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| Non-paraxial propagation of ultrashort laser pulses

in plasma channels

E. Esarey and W.P. Leemans
Center for Beam Physics
Ernest Orlando Lawrence Berkeley National Laboratory

University of California, Berkeley CA 94720

Abstract

" The propagation characteristics of an ultrashort laser pulse in a prefofqu. plasma
channel are analyzed. The plasma channel is assumed to be parabolic and unpertﬁrbed '
by the laser pulse. Solutions to the wave equation beyond the paraxial approximation
are derived that include finite pulse length effects and group velocity dispersion. When
the laser pulse is mismatched within the channel, betatron oscillations arise in the laser
pulse envelope. A finite pulse length leads to a spread in the laser wavenumber and
consequently a spread in betatron wavenumber. This results in phase mixing and damping
of the betatron oscillation. The damping distance characterizing the phase mixing of the

betatron oscillation is derived, as is the dispersion distance characterizing the longitudinal

spreading of the pulse.



I. Introduction

Optical guiding of intense laser pulses in plasma channels [1] is beneficial to a variety
of applications, including plasma-based accelerators [2], harmonics generation [3,4], x-ray
lasers [5,6], and advanced laser-fusion schemes [7-9]. In vacuum a laser pulse will diffrac-
tively expand after a distance on the order of a Rayleigh length Zg = #nr2 /), where r is
the laser spot radius at fdcus, A = 27c/w is the laser wavelength, and w is the laser fre-
quency. High intensity requires a tight focus (small ro) and, hence, a small Raleigh length,
e.g., Zr ~ 300 pm for ro = 10 pum and A = 1 um. A preformed plasma density channel can
prevent pulse diffraction. Specifically, a plasma channel with a radially parabolic density
profile of the form n(r) = ng + Anr?/rl can guide a laser pulse of spot size ry provided
the channel depth An satisfies An = An,, where An. = 1/nr.r2 is the critical channel

depth and r; = e?/m.c? is the classical electron radius [10,11]. In practical units,
Ancfem™] ~ 1.13 x 10%° /ry[um], (1)

e.g., An ~ 10*® cm™3 for A = 10 ym. Plasma density channels have been created in the
laboratory by a variety of methods: (i) Passing a long laser pulsé through an optic to
create a line focus in a gas, which ionizes émd heats the gas, creating a radially expanding
hydrodynamic shock [12-18], (ii) using a slow capillary discharge to control the plasma
profile [19-21], and (iii) using the ponderomotive force of an intense, relativistically self-
guidéd laser pulse in a plasma, which creates a channel in its wake [22-31]. These methods
have been used to guide short pulses, with intensities as high as 10'® W/cm?, over distances
on the order of 20Zr — 100Zg [12-24]. In all experiments published to date [], the laser
pulses guided within the preformed plasma channels were in the regime a2 < 1 and P/P, <
1, where a2 = 7.2 x 1079 A2[um]I[W /cm®], I is the laser intensity, P[GW] = 21.5(agro /)2
is the laser power, P.[GW] = 17(\,/))? is the critical power for relativistic self-focusing,
Ap = 2mc/wyo is the plasma wavelength, and wpe = (47nge? /m.)'/? is the electron plasma
frequency.

In this paper, the propagation of ultrashorf pulses in long plasma channels is examined
in the low intensity a2 < 1, low power P/P, < 1 limits. Solutions to the linear wave

equation are derived beyond the paraxial limit, i.e., finite pulse length and group velocity
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dispersion effects are retained. A formalism is developed that allows the laser field profile
to be calculated in three-dimensions to arbitrarily high order in the parameter A/L. It is
found that betatron oscillations in the laser pulse envelope, which occur when the pulse is
not matched within the channel, damp due to phase mixing with a characteristic damping
length given by Zg ~ (vL/X\)Zg = (7ro/A)?L. In addition, the characteristic scale length
for dispersive spreading of the laser pulse length within a channel is found to be given by
Zp =~ (v4L/r0)*ZR, where v, = (1 — ,83)_1/2 and v, = cf, is the group velocity of the
laser pulse within the channel, i.e., ,ég ~1- w§0/2w2 — 2¢% Jwir?, assuming 1 — B, < 1,
where wyo = (4me’ng/ me)'/? is the electron plasma frequency. These effects are important
for ultrashort laser pulses, and high-power (> 1 TW) sources of ultrashort (< 20 fs) pulses
are readily available [32].

Solutions to the paraxial wave equation describing the propagation of laser pulses in
underdense (w > wyo) plasma channels have been analyzed in detail [1]. Analysis of the
paraxial wave equation with a parabolic density channel of the form n(r) = ng + Anr?/r2
indicates that the normalized spot size R = rs/r¢ of a long, axially uniform laser beam

evolves via [1,33]

&R 1 (. P An_, |
Ef“zgRs(l_E_AncR)’ 2)

where Zr = 7r¢ /), An. = 1/nrer¢ is the critical channel depth, and P is the laser power,
P, ~ 17(A2/A\?) GW is the critical power for relativistic self-focusing [1,34-38]. Note that
P, ~ 19 TW for ng ~ 10'® ecm™® (A, ~ 33 pm) and A = 1 um. The first, second, and
third terms on the right of Eq. (2) ref)resent the effects of vacuum diffraction, relativistic
focusing and channel focusing, respectively. In deriving Eq. (2), a Gaussian radial laser

field profile was assumed, i:e., a normalized laser intensity profile of the form

laf* = a§(r§ /r%) exp(=2r% /72), (3)

where a = eA/m.c? is the normalized vector potential. The parameter qy is related to the
laser power and intensity I at the focal spot r, = ro by af = 7.2 x 107192 [um]I[W /cm’]
and P[GW] = 21.5(a2r2/)\?), assuming linear polarization. Furthermore, the derivation

of Eq. (2) assumes a long laser pulse L > ), and neglects ponderomotive and wakefield
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effects [1,10,11,33,35,37,38], i.e., the parabolié density profile is assumed to be unaffected
by the laser pulse. Other channel profiles, e.g., square or hollow channels [39,40], are not
considered in this paper. In the limits An/An. < 1 and P/P. < 1, the usual solution
for vacuum diffraction is recovered from Eq. (2), i.e., 7y = ro(1 + 22/Z%)!/?, assuming the
initial conditions r, = rg and drs/dz = 0 at 2 = 0.

Equation (2) indicates that the condition for matched-beam propagation (propagation

with a constant spot size ry = rg) is [1,33,38]
An/An.=1- P/P,. (4)

In the absence of a channel, guiding requires P = P, which is the condition of relativis-
tic self-guiding. As is discussed in detail in Refs. [1,11,33,36], relativistic self-guiding is
subject to leading edge erosion and self-modulation instabilities, and is ineffective in pre-
venting the diffraction of short pulses, i.e., pulse lengths L < A,. For low powers, P < F.,
matched beam propagation can be achieved by a channel with An = An,. Matched beam
propagation requires, in addition to Eq. (4), that the beam be injected into the channel
with a spot size r, satisfying dr;/dz = 0 and r; = ro at the channel entrance, where the z
axis corresponds to the channel axis.

In general, the beam will not be perfectly matched within the channel, i.e., the laser
envelope will undergo betatron oscillations. The solution to Eq. (2) for the initial (z = 0)
conditions dr;/dz = 0 and r, = r; is [1,33]

r2  Ancrs P Anrt P Anri
Ly Ll - = — t k 3
r?  2Anr} P * Ancrg ( P, Ancr?)) wos{ ﬁZ)} ’ ©

where kg = (2/Zr)(An/An,)'/? is the betatron wavenumber and r; is the injected spot
size. For P < P, and An > 0, the spot size oscillates between r2 = r? and r? = (1 —
P/P.)An.ré | Anr? with an oscillation period \g = 27 /kg = TZr(An./An)'/?. A matched
beam with ry = r; = rg reqﬁires P = Py, where Py = P,(1 — An/Anc.). Notice that
for r; = ro and k}2? < 1, Eq. (5) reduces to r2/rg =1+ (1 — P/P. — An/An.)z*|Z}.
This indicates that beam will initially focus for P > Py or diffract for P < Py with an

effective Rayleigh length of Zg(1 — P/P. — An/An.)~1/2,
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Equations (2)-(5) are solutions to the paraxial wave equation describing the evolution
of long laser beams. However, some effects of a finite pulse length L can be ascertained
from Egs. (2)-(5) in the limit P/P, < 1. A finite pulse length will introduce a spread in
laser wavenumbers k = ko + 8k, where kg is the central wavenumber and |6k| ~ 2/L < k.
Notice that the condition for guiding a matched pulse with r; = rg is An = Anc,l which is
independent of wavenumber. For a slight mismatch, r; = rg + dr¢ with érg/re < 1, the
solution to Eq. (2) is r, o 19 + érp coskgz. Notice that the betatron wavenumber kg =
2/Zr = 4/kr? depends on the k spectrum ofv the laser pulse. A spread in k will lead to a
spread in kg, i.e., different frequencies will undergo.betatror} oscillations in the channel with
different periods. This will lead to phase-mixing and damping of the betatron oscillations.
Roughly, damping of the betatron oscillations will occur after a distance Zg given by
6kgZp =~ w2, where kg = kgbk/ko. This gives Zg ~ (n/8)koLZr. A more accurate
estimate is given by averaging the betatron orbit ér = dr¢ cos kgz over the k spectrum.
A laser pulse with an axial profile of the form a ~ exp[—(z — ¢t)?/L?] has a k spectrum
f ~ exp(—6k%L?/4). Hence, (57")> = [d8kfér ~ éro-cos(kgoz)exp(—kjy2z*/k§L?), which
implies Zg = koL/kgo = koLZro/2, where Zgro = kor§/2. This result holds provided
L < Zg. Damping of the betatron oscillations in the laser spot has been observed in
nonlinear fluid simulations that model the experiments of Ref. [21].

'The remainder of this paper is organized as follows. Section II presents an analysis
of the linear wave equation including finite pulse length and group velocity dispersion
effects. Solutions for a matched, finite length pulse within a channel, including second-
order dispersion, are derived in Sec. III. In Sec. IV, mismatched pulse propagation is
analyzed, with (Sec. IV A) and without (Sec. IV B) the effects of dispersion. Nonlinear
effects, in particular the hose-modulation instability, are discussed in Sec. V. Section VI
presents a discussion of the results. Three Appendices are also included that discuss the
plasma source term for the linear wave equation (Appendix A), the evolution of ultrashort
laser pulses in the absence of a plasma channel (Appendix B), and generalization of the

results to include high-order modes (Appendix C).



I1. Analysis of Wave Equation

The propagation of an ultrashort laser pulse in a preformed plasma channel will be
considered. A parabolic density channel is assumed with an electron density profile of
the form n(r) = no + Anr?/r3, where An is the channel depth and ry is the channel
radius. Propagation is considered in the limits of low power P/P, < 1 and low intensity
a? < 1, such that nonlinear effects (e.g., relativistic self-focusing) can be neglected and
the density channel can be assumed unaffected by the laser pulse. It is convenient to use
the normalized vector potential a = eA/m.c? with V -a = 0. The linear wave equation
for the transverse component a, of the laser field is

<v2 - ia_z) 0 = R(r)as, (6)

c? o0t?

where kg(r) = k2 o(1 + Anr?/ngrd), kpo = wyo/c, and pr = 47nge? /m.. Here, the source
term S; = k;(r)ax represents the normalized transverse plasma current to first order 1n.
|az|. Derivation of the plasma source term, along with high order corrections, is discussed
in Appendix A.

In terms of the independent variables.{ = z — fg0ct and 2, the wave equation becomes

2 2 82

0
v +28C82’ +( O)aCQ + 55 = k}%(r)alv (7)

where (40 = vgo/c and vy is the linear pulse group velocity, as is defined below. Intro-
ducing the slowly-vary field envelope &, where a, = a@exp(ikoz — iwgt) + c.c., wy is the
central frequency of the pulse, kg 1s the central wavenumber, and c.c. denotes the complex

conjugate, the wave equation becomes
, 2\ o Y .
Vi+2 zlco—l—aC +( 0)824————— a—-[k(r) (p0~—1)]a, (8)

where fpo = wo/cko and Bpofg0 = 1 is assumed.

For a short pulse of length L propagating in a plasma channel, the operators on
the left side of the wave equation, Eq. (8), scale as follows: Vi ~ 1/rg, 8/9¢ ~ 1/L,
8/0z ~1/Zgy, and 1 — B2y ~ why/ws +4/kjr3, where Zgo = ko3 /2 is the Rayleigh length.
The last term on the left of Eq. (8), 8%/822, is typically small and will be neglected in
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the following analysis. This is valid provided (1) |8%a/82%| < 2|8%a/3(dz|, which implies
L <« 2Zpo, and (2) |0%4/02%| < (1 — B2,)|0%a/0¢?|, which implies L? /r§ < (1+kZ,rd/4).
The 20 /0(0z and (1 — 52,)0?/0¢* terms in Eq. (8) represent corrections to the paraxial
wave equation that account for short pulse and group velocity dispersion effects.

Equation (8) can be solved by taking a Fourier transform with respect to ¢ [41].
Neglecting the §2/92% term gives .

. ) bl R R
V3 42k +88) o | ax = ()~ R (5o = 1) + 68— o)l aw, (9

where

~

af

1 e '
== [ dcexp(~iskQ)al), (10)
Notice that Eq. (9) has the form of a paraxial wave equation. Hence, solutions for 4, can

readily be found. For example, the lowest-order Gaussian mode is given by
ar = brexp [0 — (1 —ia)r? /r?], (11)

where the quantities bi(k, z), 0(k, 2), a(k,z), and r4(k, z), which represent the amplitude,

" phase shift, curvature, and spot size of the field in k space, respectively, satisfy

bk =bkors/ro,  (120)
a = (krs/2)0rs/0z, (12b)
0?%r, 4 Anrt
82 k2r3 (1 B Anwé) ’ (12¢)
L, 2/1 1 6k?
5= i () -5 -, 1

where k = ko + 6k, An, = 1/7rrer§ is the critical channel depth, and by is the initial &k
spectrum of the laser pulse at z = 0. Note that for an initial Gaussian axial pulse profile
of the form by = ag exp(—(2/L?), bro = ao(L/v/2)exp(—6k?L?/4). In deriving Eq. (12d),

the central pulse frequency and wavenumber are assumed to satisfy
wa /et — k2 :kgo +4/r, ) (13)

which implies

30 = /81)_02 =1- wzo/wg —4c? Jwgrs. (14)
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This is the correct group velocity for a Gaussian laser pulse propagating at the matched
spot size 7y = ¢ in a channel with An = An,, as demonstrated in Sec. III. Furthermore,
note that in the limit of a long laser beam, Eqgs. (12a)-(12d) reduce to the usual paraxial
solutions when 6k = 0.

Equation (12c) describes the evolution of the spot size r4(z) for a given k = k¢ +
8k mode of the laser field. For a given k, ry undergoes “betatron” oscillations in the
density channel. For example, the solutions to Eqs.v(12b)—(12d) with the initial (at z = 0)

conditions a« = 0, § =0, Or,/0z = 0 and r, = r; are given by

1/r2 %\ . |
“="3 (M ) —M) sinlhaz), o
r? i )
= (e ) (- B mtinn)] oo
2 2,.2 ' 2
ra;  6k*r3, 2 z -1 ™M o
= | M Tt L 15¢).
[r% i (1 ﬂgo)] Frnn an 2 an Zot ) | (15¢)

where kg = 2/Zgp is the betatron wavenumber, Zrp = kr,/2 is the matched Rayleigh
length, and 7y = (r§ An./An)*/* is the matched spot size (rM =r¢ for An = An.). The
nofmalized spot size r;/ro in the paraxial limit, i.e., obtained from Eq. (15b) with ék =0
and An = Ang, is plotted in Fig. 1 versus z/Zp for the matched case r; = rg (solid curve),
and two mismatched cases: r; = 1.5ry (dashed curve) and r; = 0.57¢ (dotted curve).

The solution for the laser envelope is given by
) 1 > To : : N
a(r,(,2) = \/—5_7—(- i d5k;:bk0 exp |16k¢ +160 — (1 — ZQ)E , (16)

where a(k, z), rs(k,z), and 6(k,z) are given by Egs. (15a)-(15¢), and box is the Fourier
transform of the initial (2 = 0) axial profile of the laser pulse b3((¢). Strictly speaking,
box should not contain a finite amplitude at §k = —kq [41], so as to avoid singularities
that may arise in the integrand of Eq. (16). Note that a finite component at 0k = —kg
(k = 0) corresponds to a contribution to the field envelope d that is spatially uniform
in z. An axially uniform contribution to the field envelope is not physical for a realistic
ultrashort laser pulse. Approximate solutions to Eq (16) can be found by expanding the
integrand for |6k|/ko < 1 [41]. Solutions to Egs. (11)-(12) and (16) for the case of vacuum
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diffraction (An = 0) are discussed in Appendix B. Generalization of Egs. (11)-(16) to
describe high-order Laguerre-Gaussian modes is discussed in Appendix C.

Notice that the condition for a matched beam, ry = ry for An = An,, is independent
of wavenumber k, since An,. is independent of k. The betatron wavenumber, however,
does dependent on k, i.e., kg = 4/kr%,. Hence, for a short pulse, the spread in k implies
a spread in kg which leads to phase mixing and a subsequent damping of the betatron

oscillations.



III. Matched Pulse

Since the condition for guiding a pulse with a constant radius ry = ry for An = An,
is independent of wavenumber, matched pulse solutions are possible. Consider a matched
pulse with An = An. and rs = ro. Equations (12)-(15) imply bx = bgo, a = 0, and
0 = —(6k?/2k)(1 — B2, )z. Hence,

ar = bro exp [—r?/ry — (6k%/2k)(1 — 30)2] . (17)

Here, the last term on the right, proportional to §k%z/k, represents the effects of group
velocity dispersion. For a Gaussian axial pulse profile, bxo = ao(L/v/2) exp(—6k?L?/4) and
|6k| ~ 1/L < ko. Hence, in the dispersion term the approximation §k%z/k ':vékzz/ko can
be made (i.e., only second order dispersion effects are retained). Using this approximation,
and assuming a Gaussian axial profile, the Fourier inverse transform of Eq. (17) is given

by

. —1/4 2 (2 (1 —1ino i _
a = dy (1'*‘773) / exXp —g—-ﬁg(—l—_*_%)——itan 1770 5 (18)

where 19 = 2/Zpo and ‘
koLz N (WL/)\())ZZRO

S 21-p5) (T E5rd/4)

is the dispersion length, where Ag = 2m¢/wy. Dispersion causes a broadening of the pulse

Zpo (19)

length, i.e., the effective pulse length is given by
Leo = L(1 4+ 22/Z},)'/2. (20)
The normalized pulse intensity is given by
P =G/ (2 -2 . ()

The normalized intensity |a|?/a2 versus (/L is plotted in Fig. 2 along the z axis (r = 0)
for z = 0 (solid curve), z = Zpo (dashed curved), and z = 2Zpy (dotted curve). Notice
that the axial pulse centroid, corresponding to the position of the peak intensity, is given
by ¢ = 0. Hence, the group velocity of the pulse centroid vgc 1s correctly given by vgc/ ct =

2 1 2 2 A2 ] 202
a0 = L —wyo/wg — 4e* [wirg.
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IV. Mismatched Pulse

Consider the case of a pulse injected into a channel An = An, with a sl'ightly mis-
matched radius, i.e., dry/dz = 0 and r, = ro + 679 at z = 0 with 57‘8/7‘0 < 1. To leadmg '
order in éro /7o, Egs. (12) and (15) indicate

or

a ~ —2—sin(kgz), . (22a)
. To
Ts ™ TQ [1 + -6:—0 cos(kﬁz)] , (22b)
0
(57‘0
by ~ bko 1-— — cos(kgz)| (22¢)
0-
2
6 ~ gro sin(kgz) — 6k (1 — B%))z. : (22d)
o
Thus, to leading order in &r¢ /ro,
éro 2r r?2 18k :
dx =~ bro [1 iy (1 - ?> exp(—zkﬁz)} exp [—g ~ 5z (1-58%)=|. | (23).

This can be written as ax = arg + 6ar, where axo is the matched fundamental (m =0 and
p = 0) mode and a (the term proportional to ér¢/rp) is the matched first order (m =1

and p = 0) Laguerre-Gaussian mode, as discussed in Appendix C.

A. No Dispersion

First consider the limit in which second order group velocity dispersion effects are
neglected, i.e., the term proportional to 6k?z/k is neglected in the expone1.1t of Eq. (23).
To evaluate Eq. (23), kg is expanded to first order in |6k|/ko, assuming §k2/k3 < 1, i.e.,
kg ~ kgo(1—6k/ko), where kgo = 2/Z Ry and Zgro = kor2 /2. The Fourier inverse transform
of Eq. (23), including terms in the exponent to first order in 6k /kq, is given by @ = do + 84,
where

@ = bo(C) exp(—r?/r5) (24)
is the matched pulse solﬁtion in the absence of second-order group velocity dispersion, e.g.,
given by Eq. (18) in the limit Z;} = 0. The perturbation to the pulse envelope due to the

mismatch is given by

2 2
b (1) e (Ga),



where (1 = ( +kpoz/ko. Here, bﬁ((: ) is the initial axial field profile, which for a Gaussian is
given by bo({) = ag exp(—(?/L?). The fundamental field Gy, Eq. (24), and the normalized
perturbed field a; = 6a/(éro/ro), given by Eq (25), versus (/L and r/ry are shown in
Figs. 3 (a) and (b), respectively, at z = 57 Zgo for a Gaussian axial profile with L/)\¢ = 5.
In Fig. 3, note that the centroid of the perturbed field lags behind the fundamental by an
amount A(/L = —kgoz/koL = —1.. '

The centroid of the perturbed field éa (given by (1 = 0) is shifted behind that of
the unperturbed field @, (given by ¢ = 0) by an amount A = ( — (3 = —:kﬂgz/ko. This
indicates that the group velocity vy; = cfBy1 associated with the centroid of the perturbed

field is given by
Bg1 = Byo(1 + kﬁo/ko)_1 ~1-— w§0/2w§ - 602/‘-"3’"(2)7 (26)

which is less than that of the unperturbed field by an amount g0 — Bg1 ~ 4/kgry, where
wy/w§ < 1 and ¢?/w3rg < 1 have been assumed. The perturbed field, Eq.I (25), can be
interpreted as a matched first order (m = 1, p = 0) Laguerre-Gaussian mode in the absence
of dispersion (see Appendix C). The effective axial wavenumber shift 6k, associated with a
Laguerre-Gaussian mode is given by 6k, /kg ~ —2(‘2m +p+1)c?/wira, which is agreement
with the third term on the left of Eq. (14) for (m = 0, p = 0) and of Eq. (26) for (m =1,
p=0).

To analyze the behavior of the pulse radius, consider the local intensity-weighted
mean-squared radius (r?) defined by

< drr3|al?
(r?) = —fffm#. (27)

To first order in 6r¢/rg, the normalized pulse intensity is given by |a|? = [y + 6] with
Iy = |ao|?> = B3(¢) exp(—2r2/r2) and 61 = aoba* + a%6a, where the asterisk signifies the
complex conjugate, i.e., |

o ' oro 2r? 2r2\ |
61 = _—2b0(C)b0(Cl)K (1 - r_2> exp (—7) cos(kgoz). (28)

0 0

- Hence, to first order in érg/ro,
oo 12 T8 ' .
[ arria = 2ai(c), (29)

12




which indicates that the perturbation does not alter the pulse power. Furthermore,

‘which for a Gaussian axial profile, by(¢) = ag exp(—(2%/L?), gives

2 )
0% =2 |1+ 22 AR ) (31)
2 To v
where v
2z 22
ARy = exp (— Zﬂé - Z_;‘;) cos(kgoz) (32)

is the normalized local intensity-weighted RMS betatron radius. Asymptotically, for a
fixed ¢ and z > Zg, the betatron oscillation damps via exp(—z2_/Z[23), where

Zﬂ = (k()L/2)ZR(] ~ ('/TL/)\Q)ZRO ) (33)

is the betatron damping distance. Furthermore, note that there is a front-to-back asym-
metry in the betatron oscillation, i.e., the magnitude of the betatron oscillation at the:
front. of the pulse ({( = L/2) is smaller than it is at the back of the pulse ((. = —L/2). The
normalized local RMS radius of the betatron oscillation AR ((, z), Eq. (32), is plotted in
Figs. 4 (a) and (b) versus z/Zpy for the parameters Ao = 1 ym, L =5 pm, and ro = 10 pm
(Zg = 51 Zpo and Zro = 310 pm). Figure.4 (a) shows ARL((, z) at the pulse center ( =0
(solid curve) and the front of the pulse ( = L (dashed curve); whereas Fig. 4 (b) shows
AR (z) at the pulse center ( = 0 (solid curve) and the back of the pulse ( = —L (dotted
curve). Note that ARL(z) obtains a maximum of ARy, = exp((?/L?) at 2/Zg = —(/L,
e.g., a maximum of ARy = 2.82 at z = Zg for ( = —L. The physical interpretation of
Egs. (27) and (30)-(32) for the local betatron radius becomes ambiguous when ¢% > L?,
since the pulse intensity becomes vanishingly small in these regions.

It is also insightful to define the global intensity-weighted mean-squared radius for the

entire pulse via
0 ffooo d( fooo drr®|al?
=T e amar

This quantity is of relevance to a diagnostic that measures the time-integrated pulse in-

(34)

tensity profile. For a Gaussian axial profile,

[ee} o) 2
/ dg/o drraf? = \/gL%Oag, (35)
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which indicates that the total pulse energy is constant, and

() =2 [1+2220Re(a)|. (36)
where | _
A_RG : exp ( ZZZz> cos(kgoz) (37)

is the normalized global intensity-weighted RMS betatron radius.‘ Hence, for the entire
pulse, the betatron oscillation damps via exp(—z?%/ 2Z[25). The normalized global RMS
radius of the betatron oscillation ARg(z), Eq. (37), is plotted in Figs. 4 (¢) versus z/Z gy for
the parameters Ao = 1 um, L = 5 pum, and ry = 10 um (Zg = 51Zgo and Zgo = 310 pm).

B. Second Order Dispersion

For the case of an axial Gaussian profile, by({) = ao exp(—z%/L?), the inverse Fourier
transform to Eq. (23) can be obtained while retaining terms in the exponent to order
§k?/k%. Specifically, the approximations kg =~ kgo(1 — 6k/ko 4+ 6k?/k2) and 6k%z/k ~
8k2z/ko are made in the exponent of Eq. (23). This indicates d = do + 8, where dq is the
matched pulse soluti’on given by Eq. (18) and

5&:_a0§_@ (1__ E) (14n2)" 1/4
To TO

' r? Cl (1—“71) z 1 :

I ~ Ltan~ly — ik 3

xexp[ 2 73 5] 2tan n1 — tkgoz| , (38)

where (1 = ( + kﬂoz/ko, m = Z/ZDl, and

k0L2/2 (WL/A0)2ZR0

(= B, 1 Zhao o) ~ (3 + K22 /d) (39)

Zp1 =

is the dispersion length for the perturbed field. Equation (38) can be interpreted as a
matched first order (n = 1, p = 0) Laguerre-Gaussian mode, including the effects of second
order dispersion (see Appendix C). Notice that the dispersion length for the perturbation

Zps is shorter than that for the matched solution Zpy, i.e.,

Zp1 — Zp = 4kpo/ K L? = 220/ 7. (40)
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This is a result of the reduced group velocity of the perturbation, 841 < fBg4o, since, as
before, 8d is a first-order Laguerre-Gaussian mode. In particular, Eq. (39) can be written
as Zpy ~ (koL?/2)(1 — B2,)~", where f, is given by Eq. (26). The effective axial pulse
length associated with the perturbed field, Eq. (38), is

La = L(1+22/25,)"V%. @

The intensity profile, to first order in é7¢ /7o, is given by given by |a|? = Io+ 61, where
= |ao|? is the matched pulse solution given by Eq. (21), and 6 = ap6a* + a%éa, ie.,

. 2 2 2 2 2
61 ~ __2aL oo (1 - 2—-) exp [—2% _e G }

L%le{z To To rg L L%
n¢> m¢G 1, ., 1
X COS [kﬁoz + Lzo — L—§1 -3 tan™ " g + 5 tan~?! ml, (42)

where 19 = z/Zpg and m = z/Zp;s.
The local intensity-weighted mean-squared radius, as defined by Eq. (27), is given by

2
(r?) = f};—{l + 25ﬂARm(c,z>

n¢? m¢: 1 - 1 _
X COS [k‘ﬂoz + —Ez)‘ — L—gll — 5 tan 1 70 -+ 5 tan 1 m 9 (43)
where 1/2 9
LeO (2 L2 C <
A — = - 44
Rpq (Lel) exp [Lzo L§1 I + Zs (44)

is the normalized amplitude of the local RMS radius of the betatron oscillation, and Leo(z)
and L. (z) are given by Eqgs. (20) and (41), respectively. At the pulse center ( = 0, the

betatron oscillation damps via exp(—z2/Z§1), where
Zg1 = (koLe1/2)ZRo. (45)

Notice that the damping distance is increased due to dispersion, Zg; = Zﬂ0(1+z2/ZzD1)1/2.
The normalized local RMS betatron amplitude ARz;((, 2), Eq. (44), is plotted in Fig. 5
versus z/Zpo at the pulse center ( = 0 (solid curve), as well as at the front ( = Leo(2)

(dashed curve), and the back ( = —L¢o(z) (dotted curve) of the pulse, for the parameters
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Xo=1pm, L =5pum,ro =10 pm, and A, = 15 ym (Z5 = 16Zro, Zpo = 46Zro, and
Zp1 = 33Zpo). Again, there is a head-tail asymmetry. This asymmetry is complicated
by the fact that the matched solution and the perturbed solution are characterized by
different dispersion lengths, Zpo > Zp;. Asymptotically, for 22 > Z%, the local RMS
amplitude ARy;(z) damps to a finite value. Specifically, at the pulse center { = 0,

| Zp1 12 Z2D1
== A 4
ARr1(0) — <ZD0) exp 7 | (46)
whereas at the front and back of the pulse ( = £L¢(z2),

| Zp1 1/2 Zp1 , Zp1\’
A L, — — ) 47
et~ (32) oo - (0 2 w

For the parameters of Fig. 5, ARz1(0) — 9.3 ><.10_3, ARp1(Leg) — 6.7 x 1074, and
ARp1(—Leo) — 0.33. As before, the physical interpretation of (r?) becomes ambiguous in
the region (2 > L2, since the intensity in that region is vanishingly small.

The global intensity-weighted mean-squared radius, as defined by Eq. (34), including

the effects of second-order dispersion is given by

((r*)) ~ g{l + 2§IO—ARGI(2)

70

(1+ 3z2Z§0/2Z§) 1 1 [ 2ZRo
X k + —tan™ | —— , 48
[ T TE Az 2\ 7 )

where 14

. 2z2 - 22 2z2 .

ARGy = (1 + z 4R0) exp | — / s i (49)
Zs (1 + z2Z12%0/Zf;)

the normalized amplitude of the global RMS betatron oscillation and the relation 1, —7no =
227 Ro /Zg has been used. The normalized global RMS betatron amplitude ARg(z) is
plotted in Fig. 6 for the parameters Zg = 57 Zpgo (solid curve), Zg = 10Zpo (dashed
curve), and Zg = 30Zpo (dotted curve). |
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V. Nonlinear Effects

The above theory assumed a? < 1 and P/P. < 1, i.e., nonlinear effects were ne-
glected. At high intensity and/or power, nonlinear effects could play an important role
in pulse propagation in channels. For example, intense laser pulses are subject to various
instabilities. Two important instabilities are the self-modulation and the laser-hose insta-
bility {2,33,42-46]. In the short pulse regime, these instabilities will undergo ekponential
growth exp(N.) with the number of e-foldings given by [2,46]

‘ 1/3
N,~13 (%kgﬁiz) : (50)
where P/ P, ~ k]%rg aZ/32. Note that the number of e-foldings scales with power P, density
ng, and pulse length L as N, ~ (Pn%Lz)l/s. In terms of the betatron damping length Zg,
the number of e-foldings at the end of the pulsé |¢| ~ L is given by

P L3 1/3
z) . (51)

N.~65 (—————
P. \X2 Zg

It is insightful to estimate how much growth of the hose-modulation instability one
might expect after propagating a distance equal to a betatron damping distance z ~ Zg.
For a plasma density of ng = 10" cm™3 and a laéer pulse with A = 1 ym and L = 5 ym
(a full width at half maximum intensity duration of 20 fs), the number of e-foldings is
N, ~0.25for P =1TW, and N, ~ 0.54 for P = 10 TW. Hence, no appreciable growth of
the instability is expected at this density. As another example, the density range for which
the laser-hose instability will be amplified by less than a factor of 100 can be estimated.
Requiring N, < 4.6 after z = Zg implies ng < 7.9 x 108 cm™3 for P = 1 TW and
ne < 2.5 x 10 ¢cm~3 for P = 10 TW.

It is also important to note that the growth rate Eq. (50) for the hose-modulation
instability was obtained from a paraxial theory, i.e., the cross derivative term 9%/9(8z in
the wave equation for the slowly-varying amplitude Eq. (8) has been neglected. The effects
of the dispersive term 8%/3(8z become very important for ultrashort pulses. This paper
has addressed the effects of this term in.the limits of low power and low intensity. Theories

of laser-plasma instabilities that are valid for finite profile, ultrashort pulses that include
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the effects of the dispersive term are currently lacking in the literature. Based on the results
obtained in this paper, however, some dispersive effects on instabilities of ultrashort pulses
can be estimated. When a matched, fundamental Gaussian pulse (characterized by the
mode numbers m = 0 and p = 0 as discussed in Appendix C) goes unstable in a plasma
channel, it will generated higher-order modes, e.g., the m > 1, p = 0 mode in the case
of self-modulation or the m = 0, p > 1 mode in the case of the laser-hose. As noted in

Appendix C, these modes propagate at different group velocities,
By 21— k2/2k — 2(2m +p+1)/kirs. - (52)

Hence, the excited modes will propagate out of the region of the fundamental pulse when
the group velocity slippage distance becomes comparable to the pump pulse length, i.e.,
zABy ~ L, where Afy = Bg0 — By and By = Bg(m = 0,p = 0). This occurs after a
propagation distance '

z ~ k‘oLZR()/(zm + p), (53)

1e., z ~ Zg for m ~ 1 or p ~ 1. Hence, the growth of the hose-modulation instability
will become significantly altered and/or suppressed after a distance on the order of the

betatron damping distance, z ~ Zg.
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VI. Discussion

The propagation characteristics of an ultrashort laser pulse in a preformed plasma
channel have been analyzed. The plasma channel is assumed to be parabolic with a density
profile of the form n(r) = ng + Anr?/r2. The laser pulse was assumed to have P/P, < 1
and af < 1, such that nonlinear effects (e.g., relativistic self-focusing) could be neglected
and the channel could be assumed unperturbed by the laser pulse. Solutions to the wave
equé,tion beyond the paraxial approximation were derived that include finite pulse length
effects and group velocity dispersion. The laser field is given by a, = a exp(tkoz—iwot)+c.c,
where the field envelope a(r, z,() evolves via Eq. (8). The field envelope is obtained by
performing a single integral over 6k, & = (27)71/2 [%°_dék exp(i6k()éak, where ay is giiren
by Eq. (11) along with the definitions in Eqgs. (12a)-(12d). For completeness, the plasma
source current is discussed in Appendix A, the evolution of ultrashort laser pulses in the
absence of a density channel.(An = 0) is discussed in the Appendix B, and generalization’
of the results to include high-order modes is discussed in Appendix C .

Since the condition for guiding a particular &k = kg + 6k mode with a constant spot
size 7y = 7o is given by An = An, = 1/nr.r2 and is independent of k, matched beam
solutions exist wherein the entire pulse cém propagate with a nonevolving radial profile,
i.e., a normalized intensity profile |d|* ~ a2 exp(—2r%/r2). Group velocity dispersion effects
were included in the matched beam solution to second order order in the parameter 6k /kq.
This results in spreading of the pulse length, i.e., |G|? ~ @3(L/Leo) exp(—2¢2/L%,), where L
is the initial pulse length, Leo = L(1 +22/2%,)'/?, and Zpo = v2oko L?/2 is the dispersion
length for a matched pulse. Here, 72y = (1—8Z%)" and vgo = ¢fyo is the group velocity of
a matched pulse in a channel, i.e., ¥2) = (wo/wp)*(1 +4/k2;r3)~". In terms of the group
velocity dispersion parameter (; often quoted in fiber op’cics~ [47], Zpo = L?/2|B2|c?, where
B2 = —v,?dv,/dw and vy is the group velocity. For a plasma 8, ~ —(1 — 2»)/woc. Since
B2 < 0, the dispersion is anomalous.

A pulse which is not properly matched into a channel undergoes betatron oscillations
in its envelope. For example, if at the channel entrance rs(z = 0) = ro+6r¢ and d}"s/dz =0
with érg/ro < 1, then the spot size associated with a given k = kg + 6k mode undergoes

betatron oscillations about the matched spot size r¢ of the form r, = ro+6rg cos kgz, where
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kg = 2/Zp is the betatron wavenumber and Zg = kr§ /2. A finite pulse length L leads to
a spread in laser wavenumbers |6k| ~ 1/L and, hence, a spread in betatron wavenumbers.
This results in phase mixing and damping of the betatron oscillations. In particular, for
a slight mismatch é6r2/r2 < 1, the RMS radius of the pulse exhibits betatron oscillations
of the form given by Egs. (30)-(32) and (36)-(37). The global RMS betatron amplitude
damps via exp(—2z%/2Z}), where Zg = (koL/2)Zgo = (koro/2)?L is the betatron damping
distance.

An alternative interpretationi for the laser envelope betatron oscillations and their
subsequent damping is the following. To lowest order in ér¢/rg, a mismatched laser pulse
in a channel is a superpbsition of two matched modes: a fundamental Gaussian mode, ay,
and a first-order, axisymmetric Laguerre-Gaussian mode, éa, the amplitude of which is
proportional to érg/ro. The relative axial wavenumber shift between the fundamental and
higher-order mode is given by Ak, ~ —2(2m+p)/kord = —kgo form =1 and p =0, i.e,, a
relative phase shift of A§ = —kgoz. Hence, the first-order correction to the field envelope
oscillates relative to the fundamental at the betatron wavenumber, i.e., via cos(kgoz).
Furthermore, the axial group velocity of the first-order mode 8, ~ c(ko + Ak,)/wp is less
than that of the fundamental 840 = cko/wo by an amount B840 — g1 ~ —Ak,/ko > kgo/ko.

The amplitude of the betatron oscillation, as defined by the intensity-weighted RMS
radius of the pulse, is determined by the interference between the two modes, i.e., de-
pendent on the product &0 da. As the first-order mode slips behind the fundamental, the
relative contribution of the first-order mode to the spot size decreases at the front ({ > 0)
and increases at the back ({ < 0) of the pulse. This results in an asymmetry in the beta-
tron oscillation, i.e., the apparent amplitude initially decreases at the front and increases
at the back of the pulse. As the slippage continues, the two modes overldp less and less,
resulting in an overall decrease in the betatron amplitude, i.e., damping. The character-
istic damping distance is determined by when the slippage distance AL, = (840 — Bg1)z
becomes comparable to the pulse length, i.e., AL; ~ L, which gives z ~ koL/kgy = Zp.
In terms of the axial pulse profile by((), the local RMS betatron amplitude is proportional
to bo(¢1)/bo(¢), where ( = z — Bgoct and (3 = z — ‘,Bgl ct. For Gaussian axial profiles, this
gives the damping behavior indicated by Egs. (30)-(32).
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The effects of second order group velocity dispersion were also included in the analysis
of mismatched propagation in a channel. It was found that the perturbed component of
the radiation field, proportional to érg/rg, undergoes enhanced dispersive spreading that
is characterized by the dispersion length Zp; = 731 ko L?/2, where 731 ~ (wo/wpo)?(1 +
12/k2,r3)~". The decrease in the dispersion length is due to a decrease in the group

velocity associated with the first-order mode of the perturbed field, i.e., v2, = (1—55,)~".

Experimentally, for a long channel z > Zg, the high-order modes representing the
envelope 'mismgtched should be observed to emerge behind the fundamental Gaussian
pulse. The first order mode will become “well-separated” from the fundamental when the
slippage length exceeds the sum of the dispersively broadened pulse lengths, i.e., AL; >
Leo+Le1, which givés z/Zg > (Le0‘+Le1)/L, Wh.ere Leoy = L(142/Zpo1)"/? and Zpg 1 are
the dispersion lengths. Since typically Zg < Zp1 < Zpo, the modes should become well-
separated for z > 2Z3. To correctly determine the temporal intensity profile emerging
from a long channel, corrections of order 673/ r% (or higher) need to be retained in the
determination of the perturbed field éa, which can be accomplished by retaining higher
order terms in the expansion of Egs. (11)-(16). In addition, experimentally realizable
channel profiles can be “leaky” and less apt to guide high-order modes [13,14,48]. This
leakage of the higher-order modes constitufing the envelope mismatch can»lead to an

enhanced damping of the betatron oscillation.

The damping of betatron oscillations in the pulse envelope and the dispersive spreading
of the pulse length are important for short pulses propagating in long channels. Consider
a Ao = 1 pm laser with a matched spot radius of rp = 10 um and a Gaussian axial
profile with L = 5 um, which corresponds to a full width at half maximum of the intensity
profile of Lrwrym = (2In 2)1/2L = 5.9 um (20 fs). The plasma channel is parabolic,
n = ng + Anr?/r2, with An = An, = 1.1 x 10*® cm™3 and ny = 4.9 x 10*® cm™3
(Ap = 15 pm). The matched Rayleigh length is Zro = 7ro/A¢ = 310 pm and the betatron
wavelength is \g = 21/kg = 7Zpy = 990 ym. The betatron damping length is Zgo ~
(mLo/Xo)ZRro = 5TZRro = 0.49 cm, e.g., after z = 1 cm (32Zpg) the global betatron
amplitude would be damped by factor exp(—=z%/ QZ%O) = 0.12. Hence, for a long channel,

22> Zgo, a mismatched pulse would emerge at essentially the matched radius ro. For these

21



parameters, the dispersion length for a matched pulse Zpg ~ (72L? /A2)(1+72r] /Af,)‘lZRo
is Zpo = 46Zpy = 1.4 cm. Hence, after propagating a distance of z = 100Zgo = 3.1 cm,
the pulse length would spread to a length Lo = 2.4L = 12 um (a duration of of 47 fs).
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Appendix A: Plasma Source Term

This appendix concerns corrections that may arise in the plasma source term S due
to the effects of a finite normalized electrostatic potential ¢ = e®/mec?. In Coulomb

gauge, V - a = 0, the normalized transverse wave equation is given by

‘ , &
’ <V —@) aJ_:S_L, (A].)
s, =k2, 8, +2v.4 A2
L= pOnO 4 dct 1 ( )

where n is the plasma density, no is the ambient density along the channel axis, k2, =
4mnge?/mec?, B = v/c is the normalized plasma fluid velocity, and (n/n¢)BL is the nor-
malized transverse plasma current in the fluid approximation. Here, n and 3 are assumed

to obey the relativistic cold fluid equations

(8/0ct + B~ V)u = dafdct + Vo — B x (V x a), (43)
On/Oct+ V- (nB) =0, _ | (A4)
V2¢ = kpo (n — ne) /no, : - (45)

where u = 78, v = (1 — £2)"1/2, and n.(r) is the equilibrium plasma density, which is
assumed to be a parabolic channel of the form n, = ng + Anr?/r3.
Assuming a? < 1, the perturbed fluid quantities én, 6,3, and 8¢, to first order in |al,

obey the equations

96B/0ct = Da/dct + V4, ~ (A6)
06n/0ct + V - (n.683) =0, (A7)
V254 = kf,oén/no. (A8)

Combining Eqgs. (A6)-(A8) yields

(8% /0ct® + k2) V64 + (Oa/dct + V) - VK2 = 0, (A9)
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where k) = kZn.(r)/no = kly(1 + Anr?/ner}). Assuming a ~ exp(tkoz — twot) and
8¢ ~ exp(tkgz — iwgt), it is straightforward to find thé leading order contribution to 63
and ¢, i.e,

6B, ~ay +iVi6d/k, (A10)

5¢§i(a_L-V_Lk12,)/k3. (All)

Similarly, the leading order correction to the source term, Eq. (A2), is given by

Sy~ klay —iko (1 —k2/k3) V164
~klay +Vo(aL - Vik2)/kE (A12)

For a parabolic density channel, V 1 k2 ~ k2, An./noro ~ 4/r}, where An, = 1/7r.r§ is
the critical channel depth. Hence, the correction to the source term 6S; = S, — kga n

scales as

5S_L ~ VL(aL . VLkg)/kg
~ day Jkirt ~ay /2%, - (A13)

where Zgo = kor2 /2 is the Rayleigh length.

The correctioh to the source term 6S; can be neglected provided that it is small in
comparison to the terms retained in the wave equation for the pulse envelope @, Eq. (8),
which is written in terms of the independent variables ( = z — f40ct and z. Since the term
0%a/0z* ~ a/Z%, was neglected in Eq. (8), so can the term 65, ~ a/Z%, be neglected.
The conditions for validity of neglecting this term are discussed in paragraph following Eq.
(8). Specifically, this requires (1) |8%a/02%| <« 2|62a/9(dz|, which implies L < 2Zgg, and
(2) 10%a/02%| < (1 — B})|0%a/0¢?|, which implies L? /r§ <« (1 4 k2,r§/4).
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Appendix B: Diffracting Pulses

In this Appendix, the evolution of short laser pulses in uniform plasmas is analyzed.
In the absence of a channel, the evolution of the Fourier transform of the pulse envelope

ay, is described by Eq. (9) with An =0, i.e.,

AW X |
(v?L " m@) ik = [k — K2 (B2 — 1) + 6K2(1 — B2,)] ., (B1)
where k = ko + 6k and the 8%2/02? term has been neglected in the wave operator. The
total transverse laser field is a; = daexp(tkoz — twpt) + c.c., where the laser field envelope

is given by

a(r,z,¢) = \/——% /_°° dék exp(i6kQ)ar(r, z, k). (B2)

Here, ( = 2 —.ﬂgoét, where ,BZ‘O = ,3;02 =1- wgo/wg — 4c?/w2r?, with the pulse central
frequency and wavenumber satisfying w2 /c? — k% = kzo +4/r3. As is shown below, vgo =
cfgo is the group velocity of the pulse centroid at the focal point (z = 0).

Since Eq. (B1) has the form of a paraxial wave equation, solutions for d; can readily

be found, e.g., the lowest-order Gaussian mode is given by
Gk = by exp [i6 — (1 — ia)r?/r?] (B3)

where the quantities by (k, 2), 0(k, z), a(k, z), and rs(k, z), which represent the amplitude,
phase shift, curvature, and spot size of the field in k space, respectively, satisfy Eqs. (12a)-
" (12d). In the absence of a channel, An = 0, Egs. (12a)-(12d) can be solved to describe
a diffracting field. In particular, for the initial (z = 0) conditions ry, = rg, drs/dz = 0,

a=0,6=0, and by = bk, the solutions to Egs. (12a)-(12d) are

a=z/Zg, (B4)
br =brors/ro0, (B5)
rs = ro(1 + a?)1/2, | (B6)

=a—tan"'a — (§k%r3/4)(1 - B)a, . (BT

where Zg = kr2 /2 is the Rayleigh length associated with the total wavenumber k = ko +6k,

ro is the minimum spot size at the focal point (assumed to be at z = 0), and byp is the
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initial 6k spectrum of the laser pulse at z = 0. Note that for an initial Gaussian axial pulse
profile of the form by = ag exp(—(2?/L?), bro = ao(L//2)exp(—6k?L?/4). Furthermore,
note thaf in the limit of a long laser beam, Egs. (B4)-(B7) reduce to the usual paraxial
solutions when 6k = 0.

It 1s convenient to write a5 in the form

&k = bko eXp('l/)k), (38)
where
1 "9 Tz/rg : -1 0712 2 2\ &
7,/)k——21n(1+a )—(1+ia)+z(a—tan a) — 16k rg (1l — 90)4. (B9)

Since |6k| ~ 1/L < ko, the inverse Fourier transform to Eq. (B8) can be found by expand-
ing Yr(ko + 6k) about ko, i.e.,

Y 2 p + ' 6k + " 6k% /2, (B10)

where ¥ = ¥(6k = 0), ' = (dipr/d6k)(6k = 0), and ¢" = (d*¢x/d6k*)(6k = 0).
Specifically, .

p— -2 2oy _"/re »
Y = ~——2—1n(1+a0)'— m—i—z(ag —tan™" ay), (B11)
2.2
1 %o 0o i [rg
Tk - B12
v ko [(1+iao) (14 tap)? ( )
o oo [Gautiad) 2/ i g
TR - Skorg(1— B13
v kg { (1+ia)2  (1+ia)? +5koro(1 = Bgo)| s (B13)

where ag = 2z/Zgo and Zpgo = korZ/2. Solutions for a(¢) can be found order by order in

the parameter |6k|/ko ~ 1/koL.
A. Zeroth-Order Solution
The zeroth-order (paraxial) solution is given by

ag = bo(C) exp(¢)

r . . _
= bO(C)_T 00 exp | —(1— zao):T + i(ag — tan™? ag)|, (B14)
3 30
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where 759 = ro(1 + a2)/? = ro(1 + 22/Z%,)'/? is the zeroth-order (paraxial) laser spot
size. Furthermore, note that the effective axial wavenumber associated with the laser field

is given by k, = ko + Ov;/0z, where ¥; = Im(3), i.e.,

' 1 ol (1 — ap)? r?
ky =~ ko + - 0 — B15
T \TH D) T AT R 2 (B15)
B. First-Order Solution
To first order, ar = bxo exp(¥ + ¢'6k). The inverse transform of this yields
6= bo(C — i) exp(d). (B16)

For a Gaussian axial profile, by(¢) = ag exp(—(%/L?), the normalized laser pulse intensity
profile associated with the first order solution is

r2 27".2 2

o = o 2 e | -2 - ZcHt?]. (B17)
s0 ‘

s0

plus corrections of order 20! 2 /L?| ~ 1/k2L? (second order in the parameter |6k|/ko).
r 0

Here, 4] and . refer to the real and imaginary parts of ¢', respectively, i.e.,

2 2
, o 2r
— 0 1-=-], B18
vr ko(1 + af) [ T?o] ( | )
: e
b= [+ - | (B19)

The local (1 and global (g axial pulse centroids are defined by

2% dcclal?
(L= T (B20)

J o dclal?
(o = fooo drr ffooo d({|&|2 (B21)

T [ [ dClal
The local pulse centroid is giﬁfen by (1 = —v;. The axial group velocity associated with
the local centroid vy, is defined by d(r/dt = vy — vgo, i.€., '
2 [(Bad+ad) (1—6ad+ad)r? '

e { R [ C+ad? * (+adpn (522)
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In general, the local centroid velocity vy, = vr(r, z) is a function of both r and z. However,
vr = vgo at z = 0 and r = 0. Hence, the value of vy = cfyo given by ,830 =1- wgo/wg -
4c? Jwlkr? is the correct value of the group velocity of the local pulse centroid at the focal
point to first order in ék/kg. As the pulse diffracts the local centroid velocity slightly
increases. Asymptotically, for z/Zro 3> 1 and r =0, vy, > vgo(1 +2/k§rg) ~ 1 — w2y /2wg,
which is the 1-D value.

Inserting Eq. (B17) into Eq. (B21), the global centroid is given by (g ~ aq/2ko. The
axial group velocity associated with the global centroid vg, defined by d(q/dt = vg — vgo,
is given by

VG 2 Vg0 (1+1/kgrd) ':c(l—wgo/ng—l/kg‘rg), (B23)

plus corrections of order (kZroL)~% or higher. Hence, for the entire pulse, the global
centroid velocity v, Eq. (B23), is constant (independent of z) and slightly higher (vy >
vgo) than the value of the local centroid velocity at the focal point vr(0,0) = vg. The
velocities of the local and global pulse centroids given by Eqs. (B22) and (B23) have been

confirmed by numerical solutions of the wave equation [41].

C. Second-Order Solution

To second order, a; = by exp(v) + '8k +1""8k%/2). The inverse transform of this can
be readily obtained for a Gaussian axial profile, bxo = (aoL/v/2) exp(—6k?L?/4), ie.,

- 2\ 72 (C— /L]
amw(=) el am) w20

Note that the validity of the expansion given by Eq. (B10) implies that |2¢"/L?| < 1.
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Appendix C: Higher-Order Modes

In this Appendix, the results of Sec. II are generalized to include higher-order modes.
In analogy with Eq. (9), consider the wave equation describing the evolution of the Fourier

transform of the pulse envelope ag,
iy :
(\7’1 + 2zka—z> ar = [k2(r) — kg (B2 ) + 6K*(1 — B2y)] éx, (C1)

where k = ko + &k, the 0?/02% term has been neglected in the wave operator, and a
parabolic density channel will be assumed k2 = k2,(1 + Anr?/ngr}). A general solution’
to Eq. (C1) is a Laguerre-Gaussian mode, characterized by the mode numbers m and p,
of the form ‘ |

ar = bksp/zLﬁm(s)exp [26 — (1 —ia)s/2 + ipd], (C2)

where s = 2r?/r?  LP, is the generalized Laguerre polynomial and ¢ is the polar angular
coordinate (axisymmetric modes correspond to p = 0). By inserting Eq. (C2) into Eq.
(C1), it can be shown that the functions bx(z), rs(2), a(z), and §(z) satisfy

br = bkors /7o, ' | (C3)
a = (kr,/2)0r, )0z, - (CY)
0%r, 4 Anrt
822 k2r3 <1 B Ancr4> ’ : : (05)
09 ! 2 1)+ k2, — k5(B2 — 1)+ 6K*(1 — B; (C6)
% ok ( m—l—p+ )+ 0(Bpo — 1) +6k*(1 = Bgo)| »

where k = ko + 6k, An. = 1/mr.r2 is the critical channel depth, and by is the initial 6k
spectrum of the laser pulse at z = 0. | )

The quantities bg, «, and ry are independent of the mode numbers m and p and
identical to the previous results, Eqgs. (12a)-(12c). Hence, the condition for a matched
pulse (rs = ro for An = An,) is the same for all modes. The quantity 8, however, does
depend of m and p as well as on the choice of B0 .(Bg08p0 = 1). For consistency, the
previous choice for B0 = cko/wo will be used, i.e., 1 — 8%, = w?; /w3 + 4c? /wird, such that
kZy — k§(B2, — 1) = —4/rj. Note that this choice for B4 gives the correct axial group

velocity for matched propagation (rs = rg) of the fundamental (m = p = 0) mode. For the
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higher order modes, however, it can be shown that the axial group velocity of a matched

mode is given by B, where
1-p2 ~ w2 Jwp +4(2m +p+1)c?/wird. (C7)

The correct value for the axial group velocity is manifested in the value of the effective axial
wavenumber shift (relative to the fundamental), Ak, >~ 86/0z, evaluated in the paraxial
limit (6k = 0) for a matched pulse (r; = rg), i.e., 8y ~ c(ko + Ak,)/wo =~ Bgo(1+ Ak;/ko),
where Ak, ~ —2(2m + p)/kor?. |

For propagation in a parabolic channel (An > 0), the solutions to Egs. (C4)-(C6)
with the initial (at z = 0) conditions a =0, § =0, 0r,/0z = 0, and ry = r; are given by

1L/r?2 r2,\ .
a=—3 (7'?\4 — ) sin(kgz), (C8)
7‘? rt rt . .
r = - [(1 + rgf) + ( - 7]:—44—) cos(kﬂz)] , (C9)
2 2,.2 2
— T_M _ ok ™™™ 12 z _ 1| ™™ z
6= [ 2 1 (1 40 )] T (2m+p+1)tan™ 2 tan Zror (C10)

where kg = 2/ZRp is the betatron wavenumber, Zry = kr3;/2 is the matched Rayleigh
length, and ry = (r An./An) /4 is the matched spot size (ry = ro for An = An,). For
a matched pulse, ry =r; =rpy, a =0, and § = —(2m + p)kgz/2 — §k*(1 — B2,)z/2k.

For propagation in vacuum (An = 0), the solution to Egs. (C4)-(C6) for the initial

(z = 0) conditions rs = rg, drs/dz =0, a =0, and § = 0 are given by

a=z/Zg, | (C11)
re =ro(1 +a?)'/2, (C12)
0 =a—(2m+p+1)tan™" a — (8kr3 /4)(1 = BLy)a, (C13)

where Zg = kr3/2 and r¢ is the minimum spot size at the focal point (assumed to be at

z =0).
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FIG.

Figure Captions

. Normalized spot size 7,/ in the paraxial limit (§k = 0), Eq. (15b), versus z/Zg

for r; = ro (solid curve), r; = 1.5r¢ (dashed curve), and r; = 0.5r, (dotted curve),

with An = An..

. Normalized intensity |d|?/a2, Eq. (21), versus (/L along the axis (r = 0) for a

matched pulse at z = 0 (solid curve), z = Zpo (dashed curve), and z = 2Zpy

(dotted curve).

. Surface plots of (a) fundamental field ao, Eq. (24), and (b) normalized perturbed

field a; = 6a/(8ro/ro), given by Eq. (25), versus ¢/L and r/ro at z = 57 Zpy for
a Gaussian axial profile with L/)\g = 5.

. Normalized local ARL((, z), Eq. (32), and global ARg(z), Eq. (37), RMS radius

of the betatron oscillation versus z/Zpgo for Zg = 57Zpe. (a) shows ARy, at the
center ( = 0 (solid curve) and the front ( = L (dashed curve) of the pulse; (b)
shows ARy at the center ¢ = 0 (solid curve) and the back ¢ = —L (dotted curve)

of the pulse; and (c) shows ARg.

. Normalized local RMS betatron amplitude AR11((, 2), Eq. (44), versus z/ZRo at

the center ¢ = 0 (solid curve), the front ( = Lo(z) (dashed curve), and the back
¢ = —Leo(2) (dotted curve) of the pulse, for Zg = 57Zgo, Zpo = 46Zpo, and
Zp1 = 33ZRo.

. Normalized global RMS betatron amplitude ARg1(z), Eq. (49), versus z/Zgo

for the parameters Zﬁ = 57 ZRo (solid curve), Zg = 10Zgg (dashed curve), and
Zg = 30Zpo (dotted curve)..
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