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Abstract

Nonparametric Optimization with Objective Operational Statistics

by

Lian Yu

Doctor of Philosophy in Engineering-Industrial Engineering and Operations Research

University of California, Berkeley

Professor Andrew E. B. Lim, Chair

In the first part of this thesis, we study the non-parametric methods for estimation and
optimization. In particular, a new non-parametric method, objective operational statistics,
is proposed to inventory control problems, where the only information available is the
sample data and we do not assume any relationship between demands and order quantities.
A kernel algorithm based on objective operational statistics is constructed to approximate
the objective function directly from sample data. Moreover, we give conditions under which
the operational statistics approximation function converges to the true objective. Numerical
results of the algorithm with applications to newsvendor problem show that the objective
operational statistics approach works well for small amount of data and outperforms the
previous parametric and non-parametric methods. In the second part of this thesis, we
present a robust hedging problem under model uncertainty and the bounds of the optimal
objective value are derived by duality analysis.

Key Words: non-parametric method, operational statistics, inventory control, robust
hedging, duality
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Chapter 1

Introduction

In this thesis, we discuss two topics. The first of these is the introduction and analysis of
a new approach to non-parametric online optimization and learning which we call objective
operational statistics. The distinguishing feature of this approach is that it is a hybrid
between classical ”model based” methods that are built of strong modeling assumptions, and
the purely nonparametric ones which are completely model free. Specifically, this method
introduces problem structure and assumptions, but corrects for errors in the assumptions
as data is collected. The incorporation of (potentially incorrect) model structure improves
small sample performance, which correcting it brings favorable large sample behavior. In
this thesis, we will discuss this method, present some convergence properties, and present
a number of numerical tests.

The second part of the thesis continues along the line of decision making with model
uncertainty by presenting a model for robust dynamic hedging when there is model uncer-
tainty. The robust hedging problem is motivated by the difficulties associated with both
correctly choosing a model class and accurately estimating its parameters together with the
observation that dynamic hedging under an incorrect model can result in costly errors.

We now present further motivation for these topics and a review of the main results in
this thesis.

1.1 Objective operational statistics

Most of the research on stochastic modeling and optimization in operations research
and management science is model based. Standard model-based methods typically assume
a parametric family of distributions and assume full knowledge of parameters. In practice,
these parameters are estimated using data (e.g. Bayesian inference, point estimate, etc.),
and then the model is optimized using estimated model (see Azoury (8), Karlin (34), Scarf
(62)). However, it also well known that iterative estimation and optimization can result
in convergence to non-optimal decisions if the underlying modeling assumptions are incor-
rect. This phenomena was studied by Cooper, Homen-de-Mello and Kleywegt (15). The
context of their study is a revenue management problem where there are two customer
classes (”high paying” and ”low paying”) and a decision maker who has in his possession a
fixed number of airline tickets. The number of high and low paying customers that arrive
during each selling period is random and the decision maker needs to decide on the number
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of seats to be set aside for high paying customers so as to maximize expected revenue.
Models of this type have been used in the airline industry for many years, where it has
been observed that iterative estimation of the demand model parameters, and optimization
of the resulting model, results on the number of seats that are reserved for high paying
customers spiraling down to zero. Cooper, Homen-de-Mello and Kleywegt (15) showed that
such phenomena can be explained by iterative estimation and optimization of a model with
incorrect statistical assumptions. Similar situations happen in many problems where in-
correct modeling assumptions are made. This observation motivates the development of
methods which ”perform well” without strong modeling assumptions.

Non-parametric methods for inventory control problems are proposed and analyzed in
Levi, Roundy and Shmoys (41) and Huh and Rusmevichientong (32). The advantage of
the methods proposed in these papers is that convergence to the optimal inventory decision
can be guaranteed under relatively mild modeling assumptions. As such, these papers
propose methods that address spiral-down behavior. The limitation of these methods is
that by being essentially ”model free”, little information about problem structure is used.
Consequently, though convergence to the optimal decision can be guaranteed under mild
assumptions, convergence is slow and small sample behavior can be poor.

Motivated by these observations, we introduce in this thesis the notion of objective
operational statistics. Objective operational statistics can be viewed as a hybrid between
model-based and model-free methods. By incorporating model structure, which may be
only approximately correct, this method has improved small sample performance when
compared to typical non-parametric methods. Which distinguishes it from standard model
based methods, however, is that it systematically corrects for errors in the assumptions as
the quantity of data that has been collected increases. In this thesis, we provide a general
description of our algorithm and show how it can be used to learn the objective function
and optimal order quantity for a newsvendor problem with a potentially order-dependent
demand distribution. We make no assumptions about this dependence aside from continuity
(under some metric) of demand distribution on order quantity. We provide a mechanism
for choosing next period order quantity based on the current estimate of the profit function.
The mechanism is a randomized decision rule which balances the classical trade off between
exploration and exploitation.

In summary, the main contributions of this section of the thesis can be summarized as
follows:

(i) We introduce a new approach for learning the objective function and iteratively
making decisions called objective operation learning. This approach incorporates possibly
erroneous structural models but systematically corrects for modeling errors as the quantity
of collected data increases. We prove convergence of the approximation to the objective
function associated with this approach.

(ii) We apply this approach to several variations of the newsvendor problem including
the newsvendor problem with an order dependent demand distribution, and the newsven-
dor problem with censored demand. We show how kernels reflecting the quality of our
assumptions for each of these problems can be constructed.

(iii) We perform numerical tests of objective operational learning for both the newsven-
dor problem with order dependent demand and censored demand. These tests show superior
small sample performance when compared to methods that ignore problem structure as well
as asymptotic convergence to the optimal order quantity.
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1.2 Robust dynamic hedging

In the financial market setting, a common problem faced by an investor is that the world
is ambiguous with uncertainty. Many of research papers assume that the asset return follows
a stochastic process, and construct their hedging strategies based on these assumptions.
However, the financial market is uncertain and it is hard to fully characterize the asset
return process. The mean and volatility of the asset return are usually estimated from
historical data or based on subject beliefs. If these estimations are incorrect, the hedging
strategies could work poorly.

Therefore, many recent papers propose robust hedging strategies with uncertain volatil-
ities (see Mykland (47), Avellaneda etc.(5)). To approximate the asset return process, it is
typical to assume that the asset return follows a geometric Brownian motion, and they only
need to characterize the mean and volatility of the asset return. These models assume that
the mean return is known and volatility lies in some predictable intervals, and construct
the robust strategies along this line.

These models focus on pricing and do not provide an effective strategy for multi-period
problem. Our model in this thesis follows a similar setting where the volatility in each period
is unknown and belongs to a certain interval. The main difference between our model and
those in other papers is that we relate the duality of our min-max problem to an optimization
problem in an incomplete market. We solve for the single-period problem explicitly and
show how the bounds for multi-period problem are achieved backward dynamically using
the single-period result.

The rest of this thesis is organized as follows. In Chapter 2, we briefly go through some
non-parametric models and the multi-armed bandit problems. In Chapter 3, we introduce
objective operational statistics and its application to the newsvendor models. We then
construct an algorithm based on objective operational statistics and kernel learning and
prove the convergence of the objective function. Numerical experiments in Chapter 4 show
(amongst other things) that convergence appears to occurs quickly under our approach
and compare the performance of our method to parametric and non-parametric methods.
We show some preliminary methodology and numerical results for the objective operational
statistics with application in censored demand settings in Chapter 5. Chapter 6 covers some
previous work in robust hedging problems where an approximation to the optimal strategy
could be constructed by duality theorem. The conclusion comes in the last Chapter and
indicates some future works along this line.



4

Chapter 2

Literature Review

This chapter will explore the literatures on the non-parametric methods. In addition
some techniques in multiarmed bandit problems that we would need use in the thesis are
presented.

2.1 Research on non-parametric models

The traditional inventory control models assume that the decision maker has full knowl-
edge of the demand distribution and makes the ordering decisions based on this modeling
assumption. However, in practice, the true demand distribution is too complicated and
hard to estimate, and the only information available is a set of historical data.

The non-parametric approach constructs the ordering policies that are computed based
only on sample demand data without any access to the true demand distribution. Many
of the older papers on non-parametric methods in inventory control are without learning.
Such models find policies by bounding the worst case “loss” due to model error given a set of
permissible demand distributions, which could be constructed using some non-parametric
information about the underlying model. Scarf (61) considered a newsvendor problem
when only mean and variance of the demand distribution are known, and proposed a max-
min distribution free approach to derive the optimal ordering decision that maximizes the
expected profit under the worst case scenario of all demand distributions with that mean
and variance. Gallego and Moon (23) evaluated this max-min approach by calculating the
expected profit when the true demand is normally distributed, and provided a compact
new proof of the optimality of Scarf’s ordering strategy. They also pointed out several
application directions of this approach. Along this line, Moon and Gallego (45) used this
approach to solve for the optimal order policy for the continuous and periodic review models
with a mixture of backorders and lost sales.

Lim and Shanthikumar (39) adapted robust control models based on the notion of
relative entropy (Peterson, James and Dupuis (53)) to the problem of dynamic pricing of
a single uncertain resource. They assumed that the probability distribution is known to
lie within a given set of distribution family and represented the model uncertainty as the
entropy distance around a nominal distribution.

A less conservative approach called min-max regret analysis is proposed by Morris (46)
and then extended by Yue, Chen and Wang (66). The min-max approach balances the
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risks of ordering too little against ordering too much and hence is less conservative than the
max-min approach. In Yue’s paper, they used the expected value of distribution information
(EVDI) as a risk measure and computed the maximum EVDI over all permissible distri-
butions for any ordering decision to measure the robustness of the optimal policy. They
provided a procedure to calculate the optimal order quantity with min-max regret. Perakis
and Roels (52) set up a min-max regret criterion to derive a robust ordering policy that
minimize the decision maker’s maximum regret. They also gave insight into choosing the
“robust” probability distribution for the newsvendor model and illustrated some examples
for the general robust distributions could be used with partial information.

However, these non-parametric models without learning is not adaptive and can not
take advantage of the updated information. The non-parametric methods that includes
both learning and optimization have been studied in several recent papers. Levi, Roundy
and Shmoys (41) investigated the single-stage newsvendor problem and its multi-stage ex-
tension, and proposed a sampling average approximation (SAA) method to construct a SAA
counterpart of the problem. They assume that the demands in all periods are i.i.d. and
the optimal ordering policy is the one that minimizes the simple average cost with respect
to each sample demand. When new demand data are observed, the ordering policy is up-
dated dynamically. They showed that, with a specified confidence probability, the optimal
expected cost of this SAA counterpart has a small specified relative error, and provided
a general upper bound for the number of samples required to guarantee this convergence.
Moreover, the bounds only depended on the specified confidence probability and the relative
error but not on the specific demand distributions. In the multi-stage extension, they used
a dynamic programming framework to decompose the problem into a set of subproblems
backward dynamically. They then constructed an algorithm for solving the approximate
solutions for each subproblem.

Huh, Janakiraman, Muckstadt and Rusmevichientong (29) considered a periodic review
inventory control problem with lost sales and positive replenishment lead times. They
proposed a simple order-up-to policy and compared the long-run average holding and lost
sales costs of the best order-up-to policy to the optimal policy. They studied a retail example
with high lost sales cost to holding cost ratio and established asymptotic optimality of the
best order-up-to policy. The numerical experiments on the best order-up-to policy for
different demand distributions and cost parameters showed that the best order-up-to policy
performs well when the ratio between the lost sales cost and holding cost is high. In their
parallel work (30) on this base-stock policy, they assumed that the demand information is
censored, and developed a non-parametric adaptive algorithm that computes a base-stock
level in each period where the order-up-to level in period t depends only on the observed
demand data in the previous t−1 periods. This algorithm provided a framework to balance
the benefits of continuing the current policy and switching to a potentially policy. They
analyzed the long run average cost under this policy and showed that T -period running
average of the inventory holding and lost sales penalty cost converges to the cost of the
optimal base-stock policy at a rate of O(T 1/3).

Huh and Rusmevichientong (32) developed a non-parametric adaptive policy of in-
ventory planing with lost sales and censored demand. They studied two separate models
with excess inventory considered perishable or nonperishable. An unbiased estimate of a
subgradient of the cost function for each order quantity was computed using only censored
demand data. They then constructed an adaptive policy that adjusts the order-up-to level
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in the next period based on the estimated subgradient evaluated at the order-up-to level of
the current period. When the inventory was nonperishable, the order-up-to policy was con-
strained by the leftover inventory. They introduced a new proof technique by establishing a
connection between the application of the stochastic gradient method and the waiting time
process in a single server GI/D/1 queue, whose service time parameter is related to the
step size of the gradient descent method. Finally, they showed a convergence result that
the expected running average cost converges to the newsvendor benchmark cost at a rate
of O(T 1/2), which holds for both perishable and nonperishable inventory settings.

All these works are mainly concentrated on deriving adaptive policies that guarantee
certain asymptotic optimality, and they all assume i.i.d. demand. None of these papers in-
corporate structural information about the inventory problem, and it appears for this reason
that small sample performance of these methods is poor. A key difference of our approach is
to incorporate structural information into the learning with optimization. Structural infor-
mation is incorporated via a kernel and our methods does not require independence of de-
mand on order quantity. In statistics, kernel based learning is well known in non-parametric
density estimation and Nadaraya-Watson regression (see (48) and (65)). Though we also use
kernels, our task involves kernel learning and optimization, while non-parametric learning
is essentially an estimation problem.

The other issue we want to emphasize is the way we sample new data points (next order
quantities). Since exploration is the main concern in non-parametric learning, sampling of
new data points is substantially easier. In contrast we are concerned not only about learning
the objective function but also about making acceptable decisions which converge to the
optimal (the well known trade off between exploration and exploitation). Our approach
involves a sampling scheme in which decisions close to the optimal point are investigated in
more depth than data from other regions. Perhaps the work that is most closely related to
ours is works on multiarm bandits and online learning that capture the trade off between
exploration and exploitation, which will be discussed in next section.

2.2 Research on multiarmed bandit problems

The multiarmed bandit problem has been originally proposed as early as 1952 by
Robbins (56) and studied intensively since then in Operations Research, Economics and
Computer Science. In a multiarmed bandit problem, the goal of the decision maker is to
choose one alternative from a set of non-identical alternatives (arms) based on the historical
data that maximize the total payoff of the chosen arms. This setting is widely used to
model the trade-off between exploration (trying out each arm and gathering statistics) and
exploration (playing on the arm that he thinks is best) and has received much attention.
A long line of papers has been published on classical multiarmed bandit problem and its
variants. Auer, Cesa-Bianchi, Freund and Schapire(3) considered a adversarial case, where
no statistical assumptions are made about the reward distributions and the rewards are
only assumed chosen from a bounded range. The performance of the decision maker was
measured by the expected difference between the total rewards of the decision maker to
the total rewards of the best arm. They developed an exponential-weight algorithm for
exploration and exploitation, and proved that the regret of their algorithm on out of K
arms after T trails is at most O(

√
TK log K) and the average per-time-step regret converges
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to zero at a rate of O(
√

T ).
An interesting and relevant subset of work is on online convex optimization and continuum-

arm bandits. Kleinberg (35) adopt the online convex optimization algorithm to multiarmed
bandit problems with a continuum of strategies, and analyzed the nearly tight upper and
lower bound in this setting. Awerbuch and Kleinberg (7) generalized the multiarmed bandit
problem into an online linear optimization problem. They addressed two online algorithms
with one for solving any online linear optimization problem and the other specified for the
online shortest path problem. They introduced the notion of a barycentric spanner where
any feasible strategy could be expressed as linear combinations with bounded coefficient of
basis vectors. Their algorithm was showed to be efficient against oblivious adversary, and
the regret converged to zero sublinearly in time and polynomially in the number of arms.
Abernethy, Hazan and Rakhlin (1) used a self-concordant potential function to develop an
efficient algorithm for the online linear optimization problem and connected online learning
to interior point method in convex optimization. At rate of O(ploy(K)

√
T ), the regret

under their policy was showed to converge.
Pandey, Chakrabarti and Agarwal (50) study the multi-armed bandit prblems with

dependent arms for both discounted and undiscounted reward scenarios. They formulate
the dependencies as a generative model on clusters of arms and provide an optimal MDP-
based policy for the discounted reward case, which also gives simple approximation to
the optimal policy for the multi-armed bandit problem with independent arms. For the
undiscounted reward, they propose a general and computationally feasible two-level bandit
policy by first decoupling the problem in terms of clusters then choosing arms within that
selected cluster.

Unlike the work mentioned above our estimate of the objective function incorporates
useful, though possibly incorrect, assumptions about the problem when the data size is
small and drops these assumptions as the data size getting larger. The advantage of making
assumptions is that it reduces the variance of the objective function estimates (at the cost
of introducing bias when they happen to be incorrect) which improves the small sample
performance. Any structural assumption we make is smoothly dropped unlike some other
approaches described in (33) and (44). Kakade, Shalev-Shwartz and Tewari (33) provided a
Banditron algorithm for multiarmed bandit setting where the objective function is restricted
to belonging to a known (e.g. linear) subspace and a bound of O(

√
T ) on this algorithm.

Mersereau, Rusmevichientong and Tsitsiklis (44) imposed a linear structure such that the
expected reward of each arm is a linear function of a prior distribution and developed a
greedy policy with a cumulative Bayes risk over T periods bounded by O(log T ).

Further details on the differences between operational statistics and other non-parametric
approaches, as well as computational studies which show a substantial advantage of objec-
tive operational statistics over non-parametric regression for small sample sizes, are provided
in the body of the thesis.
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Chapter 3

Objective operational statistics and
its application in inventory control

In this chapter, we will propose a new non-parametric method for learning and stochas-
tic optimization called Objective Operational Statistics, and demonstrate some convergence
properties of this algorithm. Applications to various newsvendor problems are also dis-
cussed.

3.1 Objective operational statistics

We begin with a description of objective operational statistics and compare it to the
classical notion of non-parametric regression. Applications to the censored newsvendor
problem and newsvendor problems with demand-dependent demands will be discussed.

3.1.1 Description

Consider an optimization problem under uncertainty that is repeated indefinitely. At
each repeat, a decision y ∈ Y ⊆ R leads to a mean utility φ(y). Our problem is to find an
optimal decision

y∗ ∈ Y∗ ≡ arg max{φ(y) : y ∈ Y}

in situations when the function φ(y) remains the same in each repeat, but is unknown to the
decision maker. The optimal decision y∗ can not be found by solving a single optimization
problem but needs to be learned over time.

More formally, suppose that a decision Y (possibly generated using some randomized
mechanism) results in a random response X and an associated random utility V (e.g. order
quantity Y = y results in realized demand X, generated from some distribution that might
depend on Y = y, with realized profit V ). Naturally

φ(y) = E[V |Y = y], y ∈ Y.

If Yk denotes the decision at repeat k, with Xk and Vk the associated response and real-
ized utility, we would like to design a method for generating Yk (possibly randomly) given
knowledge of the history of decisions, responses, and utilities Fk = {(Yj , Xj , Vj), j =
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1, · · · , k− 1}, such that {Yk, k = 1, 2, · · · } converges to the optimal decision y∗. We would
like to guarantee convergence under mild assumptions about our knowledge of φ(y) and for
the method to perform well for small data samples.

If Yk = y, k = 1, 2, · · · is the same for each repeat, then by the strong law of large
numbers (SLLN), we have

lim
n→∞

1
n

n∑

k=1

Vk = φ(y), a.s.

3.1.2 Kernel-Based Learning

In non-parametric statistics, kernel smoothing, introduced in (60) for density estima-
tion, plays a crucial role. Asymptotic properties of kernel smoothing are studied in (51) for
the univariate case and in (12) for the multivariate case. (48) and (65) extended this idea
to non-parametric function regression. Therefore when φ is well behaved one may adapt
the idea of Nadaraya-Watson function regression to construct a smoothed objective
function as follows:

φ̃n(y) =
∑n

k=1 Vkκn(y, Yk)∑k
n=1 κn(y, Yk)

. (3.1)

Here the kernel κn satisfies the properties:

lim
n→∞κn(y, Yk) = 1, y = Yk,

lim
n→∞κn(y, Yk) = 0, y 6= Yk, (3.2)

and κn(y, Yk) is decreasing in |y−Yk|. When Y is discrete one may indeed choose κn(y, Yk) =
1, y = Yk; κn(y, Yk) = 0, y 6= Yk for all values of k and n. Another commonly used kernel,
when Y is continuous, is the Gaussian kernel κn(y, Yk) = exp{−1

2
(y−Yk)2

β2
n

} (where the
bandwidth parameter βn → ∞). If the decisions {Yk, k = 1, 2, } are independently and
uniformly sampled from Y, then with an appropriate rate of convergence for the kernel (see
(49) and (63)) we have

lim
n→∞ φ̃n(y) = φ(y), (a.s. as well as uniformly on Y). (3.3)

If estimation of φ(y) is the only focus, this approach is completely adequate. However, in
a decision making context, we want to choose the decisions {Yk, k = 1, 2, . . .} so that we
converge to an optimal solution in an efficient way.

Based on the set of observations {(Yk, Vk), k = 1, 2, . . . , n− 1} it is possible to devise
a learning algorithm that specifies Yn in a way that it eventually converges to an optimal
decision y∗ (that is, Yn → y∗ ∈ Y∗ as n →∞ a.s.).

While it is possible to devise algorithms which are completely data driven and blind to
any information or knowledge about the decision problem and converge asymptotically to
the optimal solution, small sample performance can be poor if problem if domain knowledge
is ignored.
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3.1.3 Constructing the structural model: Newsvendor problem with ob-
servable demand

Improved finite time performance can be achieved if problem specific domain informa-
tion is used in conjunction with data to construct the approximation φ̃n(y) of φ(y). We
illustrate these ideas in the context of the newsvendor problem.

Assume that the per-unit purchase cost of items being sold is c, the selling price is
s, there is no salvage value, and demand (including lost sales) can be observed. The de-
mand distribution may depend on the order quantity, though the precise nature of this
relationship is not known to the decision maker. All repeats are statistically identical. Our
data after n repeats is Fn = {(Yk, Xk, Vk), k = 1, · · · , n} where Yn = (Y1, Y2, . . . , Yn)
is the record of past decisions (order quantities), Xn = (X1, X2, . . . , Xn) are the resulting
observations (demands), and Vn = (V1, · · · , Vn) are the realized utilities (profits) for each
repeat. Observe that Vk = ψ(Yk, Xk) where

ψ(y, x) = smin{y, x} − cy, y ∈ Y ≡ [ymin, ymax].

Our goal at each repeat is to construct an approximation of the objective function φ̃n(y)
and to use this approximation to generate a new order quantity Yn+1. We would like the
sequence of orders to converge to the optimal order quantity y∗ and n → ∞ and for the
performance of the orders to be “good” even when the number of repeats is small. We begin
by proposing two possible approximations of for the profit function, explain why neither is
satisfactory, and build on this understanding to introduce the approximation that we finally
adopt.

An important component of the approximation that we adopt is the notion of retro-
spective utility which is a function of y defined as

ψ̂k(y, Xk) = ψ(y, Xk) = smin{y, Xk} − cy, y ∈ Y. (3.4)

ψ̂k(y, Xk) is an estimate of the profit we would have obtained in period k if y instead of Yk

happened to be the order quantity and the observed demand Xk remains unchanged even if
we make this switch (hence the term retrospective). More generally, the function ψ̂k(y, Xk)
is a sample of the random utility associated with an order quantity y.

For the first approximation, consider the special case where demands {X1, X2, . . .} are
i.i.d. and independent of the order quantity, inventory level etc., then ψ̂k is unbiased

E[ψ̂k(y, Xk) |Yk] = φ(y), ∀ y ∈ Y,

and strongly consistent

lim
n→∞

1
n

n∑

k=1

ψ̂k(y, Xk) = φ(y), a.s., y ∈ Y,

which suggests the following approximation of the profit function:

φ̃n(y) =
1
n

n∑

k=1

ψ̂k(y, Xk). (3.5)
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This approximation can be used to generate the decision Yn+1 for the next repeat. One
method is to choose Yn+1 ∈ arg max{φ̃n(y) : y ∈ Y}. In the case of i.i.d. and order-
independent demand, it can be shown that φ̃n(y) → φ(y) and Yn → y∗ ∈ Y∗ as n → ∞
which is in a large part due to ψ̂k(y, Xk) being an unbiased sample of the utility associated
with order quantity y. If demand depends on the order quantity, however, then ψ̂(y, Xk)
will be biased in that

φ(y) 6= E[ψ̂k(y, Xk) |Yk], when y 6= Yk,

and order quantities {Yk} generated using (3.5) will generally be inconsistent.
An alternative to the approximation (3.5) is to use Nadaraya-Watson regression (3.1)

and it is easy to devise (typically randomized) methods of generating {Yk} that converge to
the optimal solution, even if demand depends on the order quantity. One obvious difference
between Nadaraya-Watson regression (3.1) and the approximation (3.5) is that the retro-
spective utility ψ̂k(y, Xk) is not used, so information about the profit function captured in
the retrospective utility is ignored in the Nadaraya-Watson approximation.

Although the retrospective utility is biased, the information that ψ̂k(y, Xk) gives about
the utility φ(y′) can still be valuable if y and y′ are “close” together, or if there are few data
points. This naturally motivates the approximation

φ̃n(y) =
∑n

k=1 ψ̂k(y, Xk)κn(y, Yk)∑n
k=1 κn(y, Yk)

,

where κn(y, Y ) is a kernel. In contrast to Nadaraya-Watson regression, this approximation
uses information about the problem captured in the retrospective utility ψ̂k. In contrast to
equal weighting (3.5), it acknowledges the problem of bias by using the kernel to gradually
suppress the influence of functions ψ̂k(y, Xk) when Yk is far from y. We later propose a
randomized method for generating orders {Yk} that uses this approximation, and prove
convergence to the optimal solution even when the demand depends on the order quantity.
Our tests suggest that these orders perform better than those generated using Nadaraya-
Watson regression for a small as well as a large number of repeats.

3.1.4 Summary: Objective operational statistics

A key element of our approximation of φ(y) in the newsvendor problem is that it
incorporates domain information through a function ψ̂k(y, Yk, Xk). In the case of the
newsvendor problem, the function ψ̂k only used Xk; more generally, it can depend on all
the data from the first k repeats. The important property of ψ̂k is that it is unbiased when
y = Yk, namely

EXk

[
ψ̂k

(
y, (Yk−1, Yk), (Xk−1, Xk)

) ∣∣∣ (Yk−1, Yk), Xk−1

]∣∣∣
y=Yk

= φ(y).

Clearly, the art in choosing ψ̂k is such that the bias is small when y is close to Yk. Our
approximation of the objective function is of the form

φ̃n(y) =
∑n

k=1 ψ̂k(y,Yk,Xk)κn(y, Yk)∑n
k=1 κn(y, Yk)

, (3.6)
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where the function κn(y, Yk) is chosen to smooth out the contribution of terms where there
is bias as n →∞.

It is worth emphasizing the differences between the Nadaraya-Watson function regres-
sion (3.1) and the approximation (3.6): here we incorporate domain information through
the function ψ̂ while Nadaraya-Watson regression is blind to it. Another difference is that
the kernel in the approximation above need not be narrowly restricted to functions satis-
fying the classical definition (3.2). For some applications, such as the newsvendor problem
with censored demand, the definition of the kernel will have to be extended.

3.2 Operational statistics learning for newsvendor problem
with demand dependent on inventory

For the inventory problem described in Section 3.1.3, let Y denote the set of allowable
order quantities and D the support of the random demand. We assume for each repeat
that demand D, conditional on y, has cumulative distribution Fy(·). The expected profit
associated with y is

φ(y) = E[ψ(y, D) | y] =
∫

x∈D
ψ(y, x)dFy(x).

The goal is to find the optimal order quantity

y∗ = arg max
y∈Y

φ(y).

We are interested in the situation where the distribution function Fy(·) (and hence φ(y)) is
unknown to the decision maker. Instead, the decision maker’s ordering decision at repeat
n + 1 can only depend on the history of ordering decisions and the associated realizations
of demand and profits Fn = {(Yk, Dk, Vk) | k = 1, · · · , n − 1}. We make the following
assumptions:

Assumptions:

• Y and D are bounded.

• ψ(y, D) is bounded on Y ×D. Without loss of generality, we assume |ψ(y, D)| ≤ 1.

• There is a constant C < ∞ such that

|ψ(y, D1)− ψ(y, D2)| ≤ C|D1 −D2| (3.7)

for all y ∈ Y and D1, D2 ∈ D. (Is there a condition for continuity of ψ in y as well?

• Fy(·) is strictly monotonically increasing on D, for all y ∈ Y and hence has an inverse
F inv

y : [0, 1] → D. Furthermore, these exists a constant C < ∞ such that

sup
x∈[0, 1]

|F inv
y1

(x)− F inv
y2

(x) ≤ C|y1 − y2| (3.8)

for all y1, y2 ∈ Y.
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If the per-unit cost of ordering inventory is c and the per-unit selling cost is s, then

ψ(y, D) = smin{y, D} − cy.

It is easy to show that

|ψ(y, D1)− ψ(y, D2)| ≤ (s− c)|D1 −D2|
from which it follows that (3.7) holds.

3.2.1 Function Approximation

Given the data points {(yk, Dk)}n
k=1, we introduced in (3.6) a kernel-based approxi-

mation of the profit function φ(y). In the context of the inventory control problem just
described, this becomes

φ̂n(y) :=
∑n

k=1 ψ(y, Dk(yk))κn(y − yk)∑n
j=1 κn(y − yj)

for y ∈ Y. (3.9)

We now describe how this approximation can be used to generate an new order quantity
yn+1. When implementing this algorithm, we use a Gaussian kernel function with bandwidth

βn, κn(y1, y2) = κn(y1 − y2) = e
− (y1−y2)2

2β2
n , with βn decreasing to zero as n →∞. Following

this, we prove convergence of approximation function φ̂n(y) to the objective function φ(y)
for all y ∈ Y.

Algorithm 1 • Step 0. Initialization: We are given data for {(Dk(yk), yk), k = 1, . . . , n}
consisting of realizations of demand and the corresponding order quantity.

• Step 1. Kernel smoothing approximation: Construct an estimate φ̂n(y) using approx-
imation (3.9).

• Step 2. Objective function value estimation: Define the extreme values of the estima-
tion function curve as

φmax
n := max

y∈Y
φ̂n(y)

and
φmin

n := min
y∈Y

φ̂n(y).

Simulate a new sample profit for the next period by

φn := φmax
n + 1/γn · ln(U) (3.10)

where γn is a sequence which satisfies that γn → ∞ as n → ∞, and U is a uniform
[0, 1] random variable.

• Step 3. Sample information updates: Define the feasible set for yn as

Sn+1 := {y : φ̂n(y) ≥ φn; y ∈ Y}. (3.11)

Uniformly sample yn+1 for the next period over Sn+1. A new demand Dn+1(yn+1) is
observed under order quantity yn+1. Set n = n + 1 and go to step 1.
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Note that, in Step 3 of Algorithm 1, we sample a new profit φn as an exponential
random variable with a density

fφn(x) = γne−γn(φmax
n −x) for x ∈ (−∞, φmax

n ),

where the rate γn is increasing and goes to infinity as n → ∞. When n is large, we
choose with high probability an order quantity whose estimated profit is close to our esti-
mate of the maximum, φmax

n . Conversely, when the number of data points n is small, we
choose an order quantity far from the estimated optimal with higher probability. This is
an exploration-exploitation tradeoff with the balance between exploitation and exploration
being determined by γn and βn.

3.2.2 Convergence of the kernel algorithm

The following gives conditions on the kernel and the sampling mechanism which guar-
antee convergence of the approximation function generated by our algorithm to the objective
function.

Theorem 2 Assume that βn is a decreasing sequence that satisfies βn lnn → 0 as n →∞,
and γn is an increasing sequence that satisfies γn →∞ as n →∞. If

βn

n∑

k=1

e−γk ≥ lnn eventually a.s. (3.12)

then for any y ∈ Y, the kernel approximation φ̂n(y) converges to the expected profit function
φ(y) at a rate of

min
{(

βn(lnn)1/2
)−1

,
βn

∑n
k=1 e−γk

(n lnn)1/2

}
. (3.13)

With the given choice of γk the best rate is

O

((∑n
k=1 e−γk

n1/2 lnn

)1/2
)

(3.14)

provided

n1/4

(
n∑

k=1

e−γk

)−1/2

lnn → 0 (3.15)

and

n1/4

(
n∑

k=1

e−γk

)1/2

≥ lnn (3.16)

Before giving the main result in Theorem 2, we study the distribution property of the
sample order quantities {yk} generated by Algorithm 1.

Our first task is to show that the sample order quantities {yk} generated by Algorithm
1 have the property that the number of samples that appear in any interval of non-zero
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measure is infinite. Along these lines, let δ > 0, consider the random order quantity yk+1

generated in the (k + 1)th period, and define a stochastic process Nk
δ (y) such that

Nk
δ (y) =

{
1 if yk+1 ∈ (y − δ, y + δ)
0 otherwise

(3.17)

Clearly,
∑n

k=1 Nk
δ (y) counts the number of orders y1, . . . , yn generated by the algorithm

that have fallen in the interval (y − δ, y + δ) after n steps. We shall establish that the
sample order quantity lands in the interval (y − δ, y + δ) infinitely often for any y and δ by
showing that

∑∞
k=1 Nk

δ (y) = ∞. We do this by generating another sequence {Mk
δ (t)}∞k=1

of independent Bernoulli random variables with the property that Mk
δ (y) ≤ Nk

δ (y) with
probability 1.

Recall from Steps 2 and 3 of Algorithm 1 that the order quantity yk+1 is generated
according to a two-stage procedure. Firstly, given φmax

k and φmin
k (the extremal values of

the function estimate φ̂k(y)), we generate the random variable

φk , φmax
k +

1
γn

lnU

where U is uniform on [0, 1]. Consider the following cases:

• Case 1: φk ≥ φmin
k (equivalently U > e−γk(φmax

k −φmin
k ))

In this case, it follows from (3.11) that the new order quantity yk+1 is generated
uniformly on the set Sk+1 := {y : φ̂k(y) ≥ φk; y ∈ Y}, and we define Nk

δ (y) by (3.17)
and set Mk

δ (y) = 0. Clearly Mk
δ (y) ≤ Nk

δ (y).

• Case 2: φmax
k − 1 ≤ φk < φmin

k (equivalently U ∈ [e−γk , e−γk(φmaxk−φmin
k )]).

In this case, we sample yk+1 uniformly on the set of allowable order quantities Y and
set Nk

δ (y) according to (3.17) and Mk
δ (y) = 0. Clearly, Mk

δ (y) ≤ Nk
δ (y).

• Case 3: φk < φmax
k − 1 (equivalently U ∈ [0, e−γk ]).

In this case, we set

Mk
δ (y) = Nk

δ (y) =
{

1 if yk+1 ∈ (y − δ, y + δ)
0 otherwise

Clearly, Mk
δ (y) is a sequence of independent Bernoulli random variables such that

P
{

Mk
δ (y) = 1

}
=

2δ

|Y| · e
−γk for k = 1, 2, . . . , n.

Here we assume that the supporting measure for order quantity y satisfies |Y| = 1, then

P
{

Mk
δ (y) = 1

}
= 2δe−γk for k = 1, 2, . . . , n (3.18)

We now consider a decreasing interval (y− βn, y + βn), where βn is defined in Algorithm 1,
then establish the following result.
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Lemma 3 Let Rn =
∑n

k=1 Nk
βn

(y) and bn = (δn/2)
∑n

k=1 e−γk . Assume that bn ≥ lnn
eventually, then the decreasing sequence βn defined in Algorithm 1

Rn ≥ bn eventually a.s. (3.19)

Proof: Consider the independent Bernoulli random variable Mk
βn

(y) with success proba-
bility 2βne−γk for k = 1, . . . , n. By construction

n∑

k=1

Mk
βn

(y) ≤ Rn a.s.

so it follows that

P{Rn ≤ bn} ≤ P

{
n∑

k=1

Mk
βn

(y) ≤ bn

}
= P

{
e−
Pn

k=1 Mk
βn

(y) ≥ e−bn

}

≤
∏n

k=1 E
[
eMk

βn
(y)

]

e−bn
=

∏n
k=1 (1− 2(1− 1/e)e−γkβn)

e−bn

By Borel-Cantelli lemma, to show that Rn ≥ bn eventually almost surely, it is sufficient to
show that

∑∞
n=1 P{Rn ≤ bn} < ∞. From the above calculation, a sufficient condition for

this to happen is ∏n
k=1(1− 2(1− 1/e)e−γkβn)

e−bn
∼ O

(
n−(1+p)

)
(3.20)

for some p > 0, or equivalently,

ln
(∏n

k=1(1− 2(1− 1/e)e−γkβn)
e−bn

)
≤ (1 + p) ln n (3.21)

eventually for some p > 0. Simplifying and noting that for 0 < x < 1, ln(1 − x) < −x,
(3.20) is true if

−2(1− 1/e)βn

n∑

k=1

e−γk + bn + (1 + p) ln n ≤ 0

which is equivalent to
−(3− 4/e)bn + (1 + p) ln n ≤ 0

which is true if the assumption in the lemma is satisfied.
Intuitively, bn is the expected number of data points falling in the interval (y− βn, y +

βn), and Lemma 3 gives conditions on bβn such that infinitely many samples of the sequence
{yn} falls into the interval (y − βn, y + βn) as n → ∞. We now show that this implies
convergence of the objective function estimate φ̂n(y) to the true objective function φ(y).
Our proof also uses the following result. Consider any past order quantity yk that is the
region |y−yk| < δn, since Fyk

(Dk) is uniformly distributed on [0, 1] (where Dk is the random
demand associated with order quantity yk), then F inv

y (Fyk
(Dk)) generates a sequence of i.i.d.

random variables with distribution Fy(·). With these i.i.d. demands, we have

E[ψ(y, F inv
y (Fyk

(Dk)))] = φ(y)
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for all k with |y − yk| < δn. Define a sequence of i.i.d. random variable

Xk := ψ(y, F inv
y (Fyk

(Dk)))− φ(y) (3.22)

clearly, E[Xk] = 0. Consider also a triangular array of random variables {An,k, 1 ≤ k ≤
n, n ≥ 1} such that

An,k := κn(y − yk)1{|y−yk|<δn}. (3.23)

Let Fk be the filtration generated by {D1, , D2, . . . , Dk} ∪ G, where G contains all other
random variables of interest (e.g. uniform random variables which decide exploration versus
exploitation tradeoff). Note that An,k is measurable with respect to filtration Fk−1 and
E[Xk|Fk−1] = 0. Now define the process Hj as follows

Hj =





∑j
k=1 An,kXk 1 ≤ j ≤ n

Hn j > n
0 j = 0

(3.24)

Proposition 4 The process {Hj} is a martingale with respected to the filtration Fj, and

Hn ≤ 2(n lnn)1/2 eventually a.s. (3.25)

Proof: Clearly Hj is adapted to the filtration Fj and |Hj | ≤ j < ∞. For 1 ≤ j ≤ n

E [Hj |Fj ] = E [Hj−1 + An,jXj |Fj ] = Hj−1An,jE[Xj ] = Hj−1.

Hence Hj is a martingale. Since

|Hj −Hj−1 ≤ |An,j | · |Xj | ≤ 1,

Azuma’s inequality implies

P
{
|Hn −H0| ≥ 2(n lnn)1/2

}
= P

{
|Hn| ≥ 2(n lnn)1/2

}
≤ 2 exp

(
−4n lnn

2
∑n

j=1 1

)
=

2
n2

It now follows from the Borel-Cantelli lemma that Hn ≤ 2(n lnn)1/2 eventually a.s.
We then are ready to give the conditions that ensure the strong convergence of the

Gaussian kernel algorithm to the expected profit function and prove Theorem 2.
Proof of Theorem 2: Consider the nth iteration of the algorithm and consider any
potential order quantity y ∈ Y. Assume that y is fixed and consider the small interval
(y − δn, y + δn), where we choose a decreasing sequence {δn} in such a way that δn → 0 as
n →∞ and δn ≥ βn eventually almost surely. We split the random sample order quantity
yk into two regions |y − yk| ≥ δn and |y − yk| < δn for k = 1, . . . , n, and rewrite the kernel
approximation function φ̂n(y) into two parts.

φ̂n(y) =

∑n
k=1 ψ(y, Dk(yk))κn(y − yk)1{|y−yk|<δn} +

∑n
k=1 ψ(y, Dk(yk))κn(y − yk)1{|y−yk|≥δn}∑n

j=1 κn(y − yj)
.
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Now we are interested in the limit of the following function
∑n

k=1 κn (y − yk)
(
ψ(y, Dk)− ψ

(
y, F−1

y (Fyk
(Dk))

))
1{|y−yk|<δn}∑n

k=1 κn (y − yk)
(
:= S1

n

)

+

∑n
k=1 κn (y − yk)

(
ψ

(
y, F−1

y (Fyk
(Dk))

)− φ(y)
)
1{|y−yk|<δn}∑n

k=1 κn (y − yk)
(
:= S2

n

)

+

∑n
k=1 κn (y − yk) (ψ(y, Dk)− φ(y)) 1{|y−yk|≥δn}∑n

k=1 κn (y − yk)
(
:= S3

n

)

and will prove that each of the terms in the above equation converges to zero.
By assumption (3.8) on the inverse of the demand, when |y − yk| < δn, then

sup
x
|F inv

yk
(x)− F inv

y (x)| < Cδn

for some C > 0. Then, for a sample demand Dk(yk), it is also bounded by

|Dk(yk)− F inv
y (Fyk

(Dk))| = |F inv
yk

(Fyk
(Dk))− F inv

y (Fyk
(Dk))| < Cδn.

Since the profit function is Lipschitz continuous over D, then

|ψ(y, Dk(yk))− ψ(y, F inv
y (Fyk

(Dk)))| ≤ C ′δn

for some C ′ > 0. It now follows that

|S1
n| ≤ C ′δn

∑n
k=1 κn(y − yk)1{|y−yk|<δn}∑n

j=1 κn(y − yj)
≤ C ′δn (3.26)

Since {δn} is chosen so that δn → 0, it follows that |S1
n| → 0 a.s.

We will now prove the convergence of S2
n. If we choose the sequence δn such that

δn ≥ βn eventually almost surely, we have

κn(y − yj)1{|y−yj |<δn} ≥ κn(y − yj)1{|y−yj |<βn} ≥ e−1/2N j
βn

(y).

Hence
n∑

k=1

An,j ≥ e−1/2Rn ≥ e−1/2bn a.s. (3.27)

where the last inequality follows from lemma 3. By the definitions of Xk and An,k

|S2
n| =

∑n
k=1 An,kXk∑n

j=1 κn(y − yj)
≤ Hn∑n

j=1 An,j

where Hn is defined in (3.24). It now follows from Proposition 4 and (3.27) that

|S2
n| ≤

4(n lnn)1/2

e−1/2bn
= 4e1/2(bn)−1(n lnn)1/2 eventually a.s. (3.28)

To prove the convergence of S3
n, it follows from the assumption that ψ(·) and φ(·) are

bounded by 1

|S3
n| ≤

2
∑n

k=1 κn(y − yk)1{|y−yk|≥δn}∑n
j=1 κn(y − yj)

≥ 2
∑n

k=1 κn(y − yk)1{|y−yk|≥δn}∑n
j=1 An,j

.
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Choosing numerator ≤ 2ne−δ2
n/(2β2

n), it follows that

|S3
n| ≤ 2e1/2(bn)−1ne−δ2

n/(2β2
n) eventually a.s. (3.29)

From (3.26), (3.28) and (3.29), a sufficient condition for convergence is

max
(
C ′δn, 2e1/2(bn)−1(n lnn)1/2, 2e1/2(bn)−1ne−δ2

n/(2β2
n)

)
→ 0

and if that hold the rate of convergence is inverse of

max
(
C ′δn, 2e1/2(bn)−1(n lnn)1/2, 2e1/2(bn)−1ne−δ2

n/(2β2
n)

)
. (3.30)

Consider the choice δn = 2βn(lnn)1/2, this assures that

2e1/2(bn)−1ne−δ2
n/(2β2

n) ≤ 2e1/2(bn)−1(n lnn)1/2

eventually. Substituting the value of bn from lemma 3, we get the convergence rate is in
order of the inverse of

max


C ′βn, 2e1/2n1/2

(
βn

n∑

k=1

e−γk

)−1

 (lnn)1/2. (3.31)

For a given choice of γk, best convergence rate is achieved by equating the rate of these two
terms, which simplifies to

βn = C ′′n1/4

(
n∑

k=1

e−γk

)−1/2

(3.32)

for some constant C ′′. The convergence rate is

O

((∑n
k=1 e−γk

n1/2 lnn

)1/2
)

.

Hence, we establish that the kernel algorithm converges to the true expected profit
function if there exists sequences of βn an γn satisfy condition (3.12) for βn → 0 and
γn → ∞ as n → ∞. This ensures that with no assumption on the demand distributions,
the kernel approximation shows the true objective.

3.2.3 Example: O
(

n1/4

(ln n)1/2

)
Convergence rate

This section gives an example the sequence of parameters βn and γn that satisfy the
convergence condition for Algorithm 1, and shows that a convergence rate of O

(
n1/4

(ln n)1/2

)

could be achieved.
Since γn is increasing with respect to n, then we have

βn

n∑

k=1

e−γk ≥ nβne−γn .
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For the choice of γk = ln(ln k), the conditions (3.15) and (3.16) are satisfied. Also we notice
that with a proper choice of the decreasing sequence βn the convergence condition (3.12)
holds. Hence a convergence rate of

O

((
ne−γn

n1/2 lnn

)1/2
)

= O

(
n1/4

(lnn)1/2

)

can be achieved.

3.3 Chapter summary

We have a new non-parametric method for optimization and estimation called objective
operational statistics. The distinguishing feature of this method is that it incorporates
domain information through the approximation for objective function, but systematically
corrects for errors in the model as data is collected. The use of domain information is
intended to reduce the variance of the function estimate when the data size is small. We
showed how this method can be applied to objective function approximation for newsvendor
problems with order dependent demand, and showed convergence of the approximation to
the true objective function. We note however that convergence of the sequence of generated
order quantities to the optimal remains an open issue.
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Chapter 4

Numerical analysis of objective
operational statistics

In this chapter, we conduct three numerical tests on objective operational statistics
algorithm to evaluate the performance of the models that we have analyzed previously.
Firstly, we test on the approximated objective function curve under OS algorithm in both
demand dependent on inventory and i.i.d. demand settings. Secondly, we compare the
average performance of OS method to parametric method as well as some Nadaraya-Watson
regression based methods in several dependence levels between demand and inventory. We
compute the mean and variance of the percentage loss of the objective function value under
the policies under these methods to the optimal objective function value and compare these
policies with different sample sizes. Finally, we analyze the convergence properties and
sensitivity of the OS algorithm with respect to the parameters.

4.1 The OS method in demand dependent on inventory and
i.i.d. demand settings

For the purpose of this test, we consider the newsvendor inventory control problem
where the demand is assumed to be exponentially distributed, but the demand might depen-
dent on inventory. Items are purchased at $0.2 and sold at $1. All decisions are constrained
to order quantities lying in the interval Y = [0, 120].

In this first scenario, we assume that demand is generated using an exponential distri-
bution with mean

θ(y) = 60− 45e−0.004y

where y is the order quantity at on the current time. Therefore, the demand X depends
on order quantity Y through the mean θ(y). We start with n sample data (order-quantity,
demand) pairs (Y1, X1), . . . , (Yn, Xn), where Yi is uniformly generated over Y and Xi

is generated as an exponential with mean θ(Yi) for i = 1, . . . , n. We will make the next
ordering quantities based on this sample data. The OS algorithm works as follows: construct
an approximation for the expected profit curve according to (3.9); choose an order quantity
Yn+1 for that realization; and then sample a new demand Xn+1 with mean θ(Yn+1). The
algorithm then proceeds with n + 1 sample data pairs.
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Figure 4.1: The approximated objective curve under OS method in decision driving demand setting.

We use a bandwidth βn for the Gaussian kernel in the algorithm and a rate γn for the
exponentially decreasing probability over the approximated profit function curve φ̂n(y). We
choose that parameters βn = 5n−0.2 and γn = 0.5 ln(n), starting from n = 10, and process
the OS algorithm until n = 100. We plot the OS approximation function with n = 100 and
compare to the true expected profit function in Figure 4.1. The optimal order quantity y∗

corresponds to the one that maximizes the true objective function curve, and the ordering
decision under OS method corresponds to the one that maximizes the approximation curve.
Figure 4.1 shows that, in the demand dependent on inventory setting, optimal order quantity
for the profit function approximation is close to that of the true profit function.

The second scenario investigates the performance of the OS algorithm when the demand
is i.i.d., where we assume that the demand follows an exponential distribution but with a
constant mean θ = 24. Once again, the OS algorithm starts from a number of sample
data pairs and proceeds as previously described. With i.i.d. demand, we generate the
each demand Xi exponentially with mean θ, and Yi is generated uniformly over Y for i =
1, . . . , n. We proceed with the OS algorithm as described previously with same parameters
except for generating Xi as i.i.d. exponential with constant demand in the final step. The
approximated profit function curve is plotted with n = 100 together with the true expected
profit function and shown in Figure 4.2. The difference between these two curves is quite
small and the approximation function provides a good estimation for optimal order quantity
y∗. Thus, when demand is independent of order quantity, the OS method also appears to
work well.

Our tests illustrate that the OS method performs well for both demand dependent on
inventory and i.i.d. demand settings, while the parametric method converges to non-optimal
order quantities when the incorrect modeling class is assumed. In addition, the OS method
shows promising small sample performance.
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Figure 4.2: The approximated objective curve under OS method in i.i.d. demand setting.

4.2 Comparison of OS method with parametric and non-
parametric methods

We compare the policies derived from OS method to those from parametric and some
Nadaraya-Watson regression based non-parametric methods under different dependence lev-
els between demand and order quantity. For each method, we make the ordering decision
based on its approximated profit function curve, and compute the percentage loss of the
objective function value under this policy. Then, we use the mean and variance of the
percentage loss to evaluate the performance of these methods. We will start with the com-
parison of OS method and parametric method.

4.2.1 OS method v.s. parametric method

In this subsection, we compare the OS method to a classical model based approach
under both i.i.d. demand and demand dependent on inventory settings. We consider two
decision makers:

(i) a decision maker using Algorithm 1 with parameters (βn, γn) = (n−0.2, 0.5 ln(n)); and

(ii) a decision maker who assumes that the demand is i.i.d exponential and independent of
order quantity. Each ordering decision {Yn} is made by estimating the mean demand
θ̂n =

∑n
i=1 Xi and setting the next order quantity yn = θ̂n.

We compute the average performance of these two decision makers for different scenarios.
Firstly, we assume that the demand is i.i.d. and independent of the order quantity.

Suppose that the true demand is generated using an exponential distribution with mean
θ = 65 + k/2 for negative and positive k values. But both decision makers do not have any
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information about the demand distribution and make their ordering decisions based on the
rules we have stated. All decisions are lying in the interval Y = [0, 120 + 2(k + 40)]. We
start with the same sample data (order-quantity, demand) pair of (Y1, X1) for both decision
makers, where Y1 is generated uniformly from Y.

Table 4.1-4.3 summarize the results. The columns labeled “mean” show the mean
percentage loss for each of these decision makers for different numbers of repeats as a pro-
portion of maximum profit under the true data generating model. The “variance” columns
refer to the deviation of the percentage loss in profit corresponding to each approach. For
each k value, we compare the mean and variance deviations of both methods with a set of
data sizes. There are some notable issues from our observation:

• Both method converge to the optimal policy with n increases.

• The parametric method dominates over all the tests and the average percentage loss
falls with 1% with only 50 sample data for almost all k’s.

The parametric method performs well when its assumptions are correct (i.e. the de-
mand is i.i.d.). However, as pointed out by Cooper, Homen-de-Mello and Kleywegt (15),
errors in modeling assumptions can result in poor behavior, and we are consequently inter-
ested in the robustnedd of different methods to errors in modeling assumptions.

In the following experiment, we assume that the demand is exponential, but the mean
depends on order quantity

θ(y) = 60 + ke−0.004y

where k can be positive or negative, and represents the nature of the dependence between
demand and order quantity. All decisions are lying in the interval Y = [0, 200 + 2k]. Each
simulation starts with the same (order-quantity, demand) pair of (Y1, X1), where Y1 is
generated uniformly from Y, and X1 is generated exponentially with mean θ(Y1).

We present the simulation results in Table 4.4-4.6. The convergence rate of the para-
metric method decreases as |k| increases; while the rate of the OS method is more stable.
When the demand depends on order quantity, the i.i.d. assumption on the parametric
method is incorrect. For large |k| (e.g. k = −40, 40, 100), the OS method outperforms
the parametric model as the sample data size increasing. Not surprisingly, the parametric
model does not converge to the optimal order quantity except in the case when the demand
is independent of the order quantity (k = 0). The OS approach seems to perform well over
all values of k.

In summary, the OS method performs well over the range of models we have tested, and
though the parametric model outperforms it when demand is iid, the parametric method
fails to converge to the correct solution when the independence assumptions are violated.

4.2.2 OS method v.s. methods based on Nadaraya-Watson regression

The comparison of OS method and other non-parametric methods is also of interest in
our numerical study. We compare the OS method to two alternatives which use Nadaraya-
Watson function approximation in place of (3.9). Specifically, we consider three decision
makers:

(i) a decision maker using Algorithm 1 with parameters (βn, γn) = (n−0.2, 0.5 ln(n));
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k= -40
number of OS algorithm Parametric algorithm
iterations mean variance mean variance
5 0.1785 0.0547 0.0979 0.0161
10 0.1097 0.0269 0.0505 0.0042
15 0.0655 0.0113 0.0361 0.0026
20 0.0549 0.0096 0.0237 0.0011
25 0.0437 0.0078 0.0220 0.0010
50 0.0246 0.0023 0.0072 1.0846e-004
75 0.0135 8.6699e-004 0.0054 5.5526e-005
100 0.0100 3.5216e-004 0.0046 3.7111e-005
125 0.0088 8.5660e-004 0.0035 2.6329e-005
150 0.0079 3.5740e-004 0.0010 2.2676e-006
500 0.0017 7.3525e-006 0.0011 1.3466e-006

k= -25
number of OS algorithm Parametric algorithm
iterations mean variance mean variance
5 0.1466 0.0253 0.1100 0.0206
10 0.1129 0.0160 0.0505 0.0042
15 0.0780 0.0097 0.0378 0.0028
20 0.0662 0.0087 0.0261 0.0011
25 0.0555 0.0065 0.0233 0.0011
50 0.0376 0.0051 0.0101 1.7938e-004
75 0.0199 0.0012 0.0064 8.7115e-005
100 0.0187 0.0017 0.0055 5.6569e-005
125 0.0134 8.8426e-004 0.0039 3.0694e-005
150 0.0113 6.4862e-004 0.0033 2.1255e-005
500 0.0031 6.0408e-005 0.0011 2.5034e-006

k= -10
number of OS algorithm Parametric algorithm
iterations mean variance mean variance
5 0.1424 0.0208 0.0959 0.0142
10 0.1101 0.0118 0.0543 0.0048
15 0.0854 0.0088 0.0353 0.0023
20 0.0764 0.0066 0.0300 0.0021
25 0.0588 0.0051 0.0216 8.6340e-004
50 0.0390 0.0033 0.0099 2.0803e-004
75 0.0312 0.0023 0.0061 7.7432e-005
100 0.0248 0.0018 0.0057 6.1754e-005
125 0.0187 0.0012 0.0043 3.1024e-005
150 0.0190 0.0016 0.0036 3.0935e-005
500 0.0058 1.2218e-004 0.0010 2.1241e-006

Table 4.1: Comparison of OS and parametric method with i.i.d. demand
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k= 0
number of OS algorithm Parametric algorithm
iterations mean variance mean variance
5 0.1522 0.0251 0.0982 0.0155
10 0.1052 0.0109 0.0444 0.0032
15 0.0882 0.0074 0.0336 0.0022
20 0.0782 0.0061 0.0258 0.0013
25 0.0677 0.0048 0.0232 0.0010
50 0.0411 0.0027 0.0112 2.2430e-004
75 0.0365 0.0023 0.0061 9.2216e-005
100 0.0281 0.0014 0.0053 5.5524e-005
125 0.0196 0.0011 0.0041 3.1713e-005
150 0.0168 0.0011 0.0035 2.8791e-005
500 0.0072 2.1346e-004 0.0010 2.4628e-006

k= 10
number of OS algorithm Parametric algorithm
iterations mean variance mean variance
5 0.1594 0.0239 0.0894 0.0141
10 0.1050 0.0095 0.0493 0.0045
15 0.0885 0.0070 0.0350 0.0020
20 0.0753 0.0055 0.0267 0.0012
25 0.0697 0.0052 0.0204 8.9229e-004
50 0.0463 0.0026 0.0097 2.0401e-004
75 0.0366 0.0020 0.0073 9.4098e-005
100 0.0296 0.0016 0.0051 4.8770e-005
125 0.0245 8.6804e-004 0.0046 4.4058e-005
150 0.0196 8.6074e-004 0.0036 2.8430e-005
500 0.0088 3.5420e-004 0.0010 2.4691e-006

k= 25
number of OS algorithm Parametric algorithm
iterations mean variance mean variance
5 0.1508 0.0264 0.1034 0.0172
10 0.1150 0.0128 0.0514 0.0053
15 0.0859 0.0067 0.0355 0.0020
20 0.0822 0.0074 0.0282 0.0018
25 0.0773 0.0055 0.0215 9.0444e-004
50 0.0495 0.0026 0.0103 2.1102e-004
75 0.0382 0.0015 0.0060 6.7830e-005
100 0.0309 0.0015 0.0054 5.4006e-005
125 0.0242 0.0012 0.0045 3.9524e-005
150 0.0208 0.0012 0.0038 2.6534e-005
500 0.0118 3.8437e-004 0.0011 2.1346e-006

Table 4.2: Comparison of OS and parametric method with i.i.d. demand (cont.)
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k= 40
number of OS algorithm Parametric algorithm
iterations mean variance mean variance
5 0.1400 0.0219 0.0947 0.0163
10 0.1165 0.0123 0.0557 0.0053
15 0.1028 0.0092 0.0313 0.0018
20 0.0934 0.0070 0.0260 0.0014
25 0.0739 0.0045 0.0228 0.0012
50 0.0565 0.0032 0.0096 1.8012e-004
75 0.0462 0.0019 0.0069 8.6602e-005
100 0.0373 0.0016 0.0052 5.2417e-005
125 0.0296 0.0013 0.0043 4.1118e-005
150 0.0226 0.0011 0.0035 2.4401e-005
500 0.0133 3.5277e-004 0.0012 3.0787e-006

k= 100
number of OS algorithm Parametric algorithm
iterations mean variance mean variance
5 0.1479 0.0287 0.1102 0.0244
10 0.1196 0.0159 0.0481 0.0043
15 0.1109 0.0126 0.0316 0.0016
20 0.1092 0.0119 0.0279 0.0015
25 0.1030 0.0100 0.0221 8.3516e-004
50 0.0704 0.0045 0.0099 1.8770e-004
75 0.0545 0.0036 0.0070 9.7048e-005
100 0.0450 0.0025 0.0052 4.4362e-005
125 0.0407 0.0019 0.0040 3.4027e-005
150 0.0348 0.0013 0.0034 1.9460e-005
500 0.0222 4.7683e-004 9.4743e-004 1.6464e-006

Table 4.3: Comparison of OS and parametric method with i.i.d. demand (cont.)
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k= -40
number of OS algorithm Parametric algorithm
iterations mean variance mean variance
5 0.1406 0.0213 0.1245 0.0185
10 0.1026 0.0099 0.0852 0.0067
15 0.0871 0.0071 0.0745 0.0060
20 0.0848 0.0063 0.0544 0.0031
25 0.0701 0.0047 0.0583 0.0028
50 0.0556 0.0023 0.0513 0.0016
75 0.0490 0.0016 0.0468 9.6457e-004
100 0.0415 0.0012 0.0457 8.0172e-004
125 0.0429 0.0011 0.0442 6.4474e-004
150 0.0393 8.0348e-004 0.0429 5.0906e-004
500 0.0223 2.6092e-004 0.0410 1.4261e-004

k= -25
number of OS algorithm Parametric algorithm
iterations mean variance mean variance
5 0.1505 0.0220 0.1001 0.0142
10 0.1035 0.0101 0.0670 0.0076
15 0.0877 0.0077 0.0434 0.0030
20 0.0711 0.0049 0.0350 0.0015
25 0.0684 0.0043 0.0301 0.0014
50 0.0396 0.0017 0.0227 6.7748e-004
75 0.0336 0.0016 0.0171 3.4668e-004
100 0.0265 0.0010 0.0155 2.3456e-004
125 0.0268 9.4475e-004 0.0155 2.3546e-004
150 0.0238 7.3326e-004 0.0132 1.5984e-004
500 0.0124 1.1721e-004 0.0127 3.8455e-005

k= -10
number of OS algorithm Parametric algorithm
iterations mean variance mean variance
5 0.1469 0.0216 0.2563 0.0493
10 0.1074 0.0109 0.0463 0.0039
15 0.0852 0.0079 0.0377 0.0022
20 0.0698 0.0055 0.0245 0.0010
25 0.0652 0.0049 0.0226 9.2616e-004
50 0.0433 0.0029 0.0111 2.1933e-004
75 0.0401 0.0034 0.0078 1.0414e-004
100 0.0277 0.0017 0.0068 7.7115e-005
125 0.0225 0.0012 0.0056 5.3500e-005
150 0.0193 9.1539e-004 0.0047 4.4956e-005
500 0.0066 1.3093e-004 0.0023 7.8986e-006

Table 4.4: Comparison of OS and parametric method with demand dependent on order quantity
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k=0
number of OS algorithm Parametric algorithm
iterations mean variance mean variance
5 0.1531 0.0236 0.2928 0.0578
10 0.1048 0.0118 0.0474 0.0042
15 0.0887 0.0091 0.0378 0.0026
20 0.0761 0.0074 0.0251 0.0012
25 0.0651 0.0062 0.0201 7.7216e-004
50 0.0445 0.0035 0.0120 3.3832e-004
75 0.0358 0.0030 0.0070 8.5582e-005
100 0.0274 0.0023 0.0057 5.2808e-005
125 0.0228 0.0015 0.0044 3.6611e-005
150 0.0201 0.0011 0.0041 2.1494e-005
500 0.0062 1.2383e-004 0.0016 2.8830e-006

k= 10
number of OS algorithm Parametric algorithm
iterations mean variance mean variance
5 0.1577 0.0228 0.1998 0.0702
10 0.1140 0.0120 0.0599 0.0072
15 0.0944 0.0104 0.0338 0.0023
20 0.0815 0.0097 0.0297 0.0020
25 0.0705 0.0068 0.0205 7.8544e-004
50 0.0473 0.0059 0.0112 2.3793e-004
75 0.0339 0.0032 0.0068 9.4162e-005
100 0.0273 0.0025 0.0067 9.7718e-005
125 0.0267 0.0028 0.0048 4.0277e-005
150 0.0228 0.0020 0.0042 3.6067e-005
500 0.0061 1.5353e-004 0.0019 6.1289e-006

k= 25
number of OS algorithm Parametric algorithm
iterations mean variance mean variance
5 0.1716 0.0262 0.1058 0.1119
10 0.1126 0.0168 0.0598 0.0063
15 0.1005 0.0138 0.0404 0.0037
20 0.0845 0.0097 0.0265 0.0016
25 0.0716 0.0090 0.0245 0.0014
50 0.0463 0.0056 0.0106 2.0605e-004
75 0.0449 0.0057 0.0137 8.4607e-004
100 0.0296 0.0037 0.0099 1.7581e-004
125 0.0294 0.0035 0.0086 1.0915e-004
150 0.0232 0.0021 0.0067 5.9703e-005
500 0.0083 3.8845e-004 0.0052 2.2693e-005

Table 4.5: Comparison of OS and parametric method with demand dependent on order quantity (cont.)
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k= 40
number of OS algorithm Parametric algorithm
iterations mean variance mean variance
5 0.1855 0.0342 0.1143 0.0233
10 0.1262 0.0190 0.0601 0.0076
15 0.0913 0.0132 0.0516 0.0054
20 0.0848 0.0063 0.0457 0.0025
25 0.0786 0.0125 0.0498 0.0016
50 0.0486 0.0057 0.0482 5.8665e-004
75 0.0420 0.0063 0.0448 2.9327e-004
100 0.0373 0.0054 0.0431 2.2656e-004
125 0.0266 0.0030 0.0417 1.7520e-004
150 0.0259 0.0023 0.0424 1.6658e-004
500 0.0115 0.0012 0.0384 3.5988e-005

k= 100
number of OS algorithm Parametric algorithm
iterations mean variance mean variance
5 0.2103 0.0532 0.1369 0.0374
10 0.1618 0.0367 0.0961 0.0161
15 0.1276 0.0283 0.0654 0.0070
20 0.1046 0.0208 0.0531 0.0070
25 0.0931 0.0198 0.0506 0.0044
50 0.0608 0.0124 0.0490 0.0039
75 0.0473 0.0105 0.0435 0.0011
100 0.0430 0.0076 0.0418 6.4172e-004
125 0.0371 0.0057 0.0407 5.2485e-004
150 0.0304 0.0051 0.0416 4.0139e-004
500 0.0201 0.0016 0.0386 1.2135e-004

Table 4.6: Comparison of OS and parametric method with demand dependent on order quantity (cont.)
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(ii) a decision maker who samples decisions {Yk}k=1, ..., n uniformly over Y and uses
Nadaraya-Watson regression with a bandwidth parameter βn = n−0.2 to learn the
objective function. (We have reported performance statistics of the decision that
optimizes the resulting approximation φ̃n(y) for n = 5, 10, 15, 20, etc, data points);
and

(iii) a decision maker who adopts the same sampling mechanism and parameters (βn, γn) =
(n−0.2, 0.5 ln(n)) as (i) but uses the Nadaraya-Watson approximation in place of (3.9).

We refer to decision makers (ii) and (iii) as N-W(ii) and N-W(iii). The reason for comparing
Algorithm 1 to Nadaraya-Watson based methods is to evaluate the advantage of using the
function approximation (3.9) over (3.1).

All the comparison are done in the demand dependent on inventory setting. All de-
cisions are constrained to order quantities lying in the interval Y = [0, 120 + 2(k + 40)].
Demand is generated using an exponential distribution with mean

θ(y) = 60 + ke−0.004y.

(Results are reported for positive and negative values of k). All decision makers start with
the same (order-quantity, demand) pair (Y1, X1) where a new value of Y1 is generated
uniformly on Y for each run of the experiment. Then, the sample data pair (Yk, Xk) is
generated iteratively by the described algorithms for k = 2, . . . , n. We make the final
ordering decision by taking the order quantities that maximizes the approximated objective
function generated by (i)-(iii) for different sample data sizes. The average performance of
the ordering decision is evaluated for these three methods.

The comparison results are in Table 4.7-4.9. The following observations are notable:

• All three methods converge to the optimal order quantity.

• Though N-W(ii) outperforms N-W(iii) when there are very few data points for almost
all the experiments (k = −40,−25,−10, · · · , 40), N-W(iii) typically overtakes N-
W(ii) after relatively few data points (e.g. after 50 data points for k = −40 and 25 for
k = −25). This difference can be attributed to the different sampling mechanisms.

• Though NW(ii) and NW(iii) outperforms Algorithm 1 for very small data quantities
for some, but not all, choices of k, Algorithm 1 converges substantially more quickly
and outperforms both NW(i) and NW(ii) after relatively few data points for all choices
of k. The difference in performance can be attributed to the use of the retrospective
utility in the function approximation.

4.3 Sensitivity analysis and convergence test of OS method

In this section, we track the sample path of approximated profit φn generated by the
OS method for several realizations, and test the sensitivity of the OS method with respect
the bandwidth βn. Both experiments are tested in demand dependent on inventory setting.

The demand is generated exponentially with mean

θ(y) = 60− 45e−0.004y,
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k= -40
number of OS algorithm N-W algorithm modified N-W algorithm
iterations mean variance mean variance mean variance
5 0.1406 0.0213 0.1490 0.0446 0.2275 0.0940
10 0.1026 0.0099 0.1247 0.0343 0.1803 0.0598
15 0.0871 0.0071 0.1078 0.0283 0.1485 0.0400
20 0.0848 0.0063 0.1081 0.0258 0.1238 0.0277
25 0.0701 0.0047 0.1073 0.0175 0.1112 0.0178
50 0.0556 0.0023 0.1050 0.0047 0.0768 0.0068
75 0.0490 0.0016 0.1075 0.0055 0.0654 0.0057
100 0.0415 0.0012 0.0924 0.0057 0.0599 0.0046
125 0.0429 0.0011 0.0804 0.0052 0.0614 0.0047
150 0.0393 8.0348e-004 0.0867 0.0038 0.0543 0.0043
500 0.0223 2.6092e-004 0.0747 0.0054 0.0344 0.0025

k= -25
number of OS algorithm N-W algorithm modified N-W algorithm
iterations mean variance mean variance mean variance
5 0.1505 0.0220 0.1382 0.0408 0.1943 0.0764
10 0.1035 0.0101 0.1235 0.0352 0.1581 0.0416
15 0.0877 0.0077 0.1131 0.0295 0.1281 0.0255
20 0.0711 0.0049 0.1071 0.0069 0.1109 0.0166
25 0.0684 0.0043 0.1177 0.0067 0.0953 0.0098
50 0.0396 0.0017 0.1066 0.0057 0.0775 0.0062
75 0.0336 0.0016 0.1039 0.0062 0.0645 0.0047
100 0.0265 0.0010 0.1071 0.0053 0.0569 0.0039
125 0.0268 9.4475e-004 0.0993 0.0065 0.0521 0.0035
150 0.0238 7.3326e-004 0.0983 0.0068 0.0458 0.0030
500 0.0124 1.1721e-004 0.0662 0.0034 0.0338 0.0035

k= -10
number of OS algorithm N-W algorithm modified N-W algorithm
iterations mean variance mean variance mean variance
5 0.1469 0.0216 0.1379 0.0462 0.1967 0.0746
10 0.1074 0.0109 0.1090 0.0173 0.1388 0.0300
15 0.0852 0.0079 0.0851 0.0027 0.1285 0.0220
20 0.0698 0.0055 0.0799 0.0033 0.1097 0.0126
25 0.0652 0.0049 0.0819 0.0030 0.1011 0.0096
50 0.0433 0.0029 0.0820 0.0029 0.0819 0.0083
75 0.0401 0.0034 0.0783 0.0028 0.0672 0.0044
100 0.0277 0.0017 0.0759 0.0024 0.0623 0.0042
125 0.0225 0.0012 0.0644 0.0025 0.0563 0.0041
150 0.0193 9.1539e-004 0.0650 0.0029 0.0542 0.0036
500 0.0066 1.3093e-004 0.0575 0.0028 0.0309 0.0018

Table 4.7: Comparison of OS and N-W based methods
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k= 0
number of OS algorithm N-W algorithm modified N-W algorithm
iterations mean variance mean variance mean variance
5 0.1531 0.0236 0.1763 0.0541 0.1775 0.0609
10 0.1048 0.0118 0.1024 0.0223 0.1397 0.0272
15 0.0887 0.0091 0.0927 0.0190 0.1424 0.0259
20 0.0761 0.0074 0.0856 0.0031 0.1070 0.0171
25 0.0651 0.0062 0.0850 0.0031 0.0987 0.0095
50 0.0445 0.0035 0.0881 0.0028 0.0773 0.0059
75 0.0358 0.0030 0.0862 0.0026 0.0735 0.0058
100 0.0274 0.0023 0.0774 0.0027 0.0582 0.0036
125 0.0228 0.0015 0.0691 0.0027 0.0593 0.0053
150 0.0201 0.0011 0.0655 0.0027 0.0537 0.0037
500 0.0062 1.2383e-004 0.0581 0.0028 0.0338 0.0021

k= 10
number of OS algorithm N-W algorithm modified N-W algorithm
iterations mean variance mean variance mean variance
5 0.1577 0.0228 0.1564 0.0434 0.1734 0.0609
10 0.1140 0.0120 0.0933 0.0142 0.1399 0.0290
15 0.0944 0.0104 0.0996 0.0166 0.1142 0.0177
20 0.0815 0.0097 0.0924 0.0032 0.1081 0.0120
25 0.0705 0.0068 0.0869 0.0033 0.1049 0.0134
50 0.0473 0.0059 0.0860 0.0026 0.0861 0.0064
75 0.0339 0.0032 0.0896 0.0026 0.0770 0.0062
100 0.0273 0.0025 0.0865 0.0029 0.0676 0.0045
125 0.0267 0.0028 0.0806 0.0026 0.0565 0.0039
150 0.0228 0.0020 0.0667 0.0026 0.0542 0.0035
500 0.0061 1.5353e-004 0.0589 0.0027 0.0340 0.0022

k= 25
number of OS algorithm N-W algorithm modified N-W algorithm
iterations mean variance mean variance mean variance
5 0.1716 0.0262 0.1840 0.0630 0.1856 0.0651
10 0.1126 0.0168 0.1752 0.0379 0.1391 0.0240
15 0.1005 0.0138 0.1499 0.0110 0.1185 0.0137
20 0.0845 0.0097 0.0997 0.0036 0.1128 0.0120
25 0.0716 0.0090 0.0996 0.0032 0.1118 0.0141
50 0.0463 0.0056 0.0972 0.0030 0.0856 0.0096
75 0.0449 0.0057 0.0989 0.0030 0.0790 0.0058
100 0.0296 0.0037 0.0954 0.0029 0.0662 0.0051
125 0.0294 0.0035 0.0737 0.0028 0.0556 0.0037
150 0.0232 0.0021 0.0720 0.0030 0.0573 0.0038
500 0.0083 3.8845e-004 0.0654 0.0029 0.0322 0.0020

Table 4.8: Comparison of OS and N-W based methods (cont.)
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k= 40
number of OS algorithm N-W algorithm modified N-W algorithm
iterations mean variance mean variance mean variance
5 0.1855 0.0342 0.1714 0.0474 0.1737 0.0607
10 0.1262 0.0190 0.1116 0.0231 0.1617 0.0346
15 0.1041 0.0145 0.1063 0.0188 0.1238 0.0139
20 0.0913 0.0132 0.1113 0.0049 0.1192 0.0135
25 0.0786 0.0125 0.1145 0.0046 0.1168 0.0133
50 0.0486 0.0057 0.1087 0.0035 0.0912 0.0097
75 0.0420 0.0063 0.1026 0.0034 0.0782 0.0064
100 0.0373 0.0054 0.0882 0.0033 0.0722 0.0053
125 0.0266 0.0030 0.0817 0.0034 0.0667 0.0050
150 0.0259 0.0023 0.0793 0.0034 0.0557 0.0041
500 0.0115 0.0012 0.0678 0.0030 0.0366 0.0023

k= 100
number of OS algorithm N-W algorithm modified N-W algorithm
iterations mean variance mean variance mean variance
5 0.2103 0.0532 0.2134 0.0640 0.1813 0.0505
10 0.1618 0.0367 0.1920 0.0275 0.1511 0.0283
15 0.1276 0.0283 0.1801 0.0093 0.1388 0.0178
20 0.1046 0.0208 0.1662 0.0099 0.1253 0.0163
25 0.0931 0.0198 0.1584 0.0091 0.1185 0.0152
50 0.0608 0.0124 0.1606 0.0084 0.1141 0.0119
75 0.0473 0.0105 0.1511 0.0076 0.0854 0.0103
100 0.0430 0.0076 0.1367 0.0071 0.0751 0.0073
125 0.0371 0.0057 0.1029 0.0060 0.0736 0.0070
150 0.0304 0.0051 0.0986 0.0059 0.0656 0.0058
500 0.0201 0.0016 0.0825 0.0060 0.0438 0.0039

Table 4.9: Comparison of OS and N-W based methods (cont.)
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Figure 4.3: Sample paths of objective function value of OS algorithm φn with 800 iterations.

and all ordering decisions are lying in the interval Y = [0, 120]. We start with the sample
(order-quantity, demand) pair (Y1, X1) and proceed as we described in Algorithm 1. At
each iteration, we calibrate a realization of the profit φn. In Figure 4.3, we simulate several
sample paths of φn for n = 10, . . . , 800 and compare them to the optimal objective function
value. We observe that the realization of expected profit φn moves toward the true optimal
expected profit φ(y∗) as number of iterations increases. After 250 iterations, these sample
paths are close to φ(y∗), and eventually they converge to φ(y∗).

The second set of experiment explores the sensitivity of the convergence rate of the
OS algorithm with respect to the parameters. We choose the bandwidth βn such that
βn = 5n−q, where q is the value to be evaluated, and γn = .5 ln(n). For each q, we
compute the average percentage deviation of the expect profit φ(yn) under kernel algorithm
from the optimal expected profit φ(y∗) for 420 iterations over 500 simulations. In Figure
5, we plot the average percentage deviation for q = 0.2, 0.4 and 0.6 with a step size 12,
respectively. As q increases, the expected profit under kernel algorithm converges to the
optimality more slowly, since the sequences βn goes to zero more aggressively and hence
βn

∑n
k=1 e−γk diverges at a slower rate.

4.4 Chapter summary

In this chapter, we performed numerical studies of the OS method and compared it
to parametric and non-parametric methods. All the experiments showed a stable and fast
convergence rate of OS method. We demonstrated that the OS method performs better
than the parametric method when the only information available is the historical data. By
comparing with non-parametric methods based on Nadaraya-Watson regression, we found
that the use of our approximation function and the sampling mechanism outperforms these
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Figure 4.4: Average percentage deviation of expected profit under OS algorithm from optimal expected profit.

non-parametric methods. The sensitivity analysis showed that the convergence properties
of the OS method is robust with respect to the parameters.
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Chapter 5

The application of OS method with
censored demand

In this chapter, we consider an inventory control problem where only sales are observed
and the lost sales are not available. We show how the OS method can be adapted to address
this problem and illustrate some numerical results.

5.1 The OS objective function

We still consider a newsvendor inventory control problem with censored demand. In
contrast to section 3 and 4, where the demand for each period was fully observable (even if
there is insufficient inventory to meet it), here we assume that the demand is censored in
that the lost sales are unobservable. The only data available to the decision maker are the
historical order quantities and the demand data, which is censored.

The censored demand problem arises from the fact that when the inventory level is
less than the actual demand, the unsatisfied sales are lost immediately and the observed
demand is censored. Under the classical classical approach where the demand distribution
is assumed to be known but the parameters are need to be calibrated, the ordering decision
could be affected by the censored demand data as pointed out by Conrad (16), where he
shows how the censored demand affects the parameter estimation in a Poisson demand
setting. Ding, Puterman and Bisi (18) compare the optimal order quantity under censored
demand to the myopic strategy where the ordering quantity based on a ratio of the ordering
cost and sales price, and show that the optimal ordering quantity is higher since by ordering
more, the decision maker could observe more accurate sales data.

All of these papers are based on the on Bayesian framework, however, some recent work
has been done by Huh etc (30; 32) primarily focusing on non-parametric framework. Huh
and Rusmevichienting (32) propose an adaptive control algorithm by applying the stochas-
tic online convex optimization to the censored demand problem, which does not assume
any prior demand distribution. Huh, Janakiraman, Muckstadt and Rusmevichientong (30)
apply a non-parametric adaptive algorithm to a stochastic system with censored demand,
and derive a order-up-to level policy with a guaranteed convergence rate of the running
average cost under this policy to the cost under optimal base-stock policy.

In this section, we show how the OS method from section 3 can be applied to this
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problem, and perform some numerical tests. We follow the notations in Chapter 3, where
the order quantity y and the random demand D are assumed to lie in a bounded set. It
then follows that the censored demand X, which equals the order quantity y if the realized
demand D is smaller than y, and y if the realized demand exceeds the order,also lies in a
bounded set. We assume that items are purchased at price c and sold at price s. The OS
method is to construct an approximation iteratively for the objective function based the
sample data only.

Consider a sequence of sample data points {(Yk, Xk), k = 1, . . . , n}. Define

ψ(y, x, z) = smin{y, x} − cy, x < z; y ∈ Y, (5.1)

ψ(y, x, z) = sy − cy, x = z; y ∈ Y, (5.2)

and
ψ̂k(y, Yk, Xk) = ψ(y, Xk, Yk), y ∈ Y and k = 1, . . . , n. (5.3)

Suppose that φ(y) is the mean expected profit associated with an order quantity y ∈ Y.
The OS approximation φ̂n(y) for any y ∈ Y is a kernel weighted function based on n sample
data

φ̂n(y) =
∑n

k=1 ψ̂(y, Yk, Xk)κn(y, Yk)∑n
k=1 κn(y, Yk)

. (5.4)

The kernel weighting function κn(y, Yk) is then defined in terms of y and Yk with some
parametric sequence βn depending on n. Consider each pair (Yk, Xk), there are two possible
situations:

(i) the censored demand Xk is less than the order quantity Yk. In this case Xk is the real
demand and Dk = Xk;

(ii) the censored demand Xk equals to the order quantity Yk. In this case the real demand
is at least Xk and Dk ≥ Xk.

In case (i), we can fully utilize the demand data information, thus the kernel weight is
set to be 1. In case (ii), we only have partial information of the demand data. Firstly, if
y ≤ Xk, then the potential sale would not exceed the order quantity y, and ψ̂n(y, Yk, Xk) is
good estimation for the profit under order quantity y and historical demand Xk. Thus, we
still set the kernel weight as 1. Secondly, if y ≥ Xk, then we need to impose some (might
be unrealistic) assumption on the demand data to estimate the profit. We assume that
Xk = max{y : y ∈ Y}, then ψ̂k(y, Yk, Xk) is a gross estimation for the profit and we use a
weight that is exponentially decreasing with the distance of the order quantity y and the
historical data Yk. In summary, we define the kernel weighting function as follows:

κn(y, Yk) = 1 Xk < Yk or Xk = Yk; y ≤ Xk. (5.5)

and
κn(y, Yk) = e−(y−Yk)βn Xk = Yk; y > Xk (5.6)

where βn is an increasing sequence. The sample data is updated according to the mechanism
described in Algorithm 1 with the objective approximation function (5.4). In the following
section, we test the convergence of OS method to the true objective function and compare
its performance to some N-W based methods.
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Figure 5.1: The approximated objective curve under OS method in censored demand setting.

5.2 The numerical results

We evaluate the OS method in censored demand setting where only sales data are
observed. In our tests, actual demand D is i.i.d. exponential with a constant mean θ = 24.
In each period, the censored demand Xk = min{Yk, Dk} is observed. We start with one
initial (order quantity, censored demand) pair and update the data according to Algorithm
1 with the OS objective defined in (5.4).

In the first experiment, we apply Algorithm 1 and compare the OS objective function
approximation estimated from 100 sample data points to the true objective function. We
plot the objective function and the OS approximation for one such experiment in Figure 5.1.
The graph shows that the OS objective approximation appears close to the true objective
value.

The second set of experiments compare the OS method to the N-W based methods
as done in section 4. We calculate the mean and standard variation of the percentage loss
of under strategies derived from OS and N-W based methods to the optimal policy. The
sampling mechanism for the N-W and modified N-W methods are the same as we described
bin section 4. We test for i.i.d. exponential demand with mean θ = 65 + k/2 for different
values of k. The results are summarized in the Table 5.1-5.3 coming along with the following
observations:

• All three methods show convergence toward the optimal policy as n increase.

• The OS method dominates after very few data points in all of the tests and the
percentage loss relative to the optimal is within 4% after 100 samples.

• The convergence rate of the modified N-W method appears relatively slow and the
error can be still quite large even after 500 data points.
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The OS method converges more quickly than the other two method because domain
specific information is incorporated in the function approximation as well as through the
sampling. There are two key features for our OS method. First of all, the choice of kernel
weighting function treats the samples of utility that are biased and samples that are unbiased
differently. When the observed demand data can be fully utilized, we has a higher weights
(1 for this case) for this sample, while when the real demand data is not observed and
the utility is calculated by the estimated demand data, a dynamic weight is used for this
sample. Secondly, the OS method can be treated as a combination of a non-parametric
model and structural model.

Although the numerical experiments show promising results and convergence of the OS
method with the objective defined above, a technique proof is still needed to support these
result. We will leave this as an open question for future research.
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k= -40
number of OS algorithm N-W algorithm modified N-W algorithm
iterations mean variance mean variance mean variance
5 0.0895 0.0155 0.1002 0.0226 0.1244 0.0217
10 0.0511 0.0052 0.0805 0.0042 0.1253 0.0195
15 0.0349 0.0025 0.0767 0.0033 0.1293 0.0213
20 0.0284 0.0015 0.0763 0.0029 0.1235 0.0212
25 0.0253 0.0011 0.0745 0.0030 0.1236 0.0192
50 0.0145 3.3772e-004 0.0746 0.0031 0.1297 0.0205
75 0.0117 2.3443e-004 0.0655 0.0027 0.1117 0.0165
100 0.0090 1.1995e-004 0.0646 0.0028 0.1083 0.0163
125 0.0079 1.0234e-004 0.0611 0.0030 0.1109 0.0202
150 0.0064 6.5802e-005 0.0603 0.0028 0.1012 0.0140
500 0.0048 1.9507e-005 0.0579 0.0029 0.0948 0.0130

k= -25
number of OS algorithm N-W algorithm modified N-W algorithm
iterations mean variance mean variance mean variance
5 0.0978 0.0178 0.1098 0.0269 0.1239 0.0234
10 0.0563 0.0057 0.0685 0.0046 0.1442 0.0232
15 0.0375 0.0022 0.0659 0.0021 0.1314 0.0271
20 0.0272 0.0014 0.0654 0.0020 0.1332 0.0250
25 0.0276 0.0016 0.0675 0.0020 0.1300 0.0213
50 0.0162 3.8132e-004 0.0619 0.0021 0.1213 0.0232
75 0.0121 2.2041e-004 0.0605 0.0020 0.1199 0.0140
100 0.0115 1.8805e-004 0.0556 0.0021 0.1099 0.0193
125 0.0099 1.1657e-004 0.0523 0.0021 0.1093 0.0166
150 0.0091 9.5084e-005 0.0516 0.0021 0.1035 0.0167
500 0.0075 3.1061e-005 0.0479 0.0021 0.0977 0.0138

k= -10
number of OS algorithm N-W algorithm modified N-W algorithm
iterations mean variance mean variance mean variance
5 0.0970 0.0169 0.0846 0.0171 0.1332 0.0268
10 0.0527 0.0044 0.0631 0.0035 0.1302 0.0277
15 0.0420 0.0035 0.0644 0.0020 0.1326 0.0267
20 0.0340 0.0021 0.0601 0.0015 0.1364 0.0243
25 0.0269 0.0011 0.0583 0.0018 0.1392 0.0289
50 0.0184 5.1707e-004 0.0580 0.0017 0.1346 0.0233
75 0.0150 2.5980e-004 0.0522 0.0016 0.1153 0.0207
100 0.0137 2.3997e-004 0.0510 0.0017 0.1125 0.0222
125 0.0131 1.8804e-004 0.0508 0.0016 0.1121 0.0187
150 0.0114 1.3358e-004 0.0471 0.0016 0.1148 0.0197
500 0.0095 4.9175e-005 0.0442 0.0016 0.1032 0.0144

Table 5.1: Comparison of OS and N-W based methods
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k= 0
number of OS algorithm N-W algorithm modified N-W algorithm
iterations mean variance mean variance mean variance
5 0.1024 0.0179 0.0955 0.0270 0.1520 0.0246
10 0.0552 0.0051 0.0527 0.0036 0.1504 0.0204
15 0.0422 0.0033 0.0592 0.0020 0.1432 0.0196
20 0.0342 0.0023 0.0555 0.0017 0.1425 0.0218
25 0.0326 0.0016 0.0556 0.0013 0.1428 0.0198
50 0.0191 5.0623e-004 0.0565 0.0013 0.1395 0.0236
75 0.0181 3.1666e-004 0.0483 0.0013 0.1394 0.0207
100 0.0161 2.7732e-004 0.0447 0.0012 0.1385 0.0199
125 0.0154 2.0974e-004 0.0428 0.0013 0.1380 0.0181
150 0.0144 1.6299e-004 0.0402 0.0010 0.1375 0.0178
500 0.0113 5.7681e-005 0.0329 0.0007 0.1296 0.0164

k= 10
number of OS algorithm N-W algorithm modified N-W algorithm
iterations mean variance mean variance mean variance
5 0.1100 0.0207 0.0914 0.0193 0.1455 0.0310
10 0.0582 0.0052 0.0542 0.0032 0.1369 0.0294
15 0.0482 0.0038 0.0522 0.0015 0.1420 0.0292
20 0.0388 0.0021 0.0560 0.0015 0.1413 0.0284
25 0.0310 0.0013 0.0555 0.0012 0.1288 0.0256
50 0.0215 5.1450e-004 0.0493 0.0012 0.1287 0.0257
75 0.0209 4.7425e-004 0.0461 0.0011 0.1169 0.0202
100 0.0200 3.5208e-004 0.0451 0.0011 0.1242 0.0250
125 0.0171 2.3568e-004 0.0431 0.0011 0.1307 0.0244
150 0.0166 2.1048e-004 0.0415 0.0012 0.1053 0.0173
500 0.0140 7.3516e-005 0.0382 0.0013 0.1068 0.0180

k= 25
number of OS algorithm N-W algorithm modified N-W algorithm
iterations mean variance mean variance mean variance
5 0.1101 0.0191 0.0804 0.0170 0.1483 0.0320
10 0.0651 0.0059 0.0513 0.0040 0.1444 0.0300
15 0.0465 0.0034 0.0498 0.0019 0.1396 0.0293
20 0.0406 0.0022 0.0484 0.0010 0.1467 0.0292
25 0.0333 0.0014 0.0497 0.0009 0.1490 0.0301
50 0.0258 6.1470e-004 0.0470 0.0010 0.1430 0.0257
75 0.0220 4.0211e-004 0.0462 0.0009 0.1355 0.0266
100 0.0225 3.7446e-004 0.0438 0.0009 0.1246 0.0265
125 0.0224 3.1313e-004 0.0371 0.0010 0.1355 0.0267
150 0.0207 2.7025e-004 0.0277 0.0008 0.1275 0.0229
500 0.0179 1.1282e-004 0.0248 0.0011 0.1170 0.0206

Table 5.2: Comparison of OS and N-W based methods(cont.)
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k= 40
number of OS algorithm N-W algorithm modified N-W algorithm
iterations mean variance mean variance mean variance
5 0.1112 0.0187 0.0936 0.0236 0.1493 0.0328
10 0.0667 0.0059 0.0466 0.0031 0.1537 0.0329
15 0.0536 0.0040 0.0480 0.0016 0.1516 0.0303
20 0.0450 0.0025 0.0462 0.0009 0.1507 0.0328
25 0.0398 0.0016 0.0457 0.0008 0.1523 0.0321
50 0.0322 9.9983e-004 0.0427 0.0008 0.1414 0.0271
75 0.0287 5.8557e-004 0.0397 0.0008 0.1353 0.0259
100 0.0263 4.5676e-004 0.0395 0.0008 0.1373 0.0263
125 0.0241 3.3644e-004 0.0334 0.0008 0.1412 0.0297
150 0.0244 3.0703e-004 0.0329 0.0008 0.1364 0.0271
500 0.0211 1.2961e-004 0.0349 0.0009 0.1142 0.0194

k= 100
number of OS algorithm N-W algorithm modified N-W algorithm
iterations mean variance mean variance mean variance
5 0.1225 0.0191 0.1067 0.0202 0.1676 0.0407
10 0.0822 0.0075 0.0708 0.0036 0.1574 0.0381
15 0.0661 0.0045 0.0604 0.0014 0.1632 0.0344
20 0.0601 0.0032 0.0690 0.0007 0.1809 0.0400
25 0.0593 0.0024 0.0486 0.0006 0.1613 0.0352
50 0.0493 0.0013 0.0465 0.0005 0.1680 0.0364
75 0.0465 9.7020e-004 0.0434 0.0005 0.1468 0.0302
100 0.0419 7.7160e-004 0.0423 0.0005 0.1356 0.0287
125 0.0412 7.4219e-004 0.0378 0.0005 0.1466 0.0309
150 0.0394 6.0772e-004 0.0368 0.0005 0.1399 0.0290
500 0.0372 3.4763e-004 0.0317 0.0006 0.1243 0.0214

Table 5.3: Comparison of OS and N-W based methods(cont.)
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Chapter 6

Robust dynamic hedging

In this chapter, we will consider a robust hedging problem in financial market with
model uncertainty. We assume that volatility of the return of the underlying asset is only
known to belong to some interval. The robust hedging model is formulated to hedge a
derivative of the underlying asset under uncertain volatility. The convexity property of the
model allows us to apply the primal-dual techniques and derive explicit upper and lower
bounds for the primal problem. The multi-period hedging problem is then investigated and
since the explicit solution it too complicated to solve, we decompose the problem and obtain
the boundaries for the original problem by solving a set of single period problem backward
dynamically.

6.1 Motivation

Volatility plays a crucial role to drive the pricing mechanism of derivative securities.
The classical Black-Scholes model gives a simple and straightforward way to price and
dynamically hedge derivative securities, but it assumes a fixed volatility, which is not always
true in real world. Here, we propose a hedging problem where all that is known is the interval
in which the volatility lies. We then construct a robust optimization problem by minimizing
the maximum of mean square hedging error under a volatility interval.

The uncertain volatility modes were first proposed in a collection of paper by Avellanda
and Paras (6), Avellanda, Levy and Paras (5), El Karoui and Quenez (20), Eisenberg and
Jarrow (19) and Mykland (47). We will briefly review some recent literatures and address
the main contribution of our results comparing to the existing works.

Avellanda, Levy and Paras (5) propose a model for pricing and hedging under uncertain
volatility. Instead of a fixed volatility, it is assumed that the volatility lies in a bounded set.
They introduce the Uncertainty Volatility Model (UVM) which assumes that volatility varies
inside a band and calculate the worst-case portfolio value. They develop a simple algorithm
for hedging the portfolio with stochastic volatility, and show that this hedging strategy
provides a strong protection against extreme catastrophic losses. Avellanda and Paras (6)
address an extension of the Uncertain Volatility Model . They combine the UVM and a
regression on derivative prices, and extend the original model to the Langrangian Uncertain
Volatility Model. Finally, they discuss several examples with potential applications and
analyze the sensitivity of the new model under worse-cases.
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Mykland (47) studies delta hedging under model uncertainty and proposes the idea of
conservative delta hedging, which provides a general construction for converting the volatility
intervals into arbitrage based prices of derivative securities. He first sets up a conservative
benchmark for the cumulative volatility and interest rate, then at time t, the remaining
cumulative volatility and interest rate are the benchmark value subtract the real cumulative
volatility and interest rate during time 0 to time t, and the hedging strategy is constructed
under this stochastic volatility and interest rate process. This method uses the current
volatility and interest rate to update the system dynamically, and guards against excessive
reliance on the probability distribution assumption.

Comparing to previous results in literature, a main contribution of our results is to
relate the robust hedging problem under uncertain volatility to another hedging problem in
an incomplete market with known volatility. We analyze the duality of the robust hedging
problem and convert it into an optimization problem in an incomplete market. We then
provide an exact upper and lower bound for the single period problem. Finally, we study the
multi-period problem and decompose it into single period problem that are related through
backwards recursion.

6.2 Statement of the model

Consider a hedging problem in a complete market with model uncertainty. An investor
who incorrectly estimates the model would construct a poorly performed hedging portfolio,
and hence face the financial loss due to model uncertainty. In a simple setting such that
there is only one underlying asset and one risk-free account available, we want to construct
a hedging strategy for some financial derivatives whose value is determined by the asset
price. We assume that the return of the underlying asset follows a geometric Brownian
motion, and the mean return of the asset could be predicted from historical data, while
the volatility of the return is known only to belong to some interval. Our purpose is to
formulate an optimization model to find a robust hedging strategy under this setting, so
that the performance of the hedging strategy is relatively stable over its exposure to risk.

We consider the derivative securities based on a single underlying asset. The mean of
the asset return is known, and the volatility is uncertain. For simplicity, we assume that
the asset price at time t follows a stochastic process

dSt

St
= σdWt, (6.1)

where σ is the volatility of the asset and Wt is a standard Brownian motion. Since the
mean is known, we can always add some drift term to this process. We first assume that
the volatility σ is unknown and can only take value σ1 or σ2, then we extend the volatility
to belong to some interval between σ1 and σ2. In discrete time case, the price of the asset
evolves according to a binomial tree. Let S0 be the initial asset price at time 0. After one
stage, the new asset price S1 either goes to u1S0 or d1S0 if the volatility σ = σ1, or goes to
u2S0 or d2S0 if σ = σ2. Here, we assume that the interest rate is r and u1 > 1 + r > d1,
u2 > 1+ r > d2. Here we assume that the risk-free rate r = 0. Let Q be the uncertainty set
of the risk neutral measures and Qi be the risk neutral probability measure corresponding
to the volatility σi at time 0, then we have Q = {Q1, Q2}.
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There is an agent planning to short a derivative of the underlying asset at time 0. We
assume that this derivative agrees to pay f1(S1) at time 1, where f1(·) is a convex function.
The agent wants to purchase a portfolio consisting of the underlying asset and a risk-free
account to hedge this payoff at time 1. Let π be the number of shares of the asset he holds
at time 0, and X0 be the initial wealth at time 0. The investment in the risk-free account
is X0 − πS0. Define X1 as total wealth at time 1, then

X1 = πS1 + (X0 − πS0) = X0 + π(S1 − S0). (6.2)

At time 1, the agent hopes that the total wealth can cover the payoff regardless the value
the volatility takes. When the initial wealth X0 is not given, we are choosing the optimal
initial wealth and the portfolio that minimizes the expected hedging error in the worst case,
i.e.

min
X0,π

max
Q∈Q

EQ
[
(f(S1)−X0 − π(S1 − S0))2

]
. (6.3)

Similarly, for given initial wealth, the hedging problem we are facing is

min
π

max
Q∈Q

EQ
[
(f(S1)−X0 − π(S1 − S0))2

]
. (6.4)

In this setting, we use the risk neutral probability measure instead of the real world prob-
ability measure. In the case of a complete market (with known volatility) there is a unique
replicating portfolio that depends on the volatility but is independent of the drift of the
asset price. One goal here is to study the problem when the volatility is not precisely known.

6.3 Convex duality analysis

Consider the volatility σ ∈ {σ1, σ2}, then the risk neutral probability measure Q ∈{
Q1, Q2

}
. Let EQ

i
[·] be the expectation under the risk neutral probability measure when

σ = σi for i = 1, 2. The optimization problem (6.4) is equivalent to

min
π, η

η

s.t. EQ
1 [

(f(S1)−X0 − π(S1 − S0))2
] ≤ η (6.5)

EQ
2 [

(f(S1)−X0 − π(S1 − S0))2
] ≤ η

This is a convex optimization problem in (π, η), which can be analyzed using duality. Define
the Lagrangian function L(π, η; λ) as follows:

L(π, η; λ) : = η −
2∑

i=1

λi

(
η −EQ

i [
(f(S1)−X0 − π(S1 − S0))2

])

= η(1− λ1 − λ2) +
2∑

i=1

λiE
Qi [

(f(S1)−X0 − π(S1 − S0))2
]
,

where λ1, λ2 ≥ 0 are the Lagrangian multipliers for the two constraints in (6.5) respectively.
We then construct the duality as a max-min problem

max
λ1,λ2≥0

min
π, η

L(π, η; λ). (6.6)
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Observe that the unconditioned inner minimization problem over η is finite if and only if
λ1 + λ2 = 1, so the dual problem reduces to

max
λ1,λ2≥0,λ1+λ2=1

min
π

2∑

i=1

λiE
Qi [

(f(S1)−X0 − π(S1 − S0))2
]
. (6.7)

The dual problem (6.7) is convex over λ1 and λ2. Suppose that the volatility of asset
return belongs to an interval such that σ ∈ [σ1, σ2], we have infinite many constraints in
(6.5) and the convexity property of problem (6.7) still hold. Hence, we could extend the
volatility to have infinite many possible values. For simplicity, we only discuss the case
when volatility has two possible values over this chapter.

Since λi is the weight for EQ
i
[·], and λ1, λ2 ≥ 0, λ1 + λ2 = 1, we can just treat λ1 as

the probability at which the actual model is σ = σ1, and λ2 as the probability that σ = σ2.
Along these lines, let λ := λ1 then (1− λ) = λ2, we define

EQ(λ)[·] = λEQ
1
[·] + (1− λ)EQ

2
[·],

and rewrite (6.7) as

max
λ∈[0,1]

min
π

EQ(λ)
[
(f(S1)−X0 − π(S1 − S0))2

]
. (6.8)

Observe that the “inner” problem

min
π

EQ(λ)[(f(S1)−X0 − π(S1 − S0))2]

is nothing but a mean-variance hedging problem in an incomplete market, where the prob-
ability assigned to each branch of the binomial tree is determined by λ and the risk neutral
probabilities when σ = σi for i = 1, 2. Solving the robust problem (6.3) or (6.4) boils down
to finding the probability measure λ which shows the outer (dual) problems.

6.3.1 Structure of the optimal policy

We first consider the minimization part of the dual problem (6.8) over π, for a given λ
and initial wealth X0,

V (λ, X0) := min
π

EQ(λ)
[
(f(S1)−X0 − π(S1 − S0))2

]
. (6.9)

The first order necessary and sufficient conditions for optimality yield the optimal hedging
strategy:

π∗(λ) =
EQ(λ)[(f(S1)−X0)(S1 − S0)]

EQ(λ)[(S1 − S0)2]

=
EQ(λ)[f(S1)(S1 − S0)]

EQ(λ)[(S1 − S0)2]
,

where the second equality follows from the observation that St is a martingale, so the
expectation of (S1−S0) is 0. By substituting the optimal π∗(λ), the corresponding hedging
error is

V (λ,X0) = EQ(λ)[(f(S1)−X0)2]−

(
EQ(λ)[f(S1)(S1 − S0)]

)2

EQ(λ)[(S1 − S0)2]
. (6.10)
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If the initial wealth is not given, we can compute X0 as the approached price of the claim

X0(λ) := argminX0
V (λ,X0) = EQ(λ)[f(S1)]. (6.11)

The dual problem (6.8) is equivalent to

V (λ∗) : = max
λ∈[0,1]

V (λ,X0(λ)) (6.12)

= max
λ∈[0,1]

EQ(λ)[f(S1)2]−
(
EQ(λ)[f(S1)]

)2
−

(
EQ(λ)[f(S1)(S1 − S0)]

)2

EQ(λ)[(S1 − S0)2]
.

The optimal hedging strategy for the robust problem is given by π(λ∗), and X∗
0 = X0(λ∗)

is the associated price of the derivative. Clearly, the key issue is solving the dual problem
(6.12).

6.3.2 The upper and lower bounds

If λ (or λ1 and λ2) is fixed, we just need to solve the problem (6.9), and the hedging
strategy π∗(λ) gives a lower bound for (6.8). This lower bound can be represented as

L(π∗(λ); λ) =
2∑

i=1

λiE
Qi

[(f(S1)−X0)2]−

(∑2
i=1 λiE

Qi
[(f(S1)−X0)(S1 − S0)]

)2

∑2
i=1 λiE

Qi [(S1 − S0)2]

=
2∑

i=1

λiai −

(∑2
i=1 λibi

)2

∑2
i=1 λici

, (6.13)

where
ai = EQ

i
[(f(S1)−X0)2],

bi = EQ
i
[(f(S1)−X0)(S1 − S0)],

ci = EQ
i
[(S1 − S0)2]

for i = 1, 2 can be easily calculated, since the risk neutral probability for σ = σi is known.
Therefore, when λ is given, we use λi as the prior probability on model Qi and compute
the corresponding lower bound of the robust hedging problem.

An upper bound for problem (6.8) can be obtained by fixing a portfolio π and solving

max
λ∈[0,1]

L(π; λ) (6.14)

i.e. for portfolio π evaluates

max
{
EQ

1
[f(S1)−X0 − π(S1 − S0)]2,EQ

2
[f(S1)−X0 − π(S1 − S0)]2

}
. (6.15)

In this case, we have

EQ
i
[f(S1)−X0 − π(S1 − S0)]2

= EQ
i
[(f(S1)−X0)2]− 2πEQ

i
[(f(S1)−X0)(S1 − S0)] + π2EQ

i
[(S1 − S0)2]

= ai − 2πbi + π2ci.

To solve problem (6.14), for a hedging strategy π, we compare the hedging error (ai−2πbi+
π2ci) for i = 1, 2 and the larger one gives the corresponding the worst case hedging error.
We are now ready to extend the single period case to its multi-period counterpart.
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6.4 The multiperiod robust hedging model

Consider the T -period hedging problem under model uncertainty. Let St be the stock
price at time t for t = 0, . . . , T , and Ft = σ(S0, . . . , St) be the σ-field of the historical stock
price up to time t. The change in the stock price between time t and t + 1 is modeled by
the random variable Qt+1 according to

St+1 = StQt+1 t = 0, . . . , T − 1.

In the classical binomial model, Q ∈ {u, d}, where d < 1 < u with the conditional 1-step
ahead distribution of St+1 given Ft determined by the conditional distribution of Qt+1:

Q{St+1 = uSt|Ft} = Q{Qt+1 = u|Ft} = q.

In the case of model uncertainty, we assume ambiguity in the 1-step distribution of Qt+1,
i.e. there are two possible measures Q1 and Q2 for Qt+1 where

Q1{Qt+1 = u1} = q1 = 1−Q1{Qt+1 = d1}
Q2{Qt+1 = u2} = q2 = 1−Q2{Qt+1 = d2}

and the conditional 1-step ahead distribution of Qt+1 satisfies Qt ∈
{
Q1, Q2

}
. Assume Q1

and Q2 are risk neutral measures, the family of possible measures for the evolution of the
stock price is

Q =
{
Q = Q0 × . . . ×QT−1|Qt ∈ {Q1, Q2}, t = 0, . . . , T − 1

}
.

Therefore, we can formulate the T -period robust hedging problem as follows

Z∗ : = min
π

max
Q∈Q

EQ
[
(fT (ST )−XT )2

]
(6.16)

subject to Xt+1 = Xt + πt(St+1 − St) t = 0, . . . , T − 1,

X0 given

where π = (π0, . . . , πT−1) is the number of shares of the stock held by the investor at each
decision time and XT is the total wealth at terminal time T . Here the family of measures
are not absolute continuous and we can not exchange the order of min and max.

The T -period hedging problem could be solved dynamically. At each time t, t =
1, · · · , T − 1, we need to solve a single period robust hedging problem such that

min
πt

max
Q∈{Q1,Q2}

EQ
[
(ft+1(St+1)−Xt)2

]
(6.17)

subject to Xt+1 = Xt + πt(St+1 − St).

The dual of this problem is

max
λ1

t ,λ2
t≥0,λ1

t +λ2
t =1

min
πt

2∑

i=1

λi
tE
Qi [

(ft+1(St+1)−Xt − πt(St+1 − St))2
]

(6.18)

which can be solved by the technique we discussed in the previous section as the single
period hedging problem by evaluating the models over λ1

t and λ2
t . Thus, we start from

period T and solve the hedging problem at each period backward dynamically to obtain the
optimal solution.
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6.4.1 Model uncertainty and market incompleteness

Consider for the market an incomplete market in which the stock price evolves as

St+1 = StQ̄t+1 t = 0, . . . , T − 1 (6.19)

where Q̄t ∈
{
u1, d1, u2, d2

}
. Here we define the conditional distribution of Q̄t is given by

Q{Q̄t+1 = u1|Ft} = λtq
1 (6.20)

Q{Q̄t+1 = d1|Ft} = λt(1− q1) (6.21)
Q{Q̄t+1 = u2|Ft} = (1− λt)q2 (6.22)
Q{Q̄t+1 = d2|Ft} = (1− λt)(1− q2) (6.23)

where λt is an Ft-adapted process taking values in [0, 1] for t = 1, . . . , T −1. Given {λt}t≥0

and incomplete market (6.20) the measure Q = Q(λ), consider the following mean-variance
hedging problem

Z(λ) = min
π

EQ(λ)[(fT (ST )−XT )2] (6.24)

s.t. Xt+1 = Xt + πt(St+1 − St) t = 0, . . . , T − 1,

X0 given.

The following result gives the relationship between the robust problem (6.16) and the mean-
variance hedging problem (6.24).

Proposition 5 The hedging problem in the incomplete market provides a lower bound for
the robust hedging problem with model uncertainty and the bound is tight for some appro-
priate distribution of the evolution of the stock under market incompleteness.

1. Z(λ) ≤ Z∗;

2. There exists an Ft-adapted process λ∗ = {λ∗t , t = 0, . . . , T −1} where λ∗t ∈ [0, 1] such
that

Z(λ∗) = max
λ

Z(λ) = Z∗;

3. The solution of (6.24) corresponding to λ∗ solves (6.16).

Proof: We can reformulate problem (6.16) as a constrained problem by representing the
maximization part over Q in the objective function as a set of constraints such that

min
π,η

η

subject to EQ
[
(fT (ST )−XT )2

]
≤ η Q ∈ Q,

Xt+1 = Xt + πt(St+1 − St) t = 0, . . . , T − 1,

X0 given.

Since at time t the measure Qt is unknown and Qt ∈
{
Q1, Q2

}
for t = 0, . . . , T − 1, we

define a Lagrangian multiplier λt for each measure Qt, where λt represents the probability
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of Qt = Q1 and 1− λt represents the probability of Qt = Q2. Therefore there is one to one
correspondence between the multiplication of λt or 1 − λt and the elements of the set Q.
The dual of problem (6.16) is hence formulated as

max
λ∈[0,1]

min
π

Eλ
[
EQ

[
(fT (ST )−XT )2

]]
(6.25)

subject to Xt+1 = Xt + πt(St+1 − St) t = 0, . . . , T − 1,

X0 given,

where λ = (λ0, . . . , λT−1) is the vector of the Lagrangian multiplier of problem (6.16) and
λt ∈ [0, 1] for t = 0, . . . , T − 1. If we fix λ and minimize over π for problem (6.25), then
we are facing a problem with prior distribution over Q1 and Q2 determined by λ, i.e.

Q
{
Qt = Q1

}
= λt = 1−Q{

Qt = Q2
}

.

This is indeed a quadratic hedging problem in an incomplete market, where the probability
assigned to each branch of the binomial tree at time t is defined as the distribution of Q̄t.
Hence, the dual problem can be rewritten as

max
λ∈[0,1]

min
π

EQ(λ)
[
(fT (ST )−XT )2

]
(6.26)

subject to Xt+1 = Xt + πt(St+1 − St) t = 0, . . . , T − 1,

X0 given.

At the optimal point, the duality gap between the primal and dual vanishes, then we have

Z(λ) = max
λ∈[0, 1]

Z(λ) = Z∗.

For part (2), since fT (·) is a convex function and the objective is quadratic, the optimal
solution for problem (6.26) exists, i.e. ∃λ∗ ∈ [0, 1] such that

Z(λ∗) = max
λ

Z(λ) = Z∗.

Similarly, if we have λ∗ fixed, Z(λ∗) = Z∗ and the optimal portfolio of problem (6.24) is
also optimal for the dual (6.26), hence, it solves the primal (6.16) as well.

From the above proposition, we can see that the robust hedging problem can be ap-
proached by solving the mean-variance hedging problem (6.24) then maximizing Z(λ) over
λ. Along these lines, suppose the processes λ is fixed and define the value function for the
mean-variance problem as

V (λ)(x) = min
π

EQ(λ)
[
(fT (ST )−XT )2

]
(6.27)

s.t. Xt+1 = Xt + πt(St+1 − St) t = 0, . . . , T − 1,

X0 = x.

Clearly
V

(λ)
T (XT ) := (fT (ST )−XT )2, (6.28)

and V
(λ)
t (xt) satisfies the backwards recursion

V
(λ)
t (Xt) := min

π
EQ(λ)

[
V

(λ)
t+1(Xt+1)|Ft

]
t = 0, · · · , T − 1, (6.29)

The following result characterizes the structure of the value function V
(λ)
t (Xt)
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Theorem 6 For any initial investment X0, the optimal hedging cost V
(λ)
t (Xt) at time t is

given by the following algorithm:

V
(λ)
t (Xt) = (ft(St)−Xt)2 + εt(λ) t = 0, . . . , T, (6.30)

where fT (ST ) is the payoff at terminal time T and ft(St) is defined by the backward dynamic
equation

ft(St) := E
Q(λ)
t [ft+1(St+1)] t = 0, . . . , T − 1, (6.31)

and the residual hedging error εt(λ) at time t is given by

εT (λ) := 0 (6.32)

and

εt(λ) := EQ(λ)[ft+1(St+1)2]− ft(St)2 −

(
EQ(λ)[ft+1(St+1)(St+1 − St)]

)2

EQ(λ)[(St+1 − St)2]
+ EQ(λ)[εt+1(λ)],

(6.33)
t = 0, . . . , T − 1.

The optimal hedging strategy at time t is

π∗t (λt) =
EQ(λ)[ft+1(St+1)(St+1 − St)]

EQ(λ)[(St+1 − St)2]
t = 0, . . . , T − 1. (6.34)

Proof: At time T , we have V
(λ)
T (XT ) = (fT (ST )−XT )2 by the definition of V

(λ)
T (XT ). We

will show by induction that the DP equation holds at time t and so that for time 0. Assume
that at time t

V
(λ)
t (Xt) = (ft(St)−Xt)2 + εt(λ)

with
ft(St) = E

Q(λ)
t [ft+1(St+1)]

and

εt(λ) = E
Q(λ)
t [ft+1(St+1)2]− ft(St)2 −

(
E
Q(λ)
t [ft(St)(St − St−1)]

)2

EQ(λ)[(St − St−1)2]
+ E

Q(λ)
t [εt+1(λ)].

By the backward recursive equation V
(λ)
t (Xt), we have

V
(λ)
t−1(Xt) = min

π
E
Q(λ)
t

[
V

(λ)
t (Xt)

]

= min
π

E
Q(λ)
t

[
(ft(St)−Xt)2 + εt(λ)

]

= min
π

E
Q(λ)
t

[
(ft(St)−Xt−1 − πt−1(St − St−1))2 + εt(λ)

]

= min
π

{
π2

t−1E
Q(λ)
t [(St − St−1)2]− πt−1E

Q(λ)[(ft(St)−Xt−1)(St − St−1)]
}

+

E
Q(λ)
t [(ft(St)−Xt−1)2] + E

Q(λ)
t [εt(λ)]
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In the second equation above, we apply the induction hypothesis of V
(λ)
t (Xt). In the third

equation, we represent the wealth at time t by the evolution function Xt = Xt−1+πt−1(St−
St−1). In the forth equation, we put the minimization over πt−1 aside and use the fact that
εt(λ) does not depend on the optimization procedure at time t−1. To solve for V

(λ)
t−1(Xt−1),

we take the first order derivative over πt−1 and set it equals to zero. Then the optimal
solution for this problem is

π∗t−1(λt−1) =
E
Q(λ)
t [(ft(St)−Xt−1)(St − St−1)]

E
Q(λ)
t [(St − St−1)2]

.

Furthermore, at time t, the measure Q(λ) is a mixture of two risk-neutral measures Q1 and
Q2 with weight λt and 1 − λt respectively. By the martingale property of the risk-neutral
measure, we have

E
Q(λ)
t [St − St−1] = 0.

Thus, we can simplify π∗t−1(λt−1) into

π∗t−1(λt−1) =
E
Q(λ)
t [ft(St)(St − St−1)]

E
Q(λ)
t [(St − St−1)2]

.

This gives us the optimal hedging strategy for time t. Moreover,

V
(λ)
t−1(Xt−1) = −

(
E
Q(λ)
t [ft(St)(St − St−1)]

)2

E
Q(λ)
t [(St − St−1)2]

+ E
Q(λ)
t [(ft(St)−Xt−1)2] + E

Q(λ)
t [εt(λ)]

=
(
E
Q(λ)
t [ft(St)]−Xt−1

)2
+ E

Q(λ)
t [ft(St)2]−E

Q(λ)
t [ft(St)]2

−

(
E
Q(λ)
t [ft(St)(St − St−1)]

)2

E
Q(λ)
t [(St − St−1)2]

+ E
Q(λ)
t [εt(λ)].

By defining
ft−1(St−1) = E

Q(λ)
t [ft(St)]

and the residual hedging error at time t− 1 as

εt−1(λ) = E
Q(λ)
t [ft(St)2]− ft−1(St−1)2 − (EQ(λ)

t [ft(St)(St − St−1)])2

E
Q(λ)
t [(St − St−1)2]

+ E
Q(λ)
t [εt(λ)],

we get the backward recursive form of V
(λ)
t−1(Xt−1) such that

V
(λ)
t−1(Xt−1) = (ft−1(St−1)−Xt−1)2 + εt−1(λ).

Applying this procedure repeatedly, we will get the optimal hedging cost at time 0.
Obviously, the optimal initial investment we should choose at time 0 is f0(S0), which

is the value of X0 which solve

min
X0

V
(λ)
0 (X0) = (f0(S0)−X0)2 + EQ(λ)[ε0(λ)]. (6.35)
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Similarly, at any time t before the maturity T , ft(St) gives the price for the derivative
conditioned on Ft.

For given process λ over measures and initial investment X0, the optimal hedging error
V

(λ)
0 (X0) for problem (6.27) only gives a lower bound for the robust hedging problem.

Therefore, we still need to calculate the hedging error as a function of λ and solve the
following problem over λ

max
λ∈[0,1]

V
(λ)
0 (X0). (6.36)

6.4.2 Approximate solutions

Although exact solutions of the dual problem

max
λ∈[0,1]

V
(λ)
0 (X0) (6.37)

are obtainable for small problems in the discrete setting, they are almost impossible to
obtain for problem of realistic size. In addition, though maximizations of the solution of
the mean-variance hedging problem (6.27) for arbitrage specification of the process λt is
well known, the problem of computing these solutions is non-trivial unless some additional
structure is put on λt. One advantage of the duality relationship is that “convenient”
specification of the dual process λt, under which the mean-variance hedging problem is
relatively “easy”, can be chosen. Of course, convenience comes at the cost of optimality, but
the loss of optimality can be quantified using duality. Indeed, a lower bound on the optimal
robust objective value can be obtained from the value of the dual objective, corresponding
to that “convenient” choice of λt, as described in part 1 of proposition 1, while an upper
bound can be obtained by evaluating the robust objective associate with the approximate
solution. A convenient choice of λt is to choose it as a constant value λ ∈ [0, 1]. The
associated mean-variance problem in this case is easy to solve and yields an approximate
hedging strategy. Our experiments suggest that the loss in optimality for this choice of λt

can be made relatively small (compared to the actual optimal obtained by solving the dual
problem). In addition, the price X0 associated with this hedging strategy is substantially
lower than that obtained from super-replication.

6.5 Numerical implementations

We evaluate the performance of the robust hedging models by testing the lower and
upper bounds of the hedging portfolio and comparing to the actual optimal value. The
numerical results also show that the robust hedging model outperforms the traditional
delta-hedging model.

6.5.1 The lower and upper bounds

To evaluate the performance of lower and upper bounds derived from the robust hedging
model, we implement the binomial tree approximation of a hedging problem where the asset
price follows a stochastic process with adjusted drift. In the binomial tree setting, the dual
model is to solve a delta hedging problem in an incomplete market. After a trading period
t, the asset price St can change to one of the four values Stu1, Std1, Stu2 or Std2, where ui
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Figure 6.1: Lower and Upper bound for robust model for u ∈ [1.08, 1.12]

and di are positive numbers satisfying ui > 1 > di and uidi = 1 for i = 1, 2. The probability
for taking u = u1 at time t is λt, and u = u2 is 1 − λt. We solve for a lower bound of the
dual problem by keeping λ as constant and an upper bound by applying the strategy into
the primal problem. We plot the curve of the upper and lower bound, and compare them
with the optimal objective function value of the robust model for λ ∈ [0, 1]. Figure 1 shows
that, the duality gap between the lower bound and the optimal solution is small when we
optimizing over λ. Hence, this approximation for the robust hedging problem gives a tight
bound, while keeps the computing effectiveness.

6.5.2 Comparison with delta-hedging models

Consider a hedging problem in complete market with model uncertainty, we compare
the performance of the robust hedging strategies to the delta hedging strategy with given
volatility by Monte Carlo simulation. We assume a time horizon 0 ≤ t ≤ T , and t only takes
integer values from 0 to T . The volatility u is uncertain, while we use a confidence interval
for u such that u only falls in the range [u, u]. For each iteration, at time t, the volatility is
generated randomly within the confidence interval, and we simulate the stock price process
according to this volatility. Consider an European bullish call option spread, i.e. we long
the low strike call option and short the high strike call, our objective is to hedge the payoff
of this call spread f(ST ) at time T with the final wealth XT .

We suppose that the stock price starts from S0 = 100 at time 0. We buy one contract
of call option with strike K1 = 90 and sell one with strike K2 = 100 to make a bullish
call-spread. Consider a hedging problem for T = 7 we randomly generate 100,000 sample
paths of the stock price process with uncertain volatility u ∈ [1.05, 1.15]. In figure 2, we
solve a delta-hedging problem in complete market with a constant volatility u = 1.1. Then,
we compute the profit/loss of the corresponding hedging strategy for each sample path and
plot histogram of the probabilities of profit/loss. In figure 3 and figure 4, we consider a
robust hedging model where the volatility u is assumed to be in [1.08, 1.12] and [1.05, 1.15],
respectively. Since it is difficult to solve the robust model explicitly, we consider a dynamic
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Figure 6.2: Histogram with delta-hedging strategy for u=1.1.

hedging problem in incomplete market with constant λ, and apply line search to solve for
the optimal λ. Then, we plot the histogram of the probability of profit/loss of corresponding
hedging strategy which is a lower bound for the robust model.

The maximum potential loss of the robust hedging strategy with u ∈ [1.08, 1.12] is less
than the hedging strategy with u = 1.1, and the mean is also left shifted. Furthermore,
when the range for u is set to [1.05, 1.15], the performance of the strategy is improved.

Consider the hedging problem of a bullish call spread with model uncertainty, we also
compare the hedging errors of the worst case binomial trees corresponding to the delta-
hedging strategy and the robust hedging strategy respectively. Under the delta-hedging
strategy, in each period, we choose the volatility such that the hedging error in that period
is the largest, then we could construct a binomial tree associated to the worst case for the
delta-hedging strategy. We simulate 10,000 sample paths according to that binomial tree
and plot the profit/loss histogram with the delta-hedging strategy. In this case, the worst
case binomial tree always choose the smallest volatility. In figure 5, the histogram is in the
double bell shape and biased on the negative side, since if the stock price goes up in the
first period, the final wealth always falls below the payoff of the call spread. In figure 6, we
use the worst case tree under the robust hedging strategy where we assume the volatility
u ∈ [1.05, 1.15]. The volatility of the worst case tree either takes value u = 1.05 or u = 1.15.
The histogram with the robust hedging strategy outperforms the delta-hedging one, hence
in worst case, the robust hedging strategy is more stable.
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Figure 6.3: Histogram with robust hedging strategy for u ∈ [1.08, 1.12]

−8 −6 −4 −2 0 2 4 6
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

profit/loss

pe
rc

en
ta

ge

Figure 6.4: Histogram with robust hedging strategy for u ∈ [1.05, 1.15]
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Figure 6.5: Histogram of worst case tree with delta-hedging strategy for u = 1.1
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Figure 6.6: Histogram of worst case tree with robust hedging strategy for u ∈ [1.05, 1.15]



59

Chapter 7

Conclusion

In this thesis, we have studied non-parametric methods for estimation and optimization
and explored the objective operational statistics with learning mechanism. First, we have
introduced the objective operational statistics as a new non-parametric method, which dis-
tinguish from other non-parametric method in a sense that it imposed minimal assumptions
on the distribution families. In particular, it does not assume the independence between
demands and inventory levels (this phenomena was pointed out by Cooper, Homen-de-Mello
and Kleywegt (15)). We then demonstrated some applications of the objective operational
statistics method in newsvendor problems with demand dependent on inventory, as well as
the observable demand cases.

A kernel algorithm based on objective operational statistics has been proposed for
inventory control problems. In the algorithm, for each sample data point, we evaluated the
objective function value on that specific demand realization, extended it to the entire feasible
region, and assigned each objective function curve with a kernel weight. The learning
mechanism has been applied on selecting the next order quantity, where we did not constrain
the next sample order quantity to the quantity that maximized the approximated objective
function, but spread the sample order quantity over the whole feasible region with an
exponential decreasing rate. For this algorithm, we have derived the conditions, under
which the kernel approximation function converges to the true objective function.

In addition, we have tested the performance of the kernel algorithm under different sce-
narios. We have compared our algorithm to classical parametric method, Nadaraya-Watson
regression method and the modified Nadaraya-Watson regression method with learning.
The results have showed good overall performance of our algorithm with different depen-
dence levels. The numerical experiments also demonstrated the convergence for the kernel
approximation function, which showed a fast convergence rate even with small sample data
size.

Finally, a robust hedging problem under model uncertainty have been proposed. Specif-
ically, we considered an ambiguous world where the volatility of asset return was unknown
and we had the subjective belief on an interval for the volatility. We regarded the mean
square error of the hedging portfolio as the objective and formulated a minimax optimiza-
tion problem. The lower and upper bounds have been derived explicitly for the single period
problem by solving a mean-variance optimization problem in incomplete market. While the
multi-period problem has been constructed by decomposing each stage and solving the sin-
gle period problem backward dynamically. The numerical experiments demonstrated the
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bounds derived for the hedging problems. From the histogram of the strategies, we con-
cluded that by comparing to the mean-variance model, our strategy performed well against
the uncertainty of the volatility.

In some sense, the objective operational statistics creates a new non-parametric method
for optimization and estimation, which incorporate the kernel method with learning mech-
anism. A partial result of the convergence properties of algorithm has been proven as the
convergence of the kernel approximation function to the true objective. The numerical re-
sults also demonstrate that objective function value under kernel algorithm falls within 2
percent below the optimum after 300 iterations. However, there are many potential research
topics to be investigated in the future. Such problems include: the theoretical result on
the convergence of the order quantity generated by the kernel algorithm to the optimal or-
der quantity; the objective operational statistics with application on censored demand; the
objective operational statistics with application on portfolio selection with asset liquidity.
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