

-wave is present 
i.· 

· in the 1')-N system, we must conclude that the ma:tn inelastic decay mode 

of the N1; 2*(1512) is not into an 1')-N state,·since the 1"1 production 

seems to be predominantly in the S state, as indica ted above. This 

is consistent with the small amount of phase space available for 

N1; 2*(1512) decay into 1')-N • 

If the absorption in the s11 state is indeed to be attributed 

to 1"1 production, an evaluation of one aspect of the various approaches 
' v 

to phase s~,~ft analyses may be made here as an aside. In the phase 
o/.1 .,;~ . 
'4 .• 

shift sear~~~s, two general schemes hav~ been used. The first involves 

' 

. i 

I • 

·' 



Figure 45. 
,~. :...~· 
':" 

t~~ 
'··~· 

5 

4 

I , 
I 

/ rk 
/ fll 

I • . i 
'• /I 

, I 

,/ : 
/ ' Threshold 

I 

Bareyre et al. 
Bransden et al. 
Auvil et al. 
Roper et of. 

Cence 

t Bulos et al. 
This experiment 

0~------ll-~----------~--------~ 
400 600 800 1000 

TTT- (MeV) 

MUB·8588 

'· 

Inelastic cross section in the s
11 

state calculated from 
12a the absorption parameters published by Bareyre et al.·, 

12b 12c 12d Bransden et al. ,, Auvil et al.., Roper et al., 
12e 

and Cence. To be compared with them are the n 
producticn cross section data measured by Bulos et al., 37 

arid this experiment. 
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expanding the phase shifts and absorption parameters as a power aeries, 

or some other function of the c.m. momentum, and then evaluating the 

parameters of the expansion by fitting to all data at all energies at 

once. This procedw:-e, used by Roper12d and by Brans den et al. l2b 

enforces a smooth energy variation of the phase sM.fts and absorpM.on 

parameters. The second scheme is to search for the best phases at each 

energy, separately, wj_th no functional connection between the solutions. 

The criticism to be made is that it is very difficult to choose a 

parametrization for the first apprbach which will allow for the possible 
1 

sharp changes in the absorption at new inelastic thresholds. Roper's 

12d results, for example, do not show the effect of the Tl threshold on 

12c 12a · the s11 absorption as clearly as those of Auvil, Bareyre, or 

12e Cence. Since there is always the danger inherent in the energy-

dependent approach tha·t the parametrization might bias the results, 

• 1 · the second approach is to be preferred. 

·3· Discussion of the S-wave !)-N State and its Effect on the rc-N System 

A na.tux'al question to be asked is whether or not the_ peak in the 

: Tl product:ii.on cross section just above threshold is _the manifestation 

of a resonance in the n-N state. This would be difficult to understand, 

because of the absence of angular momentum in the S state to provide 

a centrif'ugj3.1 barrier. At~ an alternative to the resonance hypothesis, 

s. F. Tuan has shown, using a two-channel K-matrix formalism, that 

· this phenomenon may be und.erstood in terms of 'bound or virtual states 

' 45 
of the 11-nu~leon system, corresponding to well-defined S-matrix poles. 

From the pdi~t of view of S-matrix theory, this could also be called 
t ·l~ 

a "particlcl'j·14 to be placed on a Regge trajectory, and included in 

' ' 

' . 

)' . i 

'ill 
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higher symmetry schemes, as are resonances. 

_r Frazer ·and Hendry ; 46 in an extension of the work: of Ball and . 
- ~ ·_ 

Frazer, have shown that su~h an S-matrix pol~ associated with the 

opening of an inelastic S-wave channel can produce sizable effects on 

the cross section in the elastic cross section--a peak for the bound 

:-- state case and a cusp in the virtual state case. 

·· 12c 
The phase shift analysis of Auvil et al, indicates the 

- presence of a cusp in the s11 phase shift at the ~ threshold. Bareyre 

12a et al. show a cusp in the same phase shift, slightly above the ~ 

48 l 12e 
threshold, Dobson has shown that the s11 phaee shift of Cence is 

consistent with a cusp due to a virtual ~-N state. In contrast with 
4 ' 

these, Uchiyama-Campbell 9 has analyzed the data, and finds no pole 

in the vicinity of the inelastic threshold, Hendry and Moorhouse50 

find an ~-N S-wave resonance just above the threshold, which, as mentioned 

h before, is not ·easily understood because there is no centrifugal barrier. 

It was stated in the Introduction that a similar rapid rise in 

~production near threshold'had been noticed in the_reaction K-p ~ ~. 10 

· BerJ.ey et al. 5l have raised the question whether this might be an 

indication of an S-wave bound state of the ~ system. The similarity 

between production of the ~-N final state and the ~-A final state has 

led Gyuk and•Tuan52 to postulate the existence of an octet of virtual 

~-baryon states associated with the thresholds of ~ production in 

association with all members of the baryon octet. According to them, 

this would f~ll naturally into a place in SU(6) symmetry, where in the 

70- repres~htation, an octet of~ = 1/2- baryon states is called for, 

' It i~thoped that the data from this experiment will contribute 
' -~~ 

'' 

\ i 
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' ."'V 
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toward a clarification of the ~-N interaction near the ~ threshold. 

1 
••• ~ 4. Specui.8.ti.ons about 1100 MeV 

Our measurement of the total TJ production cross section suggests 

that there might be a small bump at T _ = 1100 MeV. The data. point 
n: ' 

there is approximately two standard deviations from lying on a straight 

-line between the adjacent measurements. Although this by itself might 

not be considered significant, it happens that at thls same energy, 

the I..egendre series coefficient A
2 

temporarily dips slightly negative, 

and the negative coefficient ~ becomes important for the first time. 
I 

I It is intriguing to assume that something real is happening there and 

to attempt to figure out what partial wave is responsible for the 

observed behavior. 

S:!.nce all of the elements in the general Legendre expansion of 

the di:fferenti.al cross section as given in Eq. (27) are connected by 

lj plus signs, the negative terms must come from interference between 

two different amplitudes directed oppositely when plotted in the complex 

plane, We do not think thet the n
5 

or F
5 

amplitudes are responsible, 

l)eca.use they should have been important i.n the regj.on of the 900 MeV 

resonance, if they were to have played any part at all. Also, barring 

a conspiracy among the amplitudes, there would be a P4(cos e) and a 

P5(cos e) variation in the differential cross section. Higher waves 

are also ruled out because they would have contributed more structure 

to the d.i:f':ferent.ial cross section. • 

A mor~ likely candidate is the P
3 

wave. The phase-shif:t 
~ . 12a . 

analysis ot ~reyre et al. showsthat the P
3 

amplitude is beginning 
~' , .. 

to be defi~d.tely absorptive at 1000 MeV,--the .upper limit of their '• .. ' 
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analysis--after somewhat unsteady behavior at lower energies. 

Interference with the tail of the n
3 

amplitude could provide a 

negative ~ term, while interference l-Tith the still absorptive P1 
2 amplitude, partially cancelled by P

3 
, could drive A2 slightly negative. 

It wlll be interesting to see if this bump remains after the 

other half of the data, presently being measured by the High Energy 

Group at the University of Hawaii, is added to the present sample. 

If it does, the situation at 1100 MeV will deserve a more quantitative 

study. 
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. APPENDICES . 

. A. Normal:tzation of Full-Empty Subtraction 

'- . In this Appendix the normalization.factor.of the target-empty 
. .. 

· .. distributions, used in making a full-empty subtraction, is derived. 

Given a sample of data taken with the target full, and another 

• ·sample taken with the target empty, it is to be shown first that the 

.target-empty distribution should be multiplied by a factor such that the 

·total number of events in the distribution would result from the same 

number of incoming pions as that producing the target-full distribution. 

Then the two di.stributions IDB:Y be subtracted to remove f:ttom the target- ' 

full distrtbution the effect of interactions which did not take place in 

the hydrogen. 

Let us define three regions of interaction: a) Region A contains 

all material where interactions might take place before the liquid_hydrogen. 

This would be primar.ily the last monitor counter and the entrance window 

to the vacuum dome of the ·target. b) Region H consists only of the 

liquid hydrogen. c) Region B is the remaining material between the 

hydrogen and the detectors; that is; the exit window and downstream part 

of the vacuum.dome, and the anticounter. 

In each region there is a given probability that an incoming 

pion will interact and produce a neutral event. For example, the 

probability of interaction in the hydrogen is. approximately , 

(A-1) 

where a is the neutrals cross section per nucleon, p is the density of 

liquid hyJ~gen, N is Avagadro 1 s number, A is the atomic number of ;, a 
.~ -~/l 

molecular hydrogen, and £ is the path length traveled by the pions 

• .l 

... 
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. ··through the hydrogen. This probability is of th~ order of O.l%. Similarly, 

··. 
smaller probabilities exist for production of neutral events in regions 

A and B. Also for each region a fraction fA' fB' or fH must be defined, 

These are the fractions of,the neutral events produced in each region 

that qualify for inclusion in the distribution under consideration. This 

may be the fraction of all events that are two-shower events, or that 

have a tw·o-shower opening angie in a. given region, etc. 

Now, with hydrogen in the target, let us suppose that N pions 

in the beam enter the apparatus. The number of suitable events produced 

in region A is 

(A-2) 

This number, of pions is also removed from the.beam, as is a similar 

_number, pA 1N, which is removed by any othe~ interaction in region A. 

Thus the number of pions entering region H is N - pAfAN - PA'N, and the 

q number of suitable events produced in the second region is 

(A-3) 

Again, that num~er of pions, together with the PH'N(~- pAfA- PA') 
. t . 

removed by other interactions in region HJare not available in region B • 

. The exact expressions soon become unwieldy, but it is clear that the 

number entering region B may be represented as 

N(l • O(p) + O(p
2
)) • (A-4) 

In this notation, O(p) is a sum of all the terms which are 
2 l:f.near in some, interaction probability, and O(p ) contains only terms 

· .with p2 • So :rtnally, the number of events produced in region B is r .. i·· 
~iil 
\7~1 

pBfBN(l - O(p) + O(p
2

)) • (A-5) 



' . 

-144-. 
The simplifying approximation to be made is that the probabilities pA' 

PH' and pB are all::small enough that powers higher than the first may 

· be safely ignored. This is an extremely good approxtmation. It must be 

assumed that PA'' PH'' and PB' are also this small. Neglecting these 

' small quadratic and cubic terms, then, we get 

pAfAN background events from region A, 

Plf~ events from the hydrogen, and 

pBfBN background events· from region B. 

(A-6). 

(A-7) 

(A-8) 

Now we may take data again, sending in N' pions, with no hydrogen 
. I . 

in the target •. This is equivalent to setting pH = 0. In the same 

approximations; the result of this experiment must be 

background events from region A, and 

background events from region B. 

It is therefore a trivial result that if N' = N, one gets the same 

(A-9) 

(A-10) 

number and distribution of background events from the target-empty data 

that are present in the target-full data, so that with this normalization, 

. a full-empty subtraction of all distributions removes from the final 

result the effect of any interacti9ns in substances other than the liquid 

.hydrogen. 

Ordinarily counter data on the number of incoming pions and the 

number of neutral events would be taken s·imultaneously with the pictures, 

so that the number of pions per picture could be calculated. In our 

case, the sp4rk gaps and chambers produced so much electrical noise that 
~ ' . the counter 4ata taken while the chambers were on was not considered 

. r~ 
reliable. :,cdnsequently, the chambers were turned off periodically, and 

·i~;i;:, 
the counters were run alone to measure the neutral cross section. 

,. 
\ 
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Now that the proper normalization.has been derived, we must see 

how to actually calculate the normalization factor for any given sample 

of data from a specific number of frames of film.. To begin with, a 

number of symbols need to be defined. In all definitions with an 

asterisk, another definition, with a superscript I on all symbols, is 

to be understood, to stand for the analogous property of events produced 

by interacting beams • 

Let us take a large sample of pictures, and let. 

* B = the number of frames with a good single incoming beam 

in sample. 

These divide into 

where 

and 

* B=B+B, n c 

* Bn = the number of these frames with a neutral 

event, 

* Be = the number of these frames with a charged particle 

in the final state. 

(A-ll) , 

(A-12) 

(A-13) 

(A-14) 

All of the distributions are made from the set. {B} 

is to calculate 

, . so the problem 

* N = the number of incoming pions associated with B frames. (A-15) 

If 

Rel = the neutrals/monitors ratio as measured by the counters, (A-16) 

one might ~h;nk that N = B/Rel is the answer, but it. is not because 
:1.1 

the neutrals[monitors ratio includes the charged particles in an 
'· 
p I 

unequal dis{ribution between B and B • If 
..:,. '9 

.;-~ I 
Ntot, '= N + N (A-17) 

.. ! 
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what is true is that 

·We must define the :probability of interaction; 

that is, 

and 

* 

* 

pn = probability that a good single beam particle 

produces a neutral event, 

pc = probability that a good single beam particle 

produces a. charged final state, 

* B =Np , 
n·. -'-'n 

* 

(A-18) 

(A-19) 

(A-20) 

(A-21) ' 

(A-22) 
. I . 

We :make the assumption that 1h ~ Pri ; in other words, the probability 

that an interacting beam particle produces a neutral event is the same 

as for a good beam particle; it is oniy the charged particle production 

\Thich if! different. 

Then we may put 

I 
Ntot = N + N 

Hence 

B 
N=N n 

tot B B I 
n + n 

B I B I 
= N +..E._= N(l - _n_) 

Pn Bn 
(A-23) 

'-·. 

B 
n 

= Rel 
(A-24) 

is the number of incoming pions associated with the sample of B frames. 

OnJt~, one further modification remains. The number of monitors 
'·$~1 .. 
• · f~~ 

for the giveft sample is calculated using the totals for the various beam 

.· . 

, ... 1 ! . \ .. 

'·• 

.• 
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·:o, ,• 
types as determined by the scanners •. Then a subset of the good frames 

is measured and put on a computer .data tape for analysis. This might be 

/ ~ ~ .. ' 
· all of the j -shower events 1 where j = 1, 2, or 3. Not all of the j -sho~er 

~ . ' .. 
'• . 
"'-"'· .. . .. events in the original sample get to the data tape, however, because 

of mismeasurements, or computer malfunctions. Consequently, when the 

. '. ·.· number of monitors for .yhe events on the tape· are calculated, the number 

' > .,. 

).•: I • 

• ' It'. 

,. 

'\ 

. '_. 

'
'. 

, '·,e 

•. \' t 

,•·. . .. , 

' . 
' 

Hence, the complete procedure is to 1) form some distribution, 

. ~~ from target-full ·events, and calculate the number ofJincoming pions, 

NFFjF' associated with the sample of full events, and 2) get the 

corresponding target -empty quanti ties, €MT and ~ jMT. The final 

. distribution, corrected for interactions which did not occur in the 

liquid hydrogen, is then 

~· 
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B. Kinematics of Two-Gamma Dec·ay 

In this Appendix the equations will be derived which are used in 

. the analysis of ~ angular distributions, relat~ng the distribution of 

"the bisector of the r-rays to the distribution of the ~· The treatment 

.will be of a neutral meson, X, with a 2y decay mode, which could be 

either a ~0 or an ~' for instance, and the units will be such that 

c = 1. 

The analysis is only useful in an inertial frame where every 

meson, X, in the sample of data has ·the same :velocity,, because the 

.·~elocity, ~~ is the main parameter of the equations. Sue~ a frame is the , 

· 'so-called center-of-mass system of a two-body final state like the one 

of this exp~riment, where the vector sum of the two momenta is zero, and 

the velocity of X is fixed by momentum and energy conservation independently· 

of the scattering angle. From now on, then, if there .is no special 

comment, all quantities are eval~ated in the center-of-mass frame. 

One of the principal ingredients of the derivation is the 

distribution in the magnitude of the angle, a, between the direction.of 

the X-meson and the bisector of the decay gamma rays. This·angle is 

shown in Fig. B-la, along \orith ~, the opening angle. The distribution 

in 5 may be expressed 
-~ ... ' 

dn 
dO = (B-1) 

¥There dn/d~ is the opening angle distribution, repeated here for 

completeness, 

. (B-2) 
'·,_:, 

~~~~
'This is slightly rewritten from the form derived in Ref, 8, and has been 

' . ' 

... 

:,:. 'il' 
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Figur~ B-1. a. Angles used in kinematical equations. 

bJ': Coordinate system for integration of bisector equation . 
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·.·multiplied by a factor of two so that 

180° 

I dn 
d4> d4> = 1 

4>min 

In Eq. (B:..2), /3 is 
.1· 

the velocity of meson x,. andy·= r=======~ .. J 1 -~ /32 

.... 
To get the second factor in Eq. ·(B~l), we must derive the 

relationship between 4> and 5. Th:is can be ·easily done by applying 

(B-3) 

energy and momentum conservation to the decay illustrated in Fig. B-la. 

We write 

p
1 

cos a + p2 cos € 

El + E2 ' 

I 

(B-4) 

where the numerator expresses longitudinal momentum conservation and 

the denominator is conservation of energy in this decay. Since in our 

units 

cos € 

Eliminating the ratio, p2fp
1

, by using the condition of transverse 

momentum balance, we get finally 

cos 4>/2 
~ . t3 = cos { ~/2 - a) ' 
' 

or 

.. ' .:. ' t3 cos 0 = cos ~I 2 • 

(B-5) 

(B-6) 

.' . ~ 

.·~ 
( 
' \J 

., 
j' . 

. I':!;: 
\•' 
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· Differentiation of this ytelds 

2f3 sin 5 = sin tb/2 
(B-S) 

Hence, multiplying Eqs. (B-2) and (B-8), and using Eq. (B-7) to eliminate 

fb, we get the desired result, namely: 

dn 
d5 = 

cos 5 

2 { 2 2 J 37
2 

1 1 - f3 cos 0 

(B-9) 

We can choose to differentiate with respect to cos 5, instead, giving 

dn 1 
2 

dn - (1- f3 ) 1 cos o 
dll = J. 2 { 2 2 \ 3/2 • 

1 - cos 0 1 - f3 cos 5) 
d(cos 5) = sin 5 

Now we can write down and evaluate an expression for the angular 

distribution of the bisectors, given the distributlon in angle of the 

meson, X. First we put 

dO' = J d
2
a 

~ ~<illx 
(B-11) 

Here 

is the joint probability that an event occurs in which the X meson is in 

(B-10) 

the element of solid angle, dnx' and at the same time the bisector of the 

decay r-rays is in the solid angle, dnn· The directions of the bisector 

and the incoming beam axis (from which the scattering angles are measured) 

are held fixed, and the integration is over all possible directions of 
:! 

scattering of X. 

Thf_doint probability may be expressed 
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'. 

where 

do- an 
an x 

X 

da 
an 

X 

= 

-1.52-

dn 
~, 

is the probability of an X sc&ttering into the solid angle an i and 
X 

(B-12) 

(B-13) 

dn 
~ ~ is the probability of finding the bisector in d~ at the same 

time, a function of the angular separation 5 of the X and the bisector. 

l ' 
Thus, Eq. (B-11) is expanded to the following 

dO' 
cill:B= (B-14) 

The choice of coordinate system in which to integrate cannot 

affect the result, so we choose the somewhat peculiar spherical coordinate 

system which has its polar axis in the direction of the bisector under 

consideration. This system is illustrated in Fig. B-lb. In this 

dn coordinate system, the factor, d~ dflx ,. of Eq. (B-14), is the probability 

of having the X meson at a solid angle, an , with respect to the bisector, 
X 

which is given by the distribution of Eq. (B-10); i.e., 

dn 
d~ 

an 
X 

l 
= 21( 

dn 
d( o} d(cos o)d¢ , COS . X 

where ~ is the azimuthal angle of the X meson with respect to the 
X 

~J. 
bisector polar axis. Thus we have so far 

1 
2rc 

dn 
d(cos o) d(cos o)d¢ • 

X 

(B-15) 

(B-16) 

I "'( 

~) 

.• 

\'. 
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We can carry out the integration if we recall the addition theorem for 

spherical harmonics which can be written in the following way for the 

vectors of Fig. B-lb.53 

. (B-17) . 

.·Again·, ¢B ie the azimutha]. angle of the beam. direction with respect to , . 

. the bisector. 

If we substitute this i~to Eq. (B-16), the integration over 
! . 

d$d can be done. All of .t.he terms in the exp.e,nsion of PJ, (cos e ) , except 
X ; X 

the first, ar~ multiplied by cos [ m (¢X - ¢B)] , and these drop out when 
' 

integrating o~~r d¢x from 0 to 2~. n1e first term is multiplied by 2~, 

which cancels :·out the (f!l'() -l of Eq. (B-16). After this step the bisector 
~t . 
·:1-J.: 

. distribution ±i . 
~ = ~ rt ct IPt(cos B) di~~. B) d(coa B) J P.e(cos eB) (B-18) 

i 

Or, writing u =cos o, and putting in distribution (B-10), 

= 

i 
llie limits.~df integration correspond to taking o from Q to some maximum 

~; ;: 

angle, lesl'·jfuan 90 deg, which is related by Eq. (B-7) ito the maximum 

' 

. ·' 

··. 
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opening angle one wishes to consider when selecting events. 

This is the result we seek. The integrals 

(B-20) 

. . 

_have been done numerically, resulting in Table B-I. · These express the 

relationship between the coefficients of a Legendre polynomial expansion 

of the differential cross section for X production, namely Ct' and the 

expansion coefficients of the r-ray bisector distribution, given by ' 
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Table B-I. Values of ~.e at the energies of' this experiment ;: . - .. ·. . . 

T (MeV) 592 655 - 704 875 975 1117- 1300 
1t 

t3 -'~t:,.·;~ ... \>-·· · c .m. 1 T} . . 0.2067 0.3468 0.4155 0.5622 0.6161 0.6724 0.7241 

~ (deg) 
·max . 

168 . 154 148 134 126 120 110 
.. 

so 0.8675 0.7811 0.7785 0.7811 . 0.7587 0.7721 0.7451 
-· - .. 

~1 0.7439 0.6998 0.7016 0.7137 0.7024 0.7178 0. 7026 

52 0.5489 0.5618 0.5701 0.5963 0.6021 0.6207 0.62~9 
I 
r' 

.. V1 
V1 

~3 0.3557 o.4o59 0.4193 0.4571• . 0.4791 0.5005 0.5250 I 

~4 0.2190 0.2698 0.2845 0.3261 0.3568 0.3794 0.4182' 

55 0.1528 0.1769 0.1888 0.2252 0.2545 0.2762 0.3192 

£6 0.1)72 0.1309 0.1380 0.1632 0.1832 0.2019 0.2388 

;7 0.1466 0.1201 0 .122'7 0.1363 0.1439 0.1585 0.1822 

,.· 
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