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1. Introduction

A variety of tools for symbolic controller synthesis have been
developed over the last decade to enforce complex specifications
such as those encoded in temporal logic. This paper’s goal is to
reduce the computational burden incurred with a growing system
size by exploiting system structure and specifications. In particular
we focus on monotone systems as investigated by Angeli and
Sontag (2003) and Hirsch (1985) which preserve a partial order of
states, and directed specifications which encourage either high or
lower valued signal trajectories.

A common paradigm for symbolic controller synthesis entails
first abstracting a dynamical system with a continuous state space
to a discrete system with a finite state space. A synthesis engine
takes the abstraction and solves a game where the system’s con-
troller seeks to enforce a specification and an adversarial envi-
ronment seeks to induce a specification violation. The choice of
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game solver depends on the type of specification to be enforced.
A winning control strategy for the abstract system (if it exists) is
subsequently refined into a strategy for the continuous system; the
notion of a system relation formalizes conditions for refinement
from an abstract controller to a concrete one, as summarized
by Tabuada (2009). As the system size increases, the abstraction
procedure results in three symptoms that increase the synthesis
engine’s runtime and memory requirements:

(1) Reachability calculations within the abstraction procedure
become more expensive or conservative.

(2) The number of discrete transitions grows exponentially.

(3) The number of discrete states grows exponentially.

Addressing the first challenge, Coogan and Arcak (2015); Moor
and Raisch (2002) have used variants of monotonicity to efficiently
upper and lower bound the reachable sets by simulating the dy-
namics from two points. However, the latter two computational
challenges remain open. To tackle these issues, this paper utilizes
directed specifications. We develop the notion of directed alternat-
ing simulation relations and present two immediate results. First,
we introduce sparse abstractions, which prevent an exponential
blowup in the number of transitions in the abstract system, and an
associated controller refinement procedure. Second, we limit the
exponential growth in discrete states by breaking apart the synthe-
sis into a set of smaller problems. These smaller problems then use
assume-guarantee reasoning between sub-systems; soundness of
this procedure was demonstrated by Lomuscio, Strulo, Walker, and
Wu (2010). We also show that assumptions and guarantees can
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be designed with binary search. The computational speedups from
our results are showcased in a vehicular traffic example using the
controller synthesis tool in conPAS2.

Existing tools such as CoSyMA by Mouelhi, Girard, and Gossler
(2013),SCOTS by Rungger and Zamani(2016), Pessoaby Mazo]r.,
Davitian, and Tabuada (2010), and conPAS2 by Yordanov, Tumov,
Cern, Barnat, and Belta (2012) each take a dynamical system model
and perform the abstraction and refinement steps, but defer the
synthesis procedure to outside synthesis engines. The first three
tools use a fixed point algorithm over binary decision diagrams
as a synthesis engine, while cosPAS2 solves the game over a
graph; Baier and Katoen (2008) provide an overview of both these
algorithms.

Instances of compositional synthesis exist in the litera-
ture. Rungger and Zamani (2015) construct an abstraction for
an interconnected system from the abstractions of individual
sub-systems via a small-gain theorem. Nilsson and Ozay (2016)
and Sadraddini and Belta (2016) construct robust controlled in-
variant sets which act as assume-guarantee contracts between
sub-systems. Meyer, Girard, and Witrant (2015) also synthesize
controllers for monotone systems, but do not exploit directedness
to reduce the abstraction size. Dallal and Tabuada (2015) enforce
a discrete stability condition by constructing abstractions that
respect the level curves of a Lyapunov function.

This paper expands upon our previous results in Kim, Arcak,
and Seshia (2015, 2016). We developed a compositional synthesis
framework for vehicle traffic networks via assume-guarantee con-
tracts in Kim et al. (2015), along with preliminary results on iden-
tifying contract parameters when specifications were restricted to
a combination of safety and reachability. In Kim et al. (2016) we
introduced the notion of directed specifications for an assumption
mining problem. Our results about directed alternating simulation
relations in Section 4 and sparse abstractions in Section 5 are new.
Section 6 on compositional synthesis subsumes the results of Kim
et al. (2015) which were derived for a traffic flow model.

2. Preliminaries
2.1. Notation

For a set P, let |P|, 27, P*, and P® respectively represent P’s
cardinality, powerset (set of all subsets), and sets of finite and infi-
nite sequences of elements of 7. We let — denote a functional map
between a domain and a codomain, and = represent Boolean
implication. The image f(£) of a set £ < P under function f :
P > R is the set of points {f(x) : x € £} and the preimage f ~'(\)
ofaset N C Ris{x € P : f(x) € N}. Boolean true and false
are denoted by T and _L. The Boolean negation of a proposition a
is —a, and we have logical operations A (and/conjunction) and v
(or/disjunction).

We consider both set and logic based viewpoints for specifica-
tions ¢. When ¢ is a set we say that x € ¢ (“x is a member of the
specification set ¢”). When ¢ is a logical formula, we say thatx = ¢
(“x satisfies the formula ¢™). It is easy to move between these two
viewpoints because x |= ¢ if and only if x € ¢.

2.2. Transition systems and environments

We consider two types of transition systems. First, an open
system ¥ = (X, Xp,U,D,8,Y,h) consists of a state space X,
an initial set Ay < A&, a finite set of control modes ¢, a set of
uncontrollable environment disturbances D, a non-deterministic
transition relation § : X x ¢ x D+ 2%, an output space Y, and a
deterministic output map h : X + Y. Such a transition system is
said to be nonblocking if §(x, u, d)is non-empty forallx € X, u e i,
and d € D, and deterministic if such an §(x, u, d) is a singleton.

We consider assumptions on the environment behavior ¢, € D
that restrict disturbances to a subset of the disturbance space at
all times. For example, D may be R~ while ¢, = {x € R :
x < 5}. In later sections, this assumption set will vary as part of
a contract between systems. From an open system and environ-
ment assumption, we construct a nonreactive system A(X, ¢,) =
(X, X, U, A, Y, h) where A : X x U + 2¥ and ¥ € A(x,u)
if and only if there exists a d € ¢, such that X' € §(x, u, d).
In effect, any exogenous disturbance is now implicitly encoded
as additional non-determinism in the transition relation A and
8(x,u,d) € A(x,u)foralld € ¢, and all x, u.

A behavior of A(X, ¢,) is any sequence y = yoy1... € Y°
such that there exist an X € Xp and a pair of sequences u =
Uglly ... € U® and X = XgX; ... € X, generating y according to
Xkp1 € A(Xk, ug) and yx = h(xk). A control policy C : &* +— U
takes a finite state sequence X = XoX; . . . Xx and outputs a control
mode uy for all times k, and is paired with a set of initial states
XS € A, forming a tuple (XF, C). We let By 4,)(XS, C) € ¥
be the set of all possible behaviors when the control strategy is
placed in closed loop with A(X, ¢,), i.e., a controlled trajectory
Y =Yoy1... € Bax,g)( XS, C) satisfies Xo € XL, X1 € Alxk, ug),
uy = C(xoX1 . . . X), and y, = h(x,). An output specification ¢spec
Y® encodes a set of desirable behaviors.

Problem 1. Given a nonreactive system A(X, ¢,) and a specifi-
cation ¢gpec  V*, find a control strategy (g, C) such that x§
is nonempty and all trajectories of the closed loop system satisfy
Bz, XS, C) € Prpec.

Solving Problem 1 can be viewed as a sequential game between
a controller who wants to satisfy the specification despite all
actions from an adversarial environment that picks disturbances.
After the controller picks a control mode, the environment may
choose amongst the set of possible transitions allowed under tran-
sition relation A. We do not develop a new controller synthesis
engine, but in our examples use an existing solver in cosPAS2 and
propose effective pre-processing techniques that enable us to solve
larger problems.

3. Partial orders, directed sets, and monotone systems
3.1. Partial orders

A partially ordered set P has an associated binary relation <p
where for all py, p2, p3 € P the binary relation satisfies (1) p1 <p
p1, (2)if py <p py and p, <p p; then py = p, and, (3) if
p1 <p p2and p, <p p3then p; <p p3. We define >» so that
p1 =>p p2 holds if and only if p, <p p;. If neither p; <p p>
nor p; >p p, holds, we say that p; and p, are incomparable. An
interval [a,b] € Pistheset{x € P : a <p x <p b}. Given a
collection of partially ordered sets 7; and relations <p, with index
i€ AletP =[] Puandm(p) : P Pymapp € P toits ith
component. For py, p, € P, the product ordering relation p; <p p,
holds if and only if 7i(p1) <p, mi(pz) for alli € .A. Similarly,
a partial ordering p <pw q between a pair of infinite sequences
P = Ppop1 -..and q = qoqy . .. holds if and only if py <p qy for all k.
A function between partially ordered setsf : P > R is a monotone
function if p; <p p, implies f(p1) < f(p2) for all py, p, € P. The
composition of monotone functions is also a monotone function.

3.2. Directed specifications

Definition 2. A subset £ of the partially ordered set P is a lower
set if for all pairsx,y € P
YeELAXSpY) = X€EL. (@)

Itis an upper setify € £ and x >p y implies x € £. It is directed if
it is either a lower or an upper set.
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Fig. 1. Alower set in £ C R2>o with the standard ordering. The principal lower
set | a with associated point @ is a subset of £. The patterned set |, A includes all
points for which there exists a point in A that is greater.

A lower set £ is illustrated in Fig. 1 (left). When a € P, let
la={xxeP:x<paCPandta={xeP:a=<px}
When A C P then its lower closure is | A = [J,c4 4 @ while its
upper closure is + A = UﬂeA 4 a. By construction, | A is a lower
set of P and A C| A; see Fig. 1 (right). Moreover, the preimage
F'(A) of a lower set A with a monotone function is also lower, so
F71(A) =} f~(A). Interpreting the specification ¢ as a subset of a
signal space leads to the following definition.

Definition 3. A directed specification ¢ is a directed subset of Y
with the partial order relation <ywo.

Directed specifications can include complex temporal depen-
dencies that incorporate requirements enforcing safety, reachabil-
ity, and liveness for directed (possibly non-convex) sets. Common
examples of lower specifications in the control theory literature are
norm-bounded non-negative signals. Linear temporal logic (LTL) is
another specification language that has been studied in the hybrid
systems community, and a fragment that ensures the directed
property was identified in Kim et al. (2016). A more detailed
introduction of LTL and the directed fragment appears in Section 7.

3.3. Monotone systems

Definition 4. An open deterministic, discrete time transition sys-
tem X = (X, X, U, D, §, Y, h) with transitions § : X XUXD > X
is monotone if for all u € «

X1 <x X2 A di <p dy = 8(x1, u, d1) <x 8(x2, u, d2)

and the output function h : X + Y is monotone.

The following lemma shows that monotone dynamics preserve
the assumption set relation |, ¢, C| ¢, as illustrated in Fig. 2.

Lemmas5s. If | ¢, €| ¢, thenforallg C X, ueu

18,1, ¢a) SV 8(q. u, 47)- (2)

An analogous property also holds where 1 ¢, €1 ¢, implies

1 5(q, u, ¢a) S1 8(q, u, ¢;).
4. Directed alternating simulation relations

This section defines directed alternating simulation relations
which are used to refine a controller from an abstraction T’ to a
concrete system T when specifications are directed.

Definition 6. Let two nonreactive systems T" = (&X', x5, U, &',
Y,W)yand T = (X, X, U, A, Y, h) have a common partially or-
dered output space Y. T upper (resp. lower) alternatingly simulates
T’, denoted as T' <yus T (resp. T’ <yas T), if there exists a relation
R € X x &’ such that

D X

|l \| 4

Fig. 2. lllustration of Lemma 5. The patterned assumption set ¢; dominates the solid
assumption set ¢, in that |, ¢, C| ¢,. The reachable sets they induce also preserve
this ordering so the images | 8(q, u, ¢.) € 8(q, u, ¢}).

=

For all x; € Ay, there exists an xo € Xp such that (xo, xj) € R.
For all (x,X’) € R, h(x) <y W(x) (resp. h'(x') <y h(x)).

For all Xy, X such that (x,x]) € Rand u’ € ¢/, there exists
au € U such that for all x, satisfying (x1, u, x,) € A there
exists an xj satisfying (x;, u', x,) € A’ and (X2, x,) € R.

®R

The only difference between this relation from traditional al-
ternating simulation relations, as detailed by Alur, Henzinger,
Kupferman, and Vardi (1998) and Tabuada (2009), is contained in
the second condition. Traditional alternating simulation relations
impose output equivalence, while the directed version relaxes that
condition to an ordering relation.

Definition 7. Two nonreactive transition systems T, T’ are mu-
tually upper alternatingly similar, denoted with T £, , ;T”, if both
T'<uasT and T <yus T’ (different relations are permitted for each
direction). Likewise, they are mutually lower alternatingly similar,
denoted with T £, , (T', if both T'<4sT and T <pas T'.

Lower specifications can be paired with upper alternating sim-
ulation relations to refine a controller satisfying the specification
from one system to the other.

Theorem 8. If T" <yas T (resp. T' <ias T) and there exists a control
strategy (A¢, C') such that the closed loop behaviors By/(x{', C') of
system T’ all satisfy lower (resp. upper) specification ¢ < Y, then
there exists a control strategy (Xg , C) such that Br(x§, C) C ¢.

Proof. We prove the case when T’ <yss T and ¢ is a lower
specification. Let X == h~'(} h'(x")). This set is nonempty via
the first and second conditions of Definition 6, and for all xo € Xf
there exists anx; € Xéc/ such that (xo, Xy) € R. By iterating the third
condition n times, for all sequences u” = ugu ... u,_, there exists
a sequence u = Ugll ... Uy_q such that for all possible sequences
X = XoXi...Xp that are consistent with the dynamics of T’ there
exists an X' = xgx;...x; where (x;, X{) € Rand h(x;)) <y h'(x])
foralli € [0,...,n]. Given C'(xgX;...x;) = u letC : X* > U
be defined such that C(xox; ...x,) = u, as defined immediately
above. It follows from ¢'s lower property that if all trajectories
of T” under control strategy (X,f’, ') satisfy ¢ then all possible
trajectories of T under (Xbc, C) also satisfy ¢.

Consider an open system ¥ = (X, Xp, U, D, 8, Y, h) and two
distinct disturbance environments ¢,, ¢, inducing nonreactive
versions A(X, ¢,) and A(X, ¢}). Proposition 9 shows that for
monotone systems X, a simple set containment relation between
¢, and ¢] implies a directed alternating simulation relation be-

tween A(ZX, ¢,) and A(Z, ¢).

Proposition 9. Let deterministic monotone system X and envi-
ronment assumptions ¢q, ¢, have associated nonreactive systems
A(Z, ¢a) and A(Z, ¢7). If
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o | ¢a S| ¢ then A(X, ¢)=uas A(Z, pa)-
o 1 ¢u S 1 ¢y then A(X, ¢p)Z1as A, ).
o | ba=1 ¢ then A(Z, ¢a) 345 A(Z, By).
o 1 ¢a=1 ¢ then A(T, ¢a) = s A(Z, )

Proof. For simplicity, we only prove the upper cases where the
(mutual) upper alternating simulation relation is R = {(x,x') :
X <x X} € X x x. By definition, the sets Xy = Aj so the
first condition in Definition 6 is satisfied. The second condition
is satisfied from the monotonicity of the output map. Finally, by
settingu = v, | ¢. S| ¢, implies that | &(q,u,¢a) S|
8(q, u’, ¢}) via Lemma 5 and for all x, € 8(q, u, ¢,) there exists
an x, € 8(q,u’, ¢,) such that x, <x» X,. When | ¢, =| ¢/, the
mutual upper simulation claim follows because | ¢, S| ¢, and
4 ¢, S| ¢a both hold.

Theorem 8’s controller refinement result is central in subse-
quent sections. It is used to develop sparse abstractions of mono-
tone systems and to develop contracts between interconnected
systems in Sections 5 and 6 respectively. We leverage Proposition 9
to systematically search for contract parameters.

5. Sparse abstractions of monotone systems

Monotone dynamics have been used for efficient reachability
computations via bounding boxes and constructing finite abstrac-
tions by Coogan and Arcak (2015); Meyer et al. (2015), and Moor
and Raisch (2002). These abstractions are then provided to a
control synthesis solver. When the specification has a direction,
the number of transitions in this abstraction can be dramatically
reduced without introducing any conservatism to the synthesis
algorithm. For clarity, the rest of this section assumes that the
specification ¢ is lower. A few modifications are required when ¢
is upper, and these are highlighted in Remark 16.

5.1. State space box partitions

Let X be a closed and bounded subset of R%. The ordering < is
the standard coordinate-wise ordering and for x,y € Rix < y
means x; < y; foralli € {1,..., d}. Half closed-open intervals are
X yl={z:x<z<yland[x,y)={z:x <z <Yy}

Let Q be a set of symbolic states with partial ordering <o, and
{Ig}qec be a collection of intervals that forms a partition of x.

Definition 10. Symbolic set Q and ordering <¢ constitute a finite
interval partition of X if:

e Forall g € Q, there exist unique x{, xJ such that

Iy = (x],x§] or [x{, x3]. 3)
o Useolg=xandlg, Nlg, = Bif q1 # g2
e Forallqy, g2 € Q,q1 <g g if and only if

B = “)

Moreover, the discrete output map h' : Q +> Yis

h'(q) = h(x3). (5)

5.2. Box abstractions of monotone systems

We provide a brief overview of an existing monotonicity based
abstraction procedure for systems with box partitions employed
by Coogan and Arcak (2015). Let « be a finite set of control inputs
and consider an assumption set ¢, = UM_ [d], d}'] consisting
of boxes. Recall that a monotone system’s transition function &
is deterministic, but an exogenous disturbance acts as the source

of non-determinism. For all u € U, the set of possible reachable
states from an interval can efficiently be over-approximated by an
interval generated by evaluating § at 2M points in X x D:

Lemma 11. Forallu € U, x; <x X3, and d; <p dy:

8([x1. x21, u, [dv, d2]) € [8(x1, u, dv), (X2, u, da)]. (6)

This reachability over-approximation can be used to efficiently
construct a discrete box abstraction of the original system.

Definition 12. Given a deterministic monotone system ¥ = (X,
Xo,U, D, 8, Y, h) subjected to assumption set ¢, = szl [dT, d3'],
its box abstraction BA(X, ¢,) = (Q, Qo, U, A", ¥, ') is a tuple
with state space Q, initial states Qg such that g € Qo if and only if

3x € Ay wherex € q, (7)

input set ¢, transition relation A’ € Q x U x Q such that for
Iy = (X1, %], Iy = (¥,,X,1.(q, u, ¢') € A’ if and only if there exists
anm € {1, ..., M} such that

[8(x1, u, d7'), 8(xz, u, d3 )1 N (X}, X1 # 0, (8)
output space Y, and output map h’ given by, Eq. (5).

By construction this abstraction is non-blocking. One can check
condition (8) by evaluating if X, <x8(x;, u,d") <x x) for both
i € {1,2}. Box abstractions satisfy BA(X, ¢,) =<uas A(Z, ¢a);
the proof is omitted because it is similar to Proposition 14’s proof
below.

5.3. Sparse abstractions of monotone systems

The procedure above may result in abstractions with a sub-
stantial number of transitions. More transitions result in runtime
and memory overhead for controller synthesis algorithms that
explicitly store the discrete transition system in memory, e.g., as an
adjacency matrix. Reducing the number of transitions also reduces
the chance that the abstraction will exhibit spurious trajectories,
which are trajectories that appear in an abstraction but are not pos-
sible under the continuous dynamics. With a sparse abstraction,
we only take worst case transitions for a fixed disturbance d and
significantly reduce the number of transitions in the abstraction.

Definition 13 (Sparse Abstraction). Given a monotone system
¥ with respect to ¢, = UM_ [d7,d}], a sparse abstraction
SAZ, ¢a) = (Q, Qo, U, A, Y, V) is identical to the box abstrac-
tion BA(X, ¢,) except it has a different transition relation. For
q = (X1,X],q = (x{,x}], the new relation A" € Q@ x U x Q
contains transitions (q, u,q’) € A’ if and only if there exists an
m € {1,..., M} such that

8(x2, u, d') € (%7, X5]. 9)

The number of transitions out of each state and control action
pair (g, u) is at most M and independent of X's dimension. Fig. 3
(right) illustrates this abstraction procedure for M = 1. We next
show that SA(Z, ¢a)<uas A(Z, ¢a).

Proposition 14. If SA(X, ¢q) is constructed via Definition 13
with the finite interval partition given in Definition 10, then
SA(Z, ¢a) <uas A(X, pq) with the system relation

R={(xq):x<xx)) SX¥xQ (10)
Proof. Consider the three conditions on relation R in Definition 6.

Since Q is a partition of &, each xo € X can be matched with a
go € Qvia (7) and a corresponding xg" via Eq. (3). The second
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B =

Fig. 3. Construction of a box abstraction (left) versus construction of a sparse
abstraction (right) given a lower specification. For a fixed d, the sparse abstraction
only evaluates one point and does not use a box to over-approximate the reachable
set; it instead only considers the worst case transition, which is the upper right if
the specification is lower.

i
|
!
: Thm.8 :
'
i
i
'
|

Control
i Synthcsis: i
I N e
[ ; [ |
Abstraction Refinement

Fig. 4. The abstraction and controller refinement workflow. From a nonreactive
system A(X, ¢,) we generate a box or sparse abstraction. After controller synthesis
for SA(X, ¢,), the result of Theorem 8 is used to refine an abstract controller
(Qf. C) to a concrete one (X, C).

condition holds from monotonicity of h : X +> Y, which implies
h(x) <y h(xg ). Finally, for the last condition note that for all d € ¢,
there exists a dj' such that d < df. With such a d' , 8(x,d) <
8(x3, ") and 8(x, d) €| 8(x3, d*) by monotonicity of §.

The box and sparse abstractions are also mutually upper alter-
natingly similar because the reachable sets are upper bounded by
the same upper right corner.

Corollary 15. SA(Z, ¢a) 3 4sBAE, da).

5.4. Summarizing directed controller refinement

The ultimate conclusion of Proposition 14 and Corollary 15 can
be summarized in the following relationship:

SA(Z, ¢a) 2y asBAE, ¢a) Zuas A(Z, ¢a). (am

Proposition 14 and Theorem 8 jointly imply that a control strategy
for SA(X, ¢,) enforcing a lower specification ¢ can be refined to a
control strategy for the concrete system A(X, ¢,). Fig. 4 summa-
rizes the system abstraction and controller refinement procedure.
We require ¢ to be compatible with the partitions Q in that ¢ C
V4 S Y’ where Yo = {y € ¥ : y = h'(q)forsomeq € Q}.
This is a common assumption in abstraction based synthesis. Oth-
erwise some care is required when translating ¢ from a continuous
domain X to a discrete partition Q.

Remark 16. If ¢ is an upper specification, then Egs. (3), (4), (5), (8),
(9), and (10) are respectively replaced with

I = [x{, x3) or [x{, x3] (12)
4 sa K (13)
h'(q) = h(x}) (14)

[8(x1, u, d7'), 8(xz, u, 3 )1 N [X}, X5) # 6 (15)
3(xq, d7') € [X}, X5) (16)
R={(x,q) e X x Q:x] <xx}. (17)

Proposition 14 and Corollary 15 now refer to (mutual) lower alter-
nating simulations. It is possible for ¢ to be both upper and lower, but
when X is RY this is only true when ¢ = X or the empty set.

6. Compositional synthesis with directed contracts

This section shows that directed specifications ensure that
contracts between monotone systems naturally have a directed
property and are amenable to binary search heuristics.

6.1. Interconnections

Consider a collection of N open sub-systems X" = (x", Xg. u",
D", §" Yy", h") forn = 1,...,N and an interconnection function
7 : [TV, 0" x D8 > []N_ D" where D8 is an uncontrolled
disturbance set that is exogenous to all systems. The interconnec-
tion function Z assumes that £™s disturbance is a function of the
outputs, i.e. 7" : I'[#"y‘ x D™ > D" Often, the disturbance
set D" has smaller dimensionality than [T, x D¢ and does
not depend on all system outputs. The folrowing assumption on
the separability of the specification is required for compositional
synthesis.

Assumption 17. The global specification ¢spec has the form ¢gpec =
/\Lm;’w where ¢, all have the same direction.

We now state the compositional controller synthesis problem.

Problem 18. Let there be a set of N transition systems X" = (x",
g, u", D", 8", Y", h") with corresponding specifications ¢;'pec. As-
sume that for all time k, d; € D" satisfies the interconnection
functionZ : Ly" X D > ]_[LID". Find a satisfying control
strategy ((Xp)", C") for each X" such that the interconnected
system satisfies ¢spec = /\L@;‘m.

6.2. Assume-guarantee contracts

One system’s environment consists of the actions of adjacent
systems plus an exogenous disturbance. When this environment
consists of adjacent sub-systems, we incorporate promises be-
tween networks in the synthesis objective. In our framework, an
assume-guarantee contract consists of a safety guarantee by im-
posing a bound on output variables, and assumptions in the form
of bounds on input variables. If for each sub-system X" a control
strategy (X(f", C") can be synthesized that guarantees satisfaction
of the sub-system’s specification (1) under the assumption that
all other systems fulfill their promises and (2) such that the sub-
system’s promises to every other sub-system is satisfied, then the
interconnected system with initial states l_[g:1;t’§" will satisfy the
specification ¢gpec.

6.3. Directed contracts

We assume that the interconnection Z is a monotone function.
All systems ™ must have lower specifications or upper specifica-
tions. This assumption is satisfied when the original system has a
directed objective before decomposition. Consider a single system
X" with a lower specification ¢;'pec. Its guarantees to other systems
are set as upper bounds on its outputs.

6.3.1. Encoding guarantees
We restrict system X™s behavior by imposing an additional
requirement on its specification. We impose that ™ has an associ-
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Contract Space

ated finite collection of output values v" = (v]." wfi= , '} S
V". The guarantee set is defined as
o) =[O " eb vy S ). (18)

i=0

The infinite Cartesian product is interpreted as an invariant over
all time. Effectively, the guarantee restricts output behaviors to
be upper bounded by a set of points v" for all time and enforces
the state to remain within the region {x" : h"(x") €] v"}. The
new specification ¢" is simply the conjunction of the original
specification with the guarantee ¢" := ¢ A ¢g(V"

6.3.2. Encoding assumptions

Given a set of guarantees from other systems, we translate
those guarantees to possible environment behaviors that " can
observe. Consider an upper bound of the exogenous disturbance
set through the relation D8 C U’i | d;°® for some collection
of dj**®s. Let the collection 1" = {yf : j = "1} of
upper bounds on the disturbance be generated by applymg the
interconnection function to the sets ofd 05 guarantee values v €

viforalli # n. That s,

nt = AT L Y A7)
.dmgzy’:nvev} (19)
Because the guarantee from other systems does not change over
time, it suffices to represent the assumption set as a subset of D"
instead of (D")”. The assumption set as defined in Section 2.2 is

da(n") = {d":d" €} n"} S D". (20)

6.4. Identifying contract parameters via binary search

Given any synthesis procedure to satisfy a directed specifica-
tion, we systematically prune the parameter search space based
on the success or failure of this procedure by using the results in
Theorem 8 and Proposition 9. As the guarantees v are varied so
that synthesis is harder for one system, it then becomes easier for
adjacent systems to synthesize control strategies.

Proposition 19. Let " be a monotone system. If sets v", D" satisfy-
ing | v" C] D" generate guarantees (") and ¢;,'(0") and there
exists a control strategy (X,f", C") such that A™(X", n") satisfies
guarantee qﬁ;( v") then it will also satisfy guarantee ¢g( om),

Proof. Follows from a simple set containment argument because
specification ¢g"(ﬁ") is implied by ¢5(v").

Proposition 20 follows from Proposition 9 and Theorem 8.

Proposition 20. Let X" be a monotone system. If sets n", " satis-
fying | " <y " generate assumptions da(n"), p3(7") and there
exists a controlstrategy(xlf . &™) such that A"(Z™, oa(i" ))sansﬁes
a lower specification ¢, then there exists a control strategy (X““ e
such that A™(Z", 3(n")) satisfies ¢.

Fig. 5 depicts a space of contract parameters, with different
systems preferring opposite corners of the parameter space. The
search algorithm’s goal is to find the intersection of the two re-
gions. After sampling a set of parameters and observing whether
an abstract controller exists, we prune orthants (patterned regions)
of the contract parameter space. From Proposition 19 and 20,
sampling within a previously pruned space yields no progress and
does not help guide the algorithm to the intersection. The search
heuristic from Kim et al. (2016) is used to identify new contract
parameters. When ¢ is an upper specification inequalities (18) and
(20) should be reversed and the downarrows | in Propositions 19
and 20 should be replaced by uparrows 1.

Fig. 5. Example of binary search over X"'s two dimensional guarantee space
v! = (v}, v]). With lower specifications, system X' prefers bigger v because
the guarantee is easier to satisfy, while X2 prefers the lower region because its
environment is weaker. To find the intersection region, we sample and prune the
space by discarding an appropriate orthant (patterned regions) of the search space.

controller

We consider the problem of synthesizing a signal controller for
a traffic network, where the linear temporal logic (LTL) objective
aims to mitigate congestion. Following a brief introduction to
LTL, we introduce a directed subset and give an overview of LTL
synthesis.

7.1. Directed linear temporal logic

Temporal logics are logical formalisms for expressing specifica-
tions as sets of admissible signals (Pnueli, 1977). We restrict our
interest to signals over the discrete output space Yo. An atomic
proposition s is a subset of Y. Linear temporal logic specification
is constructed with the grammar

¢ = Tlul=¢lo" A ¢?| O dlp'Up? 1

where — is Boolean negation, and A is a Boolean AND. Specification
Q¢ istrue if and only if ¢ is true at the next time step. Specification
¢'Ug? is true if there exists a future time k such that ¢? is true at
time k and ¢ is true until k. One can derive additional temporal
operators ¢ = TU¢ for “¢ is eventually true” and O¢ = —(o—¢)
for “¢ is always true”. The guarantee (18) can be rewritten in LTL as
Oy" €l v").In Kim et al. (2016), we previously identified a frag-
ment of linear temporal logic that guarantees that a specification
is directed:

Proposition 21. Let all atomic propositions wy, jv, < P be lower
and upper sets respectively. A temporal logic specification ¢4 C P
constructed with the following grammar is directed

d = ildu
Gu = Tlul=diliy A il O puldy U]
G = Tlwl=dulu) A 1| O dild/ Uy

Proof. We provide a sketch of the full proof in Kim et al. (2016).
A lower specification ¢; can be constructed by operations that
preserve the lower property. A specification consisting of only a
lower atomic proposition is lower. The set of lower sets of P is
closed under union and intersection, and the complement of a
lower specification is upper. A time delay of a lower specification ¢,
with the O operator preserves the lower property. The U operator
is interpreted as an appropriate combination of union and inter-
sections in 7. Identical arguments hold for upper specifications

Pu-
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Fig. 6. Two sub-networks /', A2 Solid arrows are links in A”! while dashed arrows
are links in 2.

An automata theoretic method to synthesize a controller in-
volves translating the LTL specification ¢ to a Rabin automaton that
monitors specification satisfaction. A product automaton between
the abstract dynamics and Rabin automaton is constructed. The
non-determinism in the product automaton’s transition relation
is viewed as an adversarial environment. A game between the
controller and environment is solved to yield the controller C
and the initial states xg. More detailed descriptions of this control
synthesis procedure are provided by Baier and Katoen (2008)
and Yordanov et al. (2012).

7.2. Network dynamics

Consider the road network depicted in Fig. 6 that consists of two
smaller networks and with parameters given in Fig. 7. The network
dynamics are derived from Daganzo’s (1994) cell transmission
model (CTM). A network with no diverging junctions (nodes with
multiple outgoing segments) was previously proven to exhibit
monotone dynamics by Coogan and Arcak (2015) under some mild
technical conditions which will be addressed. The network state x
consists of vehicle occupancies on each link, where x; represents
the occupancy on link [;. Each link has an associated maximum
capacity x;*". Both networks are controlled by a set of signalized
intersections. Each vertex vj has an associated finite set of traffic
intersection configurations, where each configuration determines
which incoming links are actuated. For instance, v4 in A2 may
actuate either I; or Ig but not both. A choice of signal configuration
for each intersection yields the entire network’s control mode.

The flow from one link to another is determined by the notions
of supply and demand. A link’s demand is the number of vehicles it
would like to send to downstream links and its supply is the num-
ber of vehicles it may accept from upstream. Link [;'s monotonically
increasing demand function Zfe“‘(xj, u) under control mode u is

em. min(x;, m;)  if lj actuated under u
70 ) = {0 " otherwise }

where, m; represents a maximum free flow rate. Likewise, link j's
supply function lf""(x,-) is monotonically decreasing with respect
to occupancy x;:

270) =X x.

The proportion of demand allocated from upstream linkj to down-
stream linki is given by ;. Supply allocated from downstream link
i to upstream link j is given by a}; and may depend on the signal
mode u. Demand and supply allocations must satisfy the following:

Do Bi<tand ) of=1. (22)
i i

Strict inequality for demand allocations B implies that some ve-
hicles are routed to an unmodeled link, and g;; # 0 only if [; is

Sub-network A'! parameters:

(x5 aS) = (60,40, 80,24, 60)
(Cor---rea) = (20,15,20,12,20)
DUk = {d:0<d<[10,0,0,3,0]}

Boz = fas = 0.8, fra = faa = 1.0,
vy € {{lo}, {lo,li}}, wey € {2}, {l2,1s}}
If I; actuated, then aoz = 0.7, 12 = 0.3
If I3 actuated, then azs = 0.7, 34 = 0.3
Otherwise ap2 = @24 =1

Sub-network A2 parameters:
(25, ..., 2S) = (30,18,30,30)

es) = (12,6,14,14)
D= {d:0<d<[43,0,3)
vy € {{ls}, {ls}}, woy € {{lr}. {ls}}
Bs7 = Per =1

Link I7’s supply is allocated to the link actuated by vs.

Inter-network flow parameters:
Bri=fs1 =8
Link [’s supply is allocated to link actuated by vs.

Fig. 7. Network dynamics parameters.

upstream from link I;. If link J; is actuated, the flow exiting link [; is
a function of its demand and downstream link ;s supply:

e, 72%) = min (zfe"‘, %zﬁ“") : (23)
ji

For link I5 which has no downstream link, we assume infinite
supply so the right term in the minimization is never active. The
next state x;r of link I; follows a conservation of mass equation

+ s cap em Sup exog
X; _mm{xj .x,—j}(lf L)+ d;

8
+ ) Bufdzie™, zf“%} (24)

k=0

where [; is downstream from I;. The exogenous demand d**® may
only be nonzero for input links i € {0,3,5,6,8} and is zero
otherwise. The first term in the minimization is used to enforce that
the link’s current occupancy does not exceed the link’s capacity.
It is only necessary because exogenous disturbances are present;
otherwise, a downstream link’s supply prevents vehicle overflow
by construction. The interconnection function Z from Section 6
encodes the network topology and is depicted in Fig. 8.

7.3. Monotonicity of network dynamics

The freeway dynamics are monotone with respect to a standard
coordinate-wise ordering on states and a disturbance ordering
given by higher demand and lower supply under a mild technical
condition.

Assumption 22. For all pairs of links I;, [j and control modes u such
that Bj;, a}? > 0:

m <X — =

(25)
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a}a v

8

Fig. 8. Input and output variables of the interconnected network depicted in
Fig. 6. The roles of the interconnection functions Z', Z? are identical to Section 6.
The occupancies on links I7, Is induce demands 1‘71“"‘, de“‘ via 7'. Likewise, the
occupancy on link Iy is transformed to a supply input for A2 via 72. Networks A”',
N2 are both monotone systems when the states adopt a standard ordering and the
input ordering is given by higher demand and lower supply.

Physically, Assumption 22 ensures that a link cannot be emptied
while simultaneously restricting flow from upstream. Because the
saturation flows m; shrink with a smaller sampling period, the
assumption is satisfied for a sufficiently fast sampling rate. Once
the larger network is broken apart into smaller networks A', A2
the two interact with supply and demand as input and output vari-
ables. The output functions h'(x"), h%(x?) are the identity functions
and states x', x? are augmented with superscripts for clarity. Note
that the flow exiting link ; in (23) is monotonically increasing with
respect to Z/°™ and downstream supply Z;**. Network A" has link
I; which experiences demand from network A/, The occupancy at
the next time step increases with respect to Z3e™, 7™ for all u:

(3t =} — R )+ 3 Bufzem, 23,
=18

For network A2, links I, Ig are subject to supply arising from
congestion in link Iy. As supply Z;"” decreases, the occupancy of
links I, Ig grows. Thus,

() = — [T T®) + a7+ Y By, 1)
k=56
for j € {7,8}. Eq. (24) shows that increasing the exogenous

disturbance d;*®* to any input link }; will increase its occupancy.

7.4. Compositional synthesis

Network A"'s objective is to ensure the on-ramps Iy, I3 do not
persistently overflow:

Pl = /\i=l,3D o (xi < 20). (26)

Similarly, network A’?'s objective is to prevent saturation of links
Is, ls, Is:

2 —
Plee = /\iszSD (i < 15) A0G (X < 12). 27)
Both specifications are lower and satisfy the grammar in Propo-
sition 21. Using Propositions 19 and 20 and binary search, the
contract parameters demand guarantee v2 = 12.5 and supply
guarantee v! = 31 were found to yield admissible control strate-
gies for both networks. These parameters translate to guarantees
on the system states

¢y = 0(x; <31) (28)

¢F =004 <125 A X3 < 12.5). (29)

Il

Vehicle Occupancy on N,

Vehicle Occupancy on N,

Fig. 9. Simulation graph of two networks satisfying a specification. Horizontal lines
signify traffic levels that play a significant role in the specification or guarantee.

Because Z8°™ and Z{°™ depend on the control input in this example,
(29) is a condition that ensures Z¢*™, Zg™ < 12.5 under any
of N*%'s signal configurations. These guarantees are propagated
via the interconnection functions Z¢™, 7ge™, 73** and Eq. (19) to
assumption sets with parameters n' = 12.5 and »*> = 9:

;=0 2 9) (30)
ol = D((ﬂ,je'“ <125 A 8™ < 0)
VZE™ <0 A 28 < 125)). 31

Under the assumptions d)a’ 3 ¢§ the controller synthesis engine finds
control strategies that enforce both ¢! = ¢s1pec A ¢; and ¢? =
$Zec A @3- For brevity, we focus only on the runtime results of
N as the results from A2 are similar. The state space partition
has 27 440 symbolic states and the Rabin automaton has 9 states,
so the product automaton has 246 960 states. The python pro-
gramming language is used to simulate dynamics and construct
the abstraction while the Rabin game solver in the MATLAB-based
toolbox conPAS2 is used as a synthesis engine. Runtime results are
summarized in Table 1 for the identified contract parameters and
were obtained with an early 2013 Macbook Pro with 8 GB of RAM
and a 2.4 GHz Intel Core i7 processor. The runtime and memory
results are summarized in the first two columns of Table 1. The
sparse abstraction exhibits a reduction in the number of transitions
by a factor of 121.2. The memory required to explicitly store the
abstraction was reduced by a comparable factor of 135. The time to
construct the product automaton and synthesize the controller is
reduced by a factor of 2. Both solvers recover the same set of initial
states for which a control strategy exists because the sparse and
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Table 1
Synthesis runtimes and memory requirements.
Box N Sparse N! Sparse A

# Abs. State |Q| 27440 27440 1536640
# Abs. Trans. |A| 1.33 x 107 1.09 x 10° 1.22 x 107
Abs. Mem. (MB) 118.76 .88 98.3
# Product Trans. 9.6 x 10° 7.6 x 108 2.34 x 10°
Abs. time (s) 79 45 6678
Product time (s) 153 65 9723
Synthesis (s) 110 63 14665
Total time (s) 342 173 24388

Fig. 10. Two sub-networks A, A2, Solid arrows are links in A’ while dashed
arrows are links in /2.

Larger Sub-network N'* parameters:
= (60,40, 80, 24,60, 24, 60)
5) = (20,15,20,12,20,12,20)
= {d:0<d<][10,0,0,3,0,3,0]}
Boz = Paa = Pae = 0.8, P12 = B3a = PBs6 = 1.0,
uo € {{lo}, {lo. i }}, wi € {{lo}, {l2,13}}

uz € {{la}, {la,15}}
If 1) actuated, then a2 = 0.7, 012 = 0.3
If I3 actuated, then azq = 0.7, 34 = 0.3
If I5 actuated, then aus = 0.7, a56 = 0.3
Otherwise apz = 24 = aup = 1.0

Fig. 11. Parameters for A”>.

box abstractions are mutually upper alternatingly similar. System
trajectories once the two networks are interconnected are shown
inFig.9; the controllers are synthesized with the sparse abstraction
and refined with Theorem 8.

7.5. Large network benchmark

We showecase the scalability of our approach by synthesizing
a controller for a 7 dimensional system. Fig. 10 shows A, which
is almost identical to &' but has two additional links and one
additional intersection. Compared to A', A% has twice as many
control modes and the discrete partition has 56 times more states.
Moreover, the specification includes a clause about the additional
link Is, 50 ¢ == /\iy,3.5 0 © (xi < 20) and the Rabin automaton
has 12 states instead of 9 previously. The parameters for A are
mostly taken from the dynamics of A’!, and can be found in Fig. 11.
Otherwise, this problem is identical to the compositional synthesis
problem between networks A and A2 and we use the same
contract parameters. Simulated trajectories for the interconnected
networks are presented in Fig. 12.

Table 1 presents synthesis benchmarks. We were unable to
construct A*’s box abstraction due to memory constraints, yet
N's sparse abstraction has a smaller memory footprint than A”'’s
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Fig. 12. Simulation of two networks with a larger network.

box abstraction. The total runtime grew by roughly two orders
of magnitude, which is proportional to the increase in number
of transitions in the product automaton. We expect a solver im-
plemented in C/C++ to exhibit much better runtimes than the
MATLAB-based conPAS2. conPAS2 is also written to accommo-
date a varying number of transitions from each discrete state. A
more memory efficient data structure could exploit the constant
number of transitions in a sparse abstraction.

8. Conclusion

This paper considered monotone systems and directed speci-
fications, and captured the underlying structure of the controller
synthesis problem by defining directed alternating simulations
relations. These relations allowed us to develop sparse abstractions
and directed contracts between monotone systems. Numerical
results showcase a tangible speedup by systematically addressing
algorithmic and memory bottlenecks in the abstraction and syn-
thesis procedures. The use of directed alternating simulations rela-
tions for synthesis with directed specifications raises the intriguing
possibility of crafting customized simulation relations for other
classes of specifications and behavioral relations. Future work will
explore time varying contracts.
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