UCLA

UCLA Electronic Theses and Dissertations

Title
Spectral properties of non-Hermitian random matrices

Permalink
https://escholarship.org/uc/item/18w762m2

Author
Cook, Nicholas Andrew

Publication Date
2016

Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/18w762mz
https://escholarship.org
http://www.cdlib.org/

UNIVERSITY OF CALIFORNIA

Los Angeles

Spectral properties of non-Hermitian random matrices

A dissertation submitted in partial satisfaction
of the requirements for the degree
Doctor of Philosophy in Mathematics

by

Nicholas Andrew Cook

2016



(© Copyright by
Nicholas Andrew Cook
2016



ABSTRACT OF THE DISSERTATION
Spectral properties of non-Hermitian random matrices
by

Nicholas Andrew Cook

Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2016
Professor Terence Chi-Shen Tao, Chair

This thesis presents new results concerning the spectral properties of certain families
of large random matrices. The overarching goal is to extend some well-known results for
matrices with independent and identically distributed (iid) entries to random matrices whose
entries are either dependent or non-identically distributed. Particular attention is given to

the adjacency matrix of a random regular digraph.

Making use of the method of exchangeable pairs, we establish concentration bounds for
codegrees and edge densities of induced subgraphs of a random regular digraph. We apply
these bounds along with other coupling techniques to prove that the associated adjacency
matrix is invertible with high probability, assuming a mild growth condition on the degree

of the graph.

We next prove lower tail estimates for the smallest singular value of matrices with inde-
pendent but non-identically distributed entries, including matrices with most entries set to
zero deterministically. In particular, we show that for small diagonal perturbations of cen-
tered random matrices with independent entries of bounded variance, the smallest singular

value is of inverse-polynomial order with high probability.

Finally, we prove that the circular law holds for a random matrix obtained from the
adjacency matrix of a dense random regular digraph by multiplying each entry by a random

sign.
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CHAPTER 1

Introduction

In the past decade or so, much progress has been made in the understanding of spectral
properties for 7id matrices — that is, matrices of the form X = (&;)7,—; where the entries
&i; € C are independent and identically distributed random variables, and n is either large or
going to infinity. Note that we impose no symmetry constraint on X, so that in general it will

be a non-Hermitian matrix. Many of these results fall into the following broad categories:

Bounds on the probability that certain discrete iid matrices are singular;

Quantitative lower tail estimates for the smallest singular value;

Strong versions of the universal circular law describing the limiting global distribution

of the spectrum in the complex plane;

Various local universality results describing the asymptotic fine-scale distribution of

eigenvalues.

The above items cover various results by many authors, which we discuss in more detail in
the chapters below. “Universality” refers to the phenomenon that in the large n limit, many
spectral statistics of random matrices depend on only a few details of the distribution of the

entries, such as their first two moments.

An overarching goal of this thesis is to extend some of these results to cover various
non-itd matrix models — that is, random matrices with entries that are either dependent or
not identically distributed. We present results falling into the first three categories above.
Particular attention is given to adjacency matrices of large random regular digraphs (“rrd

matrices” ), which are 0/1 matrices drawn uniformly at random under the constraint that
1



all row and column sums are equal to a parameter d (the degree), which may grow with the
matrix dimension n. Here the entries are identically distributed Bernoulli variables which are
jointly dependent. We also consider “structured random matrices”, which have independent
entries with a specified pattern of means and variances, as well as a hybrid model where one

attaches iid weights to the nonzero entries of an rrd matrix.

The thesis is based on the following four papers written by the author in the last two

years:

1. “Discrepancy properties for random regular digraphs”,
2. “On the singularity probability for random regular digraphs”,
3. “The smallest singular value for structured random matrices”,

4. “The circular law for signed random regular digraphs”.

The first two papers have been accepted for publication in Random Struct. Algor. and
Probab. Theory Relat. Fields, respectively. These papers are roughly reproduced in the
four subsequent chapters of this thesis. Some some minor edits and rearrangements have
been made from the original papers in order to avoid repetition and to give a more unified

presentation.

A central theme that emerges from these works is a close connection between the in-
vertibility of a random matrix and graph expansion properties enjoyed by its support. Here
“support” can either mean the set of nonzero entries or, in the case of structured random
matrices, the set of entries with variance exceeding some threshold; the support is associ-
ated to a directed graph in the natural way. A prior instance of this connection is a result of
Rudelson and Zeitouni [RZ16] on the smallest singular value for a class of Gaussian matrices,

which we extend to matrices with more general entry distributions — see Chapter 4.



1.1 Overview of chapters

Discrepancy properties for random regular digraphs

The material in Chapter 2 is based on the author’s work in [Cool6]. This chapter is con-
cerned with establishing various regularity properties holding with high probability for the
distribution of edges in a random regular digraph. In particular, in Theorem 2.1.5 we give
sharp tail estimates for the codegree of a fixed pair of vertices, and for the number of edges
passing from one fixed set of vertices to another. Applying the union bound, we conclude
that off a very small event the densities of edges between all sufficiently large sets of vertices
are uniformly close to their expectation. In terms of the adjacency matrix this means that
with high probability all sufficiently large submatrices have density very close to the density
of the whole matrix. Such estimates are called discrepancy properties in the random graphs

literature.

The tail estimates in Theorem 2.1.5 are established using a theorem of Chatterjee for
concentration of measure by the method of exchangeable pairs [Cha07], a technique originally
developed by Stein for proving normal approximation of random variables [Ste72]. A natural
way to create exchangeable pairs of random regular digraphs is to apply the well-known
suitching operation, which we use to obtain our concentration estimates for edge densities.
However, it turns out that to obtain tight control on the influence of a random switching on
edge densities we first need to prove that codegrees are uniformly close to their expectations.
The exchangeable pairs developed to prove concentration of codegrees are formed using a

novel “reflection” involution on regular digraphs.

This is the only chapter where we are not directly concerned with spectral properties of
random matrices. However, we note that the discrepancy properties we obtain are closely
related to the property of having a spectral gap, though the latter is not implied by our
bounds. In a separate work [CGJ] with Goldstein and Johnson we apply the method of
size biased couplings, another offshoot of Stein’s method (see [CGS11, GR96, GG11]), to
prove a bound of optimal order on the spectral gap for random undirected regular graphs

of growing degree, extending a classic result of Kahn and Szemerédi for graphs of bounded
3



degree [FKS89]. The work [CGJ] is not included in this thesis.

The main result of this chapter, Theorem 2.1.5, is applied extensively in Chapter 3
(indeed, this result was obtained as an offshoot of our work on the singularity probability

problem), and is also used in Chapter 5.

The singularity probability for random regular digraphs

The material in Chapter 3 is based on the author’s work in [Cool5]. The main result of
this chapter is Theorem 3.1.2, which says that an rrd matrix is invertible with probability
tending to one provided the degree of the graph and of its complement grows at least poly-
logarithmically. We also establish Theorem 3.1.13, which proves invertibility with high
probability for a general class of matrices obtained by taking the Hadamard (entrywise)
product between a matrix of iid Bernoulli signs and a fixed 0/1 matrix whose associated
digraph satisfies certain graph expansion properties. These expansion properties can easily
be shown to hold for random regular digraphs using the results from Chapter 2, which allows
us to deduce that a signed rrd matrix — the Hadamard product between an rrd matrix and

a matrix of iid signs — is invertible with high probability.

Our approach for all of these results is broadly influenced by the proof by Komlés [Kom67]
that an iid Bernoulli matrix is invertible with high probability. What makes rrd matrices
more difficult is the dependencies among the entries. To get around this, we use a key
technique of “injecting independence” by applying several independent switching operations
within a pair of rows of the matrix (giving a “shuffling coupling” — see Definition 3.3.1),
allowing us to mimic parts of Komlds’s argument. The discrepancy properties from Chapter 2
are used repeatedly to avoid various bad events that can arise due to the dependencies among

entries.

The smallest singular value for structured random matrices

In Chapter 4 we turn from rrd matrices to a different class of matrix models which we call

structured random matrices. These take the form M = Ao X + B = (a;;&;; + b;;), where A

4



and B are fixed matrices (which we call the “standard deviation profile” and “mean profile”
for M) with a;; > 0, and X is an iid matrix (here o denotes the Hadamard product). Our
main question is: under what conditions on A and B, as well as the distribution of §;;,
can we obtain polynomial lower bounds on the smallest singular value of M holding with
high probability? As in the previous chapter, the main theme is that we can establish such

bounds if A satisfies certain graph discrepancy or expansion properties.

We have two main results. The first, Theorem 4.1.14, is an extension of a result of
Rudelson and Zeitouni [RZ16] for the case that X is an iid Gaussian matrix and A satisfies
a certain set of expansion assumptions called “broad connectivity”. We extend their result

to a general class of entry distributions &;;.

The main result of the chapter, Theorem 4.1.17, shows that if one takes B to be a diagonal
matrix with entries bounded away from zero, then we obtain the desired lower tail estimates
for the smallest singular value for essentially arbitrary A (assuming only that the entries
a;; are uniformly bounded). The proof makes use of Szemerédi’s regularity lemma (more
precisely, a version for digraphs due to Alon and Shapira — see Lemma 4.6.2) to partition
the matrix A into submatrices that have good discrepancy properties. The invertibility of
submatrices is then lifted back to the whole matrix using the Schur complement formula and

some graph theoretic arguments.

The work in this chapter was motivated by the problem of proving convergence of the
empirical spectral distribution for centered random matrices with a “variance profile”, i.e.

n X n matrices of the form

AoX = (%aij&» (1.1)

1

v

(normalized so that the eigenvalues of Y are at scale ~ 1). This problem aims for a gener-
alization of the circular law, which covers the case that A is the all-ones matrix. A crucial
step is to obtain lower tail estimates for the smallest singular value of scalar shifts ¥ — z
for arbitrary fixed z € C (here we identify z with a scalar multiple of the identity matrix).

As a consequence of Theorem 4.1.17 we obtain such bounds for any fixed z nonzero (see

5



Corollary 4.1.21), which is sufficient for the purposes of proving convergence of spectral dis-
tributions. This result is used in a separate work [CHNR] with Hachem, Najim and Renfrew
to establish the limiting spectral distribution for a wide class of matrices Y of the form (1.1).

The work in [CHNR] is not included in this thesis.

The circular law for signed random regular digraphs

In the final chapter we combine some of our results from Chapters 2 and 4 to prove that
the circular law holds for the limiting spectral distribution of signed rrd matrices, which are
matrices of the form Ao X = (a;;&;;), where A is the adjacency matrix of a uniform random
regular digraph and X is a matrix of iid Bernoulli signs. Here we cover the case that the
degree of the digraph is linear in n. The introduction to Chapter 5 also contains an overview

of existing results and conjectures on the extent of the circular law universality class.

1.2 Notation

The following notation is used repeatedly throughout the thesis. Each chapter also contains

a section that lists notational conventions specific to that chapter.

[n] The set of natural numbers {1,...,n}.

My (5) The set of n X m matrices with entries lying in the set S (which
will generally be R, C, {+1,—1} or the interval [0, 1]).

M, (S) Abbreviation for M,, ,(S) as above.

{se(M)}7_, The singular values of a matrix M € M,,(C), which are counted
with multiplicity and arranged in non-increasing order s, (M) >
2 5 (M) 20,

{ (M)}, The eigenvalues of a matrix M € M, (C), which are counted

with multiplicity and labeled in some arbitrary fashion.



Snfl
C,C, ¢, cg, ete.
<9, 9> f

f=06()
[ =ol(g)
g =w(f)
E X
X<y
Le

Denotes the Euclidean ¢ norm when applied to vectors in R"
or C", and the /' — ¢ operator norm when applied to n x m
matrices. Other norms are indicated with subscripts.

The unit sphere in C™ with respect to the Euclidean norm.
Unspecified constants whose value may change from line to line.
Understood to be absolute unless indicated otherwise.
(Synonymous) There is a constant C such that |f| < C'g. Unless
otherwise remarked the implied constant C' will be independent
of all parameters. We indicate dependence of the implied con-
stant on parameters with a subscript, e.g. f <, g.

Both are synonymous to the above.

f<gand g < f.

Synonymous to the above.

f/g — 0 as n — oo (for quantities f, g depending on a natural
number n, which will always denote the dimension of the ran-
dom matrix under consideration). We will occasionally use this
notation when the limit is taken with respect to some other pa-
rameter, in which case we indicate the limit with a subscript, e.g.
f = 0,-0(g) means f(r)/g(r) — 0 as » — 0. We indicate that
the rate of convergence depends on the value of some parameter
with a subscript, e.g. f = 0,(9).

Synonymous to the above.

Mathematical expectation of a random variable X defined on an
underlying probability space (€2, F,P) (which will remain hidden
throughout the thesis).

(For random variables X,Y") X is identically distributed to Y.
The indicator random variable corresponding to an event £. For

a statement P, 1(P) := 1{p nolds}-



CHAPTER 2

Discrepancy properties for random regular digraphs

2.1 Introduction

Forn > 1 and d € [n] = {1,...,n}, let D, 4 denote the set of d-regular directed graphs
on n labeled vertices — that is, with each vertex having d in-neighbors and d out-neighbors
(allowing self-loops). Let I' = (V, E) be a uniform random element of D,, ;. One may identify
I’ with a uniform random d-regular bipartite graph on n + n vertices in the obvious way.
We will stick with the digraph interpretation, though we note that all of our results can be

extended to cover (d, d')-regular bipartite graphs on m + n vertices; see Section 2.1.4.

Our aim in this chapter is to show that two types of statistics of I' are sharply concentrated
when n is large and d is sufficiently large depending on n. We identify V' with [n] throughout,

and view E as a subset of [n]?. We sometimes write i — j to mean (i,5) € E.

1. Codegrees: Denote the number of common out-neighbors of a fixed pair of vertices
il, ig < [TL] by

Gor(iy, i) = H] € [n]:ir — j and i — ]H
and the number of common in-neighbors by

—

cor(iy,12) := H] € [n] 14 < j and 4y %j}‘-

We expect these statistics to be of size roughly d?/n = p?n, where we denote by

p := d/n the average edge density for T'.



2. Edge counts: For fixed subsets of vertices A, B C [n], denote the number of edges
passing from A to B by
er(A,B):=|EN(Ax B)|.

We expect this statistic to be of size roughly p|A||B| =: u(A, B). We refer to the
deviation

discr(A, B) == |er(A, B) — u(A, B)| (2.1)

as the (edge) discrepancy of I at (A, B).

We will loosely use the term edge discrepancy property to refer to a bound on edge discrep-
ancies holding uniformly for all pairs (A, B), or at least for all pairs of “sufficiently large”

sets A, B.

The discrepancy properties and control on codegrees proved in this chapter are an im-
portant component for the proof in Chapter 3 that random 0/1 matrices with constant row
and column sum d are invertible with high probability, assuming min(d,n — d) > Cylog®n
for sufficiently large absolute constant Cy. We expect that the results of the present chapter

will also be useful for questions of a more graph-theoretic nature.

2.1.1 Background on random regular graphs

Random graphs have been studied intensively since their popularization by Erdés as a tool
for proving of the existence of graphs with certain properties, often when no constructive
approach was known (such as graphs with arbitrarily large chromatic number and girth; see
[AS08]). They have since found myriad applications in computer science, physics, biology,

and other fields. The most commonly used model is the binomial or Erdés—Rényi random

n

2) possible edges is present independently of all others

graph G(n,p), in which each of the (
with probability p. We may similarly define the Erdés—Rényi digraph D(n, p), which has n?

possible directed edges.

Random regular graphs emerged as a popular model much later, and their origin can

also be traced back to a question in extremal combinatorics: are there expander graphs of

9



bounded degree? (Strictly speaking the term “expander” only makes sense for a sequence of
graphs; the reader may consult the survey [HLWO06] for a precise statement of this question.)
This was answered in the affirmative by Pinsker in 1973 [Pin73] (and independently by
Barzdin and Kolmogorov in the bipartite case [Bar93]) who showed that certain random

regular graphs of constant degree are expanders with positive probability.

Since then, much of the interest in random regular graphs has been due to their robust
connectivity properties as compared to Erdés—Rényi graphs. Indeed, while Erdos—Rényi
graphs are asymptotically almost surely disconnected when the average degree is smaller
than logn, random regular graphs are not only connected with high probability for degree
as small as 3, they are nearly Ramanujan (meaning they are near-optimal expanders in a

certain sense; see [Fri08]).

Random regular graphs are often harder to analyze than their binomial counterparts since
the d-regularity constraint destroys the independence of the edges. Nevertheless, asymptotic
enumeration results were obtained in [BC78], [Bol80] and [Wor80]. The introduction by
Bollobés in [Bol80] of the configuration model for the uniform random regular graph allowed
for many later developments (ideas similar to the configuration model were also present in
[BC78] and [Wor80]). Here one generates a uniform random regular graph by the following

procedure:

1. Associate to each vertex v € V' a “fiber” F, of d “points”, so that there are

=nd

UF.

points in total.
2. Select a pairing P of the nd points uniformly at random.

3. Now collapse each fiber F,, to the associated vertex v: we say that v is connected to w
if there are points v’ € F,, w’ € F,, such that v'w’ € P. In general the resulting graph
G = G(P) is a d-regular multi-graph; however, conditional on the event Egmple that

that P collapses to a simple graph, it is easy to check that G(P) is a uniform random
10



d-regular graph. Hence we may
4. repeat this process if necessary until we obtain a simple graph.

The procedure can be modified to generate uniform random d-regular directed or bipartite
graphs in the obvious manner. When using the configuration model to bound the probability
of an event B holding for a uniform random regular graph, one “lifts” B to the corresponding

event I3’ for the pairing P, which is often easier to analyze. Then one can bound

P(B')

P(B) = P(B'|Emple) < =g
(B) = P(B'|Esimple) EA—

(2.2)

A particularly nice feature is that working with the random pairing P rather than with
the graph G gives access to concentration of measure inequalities for martingale sequences
(e.g. the Azuma—Hoeffding inequality). (However, we will see below that the method of ex-
changeable pairs can be applied directly to the uniform measure on random regular graphs.)
A drawback is that P(Egmple) becomes quite small when the degree d is large. Indeed, the

enumeration result of [BC78] implies the estimate
P( ) = exp (~0(d2)) (2.3)

for d fixed (see Section 2.1.5 for definitions of asymptotic notation used in this chapter). This

asymptotic was later shown by McKay and Wormald in [MW91] to hold when d = o(y/n).

An advantage of the concentration results given in Theorem 2.1.5 below is that they are
proved for the uniform random regular digraph directly, rather than through the configura-
tion model, and hence do not have to compete with with the small probability in (2.3). In
particular, our results are not limited to d = o(y/n) (in fact the bounds are strongest for

dense graphs).

Our approach is to exploit symmetries of the set M, (d) of a “local nature”, i.e. ones
that change only a small number of edges. This leads naturally to the method of switchings,
developed by McKay and Wormald in several works (see the survey [Wor99]). For regu-

lar digraphs, perhaps the most obvious symmetry is to change between the following two
11



configurations of edges at fixed vertices i1, i2, j1, Jo:

i1 0\—7>7'j1

v

’

iy —— S0 jy

where we use a solid arrow to depict an edge and a dashed arrow to indicate the absence
of an edge. We refer to this modification as a simple switching. Roughly speaking, the
probability that an event B holds for random regular graphs can be estimated by performing
a switching in a random fashion (such as by sampling the indices i1, iz, j1, jo at random) and
estimating the probability that the graph enters or leaves the event B under the application

of the switching.

McKay introduced the method of switchings in [McK81b], and in [McK81a] used it to
prove bounds on the probability of occurrence of cycles of various length in a random regular
graph of bounded degree. Through the trace method this allowed him to deduce that the
limiting spectral distribution of the adjacency matrix is that of the infinite d-regular tree,
now known as the Kesten—-McKay distribution. (For d tending to infinity with n, the spectral
distribution is instead governed by the semi-circle law, as was proved by Dumitriu and Pal
[DP12] in the sparse regime d = n°Y), and by Tran, Vu and Wang in the general case
by a different strategy [TVW13], which we describe in Section 3.1.1 — see the discussion
around (3.7).) Since then, the method has been extended and applied to several problems
on random regular graphs, such as to extend the asymptotic enumeration results of [BCT78],
[Bol80], [Wor80] to d = o(y/n) in [MW91]. See the survey [Wor99] for more background
on switchings. See also [McK] for a simple illustration of the method for the problem of

estimating the probability that a random permutation has a fixed point.

2.1.2 Codegrees, edge discrepancy, and pseudo-randomness

Parallel to the study of random graphs, there has been a rich literature on pseudo-random

graphs, which is an imprecise term for deterministic graphs that exhibit properties held

12



by (Erdés—Rényi) random graphs with high probability. Systematic research into pseudo-
random graphs was initiated by Thomason in [Tho85], [Tho87], where he introduced the
notion of jumbled graphs (see Definition 2.1.11 below). In [CGW89], Chung, Graham and
Wilson defined quasi-random graphs and proved that several “pseudo-randomness” proper-

ties are in fact equivalent. See also the survey [KS06] and Chapter 9 of [AS08].

In particular, the works [Tho85] and [CGW89] highlighted a close connection between
codegrees and edge discrepancy, the quantities of interest for the present work. We have the
following result from [KSVWO01] deducing a discrepancy property from uniform control on
codegrees, proved earlier for the Erdés—Rényi case in [AKS99], and essentially going back
to [Tho85]. (While the result in [KSVWO01] was stated for undirected graphs, the following

version can be obtained by following similar lines to the proof given there.)

Lemma 2.1.1 (Pseudorandomness [KSVWO1]). Let I' be a fized element of D,, 4 with the

property that for some € > 0 and for every iy,1s € [n| distinct,

maxwp(z’l,@) , &)F(il,zz)} < (1+e)p*n. (2.4)
Then for any pair of sets A, B C [n] such that |A|,|B] > 1% = (ep)~', we have
1/2
er(4,B) 1’ < [ 2en } (2.5)
plAllB| max(|Al, |B[)

Remark 2.1.2. Note that in order to have concentration of er(A, B) at the scale of the mean
p|A||B|, the lemma requires that one of the sets be of size linear in n. Theorem 2.1.5 below

will allow us to extend this to much smaller sets.

Lemma 2.1.1 can be used to deduce control on edge discrepancy for random regular
digraphs holding asymptotically almost surely (a.a.s.), as soon as one can show that (2.4)
holds a.a.s. This was the route taken in [KSVWO01] for the undirected case by Krievelevich,
Sudakov, Vu and Wormald, who obtained the following concentration result for codegrees in

sufficiently dense d-regular graphs.

Theorem 2.1.3 (From Theorem 2.1 in [KSVWO01]). Let G' be a uniform random d-reqular
13



undirected graph on n vertices. Suppose that

w(y/nlogn) <d <n—cn/logn

for some constant ¢ > 2/3. Then asymptotically almost surely we have

2

d? 1
COg(il,iQ) — g < (C— +6d osn

n? n

max
i1,i2€V

for some C' > 0 absolute. If d > cn/logn we may take C' to be zero.

Remark 2.1.4. Theorem 2.1 in [KSVWO01] also states some weaker upper bounds on codegrees

valid for smaller d, which we have omitted.

The proof of Theorem 2.1.3 divides into two (overlapping) cases. For min(d,n — d) >
cn/logn the proof uses an asymptotic enumeration formula for dense graphs with given
degree sequence, proved in [MW90]. The method of switchings is used for the case d = o(n).
The proof shows that the estimate o(1) for the probability that (2.6) fails is in fact O(n=°)

for some ¢ > 0 absolute.

2.1.3 Results

We combine variants of the switching method of McKay and Wormald with the method of
exchangeable pairs for concentration of measure, as developed by Chatterjee in [Cha07], to
prove exponential tail bounds on codegrees and edge discrepancies. For edge discrepancies
we use the simple switching coupling, reviewed in Section 2.3.1, while for concentration of
codegrees we employ a novel (to our knowledge) “reflection” coupling, described in Sec-

tion 2.3.2.

For both er(A, B) and cor(iy,is) we are able to prove tail bounds that match (up to
constant factors in the exponential) what can be obtained in the Erdés-Rényi case using
Chernoff bounds (specifically, Bernstein’s inequality). As a consequence, we can combine
our concentration estimates with union bounds to prove discrepancy properties essentially

matching those available for Erdés—Rényi digraphs. We review the (brief and completely
14



standard) proofs of analogous results for the Erdés—Rényi case in Section 2.2.1 for compari-

SO1l.

It is possible that our approach can be extended to prove similar results for undirected
(non-bipartite) random regular graphs, but we do not pursue this matter here. It is also
likely that our methods can be applied to the study of directed multi-graphs with given

(non-constant) degree sequence.

Before stating our main theorem we set up some notation. Due to the constraint of
d-regularity, a deviation of er(A, B) from its mean coincides with an equal deviation of
er(A°, B°), where we denote A° := [n|\ A. Indeed, if er(A, B) = k, we have from d-regularity
that

er(A°, B) = d|B| — k,
er(A, B¢) = d|A| — k,

er(A¢, B) =d(n — |A| — |B]|) + k.
It follows from the last line that for any ¢ € R, the following identity of events holds:
{er(A,B) — w(A, B) > t} = {er(A°, B°) — u(A°, B®) > t}. (2.7)
It is hence natural to consider deviations of er(A, B) at the scale

fi(A, B) := min (u(A, B), u(A°, B)) (2.8)

= pmin (|A[|B[, (n — |A[)(n — | B])). (2.9)
We will often suppress the dependence of p and 1 on A, B. We also denote
d := min(d, n — d) (2.10)

and p = ci/ n, the minimum of the edge density of I' = ([n], £) and its complement I =
([n], [n]*\ ).
15



The main result of this chapter can be summarized as follows:

1. With high probability, codegrees are uniformly close to p?n.

2. Restricted to the (likely) event that all codegrees are roughly p?n, we have concentra-

tion with exponential tails for the edge discrepancy at fixed pairs of sets A, B.

Theorem 2.1.5 (Main result). Forn > 0 define the event

Gem) = {V{il,iz} C [n], (%F(ilaiQ) —p2n <np(1 —p)n}. (2.11)
We have

1. (Uniform control on codegrees) For any n > 0, G®(n) holds except with probability
@) (n%i? exp (—077 min {cz, nn})) . (2.12)

In particular, for any Ky > 0 there exists Ko > 0 such that G°(n) holds with probability

1—O0(n %) if
logn logn
> \/ : 1
77_K2max{min(d,n—d)’ n } (213)

2. (Concentration of edge counts) For any A, B C [n] and any 7 > 0,

P({atam-nzmjroem) sen (- o) e

provided n < min (%, %), and

P({er(a,5) - < mif £6°()) <o (-2F) 215

provided n < 7, where C1,Cy > 0 are absolute constants. In particular, if n <
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min (3, ), we have

2

]P’({ diser (A, B) > Tji(A, B)} A QCO(n)) < 2exp (—m

(A, B)) . (2.16)

Remark 2.1.6. The proof shows that one may take C'; = 64, Cy; = 8, though we make little

effort to optimize these values.

Remark 2.1.7. In order to deduce that er(A, B) is within an arbitrarily small fixed multiplica-
tive error of its mean u = p|A||B| using Theorem 2.1.5, one must assume min(d,n — d) =
w(logn). Indeed, we want to take 7 as small as we like in (2.16), which requires tak-
ing n < 7/8. Now to deduce that G(7/8) holds a.a.s. from part (1), we must take
d = min(d,n — d) > Ct 'logn for a sufficiently large constant C. See Theorem 2.1.13
below for a result which is valid for d = O(logn), but for a slightly different model of

random regular digraph (the permutation model).

Remark 2.1.8 (Comparison to the Erdds—Rényi case). For A, B such that |A|+ |B| < n (i.e.
such that p(A, B) = (A, B)), the bound (2.16) is the same as what one obtains in the
Erd6és—Rényi case from Bernstein’s inequality, up to modification of the constants Cy,Cy —
see Section 2.2.1 and the bound (2.46). For the case |A|+ |B| > n the bound (2.16) becomes
superior to (2.46). This is due to the identity (2.7) (which comes from d-regularity): if A, B
are of size close to n, a large deviation of er(A, B) coincides with a very large deviation
of er(A°, B). (Of course, the most concentrated statistic of all is ep(V, V) = dn, which is
deterministic, while this random variable has variance p(1 — p)n? < nmin(d,n — d) in the

Erd6s—Rényi model.)

Our proof of both parts of Theorem 2.1.5 is by the method of exchangeable pairs. Roughly
speaking, to prove concentration of a statistic f(I') of the random digraph I', the method is
to analyze the change in f under a small random change to I'. To prove the concentration of
edge counts in part (2) we will use the simple switching operation on digraphs, reviewed in
Section 2.3.1. For the concentration of codegrees in part (1) we use an operation on digraphs
which we call “reflection”. Reflections are less local in nature than simple switchings; the

construction is given in Section 2.3.2.
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Theorem 2.1.5 can be viewed as an improvement on the deterministic Lemma 2.1.1 for
the setting of random graphs. Like Lemma 2.1.1 it deduces some control on edge discrepancy
after restricting to a “good” event on which there is some uniform control on the codegrees.

The key differences are the following:

1. Rather than deduce a deterministic bound on edge discrepancy from the control on
codegrees as in Lemma 2.1.1 (which obtained an essentially optimal bound), Theo-

rem 2.1.5 gives much tighter bounds holding with high probability.

2. The control on codegrees summarized in the event G*(n) differs in two respects: on
the one hand we allow fluctuations at scale p(1 — p)n rather than p?n, which is less
stringent for sparse graphs, while on the other hand we need both lower and upper

bounds.

One can deduce various discrepancy properties for I' holding with high probability using
Theorem 2.1.5, and essentially matching standard discrepancy properties for Erdés—Rényi
digraphs (since our tail bounds match the bounds (2.45) and (2.46) for Erdés—Rényi digraphs
up to constants in the exponential). There is flexibility with the range of sets to consider
and the tolerance level for edge discrepancy; the choice will be dictated by the application

at hand. We now give one example.

Suppose one desires to have er(A, B) within a small factor of its expectation p|A||B| for
all pairs of sufficiently large sets A, B. The following corollary shows that this is satisfied
with high probability.

Corollary 2.1.9. Let Cy > 0 be a sufficiently large absolute constant. For e € (0,1), let

G(e) denote the event that for all A, B C [n] such that

Cologn
e2p

Al 1B| > (2.17)
we have discr (A, B) < efi(A, B). If d = min(d,n — d) > Coelogn, then G(¢) holds except
with probability

O (exp (—c min {ECZ, en, ;—d log? n} )) . (2.18)
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Proof. By the lower bound on d and part (1) of Theorem 2.1.5 we have
P(G“(e)) > 1 —exp (—cmin {az, 52n}>

(taking Cj sufficiently large to beat the polynomial factors). By abuse of notation we restrict

the sample space to G(¢). It now suffices to show

P(G(e)) > 1 — Cexp (_Cnl;gd ") . (2.19)

Since

{discr (A, B) > efi} = { discp (A%, BY) > i}

it suffices to consider pairs (A4, B) with |A| + |B| < n. By giving up a factor of 2 we may
also assume |A| < |B.

Set
(2.20)

For ag <a<b<nlet
Buy(e) = {HA, B nl: |Al=a,|B|=b, disc(A,B) > eji(A, B)}.

Applying part (2) of Theorem 2.1.5 and a union bound (and by our restriction to G®(¢)),

P(Bu(e)) < (Z) <Z) exp (—ce”pab) (2.21)
<K exp (C’b logn — chpab) (2.22)
< exp (—cg”pab) (2.23)

where in the last line we used that a > a¢ and took Cj sufficiently large (adjusting the
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constant ¢). By another union bound,

P(G°(e)7) < Y D) B(Bu(e))

b=agp a=ag
n b

< Z Z exp (—caZpab)

b=ag a=agp

< exp (—cerag)
where in the last line we performed the geometric sums. Substituting the expression (2.20)
completes the proof. O

Remark 2.1.10. Note that in going from (2.21) to (2.23) we actually only needed

Co en
> —log —.
a > - og ;

Hence, we could have taken the wider class

Fle) = {(A,B) . A, B C [n], min (JA|, |B|) > %%log M} (2.24)

which includes some pairs (A, B) where, say, |A| < 1/p and |B| < n.
Next we state a conjecture concerning the singular value distribution for the adjacency

matrix of I, which we denote by M = M. Denote the singular values of M by

d=s5(I)>s()>--->s5,(') >0

(where s1(I") = d follows from d-regularity and the Cauchy-Schwarz inequality). It is well
known that control on edge discrepancy follows from a spectral gap. We recall the notion
of a jumbled graph, introduced by Thomason [Tho85] and adapted here to the setting of
digraphs.
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Definition 2.1.11. Say that a digraph D = (V, E) is a-jumbled if for all A, B C [n] we have
discp(A, B) := |ep(A, B) — u(A, B)| < av/|A||B.

It is a straightforward exercise to show that a d-regular digraph on n vertices whose
adjacency matrix has second singular value s, is so-jumbled (see for instance Theorem 2.11

in [KS06] for the undirected case; the directed case follows similar lines).

Conjecture 2.1.12. Assume 1 < d < n. Then asymptotically almost surely, so(I') =
O(\/E) In particular, T is O(\/d)-jumbled.

The singular vector corresponding to s;(I') = d is the constant vector \/iﬁ 1:= \/iﬁ(l, 1),

By the Courant-Fischer minimax theorem, letting S;~* denote the set of unit vectors in R"

orthogonal to 1, we have

(D)= sup || Myal

u€Sy™

= sup ||(11T—Mp)u||

uESg_l

= sup |[[Mpull

uGSg_l

= s5(I")

where I is the complementary (n — d)-regular digraph. Hence, it suffice to consider 1 <
d < n/2. Using Theorem 2.1.5 and union bounds, one can show that I' is O(v/d)-jumbled
for the dense case n < d < n/2, following similar lines to the proof of Corollary 2.1.9. For
the sparse case, this approach can only show that ' is O(y/dlogn)-jumbled.

Conjecture 2.1.12 parallels a conjecture of Vu for the undirected case [Vu08]. For an
undirected graph G with adjacency matrix Mg having real eigenvalues A\ (G) > - -+ > A\, (G)
we simply have

52(G) = A(G) = max {|\a(G)], [M(G)]}-

In [KS06], Kahn and Szemerédi proved a bound of O(v/d) for A(IT), with d fixed independent
21



of n, and with the graph II drawn from a different distribution on random regular graphs
which we call the permutation model. Let Pi,...,P; be iid uniform n X n permutation
matrices, and put

My=P, +---+ Py (2.25)

We may interpret M, as the adjacency matrix for a random d-regular directed multi-graph
A, and we may also associate My + MJ to a 2d-regular undirected multi-graph II. Kahn

and Szemerédi proved that if d is fixed independent of n, we have
s2(A) = O(Vd) (2.26)

asymptotically almost surely. By the triangle inequality this implies A(II) = O(v/d) a.a.s.
Their argument was later extended to allow d = o(y/n) in [DJPP13], and was also adapted
to the configuration model with d = o(y/n) in [BFSU99]. Furthermore, the optimal bound
AMII) < 2v/2d — 1+ o(1) was obtained for fixed d by Friedman in [Fri08] by a completely

different argument.

For small degree, the permutation model A is “close” to the uniform model I'" in the
following precise sense. It was proved in [Jan95] and [MRRWO97] that if d is fixed, the

models

1. I' (a uniform random element of D,, 4), and

2. A conditioned to be simple

are contiguous, meaning that a sequence of events holding a.a.s. for one model will hold
a.a.s. for the other. In particular, for the case that d is fixed Conjecture 2.1.12 follows from
contiguity and the bound (2.26). It was also shown that the model II is contiguous to a
uniform random regular graph of fixed even degree. We believe that these models continue

to be contiguous if d = O(logn), though we are not aware of any such results in the literature.

We record an analogue of our main theorem for the permutation model A. The following

result has no restrictions on d and hence can serve as a substitute for (2.16) for sparser
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regular digraphs (recall that Theorem 2.1.5 is most useful when min(d,n — d) = w(logn) —

see Remark 2.1.7).

Theorem 2.1.13 (Concentration of edge counts, permutation model). Let n,d > 1, and

A, B C [n]. For any T > 0 we have

- ((eA(Aa B) — | > w) < 2exp (— ;_ii) (2.27)

where p = plA||B| as before, and ex(A, B) is the number of directed edges from A to B,

counting multiplicity.

The above theorem is considerably easier to establish than part (2) of Theorem 2.1.5 —
it turns out that the independence between the d factors allows one to proceed with the
method of switchings without needing a priori bounds on codegrees. We will hence prove

Theorem 2.1.13 as a warmup in Section 2.2.

Sharper bounds for larger deviations (i.e. when 7 is large) can be proved by directly
estimating P(e(A, B) = t) for all ¢t € N, leading to an estimate on the moment generating
function m(0) = Eexp(0e(A, B)). This was the route taken in [DJPP13] to prove a certain

discrepancy property for the permutation model.

2.1.4 Extension to general bipartite regular graphs

Theorem 2.1.5 above easily extends to the following more general setting. For m,n > 1 and
d € [n], d € [m], draw I" = (U, V, E) uniformly from the set of bipartite graphs on parts U,
V with |U| =m, |V| =n and edge set £ C U x V, with the constraint that each i € U has

degree d and each j € V has degree d’. Since the total number of edges is
md = nd'

we denote

dl
= —. 2.28
- (228)



The random regular digraph considered above corresponds to the case # = 1. As before,
we identify U with [m] and V' with [n], denote by p = d/n = d'/m the edge density of T,
d := min(d,n — d), and ji(A, B) := pmin{|A||B|, (m — |A|)(n — |B|)}.

The following result is proved by the same lines as Theorem 2.1.5, only with slightly more

burdensome notation.

Theorem 2.1.14 (Extension to bipartite graphs). Forn > 0 define the event

Ge(n) = {V{ihlé} C [m], C_(Sr(il,lé) —p*n| < np(1 —p)n}. (2.29)

We have

1. (Uniform control on codegrees) For any n > 0, G®°(n) holds except with probability

o(midtexp (=222} ) + 0wt exp (~eqmin {dan}) ). 230

In particular, G°(n) holds a.a.s. in the limit m,n — oo as long as

mlog(md) logm [logm
> =
n > C'max { o I .

for some C' > 0 sufficiently large.

2. (Concentration of edge counts) For any A C [m], B C [n] and any 7 > 0, if n <

1 7

min (Z’ g), we have

2

IP({ diser (A, B) > Tji(A, B)} A G (n)> < 2exp Gﬁ

(A, B)) . (231

The rest of the chapter is organized as follows. In Section 2.2 we introduce and motivate
Chatterjee’s method of exchangeable pairs in the context of two random digraph models that
are simpler to analyze than the uniform random regular digraph, namely the Erdés—Rényi
model and the permutation model (as defined in (2.25)). The proof of Theorem 2.1.13 is

given in Section 2.2.3. In Section 2.3 we construct the switching and reflection couplings,
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which will be used to create exchangeable pairs of random regular digraphs. In Section 2.4
we use the reflection coupling to prove an upper tail bound for the codegree of a fixed pair
of vertices. For technical reasons the proof of the lower tail bounds requires more care, in
particular using the control on the upper tail as input — this is carried out in Section 2.5,
completing the proof of part (1) of Theorem 2.1.5. The tail bounds for edge discrepancy in

part (2) of Theorem 2.1.5 are proved using the simple switching coupling in Section 2.6.

2.1.5 Notation and terminology

In addition to the notation given in Section 1.2, the following conventions will be used in

this chapter.

Events will be denoted by the letters £, B, and G, where the latter two denote “bad”
and “good” events, respectively. Their meaning may vary from proof to proof, but will
remain fixed for the duration of each proof. Ex and Px denote expectation and probability,
respectively, conditional on all random variables but X. We say that an event £ depending

on n holds asymptotically almost surely if P(E€) = o(1).

It will be convenient to express codegrees and edge counts in terms of the adjacency

matrix associated to I'. The following terminology will be used throughout the thesis:

Definition 2.1.15 (rrd matrix). For 1 < d < n — 1, denote by M, (d) the set adjacency
matrices associated to the elements of D,, 4, i.e. the set of n x n matrices A = (a;;) with

a;; € {0,1} for all 7, j € [n], and satisfying the constraint that for all k£ € [n],

d=> ap=Y ay. (2.32)
i=1 j=1

We refer to a uniform random element M € M,,(d) as a random regular digraph matriz, or

rrd matrizx.

We identify V' with [n] and index the rows and columns of M by ¢ and j, respectively.

¢

By abuse of notation we refer to 7, j as “vertices”. Given ordered tuples of row and column

indices (i1,...,%,) and (j1,...,J), we denote by M, i.)x(jr,...j») the @ x b matrix with (k,1)
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entry equal to the (ix, ;) entry of M. (Note for instance that the sequence (i, ...,7,) need

not be increasing.)

For i € [n], let
Nu(i) ={j € [n] : M(i,j) = 1} (2.33)

so that Ny (7) and Ny (i) are the out- and in-neighborhoods of the vertex i, respectively.
For the neighborhood of a pair of distinct vertices ij,is € [n], denote the set of common

out-neighbors by

COM(Zl,Zg) :NM(Zl) mNM(lg) (234)

= {j € [n]: My inyxs = G)} (2.35)

and denote also

= {j € [n] : My in)xj = (é)} (2.37)

Fxag(in, i) = { J €] My = ((D } (2.38)

so that

We write copy(i1,42) and exps(iq, o) for the cardinality of these sets, so that in our previous

notation

(%F(ih ig) = cons (i1, 92)

é_ol“(jlan) = copyr(J1, J2) = H@ € [n] 1 Mg 40 = (1 1)}‘ :

We note the following identities. From the constraints 37| M (i1, j) = dand 37 M(iz, j) =

d we have

eXM(il, 22) = d — COM(il, 22) = eXM(ig, 21) (239)
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Finally we have that

0

We will also write ey (A, B) instead of ep(A, B).

2.2 Concentration of measure and exchangeable pairs

In this section we prove analogues of the bounds in Theorem 2.1.5 for two digraph models
possessing more independence than the uniform d-regular digraph: the Erd6s-Rényi model,
in which all edges are independent, and the permutation model, as defined in (2.25). The
proofs for the former model illustrate the application of concentration of measure tools, and
are completely standard. Their use of Chernoff-type bounds (namely Bernstein’s inequality),
which are unavailable for random regular graphs, motivate the method of exchangeable pairs
(Chatterjee’s Theorem 2.2.2) as a substitute. We prove Theorem 2.1.13 for the permutation
model in Section 2.2.3 as a simple illustration of the method. The reader who is primarily
interested in getting a feel for applying the method to combinatorial problems may prefer to
read the proof of Theorem 2.1.13 to the more technical proof of part (2) of Theorem 2.1.5

in Section 2.6.

2.2.1 The Erd6s—Rényi model

Let D = (V, E) be drawn from the distribution D(n,p) over digraphs on n vertices, where

each directed edge is included independently with probability p.

Proposition 2.2.1 (Uniform control of codegrees and edge counts, Erdés—Rényi case).

(i) For any ¢ > 0, except with probability O<n2 exp (—f%inn)) we have that for all
i1,12 € [n] distinct,

cop(iy,ia) — an‘ < ep?n.
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(it) Fore e (0,1), let

(2.41)

Fle) = {(A,B) : A, B C [n], min (]4],|B]) > Cologn}

)

where Cy > 0 is a sufficiently large absolute constant. For any e € (0, 1), with proba-
bility 1 — O(exp (—CM) ) we have that for all (A, B) € F(e),

e2p
en(A, B) — plAl|B|| < zplA||B. (2.42)

Proof. For fixed vertices ij,i5 € V and subsets A, B C V, the statistics cop(iy,i2) and

ep(A, B) can be expressed as sums of iid indicator variables:

n

cop(i, is) = Z 1((i1, ) € E) 1((is, j) € E), (2.43)
ep(A,B)= Y 1((i.j) € E). (2.44)
i€A,jEB

It follows that Ecop(i1,is) = p?n and Eep(A, B) = p|A||B|. Furthermore, by Bernstein’s

inequality we have that for any ¢ > 0,

o ce?
P [‘ cop (i1, 1) — p2”’ > 5]92”] < 2exp (— 1T 6]92”) (2.45)
and
ce?
P [|en(A, B) — plAl|B| = eplAl|BI| < 2exp (———plAlIB (2.46)

for some absolute constant ¢ > 0. From (2.45) and a union bound we obtain uniform control

of codegrees off a small event:

2
et

o n) (2.47)

IP’(H distinet iy,i9 € [n] : | cop(iy, i) — an‘ > 5p2n) < n?exp (—

which establishes (i).

The proof of (ii) follows the same lines as in the proof of Corollary 2.1.9 (in particular
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the part establishing (2.19)), using the bounds (2.46) in place of (2.16). O

2.2.2 The method of exchangeable pairs

The main challenge for proving analogous results for d-regular digraphs is that the entries
of M are all dependent on one another, and so we cannot apply off-the-shelf concentration
of measure tools like Bernstein’s inequality. The method of exchangeable pairs provides
a convenient framework for analyzing dependent structures possessing measure preserving
actions of a “local” nature. It was developed by Stein for normal-approximation [Ste72] and
by Chatterjee for concentration of measure in his PhD thesis [Cha05, Cha07]. We will use
the method to obtain bounds of the form (2.45) and (2.46) for the random regular digraph
.

Recall that a pair of M-valued random variables (M, M) is exchangeable if
(M, My) £ (My, My).

In particular we have M 2 M,. We will consider exchangeable pairs (M, ®(M)) formed by
the application of a transformation ® : M — M with certain properties. Roughly speaking,
the method derives properties of a statistic f(M), such as concentration or approximate

normality, by analyzing the change in f(M) under the application of ®.

An example of a “local” measure-preserving operation for a sequence of independent
variables is to resample one of the variables independently of all others. For d-regular graphs,

there are switching operations (described in Section 2.3.1).

The following is a version of Theorem 1.5 from [Cha07] suitable for our purposes:

Theorem 2.2.2 (Chatterjee [Cha07]). Let M be a separable metric space, and suppose

(M, ]\7[) 1s an exchangeable pair of M-valued random variables, i.e.
(M, M) £ (M, M).

Suppose f : M — R and F : M x M — R are square-integrable functions such that
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F(M,M)=—F(M,M) a.s. and E(F(M,M)|M) = f(M) a.s.. Assume
E [ )| F(M,M)|] < oo (2.48)
for all 0 € R. Let

oy (M) = SB[ (7(0) — F(81) O, 51| | 0]

If there are non-negative constants Ky, Ky such that ve(M) < Ky + Ko f(M) a.s., then for
anyt >0,
t? t2
P(f(M)>1t) < I — P(f(M) < —=t) < - . 2.49
G002 0 <o (~5ter ) FUONS -0z (-g ). @
Remark 2.2.3. The qualitative integrability conditions on f and F’ will be satisfied automat-

ically in our applications as we will only consider bounded (depending on n) functions on a

finite set.

The quantity vg(M) is referred to by Chatterjee as a “stochastic measure of the variance

of f(M)”, and one can view a bound of the form
vi(M) < Ky + Ky f (M)

as a generalization of the “Lipschitz” conditions assumed in other commonly used concen-
tration bounds such as McDiarmid’s inequality [McD89]. We point the reader to [Cha07] for

further discussion of Theorem 2.2.2 and its relation to other concentration inequalities.

2.2.3 The permutation model: Proof of Theorem 2.1.13

In this section we illustrate how one applies Theorem 2.2.2 by proving the edge discrepancy
bounds of Theorem 2.1.13 for the permutation model A. The proof is a cartoon of the proof
of the analogous bound from Theorem 2.1.5 for the uniform model, given in Section 2.6.

Various technical issues that must be addressed for the case of the uniform model are absent
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here; in particular, the independence between the permutation matrices allows us to proceed

without any a priori control on codegrees.

We recall from Section 2.1.3 that the permutation model d-regular directed multigraph

A has adjacency matrix given by

where Py,..., P; are iid uniform n X n permutation matrices. We may hence view the
statistics ey (A, B) as functions of a uniform random element 7 = (7. .., m4) of Sym(n)<,

where Sym(n) denotes the symmetric group over [n]. For o € Sym(n) and A, B C [n], denote

e.(A,B) = |{i € A:0(i) € B}| (2.50)
and for ™ = (7, ...,m4) € Sym(n)? we set
ex(A,B) =) en (A, B). (2.51)

If 7 is a uniform random element of Sym(n)? we hence have
eA(A7 B) i eﬂ'(Aa B)

Theorem 2.1.13 is then a consequence of the following

Proposition 2.2.4. If T = (m,...,7,) is a uniform random element of Sym(n)¢ and A, B

are fized subsets of [n|, we have that for any 7 > 0,

d 2 d
P A B)> (1 —|Al||B| ; < — —|Al||B 2.52
{ecta sy 2 eS8 < o (-5 211 (252)
and
d 72d
ple(aB) <0018} <o (-2 4. (253

The proof is similar to the proof of Proposition 1.1 in [Cha07], which was concerned with
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a more general statistic but for the case of d = 1. Here and in the remainder of the chapter

we will make use of the following

Observation 2.2.5 (Exchangeable pair from an involution). Let M be a finite set, and
suppose ® : M — M 1is an involution. Let M be a uniform random element of M, and set

M = ®(M). Then (M, M) is an exchangeable pair of uniformly distributed elements of M.

Proof. Since M is uniform and ® is a permutation we have ®(M) < M, and so
- J -
(M, M) = (M, 2(M)) = (®(M), ©*(M)) = (M, M).

]

Proof of Proposition 2.2.4. Define the anti-symmetric function F' : Sym(n)? x Sym(n)? — R
by
F(r,7") = K|ex(A, B) — ex (A, B)]

where K is a normalizing constant. With foresight we take

K = %a(n —a) (2.54)

where we denote |A| = a, |B| = b.

We construct an exchangeable pair (7,7) of uniform random elements of Sym(n)? as

follows. We draw the following random variables, uniformly at random from their respective

ranges:
o m=(m,...,m4) € Sym(n),
o Je[d],
e 1 €A

e Le[n]\A
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with m, J, I, I; jointly independent. We form 7 by replacing m; with Ty, 1,3 o 7;, where
T{iis} denotes the transposition of i1,iy € [n]; (m))kes are left unchanged. (7, 7) is an

exchangeable pair by Observation 2.2.5. We have

ex(A, B) — ex(A, B) = ex,(A, B) — ex;; ;. y0m, (A, B) (2.55)

= I(my(I1) € B) 1(n;(I2) ¢ B) — 1(m;(I1) ¢ B) 1(n;(I2) € B) (2.56)
and so

f(r) =E[F(m,7)|x]

- K[P{WJ(Il) € B, my(l) ¢ B\W} ~P {Wj(fl) ¢ B, m(ly) € Blw}] (2.57)
- e, [ BB e ) e

_ ﬁ £y [ex, (4, B)(n—a— b+ er, (4, B)) — (0~ cx, (4, B)) (b ex, (4, B) |
_ %EJ ex, (A, B) — % (258
= en(4,B) = % (2.59)

where in the last line we applied (2.54).

It remains to bound the quantity v(7) from Theorem 2.2.2. We have

(J(m) = F(7))* = (ex(A, B) - ex(A, B))?
= 1(ms(11) € B) L(ms(I) & B) + 1my(L,) ¢ B) 1(my(L) € B)
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SO

E[|f(m) = f(®)I|F(x,7)||7]
[(f(m) = £®))’|7]
P {m(h) € B, my(I,) ¢ B‘ﬂ} +P {n,(fl) ¢ B, m,(I,) € B\WH

N+ KP {71](]1) ¢ B, w,(L) € B\w}

(a—exr, (A, B))(b—er, (A B))
a(n —a)

Uf(ﬂ) =

Il
N[ R R ol —
~~ [ — ﬁ

~~

f(7T)+KEJ

N = N~ N~

IN

f(m) + %ab

where in the fourth line we applied (2.57).

By Theorem 2.2.2 we conclude that for any ¢t > 0,

d t?
Pser(A,B)——ab>t, < _ 2.60
{ecta )= S }_exp( anm) (2:60)
plea - dap< i) <exp (- (2.61)
T no = o 24ab ) '
Setting ¢ = T%ab completes the proof. O]

2.3 Exchangeable pairs constructions

In this section we define two involutions on M,,(d) — simple switchings and reflections —

which we use to create exchangeable pairs (M, M ) of rrd matrices via Observation 2.2.5.

2.3.1 Simple switching

Below we set up our notation for switchings on a digraph in terms of the adjacency matrix

M.
Definition 2.3.1 (Simple switching). For M € M, (d) and 1,1, j1, j2 € [n], we say that
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the 2 x 2 minor M, i,)x(j.j») 18 switchable if it is equal to either

10 01
IQ = or Jg = . (262)
01 10

By perform a switching at (iy,12) X (j1,j2) on M we mean to replace the minor M, i) (1 o)

with J, if it is Iy and I, if it is J5, and to leave M unchanged if this minor is not switchable.

In the associated digraph I', the switching operation changes between the following edge

configurations at vertices i1, i, j1, Jo:

i1 0\—%,']'1

v

’

where we use solid arrows to depict directed edges, and dashed arrows to indicate places
where there is no edge (i.e. “non-edges”).

Lemma 2.3.2 (Switching coupling). For iy, 2, j1,j2 € [n], let P ix(rjz) @ Mnl(d) —
M, (d) denote the map which performs a simple switching at the minor (iy,i2) X (j1,J2). If
M is an rrd matriz (i.e. a uniform random element of M, (d)) and Iy, 15, J1, Jo € [n] are

random (or deterministic) indices independent of M, then setting
M = (I)(Il,Ig)X(J1,J2)(M) (263)

we have that (M, ]\7[) 18 an exchangeable pair of rrd matrices.
Proof. We may condition on Iy, I, Ji, J;. Note that the map @, 1,yx(s;,5) 1S an involution
on M, (d). The result now follows from Observation 2.2.5. O

2.3.2 Reflection

In order to prove that the random variables cops(iq,72) are concentrated we will need a

different operation on random regular digraphs of switching-type which we call “reflection”.
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We pause to give some motivation and intuition for the rigorous definition below.

Suppose first that we only want to prove an upper tail bound on coy(1,2). Hence, we

want to show it is unlikely that for most j € [n] we have

1 0
() o ()

i.e., that the first two rows of M are nearly parallel. The idea is to show that for a pair of

column indices ji, jo € [n], the event that

10

M1 2)x(j1,j2) = (2.64)
10
is roughly just as likely as the event that
10
M1,2)x(j1.g2) = : (2.65)
0 1

We will do this by defining a “reflection” operation which switches the (1,2) x (j1, j2) minor
between these two outcomes. If we can perform reflections independently at random at
several disjoint pairs of column indices, we can then deduce from Hoeffding’s inequality that

with high probability there are many columns j for which

1 0
=) = ()

as desired. While this approach can be made precise, we can do much better by instead using

Theorem 2.2.2, which gives upper and lower tail estimates for coy,(1,2) around its mean.

While it is possible to alternate between the minors (2.64) and (2.65) using simple switch-
ings involving entries from a third row, it turns out that when one tries to apply Theo-
rem 2.2.2 with this coupling some control on the quantities co,,7(j1,j2) is needed, so that
such an approach is circular.

D n] = Z

The reflection involution is most natural to state in terms of a walk w;, j,)
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associated to an ordered pair of columns X, X;, of M. For (j1,j2) € [n]* we define

i

Wiy (1) = O 1 My gy = (10)) = L (My (g, gy = (0 1)). (2.66)
k=1

If we think of wy;, ;,) as giving the position of a walker on Z, the walker starts at 0 and,
reading down the pair of columns (Xj,, X;,) of M, takes a step in the + direction each time
it sees a row equal to (1 0), a step in the — direction each time it reads (0 1), and does not
move otherwise. By d-regularity, the walker takes an even number of steps, half to the left
and half to the right, ending its walk at 0. The number of steps is between 0 and 2d; in the

former case X;, and Xj, are parallel, and in the latter case they are orthogonal.
Definition 2.3.3 (Reflecting pair). With wy;, j,y as in (2.66), we say that an ordered pair
of column indices (jy, j2) € [n]? is reflecting for M € M, (d) if

Lowg, (1) = +1,

2. w(j17j2)(2) # +1, and

3. there exists i € [3,n] such that w;, j,)(i) = +1

that is, if the walker moves to +1 on the first step, leaves +1 on the second step, and returns

again to +1 at some later time.

Conditions (1) and (2) above assert that the minor M 2)x(j, j,) is either

1 0 1 0
K, = or I, =

10 0 1
We pause to note that condition (3) usually holds if (1) and (2) hold. Indeed, note that
if w(;, ,)(2) = +2 then condition (3) follows automatically from (1) and (2) since the walk
must pass through +1 on its way back to 0. Hence, any pair (j;, j2) of column indices such

that M 2)x(j1.j.) = K2 is reflecting.

On the other hand, note that a non-reflecting pair (ji,72) for which M )« jo) = L2

corresponds to a walk w;, j,) that reaches +1 on the first step, then turns back and never
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returns to +1. Non-reflecting pairs satisfying (1) and (2) but not (3) hence correspond to
walks that do not cross the line w = 0 after the second step, so we can bound the probability
of this happening by a standard enumerative argument involving Catalan numbers. This is
carried out in the proof of Lemma 2.5.3. Consequently, one may think of reflecting pairs as

essentially being those (j1, j2) € [n]? such that M 2)x(j,.j) = K2 or L.

If (41, j2) is reflecting for M, denote by
*(j1,J2) == min {i € [3,n] : w;, ;) (i) = +1}

the first return time to +1.

Lemma 2.3.4 (Reflection coupling). For (ji,j2) € [n|*, let W, 5 @ Mu(d) — M, (d)
denote the map which replaces the minor My i, j») with the “reflected” minor M i«x (j, j1)
if (j1,j2) is reflecting, and leaves M unchanged otherwise. If M is an rrd matriz and Jy, Jo €

[n] are random column indices independent of M, then setting

M = \IJ(J17J2)(M) (267)

we have that (M, ]\7[) 1s an exchangeable pair of rrd matrices.

Proof. By conditioning on Ji, J;, from Observation 2.2.5 it suffices to show that W(;, ;,) is

an involution on M, (d) for ji, j» € [n] fixed.

W, acts trivially if j; = ja, so we may fix ji,jo € [n] distinct. We can now divide

M., (d) into three classes:

1. M?

i) the set of M such that (ji, j2) is not reflecting for M.

2. M(+j1,j2)’ the set of M such that (ji, j2) is reflecting for M and wj, j,)(2) = +2.

3. M the set of M such that (ji,j2) is reflecting for M and wy;, j;,)(2) = 0.

1,52)?

We dispense with the subscripts (j, j2) for the remainder of the proof.
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U acts trivially on M. We will show that ¥ is a bijection between M* with M~ with
U2 =1d.

We define a pairing P of the elements of M™ with those of M~ (in particular, these
sets have the same cardinality). For (M*,M~) € M* x M~ let wt and w~ denote the
associated walks for the columns (j1,j2). We say that (M™*, M) is in P if the first return
time * of the walks w™,w™ to +1 is the same, and if the walk w™ is obtained from w~ by
reflecting the portion of the trajectory of w™ (i) with ¢ € [2,4*] across the line w = +1. We
conclude the proof by noting that ¥ sends each M € M™ U M~ to its mate in P. O]

Remark 2.3.5. The bijection W(;, j,) above is an application of the well-known reflection

principle from the theory of random walks — see for instance [Fel68, Chapter III].

2.4 The upper tail for codegrees

Our aim in this section is to prove the following

Proposition 2.4.1 (Upper tail for codegree). For any e > 0 and any distinct iy, € [n],

2
IP{ n _2>A2}< _ 2 ) 2.68
cop(in, i) —pn > epn ¢ < exp 4+2€pn ( )

Remark 2.4.2 (Comparison to the Erd6s—Rényi case). Up to constants in the exponential,

this matches the upper tail for the Erd6s—Rényi digraph given in (2.45).

Remark 2.4.3. As a corollary one may obtain some control on edge discrepancy by applying
the above proposition (with a union bound over pairs of vertices) with Lemma 2.1.1. This
will only be effective when d = w(y/n) and for pairs of sets A, B with max(|A|,|B]|) > n,

and is hence inferior to Corollary 2.1.9.

Proof. We will apply Theorem 2.2.2 and the reflection coupling of Lemma 2.3.4.
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We first note the trivial deterministic bounds
d > cop(iy,i2) > max(0,2d — n). (2.69)
The lower bound is equivalent to
exa(iy,iz) < min(d,n — d) = d (2.70)
which can be seen from the obvious bound
expr(in, i2) = [Nar(i1) \ N (i2)| < |Nar(in)| = d

and the fact that exys(i1,12) = exp(i1,42) < n—d (where M’ is the adjacency matrix of the

complementary digraph I").

Since the rows of M are exchangeable we may take (i1,72) = (1,2). Let us abbreviate
co(M) :=cop(1,2).

We construct a coupled pair (M, M ) of rrd matrices as follows: letting M be an rrd matrix

and Jy, Jy be iid uniform random elements of [n], independent of M, we set
M = Uy, g (M). (2.71)

Then (M, M ) is an exchangeable pair of rrd matrices by Lemma 2.3.4. We denote the

sampled 2 x 2 minor of the first two rows by

~

M = M(1,2)><(J1,J2) .

Define the antisymmetric function F(M;, M) = n( co(M;)—co(Ms)) on M, (d) x M, (d).
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Recall the notation

10 01 10
IQ = 3 JQ = y K2 =
01 10 10
Defining
E ={(J1, Jo) is reflecting}
we have

(M=K,} cEc{M=K,}v{M=L}

(see the discussion under Definition 2.3.3), and
F(M,M)=n(1(M=XK,) — 1(M =1L) 1¢). (2.72)

Hence

where we define the “main term”
g(M) :=n[P(M = K,|M) — P(M = 1,|M)] (2.73)
and the “error term”

%b(M) =nP({M =T} ne| M)

1
= [{(j1, j2) € Exar(1,2) x Expr(2,1) ¢ (i, j2) not reflecting}| . (2.74)

Let us call a pair (j1,72) € [n)* “bad” if (j1,72) € Exp(1,2) x Exp(2,1) and (ji, j2) is
not reflecting. In other words, (ji,J2) is bad if it satisfies conditions (1) and (2) from
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Definition 2.3.3 but not (3). We have
b(M) = |{bad (j1,72) € [n]*}]. (2.75)

Using the identities (2.39), (2.40), we see that the main term g(M) is simply a shift of co(M):

co(M)n —2d+co(M) (d— CO(M))Z)

g(M)Zn( -

= co(M) — p*n.

Hence, if we can show that the number of bad pairs b(M) is small, then we can deduce tail

bounds for co(M) around the value p?n from tail bounds for f(M).

To deduce a tail bound for f(M) from Theorem 2.2.2, we must bound the quantity

o (M) i= SE [|£(0) — F(31)||F (0, 5D)] | ]

1

E [|eo(M) - CO(A’Z)F‘M} +5E [ co(A) = co(AD)|[b(M) — b(M)|(M]

1
2
n
< =
-2

and so we need to control the expressions | co(M) — co(M)| and |b(M) — b(M)].

Now co(M) — co(M) = 1(M = K,) — 1(M =1,) 1¢, and since these events are disjoint,

lco(M) — co(M)| = L(M = K,) + 1(M =1,) 1¢

Since the map W(;, 5,y only alters the columns indexed by Ji, Js, it follows that at most
2exy(1,2) pairs (j1,72) € Exp(1,2) x Exp(2,1) either become or cease to be reflecting

under the application of W, j,), whence

b(M) — b(M)| < 2exp(1,2) Le (2.76)

< 2d1¢ (2.77)
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where we used (2.70) in the second line. Combining these bounds with the identities (2.39)-
(2.40),

v (M) < ZE [\ co(M) — co(M)|? M] +dE [y co(M) — CO(M)W]
< (5 +d) [P =Kol M) + POT =T,/ M)
< {CO(M)(n = nz;z +eo(M)) | (d- (fz(M))Q]
— co(M) — d; + %(d — co(M))?
< f(M)+ %JQ (2.78)

where in the last line we used (2.70) and

co(M) ~ & = 4(1)
= J(M) ~ b(M)
< f(M)

P(co(M) —p*n >1t) < ]P’(co(]\/[) —p’n+ %b(M) > t)

= P(f(M) > 1)

< t2/2
RRREY

n

where we again used that b(M) > 0. The terms in the denominator are balanced by scaling

t = ep®n, where we recall

p=d/n= l(mm(d, n—d)) (2.79)

n
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giving the desired bound

2
P(co(M) — p?n > ep*n) < -
(co( ) pn_epn)_exp( 4+26pn)

2.5 Uniform control on codegrees

In this section we complete the proof of part (1) of Theorem 2.1.5.

In the previous section, we could pass from control on the upper tail of f(M) to control
on the upper tail of
1
co(M) = pn + f(M) = —b(M)

using the fact that the number of bad pairs b(M) (defined in (2.75)) is non-negative. In

order to control the lower tail of co(M), we will need to improve on the trivial upper bound
b(M) < |exp(1,2)]* < d?

(from monotonicity and (2.70)). In this section we show that b(M) < ed? with high proba-
bility for € > 0 small. A key ingredient will be the control on the upper tail of the codegrees
obtained in the previous section.

max(p,l—p)

Part (1) of Theorem 2.1.5 follows from substituting ¢ = M min(p 1 p)

in the following

proposition.

Proposition 2.5.1 (Uniform bounds on codegrees). For any e > 0,

. . — . . d2 A2 2 72 - 2 052 CZQ
P| 3 {1, iz} C [n]: |cop(i1,d2) — W > EE < Cin“d* exp (—cgd> +C9n” exp “1ienm
(2.80)

where d = min(d,n — d), and C1,Cy, ¢ > 0 are absolute constants. If € > 1 we may take

C, =0.

Remark 2.5.2. For ¢ € (0,1) fixed independent of n and d = w(logn) the first term on the
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right hand side of (2.80) is of lower order. The second term matches the bound (2.47) for

Erdés—Rényi digraphs, up to the constants in the exponential.

Proof. For iy, iy € [n] distinct, define

biyin) (M) = H(jl,jg) € Expr(iy, i2) X Expr(ia, 1) @ (41, j2) not reﬂecting}‘ (2.81)

so that in the notation of (2.74) we have b(M) = b(1,2)(M). By row-exchangeability it suffices

to get control on b 2)(M) and apply a union bound over all (iy,is) € [n]?.

Lemma 2.5.3. For any A > 0,

~

P { bazy (M) > /\Ci} < d? exp (—cci) + de” .
Proof. Defining the subsets of [n]?

Q(M) := Exp(1,2) x Exp(2,1),

B(M) := {(j1, j2) not reflecting}

we have

Denote

r=|Expy(1,2)] = |Exp(2,1)].

Now we decompose b(M) as a sum of x terms, each of which can be expressed as a sum
of independent indicators. We enumerate the elements of Exy/(1,2), Exp/(2,1) in increasing

order as ji* < --- < jf and j; <--- < j, respectively. For each s € [0,z — 1], define

Qs(M) = {(jih, jmss) 1 m € [2]}

45



with the sum m 4+ s understood to be mod x, and put
bs(M) = |Qs(M) N B(M)

so that

b(M) =) "by(M). (2.82)

Fix 0 < s < 2 — 1. We now construct an exchangeable pair (M, M ) by resampling a

certain subset of the entries of M. For each element (j1,57) € Qs(M) write

Z(5%,57) = B,n] N (Exyr (5,57 ) UBxyr (7, 57))

= {z €[3,n]: M(i,jﬂ +M(i,j7) = 1}'

We form the pair (M, M) by first drawing M € M, (d) uniformly, then forming M by

independently and uniformly resampling the k sub-matrices

{MI(J*J*)X(J'*J*)}(j#-,j—)er(M) (2.83)

conditional on all other entries of M. We can do this resampling independently since our
conditioning has already fixed all of the row and column sums of each of these sub-matrices.
For exchangeability it is important to note that Q (M) = Q,(M), as this set is determined

by the first two rows of M, which are not resampled.

We will restrict to an event on which we have an upper bound on codegrees. Let

G= N {coMTU*,j‘)s(#)d} (2:84)

(J+.57)€EQs (M)

enforcing a slight improvement on the deterministic upper bound coyr(j*,77) < d. By a

union bound and Proposition 2.4.1 (taking ¢ to be a small multiple of n/d) we have

P(G) >1—ze > 1— de . (2.85)
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Note that G, holds for M if and only if it holds for M, since the resampling does not change
the value of coyr(jT,57) for any (51,77) € Qs(M).

Conditional on M, from the joint independence of the sub-matrices (2.83) we see that

bs(M) is a sum of independent indicators. Hence, we can control the upper tail of bs(M)
using Bernstein’s inequality, once we have estimates on E [bS(M )‘M } We will then deduce

the desired bound on b(M) through the decomposition (2.82) and a union bound.

To estimate E [bs(ﬂ )| M] we have the following

Claim 2.5.4. For each s € [0,z — 1] and (51,77) € Qs(M),
P[(j",57) € B(M)|M] 1g, < 1/d. (2.86)
Let us assume this claim for now. Restricting to G, from (2.86) we have
E [by(M)|M] 1, < z/d < 1

for each s € [0, 2—1], where we used (2.70). Moreover, since b,(M)|M is a sum of independent

indicator variables, from Bernstein’s inequality we have that for any A > 0,
P(bs(ﬂ) >\ ‘ M) 1g, < exp(—c))

and so
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By pigeonholing and a union bound it follows that

It remains to establish Claim 2.5.4. Fix s and (51, 77) as in the claim. Consider the walk
w = wy+,-) ¢ [n] = Z associated to the pair of columns (X;+, X;-) as defined in (2.66).
Since (j*,77) € Expm(1,2) x Exp(2,1) by assumption, we have M 2)x(;+,;-) = L2, and so
w(l) = 1 and w(2) = 0. The event that (j7,77) € B(M) is the event that there is no

i € [3,n] such that w(i) = 1, i.e. that w is “non-crossing” in this range. Let us condition on

the number r of steps taken to the right by w; by our restriction to G5 we have

(1-p)d.

DN | —

r=d—coyt(j".j7) >

Conditional on r, in the randomness of the resampling of (X;+, X;-) we have that every
ordering of the r — 1 left steps of w and r — 1 right steps in the range [3, n] is equally likely.

There are (2(:__1)) such orderings, while the number of these giving non-crossing walks is the

1(2(74_—11))

It follows that under the resampling, the probability that (j*,77) € B(M) is

Catalan number

Undoing the conditioning on r, the claim follows. O]

Now we can get a good lower tail estimate on co(M) and complete the proof of Proposi-

tion 2.5.1.

Fix ¢ > 0. If € > 1 then the result already follows from Proposition 2.4.1 and a union
bound as the lower tail event is empty in this case. Hence we may assume ¢ < 1. We may

further assume that ¢ is sufficiently small by adjusting the constant ¢ in the statement of
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the theorem.

For A > 0 and iy, iy € [n] distinct, let

Bioin(N) = { i (M) = A}
and

G\ = N BuinV

71 #iQG[n]

From Lemma 2.5.3 and a union bound, we have
P(G()\)°) < n? <c22 exp (—cd) + aAle_c’\>. (2.87)
Restricting to the good event, we can bound

P(G(A) A{co(M) < (1 —e)p°n}) = P(g(/\) A {f(M) < —ep’n + %b(M)})

IA

P(F(M) < —ped = V).

Taking A = ed/2 and applying Theorem 2.2.2 (with the bound (2.78) on vs(M)) the last

quantity is bounded by exp (—ce?p?n). Putting it all together, denoting
B = \/ {} cons(iy, i2) —p2n| > 5]3271}
{i1,i2}C[n]
we have

P(B) <PGON) + Y. IP’(Q(A) A {| con (i, iz) — p*n| > gp%})

{i1,i2}C[n]

R R 2 dz
< n*d* exp (—csd) + n?exp <— Cg —) .

1l+en
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2.6 Concentration of edge counts

In this section we prove part (2) of Theorem 2.1.5, using Theorem 2.2.2 with the switching
coupling of Lemma 2.3.2. A crucial ingredient will be the control on codegrees enforced by
restriction to the event G°(n). The reader may wish to read the simpler proof of Theo-
rem 2.1.13 in Section 2.2.3 first, as it uses a similar switching on permutation matrices, but

does not require restriction to the event G°(n).

Fix A, B C [n], and let us denote |A| = a, |B| = b. Without loss of generality we may

assume

a+b<n. (2.88)

Indeed, as noted in (2.7), for any t € R,
{en(A, B) — (A, B) > t} = {eas(A°, BY) — p(A°, BY) > 1}

Hence, if we establish the claim assuming a + b < n, then for the case that a +b > n we can

apply the claim to (A€, B¢) rather than (A, B). Under assumption (2.88) we have
fi(A, B) = pmin [ab, (n — a)(n — b)] = pab = (A, B). (2.89)
We define an exchangeable pair of rrd matrices (M, M ) as follows. Draw M, and sample
LeA LLen]\A J1€B, Jhben\B

uniformly from their respective ranges, independently of each other and of M. Conditional
on M, I, I, Ji, Jo, form M by performing a switching at the minor (I, Is) X (J1, J2). (M, ]\~4)

is an exchangeable pair by Lemma 2.3.2.

Let us denote

K :=a(n —a)b(n —b).
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Define the antisymmetric function F' : M,,(d) x M, (d) — R by
F(My, My) = K| ear, (A, B) = e (4, B)]
Denote the sampled 2 X 2 minor My, 1,)x(s,,7,) by M. We have
£ = {M is switchable} = {M = Ig} V {M = Jg}

and

F(M,M) = Ky L(M =1,) — 1(M = J5)].

We have

F(M) [F(M, M)|M]

=K
— K, [P(M —1,

M> —IP(M:J2

Mﬂ (2.90)

= Z (|EXM(21,22)ﬂB||EXM(22,21)ﬂBC|
2)EAXAC

(31,2

- ’EXM<ZQ,7,1)OBHEXM(ZI,ZQ)mBC|) (291)

(with A =[n]\ A, B¢ =[n]\ B).
Before proceeding to control the expression vy(M) from Theorem 2.2.2, let us show how

f(M) is related to epr(A, B). Recalling the notation

eXM(il, 22) = d — COM(il, 22)

= | Expy (i1, i2)| = | Exay(ia, i1)]
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we re-express the summand in (2.91) as

| Exar(in, ia) N B (eXM@l,z'z) | Exar(ia, 1) N B|>
| Exar(i, 1) N B[(exM(il,ig) | Exar(in, ia) N By)
= eXM<i1, Zg)(l EXM(’il, 22) N Bl — | EXM(iQ,’il) N B|)

Putting this in (2.91) we have

fan= %Y exM(il,i2)<|NM(i1) N B| — [Nar(iz) N B\). (2.92)

(il,ig)eAXAc
On G (n) the quantities exys(i1,72) all lie in p(1 — p)n[l —n,1 + n]. Writing
exy (i1, 42) = p(1 — p)n + (exp(i1,42) — p(1 — p)n)

we caln express

fM) = fr(M) + fo(M) (2.93)

where we define the “main term”

AM):=p(l=p)n Y [Nuli) 0B = [Nu(iz) N B

(31,i2)EAX A°
=p(l — p)n[(n —a)epy (A, B) — aep(A°, B)}

= p(1 — p)n*[en (A, B) — pab).
and the “error term”

fo(M) = (exa(in, iz) — p(1 — p)n) <|NM(i1) N B| — [Nar(is) O B\).

(il,ig)GAXAC
We now show that fo(M) is small on G(n) if n is sufficiently small, so that on this event
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f(M) = fi(M), a scaling and centering of ey (A, B). Indeed, letting n > 0 to be chosen

later,

| fo(M)] Tgeoiy <mp(L—p)n Y |N(in) 0Bl + [Nas(iz) N Bl
(’il,’iz)GAXAC

=np(l — p)n[ (n—a)ey (A, B) + aep(A°, B)}
< 77]7(1 —p)n2 [eM(Aa B) - ﬂ(Au B) + 2:“(147 B)]

=n[ fi(M) +2p(1 — p)n’p] (2.94)

where in the third line we added and subtracted p(A, B) = dab/n and used ey (A¢, B) < db.

Now we will bound the quantity
1 ~ ~
v (M) = S E [|(F(M) = f(31) F(M, 31) || ]

from Theorem 2.2.2. First we bound |f(M) — f(M)| by considering the expression (2.91).
Since M and M only differ on the (I, I,) x (Jy, J) minor, the only summands in (2.91) that

do not cancel in f(M) — f(M) have indices in the set
7= {(il,ig) € A x A°: either iy = I or iy = I3 (or both)}.
Now note that for any (iy,is) € Z,
|| Exa (i1, i2) N B| — | Exgz (i, i2) N B|| < 1¢

since this set only changes (possibly) if M is switchable. We have the same bound for the
pair neighborhoods Exyy(is,41) and with B replaced by B¢. Using these bounds with (2.91)
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we have
SO0 = FADI <D T [|Bxarlin,i2) 0 Bl + | Exgy iz, i) 0 B

| Bxgy iz, i) O Bl + | Bxag(in, i2) 1 B

Z 1e [l Exp(i1,12)| + | EXM(i2ai1)|]

(Z1,i2 €T
<2[Z|d1g

= 2nd 1¢

where in the third line we applied the upper bound (2.70) for M and M.

Now since
1

Kab

|F(M,M)| = |1(M =L) — 1(M = J,)| < 1¢
we have

v (M) < ndKq,P(E|M).

We want to show that f(M) is “self bounding” in the sense that we can control vs(M) by
an expression of the form Kj + Ky f(M) for some constants K, Ky > 0 (possibly depending

on n,d,a,b). Since

P(E|M) = IP’(M ~ 1

M) +IP’<M ~J,

M)
we have

vp(M) < ndK [IP(M ~ 1L ‘ M) +IP><M —J, ‘ M)}

—nd [f(M) + 2KabIP><]\Z/ ~J, ’ M)] (2.95)
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where we have used (2.90) in the second line. Writing

. 1
IP’(M:J2 M) - S |Exulizir) N Bl| Exay(ir, iz) N B°]
Kab .
(Zl,ZQ)EAXAC

we can crudely bound | Exy(iy,45) N BY| < d and | Exyy(iz,41) N B| < [N(iz) N B (from

monotonicity) to get

>

KabIP<M ~J, ‘ M) <da S~ |Nuliz) N B

c

.
%)

m
b

vp(M) < nci[f(M) + Qndu}. (2.96)
From (2.94), on G*°(n) we have

f(M) = fi(M) + fo(M)
> fi(M) — [fo(M)]

> (1—n)fi(M) = 2np(1 — p)n°p.

It follows that for n,¢ > 0 fixed,

P(G(n) A{ear(A B) — n 2t} ) = B(G°(m) A { (M) = p(1 ~ p)n’t )
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and

P(Gn) A {en(A, B) — < —t}) =P(9%(n) A { (M) < —p(1 = p)n*t})

P (f(M) < —[t = 2nu]p(1 - p)n2)- (2.98)

IN

Let us scale t = 7. If we take n < min(1/4,7/8), then from (2.97)

P(G(n) A {exr(A, B) = = mu} ) < P(f(M) = Zp(1 — p)np) (2.99)

-
2

Now we may apply Theorem 2.2.2 to the right hand side of (2.99) with

Ky =20, Ky =nd (2.100)
from (2.96) to bound
1 1 — 2
P(gco(n) A {eM(A, B) — > TH}) <exp|-—— (27:p( 1 p)n u)
2nd(2nd,u +57p(1 — p>n2M)
20
=exp | — i - 1
s e +37)

where in the last line we used that

d ~ min(d,n — d) <
p(l=pn  Ldn—d) =

The lower tail is obtained similarly from (2.98) and Theorem 2.2.2 (and only requiring
that we take n < 7/4).
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CHAPTER 3

The singularity probability for random regular

digraphs

3.1 Introduction

We begin by recalling some notation and terminology from Chapter 2. We use M,,(d) to
denote the set of n x n matrices with entries in {0, 1} satisfying the constraint that all row
and column sums are equal to d (see Definition 2.1.15). (Thus, for instance, M,,(1) is the set
of n x n permutation matrices.) One may interpret the elements of M,,(d) as the adjacency
matrices of d-regular digraphs — that is, directed graphs on n labeled vertices with each
vertex having d in-neighbors and d out-neighbors (allowing self-loops). One can also identify

M., (d) with the set of d-regular bipartite graphs on n + n vertices in the obvious way.

We denote by M a uniform random element of M,,(d), and refer to M as an “rrd matrix”
(for “random regular digraph”). Our objective in this chapter is to determine whether M
is invertible with high probability when n is large and for some range of the parameter d.
Before stating our main result, we give an overview of related work on other random matrix

models.

3.1.1 Background

Much work on the singularity of random matrices has focused on #ud sign matrices =, whose
entries are iid uniform 41 Bernoulli random variables. It is already a non-trivial problem
to prove that = is invertible with probability tending to 1; this was first accomplished by

Komlés in the 1960s [Kom67, Kom68] (see also [Kom]). His proof was later refined to give
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the following quantitative bound:

Theorem 3.1.1 (Komlds). Let = be an n X n matriz of iid uniform signs. Then
P (det(Z) = 0) = O(n"'?). (3.1)

(See Section 1.2 for our conventions on asymptotic notation.)

A key ingredient in the proof of Theorem 3.1.1 was a bound of Littlewood-Offord type due
to Erdés (Theorem 3.2.1 below) from the seemingly unrelated field of additive combinatorics.

This inspired a sequence of works improving (3.1) to exponential bounds
P (det(Z) =0) < ¢ (3.2)

for some constant ¢ < 1 by making heavier use of additive combinatorics machinery. Specif-
ically, the base ¢ = .999 was obtained by Kahn, Komlds and Szemerédi in [KKS95], and was
lowered to ¢ = 3/4 + o(1) by Tao and Vu [TV07], and to ¢ = 1/v/2 4 o(1) by Bourgain, Vu
and Wood [BVW10]. The latter two works relied on the inverse Littlewood-Offord theory
developed in [TVO07]. These bounds still fall short of the conjecture

P (det(Z) =0) = n*(1+o(1))2' " (3.3)

which was stated in [KKS95], though the authors noted that it is best regarded as folklore.
The lower bound in (3.3) is easily proved by considering the event that = has a pair of rows

or columns that are parallel.

One source of motivation for controlling the singularity probability is its relation to
the problem of proving limit laws for the distribution of eigenvalues. Define the (rescaled)

empirical spectral distribution of = to be the random probability measure

1 n
Pz =~ Zl Ox(d-2)

distributed uniformly over the eigenvalues of the normalized matrix \/LEE In [TV10b] Tao
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and Vu proved the circular law for =, which states that almost surely, as n — oo, Bz
converges weakly to the uniform measure on the unit disc in C. They actually proved a
universality principle, which implies that the circular law holds for any matrix with iid
entries having mean 0 and variance 1. See Chapter 5 for further background on the circular

law.

The main technical hurdle in the proof of the circular law was to obtain good lower
bounds on the smallest singular value s,(Z) holding with high probability. (Actually, it
was necessary to do this for arbitrary scalar shifts \/LEE — zI.) Proving lower bounds on
sp(Z) is an extension of the singularity probability problem — indeed, the latter is to bound
P(s,(Z) = 0). Polynomial lower bounds on the smallest singular value of a general class of
iid matrices were first obtained by Rudelson in [Rud06], and were subsequently improved by
Tao and Vu [TV09, TV10c] and Rudelson and Vershynin [RV08]. See Chapter 4 for more

background on lower bounds for the smallest singular value.

Apart from iid matrices, a lot of activity has concentrated on random matrix models with
constraints on row and column sums. In [BCC12], Bordenave, Caputo and Chafai proved
the circular law for random Markov matrices, obtained by normalizing the rows of an iid
matrix with continuous entry distributions. On the discrete side, in [Ngul3] Nguyen proved
that a uniform random 0/1 matrix constrained to have all row-sums equal to n/2 (say n is
even) is invertible with probability 1 — Oc(n~%). Nguyen and Vu subsequently proved the
circular law for a more general class of random discrete matrices with constant row sums

INV13).

The approach in [Ngul3] and [NV13] was to use a conditioning trick, which we now
briefly sketch. As in [Ngul3], assume n is even, and let @) be a uniform random n x n 0/1
matrix with all row sums equal to n/2. Suppose we want to control the probability that some
property P holds for the first row R; of Q. We draw Y; € {0,1}" uniformly at random, and

let £ be the event that the components of Y; sum to n/2. We have Y; ‘ & iRl. Moreover,
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one can easily show that P(£) > n~'/2. It follows that we can bound

P( P holds for R;) = P(P holds for Y; | €)

P(P holds for Y;)
<
N P(€)

< n'/?P(P holds for Y;). (3.4)

This last term can be controlled using the existing theory for iid matrices (the loss of a factor

O(n'/?) turns out to be acceptable).

The results from [BCC12|, [Ngul3| and [NV13] still relied on the independence between
rows. For the rrd matrix M considered in the present work there is no independence among
rows or columns. In particular, an approach by conditioning iid variables as in [Ngul3] can
not treat each row separately, and instead must condition on the event that the entire iid
matrix is in M,,(d). The probability of this event can be estimated using asymptotic enu-
meration results. Letting p := d/n, we draw a random 0/1 matrix M, with iid Bernoulli(p)

entries, and let

Ena={M, € M,(d)}. (3.5)

Then M,|E, 4<% M. We have

P(E, ) ~ \/2md(n — d) exp <—nlog (M) ) (3.6)

n

which follows from an asymptotic formula for the cardinality of M,,(d), established for the
sparse case d = np = o(y/n) by McKay and Wang in [MWO03] and for the dense range
min(d,n — d) > n/logn by Canfield and McKay in [CMO05].

Although enumeration results for the range /n < d < n/logn are unavailable as of
this writing (though it is natural to conjecture that the formula (3.6) extends to hold in this
range), in [Tra] Tran used an argument from [SU84] of Shamir and Upfal to show that for
d = Q(logn),

P(&,.q) > exp (—O(nﬂ)) : (3.7)
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While weaker than (3.6), this lower bound was enough to prove the quarter-circular law
for the singular value distribution of M using the conditioning trick (in fact Tran treated
the more general case of rectangular 0/1 matrices with constant row and column sums,
for which he proved the Marchenko—Pastur law). This followed earlier work in [TVW13]
establishing the semi-circular law for undirected random regular graphs with d — oo by
a similar approach. It is worth noting that the Marchenko-Pastur and semi-circular laws
were also obtained in [DP12] and [DJ16] for the sparse regime w(1) < d < n°®), using the
fact that d-regular graphs converge locally (in a quantitative Benjamini—-Schramm sense) to

d-regular trees.

Hence, we see that with (3.7) we are limited to importing properties of the iid matrix
M, that hold with probability 1 — O(exp(—Cn,/np)) for some sufficiently large C, and this
can be slightly relaxed by using the formula (3.6) for the appropriate range of d. We note in

particular that the results of the present work cannot be obtained by the conditioning trick.

On the continuous side, the conditioning trick was used to study uniform random doubly
stochastic matrices in [CDS] and [Ngul4]. In [CDS], Chatterjee, Diaconis and Sly noted that
this distribution can be obtained by conditioning a matrix with iid exponentially distributed
entries. They proved the quarter circular law by similar lines to [Tra], relying on an asymp-
totic formula of Canfield and McKay from [CM10] for the volume of the Birkhoff polytope.

Nguyen built on this work in [Ngul4] to prove the circular law for this model.

3.1.2 Main results and conjectures

Our main result for this chapter is an analogue of Komlés’s Theorem 3.1.1 for rrd matrices,
assuming that the matrix is not too sparse or too dense. Specifically, we assume that
min(d, n — d) > Cylog®n for a sufficiently large constant Cy > 0. As in Chapter 2 we make
use of couplings rather than the conditioning trick discussed above an in Section 2.1.1. We

give more detail and motivation for the proof strategy in Section 3.1.3 below.

Theorem 3.1.2 (Main result). There are absolute constants Cy,co > 0 such that the fol-

lowing holds. Assume min(d,n —d) > Cylog®n, and let M be a uniform random element of
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M, (d). Then
P (det(M) =0) = O(d). (3.8)

Remark 3.1.3. The proof shows that we may take ¢y = 1/18, though we do not expect this
bound to be optimal (see Conjectures 3.1.7 and 3.1.8 below).

Remark 3.1.4 (Lower bound on d). It is possible that our argument could be extended to

only assume min(d,n —d) > Cylogn, but a new approach will be certainly necessary beyond

that — see Remark 3.2.6.

Remark 3.1.5. One can easily show that a matrix M € M,,(d) is invertible if and only if the
“complementary” matrix M’ with entries M'(i,j) = 1 — M (i, j) is invertible. Hence, in the

proof of Theorem 3.1.2 we may assume that p := % <

N | —

Remark 3.1.6. Very recently (after the final version of these results were sent for publication)
an extension of the bound (3.8) to lower values of d has been accomplished in [LLTY],
along with an improvement in the exponent cq. Specifically, they are able to show that for
some absolute constants C,c > 0, P(det(M) = 0) = O((log® d)/V/d) if C < d < en/log?n.
Together with Theorem 3.1.2 this implies that a uniform random element M € M, (d) is
invertible with probability tending to 1 as n — oo if min(d, n — d) grows to oo at any speed,
rather than at speed at least log® n. See Remark 3.2.7 for some additional comments on this

result.

We believe that when d is of linear size, the singularity probability is exponentially small,

similarly to the bound (3.2) for iid sign matrices.

Conjecture 3.1.7. Fiz py € (O, %) and assume min(d,n — d) > pon. Then

P (det(M) =0) < Ce ™

for constants C,c > 0 depending only on py.

We also conjecture that rrd matrices are invertible with high probability for much smaller

values of d:
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Conjecture 3.1.8. There are absolute constants C,c > 0 such that for any 3 < d <n—3

we have

P (det(M) =0) < Cn™".

This mirrors a similar conjecture of Vu in [Vu08] on the adjacency matrices of undirected
d-regular graphs, which are the symmetric analogue of M. When d is bounded, considering
the event that two columns of M are parallel shows that we cannot hope for better than a
polynomial bound on the singularity probability. M is obviously invertible when d = 1 as
it is a permutation matrix in this case. On the other hand, for the case d = 2 we have the

following:

Observation 3.1.9. Let M be a uniform random element of M,,o. Then M is singular

asymptotically almost surely.

Proof Sketch. One first observes that M is identically distributed to P(I + F,) where P
and F, are independent permutation matrices, with P uniform random and F, uniform
among permutation matrices with 0 diagonal (i.e. Fy is associated to a uniform random
derangement). Hence, the probability that M is invertible is equal to the probability that
I+ F, is invertible. Now we conjugate by a permutation matrix ¢ to put F in block diagonal

form according to its cycle structure. The resulting block matrix I + QT PyQ has blocks of

the form
1 1 0 0
0 1 1 0
0o 00 --- 1
1 00 -+ 1

Such a matrix is invertible if and only if it is of odd dimension. Hence, the probability that M
is invertible is equal to the probability that a uniform random derangement decomposes into
only odd cycles. The reader may verify that for ¢ € Sym(n) a uniform random permutation,
we have

P(o contains only odd cycles) = o(1) (3.9)
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(for the precise asymptotics see Exercise 5.10 in [Sta99]). The result then follows from the
fact that a uniform random permutation is a derangement with probability (1) — see for

instance [McK]. O

Remark 3.1.10. One may similarly show that the sum of two independent and uniformly

distributed permutation matrices P; + P, is singular asymptotically almost surely.

Next we give a consequence of Theorem 3.1.2 for random sign matrices. Note that if
we draw an iid matrix of signs = as in Theorem 3.1.1 and condition on the event that
all rows and columns sum to 0, the resulting matrix =y will be singular with null vector
1=(1,1,...,1) € R™. It is an easy consequence of Theorem 3.1.2 that this is usually the

only obstruction for invertibility.

Corollary 3.1.11. Assume n is even, and let Zg be an n x n matriz of iid uniform +1 signs

conditioned to have each row and column sum to 0. Then with high probability, ker(Zy) = (1).
Proof. Let M = %(EO +1 1T). Then M is an rrd matrix with d = n/2. For x € R", write
r=T14xg

with 7 = £ 37 2(i) and xo the orthogonal projection of z to (1)*, the space of mean-zero
vectors. One then verifies that x € ker(Zy) if and only if zy € ker(M), and the result follows
from Theorem 3.1.2. O

Our next result concerns signed rrd matrices. Let Mff 4 denote the set of n x n matrices

M. with entries in {41,0, —1} satisfying the constraints
d=> " |M(i, k)| =) [Ms(k, )] (3.10)
i=1 j=1

for all k£ € [n]. We have the following analogue of Theorem 3.1.2:

Theorem 3.1.12 (Signed rrd matrices are invertible a.a.s.). Assume C’log2 n<d<mn fora
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sufficiently large constant C' > 0, and let My be a uniform random element of ./\/lid. Then
P (det(My) =0) = O(d~ ). (3.11)

Note that in contrast to Theorem 3.1.2, in the above result we don’t need to assume an
upper bound on d (apart from the trivial one). This is because of the additional randomness
of the Bernoulli signs in Z: as d approaches n, M approaches the non-random (and singular)
matrix of all 1s, while M, approaches an iid sign matrix. In particular, by considering d = n
we see that Theorem 3.1.12 is a generalization of Komlés” Theorem 3.1.1, up to a small loss

in the exponent of n from the bound (3.1).

The signed rrd matrix M is easier to work with than the unsigned rrd matrix M due to

the following alternative description. Letting M be the rrd matrix with entries

we have My Mo =, where = is an iid sign matrix independent of M. (Here o denotes the
Hadamard (or Schur) product, so that My (i,j) = M(i,j)=(i,7) for each i,7 € [n].) We
refer to M as the “base” or “support” of the signed rrd matrix M. Roughly speaking, our
approach to proving Theorem 3.1.12 will be to condition on a “good” realization of the base
rrd matrix M and proceed using only the randomness of the iid signs. We will then have to

show that such good configurations M occur with high probability.

The conditions of a good configuration are most naturally stated in terms of the d-regular
digraph I' = (V, E') which has M as its adjacency matrix. We will use the notation Ny (7),

enm(A, B), Cops(iy,ia), ete. introduced in Section 2.1.5. Additionally, for S C [n] we denote

Nu(S) = [ Nu(9). (3.13)

€S

Roughly speaking, the base matrix M is a good configuration if the associated digraph

satisfies certain exzpansion properties. In Section 3.3.2 we prove that the rrd matrix M
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satisfies all of the necessary properties with overwhelming probability if d = w(logn). The
proofs rely on the sharp tail bounds for the edge counts e (A, B) provided by Theorem 2.1.5.
The proof of Theorem 3.1.2 for the unsigned rrd matrix M will rely more heavily on the

expansion properties of Section 3.3.2.

It turns out that to prove Theorem 3.1.12 by this approach we do not need all of the
expansion properties enjoyed by M. Hence, we will actually prove the following result, where
M is replaced by a general 0/1 matrix X, and the event G(d) distills the required expansion

properties. In particular, Theorem 3.1.13 is independent of the results in Chapter 2.

Theorem 3.1.13 (0/+1 matrices with expanding support are invertible a.a.s.). Let ¥ be a
random or deterministic 0/1 matriz. For d € [n], let G(d) be the event that X enjoys the

following expansion properties with constants ci,co,Co > 0 and a parameter k3 > 1:

0. (Minimum degree) Every row and column of ¥ has at least d nonzero entries. That is,
for alli € [n],
s (@), Ngr(@)] > d. (3.14)

1. (Ezpansion of small sets) There is some constant ¢; > 0 such that for all v € (0,¢],

for all S C [n] such that |S| < 102%”%, we have

Ns(S)], W (S)] > ——d|S]|.

logn

2. (No large sparse minors) There are constants Cy,co > 0 such that for all A, B C [n]

satisfying |Al, |B| > Cy% logn we have

d
es(A, B) > cp| Al B|.

3. (No thin dense minors) There is a parameter k3 € [1,00), possibly depending on n,

such that for any S, B C [n],

ex(S, B), ex(B, S) < k3d|S|.
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n particular, takin to be a singleton we have the degree bounds
(1 cul king S to b gl h he degree bound,
(N (@)], Nsr (i) < ksd

to complement (3.14) above.)

Let = be an iid sign matriz independent of ¥, and put H = ¥ o =. There is a constant C|, > 0

depending on cy, ¢y, Cy such that if d > Cllog®n, then
P ({det(H) = 0} A G(d)) = O(rzd™"/*). (3.15)

In particular, if properties (0)-(3) hold a.a.s. for ¥ with d > C4log®n and ks = o(d"/*), then

H is invertible a.a.s.

In Section 3.3.2 we will show that with ¥ = M the rrd matrix, the event G(d) holds with
overwhelming probability for some constants ¢y, ca, Co > 0 (we can take k3 = 1 in this case)

assuming d = w(logn), at which point Theorem 3.1.12 follows from Theorem 3.1.13.

The proof of Theorem 3.1.13 will follow the general outline of Theorem 3.1.2, but each
stage will be easier due to the independence of the entries of =. Hence, we believe it will
benefit the reader to first see the arguments for H as warmups to the more complicated
arguments involving couplings for the rrd matrix M, and have structured the chapter ac-
cordingly. However, nothing from the proof of Theorem 3.1.13 is needed for the proof of
Theorem 3.1.2, so the reader who is only interested in the proof of the main theorem can

skip the sections devoted to H (namely, Sections 3.4.1 and 3.5.1).

3.1.3 The general strategy

Now we give a high level discussion of our couplings approach to proving invertibility of an rrd
matrix M. The strategy is similar in spirit to the one used by Rudelson and Vershynin in the
recent work [RV14] on the smallest singular value of perturbations of deterministic matrices

by Haar unitary or orthogonal matrices. As the rrd matrix M has discrete distribution, the
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couplings we define will be of a very different nature from the ones considered in that work.
Nevertheless, our approach for dealing with dependent random variables owes much to the

work [RV14] on a conceptual level.

In order to improve on the strategy of conditioning on an iid Bernoulli(p) matrix M,
as in (3.5), we would like to show that the events {det(}M,) = 0} and {M, € M, (d)} are

approximately independent in some sense. Indeed, proceeding as in (3.4) gives

P(det(M) = 0) = P(det(M,) = 0| M, € M,(d))
P(det(M,) = 0)
= P(M, € M, (d)) (3.16)

which is only sharp for the worst case that we have the containment
{det(M,) =0} C {M, e M, (d)}. (3.17)

Of course, (3.17) is likely far from the truth. This motivates us to better understand the
structure of the set M,,(d); specifically, we try to identify symmetries of this set. If we can
identify a large class of operations ® : M,,(d) — M, (d) which leave the distribution of a
uniform random element M € M,,(d) invariant, then we could select such an operation ®
at random from this class and form a new rrd matrix M = ®(M). Now to bound the event

that some property P holds for M, we may replace M with M:

P( P holds for M ) = P( P holds for M)

= EP( P holds for M | M)

and proceed to bound the inner probability using only the randomness we have “injected”
via the map ®. This approach can be very powerful if we can design the map ® to involve

a large number of independent random variables.

This strategy was used in [RV14] to obtain bounds of the form

P(s, (D +U) < t) < tn® (3.18)
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for some absolute constants C,c > 0, where D is a deterministic matrix (satisfying some
additional hypotheses) and U is a Haar-distributed unitary or orthogonal matrix. Since the
random matrices in this case are drawn from a group, there is no shortage of symmetries to
consider for injecting independence. Furthermore, the availability of continuous symmetries
allowed for the injection of random variables possessing smooth bounded density (such as
iid Gaussians). This gave quick access to anti-concentration or “small ball” estimates, which
play a fundamental role in all currently known (to this author at least) proofs of invertibility

for random matrices.

The bound (3.18) had implications for the Single Ring Theorem, proved by Guionnet,
Krishnapur and Zeitouni in [GKZ11], for the limiting spectral distribution of certain random
matrices with prescribed singular values; specifically, it was shown that a hypothesis in
[GKZ11] could be disposed of. It was also used in the proof by Basak and Dembo in [BD13]
of the limiting spectral distribution for the sum of a fixed number of independent Haar
unitary or orthogonal matrices. It was conjectured in [BC12] that the same law should hold
for the random matrix

MPerm::P1+"'+Pd

where the summands are iid uniform n X n permutation matrices — this can be viewed as a
sparse version of the rrd matrix M. It is possible that the smallest singular value of Mpem
could be controlled by an extension of the ideas used in the present work, though the extreme

sparsity of this matrix will likely call for new ideas.

The present setting of rrd matrices is a little more complicated than the case of Haar
unitaries as the distribution is discrete, and M, (d) is not a group (except when d = 1 of
course, but then the problem is trivial). The basic building block for our coupled pairs
(M, M ) is the “simple switching” operation introduced in Chapter 2, which we now recall.

Letting

12 = 5 J2 = (319)
we can replace a 2 x 2 minor of M by I, if it is Jo and Js if it is I — indeed, note that
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this preserves the row and column sums. If 41,45 and j;, jo are the row and column indices,
respectively, of such a minor, then in the associated digraph I' = (V| E) we are alternating

between the following edge configurations at vertices i1, i, ji, Jo:

i «———30 j1
~ ’,

N
N
<

‘ ~

, N
’ AN

. 4 .

12 "—Q>x0]2

where we use solid arrows to depict directed edges, and dashed arrows to indicate the absence

of a directed edge (i.e. “non-edges”).

We will want to form M by applying several switchings at non-overlapping 2 x 2 mi-
nors. Each minor is replaced with I, or J, uniformly at random, independently of all other
switchings. We can encode the outcomes of the random switchings with iid uniform signs —
this will give us access to anti-concentration estimates for random walks (specifically Erdds’
Theorem 3.2.1 below). The formal construction, called the “shuffling coupling”, is given in

Section 3.3.1.

3.1.4 Organization of the chapter

The rest of the chapter is organized as follows. In Section 3.2 we describe the ideas of the
proof in more detail, reviewing the approach introduced by Komlos to classify potential null
vectors as structured and unstructured, and illustrating our use of couplings by solving a
toy problem. Section 3.3 gives the formal statements and proofs for the tools that were
motivated in Section 3.2, namely the “shuffling” coupling of rrd matrices, the discrepancy
properties from Chapter 2, and a concentration inequality for the symmetric group due to
Chatterjee. In Section 3.3.2 we use the discrepancy properties to deduce Theorem 3.1.12
from Theorem 3.1.13. In Sections 3.4 and 3.5 we bound the events that our random matrices
have “unstructured” and “structured” null vectors, respectively — for the signed matrix H
“structured” will mean “sparse”, while for the rrd matrix M it will mean that the null vector

has a large level set. (Note that in the recent literature on invertibility of iid matrices the
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term “structured” is used for vectors whose components lie in a set that is well-approximated
in some sense by a generalized arithmetic progression — see [TV07, TV09, RV08].) In each
section, we first treat the signed matrix H as a warmup to the more complicated argu-
ments for M. However, the reader who is only interested in the proof of the main theorem

concerning the rrd matrix M can skip Sections 3.4.1 and 3.5.1.

3.1.5 Notation and terminology

In addition to the notation listed in Section 1.2 we will use the following conventions in the

present chapter.

Some distinguished constants from the statements of Theorems and Propositions (such
as Cp, ¢g in Theorem 3.1.2) have numbered subscripts so that they can be more easily tracked
through the arguments. We still allow hidden constants in asymptotic notation to depend

on these numbered constants.

Most events will be denoted by the letters &£, B, and G, where the latter two denote “bad”
and “good” events, respectively. Their meaning may vary from proof to proof, but will
remain fixed for the duration of each proof. Ex and Py denote expectation and probability,

respectively, conditional on all random variables but X.

We make use of the following terminology for sequences of events.

Definition 3.1.14 (Frequent events). An event £ depending on n holds

o asymptotically almost surely (a.a.s.) if P(€) =1 — o(1),
e with high probability (w.h.p.) if P(£) =1 — O(n~°) for some absolute constant ¢ > 0,

o with overwhelming probability (w.o.p.) if P(€) = 1 — O¢(n~) for any constant C' > 0.

Given ordered tuples of row and column indices (i1, .. .,%,) and (ji,. .., j»), we denote by
My, i) xGr,.rjs) the @ x b matrix with (k,1) entry equal to the (i, j;) entry of M. (Note for
instance that the sequence (i, ...,4,) need not be increasing.) For A, B C [n], with M4y p

the increasing ordering of the elements of A, B is implied. We also recall from (3.19) our
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notation

12 = 5 J2 = . (320)

We use o to denote the matrix Hadamard product; that is, for n x m matrices My, M,
M; o My is the n X m matrix with entries M (i, j)Ms(i, j). We will use this notation for row

vectors as well (which is the case n = 1).

We use notation that views a vector x € R™ as a function « : [n] — R. In particular, the

ith component of z is denoted x(i). We also define the support of x as

spt(z) == {i € [n] : 2(i) # 0} = [n] \ z71(0).

We write RT C R™ for the subspace of vectors supported on T C [n]. We let 1 denote the
all-ones vector (1,...,1) € R". “Null vector” will mean “right null vector” unless otherwise

stated. The span of a single vector z is denoted by (x).

We will also make use of the graph-theoretic notation introduced in Section 2.1.5.

3.2 Ideas of the proof

Our general approach to Theorem 3.1.2 is inspired by Komlés’s proof of the analogous theo-
rem for iid sign matrices (Theorem 3.1.1 above). After briefly reviewing Komlds’s argument

below, we will discuss the new ideas that are necessary to treat rrd matrices.

3.2.1 The strategy of Komlés

A key ingredient of Komlds’s proof is the following “discrete small ball estimate” for random

walks due to Erdds.

Theorem 3.2.1 (Anti-concentration for random walks [Erd45]). Let « € R" be a fived
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nonzero vector, and let £ : [n] — {£1} be a sequence of iid uniform signs. Then

sup P { Zx(z)é(z) = a} < | spt(z)|1/? (3.21)

a€R i—1
where we recall the notation spt(z) = {i € [n] : (i) # 0}.

Proof. of Theorem 3.1.1. We want to bound the bad event
B := {det(Z) = 0} = {3 nonzero x € R" : Za =0}. (3.22)

The idea is to separately consider the possibility of “structured” and “unstructured” null
vectors x. Here the right notion of structure is sparsity. Say that x € R" is k-sparse if

|spt(a)] < k.

Proposition 3.2.2 (No structured null vectors for Z). For any fizred n € (0,1), with over-

whelming probability = has no nontrivial (1 — n)n-sparse null vectors.

We defer the proof of this proposition to the end. Fix n € (0,1). We say that x € R"
is “structured” if = is (1 — n)n-sparse, and “unstructured” otherwise. Since = is identically
distributed to its transpose, we may now restrict to the event G on which = has no structured

left or right null vectors.

For each i € [n], let R; denote the ith row of =, and denote V; = span(Ry : i’ # i). Define
the events

Blzg/\{Rze‘/z}

On B A G, = must have an unstructured left null vector, which implies that B; holds for at

least (1 —n)n values of ¢ € [n]. By double counting we then have that

zn: P(B;) > (1 —n)nP(BAG). (3.23)

Since the rows of = are exchangeable, all of the summands on the left hand side are equal
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to P(B;), say, and so

1
BBAG) < 1 F(By) (3.24)

By our bound on P(G¢) from Proposition 3.2.2, it only remains to show that P(B;) < n~'/2,

We condition on the rows Rs,..., R, of =, which fixes their span ;. Condition also on

a unit normal vector u € V-, drawn independently of R;. We have
{Ry e i} C{R; -u=0}. (3.25)

On B; we have that u is perpendicular to every row of =, and is hence a left null vector. By
our restriction to G we may hence assume that u is unstructured. By Theorem 3.2.1 we may

now use the randomness of R; to conclude the desired bound
P(B)) <P(GA{R, -u=0}) <, n /2
We turn to the proof of Proposition 3.2.2. Define the events
Er={3zxeR": 0<|spt(z)| <k, Zx=0}.

Our aim is to bound
[(1—=n)n]

P(Ea—mn) = Z P&\ Er1) (3.26)

k=2
(noting that & is empty). It suffices to show that P(& \ E—_1) is exponentially small for
arbitrary fixed 2 < k < (1 —n)n.

Fix k in this range. On & \ &1 there is a right null vector x with exactly & nonzero
components. We may spend a factor (Z) to assume that x is supported on [k] (using column
exchangeability). Now on the complement of & _;, the first & columns of = must span a

space of dimension k£ — 1. It follows that there are £ — 1 linearly independent rows of the left

n

n X k minor of =. By row exchangeability we may spend another factor (k_l

) to assume the
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first £ — 1 rows are linearly independent. To summarize,

n n
P ) < P& 2
sna=(1)(,")re (3.27)
where
&= {Elm eR": Ex =0, spt(x) = [k], Ry,..., Rg_1 are linearly independent}.

Now note that by linear independence, on &, we have that z is determined by the first £ — 1
rows. Conditioning on these rows fixes . Then by the independence of the rows of = we

have

P(& | Ri,...,Rio1) < P(R; -z =0Vi€ [k,n])

= P(R, -z = 0)" """ (3.28)
Since | spt(x)| = k, by Theorem 3.2.1 we can bound
P(R,, - = = 0) < min [1/2,0(k™/?)]. (3.29)

Combining this bound with (3.28), (3.27) and the inequality (,",) < (en/(n — k))"™* we

conclude

P(&, \ Er1) < exp {(n — k) [C + 2log - = - —log \/E} } (3.30)

which is more than sufficiently small if n — k > nn for any fixed n € (0,1) (in fact we can

allow n — k as small as C'n~'/4 for a sufficiently large absolute constant C’ > 0). O

3.2.2 Structured and unstructured null vectors

It turns out that Proposition 3.2.2 is robust under some zeroing out of the entries of M.

Specifically, we can show an analogous result for the matrix H = ¥ o = from Theorem 3.1.13.

Proposition 3.2.3 (No structured null vectors for H). Forn € (0,1], let GI*(n) be the event
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that H has no nontrivial (1 — n)n-sparse left or right null vectors. With hypotheses as in
Theorem 3.1.13, we have that on G(d) the event G¥(n) holds with probability 1 — O(n~'%)
if n € [C1d=*, 1] for a sufficiently large absolute constant C > 0.

As for the rrd matrix M and Theorem 3.1.2, we will also treat structured null vectors
separately, but it turns out that sparsity is no longer the right notion of structure. Instead,

we will need to show that null vectors of M have small level sets:

Proposition 3.2.4 (No structured null vectors for M). For n € (0,1], let G¥(n) be the

event that for any nontrivial left or right null vector x of M and for any X € R,

|z (N)] < . (3.31)

With hypotheses as in Theorem 3.1.2, we have that G*(n) holds with probability 1—O(n~1%0)
if n > Cid= for some absolute constants Cy,co > 0 sufficiently large and small, respectively

(the constant cq is the same as in Theorem 3.1.2 and can be taken to be 1/18).

We prove Propositions 3.2.3 and 3.2.4 in Section 3.5. The reason for ruling out null
vectors with large level sets will be apparent in the next section, where we describe our

couplings approach.

3.2.3 Injecting a random walk

The proof in Section 3.2.1 proceeded by reducing to the event that R;-u = 0, where Ry is the
first row of = and w is a unit vector in V- = span(Ry, ..., R,)*. Then we used independence

of the entries of = in two ways:

1. Independence of the rows of = allowed us to condition on R, ..., R, to fix u, without

affecting the distribution of R;.

2. Independence of the components of R; allowed us to view the dot product Ry - u as a

random walk, to which we could apply the anti-concentration result Theorem 3.2.1.
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The rrd matrix M enjoys neither of these properties. However, we will be able to accomplish
something like (2) above by defining an appropriate coupling of rrd matrices using switchings.
It will take some care to implement this without having the independence between rows (1).

To illustrate our couplings approach, let us consider a toy problem: to control the event

that the first two rows lie in the span of the remaining rows, i.e. to show
P{Ri, Ry € Vg } = o(1) (3.32)

where V{; 2) := span(Rs, ..., R,). We will see later that this can be used to control the event

that M has corank at least 2 (see Lemma 3.4.3). For now we will operate under the following

Assumption 3.2.5. n < d < 7.

Thus, we are assuming M is a dense rrd matrix. In the next section we will discuss some

of the new ideas necessary to treat sparse matrices.

Blindly following the proof from Section 3.2.1, we condition on the rows Rs, ..., R, to fix
the space V(1 2), and pick a unit vector u € V(fQ), say uniformly and independently of Ry, Ry

under the conditioning. Now it suffices to show

P(Ri-u=0|Rs,...,R,) =o(1). (3.33)

We need to understand how R; and R, are distributed under the conditioning on R, ..., R,.
Recall from Section 2.1.5 the sets Cop(1,2), Exps(1,2), Exps(2,1), which the partition the
vertex-pair neighborhood Ny ({1,2}). Now since the entries of each column sum to d, by
fixing Rs,..., R, we have fixed which columns of M need both, neither, or just one of their
first two components equal to 1 in order to meet the constraint. This fixes the sets Cop(1,2)

and Exj/(1,2) U Ex; (2, 1). Furthermore, by the row sums constraint, we must have

[ Bxa(1,2)] = d— | Cou(1,2)] = | Exy(2, 1) (3.34)
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/\
Co(1,2)  Ez(1,2) Ez(2,1)
J 7(j)
1]1 1 11 1 0 0 0 0
2|1 1 00 01 1 10

Figure 3.1: The shuffling coupling: the minor M 2)x(jx(;)) (in red) will be re-

placed with Iy or Jo according to a random sign £(j). We do this independently

for each j € Ex(1,2).
It follows that with Rjs,..., R, fixed, the only remaining randomness is in the uniform
random equipartition of the deterministic set Ex/(1,2) UExy(2,1) into the sets Exp(1,2),
Exp(2,1). See Figure 3.1.

We re-randomize the sets Exps(1,2), Exp/(2,1) in the following way. Under this condi-
tioning, pick a bijection 7 : Exp/(1,2) — Exp/(2,1) uniformly at random. Now for each

J € Exp(1,2) we have

10
M 2)x(jm()) = =: L.
0 1

Having obtained a sequence of “switchable” 2 x 2 minors, we can apply random switchings
(with terminology as in Section 3.1.3). Let & : [n] — {1} be a sequence of iid uniform
signs, independent of all other variables. For each j € Exy(1,2), we replace the minor

M 2y (j,x(j)) With the random minor

L 1(§(5) = +1) + J2 L(&(5) = —1)

(with notation as in (3.20)). Call the resulting matrix M. It is not hard to show that M
is also an rrd matrix after undoing all of the conditioning (see the proof of Lemma 3.3.2

below).

We have hence obtained a coupled pair (M, M ) of rrd matrices (more precisely, we have
defined a coupling (M, M ,m,&) on an enlarged probability space such that the marginals for

the first two entries are uniform). Let R; denote the ith row of M. Replacing M with M in
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(3.33), it suffices to show
P(Ry-u=0|M)=o(1). (3.35)

Now in the randomness of the iid signs £(j), one sees that the dot product Ry -u is a random

walk:

. 2
jEEX]u(l,Q)

where Wy is a term that does not depend on 7 or £&. Applying Theorem 3.2.1 we have

Pe{ B u =0} < {5 € Exar(1,2) : u(j) # ulw(i)}| "

It remains to get a lower bound on the number of j € Ex,(1,2) for which u(j) # u(w(j)).

First we deal with the possibility that Exys(1,2) is a very small set. On average, we
expect Coys(1,2) to be of size roughly p?n = d*/n. By (3.34) and our assumption p < 1/2
(from Remark 3.1.5) we have E | Exy(1,2)| > d. It was shown in Chapter 2 that codegrees
in random regular digraphs are sharply concentrated (see Theorem 2.1.5) from which we can
deduce that

| Exp(1,2)] > d (3.37)

off a negligibly small event.

Now we apply Proposition 3.2.4 and the randomness of 7 to argue that for most j €
Expr(1,2) we have u(j) # u(m(j)). Since u € V(i2) we have that u is a (right) null vector of
the (n —2) x n matrix M3 ,)xn- By a small extension of Proposition 3.2.4 we may assume
that w is unstructured, i.e. that all of its level sets are of size at most nn, with n of size
O©(d=) for some ¢y > 0 absolute. (In the actual proof we will argue that u is unstructured
in a slightly different way, but in any case it comes down to an application of Proposition
3.2.4.) Now by (3.37) and Assumption 3.2.5, the sets Exy/(1,2), Exp/(2,1) are much larger
than the level sets of u. Hence, in the randomness of 7, it is very unlikely that we have
7(j) € uH(u(j)) for a large number of indices j € Exys(1,2). Thus, off a negligibly small

event we can deduce that most of the steps taken by the random walk (3.36) are nonzero,
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and hence

Per{Ry-u=0} < |Exp(1,2)] 7 < d 2 (3.38)

Since we are assuming d = w(1), we have completed the proof of (3.32).

To summarize, we bounded P(R;, Ry € V(fQ)) by defining a coupling (M, ]\N4,7r,§) on an
enlarged probability space, with M M , and replacing M with M in (3.33). The variables

M, m and & each played a special role:

1. In the randomness of M, we simply restricted to a couple of “good events”: the event
G*5(n) that null vectors are unstructured, and the event that codegrees are close to

their expectations.

2. Conditional on M satisfying the good events, ™ was used to pair indices in Ex;/(1,2)
with indices in Ex);(2,1) to show that, off a small event, the random walk Ry - u takes

many nonzero steps 1 (u(j) — u(w(5))).

3. Conditional on good realizations of M and 7, the randomness of £ was used with

Theorem 3.2.1 to finish the proof.

As remarked above, (3.32) can be used to deduce that M has corank at most 1 a.a.s.
It then remains to deal with the event that corank(M) = 1. This task is a little more
complicated, and involves expressing a certain 2 x 2 determinant involving two randomly

sampled rows of M as a random walk. See Section 3.4.5 for details.

3.2.4 Dealing with sparsity

In the previous section, we used Assumption 3.2.5 to guarantee that the level sets of the
normal vector u were small in comparison to the neighborhood Ny;({1,2}) (more precisely,
the sets Exj/(1,2) and Exj(2,1)). Indeed, since the level sets are of size at most nn =
©(nd~%) by Proposition 3.2.4, and since | Ex;/(1,2)| > d with high probability, we see upon
rearranging that in the above argument we must assume d > Cn'/0+%) for a sufficiently

large constant C' > 0. It turns out that the value ¢y = 1/8 is the limit of what can be
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obtained by our arguments in the proof of Proposition 3.2.4 for the case that d = w(y/n).

Hence, the argument of the previous section is limited to d > Cn®/?.

In the present work we are able to take d as small as Cylog®n using some new ideas.
Rather than consider the event that R, Ry € V(iz)a we will draw row indices I, Iy at random
and seek to bound P { Ry, Ry, € ‘/(Jl_l,fg) } It can be shown that this leads to control on the
event that corank(M) > 2 (see Lemma 3.4.3). Conditional on I, I3 and the remaining rows

(Ri)i¢ {11}, we will again select a unit normal vector u uniformly at random.

Whereas in Section 3.2.3 the distribution of u played no special role, here we will use it
along with the randomness of I, I to argue that it is very unlikely that a level set of u has
large overlap with the neighborhood Ny ({I, I3}). Under conditioning on Iy, I5, one can see
that the “bad” realizations of v form an algebraic subset of the sphere. We will then use the
simple fact that a proper algebraic subset of the sphere has surface measure zero. (This is
perhaps the only part of the proof that is not strictly combinatorial.) The argument requires
some care as the vector u and the set Ny, ({11, Is}) are both dependent on Iy, I. See Section

3.4.4 for the detailed proof.

Remark 3.2.6 (Necessary lower bounds on d). While we need to assume min(d,n — d) >
Colog®n in Theorem 3.1.2, various parts of the argument work under a weaker lower bound
assumption. Specifically, Theorem 3.1.2 follows from Proposition 3.4.2 and our ability to

restrict to the following “good events”:

1. G%(n) (from Proposition 3.2.4), with 7 of order d—<;

2. G(0) (from Theorem 3.3.4), with ¢ a small fixed constant.

Proposition 3.2.4 shows 1. holds with high probability under the hypothesis min(d,n —
d) > Cylog®n for Cy > 0 sufficiently large. Theorem 3.3.4 establishes 2. holding with
overwhelming probability if min(d,n —d) = w(logn) (and in fact holds with high probability
if d > Cylogn). Finally, Proposition 3.4.2 itself assumes no lower bound on d. Hence, the
only real barrier to assuming a lower bound of order logn is Proposition 3.2.4. The lower

bound min(d,n — d) > Cylog®n is only needed there for technical reasons, and we believe
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that an improvement to Cy log n is possible. Beyond that, it is likely that an entirely different
approach will be needed for the case min(d,n — d) = o(logn), as the discrepancy properties
in Section 3.3.2 would no longer hold with high probability, and these are essential to several

parts of our argument.

Similar comments apply to Theorem 3.1.13, where the lower bound assumption d >

C! log® n comes from Proposition 3.2.3.

Remark 3.2.7. As was mentioned in Remark 3.1.6, an extension of Theorem 3.1.2 to the range
C < d < cn/log®n has recently been accomplished in [LLT*], for some absolute constants
C,c > 0. The argument in [LLT*] builds on the approach of the present work, and is
similar in its use of a shuffling coupling (much like Lemma 3.3.2) and graph discrepancy
properties. To take d below the barrier logn discussed in Remark 3.2.6, they are able to
make use of weaker discrepancy properties than the ones employed in the present work.
Another notable difference from the present work is that they are able to effectively apply
the shuffling coupling with much less control on “structured null vectors” than is provided

by Proposition 3.2.4.

3.3 Preliminaries

3.3.1 The shuffling coupling

In this section we formally define the pair (M, M ) of rrd matrices described in the previous
section, where M is obtained by re-randomizing the neighborhood Ny ({i1,42}) of a pair of

distinct vertices 41,92 € [n] in a certain way. Recall that from the row sums constraint we

have

eXM(il, 22) =d— COM(il, 22) = GXM(ig, 21)
for any distinct iy,i9 € [n] (recall from Section 3.1.5 our notation exys(i1,i2) = | Expr (i1, i2)|,
cops(i1,12) = | Cops(iy,i2)|). On an intuitive level, the shuffling operation is somewhat similar

to performing a “riffle shuffling” of the “deck” Exjs(i1,72) U Exps(i2,41), then cutting the

deck into two equal parts to obtain Exj;(i1,42), Exy;(i2,41). The set of common neighbors
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Cony (i1, 72) = Nas(i1) N Ny (iz) is preserved by the shuffling.

Definition 3.3.1 (Shuffling). Let M € M,,(d) and iy, iy € [n] distinct. For a bijection
7 Expy (i, i0) — Expy(ia, 1)

and a sequence of signs ¢ : [n] — {1}, by perform a shuffling on M at rows (i1, 1) according

to m, &, we mean to replace the 2 x 2 minors M, igyx (5.7 () with

L1EG) = +1) +J2 1(5() = —1)
for each j € Exy(i1,12), and to leave all other entries of M unchanged.

The key to applying the shuffling operation in the proof of Theorem 3.1.2 will be to take

7 and £ to be random.

Lemma 3.3.2 (Shuffling coupling). Let M be an rrd matriz, and fic i1,iy € [n] distinct.
Conditional on M, let 7 : Exps(i1,12) — Exp (i, 1) be a uniform random bijection. Draw a
sequence & : [n] — {£1} of iid uniform signs, independent of all other variables. Form M

by performing a shuffling on M at rows (iy,1s) according to m and §. Then M.

At one part of the proof we will need the following slightly more general version (which
implies the above lemma) in which there is a fixed set of “frozen” columns which we cannot
modify. For a set A and an integer 0 < k < |A|, we use the notation (‘2) for the set of

subsets of A of size k.

Lemma 3.3.3 (Restricted shuffling). Let M be an rrd matriz and fix iy, is € [n] distinct. Let

Frozen C [n] be a set of column indices that is fived by conditioning on the rows (R;)ig (i is}-
Set
Ay = Exp(i, 1) \ Frozen, Ay = Exp(ia, 1) \ Frozen (3.39)

and let s < min(|A|, |Az|) also be fized by conditioning on the rows (R;)igfi, iy (i-€. chosen
measurably with respect to the sigma algebra generated by these rows). Conditional on M let
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S € (‘11) and Sy € (‘?) be chosen independently and uniformly. Conditional on M, Sy, Ss,
let m:S1 — Sy be a uniform random bijection. Finally, let € : [n] — {£1} be a sequence of

1d uniform signs, independent of all other variables.

Form M from M by replacing the 2 x 2 minors M, i,)x(jx(j)) With

L 1(E0) = +1) + J2 1(&() = 1)

for each j € Sy, leaving all other entries of M unchanged. Then ML

M.

Lemma 3.3.2 follows from Lemma 3.3.3 by taking Frozen to be empty and s = exy (i1, i2).

Proof. Condition on the rows (R;)ig{ii,}- This fixes Frozen and the set Exj/(i1,72) U
Exp/ (42,11 ). Condition also on the columns of M with indices in Frozen — this fixes a; := | 4]

and as := |As.

The only remaining randomness of M is in the uniform random partition of
A= (EXM(ib ia) U Expy (i, 21)) \ Frozen

into the sets A;, Ay of prescribed sizes. It hence suffices to show that A = Exg;(i1,12) \

Frozen is also distributed uniformly over (;41) We may write A; as the disjoint union
gl = (Al \ Sl> L (Sl N 5_1(+1>) L W(Sl N g—l(_]_)) (340)

To see that A, < Aj it is clearer to use the following alternative description of the coupling

(M, M, Sy, Sy, m,€). Denote

Ey=[m]D[s]=F

Ey:=la; + 1,01 +as] D as +1,a; + 8] = F
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and denote £ = E; U Ey, F' = F} U F;. Under the above conditioning, draw bijections
@:E-}A, ﬂ':Fl—>F2 (341)

independently and uniformly at random, and let ¢ : [n] — {£1} be a sequence of iid uniform

signs independent of all other variables. Then
(Ab AQ: Sla 827 T, 5) i (q)(El)v (I)(EQ)v q)(Fl)a (I)(FZ)7 Qoo (I)_17 5 © (I)_l)'

We have shifted the randomness of the sets Ay, As, S1, .55 to the randomness of the map ®.

We want to show that A; < ®(E,), where Ey = [a1] is now a deterministic set. From (3.40),

A LB\ F) U SR NEN D) U (Do) (R NEL(-1))

= ®|(B,\ 1) U (FLnéEN(+1)) U 7 (R mg—l(—n)].

Conditioning on # and & (which doesn’t affect the distribution of ®) we have that A is the

image under ® of a fixed set of size a;, which completes the proof. O

3.3.2 Discrepancy properties

In this section we collect various “good events” concerning the distribution of edges in
the random regular digraph I' associated to M. In all cases, the good event is shown
to hold with overwhelming probability, for a suitable range of parameters and assuming
min(d,n — d) = w(logn) (note this is a wider range of d than is assumed in Theorems
3.1.2 and 3.1.13). This will allow us to restrict to these events without further comment
in subsequent stages of the proof. (Indeed, note that we are ultimately aiming for only
a polynomially-small bound on the singularity probability, so the failure probabilities for
the good events will be negligible.) At the end of the section we prove that Theorem
3.1.12 follows from Theorem 3.1.13 by showing that the event G(d) from the latter theorem
holds with overwhelming probability for M. The results of this section are all corollaries of

Theorem 2.1.5 from the previous chapter.
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The shuffling coupling from Lemma 3.3.2 will only be useful if the sets Exy/(i1,12) are
large (see Section 3.2.3). Hence, the following immediate consequence of Theorem 2.1.5 will
be essential for our arguments. Recall that p := d/n denotes the average edge density for

the digraph.

Theorem 3.3.4 (Concentration of codegrees). For 6 € (0,1), let G*(J) denote the event

that for every pair of distinct 11,15 € [n] we have

M_l‘g and M_llg& (3.42)
p(1—p)n p(1—p)n
Then

P(G(6)) =1 — n°W exp (—cdmin {d,n —d,on}). (3.43)

In particular, for any fized § € (0,1) independent of n we have that G(0) holds with over-

whelming probability if min(d,n — d) = w(logn).

We will also need the tail estimates on edge counts provided by Theorem 2.1.5, which we

restate in terms of the event G**(¢) as follows:

Theorem 3.3.5 (Concentration of edge counts). With G™*(8) as in Theorem 3.3.4, we have
that for any A, B C [n| and any T > 0,

cr?

P({‘eM(A, B) — u(A, B)| > Ti(A, B)} A gex(5)> < 2exp (—1 n

iAB) G
-
provided § < min (i, g)

The following is an immediate consequence of Corollary 2.1.9 from Chapter 2.

Corollary 3.3.6 (Discrepancy for large minors). Let C' > 0 be a sufficiently large absolute
constant. For e € (0,1), define the family of pairs of sets

(3.45)

Fle) = {(A, B): A, B C[n], min(|A],|B]) > gloin}
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and the event

Gedee () = {V(A, B) € F(e),

en(A, B) = p(A, B)| < =(4, B)}.
If min(d,n — d) = w(logn) and € € (0,1) is fived independent of n, then G (¢) holds with
overwhelming probability.

Note that for S, B C [n| we have the deterministic bound
em(S,B) <d|S] (3.46)

which is effective when S is small (and we have equality when B = [n]). While this bound
will be sufficient for many purposes, we will sometimes need a little more when |B| = o(n).

Theorem 3.3.5 allows us to improve on (3.46) off a small event:

Corollary 3.3.7 (Discrepancy for thin minors). For v > 0 set

lognn
= - 4

s0(7) = (3.47)

and for gy € (0,1] define the family of “thin minors”

€0
Fnin(e0,7) = { (8. 8) 18] < so3), 1Bl < -S| | (3.48)
Let

B(gg,v) = {El (S, B) € Funin(g0,7) : max (ex(S, B), en(B,S)) > 50d|S|}. (3.49)

There are absolute constants C,c > 0 such that if min(d,n — d) > Cey'logn and v € (0, ¢,
then
P(B(g0,7)) < exp (—ceod) . (3.50)

In particular, if min(d,n — d) = w(logn) and & is fived independent of n, then B(eg, )"

holds with overwhelming probability.
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Proof. Let ¢ € (0,1] and v > 0. Denote

€07

bo(g0,7,S) : ds (3.51)

- logn

and fix s < so(7y), b < by(e0,7,s). For S, B C [n] with |S| = s, |B| = b we have

dsb _ bods  eqds
S,B)= — < — < —. 3.52
p(s, B) =% < M < (352)
Let § > 0 to be chosen. For fixed S, B as above, from Theorem 3.3.5 we have
€o
ex > < ex — >
IP’(Q (6) A {eM(S, B) > eods}> < IP(Q (6) A {eM(s, B) = u(S,B) = 3 ds}>

< exp (—cgods) (3.53)

provided we take § < min (%1, %) . Since %d: > % by (3.52), we can take § = %. With this
choice of § we have

P(G™(6)°) < n°Y exp (—cd) (3.54)

from Theorem 3.3.4. Now by a union bound, (3.53) and the assumed lower bound on d,

P(G™(1/8) AB(eo,7)) < (”) 3 (Z) exp (—czods)

S
s<s0(7) b<bo(c0,7,5)

< n% exp (s(logn — ceod))
™)

s<so

< Z exp (b logn — cepds)

s<s0(7)

< Z exp (—ceopds)

5<s0(7)

< exp (—cepd)

where in the fourth line we used the definition (3.51) of by and took 7 sufficiently small.

Combining with the bound (3.54) and the lower bound on d completes the proof. ]

We have the following quick consequence that with high probability, the size of the
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neighborhood N);(S) of any small set S is within a logarithmic factor of the upper bound
d|S].

Corollary 3.3.8 (Expansion of small sets). For v > 0, let G*P(y) be the event that for

every S C [n] with |S| < so(7y) = 102%"%, we have

v
> ——d|S].
[Nar(8)] 2 5 dIS
Assume d = w(logn). Then there is a constant ¢; > 0 such that for all v € (0, ¢,
P(G™P(7)) =1—0(e™). (3.55)

Proof. Let v > 0. From the crude lower bound [Ny (S)| > d we have that G=P(y) trivially
holds if d > n/2, so assume w(logn) < d < n/2. On G*P(v)¢ there exist S, B C [n] with
S| < so(7) and
f)/
B| < ——d|S| = bo(1,~,|S
| | IOgTL | | 0(a7a| |)

in the notation of (3.47), (3.51), such that ey (S, B) = d|S| (simply from taking B = N (.9)).
Hence, G¥P(y)¢ is contained in the event B(1,~) from Corollary 3.3.7, and the result follows

by taking ~ sufficiently small. m
Now we can prove that Theorem 3.1.12 follows from Theorem 3.1.13.

Proof. of Theorem 3.1.12. Assume w(logn) < d < n. Write My = M oE as in (3.12), where
M is an rrd matrix and = is matrix of iid uniform signs, independent of M. It suffices to

show that the event G(d) in Theorem 3.1.13 holds with overwhelming probability for ¥ = M.

Conditions (0) and (3) of G(d) are immediate for M (and hold with probability 1),
taking k3 = 1. From Corollary 3.3.8 we have that condition (1) is satisfied with probability
1-0(e~*d). From Corollary 3.3.6, we have that if min(d, n—d) = w(logn), then condition (2)
holds with overwhelming probability with c¢o € (0, 1) fixed arbitrarily and Cy > 0 sufficiently

large depending only on cs.
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It only remains to show that condition (2) holds with overwhelming probability for the
high density case d = n — O(logn). Let A, B C [n] such that |A|,|B| > C%logn for some
C5 > 0 to be chosen sufficiently large. Let M’ denote the complementary rrd matrix with
entries M'(i,5) = 1— M(i,j). Then by (n — d)-regularity, ey (A, B) < (n—d)|A|. It follows
that

enm(A, B) = |A]|B| — ear (A, B)
> [A|(1B] = (n = d))
> |A||B]

d
ZE|A||B|

where in the third line we used the upper bound n — d = O(logn) and the lower bound
on |B|, taking Cy sufficiently large. It follows that for the case d = n — O(logn), we may
take co € (0,1) sufficiently small such that condition (2) holds with probability 1 for all n

sufficiently large. m

3.3.3 Concentration of measure

The following concentration inequality for certain functions on the symmetric group will be
useful when working with the bijections 7 in the shuffling coupling of Lemma 3.3.2, and

follows from the d = 1 case of Theorem 2.1.13, or alternatively from Proposition 1.1 in

[Cha07].

Lemma 3.3.9 (Concentration for the symmetric group). For m > 1, © € Sym(m) a per-

mutation on [m], and A, B C [m], denote

er(A,B) = |{i € A:n(i) € B}|.
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If  is a uniform random element of Sym(m), we have that for any T > 0,

cr? |A||B
P{|e,,(A, B) — |A||B|/m| > T|A\\By/m} < Qexp{ - H—T%} (3.56)

Remark 3.3.10. Note that the above lemma is essentially the d = 1 case of Theorem 3.3.5,
the only difference (apart from constants in the exponential) being that we do not need to

restrict to any “good event” like G**(9).

3.4 Unstructured null vectors

In this section we prove Theorems 3.1.2 and 3.1.13, taking as black boxes Propositions 3.2.4
and 3.2.3 ruling out structured null vectors. These propositions are proved in Section 3.5.
We remark that the proof of Theorem 3.1.13 is not needed for the proof of Theorem 3.1.2,
so the reader who is only interested in the proof of the main theorem can begin at Section

3.4.2.

3.4.1 Warmup: Proof of Theorem 3.1.13

We restrict the sample space to the event G(d) defined in Theorem 3.1.13. For convenience,
we let G;(d) denote the event that condition i of G(d) holds for X, so that G(d) = \>_, Gi(d).
In this section we will only use the “minimum degree” and “no thin dense minors” properties
enjoyed on Go(d) A G3(d). We denote the rows of ¥ by r; and the rows of = by Y;, so that

the ith row of H is R; = r;oY;. Our aim is to control the event
R1 = {corank(H) > 1}. (3.57)

The following lemma reduces this task to bounding the event that a randomly sampled row
lands in the span of the remaining rows. We will extend this to larger corank with Lemma
3.4.3. Recall that a vector z € R™ is k-sparse if | spt(z)| < k.

Lemma 3.4.1. Let H be a random n x n matriz with rows R;, 1 <i <n. Forn € (0,1),
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let Gr(n) be the event that H has no non-trivial (1 — n)n-sparse left null vectors. For i € [n]
denote V; :=span(R; : j # i), and define the events

S;:={R; € Vi}. (3.58)
Draw I uniformly from [n], independently of H. Then with Ry as in (3.57) we have

P(RiAGu(n)) < ﬁl@(smgm)). (3.59)

Proof. On Ry A Gr(n), H has a left null vector with support of size at least (1 —n)n. It

follows that on this event, S; holds for at least (1 —mn)n values of i € [n]. By double counting,

(1—n)nP (R AGL(n)) < ZIP’ (S AGr(n)) (3.60)

and the result follows by rearranging. O]

From Proposition 3.2.3 we have that G¥(n) holds with probability 1 — O(n~!%) for
H = Y o= for any € [C]d~'/4 1], where C} > 0 is a sufficiently large absolute constant.
Since G¥(n) is simply the event that Gr(n) holds for H and H', by the above lemma it

suffices to show

P (Sr AGP(n) < kan+d 12 (3.61)

for arbitrary n € [C}d='/4,0.1] (say), where I is drawn uniformly of [n], independently of ¥
and =Z. From now on we restrict the sample space to GI’(n) for n in this range, in order to

lighten the notation.

Draw u uniformly from the unit sphere in V-, in a way such that u, r; and Y7 are jointly
independent conditional on / and the remaining rows of > and =. Now it would be enough
to show

Pﬂmomyu:o}<mw+d4@ (3.62)
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From Theorem 3.2.1 we have
Py, ((rroY7) -u=0]%,1) < [spt(u) Nspt(rr)| > (3.63)

so we need to argue that spt(u) and spt(r;) = Nx(I) have large overlap.

By our restriction to Go(d) we have |[Ng(i)| > d for all i € [n]. We identify the set of

undesirable realizations of u as

Hyp = {x eR™: |spt(z) NN:(I)] <

N QL

} (3.64)

and define the bad event
B ={P,(ueHs,) >0} (3.65)

We note that B is decided by the randomness of ¥, I, and the rows (Y;);x; of Z.

First we bound P(S; A B) using the randomness of I and our restriction to G3(d) AGF(n).
The crucial observation is that Hy ; is a finite union of subspaces, each of co-dimension at
least d/2:

Heg = U R(PI\Ws(D)UB.
BCNx((I): ‘B‘Sg

Since we picked u according to the surface measure on the unit sphere of V-, it follows that
on B we actually have V- C Hyx ;. On Ry we may pick a nontrivial vector z € ker(H) (note
that the kernel is nontrivial on this event). Crucially, we may do this with z independent of
I. We have

x € ker(H) C Vi

and so on B we have

x € 7‘[27]. (366)

Summarizing our progress so far,

P(S;AB) <P(RyA{z € Hyr}) (3.67)
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where we used that S C R;. Letting
. , d
Ss(z) = {z € [n] : [Ns(@) Nspt(z)| < 5} (3.68)

we have

Se@)ls < 3 [Nel)na o)

1€Sx ()
= ex (Sg(x), a:_l(()))
< wgd|z~(0)]

where in the last line we applied our restriction to Gs(d). By our restriction to G¥(n) we

conclude

|Ss:(7)| < 2rk3|27(0)] < 2k3mn. (3.69)

It follows that conditional on ¥ and = such that R; holds,
]P)I<Qf € Hz}y]) = ]P[([ € SE(.I)) S 2/1377
and so we conclude from (3.67) that

It remains to bound P(S; A B¢). Condition on I, ¥ and (Y;);»; such that B does not hold.

Off a null event we may assume that u ¢ Hy ;. Now since

| spt(u) NN (I)] >

N |
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applying (3.63) we have

P(S;ABY) <P({(rroY;)-u=0} A{u¢ Hs,})
= EPy, ((TIOYI) cu=0 ‘ 2,1 (K‘)i;ﬁl) L(u ¢ Hs 1)

< d—l/Q
which combines with (3.70) to give the claim. O

3.4.2 Preliminary reductions

Now we turn to the proof of Theorem 3.1.2. We may assume
Colog®n < d <n/2 (3.71)

(for the upper bound see Remark 3.1.5). This will allow us to restrict to the following “good

events”:

e By Theorem 3.3.4, the event G**(9) holds with overwhelming probability for any fixed
d € (0,1) independent of n (here we only need d = w(logn)).

e From Proposition 3.2.4 (which we are assuming for now, deferring the prove to Sec-
tion 3.5) (3.71) implies that G*(n) holds with probability 1 — O(n=1%) for any n €
[C1d=, 1]. Moreover, we note that G*5(n) C G(n), the event that M has no left or

right (1 — n)n-sparse null vectors.

We leave the parameters 6,7 € (0, 1) unspecified for now.

For k € [n] define the event
Ry := {corank(M) > k} . (3.72)
Our aim is to bound P(R;). Unlike the proof for H in the previous section, we will need to

separately handle Ry and R, \ Ro by different arguments. The argument for R, will follow
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a similar approach to the proof of Theorem 3.1.13, after invoking the shuffling coupling to
inject iid signs. Controlling R, \ R will require more care. Theorem 3.1.2 follows from the

next proposition and Proposition 3.2.4.

Proposition 3.4.2. For alln € (0,1] we have
P(Ry AG™(n)) < n+d /2 (3.73)

and

P(Ri ARSAGE(n)) < n+d 12 (3.74)

We will use the following extension of Lemma 3.4.1 for controlling the event Ry when
there are no sparse null vectors. We only need this for £ = 2, but the result for larger values

of k comes with little additional effort.

Lemma 3.4.3 (Control by random sampling). Assume M is a random n X n matriz with
rows R;, 1 <i <mn. Let Ry be as in (3.72) and for n € (0,1) let G(n) be the event that M
has no non-trivial (1 — n)n-sparse left null vectors. For an arbitrary k-tuple of row indices

(i1,...,ix) € [n]*, denote the subspaces

Vi) = span (Ri 21 ¢ {i}l, ) (3.75)

and the events

’S(il ik):{Ril,...,RikGV(il Zk)}

7777777777

For k € [n/2|, let T = (I1,...,I) be a vector of indices sampled uniformly without replace-
ment from [n], independently of M. Then if n € (O, %), we have

P (Ri AGL(n) < (1= 20) "B (Sz A Gu)).

Proof. Since
P (sz A gL(n)) =P (SI ‘ Ri A %(n)) P (Rk A gL<n))
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it suffices to show that for fixed M such that Ry A Gr(n) holds, we have
Pz (Sz) > (1—2n)~" (3.76)

Condition on such M. We may pick k linearly independent left null vectors y1, ..., yx, so
that for each j € [k],

2 ule

i€[n]
Next we apply row reduction to the k x n matrix with rows y;. For Sz to hold, it suffices
that there exist Z = (z1,...,2;) € R™* with span(zy,...,2;) = span(yy, ..., ys) such that

the k x k& matrix

Zzxwy = (2(1))1<)0.<k (3.77)
is upper triangular with nonzero diagonal entries. Indeed, this implies that Ry, ..., R, can
each be expressed as linear combinations of the rows {R; : i ¢ {[,..., I3 }}.

Set z; = y1, and let By = {z;(I1) = 0}. By our restriction to Gr(n) we have

-1
BB < Ol

For j € [k — 1], having defined linearly independent vectors z1, ..., z; and events By, ..., B;,
on A,;; Bf we can find 211 € span(y;41, 25, - - -, 21) such that z;1(f}) =0 forall 1 <1<
(by linear independence). Let Bjy; = {z;11([;41) = 0}. Since z;,; € ker(MT), by our

restriction to Gr,(n) we have

4(0)]
+1( ]+1‘ /\ Bz) > ;:ij <27

1<I<y

(using the upper bound on k). Applying the above bound iteratively with Bayes’ rule we
conclude that A, _,., Bf holds with probability at least (1 — 21)* in the randomness of Z,

and on this event the matrix (3.77) has the desired properties. [

97



3.4.3 Injecting a random walk

We now turn to Proposition 3.4.2. Without the randomness of the independent signs enjoyed
by H, we must use the shuffling coupling of Lemma 3.3.2 to express Sz as the event that a
random walk lands at a particular point. We define a coupled pair of rrd matrices (M, M )

as in that lemma, but with the pair of rows selected randomly. That is, we draw:

1. an rrd matrix M,
2. I, I € [n] sampled uniformly without replacement from [n], independently of M,

3. a uniform random bijection

7 Exy (1, ) — Exy (o, Ih),

4. a sequence  : [n] — {%1} of iid uniform signs independent of all other variables.

We form M by performing a shuffling on M at the rows (I, I5) with respect to m, £. By
Lemma 3.3.2 and conditioning on [y, I we have that M <0

Now we wish to control the events Sy, = {Ry, € Vi, } and Sy, 1) = {R1, R, € Vii i) } -
Note that on S, 1,), Ry, and Ry, are orthogonal to any vector in the orthocomplement of
Vin.1,)- We are hence interested in the dot products Ry, - u, Ry, - u for u taken from the unit

sphere (say) of Vi+ , . Let us examine the joint distribution of these dot products when we
(I1,12)

98



replace M by M. Letting R; denote the ith row of M , We can express

Rh U ZjGNA}(Il) U(j)

Rlz U Zje/\/]‘}(b) U(j)

ZJGCOM(IlJz) u< ) + ZJGEXM(h Ip) ¥ (j)
> jeCon(htn) WI) + Z]EEXM(IQ 1y u(i

1

1 +

JECOM(h I2) JGEXM(Il Ip) u

(i)
: G)
)

+

]ECOM I,13) JGEXM(h I)

( (Ri, + Ri,) - u ( ) <jEEXM(h )
A )G) Wl )(_ 1) (3.79)

where in the penultimate line we have defined

(3.80)

Note that the term A(u) is fixed by conditioning on M, I}, 5. Furthermore, the se-
quence (97 (1)) jekxy (1,1) 18 fixed by additionally conditioning on 7. Hence, conditional on
M, I, I, 7, in the randomness of the £(j) this pair of dot products is a random walk in the
(1, —1) direction with steps 05 (u).

The following lemma isolates the role of the randomness of the signs £(j) and reduces
the problem to the study of structural properties of the normal vector u. While it is stated
for an arbitrary fixed pair of row indices (i1, i), it can be applied to the random pair (I3, I5)

after conditioning.

Lemma 3.4.4 (The role of the signs £(j)). For u € R", 41,15 € [n] distinct, and a bijection
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7 Expr(iy,i0) = Expr(io, 1), define
Steps(u) = Steps| i (u) == {j € Exar(i1,42) : u(j) # u(n(5))} - (3.81)

Then with (M, M) coupled as in Lemma 3.3.2 and u deterministic or random depending only

on (R; 11 ¢ {iy,i2}) we have
P (El cu=0) < | Steps(u)| /2. (3.82)

Proof. From the representation (3.78) we have

JE€Ex (i1,i2)

and the claim follows by conditioning on M, 7 and applying Theorem 3.2.1. O

3.4.4 Ruling out corank > 2

In this section we establish the bound (3.73) from Proposition 3.4.2. By increasing the

hidden constant in (3.73) we may assume 7 is at most a sufficiently small absolute constant.

From Lemma 3.4.3, for n sufficiently small it suffices to bound P(S;, 1,)). Conditional
on M, I, I, let u be drawn from the uniform surface measure of the unit sphere in V(i L)’

independently of 7, Ry, R;,. We have

We want to bound this using Lemma 3.4.4, so we will need to argue that the set Stepsg\lj’;r] 2) (1)

defined there is large. For this task we use the randomness of u, I, Is, 7, and restrict M to

the good events G™(§) and G*5(n).
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First we identify the set of undesirable realizations of u. Let
ML = {x € R": I\ € R with zn—li% N (L) N t(N)] > d/lOO} : (3.83)

That is, H), 1, 1, is the set of vectors with a level set intersecting at least 1% of the support
of both Ry, and Ry,. Note that Hj, ; ; is a finite union of proper subspaces of R". Indeed,

we may express

/ —
M,I,Iy — U HTIUT2
(T1,13)

where the union ranges over pairs of subsets Ty C Ny (1), Ty C Ny(Iy) of size at least

d/100, and Hr denotes the subspace of vectors that are constant on 7T". Define the bad event

B ={Pu(ue Hyy 1) >0} (3.84)

Since Hj, 7, ;, is a finite union of proper subspaces, and v is drawn from the uniform
surface measure of the subspaces V(}l L) 1t follows that if B’ holds then we actually have the
inclusion

1 /
Vi) CHun oo

Note also that ker(M) C V(}l ). On Re, we may fix an arbitrary nontrivial element z €

ker(M) (note that the kernel is nonempty on this event), independent of Iy, I,. Now we have
P(RoAB) <P(RoA{z € Hiypn})
We will bound the latter quantity using the randomness of I, I,. For A € R, let
Sy(x, ) = {z € n]: INu() Na t(N\)] > d/lOO}.
We can control the size of these sets using only a crude bound on edge counts:

S (2, A)I% < eu(Su(@,A), 27 (V) < dlz™ ()]
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whence

|Sar(z, \)| < 100]z~H(N)].
Now for M such that G5(n) holds we have |271(\)| < nn for all A € R. Conditional on M

such that Ry and G*%(n) hold (which fixes 2 # 0), we can bound

]P)IIJ2 (l‘ € H;\/l,ll,lg) = IP[IJQ (3)\ eR: 11,12 € SM(:E7 /\))

< Z ]P)Il,b(Ila[? € SM('r?)\))

a1 ()
-1 A 2

< Z (|93 ( )|>

TP

O
<y ¥ O
A=t (N)#¢
<n
Undoing the conditioning on M, we have shown that
P(B' ARy AGHE(n)) < n. (3.85)

It remains to bound P({ R, -u = 0} \ B'). Condition on M, I, I, such that B’ does not
hold. Off a null event we may assume that u ¢ Hir1,.1,- That is, for every A € R, we may
assume

(L) Nu Y (\)] < d/100 or  [Nar(L) Nu~t(\)] < d/100. (3.86)

We will now get a lower bound on | Steps(u)| (as defined in (3.81)). It will be more convenient

to work with the complementary set

Flats(u) := Exp (11, I2) \ Steps(u) (3.87)

= {J € Exu(ly, I2) s u(j) = w(n(4))} -
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We have

E, | Flats(u)| = Z P (7(j) € u™ (u(j)))

JE€Exp(I1,12)

. |u™ (u(5)) N Exy (I, )|

JEEx N (I1,12) ‘EXM(IQ,Il)‘
1
- m Z lu™ (N) N Exar (I, B)|[u™ (N) 0 Exar (£, 1))
M\L1, L2 AT ()6

where the last line follows from double counting. Now we apply (3.86) to get

d 1
E, |Flats(v)| < — ———— max (|u™ (\) N Exa (I, L), [u™(A) N Exp (1o, 1
| <>|_100‘EXM([1712>,M%¢¢ (lu™" N N Exag (10, )l Ju™ (V) 0 Exag (B2, 1))
d 1
< YN N [Exa ([, L) UExy (I, T
B, 3, N B BB 1)
d
= —. 3.88
20 (3.88)

We want to show that |Flats(u)| is concentrated around its expectation (we only need
control on the upper tail). In the notation of Lemma 3.3.9 we have | Flats(u)| = e.(A, B)
with A = Exp/ ([, 1) and B = u=(u(j1)) (which are fixed by conditioning on M, Iy, I5).
Applying Lemma 3.3.9 and (3.88) we conclude that for any € > 0,

d d
P, (| Flats(u)| > (1 + 6)%> < IP’,T(] Flats(u)| > E, | Flats(u)| + 6%)

( c£2d? /50? >
<K exp

" E, | Flats(u)| + e

< exp (— e’ d) . (3.89)

1+¢

On the other hand, on G**(§) we have (applying our assumption d < n/2)
[Exar(l, b)) 2 (1= 0)d(1- =) = =—=d

so that fixing 0 < 1/2 and ¢ < 4 (say), we conclude that on B A G¥(9), except with
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probability at most O(exp(—cd)) we have

d
| Steps(u)| = | Exp (11, I2)| — | Flats(u)| > 10 (3.90)

Summarizing our work so far,

P [ St AGH0) A G™0) | <P Ry AB AGE() | +P | Sty A B AG(n) A G() |

<P {Rg AB A gsls(n)} P {B’C A {| Steps(u)| < i} A geX((s)}

10
# 2| {Fn =0 n {Istepsol = (51 |

< n+e 4 2

where in the last line we substituted our bounds (3.90) and (3.85) and applied Lemma 3.4.4.

Combined with our estimates for G*5(n) and G°(§), together with Lemma 3.4.3 we have
P(Ry) < n+ d /2 (3.91)

as desired.

3.4.5 Ruling out corank 1

In this section we establish the bound (3.74), which completes the proof of Proposition 3.4.2
and hence of Theorem 3.1.2. By increasing the hidden constant in (3.74) we may assume 7

is at most a sufficiently small absolute constant.

By Lemma 3.4.3 it suffices to bound
P(S, \Rs) =P (RI1 € Vy,, corank(M) = 1)

(taking n smaller if necessary). We cannot simply condition on all rows but R, and pick
a normal vector u € Vﬁ, since this conditioning fixes Rj, as well by d-regularity. Instead,

we will leave Rj, random and express the event &y, in terms of a certain 2 x 2 determinant
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involving the rows R, R;,. We now have the advantage that on the bad event, we can

condition on a unique (up to dilation) null vector x of M, which is independent of I3, I5.

We turn to the details. Conditional on M, Iy, I, we pick a pair of orthonormal vectors
up L oug € V(i 1,y uniformly at random, and independently of (Ry,, Ry,). (On S, A RS we
have dim(V(, 1,)) = n — 2, s0 u;, uy are an orthonormal basis for V(%LIQ) on this event.) In

terms of u;, us we may construct a vector which is also orthogonal to R;, as follows:
21 = (R[2 . UQ)Ul — (R]2 . U1>U2 & ‘/IJl_

Since z; lies in the orthocomplement of V;,, on &7, we have

0= Rh 21
= (RII ’ ul)(Rb ’ u2) - (RIQ 'ul)(Rh 'u2) (392)
= DM([17[2).
Hence,
P (S[l \RQ) S P (DM(]h IQ) = 0, COI'aIlk(M) = 1) (393)

Substituting M for M, may express the 2 x 2 determinant using (3.79):

= 2A(ug)W(uy) — 2A(up)W (usg)
= Y E)[2A(u2)0] (ur) — 2A4(u) ] (uz)]

JEExp (I1,12)

= ) )W) (3.94)

jGEXM(Il ,IQ)

= W(v) (3.95)
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where we have defined

V= 2A(u2)u1 — 2A<U2)U2

= [(Ry, + Ry,) - us)ur — [(Rr, + Ry,) - uaus (3.96)

We would like to replace M with M and bound (3.93) using the random walk represen-
tation (3.95) with Theorem 3.2.1. First we must reduce to an event on which many of the
steps J7 (v) are nonzero. We will do this in two stages. First we must remove a bad event

on which v = 0; in light of (3.96) this is the event
BU = {Rh -+ R[2 € ‘/(]1,[2)} .

Once we have done this, we will be able to argue that v is unstructured in a manner similar

to the way we controlled the event B’ in Section 3.4.4.

We begin with By. Since we are free to restrict to R§ A g;ls, let us condition on M such
that these events hold. On By A R§, M has exactly one nontrivial left null vector (up to
dilation) which we denote by y; furthermore, on G¥%(n) the level sets of y are of size at most

nn. Now By is the event that M has a left null vector y' with y/(1;) = y/(I3) # 0, so we have
By AR3 C{y(l) =y(l2)}
It follows that

Pr.n(Bo ARG AG () < Pryp, (y(I) = y(12))

< n(1+o(1)) (3.97)

which is small enough.
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Similarly to what we did in Section 3.4.4, for ¢; € (0, 1) we define
Hr o, (€1) = {x €R":3) € R with min |27 () NNy (L)] > 51d} (3.98)
but we also set for g5 € (0, 1)

%X/LIIJZ(EQ) = {il? € R": 9\ € R with |[L'_1(/\)m [EXM(Il,IQ)UEXM(IQ,]l)” > sgp(l—p)n}
(3.99)

For € € (0,1) we have the inclusion

Hosr (1 +2¢) CHiyp, 1, (26(1 = p))

C Hyy 1 (€) (3.100)

(by our assumption p < 1/2). Since HYy , 7, is determined by Exy/ (11, I2) U Exy (12, [) =
Exg(1h, Is) U Exg; (12, I1), we have

.1 (€) = Hii g, 1, (€) (3.101)

for any e € (0,1), whereas this invariance does not hold for H}, ; ;. (¢).

Let € > 0 to be chosen later. On {corank(M) = 1}, let = denote a fixed nontrivial null
vector of M, so that ker(M) = (z). From (3.92), on {Dy([1, ) =0} we have z;,2y €
ker(M), where

9 1= (Rh ’ Ul)“? - (Rh ’ UQ)Ul = ‘/Ii

and (as before)

21 = (RI2 . ’U,Q)Ul - (R]2 : U1>U2 S ‘/IJ1_

It follows that on { Dy (11, I5) = 0} we have v = 2; — 29 € ker(M). On the intersection of this

event with {corank(M) = 1} and the event B§ on which v is non-zero, we have 0 # v € (x).
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Hence,

B A {DM(Il,Iz) =0, corank(M) = 1,v € H?WJIJQ(E)}

C {corank(M) =1, z € Hyy;, 1,(2)} - (3.102)
We may now argue exactly as in Section 3.4.4 to conclude

Pr.1 (G A {corank(M) = 1, z € H)y, 1, 1, ()} ) <e . (3.103)

It only remains to bound
P (Dun(f,12) =0, v é Hiy g 1,(€)- (3.104)
From (3.100) this is bounded by
P (Dan(fy,12) =0, v & Hyy g, (1+ 2€)).

Now we replace M with M. We make the crucial observation that the second event is
unchanged by this substitution. Indeed, H}, ; 1, (1 + 2¢) is unchanged as noted in (3.101).

Similarly, v is the same or M and M since
v=[(Ry, + Ry,) - uz)ur — [(Rp, + Rp,) - wi | u

and Ry, + Ry, = Ry, + Ry, as the shuffling preserves the sets Ny (1) NNy (1) and Ny (I;) U
N (I3). Hence, (3.104) is bounded by

P (Dl B) =0, v ¢ My, 1y (1422)) =P (W(0) =0, v ¢ My, 1,(1+22)). (3.105)

In the final step of the argument, we must show that the set Steps(v) (as defined in (3.81))
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is usually large off the event
B":={ve My, ,1+2)}

with high probability in the randomness of 7 (and taking e sufficiently small). Conditioning
on M and Iy, I such that B” does not hold, with Flats(v) as in (3.87) we have

E.|Flats(v)] = > Pr(w(j) € v (v())))
j€Exp (I1,12)
_ v (0(4)) N Ex (I, 1)
> [Exar (I, 1)

jGEXM(Ing)

1 . B
=77 7 v (N) NExp(Ih, L) ||v™ (AN N Exp (Lo, I
expr (11, 1) X:v%});&ﬁ‘ (A) vl z)H (A) v (1o 1)|

1 1 2
< ———— E ~|o™t N N (Exp (11, I2) U Exp (1o, 1)
exM(Il,Ig) )\:vl()\)7g¢4‘ ( )l

(14 2¢)p(l —p)n
S I AT

}’U_l(>\) N (EXM(Il, [2) @) EXM(IQ, [1>)‘
Aol (N)#p

< I+ 2
-2

p(L —p)n.

We can then argue exactly as in (3.89) that

IP’W(\ Flats(v)| > (% +2¢)d(1- %)) < exp ( - cligd) (3.106)

(substituting p = d/n). On the other hand, on G**(4) we have
| Exu(, B)| > (1 - 5)d(1 - ﬁ)
’ - n

so that if we take ¢ and § sufficiently small,

| Steps(v)| = | Exp (11, I)| — | Flats(v)| > d (3.107)
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(again using our assumption d < n/2). Applying Lemma 3.4.4,
P({W (v) = 0} AG=(8) \ B") < e~ 4 d~ 1/
which combines with (3.97) and (3.103) to give
P(Ry ARG AGS(n)) < n+d/?

as desired. O

3.5 Structured null vectors

Our aim in the section is to prove Propositions 3.2.3 and 3.2.4. The proof of the former
outlines the proof of the latter and serves as a warmup. For the proof of Proposition 3.2.4
we will use Lemma 3.3.2 to inject random walks as in the previous section. We will also
make heavier use of the discrepancy properties from Section 3.3.2. We remark that the proof
of Proposition 3.2.3 is not needed for the proof of Proposition 3.2.4, so the reader who is

only interested in the proof of the main theorem can begin at Section 3.5.2.

3.5.1 Warmup: no sparse null vectors for H

In this section we prove Proposition 3.2.3. We restrict the sample space to the event G(d) as
defined in Theorem 3.1.13. Recall that G(d) is the event that for some constants ¢y, ¢, Co > 0

and a parameter k3 € [1,00) (possibly depending on n), the following conditions on ¥ hold:

0. (Minimum degree) For all i € [n], |Ng(7)|, | Nt (7)] > d.

1. (Expansion of small sets) For all v € (0, ¢;], for all S C [n] such that |S] < 102%3, we
have [N (S)[, [Ngr(S)| > —=d|S].

logn

2. (No large sparse minors) For all A, B C [n] such that |A[,|B| > Cy%logn, we have
es(A, B) > ;2| A||B.
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3. (No thin dense minors) For any S, B C [n], ex(S, B), ex(B, S) < k3d|S].

We assume d > C}log?n for some Cj > 0 to be taken sufficiently large depending on
¢1,02,Cy. As in Section 3.4.1, for 0 < i < 3 we let G;(d) denote the event that condition i
above holds for ¥, so that G(d) = A\_, Gi(d). We continue to denote the rows of ¥ by r; and
the rows of = by Y}, so that the ith row of H is R; = r;0Y;.

Since the event G(d) is the same if we replace ¥ with X7, it suffices to consider only right

null vectors. For k € [n], let
E={Jdz e R":0 < |spt(x)| <k, Hz =0}.

Our goal is to show that £ holds with probability 1 — O(n~%). We have

(1=nn)
P(En-mn) = Y P&\ &) (3.108)

k=2

(noting that & is empty). Fix 1 <k < (1 —n)n. We can follow the same lines establishing
(3.27) in the proof of Proposition 3.2.2 to bound

PENE-) < D, D Plsr) (3.109)

se(izh) Te()

where
Esr = {EI:C €R": Hx =0, spt(xr) =T, {R;},.q are linearly independent}.

(We have (3.109) instead of (3.27) since the rows and columns of H are not exchangeable.)

Now we fix arbitrary S, T C [n] of respective sizes k — 1, k. Fix also an arbitrary v € R"

with support T'. Since conditioning on (R;);cs fixes x on Egr, it suffices to bound
]P)<HSC><[n]U =0 ‘ 2, (Y;>2€S>
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uniformly in v.

Our approach is different depending on whether k is small or large. In both cases, we

use the fact that the rows R; decouple after conditioning on >::

P(Hsexy =0| ) = [[ P(Ri-v=0|%)

1€S¢

= H]P’(Yi-(riov) :0‘Z>.

1€5¢

Now under this conditioning, the random variables Y;- (r; o v) are random walks (in the sense
of Theorem 3.2.1). For small &, it will be enough to show that there are many i € S° such
that

|spt(R;) NT| = |spt(riov)| > 1. (3.110)

For such ¢, the random walk takes at least 1 nonzero step since v(j) # 0 for all j € T, so we

have

P (Y; - (riov) =0[%) < 1/2

in this case. To lower bound the number of rows satisfying (3.110) we will use our restriction

to the “expansion of small sets” event Gi(d).

For larger k£ we will need to argue that the random walks Y; - (r; 0 v)|2 take more steps.
For this we prove a consequence of our restriction to Ga(d) (Lemma 3.5.1 below), which
essentially guarantees that for most i € S¢ the intersection of any sufficiently large set B
with the neighborhood Nx (i) = spt(r;) has roughly its expected size, which by our restriction
to Go(d) is at least p|B| (where we continue to denote p := d/n). Applying this with B =T
gives | spt(r;)NT'| > pk for most i € S°. We will build on this idea in the proof of Proposition
3.2.4 for the unsigned rrd matrix M, where we will also need that a large set B “sees” roughly

the expected portion of the sets Ex (i1, i2).

112



We turn to the details. Let v € (0, ¢1] to be chosen later. First assume k < %%‘Ig". Let

Ay ={i € 8°:rilyr # 0} . By our restriction to G;(d) we have

[ Ao| = [N5r (T) \ 8]
dk

>
7logn

K (3.111)
Since v(j) # 0 for all j € T, we have that for i € Ay,

P (Y; “(rjov) = O‘Ea (Yi)ies) <1/2
whence

d
1\ e
P<HSC><[n]'U =0 ‘ 2, (Yz‘)z‘es> < H P(E‘ +(riov) =0 ‘ %, (Y;)ies> < (—) -

A 2
i€ A

Since this bound is uniform in v, {r; o Y;}._o, we conclude from (3.109) that

€S

e () )6

dk
< exp (Ck logn — nylogn)

< p 100K (3.112)

where we have taken Cf > C’/v for a sufficiently large constant C" (we will later fix v

depending on C5), so that d > %/ log® n. Summing the bounds (3.112) gives

P(&,) < n ' (3.113)

1 nlogn

for any k < %Tg‘
Now assume k > %”kj%. For this case we apply the following consequence of our

restriction to Go(d). (Recall that Go(d) is the event that condition 2 from Theorem 3.1.13

holds. Below we also make use of the constants Cs, co defined there.)
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Lemma 3.5.1. For A, B C [n] let
A'={ie A: |B(i)| = cop| B}
where we use the shorthand B(i) := BN Nx(i), and denote p := d/n. On Ga(d), we have
|A\ A'| < p~tlogn

if |B] > 1‘2)% with v sufficiently small depending on Cs.

Proof. Define

1
F= {(A, B): A,B C [n], min(|A,|B|) > C, Oi”}

so that on Gy(d) we have ex(A, B) > cop|A||B| for all (A, B) € F.

Denote S = A\ A’. We claim (S, B) ¢ F. Indeed, if this were not the case we would

have

cop|S||B| < es(S, B)

= |B()

€S

< CzP‘SHB‘

a contradiction.

Suppose |B| < |S|. Since (S, B) ¢ F we have

nlogn

inlogng‘mgcz 229

2y

Taking 7 sufficiently small depending on C we obtain a contradiction, and so |S| < |B|, and

by the definition of F we must have |S| < loin. O
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Applying the lemma with A = S¢, B = T, we have that for alli € A’, | spt(r;)NT'| > copk,
and so by Theorem 3.2.1,

P(Y;- (riov) = 0| S, (Vies ) < (pk) ™2 (3.114)
It follows that

P<HSCX[n}U =0 ‘ %, (Yi)ies> < H IP’(K‘ “(riov) =0 ‘ X, (Yi)ies>
e
nlogn)

[

7o (3.115)

For %f” < k < § this expression is bounded by O(exp (—cnloglogn) ), which combines
with (3.109) to give

P(E \ k1) < 4™ exp (—cnloglogn)

= O (exp (—cnloglogn)). (3.116)
For § <k < (1 —n)n we instead bound (3.115) by

0 (exv (=500~ 1ox(o)) ) =0 (ex0 (00~ Wy 1o ) )

assuming 7 > C 10% for C' > 0 sufficiently large. With (3.109) we conclude

P(E\ &) < (n " k>2 exp (—%(n — k) log d>

2(n—k)
< (" q—(n—k)/2
T \n—k

N 2nn
= (ndl/ 4)

< exp (—enn) (3.117)

assuming 7 is at least a sufficiently large multiple of d~/%.
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Summing the bounds (3.112), (3.116), (3.117) over 1 < k < (1 — n)n completes the

proof. O]

3.5.2 Preliminary reductions

We now turn to the unsigned rrd matrix M and the proof of Proposition 3.2.4. Recall our

notation for the level sets of a vector x € R™:
' A\ i={i € n]: x(i) = A}
for A € R. Our aim is to show that the good event
G*(n) = {‘v’/\ cRandV0#2z€R": Mz =0o0r M'2z =0, we have |27 (\)| < nn}

holds with probability 1 — O(n™'%) for any n € [C1d~, 1], for some constants Cy,cy > 0.
Let

Gr(n) = {‘v’)\ € R, V0 # z € R" such that Mz =0, |z~ (\)| < nn } (3.118)

Since M < M T by a union bound it suffices to show that Gr(n) holds with probability
1 — O(n™'%). The following claim recasts Gr(n) as the event that there is a sparse vector

that is mapped by M to a constant vector.

Claim 3.5.2. For any 7 € (0, 1], we have

Gr(n)® = {EIO #yeR": |spt(y)| < (1 —n)n, My € {0,1} } (3.119)
where we recall that 1 € R" is the vector with all components equal to 1.

(We actually only need the containment C in (3.119).)

Proof. Let us denote the right hand side of (3.119) by B(n). Suppose that Gg(n) fails.

Then there exists a nontrivial null vector z € R® and A\ € R such that |[x71(\)| > nn. Let
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y = A1 —xz. Then y is nontrivial and |spt(y)| < (1 —n)n. Moreover,
My=AM1—Maz=Ad1 e (1)

so by dilating y we see that B(n) holds.

Conversely, suppose that B(n) holds. Then there exists a nontrivial vector y supported
on at most (1 — n)n coordinates such that My is either 0 or 1. If My = 0 then we are in
Gr(n)° (simply taking =y and A = 0). So assume My = 1. Now letting 2 =y — 11, we

have that z is a right null vector of M with [z71(1/d)| > nn, so we are in Gp(n)°. O

It remains to show that Ggr(n) holds with probability 1 — O(n™'%). Letting

= {3y eR": |spt(y)| =k, My € {0,1} } (3.120)
we have
L(1=n)n]
= Y P&\ &) (3.121)
k=2

(note that & is empty since no column can be parallel to 0 or 1).

The following lemma is analogous to the bound (3.109) from the proof of Proposition

3.2.3. The proof is lengthier but follows similar reasoning.

Lemma 3.5.3 (Passing to a large minor). For k € [n], let
W, = {v ERF: w(j) £0V) € [k]} (3.122)
be the set of vectors in R* with full support. Suppose that for some Q) > 0 we have a bound
P(M[Hl,n]x[k]@ —al ‘ Ry, ... Rk> <O (3.123)

that is uniform in the choice of 0 € Wy, a € {0,1} and the realization Ry, ..., Ry of the first
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k rows of M. Then we have ,
P(&\ &) < (Z) Q- (3.124)

Proof. By column exchangeability and a union bound, we have

P(E,\ Ex1) < (Z)P(ak] \ &) (3.125)

where Eyy = 5[%] v Sﬁd, with
5[94;] = {3z e R" : spt(z) = [k], Mz =0}

and

Eﬁc} = {3z € R" : spt(z) = [k], Mz =1}.

From &y = &Gy V (€ \ €y) we may bound
P(Em \ Eno1) < P(EQ\ Eecr) +P(Ely \ (Efy V Er-1)). (3.126)

For the first term on the right hand side, note that on 5[% \Exr—1 the minor M,y has k—1
linearly independent rows. Indeed, if this were not the case we would have rank(M,)«p) <
k —2, so that My« has 2 linearly independent right null vectors x1, x5 € RE. But there is

a k — 1-sparse linear combination of xq, x9, putting us in &_;.

For the second term in (3.126), note that on the complement of 5[%] V &,—1 the minor

My« x) has full rank, and hence has k linearly independent rows.

Now we spend some symmetry to fix the linearly independent rows. Let L£; denote the

event that Ry,..., R; are linearly independent. By row exchangeability we have
n
]P)(g[%} \‘S"ffl) < <k _ 1)P((5[(1)<;} \5k—1) A Ekfl) (3.127)
and
n
P(Ep \ (€ V k1)) < (k>P((5§q \ (EQy V Er1)) A Li). (3.128)
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In (3.127), (8[%] \ &k-1) A Li_1 is the event that the first £ — 1 rows of M are linearly
independent, that there is a null vector = of M supported on [k], and that there are no
k — 1-sparse null vectors of M. Now on this event there is actually only one possibility for

x up to dilation. Indeed, on £, 1 the system
M[kfl]x[k]z =0 (3.129)

has a unique solution up to dilation, by the linear independence of the first £ —1 rows. Let us
pick a nontrivial solution # € R* of (3.129) arbitrarily, and set z* = (# 0)T € R™. On the
complement of £;,_;, each component of # is nonzero. Hence, (5[% \ Ek—1) A Li—1 is contained

in the event

Ep = Ly_1 AN 2(j) #0 for all j € [k]} A {Mz* =0}

= Ly AN Mm@ = 0}

where we have let £} _; = L5_1 A {Z(j) # 0 for all j € [k]}. We emphasize that Z is a random
vector in R*, defined only on the event £;_;, and fixed by conditioning on the first k — 1
rows of M through (3.129).

We may similarly fix the vector in the preimage of 1 on the event (£} \ (EfV Ex—1)) A Ly
from (3.128). This event is disjoint from the event (8[%] \ E-1) A Ly_1 from (3.127), and on

it we may define § € R¥ as the unique solution of
Mgy = 1. (3.130)

Setting
E =LY AN Mjer1 s 9 = 1} (3.131)

where

Ly =Ly, AN{§(j) #0 for all j € [k]}
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we similarly conclude that
(5[1k] \ (5[(1)@] VE1)) AL, CEL

Here also, § € R* is a random vector defined only on the event £ via (3.130), fixed by

conditioning on the first £ rows of M.

Combined with (3.127), (3.128), (3.126) and (3.125), we have

P(E\ &) < <Z> (k " 1) P(E]) + (Z) (Z) P(EY). (3.132)

By conditioning on a realization of Ry, ..., Rj such that £} holds, which fixes Z, we see that
P(&) < Q, with Q) as in (3.123). We similarly have that P(&) < Qk, and the result
follows. O

The bound @ will play the same role as bounds on P(E€g 7) did in the proof of Proposition
3.2.3 in Section 3.5.1. As in that proof, our approach will be different depending on the size

of k. We want to control the event

n

{Myirxpo =al1}= /\ {Ri-v=a} (3.133)

i=k+1
where v = (0 0) extends o to a vector in R™. In Section 3.5.1 we did this by conditioning on
M and using the randomness of the signs. We then viewed (3.133) as the event that several
independent random walks all landed at the same point, and used the expansion properties
enjoyed by ¥ on the good events G (d), Ga2(d) to argue that a large number of the walks took

a large number of steps.

Here we will “inject” random walks into the distribution of the dot products R; - v by
applying the shuffling couplings of Lemmas 3.3.2 and 3.3.3. For small k, we will apply
shufflings to pairs of columns, which will be chosen so that the number of rows altered by
the switchings is large. Conditioning on M, in the randomness of the switchings we will have

that the events on the right hand side of (3.133) are independent, and have probability at
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most 1/2 for the affected rows. For large k we will apply shufflings independently to several
non-overlapping pairs of rows, and use Lemma 3.4.4 to bound the probabilities of the events
in (3.133).

By Corollaries 3.3.6 and 3.3.7 we may restrict to G®4%¢(g) and B(gg, 7)€ for some ¢, g9, 7 > 0
to be chosen sufficiently small and independent of n — these events will play similar roles to
the events Go(d), G1(d), respectively, in the previous section. By Theorem 3.3.4 we may also
restrict to G(0) for some § > 0 to be chosen small independent of n. For now let n € (0, 1]
possibly depending on d. We will put restrictions on the range of n as the proof develops,

ultimately taking n > Cyd=“ for some constants C, ¢y > 0.

3.5.3 High sparsity

Fix k < %%ﬁ". Towards an application of Lemma 3.5.3, we fix © € W, and a € {0, 1}.

Pair off the first & columns of M with the last k columns according to some bijection
o: k] = [n—k+1,n]

chosen in some arbitrary fashion, say uniformly at random and independently of M.

The following lemma shows that we can locate a large number of pairs of columns (4, o(j))
on which we can perform independent restricted shufflings (see Lemma 3.3.3). We use re-
stricted shufflings rather than Lemma 3.3.2 in order to “spread out” the switching modifica-
tions to M. Specifically, we want to ensure that each row of M is only affected by at most

one random sign, in order to decouple the events in (3.133).

Lemma 3.5.4 (Locating disjoint patches of row indices for shufflings). Let ¢q € (0,1), and
assume €o,7,0 are sufficiently small. Then on the event G(5) A B(go, )¢ (the former event
was defined in Theorem 3.3.4 and the latter in Corollary 3.3.7), for some m > k/logn there

exists an increasing sequence of column indices

1<ji<jo< - <jm<k (3.134)

121



and an increasing sequence of sets of row indices
[k] = Frozen(1) C Frozen(2) C --- C Frozen(m) C [n] (3.135)

such that the following properties hold:

1. (Patches are large) For each € € [m], letting

Af = Expr(jo, 0(je)) \ Frozen(¢ — 1)

A, = Exyr(0(je), je) \ Frozen(¢ — 1)

we have

1A}, |47 | > .01d. (3.136)

2. (Disjointness) The m sets { Af U A, } are pairwise disjoint.

3. (Conditioning) For each ¢ € [m], Frozen({) is fized by conditioning on the 2(¢ — 1)

columns \Jpy_, {Jer, o(Jo)}-

We defer the proof of this lemma for now and use it to bound bound P(&; \ &-1). As
we have already restricted to G*(J) A B(ego,7), let m > k/logn and the sequences (j,)},,
(AF)m, and (Frozen(());", as in the lemma. We can form a coupling (M, M) of rrd matrices
using Lemma 3.3.3 by performing independent restricted shufflings on M at the columns
(je, 0(je)). Specifically, letting s := [.01d], for each ¢ € [m] we draw S/ C Af, S; C A, of
size s independently and uniformly at random, and conditional on these 2m sets we draw m
independent uniform random bijections 7, : S — S, . We let £ : [n] — {£1} be a sequence
of iid uniform signs independent of all other random variables. Then for each ¢ € [m] and

each i € S, we replace the minor M x,(i))x(j,.0(j)) With the random 2 x 2 matrix
L 1(E(0) = +1) + I 1(£(@) = —1).

By the independence of the signs (i) and the fact that the 2m sets {SZ Sy } tefm) AT€ pairwise
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disjoint, we have

]P(M[k-&-l,n]x[k}@ =al ‘M) < H P Z ]\7[(2,3)11(]) =a| M

Lies; \J€lkl

O

< exp (—cdk/logn).

s

VAN
N

Since M < M , by Lemma 3.5.3, we conclude

n\> dk
P&\ &1) < (k) exp <_clogn)
d
< exp <2k (logn—c ))
logn

( dk )
<exp| —c
logn

< n*lOOk

by our assumption d > Cylog®n, taking Cy sufficiently large. Summing the bounds (3.112)
gives

P(&,) < n (3.137)

nlogn

1
foranyk‘ga yi

Proof. of Lemma 3.5.4. Set Ay = [k]. We build the sequences (j¢)j~; and (Frozen(¢))}, by
a simple greedy procedure. For each ¢ > 1, we inductively define j, to be the smallest j € [k]
such that both of the sets

Exyr(j,0(7)) \ Frozen(¢ — 1), Exy(0(j),j) \ Frozen(¢ — 1)
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are of size at least 0.1d. Then with AJ, A, as in the statement of the lemma, we set
Frozen(¢) = Frozen(¢ — 1) U Af U A, .

If no such j, exists, we set m := ¢ — 1 and STOP.

The resulting sequences (j,)7~, and (Frozen(¢))j., clearly satisfy the three properties in
the statement of the lemma. It only remains to show that the halting time m of the greedy

procedure is of size Q(k/logn) if we take g¢,~y sufficiently small.

We abbreviate

ExT(j) = Exar (4, 0(7),  Ex™(j) == Expr(0(j), 5)-

We have that for all j € [k], either | Ex™(5) \ Frozen(m)| or | Ex™ (j) \ Frozen(m)| is < .01d.
For each j € [k], put j € S if | Ex"(j) \ Frozen(m)| < .01d and otherwise put o(j) € S, so
that |S| = k.

Taking ¢ sufficiently small, by our restriction to G**(4) we may assume
Ex* (7)), | Bx(7)] = .1d

for all j € [k]. Tt follows that at least one of Ex*(j) N Frozen(m) , Ex™(j) N Frozen(m) is of
size at least .09d. Since Ex"(j) C Ny (4), Ex™(5) C Nyr(o(j)), we have

INas(7) N Frozen(m)| > .09d
for all j € S. Now

ey (Frozen(m), S) = Z Ny () N Frozen(m)| > .09d|S]

JjeSs
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so taking €9 < .09 and ~ sufficiently small, by our restriction to B(gg,y)¢ we must have

oY
logn

| Frozen(m)| > dk.

But by the inductive procedure to produce Frozen(m) we have | Frozen(m)| < k+2md, from

which it follows that

m>>E d -1 > i
d \ logn logn

by our assumption d > Cylog® n (here we only need d > 2logn, say). O]

3.5.4 Moderate sparsity

Now we fix k in the range [%“ﬁ%, (1 —n)n].

The proof mirrors the proof for large k for the Hadamard product H = ¥ o = in Section
3.5.1. The general idea is to express the event that My ,xk?0 = a1 as the event that
several independent random walks all land at a. Without the iid signs enjoyed by H we must
use the shuffling coupling of Lemma 3.3.2 to create random walks. We use the discrepancy
property enforced by our restriction to the event G°4¢(¢) (from Corollary 3.3.6) to argue that
these walks take many steps (in particular we will need an extension of Lemma 3.5.1 used
in Section 3.5.1), at which point we can apply the anti-concentration bound from Theorem

3.2.1 to each walk.

More precisely, we will fix disjoint sets of row indices A;, As C A := [k + 1,n] of equal
size ay = |Ay| = |A2| > n — k, and pair off the elements of A; with those of Ay according
to a bijection o : Ay — As. For each ¢ € Ay, we perform a shuffling on M at the row pair
(i,0(i)); we do this independently for each i € A; and denote the new matrix by M. We

have

P( Mg 1xig® = 0| Rty oo, Ri) =Byt P (Mg migd = 1| M)
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so it suffices to bound

P<M[k+1,n}><[k]@:a1‘M) < [[P(Ri-v=0alM). (3.138)

i€Aq

As in Section 3.4, in order to bound the probabilities in (3.138) using Theorem 3.2.1,
we will need to argue that many of these random walks take many steps. For this we take
the pairing o to be random — it is then possible to show using our restriction to the edge
discrepancy event G°4°(¢) that with overwhelming probability most of the pairs (i, 0(4)) give

walks that take a large number of steps.

We turn to the details. Fix disjoint sets Ay, As C A := [k + 1,n] with a; = |A4;] =
|As| > n — k. We create a new rrd matrix M coupled to M from three additional sources of

randomness:

1. a uniform random bijection o : A; — A, independent of all other variables;

2. a sequence (7;);c, of uniform random bijections
i Expr(i,0(4)) = Exp(o(i),1)

which are jointly independent conditional on M and o;

3. anarray = : [n]> — {£1} of iid uniform random signs independent of all other variables.

Let & = Z(i, -) denote the ith row of the array of signs. We form M by performing a shuffling
on M at (i,0(7)) according to m; and &; for each i € A;. We have ML\ by Lemma 3.3.2

and independence.

Recall the notation Steps from (3.81), and for fixed i € A; denote

Steps; (1) := Stepsg\i[(i))(v)

Ux

= {J € Bxm(i,0(1)) - v(j) # v(o(4))}
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where we recall v = (¢ 0) € R™ with & € R*. Now since spt(v) = [k], we have that for each
1€ Ay,
|Steps; ()| > |Cross; (k)] (3.139)

where we define

Cross;(k) = Crossg\if(_i))(k:)

T

= {j € Exy(i,0(0)) N [k] : m(j) € [k + 1,n]} (3.140)

the number of pairs (j, m;(j)) which are in [k] x [k + 1, n], i.e. pairs which cross the partition
[n] = [k] U [k + 1,n] going from left to right. (We could also include pairs crossing right to
left, but this will tend to improve the lower bound (3.139) by only a constant factor.)

Hence, for m > 1, defining the good events
Gi(m) == {| Cross;(k)| > m} (3.141)
for each ¢ € Ay, by Lemma 3.4.4 we have

P, {E v = a}lgi(m)c — O(m~11?). (3.142)

In the remainder of the proof, we show that with overwhelming probability in the ran-
domness of the bijections o and (7;);ca,, for most i € A; and for a reasonably large value
of m, G;(m) holds except on an exponentially small event. (Hence we are done with the iid
signs Z.) The randomness of M will only enter through our restriction to the events Ged°(¢)
and G(J).

Lemma 3.5.5 below summarizes what we need from the discrepancy property enforced on
G°dee(g) — it is an extension of Lemma 3.5.1 from the proof for H. While for H it was enough
to know that the intersections B(i) of a large set B with the neighborhoods Ny (i) were of
size roughly p|B|, here we will need intersections of B with the sets Exy (i1, 2), Exps(i2, 1)

to be at least a constant factor of their expected size.
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For ¢ € (0,1) and a set of column indices B C [n], say that an ordered pair (iy,is) of

distinct row indices in A is e-bad for B if either

| Expr(iq,i0) N B| <ep|B| or |Exp(is, i) N B < ep(n—|B|). (3.143)

The following lemma shows that on G°d¢(g) with e sufficiently small, only a small number

of pairs of elements of A = [k + 1, n| are e-bad for [k].

Lemma 3.5.5. Let B C [n|, and continue to denote A = [k + 1,n]. For i € [n|, denote
B(i) := Ny (i) N B. Fore € (0,1), define

: B(i)| | B<(4)|
AE—{zeA:’| —1‘§g, UL gl <, (3.144)
p|B| p(n—|B|)
and fori € A, let
S.(i) ={i" € A.: (i,7') is e-bad for B} . (3.145)

On the event G°%°(g) from Corollary 3.3.6 we have
A\ A <. ptlogn (3.146)

and for every i € A,
|S-(i)] <. p~'logn (3.147)

assuming |B|,|B¢| > %pil logn for v sufficiently small depending on €.

Proof. We begin with (3.146).

Define the sets

Si=f{icA:|B{) < (1-<)plBl}
So={i € A:|B(i) > (1+€)plBl}
Sy ={i € A:|B(0)| < (1 - e)p(n - |B])}
Si={i€ A:|B()| > (1+e)p(n — |B)}
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so that A\ A, = |J;_, Sk. By the same lines as the proof of Lemma 3.5.1 we have |S;| <.
p~'logn. By replacing B with B® we obtain the same bound on |Ss|. |Ss] and |Sy| are

bounded similarly.

We turn to the estimate (3.147). Fix i € A.. We can write S.(i) = S1(i) U S%(7) where

Si(i) = {i' € A. : |Ex(i,i) N B| < ep|B|}

S2(i) = {i' € A. : |Ex(¢',i) N B°| < ep(n — |B|)}.
We first bound |S!(i)|. For ¢/ € S!(i), we have
| Ex(i,i') N B| < ep|B| < 1L_€|B(¢)| (3.148)
since ¢ € A.. It follows that

en (SH(i), B(i)) = Y _ |Co(i,i’) N B

€81 (i)
= Y 1BO)I-|Ex(i.#)n Bl
'€SL(3)
< 1l I _
> 18100 (1- 1) 186)
1—2¢ : .
- B 0186 (3.149)

Now we show this contradicts our restriction to the event G°%°(¢g) if ¢ is sufficiently small.
Recall the family F(e) of pairs of subsets of [n] defined in Corollary 3.3.6. If (S1(i), B(i)) €
F(e) we have

enr(S2(i), B(i)) < (1+€)p|Sz(0)||B(i)]- (3.150)

From (3.150) it follows that

(1+¢)

515 (DIIB)]

en(S2 (1), B(i)) <

which contradicts (3.149) if ¢ is a sufficiently small absolute constant. We may hence assume
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(S1(i), B(i)) ¢ F(g). Similarly to how we argued in the bound for |S;|, we can deduce from
the lower bound

|B(i)| > p|B| >~ 'logn

(since i € A.) that taking v sufficiently small, we must have |S!(i)| < |B(i)| (for n sufficiently
large), and hence

|52 (1) < p~ logn.
The proof that [S?(i)| = O.(p~'logn) follows similar lines and is omitted. O

We define the subset of A; of “good” row indices to be
Al = {z € AINA :o(i) e A\ Ss(i)} (3.151)

where S.(i) is as in (3.145) with B = [k]. That is, A is the set of i € A; such that i and
o(i) are both in A., and such that the pair (i,0()) is not bad for [k]. Note that this is a
random set depending on M and 0. We can now use Lemma 3.5.5 and the randomness of o

to show that with overwhelming probability, A} constitutes most of A;.
Let
B = { A1\ A = \A1|/2}- (3.152)

Now for arbitrary m > 1 we have

P<M[k+1,n}><[k]ﬁ =al ’ M> S PJ(B,) + ]EU 1B/CP<MU€+1MX[;€]QA} =al ’ M, O')

<Po(B) +E, 1ge [[ P(Ri-v=alM,o0)

i€ A}

< IP)O’(B,) + E, 1 H [Pm(gZ(m)c) + P, {é, U= a}lgi(m)] :

ic Al

(3.153)

The term P, {EZ v = a}lgm is O(m™/2) by (3.142). It remains to bound P,(B') and

P,.(Gi(m)°) (for some large value of m).
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From Lemma 3.5.5 with B = [k] we have

A\ A )| < 154
AVAL mas [5.0)] < s (3.154
for some sy = O(p~'logn) (assuming n > % logn). By crudely estimating the number of bad

realizations of o, we can bound

1= ()

(first fixing the |a;/2] elements of A;\ A, then choosing from the at most sy options for o (i)

for each i € A; \ A)). Simplifying this expression and applying the inequality n! > (n/e)”,

a1/2 a1/2
, S0 Csy
< < R . .
P, (B') < La1/2J!—<a1> (3.155)

Now we estimate the terms P, (G;(m)) (see (3.141) for the definition of these events).

true for all n € N,

For fixed i € A} we have

E. | Crossy(k)] = | Exar (i, 0(3)) m}[g})\{fgi(g)()i‘), i) 0k + 10| (3.156)

From our restriction to G*(6) we know the denominator is of size ©s(d), and since i € A}

the numerator is of size  (p*k(n — k)) whence,

dk(n—Fk
E., | Cross;(k)| > E# > pmin(k,n — k). (3.157)
From Lemma 3.3.9 it follows that
| Cross; (k)| > pmin(k,n — k) (3.158)

except with probability at most exp (—cpmin(k,n — k)) in the randomness of 7;. We have
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hence shown that for i € A],
Pr.(Gi(m)°) < exp ( — cpmin(k,n — k)) (3.159)

where set m := cpmin(k,n — k), and ¢ > 0 is a sufficiently small absolute constant. In

particular, this bound is of lower order than the bound P, {Ez U= a}lgi(m) = O(m~1/?).

Substituting our bounds (3.142), (3.155) and (3.159) into (3.153), we have

P<M[k+1,n}x[k1@ =al ‘M> P, (B') + E, 150(m /%)l

(Cnlogn) e 1 (1=rto(D)ar /2

IN

Applying Lemma 3.5.3 we have
P(&\ Ek1) < (1), + (II),, (3.160)
where
(1), — (n)2 (C’nlogn)m1
k d(n —k)
1= (1) o

First assume "1‘?% < k< g In this case we have
m = cpk > logn. (3.161)

and

ap>n—k>n/2 (3.162)
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SO

if d > C"logn for some C’ sufficiently large. For the second term,
(I, < A~ (1/240(1)a1/2 _ (log n>fﬂ(n)
by the lower bounds (3.161), (3.162). From these bounds and (3.160) we conclude
P&\ Ep1) < e (3.163)

for MB2 <« | < /2.

Now assume n/2 < k < (1 — n)n. In this case we have

n—=k

m=cp(n—k) =cd > nd. (3.164)

Since a; = |A;| = |Az], A1, Ay C A are arbitrary disjoint subsets, and |A| = n — k, we may
take a; = (£ —o(1))(n — k). We then have

2
(1), < en \2" ™ / Cnlogn\"/?
F=\n—k d(n — k)
1_o(1))(n—k
Clogn ([ n 94 W00
d n—=k

Clogn\ "™
< .
S\ Tap
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By our assumption d > Cylog? n we conclude

c(n—k) ' (n—k)
I, < —C < —C )
k 1/2,,9 18
dt/?n dn

For the other term:

(1), < ( - )2(”) /2ol 2
~—\n—k

C c(n—k)
(dn17+o(1) ) :

Combining the bounds (3.165) and (3.166), we have that for k € [%, (1 — n)n],

IN

P&\ Ek—1) < e ™

if we assume n > C1d~'/1® for a sufficiently large constant C; > 0.

(3.165)

(3.166)

(3.167)

Summing the bounds (3.113), (3.163), (3.167) over their respective ranges of k, we con-

clude

P(Ela-nn)) <071

as desired.
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CHAPTER 4

The smallest singular value for structured random

matrices

4.1 Introduction

In this chapter we turn from the random regular digraph matrix model considered in Chapters
2 and 3 to random matrices with independent but non-identically distributed entries. While
in Chapter 3 our aim was to obtain a quantitative bound on the probability that a random
matrix is singular, here we aim for quantitative lower tail estimates on the smallest singular
value. Recall that the singular values of an n x n matrix M are the eigenvalues of v/ M*M,

which we arrange in non-increasing order:
si(M) > >s,(M)>0.

Note that s,(M) > 0 if and only if M is invertible. Informally we say that M is “well-
invertible” if s,(M) is well-separated from zero. We have s;(M) = ||M]||, and if M is
invertible then s, (M) = ||[M Y|~ (here and throughout this chapter we write ||M|| for the
operator norm of a matrix M). Of particular interest in numerical linear algebra is the
ratio k(M) = sy (M) /s,(M) = | M||||M~!]], called the condition number, which is useful for

quantifying the sensitivity of matrix algorithms to small changes in the inputs.

The problem of estimating the singular values and condition number for a random matrix
was considered by von Neumann and Goldstine in the 1940s [vNG47]. In an influential survey
on the efficiency of algorithms, Smale asked for the asymptotic size of the condition number

of a random n x n Gaussian matrix G [Sma85]. This problem was addressed by Edelman in
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his PhD thesis [Ede89, Ede88|, who among other things proved
Elog k(G) =logn + a + o(1) (4.1)

for an explicit numerical constant a. He also obtained the limiting distribution for the

rescaled smallest singular value /ns, (G).

Since then there has been much work on the singular values of random matrices with
more general entry distributions. In the sequel we write X = (§;;) for an n x n matrix with
entries identically distributed to a real or complex random variable £ which is centered and
has unit variance, and call such X an “iid matrix”. From the works [BSY88, YBKSS] it is
known that the rescaled largest singular value \/Lﬁsl(X ) has an almost sure limit if and only
if ¢ has finite fourth moment (strictly speaking this result requires a coupling of the matrices
across n, where one first draws an infinite array of iid copies of the variable &, then takes
each member of the sequence X,, to be the top-left n x n corner of the array). Soshnikov

proved that if one further assumes that ¢ is sub-Gaussian, i.e.
ElEP)r<Cyp Vp=1 (4.2)

and some constant C, then s;(X), appropriately rescaled, converges in law to the Tracy—
Widom distribution [Sos02]. More recently, Tao and Vu proved a universality theorem for the
smallest singular value, showing that the limiting distribution proved by Edelman extends
to hold for all iid matrices with entries §;; having finite Cy-th moment for some sufficiently

large constant Cyy [TV10al.

In connection with problems in computer science and the theory of Banach spaces, there
has been considerable interest in obtaining non-asymptotic bounds on the largest and small-
est singular values of random matrices with independent entries. Seginer [Seg00] proved that

if X is an n X m matrix with iid centered entries, then

E||X||<<Erir€1%< > & +Emax [Y & (4.3)

jelm] eI e
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Latata [Lat05] subsequently gave a bound (Theorem 4.6.7 below) that holds for matrices
with independent but not necessarily identically distributed entries, with entries having

finite fourth moment.

Lower tail estimates for the smallest singular value of square iid matrices proved to be
more difficult. The first breakthrough was made by Rudelson [Rud08], who showed that if

X has iid real-valued sub-Gaussian entries, then
P(s,(X) <tn™?) <t +n /2 (4.4)

for all t > 0, where the implied constant depends on the constant C' in 4.2. This result was
subsequently improved in work of Rudelson and Vershynin [RV08], who showed that under
the same setup,

P(s,(X) < tn’l/Q) Lt+e ™" (4.5)

where the implied constant and ¢ > 0 depend on the constant C' in (4.2). Around the same
time, in their work on the circular law for iid matrices (discussed in Chapter 5) Tao and
Vu [TVO08] proved bounds of arbitrary polynomial order for complex iid matrices, assuming

only finiteness of the second moment — see Theorem 4.1.5 below.

In this chapter we consider the problem of bounding the smallest singular value for
structured random matrices, which we define as follows. (While all of our results concern
square random matrices, we give the definition for the general rectangular case as we will

often need to consider rectangular submatrices in the proofs.)

Definition 4.1.1 (Structured random matrix). Let A = (a;;) and B = (b;;) be deterministic
n x m matrices with a;; € [0,1] and b;; € C for all 4,j. Let X = (&;;) be an n x m matrix
with independent entries, all identically distributed to a complex random variable & with

mean zero and variance one. We refer to & as the atom variable. Put

where o denotes the matrix Hadamard product. We refer to A as the standard deviation
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profile for M, and B as the mean profile for M.

Remark 4.1.2. The assumption that the entries of M are shifted scalings of random variables
&; having a common distribution is made for convenience. We expect the proofs can be
modified to cover general matrices with independent entries having specified means and
variances (possibly with some additional moment hypotheses), but we do not pursue this

here.

As a concrete example one can consider a centered non-Hermitian band matrix, where

one sets a;; = 0 for |i — j| exceeding some bandwidth parameter w.

The singular value distributions for structured random matrices have been studied in
connection with wireless MIMO networks [TV04, HLNO7]. The limiting spectral distributions
and spectral radius for certain structured random matrices have been used to model the
dynamical properties of neural networks [RA06, ARS15]. The limiting spectral distribution
for a general class of centered structured random matrices is investigated the forthcoming
paper [CHNR] with Hachem, Najim and Renfrew. This work required bounds on the smallest
singular value for shifts of the random matrix by scalar multiples of the identity, which
motivated us to prove the results in this chapter (in particular, Corollary 4.1.21 below is a

key input for the results in [CHNR]).

Recent works of Bandeira—van Handel [BvH] and van Handel [vH] have provided non-
asymptotic bounds on the largest singular value of centered structured random matrices
which are sharp in many cases. In [vH] van Handel puts forward the following conjecture,

which he attributes to Latala. The conjecture remains open as of this writing.

Conjecture 4.1.3. The bound (4.3) holds for arbitrary centered matrices with independent

entries having finite second moment.

The picture for the smallest singular value of structured random matrices is far less
complete — in particular, it is not clear what is the correct analogue of Conjecture 4.1.3.
Here we content ourselves with identifying sufficient conditions on the matrices A, B and the
distribution of £ for a random matrix M as in (4.6) to be well-invertible with high probability.

More specifically, we seek to address the following:
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Problem 4.1.4. Let M be an n x n random matriz as in Definition 4.1.1. Under what
assumptions on the standard deviation and mean profiles A, B and the distribution of the

atom variable & do we have
P (s,(M) <n™?) =0(n™) (4.7)

for some o, 3 > 07

For applications to the limiting spectral distribution of centered random matrices with a
standard deviation profile, the case that B is a multiple —z/n of the identity for some fixed

z € C is of particular interest.

4.1.1 Previous results

In this subsection we give an overview of what is currently known about Problem 4.1.4.

For the case of a constant standard deviation profile A and essentially arbitrary mean
profile B we have the following result of Tao and Vu, which was the key technical component

of their proof of the circular law for iid matrices [TV08, TV10b].

Theorem 4.1.5 (Shifted iid matrix [TVO08]). Let X be an n x n matriz with iid entries
&i; € C having mean zero and variance one. For any o,y > 0 there exists 3 > 0 such that

for any fized (deterministic) n x n matriz B with | B|| < n7,
P (s,(X +B) <n™?) = Oqy(n™). (4.8)

A stronger version of the above bound was established earlier by Sankar, Spielman and
Teng for the case that X has iid standard Gaussian entries [SST06]. For the case that B = 0,
the bound (4.5) of Rudelson and Vershynin is superior to (4.8), but requires the stronger
assumption that the entries are real-valued and sub-Gaussian (we remark that their proof

extends in a routine manner to allow an arbitrary shift B with || B|| = O(y/n)).

When the entries of M have bounded density the problem is much simpler. The following
139



is easily obtained from the argument in [BC12, Section 4.4].

Proposition 4.1.6 (Matrix with entries having bounded density [BC12]). Let M be an
n X n random matrixz with independent entries having density on C or R uniformly bounded

by ¢ > 1. For every o > 0 there is a f = B(«, @) > 0 such that

P(s,(M) <n™?) =0(n"). (4.9)

Note that above we make no assumptions on the moments of the entries of M — in
particular, they may have heavy tails. The following result of Bordenave and Chafai (Lemma
A.11in [BC12]) relaxes the hypothesis of continuous distributions from Proposition 4.1.6 while

still allowing for heavy tails, but comes at the cost of a worse probability bound.

Proposition 4.1.7 (Heavy-tailed matrix with non-degenerate entries [BC12]). Let Y be an
n X n random matriz with independent entries 1,; € C. Suppose that for some p,r,09 > 0

we have that for all i,j € [n],
Pl <) >p,  Var(ng 1(|ng| < 7)) > 0. (4.10)
For any s > 1,t >0, and any fired n X n matriz B we have

t 1
]P(Sn(y =+ B) S %, ||Y + BH S 3) <<p77‘70'0 vV 10g3<t82 + %) (411)

The non-degeneracy conditions (4.10) do not allow for some entries to be deterministic.
Litvak and Rivasplata [LR12] obtained a lower tail estimate of the form (4.7) for centered
random matrices having a sufficiently small constant proportion of entries equal to zero deter-
ministically. Later we will state results (Theorems 4.1.14 and 4.1.24 below) which give such

bounds for matrices having all but an arbitrarily small proportion of entries deterministic.

Here we pause to remark that all of the above results give lower tail bounds for s, (M)

that are either uniform in the shift B under the size constraint || B|| = n®®) or extend in a
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routine way to hold uniformly for ||B|| = O(y/n), i.e.

sup P(sy(AoX+B)<n?)=0(n"). (4.12)
BeMq(C): || Bl|<n®

for some constant C' > 0. Such bounds can be viewed as matrix analogues of classical

anti-concentration (or “small ball”) bounds of the form

supP(|S, — z| <7) = 0,50(1) + 0ps0o(1) (4.13)

zeC

where S, is a sequence of scalar random variables (such as the normalized partial sums
of an infinite sequence of iid variables). In fact, bounds of the form (4.13) are a central
ingredient in the proofs of estimates (4.12). Roughly speaking, the translation invariance of
(4.13) causes the uniformity in the shift B in (4.12) to come for free once one can handle
the centered case B = 0 (the assumption || B|| = n®® is needed to have some continuity of

the map w +— ||Mul| on the unit sphere in order to apply a discretization argument).

In light of this we may pose the following:

Sub-problem 4.1.8. Let M be an n X n random matriz as in Definition 4.1.1, and let
v > 0. Under what assumptions on the standard deviation profile A and the distribution of

the atom variable & does a lower tail estimate of the form
P(sy(M)<n?)=0(n") (4.14)

hold for some a, f > 0, uniformly for |B|| < n??

The following simple observiation puts a clear limitation on the standard deviation pro-

files A for which we can expect to have (4.14).

Observation 4.1.9. Suppose that A = (a;;) has a k x m sub-matriz of zeros for some k,m
with k +m > n. Then Ao X is singular with probability 1. Thus, (4.14) fails (by taking
B =0) for any a, 8 > 0.

The following result of Rudelson and Zeitouni [RZ16] shows that, for the case of Gaussian
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matrices, Observation 4.1.9 is essentially the only obstruction to obtaining (4.14). To state
their result we need to set up some graph theoretic notation, which is only a slightly gen-
eralized form of notation introduced in Section 2.1.5. We will use this notation repeatedly

throughout the chapter.

To a non-negative nxm matrix A = (a;;) we associate a bipartite graph Iy = ([n], [m], E4),

with (7, j) € Ey4 if and only if a;; > 0. For a row index ¢ € [n] we denote by
Na(i) ={j € [m] : a;; > 0} (4.15)

its neighborhood in I'4. Thus, the neighborhood of a column index j € [m] is denoted
N47(j). Given sets of row and column indices I C [n],J C [m], we define the associated
edge count

ea(1,J) = |{(4,7) € [n] x [m] : a;; > 0}]. (4.16)

We will generally want to work with the graph that only puts an edge (7, j) when a;; exceeds

some fixed cutoff parameter oy > 0. Thus, we denote by
A(oo) = (aijla;;>00) (4.17)

the matrix which thresholds out entries smaller than og.

Rudelson and Zeitouni obtain control on the smallest singular value of Gaussian matrices
whose associated matrix of standard deviations A = (a;;) satisfies the following expansion-

type condition.

Definition 4.1.10 (Broad connectivity). Let A = (a;;) be an nxm matrix with non-negative

entries. For 6, € (0,1), we say that A is (0, v)-broadly connected if
1. |Na(i)| > ém for all i € [n];
2. |Nat ()] = on for all j € [m];

3. NG ()] = min(n, (1 + )| J]) for all J C [m]
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where we define the set of §-broadly connected neighbors of a set J C [m] to be
NO(J) = {i € [n] - INaG) N J| > 6]} (4.18)

Theorem 4.1.11 (Gaussian matrix with broadly connected profile [RZ16]). Let G be an
n X n matriz with iid standard real Gaussian entries, and let A be an n X n matrix with
entries a;; € [0,1] for alli,j. With notation as in (4.17), assume that A(oy) is (6, v)-broadly
connected for some oo, 0, v € (0,1). Let K > 1, and let B be a fized n X n matriz with
|B|| < K+/n. Then for any t >0,

P (sy(AoG+ B) <tn™/?) <« KOWt 4 e~ (4.19)

where the implied constants and ¢ > 0 depend only on J,v, oy.

Note that the assumption of broad connectivity in a sense gives us an “epsilon of separa-
tion” from the bad example of Observation 4.1.9. Thus, except for the assumption that the

entries are Gaussian, Theorem 4.1.11 provides a satisfactory answer to Sub-problem 4.1.8.

Definition 4.1.10 includes many standard deviation profiles of interest, such as band

matrices:

Proposition 4.1.12 (Band profile). Let 09 € (0,1) and 0 < w < n — 1, and suppose
A = (aij)7 =, is such that a;; > og for all i, j with min(|i — j|,n — |i — j|) < w. Then A(oy)

is (0, v)-broadly connected with § = v = w/4n.

Remark 4.1.13. The same holds with slightly worse parameters if we only require a;; > o9

when |i — j| < w.

Proof. For all i € [n] we have |Na(oo)(i)], [INat(oy)(4)| > 2w + 1, so it only remains to verify

the third property in Definition 4.1.10. From here on we abbreviate N (1) = N (i) and
_ AS(9)

NO(T) = N oy (J)-
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Define f : [n] — [0,1] by f(i) = |J NN (4)|/(2w + 1). By double counting we have

Zf(z’) = |J]. (4.20)

On the other hand, we have the discrete derivative bound
[f(@) = f =1 <1/Qw+1) (4.21)
(here is where we use the band structure of the matrix). Suppose that
VO] = i« fi) = 8]J]/n}| < (1 +w)]J]].

From (4.21) we can bound

ST f6) 2w+1)(5|7;” 2)+((1+u)u|—(2w+1)).

ieN@)(J)

Together with (4.20) we find

= > f + Y f@)

ENG) (J ENO ()

1
<|JA+6+v)— (5 - 5>2w
and taking § = v = w/4n leads to a contradiction. ]

4.1.2 New results

Our first result removes the Gaussian assumption from Theorem 4.1.11, though at the cost

of a worse probability bound.

Theorem 4.1.14 (General matrix with broadly connected profile). Let M = Ao X + B be

an n X n matriz as in Definition 4.1.1, and assume that A(oy) is (6,v)-broadly connected for
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some 0g,0,v € (0,1). Let K > 1. For anyt >0,

P(sn(M) < | M| < K\/ﬁ) <Lt+ L (4.22)

t
Vi’ Vi

where the implied constant depends on K, 0, v, 0q, and the distribution of &.

Remark 4.1.15. While we have stated no additional moment assumptions on the atom vari-
able £ other than finite variance, the restriction to the event {||M|| < K./n} implicitly
requires us to assume at least four finite moments to deduce P(s, (M) < t/y/n) < t+ o(1).
The dependence of the implied constant in (4.22) on the distribution of £ comes from a
certain Fourier-analytic reduction we make in Section 4.2. Specifically, the dependence is

through the parameter x in Lemma 4.2.6.

Remark 4.1.16. We expect that the probability bound in (4.22) can be improved by making
use more advanced tools of Littlewood-Offord theory (developed in [TVO08, RV08]), though
it appears that these tools cannot be applied in a straightforward manner. In the interest
of keeping this chapter of reasonable length we have not pursued this matter here. We also
note that under the assumption that the atom variable £ has a bounded density on C or R
a probability bound similar to the one in Theorem 4.1.11 can be obtained by following the

argument from [RZ16] with minor modifications.

In light of Observation 4.1.9, Theorem 4.1.14 gives an essentially optimal answer to Sub-
problem 4.1.8 for dense random matrices. It would be interesting to establish a version
of this result that allows for only a proportion o(1) of the entries to be random. (As the
proof of Theorem 4.1.14 is quantitative, one could obtain such a result simply by making
the dependence on parameters in the bound (4.22) more explicit. However, this would only
allow for a slight polynomial decay in the density of the matrix A, while we expect a version

of the above theorem to hold when A has density as small (log®™® n)/n.)

Having addressed Sub-problem 4.1.8, we now ask whether we can further relax the as-
sumptions on the standard deviation profile A by assuming more about the mean profile B.
In particular, can we make assumptions on B that give (4.7) while allowing A o X to be

singular deterministically (as in Observation 4.1.9)7
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Of course, a trivial example where this is the case is to take A = 0 and B any invertible
matrix. Another easy example is to take take B to be very well-invertible, with s,(B) >
Ko+/n for a large constant Ky > 0 (for instance, take B = Ky/n 1, where I is the identity
matrix). Indeed, standard estimates for the operator norm of random matrices with centered
entries (cf. Section 4.6.2) give ||A o X|| = O(y/n) with high probability provided the atom
variable £ satisfies some additional moment hypotheses. It then follows from the triangle

inequality that s, (M) > /n with high probability if K is sufficiently large.

The problem becomes non-trivial when we allow B to have singular values of size £1/n for
small € > 0 and A as in Observation 4.1.9. In this case any proof of a lower tail estimate of
the form (4.7) must depart significantly from the proofs of the results in the previous section

by making use of arguments which are not translation invariant.

Our main result shows that when the mean profile B is a diagonal matrix with smallest
entry at least an arbitrarily small (fixed) multiple of \/n, then we do not need to assume
anything further about the standard deviation profile A. In the following we denote the LP

norm of the atom variable £ in Definition 4.1.1 by
= (EIEP)P. (4.23)

Theorem 4.1.17 (Centered random matrix with small diagonal perturbation). Fiz arbitrary

ro € (0,3], Ko € [1,00), and let Z = diag(z;)[-, be any complex diagonal matriz satisfying
|zi| € [ro, Ko] Vi€ [n].

Let M be an n x n random matriz as in Definition 4.1.1 with B = Z+\/n, and assume

fatn < 00. There are a(n) > 0 and (ro,n, patn) > 0 such that
P (s,(M) <n?)=0(n") (4.24)

where the implied constant depends only on ro, Ko and the distribution of &.

Remark 4.1.18. As in Theorem 4.1.14, the implied constant in (4.24) depends on the distri-
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bution ¢ through the value of k from Lemma 4.2.6 below. Thus, to be more specific, the

implied constant depends only on ry, Ko, < and fis4).

Remark 4.1.19 (Moment assumption). The reason for our assumption of 4+ finite moments
is so that any submatrix of M of dimensions linear in n will have operator norm O(y/n) with
high probability, which is crucial for our argument. We also make use of a result of Vershynin
(Theorem 4.6.8 below) on the operator norm of products of random matrices which assumes
4 4+ 1 moments. The dependence of a on 7 is of the form o = ¢min(1,7n) for a constant
¢ > 0 (which we take to be 1/9 in the proof). If we were to assume 7 is a sufficiently large
constant, i.e. if £ has finite pth moment for a sufficiently large constant p, then our proof

would allow us to take any fixed a < 1/2.

Remark 4.1.20 (Dependence on r(). The dependence of § on v4y, and r¢ given by our proof
2

is very bad: a tower exponential (i.e. a tower of twos 22" ) of height

0,(1) exp(O(p /1)), (4.25)

(The factor O,(1) comes from Vershynin’s bound mentioned in the previous remark — we
do not know the precise dependence on 7, but we expect it is relatively mild.) This is due
to our use of Szemerédi’s regularity lemma (specifically, a version for directed graphs due
to Alon and Shapira — see Lemma 4.6.2). It would be interesting to obtain a version of

Theorem 4.1.17 with a better dependence of 5 on the parameters.

As we remarked above, the case of a diagonal mean profile is of special interest for the
problem of proving convergence of the empirical spectral distribution of centered random

matrices with a variance profile.

Corollary 4.1.21 (Scalar shift of a centered random matrix). Let X = (&;;) be an n x n
matrix whose entries are 1id copies of a centered complex random wvariable & having unit
variance and fiyr, < 0o for some fired n > 0. Let A = (a;;) be a fized n x n non-negative

matrix with entries uniformly bounded by oyax < 00. PutY = \/LEAOX , and fix an arbitrary
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z € C\{0}. There are constants o = a(n) > 0 and B = B(z,1, ftaty, Omax) > 0 such that
P(s,(Y—2)<n?)=0(n" (4.26)

where the implied constant depends only on z, omax and the distribution of &.

(In (4.26) we identify z with a scalar multiple of the identity matrix.) While our main
motivation was to handle diagonal perturbations of centered random matrices, we conjecture
that Theorem 4.1.17 extends to matrices as in Definition 4.1.1 with more general mean

profiles B:

Conjecture 4.1.22. Theorem 4.1.17 continues to hold for B € M, (C) not necessarily

diagonal, assuming \/Lﬁsi(B) € [ro, Ko] for all 1 <i <mn.

4.1.3 Ideas of the proofs
Regular partitions of graphs, and the Schur complement formula

We start with a brief description of the main ideas in the proof of Theorem 4.1.17. As with
Theorem 4.1.14, the key is to associate the standard deviation profile A with a graph. Since
we want the diagonal of M to be preserved under relabeling of vertices will will associate
A with a directed graph (digraph) which puts an edge ¢ — j whenever a;; exceeds some
small threshold oy > 0. Since A has no special connectivity structure a priori, we will
apply a version of Szemerédi’s regularity lemma for digraphs (Lemma 4.6.2) to partition the
vertex set [n] into a bounded number of parts of equal size I, ..., I,,, together with a small
set of “bad” vertices [p,q, such that for most (k,1) € [m]? the subgraph on I, U I; enjoys
certain “pseudorandomness” properties. These properties will not be quite strong enough
to control the smallest singular value of the corresponding submatrix M, ; of M, but we
can apply a “cleaning” procedure (as it is called in the extremal combinatorics literature)
to remove a small number of bad vertices from each part in the partition (which we add to
Iaa), after which we will be able to control sy, (M, 1,) for most (k,1) € [m]®. The specific

pseudorandomness properties and corresponding bound on the smallest singular value are
148



given in Definition 4.1.23 and Theorem 4.1.24 below.

The task is then to lift this control on the invertibility of submatrices to the whole matrix
M. The key tool here is the Schur complement formula (see Lemma 4.6.4) which allows us

to control the smallest singular value of a block matrix

Mll M12
M21 M22

assuming some control on the smallest singular values of (perturbations of) the diagonal block
submatrices M7;, My and on the operator norm of the off-diagonal submatrices Mo, Mo;.
The bound on the smallest singular value of the whole matrix is somewhat degraded, but
this is acceptable as we will only apply this a bounded number of times. Thus, we will want
to find a generalized diagonal of block submatrices which are well-invertible under additive

perturbations.

At this point it is best to think of the partition I,..., I, as inducing a “macroscopic
scale” digraph R = ([m], E)) (which is called the reduced digraph in extremal combinatorics)
that puts an edge (k,l) € E whenever the corresponding submatrix A;, ;, is pseudorandom
and sufficiently dense. If we can cover the vertices of R with vertex-disjoint directed cycles,

then we have found a generalized diagonal of submatrices of M with the desired properties.

Of course, it may be the case that R cannot be covered by disjoint cycles. For instance,
if A were to have all ones in the first n/2 columns and all zeros in the last n/2 columns
then roughly half of the vertices of R would have no incoming edges. This is where we make
crucial use of the diagonal perturbation Zy/n (indeed, without this perturbation M would
be singular in this example). The top left n/2 x n/2 submatrix of M is dense, and we can
apply Theorem 4.1.24 to control its smallest singular vale. The bottom right n/2 x n/2
submatrix is a diagonal matrix with diagonal entries of size at least rqy/n, and hence its
smallest singular value is at least rg\/n. This argument even allows for the bottom right
submatrix of A to be nonzero but sufficiently sparse: we can use the triangle inequality and

standard bounds on the operator norm of sparse random matrices to argue that the smallest

149



singular value of the bottom right submatrix is still of order > r¢/n.

We handle the general case as follows. We greedily cover as many of the vertices of R as
we can with disjoint cycles — call this set of vertices Uey. C [m]. At this point we have either
covered the whole graph (and we are done) or the graph on the remaining vertices Ugee iS
cycle-free. This means that the vertices of R can be relabeled so that its adjacency matrix
is upper-triangular on Upee X Upee. Write Jeye = UkeUCyc I, Jiee = UkeUfree I, and denote
the corresponding submatrices of A on the diagonal by Acyc, Afee, and likewise for M. We
thus have a relabeling of [n] under which Ag.. is upper triangular. Crucially, this relabeling
has preserved the diagonal, so the submatrix Mg, is a diagonal perturbation of an upper-
triangular random matrix. We then show that such a matrix has smallest singular value
of order >, /n with high probability. With another application of the Schur complement
bound we can combine the control on the submatrices Meyc, Mpee (along with standard
bounds on the operator norm for the off-diagonal blocks) to conclude the proof. (Actually,
the bad set [},.q of rows and columns requires some further arguments, but we do not discuss

this issue here.)

This concludes the high level description of the proof of Theorem 4.1.17. We only remark
that the above partitioning and cleaning procedures generate various error terms and residual
submatrices (such as the vertices in I,,q, or the small proportion of pairs (I, I;) which
are not pseudorandom enough). As the smallest singular value is notoriously sensitive to
perturbations, it will take some care to control these terms. We will use some high-powered
tools such as bounds on the operator norm of sparse random matrices and products of

random matrices due to Latala and Vershynin — see Section 4.6.2.

Well-invertibility from connectivity assumptions

Now we state the specific pseudorandomness condition on a standard deviation profile under
which we have good control on the smallest singular value. While “pseudorandom” generally
means that the edge distribution in a graph is close to uniform on a range of scales, we will

only need control from below on the edge densities (morally speaking, we want the matrix
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A to be as far as possible from the zero matrix, the most poorly invertible matrix). The

following one-sided pseudorandomness condition is taken from the combinatorics literature

(see [KS96, Definition 1.6]).

Definition 4.1.23 (Super-regularity). Let A be an n X m matrix with non-negative entries.

For §,e € (0,1), we say that A is (0, )-super-reqular if the following hold:

1. |Na(?)| > om for all i € [n];
2. [Nyt (j)| = on for all j € [m];

3. ea(l,J) > 0|I||J]| for all I C [n],J C [m] such that |I| > en and |J| > em.

The reader should compare this condition with Definition 4.1.10. Conditions (1) and (2)
are are the same in both definitions, while it is not hard to see that condition (3) above
implies

NG > (1 —e)n (4.27)

whenever |J| > en (with notation as in (4.18)), which is stronger than condition (3)
in Definition 4.1.10 for such J. On the other hand, conditions (1) and (2) imply that
|N1£1\T/S/2)(J)| > 16n for any J C [m] (see Lemma 4.3.6), so super-regularity is stronger than

broad connectivity for e, sufficiently small depending on .

Theorem 4.1.24 (Matrix with super-regular profile). Let M = Ao X + B be an nxn matriz
as in Definition 4.1.1. Assume that A(oy) is (9, €)-super-reqular for some 6,09 € (0,1) and
0 <e< 01508 with ¢ > 0 a sufficiently small constant. For any v > 1/2 there exists

B = O(y?) such that

1
P (su(M) <n P, ||M]| <n7) < /220 (4.28)
n

where the implied constant depends on v, 9, 09 and the distribution of €.

Note that Theorem 4.1.24 allows for a mean profile B of arbitrary polynomial size in
operator norm, whereas in Theorem 4.1.14 we could only allow || B|| = O(y/n). The ability to

handle such large perturbations will be crucial in the proof of Theorem 4.1.17, as the iterative
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application of the Schur complement bound discussed above will lead to perturbations of

increasingly large polynomial order.

We defer discussion of the key technical ideas for Theorem 4.1.14 and Theorem 4.1.24 to
Sections 4.3 and 4.4. We only mention here that our proof of Theorem 4.1.24 makes crucial
use of a new “entropy reduction” argument, which allows us to control the event that ||Mul|
is small for some u in certain portions of the sphere S™~! by the event that this holds for
some u in a random net of relatively low cardinality. The argument uses an improvement
by Spielman and Srivastava [SS12] of the classic Restricted Invertibility Theorem due to
Bourgain and Tzafriri [BT87] — see Section 4.3 for details.

4.1.4 Organization of the chapter

The rest of this chapter is organized as follows.

Sections 4.2, 4.3 and 4.4 are devoted to the proofs of Theorems 4.1.14 and 4.1.24. We
prove these theorems in parallel as they involve many similar ideas. In Section 4.2 we col-
lect some standard lemmas on anti-concentration for random walks and products of random
matrices with fixed vectors, along with some facts about p-nets. In Section 4.3 show that ran-
dom matrices as in Theorems 4.1.14 and 4.1.24 are well-invertible over sets of “compressible”
vectors in the unit sphere, and in Section 4.4 we establish control over the complementary

set of “incompressible” vectors to complete the proofs.

Section 4.5 builds on the results in Section 4.3 for broadly connected profiles to establish
lower bounds for other “moderately small” singular values holding with high probability —
see Theorem 4.5.1. This result will be a key ingredient for the proof in Chapter 5 of the
circular law for signed rrd matrices. Theorem 4.5.1 and its application to the proof of the

circular law follows the analogous work of Tao and Vu for iid matrices in [TV10b].

In Section 4.6 we prove Theorem 4.1.17.
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4.1.5 Notation

In addition to the notation listed in Section 1.2 we will use the following conventions in the

the present chapter.

For a matrix A = (a;;) € My, 1, (C) we will sometimes use the notation A(7, j) = a;;. For
I C [n],J C [m] with elements iy < --- <7 and j; < --- )y, respectively, A7 ; denotes the

|[| X |J| submatrix (aik7jl)1§ks|[‘71§l§|J|. We often abbreviate AJ = AJ’J.

|Al|ms denotes the Hilbert—Schmidt (or Frobenius) norm of a matrix A. We will some-
times denote the smallest singular value of a square matrix M by Sy, (M) (in situations

where M is a submatrix of a larger matrix this will often be clearer than writing the index).

For J C [n], we denote by C7 C C" (resp. S7 C S™!) the set of vectors (resp. unit

vectors) in C" supported on J. Given a vector v € C", we denote by v; € C™ the projection

[m]

™) denotes the family of subsets of [m] of size |z].

of v to the coordinate subspace C”. (

When considering a random matrix M as in Definition 4.1.1, we write F; j := ({&; }ierjes)
for the sigma algebra of events generated by the entries {&;;}icrjes of X. For I C [n]| we

write P7(-) for probability conditional on Fy 7 -

Finally, we note that we will on occasion use the asymptotic notation f = o(g) defined
in Section 1.2, but we only do this for the sake of brevity, as all of the arguments in this

chapter can be made quantitative.

4.2 Invertibility from connectivity: Preliminaries

4.2.1 Partitioning and discretizing the sphere

For the proofs of Theorems 4.1.14 and 4.1.24 we will make heavy use of ideas and notation
developed in [LPRTJ05, LPR*05, Rud08, RV08| and related ideas from the local theory of

Banach spaces. In particular, in order to lower bound

su(M) = inf ([

ueSn—
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we will partition the sphere into sets of vectors of different levels of “compressibility”, which

we presently define, and separately obtain control in the infimum of ||Mul| over each set.

Recall from Section 4.1.5 our notation S7 C S™~! for the set of unit vectors supported
on J C [m]. For aset T C C" and p > 0 we write T, for the set of points within Euclidean
distance p of T'. We recall also the following definitions from [RZ16]. For 6,p € (0,1), we

define the set of compressible vectors

Comp(#, p) :== S™ ' N U (S7), (4.29)

Te(6m)

and the complementary set of incompressible vectors
Incomp(f, p) := S™ 1\ Comp(6, p). (4.30)

In words, Comp(6, p) is the set of unit vectors within (Euclidean) distance p of a vector
supported on at most #m coordinates. On the other hand, incompressible vectors enjoy the
following property which will lead to good anti-concentration properties for an associated

random walk.

Lemma 4.2.1 (Incompressible vectors are spread, cf. [RV08, Lemma 3.4]). Fiz 0, p € (0,1)
and let v € Incomp(, p). There is a set LT C [m] with |LT| > 0m such that |v;| > p/\/m
for all j € L*. Moreover, for all X\ > 1 there is a set L C [m] with |L| > (1 — 55)0m such
that for all j € L,

L <yl <

A
vm Vom
Proof. Take LT = {j : |v;| > p/v/m} and denote L~ = {j : |v;| < A/vVfm}. Since v lies
a distance at least p from any vector supported on at most #m coordinates we must have

|LT| > 0m, which gives the first claim. On the other hand, since v € S™™!, by Markov’s

inequality we have |[L™| > 6#m/A?, so taking L = L* N L~ we have |L| > (1 — 55)0m. O

We will informally refer to the coordinates of v € Incomp(6, p) where |v;| > p/+/n as the

essential support of v.
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In the remainder of this subsection we recall a couple of standard facts about nets of the
sphere. For p > 0, recall that a p-net of a set T C C™ is a finite subset ¥ C T such that
for all v € T there exists v € ¥ with ||v — ¢'|| < p. The following lemma provides a nets of

reasonable cardinality for subsets of the sphere.

Lemma 4.2.2 (Metric entropy of the sphere). Let V' C C™ be a k-dimensional subspace, let
TcVnS™! andlet pe (0,1). Then T has a p-net X C T of cardinality || < (3/p)?*.

Proof. Let ¥ C T be a p-separated (in Euclidean distance) subset that is maximal under
set inclusion. It follows from maximality that X is a p-net of 7. Let ¥/, denote the p/2
neighborhood of ¥ in V. Noting that 3,/, is a disjoint union of k-dimensional Euclidean

balls of radius p/2, we have
13]cx(p/2)* < voly(S,/2) < cn(l+ p/2)*"

where vol, denotes the k-dimensional Lebesgue measure on V' and ¢ is the volume of the

Euclidean unit ball in C*. The desired bound follows by rearranging. O

The existence of p-nets of controlled size allows us to obtain uniform control from below
on ||Mu|| for all u drawn from a low-dimensional subset of the sphere, off a small event. The
following is essentially Lemma 3.3 from [RZ16], adjusted to the current setting of matrices

over C rather than R.

Corollary 4.2.3 (Control by a net). Let M be an nxm random matriz with complex entries.
Let V. C C™ be a k-dimensional subspace, and let T C VN S™ L. Let K > 1, and assume

that for some p,po € (0,1), for any u € T we have
P (|Mul] < pK V7)) < po. (4.31)

Then

P(BU) A {30 € Ty a1l < (/2KVA)) < (2) (432
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Proof. By Lemma 4.2.2, T has a p/4-net X of size at most (12/p)*. On the event that
| M| < K+/n and there exists u € T, such that ||Mu|| < (p/2)K+/n, we fix such a u and let
u’ € ¥ be such that |[ju — u/|| < p/2 (which exists by the triangle inequality). It follows that

M| < [[Mul] + [[M (u— )| < (p/2)Kv/n+ Kv/n - (p/2) = pEv/n.
We have shown that
{IIM|| < Kv/n and 3u € Ty : |Mul| < (p/2)K/n} C {Fue X |Mu|| < pK/n}.

The desired result now follows from taking a union bound over the at most (12K /p)? choices

of u € ¥ and (4.31). O

4.2.2 Anti-concentration for scalar random walks

In this subsection we collect some standard anti-concentration estimates for scalar random
walks, which are perhaps the most central tool for proving that random matrices are (well-
)invertible with high probability. In the next subsection we apply these to obtain anti-

concentration estimates for products Mwv of a random matrix M with a fixed vector v.

Definition 4.2.4 (Concentration probability). Let £ be a complex-valued random variable.

For v € C™ we let

Se(v) =Y &, (4.33)
j=1
where &1, ..., &, are iid copies of £&. For » > 0 we define the concentration probability
Pewu(r) = su(}C)IP’ (|9e(v) — 2 < 7). (4.34)
FAS]

Throughout this section operate under the following distributional assumption on &.

Definition 4.2.5 (Controlled second moment (cf. [TV08, Definition 2.2]). Let k > 1. A

complex random variable £ is said to have k-controlled second moment if one has the upper
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bound
El¢]* <k

(in particular, |E¢| < x'/2), and the lower bound

E[Re(2¢) — af* 1(|¢] < k) = —[Re(2)]”

x|

for all z € C,a € R.

Roughly speaking, a complex random variable £ has controlled second moment if its
distribution has a one-(real-)dimensional marginal with fairly large variance on some compact
set. It turns out that we lose no generality in any of our theorems by assuming ¢ has

controlled second moment, due to the following lemma of Tao and Vu.

Lemma 4.2.6 (cf. [TVO08, Lemma 2.4]). Let £ be a complex random variable with finite
non-zero variance. Then there exist 0 € [0,1) and x > 1 such that ¢ has k-controlled

second moment.

Below we give two standard bounds on the concentration function pg,(r) when £ is a
k-controlled random variable and v € S™"!. The first gives a crude constant order bound

that is uniform in v € S*1:

Lemma 4.2.7 (Crude anti-concentration, cf. [TV10c, Corollary 6.3]). Let £ be a complex
random variable with k-controlled second moment. There is a constant ro > 0 depending

only on K such that pe,(ro) <1 —rq for allv e S™ 1.

Note that Lemma 4.2.7 is sharp for the case that v is a standard basis vector. The

following lemma gives an improved bound when v has small /., norm.

Lemma 4.2.8 (Improved anti-concentration). Let & be a complex random variable that is

r-controlled for some k > 0, and let v € S"~*. Then for all r > 0,

Pe(r) i 74 [[0]]oo- (4.35)
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Remark 4.2.9. Since £ and the coefficients of v are complex one would expect a bound with
r? in place of 7 on the right hand side of (4.35), provided the the set of phases of the
components of v is in some sense “genuinely two dimensional”. Indeed, by a modification of

the proof below one can show
1
Pea(r) <u = (r* +[0IIZ) (4.36)
for all r > 0, provided v satisfies
i = :
inf || Re(e"v)[| = allv] (4.37)

for some a > 0. The condition (4.37) was used in a more sophisticated anti-concentration
bound of Rudelson and Vershynin — see [RV09, Theorem 3.3]. We will not need such im-

provements in the present work.

Lemma 4.2.8 can be deduced from the Berry-Esséen theorem (which is the approach
taken in [LPRTJ05], for instance), but this would require ¢ to have finite third moment,
which we do not assume. (Generally speaking, higher moment assumptions should only be
needed for proving concentration bounds as opposed to anti-concentration.) Since we could
not locate a proof in the literature for the case that £ and and the coefficients of v take values

in C we give a proof below. We will first need to recall a couple of lemmas from [TV10c].

Lemma 4.2.10 (Fourier-analytic bound, cf. [TV10c, Lemma 6.1]). Let £ be a complex-valued

random variable. For all v > 0 and any v € S"~! we have

Pew(r) < 7"2/

weC:|lw|<1/r

exp < - ci vajﬂg) dw (4.38)
j=1
where
2]l := E[| Re(2(& — &)z /2, (4.39)
&' is an independent copy of &, and ||x||r/z denotes the distance from x to the nearest integer.

The next lemma gives an important property enjoyed by the “norm” ||-||¢ from Lemma 4.2.10
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under the assumption that £ has x-controlled second moment.

Lemma 4.2.11 (cf. [TV08, Lemma 5.3]). For any k > 0 there are constants c1,co > 0 such

that if € is k-controlled, then ||z||¢ > c1|Re(z)| whenever |z| < cs.

Now we are ready to prove Lemma 4.2.8. We remark that similar lines were used to prove

Lemma 4.2.7 in [TV10c].

Proof of Lemma 4.2.7. Let r > 0. We may assume r > Cyl||v|| for any fixed constant

Cp > 0 depending only on x. From Lemma 4.2.10,

Pen(r) < 7“2/

lw|<1/r

n
exp < - CZ ||wvj||§) dw.
=1

If Cy is sufficiently large depending on k, it follows from Lemma 4.2.11 that whenever

lw| < 1/r, [Jwvj|le > c1| Re(ww;)|, giving

Pew(r) <K 7’2/

|w

< ( - i(Re(w%’))Q) dw

j=1

where ¢ depends only on k. By change of variable,

exp ( — % i(Re(wvj)V) dw. (4.40)

Jj=1

Pea(r) < /

lw|<1

Write v; = r;e" for each j € [n]. Since v € S™" we have Y., r} = 1. By Jensen’s

inequality,

3

/
Peo(r) < /I - exp (— % T?(Re(wewﬂ'))2) dw

j=1

(Re(wewj))z) dw.
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By rotational invariance the last expression is equal to

/

é?“? /lwlSl exp ( - %(Re<w))2) dw = /Mgl exp (— %(Re(w))Q) dw

which by direct computation is seen to be of size O(r) (with implied constant depending on

k). Together with our assumption that r > Cy||v||s this gives (4.35). O

4.2.3 Anti-concentration for the image of a fixed vector

In this subsection we boost the anti-concentration bounds for scalar random variables from
the previous sections to anti-concentration for the image of a fixed vector under a random

matrix. The following lemma of Rudelson and Vershynin is convenient for this task.

Lemma 4.2.12 (Tensorization, cf. [RV08, Lemma 2.2]). Let (1, ..., ¢, be independent non-

negative random variables.

(a) Suppose that for some o, po > 0 and all j € [n], P(¢; < ep) < po. There are cy,py € (0,1)

depending only on py such that
P (igj < clegn) < pf. (4.41)
(b) Suppose that for some K,e9 > 0 and all j € [n], P(¢; <¢e) < Ke for alle > ¢y. Then
P (i ¢ < 52n) < (CKe)" (4.42)
j=1

for all e > ¢g.

Proof. We only prove part (a), as part (b) is given in [RV08] (note that in part (a) we have
given more specific dependencies on the parameters than in [RV08]). Let ¢; > 0 to be taken

sufficiently small depending on py, and let @ > 0 a sufficiently small constant to be chosen
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later. We have

= ea1on HEeXp (—al¢;?/ed) - (4.43)

j=1

For arbitrary j € [n] we have

Bexp (~alG/e) = [ Plexp (~alGl/e3) = w)au
= [ Blgl < smafva)a(e )
Ve ° 2
Spo/o d(652)+/ d(e™)

Ja
=po(l—e"%) +e“

=1-(1—p))(1—e).

Inserting this in (4.43), we obtain

P(Z GI* < 015?)”) < ecwn[l — (I —=po)(1 — e_a)}n
j=1

< exp (n(C1Oé — (1 =po)(1 - e_a))) :

The claim now follows by setting ¢; = (1 — pg)/2 (for instance) and taking « a sufficiently

small constant. O

Let M = Ao X + B be as in Definition 4.1.1. In the following lemmas we assume that
the atom variable £ has k-controlled second moment for some £ > 1. For v € C™ and i € [n]

we write

Ui = (Ujaij);”:l (444)
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For a > 0, we denote

Lo(v) ={i € [n] : V]| = o}. (4.45)

Lemma 4.2.13 (Crude anti-concentration for the image of a fixed vector). Fiz v € C™ and

let « > 0 such that I,(v) # &. For all Iy C 1,(v),

sup Py, <||MU —w| < cooz|]0|1/2> < eeolbol (4.46)

weCn

where ¢y > 0 is a constant depending only on k (recall that Py, (-) denotes probability condi-

tional on all rows of M with indices i ¢ Iy ).

Proof. Fix w € C™ arbitrarily. For any i € I,(v) and any t > 0 we have

P(|Ri - v —wi| <t) < pei(t)

= p{,vi/HviH(t/HviH)

< Pe iy i) (/).
Taking ¢t = arg, by Lemma 4.2.7 we have
P(|R; - v —w;| <arg) <1—r1 (4.47)

where ry > 0 depends only on .

Fix Iy C I,(v) arbitrarily. We may assume without loss of generality that I, is non-empty.

By Lemma 4.2.12(a) there exists ¢; > 0 depending only on « such that

P, (Z R - v —w|? < 617“(2)042|]0|> < e erlhol, (4.48)

i€l
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Now for any 7 > 0,

Py, (1Mo — w]| < 71"2) = P, (Z|R«v — il < T%r)

i=1

< Py, <Z IR v —w* < 7'2|]0|)

icly

/

and the claim follows by taking 7 = c} ’roa =: coov and applying (4.48). H

By following similar lines, but using Lemma 4.2.12(b) in place of Lemma 4.2.12(a)
and Lemma 4.2.8 in place of Lemma 4.2.7, one obtains the following, which is superior

to Lemma 4.2.13 for vectors v with small /., norm. The proof is omitted.

Lemma 4.2.14 (Improved anti-concentration for the image of a fixed vector). Fiz v € C™.

Let o > 0 such that 1,(v) # @ and fix Iy C I,(v). For allt > 0,

ol
1
sup Py, <HMU —w| < t]]0]1/2> <Oy (a(t + HUHOO)> : (4.49)

weCn

4.3 Invertibility from connectivity: Compressible vectors

In this section we combine the anti-concentration estimates from the previous section with
union bounds over nets of the sphere to prove that with high probability, a random matrix
M as in Theorem 4.1.14 or Theorem 4.1.24 is well-invertible on the set of compressible
vectors Comp(d, p) (as defined in (4.29)) for appropriate choices of 6, p. In applying the
union bound there is a competition between the cardinality of the net and the quality of the
anti-concentration estimates for fixed vectors. For small values of # we can use nets of small
cardinality, but only have poor anti-concentration bounds (namely, Lemma 4.2.13), while
for large 6 the nets are very large, but we have access to the improved anti-concentration of

Lemma 4.2.14.

In both cases we start with a crude result, Lemma 4.3.5, giving control for the vectors
in Comp(fy, pg) for some small value of §y. We then use an iterative argument argument

to obtain control for larger values of § while lowering the parameter p. For M as in Theo-
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rem 4.1.14, where the standard deviation profile A is broadly connected and || B|| = O(y/n),
we can essentially follow the approach taken by Rudelson—Zeitouni for the Gaussian case,

which allows us to take 6 very close to one.

New ingredients are required to handle matrices as in Theorem 4.1.24, however. The main
source of difficulty is that the perturbation B is allowed to be of arbitrary polynomial order
in the operator norm. As a consequence, the starting point 6, for our iterative argument
will be of size o(1). This prevents us from being able to use the third condition of the super-
regularity hypothesis (see Definition 4.1.23), which only “sees” vectors that are essentially

supported on more than en coordinates.

We deal with this by reducing the entropy cost of the nets over which we take union
bounds. In Section 4.3.2 we prove Lemma 4.3.7 which shows, roughly speaking, that if we
have already established control on vectors in Comp(, p) for some 6, p, then we can control
the vectors in Comp(0+A, p') for some small A, p’ using a random net of significantly smaller
cardinality than what we would get from Lemma 4.2.2. We can then increment 6 from 6,
up to size > n, taking steps of size A. It turns out that this is all the control we need on
compressible vectors for Theorem 4.1.24 in order to apply an averaging argument for the

remaining incompressible vectors, which we do in Section 4.4.

The entropy reduction argument for Lemma 4.3.7 makes use of a strong version of the
well-known Restricted Invertibility Theorem due to Spielman and Srivastava — see Theo-

rem 4.3.9.

We now state the main results of this section. For K > 1 we denote the boundedness

event

B(K) = {|M|| < K/n}. (4.50)

With a fixed choice of K we write
E(0,p) :==B(K) A {3u € Comp(0,p) : |[Mu|| < pK+/n}. (4.51)

Proposition 4.3.1 (Compressible vectors: broadly connected profile). Let M = Ao X + B
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be as in Definition 4.1.1 with n/2 < m < 2n, and assume that & has k-controlled second
moment for some k > 1 (see Definition 4.2.5). Let K > 1 and oy,6,v € (0,1). There exist
0o(k, 00,0, K) > 0 and p(k,00,0,v, K) > 0 and sufficiently small such that the following

holds. Assume
1. \Na@yyt(7)| = dn for all j € [m];

2. |N$LO>T(J)] > min((1 4+ v)|J|,n) for all J C [m] with |J| > 6ym.

Then for any 0 < 6 < (1 — %) min(*, 1),

P(£(0, p)) < exp (—cxdogn) (4.52)

where ¢, > 0 depends only on Kk and the implied constant depends only on k,0q,0,v and K.

Remark 4.3.2. The proof shows we may take 6y = c,.d02/log(K/dc?).

Remark 4.3.3. The assumptions (1) and (2) above imply that A(oy) is (J, v)-broadly con-
nected. In the proof of Theorem 4.5.1 below we will want to apply the above proposition to
a rectangular matrix obtained by removing a small number of rows from M. The resulting
standard deviation profile may no longer be broadly connected, but it will still satisfy (2) as
above if number of rows removed is at most an for some a > 0 sufficiently small depending

on k,0,v,09 and K.

The following gives control of compressible vectors for more general profiles than in
Proposition 4.3.1 (essentially removing the condition (2)). However, we have to take the
parameter p much smaller, and we only cover vectors that are essentially supported on a

small (linear) proportion of the coordinates, rather than a proportion close to one.

Proposition 4.3.4 (Compressible vectors: general profile with large perturbation). Let
M = Ao X + B be as in Definition 4.1.1 with n/2 < m < 2n. Assume & has k-controlled

second moment for some k > 1, and that for some ag > 0 we have

Za?j >ain  for all j € [m]. (4.53)
i=1
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Fiz~y > 1/2 and let 1 < K = O(n"Y2). Then for some p = p(v, ag, K, 1) a0, 10

and a sufficiently small constant co > 0 we have
P(E(coay, p)) Kryaom exp (—cuagn) (4.54)

where ¢, > 0 depends only on k.

The remainder of this section is organized as follows. In Section 4.3.1 we apply Corol-
lary 4.2.3 and the crude anti-concentration bound of Lemma 4.2.7 to obtain a crude form of
Proposition 4.3.4 (which also applies to matrices as in Proposition 4.3.1). In Section 4.3.2
we present a key technical result, Lemma 4.3.7, which allows one to control the invertibility
of a random matrix over a portion of the sphere using a random net of small cardinality,
assuming one has already established some control over compressible vectors. In the re-
maining sections Lemma 4.3.7 is applied with the improved anti-concentration estimate of
Lemma 4.2.8 in an iterative argument to upgrade the crude control from Lemma 4.3.5 to

obtain Propositions 4.3.1 and 4.3.4.

4.3.1 Highly compressible vectors

In this subsection we establish the following crude version of Proposition 4.3.4, giving control
on vectors in Comp(fy, po) with 6y depending on both ag and K. This will be used in the
proofs of both Proposition 4.3.1 and Proposition 4.3.4. In the former we will seek to increase
0y to be close to one, while in the latter we will seek to eliminate the dependence on K

(which may depend on n).

Lemma 4.3.5 (Highly compressible vectors). Let M = Ao X + B be as in Definition 4.1.1
with m < 2n. Assume that £ has k-controlled second moment for some k > 1. Suppose also

that there is a constant ag > 0 such that for all j € [m], 31" aZ; > agn. Let K > 1. Then

with notation as in (4.51) we have

P(E (6o, po)) < e Cred" (4.55)
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where Oy = ca/log(K/a3) and py = c.al/K for a sufficiently small ¢, > 0 depending only

on K.

We will need the following lemma, which ensures that the set I,(v) from (4.45) is rea-
sonably large when the columns of A have large ¢, norm. A similar argument has been used

in [LR12] and [RZ16].

Lemma 4.3.6 (Many good rows). Let A be an n x m matriz as in Definition 4.1.1, and

assume that for some ag > 0 we have y " > agn for all j € [m]. Then for any v € S™!

=1 2]

we have |I,2(v)| > 3adn.

Proof. Writing o = ag/+/2, we have

CLOTZ < Z Z |U] 1]

i=1 j=1

=2 Zivalga FY Sl

1€la(v) J i¢Ia(v) J=1
< 2 Z P+ Y gl
i€la(v) J 1¢1n (V)
1
< | I(v)| + §a%n
and rearranging gives the claim. O]

Proof of Lemma 4.8.5. Fix J C [m] of size [#ym| and let u € S7 be arbitrary. Writing
o = ay/v/2, by Lemma 4.2.13 and our choice of py (with ¢, > 0 sufficiently small depending

on k) we have
P(||Mul| < poK+v/n) <P(||Mu|| < c,{a0|[a(u)|1/2) < e~onlla(@)l,

Applying Lemma 4.3.6,
P(||Mu|| < poK/n) < e~exaim (4.56)
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(adjusting ¢, ). By Corollary 4.2.3 and shrinking ¢, again,
P(3u € (5%)y0 - | Mul] < poK V) < (C/po)omeescin

Applying the union bound over all choice of J € ([m])

Oom

P(E(y, po)) < (C/@O)eom(C/pO)QOUme—cmagn

20pn
C —cpa2n
< () e
QopPo

where we applied our assumption m < 2n. The desired bound now follows from substituting

our choices of 0, pg. O

4.3.2 An entropy reduction lemma

Lemma 4.3.7 (Control by a random net of small cardinality). For every I C [n],J C
[m], € > 0 there is a random finite set X1 () C S7, measurable with respect to Fr; =
({&ij}ierjes), such that the following holds. Let p € (0,1), K >0 and 0 < 0 < . On
B(K)AEO,p)e, for all J C [m] with |J| > 60m and all 5, p" € (0,1), putting

there exists I C [n] with |I| = | (1 — 8)*|0m]]| such that

1. 215007 < ("W for an absolute constant C > 0, and

2. for any u € (S87), such that |Mul|| < p'K+\/n, we have dist(u, X7 ;(p")) < 3p".

As a consequence, writing
o 207111
Gi (o) = {|21,J<p">| < ( ) } (458)

?
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we have that for any 6’ € (0,1],

E@,p)NEW, ) C

VoV (un A {Bue sl Il < 4kva} ). a9

Jdéjﬂ) Ie((l—ﬁ[)gll_emj)

Remark 4.3.8. We will obtain the random set X7 ;(¢) as the intersection of the sphere S’
with an e-net of the kernel of the sub-matrix M;.;. However, for our purposes it only
matters that it is fixed by conditioning on the rows { R; };cs, has small cardinality, and serves

as a net for almost-null vectors of M that are supported on J.

For the proof of Lemma 4.3.7 we will use the following version of the Restricted Invert-
ibility Theorem due to Spielman and Srivastava [SS12] (the precise version we use is stated

in [MSS14]), which strengthens the classic result of Bourgain and Tzafriri [BT87].

Theorem 4.3.9 (Restricted Invertibility Theorem (cf. [MSS14, Theorem 3.1]). Suppose
V1. .., 0, € C™ are such that Y vl = IL,. For any 8 € (0,1), there is a subset I C [n]
of size |I| = | (1 — 8)*m] for which

Aji| (Z viv;‘) > B*m/n (4.60)
el
where \i,(A) denotes the kth largest eigenvalue of a Hermitian matriz A.

This has the following consequence, which can be seen as a quantitative version of the

basic fact from linear algebra that the row rank of a matrix is equal to its column rank.

Corollary 4.3.10. Let M be an n X m matriz with n > m, and assume $,,(M) > eq\/n for

some g9 > 0. For any 3 € (0,1) there exists I C [n] with |I| = [ (1 — 8)?m] such that

si11(Mixm)) = Beov/m.

Remark 4.3.11. The original Restricted Invertibility Theorem of Bourgain and Tzafriri [BT87]

only gives |I| > em and sj(Mxm)) > cgoy/m for some (small) absolute constant ¢ > 0,
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while it will be important for our purposes to be able to take I of size close to m.

Proof of Corollary 4.5.10. By the singular value decomposition it suffices to consider M of
the form

M=UX%

where U is an n x m matrix with orthonormal columns and ¥ is an m x m diagonal matrix
with entries bounded below by egy/n. Fix a € (0,1). Letting vf,...,v5 € C™ denote the

rows of U, it follows from orthonormality that

Hence, we can apply Theorem 4.3.9 to obtain a subset I C [n] with [I| = |[(1 — 8)?*m] such
that

sin(Unxm)® = A (sz’vf) > B*m/n.

el

Now we have

11 (Mixm) = 511/(Unm)sn(2) = 84/ 20v/n = Beov/m. O

Proof of Lemma 4.3.7. Let I C [n],J C [m], and write V7 ; = C/ Nker(M; ;). Conditional

on Fr.j, for e > 0 we let X ;(¢) be an e-net of S™ ' NV ;. By Lemma 4.2.2 we may take

127.5(e)] = O(1/¢)?4imVr.n), (4.61)

Let p,p' € (0,1), K >0and 0 <0 < . Fix f € (0,1) and J C [m] with |.J| > #m. On
E(0, p)e, for all Jy C J with |Jy| = |#m ]| we have

S|6m] (M[n]xJo) > pK\/ﬁ.
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By Corollary 4.3.10 there exists I C [n] with |I| = [(1 — 3)?|6#m]] such that

;1| (Mrxgy) = BpKA/[0m].

By the Cauchy interlacing law,

Sm(M]XJ) Z 6pK\/ LQmJ (462)

In particular, the sub-matrix (y;;)ier jes has full row-rank, which implies dim(V7 ;) = |J|—|I|.
From (4.61) we conclude

127 5(e)] = O(1/e)?1/I1=HD (4.63)

for any ¢ > 0.

Now suppose there exists u € (S”), such that
|Mul| < FK/m. (4.64)
Letting v € S7 such that ||u — v|| < p/, by the triangle inequality we have
Mol < [|Mul] + [ M]|lu—vl| < 20'K+/n. (4.65)

On the other hand,
[Mvl| = (| Myscmpv]] = (| Mrscm) (T=Pry )0

where Py, ; is the matrix for orthogonal projection to the subspace V7 ;. Applying (4.62),
[Mul| = [|(T=Py; )l BpK~/[0m].
Together with (4.65) this implies that v lies within distance

20V g (4.66)

Boy/[6m]
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of the subspace V; ;. By the triangle inequality,

dist(u, $7.5(p")) < |lu —v|| + p" + dist(v, S™ ' N V)

§p1+2p//§3p//

as desired.

Now to prove (4.59), let ¢ € (0, 1]. Intersecting with £(0, p)¢ and applying the first part

of the lemma,

EO,p) NEW, )
=B AEG.p A\ {3ve ()Mo < /K Vi)
cV \/ (gw(p") A {Elu €S0 | Mul < 4,)";(\/5}) (4.67)
JE(G[:Y:}L) [E<(1—[3[)7;]L6nbj)
where in the last line we noted that for v € (S7),,u € Xy ;(p") such that |ju —v|| < 3p”, we
have
IMFul] < Mol + 30" K v/ < (¢ + 30"V K /i < 4" K/ a

4.3.3 Broadly connected profile: Proof of Proposition 4.3.1

We will obtain Proposition 4.3.1 from an iterative application of the following lemma:

Lemma 4.3.12 (Incrementing compressibility: broadly connected profile). Let M = Ao
X + B be as in Definition 4.1.1 with m > n/2. Assume & has k-controlled second moment

for some k > 1, and that for some 0¢,0,v,60, € (0,1) we have

1. |\Nawy)(4)] = on for all j € [m];

2. [N, (DI = min((1+ v)|J|,n) for all J C [m] with |.J| > (61/2)m.
Let K > 1, p € (0,1), and 6 € [01,1) such that (1 + 5)0m < n. There exists p' =
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p'(k,00,0,v,p,0, K) >0 such that

c i / _ —n
P(E(@,p) /\5((1 + 10)9,p)) — O(e™) (4.68)
where the implied constant depends only on Kk, 0q,0,v,p,0, and K.

Proof. We may assume n is sufficiently large depending on &, g, 0, v, p, 0, K. Write § = (1 +
1—”0)9 and take 8 = {5. Let p’ > 0 to be taken sufficiently small depending on &, 09, 6, v, p, 0, K,
and let p” be as in (4.57). Intersecting the right hand side of (4.59) with £(, p)¢, we have

EB,p)NEW, ) C
VoV (unnewnr a {3ue st < 47} )
Je(e[:nn]t) Ie((kfx[)g]wmj)

c VoV (08 {Bue Sl Comte.p): arul < 45K Vi
T 10 )

(4.69)

where the second line follows by taking p’ small enough that 4p” < p.
P’ <p

Fix J C [m] and I C [n] of sizes |§'m], | (1 — 3)?|0m] |, respectively, and condition on F;

to fix Xy 7(p"”). Consider an arbitrary element u € ¥; ;(p”) \ Comp(#, p). By Lemma 4.2.1,

there is a set L C [m] with [L| > (1 — £ )fm and
0
P Co
— < |u;| < 4.70
L <l < (4.70

for all j € L, where Cy > 0 is an absolute constant to be taken sufficiently large. For any

i € NO(L), we have

2
i P 1
Iwn)P = 7 fusPad = ZotolL] = Spaton = a? (4.71)

iGL:aij >00
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where in the last inequality we took Cj sufficiently large. Hence,
La(ug)| > INO(L)] > min (n, (1+ v)(1 — v/C2)0m) > (1 + g)ﬁm (4.72)

taking Cj larger if necessary, where in the second inequality we used our assumption 6 > 6,

and in the third inequality we used our assumption (1 + 5)0m < n.

Fix Iy C Io(ug) \ I of size ng := | (1 + §)0m] — |I|. In particular,

v v
— < < — — —
29m <ny < (1 + 2)9m (1—28)0m

< vlm (4.73)

and

no+ 2/ =217 > (1+ g>9m+ (1—28)6m —2(1+ 1—”0)9m— 0(1)

1
= 1—0V0m —O(1). (4.74)

by our choice of 5. By Lemma 4.2.14,

Y 1 p//K\/ﬁ 1 ))no <p//K>nO
Py, (|Mul| < 40" K+/n) < O, = + <0, == 475

where in the second inequality we applied the assumption m > n/2 and assumed that n is
sufficiently large that p” > 1/K+/n (it follows from (4.57) and our assumption that p’ is

independent of n that p” is bounded below independent of n).

Suppose that Gy ;(p”) holds. Since the bound (4.75) is uniform in the choice of Iy, we

can undo the conditioning and apply the union bound over elements of ¥ ;(p”)\ Comp(6, p)
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to find

0691/2

PN e\
P (Elu € Xrs(p")\ Comp(h, p) : ||[Mu| < 4p”K\/ﬁ> < O(/?) O, (—)

O K nOO no+2|1|—2|J

- n( 6)1/2) (p”) ot2l11-27]
K vom Loom—0(1

— Ofi <W> O(IO//) 10 ( )

where in the last line we applied the bounds (4.73) and (4.74). Since this is uniform in I, J,
we can undo the conditioning on F; and apply (4.69) with another union bound over the

choices of I, J to obtain

K vim p, %u@me(l)
P(E(0,p)° A E, ) < Qmo(ae—/) O<W) (4.76)

where we have substituted the definition of p”. The result now follows by taking p’ sufficiently
small. O

Now we conclude the proof of Proposition 4.3.1. From our assumptions it follows that

for all j € [m] we have Y " | af; > dogn. Together with our assumption m < 2n, this means

we can apply Lemma 4.3.5 to find that
P(&(Bo, po)) < e 070" (4.77)

where 0y = c,002/log(K/da?) and py = c.008/K.

We may assume without loss of generality that v < 6/2. For I > 1 set 6; = (1 + ¥)"6,,
and let k be the smallest [ such that 8, > 6. We have

52

(1 + %>0k,1m < (1 + g)em < (1 — E) min(m,n) < n.
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In particular, (1 +v/10)k0, < (1 +1v/10)0 < 1, so

log %

S T . N <<,‘{a' v 1 478
log (1 + 1—”0) 000K ( )

Applying Lemma 4.3.12 inductively, we have that for every 1 < [ < k there is p; > 0

depending only on k, 09,9, v and K such that

P(g(eh pl) \ 5(95_1, Pl—l)) = 05700757,/,[((6_”). (479)

Together with (4.77) and the union bound,

k

P(£(6,p)) < P(E(B, po)) + D PEEL ) \ EB1-1, pr-1))

=1

S 6_%60%71 + Oﬁ,ao,é,u,K(e_n) = Oﬁ,oo,d,V,K(e_cméagn)

4.3.4 General profile: Proof of Proposition 4.3.4

For technical reasons (essentially due to the fact that we want to allow the operator norm to
have arbitrary polynomial size) the anti-concentration argument from the previous section
will not suffice here, and we will need the following substitute. Roughly speaking, while
previously we argued by isolating a large set of coordinates on which the vector u is “flat”
(see (4.70)), here we will need to locate a set on which wu is very flat, only fluctuating by a
constant factor. This is done by a simple dyadic decomposition of the range of u, which is
responsible for the loss of a logarithmic factor in the probability bound. A similar argument

will be necessary in the conclusion of the proof of Theorem 4.1.24 in Section 4.4.2.

Lemma 4.3.13 (Anti-concentration for the image of an incompressible vector). Let M be
as in Proposition 4.3.4. Let v € Incomp(d, p) for some 0,p € (0,1), and fix Iy C [n] with

[Io| < fagn. Then

Hlog!/2(LZ) | *V" ap
P, (M— <t ):OK e e nt> %2 (480
sup Py { [[Mv = wl| < vn ( e ) forall t = (4.80)
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Remark 4.3.14. Proceeding as in the proof of Lemma 4.3.12 would yield

Qo

Vom

t 1%"
sup P g, <||MU —w| < t\/ﬁ> =0, ( ) for all ¢ > (4.81)
weCn

a2 pf1/2

The ability to take ¢ down to the scale ~ p/y/m will be crucial in the proof of Lemma 4.3.15

below.

Proof. We begin by finding a set of indices on which v varies by at most a factor of 2. For

k>0let Ly = {j € [m] : 27*+D < |o;| < 27%}. Since v € Incomp(6, p), we have

L¥] = 1{j € [m]  Joy] > p/v/m}| > Om.

Indeed, were this not the case then v would be within distance p of the vector v + whose
support is smaller than #m, implying v € Comp(#, p). Thus,
¢

L+CULk

k=0

for some ¢ < log(‘/Tm). By the pigeonhole principle there exists k* < ¢ such that L* := L~

satisfies
7
L > s (4.82)
log(**)
Denote I* := Isoy,, . (vr+). By Lemma 4.3.6,
* 1 2
|| > Lol (4.83)
Fix ¢ € I*. By definition of I*,
, 1
(W)~ = 500”%* (4.84)
and since |v;| > p//m on L*,
Mﬁ>%#W? (4.85)
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Furthermore, since a;; < 1 for all j € [m] and v varies by a factor at most 2 on L*,

<9 vz

o = ’L*‘I/Z' (4.86)

1(v") 2

00 S HUL*

Fix w € C" arbitrarily. By Lemma 4.2.8 and the above estimates, for all ¢ > 0 we have
t+ (') 2+ llo

[[(v) -
1 t N lloo
L (Ll L0l)
Qo ||UL* ||UL*

< 1 [t ( m )1/2+ 1
ap \ p \|L*| | L*|1/2

By Lemma 4.2.12,

Brovsy (I1Mv = wl) SHINL?) < By (D 1B v—wif? <2117\ L)

ie[*\lo

o (tym T
aop|L* |12
for all t > p/y/m. Substituting the lower bounds (4.82), (4.83) on |L*| and |I*| and our

assumption |Io| < fagn,

1.2

1/2y/my\ 1%"

tlog /" (* ")
aopft/?

1
Pre s, (||Mv —w| < §ta0\/ﬁ) =0, (

for all t > p/v/m. The result now follows by replacing ¢ with 2¢/ay as undoing the condi-

tioning on the remaining rows in [n] \ lo. O

Now we are ready to prove the analogue of Lemma 4.3.12 for general profiles. Whereas
in the broadly connected case we obtained control on vectors in Comp((1 + )0, p’) after
restricting to the event that we have control on Comp(0, p), for small § > 0, here we will

also need to assume control on Comp(fy, po) for a fixed small 6y at each step. The control
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on Comp(#, p) will be used to obtain a net of low cardinality using Lemma 4.3.7, while
the control on Comp(fy, po) will be used to obtain good anti-concentration estimates using
Lemma 4.3.13. In the broadly connected case the control on Comp(, p) was enough to serve

both purposes.

Lemma 4.3.15 (Incrementing compressibility: general profile). Let M be as in Proposition
4.8.4, fivy > 1/2 and put K = n"~Y2. Let 0y, po be as in Lemma 4.8.5, and fix 0 € [0y, coa?),
where cq s a sufficiently small constant (we may assume the constant ¢ in Lemma 4.3.5 is

sufficiently small so that this interval is non-empty). We have

]P(g(eo, p0)° AEO, p)° N E(O + Ba2, p’)> = Orpayn(e™) (4.87)

for some p' > 40« 1790 p, where we set

ﬁ =C min <1, f}/——ll/z) (488)

for a sufficiently small constant ¢; > 0.

Proof. Let p/ > 0 to be taken sufficiently small, and let p” be as in (4.57). We denote
0" = 0 + Ba2. Intersecting both sides of (4.59) with £(6y, po)¢, we have

E(Bo, po)° NEO. p) ANEWD,p) C

<V V (QI,J@")A{auezf,xp“)\comp(eo,po):||Mu||ﬁ4ﬂ”Kﬁ})
TE(gm) 1€( 12 g )

(4.89)

where we have assumed p’ is small enough that 4p"” < py.

Fix J C [m] and I C [n] of size |#'m], |(1— 3)*|0m]], respectively, and condition on F;

to fix 37 ;(p”). Fix an arbitrary u € Xy ;(p”) \ Comp(fy, po). From Lemma 4.3.13 we have

e (4.90)

1.2
1 1/2¢4/my\ 2%"
p"Klog /= (¥F)
agpoty

Pz (HMuH < 4p”K\/ﬁ> = O, (

179



provided

cappPo
1/ > P

> %/

for some small constant ¢ > 0 (note that we used our assumption n/2 < m < 2n).

(4.91)

Applying the union bound over the choices of u € £ ;(p”) \ Comp(fy, po), on the event
Gr.s(p") we have

P (Ju € S1,5(p") \ Comp(t, po) : | Mul| < 4p"K/n)

1a2n
<0 (i)2(JIII) o <p//K10g1/2(\£_?)> 470
— /" k 2 €1/2
P appPobg

1\ 201110 12
=0 (?) Oryao (P"K?log(K+/n))*™

where in the second line we substituted the expressions for pg, y from Lemma 4.3.5. Denoting

e = p"K?, the above bound rearranges to
O o (Iog 1) O ROG-1/2)11-I1)  Sagn—2(71-11) (4.92)
We can bound

|J| = |I| = 0m + Baim — (1 — B8)*0m + O(1)
< Bagm + 2B80m + O(1)

= O(Bagm) + O(1)

where we used our assumption that 6 < cpag. In particular, |J]| — |I| < gagn + O(1) if the

constant ¢; in (4.88) is sufficiently small, and (4.92) is bounded by

1

Op.ay (log )" OO 0=1/2)8a3m - gagn—0(1) (4.93)

Applying the union bound over the choices of I, .J in (4.89), which incurs a harmless factor
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of 2" = O(1)", and substituting the expression (4.88) for § we have
P<5(907 po)° NE, ) NE(B + Bag, p’)) = Oy a0 (log ) nCMe=CW (Ol 1/8)ain (4 94)

It only remains to check that we can take ¢ sufficiently small to obtain (4.87). From (4.91)

we are constrained to take
cappo K a}

Voo Vn

for some constant ¢ € (0, 1) sufficiently small. Taking ¢ = a3//n and ¢, sufficiently small

€:p”K2 Z

we have

JP’(E (60, p0)° N E(8, p)° A E(O + Bag, p)) < Opgo (1) Oy~ O1agn (4.95)

which yields (4.87) as desired. With this choice of ¢,
p/ > p”ﬁpe > p”ﬁp% > a0m pn—27+1/2—o(1)

as desired (recall that 6y >, a3/ log(K/ag) >~ 4. 1/1logn). O

Now we conclude the proof of Proposition 4.3.4. Since the event B(K) is monotone under
increasing K, by perturbing v and assuming n is sufficiently large we may take K = n7~1/2
with v > 1/2. Let po,0p be as in Lemma 4.3.5, and for [ > 1 we let 6; = 0y + [B3a3 with
B = B(v) as in (4.88). By Lemma 4.3.15 we can inductively define a sequence p; such that

for each [ > 1 such that 6; < coad,
Pl >>'y,a0,/< nio(’Y)plfl

and

P(€(907 pD)c A g<01—17 pl—l)C A g(ela Pl)) = O’y,ao,n(e_n)'
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Applying the union bound, for some k = O(7) we have

P(E(coas, p)) < P(E(Bo, po)) + Y P(E(Bo, po)° AE(BOr1, pr1)* A E (B, pr)

=1

S e—cﬁa%n_{_O%aOﬁ(e—n)

= Osaguele” ")

and

P >0,k n=00%),

This concludes the proof of Proposition 4.3.4.

4.4 Invertibility from connectivity: Incompressible vectors

In this section we conclude the proofs of Theorems 4.1.14 and 4.1.24 by bounding the event
that ||Mul| is small for some incompressible vector u. We follow the by now standard
approach of reducing to the event that a fixed row R; of M lies close to the span of the
remaining rows, an idea which goes back to the work of Komlés on the singularity probability
for Bernoulli matrices [Kom67, Kom68, Kom]. This can in turn be controlled by the event
that a random walk R;-v concentrates near a particular point, where v is a fixed unit vector in
the orthocomplement of the remaining rows. Independence of the rows allows us to condition
on v, and our results from the previous section allow us to argue that v is incompressible.
For the case that the entries of R; have variances uniformly bounded below, we could then

complete the proof by applying the anti-concentration estimate from Lemma 4.2.8.

In our case, however, a proportion 1 — ¢ of the entries of R; may have zero variance.
For the case of broadly connected profile we follow the argument of Rudelson and Zeitouni
[RZ16] and use Proposition 4.3.1 to show v has essential support of size (1 — §/2)n, so that

R; and v must have non-trivial overlap.

For the case of a super-regular profile, Proposition 4.3.4 only gives that v has essential

support of size > do2. In Lemma 4.4.1 we make use of a double counting argument to
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show that if we choose the row R; at random, on average it will have good overlap with the
corresponding normal vector v(¥ (which also depends on 7). Here is where we make crucial
use of the super-regularity hypothesis on A. Lemma 4.4.1 is a natural extension of a double
counting argument used by Komlés in his work on the singularity probability for Bernoulli
matrices, and which was applied to bound the smallest singular value of iid matrices by
Rudelson and Vershynin in [RV08]. We were also inspired by a similar refinement of the
double counting argument from the recent paper [LLT"] on the singularity probability for

adjacency matrices of random regular digraphs.

4.4.1 Proof of Theorem 4.1.14

By Lemma 4.2.6 and multiplying X and B by a phase (which does not affect our hypotheses)
we may assume that & has k-controlled second moment for some x > 1. Fix K > 1,
and let p = p(k,00,0,v, K) be as in Proposition 4.3.1. We may assume n is sufficiently

large depending on k,0q,6,v, K. For the remainder of the proof we restrict to the event
B(K) ={[|M]| < Kv/n}.
For j € [n] let M@ denote the n — 1 x n matrix obtained by removing the ith row from

M. Define the good event
G= {Vz' e [n],Yu € Comp(1 — /2, p), |lu* M|, |MPu|| > pK\/ﬁ}. (4.96)

Applying Proposition 4.3.1 to M* and M@ for each i € [n] (using our restriction to B(K))

and the union bound we have
P(G) = 1 — Op.op i (ne 09"y = 1 — Oy 5,1 (760707 (4.97)
adjusting ¢, slightly. Let ¢t < 1, and define the event

E(t) =G A {3u € Incomp(1/10, p) : |u* M| < t/v/n}. (4.98)
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For n sufficiently large (larger than 1/pK) it suffices to show
P(E(1) Knonowi t+n 72 (4.99)
Recalling that R; denotes the ith row of M, we denote
R_; =span(R; : j € [n]\ {i}) (4.100)

and let

We now use a double counting argument of Rudelson and Vershynin from [RV08] to control
E(t) in terms of the events &(t). Suppose that £(t) holds, and let v € Incomp(1/10, p) such
that [|[u*M]|| < t/\/n. Then we must have |u;| > p/+/n for at least n/10 elements i € [n].
For each such 7 we have

t
— > ||lu* =
7 2 )

= |uil

> % dist(R;, R_,)

n
E U R;
=1

2 ‘

n
Pre. E :“jRj
Jj=1

where we denote by Py the orthogonal projection to a subspace W. Thus, on £(t) we have

that &;(t) holds for at least n/10 values of i € [n], so by double counting,
Pe) < 22 i P(:(1) (4.102)
- g S |
Now it suffices to show that for arbitrary fixed i € [n],

P(Ei(t) uoosmr t+n 2 (4.103)

Fix i € [n] and condition on {R; : j € [n]\ {i}}. Draw a unit vector u € R%; independent

of R;, according to Haar measure (say). Since dist(R;, R_;) < |R; - ul, it suffices to show

P(|R; - u| < t/p) Kpooswi t+n 2 (4.104)
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Since u € ker(M "), on G we have that u € Incomp(1 — £, p). By Lemma 4.2.1 there exists
L C [n] of size |L| > (1 — 26)n such that

p 10

< | << —
\/ﬁ_|u]|_\/%

for all j € L. By assumption we have [Nawy) (1) = [{j € [n] : a;; > o0} > dn, so letting
J = Ny (i) N L we have |.J| > én/4. Denoting v = (u’); = (a;ujljeys);, we have

loll* = afjlusl® = ||ogp*/n > S075p° /4
jedJ

and
10

[]loe < Jus]loe < Ton

recall that a;; <1 for all 7, € [n]). Conditioning on v and {&;;}.¢;, we apply Lemma 4.2.8
J isi¢

to conclude

1 [/t 1 t 1
PR, -u| <t/p) < — | =+ |V]leo | K ————= [ -+ —
( | /p) vl <p Io] ) poodl/2 <p V(Sn)

which gives (4.104) as desired.

4.4.2 Proof of Theorem 4.1.24

By Lemma 4.2.6 and multiplying X and B by a phase (which does not affect our hypotheses)
we may assume that £ has k-controlled second moment for some x > 1. Fix v > 1/2 let

K = O(n""'/2). We will show that for all 7 > 0,

1
IP’(sn(M) < % 1M < K\/ﬁ) Cyoosn 10T + Oi iy (4.105)
For the remainder of the proof we restrict to the boundedness event
B(K) = {||M]| < Kv/n}. (4.106)
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By the assumption that A(oy) is (6, €)-super-regular we have
n
Z a?j > 50(2)71

=1

for all j € [n]. Let ag = 6'/%0¢, and let p = p(7, ag, kn) and ¢y be as in Proposition 4.3.4. In
particular,

p > 500 n 007, (4.107)

Denoting 6 = c¢odo3, for T > 0 we define the good event
G(r) = {\m e Comp(8, p), || Mul), ||u* M| > T/\/ﬁ}. (4.108)
Applying Proposition 4.3.4 to M and M*, along with the union bound, we have
P(G(T)) = 1 — O, 5,00 (e7cx070") (4.109)

as long as 7 < pKn.

Let 0 < 7 < 1 to be chosen later. Recall our notation M@ from Section 4.4.1, we define
the sets

Si(1) = {u eS| M| < %} (4.110)

Informally, for small 7 this is the set of unit almost-normal vectors to the subspace R_;

spanned by the rows of M®. Writing N (i) = N, A(0o) (1), we define the good overlap events
Oi(1) = {Ju € Si() : IN(@) N L*(u, p)| > 66n} (4.111)

where
L™(u) ={j € [n] : [u;| > p//n}. (4.112)
On O;(1) we fix a vector u® = v (M 1) € Si(7), chosen measurably with respect to

MO satisfying [N (i) N L*(u, p)| > 60n.
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Lemma 4.4.1 (Good overlap on average). Assume ¢ < 6/2. Then

P(Q(T)/\ {SH(M) 7}) < —ZP( {|R u| < 277}) (4.113)

Proof. Suppose G(7) A {s,(M) < 7/y/n} holds. Then there exist u,v € S"! such that
| Mul|, || M*v|| < 7/y/n. By our restriction to G(7) we must have u,v € Incomp(6, p). With

notation as in (4.112) we have |L*(u)|,|LT(v)| > On. In particular, |LT(u)| > en, so
IN () N LY (w)| > §|LT (u)] > 66n (4.114)
for at least (1 — €)n elements i € [n]. Indeed, otherwise we would have

eaeoy (1, LF(w) = Y IN(0) N L ()] < 8I||L7 (w)

el

for some I C [n] with |I| > en, which contradicts our assumption that A(og) is (6, €)-super-
regular. Since

MO < [Mul] £ =

for all i € [n], we have that u € S;(7) for all ¢ € [n]. Thus,
[{i € L™(v) : Oy(7) holds}| > 6n — en > 6n/2. (4.115)

Fix ¢ € L™ (v) such that O;(7) holds. We have

% > [[o* M| > |v*Mu®| > |v]|R; - u?] —

ZU_JRJ' @

JF

The first term on the right hand side is bounded below by —\%]R -u| since i € L*(v). By

Cauchy-Schwarz the second term is bounded above by ||M@u®| < 7/4/n, since u® € S;(7).
Rearranging we conclude
Ry -u®) < 27
P
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for all @ € L*(v) such that O;(7) holds, and the claim follows from (4.115) and double

counting. O

Fix i € [n] arbitrarily, and suppose that O;(7) holds. We condition on the rows { R;}jcp\ fi}
to fix ul”. We begin by finding a large set on which v is flat, following a similar dyadic
pigeonholing argument as in the proof of Lemma 4.3.13. Letting L;, = {j € [n] : 27 +1) <

|u§l)| < 27F since

60n < N () N Lt ()] <

J4
JNG) N Ly,

for some ¢ < log(y/n/p), by the pigeonhole principle there exists k* < ¢ such that J :=

N (i) N Ly~ satisfies

00n

Let us denote v = (aijugi)ljej)j. Since a;; > oy for j € N (i) and ]ugl)| > p/\/n for j € Ly,
[l = ooll ()l > oop(| ] /n)"? (4.117)
and since ¥ varies by at most a factor of 2 on J,

[0]loo < N6 1slloe < 2[[ut®|/[J]M>. (4.118)

By further conditioning on the variables {;;},¢,; and applying Lemma 4.2.8 along with the
estimates (4.117), (4.118) we have

/P V]l
o]

<<i T/p N 1
oo \p(|J|/n)/> | J]V/?

=) Grg)

]P’(]Ri | < 27'/p) <
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Inserting the bound (4.116) and undoing all of the conditioning, we have shown

ploma{ir <2} < - L (L s ) o

Since the right hand side is uniform in ¢, applying Lemma 4.4.1 (taking ¢; = ¢/2) and

substituting the expression for # we have

P67 {sn0n) < T-}) o i (54 = o (v (1119)

for all 7 > 0 (note that this bound is only nontrivial when 7 < p? in which case our
constraint 7 < pKn from (4.109) holds). The bound (4.105) now follows by substituting the
lower bound (4.107) on p and the the bound (4.109) on G(7)¢ (which is dominated by the
O(n~?1log'?*n) term). This concludes the proof of Theorem 4.1.24.

4.5 Control of moderately small singular values

Recall the boundedness event

K)={|[M| < Kv/n}. (4.120)

In this section we establish the following:

Theorem 4.5.1 (Control of moderately small singular values, broadly connected profile).
Let M = Ao X + B be an n x n matriz as in Definition 4.1.1. Assume that & has k-
controlled second moment for some k > 1, and that A(og) is (J,v)-broadly connected for
some 0g,0,v € (0,1). Let K > 1 and e € (0,1). There are constants ag,ay,ay > 0 depending

(polynomially) on kK, 0,0, v, K such that

P(B(K) A {Hk € [n*,a1n] : sp_p (M) < aQ%D < exp (—agn®) (4.121)

where the implied constant depends on k,0q,0,v, K and €.
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We follow the approach introduced by Tao and Vu in [TV10b]. The key idea is to reduce
the problem of controlling small singular values to the problem of bounding the distance of
a row of M to the span of all but a small number of the remaining rows — we make this
reduction in Lemma 4.5.2 below. The distance between a row and a subspace can then
be controlled using standard concentration tools (specifically, Talagrand’s inequality). The
main new difficulty in the present work stems from the fact that the entries of M are not
identically distributed, which in general can cause the expected distance between a row and a
fixed subspace to be quite small. However, in Lemma 4.5.3 we get around this obstruction by
assuming that the subspace has incompressible normal vectors. Finally, under the assumption
that the standard deviation profile A is broadly connected we can use Proposition 4.3.1 to
argue that with high probability, any normal vector to the span of all but a small number

of rows is highly incompressible.

Lemma 4.5.2. Let M € M,,(C) and 0 <k <n —1. Put m =n — [k/2]. Denote the rows
of M by Ry,...,R,, and fori € [m] denote

R_;:=span{R;:j € [m]\ {i}}. (4.122)
We have
Sp—k (M) > \/EHI[III] dist(R;, R—;). (4.123)
n iem

Proof. We follow the argument from [TV10b]. Denote M’ = My}, the matrix obtained

by removing the last [k/2] rows from M. By the Cauchy interlacing law,
Sn_rw(M) > s, (M), (4.124)

On the other hand, from the inverse second moment identity (cf. [TV10b, Lemma A.4]) we

have
n

D si(M)? = Z dist(R;, R_;) ™2 (4.125)

i=1
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and so

m( min dist(R;, R,i)> -~ > i dist(R;, R_;) >

1€[m] =

n—[k/2]

> Z Si(M/) 2
i=n—k
k

Z _Sn—k(M/>_2
2

(4.123) now follows from the above and (4.124) (noting that m > n/2). O

Lemma 4.5.3 (Distance of a random vector to an incompressible subspace). Let & be a
centered complex-valued random variable with unit variance, and let X = (&,...,&,) be a
vector of iid copies of §. Let a = (01,...,0,) € [0,1]", and put R = X oa = (0;&;)7_;.

Suppose that for some 6,00 € (0,1) we have
Ll=1{j € [n] : 05 = 00} = o

Let e € (0,1) and let V C C™ be a subspace of dimension n— k. Suppose that for some p > 0

and any unit vector u € V- we have u € Incomp((1 — ), p). Then for any fived v € C™ we

have
]P’(dist(R +0,V) < cp\/@) = O.(exp(—cagp*Sk/nf)) (4.126)
if
Cn®
——<k<n-1 4.12
o220 S E<n ( 7)

for a sufficiently large constant C' > 0.

Proof. Fix € € (0,1). We may assume n is sufficiently large depending on €. By replacing
V with span(V,v) and k with £ — 1 we may take v = 0.

Towards an application of concentration of measure, we first perform a truncation. By
Chebyshev’s inequality, for all j € P(|¢;| > n¥/?) < n~=. It follows from Hoeffding’s inequality
that

P(I{j € [n] : 1&] < n?}H = n—n'"*%) > 1 — exp(—cn'™). (4.128)
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Put m = [n—n'~%/2], and for J € (")) denote the event
Er={l&| <n?Vje J}. (4.129)

It suffices to obtain control of the lower tail of dist(R, V') conditional on &; that is uniform

in the choice J. For j € [n] let
N=E (6|6 <n?),  €i=g& -\
and write R’ = (&, ...,£)). We have

™ =E(IEP]1&] < n?) > 1/2.

Fix J € ([;‘L]) Condition on a realization of {{;},¢s, and write P;(-) and E;(-) for
probability and expectation conditional on {&;};¢;. Let W = span(V, R s, Aay); note that
W is deterministic under the conditioning on {&;};¢;. Then dim(W) < dim(V') + 2 and

dist(R, V) > dist(R', ). (4.130)

Note that dist(R', W) = ||Py+ R||, where Py . is the orthogonal projection to W=. Letting

u',...,u*? be an arbitrary set of orthonormal vectors in W+, we have
k— k-2 n k—2
E, dist(R', W)? > ZE R-u'P =72 il > Z I (u') |2 (4.131)
i=1 i=1 j=1 =1

For each 1 < i < k—2, since v’ € Incomp((1—2), p) thereis a set .J; C [n] with [ ;] > (1-2)n

and [uf| > p/y/n for all j € J;. Then we have ||(u')L[|* > ||(u’) > 16p%. Hence,

E; dist(R', W)? > cép’oik (4.132)

for some absolute constant ¢ > 0.
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It remains to obtain a lower tail bound for dist(R’, W)?. Note that v s dist(-,W) is a
convex 1-Lipschitz function on C”. Since the components of R’ are bounded in magnitude
by 2n%/2, by Talagrand’s concentration inequality [Tal96, Theorem 6.6] (see also [AGZ10,
Corollary 4.4.11]) we have

P, (| dist(R, W) — d| > t) = O(exp(—ct?/n)) (4.133)

for any ¢ > 0, where d is any median for dist(R', W) conditional on {;},¢;. In particular,
|E; dist(R', W) — d| = O(n*/?) and Var(dist(R',W)) = O(nf), so

d = /Edist(R,W)2 + O(n®/?).
Together with (4.132) these estimates imply
P, (dist(R’, W) < coopVok — CnE/Q) = O(exp(—cogp’dk/n%)) (4.134)

for some absolute constants C, ¢ > 0. Undoing the conditioning on {{;},¢,, from the above

and (4.130) we have
P (dist(R,V) < coopV/ ok — Cn/? } E1) = O(exp(—cogp®dk/n%)). (4.135)
Summing over J and using (4.128), we conclude
]P(dist(R, V) < coopVok — C’ns/2> = O(exp(—copp®6k/n%))

and the result follows from the lower bound in (4.127). O

Proof of Theorem 4.5.1. For the duration of the proof we restrict to the event B(K). We
may assume that n is sufficiently large depending on k,e,0¢,0,v, and K. By the union

bound it suffices to show that for ay sufficiently small depending on &, oq, d, v, K,

P(sn—k(M) < ask/+/n) = O(nexp(—agn®)) (4.136)
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2

for arbitrary fixed k € [n**,ayn]. By Lemma 4.5.2 and another application of the union

bound, after modifying as by a constant factor it suffices to show
P(dist(Ri, Vi) < a2\/E> = O(exp(—aon®)) (4.137)

where V; = span{R;, i € I} for an arbitrary fixed subset I C [n] with |I| =n—|k/2|—1=:n'

and arbitrary fixed i € [n] \ I.

Fix such I C [n] and i € [n]\ I. Let 6y be as in Proposition 4.3.1 and let J C [n]
with |J| > fyn. Denoting A := A(00)1x[n), by the assumption that A(oy) is (9, v)-broadly

connected we have
W] 2 min (', (14 v)|T| = [k/2] = 1) = min (n', (1 +v/2)| J])

taking a; < cvb, for a sufficiently small constant ¢ > 0. Applying Proposition 4.3.1 to My,
(with (n’,n) in place of (n,m) and (6/2,r/2) in place of (§,v)) we have that except with
probability O(exp(—3c.doan)),

n

6 /
| Mixpull > pK+v/n Vu € Comp ((1 — Z_L) ;,p) (4.138)

for some p = p(k, 00,9, v, K) > 0. In particular, taking a; smaller if necessary, we have

) TL/ 5 aq 5
_2 ) > _ 2 _ MYy sq1__Z
(1 4)n_<1 4)(1 2>_1 2
and so

S™ AV = ker(My) C Incomp(1 —6/2, p). (4.139)

We may condition on the event that (4.138) holds. Conditional on M, ), we apply Lemma 4.5.3
with R+ v = R; and V = V] to obtain (4.137) as desired. O
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4.6 Invertibility under diagonal perturbation: Proof of Theorem 4.1.17

4.6.1 Preliminary Tools

In this subsection we state two key lemmas: a version of Szemerédi’s regularity lemma for
directed graphs, and a lower bound for the smallest singular value given control on the

singular values of block submatrices using Schur complements.

Recall that in Theorem 4.1.14 we associated the standard deviation profile A with a
bipartite graph. Here it will be more convenient to associate A with a directed graph. That
is, to a non-negative square matrix A = (0y;)1<ij<n We associate a directed graph I'y on
vertex set [n] having an edge ¢ — j when 0;; > 0 (note that we allow I'4 to have self-loops,
though the diagonal of A will have a negligible effect on our arguments). We continue to
use the notation (4.15)—(4.16) (while we introduced this notation with a bipartite graph in
mind, it applies equally well in the present setting). Additionally, we denote the density of

the pair (1, J)

6,4([, J)

pall,J) = o),
21171

Definition 4.6.1 (Regular pair). Let A be an n X n matrix with non-negative entries.

For ¢ > 0, we say that a pair of vertex subsets I,.J C [n] is e-reqular for A if for every

I' c I,J" C J satisfying
1’| > ell], |J'] >elJ]|

we have

pa(l’, J") = pa(l, )| <e.

The following is a version of the regularity lemma for directed graphs suitable for our
purposes, and follows quickly from a stronger result of Alon and Shapira [AS04, Lemma
3.1].We will apply this in Section 4.6.3 to partition the standard deviation profile into a

bounded number of manageable pieces (see Section 4.1.3 for more motivation).

Lemma 4.6.2 (Regularity Lemma). Let e > 0. There exists mg € N with e~ < my = O.(1)
such that for all n sufficiently large depending on e, for every n X n non-negative matriz A

195



there is a partition of [n] into mg + 1 sets Iy, I1, . .., I, with the following properties:
1. |Io| < en;
2. L = L] =+ = [ ;

3. all but at most em2 of the pairs (I, I;) are e-reqular for A.

Remark 4.6.3. The dependence on ¢ of the bound my < O.(1) is very bad: a tower of
exponentials of height O(¢7¢). Indeed, as in Szemerédi’s proof for the setting of bipartite
graphs [Sze78], the proof in [AS04] gives such a bound with ¢ = 5. It was shown by Gowers
that for undirected graphs one cannot do better than ¢ = 1/16 in general [Gow97]. As

remarked in [AS04], his argument carries over to give a similar result for directed graphs.

Lemma 4.6.4 (Schur complement bound). Let M € My, (C), which we write in block

form as

A B
M:
¢ D

for A e My(C),B € Mn,(C),C € M, n(C),D € M,(C). Assume that D is invertible.
Then

snn(M) > (1 + %) B (1 + %) "~ min (sn(D), sn(A— BD—lo)). (4.140)

Proof. From the identity

A B Iy BD™! A—BD7'C 0 In 0
C D 0 I, 0 D D=C I,

we have

-1

A B In 0\ ((A=BD-'C)* 0 Iy —BD™!
C D -D7C I, 0 p'/\o I,

We can use the triangle inequality to bound the operator norm of the first and third ma-

trices on the right hand side by 1 + ||[BD7!|| and 1 + ||[C D™}, respectively. Now by sub-
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multiplicativity of the operator norm,

M1 < @+ IBDTHDA + || D7 C|) max([[(A = BD'C) 7, [D~)

1Bl €]l N T
< 14+ —= 1+ —== A—BD'C D .
The bound (4.140) follows after taking reciprocals. O

4.6.2 Control on the operator norm

The following lemma summarizes the control we will need on the operator norm of subma-

trices and products of submatrices of M.

Lemma 4.6.5 (Control on the operator norm). Let & € C be a centered random variable

with E [£|*T < 1 for some n € (0,1). Let 6 € (0,1). Then the following hold for all n > 1:

(a) (Control for sparse matrices) If A € My([0,1]) is a fized matriz and X = (§;;) is an

n X n matriz of iid copies of &, then
Ao X| < Tv/n (4.141)

except with probability O.(n~"%), where T = 7(A) € [0, 1] is any number such that

Zafk, Z ap; < 7°n (4.142)
k=1 k=1

foralli,j € [n], and
> al < 7'n. (4.143)

1] —
ij=1

(b) (Control for matriz products) Let m € [On,n]. If A € M, ,([0,1]) and D € M,, ,(C)
are fized matrices with |D|| < 1, and X = (&;) is an n x m matriz of iid copies of &,
then

|D(Ao X)|| <, vVm (4.144)
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except with probability Op(n="/%).

Remark 4.6.6. The probability bounds in the above lemma can be improved under higher
moment assumptions on &, and improve to exponential bounds under the assumption that

¢ has finite sub-Gaussian moment, i.e. Eexp(t[£]*) < 2 for some ¢ > 0.

We will use standard truncation arguments to deduce Lemma 4.6.5 from the following

bounds on the expected operator norm of random matrices due to Latata and Vershynin.

Theorem 4.6.7 (Latala [Lat05]). Let n,m be sufficiently large and let Y be an nxm random

matriz with independent, centered entries Y;; € R having finite fourth moment. Then

m 1/2 n 1/2 n m 1/4
E|Y| < max (ZEYZ?) + max (ZE)@?) + (ZZE&Q}*) . (4.145)
en
j=1 i=1

7€lm] =1 j=1

Theorem 4.6.8 (Vershynin [Verll)). Let n € (0,1) and n,m, N sufficiently large natural
numbers. Let D € M., n(R) be a deterministic matriz satisfying |D|| < 1 andY € My ,(R)

be a random matriz with independent centered entries Yy; satisfying E|Yi;|*™" < 1. Then
E|DY| <, vn+vm. (4.146)

Proof of Lemma 4.6.5. We begin with (a). By splitting X into real and imaginary parts
and applying the triangle inequality we may assume ¢ is a real-valued random variable. Set

no = min(1/4,7/32) and define the product event

E = /\ 51‘]‘; 51‘;‘ = {|§l]| S nl/Q_”O}. (4147)
ij=1
By Markov’s inequality,
P(ES) < n-UH/2mm) < (4.148)

for all 4, j € [n]. By the union bound,

P(SC) S n2n—(4+n)(1/2_770) S n_n/S. (4149)
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We denote
X' = (&) = (& —E&;lg,) = X —E(X 1g).

First we show

|[AoE(X L¢)|| < 7v/n. (4.150)

Since the variables ;; are centered,

| E(&j Le,)l = | E(&; Ler, ) (4.151)
By two applications of Hélder’s inequality and (4.148),
|E(&; Les)| < (B [€5] " P(EG)Y* < n™%.
Thus,
[AoE(X 1g)|| < JAoE(X 1¢)|lus < n~**||Aljus < 7n/* (4.152)
which yields (4.150) with room to spare.
Now from (4.149), (4.150) and the triangle inequality it is enough to show
P(EA{|Ao X'|| > CT/n}) = O.(n"%) (4.153)

for a sufficiently large constant C' > 0 (we will actually show an exponential bound). First

!

note that the variables &, 1¢,, are centered and satisfy E |/, 1¢,, [* = O(1). It follows from

Theorem 4.6.7 that

n 1/2 n 1/2 n 1/4
/ 2 2 4
Ele |40 X'|| < max (Z) + max (Z) + (Z)

i=1 ij=1

<L 7Vn.
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Thus, (4.153) will follow if we can show
P([[Ao X'| 1e —E||[Ao X'|| 1¢ > 7v/n) = O.(n~"%). (4.154)

This in turn follows in a routine manner from Talagrand’s inequality [Tal96, Theorem 6.6]
(see also [AGZ10, Corollary 4.4.11]): Observe that X — ||Ao X|| is a convex and 1-Lipschitz
function on the space M,,(R) equipped with the (Euclidean) Hilbert—Schmidt metric. Since
the matrix X’ 1¢ has centered entries that are bounded by O(n!/27), Talagrand’s inequality
gives that the left hand side of (4.154) is bounded by

O( exp(—c7‘2n/(n1/2_”°)2)) = O(exp(—ct*n®™)) (4.155)

which gives (4.154) with plenty of room.

Now we turn to part (b). The proof follows a very similar truncation argument to the
one in part (a), so we only indicate the necessary modifications. As before, by splitting D
and X into real and imaginary parts and applying the triangle inequality we may assume D

and X are real matrices. We define € as in (4.147), with

&y = {1&;] < (nv/m)'P~m} (4.156)
and
— 21 (4.157)
T n '

With this choice of 7;, Markov’s inequality and the union bound give P(£¢) = Oy(n~"/%).
Taking X’ = X — E(X 1¢) as before, we can bound

[D(AcE(X 1g))|| < [[Ao E(X L)
by submultiplicativity of the operator norm, and the same argument as before gives

Ao E(X Le)|| < nim(ny/m) = 1GmQB=m) — pp1/2=0/32 _ o\ /m). (4.158)

200



Since X' 1¢ has centered entries with finite moments of order 4 + n, by Theorem 4.6.8 we

have

E||D(Ao X' 1¢)| <, vVm. (4.159)
The mapping X — || D(AoX)|| is convex and 1-Lipschitz with respect to the Hilbert—Schmidt

metric on M, (R) (since ||D|| < 1) so using Talagrand’s inequality as in part (a) we find that

P(|D(Ao X' 1e)|| —E | D(Ao X' Le)|| > v/m) < exp (—em/(ny/m)*/*2m)

< exp (—c'(6)n")

for some constant ¢ > 0 and ¢/(f) > 0 sufficiently small depending on 6. As the last line is
bounded by Op(n~"/%), the result follows from the above, (4.158), (4.159) and the triangle

inequality by the same argument as for part (a). O

4.6.3 Decomposition of the standard deviation profile

We now begin the proof of Theorem 4.1.17, which occupies the remainder of the chapter.
In the present subsection we prove Lemma 4.6.9 below, which shows that the standard
deviation profile A can be partitioned into a bounded collection of submatrices with certain
nice properties. For the motivation behind this lemma (and the notation Jgee, Jeye) see

Section 4.1.3.

Lemma 4.6.9. Let A be an n x n matriz with entries a;; € [0,1]. Let €,6,00 € (0,1), and

assume ¢ 1s sufficiently small depending on 0. There exists 0 < m = O.(1), a partition

[n] = Jbad U Jfree U chc

:JbadUJfreeUJlu"'UJm

and a set F C [n)?* satisfying the following properties:

1. en < |Jpad| < 0%,
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2. |F| < on?, and for all i € Jtee,

1 € Jiee : (1,5) € F}, 1{j € Jiee : (j, 1) € F}| < 6Y2n. (4.160)

3. If Jhee # D then there is a permutation T @ Jyee — Juee Such that for all (i,7) €

Jfree X Jfree \ F with T(Z) Z T(j>; Qjj < 0p-

4. If m > 1 then
|Ji| == || >cn (4.161)

and there is a permutation 7 : [m] — [m] such that for all 1 <k < m, A(09) .1, 18

(20, 2¢)-super-regular.

Proof. We begin by applying Lemma 4.6.2 to A(o) to obtain my € N with e < mg = O.(1)

and a partition [n] = Iy U --- U I, satisfying the properties in that lemma.

The partition Iy,..., I, is almost what we need. In the remainder of the proof we

0
perform a “cleaning” procedure (as it is commonly referred to in the extremal combinatorics
literature) to obtain a partition Jy, . .., J,,, with improved properties, where J;, C I}, for each

1 <k <mg, and Jy D I collects the leftover elements.

We start by forming a reduced digraph R = ([mg], E) on the vertex set [mg] with directed

edge set
E = {(k, 1) € [mo)® : (I, 1) is e-regular and pa(og) (I, [;) > 56}. (4.162)

Next we find a (possibly empty) set 7' C [mg] such that the induced subgraph R(T) is
covered by vertex-disjoint directed cycles, and the induced subgraph R([mg]\t) is cycle-free.
Such a set can be obtained by greedily removing cycles and the associated vertices from R
until the remaining graph has no more directed cycles. By relabeling I3, ..., [,,, we may

take T' = [m], where m € [0, my].

Assuming m # 0, the fact that R([m]) is cycle-free is equivalent to the existence of a
permutation 7 : [m| — [m] such that (k,7(k)) € E for all 1 < k < m. Now we will obtain
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the sets Ji, ..., J,, obeying the properties in part (4) of the lemma. Let 1 < k < m. Since
(Ii, In(y) is e-regular with density pr = pa(oo)(Lk, Irk)) > 59, if we assume ¢ < § then for
every I C Iy, J C Lygy with 1|, |J| > e|Ii],

eao)(,J) = (pr — €)|I[|J] > 40]1]|]]. (4.163)

Letting
I,; = {Z €l |NA(00)(7:) N ]ﬂ(k)| < 45|Ik|}

we have e4(y0) (I}, Lrry) < 40|11 || Ix(y|, and it follows that |I;| < e|I;|. Similarly, letting
I}/{/ = {Z €l ‘NA(UO)T(?:) N ]ﬂ-—l(k)l < 45|Ik|}

we have |[}/| < e|l|. Letting I} C Iy be a set of size |2¢|l;|| containing I} U I}, we take

Jp =T\ I} (4.164)
With this definition we have |J;| = -+ |J,,|, and for each 1 < k < m,i € Jj,
|NA(O'0)(7:) U Jﬂ-(k)|, |NA(UO)T(i) N Jﬂfl(k)| > (45 — 25)|]k| > 2(5|Jk|. (4.165)

Furthermore, for each 1 <k <m and I C Jy,J C Jr with |I|,|J]| > 2¢|Jy|, if we assume
e < 1/4 then |I|,|J] > €|Ix|, so by (4.163)

eaony (1, 7) = 4011]1J]. (4.166)

It follows that for every 1 < k < m the sub-matrix A(09)y,.1,,, is (20,2¢)-super-regular,

which concludes the proof of part (4) of the lemma.

Now we prove parts (2) and (3). We will obtain Je by removing a small number of bad

mo

elements from Iee := (J;,, 1 Ix- Since the induced subgraph R([m + 1,myg]) is cycle-free
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we may relabel I,,,11,..., I, so that
(k,1) ¢ E forallm <1<k < my. (4.167)

We take
F={(i,j) € [n]*: (i,5) € Iy x I, for some (k,l) ¢ E}. (4.168)

The contribution to F' from irregular pairs (I, ;) is at most en? by the regularity of the
partition Iy, ..., I,,,, and the contribution from pairs (I, I;) with density less than 59 is at
most 50n?. Hence,

|F| < en® + 50n* < 66n° (4.169)

giving the first estimate in (2) (recall that we assumed € < §). Setting
Lo = {i € Itreo :max (|{j € [n] : (4,4) € F},|{j € [n] : (j,i) € F}|) > 6"*n}  (4.170)

it follows from (4.169) that
I} < 126Y%n. (4.171)

Let I

free

of size min(|Ipee|, [126'/?n]) and take Jyee =
Itvee \ Ifio.. The bounds (4.160) now follow immediately from (4.170). For part (3), from

C Ifee be any set containing I

(4.167) we may take for 7 any ordering of the elements of Jgee that respects the order of the
sets Jg := Ij \ I}

ees 1-€. 80 that 7(j) > 7(i) for all i € Jy, j € Jy and all m < [ < k < my.
Finally, taking

Jond =T U I U | I; (4.172)
k=1

we have

| Joad| < en + 126Y2n 4 2en < 15620

giving the upper bound in part (1). Now recalling that we took |I; .| = 126Y/2 and |I}| =
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|2e]1i|] for all 1 < k < m, we also have the lower bound

)

> min (Uz(sl/z‘nj, | Ifvee|, 2¢

|Jbad‘ Z min (|[free

Un

k=1

)

= <1251/2 U Ik,2€ U]k - )
k=m+1
> en
where we used that at least one of the sets e = k m+1 Iy, Loy = UZL:1 I, must be of size
at least n/4, say. This gives the lower bound in part (1) and completes the proof. O

4.6.4 High level proof of Theorem 4.1.17

In this subsection we prove Theorem 4.1.17 on two lemmas (Lemmas 4.6.10 and 4.6.11) which
give control on the smallest singular values of the submatrices M, and (perturbations of)
Mj,,., With Jiree, Jeye as in Lemma 4.6.9. The proofs of these lemmas are deferred to the

remaining subsections.

As we noted in Remark 4.1.18, the dependence of the implied constant in (4.24) on the
distribution of £ is through its (4 + n)-th moment sy, and the value of s provided by
Lemma 4.2.6. For the sake of clarity, in the sequel we indicate dependence of constants
on these two parameters. (By Lemma 4.2.6 and multiplying X and B by a phase we may

assume ¢ has k-controlled second moment for some x > 1.)

Without loss of generality we may assume 1 < 1. We introduce parameters oy, d,e €
(0,1), where og will be chosen sufficiently small depending on 7, ft44,, 6 will be taken small
depending on 79,7, fta+,, and ¢ will be taken sufficiently small depending on ¢, d. Below
we introduce an additional free parameter 6 € (0,1) to be chosen later sufficiently small
depending on . For the remainder of the proof we assume that n is sufficiently large

depending on all parameters (which will only depend on 7o, Ko, 1, ftat,, and ).
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We begin by summarizing the control we have on the operator norm of submatrices of
Ao X due to Lemma 4.6.5. By Lemma 4.6.5(a) with 7 = 1 we may restrict the sample space
to the boundedness event

B(K) = {|AoX|| < K/n} (4.173)

for some K = O(ftayy). In particular, for all I, J C [n] we now have the crude bound
[(Ao X)1,]l < Kva (4.174)
We also note that by Lemma 4.6.5(a) we have that for any fixed B = (b;;) € M,,([0,1]),

P(|(B o X) 1]l < TKV/ITT) = 1= O;(n""%) (4.175)

for all I, J C [n] with |I| = |J|, and any 7 < 1 satisfying

. 1/2 . 1/2 - 1/4
> = 2 = 2 = 4 , ,
7 2 max | max (n Z bw) , Tax (n ze; bw) , (n Z bw) (4.176)

JjeJ 3,j=1

Note that for B = A, (4.175) gives improved control on ||(A o X); | for submatrices that
are either small or sparse, but only holding with high probability for fixed I,J. (We state
(4.175) for general B € M, ([0,1]) as at one point we will apply this to a residual matrix

obtained by subtracting off a collection of “bad” entries from A.)

Finally, let 6 € (0, 1) to be chosen later depending on €. From Lemma 4.6.5(b) we have

that for every I, J C [n] with |I| > |J| > 6n and every deterministic |J| x |I| matrix D,
P(|D(A4 0 X)1s < K| DIIVITT) = 1= (1) (4.177)

for some K’ sufficiently large depending on 7 and fi44,.

We now apply Lemma 4.6.9 (assuming ¢ is sufficiently small depending on d) to obtain
a partition [n] = Jyaq U Jiree U Joye and a set F' C [n]? satisfying the properties (1)—(4) in the

lemma. In the following we abbreviate Mo := My, and My := My, .
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Lemma 4.6.10. Assume ny := |Juee| > 6%n. If 00,8 are sufficiently small depending on

ro and K (from (4.173)), then
Sny (Mree) > Kmg /I (4.178)

except with probability Oj o 5(n~"9).

Lemma 4.6.11. Assume ny := |Joye| > 0Y%n. Fiz vy > 1/2 and let W € M,,(C) be a
deterministic matriz with [|[W|| < n?. There exists 5 = B(7, 00,0) such that if € = €(0y,0)

18 sufficiently small,

_ logn
]P)(Sng(Mcyc + W) <n /B) LK, K ,7,6,00,k i . (4179)

We defer the proofs of Lemmas 4.6.10 and 4.6.11 to subsequent sections, and conclude

the proof of Theorem 4.1.17. We proceed in the following steps:

Step 1: Bound the smallest singular value of My, using Lemma 4.6.10.

Step 2: Bound the smallest singular value of

Mfree Bl
Ml = MJfreeUJbad’JfreeUJbad - : (4180)
Cy M,

using the result of Step 1, the Schur complement bound of Lemma 4.6.4, and the
bounds (4.175), (4.177).

Step 3: Bound the smallest singular value of

My B
M= TP, (4.181)

Cy M

using the result of Step 2, the Schur complement bound of Lemma 4.6.4, and
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Lemma 4.6.11.

The case that one of Jgee Or Jeyc is small (or empty) can be handled essentially by skipping

either Step 1 or Step 3. We will begin by assuming
|Jfree|7 |chc| > 51/2” (4182)

and address the case that this does not hold at the end.

Step 1

By Lemma 4.6.10 and the assumption (4.182), we can take oy and J sufficiently small de-

pending on 7y and K (where K depends only py,) such that

Smin(Mfree> >>K,ro \/ﬁ (4183)

except with probability O ,,.s(n™"?). We now fix oy = oq(ro, atn) once and for all, but
leave 0 free to be taken smaller if necessary. By independence of the entries of M we may

now condition on a realization of Mg such that (4.183) holds.

Step 2

From Lemma 4.6.4, (4.174) and (4.183),

K\/n
Smin(Mfree)

> ¢ TN [/, Sin (Mo — Cy My B (4.184)

—2
5min<M1) > (1 + ) min [Smin(Mfree)a 5min<MO - Cle;eleBl)}

Again by (4.174) and (4.183),

Gyl

oM< —1—"
|| 1 free” = Smin(Mfree)

ko 1. (4.185)
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Since ] is independent of By, we may condition on it (recall that we already conditioned

on Mp.e.) and apply (4.177) to conclude
ICs M Ball < K'[|CyMioo || Joaa|"? <k [onal™? (4.186)

except with probability Og(nf"/ 8) = O;.(n™), where we have used the lower bound
| Jbaa| > en from Lemma 4.6.9(1) and fixed 6 sufficiently small depending on . On the
other hand, by from the triangle inequality and the bound (4.175) with 7 = 1,

SmiH(M0> = Smin(ZJbad\/ﬁ_}_ (A © X)Jbad) > TU\/_ - I(|Jbad|1/2 (4187)
except with probabilit bad| = (0O (n~ . Combining the previous two displays
pt with probability O(|Jiaa| ") = O.(n~"/?). Combining the previ displays,
Smin(Mo — Ct ML By) > rov/n — Ok it o (| Joaa| /%) (4.188)

except with probability O;.(n™"?). Since |Jp.a| < 6'/?n we can take § smaller, if necessary,

depending on 1, K, K’ to conclude that
Smin(Mo — C1 ML By) > (r0/2)v/n (4.189)

except with probability Os.(n~"/°). We may henceforth condition on the event that (4.189)
holds. Together with (4.184) this implies

Smin(M1) > o V1. (4.190)

At this point we fix § = (79,7, fa+y)-
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Step 3

Condition on a realization of M; such that (4.190) holds, and also on the matrices By, Cy in

(4.181). By (4.174) we have || Bs]|, ||C2|| < K+/n. Applying Lemma 4.6.4,

K —2
Sn(M) > (1 + S—E/]\i)> HliIl [Smin(Ml)a Smin(Mcyc - B2Mflc2)]
min 1

>>K,r0 min [\/ﬁ7 Smin(McyC - BZMflc2)] . (4191)

Again by (4.174) and (4.190),

2

_ n
| By My Col| < <k vn (4.192)

Smin(Ml

(unlike in Step 2, here we did not need the stronger control on matrix products provided by
(4.144) from the matrix boundedness property). Now since M, is independent of M, By, Cs,
we can apply Lemma 4.6.11 with v = 0.51 (say), fixing ¢ sufficiently small depending on
00(ro, ftaty) and 0(ro, 1, ftayy), to obtain

_ _ log n
IP>(5min(]\4’cyc - BZMl 102) S n ﬁ) <<K0,r0,r],,u4+,7,n &

- (4.193)

for some B = (ro,n, patn) > 0, where we have substituted K = O(p44,,). The result now

follows from the above and (4.191), taking o = min(n/9, 1/4), say.

It only remains to address the case that the assumption (4.182) fails. We may assume that
0 is small enough that only one of these bounds fails. In this case we simply redefine Jy,.q to
include the smaller of Jeyc, Jiee. Note that we still have |Jpaa| = O(8Y%n). If |Jeye| < 6%,
then with this new definition of Jy,q we have M = M;, and the desired bound on s, (M)
follows from (4.190) (with plenty of room). If |Jyee| < /% then we skip Step 2, proceeding
with Step 3 using M, in place of M;. The bound (4.190) in this case follows from (4.187)
and the bound |Jpaq| < §'/?n, taking § sufficiently small depending on K, ro. This concludes
the proof of Theorem 4.1.17.
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4.6.5 Proof of Lemma 4.6.10

We denote
Apad = (@ij 1 jyer)- (4.194)

By the estimates on F in Lemma 4.6.9 we can apply (4.175) with 7 = O(6/) to obtain

| (Avaa(00) © X) s | < K5"4/m (4.195)

except with probability at most Os(n;™®) = Os(n~"/). By another application of (4.175)

with 7 =1,
[((A = A(00)) 0 X) , || < Kogy/n (4.196)
except with probability at most Os(n~"/?). Let
Mo = (A0 X) g + Zgyo\/n, A= A(09) — Apaa(0o). (4.197)

By the above estimates and the triangle inequality,

Smin (Miree) = Smin(Mfree) —[[((A - ,Zf) 0 X) Jiree (4.198)
> Sunin(Mireo) — O(6Y* + 09) K/ (4.199)

except with probability Os(n~"/?). Thus, it suffices to show
Smin(Mfrco) >>K,r0 \/ﬁ (4200)

except with probability O ., s(n~"?) — the result will then follow from (4.200) and (4.199)
by taking 4, og sufficiently small depending on K, ry. Furthermore, by Lemma 4.6.9(3) and
conjugating My by a permutation matrix we may assume that Ais (strictly) upper trian-

gular. Now it suffices to prove the following:

Lemma 4.6.12. Let M = Ao X + B be an n x n matrixz as in Definition 4.1.1, and further

assume that for some rg >0, K > 1,a > 0,
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o A is upper triangular;
o B =7\/n=diag(z;v/n)", with |z;| > ro for all 1 <i < n;

o ¢ is such that for allm’ > 1 and any fived A’ € M, ([0,1]), ||A" o X'|| < K\/n' except
with probability O((n')~%).

Then s,(M) >k, /1 except with probability O ,,(1)*n~=“.

Remark 4.6.13. The proof gives an implied constant of order exp(—O(K /r9)°") in the lower
bound on s, (M).

To deduce Lemma 4.6.10 we apply the above lemma with M = Mﬁ-ee, a=mn/8, K as in
(4.173) and n; > n in place of n, which gives that (4.200) holds with probability

1= Ok (0, ") = 1= Oy 5(n ™) (4.201)

where in the first bound we applied our assumption that n < 1.

Proof. First we note that we may take n to be a dyadic integer, i.e. n = 29 for some ¢ € N.
Indeed, if this is not the case, then letting 27 be the smallest dyadic integer larger than n we
can increase the dimension of M to 2?7 by padding A out with rows and columns of zeros,
adding additional rows and columns of iid copies of £ to X, and extending the diagonal of
Z with entries z; = ro for n < ¢ < 29. The hypotheses on A and Z in the lemma are still
satisfied, and the smallest singular value of the new matrix is a lower bound for that of the

original matrix (since the original matrix is a submatrix of the new matrix).

Now fix an arbitrary dyadic filtration F = {{J;})sef0,11# } ., of [n], where we view {0, 1}°

p=0
as labeling the trivial partition of [n], consisting only of the empty string &, so that J, = [n].
Thus, for every 0 < p < g and every binary string s € {0, 1}?, J; has cardinality n27? and is

evenly partitioned by Jy, Js1. For a binary string s we abbreviate M, := M, and similarly
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define A;, X, Z,. We also write B, = M, ;.,, so that we have the block decomposition

Ms(] Bs
M, = . (4.202)
0 My

For p > 1 define the boundedness event
B(p) = {|[Ao X|| < Kv/n} A{V¥s € {0,1}7, ||As 0 X,| < KVn2-7}. (4.203)
By our assumption on £ we have
P(B*(p)) > 1 — O(n™®) — 2°O((n277)™%) = 1 — O(2U+Pp =), (4.204)
For arbitrary s € {0, 1}, by the triangle inequality we have that on B*(p),
Suin(My) > suin(Zs) — | As 0 Xl > (ro — K277)/n.
Setting py = [21og(2K/ry)] + 1 we have that on B*(py),

Smin(Ms> > (T0/2>\/ﬁ (4205)

for all s € {0,1}?°. For the remainder of the proof we restrict the sample space to the event
B*(po) and will use the Schur complement bound (Lemma 4.6.4) to show that the desired
lower bound on sy, (M) holds deterministically (note that by (4.204) and our choice of py,
B*(po) holds with probability 1 — O, (n=%/2)).

For 0 < p < pg let

1
A, = min

T /—©°min Ms . 4206
s€{0,1}P \/ﬁs (M) ( )

From (4.205) we have
Apo = To/2 (4.207)
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Now let 1 < p < pg and s € {0,1}?~L. By the block decomposition (4.202) and Lemma 4.6.4,

Bl _1min(s in(Ms0), Smin(Mi1))
Smin(Ms0) min{£¥50 /5 “min\¥s1

> (L+ K/X\) " Mpvn

Smin(Ms) > <1 +

s0 A\p_1 > (14+K/N\,) " A\p/n for all 0 < p < po. Applying this iteratively along with (4.207)
we conclude A\g >k, 1, i.e.

Smin(M) >x 0 V1 (4.208)

as desired. O

4.6.6 Proof of Lemma 4.6.11

By multiplying M., by a permutation matrix we may assume that A, := A, is (20, 2¢)-
super-regular for 1 < k < m (unlike in the proof of Lemma 4.6.10 the diagonal matrix Z/n
will play no special role here). We denote Jo, = J; U--- U Jy, and for any matrix W of

dimension at least |J<x| we abbreviate

Wk = WJku ng = WJ§k7 ngfl,k = ngkfl,Jlﬂ Wk,gk—l = WJk,J§k71 (4209>
so that for 2 < k < m we have the block decomposition
Wepoy Wepe
We= | = TEEN (4.210)
Wi <k—1 Wi
Let us denote
n =\|J|=-=|Jn| >:n. (4.211)
For 1<k <m-—1, >0 and a fixed kn’ x kn’ matrix W, we denote the event
gk(ﬁ, W) = {Skn/(Mgk + W) > n_ﬁ}. (4.212)

214



Let v > 1/2 and fix an arbitrary matrix W € M, ,(C) with [|[W] < n?. By our
restriction to B(K) and (4.174) we have

My + W|| < (Ko+ K)vn+n' <2n? (4.213)

if n is sufficiently large depending on Ky, K and «y. By Theorem 4.1.24 there exists 3;(y) =
O(~?) such that if ¢ is sufficiently small depending on ¢y, d, then

logn
P (51 (61, W)c) <<K0,K,’y,6,0’0,5,f{ S

- (4.214)

where we have used (4.211) to write n in n~? rather than n'. (Strictly speaking we are
using (4.105) instead of Theorem 4.1.24 to say that the implied constant depends on the
distribution of £ only through x.)

Now let 2 < k < m, and suppose we have found a function 5;_1(7y) such that for any
v > 1/2 and any fixed (k — 1)n’ x (k — 1)n/ matrix W with ||W|| < n7,
logn

]P(gkfl<5kfl(7)7 W>C) <<K0,K,’y,6,ao,s,n n . (4215)

Fix a kn’ x kn’ matrix W with [|[W]| < n?. By Lemma 4.6.4 we have

(M + W) <kl )>_1 (1+ - (M + W)k <kl ))_1

kot (M <o ) S(k_1)n/(M§k71 o k—l)n’(MSkfl + Weps

X min [S(kfl)n’(Mgk—l + ng_l), Sn! (Mk -+ Bk>] (4216)
where we have abbreviated

By = Wi — (M + W) <h1(Mag—1 + Wep1) (M + W)<go1i (4.217)

Suppose that the event E_1(Fk—1(7), W<i—1) holds. We condition on realizations of the
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submatrices M<y_1, M<j_1 i, My <i—1 satisfying

M1 il | My <kl < (Ko + K)v/n (4.218)
and
Sthtynt (M1 + Wep_q) > n= =100, (4.219)
In particular,
(M + W) <1l [(M 4+ W) <p—|| <207 (4.220)

and by our restriction to B(K) and (4.174),
| My, + Byl < (Ko + K1)v/n +n" + 4n? =100 < gy Hh1() (4.221)

By Theorem 4.1.24 and independence of Mj, from M<j_1, My <j—1, Mk <k—1, there exists
B, = O(7* + Br-1(7)?) such that
logn

P<sn/(Mk+Bk)§nfﬂ;) Ckokoydonen || = (4.222)

Restricting further to the event that this bound holds and substituting the above estimates
into (4.216), we have

Skt (M<ip + W) > n~2—2Bk-1(7) min(n_ﬁk—l(')’)’ n—ﬁ,@) > Pe0) (4.223)

for some By (7) = O(7* + Br_1(7)?). With this choice of B4(y) we have shown

logn
P(E(5u(1). Wer)* A Eea(Bios (7). W) o opianeos ||~ (4:224)

Applying this bound for all 2 < k' < k together with (4.214) and Bayes’ rule we conclude

that for any fixed k& and any square matrix W of dimension at least kn’ and operator norm
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at most n”,

logn
]P)(gk(ﬁk(’Y)a ng)c) <<K0,K,'y,6,ao,e,n k i . (4225)

The result now follows by taking & = m and recalling that m = O.(1).
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CHAPTER 5

The circular law for signed random regular digraphs

5.1 Introduction

5.1.1 Background

For an n x n matrix M with complex entries, denote by

1 n
= — E Oy 5.1
L, - Ai(M) (5.1)

its empirical spectral distribution (ESD), where A;(M),...,\,(M) € C are the (algebraic)
eigenvalues of M, counted with multiplicity, and labeled in some arbitrary fashion. When

M is a random matrix, uys is a random probability measure.

For random matrices with iid entries having finite second moment, the global distribution

of the spectrum is asymptotically governed by the circular law:

Theorem 5.1.1 (Circular law). Let £ be a complez-valued random variable with mean zero
and variance one, and for each n let X,, = (&;;)1<ij<n be a matriz whose entries are iid copies
of & Then with probability one, the rescaled empirical spectral measures K 1x, converge

weakly to picire, the uniform measure on Bc(0,1).

In the above form Theorem 5.1.1 was established by Tao and Vu in [TV10b], building
on important advances of Girko [Gir84] and Bai [Bai97]; earlier versions of the circular law
were proved in [Bai97], [BS10], [GT10], [PZ10], [TVO08] under additional hypotheses on the
distribution of £&. Theorem 5.1.1 can be viewed as an instance of the universality phenomenon

in random matrix theory: in the limit as n — oo, the global distribution of the spectrum
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of X, is determined completely by the first two moments of the entries &;;. The theorem
hence identifies a wide class of matrix ensembles lying in the circular law universality class.

For additional background and history on the circular law we point the reader to the survey

(BC12).

One may then ask if this universality class extends to include some ensembles not covered
by Theorem 5.1.1, that is, if we can relax the independence, identical distribution, or moment
hypotheses on the entries. Informally, one might expect an ensemble M,, = (&;;) to exhibit
the circular law if the entries §; are centered around a common value, have reasonably
bounded tails, are not too degenerate (i.e. their distributions do not concentrate too much

near deterministic values), and are only weakly correlated.

For iid matrices, the second moment hypothesis is sharp, and the limiting spectral distri-
bution for certain classes of heavy tail matrices has been described in [BCC11]. Nevertheless,
in [Wool2|, Wood has shown that the circular law is robust under sparsification: letting
X, = (&;) be an iid matrix and B,, = (b;;) a matrix of iid Bernoulli(p) indicator variables,
independent of X,,, it is shown that the empirical spectral distribution of M,, := \/Ln—an o X,
converges weakly in probability (see Definition 5.1.3 below) to the circular law, provided
that p = p(n) > n®~! for any fixed € > 0. (Here o denotes the matrix Hadamard product,
i.e. B,oX, = (bj;&;).) The lower bound on p is near-optimal, as it is easy to see that for

p =< 1/n the matrix M,, will have a linear proportion of trivial columns, so that the limiting

spectral distribution will have an atom at zero.

There has been considerable interest in extending the circular law to cover models with
dependent entries. In [Ngul4], Nguyen has shown that the circular law holds for matri-
ces drawn uniformly (according to volume measure) from the Birkhoff polytope of doubly
stochastic matrices. This followed an analogous result of Bordenave, Caputo and Chafai
on random stochastic matrices, which still enjoy joint independence of the matrix rows. In
[AC15], Adamczak and Chafai have established the circular law for matrices whose distri-
bution over M, (R) is a log-concave and unconditional measure, generalizing the circular
law for iid real Gaussian matrices due to Edelman [Ede97]. Together with Wolff, the same

authors have shown in [ACW16] that the circular law holds for a matrix whose entries are
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exchangeable and have a finite moments of order 20 + ¢.

A particularly motivating challenge in random matrix theory is to extend universality
results to include random regular graph models. In the non-Hermitian setting we have the
rrd matrices considered in Chapters 2 and 3 (see Definition 2.1.15). In this chapter we denote
an rrd matrix by A. One can view A as a discrete analogue of the doubly stochastic matrix

considered by Nguyen in [Ngul4].

For rrd matrices we have the following augmented version of a conjecture of Bordenave

and Chafal from [BC12] (only case (2) below is stated there).

Conjecture 5.1.2 (Bordenave-Chafai [BC12]). Let A, be an rrd matriz.

1. If d =d,, < n/2 satisfies d — 00 as n — oo, then KLa, converges to the circular law.
d

2. If d > 3 is fized independent of n, then pa4, converges to the oriented Kesten-McKay
law on C, with density given by

1 d*(d—1
frm(w) = %W IL{|w|§\/zl} : (5.2)

From the above one obtains results for n/2 < d < n—1 by considering the complementary
matrix with entries 1 — a;;, which has the same limiting spectral distribution. See Figure 5.1

for some numerical evidence supporting Conjecture 5.1.2.

The explicit density in (5.2) can be computed as the Brown measure of the free sum of d
Haar unitary operators — see [HL00, Example 5.5]. We note that in (5.2), if one rescales w
by vd and sends d — oo the expression converges to the normalized indicator for the unit
disk, which gives some evidence for part (1) of the conjecture. By contiguity results (see for
instance [Jan95]), to establish Conjecture 5.1.2 for fixed d it suffices to consider a different
measure, the sum of d iid uniform permutation matrices. It was shown by Basak and Dembo
in [BD13] that the sum of d iid Haar unitary or orthogonal matrices has limiting spectral
distribution given by (5.2), so Conjecture 5.1.2 posits that their result should hold if the

unitaries are restricted to permutation matrices.
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Figure 5.1: Empirical eigenvalue distributions for simulated 8000 x 8000 rescaled
rrd matrices \/LEA for d = 3 (top), 10 (middle), and 100 (bottom). Left: scat-
terplots of eigenvalues, with the unit circle plotted in red for reference. Right:
histograms for eigenvalue moduli, with each bin count normalized by 27 times the
distance to the origin. The curves predicted by (5.2) are plotted in red. While
the eigenvalue distribution is noticeably more dense near the edge of the support
for d = 3, for d = 100 it is indistinguishable from the uniform distribution on the
disk.
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The two cases of Conjecture 5.1.2 parallel known results for undirected regular graphs.
Namely, it was shown by McKay in [McK81a] that for d > 3 fixed, the limiting spectral
distribution of adjacency matrices A%Y™ of d-regular undirected graphs is given by the (ex-
plicit) Kesten-McKay law. More recently, it has been shown in [DP12], [TVW13] and [BKY]
that if d — oo at certain speeds, the empirical spectral distribution of ASY™ converges to the
semicircular law, matching the asymptotic behavior of Wigner matrices (the Hermitian ana-
logue of iid matrices). Moreover, these results show that the convergence of ESDs holds on
mesoscopic scales, i.e. on intervals with length shrinking to zero relative to the limiting sup-
port of the spectrum, but growing to infinity relative to the mean spacing of eigenvalues. In
particular, the work [BKY] has shown convergence at the optimal mesoscopic scale, provided
)2/3

d grows in the range f(n) < d < (ﬁ

for some f(n) growing poly-logarithmically.

We also highlight an interesting edge-universality result of Sodin for undirected random
regular graphs [Sod09]. Sodin considers signed random regular graphs, i.e. symmetric random
matrices of the form W, = Arslym o H,, where H, is a symmetric matrix with iid uniform
Bernoulli signs above the diagonal, independent of the adjacency matrix A%™. Assuming
3 < d < 0(n?/?), he establishes the Tracy-Widom law for the (appropriately rescaled) largest

eigenvalue of W,,, showing these matrices lie in the same class as Wigner matrices for edge

universality.

5.1.2 Main result

In the present work we obtain some partial progress towards Conjecture 5.1.2 by considering

signed random regular digraph matrices of the form
Y, =A,0X,

where X, is a matrix of iid Bernoulli signs (i.e. P(; =+1) = P(§; = —1) = 1/2) inde-
pendent of the rrd matrix A,. One can view this as an rrd matrix with some additional
randomness, or alternatively as an iid matrix that has been randomly “sparsified” to have

each row and column supported on d entries. This is to be compared with the work of Wood
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[Woo12] discussed above, where the sparsification is performed by iid Bernoulli indicators.
As in that work, we do not obtain convergence to the circular law in the almost sure sense,

as in Theorem 5.1.1, but in the following weaker sense:

Definition 5.1.3 (Convergence in probability of random measures). Let (u,),>1 be a se-
quence of random Borel probability measures supported on the complex plane, and let i be
another Borel probability measure on C. We say that p,, converges to u weakly in probability

if for all bounded continuous functions f : C — R and any € > 0,

“

Now we can state our main result for the chapter:

/fdun—/fd,u‘ >5> —0 as n — 0o. (5.3)
C C

Theorem 5.1.4 (Circular law for signed rrd matrices). Fiz p € (0,1), and for each n, let
A,, be a uniform random element of M,,(d), where we write d = |pn]. Let £ € {+1,—1} be
a centered Bernoulli variable, and for each n let X, = (&;)1<ij<n be a matriz of iid copies of
&, independent of A,. Denoting Y,, = A, 0 X,,, we have that the rescaled empirical spectral

measures (L_1_y, converge weakly in probability to picre, the uniform measure on Be(0,1).
2 =Ya 12

Remark 5.1.5 (Extension to sparse digraphs). The above result concerns dense rrd matrices,
where a proportion p of the entries are non-zero with p independent of n. An extension to
sparse models, with p allowed to decrease at a rate n°~! for any fixed ¢ > 0, is possible
by our approach, but requires significantly more work in several places. In the interest of
keeping the present chapter clear and of reasonable length, we defer this investigation to a

later work.

Remark 5.1.6 (Generalizing the distribution of X,,). The assumption that the entries of X,
are Bernoulli signs is mostly for concreteness. We remark that the entire proof applies if the
entries &;; are independent and uniformly bounded (and centered with variance one). The
proof extends with some additional (standard) truncation arguments to that case that the

entries have finite moments of order 4 + ¢ for any fixed £ > 0.
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5.1.3 Outline

The rest of the chapter is organized as follows. In Section 5.2 we give a high level proof of
Theorem 5.1.4 following Girko’s well-known Hermitization approach, reducing our task to
establishing (1) the convergence of empirical singular value distributions of scalar perturba-
tions of Y,,, and (2) lower bounds on small singular values of these perturbed matrices. Step
(1) is completed in Section 5.3. In Section 5.4, we use Theorem 2.1.5 from Chapter 2 to
show that dense random regular digraphs are broadly connected with high probability (see
Definition 4.1.10 in Chapter 4), at which point we can apply the results in Chapter 4 on

small singular values of random matrices with broadly connected standard deviation profile.

5.1.4 Notation

In addition to the notation in Section 1.2 we use the following conventions. We will generally
suppress the subscript n from the matrices X,,, A,,, Y, etc. For a bounded continuous function
f and a Borel probability measure p supported on C or R, we will often use the notation

w(f) == [ fdp when the domain of f is clear.

5.2 Reduction to estimates on singular values

We follow Girko’s Hermitization method, introduced in [Gir84], and which we briefly recap
below; see [TV10b] or the survey [BC12] for more background. For a probability measure p
on C we define the log-potential

Uu(2) = /(Clog |w — z|dp(w). (5.4)

Let us abbreviate p, := p Ly The following is taken from [TV10b, Theorem 1.20]:

Lemma 5.2.1 (Hermitization). Let ju be a probability measure on C satisfying [ |z|*dp(z) <

o0o. The following are equivalent:

(i) pn converges weakly in probability to .
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(it) For almost every z € C, U, (2) converges in probability to U,(z).

Denoting the ordered singular values of a matrix M € M,,(C) by s;(M) > ---

from the well-known identity

n

[TOD] = [det(ar)| = [ si(3)

we have

where we have defined
1 n
Upo = — ) )
) n ZXZI: SZ(J%Y—ZI>

The log-potential for the uniform measure on the unit disk is

1 log || if |2] > 1

U(z) = —/ log |w — z|dw =
T JBc(0,1)

—2(1—1z]*) otherwise.

> s, (M),

(5.5)

(5.6)

From the above lines and Lemma 5.2.1, to establish Theorem 5.1.4 it suffices to show that

for almost every z € C, fR+ log(s)dv,, .(s) converges in probability to U(z).

As a first step we will establish the following:

Proposition 5.2.2 (Weak convergence of v, ,). For all z € C, v, , converges vaguely in

probability to a deterministic probability measure v, on Ry. That is, for any f € C.(R,)

and any € > 0,

P,z (f) = v=(f)] > €) = o(1)

(5.7)

where the rate of decay on the right hand side can depend on e, f. Furthermore, for all z € C
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the measures v, satisfy

/]R log(s)dv.(s) = U(z) (5.8)
where U(z) was defined in (5.6).

Remark 5.2.3. For the o(1) term in (5.7), in the proof we actually obtain the bound O(exp (—cpn?)),
with ¢ and the implied constant depending on f,¢ and z. With the Borel-Cantelli lemma
this implies that the measures v, . converge weakly to v, with probability one. However,

towards the proof of Theorem 5.1.4 we do not need this refinement.

In order to deduce from this the convergence of log-potentials U, (z), we will apply the
above proposition to a truncation f € C.(Ry) of the function s — log(s). To show that
the truncated integral fR+ fduv,, . is a good approximation of U, (z), we must prove that the

measures v, , uniformly integrate the singularities of s — log(s).

To handle the singularity at +o0o0 we need control of the largest singular value, i.e. the

operator norm. For this we have the following:

Lemma 5.2.4 (Operator norm bound). Let M = (§;;) be an n X n matriz whose entries
are jointly independent, centered, with &; = O(1) uniformly in i, j. Except with probability
O(e™), we have ||M|| = O(y/n).

The bounds above are stronger than what is needed for our present purposes, but will be

useful in subsequent sections when we seek control of the smallest singular value sn(\/%Y —
2I).

Proof. From [Lat05, Theorem 2] we have that E || M|| = O(y/n). Furthermore, as the function
M — ||M]| is a convex, 1-Lipschitz (with respect to the Euclidean (Hilbert-Schmidt) norm)
function on M, (C), from Talagrand’s isoperimetric inequality [Tal96, Theorem 6.6] (see
also [AGZ10, Corollary 4.4.11]), it is easily shown that ||M| = E | M| + O(1) except with
probability O(e~“"), and the result follows. ]

As a consequence, by the triangle inequality for operator norm we have

Corollary 5.2.5. Ezcept with probability O(e~") we have 51(\/%}/ —zI)=0,,(1).
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In Section 5.4 we will deduce the following two propositions from results in Chapters 2

and 4.

Proposition 5.2.6 (Smallest singular value). For any t > 0,
P(s,(Y — zy/npl) < tn™ %) <t +n /2 (5.9)

where the implied constant depends only on z and p.

Proposition 5.2.7 (Local Wegner estimate). There are constants ag,a1,as > 0 depending
only on p,z such that for all « € (0,1), except with probability O(exp(—aon®)), for all
i € [n®, a1n] we have

1 i
mi | —Y —2I) > as—. 5.10
’ <\/np z) “n (5.10)

Now we conclude the proof of Theorem 5.1.4 on Propositions 5.2.2, 5.2.6, 5.2.7 and
Corollary 5.2.5. Fix z € C. Here we will allow implied constants to depend on p and z. Our

aim is to show that for any ¢ > 0,
P(|vn,.(log) — yz(log)| >e) =o(1) (5.11)
with v, as in Proposition 5.2.2. From Corollary 5.2.5 we have
P(v,.([Co,00)) =0) =1 —0(1) (5.12)

for some Cy > 0 sufficiently large depending only on z. In particular, with Proposition 5.2.2

this implies that v, is supported on [0, Cp). For n > 0 small, let f, € C.(Ry) satisty

0 s € [0,n/2] U[2Cy, 00
e & [0,1/2)U 2y, o0)
log(s) s € [n,Cy

and take f, to be linearly increasing and decreasing on the intervals [r/2,n] and [Cy, 2Co],

227



respectively. From Proposition 5.2.2 we have that for any fixed €, > 0,

P,z (fn) = v=(fy)] > €) = o(1) (5.13)

so from (5.12) it only remains to show

/0 " og(8)]dvn.(s) = O("?) (5.14)

(say) for all n > 0 sufficiently small.

For ease of notation we write s; for s;(

left hand side of (5.14) as

WY — zI). Fix a € (0,1) arbitrarily. We write

LnO‘J

n—1

1

- 1 n—i]]-n—i_ 1 n—i 1 nz]]-nz_ . 5.15
PIILECIE Z|ogs )+ 3 ol 1(ss <m). (515)

1>n°‘

By Proposition 5.2.6, except with probability O(n~'/2), the first term on the right hand side
is bounded by O(n'~*logn) = o(1). By Proposition 5.2.7, taking n < ajas we have except
with probability O(exp (—aon®)), the second term is bounded by

' 1 AN e s 0.9
1 — - — —0.1gg = :
og (CLQTL)’ < - Z (agn) <</O s s=0(n"")

1<i<nn/a2

DY

1<i<nn/a2

which completes the proof.

5.3 Weak convergence of singular value distributions

In this section we prove Proposition 5.2.2. Following an approach of Tran, Vu and Wang

from [TVW13], we compare the signed rrd matrix Y with an iid matrix taking the form

Y = (bijéij)i<ijen = Bo X
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where the variables b;; are Bernoulli(p) indicator variables (recall that d = [pn]), jointly

independent of each other and of the matrix X. Note that the entries of \/Lﬁ? are iid

and centered with unit variance. Writing v,, , := %Z?:l 55-(Lf/—z1)7 it follows from the
N mp

Tao—-Vu circular law Theorem 5.1.1 and Lemma 5.2.1 that for all z € C the measures v, ,

converge weakly in probability to a deterministic probability measure v, satisfying (5.8).

(Alternatively one can deduce the weak convergence of v, , from the result of Dozier and

Silverstein [DS07]; the limit v, must satisfy (5.8) as it this holds for the case of real Gaussian
entries by the work of Edelman [Ede97].) In particular, we have that for any f € BC(R,),

so it suffices to show

]P)(|Vn,z<f) - Egn,z(f)l > 5) = 0(1) (517)

for any € > 0 and any f € C.(R,).

Now we describe the comparison method from [TVW13]. Define the event
Ena = {B € M,(d)} (5.18)

that the Bernoulli matrix B is the adjacency matrix of a d-regular digraph. Note that
B|&sa < A. Hence, to bound an event {A € My} for some set My C M,,(d), we can bound
the corresponding event {B € My} and apply the identity

P(B - Mo)

]P)(AEMO) = ]P)((c;nd>

(5.19)

together with a lower bound on P(&, 4). For this we have the following lemma of Tran:

Lemma 5.3.1 (Tran [Tra]). P(&,4) = exp (—O(nd'/?)) .

By the above lemma, (5.19) and (5.17), it suffices to show that for any f € C.(R,) and
any € > 0,

P(|Uno(f) = Evn.(f)] > ) =exp (- w(p1/2n3/2)). (5.20)
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We have hence reduced our task to proving a concentration bound for linear statistics of
the singular value distribution of the perturbed iid matrix \/%Tp? — zI. For this task we have

the following lemma, which follows from the work of Guionnet and Zeitouni in [GZ00]:

Lemma 5.3.2 (Concentration of linear statistics). Let H = (hi;j)i<ij<n be a Hermitian
random matrix, and assume the variables on and above the diagonal are jointly independent
and that |hy;| < K/v/n uniformly in i,j for some K € (0,00). Let f : R — R be an
L-Lipschitz function supported on a compact interval I C R, and let Hy be an arbitrary

deterministic n x n Hermaitian matriz. Then for any § > 0,

P (o)~ Eparsan (1] 2 8) = Sl esp (250 (5.21)

for some absolute constants C,c > 0.

Proof. For the case that Hy = 0, this follows directly from [GZ00, Theorem 1.3(a)]. For the
general case, the only part of the argument that needs modification is in the proof of their
Theorem 1.1(a), where we need to show that for f : R — R convex and L-Lipschitz, the
function H — pgim,(f) is a convex and O(L)-Lipschitz function on the space of Hermitian
matrices. However, this follows directly from their Lemma 1.2 and the fact that the convexity
and Lipschitz properties are invariant under translations H — H+ Hy. The rest of the proofs

of [GZ00, Theorem 1.1(a)] and [GZ00, Theorem 1.3(a)] apply with no modification. O

To apply this concentration estimate to the measures v, ., we recall the linearization
approach to the study of singular value distributions of random matrices. From Y we form
a 2n X 2n Hermitian matrix

H(z) = —— ! Yoy (5.22)

VP \ (Y — 2 mpl)* 0

It is routine to verify that the 2n eigenvalues of H(z), counted with multiplicity, are {£s; (\/Lnfp?—

zI)}7_;. In terms of empirical spectral measures, pp.) is the symmetrization across the ori-
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gin of the measure v, ., on Ry. From (5.20), it now suffices to show

P(lune(f) — Epcs (£)] > €) = exp (—w(p!2n*?)). (5.23)

for any € > 0 and any f € C.(R).

Fix such ¢ and f. As f is uniformly continuous, there exists § = §(g) > 0 such that
|f(s)— f(t)| < /10 whenever |s —t| < §. By linear interpolation on a é-mesh of the support
of f we may find a function f. € C.(R) with Lipschitz constant O(e/d) = O.(1), and such
that || f — fel|eo < €/10. It now suffices to show

P(lm)(fo) = Epne(fo)| > €/2) = exp (— w(p1/2n3/2)). (5.24)

Finally, we note that H(z) has the form H + Hj as in Lemma 5.3.2, with K = O(1//p),
H = H(0) and

0 —zI
Ho -
-2 0
Applying that lemma we have
P(|pme) (fo) = Epne (f)] >€/2) = Oa<exp (—c.n’p) > (5.25)

which gives (5.24) (with room to spare), to complete the proof of (5.7).

Remark 5.3.3 (Extension to sparse matrices). In the present work we are leaving p € (0, 1)
as a fixed parameter, but we note in passing that for the final bound (5.25) to beat the
desired bound (5.24), we simply need np — oco. However, for the above proof to apply with
p = o(1) we need a substitute for the convergence result (5.16), which we deduced from a
result concerning matrices taken whose entries are iid copies of a fixed random variable with

distribution independent of n. We will address this issue in a subsequent work.
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5.4 Bounds on small singular values

In this section we deduce Propositions 5.2.6 and 5.2.7 from Theorems 4.1.14 and 4.5.1 in
Chapter 4 on the singular values of random matrices with a broadly connected standard
deviation profile. First we use Theorem 2.1.5 in Chapter 2 to show that dense random

regular digraphs are broadly connected with high probability.

Proposition 5.4.1 (Random regular digraphs are broadly connected). Let p € (0,1) and
let A be a uniform random element of My(|np]). Then A is (p/2,p/8)-broadly connected

with probability 1 — Oy(e") for some ¢ > 0 depending only on p.

Proof. We may assume that n is sufficiently large depending on p. A clearly satisfies condi-
tions (1) and (2) in Definition 4.1.10 with = p/2 since every row and column has support
|np|. Now we verify condition (3). Let J C [n], and abbreviate Iy = Iy(J) = NX—’/Q)(J).

Since each column of A has support |np], we have

[np]|J] = ZZ%

=1 jeJ
=> NG NJ+ >IN N ]
i€y i1

< |lol[J| + (p/2)n]J]|

which rearranges to

1
|Io| > P~ O(1) > pn.

Thus, condition (3) is satisfied (deterministically) for any J of size at most c¢pn for a suffi-
ciently small absolute constant ¢ > 0. On the other hand, if |J| > n(1 — p/4) then we must
have [N (i) N J| > (p/2)n for all i € [n], so condition (3) also holds deterministically for any

J of size at least n(1 — p/4). So we may assume cpn < |J| < (1 — p/4)n. In particular,

(1+20)|J] = (1 + p/4)|J] <n (5.26)
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Suppose that |Io(J)| < (1 +v)|J|. Then
5| >n—Q+v)|J|=v|J|+n—(1+2v)J] > v|]]|

and

. 1.
eall, 7) = SO ING) 071 < SplI1

i€I§
Thus, on the event that |Io(J)| < (1 + v)|J| for some J C [n], there exists I C [n] such that
1] > p|J| and ea(I,J) < $p|I]|J|. But by Theorem 2.1.5 from Chapter 2, if we restrict to
the event G°(n) for n > 0 a sufficiently small constant then this occurs for fixed I, .J with
probability at most e~ for some ¢ > 0 sufficiently small depending only on p and all n
sufficiently large. Applying the union bound over all choices of I,J C [n] of the relevant

sizes we have
P(3J C [n] : [Lo(J)] < (1 + )| J]) < P(GP(n)°) + 4"~ < e (5.27)

for some ¢ > 0 sufficiently small depending only on p. O]

Now we can prove Propositions 5.2.6 and 5.2.7 using the results from Chapter 4. Fix
p € (0,1), z € C, let A, XY be as in Proposition 5.2.6, and write B := —z/npl, M =
Y + B. Conditional on any realization of A, by Corollary 5.2.5 we may restrict to the event
{I|M]| < K+/n} for some K = O, ,(1). By Proposition 5.4.1 we may further condition on A
lying in the event that it is (p/2, p/8)-broadly connected. Propositions 5.2.6 and 5.2.7 now
follow from Theorems 4.1.14 and 4.5.1.
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