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Sergio Fantini dedicates this article to the memory of his friend Paolo Tarini

Abstract

Intensity-modulated light launches traveling photon-density waves into optically diffusive media. In the presence of a
fluorophore, excitation photon-density waves generate fluorescence photon-density waves that can be quantitatively
described using diffusion theory. We examine a number of limiting cases of the fluorescence photon-density wave to clarify
its physical meaning and its implications in quantitative fluorescence spectroscopy of diffusive media. Our discussion may
guide the development of experimental protocols for quantitative fluorescence spectroscopy in optically diffusive media.
q 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

There are two reasons that account for the rele-
vance of fluorescence spectroscopy of diffusive me-
dia. First, in the optical diffusive regime, the excita-
tion and the emission radiances are both essentially
isotropic. This symmetrization of the excitation and
emission angular distributions allows for the mea-
surement of the absolute quantum yield of a fluo-

w xrophore without the need of a reference sample 1 .
Second, there are applications where one has to deal
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with optically turbid samples. Some examples in-
clude fluorescence studies of turbid gels, bacteric

w xgrowth in turbid media, in situ cell count in milk 2 ,
and optical tomography with fluorescent contrast

w xagents 3,4 . A quantitative physical model for the
fluorescence signal in diffusive media is required to
successfully apply this method and to exploit its
potentials. Such a physical model is provided by

w xdiffusion theory 1,5,6 , which has been used to
describe both the stationary and the time-dependent
components of the fluorescence signal. Here we
examine the frequency-domain approach, where the
intensity of the light source is modulated at angular
frequency v, the steady state case being the limit
vs0. In particular, we analyze the physical mean-
ing and some of the implications of the solution to

0030-4018r00r$ - see front matter q 2000 Elsevier Science B.V. All rights reserved.
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the diffusion equation for fluorescence in diffusive
media.

2. Photon diffusion and photon-density waves

Ž .The Boltzmann transport equation BTE de-
scribes light propagation within media where absorp-

w xtion and elastic scattering events occur 7 . These
optical phenomena are described by the linear ab-
sorption coefficient m , the linear scattering coeffi-a

² :cient m , and the anisotropy factor gs cosu ,s

where u is the scattering angle. The reduced scatter-
X Ž .ing coefficient m is defined as 1yg m , and its s

may be interpreted as the inverse of the mean dis-
tance over which the photon direction of propagation
is randomized. In diffusive media, where m

X
4m ,s a

the BTE reduces to the standard diffusion equation,
which describes the spatial distribution of the en-
ergy-density at distances 41rm

X from photons

sources, and providing that the time scale of the
energy-density variations is much longer than the

X Žisotropic scattering rate nm n is the speed of lights
. w xin the medium 8 . In the frequency-domain, the

harmonic modulation at angular frequency v of the
optical power emitted by the light source results in
the generation of photon-density waves into the dif-

w x Žfusive medium 9,10 . For a unit-power in ampli-
.tude point source located at the origin, the resulting

Žoscillating component of the photon-density Green’s
.function G is described in terms of a spherical

w xdamped traveling wave 9 :

1 eiŽk ryv t .

G r ,t s , 1Ž . Ž .
4pD r

where the complex propagation constant k
XŽ .s ivynm rD , Dsnr 3m is the photon dif-(Ž .a s

fusion coefficient, and r is the radial coordinate. The
steady state component of the photon density is

Ž .given by Eq. 1 with v set to 0. It is customary to
Ž .separate the time-dependent factor exp yiv t by

U Ž . Ž .introducing the term G r,v defined by G r,t s
U Ž . Ž .G r,v exp yiv t . The amplitude and the phase

of the photon-density wave at angular frequency v

< U Ž . < Žare then written as G r,v which is equivalent
< Ž . <. w U Ž .xto G r,v and Arg G r,v , respectively. Fur-

thermore, the modulation m is defined as
< U Ž . < < U Ž . <G r,v r G r,0 . Two characteristic lengths as-

Fig. 1. The ratio between the wavelength of the photon-density
Ž ŽPDW.. Ž .wave l and the diffusion length L as a function of the

Ž .parameter x' v r Õm .a

sociated with the photon-density wave are the diffu-
< Ž . <sion length L s 1r Im k and the wavelength

ŽPDW . < Ž . <l s 2 pr Re k . These two characteristic
lengths are not independent on each other, since
ŽPDW. Ž .l s4pDr v L . It is noteworthy that the ratio

lŽPDW.rL only depends on the parameter x'
Ž . ŽPDW.vr nm , and that in general l rL)2p. Con-a

sequently, photon-density waves are typically mea-
sured in the near-field. The dependence of lŽPDW.rL
on x is shown in Fig. 1. We observe that both
lŽPDW. and L decrease with v, but lŽPDW. decreases

w xmore rapidly. Processes of refraction 11 and
w xdiffraction 12 of diffuse photon-density waves have

been investigated.

3. Fluorescence in diffusive media as interference
of photon-density waves

The oscillatory density of fluorescence photons
emitted at wavelength l as a result of excitationm

from a unit-power, point-source at l is describedx
w xby the fluorescence Green’s function 1,5,6 :

G r ,tŽ .f

1q ivt 1Ž .
snm Lwafx m 2 2 2 21qv t 4pD D k ykŽ . Ž .x m x m

=

i k ryv t i k ryv tŽ . Ž .x me e
y , 2Ž .

r r

where the subscripts x and m indicate that the corre-
sponding parameters are evaluated at the excitation
Ž . Ž .l or emission l wavelengths, respectively. Inx m

Ž .Eq. 2 , m is the absorption coefficient of theafx
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Ž . Ž . U Ž . U Ž . U Ž . Ž . Ž .Fig. 2. Amplitude a and phase b of G r,v , G r,v , and G r,v versus radial coordinate and amplitude c and phase d ofx m f
U Ž . U Ž . U Ž . Ž . Ž .G r,v , G r,v , and G r,v versus modulation frequency. In panels a and b , the modulation frequency is set to 100 MHz, while inx m f

Ž . Ž .panels c and d , the radial coordinate is set to 3 cm. The values of the other physical parameters are listed in Table 1.

fluorophore at the excitation wavelength, L is the
quantum yield and t the lifetime of the fluorophore,
while w is the emission-spectral-efficiency factorm

that accounts for the emission bandwidth of interest
Ž .Dl about l . Eq. 2 results from the spatialm m

convolution of the source term of fluorescence pho-
tons with the Green’s function of the diffusion equa-
tion at the emission wavelength l . The assump-m

Ž . Ž .tions made in deriving Eq. 2 are the following: a
Žnegligible secondary fluorescence which is the fluo-

rescence generated by the reabsorption of an emitted
. Ž . Ž .photon ; b single exponential decay; and c negli-

gible photobleaching. The generalization to multiple
w xfluorescence lifetimes has been presented 2 . The

Ž Ž ..fluorescence Green’s function Eq. 2 can be inter-
Ž .preted as the interference or superposition of two

photon-density waves generated at the origin, having
propagation constants k and k , respectively. Thex m

Ž .quantitative validity of Eq. 2 has been experimen-
w x U Ž .tally verified 1 . The factor G r,v can be definedf

Ž . U Ž . Ž .from G r,v sG r,v exp yiv t so that thef f

amplitude and the phase of the fluorescence pho-
< U Ž . <ton-density wave are defined as G r,v andf

w U Ž .xArg G r,v , respectively. The modulation m isf f
< U Ž . < < U Ž . <defined as G r,v r G r,0 . Fig. 2 shows thef f

radial-coordinate and the modulation-frequency de-
U Ž .pendencies of the amplitude and phase of G r,v ,x

U Ž . U Ž .G r,v , and G r,v . The physical parametersm f

used to generate Fig. 2 are given in Table 1condi-
tion. The values of the background optical coeffi-

Ž X .cients m and m are based on typical opticala s

properties of biological tissues in the near-infrared.
The value of the fluorophore absorption coefficient
Ž .m is consistent with a molar extinction coeffi-afx

Table 1
Physical parameters used to generate Fig. 2

Parameter l lx m

y1Ž .m cm 0.05 0.02a
y1Ž .m cm 0.05 0af

X y1Ž .m cm 10 9s
10 10Ž .Õ cmrs 2.26=10 2.26=10

Ž .L cm 0.572 1.17
ŽPDW. Ž .l cm 26.3 14.3

Lw 0.01m
Ž .t ns 1.0
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cient of 105 cmy1 My1 and a concentration of 500
nM. In this article, we analyze some of the features

Ž .of Eq. 2 to describe its physical meaning in con-
junction with practical measurements of fluorescence
spectroscopy in diffusive media.

4. Limiting cases of the fluorescence photon-den-
sity wave

4.1. m ™`a f x

This limiting case implies that all of the excitation
photons are absorbed by the fluorophore at the ori-
gin. The result of this limit is:

1q ivtŽ .
lim G r ,t sLw G r ,t , 3Ž . Ž . Ž .f m m2 2

m ™` 1qv tŽ .afx

Ž .where G r,t is the Green’s function for the diffu-m
Ž Ž .sion equation at l i.e. Eq. 1 with ksk andm m

.DsD . As expected, the fluorescence source ism

located at the origin, has a weight Lw , and con-m
Ž . Ž 2 2 .tains the lifetime factor 1q ivt r 1qv t .

4.2. m ™0a f x

Ž .In this case, one simply gets lim G r,t s0m ™ 0 fafx

since there is no absorption and re-emission by the
fluorophore.

( )4.3. r<min L ,Lx m

The condition r<L also implies r-lŽPDW., and
< Ž . < < Ž . <therefore r Re k and r Im k are both <1. While

this limit is beyond the range of quantitative validity
Ž .of Eq. 2 , because the diffusion regime is not yet

established at distances from the source <L, it is
nevertheless useful to calculate this limit. This limit
is:

Ž .lim G r ,tf
Ž .r < min L , Lx m

k q kx m
exp i r y v t½ 5ž /Ž .nm Lw 1qivt 2afx m

s i .
2 2 Ž .4pD D k q kŽ .1q v tx m x m

4Ž .

We observe that in this limit the 1rr dependence
has disappeared, and the propagation constant is the

average of the excitation and emission propagation
Ž .constants. From Eq. 4 , one can readily evaluate the

limit r™0.

< <4.4. r4L L r L yLx m x m

In this limit, only one exponential is retained:

lim G r ,tŽ .f
< <r4L L r L yLx m x m

iŽk ryv t .-nm Lw 1q ivt 1 eŽ .afx m
s ,2 2 2 24pD D r1qv t k ykŽ . Ž .x m x m

5Ž .

Ž . Ž .where k is k if Im k - Im k or k if- x x m m
Ž . Ž .Im k - Im k . This limit yields the propagationm x

constant of the fluorescence photon-density wave in
the large-r case. This case is of practical relevance

Žwhen L and L are significantly different sayx m
< < Ž ..L yL GL , with L smin L , L . In thisx m - - x m

case, the limit is applicable at radial coordinates of
the order of a few diffusive lengths, where measure-
ments can still be practically performed. For in-
stance, Fig. 2 shows that at values of r larger than

Ž .about 4 cm i.e. ;7L and ;3.4L , the r-depend-x m

encies of the phase and amplitude of the fluores-
cence photon-density wave closely match those of
the photon-density wave at the emission wavelength
Ž .because k sk in the case of Fig. 2 .- m

4.5. k sk 'km x

The case of same optical properties at l and lm x

is of significant interest because it is often approxi-
mately fulfilled. In fact, the reduced scattering coef-
ficient typically shows a weak wavelength depen-
dence, and the absorption coefficient may be approx-
imately the same at l and l . The result for them x

fluorescence photon-density in this limit is:

lim G r ,tŽ .f
< <k yk ™0m x

iŽk ryv t .nm Lw 1q ivt eŽ .afx m
s i . 6Ž .2 2 2 2k4pD 1qv tŽ .

Ž .where k D is the limiting common value of kx
Ž . Ž .D and k D . We note the spatial dependencex m m
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Ž . Ž .on exp ykr the factor 1rr has disappeared and
U Ž .the fact that the phase and modulation of G r,vf

are given by:

f r ,vŽ .f

1 v
sf r ,v qarctan vt q arctan ,Ž . Ž .x ž /2 nma

7Ž .

m r ,vŽ .f

y1r421 v
sm r ,v 1q , 8Ž . Ž .x 2 22 2 ž /' n m1qv t a

where f and m are the phase and modulation,x x
Ž . Ž .respectively, at l . Eqs. 7 and 8 show that thex

fluorescent phase and modulation are made of three
terms. The first one is the value one would measure
at l , the second one is the lifetime term one wouldx

w xmeasure in a non-scattering sample 13 , and the
third one is a term dependent on the parameter x.
The third term accounts for the extra path length,
with respect to the path length of detected photons at
l , of the combined trajectories of the excitationx

Ž .photons before conversion to l and the emissionm

photons generated by fluorescence. This extra path
length is minimized in the high absorption limit, in

Ž . Ž .which case the third terms in Eqs. 7 and 8 cancel.

4.6. vt41

Ž . ŽIn this case, the lifetime factor 1q ivt r 1q
2 2 .v t strongly attenuates the fluorescence signal.

For this reason, one wants to avoid large values of
vt , since they result in measurements of fluores-
cence light with a low signal-to-noise ratio.

4.7. vt<1

In this case, the fluorescence signal bears no
lifetime information since the terms containing t in

Ž .Eq. 2 cancel out. The further limit vs0, where
ks i nm rD , is the steady state case. With regards( a

to limits 4.6 and 4.7, we observe that the spatial
Ž . Ždependent factor in G r,t the term in squaref

Ž ..brackets in Eq. 2 is separated from the lifetime
factor. Therefore, the distribution of the photon paths
in the medium, as well as the spatial distribution of

the origin of the fluorescence signal, does not depend
on the lifetime.

4.8. vt;1

The results of limits 4.6 and 4.7 impose the
condition vt;1 to obtain fluorescence lifetime in-

Ž .formation from a measurement of G r,t . This con-f

dition is also required in fluorescence spectroscopy
of non-diffusive media. Let us now consider the
particular cases of lifetimes much larger or much
smaller than the average photon migration time t. In
the diffusion approximation, the average photon mi-
gration time-of-flight t at a radial coordinate r is

Ž w xgiven by rr 2 nm D 14 . Let us consider a radial( .a

coordinate r in the order of twice the diffusion
length, where the diffusion approximation holds, and
where the photon-density wave is still practically
measurable.

4.8.1. t4 t
In this limit, the condition vt;1 requires that

Ž .v<1rt. At r;2 L, this condition reads vrnma

<1. The propagation constant of the photon-density
wave thus reduces to:

Õma
lim ks i , 9Ž .( Dt4 t

vt;1

which is the steady state limit for k. However, the
U Ž .lifetime information in G r,v is retained since itsf

phase is solely determined by the fluorescence life-
time.

4.8.2. t< t
In this limit, the condition vt;1 requires that

v 4 1rt. At r ; 2 L, this condition reads
Ž .1r2vrnm 41. The propagation constant of thea

photon density wave thus reduces to:

v
lim ks 1q i . 10Ž . Ž .(2 Dt< t

vt;1

We observe that the diffusion length in this high
frequency limit is much smaller than the steady state
diffusion length Drnm . Furthermore, the condi-( a

Ž .1r2 Xtion vrnm 41 requires that m 4m for thea s a
Ždiffusion approximation to be valid because v must

X . w xbe <nm 8 .s
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5. Discussion

The interpretation of limits 4.1 and 4.2 is straight-
forward. The disappearance of the factor 1rr in the

Ž . Ž Ž .expressions of G r,t in limits 4.3 and 4.5 Eqs. 4f
Ž ..and 6 indicates that the amplitude of the oscilla-

tory photon flux integrated over a sphere of radius R
wŽ . Ž 2 2 .x 2is proportional to 1 q i vt r 1 q v t R

w Ž . x Ž Ž .exp yIm k R where ks k qk r2 in the casex m
.of limit 4.3 . This means that there is an optimum

U Ž .value of R, R s2rIm k s2 L, that maximizes the
Ž .integrated fluorescence photon flux see Fig. 3 . We

observe that this optimum value RU only depends on
Žthe optical properties of the diffusive medium ma

X .and m and on the angular modulation frequencys
Ž .v , while it is independent of the fluorescence
properties of the fluorophore. By contrast, the oscil-
latory excitation photon flux integrated over a sphere
of radius R monotonically decreases in amplitude as
Ž Ž . x w Ž . .1q Im k R exp yIm k R . Fig. 3 shows thex x

Ž .steady state vs0 excitation and fluorescence pho-
ton fluxes integrated over a sphere centered at the
origin, as a function of the radius of the sphere.
Limit 4.3 further indicates that at small r, the fluo-
rescent photon-density wave has a diffusion length
L given by:f

2 L Lx m
lim L s . 11Ž .f L qLŽ .r<min L , L x mx m

Consequently, the projected radial distance for
maximal integrated amplitude of the photon flux is

Ž .2 L s4L L r L qL . Furthermore, in this smallf x m x m

r limit, the wavelength of the fluorescent photon-
density wave is:

2lŽPDW .lŽPDW .
x mŽPDW .lim l s . 12Ž .f ŽPDW . ŽPDW .l qlŽ .r<min L , L x mx x

Limit 4.4 indicates that at large r, the fluorescent
diffusion length is:

1
lim L s sL , 13Ž .f -< <Im k< < Ž .r4L L r L yL -x m x m

while the wavelength of the fluorescent photon-den-
sity wave is:

2p
ŽPDW .lim l s . 14Ž .f < <Re k< < Ž .r4L L r L yL -x m x m

Ž .Fig. 3. Steady state v s0 excitation and fluorescence photon
Ž .fluxes integrated over a sphere of radius R centered at the origin

as a function of R. The optical parameters used to generate this
figure are m sm s0.1 cmy1 and m

X sm
X s10 cmy1.ax am sx sm

U < Ž . <Note the optimum value R s2 L, where Ls2r Im k q k inx m
< Ž . < < Ž . <the case of limit 4.3, and Ls1r Im k s1r Im k in thex m

case of limit 4.5.

Ž . Ž .Eqs. 11 and 13 show that the fluorescence diffu-
sion length at large r is F than at small r, the equal
sign holding if L sL .x m

The interpretation of limit 4.7 is straightforward.
Ž .Limit 4.8.1 shows that long compared to t lifetimes

can be measured without knowledge of the optical
properties of the diffusive medium. In fact, the phase
of the fluorescent photon-density wave is dominated
by the lifetime delay, and it contains only a negligi-
ble contribution from the photon time-of-flight in the
diffusive medium. Limit 4.8.2 indicates that short
Ž .compared to t lifetimes should be measured at high
modulation frequencies and small radial coordinates,
so that the lifetime-induced phase shift vt is com-
parable to the phase shift induced by the photon
time-of-flight.

6. Conclusion

In this article, we have considered various limit-
ing cases of fluorescence photon-density waves in
uniform diffusive media. The starting point of our

Ž .analysis is Eq. 2 , which is based on diffusion
theory, and which has been experimentally validated
w x Ž .1 . The predictions of Eq. 2 in the limiting cases
considered here can help the design of experimental
protocols for quantitative fluorescence spectroscopy
in diffusive media.
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