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ABSTRACT OF THE DISSERTATION

A sufficient condition for stochastic stability of an Internet congestion

control model in terms of fluid model stability
by

Nam H. Lee
Doctor of Philosophy in Mathematics

University of California San Diego, 2008

Professor Ruth Williams, Chair

We consider a model of Internet congestion control, introduced by Massoulié and
Roberts, as an example of a stochastic network with resource sharing and a non-
head-of-the-line service discipline. To describe the evolution of this system, we use
a stochastic process that tracks the amount of service that has been given to each
document that is still in the system and the time since the last arrival to each route.
This is a Borel right process with a locally compact with countable base state space.
It is shown that under mild assumptions, stability of a related fluid model for residual
document sizes is sufficient for stability (positive Harris recurrence) of the Borel right

process.
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Chapter 1

Introduction

1.1 Overview

Stochastic networks are used as models for complex dynamic systems subject to
uncertainty. Applications arise in manufacturing, telecommunications, computer sys-
tems, and the service industry. Two major questions of interest for such models are
their stability and performance when heavily loaded. For a certain class of stochas-
tic networks known as multiclass queueing networks operating under head-of-the-line
(HL) service disciplines, there is now a fairly well developed theory of fluid and dif-
fusion approximations for studying the stability and performance of these networks.
For more general stochastic networks operating under non-HL service disciplines,
there is currently no analogous theory of fluid and diffusion approximations.

In this thesis, a model of Internet congestion control is considered as an example
of a stochastic network with resource sharing and a non-HL service discipline. With
generally distributed document sizes, it is an open question whether this model is
stable under a nominal load condition. The answer to this question is known to be
yes for a-fair sharing disciplines and exponential document sizes (see Bonald and

Massoulié [4] and De Veciana et al. [11]) and also for a proportional fair sharing



discipline with phase type distributions for the document sizes (see Massoulié [20]).
Here, under mild conditions, it is shown that if a related fluid model is stable, then a
process describing the Markov dynamics of the stochastic Internet congestion control
model is positive Harris recurrent, i.e., is stable. Some components of this process
are measure-valued (to keep track of the partial processing of documents). Our result
provides an analogue, for this stochastic network model, of a well known theorem
for multiclass HL queueing networks due to Dai [8]. Our result proved in this thesis
reduces the problem of establishing sufficient conditions for stability for the stochastic
network model to proving stability for a simpler deterministic fluid model.

The model of Internet congestion control considered here was introduced by Mas-
soulié and Roberts [21]. It aims to capture connection level dynamics in data net-
works like the Internet. The bandwidth sharing policies considered with this model
are generalizations of the processor sharing discipline. Assuming Poisson arrivals and
exponentially distributed document sizes, it is known that the Massoulié-Roberts
model is stable when operating under various utility based bandwidth sharing poli-
cies, provided a nominal load condition is satisfied. The exponential assumptions
permit one to use queue-length as a Markovian state descriptor in this context.

It is of considerable interest to understand the behavior of models like that of
Massoulié and Roberts when the document sizes are more generally distributed than
exponential. To describe the dynamics of such a model, one needs a higher dimen-
sional state descriptor than queue-length. In particular, we use an age process that
has measure-valued components that track the amount of service that has been given
to each document that is still in the system and components that track the time since
the last arrival to each route. This process is a Borel right process. We associate
with this age process a residual document size process. Gromoll and Williams [14]
developed a fluid model approximation for such residual processes.

The main result of this thesis is that stability of Gromoll and Williams’ fluid

model [13] is sufficient for stability (positive Harris recurrence) of our age process.



The thesis is organized as follows. In Section 1.2, we explain elementary termi-
nology and notation that is used in this work, and in Section 1.3, relevant material
from the theory of Borel right processes is reviewed. In Chapter 2, we introduce
the age process as a Borel right process. We introduce the notion of a fluid model
solution in Section 2.6 and state our main theorem in Section 2.7 under two as-
sumptions, Assumptions 2.2.1 and 2.2.2 that are specified in Section 2.2. While the
age process is the main object in our stability analysis, the residual document size
process associated with the age process plays an important role in connecting the
age process to the fluid model developed in Gromoll and Williams [13]. In Chapter
3, we will carefully verify that the hypotheses of the main theorem of Gromoll and
Williams [13] are satisfied by the residual document size process associated with the
age process. In fact, Assumptions 2.2.1 and 2.2.2 are formulated chiefly to overcome
various difficulties that arise when doing this. In Chapter 4, we give our proof of the
main theorem. The overall proof strategy used there is similar to that in Dai [8] and
Bramson [5]. However, there are differences because of the measure-valued aspects

of the age process and the resource sharing aspect of our model.

1.2 Notation and terminology

In this section, we suppose that X is a locally compact space with countable
space, and that (€2, F,P) is a probability space. We list some elementary notation
and terminology that will be used throughout our discussion.

We denote by B(X) the Borel subsets of X and denote by M(X) the space of finite
non-negative Borel measures on X. For each = € X, we denote by 4., the Dirac delta
measure at . We let x be the function from X to X such that y(z) = z for any
z € X. For any measurable function f : X — (—o00,00) and B € B(X), we let || f||z =
sup{|f(x)| : € B}, where this may take the value co. Let u € M(X). For a Borel
measurable function f : X — [0, 00], we denote by (f, u), the integral [ f(z)u(dx),



which may take the value co. Moreover, given another Borel measurable function
g : X — [0, 00) such that min{(f, 1), (g, )} < o0, we let (f —g, ) = (f, 1) — (g, 1)
and (g — f,p) = (g, ) = {f, 1)

We denote by Cy(X) the set of bounded continuous real-valued functions on X,
by C,(X) the set of uniformly continuous real-valued functions on X, and by C.(X)
the set of continuous real-valued functions on X having compact support. Also,
let CT(X) be the space of non-negative continuous functions on X. Then, we let
CHX) = C.(X)NCT(X), ¢ (X) = C(X)NCT(X) and C;u(X) = Cp(X)NC,(X)NCH(X).

A random element taking values in X is a measurable function X : 2 — X. For
each such random element X, the distribution of X is the probability measure ;1 on
(X, B(X)) such that u(B) = P[X € B] for each B € B(X). Suppose that {X,}>
is a sequence of random elements (possibly defined on different probability spaces)
taking values in X, and for each integer n > 1, let u,, be the distribution of X,,. Also,
suppose that Xy is a random element that takes values in X, and let py denote the
distribution of X,. The sequence {X,,}>°; converges in distribution to Xj if and only
if for any f € CJ(X), (f, un) — (f, ) as k — oo; in this case, we write X,, = X
as n — 00. The random element X, is said to be a weak limit point of the sequence
{X,,}22, if there exists a subsequence {X,, }32, of {X,,}>°, such that X,,, = X, as
k — oo. The sequence {X,}> is said to be tight if for each € € (0,1), there exists
a compact subset K, of X such that iminf, . pu,(K:) > 1—e.

We denote by D(X) the set of all functions from [0, 00) into X that are right
continuous on [0, 00) and that have finite left limits on (0, c0) and denote by C(X)
the set of all continuous functions from [0, 00) into X. Unless it is stated otherwise,
the space D(X) will be equipped with the Skorohod J; topology and the space C(X)
will be equipped with the topology of uniform convergence on compact time intervals.
With these topologies, the spaces D(X) and C(X) are separable metric spaces and we
consider them with the associated Borel o-algebras. A sequence {,}°2; of random

elements taking values in D(X) is said to be C-tight if {¢,}22, is tight and each weak



limit point of {,}5°, take values almost surely in C(X).

The set M(X) can be equipped either with the topology of weak convergence
or with the topology of vague convergence, and in either case, M(X) is known to
be a separable metric space (cf. Kallenberg [19]). In particular, given a sequence
{v}2, in M(X) and a measure vy € M(X), the sequence {vy}2, converges weakly
(i.e., in the topology of weak convergence) to vy € M(X) if and only if for any
f € (X), (f,vk) — (f,v0) as k — oo, but the sequence {14}, converges vaguely
(i.e., in the topology of vague convergence) to vy if and only if for any f € CH(X),
(fyvk) — (f, o) as k — oo. Unless it is stated otherwise, the (default) topology on
M(X) will be the topology of weak convergence.

A filtration is a collection {F; : ¢ € [0,00)} of sub-o-algebras of F such that
Fs C F; for all s and t € [0,00). A random variable n taking values in [0, o0] is a
stopping time for a filtration {F; : t € [0,00)} if {n <t} € F; for each ¢ € [0, c0).

We let R denote the set of all real numbers, i.e., (—oo,00), we let R, denote
[0,00), and we let Q denote the set of all rational numbers. We will simply write M
for M(RR, ), and for each integer n > 1, M" denotes the product space M x ... x M,
which involves exactly n copies of M. If z and y are in [—00, 00), then x A y is the
minimum of z and y, and x V y is the maximum of z and y. For any x € [—00, 0],
™ = 2 V0. For each R, let |x] be the largest integer that is less than or equal
to z. For each B € Ry and r € Ry, we let B+r = {x+r : x € B}. For
each integer n > 1 and = = (z1,...,2,) € (—00,00)", |lz|| = >_i_, |zx|. For each
function f defined on Ry, we let || f]lc = || f|lr.. Let C}(R;) denote the set of once
continuously differentiable functions on R, that together with their first derivatives
are bounded on R, . For non-negative finite Borel measures ¢ and E on R, we denote
by & >x<g, the convolution of ¢ and {, and for each integer n > 1, we denote by £0™) the
convolution of n copies of {. For any integer n > 1 and p € M(R?), we will always
identify the measure p with the measure i € M(R"™) such that zi(B) = u(B NRY)
for each B € B(R").



The phrase “independent and identically distributed” will be abbreviated as i.i.d.,

and the phrase “right continuous with finite left limits” will be abbreviated as r.c.1.1.

1.3 Borel right process and Harris recurrence

Our definition of a Borel right process will follow that in [12], and we begin with
some basic notation and terminology used in the theory of Borel right processes.

Throughout this section, suppose that X is a locally compact space with countable
base and let Q = D(X). For each ¢t € [0,00), let X; be the mapping from 2 to X
given by X;(w) = w(t), where w(t) is the value of the function w at t. Next, let
F =o0(X; :t € [0,00)). For each t € [0,00), let F; = (X, :5€[0,]), and let
Fir = Nse(t,00)Fs- Then, let §F={F; :t€[0,00)} and X = {X;:¢ € [0,00)}.

A Borel Markov kernel on X is a function K : X x B(X) — [0, 1] such that for
each z € X, the function K(z,-) : B(X) — [0, 1] defines a probability measure on
X, and for each B € B(X), the function K (-, B) : X — [0, 1] is Borel measurable.
For each bounded real-valued Borel measurable function f on X and Borel Markov

kernel K on X, we define a real-valued function K f on X by letting, for each x € X

(KM@ZLK@@MM-

A (homogeneous) Borel Markov semigroup on X is a collection {P; : t € [0,00)}
of Borel Markov kernels on X such that for any x € X, B € B(X) and [s,t] C [0, c0),

B@@ZLH@@BJ%& (13.1)

A stopping time T for the filtration {F,y : t € [0,00)} is a non-negative random
variables taking values in [0, co] such that {7 <t} € F;, for each t € [0, 00).

Definition 1.3.1. A Borel Markov semigroup {P; : t € [0,00)} on (X, B(X)) is said
to be right if for each probability measure p on (X, B(X)), there exists a probability



P# on (92, F) such that for each B € B(X),

PH[X, € B] = u(B), (1.3.2)
PH[Xys € B|Fs| = P(X,, B), for each s and t € [0, 00), (1.3.3)

and for each stopping time 7 for the filtration {F;; : t € [0,00)} and f € C;ru(X),
Eu[f<XT+t)1{T<OO} |.’F.,-+] = Ptf(X7->1{7-<oo}7 for each ¢t € [O, OO), (1.3.4)
where E# denotes the expectation operator for P*.

For the rest of this subsection, we fix a collection P = {P; : t € [0,00)} of Borel
Markov kernels, and we will say that P is a Borel right semigroup if P is a Borel

Markov semigroup that is right.

Definition 1.3.2. The collection (2, F,§, X, P) is said to be a Borel right process

if the collection P is a Borel right semigroup.

One of the most frequently used concepts of stability for a Borel right process
involves a notion that can be traced back to T. E. Harris [15]. To introduce this, for
the rest of this section, we assume that (Q, F,§, X, P) is a Borel right process, and
for each probability measure p on (X, B(X)), let P* be as described in Definition
1.3.1. Then, for simplicity, for each x € X, let P* denote the probability measure
P,

Definition 1.3.3. The Borel right process (2, F,§, X, P) is Harris recurrent if there
exists a o-finite non-trivial measure ¢ on (X, B(X)) such that if B € B(X) and
Y(B) > 0, then P* [np < oo] = 1 for each z € X, where np = inf{t € [0,00) : X; €
B}.

An invariant measure for the Borel right process (2, F,§, X, P) is a non-trivial

o-finite measure 7 on (X, B(X)) that satisfies

(B) = /X (dz) Pz, B), (1.3.5)



for each ¢ € [0,00) and B € B(X). Every Harris recurrent Borel right process has an
invariant measure that is unique up to multiplication by a constant factor. This was

shown initially in Azéma et al. [17] but also later with some simplification in Meyn
and Tweedie [22].

Definition 1.3.4. The Borel right process (2, F, §, X, P) is positive Harris recurrent
if (Q,F,F,X,P) is Harris recurrent and there exists a probability measure 7 on

(X, B(X)) satisfying (1.3.5) for each ¢ € [0,00) and B € B(X).



Chapter 2

Internet congestion control model

2.1 Network structure, bandwidth sharing policy

and model description

We consider a flow-level model of Internet congestion control introduced by
Massoulié and Roberts [21]. The network has finitely many resources labeled by
j=1,...,J] and a finite set of routes labeled by « = 1,...,I. A route 7 is a non-
empty subset of the resources, interpreted as the set of resources used by the route.
Let M be a J x I matrix such that M;; = 1 if resource j is used by route 7, and
M;; = 0 otherwise. Since each route is a non-empty subset of {1,...,J}, no column
of M is identically zero.

A flow on route ¢ corresponds to the continuous transfer of a document through
the resources used by the route. While the transfer is in progress, the flow takes si-
multaneous possession of each resource on its route. The processing rate allocated to
a flow is the rate at which the document associated with the flow is being transferred.
The bandwidth allocated to route ¢ is the sum of the processing rates allocated to

all flows on route ¢ and it is shared equally amongst the flows on route 7. The band-

width allocated through resource j is the sum of the processing rates allocated to
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all flows on the routes using resource j. Each resource j has finite capacity C; > 0,
interpreted as the maximum bandwidth that can be allocated through it.

Our work will focus on the network operating under a certain bandwidth sharing
policy A, where the policy A dynamically determines the bandwidth allocation to
the routes as a function of the number of flows on all routes. In other words, for a
vector n = (nq,...,ny) of non-negative integers, when each coordinate n; represents
the number of flows on route 7, then the bandwidth sharing policy A associates
with the vector n another vector A(n) € R., where the i-th component A;(n) of
A(n) represents the bandwidth allocated to route i, and the allocation respects the

capacity constraints:
ZM]“AZ‘(”) < (}, for each resource j. (2.1.1)

The bandwidth sharing policy A can be regarded as a measurable function from
the set of vectors of non-negative integers to the set of vectors of non-negative real
numbers. In fact, we shall define A so that we can also apply it to scaled flow counts.

We assume that A is a Borel measurable function from R’ to RY such that
(i) for any r € (0,00) and n € R, A(n) = A(rn),

(ii) for each route i and n € RL, A;(n) > 0 if and only if n; > 0,

(iii) for each route ¢ and n € R%, A; is continuous at n whenever n; > 0,
(iv) Zgzl M;;Ai(n) < Cj for each n € RL and resource j.

An important class of bandwidth sharing policies is described below. This family

of policies was introduced by Mo and Warland [24].

Example 2.1.1. Fix a € (0,00) and w = (wy,...,w;) € (0,00)". For each n =
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(n1,...,n5) € RL, let

To(n) = {i <I:n; =0},
Zi(n)={i<I:n; >0},
O(n)={AeRL : \;=0for all i € Zy(n)},

and define a function F,, : R}, — [—00, 00) by letting, for each A = (A1,..., A1) € RL,

FOy) { Yier, o winiiss. o€ (0,00 \ {1}
>iez, (ny Winilog(Ai), a =1,
where F,,(A\) = 0 if Z,(n) = @, but F,(\) = —o0 if a € [1,00) and there exists
i € T, (n) such that \; = 0.
Define a function A : R}, — RL by letting, for each n = (nq,...,n1) € RL, A(n)

(2.1.2)

to be the unique vector A = (X1, ..., A1) € RL that solves the following optimization
problem:

maximize F,(\) (2.1.3)

subject to Zle M;;\; < C; for each resource j, (2.1.4)

over O(n). (2.1.5)

The function A : Rﬂ — Rﬂ is called a weighted a-fair bandwidth sharing policy. Note
that by (2.1.4), A satisfies the condition (iv) in our definition of a bandwidth sharing
policy, and it can also be seen that the other conditions (i)-(iii) in our definition of
a bandwidth sharing policy are also satisfied by A (cf. Gromoll and Williams [13]).
When w; = 1 for each route i, the case @« = 1 and the limiting cases @« — 0 and
a — oo correspond respectively to a bandwidth sharing policy that is proportionally
fair, achieves mazximum throughput, or is maz-min fair (cf. Bonald and Massoulié [4],
and Mo and Walrand [24]). O

We now return to the case where n is a vector of non-negative integers so that

each A;(n) represents the bandwidth allocated to route i. If there is only one flow
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on route i, or equivalently, if n;, = 1, then the allocated bandwidth A;(n) is used in
full to process that one flow. On the other hand, if there are multiple flows on route
i, or equivalently, if n; > 2, then the bandwidth A;(n) allocated to route i is shared
equally amongst all of the flows on route i so that A;(n)/n; is the processing rate
for each flow on route 7. If n; = 0 for route 7, then A;(n) = 0. Once the document
associated with a flow is fully transmitted, the flow is assumed to disappear from the
network.

Every flow is assumed to arrive to the network at some point, and we distinguish
the flows that have arrived prior to or at time zero from the flows arriving to the
network after time zero. In particular, an exogenous flow is any flow that enters the
network after time 0, and an initial flow is any flow already on some route at time
Zero.

The exogenous flows are specified by 2I independent sequences of random vari-
ables: {u1x}22q, ..., {un e, and {vi )2y, ..., {vk 32, describing respectively the
interarrival times and document sizes for the exogenous arrivals to the network after
time zero. For each route i, {u;}72, are i.i.d. strictly positive random variables
with common distribution ¢; satisfying (x, ¢;) < oo, and {vy }32, are i.i.d. strictly
positive random variables with common distribution 1J; satisfying (y,9;) < co. Here,
for each route ¢ and integer k > 1, the random variable u;, denotes the time between
the k-th and the (k + 1)-st arrival to route i after time zero, and vy, denotes the size
of the k-th document to arrive to route ¢ after time zero. For future reference, we

let, for each route i,

1 95
v = and p; = M, (2.1.6)
(X i) X i)
and then, let
v=(v,...,v) and p = (p1,...,p1)- (2.1.7)

A convenient way to specify an initial state for the network is by identifying a
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suitable element from the set A:
A=A, x...x A, x[0,6)) x...x][0,0), (2.1.8)
where for each route 1,

a; = inf{a € [0,00) : ¥;((cr, 0)) = 0},
B; = inf{f € [0,00) : pi((B,)) = 0},
Ay, = {0 U {1 0 i Clyeeescn €10,04),00 < ca < ... <cpts

here, 0 denotes the zero measure on [0, ;). For instance, suppose that at time zero,
for each route 7, there are n; flows on route ¢ and the flow on route ¢ with the k-th
smallest completed work has completed work size ¢;, € [0, ;). Also, suppose that
the last time that a flow arrived to route i is a; € [0, ;) units of time ago for each

route 7. Then, these can be neatly encoded into an element in A,

ny ny
(Zaclkw"?z:(sqk;ala"-7a]1> 5 (219)
k=1 k=1

where an empty sum is defined to be zero. The topology on A is the topology
where each M of

M is equipped with the topology of weak convergence. It is shown in Section B.1

induced on A € M' x R% by the product topology on M' x R,
that with this topology, A is locally compact with countable base. We forewarn the
reader here that in Chapter 3, we also consider use of the vague topology for M.
Notice the strict inequalities: “c; < ¢ < ... < ¢,_1 < ¢,” in the definition of
each A,,. These strict inequalities reflect the fact that for any two distinct flows that
are being transmitted on the same route at the same time, their completed works
must be different if their arrival times are different. This is because any flow must
be transmitted at a positive rate at any moment while it is in the network and at
any instant, the rate is the same for all flows currently on the route. Hence, in order

for two distinct flows on the same route that are active at the same time to have
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the same completed work size, they must have arrived to their common route at the
same time. However, for each route 7, interarrival times of flows to the route i are
strictly positive and so, this coincidence does not occur.

We now return to our discussion of how elements in A can be used as a way
to describe initial states of the network. First, for each route i, a € [0,q;) and

B e0,5), let ¥ and ¢? be the probability measures on (R, B(R.)) such that

9%(B)

(2

¢} (B)

V(B + a)/9;((or, 0)), (2.1.10)
pi(B+5)/ei((8,00)), (2.1.11)

for B € B((0,00)) and 9¥({0}) = 0 = ¢ ({0}). Then, for each route i, a € [0, ;)
and 3 € [0,5;), ¥% is the probability measure describing the residual work size for
initial flows on route i whose completed work size at time zero is «, and cpf is the
probability measure describing the time of the first exogenous route ¢ arrival after
time zero given that at time zero, the last arrival to route ¢ occurred ( units of time
ago. Also, note here that ¥9 = ¢; and ¢! = ¢; for each route i.

Now, let = be the element that is described in (2.1.9). In our interpretation of
the element x given earlier, while the completed work of the initial flows has been
specified, nothing about the residual work of the initial flows has been said. Similarly,
nothing has been said about the residual time till the first exogenous arrival. These
quantities unspecified by x are specified by families of independent random variables
{wr¥_, and {o5. 3L, ..., {05 },L, that are independent of {uyx}2,, ..., {um}?,

and {vik}2q, .-, {ok}e,. Here, for each route i, u?

7 1s a random variable with
distribution ¢}* describing the initial residual time till the first exogenous arrival to
route i and for each k € {1,...,n;}, v% is a random variable with distribution 9J;*
describing the initial residual work for the initial flow whose completed work is c;.

Given the sequences

{ﬂ?}gzla {%ﬁck lep SR {a?k ZH:D {ulk}zozla R {uﬂk‘}zozlv {Ulk}]?;p R {vﬂk}zozl
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and a bandwidth sharing policy A, the dynamics of the Internet congestion control
model starting from x and operating under the bandwidth sharing policy can be

described in a discrete event manner.

2.2 Assumptions 2.2.1 and 2.2.2

The main theorem of this thesis shows that under mild assumptions, stability
of the deterministic fluid model implies stability of the stochastic network model.
Assumptions 2.2.1 and 2.2.2 are the two mild assumptions as defined below. These

are assumed to hold for the rest of our discussion.
Assumption 2.2.1. For each route 1,
(i) the document size distribution ¥; has no atoms in R,

(ii) there exists a subprobability measure ©; on (R, ,B(R,)) such that for each f €

C(Ry),
lim (f,97) = (£, ©4), (2.2.1)
(iii)
lim  sup (x1je0), 97) = 0. (2.2.2)

=90 agl0,a4)
Assumption 2.2.2. For each route 1,
(i) for each r € Ry, p;((r,00)) > 0; in other words, 3; = oo,

(ii) there exist an integer k; > 1 and a Borel measurable function v; : Ry — Ry

such that [;° vi(x)dz > 0 and for each B € B(R,),

o) (B) > /0 h 1(z)v;(z)dz, (2.2.3)
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(i)

1
limsup = sup (x, ) = 0. (2.2.4)
r—oo T gelo,r]

Remarks about Assumptions 2.2.1 and 2.2.2

(a) For each route ¢, since Assumption 2.2.1 requires that J; has no atoms, we have
Y;({a;}) = 0 and hence, without loss of generality, we may further assume that
for each x € A taking the form in (2.1.9), each random variable in {7} }}L, U
{vir }32, only takes values in (0, a;) rather than (0, a;]; in fact, for route i such
that n;, > 0, each v}, is a random variable taking values almost surely in the

smaller interval (0, c;; — c;x.).

(b) The condition (iii) in Assumption 2.2.1 relates to tail behavior of ;. Roughly
speaking, it says that no 1J; should have a “heavy” tail. For example, on one
extreme, if 9J; is a Pareto distribution or a log-normal distribution, then one
can easily compute that

lim (x, 9§") = oo,

which is inconsistent with (2.2.2). On the other extreme, if ¥J; is a probability
distribution with bounded support i.e., a; < oo, then (2.2.2) is clearly satisfied.
Another notable class of distributions satisfying (2.2.2) is the class of finite
mixtures of Erlang distributions with the same intensity; the density of such a

distribution has the form

m

qu)\ "Hme AT >0, (2.2.5)

=1 ’
where m > 1, ny,...,n, > 0 are integers, A € (0,00), and > ,", ¢¢ = 1 with
each ¢y > 0. If the distribution ¥J; in fact has a density of the form (2.2.5), one
can check that
sup (x*,9f) < oo,

a€[0,00)
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which implies (2.2.2) holds. It is well-known that as well as being a subclass
of the phase type distributions, this class of distributions, approximates any
probability distribution on R, arbitrarily well in the sense of Theorem 4.2 in

Asmussen [1].

(c) By Alaoglu’s theorem, the set of all subprobability measures on R is compact
in the vague topology. Hence, even without the condition (ii) of Assumption
2.2.1, for each route 4, the collection {9¢ : a € [0, )} is relatively compact
in the vague topology. So, the restriction posed by the condition (ii) of As-
sumption 2.2.1 is that for each route i, the collection {J : a € [0,;)} of
probability measures has a unique vague limit point while the limit point can
be a subprobability measure. This uniqueness requirement combined with the
no atoms property of ¢; implies that ©; has no atoms in (0, 00) as shown in

Lemma B.2.1.

(d) For examples satisfying the condition (ii) of Assumption 2.2.1, note that if ¥; is
a probability distribution with o; < oo, then ©; = Jy, and on the other hand,
if 9; is a finite mixture of Erlang distributions with intensity \;, then ©; is the

exponential distribution with mean 1/\;.

(e) The condition (ii) of Assumption 2.2.2 requires that each ¢; is a spread-out
distribution. To be precise, a distribution F' on R, is spread-out if there exists
an integer n > 1 and a non-negative non-trivial subprobability measure G
on R, such that F*® > G and G is absolutely continuous with respect to
Lebegue measure. Use of spread-out distributions is not uncommon. Indeed,
this condition is used in assumptions for ergodicity of renewal processes (cf.

Asmussen [1]) and stability of multi-class queueing networks (cf. Dai [8]).
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2.3 Uniform framework for random variables

To provide a solid footing for studying our network model with differing initial
states, for the rest of this work, we fix a probability space (€2, F,P) and then, fix

the random variables

U}z, - AU}, 2.3.1
Viebz, - ViR
{Uy,...,U},

{‘7116}20:17 SR {‘7]%};0:17

2.3.2
2.3.3

(
(
(
(2.3.4

)
)
)
)

that are independent, uniformly distributed on (0, 1) and are all defined on (2, F, P).
Then, for each route i and x € A that takes the form in (2.1.9), we assume that

wir = inf{s € (0,00) : ¢;([0,s]) > Ui}, for each k > 1, (2.3.5)
v, = inf{s € (0,00) : ¥;([0, s]) > Vi }, for each k > 1, (2.3.6)
¢ = inf{s € (0,00) : ¢¥([0,s]) > U;}, (2.3.7)
U, = inf{s € (0,00) : 9;([0,]) > Vig}, it k <. (2.3.8)

2.4 Descriptive processes

For this section, we fix z € A, and we assume that z takes the form in (2.1.9).
Here, we will define various stochastic processes each of which describes some as-
pect of the network with initial state specified by the element x. We shall use the

superscript x to indicate a quantity associated with the network starting at x.

2.4.1 Finite dimensional state descriptors

For each route ¢ and ¢t € [0,00), let Q¥(¢) be the number of flows on route i at

time ¢ and let W7 (t) be the sum of the residual document sizes at time ¢ of the flows
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on route ¢ at time t. For the rest of this subsection, we fix route .

At time ¢, the bandwidth allocated to route 7 is A;(Q*(t)), and this bandwidth is
shared equally by all Q7¥(¢) flows on route i. In other words, each such flow receives
an instantaneous processing rate of A;(Q*(t))/Q7%(t), which equals zero by convention
if Q¥(t) = 0. Thus, a flow that is on route ¢ during a time interval [t1, 5] C [0, c0)

receives cumulative service during that interval that is equal to

to T
S(t1, ) = : %(S()S»ds. (2.4.1)
Let 77(1) = uf, and for each integer k > 1, define inductively 77(k + 1) =
wir + 77 (k). In words, each random variable 777 (k) specifies the time when the k-th
exogenous arrival to route i occurs. For each ¢t € [0,00), let E¥(t) be the number of

exogenous arrivals to route ¢ by time ¢:
E?(t) =sup{k > 1:77(k) < t}, (2.4.2)

where the supremum of an empty set is zero.

For k < n;, consider the k-th initial flow (the k-th largest initial flow) on route i
which arrived to route ¢ at some time at or before time 0; this flow has received total
processing in the amount of ¢;; by time 0. At time 0, there still remains v}, amount
of work to be completed for the flow, and at time ¢ > 0, the quantity S¥(0,¢) A 0%,
describes the cumulative bandwidth allocated to this flow during [0,¢]. For each
t €[0,00), let

et (t) = e + (SF(0,8) ATE) (2.4.3)
195 () = (3, — SE(0,6)" (2.4.4

describing respectively the completed work at time ¢ and the residual work at time
t of the k-th initial flow for route 1.
Next, consider the k-th exogenous flow to have arrived to route i; this flow arrives

at time 77(k) and has initial document size v;;. At a time ¢ > 77°(k), the cumulative
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service received by this flow during [77(k), t] equals S?(77(k),t) A vig. The amount
of work still to be done on the flow at time t equals (vy. — SF(77(k),t))". For
each t € [0,00), define the completed work and residual work at time ¢ of the k-th

exogenous flow for route ¢ by letting

cii () = Si(77 (k) 1) A var, (2.4.5)

)

ri (8) = (v — SP(rF(K), )" (2.4.6)

)

respectively.

For future reference, we split the processes Q¥ and W?* into parts corresponding
to documents initially in the system and documents that arrived after time zero. We
let Q7" (t) be the number of flows that were on route ¢ at time zero and are still on
route ¢ at time ¢, and let W;*(¢) be the sum of the residual document sizes at time

t for these flows. Then, for each route i and t € [0, 00),
Q7 (1) = 2okt Liowo) (g (1)), (2.4.7)
W () = 2kla i ()1 0,00) (1 (1)) (2.4.8)

Let Q;(t) be the number of exogenous flows on route i at time ¢, and let W, (t)

be the sum of the residual document sizes at time t for these flows. Then,
e,x Ef(t e,r
Qi (1) = T Lo (" (). (2:4.9)
e,x EF(t) ex e,r
Wi (6) = 0 i (0 Lo (5 (1), (2:4.10)

Finally, for each route i and t € [0,00), we have Q¥(t) = Q7“(t) + Q:"(¢t) and
WiE(t) = Wi (t) + Wi (i)
2.4.2 Infinite dimensional state descriptors

In this subsection, we introduce two processes A” and R”. The letters A and R

are mnemonics for “age” and “residual”, respectively.
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First, we let A® be the random element taking values in ID(A) such that for each
t € [0, 00),

AT(t) = (AT(t), ..., AT (1), AT(F), ..., AT (1)), (2.4.11)
where
g E;E(t)
AP() = b L0 (M5 (0) + Y der Lo (M5 (1), (24.12)
k=1 k=1

Am):{vwﬂwwxﬁwmz, (2413

1
at +t, if B2(t) = 0.

In words, A*(t) describes the flows in the network at time ¢ in terms of their com-
pleted work and A*(t) describes for each route, the time since the last arrival.

Next, we let R* be the random element taking values in D(M" x R% ) such that
for each t € [0, 00),

RY(t) = (RE(t), ..., RE(t), RE(1), ..., R (1)), (2.4.14)

for each route 7, where

g

E7(t)
RI(t) =3 oo Looo (55 0) + 3 Sren Liooo (P (1), (2.4.15)
k=1 k=1

RE(t) =7(E*(t) +1) —t. (2.4.16)

In words, R*(t) describes the flows in the network at time ¢ in terms of their residual
work, and R*(t) describes for each route the time until the next arrival to that route
after time ¢.

For future reference, we split the processes A* and R” into parts corresponding

to documents initially in the system and documents that arrived after time zero: for
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each route i and t € [0, 00),

ng

A7 () = ;5c§’,f(t)1 o) (1" (1)), (2.4.17)
AT (t Z Seer )1 (0,00) (P57 (1)), (2.4.18)
Ro(t) = kf}éml (1570, 2.4.19)

Eff 5re L) (K57 (1)). (2.4.20)

2.5 Age process

In this work, the centerpiece of our analysis is a Borel right process which we
will name the age process. The age process will be a canonical representation for
{A" : x € A}. Stability of our network model will be formulated in terms of this
process.

Let QF = D(A). For each t € [0,00), let A be the mapping from Qf to A given
by Al(w) = w(t), where for each w € QF, w(t) is the value of the function w at ¢.
Next, let FI = o(Al : t € [0,00)). For each t € [0,00), let Fi = o (Al:s€(0,1])
and F}, = Nac(ooFi. Then, let §F = {F :t € [0,00)} and AT = {A] : ¢ €[0,00)}.
For each t € [0,00), define P, : A x B(A) — [0,1] by letting, for each z € A and
B e B(A),

P(x,B) = P|[A®(t) € B]. (2.5.1)

Then, let PT = {P, : t € [0,00)}. For convenience, for each ¢ € [0, 00), we will also
write Af(t) for Al

Theorem 2.5.1. The collection P is a Borel right semigroup,



23

Proof. See Appendix A. ]

Henceforth, for each probability measure p on (A,B(A)), we fix a probability
measure P# on (QF, F7) that has the properties described in Definition 1.3.1 for the
Borel right semigroup P*. In fact, it follows from the proof of Lemma A.3.1 that for
each B € F', we have

PH(B) — / PA"() € Blu(dz).
A
We denote by E#, the expectation operator for P*.

Definition 2.5.1. The age process is the Borel right process
(QF, 77,31, AT, PT). (2.5.2)

Definition 2.5.2. The network model is stable if the age process is positive Harris

recurrent.

2.6 Fluid model solutions

Our main result is that the network model is stable if an associated fluid model is
stable. The fluid model solutions we use are formal functional law of large numbers
approximations to sequences taken from the family {R”* : x € A} associated with

the residual processes.

Definition 2.6.1 (Gromoll and Williams [13]). Given a continuous function ¢ :

[0,00) — M, the auxiliary functions for ¢ are the functions (z,w, 7,u) such that

Zi(t) = (1,G(t)), (2.6.1)
w;(t) = (x, G(t)), (2.6.2)
7i(t) = [7 (Ai(2(8)) Liooy (2i()) + pilgoy (2:(5))) ds, (2.6.3)



24

for each t € [0, 00) and route i, and

1
i=1
for each t € [0, 00) and resource j.
For our next definition, we let
C={feC(Ry): f(0) = f(0) =0}, (2.6.5)
where f’ denotes the first derivative of f.

Definition 2.6.2 (Gromoll and Williams [13]). A fluid model solution is a continuous
function ¢ : [0,00) — M! such that the following three properties are satisfied by ¢

and its auxiliary functions (z,w, T, u):
(i) (Lgo3,¢i(t)) = 0 for each ¢ € [0, 00) and route 1,
(ii) w; is non-decreasing for each resource j,

(iii) for each f € C, route i and ¢ € [0, ),

Ai(z(s))
2i($)

When the initial fluid workload is finite, the following is also true.

{f,Gt) = {f, C¢(0)>+/O (Vi<fa Oi) = (f', Gil9)) )1(o,w)(zi(8))d8-

Proposition 2.6.1 (Gromoll and Williams [13]). Suppose that ¢ is a fluid model
solution with finite initial workload, i.e., w;(0) = (x,;(0)) < oo for each route i.
Then, the fluid workload function w associated with  satisfies the following for each

route i and t € [0, 00):

wilt) = w(0)+ / (pi — Aul2()) L0,y () s (2.6.6)

In particular, the fluid workload w;(t) is finite for each t € [0,00) and route i.
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Definition 2.6.3. The fluid model is stable if for each r € (0,00), there exists t, €
(0, 00) such that whenever ( is a fluid model solution with |[(1,(0))|V [|{x, (0))] <
r, then ((t) = 0 for each ¢ € [t,, c0).

For an illustration of fluid model stability, the reader is encouraged to see Gromoll
and Williams [14] for two examples. There it is shown that, when the underlying
network is either a linear network or a simple tree network, under the nominal con-
dition that the average load placed on each resource is less than its capacity, i.e.,

ZLI M;;p; < Cj for each resource j, the associated fluid model is stable.

2.7 Main theorem

Theorem 2.7.1 (Main theorem). If the fluid model is stable, then the network model

1s stable.



Chapter 3
Sequence of states and fluid limits

For each initial state x € A, we define a numerical quantity that corresponds to

a size for x as follows:
I i
2| =D Qr0)+ ) AL (0). (3.0.1)
i=1 i=1

For instance, for any element z taking the form in (2.1.9), we have

I

|z| = Z(m + a;).

i=1
Roughly speaking, for each = € A, the quantity |z| measures a size of the state of
the network. We caution the reader that although we use the | - | notation, | -| is not
a norm on A.

For the rest of this chapter, we fix a sequence {2}2°, in A such that as ¢ — oo,

|2°| — oo and for each integer £ > 1, |z| > 0 and

ni ny
0 _ ¢ ¢
= E 5C‘ik""’ E é“cfk,al,...,a]I , (3.0.2)
k=1 k=1
where for each route i, n! is a non-negative integer, a € R, and 0 < ¢}, < ... <

cfn < «;. In other words, for the system starting at x‘, on route 7, there are exactly

26
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nf initial flows at time zero, where for each k € {1,..., nf}, the number %, represents
the completed work of the initial flow with the k-th largest completed work among
the n! initial flows on route 7, and af is the time (measured from time zero) since the
last arrival to route 7.

For future use, for each route i, let N; be the random element taking values in

D(R.) such that for each t € [0, 00),

N;(t) = max {n >0: iu“f < t} i (3.0.3)

k=1
3.1 Sequence of scaled descriptors

For each integer ¢ > 1, there is a network starting at ¢ with size |2¢| of 2*. We
speed up time by |x*| and scale down the magnitude of the network starting at 2 by

|z¢| as follows; for each t € [0, 00), let

A1) = LA (1)), (3.1.1)
E'(t) = 2 B (t]2"), (3.1.2)
Q1) = @ (1)), (3.1.3)
R'(t) = R (t]2")), (3.1.4)
W' () = W (t]")) (3.1.5)

For each integer ¢ > 1 and route i, we introduce the random element Nf taking

values in D(R ) by letting, for each ¢ € [0, c0),

ﬁ@—éﬁ%ﬂ% (3.1.6)

and note that

Ei) = St )+ N6 - RO, (3.0.7)
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For future use, we split the scaled descriptors as follows. First, recall the def-
initions of A%*(t), A%*(t), R*“(t), R®*(t), A*(t), R*(t), Q>*(t), Q“"(t), W*(t)
and We*(t) from Section 2.4. Then, for each integer ¢ > 1, define the scaled ran-
dom elements XO’E, .716’12, R and ﬁe’g, taking values in D(M!) by letting, for each

t € 1]0,00),

and note that

Aty = Ao (#]2)),
A () = ol A (8],
R () = gy R (tla’]),
R (1) = SR (t]a]),
A(t) = L A (Ja't) = A (1) + A
R(t) = LR (21 =R™ () + R

(3.1.12)
(3.1.13)

) —of —el —o,l
Next, for each integer ¢ > 1, define the scaled random elements Q”, @, W*

and W*° taking values in D(R} ) by letting, for each ¢ € [0, o0),

and note that

Q™ (t) = (LA™ (1)),
Q™ (1) = (1, A7 (1)),
W (1) = (v, A7 (1)),
W) = (x, A7 (1)),
Q') =0 (1) +Q"(),
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3.2 Weak limit points of scaled residual work de-

scriptors

Here, we state a result that plays an important role in our proof of the main
theorem. Recall that for each x € A and ¢ € [0,00), R*(t) consists of the first I

elements of R*(¢) and tracks residual work sizes for flows in the network at time t.

Theorem 3.2.1. Lett € (0,00). Then, the sequence
Rit+):0=1,23.. 1 (3.2.1)

of random elements taking values in D(MY) is C-tight, and any weak limit point is

almost surely a fluid model solution with finite initial workload.

Corollary 3.2.1. Let t € (0,00), and let R be a weak limit point of the sequence
(3.2.1). Then, almost surely, for each s € [0,00)

LRI < T+ (t+5) vl (3.2.2)

106 R < (maxi_y supaepo.an (X, 97)) + (E+5) ol (3.2.3)

Our proof of Theorem 3.2.1 is broken into six steps, each of which corresponds
to one of the next six subsections, and Corollary 3.2.1 will be proven after our proof

of Theorem 3.2.1 is completed.

3.2.1 Convergence of scaled exogenous flow arrival descrip-
tors
Recall that for each z € A and ¢ € [0, 00), R*(t) consists of the last I elements of

R*(t) and for each route i, R7(t) describes the time (measured from time t) till the

next exogenous flow arrival to route ¢ for the network starting at x.
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Lemma 3.2.1. The sequence {(EZ,T%Z)};; of random elements taking values in
D(R?) converges in distribution to (E, R), where E;(t) = vt and R;(t) = 0 for each
route i and t € [0, 00).

Proof. First, note that (E, R) € C(R%) is deterministic and continuous. Hence, it is
enough to show convergence in distribution for each component (cf. Theorem 11.4.5
in Whitt [28] and Proposition VI.2.2 in Jacod and Shiryaev [18]). In other words, it
suffices to prove that for each route i, as f — oo, Ef converges in distribution to E;
and as ¢ — oo, Ef converges in distribution to R;. For this, fix route i.

Step 1. For each integer ¢ > 1, note that

1 . 1
— E[R*(0)] < — By,
2] Ry (0)] < 2] ﬁs;fqum

Then, by (2.2.4) in Assumption 2.2.2, we have
. —t . 1 3
lim E[R;(0)] < limsup — sup (x, ;) =0,
f—00 f—00 |£U | B< |z

and this shows that limg_,ooE[}_%f(O)] = 0. So, by Markov’s inequality, Ff(O) con-

verges in distribution to 0 as ¢ — oo.

Step 2. Recall our definition of {Nf}?il in (3.1.6). It is well known, by the
functional law of large numbers for renewal processes, that the sequence {Nf}g’il
converges in distribution to E; as £ — oo. It follows using Step 1 that the sequence
{Nf(( - Ef(O))JF)}Z’il converges in distribution to ;. Therefore, by the identity in
(3.1.7), as ¢ — oo, the sequence {Ef};;l converges in distribution to ;.

Step 3. Note that for each integer £ > 1 and ¢ € [0, 00),

N2 (=R (0)*)

=4 1 s i E=14 1
t+ R(t) = Mﬂ' (EF (t|2]) +1) = R;(0) + [ Z ug.  (3.2.4)
k=1

The sequence {Nf(( —Ef(O))J“)}g’il converges in distribution to £; and the sequence

{Ff(O)}g’il converges in distribution to 0. Then, using Lemma 1 in Iglehart and
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Whitt [16], we see that the sequence

| Nl C-RIO)) °°
W Uik
k=1 —1

converges in distribution to (1/1;)E; € C(R,), where (1/v;)E;(t) = t for all t €
[0,00). Together with (3.2.4), we see that {Rf};‘;l converges in distribution to R; =
0. O

3.2.2 Tightness of scaled state descriptors at fixed times

Recall that for each z € A and t € [0,00), A”(t) consists of the first I elements
of A*(t) and describes completed work for flows in the network at time ¢. Also, for
each x € A and t € [0,00), Q*(t) = (1,R*(t)) = (1, A*(t)) counts the number of
flows in the network at time ¢, and W?*(t) = (x, R*(t)) describes the residual work
for flows in the network at time ¢.

For our next lemma, we define
I I I I I i i I I
S=M xR, xR, xM xR xM xM xR, xR,

and we equip the product space S with the product topology, where each M in the
first M! is given the topology of vague convergence but any other M is equipped

with the topology of weak convergence.
Lemma 3.2.2. Lett € [0,00). The sequence
— —/ — — —/ —o,/ —el ol —el 00
{(A(®), E(1),Q (1), R (£), W (£), R"(t), R "(t), W (1), W " (1)) };2, (325

of random elements taking values in S is tight.

Proof. We divide our proof into two steps.
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Step 1. Observe that for each integer ¢ > 1 and route ¢, almost surely, @fe(t) <
@f(O) and Wfl(t) < Wf’e(()), and then, note that

4

Q;(0) <1, (3.2.6)
—o, ¢
E[Wz (0)] < SUpae[o oy )<Xa 191 > (327)
Therefore, for each integer ¢ > 1,
—o,/ —o0,{
E[|Q" ()] =X EQ (W] <L, (3.2.8)

—o0,l —0,0 a
E[[W* 0)]]] = Sy BV (1) < Tmaxi_; supaeg a,) (X 95)- (3.2.9)

Next, note that for each route 7, almost surely,

Q7 ‘0 <Et ( ), (3.2.10)
Wi < e o, R (3.2.11)
and

limy_.oc E[Ef(t)] t;, (3.2.12)
limy-oe EI(1/]2) S, 0] = o (3.2.13)

Therefore, we have
limy_oc E[|E' (¢)||] < It maxl_, v;, (3.2.14)
lim sup,__o. BI[Q” @)l + W OIl] < Tmaxt_, (v +p)).  (3:2.15)

Step 2. Through Markov’s inequality, one sees that for each integer n > 1, there
exists 7, € (0,00) such that

0,0 —o0,( —el —e,l

timinf P [(B(1), Q" (), (1), @ (1), W™ (1)) € [0.7/2%] 21— 5

and since each @K(t), (respectively, Wg(t)) is obtained by adding @O’K(t) to @e’g(t),
(respectively Wo’g(t) to We’e(t)), this implies that
lim inf P [Ee(t) e [0,r.. Q"

{—00

(1) € 10,ra ] W' (0) € 0,7)"] =1 - % (3.2.16)
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The inequality (3.2.16) implies that for each integer n > 1,

tim inf P [(A'(1), R (1), R (1), R™(1)) € K x K3 > 1 L o

{—o0 n

where

K” = {lu’ S MI[ : Zzﬂzl<17,u2> S rn}a
K” = {,u S MH : 2]21:1<17:u1> vV <X7,U/2> < Tn}‘

For each integer n > 1, by Alaoglu’s theorem, the set Kn is compact with respect to
the topology of vague convergence and also, the set K, is compact with respect to

the topology of weak convergence (cf. Theorem 15.7.5 in Kallenberg [19]). So,

K, x [0,7,]" x [0,7,)" x K,, x [0,7,]" x K,, x K,, x [0,7,]" x [0, 7,]"

is a compact subset of S. Then, the inequalities (3.2.16) and (3.2.17) imply tightness
of the sequence (3.2.5). O

3.2.3 Limit points of scaled state descriptors at time zero

For our next lemma, recall the definition of ©1, ..., Oy in Assumption 2.2.1. The
following lemma shows that the limit points of the scaled initial residual work de-
scriptors can be written in terms of the limit points of the scaled initial completed

work descriptors.

Lemma 3.2.3. Let (ZO,FO,GO,ﬁO,WO) be a weak limit point of the sequence

Then, for each route i and B € B(R,),

-0

R)(B) = /[ R ) + (@ (ga A)) 0B, (3219)
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Proof. First, note that A° and @0 are deterministic since {.,le(O)},?i1 and {64(0)}2’11
are deterministic. Next, it is well known that there exists a sequence {fx}72; in
C(R,) such that for each (u, /) € M?, p = ' if and only if (fx,u) = (fe, ')
for each integer k& > 1. Hence, to prove (3.2.18), it suffices to show that for each

f € ¢S (R,) and route i, almost surely,
U= [ Al + (@ = ey AD) (100 3219)
0,05

For this, we fix f € C; (R,). Our proof consists of five steps.
Step 1. For each route i, define a function H; : [0, ;) — Ry by letting H;(«) =
(f,9¢) for each o € [0,c;). Now, for each route i, we have that for each integer

0> 1,

£

—0 — .zé ct
(Hilio) A5(0)) = fi 0 Hi(@)Ai(0)(da) = i L 07), - (3.2:20)

E[(f R(0)) =B | 2 S8 r@)| = & Sl o). (3221)

Since (f,-) € CT™(M), by continuous mapping, it follows that for each route i, the
sequence {(f, ﬁf(()»}g’il converges in distribution to (f, ﬁ?) as { — oo. Also, since
each Q% (0) < |2¢|, we have that

sup ((f,Ri(0))? < || fII% < oc.

0=1,2,3,...

For each route , this implies that the sequence {(f, ﬁf(o))};gl is uniformly integrable
and then, we have that

lim E[(f,R;(0))] = E[(f,R})].

£—00
Hence, for each route i,

Jim (Hiljg,a, A;(0) = lim BI(f,R(0))] = E[(f, R))]. (3.2.22)

l—o0
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Step 2. We claim that as ¢ — oo,
= =0
(£, R;(0)) = E[{f, R;)]. (3.2.23)

In view of (3.2.20), (3.2.21) and (3.2.22), it suffices to show that for each route i and

o

=1

where each &, = f(%) — (, 1955’“% k=1,...,Q%(0), we have that

lim E[(&)%] = 0.

{—o0

For each route 7, by the independence and mean zero property of each sequence

{fzk el 1 , we have that

Q7F (0)
limsup E[(¢)?] = limsup I E[( IR (3.2.24)
{—00 f{—o00 e
< limsup’ ’4|\f]|2 = (3.2.25)
{—o0

and this proves (3.2.23).

Step 3. To prepare for Step 4, for each route 4, fix an increasing sequence {b; }3°,
in (0, ;) such that for each integer k > 1, Il?({bik}) =0 and

—0
Qg AN+ [ Hi() o) < 5, (3226)
bik,;)

and limy_, biry = . Next, for each € € (0,1) and route i, we fix a; . € [0, ;) such
that |[(f,9¢) — (f, ;)| < e/4 for each o € [, @;), and let k; . be an integer so that
bir,. > ;e and 1/(2k;.) < /4. Hence, for any integer k > k; ., we have

0) ) v\ | HAle)| <
(bik,cx)

)

=~ ™

<<1<bik,ai>,Af€<o>> ‘<H1 sean)s A (0))
o] (Lipuesan)s AT (0))
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where we take 0/0 = 0. Recall that for each route i, the sequences {715(0)};21 and
{@f(O)}Z’il are deterministic, {Zf(O)}Z’il converges to .7(? vaguely, and {@f(O)}g’il
converges to @S Next, note that for each route 2, because ¥; has no atoms in R,

we have H; € C/ ([0, a;)). Since each by < o is a continuity point of Z?,

Jim (Hilpp,, A (0)) = Hi(o) A (dav). (3.2.27)
e [0,b:x]
Step 4. We claim that for each route i,

Jim (Hillp, :(0)) = (Hiligy, AD) + (@7 = (lpay, AN €0 (3:2.28)

First, note that all quantities in (3.2.28) are deterministic so that we can use almost
sure limits (rather than distributional limits). To show (3.2.28), consider € € (0,1)

and route 7. Then, for each integer k > k; .,

limsup | (il A0) = | Hi()A(da) = @ = (Loay AN 6
= hmsuP{‘<Hz‘1[0,bik]a71§(0)>— Hy(o) A (do)
=00 (0,b:x]
| - Dy A7 O) <Hi1<bikai>,¢4¢f(0)>_ |
‘/1/@ ;) AZ da) ‘xé‘ < birscrs) A:v (O)> <f7 ®1>
[ O — (@~ (L 2| @9}
< O+¢/d+¢e/4
+1ir;isup(!@f(0>—@? (10200 ZL(0) = (Tipas D) 1

< /24 0+ (1,00, A >||f||oo§5/2+5/2<5

Since € € (0,1) and route ¢ were arbitrarily chosen, (3.2.28) follows.

Step 5. Combining (3.2.22), (3.2.23) and (3.2.28) together, we obtain (3.2.19). O
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3.2.4 Limit points of scaled state descriptors for exogenous

flows

In our proof of Theorem 3.2.1, for each ¢ € (0, 00), we will apply Theorem 4.1 of
Gromoll and Williams [13] to the sequence {ﬁé(t +-)}22,. To do this, among other
things, we must verify that the weak limit points of the sequence {ﬁz(t)};gl satisfy
certain properties, and the next lemma is the first step in our verification of these

properties.

Lemma 3.2.4. The sequence {(ﬁe’e,@e’z,we’z) 0 =1,2,...} of random elements
taking values in D(M' x RY x RL) is C-tight, and if (R, Q°, W) is a weak limit

point, then almost surely, for each route i and t € (0,00),

(1), R; (1)) = 0, for each x € [0,00), (3.2.29)
(x, Ri (1)) = Wi(t) < oo, (3.2.30)

Proof. The same proof technique as used to prove Theorem 4.1 in Gromoll and
Williams [13] can be used to show our claim here. While there are some differences,
they are all minor issues. In particular, the results in [13] are about measure-valued
processes akin to ﬁe, but R is only a portion of R Also, dynamics are as if the
system started empty, but bandwidth allocation is determined by @Z rather than
@e’g. However, these differences cause no significant difficulty in adapting the proof
of Theorem 4.1 in [13] to our case. In fact, since ﬁe’z((]) = 0 for each integer ¢ > 1
the proof of Theorem 4.1 in [13] can be slightly simplified in our case. For example,
Lemma 5.3 and Lemma 5.4 are important steps toward proving Theorem 4.1 in [13],
but the first part of the proof of Lemma 5.3 and Step 1 of the proof of Lemma 5.4
in [13] can be safely omitted in our case. Then, once a version of Lemma 5.4 is
established for our case, an oscillation result similar to Lemma 5.6 of [13] can be
obtained for our case, going through almost identical computations. This is because

the dynamics behind both R and R have the same bandwidth sharing policy and
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for each route ¢, and so at each time ¢ the point masses of ﬁf’z(t) and ﬁf(t) move
toward zero at the same rate. For further details, we refer the reader to Gromoll and

Williams [13]. O

3.2.5 Limit points of scaled state descriptors at fixed times

for initial flows

By combining our main results in this subsection, i.e., Lemma 3.2.5 and Lemma
3.2.6, one can obtain results that apply to initial flows and that are akin to (3.2.29)
and (3.2.30) in Lemma 3.2.4. Also, we point out here that while Lemma 3.2.5 holds
for all ¢ € [0, 00), Lemma 3.2.6 is valid only for all ¢ € (0, 00). We will further explain
this in Remark 3.2.1 which appears after our proof of Lemma 3.2.6.

Lemma 3.2.5. Let t € [0,00), and let (R°(t), W' (t)) be a weak limit point of the
ol

sequence {(ﬁo’z(t), W™ (8)}52, of random elements taking values in M' x RY, . Then,

almost surely, W, (t) < oo for each route i and

(x, R°(t)) = W°(t). (3.2.31)
Proof. Our proof consists of four steps.
Step 1. For convenience of notation, we assume that we have already passed to a

subsequence so that as ¢ — oo,

0,0 ol

R ), W (1) = (R°(), W°(t)). (3.2.32)

Furthermore, by invoking the Skorohod representation theorem (cf. Whitt [28]), we
may assume that the convergence in distribution is replaced by almost sure con-
vergence. Next, to facilitate our computations, for each integer £ > 1, we define

fr : Ry — [0, 1] by letting, for each s € R,

fr(s)=1—=1Ainf{|s —r|:r € [0, k]}.



Step 2. For each route i, P[W;(t) < oo] = 1 because

E[lim W) < ligninfE[Wj’g(t)]
< li%rninfE[W?’g(O)]
< liminfQ(0) sup (x, %)
£—00 a€l0,a;)
§ Sup <X719;X> < Q.

a€0,04)
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Step 3. Note that fr € Cf (Ry) and 0 < fi(s) < frr1(s) < 1 for all s € R, and
integers k > 1. Also, observe that limy_ fx(s) = 1 for all s € R,. Then, almost

surely, for each integer £ > 1 and route 1,

(Xfe. Ry (1) < (X fr1, R; (1)),
Wit) — Ocfin Ry () = Wit) = (xfrrs, Ri (1)),

and since x fi € C; (R,), almost surely,
—0 . —o,l . —o,0 —0
TW2(6) = lim (v R () > Jim (i R ) = (i RUE).

so that

W) = (cfi RI) = Jim (GRY (@) = Jim (0fi R (1)

= lim (x(1 — fk),ﬁfz(t»

{—o00

Then, we have that almost surely, for each route 7,

0

IN

Wi (1) — (. R (1)

(2

= lim (W) — (xfu, R; (1))

k—o00

= lim (lim (x(1- fk)ﬁf’e(t») )

k—o0 \l—o00

(3.2.33)
(3.2.34)

(3.2.35)

(3.2.36)

(3.2.37)

(3.2.38)
(3.2.39)

(3.2.40)

where existence of the monotone limit in (3.2.39) is by the inequality in (3.2.34) and

the equality in (3.2.40) is by the equality in (3.2.37).
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Step 4. Using Fatou’s lemma,

0 < E [lim <lim (x(1— fk)aﬁzog(t»)}

k—oo \f—o0

< liminfB [l (x(1 - )R (0)]

- k—oo

= liminfliminf E [(X(l — fk)yﬁ?j(t»]

k—oo  f—oo

IN

liminf lim inf E [(Xl[km),ﬁf(o»}

k—oo f—oo

IN

liminfliminf sup (X1poec), V5)

k—o0 {— 00 a€l0,0)

liminf sup (x1lk,ec),¥5) =0,

k—oo ¢ [0,01;)

by Assumption 2.2.1. Therefore, together with (3.2.38)-(3.2.40), we see that for each

route 7, almost surely,

0 <W(t) — (. Re(t)) = lim lim (x(1 - fu), R} (£)) =0,

k—o0 £—00

proving the identity in (3.2.31). O

Lemma 3.2.6. Let t € (0,00), and let R°(t) be a weak limit point of the sequence
{ﬁo’g(t))}g’il of random elements taking values in M'. Then, almost surely, for each

route i, R, (t) has no atoms in R,

Proof. Our proof consists of five steps.
Step 1. For each integer ¢ > 1, define a random element D taking values in

DY(R,) by letting, for each route i and s € [0, o0),

D9 = Q' 0 - (9 < 1. (3:241)

K3 7 2

and note that

4 {

Qi(s) = Qi(0) = D (5) + Q" (s). (3.2.42)

By Lemma B.7.3, when the product space D'(R, ) = [];_, D(R. ) is given the product
topology, where each D(R ) is given the M/ topology, the sequence {EO’E};’; is tight.
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Also, by Lemma 3.2.4, when D(R',) is given the J; topology, the sequence {@e’z}j}il
is C-tight. Then, since we have the tightness results of Lemma 3.2.2 (with ¢t = 0), the
tightness of {EO’Z}Z’; and the C-tightness of {@e’é}ﬁl established in Lemma 3.2.4,
we may assume that we have already passed to a subsequence so that as ¢ — oo, the

sequence

£ =4 —o0,¢ —

— R =04 =el\ 0o
{(A(0),R(0),R7(1),Q (0), D™, Q ")}, (3.2.43)
of random elements taking values in
M' x M' x M" x [0,1]" x D'(R;) x D(R) (3.2.44)

converges in distribution to the random element

0 =0

(AR R(t),Q". D", Q") (3.2.45)

such that Q° takes values almost surely in C(Rﬂ). Here, we cautiously remind the
reader that the product space in (3.2.44) is given the product topology, where each
M associated with {.716(0)},‘521 is given the topology of vague convergence whereas
each M associated with {ﬁE(O)}g’il or {ﬁo’e(t)}g’il is given the topology of weak
convergence. Also, while the set D(R',) is given the J; topology, each D(R.) of the
product space D'(R, ) is given the M topology.

Then, by invoking the Skorohod representation theorem for random elements
taking values in a separable metric space (cf. Whitt [28]), we may further assume
that the convergence is almost sure rather than in distribution.

Step 2. Let Q°(t) = (1,R°(t)) and also define a random element Q by letting, for

each route i and s € [0, 00),

—0 =0 —e
Qi(s) = Q; — D;(s) + Q;(s). (3.2.46)
First, for each route 7 and integer ¢ > 1, almost surely,

(LR () = Q7' (1) = @(0) — D} (8),
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whence

Q1) = (1LRI(t)) = lim Q7' (t) = lim (@f(()) —3?’%5)) . (3.2.47)

{—00 l—o00

Next, since Q° takes values in C(R') almost surely and {@6’6}2’11 converges almost
surely to Q° in the J; topology, we have that almost surely, {@e,e}?il converges to
Q" uniformly on compact intervals. Moreover, for each route i and almost every w,
there exists a sequence {aj,,}72, C [0,t] such that, for each s € [0,#] \ {aj, ,}72;,

lim Ej’é(s, w) = D (s,w)

{—00

so that
lim Qj(s,0) = lim (@5(0)—5S’E(S,w)+§f’g(s,w)) (3.2.48)
= Q. - Dl(s,w) + Q(s,w) (3.2.49)
= Q,(s,w). (3.2.50)

Therefore, for each route ¢ and almost every w, if s € [0,¢] \ {a?w}z":l, then by
(3.2.47),

Quls,w) = lim Q(s,w) = Jim (Q)0) = D' (Lw)) = @i(tw).  (3:251)

f—00

Step 3. For each integer ¢ > 1, define a random element gz(t) taking values in
RL by letting, for each route i,

4

S - /Ot A%@Q :;)) du. (3.2.52)

and define a random element S(¢) by letting, for each route i,

EA@E) g P
S,(t) = 0 Qi(s ds, if gz(t) >0, (3.2.53)
0, if Q,;(t) =0.
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We caution the reader that for each route 4, S(t) is defined somewhat arbitrarily; in
particular, when Q; () = 0, S;(t) is not meant to be the limit of {?f(t)};gl.
Now, we claim that for each route ¢ and almost every w such that @?(t,w) >0,

lim S (t,w) = 5,(t,w) € (0,00). (3.2.54)

{—00

To see this, note that for each route ¢ and almost every w, if @f(t,w) > 0, then
for each s € [0,] \ {aj},,}32,, by (3.2.51) and continuity of A; at n = (ny,...,nr)
satisfying n; > 0, we have that as { — oo,

4

M@ (5,w) M@

(@s.)
@f(s,w) Q;(s,w)

> 0, (3.2.55)

where the left member is uniformly bounded by 2||C||/Q5 (¢, w) for all ¢ sufficiently
large (depending on w). It then follows by bounded convergence that (3.2.54) holds.
Step 4. We claim that for each route i and B € B(R,), almost surely,

o

RO((B) - { Jise o) 18(r = S{O)R, (dr), i Q7(t) > 0, (5.2.56)

0, if Q}(t) = 0.

Note that for each f € C;(R,), route i and integer ¢ > 1,

UR )= [, S SR©) ). (3:2:57)

(5;(t),00)

First, note that by Lemma 3.2.3, ﬁ? € M is deterministic and since ©; and 9§ have
no atoms in (0, 00), R, has no atoms in (0, c0). Next, we also have S;(t,w) € (0, c0)
for each route ¢ and almost every w such that @?(t, w) > 0. Hence, for almost every

w such that @f(t,w) > 0, we may apply Lemma B.6.2 to see that for each route ¢
and f € C(R,),

UMD = [ He SR,



44

On the other hand, for almost every w such that @?(t,w) = 0, we see that for each
route i and f € C; (Ry),

0 < (f,R;(t,w)) < [ flloc@; (£, w) = 0. (3.2.58)

Since any finite Borel measure on R, is uniquely determined by its integrals against
functions in C;" (R ), this implies the results in (3.2.56).

Step 5. We now prove R, () has no atoms almost surely for each route i. Recall
that for each route 7, 9J; has no atoms in R, by Assumption 2.2.1, and ©; has no
atoms in (0, 00) by Lemma B.2.1. Therefore, it follows that if Q; (¢,w) > 0, then by
(3.2.56) and Lemma 3.2.3, for each r € Ry,

Loy Rt w)) = /(Sm) )1{r}(w—§j(t,w))ﬁ?<dw) (3.2.59)
< / 92 ({r + S0 (t, w) A, (de) (3.2.60)
[0,0;)
H@Q; — (Lo, ANE:({r + S0t w)}),  (3.2.61)
= 0. (3.2.62)

On the other hand, if w is such that Q;(¢,w) = 0, then trivially, for each r € R,
<1{T},ﬁ;}(t, w)) = (1¢r},0) = 0. This observation completes our proof. O

Remark 3.2.1. To see our reason for excluding the initial time in the statement of
Lemma 3.2.6, imagine a case where for some route i, a; < oo and the sequence
{715(0)}221 converges to d,,. In that case, using Lemma 3.2.3, one can show that
through a subsequence, {ﬁf(o)}ggl converges in distribution to ¢;0y, where ¢; is a
limit point of the sequence {@f(o)}ggl So, if ¢; > 0, then one sees that the conclusion

of Lemma 3.2.6 need not hold for the initial time.

3.2.6 Proof of Theorem 3.2.1 and Corollary 3.2.1

Proof of Theorem 3.2.1. Fix ty € (0,00). The statement that the sequence

Rito+):0=1,2,3,..} (3.2.63)
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is C-tight and any weak limit point of (3.2.63) is almost surely a fluid model solution,
is equivalent to the statement that each subsequence of the sequence (3.2.63) has a
subsequence that converges in distribution and the weak limit point of this further
subsequence is almost surely a (continuous) fluid model solution. We note that by

Lemma 3.2.2, the sequence
—o,/ —o/ —el —e,l — —/ 00
{(R™ (t0), W (t0), R " (o), W " (to), R (to), W (t0))} 24 (3.2.64)

is tight. Thus, to prove Theorem 3.2.1, we consider a subsequence of (3.2.63), where
by taking a further subsequence, we may assume that (3.2.64) converges in distribu-

tion to
(ﬁo(t0)7 Wo(t(J)? ﬁe(tO)v We (t())’ ﬁ(150) ) W(tO))a (3265)

along the subsequence. Then, it suffices to show that for this subsequence, the

sequence

(R (to+ ), Q" (to+ ), T (to+ ) = T (t6), U (to +-) — U (ta), W' (to + )},

is C-tight, and any weak limit point (R, Q,T,U, W) is such that almost surely, R is
a fluid model solution with auxiliary functions (Q, W, T, U).

The key step in our proof is to verify the assumptions of Theorem 4.1 of [13] from
which the result follows immediately. First, for each route 4, and integers k and £ > 1,
let. HY be the original size of the document associated with the (E*'(|z‘|to) 4 k)-th

exogenous flow for route 7. Then, for each integer ¢ > 1, the i.i.d. sequences

{H k}k 1s > {H]Iek}zozl

are mutually independent. Moreover, for each route i, the sequence {Hj}%, is
equal in distribution to the sequence {vy}72,, and is independent from the random
elements R* (|z’|ty) and E* (|zf|to + -) — E* (|2'|to). From this observation, one

sees that the assumptions (4.11)-(4.13) for Theorem 4.1 of Gromoll and Williams



46

[13] are trivially satisfied for our case, and also, since maxj_;(lpy,?;) = 0 and
max_, (x, ;) < oo, the assumptions (4.8) and (4.9) for Theorem 4.1 of Gromoll and
Williams [13] are also satisfied.

Next, since by Lemma 3.2.1, as ¢ — o0,

E* (Ja*|(to + ) — B (|2"[to)
||

= E(to+-) — E(ty) = B(-), (3.2.66)

where E € D(RY) such that E;(t) = v;t for each route i, the assumption (4.10) for
Theorem 4.1 of Gromoll and Williams [13] is satisfied.
Lastly, note that for each integer ¢ > 1,

1 ¢ = =0 —e
R (laflto +0) = R (to) = R™ (to) + R""(t0),

and therefore, by the assumed convergence of (3.2.64) along the subsequence, we

have

R(to) = R’ (to) + R (to), (3.2.67)
W(to) = W' (to) + W (to). (3.2.68)

Furthermore, by Lemma 3.2.4, Lemma 3.2.5 and Lemma 3.2.6, almost surely, for

each route 7, we have

(X: Ri(to)) = Wilty) < oo, (3.2.69)
(1{ay, Ri(to)) = 0, for each x € [0,00). (3.2.70)

This verifies the assumptions (4.14)-(4.16) for Theorem 4.1 of Gromoll and Williams
[13].
In summary, the hypotheses in Section 4.2 of Gromoll and Williams [13] are sat-

isfied and so, the desired conclusion follows by Theorem 4.1 of Gromoll and Williams

[13]. O
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Proof of Corollary 3.2.1. Fixty € (0,00). By Lemma 3.2.1 and a standard functional

law of large numbers,
E.Y) = (EY), (3.2.71)

where ?f( )= ZH ‘Is) vir/|2| and Yi(s) = (x,¥;)s for each s € R, and route 7, and

so as { — 00,
E7(|2°)

Z Uzk:>E X; Vi) = pil-),

where p;(t) = p;t for each t € R,.
Now, let R be a weak limit point of the sequence {ﬁe(to +-)}22;. Then, it is not
hard to see that (E,R) is a weak limit point of the sequence {(Eé( ), R (to +)) 12,

By taking a subsequence if necessary, assume that as ¢ — oo, the sequence

For each route 14, fix a sequence { fix}32; C CI([0, o;)) such that for each x € [0, o),
0 < fie(x) < fir1y(x) < 1 for each integer k > 1 and limy_.o firx(z) = 1, and then,
note that

(x,0;) = hm(Xfika@i)
= lim lim (x fig, V%)

k—oo ala;

< sup (X, 9).
a€l0,a;)
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Hence, by Lemma 3.2.3, we have

—0

R = [ o) + (@ - (00 Z)) (0000

a —0 -0 —0
= ( SBP)<X’?9i>)<1[o,ai>~4i>+ (Qi - (1[o,ai>~4i>> (X, ©i)
ac|0,a4
o —0, =0 —0
< s (607 (Lo A + Q= (Lo, AD)
ac|0,a4
o ) =0
a€0,a4)
Now, note that for each ¢ € [0, 00), integer £ > 1 and route 1,
1 ¢ 1 ¢
= (LRE (|2°1)) = —7Q7F (J2]1) (3.2.72)
|z ||
1 ¢ 1 0
< QT (0) + = Q" (|2°]0), (3.2.73)
| ] | %]
1 £ 1 0
< Q7T (0) + — EF (|2t 3.2.74
— ’iEe’Ql ()+‘£L’£| 7 (|SB|), ( )
and
1 xt 1 2t
m(X,Ri (J2t)) = |I_4’Wi (J2°]t) (3.2.75)
1 1 :
< W) + W (|2Y)) (3.2.76)
e ||
1 , E*(|z"]t)
S |x_£’VVio7x (0)+‘ZL‘_q Z Vik - (3277)
k=1

Therefore, it follows that almost surely, for each route i and s € [0, 00),

(1, Ri(5)) <1+ Ei(tg +8) = 1+ (to + s)ui,

and
(Rl < (s (eoD) @+ Bilto+ )0

< ( sup <Xﬂ9§l>> + (to + 5)pi-
a€l0,a;)



Chapter 4
Proof of the main theorem

Throughout this chapter, we assume that the fluid model is stable. Then, we fix
to € (0,00) such that for each fluid model solution ( satisfying the condition that

i=1 a€0,a;)

{1, CONV [ (s COONI < @+ [lvl) v ((m%%x sup <Xﬂ9?>)+|’ﬂ|’)v (4.0.1)
we have
¢(to) = 0. (4.0.2)
Let
t =1+t (4.0.3)

Our proof of the main theorem is divided into three steps, each of which corresponds

to one of the following three sections.

4.1 From fluid model stability to negative mean

drift

Here, we show that (given that the fluid model is stable), a “negative mean drift”

property is satisfied in the sense of the inequality (4.1.15) in Corollary 4.1.1, but
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first, we prove two key lemmas.

Lemma 4.1.1.
: L
lim sup E {—HQ (|m|t1)||} = 0. (4.1.1)

=00 |z|>r ‘ZE|

Proof. For each r € [0,00) and route i, let

1) = sup B L0x(eln)]

|z|>r |£L’|

To prove (4.1.1), it suffices to show that for each route 4,

lim H;(r) = 0. (4.1.2)

r—00

For this, fix route i. Now, if r; < ry, then H;(r1) > H;(re), whence lim,_, ., H;(1)
exists, although the limit could be co. Fix a sequence {zf}2°, in A so that |z¢| > ¢

for each integer £ > 1 and for each route 1,
. 1 zt ¢ .
th E le (|z°|t1) | = lim H;(r). (4.1.3)
—00 x r—00
Then, using Theorem 3.2.1, by taking a subsequence if necessary, we assume that
the sequence

{Lnﬂqmﬂ(H-)) 0= 1,2,3,...} (4.1.4)

||
of random elements taking values in D(M!) converges in distribution as £ — oo to a
random element R which is almost surely a fluid model solution, and by Corollary
3.2.1 with t = 1 and s = 0, we may also assume that almost surely, ¢(0) = R(0)
satisfies the condition in (4.0.1). Then, by our choice of ¢, € (0,00) satisfying
the property described in (4.0.2), we have that almost surely, R(t;) = 0 so that
(1,R(to)) = 0. Since almost surely, R is continuous, the sequence

{|x—lq7zxf(|xﬁ|(1+to)) = 1,2,3,...} (4.1.5)
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converges in distribution to R(ty) = 0. Therefore, by the dominated convergence

theorem combined with the domination established in (3.2.72)-(3.2.74), we have

1 : _
lim Hi(r) = lim E {mu,nf’qxﬂtl))] = E[(1,Ri(to))] = 0. (4.1.6)
r—00 —00 X
]
Lemma 4.1.2.
1
lim sup E [—HA“”(]x\tl)H] = 0. (4.1.7)
r—00 ‘CE|>7‘ |$|
Proof. To prove (4.1.7), it suffices to show that for each route 1,
1
lim sup E {—Af(|m|t1)} = 0. (4.1.8)
r=00 |z|>r |$|

For this, we fix route 4, and recall our definition of the renewal process N; in (3.0.3).
For each r € [0, 00), let

1
Azl
||

Note that if 7 < rq, then H;(r1) > H;(r2), and hence, lim,_,, H;(r) exists while the

m@y:mpE[

lz|>r

limit could be co. We will show that lim, ., H;(r) = 0. For this, fix a sequence
{x}22, in A so that |2f| > ¢ for each integer £ > 1 and
1

]

}mE{lﬁmm@:nmmm. (4.1.9)

Note that there is a functional central limit theorem for the sequence {u;}32, that
give the interevent times of the renewal process N, and recall that R* (0)/|zf] = 0

as { — oo. Then, using the proof of Lemma 6 in [16] (for the last equality below),

we see that

. 1 [ xe
limsup — E _Ai (|x£|t1)1{R§”[(0)<\I£|t1}}

: L 7
< limsup —E _uikl{k:Eg”l(p:Z\h)}1{R§”Z(0)<\I£|t1}}

) 1
< limsup _ZE max wie | = 0.
—oo [T k=t E=* (jat|t)
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On the other hand,

CEZ
hrénSuP| g [Az‘ (|$E|t1)1{Rf€(0)2|$2\t1}}

1 e
< limsup o B |(A7(0) + [2'[t0) L e 015
< h?iigp ((1 +t)E [1{R§sé(o)z|xf\t1}D
= (1+t;)limsupP [Ef(()) = tl]

{—o00
— 0

where the last inequality is obtained by Markov’s inequality and the last equality

uses Lemma 3.2.1. In summary, we have the desired equality in (4.1.8). O
The following claim is the main result of this section.

Theorem 4.1.1.
1
lim sup E” [H|AT(|x|t1)@ = 0.
x

T=00 |z|>r

Proof. For each z € A and ¢ € [0,00), we have |[A*(t)| = ||Q*(t)]| + [|A*(t)||. There-

fore, we see that

1
lim sup E* [—\AT(MQ)J (4.1.10)
T=00 |z|>r |.T|
) 1
= lim sup E —\Ax(\x|t1)|} (4.1.11)
T=00 |z >r _|[E|
3 1 x x
— Jim s B 0"l )|+ A e (4.1.12)
x|>r L
1
< lmswE Q= el + i supE[| 1 (elenl] (@113
T=00 |z|>r || >r

— 0, (4.1.14)

where we have used Lemma 4.1.1 and Lemma 4.1.2 to see that the terms in (4.1.13)

are zero. ]
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Corollary 4.1.1. For each e € (0, 1), there exists r € (0,00) such that for any x € A
with |z| > r,

E° [|AT(jlt)]] — |2] < —ela]. (4.1.15)

4.2 From negative mean drift to finite mean hit-
ting time

Here, we show that (given that the fluid model is stable), a “finite mean hitting
time” property is satisfied in the sense of Corollary 4.2.1. The main result of this
subsection is Theorem 4.2.1 from which Corollary 4.2.1 follows, and our proof of this
will take the “negative mean drift” property as the starting point. To prove this,
first, we establish two elementary lemmas.

For our next lemma, recall that the topology on A C M! x Ra is induced by the
product topology on M' x RY where each M of M" is equipped with the topology

of weak convergence.

Lemma 4.2.1. For each r € [0,00), the set {x € A : |x| < r} is a closed subset of
A.

Proof. Fix r € [0,00), and consider a sequence {x,};°, in A such that |z, < r for
each integer ¢ > 1. Suppose that there exists o € A such that lim, .. x; = 0.

Then, we have

lim (Q*(0), A*(0)) = (@"(0), A*(0)).

{— o0
so that

I

I
oul = 32 (@17(0) + A47°(0) = Jim, 3(Q7(0) + 47(0) = Ji o] < v

i=1
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Lemma 4.2.2. For each r € [0, 00),

sup E[|A%(t1)]] < oc. (4.2.1)

|lz|<r
Proof. Fix r € [0,00). Note that if 7 = 0, then (4.2.1) is clearly true since the set
{z € A :|z| <0} consists of a single element. So, assume that r > 0. Note that for
each route 4, if § < r, then

py_ 1 w — BYor(du 1 |
<X7 ()02> - @l((ﬁ; OO)) /(ﬁ,oo)X( ﬁ)gpl(d ) S @i((ry OO)) <X7 901>

Therefore, for each x € A such that |z| < r and route 4, we have
E[A7 (1) Lrz0)20)) < E[A7(0) + BRI (0)] <7+ syt wa), (42.2)
E[Q7 (t1)1{r=(0)>1y] < E[QF(0)] < 7. (4.2.3)

Recall our definition of N in (3.0.3). For each route i, we have that E[N;(¢;)] < oo
(cf. Chung [7]) and that

AF () 1Rz )<ty <t
Q7 (1) Lrz o)<ty < Q7 (0) + 1+ Ni((t1 — B7(0))7) < QF(0) + 1+ Ni(ta).
Therefore, for each = € A such that |z| < r and route 1,

E[A7 (t1)1{re0)<ty] < t1, (4.2.4)
E[Q7 (t1)1{rr0)<t}) < 1+ E[QT(0) + Ny(t1)] < 1+ E[r + Ny(t1)].  (4.2.5)

Then, (4.2.1) follows from (4.2.2)-(4.2.5). O

Theorem 4.2.1. There exist integers ¥ > 1,¢ > 1 and d > 1 such that for each
x €A,

E°[7] < ¢la| + d, (4.2.6)
where

F=inf{t >t : |AT(t)] <7} (4.2.7)
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Proof. Using Theorem 4.1.1, we can fix an integer ¥ > 1 such that for each x € A

with [z] > 7,
B [|Af ()] < |2l/2.

and let
3 = sup E*[|JAT(t1)]],

|| <7
which is finite by Lemma 4.2.2. Next, for each x € A, define
H(z) = 2t |x],
{ t,  if|z| <T

h(x) =
|x|ty, if x| > T,

and observe that

— 2t1|fL’| + 2t1?7 if |l’| S f7:,
H(z) = h(z) + 0 (1 4+ 29) Lo (|2]) = , _
|z|ty, if |z| > 7.

On the other hand,

E* [H(A(h(2))] = E* [2t,|AT(j|t)]] < |oft, if 2] > 7

Hence,

E* [H(AY(h(2))] < H(x) = h(z) + t1 (1 + 27) 1pg(|2]).

(4.2.8)

(4.2.9)

(4.2.10)

(4.2.11)

(4.2.12)
(4.2.13)

(4.2.14)

Let nT(0) = 0 and ®) = AT(0). Then, for each integer k > 0, we inductively

define nf(k + 1) and ®T(k + 1) as follows:

n'(k+1) = ' (k) + h(DT(k)),
O (k +1) = Al (nf(k + 1)).

(4.2.15)
(4.2.16)
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Note that for each integer k > 0, each n(k) is a stopping time for ' and then, let

Hl = F! Ty
Also, let
g=inf{k>1:[07(k) <7}, (4.2.17)
it =00 (@), (4.2.18)

where we let inf @ = oo.

Note that, on the event that {£T < oo},

t_1)+
(e = YoV h(@T(k)), (4.2.19)
[AT(nT (1)) = |@T(N)] < 7. (4.2.20)

Since each sample path of AT is right continuous and the set {z € A : |z| <7} is a

closed subset of A, we also have {7 < oo} C {|AT(7)| < 7}. Therefore, we have

(€1-1*
7< Z h@ (k) | =7t (4.2.21)

Now, for each z € A, by the inequality (4.2.14) together with the strong Markov
property of AT (see Lemma A.5.2),

E*[H(®'(k + 1))[H]]
= EYO[H (A (' (1))
< H(®'(k)) — h(@'(K)) + t1(L +279) 17 (| 27 (K)]),
and then, by Proposition 11.3.2 in Meyn and Tweedie [23],
E° [ii1] = E* [ DT h@t (k)| < H(z) + . (14 27). (4.2.22)
Letting @ = [2t,] and d = [t1(1 + 23)], we have that for each z € A,

E*[7] < E*[3!] < ¢z| + 4, (4.2.23)
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where the first and the second inequality in (4.2.23) are by (4.2.21) and the third
inequality in (4.2.23) is by (4.2.22). O

Corollary 4.2.1. Fiz an integer 7 > 1 as in Theorem 4.2.1, and define T by (4.2.7).
Then,

P*[T < oo] =1 for each x € A, (4.2.24)
sup|, <7 E°[7] < o0. (4.2.25)

4.3 Proof of positive Harris recurrence

Fix an integer 7 > 1 as formulated in Theorem 4.2.1, and define 7 by (4.2.7).
To prove positive Harris recurrence of the age process, we appeal to Theorem 1.1
and Theorem 1.2 of Meyn and Tweedie [22]. For this, by virtue of Lemma 4.2.1 and
Corollary 4.2.1, the remaining fact to be verified is that the set {x € A : |z| <7} is
petite (cf. [22]), i.e., there exist a non-trivial non-negative finite Borel measure py on
A and a Borel probability measure Ay on [0, 00) such that

inf / Py, B)o(dt) > pio(B), for cach B € B(A). (4.3.1)
{zeA:|z|<r} [0,00)

To show existence of the measures Ay and pq satisfying (4.3.1), we will adapt the
proof of Proposition 4.7 in Bramson [6] to our present situation.
Step 1. The condition (i) in Assumption 2.2.2 implies that for each route i, there
exists ¢(1) € (7, 00) such that ¢;((7,¢(i))) > 0. Then, let
Lo = m%mx 1(1), (4.3.2)

=1

and observe that for any 3 € [0,7],

(777 LO) C (ﬁa 6 + LO)' (433)
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Therefore, we have

L L ©i((B, 8+ 1))

min inf ¢ 0,¢ = min inf 4.3.4
i=1 Bel0,7] #:((0,10)) i=1 peoi]  i((B,00)) ( )
I
> min inf ¢;((5, 4.3.5
> min inf o (8,8 + w)) (4.3.5)
I
> min @;((7, 0)) > 0. (4.3.6)

Next, by Theorem VIL.1.1 in Asmussen [1], the condition (ii) in Assumption 2.2.2
implies that there exists an integer kg > max’_, x; along with g9 € (0,1) and

by, ..., 0 € (19,00) such that for each route i and interval
[s1,82] C [i — to, 4 + 3],
we have
P ([s1, 59]) > (52 — 51)e0. (4.3.7)

Also, by the condition (iii) in Assumption 2.2.1, there exists an integer ny > 1 such

that

max sup (X 1jno.se), 99 < 1/2. (4.3.8)
i=1 a€0,a;)
Now, let
by = maxi_, (¢; + 3), (4.3.9)
Yo = (F'V (Ko + 1))no/bo, (4.3.10)
g1 = min’_, 0;((7, 10)), (4.3.11)
g2 = min;_; ;((lo + 270, 00)), (4.3.12)
where

I
by = min (mf {Ai(n) ing > 1, |nl| < 7+ I(ko + 1)}) >0 (4.3.13)

i=1
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the strict positivity holds since for each route 4, the function A; is continuous and
strictly positive on the compact set {n € RY : n; > 1,|n|| <7+ I(ko + 1)}. Next,
define Hy : R, — A by letting, for each a = (a4,...,a;) € RL,

Ho(a):(O,...,O,al,...,aﬂ).
Finally, for each s € (¢y + 70, %o + 270), let
Cs=[s—(l1+3),s—0] x...x[s—(lr+3),s— 1],

and define a non-trivial non-negative subprobability measure p, on (A,B(A)) by

letting, for each B € B(A),

1 +(f‘i0+1)
/LS(B) = (605182)]1 (ﬁ) / 1H0_1(B)(r1,...,rﬂ)dr1~--drﬂ.
s
Step 2. Fix x € A such that |z| <7 and fix s € (¢y + Y0, %0 + 270). Let

= Micy {78 (50 + 1) € [6:, 6 + 3]}, (4.3.14)
Qf = iz {77 (ko +2) € (4o + 270,00)}, (4.3.15)
QF = Mz, {maxo vy, < npl, (4.3.16)
= Nzt W7 (0) < noQ7(0)} - (4.3.17)
First, we claim that that
QAPNENQENQE C {A%(s) =0} (4.3.18)

This follows because on the event QF N Q35 N QF N QF, for each route 7,

Q7" (s) < ko +1,
W (s) < TR o
We(s) < (S04 v = 7 M@ ())ds) < (o + ino = 70bo) ™ =0,
WP (s) < (WF(0) = Ji AQ (w))du)*™ < (m0QE(0) = ubo)* =0,
(6 Ri(s)) = Wi(s) = W™ (s) 4+ W () = 0,
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where we have used the fact that on the set in question, there are no new arrivals
in [ly, by + 2] and so if Q7 reaches zero in [y, ly + 2], it stays there until after
g() + 2’}/0

Next, for each route i and interval [sq, s3] C [€;, ¢; + 3],

Plri(ko+1) € [s1,8]] = Pf(ko+1) — @ + % € [s1,5]]
E[p" ) ([sy — 0, 55 — 07])); 0% < 1]

(s2 — s1)eoPu; < 1o
(

AVARNAY,

v

S2 — 31)5051,

where the first equality is obtained by conditioning on u¥ and then restricting to the

event {u? < p}. So, more generally, for each B € B(R,) and route i, we have
ZZ‘+3
P[r (ko +1) € B] > 5051/ 1p(u)du.
L;

Now, consider B € B(A) such that Hy'(B) = By x ... x By, where By,..., By €
B(R,). Then, we see that for each s € (o + 70, % + 27),

P[A*(s) € B] > P [A"(s) =0,A%(s) € Hy'(B)] (4.3.19)
> PQINQENQENQS, A%(s) € By x ... x By] (4.3.20)
— P[QIP[QPIQT N Q%L A%(s) € By x ... X By, (4.3.21)

where the inequality in (4.3.20) is by (4.3.18) and the equality in (4.3.21) is by
independence. Looking at the first two factors in (4.3.21), note that, by our choice
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of ng, the inequality in (4.3.8) holds so that using Markov’s inequality, we have

P[] P[]

v

v

I
HP i v < ml <HP WE(0) < no@ﬂon)

I Ko+l 1 Q7(0)
HHH%S%) 11 I1 P < nol
1

i=1 k=1 i=1 k=1
I I

1
H 2no+1> (1} 2Q7 (0 ))

1 T+ (ro+1)
(z)

Next, looking at the third factor of (4.3.21) separately, we have

v
0L

v

P

(508152)

I

i=1

HP [s = 7"(ko + 1) € By, 7 (ko + 1) € [li, & + 3], 7" (Ko + 2) € (o + 270, 00))]

i=1

:j.:

z:l
I

i=1
I

=1

P lio—f-]_

s—¥;

(e0e162)" H /S_

P[QTQQ%,AQC(S) € By x ... XB]I]

ﬂ {s =71F(ko+1) € B;};Q{ N Qg]

— Bi,Tf(lﬁo + 1) - [&,gl + 3”

fi+3
HH/E‘ 1szi(U)dU

1Bi (u)du,

(£:+3)

where s — B; denotes the set {s —r : r € B;}, and the second equality and the

first inequality are obtained respectively by independence and by conditioning on

the event

I

(ko +2) = 7 (ko + 1) > €y + 270} C [ {77 (ko + 2) € (o + 270, 00)}.

i=1

i=1
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In summary, we have

1 7+ (ko+1) I s—0;
P [Am<8) S B] > (_]I> (608162)HH/ le(u)du (4322)
2 i=1 Y s—(ti+3)
1 T+(ko+1)
= us(B). (4.3.24)
Thus, we have
P[A%(s) € B] > p1s(B) (4.3.25)

for each B € B(A) such that Hy'(B) = By x ... x By € B(RL), and hence, by
Dynkin’s - theorem, we also have the inequality (4.3.25) for each B € B(A).

Step 3. Choose any s € (£y+70, lo+270), and then, define Ay = d,, the unit point
mass at s, and let g = ps. Now, by Step 2, the desired property stated in (4.3.1)
is satisfied with these choices for A\g and pg. Thus, by Theorem 1.1 and Theorem
1.2 of Meyn and Tweedie [22], the age process is positive Harris recurrent, and so,

Theorem 2.7.1 is proved. O



Appendix A
Borel right process

The main goal of Appendix A is to verify that the collection (2.5.2) is a Borel
right process. When a queueing model’s underlying dynamics can be reduced to
a discrete event system, one can often rely on the theory of piecewise deterministic
Markov processes (PDMPs) as described in Davis [9] to produce a Borel right process
describing the queueing model. On the other hand, while it is shown in Davis [9] that
each PDMP as defined in Davis [9] is a Borel right process, there are two reasons
that stop us from simply applying relevant results in Davis [9] to our processes for
the Internet congestion control model.

In our present situation, the first reason is that in order for the age process to
be a PDMP as described in Davis [9], each of ¢,...,91 and ¢4, ..., ¢y should be
absolutely continuous with respect to Lebesgue measure, but we do not necessarily
want to assume this. The second reason is that in Davis [9], roughly speaking, when
a PDMP jumps to a new state, the state to which the PDMP jumps depends on
the state of the PDMP just prior to the jump time whereas for the age process, the
relationship between times between jumps and states to which the age process jumps
are slightly more intertwined.

Nonetheless, our proof here takes numerous hints from the discussion of PDMPs
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in Davis [9], and is broken into six stages in six sections below. In these six sections,

the terminology developed up to Section 2.5 will be adopted.

A.1 Umbrella states

We introduce here the set U whose elements describe both residual quantities as
well as age quantities, and hence, we use the symbol “U” for “umbrella”. For each

route 4, let U; o = {0} and for each integer ¢ > 1, let

;
¢ ¢
U= {Z Oeseirin) - I?:aix(c”“ + i) <, 0<cy <...<cyp0< 11?21{1 rik} )
k=1

and then, let
U=TU; x...xUpx (Ry x (0,00))", (A.1.1)

where U; = U2, U; , for each route 1.

We can use each element of U to describe the network at time zero. For instance,
suppose that at time zero, for each route ¢, there are n; flows on route ¢ and the
flow on route ¢ with the k-th smallest completed work has completed work ¢;,. Also,
suppose that the last time that a flow has arrived to route ¢ is a; units of time ago

for each route i. Then, when

_ ni ng
T = (2l Oerr -5 D2 g O

aip,...,ar), (A.1.2)

C]Ik;’

we can describe the network starting at  with the following random element of U:

( lel 5(Clk75ﬂ.)7 ey Z]Izl 5(0Hk:5ﬂ)7 (al, ﬂ”f), ey (aﬂ, ﬂf)) s (Al?))

where any summation involving 22:1 is taken to be the zero measure.
For each route 7, the topology on U; is the topology induced by the topology

on M(R, x R,), i.e., the topology of weak convergence of non-negative finite Borel
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measures on R, x R,. Then, the set U is given the product topology. It can be
shown that U is locally compact with countable base (cf. Appendix B.1), and in
fact, the topology on U can be characterized by sequential convergence as described

below.

Remark A.1.1. Consider a sequence {y,}7°, in U and y, € U such that
ng nf 0 .0 0 ,.0
Yo = <Zk:1 O r0 )+ s Dk O r0 s (@5 77), - (aﬂ,rﬂ)> : (A.14)
and for each integer ¢ > 1,
ng nf . .
e = (0 0ty et -+ iy Ot s (@), (@) . (A1)

Here, we caution the reader that superscripts in (A.1.4) and (A.1.5) are only meant

to be “labels” as opposed to being “exponents”. Then, it can be shown that
Yo = lim y,
{—00
if and only if the following three conditions (i)-(iii) are satisfied:

(i) for each route i, there exists an integer ¢; > 1 such that for each integer ¢ > /¢;,

nd = n! (A.1.6)

(ii) for each route ¢ such that nY > 1, if k is an integer such that 1 < k < n?, then

(i i) = gh_glo(cfkarfk)a (A.1.7)
(iii) for each route 1,
(a, 7)) = lim (af, 7). (A1)
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For each y € U, we let
I (y)={ie{l,...,I} :n; > 0}, (A.1.9)

where

Y= (221:1 5(Clk77’1k)7 R ZZH:I 6(01%77”]11@)7 (ah Tl)? SRR (aﬂv 7"]1)) . (AllO)

For future use in Appendix A.2, we define functions A : U — (0,00) and ¥ :
R, x U — U by letting, for each t € R, , y € U and route ¢,

(min)_, r,) A min,ez, () (minZ;l m> , T4 (y) # 2,

min’_, r,, if 7, (y) = @,

Aly) =

it y) = 2kt OeitAs(mt/nira—Asmyt/n Lo, (rie — Ni(n)t/ny), if i € To(y),
Y 0, otherwise,

‘I’ﬂ+i(t> y) = (ai +t,r;— t)l(O,oo)(ri - 75)-

where y is assumed to take the form in (A.1.10). Also, define a function ¢ : U — A
such that for each y € U,

¢(y) = <2501k7"‘7256Hk7a1,"'7aﬂ> 9 (All]_)
k=1 k=1

where y takes the form in (A.1.10).
Lemma A.1.1. The functions A, b and ¥ are Borel measurable.

Proof. Our proof is broken down to four steps.
Step 1. For each integer m > 1, define a function f,, : R — [0, 1] by letting, for
each s € R,

fnls) = (1~ inf{mls v -7 € [1/m, oo)})Jr,
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and then, define a function ¥™ : R, x U — (1\/I(Ri))]I X (]Ri)]I by letting, for each
(t,y) € Ry x U and route 1,

ZZZ:l 5(Cik+Ai(n)t/nivrik*/\i(n)t/ni)fm(Tik - Ai(n)t/ni)v if n; > 0,
0, otherwise,

Ui (ty) = (ai +t,ry = 1) frn(ri — 1),

Ut y) = {

where y is assumed to take the form in (A.1.10). Note that as m — oo, we have
limy, oo frn(S) = Llo,00)(s) for each s € R, and from this, it follows that for each
(t,y) € Ry x U, as m — oo, the sequence {U™(t,y)}>°_, converges to V(t,y).

Step 2. Fix a sequence {y,}72, in U such that lim, . ys = yo. Assume that
yo € U takes the form in (A.1.4) and also assume that for each integer £ > 1, y, € U
takes the form in (A.1.5). Also, fix a sequence {t,}72, in R, such that t, = lim,_, t.
Note that for all sufficiently large integers £ > 1, we have n* = n® so that by taking
re-indexing if necessary, we assume that n‘ = n? for all integer ¢ > 1.

Step 3. For each integer m > 1, note that f,, € C; (Ry). Then, for each route 1,
since limy_oo(al + tg, 78 — ) = (a¥ + to, 70 — to),

lim (af — tu, Tf - tg)fm@”f - tf) = (CL? — to, 7’? - tO)fm(r? - tO)v

{—00

and moreover, if n{ > 1, then for each integer m > 1 and positive integer k < n?,

lim 5(cfk+Ai(nz)tg/nf,rfk—Ai(nl)te/nf)fm(rfk - Az(TLZ)tZ/nf)

{—o0

5(c?k+/\i(no)to/n?,r?k—Ai(nO)to/n?)fTVL(riOk - A’L (no)tg/n?)
Therefore, it follows that for each integer m > 1,

Hm U™ (¢, y0) = V(to, yo)- (A.1.12)

{—o0

Next, if 7, (y9) = @, then from (A.1.8), it follows that lim,_. A(y,) = A(yo).
On the other hand, if Z,(yo) # @, then using (A.1.6)-(A.1.8), we also see that
limg—,o0 A(ye) = A(yo). Similarly, we also see that limy . ¥ (ye) = ¥ (vo)-
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Step 4. Since the sequences {y,}22, and {t,}32, are chosen arbitrarily in Step 2,
our computations in Step 3 show that the functions A and ¢ are continuous and for
each integer m > 1, U™ is a continuous function from R, x U to (M(Ri))]I X (Ri)ﬂ.
Also, recall from Step I that U is the pointwise limit of the sequence {¥™}>°_,. There-
fore, it follows that ¥ is a Borel measurable function from R; x U to (NI(]R%F))]I X
(Ri)ﬂ. Now, the function ¥ takes values only in the set U, which is a Borel mea-
surable subset of (1\/I(R2+))]I X (Ri)ﬂ, and from this, it follows that VU is also a Borel

measurable function from R, x U to U. [

A.2 Umbrella processes

We will define here a collection {U%(¢) : z € A,t € [0,00)}, where for each
t € [0,00) and = € A, the random element U*(t) describes the network at time ¢

that starts at x. Our definition will be inductive. First, for each z € A, we let

U*(0) = (ETkH:l 6(Clk»5fk)’ Tt Zﬂzl 5(0111@,5&)7 (a1, uy),. .., (a, aﬂgﬂ)) . (A21)

where z takes the form in (A.1.2), and set of = 0. Now, let x € A, and to proceed
inductively, suppose that for an integer £ > 0, of and U*(0}) are well defined. Then,

we let o, = of + A(U%(0)) and then, for each t € (0}, 0}, ], define

U*(t) = V(t — of, U%(0y)) + L°(2), (A.2.2)

where each route i,
Li(t) = > n 1 0w Liny (77 (K)), (A.2.3)
Lt (1) = > e 1 (0, win) Ly (77 (K)). (A.2.4)

Next, define a function L : [0,00) x A x Q — U by letting L(¢, z,w) = L*(t,w)
for each (t,z,w) € [0,00) x A x Q, where L*(¢,w) denotes the value of L*(¢) at w.
Similarly, define a function U : [0,00) x A x  — U by letting U(t, z,w) = U*(t,w)
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for each (t,z,w) € [0,00) X A x Q, where U*(¢,w) denotes the value of U*(t) at w.
Lastly, define a function A : [0,00) x A x Q@ — A by letting A =1 o U.

The following observation is the main result of this section.

Lemma A.2.1. The functions U : [0,00) x AXQ — U and A : [0,00) X AxQ — A
are B([0,00)) x B(A) x F-measurable, and for each (t,z,w) € [0,00) x A X €,
A*(t,w) = A(t,z,w).

Proof. Since the function U*(-,w) is right continuous for each (z,w) € A x Q, for
our proof for B([0,00)) x B(A) x F-measurability of U, it suffices to show that for
each t € [0,00), the function U(¢,-,-) is B(A) x F-measurable, and this will follow
essentially from the discrete event system dynamics of the network together with an
observation that the random variables describing the initial flows depend “nicely”
on initial states of the network.

For each route 4, define F; : [0, ;) x (0,1) — [0,;) and G; : Ry x (0,1) — Ry
by letting

Fi(a,s) = inf{t > 0: 9¢([0,]) > s}, (A.2.5)
Gy(B,s) = inf{t > 0:¢([0,1]) > s}. (A.2.6)

Next, for each route ¢ and integer k > 1, define functions Hy, : AxQ — [0, ;) x (0,1)
and K; : A x Q — Ry x (0,1) by letting,

(e Vanlw)) if k< g,
Hiw(z,w) _{ (0, Vie(w))  otherwise, (A.27)
Ki(z,w) = (a;, Us(w)), (A.2.8)

where z is assumed to take the form in (A.1.11).
By Lemma B.3.1, for each route i, F; is B([0, «;) x (0, 1))-measurable and G; is

B(R, x (0,1))-measurable; note that to use Lemma B.3.1, we are exploiting the fact
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that for each route 7, by definition,

05 ([0, 2]) = 97 ((0, ), (A.2.9)
er ([0:4]) = ¢ ((0,4]), (A.2.10)

=

for each o € [0, o;), § € Ry and t € [0,00). Also, note that Hy, and K; are B(A) x F-
measurable. From this, we see that U(0,-,-) : A x Q — U is B(A) x F-measurable
and L : [0,00) x A x Q — U is B([0,00)) x B(A) x F-measurable by noting that for

each (z,w) € A x Q, route i and positive integer k < n,,

U (w) = Fi(Hig(2,w)), (A.2.11)
(W) = Gi(Ki(z,w)), (A.2.12)
vig(w) = F3(0, Vie(w)), (A.2.13)
wi(w) = Gi(0, Upe(w)) (A.2.14)

Now, we fix t € (0,00). First, it is clear from our construction of {U” : x € A}

that for each z € A and w € ,

Ux<t,w) = Lm(t, w) + Z \I/(t - U,f(w), UI(O']f(w)7 w))l(gz(w)ﬂzﬂ(w)] (t) (A.2.15)
k=0

Hence, to prove that the function U(¢,-,-) is B(A) x F-measurable, it is enough to
show that each term of the infinite sum in (A.2.15) defines a measurable function
from A x 2 to U when both z and w are variables. In fact, it suffices to show that

for each integer k > 0, when both z and w are variables,
(0% (w), U (o} (w), w)) (A.2.16)

induces a measurable function from A x Q to [0,00) x U, and we prove this by
induction.
The initial step & = 0 for our induction is already done since of = 0 for each

x € A and we have already proved B(A) x F-measurability of the function U(0, -, -) :
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A x Q — U. Next, for our induction step, suppose that our claim for (A.2.16) holds
for an integer k > 0. Now, note that for each (z,w) € A x Q,

Thn (W) = ok (w) + A(U* (0} (w), w))
U (0741 (W), w) = L¥(og,, (w), w) + U(AU" (0f (w), w)), U0k (w), w))-

Since the functions A and ¥ are measurable by Lemma A.1.1, we then have that our
claim in (A.2.16) holds true for k£ 4+ 1, and This completes our induction step.
Next, measurability of the function A follows from measurability of U because
the function ¢ is measurable. Lastly, the fact that A*(t,w) = A(t,z,w) for each
(t,z,w) € [0,00) x A x Q follows from the fact that U*(¢,w) = U(¢,z,w) and our

construction of UZ. O

A.3 Probability measures

Let ' = D(U). For each t € [0, 00), let U} be the mapping from €’ to U given by
Uj(w) = w(t), where for each w € €', w(t) is the value of the function w at ¢. Next,
let 7/ =0(Uj : t € [0,00)) and define ¥ QY — QF by letting, for each w € ', ¥(w)
to be the element @ of O such that for each t € [0, 00), &(t) = Y(w(t)).

By Lemma A.2.1, the function U is a measurable function from [0, 00) x A x
into U, and for each t € [0,00), z € A and w € Q, U*(t,w) = U(¢,z,w). Then, it
follows that the function $ : A x Q@ — D(U) obtained by letting H(x,w) = U(-, z,w),
for each (z,w) € A x , is Borel measurable; the measurability of 4 follows from
the measurability of U since U(z,w)(t) = U(t,z,w) and B(D(R,)) is generated by
the coordinate projection mappings. In particular, for each x € A, U* = {(z,-) is a
random element taking values in D(U). Therefore, for each x € A, we may define a

probability measure P* on (', F’) by letting, for each B € F,

P [B] =P [U” € B]. (A.3.1)
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Also, recall the definition of Qf and FT from Section 2.5. Then, for each probability
measure g on (A, B(A)), we may define a probability measure P* on (Qf, FT) by
letting, for each B € FT,

P (5] = / u(dz) P[5\ (B)], (A32)

where the measurability in z is by Fubini’s theorem.

For each x € A, we denote by E*, the expectation operator for P?, and for each
probability measure p on (A, B(A)), we will denote by E#, the expectation operator
for P*. For simplicity, for each € A, we denote by P? the probability measure P,
and denote by E® the expectation operator E%.

Lemma A.3.1. For each B € B(A) and probability Borel measure ji on A,

w(B) = P*[AT(0) € B. (A.3.3)

Proof. Note that for each x € A, we have A* = zZ (U?*). Therefore, we have
P'[AT(0) € B] = P*[{w! € Qf:wi(0) € B}
— [ wanP € 25 3)(0) € BY)
A

p(dz)P[U* € {w' € Q' : ¢(w')(0) € B}

p(dz)P[p(U*)(0) € B]

u(dz)P[A%(0) € B
B).

I
Er——

A.4 Semigroup property

In this section, we will prove that the collection PT = {P; : t € [0,00)} is a Borel

Markov semigroup. To facilitate our discussion, we define a function ¥ : R, x A —
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M' x RL by letting, for each ¢ € [0,00) and z € A,

ni nr
\I/T(t, :L‘) = <Z 501k+A1(n)t/n17 ceey Z 5Cik+Ai(n)t/nH7 ar+t,...,ar+ t) , (A41)
k=1

k=1

when z takes the form in (A.1.11) and any summation involving 377_, is taken to

be the zero measure. Also, for each x € A and integer m > 0, let

HE = o(A%(08), A%(0?), ..., A%(07)).

m m

Lemma A.4.1. Let x € A and t € [0,00). For each B € F', P-almost surely,
P[U"(t+ ) € Blo] > t]lipesy = PAO[B]1 (554 (A.4.2)

Proof. Assume that z takes the form in (A.1.11). Let X, ..., X,,, be an enumeration

of the following random variables:

- ~ R o\
W WU — U...Ug —— , A.4.3
R o WRTRCE tr oyt AR
and let &° be the collection of random variables listed in (2.3.1)-(2.3.2). Note that

mo

{of >t} = ({Xe >t}

=1
On the event {07 > t}, the random element U*(¢) is determined by A*(t) =
Ui(t,z) and {X; —t,..., X, — t}. Then, for each By,..., By, € B(R,) and B® €
o(6°),

E[O’f>t,X1_t€Bla-"aXmo_teBmo;Be]
= P[B] [] PXi—teB,X,>1]

l=1,....mg
= P[B] [] E[PIXi—t€B|Xi>t]1{x,1]
=1,...,mg

l=1,....,mo
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Now, when X, corresponds to v%./(Ai(n)/n;) for some route i and a positive integer

k < n;, note that for each r € [0, c0),

P[of, —tAi(n)/n; > 7]

Pvg —tA;(n)/n; > 0]

V(e + 7+ tA;(n)/ng, 00)) /Wi ((cig, 00))

Ji((can + tAi(n)/ni, 00)) /Vi((cir, 00))
_ ﬂ?ik‘f‘t/\i(n)/ni((

PX,—t>r/(Ai(n)/n)|Xe>t] =

r,00)).

Similarly, when X, corresponds to uf for some route i,

Pluf —t > 7]

Plf —t > 0]

i((a; + 1 +1t,00))/pi((ai;, 0))
Ui((ai +t,00))/Vi((a;, o0))

= ¢i"((r,00)).

P[Xg—t>T|Xe>t] =

Therefore, P-almost surely, for each f € C;(U), we have that
E[f(U"(1)); B |07 > t] 1iogsy = E[f(UAD(0)); B (og>ty.

Moreover, on the event {07 > t}, the random element U*(¢+-) taking values in D(U)
is determined by U”(¢) and the random variables in &°. So, we have the desired

result. O]

The next lemma will be used to show that the age process has, roughly speaking,

the strong Markov property at the first jump time of.
Lemma A.4.2. Let x € A and B € F'. Then, P-almost surely,
P[U%(0? + ) € B|A%(¢%)] = PA"D[U € B]. (A.4.4)

Proof. Assume that z takes the form in (A.1.11).
Step 1. We partition the outcome space €2 into smaller pieces, each of which
corresponds to a reason why there was a jump in the number of flows in the network

at time of.
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Let 2¢ be the event that at time o7, there is no departure of initial flows and an
exogenous flow has arrived to some route. Next, let {2° be the event that at time o7,
there is no arrival of an exogenous flow and an initial flow has departed from some
route. Then, Q°NQ° = &, and since 9J; has no atoms for each route i, P [0 < o0] =1
and the random variables in (2.3.1)-(2.3.4) are mutually independent, we have P-
almost surely, 1 = 1ge + 1go.

Then, for each route ¢ and k € {1,...,n;}, let QY be the event that at time
of, there is no arrival of any exogenous flow and the k-th initial flow on route ¢
is the only flow that has departed from the network. Then, the sets in Uj_,{Q :
k = 1,...,n;} are mutually disjoint, and again, since 1J; has no atoms for each
route i, P o] < oo] = 1 and the random variables in (2.3.1)-(2.3.4) are mutually
independent, P-almost surely, 1go = 25:1 > ey Lo .

Next, we partition Q¢ into (2! — 1) disjoint events according to patterns in which
exogenous flows can arrive at time of. In other words, for each k = (ky,..., k) €
{0, 1} such that k # (0,...,0), let Q¢ be the event that at time o¥, there is no
departure of initial flows and the routes with an exogenous arrival are exactly the
routes whose corresponding coordinate of k is 1. Let {kg}?]l:_ll be an enumeration of
elements of {0,1}'\ {(0,...,0)}, and note that P-almost surely, 1g. = ?H:_ll log -

Let m* =2 — 1 + Z]il=1 n; and then, let Qq,...,Q,,~ be an enumeration of the
sets

e e o o o
(O, 00 .0%,....05,.0

1ny» Ing) *

L)

Ing

Step 2. We claim that Q, € o(A*(0§), A*(c7)) for each ¢ € {1,...,m*}. For
arrivals, note that the completed work of a flow is zero if and only if it just arrived;
in other words, for route i, there is an exogenous flow arrival to route 7 at time of
if and only if A?(of) has a point mass at 0. Next, to see how a departure of a flow
can be described by events in o(A*(0f), A*(07)), recall our discussion regarding the
strict inequalities in “0 < ¢;1 < ¢ < ... < ;" for x € A taking the form in (2.1.9)

in Section 2.1. In particular, recall that for each route i, there can be either one or
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no exogenous flow arrival at of, and if n; > 1, then as time progresses, the point
masses located initially at {c;,}7 ., move at the same rate A;(n)/n; during the time
interval [0, 07). Then, for route ¢ such that n; > 1, there is no departure from route

i if and only if A?(of) is one of the following:

do + Z Ocix+As(n)/n; OF Z Ocip+Ai(n)/ni- (A.4.5)
k=1 k=1
Step 3. Let X4,...,X,,, be an enumeration of the following random variables:

S = {u¥,..., w1 U { (Ul)’“/nl }m U...U {%}:ﬂl (A.4.6)

Let &¢ be the collection of random variables listed in (2.3.1) and (2.3.2).
First, consider the event Q that at time of, route 1 is the only route with an

arrival of an exogenous flow and this occurs prior to the departure of any initial flow.

Then,

~ I I n; Y
0= <m1nu /\mmmm c {ui{ = o7},
i < i Ay £ € g0 o)

where as a convention, if n; = 0, then we take min}’, v7,/A;(n)/n; = oco. More

generally, for each ¢ € {1,...,m*}, there exist X/, ... ,Xé” € G&° such that
(X} =... =X} <T)}=Q C {n =07}, (A.4.7)

where 1, = maxi L XE and T, = min{X : X € &°\ {X},... ,Xé“}}7 and moreover,
the random element U* (1, 4 -)1g, is determined by 7y, 1q,, the collection of random
elements G¢ and the collection of random elements G°\{X},..., X f“} For instance,

on the event &Nl, for each route 1,

ng

k=1 6C¢k+0f/\i(n)/n“ if ¢ 75 1,

A7(c%) 0, ifi=1
i\01) =
' i+ ot ifi 1,

So+ D iy 0 cikto n)/m;» le:L
Af(o':f) _ { 0 Zk}fl zk+ 1A( )/
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. . . 0 .
where any summation involving > ©,_, is the zero measure. Therefore, for each B €

F'and f € Cf(A),

E[15(U* (o7 + ) f(A"(07))] (A48)
= iE[lB(UI(Uf+-))f(Ax(<ff))1ne] (A.4.9)
= ?_;E [E [15(U*(ne + ) |ne, 1, ] (A" ()1, ] (A.4.10)
= iE[PAZ(W) [U" € B] f(A"(m))10,] (A.4.11)
= iE[PAW [U' € B] f(A"(0]))1a,] (A.4.12)
= gl[PAx("” [U" € B] f(A™(o7))] . (A.4.13)

where the equality in (A.4.10) is by (A.4.7) and the equality in (A.4.11) can be seen

arguing as in our proof of Lemma A.4.1 using Lemma B.4.1 and Lemma B.5.1. [

Corollary A.4.1. For each x € A, B € F' and integer m > 1, P-almost surely,
P[U(0% +-) € B|H%] = PA"m)[U’ € B). (A.4.14)

Proof. Our proof is by induction. The case m = 1 follows immediately from Lemma
A.4.2. Next, for our induction step, suppose that for an integer m > 1, the equality
(A.4.14) holds true for each x € A and B € F'. Now, fix x € A and B € F'. Consider
B, € H: and B; € B(A). To facilitate our discussion, we let A'(t) = ¢(U'(t)) for
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each t € [0,00) and let ¢/ = inf{t > 0: A’(t—) # A’(t)}. We observe that

E[Lp(U* (541 + ) 1ps (A% (05,11)); Bl

[
= E[E[lB(UI(U + (01 = o) + Dpg (A% (05, + (0541 = o)) [H L, ]
= E[P* [1B(U’(<f +)1p; (A'(0")5,]
[
[
[

]
= E[PACWPYIU € Bl (A'(0"))]15,]
= E[E[PY O nn=)[U" € Bllgy (A%(oy, + (07,41 — 03))) | Hi]1s,]

= E[PAn)[U € Bl (A(05,1)); Bal,

where we have used the induction hypothesis for the second and fourth equality, and
Lemma A.4.2 for the third equality.
Also, we see that H¥, ., = H? Vo (A®(0Z,,,)). Therefore, for each By, 11 € Hy, 4,

we have
E[15(U* (07,1 +)); Bmya] = EPA i) [U" € BJ; Byoyi.
This completes our induction step. O

The following is the main result of this subsection and it figures in our proof of
the claim that PT satisfies the second requirement (1.3.3) for a Borel right semigroup

in Definition 1.3.1.
Lemma A.4.3. Let x € A, B € B(A) and s,t € [0,00). Then, P*-almost surely,
P?[Af(t + 5) € B|F]] = P,(AT(t), B). (A.4.15)

Proof. Define o7 = inf{t > 0: AT(t—) # AT(t)}. Then, fix z € A, t € [0,00) and
FF-measurable bounded non-negative random variable H, where F¥ = o(A%(s) :

s € [0,t]). First, note that P-almost surely,

Zl Oins m+1

m=0
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Next, note that for each integer m > 0, since 1[0%,%“)(1&) and H are F{-measurable,

there exists an H; -measurable bounded non-negative random variable H,, such that

1[0-717”0.1 )(t)Hm = 1[0%,an+1)(t)H)

m—+1
this is because each random element in {A”(s) : s < t} is determined by the random
elements A*(of) = x, A*(07),...,A%(02,) when of, <t < o7 ;. Therefore, we see

that for each s € [0,00) and B € B(A),

E[l1p(A%(s+1))H]

= > Bs(A(s + 0)lirg ) (O]

o

= D _E[E[I5(A"(s + ) ljog, 0 ) (t) Hm [H3,]]
= Y E[E[15(A"(s+ (t—0%) + 05 ) por.,  —oz)(t — 08) [HE, | H,)

= Y EEYW[15(A(s + (t = 07)) 1 o1 (t — 07,) [ Hyn)

E[EAI(U%)[PS(AT(t — Uﬁ), B)1[070T)(t - Ufn)]Hm]

Il
||M8

m=0
= Y E[E[P(A"(t — 0%, + 05), B)lpor , —or)(t — 00) [HE, | H,)

m=0

= ST EE[P(A“(t), B)lig oz, () H [HE ]

= E[P,(A"(t), B)H],

where the fourth equality is by Corollary A.4.1 together with Lemma A.4.1. [

A.5 Strong Markov property

The main result in this subsection is Lemma A.5.2 and it contributes to showing

that the third requirement (1.3.4) for a Borel right semigroup in Definition 1.3.1 is



80

satisfied by PT. Our computations here take hints from the discussion of backward
recurrence processes for renewal processes in Asmussen [1], and the discussion of
piecewise deterministic Markov processes in Davis [9].
For our next lemma, recall that by Lemma A.2.1, for each B € B(A),
P, B) = PIA*(1) € B] = [ La(A(t2.0))Plde].
A

for each t € [0,00) and = € A, and since the function A is jointly measurable, by

Fubini’s theorem, the function

/A1B(A(.,.,w>>P[dM]

is a measurable function from [0,00) x A into [0,1]. For each f € C,(A) and t €

[0,00), recall that we denote by P, f the function from A into R, such that for each
v € A, (Pf)(x) = E[f(A*(1)].

Lemma A.5.1. Let x € A, f € Cf(A) and o € (0,00). For each t € [0,00), let
X (t) be the random variable defined on (T, F') such that

X(t) = / (P.f)(AT(£))e2"ds. (A5.1)
0
Then, P*-almost surely, for each t € [0,00),

lim X (¢ + 1) = X (t). (A.5.2)

rl0

Proof. Let of = inf{t > 0 : AT(t—) # A¥(t)}. Fix f € CS(A). Then, for each
s € [0,00), define a function H, : A — R, by letting H,(z) = E*[f(AT(s))] for each
xr € A.

Step 1. We claim that for each z € A and s € [0, c0),
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To see this, let * € A and s € [0,00). Note that P*[¢" > 0] = 1 and by right
continuity of AT, we have Hy(x) = lim, o E*[f(AT(s + r))]. Then, for each € € (0, 1),
there exists 2 € (0, 00) such that if r € [0,72), then ¥T(r,z) € A and

|H(2) = E*[AN (s + 0] V (I f|loP* [0" < 7]) <e.
Now, for each € € (0,1), if r € [0, "), then

() — Hy(V (1, 2))]
[H(w) = B [F(AT(s + )]l + [E7[F(AT(s + )] — B O [£(AT(5))]
e+ B[ [f(Al (s + )| FJ ot <]
+ [B B LF(AT (s + n)IE T of > 1] = B[ (AT(5))]
e+ 1Pt < 7]
+[BTEY (AT 5] 0 > 1] - BB (AN (5)) 0" > 1]
HEEYCIf(AT(s))) o <]

IN

IA

IN

'(s)
< 26404 ||flloP7[of < 7] < 36,

where the third inequality uses Lemma A.4.3.
Step 2. Let x € A. Then, for each t € [0, 00), let

7(t) = inf{s € (0,00) : AT(t +5) # AT((s +1)—)}.

Now, if r € [0,7(¢)), then AT(t +r) = Wi(r, AT(#)). Also, note that P*-almost
surely, we have 7(t) > 0 for each t € [0, 00); this is because P-almost surely, we have
1 =320 pror,)(t) and of < of,, for each integer & > 0. Therefore, P*-almost
surely,

1}{161 Hy(AT(t+7)) = 1}{51 H, (Ul (r, AT(1))) = H(AT(1)).

Then, since ||Hslloo < ||f]loo for each s € [0,00), by the dominated convergence
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theorem, we have that for each x € A, P*-almost surely, for each ¢ € [0, 00),

limX(t+r) = lim e H (AT(t +7))ds
r|0 rl0 0
_ / lim e~ H, (AT (¢ + 7))ds
o ri0

_ / e L (AT (1)) ds = X ().

]

For our next result, recall that a non-negative random variable 7 on (Q7, FT) is a
stopping time for {F}, :t € [0,00)} if {T <t} € F], for each t € [0,00), and recall

also that a stopping time may take on the value co.

Lemma A.5.2. Let 7 be a stopping time for {.7-"3+ :t € [0,00)}. Then, for each
(x,B) € A x B(A),

P[Af(r +t) € B,7 < oo|Fl,] = P(AT(7), B)1 {r < o0}, (A.5.3)

where
fLr ={BecF:{r<tynB € Fy, for eacht € [0,00)}.

Proof. For each ¢t € [0,00), let 6] be the function from QF to Qf such that for
each w € QF, 0(w) is the element & of QF such that T(s) = w(t + s) for each
s € [0,00). Then, let 81 = {#] : t € [0,00)}. Also, let M = {P*:z € A}. Then,
in the terminology of Blumenthal and Getoor [3]|, Aziom R (Regularity Condition)
is satisfied by Lemma A.2.1, Aziom H (Homogeneity) is satisfied by definition of
AT and 67, and Aziom M (Markov Property) is satisfied by Lemma A.4.3, whence
the collection (QF, FT, g, AT, 07, M) is a right continuous Markov process with state
space (A, B(A)). Also, since A is locally compact with countable base, for each open
subset B of A, there exists a sequence {f,}32, in C; (A) such that for each x € A,
fe(x) < fep1(x) for each integer £ > 1 and lim, o, fo(z) = 1p(x).

Then, by Lemma A.5.1, (A.5.3) follows from Theorem 1.8.11 of Blumenthal and
Getoor [3]. O
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A.6 Proof of Theorem 2.5.1

For each t € [0,00), by Lemma A.2.1 together with our definition of P;, P, is a
Borel Markov kernel. Also, by Lemma A.4.3, PT is a Borel Markov semigroup. Now,
to show that the Borel Markov semigroup P is right, we fix a probability measure
pon (A, B(A)). First, as we have observed in Lemma A.3.1, for each B € B(A), we
have P*[AT(0) € B] = u(B). Next, for each B € B(A), s and t € [0, 00), we have

PUA(t +5) € BIF]] = P.(A(1), B)
since by Lemma A.4.3, for each ﬂT—measurable bounded random variable Z,
E[1p(Al(t+5))Z] = /u(dm)E“[lB(AT(t +5))Z]
A

= /A ((dz)E*[P,(Al(t), B)Z]
_ Eu[ps(AT(t),B)Z].

Finally, consider a stopping time 7 for the filtration {F; . 1t €[0,00)}. Then, for
cach f € C;,(A), s € [0,00), we have

EX[f(AN(T + 8))Lireoey | FLL] = Po(AT(T), )Lr<oc
since by Lemma A.5.2, for each .7:;[ -measurable bounded random variable Z,
E*[f(AY(T + s) 1o Z] = /A,LL(dJJ)Ex[f(AT(T + 8)1reoet 2] (A6.1)

— [ MBI a7 (462
= E'[Py(ANT), )l{r<on) Z). (A.6.3)

Thus, the properties (1.3.2)-(1.3.4) are satisfied. In summary, PT is a Borel right

semigroup. O]



Appendix B

Elementary lemmas

B.1 Locally compact with countable base state
space

The lemma proved in this section contributes to verifying that the age process is
a Borel right process with a locally compact with countable base state space. We
do this by showing that A is homeomorphic to a space that is known to be locally
compact with countable base. It follows that A is a Polish space (cf. Theorem 7.6.1
of Bauer [2].)

Fix v € [0,00) U {oo}. For each integer n > 1, let
X, = {(Tl,...,Tn) € [0,70)" <l re <., < rn}

and let Xo = {@}. Then, let X = (J)X,. Define a function d : X — [0, 00] as
follows: for each z = (xy,...,x,) and y = (y1,...,Ym) in X\ {S},

d(iL’, y) = " '
> oy |tk — yk|, otherwise,
and d(x, @) = oco. Now, it is not hard to see that d is a metric on X and the topology

on X induced by the metric d is locally compact with countable base; to see the local

84
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compact property, note that {@} is a compact neighborhood of @ and for each = € X,
where x = (rq,...,r,) for some integer n > 1 and € = ming_y 17541 — 7% > 0,
compact neighborhood of x is {y € X: y = (y1,...,yn),d(z,y) < e/4}.

Next, for each integer n > 1, let

E, = {Zérk (11,79, Te) € Xn},
k=1

and let Ey = {0}, where 0 denotes the zero measure on [0,79). Then, let £ =
U~ En, and we equip the space £ C M([0,7)) with the topology of weak conver-
gence of finite non-negative measures; a sequence {1, }°°, in E converges to u € E if
and only if for any bounded continuous function f on [0, 7o), im, . (tin, f) = (i, f).
Lemma B.1.1. The topological spaces E and X are homeomorphic. In particular,

E is locally compact with countable base.

Proof. Define a function H : X — E by letting
H(CE’):{ 221167'10 lfx:(r17arn>€X\{®}

0, otherwise.
It is clear that H is one-to-one and onto. Now, for each sequence {zx}?; in X and

o € X, it is straightforward to check that the following statements are equivalent:

(i) as k — oo, d(zg,x9) — 0.

(ii) as k — oo, H(xy) converges weakly to H (zo).

In other words, H is a bijective continuous function from X to F. [

B.2 No atoms property

The result in this section shows that as a consequence of Assumption 2.2.1, the
subprobability measure ©; has no atoms in (0,00) for each route i, and this ob-
servation is used crucially in proving Theorem 2.7.1 through our proof of Lemma
3.2.6.
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Let 1 be a probability measure on R, that has no atoms in R, and let
b, =inf{x € Ry : p((z, 00)) = 0}.
Then, for each € [0,b,), let u* be the probability measure on R such that

1 ({0}) = 0 and for each B € B((0,c0)),

w(x + B)
p((x,00))’
where z + B = {z +y : y € B}. Note that pu° = pu.

p*(B) =

Lemma B.2.1. Suppose that there exists @ € M such that for each f € C.(R.),
limg ., (f, %) = (f, 7). Then, the measure fi has no atoms in (0,00), i.e., i({z}) =
0 for each x € (0,00).

Proof. 1f b, < oo, then [t = ¢ so that in particular, the measure & has no atoms in
(0,00). Next, assume that b, = co. Suppose that there exists a € (0, 00) such that
©;({a}) > 0.

Aiming for a contradiction, we will show that 7z({a — r}) > 0 for each r € (0,a).
For this, consider r € (0,a). First, for each ¢ € (0, 1), fix f. € CF(R,) such that

(i) fela) =1,
(ii) f.(z) =0 for each x € R, such that |z —a| > e A (1/2),

and then, define a function f., : Ry — Ry by letting, for each = € Ry, f.,(z) =
fe(x 4+ 1) so that

(iii) for(a—r) = fo(a) >0,
(iv) f.,(x) =0 for each z € Ry such that |z — (a —r)| > e A (1/2)

We will further assume that the family {f. : € € (0,1) of functions is fixed so that for
each € and €’ € (0,1) such that e <¢&', fo(x) < f.(z) for each x € R;. In particular,
this implies that for each x € Ry, lim._o f-(z) = 1{0} ().
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Then, note that for each € € (0,1) and integer k£ > 1, we have

o) = s [t k) (B2
1

a—r/2

> M/_g RO k) (B22)
a+r/2

_ m/ -t +dw (B.2.3)

= (), (B2.4)

Now, using the fact that 7 is the unique vague limit point of {y* : z € [0,b,)},

we see that

i{a—r}) = lim{fe,,7) (B.2.5)
= lim (Jfim (£, 07*%)) (B.2.6)
> lim ((Jim (£.,1)) (B.2.7)
= lim(f..7) (B.2.8)
= 7l{a}) > 0. (B.2.9)

In summary, we have shown that if there exists a € (0, 00) such that z({a}) > 0,
then for each r € (0,a), ({a}) > 0 but this contradicts the fact that any non-

negative Borel measure on R, can have at most countably many atoms. ]

B.3 Joint measurability

The lemma proved in this section contributes to verifying that the age process is

a Borel right process.

Lemma B.3.1. Let F' be a probability distribution function on Ry. Then, the func-
tion H : [0,b) x (0,1) — [0,b) given by letting

H(c,u) =inf{x € [0,b) : F.(z) > u}
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is Borel measurable, where b = inf{z € [0,00) : 1 — F(x) = 0} and

F(x+c¢)— F(c)

Proof. Let {b;}%2, be a subset of [0,b) such that F(c¢) = F(c—) for each ¢ € [0,b) \
{0352, and then let Z = [0,b) \ {bx}>,. Let F.1(-) = H(c, ).

Step 1. We claim that for each ¢ € Z and u € (0, 1), the function H(-,u) is lower
semi continuous at ¢. For this, we fix up € (0,1) and a sequence {c,}5>; in [0,b)
such that lim,, .. ¢, = ¢y € Z. Since F' is right continuous on R, by the definition

of F_ *(ug), we have that F,, (F,*(ug)) > uo. Let
7o = lim inf F. (uo).

Then, since ¢y + 2o = liminf, (c@ + Fczl(uo)), we have

F(co+ zo) > lieni(i)glfF(c@ + F ' (uo)) (B.3.1)
> liminf (F(cr) + (1= F(ce) uo) (B.3.2)
= Fl(co) + (1 = F(co))uo, (B.3.3)

where the last equality follows because ¢y € =, the second inequality is by the
definition of F'(ug), and the first inequality uses the fact that the function F is
non-decreasing, right continuous on R, and has left limits on (0,00). So, by the

definition of F_ ' (ug), we have zg > F'(ug); in other words,
hzniigf F_ M ug) > F* (uo).

Step 2. We claim that for each u € (0,1), H(-,u) is measurable. For this, fix
up € (0,1), and for each ¢ € [0,b), define Ky : [0,b) — [0,b) and G : [0,b) — [0, b)
by letting, for each ¢ € [0,b),

Go(e) = F (o) = Yopsy Fy(u0) Lpy (€),
Ko(e) = Y202, Fy, (uo) 1y ().
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Since the function Ky is identically zero on = and the set [0,b) \ = is countable, it
follows that K is Borel measurable. On the other hand, since K| is identically zero
on =, it follows from Step I that G is lower semi continuous at each ¢ € =. Also, since
the function Gy is identically zero on [0,b) \ 2, Gy is lower semi continuous at each
¢ € [0,b)\E. In summary, Gy is Borel measurable. Note that H (-, ug) = Ko(-)+Go(-),
and hence, H (-, u) is also Borel measurable.

Step 3. For each ¢ € [0,b), it is well known (cf. Section 2.5.2 in Resnick [26])
that the function H(c,-) = F,'(-) is left continuous on (0, 1). Also, from Step 2, the

function H (-, u) is measurable for each v € (0,1). From these observations, it follows

that the function H is jointly measurable. O]

B.4 Conditional distribution

The lemma proved in this section contributes to verifying that the age process is
a Borel right process.

Let X and Y be F-measurable random variables, and let H C F be a o-algebra
on €2. Denote by F, the distribution function of X and let

Hl =0 (1{X>Y}) V H

Lemma B.4.1. Suppose that X is independent of H and that 'Y is measurable with
respect to H. For any r € [0, 00),

1—Fx(Y + 7“)1

Proof. First, since X is independent of the o-algebra H, for any H-measurable non-

negative bounded random variable Z, we have P [X > Z |H| =1 — Fx(Z2).

E [Lixsy4n [H'] =

Next, we claim that for any H-measurable non-negative bounded random variable
Z and r € [0, 00),

l—FX(Y+T)
1— Fy(Y)

E LivsyvyZ| = E [Lixsy4nlixsvyZ] .
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For this, fix an H-measurable non-negative bounded random variable Z and note
that since X and Y are independent, we have

1—Fx<Y+T’)
1— Fx(Y)

P[X>Y+r|Y]
PX>VY|Y]

Lo,00)(X = Y),

L) (X =Y) =

where we take 0/0 = 0 as a matter of notational convention. Now, we see that

1—Fx(Y +7) [ttt
E -L—Ek(Y)'uX»qZ}::E_E{ 1— Fx(Y) :HXNQZYH}}
_E Eﬁwﬂﬂﬁqlzfﬁigfhﬂ
—E|(1- Fx(Y)) ! If)jv(;/(;)r)z}

=E[(1 - Fx(Y +7))Z]
=E[P[X >Y +r|H]Z]

=E [1{X>Y+7°}Z] ’
and
1 — Fx(y —|— ’l")
1—Fx(Y)
where the equality follows since both sides are trivially zero.

Next, let

E [1{xsvinlix<Z] =E [ 1{X>Y}1{X<Y}Z:| 5

& = J{BAX>Y}nB{X<Y}NB}
BeH
1— Fx(Y
GZ{BEHIZE[l{X>y+T}1B] :E|: X( +T)

1 — Fy(Y)

1{X>Y}1B:| for all r > 0}

Then, from our definition of H’, it is immediate that & C H’, and moreover, &’ is a
m-system such that o(&’) = H'. Also, our computation shows that & is a A-system
such that & C &, whence by Dynkin’s 7-\ theorem, we have ¢(&') = ¢(6) =
H'. [
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B.5 Conditional independence

The lemma proved in this section contributes to verifying that the age process is
a Borel right process.

Fix integers ¢ and ¢, > 1. Suppose that X;,..., X, and Y;,...,Y, are F-
measurable mutually independent random variables, each of which is strictly positive
P-almost surely. For each m € {1,...,¢}, denote by F,, the distribution function of
X,,. Then, let

1. = max,, Y, (B.5.1)
Q, = {Yi =...= ng* < Ming—q, . ¢ Xk}, (B52)
H. = o(ne, 1g,). (B.5.3)

Lemma B.5.1. For each ry,...,r; € Ry,

l
H 1{Xm —Mx 6(077’m]}

m=1

E

¢
Fm * + 'm) — Fm *
H*] - T (n ) (n )1{Xm>,,*}. (B.5.4)

Proof. For each m € {1,...,(}, let

Mo = HoVo(Xp: ke {l,... .00 k+m),
& = B [Lix,—n.crnl} [Him] -

First, note that

E

H*]:EE

¢
H Lix,—n.€(0rm]} 7'(1] ‘H*]
m=1

4
a

0
H X —nee(©rml}
m=1

¢
= E 51 H ]‘{X'm_n*E(O,""m]}

L m=2

~

= flE ]‘{X”m_n*E(Oﬂ"m}}

=2

3
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where the second equality follows since for each m € {2,..., ¢}, X,, € H;. Proceed-

ing inductively, we then have

l
H Lix e e(0rm]} ] H (B.5.5)

Next, by Lemma B.4.1, for each m € {1,..., ¢}, we have

Em = E[lix, necom)) [Hn]

- E |:1{Xm_77*>0} |Hm] - E |:]'{Xm_77*>7"m} |Hm]
m> m
1 — Fn(n.) !

so that together with (B.5.5), we have

‘ ¢ d
E| [T txo-nernn H*] =1l& =11 (1{Xm>"* L= F(n.) |
me—1 m=1 e

B.6 On weak convergence

The lemmas proved in this section justify our application of Theorem 4.1 in
Gromoll and Williams [13] in our proof of Lemma 3.2.6.
Define a function H : R, x M — M by letting, for each t € R, and u € M,
HOp)(B) = [ dats D)
t,00

where M is given the topology of weak convergence.
Lemma B.6.1. The function H is B(R;) x B(M)-measurable.

Proof. For each integer k > 1, define a function g; : R; — [0, 1] by letting, for each
S € R+,
gr(s) = max{0,1 — kinf{|r — s| : r € [1/k,00)}}.
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Note that g, € C; (Ry) and for each s € Ry,

Jim gi(s) = 1(0,00)(5)-
Now, for each integer £ > 1, define a function Hy : R, x M — M by letting, for
each t € R, and p € M,

Hy(t.1)(B) = / gu((s — £ ) 1a(s — t)u(ds),

R4
First, we claim that for each integer k € R, Hj is Borel measurable. For this, fix

integer k£ > 1, and consider a sequence {x,}>2; in M that converges to o € M and

a sequence {t,}°°; in R, that converges to 0. For each ¢ty € Ry and f € C (R,),
since ge((- — /) (- — 1) € Cf (R,),

Tim (f, Hy(to, i) = lim [ gi((s = to) ") f(s — to)pa(ds)

n—oo R+

- /R gk((s = 10) ") f (s = to) po(ds)
= <f, Hk<t0a M0)>7

and then, by the bounded convergence theorem,

nh_{g)(ﬁ Hy(to +tn, p10)) = lim gr((s = to —tn) ") f(s — to — tn)pro(ds)

n—oo R+

= [ (s = 1))~ ()
= (f, Hi(to, jto)),

In other words, for each t € Ry, Hg(t,-) is continuous and then, for each y € M,
Hy (-, ) is right continuous. Therefore, Hy is Borel measurable.

Now, note that for each ¢ € R, and p € M, by the bounded convergence theorem,
for each f € C (Ry),

lim (, Hy(t,p)) = lim [ gul(s = 1)) f(s — t)u(ds)

k—o0 Ry
— [ S (= 071105 = las)
(L H( ).



94

This shows that H is the limit of Borel measurable functions { Hy}32, and there-

fore, this shows that H is also Borel measurable. ]

The following lemma shows that H is jointly continuous at certain points having

suitable properties.

Lemma B.6.2. Let {us}°, be a sequence in M and {s;}2, be a sequence in R.
Suppose that as { — oo, {pe}2, converges weakly to po € M and {s;}32, converges
to so, where so € (0,00) and po({so}) = 0. Then, for each f € C(R;),

Jim (f, H (s, pue)) = (f, H(s0, p10))- (B.6.1)

Proof. Our claim is trivial if || f|l = 0, and so, we assume that ||f||.c > 0. Since
sg > 0, by re-indexing if necessary, we assume that s, > 0 for each integer £ > 1. Let

€ (0,1). First, fix K € [sg+ 1,00) and an integer k. > 1 such that

so— 1/k. >0, (B.6.2)
pio([s0 — 1/kz, 50 + 1/kc]) < &/||flloos (B.6.3)
po([K, 00)) <e/(2[|fll0), (B.6.4)

and an integers /. > 1 such that for each integer ¢ > /.,

SUDyefso—1/k..k] [ (W = 80) = f(w = s0)| < /(o((s0,00)) + 1), (B.6.5)
|e([50,00)) = p0([s0, 00))| < /][ floe; (B.6.6)
pe([so — 1/ ke, so + 1/ke]) < po([so — 1/ke; 50 + 1/ke]) +&/[[ flloe,  (B6.7)
pue((s0,00)) < po((s0,00)) + 1, (B.6.8)

pue([I00)) < e/ (2 fll0); (B.6.9)

)

‘f(sopo) f(w = so)pue(dw) f(SO 0) flw — so)po(dw)| < e, (B.6.10

where existence of £, and k. satisfying respectively (B.6.6) and (B.6.3) follows from
the fact that po({so}) = 0, existence of k. satisfying (B.6.5) follows from uniform
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continuity of f on compact sets, and (B.6.9) follows by weak convergence and the fact

that po({so}) = 0. Now, for each integer ¢ > {. such that sy € (sg — 1/ke, so+ 1/k:),

we have

IA

IN

IA

IN

‘/(smo) Flw =) = /(SO,oo) flw= SO)UO(dW)’

/ £ llootie(duw)
(so—1/ke,s0+1/ke)

\/;w w — se)pue(duw) — A;Mﬂw—%mwmﬂ
%+/ F(w = 1) — F(w — s9)|pe(duw)

‘/SO - — 8o W(dw) /(SO,OO) f(w - So)Mo(dw)‘
2€+[’KJﬂw—sw—fww—%muuw>

+/’ Fw — s¢) — Flw — 50 e(duw) + ¢
[K,00)
: /2

2% + ey o500 + 2=+ ¢

He.

B.7 On the Mj-topology

While we refer the reader to Section 2 of [25] and Section 13.6.2 of [28] for the

definition of the M] topology on D(R, ), we will review a few relevant facts here.

The space D(R,) with the M] topology is a separable metric space [25]. Also, as

mentioned in [25], the M| topology is weaker than both the .J; topology and the M,

topology so that in particular, any sequence that converges either in the J; topology

or in the M; topology also converges in the M] topology. The key difference between
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the M; topology and the M] topology is that with the M] topology, convergence of a
sequence {x,}7°; in D(R,) to z € D(R,) does not require that lim,_, 2¢(0) = z(0)
but with the M; topology, it does. On the other hand, the Borel o-algebra generated
by the M| topology coincides with the Borel o-algebra generated by the M; topology
and the J; topology, and in fact, it is the Kolmogorov o-algebra generated by the
coordinate projections (cf. Lemma 2.7 of Whitt [27]).

For our next lemma, let K, be the o-algebra on D(R,) generated by the co-
ordinate projection maps, i.e., the Kolmogorov og-algebra. Also, define a function

H :R,; x D(R;) — Ry by letting, for each t € R, and g € D(R,),

t
Hit.g) = [ g(ds
0
Lemma B.7.1. The function H : R, x D(Ry) — R, is B(R,) x K -measurable.

Proof. Fixt € Ry and equip D(R, ) with the J; topology. It is easy to see that H(t,-)
is a continuous function from D(R, ) to Ry (cf. Theorem 11.5.1 in Whitt [28]). On
the other hand, by Theorem 11.5.2 in Whitt [28], the Borel o-algebra generated by
the J; topology coincides with the o-algebra IC,. Hence, H(t,-) is K -measurable.
On the other hand, for each g € D(R), since ||g|jo,q < oo for each t € Ry, it is clear
that H(-,g) is continuous. Therefore, H is B(R) x K -measurable. O

For our next two lemmas, let H C D(R;) be the set of all r.c.l.l. functions that

are non-negative and non-decreasing.

Lemma B.7.2. Let {g:}2, be a sequence in H and let go € H. Then, the sequence
{9e}32, converges to gy in the Mi-topology if there exists a dense subset G of (0, 00)
such that for each s € G, limy_, go(s) = go(s).

Proof. See the proof of Theorem 13.6.3 in [28]. O

Lemma B.7.3. The set Hy = {h € H : |h]|oc < 1} is a compact subset of D(R.),
when D(Ry) is equipped with the M topology.
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Proof. Since with the M]-topology, the space D(R, ) is a separable metric space, it is
sufficient to show that H; is sequentially compact (cf. page 130 in Folland [10]). For
this, fix a sequence {hy}%2, in Hy. Then, by Helly’s selection principle (cf. Theorem
4.3.3 in Chung [7]), there exist gy € H and a subsequence {g/}2, of {h;}3, such
that ||gol|co < 1 and go(t) = limy_ g¢(t) for each continuity point ¢ of go. Note here
that ¢ = 0 need not be a continuity point of go. Also, since go € D(R, ), the set of
points at which gq is discontinuous is at most countable. Therefore, by Lemma B.7.2,
the sequence {g,}72, converges to go in the M]-topology as n — oo. This shows that

H, is compact. ]
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