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ABSTRACT OF THE DISSERTATION

Essays in Econometrics

by

Jong-Myun Moon

Doctor of Philosophy in Economics

University of California, San Diego, 2014

Professor Ivana Komunjer, Chair

Chapter 1 studies transformation models T0(Y ) = X ′β0 + ε with an un-

known monotone transformation T0. Our focus is on the identification and estima-

tion of β0, leaving the specification of T0 and the distribution of ε nonparametric.

We identify β0 under a new set of conditions; specifically, we demonstrate that

identification may be achieved even when the regressor X has bounded support

and contains discrete random variables. Our identification is constructive and

leads to sieve extremum estimator. The empirical criterion of our estimator has

a U-process structure, and therefore does not conform to existing results in the

sieve estimation literature. We derive the convergence rate of the estimator and

demonstrate its asymptotic normality. For inference, the weighted bootstrap is

proved to be consistent. The estimator is simple to implement with standard op-

timization algorithms. A simulation study provides insight on its finite-sample

performance.

Chapter 2 is concerned with the problem of maximum likelihood estimation

xi



and inference in parametric models that are finitely identified. That identification

is finite means that there is a finite set of parameter values that are observationally

equivalent, i.e. they generate the same distribution of the observed variables.

This implies in particular that no amount of sample information (data) can allow

the econometrician to distinguish between those parameter values. Under finite

identification, the asymptotic distribution of the maximum likelihood estimator is

nonstandard and we study its properties. In particular, we show that bootstrap

can be used to uncover the identified set. Inference on a simple null hypothesis is

conducted using likelihood ratio, Lagrange multiplier Wald test statistics, which

in this situation are no longer asymptotically equivalent.

In Chapter 3, we study a family of nonparametric tests of density ratio

ordering between two continuous probability distributions on the real line. Den-

sity ratio ordering is satisfied when the two distributions admit a nonincreasing

density ratio. Equivalently, density ratio ordering is satisfied when the ordinal

dominance curve associated with the two distributions is concave. To test this

property, we consider statistics based on the Lp-distance between an empirical

ordinal dominance curve and its least concave majorant. We derive the limit dis-

tribution of these statistics when density ratio ordering is satisfied. Further, we

establish that, when 1 ≤ p ≤ 2, the limit distribution is stochastically largest when

the two distributions are equal. When 2 < p ≤ ∞, this is not the case, and in

fact the limit distribution diverges to infinity along a suitably chosen sequence of

concave ordinal dominance curves. Our results serve to clarify, extend and amend

assertions appearing previously in the literature for the cases p = 1 and p = ∞.

We provide numerical evidence confirming their relevance in finite samples.
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Chapter 1

Sieve Extremum Estimation of

Transformation Models

1
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1.1 Introduction

Data transformation is often used in econometric analysis. For example,

dependent variables are routinely log-transformed in linear regressions in order to

mitigate nonlinearity and heteroskedasticity. This effective but arbitrary technique

can be justified if transforming functions are included as model parameters and

then estimated using data. The most prominent example of this approach is the

influential Box-Cox transformation model (Box and Cox, 1964). Those authors

suggested a parametric family of power functions, including a log-transformation,

as candidate functions for data transformation. There are several variations of

this approach, which involve different sets of transformation functions. However,

if complex patterns are possible, then a nonparametric approach provides a useful

alternative. This paper concerns identification and estimation of regression models

with a nonparametric transformation.

Regression models with a transformed dependent variable are called trans-

formation models. Specifically, transformation models are represented by the equa-

tion

T0(Y ) = X ′β0 + ε, (1.1)

where Y ∈ R and X ∈ Rdx are observed random variables, and ε ∈ R is an

unobserved error term. In the model (1.1), there are three parameters: (i) the

regressor coefficient β0, (ii) the transformation T0 and (iii) the error distribution.

We consider the case when both T0 and the error distribution are nonparametric.

Horowitz (1996) and Chen (2002) review the literature regarding identification

and estimation of model (1.1). For related models in econometrics, see Matzkin

(2007). Following the literature, we assume (i) ε is independent of X and (ii) T0

is strictly monotone.

There are several applications of the transformation model (1.1). An im-

portant class of transformation models are duration models. In labor economics,

the study of employment and unemployment durations is an important area of
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research, and the duration model has been the main vehicle of empirical studies

(Kiefer, 1988; Farber, 1999). More recently, the unemployment duration is often

studied through the labor-market search model (Mortensen and Pissarides, 1999;

Rogerson et al., 2005), which imposes testable implications on the duration models

(Eckstein and Van den Berg, 2007). See Meyer (1996), van den Berg and Ridder

(1998) and van den Berg (2001) for related works. Also, hedonic models with

additive marginal utility and additive marginal production technology, studied by

Ekeland et al. (2002, 2004), are closely related to the transformation model (1.1).

Chiappori et al. (2013) provides an extensive list of applications in different areas.

We contribute to the literature by producing new conditions for identi-

fication and proposing a new estimator for β0. The identification exploits two

model features: the monotonicity of T0 and the additive separability of X ′β0 and

ε. First, we notice that an ordering is preserved by any monotone transformation.

Therefore, if we use only the ordering induced by Y for the identification, then

the specific form of the transformation T0 is entirely irrelevant. This is not to say

T0 is not identified; indeed, if β0 is identified, then the identification of T0 can be

established following Chen (2002). However, in order to identify β0, it is enough to

consider the ordering induced by Y , as will be demonstrated. Further, in general,

the ordering is completely characterized by a binary relation. Therefore, if we are

to use the information on ordering only, it is enough to see the binary comparison

of any pair of data.

The second observation leading to the identification is that the ordering of

Y is determined by a linear function X ′β0 + ε. Suppose we have two observations

(Y1, X
′
1) and (Y2, X

′
2). Then we see that Y1 < Y2 if and only ifX ′1β0+ε1 < X ′2β0+ε2.

This observation may be summarized to the equality

I{Y2 − Y1 > 0} = I{−(X2 −X1)′β0 < ε2 − ε1}, (1.2)

for an indicator function I{·}. The relation (1.2) is similar to the binary choice
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model. The difference of errors ε2−ε1 has the role of a random threshold, and the

binary outcome of whether the inequality Y2−Y1 > 0 holds or not is determined by

whether the threshold is crossed by the difference of two “single indices” −(X2 −

X1)′β0.

These two observations help us formulate a minimization problem that

identifies the model parameter β0 as a unique solution. Our identification result

is similar in spirit to the identification of the maximum rank correlation (MRC)

estimator of Han (1987). A distinctive feature of our approach is that the cumu-

lative distribution function (cdf) of ε2− ε1, denoted by F0, will be identified along

with β0. Our identification result is new, and provides new identifying conditions.

Specifically, we allow the regressor vector X to contain discrete random variables.

Further, all continuous regressors may have bounded support. Our key identi-

fying condition is intuitive; we require that discrete regressors do not dominate

the continuous regressors in terms of the relative contribution to the single index

X ′β0. However, regardless of the condition’s being met, the subvector of β0 for

continuous regressors is identified.

The identification is constructive in the sense that it suggests a natural esti-

mator. Our estimator is defined as a minimizing solution to an empirical criterion,

and the empirical criterion is acquired as a sample analogue of the identifying crite-

rion. We propose to use the method of sieves. Sieves refer to a collection of subsets

of parameter space which approximates the original parameter space increasingly

well. Conceptually, a denser sieve is employed as more data are collected. See

Chen (2007) for a survey of the literature on sieve estimation. Our estimation

procedure involves minimizing an empirical criterion, which is a function of β and

F , over a sieve space.

As implied by the equation (1.2), the criterion function will involve pair-

wise combinations of observations in its formulation. As such, our empirical crite-

rion has a U-process structure; in other words, it appears as a double-summation

over every pair of observations. Extremum estimation involving U-processes has
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been studied by Sherman (1993, 1994) for parametric problems, and the theory

is applied to the MRC estimation. The MRC criterion function has a U-process

structure, and it is a step function of a Euclidean parameter. On the other hand,

our empirical criterion function is a smooth function of parameters, which is one

advantage of our approach. However, we need to extend the existing literature to

deal with a semi-nonparametric problem to account for the infinite-dimensional

parameter F . To do so, we adopt and modify the existing results on sieve M-

estimation by Shen and Wong (1994) and Shen (1997). The main contribution

here is to show that the estimator minimizing the U-process can be represented

as an approximate M-estimator. We achieve this by approximating the U-process

using a more familiar empirical process. The theoretical device used for this task

is the U-process maximal inequality; in Appendix 1.8.6, we present its working

form.

We show that the estimator of F0 converges faster than the n1/4-rate in

terms of L2-norm. The estimator of β0 converges at the n1/2-rate to the nor-

mal distribution. Regarding the inference on β0, because we provide an explicit

form of the asymptotic variance, an inference can be conducted relying on the

asymptotic approximation. A downside of this approach is that the asymptotic

covariance matrix has quite a complex form, and that it requires estimation of

even more nonparametric objects, such as a conditional expectation. Therefore,

we prefer simulation-based methods and suggest a weighted-bootstrap scheme to

approximate the finite-sample distribution of the estimator. The consistency of

weighted bootstrap has been recently shown by Ma and Kosorok (2005) and Chen

and Pouzo (2009) for the sieve M-estimation and the conditional moment model,

respectively. We extend these earlier works to the case when the empirical criterion

has a U-process structure.

There are several literatures related to this paper. First, several papers have

proposed to estimate T0 nonparametrically, when
√
n-consistent estimator of β0 is

available. As such, these papers and our work are complementary. See Horowitz
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(1996), Ye and Duan (1997), Klein and Sherman (2002), and Chen (2002). If T0

is parametrized, then all the model parameters can be estimated jointly, including

β0 and T0. Relevant works in this approach include Linton et al. (2008) and

Santos (2011) among others. Second, there are rank-based estimators initiated by

Han (1987). Other relevant works in this strand include Cavanagh and Sherman

(1998), Abrevaya (2003), Khan and Tamer (2007) and Khan et al. (2011) among

others. A common aspect shared by these methods is that β0 is identified and

estimated without knowledge of T0 and the error distribution. Third, the methods

for the single-index model are applicable to the transformation model. Single-

index models have been extensively studied in econometrics and statistics since

Ichimura (1993); see Horowitz (1998) and Ichimura and Todd (2007) for surveys.

In addition, although our estimator is designed specifically for the transformation

model, its technical aspect is akin to that of the single-index regression model. This

is because the Euclidean parameter β0 enters the infinite-dimensional parameter

F0 as its argument. Rather unexpectedly, however, few works relate the sieve

estimation to single-index models; see Ding and Nan (2011) and references therein.

These results are not applicable to our problem.1 Therefore, we develop a suitable

asymptotic theory that applies to the single-index problem in the context of sieve

estimation.

The remainder of chapter 1 is organized as follows. Section 2 defines the

model and establishes the identification. Section 3 defines our estimator and shows

its consistency. Section 4 derives the rate-of-convergence. Section 5 shows the

asymptotic normality of the estimator. It also includes the consistency of the

weighted bootstrap procedure. Section 6 contains a simulation study. Section 7

discusses possible extensions. Proofs are gathered in the Appendix. Most nota-

tions will be defined in Section 1.2 and in Section 1.8.1.

1The recent work by Ding and Nan (2011) assumes that the empirical criterion is twice
Fréchet differentiable with respect to a certain pseudo-metric. See pp.3035-3036 of Ding and
Nan (2011). Our empirical criterion is not Fréchet differentiable.
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1.2 Identification

We define the criterion function that identifies β0 and F0 as its minimizing

solution. To this end, we need to introduce scale and location normalizations. As

a scale normalization, the first component of β0 is normalized to ±1, and thus β0

is written as (β0,1, θ
′
0)′ for a scalar β0,1 such that |β0,1| = 1 and some (dx − 1)-

dimensional vector θ0. To see why it is necessary, consider T̄ = cT0 and ε̄i = cεi

for some positive constant c > 0. Because T̄ is strictly increasing and ε̄i is not

observed, an alternative model T̄ (Yi) = X ′i(cβ0) + ε̄i is observationally equivalent

to the original model (1.1). Therefore, for the point identification of β, we need to

restrict the parameter space for β so that no two possible points β1 and β2 can be

related as a constant multiple of the other. There are other ways to achieve the

scale normalization. For instance, we could set |β0| = 1, so that the parameter

space for β is a unit sphere in Rdx .

The location normalization is achieved by not allowing a constant term

in X. Suppose we have a constant term c, and write the model as T0(Yi) =

c + X ′iβ0 + εi. This can be equivalently written as T0(Yi) = c̄ + X ′iβ0 + ε̄i for

ε̄i = εi + c − c̄ for any constant c̄. As these two models are observationally

equivalent, the constant term c or c̄ is not identified. Notice that we do not

impose a location normalization to εi; its mean or median is not restricted.

As mentioned in the introduction, our criterion function is motivated by the

relation (1.2). We develop further from (1.2) to induce the identifying criterion.

By taking a conditional expectation in both sides of (1.2), we have

P (∆Y > 0|X1, X2) = P (∆ε > −∆X ′β0|X1, X2) = 1− F0(−∆X ′β0),

where F0 is the cdf of ε2 − ε1 and the notation ∆ denotes a difference of two

consecutive observations; that is, ∆(·) = (·)2− (·)1. Recall ε1 and ε2 are from i.i.d.

samples, and hence the distribution of ε1 − ε2 is equal to the distribution ε2 − ε1.
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This implies that 1− F0(−z) = F0(z) for any z ∈ R. Then we have an equation

P (∆Y > 0|X1, X2) = F0(∆X ′β0). (1.3)

This relation leads us to define a new criterion. To state it, let us relabel the

parameters β and F . Because the first component of β is normalized to ±1, we

denote it separately by b ∈ {−1, 1}. Then θ is a (dx − 1)-by-1 vector such that

β = (b, θ′)′. Combining the parameters of interest θ and F , we write α = (θ, F ).

Then, we define a nonlinear least squares criterion implied by the relation (1.3) as

follows; for Vi = (Yi, X
′
i)
′,

h(b, α, V1, V2) = {I{∆Y > 0} − F (∆X ′β)}2,

Q(b, α) = E[h(b, α, V1, V2)]. (1.4)

We call Q(b, α) the population criterion. A corresponding empirical criterion will

be defined in Section 1.3. Theorem 1.1 below shows that β0 and F0 are uniquely

identified as a minimizer of the population criterion function Q, and the infinite-

dimensional parameter F0 is uniquely identified on the support of ∆X ′β0.

The following notations are needed. Because we have different conditions

for continuous and discrete regressors (see Assumption 1.3), let us divide Xi to a

continuous random vector Xi,c ∈ Rdc and a discrete random vector Xi,c ∈ Rdx−dc

so that X ′i = (X ′i,c, X
′
i,d). Divide β to βc and βd accordingly. Similarly, we write

∆X ′ = (∆X ′c,∆X
′
d). The support of a random vector X is denoted by suppX.2

Lastly, we denote

Nj = supp ∆ε ∩ {x′β0,c + δ′j−1β0,d : x ∈ supp ∆Xi,c}

∩ {x′β0,c + δ′jβ0,d : x ∈ supp ∆Xi,c},

2For a random variable X, its support is defined as the smallest closed set B such that
P [X ∈ Bc] = 0.
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for some constants {δj}dx−dcj=0 and j ∈ {1, · · · , dx − dc}. The last notation Nj is

used only for the identification purpose (see Assumption 1.4).

Assumption 1.1. {Yi, Xi, εi}ni=1 is independent and identically distributed (i.i.d.)

and conforms to the equation (1.1). εi is continuous and independent of Xi.

Assumption 1.2. (i) β0 = (β0,1, θ
′
0)′ for β0,1 ∈ {−1, 1} and θ0 ∈ Θ ⊂ Rdx−1. (ii)

F is a collection of continuous monotone functions on R. F0 ∈ F .

Assumption 1.3. (i) For Xi = (X ′i,c, X
′
i,d)
′, Xi,c ∈ Rdc is jointly continuous, and

Xi,d ∈ Rdx−dc is discrete. There is no constant in Xi. (ii) suppXi = suppXi,c ×

suppXi,d. (iii) supp ∆Xd is not contained in a proper linear subspace of Rdx−dc.

Assumption 1.4. There exist a set of points {δ0 = 0, δ1, · · · , δdx−dc} such that

δj ∈ supp ∆Xd for j = 1, · · · , dx−dc and {δ1, · · · , δdx−dc} are linearly independent.

In addition, the set Nj has a non-empty interior for every j = 1, · · · , dx − dc.

Assumption 1.1 is standard in the literature although the independence

of εi and X ′iβ0 can be weakened to the conditional median independence; see

Khan, Shin and Tamer (2012). We do not consider this possibility. Assumption

1.2 regards the parameter spaces for β and F . Assumption 1.2 (i) restates our

scale normalization and restricts Θ to be compact. Assumption 1.2 (ii) defines

F0, and restricts the parameter space F for F0. Regarding the identification, F0

needs not to be smooth. However, it is essential that any F ∈ F is continuous

and monotone. The monotonicity requirement is not required if the support for

∆X ′β0 is R. Heuristically speaking, this assumption regulates the possible value

of the parameter β when the support of Xi is not connected due to the existence

of discrete regressors.

Assumption 1.3 (i) allows that both continuous and discrete regressors in

Xi. The requirement that Xi,c is jointly continuous implies that supp ∆Xc has

a non-empty interior, or, equivalently, that supp ∆Xc is not included in a proper

subspace of Rdx,c . If this assumption is violated, then supp ∆Xc will exhibit the
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multi-collinearity. As explained above, a constant term is not allowed. Assumption

1.3 (ii) means that the support of Xi,c does not depend on the realization of Xi,d.

This assumption can be weakened, and we may allow the support of Xi,c depends

on the value of the discrete regressorsXi,d, as long as the support ofXi,c conditional

on Xi,d has non-empty interior in Rdc . What is necessary to this generalization is

only to modify Assumption 1.4 accordingly. The proof of identification will remain

essentially same. For simplicity, however, we do not attempt this generalization.

Assumption 1.3 (iii) is a requirement for the discrete regressor Xi,d, parallel to the

requirement that Xi,c is jointly continuous.

Assumption 1.4 requires that (i) the contribution of discrete variables to

the single index X ′iβ0 is not too large relative to that of continuous variables, and

(ii) the variation of the error term is not too small. This assumption regards the

identification of β0,d, that is, the regression parameter for the discrete regressors.

If there is no discrete regressor, therefore, Assumptions 2.4 is not needed. Even

with discrete regressors, if the support of any regressor is R, then we can omit it.

Theorem 1.1. Suppose Assumptions 1.1-1.4 hold and define A = Θ×F . let

Q(b1, α1) = min
b∈{−1,1},α∈A

Q(b, α)

for some b1 ∈ {−1, 1} and α1 = (θ1, F1) ∈ A. Then b1 = β0,1, θ1 = θ0 and

F1(z) = F0(z) for any z ∈ supp ∆X ′β0.

The proof of Theorem 1.1 is in the Appendix A. Theorem 1.1 establishes

the identification of β0 and F0. We stress that F0 is identified only on the support

of ∆X ′β0. This fact adds some complication when we study the estimation of β0

and F0.
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1.3 Consistency

1.3.1 Extremum Estimation and Method of Sieves

The identification result of Theorem 1.1 is constructive in the sense that

it suggests an extremum estimator. This section defines our estimator and proves

its consistency. As there is an infinite-dimensional parameter, the consistency will

be stated in terms of a particular norm that we define soon. Before proceeding,

let us add one simplification. Henceforth, we assume β0,1 is known and its value

is 1; this can be accepted without loss of generality, because our estimator of β0,1

exactly equals to the true value, with probability approaching 1. Therefore we let

β0 = (1, θ′0)′, and further, simplify notations to Q(α) = Q(1, α) and h(α, ·, ·) =

h(1, α, ·, ·).

The sample analogue to the population criterion Q defined in (1.4) is

Qn(α) =
1

n(n− 1)

∑
i 6=j

h(α, Vi, Vj). (1.5)

Let us call Qn the empirical criterion. It is immediate from the definition that

E[Qn(α)] = Q(α). Also, Qn(α) is a U-statistic for Q(α). If viewed as a stochastic

process, then Qn(α) induces a U-process, a generalization of U-statistic; it is a

U-process after centering by Q(α) and scaling by
√
n. Much of our asymptotic

theory will rely on the U-process theory3.

We minimize Qn not over A but over a subset of A, called a sieve. Let us

denote a collection of sieves by {Ak}. It is required that the sieve Ak approximates

the entire parameter space A increasingly accurately as the index k grows. For a

finite sample size, we get to pick one sieve Ak to use. However, conceptually, a

different sieveAkn is used as the sample size n changes. The sieve index kn depends

on n, and grows to the infinity along with the sample size n. Our discussion

3U-Process theory is similar to the empirical process theory. For more about U-process theory,
see Arcones and Giné (1993), Sherman (1994) and de la Peña and Giné (1999) among others.
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below will rely on abstract assumptions on the sieve spaces {Ak} and the speed of

divergence of the sieve index kn. Because Θ is finite-dimensional, we may define

the sieve Ak as a product of Θ and Fk; that is, only the infinite-dimensional F is

“sieved.”

Using the sieve Akn = Θ×Fkn , we define the estimator α̂n as follows;

α̂n ∈ argminα∈Akn Qn(α). (1.6)

We write α̂n = (θ̂n, F̂n) for θ̂n ∈ Θ and F̂n ∈ Fkn . If there are multiple minimizers

in (1.6), any point among them can be chosen as the estimator.

1.3.2 Consistency

In semi-nonparametric problems, there are several candidates for a norm

attached to the parameter space. This is due to the infinite-dimensional nature of

the problem. One of the main task in studying a semi-nonparametric problem is

to find out a proper norm to the context. In contrast, in parametric problems, the

Euclidean norm is a natural choice to measure a distance. We start by defining a

suitable norm to state the consistency of the estimator α̂n.4 When defining norms

on F , an important fact is that F0 is only identified on the support of ∆X ′β0.

Therefore, we first define a norm on F as

‖F‖F ,c = max
{

sup
z∈supp ∆X′β0

|F (z)|, sup
supp ∆X′β0

|F ′(z)|
}
.

Then, define the consistency norm ‖·‖c on A as ‖α‖c = |θ|+‖F‖F ,c. Also, denote

the usual sup-norm by ‖ · ‖∞.

We are ready to state assumptions for the consistency. We assume Xi has

at least fourth moment (E|Xi|4 < ∞). Also {Vi = (Yi, X
′
i)
′} is always a random

4Later we add more norms when needed. See the definition (1.7) and Appendix 1.8.1. In
fact, all those norms are only semi-norms. We do not stress this fact.
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sample. These two premises are maintained throughout chapter 1. We list other

more substantial assumptions.

Assumption 1.5. (i) The parameter α0 is uniquely identified in the sense of

Theorem 1.1. (ii) Θ is a compact subset of Rdθ with a non-empty interior. θ0 is

an interior point of Θ.

Assumption 1.6. (i) For some integer κ ≥ 3, maxi∈{0,1,··· ,κ} supz∈R | d
i

dzi
F0(z)| <

∞. (ii) For some constant ω > 0, collect every monotone function F on R such

that

max
i∈{0,1,··· ,κ}

sup
z∈R

∣∣∣∣ ddzi{F (z)− F0(z)}
∣∣∣∣ (1 + z2)ω/2 ≤ B̄,

for some positive constant B̄ > 0. The set F is the closure of this function class

in the norm ‖F‖1,∞ = ‖F‖∞ ∨ ‖F ′‖∞.

Assumption 1.7. There exists a sequence {πkF0} such that πkF0 ∈ Fk and

max
i∈{0,1}

sup
z∈R

∣∣∣∣ ddzi{πkF0(z)− F0(z)}
∣∣∣∣→ 0

as k →∞.

Assumptions 1.5 is standard. The true parameter θ0 needs not to be an

interior point for consistency, but it is included for later results. Assumption 1.6

(i) states that F0 is at least κ-times differentiable and its derivatives are uniformly

bounded. Assumption 1.6 (ii) defines the set F . There are several implications.

First, by definition, F0 is an interior point5 of F . Second, the weighting function

(1 + (·)2)ω/2 is included to address the case when Xi have an unbounded support.

The particular form of the weighting function and its technical usage come from

Gallant and Nychka (1987). Third, F ∈ F needs not to be a cdf. Recall that

F ∈ F being continuous monotone is enough for the identification (Assumption

1.2 (ii)). However, it is possible to make F include only cdfs. Similarly, knowing

5Here, we regard F as a normed space attached with ‖ · ‖1,∞; that is, F is a whole set. Note
that F0 is not an interior point of a larger normed space {F : ‖F‖1,∞ <∞} with the same norm.
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that F0 is symmetric (that is, F0(z) = 1 − F0(−z) for any z ∈ R), we may

restrict that every F ∈ F is symmetric. The asymptotic distribution of θ̂n is not

affected by the choice of F . Assumption 1.7 specifies the approximation property

of the sieves. For consistency, it is enough that the true parameter F0 is well

approximated. We define πkα0 = (θ0, πkF0). Notice that ‖πkα0 − α0‖c → 0.

Theorem 1.2. Suppose Assumptions 1.5-1.7 hold. Then ‖α̂n − α0‖c
p→ 0.

The proof of Theorem 1.2 is in the appendix. Notice that the derivative

F ′0, as well as F0, is consistently estimated, uniformly on the support of ∆X ′β0.

This result is used to establish the convergence rate of α̂n in a weaker norm.

1.4 Rate of Convergence

This section derives the convergence rate of the estimator α̂n. The first

step is to define an appropriate norm on A. To this end, we need to show that the

population criterion Q induces a norm on the parameter space local to α0. We

provide heuristic explanations. Given the consistency result, we can focus on a

subset of parameter space A near to α0. Consider a local neighborhood of α0 in

the normed space (A, ‖ · ‖c). By the equality (1.3), it is easy to show that

Q(α)−Q(α0) = E[F (∆X ′β)− F0(∆X ′β0)]2.

Recall that we set β0,1 = 1 and as such ∆X ′β = ∆X1+∆X̄ ′θ for ∆Xj = X2,j−X1,j

and ∆X̄ = [∆X2, · · · ,∆Xdx ]
′. Applying the Taylor expansion to F (∆X ′β) −

F0(∆X ′β0), we obtain the following approximate equality:

Q(α)−Q(α0) ' E[{F ′(∆X ′β)∆X̄ ′(θ − θ0) + F (∆X ′β0)− F0(∆X ′β0)}2],

If ‖α − α0‖c is small, then we may replace F ′(∆X ′β) by F ′0(∆X ′β0) in the last

expression. This is the reason why the consistency norm ‖ · ‖c is chosen to involve
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the first-order derivative of F .

This heuristic observation motivates us to define the following norm as a

measure of rate of convergence for α̂n; define the rate norm ‖ · ‖q as

‖α‖q = {E[{F ′0(∆X ′β0)∆X̄ ′θ + F (∆X ′β0)}2]}1/2. (1.7)

The subscript q is chosen to indicate that the norm is derived from the population

criterion Q. Lemma 1.13 proves that Q(α)−Q(α0) is locally similar to ‖·‖2
q on the

open neighborhood of α0 in the normed space (A, ‖ · ‖c). In standard parametric

problems, a similar relation holds with the Euclidean norm |·|. The rate norm

‖ · ‖q is not necessarily an object of interest; however, it turns out that the rate

norm ‖·‖q is equivalent6 to the norm |θ|+‖F (∆X ′β0)‖L2(P ) for the usual L2-norm

‖·‖L2(P ) with respect to the probability measure P . Then, for instance, the upper

bound for the rate of |θ̂n− θ0| is given by the ‖ · ‖q-norm rate. The following three

assumptions, in addition to the assumptions for the consistency, will be used to

derive the rate of convergence.

Assumption 1.8. 2κω > ω + κ.

Assumption 1.9. There exists a sequence {πkα0 = (θ0, F0,k) : k ∈ N, Fk ∈ Fk}

such that rn‖πknα0 − α0‖q = o(1).

Assumption 1.10. Denote, for ∆X̄ = [∆X2, · · · ,∆Xdx ]
′,

Σ = E
[
F ′0(∆X ′β0)2{∆X̄ − E[∆X̄|∆X ′β0]}{∆X̄ − E[∆X̄|∆X ′β0]}′

]
.

The matrix Σ is non-singular.

Assumption 1.8 limits possible values for the constants κ and ω. Recall

that these two constants are used to define the parameter space F in Assumptions

6Two norms are equivalent if their ratio remains within a fixed range [a, b] for 0 < a < b <∞,
for any point. This equivalence result is proved in Lemma 1.12.
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1.6-1.7. Note that the convergence rate rn will be determined by these constants.

Assumption 1.9 states that the sieve approximation error ‖πknα0 − α0‖q vanishes

faster than the convergence rate rn. This requirement is intuitive because the

rate of ‖πknα0 − α0‖q is an upper bound for the rate of ‖α̂n − α0‖q. Assumption

1.10 is a key condition to the entire rate calculation. It has a similar role to the

nonsingularity of Hessian matrix in usual parametric problems. The particular

form of the matrix Σ will be suggested in the proof of Lemma 1.12, which proves

the norm equivalence of ‖α‖q and |θ|+‖F (∆X ′β0)‖L2(P ). These three assumptions

with the consistency of α̂n in the norm ‖ · ‖c are sufficient to have the following

result. Recall that the constants κ and ω are defined in Assumption 1.6.

Theorem 1.3 (Rate of Convergence). Suppose Assumptions 1.5-1.7 and 1.8-1.10

hold. Then

rn‖α̂n − α0‖q = Op(1),

for the rate-of-convergence factor rn = nκω/(2κω+κ+ω).

The convergence rate for sieve M-estimator is proved by Shen and Wong

(1994). A similar result can be found in van der Vaart and Wellner (1996), Theo-

rem 3.4.1. We use the proof method similar to van der Vaart and Wellner (1996).

When doing so, it needs to be considered that the empirical criterion Qn has a

U-process structure. Sherman (1993, 1994) study a similar problem in paramet-

ric problems. Our result extends Sherman (1993, 1994) to infinite-dimensional

problems with sieve spaces.

To facilitate asymptotic analysis, we need to decompose the criterion func-

tion. Define for v, v1, v2 ∈ R2+dx ,

m(α, v) = E[h(α, V1, V2)|V1 = v] + E[h(α, V1, V2)|V2 = v]−Q(α),
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and

g(α, v1, v2) = h(α, v1, v2)− E[h(α, V1, V2)|V1 = v1]

+ E[h(α, V1, V2)|V2 = v2] +Q(α).

Note that E[m(α, V2)] = Q(α) and E[g(α, V1, V2)] = 0. Moreover, it can be

checked that

Qn(α) =
1

n

n∑
i=1

m(α, Vi) +
1

n(n− 1)

∑
i 6=j

g(α, Vi, Vj). (1.8)

The expression (1.8) is called the Höeffding decomposition; this is a fundamental

result to the U-statistic theory. Because E[g(α, V1, V2)|V1] = E[g(α, V1, V2)|V2] = 0

for any α ∈ A, the second term in the right of (1.8) is called a degenerate U-process.

From the last expression, it is clear that the U-process criterion is the sum of a

sample-mean process and the degenerate U-process.

As such, our proof of Theorem 1.3 can be divided to two parts. First, we

show that the degenerate U-process in (1.8) is asymptotically negligible. This is

proved in Lemma 1.11 in the appendix. Then, we can treat α̂n as a M-estimator

minimizing the sample mean of m(α, Vi) with some error; the error comes from

the degenerate U-process. Second, we prove the rate-of-convergence using the

empirical process theory, similar to van der Vaart and Wellner (1996) Theorem

3.4.1.

1.5 Asymptotic Normality

This section focuses on the asymptotic distribution of θ̂n; recall that β =

(1, θ′)′. The infinite-dimensional parameter F is treated as a nuisance parameter.

The first step is to express θ as a function of α. We are to express such a functional

as an inner product of α and a special point v∗λ. The inner product is induced
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by the norm ‖ · ‖q. To define it, let V be a product space of Rdθ and {F :

‖F (∆X ′β0)‖L2(P ) <∞}. For arbitrary two points v, w in V , we define

〈v, w〉 = E
[
{F ′0(∆X ′β0)∆X̄ ′θv + Fv(∆X

′β0)}

× {F ′0(∆X ′β0)∆X̄ ′θw + Fw(∆X ′β0)}
]
, (1.9)

for v = (θv, Fv) and w = (θw, Fw). It can be easily verified that the bilinear map

〈·, ·〉 is indeed an inner product. Then, the special point v∗λ is defined as follows.

Let v∗λ = (θ∗λ, F
∗
λ ) for

θ∗λ = Σ−1λ and F ∗λ (z) = −F ′0(z)E[∆X̄ ′|∆X ′β0 = z]Σ−1λ.

Assume that v∗λ is in V , or, equivalent, assume that ‖F ∗λ (∆X ′β0)‖L∞(P ) is finite.

By easy calculation7, one can show that

λ′θ = 〈α, v∗λ〉. (1.10)

Therefore, we know the exact expression for the special point v∗λ. Even when its

expression is unknown, however, the existence of v∗λ is guaranteed by the Riesz

representation theorem if V is a Hilbert space and the map α 7→ λ′θ is bounded

linear. For this reason, v∗λ is often called the Riesz representer.

The representation of λ′θ as an inner product (1.10) is instrumental, since

it is possible to approximate the inner product by the population criterion. Note

that the inner product (1.9) is equivalently defined by the polarization identify:

4 〈v, w〉 = ‖v + w‖2
q − ‖v − w‖2

q. (1.11)

Therefore, if the two squared norms in (1.11) are well approximated, so is the inner

product. A relevant fact is that the rate-norm ‖ · ‖q is chosen to approximate the

7A similar calculation appears in the proof of Lemma 1.12.
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population criterion Q locally to α0; see (1.7) in the previous section. Therefore it

is foreseeable that λ′θ can be expressed using Q. There are technical subtlety in

doing so, and more details can be found in the proof of Theorem 1.4. To obtain

the asymptotic normality, the following assumptions are used.

Assumption 1.11. κω > κ+ ω.

Assumption 1.12. For πknα0 = (θ0, F0,kn) defined in Assumption 1.9,

‖F0,kn(∆X ′β0)− F0(∆X ′β0)‖L2(P ) = o(n−2/3),

‖F ′0,kn(∆X ′β0)− F ′0(∆X ′β0)‖L4(P ) = o(n−1/3).

Assumption 1.13.

(i) Fk ⊂ span{p1, · · · , pk} for all k;

(ii) {‖pj‖∞}∞j=1 is uniformly bounded.

Assumption 1.14. Let ζj(k) = max1≤i≤k ‖ d
j

dzj
pi‖∞. Then the followings hold:

(i) ζ1(kn) ∨ ζ2(kn) .
√
kn ∧ r−2

n ;

(ii) knr
−3
n = o(n−1);

(iii) k2
nr
−1
n = o(1).

Assumption 1.15. Let pk(z) = (p1(z), · · · , pk(z))′. The smallest eigenvalue of

E
[
pk(∆X ′β0)pk(∆X ′β0)′

]
is bounded away from zero uniformly in k ∈ N.

Assumption 1.16. For any λ ∈ Rdθ , there exists a sequence

{
πknv

∗
λ : πknv

∗
λ = (θ∗λ, F

∗
λ,kn), θ∗λ ∈ Θ, F ∗λ,kn ∈ span{p1, · · · , pkn}

}
,

which satisfies the following conditions:
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(i)
√
nrn‖πknv∗λ − v∗λ‖q → 0 as n→∞;

(ii) supn∈R ‖F ∗λ,kn‖∞ is bounded.

Assumption 1.11 is stronger than Assumption 1.8. For the asymptotic nor-

mality of θ̂n, we need that ‖α − α0‖2
q is well approximated by Q(α) − Q(α0) for

α close to α̂n. Therefore, if α̂n converges faster, then the approximation shows

less error. By imposing Assumption 1.11, we achieve the faster convergence rate

and hence control the approximation error. Assumption 1.12 demands the sieve

approximation error vanishes not only for F0 but also for its derivative F ′0 at a

certain rate. Assumption 1.13 limits the sieve space that we consider. As men-

tioned already, we choose Fk to be finite-dimensional and linear. The functions

{p1, p2, · · · } are called basis functions. Assumption 1.14 regards the smoothness

property of the basis functions. Note that ζj(k) can be regarded as a smoothness

measure for a basis functions {p1, · · · , pk}. The role of Assumption 1.14 is to

control the convergence of derivatives of F̂n. Recall that the convergence rate is

stated in terms of the rate norm ‖ · ‖q, and that the convergence of ‖α̂n − α0‖q
does not imply that the derivatives F̂ ′n and F̂ ′′n converge in some norm. However,

by imposing Assumption 1.14, we can control the convergence rate of ‖F̂ ′n−F0‖∞
and ‖F̂ ′′n −F0‖∞ with regard to ‖F̂n−F0‖∞. Assumption 1.15 is used to establish

the norm equivalence between ‖F (∆X ′β0)‖L2(P ) and ‖F (∆X ′β0)‖L∞(P ) for F in

Fk. This is possible because Fk is a finite-dimensional sieve; recall that in the

Euclidian space, Lp-norms are equivalent for 1 ≤ p ≤ ∞. Assumption 1.16 states

that the Riesz representer v∗λ can be approximated by a sequence in the sieves

to a certain precision. Before stating the main result, we add one more notation.

Define the linear directional derivative of h(α, ·, ·) to the direction v = (θv, Fv) ∈ V

as

h′(α, ·, ·)[v] =
d

dt
h(α + tv, ·, ·)

∣∣∣∣
t=0

. (1.12)

Now we state the main result of this chapter.
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Theorem 1.4. Suppose Assumptions 1.5-1.7, 1.10, 1.11-1.15 hold. Then

√
n(θ̂n − θ0)

d→ N(0,Ω),

where the matrix Ω is such that, for any λ ∈ Rdθ ,

λ′Ωλ = E [h′(α0, V1, V2)[v∗λ]h
′(α0, V1, V3)[v∗λ]].

The proof of Theorem 1.4 can be found in Appendix A, and the func-

tional form of h′(α0, V1, V2)[·] is derived by Lemma 1.16. Because we have an

explicit expression for v∗λ, it is possible to estimate v∗λ and then the matrix Ω. If

Ω is consistently estimated, the inference on θ0 can be conducted relying on the

asymptotic normality result of the above theorem. A downside to this approach is

that it involves several nonparametric estimations. For instance, to estimate v∗λ,

the conditional expectation E[∆X̄ ′|∆X ′β0] needs to be estimated. Therefore, a

simulation-based method is preferred. Below, we prove the consistency of weighted

bootstrap.

1.5.1 Weighted Bootstrap

Consider a randomly generated sequence of weights {Bi}ni=1. We assume

E[Bi] = 1 and V ar(Bi) = 1. If these conditions are met, it may have any dis-

tribution. Possible distributions are the discrete uniform distribution on {0, 2} or

the normal distribution N(1, 1). Define the weighted empirical criterion

Q∗n(α) =
1

n(n− 1)

∑
i 6=j

BiBjh(α, Vi, Vj).

Next, define α̂∗n to be a point such that α̂∗n ∈ Akn and

α̂∗n ∈ argminα∈Akn Q
∗
n(α).
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Also, write α̂∗n = (θ̂∗n, F̂
∗
n). The following theorem proves that the asymptotic

distribution of
√
n(θ̂∗n − θ̂n) conditional on the sample {V1, · · · , Vn} is same with

the unconditional asymptotic distribution of
√
n(θ̂n − θ0).

Theorem 1.5. Suppose all the conditions of Theorem 1.4 hold. If {Bi}ni=1 is an

i.i.d. sequence such that E[Bi] = 1 and V ar(Bi) = 1, then for any c ∈ Rdθ and

any n ∈ N,

P [
√
n(θ̂∗n − θ̂n) ≤ c|V1, · · · , Vn] = P [

√
n(θ̂n − θ0) ≤ c] + op(1).

The bootstrap inference is easy to implement. Fix the distribution for Bi,

and draw the random weights {Bi}ni=1. Then, estimate α̂∗n by minimizing the

weighted empirical criterion Q∗n. The sieve-size index kn remains same with the

original problem. By repeating this procedure, we obtain the empirical distribu-

tion of
√
n(θ̂∗n − θ̂n) conditional on {Vi}ni=1. Then, the quantiles of the empirical

distribution can be used as critical values for the inference on
√
n(θ̂n − θ0).

1.6 Simulation

Many duration models are examples of the transformation model. Pro-

portional hazard models and mixed proportional hazard models are all nested in

transformation models.8 We use those two models to conduct the following simu-

lation study. We consider three designs. The transformation function T (y) = log y

is chosen for data generation. However, note that all three estimators are numer-

ically invariant even if Y is transformed by any other monotone function. The

8Proportional hazard models assume the error distribution is fixed to be a negative extreme-
value distribution, whereas the transformation function (or baseline hazard) remains nonpara-
metric. Mixed proportional hazard models are more general, but still restrictive; for instance,
the normal distribution is not allowed for the error distribution (Ridder, 1990).
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data are generated from the following equation:

log Y = −X1 − θ1X2 − θ2X3 − ε, for (θ1, θ2) = (1, 1).

This specification is shared by all three designs. Further, we fix the distribution

of (X1, X2, X3); X1 and X2 are standard normal random variables and X3 is a

binary random variable with equal probabilities of being 0 or 1. (X1, X2, X3) are

mutually independent. Across three designs, we vary only the distribution of ε as

follows:

Design 1:ε ∼ EV (0, 1),

Design 2:ε
d
= log v + u for v ∼ Γ(1, 1) and u ∼ EV (0, 1),

Design 3:ε
d
= log v + u, for v ∼ Γ(3, 3) and u ∼ EV (0, 1),

where, EV (0, 1) means the standard extreme-value distribution, and Γ(α, β) de-

notes the gamma distribution with mean αβ and variance αβ2. Design 1 conforms

to the proportional hazard model. Design 2 and 3 belong to the mixed propor-

tional hazard model or frailty model. As the additional random error v follows

the gamma distribution, they are also called a gamma frailty model.

Finite-sample distributions of several estimators are compared. We com-

pare our sieve estimator with two others estimators: Cox estimator for the pro-

portional hazard model and the MRC estimator of Han (1987). Note that the Cox

estimator is mis-specified for Design 2 and Design 3. We still report the result

because Cox model is widely used in empirical researches.

For each design, we generate samples of size 100 and 300. Then the pa-

rameter θ = (θ1, θ2) is estimated for (i) Cox estimator, (ii) sieve estimator, and

(iii) MRC estimator. Regarding the sieve estimator, we vary the dimension of

sieve space to k = 3, 5, 7. The estimation procedure is repeated 500 times, and

we report the sample bias and the sample mean squared error (MSE) from 500
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Figure 1.1: CDF of ε

estimates of five estimators. To implement the sieve estimator, sieve Fk needs to

be specified. We choose I-spline as basis functions. Ramsay (1988) explains the

construction of I-spline. What is useful with I-spline is that each basis function

is a cdf of some continuous random variable. Therefore, it is easy to tune Fk
to our purpose of estimating a symmetric cdf. We construct Fk to contain only

symmetric cdfs from I-spline bases. The dimension of Fk equals to the index k.

The simulation results are summarized in Figure 1.2a-1.3c. In each figure,

the left panel shows the bias and the right panel shows MSE. Bias1 indicates the

bias of estimating θ1. Bias2 is for θ2. MSE1 and MSE2 also correspond to θ1 and

θ2 respectively. Design 1 provides a good benchmark to our estimator. It is be-

cause the Cox estimator is correctly specified and has one less infinite-dimensional

parameter. Not surprisingly, the Cox estimator shows the least MSE. Our estima-

tor behaves comparably well. The efficiency loss of our estimator relative to the

Cox estimator seems bearable when considering Design 2 and Design 3. The Cox

estimator shows a large bias in these mis-specified designs. On the contrary, the

sieve estimator performs well across all three designs. Compared to MRC esti-

mator, the sieve estimator shows less MSE, especially for a smaller sample size of
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n = 100. We also notice that the sieve estimator is not sensitive to different sieve-

size indexes k ∈ {3, 5, 7}. In summary, we find that the sieve estimator behaves

well, even for a small sample size.

1.7 Conclusion

The intuition that a binary comparison specifies the ordering is used to

identify the transformation model. A new estimator is constructed from the iden-

tification result. Its asymptotic distribution is derived, and the bootstrap infer-

ence is justified. As technical by-products, we contribute to the literature on the

sieve estimation by studying a U-process problem and showing how to handle the

single-index structure in the semi-nonparametric problem.

Several important extensions are possible. Regarding its application to

duration models, we may extend the current method to account for censoring and

time-varying regressors. Another direction is to consider competing risks models.

We hope to study these extensions in future researches.
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Figure 1.2: Simulation results
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1.8 Appendix

1.8.1 Notations

The following norms are used in the appendix:

‖F‖κ,∞,ω = max0≤i≤κ supz∈R | d
i

dzi
F (z)|(1 + z2)ω/2

‖F‖κ,∞ = max0≤i≤κ supz∈R | d
i

dzi
F (z)|

‖F‖∞ = supz∈R |F (z)|
‖X‖L∞(P ) is the essential supremum of the random variable X
‖X‖Lp(P ) = {E|X|P}1/p for any integer p ≥ 1
‖F‖F ,c = ‖F (Z0)‖L∞(P ) + ‖F ′(Z0)‖L∞(P ) for Z0 = ∆X ′β0

‖α‖e,κ,∞ = |θ|+ ‖F‖κ,∞
‖α‖e,∞ = |θ|+ ‖F‖∞
‖α‖c = |θ|+ ‖F‖F ,c
‖α‖q is defined in (1.7)
‖α‖e,Lp = |θ|+ ‖F (Z0)‖Lp(P )

Other notations used in the appendix are summarized below:

Z0 A scalar random variable such that Z0
d
= ∆X ′β0

a . b a ≤ Kb for a universal constant K not depending on a or b
a ≈ b a . b and a & b
N(ε,F , ‖ · ‖) The covering number of size ε for F under the norm ‖ · ‖
N[](ε,F , ‖ · ‖) The bracketing number of size ε for F under the norm ‖ · ‖
C1, C2, · · · Positive constants not depending on the context
κ See Assumption 1.6
ω See Assumption 1.6
ζj See Assumption 1.14
δn See Remark 1.3

1.8.2 Proof for Section 2

Lemma 1.1. Suppose Assumptions 1.1-1.4 hold. Suppose β ∈ {−1, 1} × Θ and

F ∈ F . If F (x′β) = F0(x′β0) for any x ∈ supp ∆X, then β = β0 and F (z) = F0(z)

for any z ∈ supp ∆X ′β0.
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Proof. Note 0 ∈ supp ∆Xd . Hence, if x = (xc, 0), by Assumption 1.3 (ii), we have

F (x′cβc) = F0(x′cβ0,c) for any xc ∈ supp ∆Xc. (1.13)

As ∆ε is a difference of two i.i.d. continuous RVs, 0 is an interior point of supp ∆ε.

Regarding supp ∆Xc, the same holds by Assumption 1.3 (i). We know βc 6= 0

and β0,c 6= 0 since |β0,1| = 1. Observe that 0 ∈ R is an interior point to both

supp ∆X ′cβc and supp ∆X ′cβ0,c. Therefore we can find an open neighborhood of 0

denoted by Nc ⊂ Rdc such that

Nc ⊂ supp ∆ε ∩ supp ∆X ′cβc ∩ supp ∆X ′cβ0,c. (1.14)

We first show F is strictly increasing on Nc. Suppose not. Then find two points

x1, x2 ∈ Nc with the following three properties; (i) x1 and x2 are different only

in the first coordinates, say x1,1 6= x2,1; (ii) x1,1 < x2,1; (iii) F (x′1βc) ≥ F (x′2βc).

Because F0 is strictly increasing on Nc, F0(x′1β0,c) < F0(x′2β0,c). Then either

F (x′1βc) 6= F0(x′1β0,c) or F (x′2βc) 6= F0(x′2β0,c). This contradicts the condition of

the lemma. As such, F is strictly increasing on Nc. Next, we prove βc = β0,c.

Suppose not. Find two points x1, x2 ∈ Nc such that x′1βc > x′2βc and x′1β0,c <

x′2β0,c. By strong monotonicity of F and F0 on Nc, F (x′1βc) > F (x′2βc) and

F0(x′1β0,c) < F0(x′2β0,c). We reach a contradiction and conclude βc = β0,c. Then

by (1.13), we can infer that F (z) = F0(z) for any z ∈ supp ∆X ′cβ0,c. So far, β0,c is

identified and F0 is identified only on supp ∆X ′cβ0,c.

We move on to the identification of β0,d. To this end, we find the values

of {δ′jβ0,d}dx−dcj=1 ; for the definition of δj, see Assumption 1.4. Start by j = 1.

By Assumption 1.4, there are two points x1, x2 ∈ supp ∆Xc such that x′1β0,c =

x′2β0,c + δ′1β0,d ∈ N1. Because F0 is strictly increasing on N1 and F = F0 on N1,
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then it follows that F (x′1β0,c) ≷ F (z) if x′1β0,c ≷ z. In other words,

x′1β0,c = z if F (x′1β0,c) = F (z). (1.15)

By the condition of the lemma,

F (x′1β0,c) = F0(x′1β0,c) = F0(x′2β0,c + δ′1β0,d) = F (x′2β0,c + δ′1βd). (1.16)

From (1.15) and (1.16), we see that δ′1βd = x′1β0,c − x′2β0,c = δ′1β0,d and

F (z) = F0(z) on z ∈ supp ∆X ′cβ0,c ∪ {x′β0,c + δ′1β0,d : x ∈ supp ∆Xc}.

Repeat the same argument for each j to identify other δ′jβ0,d’s. Then we identify

{δ′jβ0,d}dx−dcj=1 . As the last step, we note that, since {δ1, · · · , δdx−dc} is linearly

independent, β0,d ∈ Rdx−dc is identified. Conclude that β = β0 and that F (z) =

F0(z) for any z ∈ supp ∆X ′β0.

Proof of Theorem 1.1. We know P (∆Y > 0|X1, X2) = F0(∆X ′β0). By this fact

and the iterated expectation,

Q(b, α) = E[{F0(∆X ′β0)(1− 2F (∆X ′β)) + F (∆X ′β)2}].

The last expectation can be simplified to the sum of E[{F0(∆X ′β0)−F (∆X ′β)}2]

and some constant not depending on parameters. From this observation, it is

obvious that Q(α) is minimized only if F0(∆X ′β0) = F (∆X ′β) almost surely.

Lemma 1.1 proves that if F0(∆X ′β0) = F (∆X ′β), then it follows that β = β0 and

F (z) = F0(z) for any z ∈ supp ∆X ′β0. Hence we conclude.
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1.8.3 Proof for Section 3

Remark 1.1. Note that ‖F‖κ,∞ for any F ∈ F is uniformly bounded. By Hölder

inequality and Assumptions 1.5,

‖F‖κ,∞ ≤ ‖F − F0‖κ,∞ + ‖F0‖κ,∞ ≤ B̄ + ‖F0‖κ,∞ .

The second inequality holds because the weighting function is strictly larger than

1. As ‖F0‖κ,∞ is bounded by Assumption 1.5, ‖F‖κ,∞ is bounded by a universal

constant B̄ + ‖F0‖κ,∞. We denote B = B̄ + ‖F0‖κ,∞.

Lemma 1.2. Under Assumptions 1.5(ii) and 1.6(ii), for any α1, α2 ∈ A and

vi = (yi, x
′
i)
′ ∈ suppVi,

|h(α1, V1, V2)− h(α2, V1, V2)| . (|x1|+ |x2|+ 1)‖α1 − α2‖e,∞. (1.17)

Proof. Variables ∆x and ∆x̄ are defined similarly to ∆X and ∆X̄. Observe

|h(α1, V1, V2)− h(α2, V1, V2)|

= |2I{∆y ≥ 0} − F1(∆x′β1)− F2(∆X ′β2)|

× |F1(∆x′β1)− F2(∆x′β2)|

. |F1(∆x′β1)− F2(∆x′β2)| (1.18)

where the inequality holds by Remark 1.1. By Taylor expansion,

|F1(∆x′β1)− F2(∆x′β2)|

= |F ′1(z∗)∆X̄ ′(θ1 − θ2) + F1(∆x′β2)− F2(∆x′β2)|. (1.19)

for some z∗ ∈ [∆X̄ ′θ1,∆X̄
′θ2]. Since ‖F ′1‖∞ < B by Remark 1.1, using Hölder
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inequality, we have

|h(α1, V1, V2)− h(α2, V1, V2)|

. B|∆x̄| × |θ1 − θ2|+ |F1(∆x′β2)− F2(∆x′β2)|

. (|x1|+ |x2|+ 1) {|θ1 − θ2|+ |F1(∆x′β2)− F2(∆x′β2)|} , (1.20)

where the second inequality holds by that B|∆x̄|+ 1 . |x1|+ |x2|+ 1. The result

(1.17) follows (1.20).

Lemma 1.3. Under Assumptions 1.5(ii) and 1.6(ii),

|Q(α1)−Q(α2)| . ‖α1 − α2‖e,∞,

for any α1, α2 ∈ A.

Proof. By Jensen’s inequality, |Q(α1)−Q(α2)| ≤ E |h(α1, V1, V2)− h(α2, V1, V2)|.

The claim follows by Lemma 1.2.

Lemma 1.4. Under Assumptions 1.5-1.6, F is compact in ‖ · ‖1,∞-norm and A

is compact in ‖ · ‖e,1,∞-norm.

Proof. We recall Lemma A.4 of Gallant and Nychka (1987); let us call it GN. Let

δ = 0, δ0 = ω,m = 1,m0 = 1, k = 1 in the cited lemma. Although one of the

conditions is that 0 < δ < δ0, it can be learnt from the proof that δ can be zero

(and indeed can be negative). The set F defined in Assumption 1.6 is smaller

than a corresponding set in the cited lemma; note we define F as ‖ · ‖κ,∞,ω-ball of

radius B/2 whereas GN sets up F as a ball in the L2-type norm similarly defined

to ‖·‖κ,∞,ω. All other conditions of GN are included verbatim in Assumptions 1.5-

1.6. Therefore, we know F is relatively compact in ‖ · ‖1,∞-norm. By Assumption

1.6, F is compact in ‖ · ‖1,∞-norm. The second claim follows immediately.
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Lemma 1.5. Suppose Assumptions 1.5-1.6 hold. Let ε > 0 be small enough. Then

logN(ε,A, ‖·‖e,∞) . 1− log ε+ ε−γ, γ =
κ+ ω

κω
.

Proof. The inequality (1.21) is immediate from the definitions of the covering

number and the norm ‖·‖e,∞:

N(ε,A, ‖·‖e,∞) ≤ N(ε/2,Θ, |·|)×N(ε/2,F , ‖·‖∞). (1.21)

Because Θ is compact, ε/2-covering number of Θ is proportional to εdθ . As such,

ignoring constant terms,

logN(ε/2,Θ, |·|) . 1− log ε.

Denote

Cκ,ω
B/2 = {F : ‖F‖κ,∞,ω ≤ B/2}.

By Lemma A.3 of Santos (2012), for some ε̄ > 0, if ε < ε̄, then

logN(ε, Cκ,ω
B/2, ‖·‖∞) . ε−γ.

By Assumption 1.6,

{F − F0 : F ∈ F} ⊂ Cκ,ω
B/2.

Therefore,

N(ε,F , ‖·‖∞) ≤ N(ε, Cκ,ω
B/2, ‖·‖∞).

Hence the claim is shown.

Remark 1.2. When we use Lemma 1.5, we ignore that it holds for small ε. This

is harmless simplification.
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Lemma 1.6. Under Assumptions 1.5-1.6,

sup
α∈A
|Qn(α)−Q(α)| p→ 0

as n→∞.

Proof. Let H = {h (α, ·, ·) : α ∈ A}. By Lemma 1.2,

E|h(α, V1, V2)− h(ᾱ, V1, V2)| . K‖α1 − α2‖e,∞,

for some positive number K > 0. Then we can apply Theorem 2.7.11 of van der

Vaart and Wellner (1996) to obtain, for any ε > 0,

N[](ε,H, L1(P )) ≤ N(ε/(2K),A, ‖·‖e,∞).

Lemma 1.5 implies N(ε/(2K),A, ‖·‖e,∞) is finite. Then by Corollary 5.2.5 of de la

Peña and Giné (1999) (U-process ULLN), the claim is proven.

Lemma 1.7. Suppose Assumptions 1.5-1.6 hold. Let N = {α ∈ A : ‖α − α0‖c =

0}. Also let

Nε =
⋃
ᾱ∈N

{α ∈ A : ‖α− ᾱ‖e,1,∞ < ε}.

Then for any ε > 0,

Q(α0) < inf
α∈A\Nε

Q(α).

Proof. The set Nε is an intersection of open ε-balls in (A, ‖ · ‖e,1,∞), and hence

itself is open in (A, ‖·‖e,1,∞). As A is compact in ‖·‖e,2,∞-norm, it is also compact

in the weaker norm ‖ · ‖e,1,∞. See that A\Nε is compact in ‖ · ‖e,1,∞-norm. By the

extremum value theorem, there is αε ∈ A\Nε such that Q(αε) = infα∈A\Nε Q(α)

for any ε > 0. By Theorem 1.1, Q(α0) = Q(αε) only if αε ∈ N . Conclude

Q(α0) < Q(αε).
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Lemma 1.8. Under Assumptions1.5(ii) and 1.6(ii),

|m(α1, v)−m(α2, v)| . (|x|+ 1)
{
|θ1 − θ2|+ sup

z∈Z0

|F1(z)− F2(z)|
}

for any α1, α2 ∈ A, v = (d, y, x′)′ ∈ suppVi.

Proof. By the triangular inequality and Jensen’s inequality,

|m(α1, v)−m(α2, v)| ≤ E|h(α1, V1, v)− h(α2, V1, v)|

+ E|h(α1, v, V2)− h(α2, v, V2)|+ |Q(α)−Q(ᾱ)|.

By Lemma 1.2,

E|h(α1, V1, v)− h(α2, V1, v)|

. (E|X1|+ |x|+ 1)
{
|θ1 − θ2|+ sup

z∈Z0

|F1(z)− F2(z)|
}
.

Note E|X1| + |x| + 1 . |x| + 1. The same inequality holds for the second term.

The third term is bounded by Lemma 1.3. Then the result follows.

Lemma 1.9. Under Assumptions1.5(ii) and 1.6(ii),

|g(α1, v1, v2)− g(α2, v1, v2)|

. (|x1|+ |x2|+ 1)
{
|θ1 − θ2|+ sup

z∈Z0

|F1(z)− F2(z)|
}

for any α1, α2 ∈ A and any v1, v2 ∈ suppVi.

Lemma 1.9 is an immediate consequence of Lemma 1.2, 1.8 and 1.3.

Proof of Theorem 1.2. Define Nε as in Lemma 1.7. Note for any ε > 0,

‖α̂n − α0‖c ≥ ε ⇒ ‖α̂n − α0‖e,1,∞ ≥ ε ⇒ α̂n ∈ A\Nε ⇔ α̂n ∈ Akn\Nε,
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where the arrow ⇒ means “only if” relation. Therefore, it is enough to show

P [α̂n ∈ Akn\Nε]→ 0.

Observe that

P [α̂n ∈ Akn\Nε] ≤ P
[

inf
α∈Akn\Nε

Qn(α) ≤ Qn(πknα0)
]

≤ P
[

inf
α∈A\Nε

Qn(α) ≤ Qn(πknα0)
]
. (1.22)

By the continuous mapping theorem and Lemma 1.6,

inf
α∈A\Nε

Qn(α)
p→ inf

α∈A\Nε
Q(α).

Write

Qn(πknα0) = Qn(πknα0)−Q(πknα0) +Q(πknα0)−Q(α0) +Q(α0).

Note that Qn(πknα0) − Q(πknα0)
p→ 0 by Lemma 1.6. In addition, it is true that

Q(πknα0)−Q(α0)→ 0 by the continuity of Q in ‖ · ‖e,∞ (Lemma 1.3). Hence, we

see that Qn(πknα0)
p→ Q(α0). Therefore, it follows

P
[

inf
α∈A\Nε

Qn(α) ≤ Qn(πknα0)
]

= P
[

inf
α∈A\Nε

Q(α) + op(1) ≤ Q(α0)
]
. (1.23)

By Lemma 1.7, (1.23) converges to zero. This shows P [α̂n ∈ Akn\Nε] → 0 and

therefore ‖α̂n − α0‖c
p→ 0.
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1.8.4 Proof for Section 4

Lemma 1.10. Under Assumptions 1.5-1.6,

E
[

sup
α∈A

∣∣ 1
n

∑
i 6=j

g(α, Vi, Vj)
∣∣] = O(1). (1.24)

Proof. Let us write g(α) = g(α, Vi, Vj) and G = {g(α) : α ∈ A}. Also define

dn(g(α1), g(α2)) =
{ 1

n2

∑
i 6=j

|g(α1)− g(α2)|2
}1/2

,

Dn = sup
α1,α2∈A

dn(g(α1), g(α2)). (1.25)

By Theorem 1.6, the left of (1.24) bounded above by

{E[g(α0)2]}1/2 + E
[ ∫ Dn

0

logN(δ,G, dn)dδ
]
. (1.26)

Notice E[g(α0)2] is finite. We are left to show that the second term of (1.26) is

bounded. By Lemma 1.9, for some c > 0,

dn(g(α1), g(α2)) ≤ c‖α1 − α2‖e,∞{
1

n2

∑
i 6=j

(|Xi|+ |Xj|+ 1)2}1/2. (1.27)

Because ‖α1 − α2‖e,∞ is uniformly bounded for any α1, α2 ∈ A,

Dn . Ln for Ln = { 1

n2

∑
i 6=j

(|Xi|+ |Xj|+ 1)2}1/2. (1.28)

By Theorem 2.7.11 of van der Vaart and Wellner (1996),

N(δ,G, dn) ≤ N(δc−1L−1
n ,A, ‖·‖e,∞).
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Then, by Lemma 1.5,

logN(δ,G, dn) ≤ logN(δc−1L−1
n ,A, ‖·‖e,∞) . 1− log δ + logLn + δ−γLγn, (1.29)

for γ = (κ + ω)/κω. The first inequality of (1.30) follows by the fact that∫ D
0
− log εdε ≤ 1 and

∫ D
0
ε−γdε . D1−γ for any D ≥ 0. The second inequal-

ity holds by (1.28) and an elementary inequality of x log x ≤ x2:

∫ Dn

0

logN(δ,G, dn)dδ . Dn + 1 +Dn logLn +D1−γ
n Lγn . 1 + Ln + L2

n. (1.30)

Note E[L2
n] ≈ E[X2

1 + X2
2 + 1] < ∞ and E[Ln] <

√
E[L2

n] < ∞. Therefore the

last term of (1.26) is bounded, and we obtain (1.24).

Lemma 1.11. Under Assumptions 1.5-1.6,

1

n

n∑
i=1

m(α̂n, Vi) ≤ min
α∈Akn

1

n

n∑
i=1

m(α, Vi) +Op(
1

n
). (1.31)

Proof. By Markov inequality,

P [sup
α∈A
| 1
n

∑
i 6=j

g(α, Vi, Vj)| > ε] ≤ ε−1E[sup
α∈A
| 1
n

∑
i 6=j

g(α, Vi, Vj)|] (1.32)

By Lemma 1.10, the right of (1.32) is uniformly bounded for n ∈ N. From the

definition of α̂n in (1.6) and the decomposition (1.8), the claim (1.31) follows.

Lemma 1.12 (Norm equivalence). Under Assumptions 1.5 and 1.10, ‖α‖q and

‖α‖e,L2(P ) are equivalent norms.
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Proof. For an upper bound of ‖α‖q,

‖α‖q = ‖F ′0(Z0)∆X̄ ′θ + F (Z0)‖L2(P ) (1.33)

≤ {E[F ′0(Z0)∆X̄ ′θ]2}1/2 + {E[F (Z0)]2}1/2

≤ B
{
θ′E[∆X̄∆X̄ ′]θ

}1/2
+ ‖F (Z0)‖L2(P ) . ‖α‖e,2 ,

where the second inequality is a result of Hölder inequality. For a lower bound,

observe

‖α‖2
q & ‖F ′0(Z0)∆X̄ ′θ + F (Z0)‖L2(P )

= E[{F ′0(Z0){∆X̄ − E[∆X̄|Z0]}′θ}2]

+ E[{F ′0(Z0)E[∆X̄|Z0]′θ + F (Z0)}2], (1.34)

where the inequality holds by Assumption 1.6(ii) and the equality is valid because

a cross-product term not showing up in (1.34) is vanished by the law of iterated

expectation. (1.34) is bounded below by

λθ′θ + E[F ′0(Z0)E[∆X̄|Z0]′θ + F (Z0)]2, (1.35)

where λ is the smallest eigenvalue of Σ. By Assumption 1.9, λ > 0. Let µ > 0 be

the largest eigenvalue of E[F ′0(Z0)2E[∆X̄|Z0]E[∆X̄|Z0]′]. Then

λθ′θ ≥ λ

2
θ′θ +

λ

2µ
θ′E

[
F ′0(Z0)2E[∆X̄|Z0]E[∆X̄|Z0]′

]
θ. (1.36)

Using (1.36), bound (1.35) below by

λ

2
θ′θ +

λ

2µ
θ′E

[
F ′0(Z0)2E[∆X̄|Z0]E[∆X̄|Z0]′

]
θ

+
λ

2µ
E[F ′0(Z0)E[∆X̄|Z0]′θ + F (Z0)]2. (1.37)
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By an elementary inequality of a2 + b2 ≥ 1
2
(a− b)2, the expression (1.37) is further

bounded below by

λ

2
θ′θ +

λ

4µ
E[F (Z0)]2 & |θ|2 + ‖F (Z0)‖2

L2(P ). (1.38)

And by Jensen’s inequality,

{|θ|2 + ‖F‖2
L2(P )}1/2 ≥ 1√

2
{|θ|+ ‖F‖L2(P )}.

Therefore we show ‖α‖e,L2(P ) . ‖α‖q. This combined with the inequality (1.33)

shows that the two norms are equivalent.

Lemma 1.13. Suppose Assumptions 1.5-1.6 and 1.10 hold. Then for any δ ∈

(0, 1), if α ∈ Bδ = {α ∈ A : ‖α − α0‖c < δ}, there exists a positive constant M

such that

|Q(α)−Q(α0)− ‖α− α0‖2
q| ≤M

√
δ‖α− α0‖2

q. (1.39)

The constant M > 0 does not depend on δ.

Proof. Applying the Taylor expansion to F (∆X ′β)− F0(∆X ′β0), we have

F (∆X ′β)− F0(∆X ′β0) = F ′(Z0)∆X̄ ′(θ − θ0)

+
1

2
(θ − θ0)′F ′′(Z∗)∆X̄∆X̄ ′(θ − θ0) + F (Z0)− F0(Z0),

where Z∗ is a random variable between Z0 and ∆X ′β. Denote

D1 = F ′0(Z0)∆X̄ ′(θ − θ0) + F (Z0)− F0(Z0),

D2 = {F ′(Z0)− F ′0(Z0)}∆X̄ ′(θ − θ0),

D3 =
1

2
(θ − θ0)′F ′′(Z∗)∆X̄∆X̄ ′(θ − θ0).

Recall that Q(α) − Q(α0) = E[F (∆X ′β) − F0(∆X ′β0)]2. Therefore, Q(α) −

Q(α0) = E[{D1 + D2 + D3}2]. We expand and examine this term by term. Note
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that (i) E[|∆X̄|4] and E[|∆X̄|2] are bounded, (ii) ‖F ′′‖∞ < B for any F ∈ F (see

Remark 1.1), and (iii) for any α ∈ Bδ,

‖F ′(Z0)− F ′0(Z0)‖L∞(P ) ≤ ‖α− α0‖c < δ. (1.40)

These three facts are used in (1.42)-(1.43). First, by definition,

E[D2
1] = ‖α− α0‖2

q. (1.41)

Second, by Cauchy-Schwartz inequality,

E[D2
2] ≤ ‖F ′(Z0)− F ′0(Z0)‖L∞(P ) |θ − θ0|2E[|∆X̄|2] . δ|θ − θ0|2. (1.42)

Third, again by Cauchy-Schwartz inequality,

E[D2
3] ≤ 1

4
B2|θ − θ0|4E|∆X̄|4 . |θ − θ0|4. (1.43)

Fourth, applying Hölder inequality to cross-product terms, by (1.41)-(1.43),

E|D1D2| .
√
δ‖α− α0‖q|θ − θ0|, (1.44)

E|D1D3| . ‖α− α0‖q|θ − θ0|2, (1.45)

E|D2D3| .
√
δ|θ − θ0|3. (1.46)

By the norm equivalence (Lemma 1.12), |θ − θ0| ≤ ‖α − α0‖e,L2(P ) ≈ ‖α − α0‖q.

Hence, collecting (1.41)-(1.46),

|Q(α)−Q(α0)− ‖α− α0‖2
q|

. (δ +
√
δ)‖α− α0‖2

q + (1 +
√
δ)‖α− α0‖3

q + ‖α− α0‖4
q, (1.47)
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Recall that if α ∈ Bδ,

‖α− α0‖q ≈ ‖α− α0‖e,L2(P ) . ‖α− α0‖c < δ.

Hence, the right of (1.47) is less than

{δ +
√
δ + (1 +

√
δ)δ + δ2}‖α− α0‖2

q

As we confine δ to be less than 1, the above expression is bounded above by

M
√
δ‖α− α0‖2

q for some fixed constant M > 0.

Lemma 1.14. Suppose Assumptions 1.5-1.7 hold. Let M be the constant appear-

ing in Lemma 1.13. Let

Akn,δ = {α ∈ Akn : ‖α− α0‖c < M−2, ‖α− α0‖q ≤ δ}

Then, for large n, we have

E
[

sup
α∈Akn,δ

|Gn{m(α, ·)−m(πknα0, ·)}|
]
. (δ + ηn)

2κω−κ−ω
2κω +

1√
n

(δ + ηn)−
κ+ω
κω ,

for ηn = ‖πknα0 − α0‖q.

Proof. Let us write m(α) = m(α, Vi) and h(α) = h(α, V1, V2). Suppose ‖πknα0 −

α0‖c < M−2. This holds for large n, because ‖πknα0 − α0‖c → 0 by Assumption

1.7. Let M̄ be a constant such that

sup
α∈A

sup
v∈R2+dx

|m(α, v)−m(πknα, v)| < M̄ <∞. (1.48)

We may take M̄ = 3B by Remark 1.1 and the definition of m(α) in (1.5). By
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Hölder inequality,

‖m(α)−m(πknα0)‖L2(P ) ≤ ‖E[h(α)− h(πknα0)|V1]‖L2(P )

+ ‖E[h(α)− h(πknα0)|V2]‖L2(P ) + |Q(α)−Q(πknα0)|. (1.49)

By Jensen’s inequality,

‖E[h(α)− h(πknα0)|Vi]‖L2(P ) ≤ ‖h(α)− h(πknα0)‖L2(P ). (1.50)

Recall that πknα0 = (θ0, F0,kn). Hence, using the first inequality of (1.20), we

obtain

|h(α)− h(πknα0)| . B|∆X̄| × |θ − θ0|+ |F (∆X ′β0)− F0,kn(∆X ′β0)|,

which yields

‖h(α)− h(πknα0)‖L2(P )

. |θ − θ0|+ ‖F (∆X ′β0)− F0,kn(∆X ′β0)‖L2(P ) (1.51)

= ‖α− πknα0‖e,L2(P ).

In addition, by Lemma 1.13, if ‖α− α0‖c < M−2 and ‖πknα0 − α0‖c < M−2,

|Q(α)−Q(πknα0)| ≤ |Q(α)−Q(α0)|+ |Q(πknα0)−Q(α0)|

≤ 2‖α− α0‖2
q + 2‖πknα0 − α0‖2

q. (1.52)

Also note that, by Lemma 1.12,

‖α− πknα0‖e,L2(P ) ≈ ‖α− πknα0‖q ≤ ‖α− α0‖q + ‖πknα0 − α0‖q. (1.53)
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By (1.49)-(1.53) and Assumption 1.9, if α ∈ Akn,δ,

‖m(α)−m(πknα0)‖L2(P ) . ‖α− α0‖q + ‖πknα0 − α0‖q (1.54)

+‖α− α0‖2
q + ‖πknα0 − α0‖2

q

≤ δ + ηn + δ2 + η2
n . δ + ηn, (1.55)

where the last inequality holds because possible values for δ are bounded and

ηn → 0 as n→∞. The maximal inequality is invoked to conclude. Denote

Mn,δ = {m(α)−m(πknα0) : α ∈ Akn,δ},

and find a sequence {Mn,δ}∞n=1 such that ‖m(α) − m(πknα0)‖L2(P ) ≤ Mn,δ. By

(1.55), Mn,δ ≈ δ + ηn. By Lemma 3.4.2 of van der Vaart and Wellner (1996),

E[ sup
α∈Akn,δ

|Gn{m(α)−m(πknα0)}|]

. J̃[](Mn,δ,Mn,δ, ‖ · ‖L2(P ))×
(

1 +
J̃[](Mn,δ,Mn,δ, ‖ · ‖L2(P ))√

n(Mn,δ)2
M̄

)
, (1.56)

where

J̃[](η,Mn,δ, ‖ · ‖L2(P )) =

∫ η

0

√
1 + logN[](ε,Mn,δ, ‖ · ‖L2(P ))dε.

By Lemma 1.8, for some constant C > 0,

‖m(α, Vi)−m(ᾱ, Vi)‖L2(P ) ≤ C‖α− ᾱ‖e,∞.

The first inequality of (1.57) is acquired by Theorem 2.7.11 of van der Vaart and

Wellner (1996) and the second inequality is trivial from Akn,δ ⊂ A.

N[](ε,Mn,δ, ‖ · ‖L2(P )) ≤ N(εC−1,Akn,δ, ‖ · ‖e,∞) ≤ N(εC−1,A, ‖ · ‖e,∞) (1.57)
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Lemma 1.5 shows logN(εC−1,A, ‖ ·‖e,∞) . 1− log ε+ε−γ for γ = κ+ω
κω

. Therefore

we have

J̃[](η,Mn,δ, ‖ · ‖L2(P )) .
∫ η

0

√
2− log ε+ ε−γdε .

∫ η

0

√
ε−γdε ≈ η

2−γ
2 , (1.58)

where the second inequality is from the fact that |2− log ε| < ε−γ when ε is small

enough. Plugging (1.58) into (1.56),

E[ sup
α∈Akn,δ

|Gn{m(α)−m(πknα0)}|] . (Mn,δ)
2−γ
2 (1 +

1√
n

(Mn,δ)
−2−γ

2 M̄).

The result follows after simplification.

Proof of Theorem 1.3. We start by introducing some abbreviations. Let γ = (κ+

ω)/κω. Define a ‖ · ‖q-norm shell as

Sj,n = {α ∈ Akn : sj,n < ‖α− α0‖q ≤ 2sj,n} for sj,n = 2j−1r−1
n . (1.59)

As in Lemma 1.13, denote

Bc = {α ∈ A : ‖α− α0‖c < c}.

Let cn be a sequence such that c−1
n ‖α̂n−α0‖c

p→ 0. Such a sequence {cn}∞n=1 exists

since α̂n is consistent in ‖ · ‖c-norm. Let ε > 0 and J ∈ N be arbitrary positive

constants.

The theorem is proved if P [rn‖α̂n − α0‖q > 2J ] can be made arbitrarily

small by letting J large enough. Observe

P [rn‖α̂n − α0‖q > 2J ] ≤ P [rn‖α̂n − α0‖q > 2J , α̂n ∈ Bcn ] + P [α̂n /∈ Bcn ], (1.60)

where the last term P [α̂n /∈ Bcn ] converges to zero by definition of Bcn . The first
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term on the right of (1.60) is bounded above by (1.61):

∑
j≥J

2sj,n≤ε

P [α̂n ∈ Sj,n ∩Bcn ] + P [‖α̂n − α0‖q > ε]. (1.61)

The second term of (1.61) can be ignored again by the consistency of α̂n and the

fact that ‖ · ‖q . ‖ · ‖c. Therefore it is enough to show that the first term of (1.61)

decreases to 0 as J increases.

First, we obtain a bound for P [α̂n ∈ Sj,n∩Bcn ], showing up in (1.66) below.

By Lemma 1.11, if α̂n ∈ Sj,n ∩Bcn , then

inf
α∈Sj,n∩Bcn

1

n

n∑
i=1

{m(α, Vi)−m(πknα0, Vi)} ≤ Op(
1

n
). (1.62)

Let us treat the random term Op(
1
n
) in (1.62) as if it were a deterministic sequence

C
n

for some C > 0. This simplification comes without loss of generality. Recall

Lemma 1.13. Find an integer N such that if n ≥ N , then

Q(α)−Q(α0) ≥ 1

2
‖α− α0‖2

q

for α ∈ Bcn . Then for n ≥ N ,

inf
α∈Sj,n∩Bcn

Q(α)−Q(α0) ≥ 1

2
(sj,n)2. (1.63)

Expand the left of (1.62) to

inf
α∈Sj,n∩Bcn

[ 1

n

n∑
i=1

{m(α, Vi)− E[m(α, Vi)]}

1

n

n∑
i=1

{m(πknα0, Vi)− E[m(πknα0, Vi)]}+Q(α)−Q(πknα0)
]
. (1.64)
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Combine and denote the two summation term in (1.64) by

n−1/2Gn{m(α)−m(πknα0)},

following the standard notation in the empirical process theory. Expand

Q(α)−Q(πknα0) = Q(α)−Q(α0) +Q(α0)−Q(πknα0).

Then, (1.64) is bounded below by (1.65):

inf
α∈Sj,n∩Bcn

[ 1√
n
Gn{m(α)−m(πknα0)}

]
+

1

2
(sj,n)2 − ‖F0,kn(Z0)− F0(Z0)‖2

L2(P ), (1.65)

where the second term is obtained by (1.63) and the third term is by

Q(α0)−Q(πknα0) ≥ −{‖F0,kn(Z0)− F0(Z0)‖L2(P )}2.

From (1.62)-(1.65), we obtain

P [α̂n ∈ Sj,n ∩Bcn ] ≤ P [ inf
α∈Sj,n∩Bcn

Gn{m(α)−m(πknα0)} ≤ ηj,n], (1.66)

for

ηj,n =
C√
n
− 1

2

√
n(sj,n)2 +

√
n‖F0,kn(Z0)− F0(Z0)‖2

L2(P ).

Note
√
n‖F0,kn(Z0)− F0(Z0)‖2

L2(P ) = o(
√
nr−2

n )

by Assumption 1.9 and 1.12. And also note that n−1/2 = o(
√
nr−2

n ). On the other

hand,
√
n(sj,n)2 ≈

√
nr−2

n . Therefore, ηj,n < 0 for large enough n and j.

Second, we evaluate the probability (1.66). Suppose n and j are large
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enough so that ηj,n < 0. By Markov inequality, the right of (1.66) is less than

1

|ηj,n|
E[ sup

α∈Sj,n∩Bcn
|Gn{m(α)−m(πknα0)}|]. (1.67)

Note, for large n,

Sj,n ∩Bcn ⊂ Asj,n

if δn < M−2 for M appearing in Lemma 1.13. Also note

sj,n + s2
j,n + r−1

n . sj,n

for large n. Then by Lemma 1.14, the expression (1.67) is less than, up to a fixed

scale,
1

|ηj,n|

[
(sj,n)

2κω−κ−ω
2κω +

1√
n

(sj,n)−
κ+ω
κω

]
. (1.68)

Finally, the first term of (1.61) is bounded. For large enough n and J , The first

inequality of (1.69) holds by (1.66)-(1.68). The second inequality of (1.69) is from

|ηj,n| ≈
√
ns2

j,n. The last equality is from Assumption 1.8.

∑
j≥J

2sj,n≤ε

P [α̂n ∈ Sj,n ∩Bcn ] .
∑
j≥J

1

|ηj,n|

[
(sj,n)

2κω−κ−ω
2κω +

1√
n

(sj,n)−
κ+ω
κω

]

.
1√
n

∑
j≥J

s
− 2κω+κ+ω

2κω
j,n +

∑
j≥J

s
−κ+ω−2κω

κω
j,n

≈ { 1√
n
r

2κω+κ+ω
2κω

n + r
κ+ω−2κω

κω
n }2−J

= {1 + n{(κ+ω−2κω
κω

) κω
2κω+κ+ω}}2−J = O(2−J), (1.69)

This shows (1.61) is O(2−J) + o(1). In turn, from (1.60), it is shown that

P [r−1
n ‖α̂n − α0‖q > 2J ] ≤ O(2−J) + o(1).

Therefore we conclude rn is the rate-of-convergence factor for the estimator α̂n.
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1.8.5 Proof for Section 5

Higher-order directional derivatives of h(α, ·, ·) are similarly defined to the

first-order derivative defined in (1.12). Let v1, v2, v3 ∈ V be arbitrary directions

(vectors). We denote second and third order derivatives by h′′(α)[v1, v2] and

h′′′(α)[v1, v2, v3] respectively. Also let h′′(α)[v]2 = h′′(α)[v, v] and h′′(α)[v]3 =

h′′′(α)[v, v, v]. Following de la Peña and Giné (1999), we denote the U-process

empirical measure by Un; it assigns 1/n(n− 1) probability to each pair (Vi, Vj)i 6=j

from the random sample {V1, · · · , Vn}. The expectation of h(α) with respect to

the random probability measure Un is denoted by Unh(α); that is,

Unh(α) =
1

n(n− 1)

∑
i 6=j

h(α, Vi, Vj).

Further, we write (Un − E)h(α) = Unh(α) − E[h(α)]. Note this is a U-process

indexed by α.

Remark 1.3 (Definition of δn). We choose an arbitrary sequence {δn} that con-

verges to zero slower than r−1
n . Also we require that all the conditions of Assump-

tion 1.14 hold when r−1
n is substituted by δn. For now, if these two conditions are

met, δn can converge at any rate; its rate will be picked in the proof of Theorem

1.4. The role of this sequence is to define a local neighborhood around α0. In

order to guarantee that the local neighborhood encompasses the estimator α̂n, we

choose δn slower than r−1
n . On the other hand, it will be required that, on the local

neighborhood, the empirical criterion Qn approximates the population criterion Q

well enough then; δn needs to shrink fast enough to obtain a good approximation.

We will choose δn so that it converges infinitesimally slower than r−1
n .
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Lemma 1.15. Suppose Assumptions 1.13 and 1.15 hold. For any Fk ∈ Fk,

‖Fk(Z0)‖L∞(P ) .
√
k‖Fk(Z0)‖L2(P )

‖ d
j

dz
Fk(Z0)‖L∞(P ) .

√
kζj(k)‖Fk(Z0)‖L2(P ), (1.70)

for ζj defined in Assumption 1.14 (but Assumption 1.14 is not needed).

Proof. Let λk denote the the smallest eigenvalue of E[pk(Z0)pk(Z0)′]. By Assump-

tion 1.15, λk ≥ λ̄ > 0 for some λ̄ and for every k ∈ N. Because Fk is a finite

dimensional linear sieve (Assumption 1.13), Fk(Z0) is a linear combination of basis

functions {p1, · · · , pk}; write c′pk(Z0) for some c ∈ Rk. Then,

‖Fk(Z0)‖L2(P ) = {c′E[pk(Z0)pk(Z0)′]c}1/2 ≥ λk
√
c′c &

√
c′c, (1.71)

where the last inequality holds by Assumption 1.15. Next, observe

‖Fk(Z0)‖L∞(P ) ≤
k∑
i=1

|ci|‖pi(Z0)‖L∞(P ) .
k∑
i=1

|ci| (1.72)

‖ d
j

dz
Fk(Z0)‖L∞(P ) ≤

k∑
i=1

|ci|‖
dj

dz
pi(Z0)‖L∞(P ) ≤ ζj(k)

k∑
i=1

|ci|. (1.73)

By Cauchy-Schwarz inequality,
∑
|ci| ≤

√
k
√
c′c. By this and (1.71)-(1.73), (1.70)

is shown.

Lemma 1.16. Suppose F, Fv and Fw are functions on R. Suppose θ, θv, θw are in

the set Θ. Denote α = (θ, F ), v = (θv, Fv) and w = (θw, Fw). (i) If z 7→ F (z) is

differentiable,

h′(α, V1, V2)[v] = −2{I{∆Y ≥ 0} − F (∆X ′β)}{F ′(∆X ′β)∆X̄ ′θv + Fv(∆X
′β)}.

(1.74)
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(ii) If F is twice differentiable and Fvis differentiable,

h′′(α, V1, V2)[v, w] = 2{F ′(∆X ′β)∆X̄ ′θw + Fw(∆X ′β)}

× {F ′(∆X ′β)∆X̄ ′θv + Fv(∆X
′β)} − 2{I{∆Y ≥ 0} − F (∆X ′β)}

× {F ′′(∆X ′β)∆X̄ ′θw∆X̄ ′θv + F ′w(∆X ′β)∆X̄ ′θv + F ′v(∆X
′β)∆X̄ ′θw} (1.75)

(iii) If F is three-times differentiable and Fv is twice differentiable,

h′′′(α, V1, V2)[v, v, w]

= 4{F ′′(∆X ′β)∆X̄ ′θw∆X̄ ′θv + Fw(∆X ′β)∆X̄ ′θv + F ′v(∆X
′β)∆X̄ ′θw}

× {F ′(∆X ′β)∆X̄ ′θv + Fv(∆X
′β)}+ 2{F ′(∆X ′β)∆X̄ ′θw + Fw(∆X ′β)}

× {F ′′(∆X ′β)(∆X̄ ′θv)
2 + 2F ′v(∆X

′β)∆X̄ ′θv} − 2{I{∆Y ≥ 0} − F (∆X ′β)}

× {F ′′′(∆X ′β)∆X̄ ′θw(∆X̄ ′θv)
2 + F ′′w(∆X ′β)(∆X̄ ′θv)

2

+ 2F ′′v (∆X ′β)∆X̄ ′θw∆X̄ ′θv} (1.76)

Proof. The results can be derived by elementary calculus.

Lemma 1.17. Suppose Assumptions 1.5- 1.6, 1.10, 1.11-1.15 hold. Consider any

non-random sequence {αn ∈ Akn} such that ‖αn − α0‖e,L2(P ) = o(δn). Then

‖αn − πknα0‖2
e,L2(P ) = Q(αn)−Q(πknα0) + o(

1

n
).

Proof. Denote vn = αn − πknα0 and vn = (θvn , Fvn). Note ‖πknα0 − α0‖e,L2(P ) =

o(δn) by Assumption 1.12. By the triangle inequality,

‖vn‖q ≈ ‖vn‖e,L2(P ) ≤ ‖αn − α0‖e,L2(P ) + ‖πknαn − α0‖e,L2(P ) = O(δn). (1.77)

Recall that any element of Fkn is at least three-times differentiable by Assump-

tions 1.5-1.6 and Remark 1.1. Then h(α) is three-times directionally differentiable
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(Lemma 1.16). By Taylor expansion,

h(αn)− h(πknα0) = h′(πknα0)[vn] +
1

2
h′′(πknα0)[vn]2 +

1

6
h′′′(α∗n)[vn]3, (1.78)

for some α∗n ∈ Akn between αn and πknα0. Denote α∗n = (θ∗n, F
∗
n). We examine

each term on the right of (1.78) from below. First, from Lemma 1.16,

h′(πknα0)[vn] = −2{I{∆Y ≥ 0} − F0,kn(Z0)}{F ′0,kn(Z0)∆X̄ ′θvn + Fvn(Z0)}.

Since E[I{∆Y ≥ 0}|X1, X2] = F0(Z0), by the law of iterated expectation, it

follows

E [h′(πknα0)[v]] = −2E
[
{F0(Z0)− F0,kn(Z0)}{F ′0,kn(Z0)∆X̄ ′θvn + Fvn(Z0)}

]
.

Then by Hölder inequality and Assumption 1.12,

E [h′(πknα0)[v]] . ‖F0(Z0)− F0,kn(Z0)‖L2(P ) (1.79)

×‖F ′0,kn(Z0)∆X̄ ′θvn + Fvn(Z0)‖L2(P ).

. o(n−3/4)×
{
|θvn|+ ‖Fvn(Z0)‖L2(P )

}
= o(n−3/4)× ‖vn‖e,L2(P ). (1.80)

By (1.77), the last expression of (1.79) is o(n−3/4δn)-term. As δn = o(n−1/3), we

obtain

E [h′(πknα0)[v]] = o(
1

n
). (1.81)

Next, the second-order term of the Taylor expansion (1.78) is examined. From

Lemma 1.16,

h′′(πknα0, V1, V2)[vn]2 = 2{F ′0,kn(Z0)∆X̄ ′θvn + Fvn(Z0)}2

− 4{F ′′0,kn(Z0)(∆X̄ ′θvn)2 + 2F ′v(Z0)∆X̄ ′θvn}{I{∆Y ≥ 0} − F0,kn(Z0)}. (1.82)



53

By the law of iterated expectation and the triangle inequality,

E[h′′(πknα0, V1, V2)[vn]2] . E[{F ′0,kn(Z0)∆X̄ ′θvn + Fvn(Z0)}2]

+ E[|{F ′′0,kn(Z0)(∆X̄ ′θvn)2 + 2F ′v(Z0)∆X̄ ′θvn}{F0(Z0)− F0,kn(Z0)}|]. (1.83)

After some algebra, the first term on the right of (1.83) is shown to be bounded

by

‖vn‖2
q + ‖F ′0,kn(Z0)− F ′0(Z0)‖2

L4(P )‖∆X̄ ′θvn‖2
L4(P )

+‖F ′0,kn(Z0)− F ′0(Z0)‖L4(P )‖∆X̄ ′θvn‖L4(P )‖vn‖q.

By Assumption 1.12and (1.77), the last expression is further simplified to

‖vn‖2
q + o(n−2/3)O(δ2

n) + o(n−1/3)O(δ2
n) = ‖vn‖2

q + o(n−1),

The second term on the right of (1.83) is bounded above by

‖F ′′0,kn(Z0)(∆X̄ ′θvn)2 + 2F ′vn(Z0)∆X̄ ′θvn‖L2(P )‖F0(Z0)− F0,kn(Z0)‖L2(P ).

. {|θvn|2 + |θvn|}‖F0(Z0)− F0,kn(Z0)‖L2(P )

= O(δn)o(n−2/3) = o(n−1)

where the inequality holds by the triangle inequality and Remark 1.1, and the last

inequality holds by Assumption 1.12 and (1.77). Therefore, we have

E[h′′(πknα0, V1, V2)[v]2] = ‖v‖2
q + o(

1

n
). (1.84)
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The third order term in (1.78) follows. As given by Lemma 1.16,

h′′′(α∗n, V1, V2)[vn]3

= {6F ∗′′n (∆X ′β∗n)(∆X̄ ′θvn)2 + 8F ′vn(Z0))∆X̄ ′θvn + 4Fvn(Z0)∆X̄ ′θvn}

×{F ∗′n (∆X ′β∗n)∆X̄ ′θvn + Fvn(∆X ′β∗n)} − 2{I{∆Y ≥ 0} − F ∗n(∆X ′β∗n)}

×{F ∗′′′n (∆X ′β∗n)(∆X̄ ′θvn)3 + 3F ′′vn(∆X ′β∗n)(∆X̄ ′θvn)2}.

Similar to above, using Hölder inequality and the triangle inequality multiple

times,

E
[
h′′′(α∗n, V1, V2)[v]3

]
. {‖F ∗′′n (∆X ′β)(∆X̄ ′θvn)2‖L2(P )+‖F ′vn(Z0)∆X̄ ′θvn‖L2(P )+‖Fvn(Z0)∆X̄ ′θvn‖L2(P )}

× {‖F ∗′n (∆X ′β∗n)∆X̄ ′θvn‖L2(P ) + ‖Fvn(∆X ′β∗n)‖L2(P )}

+ ‖F0(∆X ′β0)− F ∗n(∆X ′β∗n)‖L2(P ) × {‖F ∗′′′n (∆X ′β)(∆X̄ ′θvn)3‖L2(P )

+ ‖F ′′v (∆X ′β∗n)(∆X̄ ′θvn)2‖L2(P )}. (1.85)

We examine each term of the last expression. By Lemma 1.15,

‖F ∗′′n (∆X ′β∗n)(∆X̄ ′θvn)2‖L2(P ) . |θvn|2 = O(δ2
n),

‖Fvn(Z0)∆X̄ ′θvn‖L2(P ) . ‖Fvn(Z0)‖L∞(P )|θvn| =
√
knO(δ2

n),

‖F ′vn(Z0)∆X̄ ′θvn‖L2(P ) . ‖F ′vn(Z0)‖L∞(P )|θvn| =
√
knζ1(kn)O(δ2

n),

‖F ∗′n (∆X ′β∗n)∆X̄ ′θvn‖L2(P ) . |θvn| = O(δn),

‖F ∗′′′n (∆X ′β)(∆X̄ ′θvn)3‖L2(P ) . |θvn|3 = O(δ3
n).
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There are two more terms. By Taylor expansion and Hölder inequality,

‖Fvn(∆X ′β∗n)‖L2(P ) = ‖Fvn(Z0) + Fvn(∆X ′β∗n)− Fvn(Z0)‖L2(P )

≤ ‖Fvn(Z0)‖L2(P ) + ‖F ′vn(∆X ′β∗∗n )∆X̄ ′(θ∗n − θ0)‖L2(P )

. ‖Fvn(Z0)‖L2(P ) + |θ∗n − θ0|,

for β∗∗n is between β∗n and β0. Recall that θ∗n is between θn and θ0. As such,

|θ∗n − θ0| = O(δn). Hence from the above,

‖Fvn(∆X ′β∗n)‖L2(P ) = O(δn)

It is similar to show

‖F0(∆X ′β0)− F ∗n(∆X ′β∗n)‖L2(P ) = O(δn).

In sum, using the above bounds for each term of (1.85), we see that

E[h′′′(α∗n, V1, V2)[vn]3] = O({δ2
n +

√
knδ

2
n +

√
knζ1(kn)δ2

n}δn + δn{δ3
n + δ2

n})

= O(
√
knζ1(kn)δ3

n).

By Remark 1.3,
√
knζ1(kn)δ3

n = o(n−1). This, along with (1.81) and (1.84), proves

the lemma.

Lemma 1.18. Suppose Assumptions 1.5-1.6, 1.10, 1.13-1.15 hold. Let M be the

constant appearing in Lemma 1.13. Denote

Bkn,δ = {α− πknα0 : α ∈ Akn , ‖α− α0‖c < M−2, ‖α− πknα0‖q ≤ δ}.
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Then, for a sequence {δn}∞n=1 specified in Remark 1.3,

sup
α∈Bkn,δn

(Un − E)h′′(πknα0)[α] = op(
1

n
). (1.86)

Proof. By Markov inequality, the lemma is proved if

E
[

sup
α∈Bkn,δn

(Un − E)h′′(πknα0)[α]
]

= o(
1

n
). (1.87)

The claim (1.87) can be shown by the maximal inequality. As before, abbreviate

h′′(πknα0)[α]2 = h′′(πknα0, V1, V2)[α]2. Define

m′′(πknα0, v)[α]2 = E[h′′(πknα0)[α]2|V1 = v]

+ E[h′′(πknα0)[α]2|V2 = v]− E[h′′(πknα0)[α]2],

g′′(πknα0, v1, v2)[α]2 = h′′(πknα0)[α]2 − E[h′′(πknα0)[α]2|V1 = v1]

− E[h′′(πknα0)[α]2|V2 = v2] + E[h′′(πknα0)[α]2].

We shorten

m′′(πknα0)[α]2 ≡ m′′(πknα0, Vi)[α]2, g′′(πknα0)[α]2 ≡ g′′(πknα0, Vi, Vj)[α]2.

The following equation is yet another application of Höeffding decomposition;

(Un−E)h′′(πknα0)[α]2 = (Pn−E)m′′(πknα0)[α]2 + (Un−E)g′′(πknα0)[α]2. (1.88)

By the decomposition (1.88), we may bound the left of (1.87) by

E
[

sup
α∈Bkn,δn

(Pn − E)m′′(πknα0)[α]2
]

+ E
[

sup
α∈Bkn,δn

(Un − E)g′′(πknα0)[α]2
]
.
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Above two expectations are shown to converge to zero faster than 1/n-rate by

Lemma 1.20 and Lemma 1.21 respectively. Therefore the claim (1.86) is proved.

Lemma 1.19. Suppose the conditions of Lemma 1.18. Notations are also same

with Lemma 1.18. Then,

logN[](ε,M′′
kn,δn , L2(P )) . −kn log

ε

k2
nδn

Proof. Let Θδn and Fkn,δn be such that Bkn,δn = Θδn ×Fkn,δn . Also, denote

‖F‖1,L∞(P ) = ‖F (Z0)‖L∞(P ) + ‖F ′(Z0)‖L∞(P ), ‖α‖e,1,L∞(P ) = |θ|+ ‖F‖1,L∞(P ),

By Lemma 1.23, Theorem 2.7.11 of van der Vaart and Wellner (1996) can be

applied:

N[](ε,M′′
kn,δn , L2(P )) ≤ N(

ε

C1

, Bkn,δn , ‖ · ‖e,1,L∞(P ))

≤ N(
ε

2C1

,Θδn , | · |)×N(
ε

4C1

,Fkn,δn , ‖ · ‖1,L∞(P )), (1.89)

for some constant C1 > 0. The covering number N(ε/4C1,Fkn,δn , ‖ · ‖1,L∞(P )) in

(1.89) is not easy to calculate. However, by Lemma 1.15 and Assumption 1.14(i),

for any F ∈ Fkn,δn ⊂ Fkn ,

‖F‖1,L∞(P ) . kn‖F (Z0)‖L∞(P ). (1.90)

Therefore we have the following inequality; for some positive constant C2,

N(
ε

4C1

,Fkn,δn , ‖ · ‖1,∞) ≤ N(
ε

C2kn
,Fkn,δn , ‖ · ‖L∞(P )), (1.91)

where ‖F‖L∞(P ) is defined to be ‖F (Z0)‖L∞(P ) for simplicity.

Next, in order to calculate the covering number (1.91), we exploit the fact
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that Fkn is a linear combination of finite basis functions. For F ∈ Fkn , let us

write F (z) = c′pkn(z) for c = (c1, · · · , ckn)′. Notice that any coefficient cj must

be bounded. To see this, suppose not. As F (z) is a bounded function, this

implies some linear combination of basis functions is zero. This contradicts with

Assumption 1.15, and so any coefficient cj is bounded. Without loss of generality,

assume that cj is within an interval [−1, 1] for any j. Next, consider F ∈ Fkn,δn and

suppose ‖F (Z0)‖L2(P ) ≤ c̄δn for some constant c̄. Because any norm is linear, this

implies that the coefficient cj is in an interval [−c̄δn, c̄δn]. Since p̄ = supj ‖pj‖∞ is

bounded by Assumption 1.13, it follows

‖c′pkn‖L∞(P ) ≤ p̄{|c1|+ · · ·+ |ckn|}.

Hence, a ε-radius ball in (Fkn , ‖ · ‖L∞(P )) is smaller than a set

{
c′pkn(z) : |c1|+ · · ·+ |ckn | ≤ ε/p̄

}
All these considerations lead to the following calculation; the covering number on

the right of (1.91) is bounded above, up to a fixed scale, by

{
N(

ε

C2k2
n

, [−c̄δn, c̄δn], | · |)]
}kn
≈
{k2

nδn
ε

}kn
. (1.92)

Therefore, the claim of the lemma is proved. Now, back to (1.89), after the log

transformation,

logN[](ε,M′′
kn,δn , L2(P )) . −dθ log

ε

δn
− kn log

ε

k2
nδn

.

As the second term dominates on the right of the previous inequality, we obtain

the claimed inequality.

Lemma 1.20. Suppose the conditions of Lemma 1.18. Notations are also same.
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Then,

E
[

sup
v∈Bkn,δn

Gnm
′′(πknα0)[v]2

]
= o(

1√
n

).

Proof. We prove this lemma by using the maximal inequality of Theorem 2.14.2 in

van der Vaart and Wellner (1996). To prepare for the application of the maximal

inequality, define

M′′
kn,δn = {v 7→ m′′(πknα0)[v]2 : v ∈ Bkn,δn}.

From (1.82), it can be easily checked that the envelope for {h′′(πknα0)[v] : v ∈

Bkn,δn} is

Hn(V1, V2) ≈ |∆X̄|2|θv|2 + |Fv(Z0)|2 + {|Fv(Z0)|+ |F ′v(Z0)|}|∆X||θv|.

From this, an envelop function for M′′
kn,δn

can be obtained; let

Mn(v) = E[Hn(V1, V2)|V1 = v] + E[Hn(V1, V2)|V2 = v] + E[Hn(V1, V2)].

Then for any v ∈ Bkn,δn ,

‖m′′(πknα0, Vi)[α]2‖L2(P ) ≤ ‖Mn(Vi)‖L2(P ),

by using Jensen’s inequality and Minkowski inequality. We need to calculate

‖Mn(Vi)‖L2(P ) ≤ 3‖Hn(V1, V2)‖L2(P )

. |θv|2 + ‖Fv(Z0)‖2
L4(P ) + {‖Fv(Z0)‖L4(P ) + ‖F ′v(Z0)‖L4(P )}|θv| (1.93)

where the first inequality holds by Jensens’ inequality, and the second inequality

is a consequence of Hölder inequality. Note, by Lemma 1.15,

‖F (Z0)‖L4(P ) .
√
kn‖F (Z0)‖L2(P ), ‖F ′(Z0)‖L4(P ) .

√
knζ1(kn)‖F (Z0)‖L2(P ).
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Recall that Assumption 1.14 (i) states
√
knζ1(kn) . kn. Hence, fr om (1.93),

‖Mn(Vi)‖L2(P ) ≤ C1knδ
2
n. (1.94)

Next, the following bracketing integral is calculated:

J[](1,M′′
kn,δn , L2(P )) =

∫ 1

0

√
1 + logN[](ε‖Mn(Vi)‖L2(P ),M′′

kn,δn
, L2(P ))dε.

By (1.94), this is bounded above by

∫ 1

0

√
1 + logN[](εC1knδ2

n,M′′
kn,δn

, L2(P ))dε,

which, by the change of variable, can be written as

(C1knδ
2
n)−1

∫ C1knδ2n

0

√
1 + logN[](ε,M′′

kn,δn
, L2(P ))dε

By Lemma 1.19, the above integral is bounded above by

C2

√
kn(C1knδ

2
n)−1

∫ C1knδ2n

0

√
− log

ε

k2
nδn

dε ≈
√
kn
kn
δn

∫ δn/kn

0

√
− log ε′dε′.

(1.95)

Notice that kn/δn → ∞. To evaluate the last integral of (1.95), observe that, by

the Leibniz integral rule,

d

dx

∫ x

0

√
− log ε′dε′ =

√
− log x.

Then by l’Hopital’s rule, for any c > 1,

lim
x→0

1

xc

∫ x

0

√
− log ε′dε = lim

x→0

1

cxc−1

√
− log x = 0.

From these calculations, we learn that, for any small number δ > 0, the right of

(1.95) is less than
√
kn(kn/δn)δ if the number n is large enough. Keeping this in
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mind, recall Theorem 2.14.2 of van der Vaart and Wellner (1996) to obtain

E

[
sup

α∈Akn,δn
Gnm

′′(πknα0)[α]2

]
.
√
kn(kn/δn)δ‖Mn(Vi)‖L2(P ) .

√
kn(kn/δn)δknδ

2
n.

By Assumption 1.14,
√
knknδ

2
n = o(n−1/2). By choosing δ arbitrarily small, we

conclude that
√
kn(kn/δn)δknδ

2
n = o(n−1/2). This concludes the proof.

Lemma 1.21. Suppose the conditions of Lemma 1.18. Notations are also same.

Then,

E

[
sup

v∈Bkn,δn
Ung

′′(πknα0)[v]2

]
= o(

1

n
).

Proof. By Theorem 1.6, for any ᾱ ∈ Akn,δn ,

E
[

sup
v∈Bkn,δn

Ung
′′(πknα0)[v]2

]
.

1

n
E

[∫ Dn

0

logN(ε, Bkn,δn , ρn)dε

]
, (1.96)

where the random metric ρn is defined as

ρn(α1, α2) =

{
1

n2

∑
i 6=j

(
g′′(πknα0, Vi, Vj)[α1]2 − g′′(πknα0, Vi, Vj)[α2]2

)2

}1/2

,

(1.97)

and Dn is the diameter of Akn,δn measured by ρn. By Lemma 1.24, for some

positive constant C,

ρn(α1, α2) ≤ C

{
1

n2

∑
i 6=j

G(Vi, Vj)
2

}1/2

‖α1 − α2‖e,1,L∞(P ),

where the “Lipschitz constant” G(·, ·) is defined in the Lemma 1.24. Let us denote

Gn = C

{
1

n(n− 1)

∑
i 6=j

G(Vi, Vj)
2

}1/2

. (1.98)

Notice that

ρn(α1, α2) . Gn‖α1 − α2‖e,1,L∞(P ).
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Then, since ‖F‖1,L∞(P ) . kn‖F (Z0)‖L∞(P ) as derived in (1.90),

Dn = sup
α1,α2∈Akn,δn

ρn(α1, α2) . knδnGn. (1.99)

The following two inequalities are almost identical to (1.89):

N(ε, Bkn,δn , ρn) ≤ N(
ε

Gn

, Bkn,δn , ‖ · ‖e,1,L∞(P ))

≤ N(
ε

2Gn

,Θδn , | · |)×N(
ε

2Gn

,Fkn,δn , ‖ · ‖1,L∞(P )),

Further, similar to (1.91)-(1.92),

logN(ε, Bkn,δn , ρn) . − log ε+ log δnGn − kn log ε+ kn log k2
nδnGn. (1.100)

From (1.100),

∫ Dn

0

logN(ε, Bkn,δn , ρn)dε . Dn −Dn logDn +Dn log δnGn

+knDn + knDn logDn + knDn log k2
nδnGn.

Notice that x log x ≤ x2 for any positive x. And recall the bound (1.99). Using

these two, we can show that the right of the above inequality is less than

knδnGn + (knδnGn)2 + kn(δnGn)2 + k2
nδnGn + kn(knδnGn)2 + (k2

nδnGn)

By the definition (1.98), E[G2
n] = E[G(Vi, Vj)

2] and this is bounded. By Jensen’s

inequality, E[Gn] . {E[G(Vi, Vj)
2]}1/2. Therefore, we obtain

E[

∫ Dn

0

logN(ε, Bkn,δn , ρn)dε] . k2
nδn.

By Assumption 1.14, k2
nδn converges to zero. This result combined with (1.96)

proves the lemma.
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Lemma 1.22. Suppose Assumptions 1.5-1.6 hold. For any α = (θ0, F ) ∈ A and

w, w̄ ∈ A−A,

|h′′(πknα0, V1, V2)[w]− h′′(πknα0, V1, V2)[w̄]|

. (|∆X|+ |∆X|2){|θw − θw̄|+ ‖Fw(Z0)− Fw̄(Z0)‖L∞(P )

+ ‖F ′w(Z0)− F ′w̄(Z0)‖L∞(P )}. (1.101)

Proof. The directional derivative h′′(α, v1, v2)[w] exists if F is twice differentiable

and Fw is differentiable. This is guaranteed by 1.5-1.6. By easy algebra,

∣∣h′′(α, V1, V2)[w]2 − h′′(α, V1, V2)[w̄]2
∣∣ ≤

|2{F ′(Z0)∆X̄ ′(θw1 − θw2) + Fw1(Z0)− Fw2(Z0)}

× {F ′(Z0)∆X̄ ′(θw1 + θw2) + Fw1(Z0) + Fw2(Z0)}|

+ |4{F ′′(Z0)∆X̄ ′(θw1 + θw2)∆X̄
′(θw1 − θw2)

+ 2F ′w1
(Z0)∆X̄ ′(θw1 − θw2) + 2{F ′w1

(Z0)− F ′w2
(Z0)}∆X̄ ′θw2}

× {I{∆Y ≥ 0} − F (Z0)}|.

Recall that for any α = (θ, F ) ∈ A, F , F ′ and F ′′ are all uniformly bounded as

explained in Remark 1.1. Hence the right of the above inequality is smaller than,

for strictly positive constants {C1, · · · , C4},

C1{|∆X̄ ′(θw1 − θw2)|+ ‖Fw1(Z0)− Fw2(Z0)‖L∞(P )}

+ C2|∆X̄ ′(θw1 + θw2)∆X̄
′(θw1 − θw2)|+ C3|∆X̄ ′(θw1 − θw2)|

+ C4|∆X̄ ′θw2| × ‖F ′w1
(Z0)− F ′w2

(Z0)‖L∞(P ). (1.102)

The product terms in (1.102) can be bounded using Cauchy-Schwartz inequality.

Ignoring constant terms, the result (1.101) can be acquired from the expression

(1.102).
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The following two lemmas can be easily proved, similarly to Lemma 1.8

and Lemma 1.9; hence proofs are omitted.

Lemma 1.23. Suppose Assumptions 1.5-1.6 hold. For any α = (θ0, F ) ∈ A and

w, w̄ ∈ A−A,

|m′′(πknα0, v)[w]−m′′(πknα0, v)[w̄]| . (1 + |x|+ |x|2)

× {|θw − θw̄|+ ‖Fw(Z0)− Fw̄(Z0)‖L∞(P ) + ‖F ′w(Z0)− F ′w̄(Z0)‖L∞(P )}.

Lemma 1.24. Suppose Assumptions 1.5-1.6 hold. For any α = (θ0, F ) ∈ A and

w, w̄ ∈ A−A,

|g′′(πknα0, v1, v2)[w]− g′′(πknα0, v1, v2)[w̄]|

. G(v1, v2){|θw − θw̄|+ ‖Fw(Z0)− Fw̄(Z0)‖L∞(P ) + ‖F ′w(Z0)− F ′w̄(Z0)‖L∞(P )},

where G(v1, v2) = 1 + |x1|+ |x2|+ |x1||x2|+ |x1|2 + |x2|2.

Lemma 1.25. Suppose Assumptions 1.5-1.6, 1.13-1.15 hold. Let M be the con-

stant defined in Lemma 1.13. Denote

Bkn,δ = {α− πknα0 : α ∈ Akn , ‖α− α0‖c < M−2, ‖α− πknα0‖q ≤ δ}.

Then, for a sequence {δn}∞n=1 specified in Remark 1.3,

sup
v∈Bkn,δn

α∗∈[πknα0,πknα0+v]

(Un − E)h′′′(α∗)[v]3 = op(
1

n
),

where [πknα0, πknα0 + v] is a line connecting two points πknα0 and πknα0 + v.
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Proof. Let us write α∗ = (θ∗, F ∗) and v = (θv, Fv). From Lemma 1.16, we have

h′′′(α∗, V1, V2)[v]3 = 6{F ∗′′(∆X ′β∗)(∆X̄ ′θv)2 + 2Fv(∆X
′β∗)∆X̄ ′θv}

× {F ∗′(∆X ′β∗)∆X̄ ′θv + Fv(∆X
′β∗)} − 2{I{∆Y ≥ 0} − F ∗(∆X ′β∗)}

× {F ∗′′′(∆X ′β∗)(∆X̄ ′θv)3 + 3F ′′v (∆X ′β∗)(∆X̄ ′θv)
2}.

Observe that, since ‖F ∗‖3,∞ < B (see Remark 1.1),

|h′′′(α∗, V1, V2)[v]3| . |∆X̄|3δ3
n + |∆X̄|2

√
knδ

3
n

+ |∆X̄|δn|Fv(∆X ′β∗)|2 + |∆X̄|2δ2
n|F ′′v (∆X ′β∗)|. (1.103)

We need bounds for |Fv(∆X ′β∗)| and |F ′′v (∆X ′β)∗|. First, by Taylor expansion,

Fv(∆X
′β∗) = Fv(Z0) + F ′v(Z0)∆X̄ ′(θ∗ − θ0) +

1

2
F ′′v (∆X ′β∗∗){∆X̄ ′(θ∗ − θ0)}2,

for some point θ∗∗ between θ∗ and θ0. Because ‖Fv(Z0)‖L2(P ) . δn, by Lemma

1.15 and Assumption 1.14(i),

‖Fv(Z0)‖L∞(P ) .
√
knδn,

‖F ′v(Z0)‖L∞(P ) .
√
knζ1(kn)δn,

‖F ′′v (Z0)‖L∞(P ) .
√
knζ2(kn)δn.

Using these inequalities and Hölder inequality, we obtain

|Fv(∆X ′β∗)| .
√
knδn +

√
knζ1(kn)δ2

n|∆X̄|+
√
knζ2(kn)δ3

n|∆X̄|2.

Second, after repeating similar calculations, it follows that

|F ′′v (∆X ′β∗)| . |F ′′v (Z0)|+ |∆X||θv| .
√
knζ2(kn)δn + |∆X|δn.
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From Assumption 1.14, it is easy to show that

knδ
3
n ∨ knζ1(kn)δ5

n ∨ knζ2(kn)δ7
n = o(

1

n
),

√
knζ2(kn)δ3

n = o(
1

n
).

From this, after some algebra, we can show that

|h′′′(α∗, V1, V2)[v]3| . (|∆X̄|4 + |∆X̄|3 + |∆X̄|2 + |∆X̄|)o( 1

n
). (1.104)

Applying Jensen’s inequality, from (1.104), it follows that

Un|h′′′(α∗)[v]3| . Op(1)o(
1

n
), E|h′′′(α∗)[v]3| . O(1)o(

1

n
),

where the Op(1)-term is a result of the law of large numbers for U-statistic. This

proves the lemma.

Lemma 1.26. Suppose Assumptions 1.5-1.6, 1.8-1.10, 1.11-1.15 hold. Let α̃n =

α̂n ± εnπknv∗λ for any non-random sequence εn such that εn = O(n−1/2); v∗λ is the

Riesz representer. Then, for vn = α̃n − πknα0,

‖α̃n−πknα0‖2
q = −(Un−E)h′(πknα0)[vn] +Qn(α̃n)−Qn(πknα0) + op(

1

n
). (1.105)

Proof. Note the lemma supposes all the assumptions for Theorem 1.2 and Theorem

1.3. Because εn is decreasing faster than δn to zero, we can see that ‖α̃n − α0‖ =

op(δn). By Lemma 1.17,

‖α̃n − πknα0‖2
q = Q(α̃n)−Q(πknα0) + op(

1

n
). (1.106)

We may expand Q(α̃n)−Qn(πknα0) to

−{Qn(α̃n)−Q(α̃n)}+ {Qn(πknα0)−Q(πknα0)}+Qn(α̃n)−Qn(πknα0), (1.107)
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and note that the first two terms of the above expression can be written as

− (Un − E){h(α̃n)− h(πknα0)}. (1.108)

As α 7→ h(α) = h(α, Vi, Vj) permits the third-order Taylor expansion thanks to

Lemma 1.16, for vn = α̃n − πknα0, (1.108) is equivalent to

− (Un − E){h′(πknα0)[vn] +
1

2
h′′(πknα0)[vn]2 +

1

6
h′′′(α∗n)[vn]3}, (1.109)

where α∗n ∈ Akn is a random point between αn and πknα0. Recall the definition

of the set Bkn,δ defined in Lemma 1.18. Note ‖α̃n − α0‖c converges in probability

to zero, and therefore ‖vn‖c converges in probability to zero. Then vn is in the

set Bkn,δ with probability approaching one. By this fact, we can apply Lemma

1.18 and Lemma 1.25 to bound the second and third order derivatives in (1.109)

to obtain

− (Un − E){h′(πknα0)[vn] + op(
1

n
). (1.110)

From (1.106), (1.107) and (1.110), the claim (1.105) is shown.

Lemma 1.27. Adopt the conditions of Theorem 1.4. Then

√
n(Un − E)h′(πknα0)[πknv

∗
λ] =

√
n(Un − E)h′(α0)[v∗λ] + op(1).

Proof. Denote πknv
∗
λ = (θ∗λ, F

∗
λ,kn

). After short algebra, we obtain

h′(πknα0)[πknv
∗
λ]− h′(α0)[πknv

∗
λ]

= −2{I{∆Y ≥ 0} − F0(Z0)} × {(F ′0,kn(Z0)− F ′0(Z0))∆X̄ ′θ∗λ}

+ 2{F0,kn(Z0)− F0(Z0)}{F ′0,kn(Z0)∆X̄ ′θ∗λ + F ∗λ,kn(Z0)}.
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Therefore,

|h′(πknα0)[πknv
∗
λ]− h′(α0)[πknv

∗
λ]| . |(F ′0,kn(Z0)− F ′0(Z0))∆X̄ ′θ∗λ|

+ |F0,kn(Z0)− F0(Z0)||F ′0,kn(Z0)∆X̄ ′θ∗λ + F ∗λ,kn(Z0)}|.

By Hölder inequality,

E|h′(πknα0)[πknv
∗
λ]− h′(α0)[πknv

∗
λ]| . ‖F ′0,kn(Z0)− F ′0(Z0)‖L2(P )‖∆X̄ ′θ∗λ‖L2(P )

+ ‖F0,kn(Z0)− F0(Z0)‖L2(P )‖F ′0,kn(Z0)∆X̄ ′θ∗λ + F ∗λ,kn(Z0)‖L2(P ). (1.111)

By Assumption 1.12, the right of (1.111) is o(n−1/2). By Jensen’s inequality,

|(Un − E){h′(πknα0)[πknv
∗
λ]− h′(α0)[πknv

∗
λ]}|

≤ Un|h′(πknα0)[πknv
∗
λ]− h′(α0)[πknv

∗
λ]|

+ E|h′(πknα0)[πknv
∗
λ]− h′(α0)[πknv

∗
λ]|. (1.112)

We already showed that the second term on the right of (1.112) is o(n−1/2). For

the first term, by Markov inequality, for any ε > 0,

P [Un|h′(πknα0)[πknv
∗
λ]− h′(α0)[πknv

∗
λ]| > ε]

≤ 1

ε
E|h′(πknα0)[πknv

∗
λ]− h′(α0)[πknv

∗
λ]| =

1

ε
o(n−1/2).

This shows

Un|h′(πknα0)[πknv
∗
λ]− h′(α0)[πknv

∗
λ]| = op(n

−1/2).

Next, we have

h′(α0)[πknv
∗
λ]− h′(α0)[v∗λ] = −2{I{∆Y ≥ 0} − F0(Z0)}{F ∗λ,kn(Z0)− F ∗λ (Z0)}.
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Then it is immediate that

E|h′(α0)[πknv
∗
λ]− h′(α0)[v∗λ]| . ‖F ∗λ,kn(Z0)− F ∗λ (Z0)‖L2(P ) . ‖πknv∗λ − v∗λ‖q,

where the last inequality holds by Lemma 1.12. By Assumption 1.16,

‖πknv∗λ − v∗λ‖q = o(n−1/2r−1
n ) = o(n−1/2).

By the similar argument with above, we show

Un|h′(α0)[πknv
∗
λ]− h′(α0)[v∗λ]| = op(n

−1/2).

This concludes the proof.

Proof of Theorem 1.4. Any linear transform of
√
n(θ̂n − θ0) can be expressed by

the inner product induced by ‖ · ‖q; for any λ ∈ Rdθ ,

√
n(θ̂n − θ0) =

√
n 〈α̂n − πknα0, v

∗
λ〉 . (1.113)

To exploit the property of finite-dimensional sieve, we want both entries of the

above inner product are in the sieve space Akn . Observe

√
n 〈α̂n − πknα0, v

∗
λ〉 =

√
n 〈α̂n − πknα0, πknv

∗
λ〉

+
√
n 〈α̂n − πknα0, v

∗
λ − πknv∗λ〉 , (1.114)

and then, by Cauchy-Schwartz inequality, the second term on the right of (1.114)

is bounded above by
√
n‖α̂n−πknα0‖q‖v∗λ−πknv∗λ‖q. This converges in probability

to zero by Assumption 1.16 and Theorem 1.3. As such, from (1.113) and (1.114),

√
n(θ̂n − θ0) =

√
n 〈α̂n − πknα0, πknv

∗
λ〉+ op(1). (1.115)
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Therefore, we study
√
n 〈α̂n − πknα0, πknv

∗
λ〉. Let εn be arbitrary non-random

sequence such that εn = o(n−1/2). This is a local “perturbation” factor. By

the polarization identity and the bi-linearity of inner product,

4
√
n 〈α̂n − πknα0, πknv

∗
λ〉 = 4

√
nε−1

n 〈α̂n − πknα0, εnπknv
∗
λ〉

=
√
nε−1

n ‖α̂n + εnπknv
∗
λ − πknα0‖2

q −
√
nε−1

n ‖α̂n + εnπknv
∗
λ − πknα0‖2

q. (1.116)

The reason why we bring in the ad-hoc sequence εn is to exploit the local-

quadraticity of Q(α) near α0. Note that α̂n ± πknv
∗
λ is far away from α0, but

α̂n ± εnπknv
∗
λ is close to α̂n, and hence α̂n ± εnπknv

∗
λ approaches α0 along with

α̂n. An important fact is that, when the estimator α̂n is perturbed slightly by

εn-factor, it still converges faster than δn; that is, for any v ∈ V ,

‖α̂n ± εnv − α0‖q = op(δn).

This is true because both ‖α̂n−α0‖q converges slower than n−1/2 and δn converges

slower than ‖α̂n − α0‖q. By Lemma 1.26,

V ertα̂n + εnπknv
∗
λ − πknα0‖2

q − ‖α̂n + εnπknv
∗
λ − πknα0‖2

q

= −(Un − E)h′(πknα0)[2εnπknv
∗
λ] +Qn(α̂n + εnπknv

∗
λ)

−Qn(α̂n − εnπknv∗λ) + op(
1

n
). (1.117)

Using Taylor expansion around α̂n, it is easy to show that

Qn(α̂n + εnπknv
∗
λ)−Qn(α̂n − εnπknv∗λ) = Op(ε

2
n). (1.118)
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Collecting (1.116)-(1.118), we obtain

√
n 〈α̂n − πknα0, πknv

∗
λ〉 = −1

2

√
n(Un − E)h′(πknα0)[πknv

∗
λ]

+
√
nε−1

n Op(ε
2
n) +

√
nε−1

n op(
1

n
). (1.119)

Since the sequence εn is arbitrary, we may choose it such that the last two term

in (1.119) are o(1)-terms. Then, thanks to Lemma 1.27, from (1.119),

√
n(θ̂n − θ0) =

√
n 〈α̂n − πknα0, πknv

∗
λ〉+ op(1)

= −1

2

√
n(Un − E)h′(α0)[v∗λ] + op(1). (1.120)

By Theorem 12.3 of van der Vaart (1998) (the central limit theorem for U-

statistic), the claim is proved.

Proof of Theorem 1.5. Let Ṽi = (V ′i , Bi)
′ and denote

h∗(α, Ṽi, Ṽj) = BiBjh(α, Vi, Vj),

and we can write

Q∗n(α) =
1

n(n− 1)

∑
i 6=j

h∗(α, Ṽi, Ṽj).

Note that the weighted empirical criterion Q∗n has the same structure with the

unweighted empiricial criterion Qn. Also, importantly, both criteria induce the

same population criterion;

Q(α) = E[h(α, Vi, Vj)] = E[h̃(α, Ṽi, Ṽj)].

Therefore, it is straightforward to modify the proof of Theorem 1.2 and Theorem
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1.3 for the weighted empirical criterion Q∗n. Then we obtain

‖α̂∗n − α0‖c
p→ 0, rn‖α̂∗n − α0‖q = Op(1).

Next, we modify the proof of Theorem 1.4. To this end, note

d

dt
h̃(α + tv, Ṽi, Ṽj)[v]

∣∣∣∣
t=0

= BiBj
d

dt
h(α + tv, Vi, Vj)[v]

∣∣∣∣
t=0

= BiBjh
′(α)[v].

Denote h∗′(α)[v] = BiBjh
′(α)[v]. Higher order derivatives are defined in the same

manner. Hence, it is again a straightforward business to adopt the proof of Theo-

rem 1.4 to the weighted empirical criterion. Then we can obtain, similar to (1.120),

for any λ ∈ Rdθ ,

√
nλ′(θ̂∗n − θ0) =

√
n 〈α̂∗n − πknα0, πknv

∗
λ〉

= −1

2

√
n(Ũn − E)h̃′(α0)[v∗λ] + op(1), (1.121)

where Ũn is the U-process empirical measure for the augmented random variable Ṽi.

Note that the unconditional limiting distribution of
√
nλ′(θ̂∗n− θ0) is immediately

derived from the expression (1.121). Now, subtract (1.121) from (1.120) to get

√
n 〈α̂∗n − α̂n, πknv∗λ〉 = −1

2

√
n(Ũn − E){h′(α0)[v∗λ]− h̃′(α0)[v∗λ]}+ op(1) (1.122)

=
1

2

√
n

n(n− 1)

∑
i 6=j

{(BiBj − 1)h′(α0)[v∗λ]}+ op(1).

We will study the conditional limiting distribution of
√
n 〈α̂∗n − α̂n, πknv∗λ〉. To

state the claim precise, following the construction of van der Vaart and Wellner

(1996), the underlying probability space is expanded as follows. Let the sample

{Vi}∞i=1 be the projection of the first∞ coordinates in the probability space (V∞×

Z,A∞×C, P∞×Q) and the random weights {Bi}∞i=1 depend on the last coordinate

only. We denote by EQ[·] the conditional expectation, conditional on {Vi}∞i=1.
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When a probabilistic statement holds conditional on {Vi}∞i=1 for any realization

of {Vi}∞i=1 but P∞-measure zero set, we will simply say that it holds P∞-almost

surely (a.s.).

Let us write, suppressing its dependence on λ and n,

Wij = h′(α0, Vi, Vj)[v
∗
λ], W i =

1

n− 1

n∑
j 6=i

Wij

Then, by Höeffding decomposition,

1

2

√
n

n(n− 1)

∑
i 6=j

(BiBj − 1)Wij =
1√
n

∑
i

(Bi − 1)W i.

+

√
n

2n(n− 1)

∑
i 6=j

(BiBj −Bi −Bj + 1)Wij. (1.123)

First, the convergence of the first term is shown. Note that EQ[{(Bi −

1)W i·}2] = (W i)
2 and

1

n

n∑
i=1

(W i)
2 =

1

n(n− 1)2

{∑
i 6=j

W 2
ij +

∑
i 6=j 6=k

WijWik

}
→ 0 + E[W12W13] P∞-a.s.,

by the strong law of large numbers for U-statistic (Theorem 4.1.4 of de la Peña

and Giné (1999)). Then, the Lindberg condition is, for any ε > 0,

∑
i

E[{ 1√
n

(Bi − 1)W i}2I{| 1√
n

(Bi − 1)W i| > ε}]→ 0 P∞-a.s.. (1.124)

To show the condition (1.124), it suffices to show, for every i ∈ N,

E[(Bi − 1)2I{|(Bi − 1)W i| >
√
nε}]→ 0 , (1.125)

and in turn, the condition (1.125) holds if W i is P∞-a.s. uniformly bounded in n
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(recall that W i depends on n). Observe that, conditional on Vi,

W i → E[Wij|Vi] P∞-a.s. for any j 6= i.

by the strong law of large numbers. Any covering sequence is uniformly bounded.

Therefore, we verify the condition (1.125) and hence the Lindberg condition (1.124).

This implies

1√
n

∑
i

(Bi − 1)W i
d→ N(0, E[W12W13]) P∞-a.s.. (1.126)

It is left to show that the second term on the right of (1.123) degenerates.

Let us write B̃ij = BiBj − Bi − Bj + 1. See that EQ[B̃ijB̃ik] = 0 if j 6= k, and

EQ[B̃2
ij] = 5. Therefore, it is easy to show that

EQ[{
√
n

2n(n− 1)

∑
i 6=j

B̃ijWij}2] =
1

4n(n− 1)2

∑
i 6=j

5W 2
ij → 0 P∞-a.s.,

by Theorem 4.1.4 of de la Peña and Giné (1999). Therefore the conditional limiting

distribution of (1.122) is N(0, E[W12W13]) which coincides with the unconditional

limiting distribution of
√
nλ′(θ̂n − θ0). The claim follows by the Cramer-Wold

device.

1.8.6 Maximal Inequality for U-Process

We collects several results in de la Peña and Giné (1999) (Henceforth,

DG) to formulate a convenient form of maximal inequality. Notations are in-

dependent from the rest of the paper. {Xi}∞i=1 is a i.i.d. sequence of random

variables. {εi}∞i=1 be an i.i.d. sequence of Redemacher random variables; εi is

either 1 or −1 with equal probabilities. {εi} and {Xi} are mutually independent.

N(ε,F , d) is a covering number. F is a class of functions f : R2 → R such that

E[f(X1, X2)|X2] = E[f(X1, X2)|X1] = 0. However, f is not necessarily symmet-
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ric; that is, f(x1, x2) may not be equal to f(x2, x1). Define a random metric for

f, g ∈ F ,

dn(f, g) =

{
Eε[

1

n

∑
i 6=j

εiεj(f(Xi, Xj)− g(Xi, Xj))]
2

}1/2

,

for Eε[·] = E[·|X1, · · · , Xn]. A short calculation shows

dn(f, g) =

{
1

n2

∑
i 6=j

[f(Xi, Xj)− g(Xi, Xj)]
2

}1/2

. (1.127)

Theorem 1.6. There is a universal constant K > 0 such that for any f0 ∈ F ,

E[sup
f∈F
| 1
n

∑
i 6=j

f(Xi, Xj)|] . {E[f0(Xi, Xj)
2]}1/2 +K E

[∫ Dn

0

logN(δ,F , dn)dδ

]
,

(1.128)

where Dn is the diameter of F measured by a random metric dn(·, ·).

Proof. For an arbitrary deterministic sequence {xi}ni=1, f 7→ 1
n

∑
i 6=j εiεjf(xi, xj)

is a homogeneous Rademacher chaos process of degree 2.9 Thus by DG Corollary

5.1.8 (maximal inequality for Rademacher chaos process), we obtain (1.129); for

any f0 ∈ F and any deterministic sequence {xi}, there is a universal constant

K > 0 such that

‖ sup
f∈F
{| 1
n

∑
i 6=j

εiεjf(xi, xj)|}‖ψ1 ≤ ‖
1

n

∑
i 6=j

εiεjf0(xi, xj)‖ψ1

+K

∫ Dn,x

0

logN(ε,F , dn,x)dε, (1.129)

where ‖ · ‖ψ1 is an Orlicz norm10; dn,x(·, ·) and Dn,x are equal to dn(·, ·) and Dn

for Xi = xi. The equations (4.3.3) and (4.3.4) of DG show the lower and upper

bound for the Orlicz norm in terms of the Lp-norms. Employing these bounds,

9See p. 110 of DG for the definition.
10For the definition of the Orlicz norm, see p.188 of DG.
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the following inequality is obtained from (1.129):

E[sup
f∈F
| 1
n

∑
i 6=j

εiεjf(xi, xj)|]

. {E[
1

n

∑
i 6=j

εiεjf0(xi, xj)]
2}1/2 +K

∫ Dn,x

0

logN(ε,F , dn,x)dε (1.130)

=

{
1

n2

∑
i 6=j

f0(xi, xj)
2

}1/2

+K

∫ Dn,x

0

logN(ε,F , dn,x)dε. (1.131)

The deterministic sequence {xi} in (1.131) will be substituted with a random

sequence {Xi}. To do this, the unconditional expectation in the left of (1.130) is

replaced by the conditional expectation Eε[·], and as a result, we obtain

Eε[sup
f∈F
| 1
n

∑
i 6=j

εiεjf(Xi, Xj)|] .

{
1

n2

∑
i 6=j

f0(Xi, Xj)
2

}1/2

+K

∫ Dn

0

logN(ε,F , dn)dε, (1.132)

for Dn and dn(·, ·) defined already. After taking an unconditional expectation on

both sides of (1.132), apply Jensen’s inequality. Then (1.133) follows:

E[sup
f∈F
| 1
n

∑
i 6=j

εiεjf(Xi, Xj)|] .
{
E[f0(Xi, Xj)

2]
}1/2

+K E

[∫ Dn

0

logN(δ,F , dn)dδ

]
(1.133)

Note that

1

n

∑
i 6=j

f(Xi, Xj) =
1

n

∑
i 6=j

2−1{f(Xi, Xj) + f(Xj, Xi)}, (1.134)

and (x1, x2) 7→ 2−1{f(x1, x2) + f(x2, x1)} is a symmetric kernel. As such, by the
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randomization theorem (DG Theorem 3.5.3) and (1.134),

E[sup
f∈F
| 1
n

∑
i 6=j

f(Xi, Xj)|] ≈ E[sup
f∈F
| 1
n

∑
i 6=j

εiεj2
−1{f(Xi, Xj) + f(Xj, Xi)}|]

≤ E[sup
f∈F
| 1
n

∑
i 6=j

εiεjf(Xi, Xj)|]. (1.135)

By (1.133) and (1.135), we conclude.

Theorem 1.7. Suppose F is as described above. Then for some K > 0,

E[ sup
f,g∈F

1

n

∑
i 6=j

|f(Xi, Xj)− g(Xi, Xj)|] . K E[

∫ Dn

0

logN(δ,F , dn)dδ], (1.136)

where Dn is a random diameter of F measured by dn(f, g).

Proof. The same argument with the above theorem repeats. Apply the second

inequality of DG Corollary 5.1.8, instead of the first inequality.
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2.1 Introduction

The problem of multiple maxima of the likelihood function is prevalent in

economics. While in certain models it is possible to analytically show that the

expected likelihood optimization leads to a unique maximum, such models often

require strong linearity restrictions. It is rather a rule than an exception that

nonlinear models often suffer from the multiplicity problem.

When there is more than one maximum to the expected likelihood, compu-

tational issues are likely to arise in practice. In particular, the likelihood function

tends to have multiple local maxima that may be hard to distinguish from the

global one.1 The most common way of dealing with this problem is to initialize

the likelihood optimization procedure at many different starting values for the

parameter of interest. If all starting points lead to the same local optimum, the

tendency is to declare it to be the unique maximum; if several local optima are

detected, the one with the highest value of the likelihood function is reported

(Joslin et al., 2011, p. 951). Such computational procedures are necessary when

one relies on the assumption that the model is globally identified so that a unique

maximum of the expected likelihood exists. Even though identification may be

weak, the assumption of a unique maximum of the expected likelihood is still

largely maintained in the literature.

In this chapter, we depart from the standard asymptotic framework and

instead assume that the model under consideration may be finitely identified. In

the context of likelihood based estimation, finite identification simply means that

the expected likelihood function possesses multiple global maxima. Introduced by

Fisher (1966), the concept of finite (or in Fisher’s words “multiple”) identification

has remained unexplored in the literature. To the best of our knowledge, no work

has examined the statistical properties of conventional estimation and inference

1Discussions on the problem of multiple maxima can be found in Quandt (1984), Goffe et al.
(1994), and Dorsey and Mayer (1995).
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procedures in this context. The goal of chapter 2 is to fill this gap.

The remainder of chapter 2 is organized as follows. Section 2 introduces the

setup and formally defines finite identification. Section 3 derives the asymptotic

properties of maximum likelihood estimator (MLE) under finite identification. We

show that MLE is “consistent” to an identified set and its asymptotic distribution

is non-standard. In Section 4, we propose a bootstrap procedure for estimating

the asymptotic distribution of the MLE. Section 5 is devoted to inference. A

Monte Carlo experiment conducted in Section 6 illustrates the performance of the

proposed methods.

2.2 Finite Identification

We start by defining a statistical model. Let Pθ denote a probability mea-

sure on a dx-dimensional Euclidean space Rdx , indexed by a finite dimensional pa-

rameter θ. The set of admissible parameters ( those that satisfy all the assumptions

and a priori restrictions) is denoted by Θ, which is a subset of a dθ-dimensional

Euclidean space Rdθ . A statistical model is {Pθ : θ ∈ Θ}. In the following, we

shall assume that the model is correctly specified. Following the usual convention,

we say that two parameter values θ1 and θ2 in Θ are observationally equivalent if

Pθ1(A) = Pθ2(A) for any Borel measurable set A in Rdx . If θ1 and θ2 are observa-

tionally equivalent, we denote the relation by θ1 ∼ θ2. If θ1 has no observationally

equivalent parameter value other than itself, then θ1 is said to be globally identified

in Θ. If every parameter value in Θ is globally identified, then we say that the

model is globally identified.

With few exceptions, conventional statistical procedures require that the

model be globally identified.2 Primitive conditions for global identification are,

2Notable exceptions are the newly developed estimation and inference procedures for set iden-
tified models. See, for example, Liu and Shao (2003), Imbens and Manski (2004), Chernozhukov
et al. (2007), Beresteanu and Molinari (2008), Andrews and Soares (2010), Bugni (2010), Canay
(2010), and Chen et al. (2011) among others.
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however, notoriously difficult to obtain Fisher (1966); Rothenberg (1971); Ko-

munjer (2012). Most often, they result in model restrictions that are overly strong,

which is perhaps the main reason why most of the applied literature still adopts

an approach in which global identification is simply assumed.

We work with a concept of identification that is weaker than that of global

identification, called finite identification. Initially introduced by Fisher (1966),

who refers to it as multiple identification in Definition 5.8.2 of Fisher (1966), this

concept has been left unexplored in the literature. Put in words, finite identifi-

cation of θ1 in Θ means there are a finite number of parameter values that are

observationally equivalent to θ1. To formalize the concept, denote the class of pa-

rameter values that are observationally equivalent to θ1 in Θ as [θ1]. Then, finite

identification can then be formally defined as follows.

Definition 2.1. A parameter value θ1 ∈ Θ is said to be finitely identified if [θ1]

is a finite set. If every parameter value in Θ is finitely identified, then we say that

the model is finitely identified.

Since observational equivalence is an equivalence relation on Θ (it is re-

flexive, symmetric, and transitive), the collection of all observationally equivalent

classes forms a partition of Θ. This ensures that the above identification concept

is well-defined. We now explore the relationships between finite and global (local)

identification. For this, note that if [θ1] is a singleton, θ1 is globally identified.

If θ1 is an isolated point of [θ1], then θ1 is locally identified. Therefore, finite

identification implies local identification.3 Note that finite identification of θ1 is

not a local property since it restricts the model at all parameter values θ such

that θ ∈ [θ1], whereas local identification restricts a model only in a neighborhood

of θ1. In that sense, finite identification is more akin to global identification. As

such, we would expect the asymptotic properties of the conventional estimation

3The converse is not true. Suppose Θ = [0, 3] and θ1 = 1 . If [θ1] = {1} ∪ [2, 3], then θ1
is locally identified. On the contrary, it is not finitely identified since there are infinitely many
parameters that are observationally equivalent to θ1.
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methods such as maximum likelihood to be generalizable to finite identification

settings. Our developments to follow shall show that this is indeed the case.

While finite identification of a particular parameter value θ1 is a property

that is stronger than that of local identification of θ1, the two become equivalent

if local identification is known to hold everywhere, i.e. if the model is locally

identified. This is formalized in the following Proposition 2.1.

Proposition 2.1. Suppose Θ is bounded. Then, the model is locally identified if

and only if it is finitely identified.

The Proposition 2.1 is similar to that of Theorem 5.11.1 in Fisher (1966).

For completeness, we provide its proof in the Appendix.

2.3 MLE under Finite Identification

A nontrivial analysis of the maximum likelihood estimation is possible even

when a data generating parameter is not globally identified. In this section, we

first discuss properties of the maximum likelihood estimation without assuming

any form of identification including the finite identification. It is shown that the

expected log-likelihood identifies, in an appropriate sense, all the parameters ob-

servationally equivalent to the data-generating parameter. Further, we show that

MLE is consistent in a modified sense. Then, we sharpen our analysis by assum-

ing a data-generating parameter is finitely identified. Our goal here is to derive

an expression for its asymptotic behavior. Hereafter, θ0 indicates a generic data

generating parameter. Since all other parameter values in [θ0] are observationally

equivalent, any element of [θ0] can be taken as a data generating parameter value.

Unless otherwise noted, all the expectations are taken under the true probability

measure Pθ0 . X is a random variable whose probability measure is Pθ0 .

We start our analysis with a result that provides a likelihood-based char-

acterization of the identified set [θ0]. The following assumptions are needed:
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Assumption 2.1. For every θ ∈ Θ, the probability measure Pθ has the Radon-

Nikodym derivative pθ = dPθ/dµ with a common dominating measure µ. pθ is a

measurable function for every θ in Θ and is continuous in θ for every x in Rdx.

Assumption 2.2. The expected log-likelihood L(θ) ≡ E[ln pθ(X)] exists and is

continuous for any θ ∈ Θ.

These two assumptions are indispensable in the maximum likelihood the-

ory except for the continuity of L(θ). Assumption 2.1 requires that a likelihood

function pθ exists.4 Assumption 2.2 states that the expected log-likelihood func-

tion L(θ) is well- defined and continuous on Θ. In the following lemma, we use

the convention that ln 0 = −∞, 0× ln(a/0) = 0 for any a ∈ R.

Proposition 2.2. (Identification) Suppose Assumptions 2.1 and 2.2 are hold. For

any data generating parameter θ0 ∈ Θ, define a mapping θ 7→ IC(θ, θ0) where

IC(θ, θ0) ≡ Eθ0 [ln(pθ(X)/pθ0(X))]. Then

[θ0] = arg max
θ∈Θ

IC(θ, θ0).

The proof of Proposition 2.2 is similar to the case when θ0 is identified

and hence is omitted. Notice that IC(θ, θ0) = L(θ)− L(θ0) and that Proposition

2.2 implies the expected log-likelihood L(θ) identifies [θ0] in the sense that [θ0] =

arg maxθ∈ΘL(θ). In other words, the set [θ0] is identified as the set of global

maximizers of L(θ).

We define MLE as any point θ̂n satisfying the following equality:

Ln(θ̂n) = sup
θ∈Θ

Ln(θ) where Ln(θ) ≡ 1

n

n∑
i=1

ln pθ(Xi). (2.1)

4Assumptions 2.1 allow the sample space to be either discrete or continuous (or some combi-
nation of the two). If the sample space is discrete, µ is a counting measure on the sample space
and pθ is a probability mass function. For continuous samples, µ is a Lebesgue measure and pθ
is a probability density function.
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If there are several points that satisfy the above definition, any point among

them can be chosen in an ad-hoc manner. As is well known, when θ0 is globally

identified, θ̂n converges in probability to the unique data generating parameter

value θ0. When global identification fails, MLE may or may not have a probability

limit. Still, in general, MLE converges to [θ0], in the following sense:

Proposition 2.3. (Consistency) Suppose Assumptions 2.1-2.2 hold. If Θ is com-

pact and Ln(θ) converges in probability to L(θ) uniformly on Θ, then

inf
θ∈[θ0]

|θ̂n − θ|
p→ 0.

The proof of Proposition 2.3 is deferred to the appendix. This result is due

to Redner (1981). The idea is that, if [θ0] is treated as a point, then the usual

consistency proof is carried over with slight modifications.5 We stress that this is

a rather weak result; when θ0 is not globally identified, the behavior of MLE is

generally unknown. In the following, however, we will derive stronger results by

assuming finite identification.

If global identification fails, MLE may not converge in probability to any

point. However, Proposition 2.3 shows that it still approaches the identified set

[θ0], in the sense that the smallest distance from MLE to [θ0] converges to zero

as the sample size grows. Then a natural question follows: what is the asymp-

totic distribution of MLE? In the following analysis, It will be shown that under

finite identification, even if global identification fails, the location of MLE can be

determined with a probability approaching one. This will lead us to develop a

non-standard asymptotics of MLE under finite identification. In order to derive

the limit distribution, we need to center MLE by a discrete random variable whose

support is the identified set [θ0]. Then, the rate of convergence is same with the

standard one (
√
n). As a by-product, we will show that MLE converges in distri-

5The Theorem 5.14 of van der Vaart (1998) proves the same result using the classical approach
of Wald. However, a topological approach of Redner (1981) reduces the ana lyt ic intricacy of
classical arguments.
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bution to a certain discrete random variable, but its probability limit may or may

not exist.

To uncover the asymptotic distribution of MLE, we shall follow the analysis

of Kutoyants (1994) who considers a similar problem in the continuous time setup

and small-error asymptotics. His idea is that if there are a finite number of obser-

vationally equivalent parameters to θ0, say [θ0] = {θ1, · · · , θk}, then restricted to

the neighborhood of θj ∈ [θ0], the maximum likelihood problem is standard and

has a unique maximizer of population likelihood.6 Following Kutoyants’s (1994)

“partitioning” approach, in the analysis to follow, we shall consider several “re-

stricted” MLEs that exhibit standard asymptotic behaviors. The idea will be then

to express MLE θ̂n as a function of the restricted MLEs and of an auxiliary random

variables that picks up one of restricted MLEs. This procedure can be understood

as a two-stage maximization process. First, a researcher finds a maximum of the

objective function over each segment of the parameter space. Second, those local

maxima are compared, and the largest one is chosen to be the global maximum.

MLE is one that corresponds to the global maximum.

In the first stage, the parameter space Θ is partitioned into k segments

Θ1, . . . ,Θk so that each θj is in the interior of Θj. A restricted MLE is defined as

MLE on the partitioned parameter space Θj. The idea is then to ensure that, on

each partition Θj, the restricted MLE exhibits standard asymptotics. For this, we

shall impose standard regularity assumptions such as those found in Chapter 5.5

of van der Vaart (1998). In what follows, lθ(x) ≡ ln pθ(x) and ṗθ(x) denotes the

gradient (column) vector dpθ(x)/dθ.

Assumption 2.3. The parameter space Θ is a compact subset of Rdθ , and (X1, . . . ,

Xn) is a random sample drawn from Pθ0 where θ0 is an element of Θ that is finitely

identified; i.e. [θ0] = {θ1, θ2, . . . , θk} with k < ∞. Moreover, each θj ∈ [θ0] is an

interior point of Θ.

6Note that this statement is true whenever a parameter is locally identified. Under finite
identification, every parameter is locally identified.
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Assumption 2.3 imposes several restrictions: first is the compactness of

the parameter space. It guarantees with Assumption 2.2 that the expected log-

likelihood L(θ) is not infinitesimally close to L(θ0) near the boundary of Θ. This

could occur, for example, if Θ were unbounded and L(θ) were flat at infinity.7

The “well- separateness” of θ0 in terms of the expected log-likelihood shall be

precisely stated in the appendix (see Definition 2.2). Second in Assumption 2.3 is

a sampling assumption, which requires (X1, . . . , Xn) to be independent and iden-

tically distributed. This restriction can be relaxed and replaced by a combination

of stationarity and dependence restrictions that would ensure that appropriate

uniform law of large numbers and functional central limit theorem still hold. The

last restriction in Assumption 2.3 is entirely new and non-standard: it requires

that the true parameter value θ0 be finitely identified. As already mentioned, this

is a weakening of the usually imposed global identification condition. Note that

the interiority of [θ0] is maintained thus excluding the possibility that any of the

observationally equivalent values of θ0 be on the boundary of the parameter space.

Assumption 2.4. A probability measure Pθ is differentiable in quadratic mean

at every θ ∈ [θ0]; i.e. for every θ ∈ [θ0], there exists a measurable function

˙̀
θ : Rdx → Rdθ such that

∫ {√
pθ+h(x)−

√
pθ(x)− 1

2
h′ ˙̀θ(x)

√
pθ(x)

}2

dµ(x) = o
(
|h|2
)
.

Assumption 2.5. For every x ∈ Rdx, θ 7→ `θ(x) is a Lipschitz function in the

neighborhood of each θ ∈ [θ0]; i.e. there exists a measurable function mj : Rdx → R

such that E [mj(X1)2] <∞ and for any two points θ′ and θ′′ in a neighborhood of

θj, θj ∈ [θ0], |`θ′(x)− `θ′′(x)| ≤ mj(x)|θ′ − θ′′|.

The differentiability in quadratic mean of Pθ, required in Assumption 2.4,

is sufficient condition for that the log-likelihood admits a quadratic expansion.8

7See Figure 5.2 of van der Vaart (1998) for an example.
8For the proof, see Theorem 7.2 and Lemma 19.31 of van der Vaart (1998). The quadratic
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It is weaker than the differentiability of pθ(x) with respect to θ. For example,

double exponential (or Laplace) density fails to be differentiable with respect to the

location parameter θ, yet it is differentiable in quadratic mean. When θ 7→ pθ(x) is

differentiable at θj for almost every x ∈ Rdx , the score function ˙̀
θ(x) in Assumption

2.4 equals ṗθj(x)/pθj(x). Assumptions 2.1 and 2.4 ensure that the score function

˙̀
θj has zero-mean and the Fisher information matrix Iθj ≡ E[ ˙̀

θj(X1) ˙̀
θj(X1)′]

exists at every θ ∈ [θ0] (Theorem 7.2 of van der Vaart (1998)).

Assumption 2.5 is a local Lipschitz condition on the log-likelihood func-

tion. It is satisfied, for example, if the log-likelihood function is differentiable and

its derivative is bounded for every fixed x, but does not require differentiability

of log-likelihood function. This type of smoothness condition is essential to the

asymptotic analysis of M-estimator including MLE, because then a suitably modi-

fied sample objective function converges uniformly to the limit one. Put differently,

the main role of smoothness condition is to guarantee the uniform approximation

of the expected log-likelihood function. It is worth noting that there is another

possibility to achieve the uniform approximation; Hjort and Pollard (1993) shows

that the concavity of the sample objective function does the same role. See their

Lemma 1 and references therein.

Similar to previously, each restricted MLE θ̂n,j ∈ Θj is defined as a maxi-

mizer of the log-likelihood function Ln(θ) on Θj:

Ln(θ̂n,j) = sup
θ∈Θj

Ln(θ).

Before proceeding, we state a well-known theorem on standard MLE asymptotics.

Since, on each Θj, the restricted maximum likelihood problem is regular and θj is

globally identified, the restricted MLE θ̂n,j has the standard asymptotic distribu-

tion. Then, by standard MLE asymptotics (for instance, Theorem 5.39 of van der

expansion of likelihood is a key step in the proof of asymptotic distribution of MLE with a
non-differentiable likelihood. Also, see Chapter 7 of Newey and McFadden (1994).
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Vaart (1998)), when Assumptions 2.1-2.5 hold and Iθj is non-singular, we have

√
n(θ̂n,j − θj)

d→ N
(

0, I−1
θj

)
(2.2)

Next, we express MLE in terms of the restricted MLEs. For this purpose, let

Mn,j ≡

{
ω ∈ Ω : sup

θ∈Θj

Ln(θ) > max
l 6=j

sup
θ∈Θl

Ln(θ)

}
. (2.3)

Note that the event Mn,j in (2.3) corresponds to the event that MLE θ̂n takes

its value in the jth partition Θj of the parameter space Θ. Lemma 2.5 in the

appendix proves that the probability of ties (when MLE is not uniquely deter-

mined) converges to zero as the sample size grows. Therefore, with a probability

approaching one, the following equality holds:

θ̂n =
k∑
j=1

θ̂n,j1Mn,j
(2.4)

Note that θ̂n satisfies the condition (2.1) with probability approaching one. In

addition, let

θ̂(n) ≡
k∑
j=1

θj1Mn,j
,

which is a random centering term for MLE. The following is a key assumption for

the asymptotic distribution of MLE under finite identification.

Assumption 2.6. Let Σjl ≡ E
[

˙̀
θj(X1) ˙̀′

θl
(X1)

]
. Then

 Σjj Σjl

Σ′jl Σll

 is nonsin-

gular for any j 6= l ∈ {1, 2, · · · , k}.

Note that dθ × dθ matrix Σjj is the Fisher information at θj denoted by

Iθj , the inverse of which is the asymptotic variance matrix of
√
n(θ̂n,j − θj), and

it is required to be non-singular. Assumption 2.6 is, however, stronger than the

non-singularity of Iθj ; it implies, asymptotically, that any two restricted MLEs are
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jointly continuous random variables and that the chance of tie is zero. Moreover,

it implies each restricted MLE can be the global maximizer (hence MLE) with

strictly positive probability. As such, the probability of the event Mn,j defined in

(2.3) is non-zero for any j = 1, · · · , k. To state our first main result, let us define

Σ =


Iθ1 Σ12 · · · Σ1k

Σ′12 Iθ2 · · · Σ2k

...
...

. . .
...

Σ′1k Σ′2k · · · Iθk

 . (2.5)

Assumption 2.6 does not demand the non-singularity of Σ. It is so because the

maximum of any finite set of numbers can be found by consecutive binary com-

parisons.

Theorem 2.4. Suppose ζ = (ζ1, · · · , ζk)′ is a (kdθ × 1) Gaussian random vector

with zero mean and the variance matrix Σ. Under Assumptions 2.1-2.6,
√
n(θ̂n −

θ̂(n)) converges in distribution to ζ̂ =
∑k

j=1 I
−1
θj
ζj1Mj

where

Mj =

{
ω ∈ Ω : ζ ′jI

−1
θj
ζj > max

l 6=j
ζ ′lI
−1
θl
ζl

}
.

And, θ̂(n) converges in distribution to θ̂ =
∑k

j=1 θj1Mj
.

To illustrate the asymptotic distribution of ζ̂, we simulate 100, 000 samples

of ζ̂ for varying k and varying Σ. Figure 2.1a depicts densities of ζ̂ when k = 2.

All diagonal terms of Σ are set to be 1 and off-diagonal terms are ρ ∈ {0, 0.5, 0.9}.

The solid line is a density of ζ̂ when ρ = 0; the dashed line is for ρ = 0.5; the

dot-dash line is for ρ = 0.9. Figure 2.1b shows the distribution of ζ̂ for varying

k = 3, 10, 50 but ρ is fixed to 0.5. The solid line is a density of ζ̂ when k = 3; the

dashed line is for k = 10; the dot-dash line is for k = 50.
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Figure 2.1: Densities of ζ̂

2.4 Inconsistency of Bootstrap MLE

This section will study the asymptotic distribution of bootstrap MLE un-

der finite identification. It will be shown that the distribution of bootstrap MLE

reveals the lack of identification if it is the case, although it is not consistent in

the usual sense. Let us start by defining bootstrap MLE. A bootstrap sample

X∗,n = {X∗1 , · · · , X∗n} is a random resampling with replacement from a given sam-

ple {X1, · · · , Xn}. We obtain MLE θ̂∗n using the bootstrap sample X∗,n can call it

bootstrap MLE. Although the distribution of X∗,n conditional on the realization of

Xn is completely specified, it is not feasible to derive the exact distribution of θ̂∗n.

As usual, then one can generate many bootstrap samples {X∗,n(1), X∗,n(2), · · · } and

corresponding bootstrap estimates {θ̂∗(1)
n , θ̂

∗(2)
n , · · · }. A histogram of such boot-

strap estimates is a good approximation to the exact distribution of θ̂∗n.

The following theorem will show that, for a large sample size, the distribu-

tion of θ̂∗n resembles the multinomial distribution over the identified set [θ0]. The

meaning of “resemblance” will be precisely stated in the theorem. Before that,

let us stress one important aspect of bootstrap MLE under finite identification; a

distributional limit of bootstrap MLE does not exist whereas MLE θ̂n converges in
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distribution to θ̂, a multinomial random variable on the identified set [θ0]. Thus,

when a model is finitely identified, the distribution of a bootstrap MLE fails to

approximate the distribution of MLE. An intuitive explanation is that, when the

expected log-likelihood function has multiple maxima, even small distortions can

change the location of the maximum of the sample log-likelihood function. Such

sensitivity is not “smoothed” out in the bootstrap estimation procedure since the

bootstrap sample is drawn from a realized sample.9 This problem does not arise

when the model is globally identified.

To study the asymptotics of bootstrap MLE we need stronger assump-

tions, all of which regard certain smoothness and boundedness restrictions on the

likelihood function.

Assumption 2.7. (i) The likelihood θ 7→ pθ(x) is twice continuously differentiable

for almost every x with its first and second order derivatives denoted by ṗθ(x) and

p̈θ(x); (ii) The mapping x 7→ p̈θ(x) is continuous for any θ in the neighborhood of

θj ∈ [θ̄].

Assumption 2.8. For each θj in [θ0], there is a neighborhood of θj denoted by

N(θj) ⊂ Θ such that (i)
∫

supθ∈N(θj)
|ṗθ(x)|dµ(x) <∞, (ii) E[supθ∈N(θj)

| ˙̀θ(X1)|2] <

∞, and (iii) E[supθ∈N(θj)
|῭θ(X1)|] <∞.

Assumption 2.9. E
[
supθ∈Θ |`θ(X1)|2

]
<∞.

Assumption 2.7 is to allow the quadratic expansion of the likelihood θ 7→

pθ(x) around each θj ∈ [θ0], and it strengthens the quadratic mean differentiability

of Assumption 2.4. Assumption 2.8 requires that the quadratic expansion of the

bootstrap sample log-likelihood function is smooth enough so that the limit objec-

tive function can be approximated uniformly. Also, it is a sufficient condition to

interchange the order of differentiation and integration when deriving the Fisher

Information matrix, which is a key step to prove the Information equality (Lemma

9For precise discussions, see the equation (2.25) and following discussions in the appendix.
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2.7). Assumption 2.9 is different in its nature from Assumption 2.8. Note that

it imposes a restriction on the log-likelihood over the entire parameter space Θ.

This envelope condition is rather technical and required by the bootstrap uniform

law of large numbers (Theorem 2.6 of Giné and Zinn (1990)).

Since the randomness from bootstrap re-sampling is not relevant to the

distribution of data, we introduce a new probability measure. In the following

theorem, PM is a probability measure corresponding to the bootstrap sampling

procedure. Precise definition is given in the appendix.

Theorem 2.5. Suppose Assumptions 2.1-2.3, 2.6-2.9 hold. For almost every re-

alizations X∞ = (X1, X2, · · · ), as n grows to the infinity, bootstrap MLE θ̂∗n ≡

arg maxθ∈Θ L
∗
n(θ) is concentrated around [θ0]. More precisely, for any ε, η > 0 and

for almost every X∞,

inf
θ∈[θ0]

|θ̂n − θ|
p→ 0, (2.6)

lim
n→∞

PM

[∣∣∣θ̂∗n − θj∣∣∣ ≤ η
]
> 0, for each j = 1, · · · , k. (2.7)

In Theorem 2.5, the first statement (2.6) states that bootstrap MLE θ̂∗n is

“consistent” to the identified set [θ0]. The second statement (2.7) implies that

bootstrap MLE θ̂∗n is not concentrated around a proper subset of the identified

set [θ0]. Therefore, Theorem 2.5 implies that the density of θ̂∗n will spike up

around each θj in [θ0] for a large sample size. The distribution of θ̂∗n reveals [θ0]

in this sense. However, this does not imply that θ̂∗n converges in distribution to

any distribution, and actually it does not converge. This non-convergence of the

bootstrap MLE can be easily seen from the simulation studies.
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2.5 Non-equivalence of LR, LM, Wald Tests

Suppose that we want to test a simple point null hypothesis (H0) that a

data generating parameter value is θ0 but that we do not know whether θ0 is

globally identified. If θ0 is globally identified, then we can use likelihood ratio

(LRT), Lagrange-multiplier (LM) or Wald test statistics. As is well known, they

are asymptotically equivalent Engle (1984) under global identification of θ0. In

the following, however, we will show that under finite identification the asymptotic

equivalence of three test statistics (LRT, LM and Wald) breaks down. Define LR,

LM and Wald test statistic respectively as follows:

LRn (θ) = 2
n∑
i=1

(
ln pθ̂n (Xi)− ln pθ (Xi)

)
, (2.8)

LMn(θ) = n−1(
n∑
i=1

˙̀
θ (Xi))

′I−1
θ (

n∑
i=1

˙̀
θ (Xi)), (2.9)

Wn(θ) = n(θ̂n − θ)Iθ̂n(θ̂n − θ). (2.10)

The asymptotic behavior of these three test statistics under finite identification

are described by the following theorem.

Theorem 2.6. Suppose Assumptions 2.3-2.9 are hold. Under H0, the followings

hold: (i) LRn (θ0)
d→ max(ζ ′jI

−1
θj
ζj)

k
j=1; (ii) LMn(θ0)

d→ χ2
dθ

; (iii) Wn (θ0) does not

converge.

The asymptotic non-equivalence of LR, LM, and Wald tests can be under-

stood as a failure of local approximation to likelihood function around θ0 or θ̂n

when the data generating parameter is finitely but not globally identified. Further,

the limit distribution of LRn(θ0) is nonstandard, and Wn(θ0) does not converge to

any distribution. Nonetheless, LMn(θ0) converges to the chi-square distribution

as in the globally identified case.

The asymptotic non-equivalence under finite identification is due to the

failure of local approximation (LM and Wald statistics can be viewed as a local
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approximation to LR statistic.10). LM statistic approximates the sample likeli-

hood function around a fixed point θ0. This fixed point approximation effectively

restricts the parameter space to the neighborhood of θ0, and thus LM statistic

does not suffer from finite identification. On the contrary, Wald statistic approxi-

mates the sample likelihood function at random point θ̂n. For θ̂n does not converge

but moves randomly around [θ0], the approximation error never degenerates. In

consequence, Wald statistic does not converge to any distribution.

2.6 Simulation

A specific mixture model is considered for the simulation. Let us define a

probability density function pθ for θ ∈ [0, 1] on X = R as

pθ (x) = φ (x) (1− a (θ)− b (θ)) + φ (x− µ1) a (θ) + φ (x− µ2) b (θ) (2.11)

= φ (x) + a (θ) {φ (x− µ1)− φ (x)}+ b (θ) {φ (x− µ2)− φ (x)}

where φ is the standard normal density and

a (θ) = −
(
θ − 1

4

)(
θ − 3

4

)
+

1

4
,

b (θ) = e−4θ

(
θ − 1

4

)(
θ − 3

4

)
+

1

4
.

Then, a(θ) and b(θ) are non-negative and their sum is bounded above by 1. The

parameter θ is finitely identified at θ = 1
4

and 3
4

([1
4
] = [3

4
] =

{
1
4
, 3

4

}
). Every other

parameter point is globally identified. For θ1 = 1
4

and θ2 = 3
4
, Σ is nonsingular.

In the following Monte Carlo studies, the data are generated for θ0 = 1/4 (or

equivalently, θ = 3/4).

We generate samples of size 500 by the density (2.11) and estimate MLE

θ̂500 with the data. To obtain a global maximizer, we partition the parameter space

10See p.390 of Ruud (2000) for lucid explanations.
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Figure 2.2: Simulated distribution of MLE under finite identification

[0,1] to several segments and maximize the sample likelihood on each segment to

find a global maximizer. We repeat this procedure 10,000 times in our simulation

study. In Figure 2.2, the finite sample distribution of
√

500(θ̂500 − θ̂(500)) is plot-

ted as histogram. For a comparison, its asymptotic distribution (the density of

ζ̂) is also displayed. The solid line depicts the asymptotic density. To plot the

asymptotic distribution, we generate 10,000 samples from the theoretical asymp-

totic distribution and plot its density using the kernel density smoothing. For the

asymptotic density is bimodal and steep between two peaks, to show the deep

valley at the center, it is under-smoothed.

Next, we study the finite sample distribution of the bootstrap MLE θ̂∗n.

For each sample size n ∈ {100, 1000, 5000, 10000}, a sample {X1, · · · , Xn} is gen-

erated from the density (2.2) with the parameter θ0 = 1/4. Then the bootstrap

sample {X∗1 , · · · , X∗n} is drawn 10,000 times from the fixed sample to approximate

the distribution of the bootstrap MLE θ̂∗n. Figure 2.3 shows the distributions of
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bootstrap MLE θ̂∗n for varying sample size n. From Figure 2.3, it is easily dis-

cernible that, as the sample size grows, two spikes are more concentrated around

the identified set [θ0] = {1/4, 3/4}. Also, notice that the heights of two peaks do

not show a stable tendency. Examined more closely, the ratio of bootstrap MLEs

below and above 0.5 is not stable. For instance, for n = 5, 000, 51.42% among

10,000 bootstrap MLEs is below 0.5 whereas 46.7% is below 0.5 for n = 10, 000.

As mentioned in the discussion following Theorem 2.5, this “non-convergence” is

an inherent nature of the bootstrap MLE when the data generating parameter θ0

is finitely identified.

Lastly, the finite sample distributions of LR, LM, Wald statistics for the

point null hypothesis H0 : θ0 = 1/4 are shown. Each statistic was calculated

10,000 times from a random sample of varying size n. Figure 2.4 shows the non-

equivalence of three test statistics. In addition, the non-convergence of Wald

statistic appears evidently.

2.7 Conclusion

Finite identification, originally introduced by Fisher (1966) as multiple

identification, has been left unexplored in the literature. We revisit the concept

and study its implications on estimation, testing, and bootstrap inference. Under

finite identification, the asymptotic distribution of MLE is studied and precisely

described. Further, it is shown that bootstrap can be used to uncover the identi-

fied set. The asymptotic equivalence of likelihood ratio, Lagrange multiplier, and

Wald test statistics is no longer valid under finite identification.

Acknowledgement

Chapter 2 is co-authored with Ivana Komunjer and is in preparation for

submission.



97

0 0.2 0.4 0.6 0.8 1
0

20

40

60

80

100

120

140
MLE=0.16356 N=100p =0.5204

0 0.2 0.4 0.6 0.8 1
0

20

40

60

80

100

120

140
MLE=0.72501 N=1000p =0.4803

0 0.2 0.4 0.6 0.8 1
0

50

100

150

200

250

300

350
MLE=0.24804 N=5000p =0.5142

0 0.2 0.4 0.6 0.8 1
0

50

100

150

200

250

300

350

400

450
MLE=0.75473 N=10000p =0.467

Figure 2.3: Histograms of 10,000 bootstrap MLEs θ̂∗n for a varying sample size:
n = 100 (top-left), n = 1, 000 (top-right), n = 5, 000 (bottom-left), n = 10, 000

(bottom-right).
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Figure 2.4: Histograms of 10,000 values of LR, LM, Wald statistics for varying
sample sizes n ∈ {100, 500, 1000}. Each row shows distributions of test statistics

for H0 : θ0 = 1/4 in the order of LR, LM, Wald statistics. Each column
represents the sample size of n = 100, 500, 1000 respectively. Note that the scale

o f X-axis is different for the third row (Wald statistic).
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2.8 Appendix

2.8.1 Proof for Section 2

Proof of Proposition 2.1. We need to prove only the necessity part, i.e. that ev-

erywhere local identification implies finite identification. Fix any parameter value

θ0 ∈ Θ. By everywhere local identifiability, [θ0] is a set of isolated points and thus

closed. Since [θ0] ⊆ Θ with Θ bounded, it follows that [θ0] is compact. Suppose

[θ0] is an infinite set. Then [θ0] has a limit point, which by sequential compactness

has to be in [θ0]. This contradicts the local identification of θ0 and thus establishes

that [θ0] is finite.

2.8.2 Proof for Section 3

Definition 2.2. Let M : Θ → R be a function of θ. Suppose the function M

achieves its unique maximum at θ0. M(θ0) is said to be a well-separated maximum

of M if for any open neighborhood of θ0, say N(θ0), it satisfies

sup
θ∈Θ\N(θ0)

M(θ) < M(θ0).

The following lemma is a slight modification of Theorem 5.7 of van der

Vaart (1998). The difference is that Θ is a topological space and needs not to be

a metric space.

Lemma 2.1. (Consistency of M-estimator) Let Mn : Θ→ R be random functions

and let M : Θ → R be a fixed function of θ. If Mn uniformly converges in

probability to M and θ0 is a well-separated maximum of M , then any sequence of

estimators θ̂n with Mn(θ̂n) ≥Mn(θ0)− op(1) converges in probability to θ0; that is

for any open neighborhood of θ0, say N(θ0),

P
[
θ̂n ∈ N(θ0)

]
→ 1.
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Proof. Reading the proof of Theorem 5.7 of van der Vaart (1998), it is enough to

show that for any open neighborhood of θ0, N(θ0), there exists a positive number

η such that {
ω : θ̂n /∈ N(θ0)

}
⊂
{
ω : M(θ̂n) < M(θ0)− η

}
.

If we set η =
[
M(θ0)− supθ∈Θ\N(θ0) M(θ)

]
/2 > 0, then the desired result follows.

Proof of Proposition 2.3. Because we do not distinguish any θ ∈ [θ0], let us treat

[θ0] as a point. Endow this modified space with a suitable topology.11 Denote

a modified space by Θ/P . Θ/P is compact. Since L(θ) is a continuous func-

tion on a compact set, its maximum is well separated from other points in the

sense of Definition 2.2. By Lemma 2.1, θ̂n
p→ [θ̄] in Θ/P topology. This implies

P [d(θ̂n, [θ̄]) < ε]→ 1.

We introduce some notations and definitions to keep following proofs con-

cise. For any set A, let Ā denote a closure of A in the corresponding topology.

Define a local parameter space

Hn,j ≡
√
n
(
Θ̄j − θj

)
. (2.12)

Although Θj is relatively compact but may not be closed, but Hn,j is closed. Define

a local likelihood ratio process Zn,j : Hn,j → R as

Zn,j (hj) ≡ nLn(θj +
hj√
n

)− nLn(θj).

Write

ĥn,j = argmax
hj∈Hn,j

Zn,j (hj) =
√
n(θ̂n,j − θj)

11The construction can be precisely stated as follows: consider a partition of Θ, P = {[θ̄]} ∪
{{θ} : θ /∈ [θ̄]} and define a quotient topology using the partition. Note, except that [θ̄] becomes
a point in the quotient topology, all other topological structures of Θ are inherited to the new
topology.
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Let h = (h′1, · · · , h′k)′ ∈ Hn1×· · ·Hnk and write Zn(h) = (Zn,1(h1), · · · , Zn,k(hk)) ∈

Rk. Define a Gaussian process

Zj (hj) ≡ h′jζj −
1

2
h′jIθjhj.

where ζj is a Rdθ -dimensional normal random variable, defined in the statement

of Theorem 2.4. Write

Z(h) =


Z1(h1)

Z2(h2)
...

Zk(hk)

 . (2.13)

The following lemma is immediate from the definition of hj 7→ Zj(hj) and

h 7→ Z(h).

Lemma 2.2. The limit process Z in (2.13) is maximized at ĥ = (ĥ1, · · · , ĥk)

where

ĥj = argmaxhj∈Rdθ Zj(hj) = I−1
θj
ζj, (2.14)

and the random maximum value of the process 2Zj has a χ2- distribution with

dθ-degrees of freedom:

2Zj(ĥj) = ζ ′jI
−1
θj
ζj ∼ χ2(dθ). (2.15)

Lemma 2.3. Suppose Assumptions 2.1-2.6 are hold. Then, for any compact set

K = K1 × · · · ×Kk ⊂
(
Rdθ
)k

, Zn converges weakly to Z in L∞(K).

Proof. In the proof of van der Vaart (1998) Theorem 7.12, it is shown that the

following statement is true under Assumptions 2.3-2.6: for every M > 0 and each

θj ∈ [θ̄],

sup
|hj |≤M

∣∣∣∣Zn,j (hj)− h′jGn
˙̀
θj +

1

2
h′jIθjhj

∣∣∣∣ p→ 0 (2.16)

Hence, if hj 7→ h′jGn
˙̀
θj − 1

2
h′jIθjhj converges weakly to Zj in L∞(K), then by

(2.16), Zn,j converges weakly to Zj on L∞(Kj). For the claim, it is enough to show
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Gn
˙̀
θj

d→ ζj. Note that E[ ˙̀
θj(X1)] = 0 by Theorem 7.2 of van der Vaart (1998).

Hence, by the central limit theorem for i.i.d. sequence of random variables,

Gn
˙̀
θj =

1√
n

n∑
i=1

˙̀
θj(Xi)

d→ N(0, Iθj).

To show joint convergence of Zn = (Z ′n,1, · · · , Z ′n,k)′, it is enough to note that


Gn

˙̀
θ1

Gn
˙̀
θ2

...

Gn
˙̀
θk


d→ N (0,Σ) , (2.17)

The asymptotic variance Σ in (2.17) is defined in (2.5).

From (2.2), we know ĥn,j converges in distribution to N(0, I−1
θj

). Therefore,

ĥn,j is uniformly tight. Because this fact is used several times below to restrict

the domain of maximization to a compact set, we state it as a lemma for easy

reference.

Lemma 2.4. Suppose Assumptions 2.1-2.5 are hold. Then, for any ε > 0, there

is a compact set K ⊂ Rdθ , such that P
[
ĥn,j ∈ K

]
> 1− ε.

The following lemma shows that Ln has a unique maximizing point, with

probability approaching one, under our assumptions.

Lemma 2.5. (Uniqueness of MLE) Under conditions of Theorem 2.4, for any

j 6= l,

P

[
sup
θ∈Θj

Ln(θ) = sup
θ∈Θl

Ln(θ)

]
→ 0.

Proof. Under the continuity of the likelihood function with respect to θ, it is easy

to show

P

[
sup
θ∈Θj

Ln(θ) = sup
θ∈Θl

Ln(θ)

]
= P

[
sup

hj∈Hn,j
Zn,j(hj) = sup

hl∈Hn,l
Zn,l(hl)

]
.
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Recall that Hn,j is a transformation of the closure of Θj. For any compact K ⊂

Rdθ , This probability is bounded above by

P

[
sup

hj∈Hn,j∩K
Zn,j(hj) = sup

hl∈Hn,l∩K
Zn,l(hl)

]
+P

[
ĥn,j /∈ K

]
+P

[
ĥn,l /∈ K

]
. (2.18)

By Lemma 2.4, the last two terms in (2.18) can be made arbitrarily small by

the choice of K. Let n be large enough so that Hn,j becomes a superset of

K. Then, treat suph∈K as a mapping from L∞(K) to R. f 7→ suph∈K f(h)

is a continuous mapping from L∞(K) to R. Therefore by the continuous map-

ping theorem and Lemma 2.3, we know suph∈K Zn,j(h)
p→ suph∈K Zj(h). Since

P [An = Bn] = P [(An −Bn) ∈ {0}] and {0} is a closed set, we can apply the

Portmanteau theorem to the first term in (2.18):

lim sup
n→∞

P

[
sup

hj∈Hn,j∩K
Zn,j(hj) = sup

hl∈Hn,l∩K
Zn,l(hl)

]
≤ P

[
sup
hj∈K

Zj(hj) = sup
h∈K

Zl(h)

]
. (2.19)

From the RHS of (2.19),

P

[
sup
hj∈K

Zj(hj) = sup
hl∈K

Zl(hl)

]
≤ P

[
Zj(ĥj) = Zl(ĥl)

]
+ P

[
ĥj /∈ K

]
+ P

[
ĥl /∈ K

]
,

where ĥj = I−1
θj
ζj as stated in Lemma 2.2. By Assumption (2.6), (ĥ′j, ĥ

′
l)
′ is jointly

normal and its covariance matrix is nonsingular. Therefore, P [Zj(ĥj) = Zl(ĥl)] =

0 for j 6= l ∈ {1, · · · , k}. P [ĥj /∈ K] and P [ĥl /∈ K] can be made arbitrarily small



104

by choosing K large enough. Therefore

lim sup
n→∞

P

[
sup
θ∈Θj

Ln(θ) = sup
θ∈Θl

Ln(θ)

]
= 0,

which concludes the proof.

Proof of Theorem 2.4. By the Portmanteau theorem,
√
n
(
θ̂n − θ̂(n)

)
d→ ζ̂ is equiv-

alent to

lim sup
n→∞

P
[√

n
(
θ̂n − θ̂(n)

)
∈ F

]
≤ P

[
ζ̂ ∈ F

]
. (2.20)

for any closed set F ⊂ Rdθ . Since
√
n
(
θ̂n − θ̂(n)

)
=
∑
ĥn,j1Mn,j

, we can expand

the left-hand side (LHS) of (2.20) to

P
[√

n
(
θ̂n − θ̂(n)

)
∈ F

]
≤

k∑
j=1

P
[
ĥn,j ∈ F,Mn,j

]
+ P

[(
∪kj=1Mn,j

)c]
≤

k∑
j=1

P
[
ĥn,j ∈ F,Mn,j

]
+

k∑
j=1

P
[
M c

n,j

]
. (2.21)

To show the second term of (2.21) goes to zero, it is enough to show that for any

j 6= l,

P

[
sup
θ∈Θj

Ln(θ) = sup
θ∈Θl

Ln(θ)

]
→ 0,

which is shown in Lemma 2.5. It is left to show

lim sup
n→∞

k∑
j=1

P
[
ĥn,j ∈ F,Mn,j

]
≤ P

[
ζ̂ ∈ F

]
. (2.22)

For any compact set K ⊂ Rdθ ,

P
[
ĥn,j ∈ F,Mn,j

]
≤ P

[
ĥn,j ∈ F ∩K,Mn,j

]
+ P

[
ĥn,j /∈ K

]
. (2.23)

By the tightness of ĥn,j (Lemma 2.4), the second term of RHS in (2.23) can be
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made arbitrarily small. For the first term of RHS in (2.23), observe

P

[
ĥn,j ∈ F ∩K,Mn,j

]
= P

[
sup

hj∈F∩K
Zn,j(hj) ≥ sup

hj∈Hn,j
Zn,j(hj),

sup
hj∈Hn,j∩K

Zn,j(hj) > sup
hl∈Hn,l

Zn,l(hl) for l 6= j

]
≤ P

[
sup

hj∈F∩K
Zn,j(hj) ≥ sup

hj∈Hn,j∩K
Zn,j(hj),

sup
hj∈Hn,j∩K

Zn,j(hj) ≥ sup
hl∈Hn,l∩K

Zn,l(hl) for l 6= j

]
.

Therefore, through Lemma 2.3, continuous mapping theorem and Portmanteau

theorem,

lim sup
n→∞

P

[
ĥn,j ∈ F ∩K,Mn,j

]
≤ P

[
sup

hj∈F∩K
Zj(hj) ≥ sup

hj∈K
Zj(hj), sup

hj∈K
Zj(hj) ≥ sup

hl∈K
Zl(hl) for l 6= j

]
. (2.24)

If ĥj defined in (2.14) is in K, we can take a supremum over Rdθ instead of K

in (2.24). The probability of ĥj’s being outside of K can again be controlled by

choosing K large enough. Hence, we attain the upper bound of (2.24) as, by

Lemma 2.2,

P

[
I−1
θj
ζj ∈ F, ζ ′jI−1

θj
ζj > max

l 6=j
ζ ′lI
−1
θl
ζl

]
= P

[
I−1
θj
ζj ∈ F, Mj

]
.

Note
k∑
j=1

P
[
I−1
θj
ζj ∈ F, Mj

]
= P

[
ζ̂ ∈ F

]
.

Therefore (2.22) is shown.

Since θ̂n,j converges in probability to θj for each j ∈ {1, · · · , k}, In order to

show that θ̂(n) converges in distribution to θ̂ =
∑k

j=1 θj1Mj
, it is enough to show

that 1Mn,j
converges in distribution to 1Mj

, or equivalently P [Mn,j] converges to
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P [Mj]. This can be shown similarly to the above.

2.8.3 Proof for Section 4

We need some preparations for the analysis of bootstrap procedure. Most

definitions and notations are adopted from Chapter 3.6 of van der Vaart and Well-

ner (1996). Since resampling procedure introduces another source of randomness,

we need to take it into account by expanding a probability space. To this end, it

is useful to define a triangular sequence of random variables M ≡ (Mni)n∈N,1≤i≤n

where Mni indicates how many times Xi is redrawn from Xn when we generate

X∗,n ≡ (X∗1 , X
∗
2 , · · · , X∗n) . Since any perturbation of a bootstrap sample does not

have an influence on its distribution, M represents all randomness from bootstrap

sampling procedures. Now define a probability measure PM for M and suppose

M is independent from X∞. It is convenient to define a new probability space

for the randomness of bootstrap sampling. Let (N,M, PM) be such a probability

space. If each sample Xi is a function from a probability space (Ω,F , P ), an infi-

nite sequence of i.i.d. samples X∞ ≡ (X1, X2, · · · ) can be regarded as a function

from (Ω∞,F∞, P∞) ≡ (Ω,F , P )× (Ω,F , P ) · · · . Below, the underlying probabil-

ity space is the product of (Ω∞,F∞, P∞) and (N,M, PM). With this structure

in mind, we can study the conditional probability of a certain event, conditional

on a sample realization X∞ ≡ (X1, X2, · · · ). When we say a statement is hold

“P∞-a.s.,” or “a.s. X∞ ,” it means there exists A ∈ F∞ such that P∞(A) = 1

and a given statement is hold for any sample realization X∞(ω) as long as ω ∈ A.

More notations follow. Let Pn be an empirical measure from Xn, P ∗n be a

bootstrap empirical measure from X∗,n and F be a class of log-likelihood implied

by the underlying parametric model. Note that P ∗n = n−1
∑n

i=1 MniδXi where δx

is the Dirac-δ measure with a point mass at x. Following the usual convention

of empirical process literature, Pf ≡ EPf . The bootstrap empirical process is
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defined as G∗n =
√
n (P ∗n − Pn) = n−1/2

∑n
i=1(Mni − 1)δXi . The function class

BL1 (L∞ (F)) is a collection of bounded Lipschitz functions f : L∞ (F) → R.

In the following, we will use similar abbreviations that appeared in the previous

section. Write

L∗n(θ) ≡ P ∗n`θ =
1

n

n∑
i=1

`θ(X
∗
i ),

and Define Z∗n,j : Hn,j → R as

Z∗n,j(hj) ≡ L∗n(θj +
hj√
n

)− nL∗n(θj),

where Hn,j is as defined (2.12). Let

Z∗n(h) =


Z∗n,1(h1)

Z∗n,2(h2)
...

Z∗n,k(hk)

 , Z̃∗n(h) = Z∗n(h)−


h′1

(√
nPn ˙̀

θ1

)
h′2

(√
nPn ˙̀

θ2

)
...

h′k

(√
nPn ˙̀

θk

)

 . (2.25)

In (2.25), we added a correction term to Z∗n. This correction is necessary because
√
nPn ˙̀

θj 6= 0, even though
√
nP ˙̀

θj = 0. Because of this, the boostrap MLE shows

a different asymptotics from the original MLE. Define θ̂∗n,j = argmaxθ∈Θj
L∗n(θ)

and θ̂∗n = argmaxθ∈Θ L
∗
n(θ). Note we can write

θ̂∗n =
k∑
j=1

θ̂∗n,j1M∗n,j ,

where

M∗
n,j =

{
sup
θ∈Θj

L∗n(θ) > sup
θ∈Θl,l 6=j

L∗n(θ)

}
.

Lemma 2.6. Suppose Assumptions 2.1,2.3,2.7,2.8 hold. Then, F is Donsker.

A class of functions is Donsker when a form of a functional central limit

theorem is hold over the given class. For a more precise definition, see p.81 of
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van der Vaart and Wellner (1996).

Proof. Example 19.7 of van der Vaart (1998) shows that F is Donsker under

Assumptions 2.1,2.3 and 2.5. We need to show Assumption 2.7 and 2.8 imply

Assumption 2.5. By Assumption 2.7, θ 7→ ˙̀
θ(x) is continuous on a compact

set Θ for every x and thus is bounded. Hence, θ 7→ `θ(x) is Lipschitz. For

the envelope condition, take mj(x) = supθ∈N(θj)

∣∣∣ ˙̀θ(x)
∣∣∣ and by Assumption 2.8,

E [mj(X1)2] <∞.

The next lemma is basic in the maximum likelihood estimation theory

and is often called the information equality. Its proof can be found in many

standard sources, but is presented here to show our assumptions are sufficient for

the information equality.

Lemma 2.7. (Information Equality) Under Assumptions 2.1-2.3, 2.7,2.8,

E
[

˙̀
θ(X1) ˙̀

θ(X1)′
]

= −E
[
῭
θ(X1)

]
for θ ∈ [θ̄].

Proof. Suppose θ ∈
[
θ̄
]
. For l,m ∈ {1, · · · , k}

(
E
[
῭
θ(X1)

])
l,m

=

∫
∂

∂θl

[{
∂

∂θm
pθ(x)

}
1

pθ(x)

]
pθ(x)dµ(x).

Applying the integral by parts,

(
E
[
῭
θ(X1)

])
l,m

=

∫
∂

∂θm
pθ(x)dµ(x)−

∫ [{
∂

∂θm
pθ(x)

}
1

pθ(x)

]
∂

∂θl
pθ(x)dµ(x).

(2.26)

By Lemma 3.6 of Newey and McFadden (1994), we can interchange the differen-

tiation and the integration of the first term in RHS of (2.26), and it becomes 0.
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Note that the second term in RHS of (2.26) is

∫ [
∂

∂θm
`θ(x)

] [
∂

∂θl
`θ(x)

]
pθ(x)dµ(x).

Therefore, (
E
[

˙̀
θ(X1) ˙̀

θ(X1)′
])

l,m
=
(
−E

[
῭
θ(X1)

])
l,m
.

Lemma 2.8. Suppose Assumptions 2.1-2.3,2.7,2.9 hold. Then P∞-almost surely,

sup
θ∈Θ
|P ∗n`θ − P`θ| → 0 in PM -probability. (2.27)

Proof. F is Donsker (Lemma 2.6) and therefore Gilvenko-Cantelli. This fact with

Assumption 2.9 implies (2.27) through the bootstrap law of large numbers, The-

orem 2.6 of Giné and Zinn (1990).

Lemma 2.9. Suppose Assumptions2.1-2.3 ,2.7,2.9 hold. Then P∞-a.s., θ̂∗n,j
PM→ θj.

Proof. By Lemma 2.8, the bootstrap sample likelihood function θ 7→ P ∗n`θ con-

verges uniformly to the original population likelihood function θ 7→ P`θ for almost

every X∞. θ 7→ `θ(x) is continuous on Θ for every x by Assumption 2.7. Then

θ 7→ L(θ) is continuous on Θ. Since Θ is compact, this implies θj is a well-seperated

maximum of L(θ). These two conditions are sufficient for the consistency of M-

estimator (Lemma2.1; Theorem 5.7 of van der Vaart (1998)).

Lemma 2.10. Suppose Assumptions 2.1-2.3, 2.7-2.9 hold. Then there exists a

Gaussian process G : (Ω,S, P )→ L∞(F) such that P∞-outer almost surely,

G∗n  G in L∞(F). (2.28)

Proof. F is P-Donsker by 2.6. Assumption 2.9 states that F has an envelope

function with finite second moment. These two conditions (F is Donsker and
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Assumption 2.9) suffice for the conditions of Theorem 3.6.2 of van der Vaart and

Wellner (1996). Therefore, G∗n is asymptotically measurable and

sup
g∈BL1(L∞(F))

|E [g (G∗n) |M ]− E [g (G)]| as∗→ 0, (2.29)

where E [·|M ] stands for a conditional expectation given M and
as∗→ means P∞-

outer almost sure convergence. Finally, Theorem 1.12.2 of van der Vaart and

Wellner (1996) shows the equivalence of (2.28) and (2.29).

Lemma 2.11. Suppose Assumptions 2.1-2.3 ,2.7-2.9 hold. Then P∞-almost surely,

for some neighborhood of θj, say N(θj),

sup
θ∈N(θj)

∣∣∣P ∗n ῭
θ − P ῭

θ

∣∣∣→ 0 in PM -probability. (2.30)

Proof. Fix a neighborhood N(θj) satisfying Assumption 2.7 and 2.8. Then, (i)

N(θj) is compact and x 7→ ῭
θ(x) is continuous for any θ ∈ N(θj); (ii) the envelope

function x 7→ supθ∈N(θj)

∣∣∣῭θ(x)
∣∣∣ is integrable with respect to the distribution of

X1 by Assumption 2.8. Since θ 7→ ῭
θ(x) is continuous function for every x ,

we can use the same envelope function for θ ∈ N(θj). These two conditions

are sufficient for the uniform law of large numbers ( Lemma 2.4 of Newey and

McFadden (1994)). Then, in turn, the uniform law of large numbers and the

integrable envelope (Assumption 2.9) are necessary and sufficient for the bootstrap

law of large numbers (Theorem 2.6 of Giné and Zinn (1990)). In consequence,

(2.30) is hold.

Lemma 2.12. Suppose Assumptions 2.1-2.3,2.7-2.9 hold. Then P∞-almost surely,

the following is hold: for every compact set K = K1×· · ·×Kk ⊂
(
Rdθ
)k

, a random

process h ∈ K 7→ Z̃∗n(h) converges weakly to a Gaussian process h ∈ K 7→ Z(h) in

L∞(F). The limiting process Z is defined in (2.13). Moreover, Z̃∗n is asymptoti-

cally measurable.
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Remark 2.1. Z̃∗n is an random element defined on the probability space (N,M, PM).

Z is defined on the original probability space (Ω,F , P ).

Proof. By Assumption 2.7 and Taylor theorem, we have the following expansion:

for some θ̄j on the line segment connecting θj and θj + h/
√
n,

`θj+hj/
√
n(x) = `θj(x) +

1√
n
h′j

˙̀
θj(x) +

1

n
h′j

῭̄
θj(x)hj. (2.31)

Therefore,

Z∗n,j(hj) = nP ∗n`θj+h/
√
n − nP ∗n`θj = h′j

√
nP ∗n

˙̀
θj +

1

2
h′j

(
P ∗n

῭̄
θ

)
hj.

Hence

Z̃∗n,j(h) = h′jG∗n ˙̀
θj +

1

2
h′j

(
P ∗n

῭̄
θ

)
hj. (2.32)

By the bootstrap central limit theorem (for example, Theorem 23.4 of van der

Vaart (1998)), the first term of RHS in (2.32) converges in distribution, marginally

at hj, to N(0, h′jIθjhj). It is immediate that hj 7→ h′jG∗n ˙̀
θj is asymptotically

equicontinuous. Note that G∗n ˙̀
θj is bounded in PM -probability and hj 7→ h′jG∗n ˙̀

θj

is linear. Marginal convergence and the asymptotic equicontinuity mean that, for

almost every X∞, the process hj 7→ h′jG∗n ˙̀
θj converges weakly (Theorem 18.14 of

van der Vaart (1998)) and is asymptotically measurable (Theorem 18.12 of van der

Vaart (1998)).

For the second term of RHS in (2.32), by Lemma 2.11 and the continuity

of θ 7→ P ῭
θ (Assumption 2.7), P∞-almost surely,

P ∗n
῭̄
θ → P ῭

θj in PM -probability.

The compactness of K concludes that hj 7→ h′j

(
P ∗n

῭̄
θ

)
hj converges uni-

formly in PM -probability to hj 7→ h′j

(
P ῭

θj

)
hj on hj ∈ Kj.

Finally, by Slutsky’s theorem (Theorem 19.10 (v) of van der Vaart (1998)),
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P∞-almost surely,

Z∗n,j  Zj on L∞(K).

The joint convergence of

Z∗n  Zj on on L∞(Kk)

is immediate from the joint convergence in distribution of
(
G∗n ˙̀

θ1 , · · · ,G∗n ˙̀
θk

)′
by

the bootstrap central limit theorem.

Lemma 2.13. Suppose Assumptions 2.1-2.3,2.6-2.9 hold. Then P∞-almost surely,

argmax
h∈Hn,j

Z̃∗n,j(h)
d→ argmax

h∈Rdθ
Zj(h).

Proof. Denote

h̃n,j = argmax
h∈Hn,j

Z̃∗n,j(h).

Note, from (2.32), the first order condition of maximizing Z̃∗n,j(h) is

−
[
P ∗n

῭̄
θ

]
h = G∗n ˙̀

θj , (2.33)

where θ̄ is on the line segment connecting θj and θj + h/
√
n and such that (2.31)

is hold. (2.33) can be rewritten as

−
[
P ῭

θj + oPM (1)
]
h = G∗n ˙̀

θj

by Lemma 2.10. By Assumption 2.6, P ῭
θj is nonsingular and thus

[
P ῭

θj + oPM (1)
]

is nonsingular with probability approahcing one. Note (i) Hn,j ⊂ Hn+1,j and

∪∞n=1Hn,j = Rdθ and (ii) G∗n ˙̀
θj = OPM (1) (from Lemma 2.11). These two facts im-

ply, with probability approaching one (wpa1),
[
−P ∗n ῭̄

θ

]−1

G∗n ˙̀
θj ∈ Hn,j. Therefore,

wpa1,

h̃n,j =
[
−P ∗n ῭̄

θ

]−1

G∗n ˙̀
θj

d→ N(0, I−1
θj

).
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The limiting distribution of h̃n,j is same to the distribution of argmaxh∈Rdθ Zj(h)

as appears in (2.14).

Proof of Theorem 2.5. If we show (i) limn→∞ PM

[
supθ∈Θj

L∗n(θ) = supθ∈Θl
L∗n(θ)

]
=

0 for any l 6= j and (ii) lim infn→∞ PM
[
M∗

n,j

]
> 0 for j = 1, · · · , k, then we prove

the theorem.

Proof of Claim (i): For Hn,j defined in (2.12) and Z̃∗n,j defined in (2.25),

PM

[
sup
θ∈Θj

L∗n(θ) = sup
θ∈Θl

L∗n(θ)

]
= PM

[
sup
h∈Hn,j

Z̃∗n,j(h) = sup
h∈Hn,l

Z̃∗n,l(h)

]
. (2.34)

The RHS of (2.34) is bounded above by

PM

[
sup
h∈K

Z̃∗n,j(h) = sup
h∈K

Z̃∗n,l(h)

]
+ PM

[
argmax
h∈Hn,j

Z̃∗n,j(h) /∈ K
]

+ PM

[
argmax
h∈Hn,l

Z̃∗n,l(h) /∈ K
]
. (2.35)

The last two terms in the previous display can be made arbitrarily small by the

choice of K since the argmax of Z̃∗n,j converges in distribution (Lemma 2.13) and

hence uniformly tight. The first tem in (2.35) converges to zero by Lemma 2.12

and Portmanteau theorem. Therefore the first claim is proved.

Proof of Claim (ii): It is enought to show for any i 6= j,

lim inf
n→∞

PM

[
sup
θ∈Θj

L∗n(θ) > sup
θ∈Θl

L∗n(θ)

]
> 0.

Using the same notations above,

PM

[
sup
θ∈Θj

L∗n(θ) > sup
θ∈Θl

L∗n(θ)

]
= PM

[
sup
h∈Hn,j

Z̃∗n,j(h) > sup
h∈Hn,l

Z̃∗n,l(h)

]
. (2.36)
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The RHS of (2.36) is bounded below by

PM

[
sup
h∈K

Z̃∗n,j(h) > sup
h∈K

Z̃∗n,l(h)

]
+ PM

[
h̃n,j ∈ K, h̃n,l ∈ K

]
− 1. (2.37)

The second term in (2.37) can be made arbitrarily close to 1 (by Lemma 2.13).

For the first term, by Portmanteau theorem,

lim inf
n→∞

PM

[
sup
h∈K

Z̃∗n,j(h) > sup
h∈K

Z̃∗n,l(h)

]
≥ P

[
sup
h∈K

Zj(h) > sup
h∈K

Zk(h)

]
> 0.

This proves the second claim and concludes the proof.

2.8.4 Proof for Section 5

Proof of Theorem 2.6. The non-convergence of Wald statistic follows from the fact

that θ̂n
p→ θ̂. The convergence of LM statistic is easily shown by the usual argu-

ment. We can write the likelihood ratio statistic as

Λn = 2
k∑
j=1

1Mn,j

n∑
i=1

(
`θ̂n (Xi)− `θ0 (Xi)

)
= 2

k∑
j=1

1Mn,j
sup
h∈Hn,j

log

[ n∏
i=1

pθj+h/
√
n

pθj
(Xi)

]

= 2
k∑
j=1

1Mn,j
sup
h∈Hn,j

Zn,j (h)

where the second equality holds since pθ0 = pθj for j = 1, · · · , k. Similarly to the

proof of Theorem 2.4, we can show that

Λn
d→ 2

k∑
j=1

1Mj
sup
h∈Rdθ

Zj (h) =
k∑
j=1

1Mj
ζ ′jI
−1
θj
ζj = max

(
ζ ′jI
−1
θj
ζj

)k
j=1
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3.1 Introduction

Statistical analyses in economics and other fields often involve comparing

the shape of two probability distributions on the real line. In particular, there is

a large literature on the construction of statistical tests of stochastic dominance

between two distributions, and their application to various questions of empiri-

cal interest. Maasoumi (2001) provided a review of the state of this literature at

the turn of the millennium. Subsequent contributions of importance were pro-

vided by Barrett and Donald (2003) and Linton et al. (2005, 2010). Econometric

applications of stochastic dominance testing include the study of income distribu-

tions (Anderson, 1996; Davidson and Duclos, 2000) and efficient portfolio choice

(Scaillet and Topaloglou, 2010), among many others.

Stochastic dominance provides one way of ordering two probability distri-

butions on the real line. A stronger notion of stochastic ordering is the density

ratio ordering, more commonly known as the likelihood ratio ordering ; we favor

the former term. If F and G are two cdfs on R that admit a nonincreasing density

ratio dF/dG, we say that G density ratio dominates F . Density ratio ordering

is a stronger property than first-order stochastic dominance: if G density ratio

dominates F , then G first-order stochastically dominates F . Further discussion

of density ratio ordering may be found in Shaked and Shanthikumar (1994) and

Thas (2009).

Density ratio ordering appears frequently as an assumption or implication

of various models in economics, finance, and other fields. Roosen and Hennessy

(2004) discussed a range of applications, including portfolio choice, crop insurance,

mechanism design, and auction theory. Our primary motivation for studying this

topic comes from a recent literature in empirical finance on the so-called pricing

kernel puzzle. In this literature, the pricing kernel is defined as the ratio of risk

neutral and physical densities for the payoff distribution of a market index at

a future date. Classical financial theory dictates that this ratio should be non-
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increasing; if not, there are perverse implications for the behavior of contingent

claims, as discussed by Beare (2011). In the early 2000’s, three influential papers

by Aı̈t-Sahalia and Lo (2000), Jackwerth (2000) and Rosenberg and Engle (2002)

reported nonparametric pricing kernel estimates that exhibited an increasing re-

gion in the center of the return distribution, while decreasing elsewhere. This

phenomenon has become known as the pricing kernel puzzle, though the statisti-

cal significance of departures from monotonicity remains an open question. See

Hens and Reichlin (2013) for a recent discussion of the literature in this area.

Compared to the literature on testing stochastic dominance, the literature

on testing density ratio ordering is at a much earlier stage of development. Dykstra

et al. (1995) and Roosen and Hennessy (2004) proposed tests of density ratio

ordering that are applicable to discrete distributions, or to continuous distributions

that we first discretize by classifying observations into a finite number of bins.

Such discretization has the effect of concentrating the power of the test on a

finite dimensional subset of the alternative hypothesis. More recently, Carolan

and Tebbs (2005, hereafter CT) proposed a test of density ratio ordering between

continuous distributions that avoids unnecessary discretization and is consistent

against arbitrary violations of density ratio ordering. In chapter 3 we build on the

contribution of CT by generalizing their approach to a broader class of statistics,

providing a rigorous foundation for their results, and clarifying some statements

made regarding the asymptotic behavior of their tests.

The testing procedure proposed by CT relies on the insight that, if F

and G are continuous cdfs admitting a well-defined density ratio, then G density

ratio dominates F if and only if the composition R = F ◦ G−1 is concave. Here,

G−1(u) = inf{y : G(y) ≥ u} is the quantile function corresponding to G. The

function R : [0, 1]→ [0, 1] is referred to as the ordinal dominance curve (odc) for

F and G. CT propose to compare Rm,n, an empirical analogue to R constructed

from independent samples of size m and n drawn from F and G, to its least

concave majorant (lcm) – the smallest concave function lying above Rm,n. Their
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test statistic is calculated as the area or maximal distance between Rm,n and its

lcm, suitably scaled by m and n. CT argue that a conservative test may be

obtained by comparing their statistics to the limit distribution they would achieve

if in fact R(u) = u; this is taken to be the least favorable point in the null.

We generalize the approach of CT by considering test statistics based on

the Lp-distance between Rm,n and its lcm. We derive the limit distribution of these

test statistics when R is concave and satisfies suitable smoothness conditions. This

turns out to be a rather delicate matter. The main technical issue is that the lcm

operator fails to satisfy the usual definition of Hadamard differentiability. It does,

however, satisfy a weaker property dubbed Hadamard directional differentiability

by Shapiro (1990, 1991), which suffices for the application of the functional delta

method. We obtain the explicit form of the Hadamard directional derivative of the

lcm operator. In addition to enabling a rigorous study of the asymptotic behavior

of our test statistics, this contribution may be of broader relevance in other con-

texts. For instance, the tests of stochastic monotonicity and conditional stochastic

dominance proposed by Delgado and Escanciano (2012, 2013) are constructed us-

ing the lcm operator; our results may conceivably lead to a better understanding

of their asymptotic behavior.

Having established the limit distribution of our test statistics at each point

in the null hypothesis, we next seek to identify a least favorable point at which to

determine critical values. We show that R(u) = u is indeed least favorable when

our statistic is constructed using an Lp-distance with p ∈ [1, 2]. This means that

the limit distribution of our test statistic when R(u) = u first-order stochastically

dominates the limit distribution under any other concave choice of R. Perhaps

more surprisingly, we show that this is not the case when p ∈ (2,∞]. In fact,

the limit distribution of our test statistic diverges to infinity along a suitably

chosen sequence of concave odcs. This result amends a claim made by CT, who

asserted that R(u) = u was least favorable when p = 1 and p =∞. The practical

implication is that we should require p ∈ [1, 2] in applications.
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The remainder of chapter 3 is organized as follows. In Section 3.2 we for-

mally describe our statistical framework and the construction of our test. Section

3.3 contains our derivation of the limit distribution of our test statistics when R

is an arbitrary concave odc satisfying suitable smoothness conditions. Our results

concerning the differential properties of the lcm operator are given here. In Sec-

tion 3.4 we demonstrate that R(u) = u is least favorable when p ∈ [1, 2], but not

when p ∈ (2,∞]. Section 3.5 contains a short discussion of local power. Simula-

tion results pertaining to the finite sample relevance of our asymptotic results are

provided in Section 3.6, and we conclude in Section 3.7. Mathematical proofs are

gathered together in the Appendix.

3.2 Statistical framework and test construction

Let F and G be two continuous cdfs on R with common support, and

let R = F ◦ G−1. Let Θ denote the collection of nondecreasing, continuously

differentiable maps θ : [0, 1] → [0, 1] with θ(0) = 0 and θ(1) = 1. We maintain

throughout that our odc R ∈ Θ, and let R′ denote its first derivative. Our null

hypothesis is the set Θ0 = {θ ∈ Θ : θ is concave}, and our alternative hypothesis

is the set Θ1 = Θ \Θ0.

Our test is constructed from two samples of real valued random variables

(X1, . . . , Xm) and (Y1, . . . , Yn). Each sample is iid, with the Xi’s having common

cdf F and the Yj’s having common cdf G. The two samples are independent of

one another. These basic sampling assumptions are taken from CT, and were also

maintained by Barrett and Donald (2003) in the context of stochastic dominance

testing. In that same context, much weaker sampling assumptions were adopted

by Linton et al. (2005, 2010), who allowed for weak dependence within a given

sample, and dependence between samples. Such generality appears difficult to

accommodate in the present setting. Though it is relatively simple to general-

ize Lemma 3.1 below to accommodate weak dependence and dependence between
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samples, and thus proceed to a version of (3.4) involving a more general limit

process TR, further progress in the direction taken by us seems difficult. In partic-

ular, it is not clear to us how a version of Theorem 3.2, which identifies the least

favorable point in the null when p ∈ [1, 2], might be proved under more general

dependence conditions.

The construction of our test statistics involves the lcm operatorM, which

we now formally define. We also take the opportunity to define the restricted lcm

operator M[a,b], which plays no role in the construction of our test statistics, but

will prove useful when we describe their limiting behavior in Section 3.3. In what

follows, we let `∞ ([a, b]) denote the collection of uniformly bounded real valued

functions on [a, b] equipped with the uniform metric, and let `∞co ([a, b]) = {f ∈

`∞ ([a, b]) : f is concave}.

Definition 3.1. Given a closed interval [a, b] ⊆ [0, 1], the lcm over [a, b] is the

operator M[a,b] : `∞ ([0, 1]) → `∞ ([a, b]) that maps each f ∈ `∞ ([0, 1]) to the

function

M[a,b]f(u) = inf{g(u) : g ∈ `∞co ([a, b]) and f ≤ g on [a, b]}, u ∈ [a, b].

That is, M[a,b]f is the pointwise infimum of those functions g ∈ `∞co ([a, b]) that

majorize the restriction of f to [a, b]. We write M as shorthand for M[0,1], and

refer to M as the lcm operator.

Let Fm(x) = m−1
∑m

i=1 1{Xi ≤ x}, Gn(y) = n−1
∑n

j=1 1{Yj ≤ y}, and

Rm,n(u) = Fm(G−1
n (u)), where G−1

n (u) = inf{y : Gn(y) ≥ u}. To test the null

hypothesis Θ0 we consider statistics of the form

Mp
m,n = cm,n‖MRm,n −Rm,n‖p. (3.1)

Here, cm,n = (mn/(m + n))1/2, ‖ · ‖p is the Lp-norm with respect to Lebesgue

measure, and p ∈ [1,∞]. When p = 1 or p = ∞, we obtain the two statistics
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proposed by CT for testing the null of density ratio ordering against its negation;

they write M
∗(12)
m,n for M1

m,n and D
∗(12)
m,n for M∞

m,n. More accurately, M
∗(12)
m,n in CT is

a computationally convenient approximation to M1
m,n constructed using isotonic

regression. The approximation error is asymptotically negligible, as they note on

p. 168.

Note that the empirical odc Rm,n is invariant to any strictly increasing

transformation of the data. That is, if we replace the samples {Xi}mi=1 and {Yj}nj=1

with {φ(Xi)}mi=1 and {φ(Yj)}nj=1, where φ is strictly increasing on the support of F

and G, then Mp
m,n is unaffected, with probability one. It follows that the sampling

distribution of Mp
m,n is uniquely determined by R. It is for this reason that we

define our null and alternative hypotheses as subsets of a space of odcs, and not

as subsets of a space of pairs of cdfs.

3.3 Limit distribution of test statistics

In this section we establish the limit distributions of the test statistics

Mp
m,n defined in (3.1), with p ∈ [1,∞], at each point R ∈ Θ0. We first state a well-

understood result concerning the weak convergence of the normalized empirical

odc cm,n(Rm,n −R). In what follows,  denotes weak convergence in `∞([0, 1]).

Lemma 3.1. Suppose R ∈ Θ. Then as m ∧ n → ∞ with n/(m + n) → λ ∈

(0, 1), we have cm,n(Rm,n −R) TR, where TR is a random element of `∞ ([0, 1])

satisfying

TR(u) = λ1/2B1(R(u)) + (1− λ)1/2R′(u)B2(u), u ∈ [0, 1],

and B1 and B2 are independent standard Brownian bridges on [0, 1].

Lemma 3.1 is a consequence of Thas (2009, Theorem 7.6), and results cited

therein. Hsieh and Turnbull (1996, Theorem 2.2) establish a strong approximation

for cm,n(Rm,n −R), but weak convergence is sufficient for our purposes.
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Suppose R ∈ Θ0. Since in this case MR = R, we may write

Mp
m,n = ‖cm,n (DRm,n −DR) ‖p, (3.2)

where D = M− I, and I is the identity operator on `∞([0, 1]). In view of (3.2)

and Lemma 3.1, an obvious approach to establishing the limit distribution of Mp
m,n

when R ∈ Θ0 is to apply the functional delta method to obtain weak convergence

of the quantity inside the ‖ · ‖p in (3.2), and then invoke the continuous mapping

theorem. Such an approach requires consideration of the differential properties of

the lcm operator. The following definition is adapted from Shapiro (1990, 1991)

and Bonnans and Shapiro (2000, Definition 2.45).

Definition 3.2. Let X and Y be topological vector spaces over the field of real

numbers. A map φ : X → Y is said to be Hadamard directionally differentiable

at x ∈X tangentially to X0 ⊆X if there exists a map φ′x : X0 → Y such that

φ′x(z) = lim
n→∞

φ(x+ tnzn)− φ(x)

tn

for any sequences zn ∈ X and tn ∈ R+ with zn → z ∈ X0 and tn ↓ 0. φ′x(z) is

referred to as the Hadamard directional derivative of φ at x in direction z.

Hadamard directional differentiability is a weaker property than Hadamard

differentiability because in the latter case we require φ′x(z) to be a continuous, lin-

ear function of z. Continuity in z follows automatically from Hadamard directional

differentiability (Bonnans and Shapiro, 2000, Proposition 2.46), but linearity does

not.

In what follows, C ([0, 1]) denotes the set of continuous real valued functions

on [0, 1].

Lemma 3.2. If R ∈ Θ0 then M is Hadamard directionally differentiable at R

tangentially to C ([0, 1]). Given h ∈ C ([0, 1]), if R is affine in a neighborhood of
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u ∈ (0, 1), then we have M′
Rh(u) =M[aR,u,bR,u]h(u), where

aR,u = sup{u′ ∈ (0, u] : R is not affine in a neighborhood of u′},

bR,u = inf{u′ ∈ [u, 1) : R is not affine in a neighborhood of u′},

and we define inf ∅ = 1 and sup ∅ = 0. If R is not affine in a neighborhood of

u ∈ (0, 1), or if u ∈ {0, 1}, then M′
Rh(u) = h(u).

Lemma 3.2 establishes the existence and explicit form of the Hadamard

directional derivative M′
Rh when R ∈ Θ0 and h ∈ C ([0, 1]). The proof may be

found in the Appendix. It is not difficult to see that our directional derivativeM′
Rh

is not in general a linear function of h. For instance, let R(u) = u, h1(u) = u2 and

h2(u) = −u2. Then M′
Rh1(u) = u, M′

Rh2(u) = −u2 and M′
R(h1 + h2)(u) = 0,

implying that M′
R(h1 + h2) 6=M′

Rh1 +M′
Rh2. In fact, M′

Rh is linear in h if and

only if R is strictly concave. We will see shortly that our test statistic Mp
m,n has a

nondegenerate limit distribution only when R is concave but not strictly concave.

For this reason, it is critical to establish Hadamard directional differentiability of

M at points R ∈ Θ0 that are not strictly concave, rather than merely relying on

the Hadamard differentiability of M at points R ∈ Θ0 that are strictly concave.

Standard versions of the functional delta method (see e.g. van der Vaart

and Wellner, 1996, Theorem 3.9.4) require the operator under consideration to be

Hadamard differentiable. However, Shapiro (1991, Theorem 2.1) established that,

with no compensating loss in generality, the functional delta method applies more

broadly under Hadamard directional differentiability. Applying Shapiro’s result

in conjunction with Lemma 3.1 and Lemma 3.2, we deduce that, when R ∈ Θ0,

as m ∧ n→∞ with n/(m+ n)→ λ ∈ (0, 1) we have

cm,n (DRm,n −DR) M′
RTR − TR. (3.3)

Here we have used the fact that D is Hadamard directionally differentiable at R
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tangentially to C ([0, 1]), with D′R =M′
R−I. This is immediate from Lemma 3.2.

The random process TR, defined in Lemma 3.1, lies in C ([0, 1]) with probability

one since R is continuously differentiable and the Brownian bridges B1 and B2 are

continuous with probability one. Thus M′
RTR is well-defined.

In view of (3.2), an application of the continuous mapping theorem to (3.3)

delivers us

Mp
m,n →d ‖M′

RTR − TR‖p (3.4)

as m ∧ n → ∞ with n/(m + n) → λ ∈ (0, 1), whenever R ∈ Θ0. Our next

result establishes an alternative, more easily interpretable representation for the

limit distribution ‖M′
RTR−TR‖p. Its statement requires some additional notation.

Given an odc R ∈ Θ0 that is not strictly concave, there is a unique way to construct

a finite or countable union of disjoint closed intervals [ak, bk], k ∈ K, such that

the restriction of R to each [ak, bk] is affine, and such that R is strictly concave

over any convex subset of [0, 1] \ ∪k∈K [ak, bk]. In fact, recalling Lemma 3.2, these

intervals are precisely the intervals [aR,u, bR,u] obtained as we allow u to vary over

all points in (0, 1) at which R is locally affine. For each k ∈ K, let dk = bk − ak,

and let hk = R(bk)− R(ak). We suppress the dependence of ak, bk, dk, hk and K

on R in our notation.

Theorem 3.1. As m ∧ n → ∞ with n/(m + n) → λ ∈ (0, 1), if R ∈ Θ0 is not

strictly concave then we have

Mp
m,n →d

(∑
k∈K

(
λhkd

2/p
k + (1− λ)h2

kd
(2−p)/p
k

)p/2
‖DBk‖pp

)1/p

if p ∈ [1,∞), and

M∞
m,n →d sup

k∈K

(
λhk + (1− λ)h2

kd
−1
k

)1/2 ‖DBk‖∞,

where {Bk : k ∈ K} is a mutually independent collection of standard Brownian
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bridges on [0, 1]. If instead R ∈ Θ0 is strictly concave, we have Mp
m,n →p 0.

The proof of Theorem 3.1 may be found in the Appendix. We close this

section with an enumeration of some of the key ways in which Theorem 3.1 serves

to extend and amend certain results of CT.

1. Setting R(u) = u in Theorem 3.1, we find that Mp
m,n →d ‖DB‖p for p ∈

[1,∞]. Theorem 2 of CT asserts this result for the special case p ∈ {1,∞}.

2. Lemma A1 of CT asserts that Mp
m,n →p 0 when R is strictly concave and

p ∈ {1,∞}, consistent with the more general statement for p ∈ [1,∞] given

in Theorem 3.1.

3. Lemma A2 of CT states the limit distribution of M1
m,n when R is concave

and piecewise linear. Here we do not allow for piecewise linear R, except

in the trivial case where R is the 45◦ line, because we require that R

be continuously differentiable. CT skirt technical issues relating to the

smoothness of R in their arguments. If we could drop the requirement that

R is continuously differentiable in Theorem 3.1, we would obtain the limit

distribution of M1
m,n asserted by CT.

4. Lemma A2 of CT also asserts a limit distribution for M∞
m,n when R is

concave and piecewise linear. This limit distribution is not consistent with

what we would obtain in Theorem 3.1 if we could relax the assumption

that R is continuously differentiable, and appears to be incorrect. CT do

not provide a proof for the claimed limit distribution of M1
m,n.

5. Theorem 2 of CT asserts that the limit distribution of M∞
m,n when R is the

45◦ line first-order stochastically dominates the limit distributions achieved

at other concave odcs. This assertion is contradicted by Theorem 3.3 in

Section 3.4, which follows easily from Theorem 3.1. The source of the

inconsistency appears to be the incorrect limit distribution given for M∞
m,n

in Lemma A2 of CT.
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3.4 When is the 45-degree line least favorable?

In Theorem 3.1 we established the limit distribution of Mp
m,n at each point

R ∈ Θ0. To obtain a valid critical value for testing Θ0 against Θ1, we would like

to be able to say that the limit distribution of Mp
m,n is stochastically largest at one

particular point in Θ0, in the sense of being first-order stochastically dominant

over the limit distribution of Mp
m,n at any other point in Θ0. In this case, the

point in Θ0 at which the limit distribution of Mp
m,n is stochastically largest is said

to be least favorable. If we set our critical value c equal to the 1 − α quantile of

the limit distribution of Mp
m,n at this least favorable point, and reject Θ0 when

Mp
m,n > c, then our limiting rejection probability is no greater than α at any point

in Θ0.

When our odc is the 45◦ line R(u) = u, Theorem 3.1 implies that Mp
m,n →d

‖DB‖P . The following result states that, when p ∈ [1, 2], this odc is least favorable.

Theorem 3.2. Suppose p ∈ [1, 2] and R ∈ Θ0. The limit distribution of Mp
m,n

given in Theorem 3.1 is first-order stochastically dominated by ‖DB‖p, where B

is a standard Brownian bridge on [0, 1].

The proof of Theorem 3.2 may be found in the Appendix. Theorem 2 of

CT established this result for p = 1. Our proof extends their arguments to allow

p ∈ [1, 2].

Our next result is perhaps more surprising. It implies that, for Mp
m,n with

p ∈ (2,∞], the 45◦ line R(u) = u is not least favorable. In fact, the limit distribu-

tion of Mp
m,n can be made arbitrarily large with an appropriate choice of R ∈ Θ0.

This means that there cannot be any point in Θ0 that is least favorable.

Theorem 3.3. Suppose p ∈ (2,∞]. For any c ∈ (0,∞) and ε ∈ (0, 1), we may

choose R ∈ Θ0 such that the limit distribution of Mp
m,n given in Theorem 3.1

assigns probability of at least 1− ε to the region (c,∞).
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Theorem 3.3 contradicts Theorem 2 of CT, which states that R(u) = u

is least favorable when p = ∞. The proof may be found in the Appendix. The

practical implication of Theorem 3.3 is that Mp
m,n should not be used for testing

Θ0 against Θ1 when p > 2, because there is no finite critical value that will control

asymptotic size everywhere in Θ0.

The proof of Theorem 3.3 involves showing that the limit distribution of

Mp
m,n diverges to infinity as we move along a sequence of odcs in Θ0 which, in a

neighbourhood of the origin, are affine and become successively steeper. Along this

sequence, the terms h2
1d

(2−p)/p
1 and h2

1d
−1
1 appearing in the limit distributions in

Theorem 3.1 diverge to infinity when p > 2, delivering the conclusion of Theorem

3.3. Additional regularity conditions may be imposed on Θ so as to rule out

such sequences. For instance, we may assume the existence of a c ∈ [1,∞) such

that R′ ≤ c for all R ∈ Θ. Such a condition rules out sequences of odcs along

which the limit distribution of Mp
m,n diverges, but does not ensure that the 45◦

line R(u) = u is least favorable when p > 2. In simulations reported below (see in

particular Figures 3.2(c) and 3.3(c)) we find that odcs exhibiting only a modest

degree of steepness at the origin generate limit distributions that are not first-order

stochastically dominated by the limit distribution at the 45◦ line.

At an intuitive level, the anomalous behavior of Mp
m,n when p > 2 and R

is steep near the origin may perhaps be understood in terms of the behavior of

n1/2(G−1
n −G−1), the empirical quantile process for G. Since Mp

m,n is unaffected if

we apply a strictly increasing transformation to the dataXi and Yj, we may assume

without loss of generality that F is uniform on [0, 1]. In this case, G = R−1, and

n1/2(G−1
n −G−1) R′B2 in `∞([0, 1]), contributing the second component of the

limit process TR appearing in Lemma 3.1. Weak convergence of n1/2(G−1
n −G−1)

in `∞([0, 1]) is sensitive to the behavior of the pdf G′: we typically require G′ to be

bounded away from zero on its support, so that the inverse operator is Hadamard

differentiable at G (see e.g. van der Vaart and Wellner, 1996, Lemma 3.9.23). But

when R is steep near the origin, G′ is close to zero near the left endpoint of its
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support. We therefore cannot expect the weak convergence given in Lemma 3.1

to hold uniformly over the space Θ.

To illustrate the content of Theorem 3.2 and Theorem 3.3, we computed

the quartiles of the limit distribution of Mp
m,n for p = 1, 2,∞ over a particular

family of concave odcs. For δ ∈ [0, 1), we let Rδ be the odc given by

Rδ(u) =


ru if u ∈ [0, a]

(1− t(u))2ra+ 2(1− t(u))t(u)rm+ t(u)2(b/r + c) if u ∈ (a, b)

1
r
u+ c if u ∈ [b, 1] ,

(3.5)

where

r =
1 + δ

1− δ
, c =

2δ

1 + δ
, m =

1− δ
2

, a =
4

5r + 4
, b =

(5− 4c)r

5r + 4
,

and

t(u) =
1

a+ b− 2m

(
a−m+

√
m2 − ab+ (a+ b− 2m)u

)
, u ∈ [0, 1].

This seemingly mysterious construction is in fact very simple: Rδ is affine to the

left of a and to the right of b, and between a and b is given by a quadratic Bézier

curve (or conic arc) chosen to make the whole curve continuously differentiable.

In Figure 3.1 we graph Rδ for δ = 0, 0.2, 0.4, 0.6, 0.8. When δ = 0, Rδ is the 45◦

line. When δ > 0, Rδ has two affine segments connected by a rightward bend. As

δ increases to one, the location of the bend moves toward the upper left corner of

the unit square.

The quartiles of the limit distribution of Mp
m,n under each odc Rδ, δ ∈ [0, 1),

are displayed in Figure 3.2. Each panel corresponds to a different value of p. The

horizontal axes track the odc parameter δ. In each panel, the three quartile curves

were computed over a grid of 200 evenly spaced values of δ ∈ [0, 1). At each

value of δ, the quartiles were calculated from 106 random draws from the limit
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Figure 3.1: Ordinal dominance curves used to compute limiting quartiles in
Figure 3.2, as defined in (3.5). We plot the curves corresponding to
δ = 0, 0.2, 0.4, 0.6, 0.8. The curves shift upward as δ increases.

distribution of Mp
m,n given in Theorem 3.1. We used an evenly spaced grid of 103

points to obtain a discrete approximation to the Brownian bridges appearing in

that limit distribution.

The first thing to notice in Figure 3.2 is that the quartile curves are dis-

continuous at δ = 0. In each panel, the three quartiles at δ = 0 exceed their limits

from the right. The discontinuity occurs because the bend introduced to Rδ when

δ > 0 fundamentally alters the limit distribution of Mp
m,n given in Theorem 3.1:

it is determined by a single Brownian bridge when δ = 0, and by two independent

Brownian bridges when δ > 0. At a deeper level, the discontinuity of quartile

curves is driven by the fact that the Hadamard directional derivativeM′
Rh of the

lcm operator M is, for a fixed direction h ∈ C([0, 1]), not generally a continuous

function of R ∈ Θ0. This means that different concave odcs that are close in the

uniform metric may correspond to radically different limit distributions for Mp
m,n.

In panels (a) and (b) of Figure 3.2 we see that the limit distributions of

M1
m,n and M2

m,n do indeed appear to be stochastically largest at δ = 0, as predicted

by Theorem 3.2. As δ approaches one, the quartiles of the limit distribution shrink

toward zero in panel (a), and gently decrease in panel (b). In panel (c) we see
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Figure 3.2: Quartiles of the limit distribution of Mp
m,n, with p = 1, 2,∞. The

horizontal axes track the parameter δ indexing the family of concave odcs
defined in (3.5). Note that the quartile curves are discontinuous at δ = 0.

that the quartiles of the limit distribution of M∞
m,n diverge toward infinity as δ

approaches one, consistent with Theorem 3.3.

In Figure 3.3 we focus on just two of the odcs plotted in Figure 3.1 – R0

and R0.8 – and plot the entire limit distribution of Mp
m,n for p = 1, 2,∞. The limit

distributions were computed by applying a kernel smoother to 104 draws from the

relevant limit distributions, once again approximating the Brownian bridges using

an evenly spaced grid of 103 points. Consistent with the first-order stochastic

dominance predicted by Theorem 3.2, we see in panels (a) and (b) that the limit

distribution of Mp
m,n at R0, the 45◦ line, is indeed mostly to the right of the

limit distribution at R0.8 if p = 1 or p = 2. In panel (c), where p = ∞, this is

no longer true. In fact, not only is it clearly not the case in panel (c) that the

limit distribution at R0 first-order stochastically dominates the limit distribution

at R0.8, but the reverse may be true: the limit distribution at R0.8 appears to

first-order stochastically dominate the limit distribution at R0.
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Figure 3.3: Limit distribution of Mp
m,n, with p = 1, 2,∞. The solid line plots the

limit distribution when R is the 45◦ line, while the dashed line plots the limit
distribution when R = R0.8, as defined in (3.5) and plotted in Figure 3.1.

3.5 Local power

In this section we present two closely related results concerning the local

power of the testing procedure discussed above. These results apply for any p ∈

[1,∞], though it is clear from the results in the previous section that size control

is problematic when p > 2. For simplicity, we assume here that the two sample

sizes are equal: m = n. Proofs may be found in the Appendix.

Consider a sequence of odcs R(1), R(2), . . . ∈ Θ1 with common lcm R ∈ Θ0.

For each n, we observe independent iid samples (X
(n)
1 , . . . , X

(n)
n ) and (Y1, . . . , Yn).

Each X
(n)
i is drawn from the cdf F (n) = R(n), and each Yj is drawn from the

cdf G, which we assume without loss of generality to be uniform on [0, 1]. From

these samples we compute the empirical cdfs F
(n)
n (x) = n−1

∑n
i=1 1(X

(n)
i ≤ x)

and Gn(y) = n−1
∑n

j=1 1(Yj ≤ y) and the empirical odc R
(n)
n (u) = F

(n)
n (G−1

n (u)).

We reject the null hypothesis Θ0 when our test statistic cn‖DR(n)
n ‖p, where cn =

(n/2)1/2, exceeds some critical value τ ∈ (0,∞).

We are interested in the limiting power of our test against sequences of al-

ternatives R(n) that draw closer to Θ0, in some sense, as n→∞. Loosely following

the approach of Delgado and Escanciano (2012), we characterize the proximity of
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R(n) to Θ0 by the quantity ‖DR(n)‖p, the Lp-distance between R(n) and its lcm.

The following result states that, under a uniform boundedness condition on the

first derivatives of the odcs R(n), the power of our test converges to one whenever

the sequence of odcs approaches their common lcm R ∈ Θ0 at a rate slower than

n1/2.

Theorem 3.4. Suppose the sequence of odcs R(1), R(2), . . . ∈ Θ1 has uniformly

bounded first derivatives and satisfies limn→∞ n
1/2‖DR(n)‖p =∞. Then

lim
n→∞

P
(
cn‖DR(n)

n ‖p > τ
)

= 1.

Theorem 3.4 implies that our testing procedure is consistent against any

fixed alternative R ∈ Θ1: merely set R(n) = R for all n.

Our next result implies that, loosely speaking, our testing procedure has

high power against certain sequences of odcs in Θ1 that approach Θ0 at the rate

n1/2. Its statement is reminiscent of a result of Delgado and Escanciano (2012,

Theorem 2).

Theorem 3.5. Let β ∈ (0, 1). There exists η < ∞ such that, if the sequence

of odcs R(1), R(2), . . . ∈ Θ1 has uniformly bounded first derivatives and satisfies

lim infn→∞ n
1/2‖DR(n)‖p ≥ η, we have

lim inf
n→∞

P
(
cn‖DR(n)

n ‖p > τ
)
≥ β.

Theorem 3.5 provides an optimistic perspective on the local power of our

testing procedure: we have nontrivial power against many sequences in Θ1 that

approach Θ0 at the rate n1/2. Of course, since the limit distribution of our test

statistic is zero at all strictly concave members of Θ0, and since those members

constitute boundary points of Θ0, it is easy to find examples of other sequences

in Θ1 converging to Θ0 at the rate n1/2 for which our limiting power is arbitrarily

close to zero.
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Figure 3.4: Odcs used to produce finite sample rejection rates given in Tables
3.1, 3.2 and 3.3. Odcs #1,2,3,5 are given by (3.5) with δ = 0, 0.4, 0.8,−0.4

respectively. Odc #4 is given by R(u) = u1/2. Odc #6 is given by R(u) = u2.
Odc #7 is given by R(u) = 2−1 + 2−1 arctan ((2u− 1) tan(1)). Odc #8 is given

by R(u) = 2−1 + (2 tan(1))−1 tan(2u− 1).

3.6 Finite sample simulations

Here we report numerical evidence pertaining to the finite sample relevance

of the asymptotic results given in Sections 3.3, 3.4 and 3.5. We calculated the

finite sample rejection rates of the statistics M1
m,n, M2

m,n and M∞
m,n under eight

different choices of R. These eight odcs are plotted in Figure 3.4. The first four

odcs are concave, while the second four are nonconcave. We report numerical

rejection rates for sample sizes (m,n) = (20, 20), (20, 50), (50, 50), (200, 500),

(500, 500). The nominal size of all tests was 5%. Rejection rates were based on

104 experimental replications.

In implementing the tests, we compared each of the statistics Mp
m,n to two

different critical values (cvs). The first cv is the 0.95 quantile of ‖DB‖p, the limit

distribution of Mp
m,n when R(u) = u. The second cv is the 0.95 quantile of the

exact finite sample distribution of Mp
m,n when R(u) = u; recall from our discussion

in Section 3.2 that the sampling distribution of Mp
m,n is uniquely determined by

R. Though we lack a closed form expression for the finite sample distribution of
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Mp
m,n, it may be obtained by numerical simulation.

Table 3.1: Finite sample rejection rates for M1
m,n. Odcs #1–8 are plotted in

Figure 3.4. Nominal size is 0.05. Odcs #1-4 are concave; odcs #5-8 are
nonconcave.

Asymptotic cvs Exact cvs
m 20 20 50 200 500 20 20 50 200 500

odc # n 20 50 50 500 500 20 50 50 500 500

1 .030 .032 .032 .046 .044 .053 .051 .046 .052 .049
2 .000 .000 .000 .000 .000 .000 .000 .000 .000 .000
3 .000 .000 .000 .000 .000 .000 .000 .000 .000 .000
4 .000 .000 .000 .000 .000 .001 .001 .000 .000 .000
5 .629 .808 .961 1.00 1.00 .730 .864 .973 1.00 1.00
6 .465 .612 .849 1.00 1.00 .581 .698 .881 1.00 1.00
7 .046 .049 .077 .590 .870 .084 .078 .111 .612 .883
8 .485 .739 .947 1.00 1.00 .625 .846 .968 1.00 1.00

The observed rejection rates of Mp
m,n when p = 1 and p = 2 are reported

in Table 3.1 and Table 3.2. The results for p = 1 and p = 2 are mostly similar. As

expected, the rejection rates for odc #1, the 45◦ line, are very close to 0.05 when

we use exact cvs. If the exact cvs are correct, our rejection rates should lie within

0.0043 of 0.05 with approximately 95% probability; and indeed, we see that 9 of

the 10 rejection frequencies for odc #1 using exact cvs fall in this region. With

asymptotic cvs the rejection rates are close to 0.05 at the larger sample sizes we

consider, but close to 0.03 with smaller samples. The rejection rates for odcs #2–4

are effectively zero using asymptotic or exact cvs. This reflects the fact that our

cvs are chosen to control size at odc #1, the least favorable case, and should be

conservative at other concave odcs. Turning to odcs #5–8, which are nonconcave,

we see that rejection rates increase to one as the sample sizes increase, using either

asymptotic or exact cvs. The rejection rates for odc #7 are much lower than the

rejection rates for the other nonconcave odcs at smaller sample sizes. Power is

greater using the exact cvs at smaller sample sizes. Comparing the rejection rates
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Table 3.2: Finite sample rejection rates for M2
m,n. Odcs #1–8 are plotted in

Figure 3.4. Nominal size is 0.05. Odcs #1-4 are concave; odcs #5-8 are
nonconcave.

Asymptotic cvs Exact cvs
m 20 20 50 200 500 20 20 50 200 500

odc # n 20 50 50 500 500 20 50 50 500 500

1 .030 .035 .035 .047 .045 .058 .052 .048 .052 .047
2 .000 .000 .000 .000 .000 .000 .001 .000 .000 .000
3 .000 .000 .000 .000 .000 .000 .000 .000 .000 .000
4 .000 .001 .000 .000 .000 .001 .001 .000 .000 .000
5 .649 .824 .968 1.00 1.00 .749 .866 .977 1.00 1.00
6 .451 .600 .836 1.00 1.00 .569 .668 .869 1.00 1.00
7 .064 .080 .129 .751 .946 .109 .114 .165 .765 .949
8 .791 .977 1.00 1.00 1.00 .880 .988 1.00 1.00 1.00

for M1
m,n and M2

m,n against the nonconcave odcs, we find that the two tests deliver

similar power against odcs #5–6, while M2
m,n outperforms M1

m,n against odcs #7–

8.

Rejection rates obtained using the statistic M∞
m,n are reported in Table 3.3.

The main feature to observe here is the excessive rejection rate obtained for odc

#3, which is concave. Overrejection is not excessive at smaller sample sizes –

indeed, with m = n = 20 and asymptotic cvs, the test is conservative – but the

rejection rate is well in excess of nominal size at larger sample sizes, rising to over

0.5 when m = n = 500. This phenomenon illustrates the content of Theorem 3.3,

which asserts that when p > 2, the limit distribution of Mp
m,n diverges to infinity

along a suitably chosen sequence of concave odcs. The proof of Theorem 3.3,

located in the Appendix, involves showing that the limit distribution of Mp
m,n can

be made large by choosing a concave odc that is affine and steep near the origin.

We see in Figure 3.4 that odc #3 fits this description.
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Table 3.3: Finite sample rejection rates for M∞
m,n. Odcs #1–8 are plotted in

Figure 3.4. Nominal size is 0.05. Odcs #1-4 are concave; odcs #5-8 are
nonconcave.

Asymptotic cvs Exact cvs
m 20 20 50 200 500 20 20 50 200 500

odc # n 20 50 50 500 500 20 50 50 500 500

1 .013 .027 .025 .045 .042 .054 .051 .048 .050 .047
2 .007 .011 .018 .020 .043 .022 .022 .037 .023 .048
3 .024 .065 .146 .328 .588 .070 .102 .189 .344 .601
4 .000 .001 .000 .000 .000 .002 .002 .001 .000 .000
5 .470 .770 .948 1.00 1.00 .729 .841 .970 1.00 1.00
6 .219 .450 .686 1.00 1.00 .495 .575 .774 1.00 1.00
7 .052 .010 .153 .833 .970 .137 .165 .232 .848 .973
8 .964 1.00 1.00 1.00 1.00 .992 1.00 1.00 1.00 1.00

3.7 Final remarks

In this paper, building on work by Carolan and Tebbs (2005), we studied

a family of nonparametric tests of density ratio ordering between two cdfs F and

G. We showed that, when p ∈ [1, 2], pointwise asymptotic size control may be

achieved by extracting critical values from the distribution of Mp
m,n at F = G, the

least favorable case. When p ∈ (2,∞], this approach breaks down, and the tests

have asymptotic size one.

We have assumed throughout that the two samples used to construct the

test statistic are iid and independent of one another. This assumption may be

implausible in many applications, and its relaxation remains a priority for further

research in this area. A second priority is the construction of more powerful tests

of density ratio ordering, with critical values chosen to achieve correct asymptotic

size at a wider range of points in the null, and not merely at the single point where

F = G. It is conceivable that some version of the modified bootstrap technique

used by Linton et al. (2010) to test for stochastic dominance may be adapted
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to apply in the present context. We leave the investigation of this possibility to

future research.
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3.8 Appendix

Proof of Lemma 3.2. Our task is to show that t−1
n (M(R + tnhn) − R) → M′

Rh

for any sequences tn ↓ 0 and hn → h ∈ C[0, 1]. It is known (see e.g. Durot

and Tocquet, 2003, Lemma 2.2) that sup |Mf −Mg| ≤ sup |f − g| for any f, g.

Consequently, t−1
n sup |M(R+tnhn)−M(R+tnh)| ≤ sup |hn−h|, and so it suffices

for us to show that, for any h ∈ C[0, 1], t−1
n (M(R+ tnh)−R)→M′

Rh. We will do

this by establishing pointwise monotone convergence t−1
n (M(R+tnh)(u)−R(u)) ↓

M′
Rh(u) at each u ∈ [0, 1], which implies uniform convergence by Dini’s theorem.

In what follows, letM′
R,nh = t−1

n (M(R + tnh)−R), and let u be a fixed point in

[0, 1].

Since R is concave, the supporting hyperplane theorem ensures the exis-

tence of an affine function ξu ∈ C([0, 1]) such that ξu(u) = R(u) and ξu ≥ R. It is

known (see e.g. Durot and Tocquet, 2003, Lemma 2.1) thatM(f + g) =Mf + g

for any f, g with g affine, and thatM is positive homogeneous of degree one. We

therefore have

M′
R,nh(u) = t−1

n M(R + tnh− ξu)(u) =M
(
h+ t−1

n (R− ξu)
)

(u). (3.6)

Since ξu ≥ R, it is clear from (3.6) that M′
R,nh(u) is decreasing in n, and so

it remains only to show the pointwise convergence M′
R,nh(u) → M′

Rh(u). Let
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hR,n,u = h+ t−1
n (R− ξu). We will show that, for any fixed δ > 0,

MhR,n,u(u) =M[(aR,u−δ)∨0,(bR,u+δ)∧1]hR,n,u(u) (3.7)

for all n sufficiently large. A representation of the lcm in terms of a supremum of

secant segments (Carolan, 2001, Lemma 1) allows us to write

MhR,n,u(u) = sup
u′∈[0,u]

sup
u′′∈[u,1]

(u′′ − u)hR,n,u(u
′) + (u− u′)hR,n,u(u′′)
u′′ − u′

, (3.8)

with the ratio 0/0 defined as hR,n,u(u) = h(u) if u′ = u′′ = u. Since ξu is affine

with ξu(u) = R(u), when u′ 6= u′′ the ratio in (3.8) is bounded from above by

Mh(u) + t−1
n

[
(u′′ − u)R(u′) + (u− u′)R(u′′)

u′′ − u′
−R(u)

]
. (3.9)

Now, since R is concave and there does not exist a left-neighborhood of aR,u or a

right-neighborhood of bR,u in which R is affine, the term in square brackets in (3.9)

is negative and bounded away from zero as (u′, u′′) ranges over the complement of

[(aR,u−δ)∨0, u]× [u, (aR,u+δ)∧1]. By choosing n sufficiently large, we may there-

fore restrict the suprema in (3.8) to u′ ∈ [(aR,u−δ)∨0, u] and u′′ ∈ [u, (bR,u+δ)∧1].

But the right-hand side of (3.8) is then simply M[(aR,u−δ)∨0,(bR,u+δ)∧1]hR,n,u(u) by

the representation of Carolan (2001, Lemma 1), and so we have proved that (3.7)

holds for all n sufficiently large.

If aR,u = bR,u = u, define M[aR,u,bR,u]h(u) = h(u). Then the claimed

directional derivativeM′
Rh(u) is equal toM[aR,u,bR,u]h(u) regardless of whether R

is affine in a neighborhood of u, and in view of (3.6) we now need only show that

MhR,n,u(u) → M[aR,u,bR,u]h(u). Since (3.7) holds for all n sufficiently large, we
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have

lim sup
n→∞

∣∣MhR,n,u(u)−M[aR,u,bR,u]h(u)
∣∣

≤ lim sup
n→∞

∣∣M[(aR,u−δ)∨0,(bR,u+δ)∧1]hR,n,u(u)−M[aR,u,bR,u]h(u)
∣∣ . (3.10)

And since hR,n,u(u
′) ≤ h(u′) for all u′, with equality when aR,u ≤ u′ ≤ bRu , we

have

M[aR,u,bR,u]h(u) ≤M[(aR,u−δ)∨0,(bR,u+δ)∧1]hR,n,u(u) ≤M[(aR,u−δ)∨0,(bR,u+δ)∧1]h(u).

(3.11)

The lower and upper bound in (3.11) do not depend on n, thereby allowing us

to bound the right-hand side of (3.10) by their difference. We thus arrive at the

inequality

lim sup
n→∞

∣∣MhR,n,u(u)−M[aR,u,bR,u]h(u)
∣∣

≤
∣∣M[(aR,u−δ)∨0,(bR,u+δ)∧1]h(u)−M[aR,u,bR,u]h(u)

∣∣ . (3.12)

The right-hand side of (3.12) depends on δ, which was arbitrary. Letting δ ↓ 0,

the right-hand side of (3.12) vanishes by virtue of the continuity of h, and we are

done.

Proof of Theorem 3.1. When R is strictly concave, Lemma 3.2 implies thatM′
RTR

= TR, and so from (3.4) we have Mp
m,n →p 0, as claimed. Suppose instead that

R is concave but not strictly concave. For u ∈ [ak, bk], we know that R(u) =

R(ak) + hkd
−1
k (u − ak) and R′(u) = hkd

−1
k . Therefore, recalling the definition of

TR in Lemma 3.1, we have

TR(u) = λ1/2B̄1

(
R(ak) + hkd

−1
k (u− ak)

)
+ (1− λ)1/2hkd

−1
k B̄2(u) ∀u ∈ [ak, bk],

where B̄1 and B̄2 are independent standard Brownian bridges on [0, 1]. Let W̄1 and
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W̄2 be independent Wiener processes on [0, 1] such that B̄1(u) = W̄1(u)− uW̄1(1)

and B̄2(u) = W̄2(u) − uW̄2(1). We define T ∗R, T
+
R ∈ `∞([0, 1]) as follows. For

u ∈ [ak, bk], let

T ∗R(u) = λ1/2W̄1

(
R(ak) + hkd

−1
k (u− ak)

)
+ (1− λ)1/2hkd

−1
k W̄2(u)

T+
R (u) = λ1/2

(
R(ak) + hkd

−1
k (u− ak)

)
W̄1(1) + (1− λ)1/2hkd

−1
k uW̄2(1).

For u /∈ ∪k∈K [ak, bk], let T ∗R(u) = TR(u) and T+
R (u) = 0. By construction, TR(u) =

T ∗R(u)− T+
R (u) for all u ∈ [0, 1]. Note that T+

R is affine over each interval [ak, bk].

Consequently, for u ∈ [ak, bk] we haveM[ak,bk]TR(u) =M[ak,bk]T
∗
R(u)−T+

R (u), and

so

M[ak,bk]TR(u)− TR(u) =M[ak,bk]T
∗
R(u)− T ∗R(u) ∀u ∈ [ak, bk]. (3.13)

For k ∈ K and u ∈ [0, 1], define

W̄1,k(u) = h
−1/2
k

(
W̄1 (R(ak) + hku)− W̄1 (R(ak))

)
W̄2,k(u) = d

−1/2
k

(
W̄2 (ak + dku)− W̄2 (ak)

)
.

The self-similarity property of Wiener processes implies that W̄1,k and W̄2,k are

themselves Wiener processes. Moreover, the collection of Wiener processes {W̄j,k :

j ∈ {1, 2}, k ∈ K} is mutually independent. It follows that the random functions

Wk, k ∈ K, defined by

Wk(u) =
λ1/2h

1/2
k W̄1,k(u) + (1− λ)1/2hkd

−1/2
k W̄2,k(u)√

λhk + (1− λ)h2
kd
−1
k

∀u ∈ [0, 1],

also form a mutually independent collection of Wiener processes. We may now

write

T ∗R(u) =
(
λhk + (1− λ)h2

kd
−1
k

)1/2
Wk

(
d−1
k (u− ak)

)
+ γR,k ∀u ∈ [ak, bk],
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where γR,k = λ1/2W̄1(R(ak)) + (1−λ)1/2hkd
−1
k W̄2(ak). Since γR,k does not depend

on u, and M[ak,bk] is positive homogeneous of degree one, we conclude that

M[ak,bk]T
∗
R(u)− T ∗R(u) =

(
λhk + (1− λ)h2

kd
−1
k

)1/2DWk

(
d−1
k (u− ak)

)
(3.14)

for all k ∈ K and u ∈ [ak, bk].

In view of (3.4), it suffices for us to show that ‖M′
RTR − TR‖p has the

distribution stated in Theorem 3.1. Suppose first that p ∈ [1,∞). From the form

of the directional derivative M′
R given in Lemma 3.2, we see that

‖M′
RTR − TR‖p =

(∑
k∈K

∫ bk

ak

(
M[ak,bk]TR(u)− TR(u)

)p
du

)1/p

.

(3.13), (3.14), and a simple change of variables may be used to show that

∫ bk

ak

(
M[ak,bk]TR(u)− TR(u)

)p
du

=
(
λhkd

2/p
k + (1− λ)h2

kd
(2−p)/p
k

)p/2 ∫ 1

0

DWk (u)p du

for each k ∈ K. Let Bk(u) = Wk(u)−uWk(1), a standard Brownian bridge. Since

DWk = DBk, this completes our proof for the case p ∈ [1,∞). Suppose next that

p =∞. Lemma 3.2 implies that

‖M′
RTR − TR‖∞ = sup

k∈K
sup

u∈[ak,bk]

(
M[ak,bk]TR(u)− TR(u)

)
.

It is immediate from (3.13) and (3.14) that

sup
u∈[ak,bk]

(
M[ak,bk]TR(u)− TR(u)

)
=
(
λhk + (1− λ)h2

kd
−1
k

)1/2 ‖DWk‖∞.

for each k ∈ K. Since DWk = DBk, our proof is complete for the case p = ∞

also.
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Proof of Theorem 3.2. If R is strictly concave then Mp
mn →p 0 by Theorem 3.1,

and we are done. Suppose R is concave but not strictly concave. For k ∈ K,

define

lk =
(
λhkd

2/p
k + (1− λ)h2

kd
(2−p)/p
k

)p/(p+2)

.

We need to show that ‖DB‖pp first-order stochastically dominates
∑

k∈K l
(p+2)/2
k

‖DBk‖pp. Begin by observing that

lk = h
p/(p+2)
k · d(2−p)/(p+2)

k · (λdk + (1− λ)hk)
p/(p+2) .

The three exponents on the right-hand side of this equality satisfy

p

p+ 2
+

2− p
p+ 2

+
p

p+ 2
= 1.

Therefore, since p ≤ 2, the well-known inequality between weighted geometric and

arithmetic means implies that

lk ≤
p

p+ 2
hk +

2− p
p+ 2

dk +
p

p+ 2
(λdk + (1− λ)hk) .

Consequently, we have

∑
k∈K

lk ≤
∑
k∈K

(
p

p+ 2
hk +

2− p
p+ 2

dk +
p

p+ 2
(λdk + (1− λ)hk)

)
=

p(2− λ)

p+ 2

∑
k∈K

hk +
2− p+ λp

p+ 2

∑
k∈K

dk

≤ 1, (3.15)

since
∑

k∈K hk ≤ 1 and
∑

k∈K dk ≤ 1. The inequality (3.15) ensures the existence

of a collection of closed intervals [a∗k, b
∗
k] ⊆ [0, 1], k ∈ K, such that the intersection

of any two intervals contains at most one point, and such that b∗k − a∗k = lk for

each k ∈ K. Let W be a Wiener process with B(u) = W (u)− uW (1). Recalling
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that DB = DW , we have

‖DB‖pp =

∫ 1

0

(MW (u)−W (u))p du ≥
∑
k∈K

∫ b∗k

a∗k

(
M[a∗k,b

∗
k]W (u)−W (u)

)p
du.

Since W is self-similar with independent increments, we may define a mutually

independent collection of Wiener processes {Wk : k ∈ K} such that

∫ b∗k

a∗k

(
M[a∗k,b

∗
k]W (u)−W (u)

)p
du = l

(p+2)/2
k

∫ 1

0

(MWk(u)−Wk(u))p du

= l
(p+2)/2
k ‖DWk‖pp

for each k ∈ K. Consequently, we have ‖DB‖pp ≥
∑

k∈K l
(p+2)/2
k ‖DWk‖pp. Letting

Bk(u) = Wk(u)− uWk(1), we obtain the desired first-order stochastic dominance.

Proof of Theorem 3.3. Suppose p ∈ (2,∞). In view of Theorem 3.1, it is clear that

the limit distribution of Mp
m,n may be made to assign arbitrarily small probability

to [0, c] if we can choose R ∈ Θ0 to make h2
1d

(2−p)/p
1 sufficiently large. But since

p > 2, this can always be achieved by making R linear and sufficiently steep

near the origin. For instance, if we set R = Rδ, the odc defined in (3.5), then

d1 = (4 − 4δ)/(9 + δ) and h1 = (4 + 4δ)/(9 + δ). As δ → 1, we have d1 → 0 and

h1 → 0.8, and hence h2
1d

(2−p)/p
1 → ∞ when p ∈ (2,∞). We can therefore make

h2
1d

(2−p)/p
1 arbitrarily large by choosing δ sufficiently close to one. Similarly, we can

make the limit distribution of M∞
m,n assign arbitrarily small probability to [0, c] by

choosing R ∈ Θ0 to make h2
1d
−1
1 sufficiently large, and this too is always possible

by choosing δ sufficiently close to one in (3.5).

Proof of Theorem 3.4. Begin by writing

cn‖DR(n)
n ‖p ≥ cn‖DR(n)‖p − cn‖

(
MR(n)

n −MR(n)
)
−
(
R(n)
n −R(n)

)
‖p. (3.16)
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Since the first term on the right-hand side of (3.16) diverges to infinity, it suffices

for us to show that the second term is Op(1). By Durot and Tocquet (2003,

Lemma 2.2) we have ‖MR
(n)
n −MR(n)‖∞ ≤ ‖R(n)

n − R(n)‖∞, so if we can show

that cn‖R(n)
n −R(n)‖∞ = Op(1) we are done.

Let F = R, the common lcm of the R(n)’s, and let X1, . . . , Xn be an iid

sample drawn from F , independent of Y1, . . . , Yn. Let Fn denote the empirical

cdf of that sample. Note that Xi
d
= F−1(F (n)(X

(n)
i )) for each i, where

d
= signifies

equality of distribution. Consequently, as random elements of `∞([0, 1]), we have

F
(n)
n (·) d

= Fn(F−1(F (n)(·))). We may therefore write

cn
(
R(n)
n (·)−R(n)(·)

) d
= cn

(
Fn(F−1(F (n)(G−1

n (·))))− F (n)(G−1(·))
)

= cn
(
Fn(F−1(F (n)(G−1

n (·))))− F (n)(G−1
n (·))

)
+cn

(
F (n)(G−1

n (·))− F (n)(G−1(·))
)

(3.17)

The first term on the right-hand side of (3.17) is uniformly Op(1) since n1/2

(Fn(F−1(·)) − (·))  B in `∞([0, 1]). The second term on the right-hand side

of (3.17) is uniformly Op(1) since the first derivatives of the F (n)’s are uniformly

bounded and n1/2(G−1
n − G−1)  B in `∞([0, 1]). Thus cn(R

(n)
n (·) − R(n)(·)) is

uniformly Op(1), and the proof is complete.

Proof of Theorem 3.5. The argument here is nearly the same as that used in the

proof of Theorem 3.4. Let Zn denote the second term on the right-hand side

of (3.16), so that cn‖DR(n)
n ‖p ≥ cn‖DR(n)‖p − Zn. Then P (cn‖DR(n)

n ‖p > τ) ≥

P (Zn < cn‖DR(n)‖p − τ). Since Zn = Op(1) and lim infn→∞ n
1/2‖DR(n)‖p ≥ η,

for large enough η we will have P (Zn < cn‖DR(n)‖p − τ) ≥ β for all n sufficiently

large.
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Dykstra, R., Kochar, S., and Robertson, T., 1995: Inference for likelihood ra-
tio ordering in the two-sample problem. Journal of the American Statistical
Association, 90(431), 1034–1040.

Eckstein, Z., and Van den Berg, G. J., 2007: Empirical labor search: A survey.
Journal of Econometrics, 136(2), 531–564.

Ekeland, I., Heckman, J. J., and Nesheim, L., 2002: Identifying hedonic models.
American Economic Review, 92(2), 304–309.

Ekeland, I., Heckman, J. J., and Nesheim, L., 2004: Identification and estimation
of hedonic models. Journal of Political Economy, 112(1), 60.

Engle, R. F., 1984: Wald, Likelihood ratio, and Lagrange multiplier Tests in
Econometrics, volume 2 of Handbook of Econometrics, chapter 13, 775–826.
Elsevier.

Farber, H. S., 1999: Mobility and stability: the dynamics of job change in labor
markets, volume 3 of Handbook of Labor Economics, chapter 37, 2439–2483.
Elsevier.

Fisher, F. M., 1966: The Identification Problem in Economics. McGraw-Hill, New
York.

Gallant, A. R., and Nychka, D. W., 1987: Semi-nonparametric maximum like-
lihood estimation. Econometrica: Journal of the Econometric Society, 55(2),
363–390.
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