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DEFOR1·vi.A TIONS 

K DIETRICH 

Institut :fur Theoretische Physik, ne5.delberg , Germany. 

H. J. MANG 

Institut fUr theoretische Physik, Techrlischc Hochschule 

Munchen , Germany • 

...,. PRADAL 

Ir2stitut de P~ysique Nucl6c..ire , Et P. l, Or say ,. FraP-ce • 

ABSTRACT 

The Bogoliubov method of general linear tra:ns-

for!::1atio:1s is applied tci a sel:fconsiste:nt calculatio:n of deformed shapes of 

Rare Eart11 Nuclei and light nuclei a:rot:L-,cl. 
ZL 

Mg ~. Nucleon-nucleon forces of 

fiz:.i1~e :ra:1ge a!ld cli££erer.Lt ~pin-depende:1ce 2.:10. exchange c1:a:-c.cter are use~!'. 

T·}113 C.~pc:nd.e:;.ce of the deformation 0:1 the particle nt:~be.r ancl the different 

co:--::po!lents. of tl1e nuclec..r iJlteractio::~. is -in·v·estigated. 

·:~: .. \ .... ~'lo~k done c.t the ttLa\vrence ?'-acliatio:n !_,aborato::-y" Berkele;r, California. 
(Nuclear Chern.. })ivision). 
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I~~T?.ODUC TION 

,-~<A/·c~ • ' '' 225 .... ~:J '1'-'·::', 2.~Q r .... ""> 

Nuclei in the mass :-egio::1s 2o <A< 3o , 

(A= number of nucleons) exhibit quad::!."upole 

:rncn.:.ents ccns:C:.e::ably la::!."ger tha::1 the single pa:-ticle values ancllowlying 

•,_ 1 ' ' • • h. ' • L '- ' L L• 1 L L £ -. exc1cea scaces .,_,:J.:;_c, can ~e lncerp::-e~.ec. as ro~.aclona_ sca~.es o ... a symmet:r1c 

,.,..,. . r· lJ. • 1 r P h , M . 1' 2 . • . r top . .!. ne unLle...:. moc.e_ O.c .we, r anc. l 1ottelson · prov::.aes a satls.cactory 

description of such n'.lclei. In this moC:el the nucleus is pictu::-eC: as a system 

of incle::_::cnC:ent nucleons moving in a deformed shell model potential. A col-

lective rotation is superimposed on this single particle motion. b the case 

of st:-ongly defo::-med nuc!ei , the single particle motion is app:-oximately 

decounlccl fro:-n the collective rotation ("adiaba.tic h·ypothesisn), a:1d tl1e nu-

clear wave functio::1 can be :factorized into a rotational 2..nd a:: intrinsic part. 

Under this ass-..:rnption, \Ve may ask for the shape of the nucleus irrespect:l-

The question of the nuclear equ:libri'.l.:n de-
~ 3, 4, 5 "I . ., .. 

:formation has been cl~scussed by many autnors _. ?\1ost of LleE".e papers c.ea.l 

witn tl1e problem of finding the equilibrium shape o:f a sir:.gle pc>.rticle poten-
. . . . . . . 3' 4 t1al w1th a g:ver:. numoer of nuc ... eons . Usually , this potential v:as assu-

• L b :· , , t • 3 • L, , 11 f • • '-
~eo ,o e ax .. a.~..Ly symme r1c , some au:.nors maoe a_ owance or aro1crary 

1 1. ., 1 "-" • 4 A · + ~ • • ,_. · 
e.~. 1psolca .. oe..:ormatlons . n lmporcant step towaros more quant::.taLlVe 

• • • , • 1 1 • L • • '- 5 .,.... 1 1nv()st::.g2.t1ons was to t<L.;.:e res1oua_ 1nteracL10ns 1n .. o account : _ ne nuc eons 

tial \'/ere C~termined S,..lCh t}l2..!: tl1.e sy·stem of inte·ra.cting nucleons had a 

r:1.axim2..l binding energy .... In t1:ese calculations , tl1.e lo:1g-range part of the 

nuclear bteractio::1 is supposed to be incorporated in the· average potential 

\vherec:..s the attractive short-range pc:..rt is represented. by a residual inter-

....... 
ac clOn. 

Moszko-.vski.S used a ~ .-for-

ce. P.~..rin:a 2.}J?~icd the Nilsson model to above o16 als 0 using 

.· 
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-fo::.-ces as . ' ' . . 5 reslc.U2..!. 1nteract1cns Belyaer describe'd the short-

:--a:;gc p2..~t of the nucleo!'l-nt!cleon potenti2.~ by· a r(:'~1star::.t pairing inte:=-ac- _ 

~ " • " " • • ,. .. • 5 TT " " 1 • , t:.o11 a?p~~_;/J.ng tne supe!'co:nuuc:tlvlt: . .r lOrrnallS!n . '""s;.ng tr!e same t .. 1eoret1ca~ 

app!'02.C!J. ~ BCs a!ld Szy·mansJ.:i performed eXtensive calculatio;J.s in the rare 

ea ~th ctnG . . ' . 5 actunae reg1on ~ 

The presen~ vvork tries to improve t:'1.e existing calculations in mainly two 

::.-espects ; l) V/e use forces with finite range , spin-dependence 2.nd e::-:chan-

ae character . 
Co 

2.) Vle dete::.-mine the average single particle potential selfconsis-

tent.J.y fro~ t11e n1.1clear :inte:ractions . Thus '\Ve can find. out ho\\t accui'ate it 

is to rcpresen~ t1:.e a\rerage n"L1clea.~ field by· a !'Jilsson-potential. F~::-t'her-

more , tl-:e. J~CS'l~lts are e::,.;::pect~d to revec .. l the inter:rel2."~ion of t11e p!"esence 

of pai?.""ing forces c..ncl'the ~equirement of seJ.fconsistcncy of.th.e field and v.,:e 

11.ope. to lca~n abou.t ~he depe!!dcncc of the nt1clea:r deform.2.tion on the diffe-

:-cr1'L components of 'tl'le nuclea!" i::.:.teraction. 

V/e would like to mention that similar cc.lculations were performed by 

;:)a~~nnc- ~~ar·_,, . ., 1 ~~r--rla r>t a' "'-."''o e'· '"', ~·1o' Ke,SO'""' et ~1 6 
.J-) .... 0.-~·,:...; -' l\i b(.;.:...t.- ~ ..r..J.-.. ...... ._!.(' ._..., ..:. , j_..'(. ... # ... .....:. - \.. c.J. , C...i .• . ..1.· ... ,. 0.- • 

. . 

formalism is described in chapter II. Chapter III contains numerical results 
".d 

"' ' '- ·· ' · hb · ' r ' 1 · for rare earth r..uclci and also for J.\tig anu ne:.g,. ou1·1ng oe;..ormec. nuc e1. 

In chapter IV , we discuss the approximations involved and su..-rnmarize the 

rna.1n results 

r~~ tbc npp~nd5~·:, the con~cct:on bctv.··c:-c:1 0\.!!" t;pcc5.b..l , ... ~~iat~on.n.·: 

J.. J. .. .(' ~,... ._.--=-- ..... , , -7-...... - ~ ......... -,... f .,. -..... : t ~.- . 1: b ' 8 . die rne.:~os. o~ s'"'-"'.::~2-~ ~~'"<.::2 • .:. L~·c.,l::· o_mc.L.:.ons C.:. .uogo .~-u· 01 lS ":'resented 

and 2.!1 outli!1e o:f the nun;.erical procedure is given. 
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.. 
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·The a system of identical 

£er:rnions is 

+ a.,. and a,_" a:-e creation and a::1nihilation operators for a fermion in a 
fi ~-, 

quantum state :-eprcsents all the quantum numbers which specify a 

si!'lgle narticle state in a given representation. 

< •1 ./ ! \r! t/ '' ~ c..re t~e na.t:rix elements of the inter? .. ction \ ., I :,r, 'Z. i ' ( •' V ~ If', t; / 

bet\vee~. no:-~c.lized., antis·ymrne"'.:~ize.d prociucts of si:;_gle-particle \Va\'e fu.nc-

tions . L"l case 'f is the complete :-:.ucle on-nucleon i:nte :raction, the quanti-

ties f.. I/ ;/ are the mat!'ix elements of the kinetic er_.e::-gy operator T 
~-"1..1 ,.~. t- - ,_. 

-~ If,(.,_> (2.. 2.} 

residual interaction , is the matrix 

element of a Hami,ltonian H which contains c>.lready a part of the interaco 
tion in terms of an average potential. 

l+V iA.l.. > (2.. 2.') 

V/e describe our system by the trial state of :Bardeen, Cooper, z.nd. Sch::-ief-
7 

fer ('''P.rc: ,· ... ,te") · ......, o._;w- ._ Lc;.. • 

71/ 
J. 

./'\./ 

II (2. 3). 

Y>o 
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I "'> . .. , t 4- ':- ~ n .,. 1 ~ $ U 15 cfle V2.CUU!n S e.~e · 'i y c.. C. ~r- }l are probability a.n-:plitc:C:es 

fo~ the pai!'" be occupied and unoccu?ied, respecti·v~i.y.-

Tl:e·y· can be c!l.osen ::ea.l and .a~e--', of cot!r.Se, subject to the norr-n.2..lis2.tion 

co:1ditions 

I 

The operators . ana. 
!+ 
;'C) 

. -Y are creation ope::r2.tors for particles in q~.12.n-

tum sta':es )) and -Y of a nev·.; representation.. Thc;.r are co:1nected \v·it~l t~e 

oper2.tors of the repre s e~ta ti en. by a unitc.ry .. .!.lnear transformation : 

,+ 2 ~ ;.(. 
_,_ 

I - '' 0~1: lOy 
K 

..__.:,/ '";/ 
''"" 

( 2. 5) 

l 
i .,. 

2_ V- -I-

l\ I 

b 0, _y - -...J -}J 
~ .... ~ ..... .:: 

V-

( 2. 5 r) 

We choose t~e coefficients to be real . The:-1 the unita~ity conditio~s 

are shnply : 

;?___ 
!.<. 

J)y~ "?; y, yl-. JJV, - (2. 6) 
;.<, 

z__ ~K, --,.._ l\t. '\. 
(2. 6 ') y -Yy - 0 K1 K1.. 

'V 

the densit~.r !!' ... atrix and the p2 ... ~;.:-i:1:; tens o:r })e canonicc~l i:1 tl~e ') - re.pre sen-

. 9 T . " 'f ., " • ~ 1 l "-• 1 tat1on • .1...~ tne actua1 C2.1CU..Lat:o:'ls Vie s:'!.a~;. assume rotal.lO!'l? ..... sym:r!ct~y 

with respect to the symmetry axis of the nucleus. In this case i'.: c2t::1. be 

' . 9. 18 shown tnat w1th a suitable phase c onven~1on 

time~reversal a~d thus vve hj?-·ve 

.• D 
-V 

.D 
y 

the 

(2. 7) 
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-,:,-

eig':nstc .. te of ~he operator N 

f:.l ·.-.= (2. 8) 

o: po..::ticles A : 

./ "'// I !/ f. ~//' ~ 
<C..... r ' ,, '.-~ .,.. 

·- ·-- ..l-
Fl (2. 9) 

(2. lO) 

The mt:lti.plier and chose:J. such thzt the subsi-

orthcgon2.lity :::-~lations (2. 6) are .fulfilled. 

(Iti is easily· seen that it is su.£ficien: to s2.tisfy· only o::.e g:roup of orthogo:1a-· 

lit .. v co:1Gitions.) Fu.::-the~more ·, of the quantities 

a:re :restricted by t-;;.c :::1o:-malifation co::.d.:.ticns (2. 4). 

<:..:; 
c r;.'_, ·-· 

'f:r:L.-____ 

rr.: 
-~·-/- 0 

0 

(2. ll) 

(2. 12) 

by us5.ng the co:;.C:::.-::ic::s (2. 6), but to re-::ab the ''chemical potential" · / ..... 

of CC'J.:rse: 2. f\k""lction of all other 

p2.rz..meter_s. 

i I ... 
L\,, y r ,_ ,- z.) v (2, 13) 

~--~- '))) 
It \; 

+ I ) i v . -'~t.y :j :-' \. \)\. }' -
z_ y-



11 ·.- ,, ,, 
~ ~ Jt·, Y:-

Tl1e matrix 

and the qua~tities 

_;_ 
I 

c;. )J, v ... 
? . r-( 
-~: llz.. , \ c.nd 

~•il I 'V,y,. 

The r!'!at:rix -eleme~ts 

·• -.- r' . "' t v. v .... - ,.w by,v~.-

c.:-e defined :::.s follows 

-v- ~ 

!T.,. 
~ ., 

XX· 

, 1 ,, > I r " \f-.., r- .1' \,.< ...... , ... '" 

:rel&~eG.. to th? m~t ri:·::- ele:-:1e:1ts 

''.~ ,...e· ~"!""~se"r"!"-'::'lJ...=o.., ·o)r a f'o-:-m, n.,_,a • ~--- ....... _...... ..L ... ~,...~..,...,t...J. ...... ~ .... __ ....... 2.r.:..2..1cgous to equ. (2. 16) : 

=i_ 

-6-

(2. 14) 

(2. 15) 

(2. 16) 

( 2. 17) 

( 2. 18) 

in the 

(2. 19) 

The quantity ~Y. y,_ is obviously a generalized Eartree-Fock potential , 

-.vhereas 1\ "' ,, is the so-called n_.--.,_,aiiin.Q potential". ~\ )'\-l't,. -· -
It vanishes in the 

2. bsence o:f pai:ri::g cor relations .• 

BCS-equations. They def::.ne the p:-oba-

bility amplitudes a::.cl fo:r a given selfconsistent field, i e . .fo;: a given set of 

c oe f:icient s . 

xxF;:om now on, all sums over· states )! a:re to be taken only over the sta

tes Y > 0 if not mentioned othenvise • 
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• Zqt;a.-:.ion~: (2. l-o1) 2.rc calle-:1 Ha:rt:rcc-Bo::oliubov equations (:"~B"- equations). 

·~. t:·r?.e-Fock 'equ2./.:ionf. Tb.e solt:tion of the col2.pled set oi' BCS - a:1d !-i3-

:c:;'.:o:.tio:r;.s (2.. 13) 2.-nd (2. !-1) is of cou:::se, a much more difiicul~ t2_sk than 

tbe solu.~:ion of the BCS-equations alone. Vle have obtained·nu::nerical solu-

J.:ions by 2. simple i:1teraction method (see C.D:)endix). A rapid conve:::-gence is 

achieved, if c::1.e sta:::ts the iter2.tio::1. \vith a re2.so!1ably good apprm:im2.tion of 

~l:.e. selfconsistent field. . 

... :,. suitab]y chosen Nilsson potential p:rcviC:es such an approximation. In 

?:-::.er to c:..ppl·y to 2. re2.listic nt!clear case the treatmen~ must still -be :gene-

r::;_:ized : ''\lte C:escribc tl;.e nuclear system by· the product of a E~SS-co!lfiguration 

fo~ neutror:s Cl.nC. BCS-con.lig\::ration for- p::otcns O.is:rega1·C:.in.g the ?-ossibility~ 

o7_pai:ring bet·\v·(.~e~ neutrons c .. nd· p:rOto!ls :. 

f= 19) 

':f'i;c supc:::sc::-ipts (n) 2.:!.C: (p) refer to neutrons 2.nd protons , respcct:.vely. 

'•' 
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F~. RESULTS 

. :-emar KS 

In t}.:.e actt:c::.l calculz..tions, Y/e have assumed. 

int:::-5.nsic nuclec.::- wave 
,. . . . .. . ., . . 
runct1on J.S 1r1~ .... a:-1ant "N:itn :respect to ~otat1ons 

<::.:c-oc:.::1G. a sym::::netl"f axis which is c'hoscn as the z-axis. This means that 

• L. • • • • 'h • (Z '") . t.:1c 1nagnel.1C qu..c..ntum nu:-noer m 1s conser·vea. ?_nd. t."'e sum 1!1 . ::> 1s not 

~o be e):tenC:~C. o·ver :!"lagnetic substates. ''\'l5.th the speci2.l phc.1se ccn, .. ·ention 

::nade 9· 
18 

this also leads to the relation 

( 3. 1) 

+ 
./~s i:~Lia: se~ of single-particle states C-f{., (c·> . .. ,•.;e u.se eigenft:....."'lCtic::s of. an 

"h ( 2 - \ • . .... " "1 t..e e:::pc..:r:s:.on . ::J 1 can oe wr:Lcce:n as J..OJ. O"vVS : 

( 3. 2) 

\",.:-1-:_e~e 3 1s. tr ... e totc..l a~g1.:la.r momentum , 1 the orbitc..! c:~gulc:..r mome:1tum , 

~:1cl n t~~e l"adial quantum nu:noer. 1:. labels t'h.e different stc..tes of equal m 

P:cc2.·use o£ t1-:'2 restricted sto:-ing capc:::.city of tl1e comp·uter, :t V./2.S not possi-

ble to i11clurle all those si:1gle-particle states which are 

c~--::)'2C~·~C: to co:1t:ributc noticeable a:-nplitudes . ' s1ng1.e-

-::~::c.::.::~:t:::J. ::"l"<.lrY"J.bc :r ?\ = 0! 1: Z, 3 (:\"" = Zn + 1) fo:-: neutrOns and protons, i e. 
24 

.i.G:" 2. ~~{o~me~ 7!ucle~s liJ:.~e Mg \Ve took in:o accoun~ the polarizc..t:ion of 

"l6,...· 0 

v '"'"or- • 

, . 
nuc~cJ. too}-:. in~o c.cc_cnJ:J.t all single particle sta-

.. .. . .. , N 
or .J= .. "::2.J.!CJF-::tl q\:arl""~s-:n n.umoer l ~ = 5 c .. nd t!-le 

13 1----- level for neut:ro::1s 
2 
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z.ll stc_tes of l'J = 4 and the 11 
11 

all n "L:cle o:: ~· 

svr.-lmetric. · 

2 
in energetically lower 

-9-

level for protons . The core formed of 

stc..tes '\"=Jas assumed tc be sphe rica.lly 

of course, not realistic and, as a result, our ouad::-U:)O-. ~ ~ 

J.e moments for rare earth nuclei are too small by a factor of two anci. more. 

Neve r:>cle ss , qualitative features like the gradual appearance and disap-

pc2.rance of deformation as a major shell is filled are obtained satisfacto-

rily. Furthermore , other quc>_ntities of physical interest like the moments 

of inertia and the lowest quasi-particle energies depend less critically on 

this ass u:mptio!l. 

P.not""her criticc...l question is the cl1oice of the nucleo~-nucleon potential 

T'he formalism as i~ stanC:s can be usecl for an·y nuclecn-nucleo:1 potential 

tation. If no asstL-nption is made of an inert core and a:r.. average field due 

~ • tL ,. "' • ": • 1 1 "' 4 • 1 .(' ,.~ L.L "'' L L,. L4-,o lc, one coulc :n pr::.nc~p-e use rea.::.s~,.1c nuc . .!.ear .LO!'ces llL.cCC. cO cc.e sca~..ce-

ring data. Sir2ce our wave fun.ction ci.oes not allow for those t\vo-particle 

correlatio:r!S \vhich are produced by the repulsive compo::1ents of the. nuclear 

forces at small dis::ances, sucn an effort would be of q'-1estionnable ve>_lue 

\Vitl1out impro·v.5.~g at the same time the theory. 1/le \vere. less arr~bitious 

a!:.d chose nucleon-nucleon potentials of Gaussian shape and reasonc.ble 

. strength and varied range, exchange c'harc.cter and spin-dependence in order 

to see ho\v these different prope::-ties ~f tl1e nucleon-nucleon pote~tic..l affect 

for~ation of c1c£o:rmed shapes c..nci the_ pos:itio:-1 of the lo .. ,vcst <}_UC'..s:i-p2 .. rti 

cle ex~citatio~s. Some of our forces \V'Ot!ld probaOlyr satisfyr t1!.e lo\"" ... ~-energ)r 

data not too bad-ly· , but st:.rel)r· these forces a:-e not satt!r2.ting and~ c..s a 

co:-1sequence, t11e total binding ener6ies \Ve obtc~i!l are not m·ean:.ngful 

quantities. 
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It turns out (see sect. III, 3) that the physical quantities we are i:n~erested 

t',c -:--.· -... PSP"" •. ce of'::> _..,...,o_._ ··an,•r.> --e--lli's~o""' (ce,:. c:eci· T.,.T -:>\ ....... :..-' - ._.. ... - ..__ .::: .;..J. ol. :... - ~ . .:. .. e.·- ,.1.. l._.f . ' - _;,. ....... ._. .... . .... --.1.-' ..} j • Furthe r:;"lore, 

since we include only a fe\v states of different radial quantum nu:nber n 

,.., ev.,....-ns!on (? 2\ _.... ~-:c.. ... ..a. .!.. ....;. ) (2 in the case of light nuclei , I in the case of rare 

earth nuclei ) , and since we choose the frequency Q of the basis oscil-

later \v.a·ve functions such as to· correspond to an approxi:nately correct 
.,. ,~) 

nuclear raa1us ( :~,c-.;.' = 
41 /.1u-

forces does not lead to a collapse of the nucleus . 

T~aus 1~eepi:1g the a'"·lcrcge de~Eit)r 2..rtifici2.lly at correct ''alues , '\Ve do not 

perform a fully sel:fcons:istent calculation. We clo , however , C:eterrnbe 

e·C.'"'""l.OT>"' (..,·1?) 
_. ... \,..LC.. L. -- ... ~ ' \ '-'· ... .J 

,i (? ,~"\ . ..l-., • .;, 't • ... ""•L• h an ... ~· ~ ±j , vn~nout 1mpos::.ng suos::.c1ary co:J.c1.lOns sue .. 

2cS the ones used by Kilsson
3 

arcd B6s :.nd Szyrn.anski
5
• 

It :s 1n this se!'!se that \ve speak of nself-consi8tenc\r" in this pape:-. 

?o:: lig1A.t as v/ell as for rare e? .. ::-'.:h ~:1clei, 

v;e perform t\vo types of c.:.tlc't~l2.tions : 

a) selfc onsistent calculations i.e. t:'"l.e solution of the full set o{ eqc (2.. 13) 

and ( 2. 14) 

b) calculations m which we describe the angular depende:J.ce of the defo!"ma-

tio!"l b·y the sphe~ical harmonic '" ( 1 'i'T'1~~onn-ca 1 cu.la+.;on) ~ 2 0 - '·- ~ ~ ·- ... - ·-

1.:1 detc.il \Ve ·p:-occeC~ as iollO\'"/S : "{..lte i!"'ltrocJ.uce a . .. ..... 
s:ngJ.e-parL.lCJ.e :-:a~iltonia:'l 

0 
}: - ~tep:re s e r..:.tation 

_L 
I 

r, I "' 
"'r\'\~Y' "'"'~ __ 'I.. · 1 ' 1 1 

\_.f I -'-;- ';·' "',· /;> 0 Q I~-> ~ -, - ."'--._ ... I i I• .... '- •• 

b the case cf light nuclei, 2. i.~,;.(.,_is the matrix-clern.erit of the kinetic energy 

o£ Rc.re field p:rod.u-

. ·-----·-. 
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, S7)he·:r 
\I -
v is tne spheric<dly symmet:dc 

it by the I-Ic.r-trec- Fock po~enti2.l j 

(3. 4) 

~ S?h.er 
K I;(<-. is obtained from the solution 

S!Jhe:rically sy:nmetric config,~:rc ... tion Cc£ir:.ed by 

Followi!!g -· 3 N1lss on 

. r ... 
O.!. ~.,.ne BCS- eq:::.2..tions £or a 

I 7. ~) 
\ ~· -

, 
ana. a quadratic depc::1derlce on the tential by a sphe-:-ical ::.a:-monic 

radial coordinate V' (see (3. 3) ) . 
"'~~ The transformation coefficients ~)y are then obtai:1.ed as tl1e ...mitary· t=ans-

b this C:iagonaE-

zation matrix-elements of H bet\veen. single-particle states of dif£0rent 
0 

principal qua::.tu:n _!"-u.--nber N a:::-e -out ecual to zero. . .. . Ti1is is the app::-oxima-

.tion used in chapter II of ~ilssor ... 1s ?ape·r 
3 

The!"l tb.e E·CS-equations (2. 13) are zol~., .. t2d in the repr-esentation defined by· 
~ !,(.. 

the ... : . ..J;:• a~d t11e total CI"!.t~=gy E is cc:lctll2~~ed. 

The E a:::-e still l'.L."1Ctions o:f :he cefo:-rc:.ation para~e!:e:· 7 . 
a ., 1 '"f- ~ i.,... ~rn { 1;' ( t';J ) os o_u_e n:Ln-.nu. __ O- _,_, 1 1 dc£i:1es the equ:librium 

' 
l'rJ (see for instance :fig. l) 
I min 
I , -~(, .. 

Tne set of ..}) 1 and whic:i belong to, M = 1 . are expectecl to be an 
/ . mm . 

approximate ~9lt1.tion of the full set af BCS- aD-d r:B-eqt:<iticr!S (2. 13) arrd. 

j-" .lons . 

- , pr o~..rlce 2.. good initial set for 2.n iterative solt:.~ion equa-· 

-----~ ... ; 
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' ana 

protons o"..1tside 

tion used in tl1.cse '~l'Jilsso~_n -c.r:lct!la~:io~:.s \vas 2.. s1.::.;e:-positio:1 cf z.nd 

/"> ·--
'\ ( ~T '/ -;r-..,. y~_._ 

C: ;,. '• I - ''- J ' 
or-~ -> ..... ! r " ' : ! !~ 1:r~~ . .f J / . l' f'\ '!J. Tl..' ''- '"-·· /'7-o \'-'0-'>vt:.0/(3. 6) 

l_ ·"-C ,_..a ... ,...~ .... ~-P> ~ .-~~eT'\f-e o-f .r!,.. \ \!''~.,...c ~ 11 ..-'\,nJ... r:-.rJU"' 1 - - .:.~J. !...--. ..... ._._._J. ... ~. .. .L. ... C> ... .1..\-J .......... c:;;.:...:.-):"l...ol.'-' ........ . The po.ra!'r1.etcrs c and f 
.., . 

t::. t<t t(~- \?C~e arijustcG. such C.S 

• . . . • . . • 2 07 
2-:!a. tn.e o:-:'e-i~ole excJ.tat1ons of Po 

This p:-:-oced.l.l:::e Jr~est~lt~d in \ralues for the wc..:r2.mete~s c c_nd f \:: ... ~ic1"l v;crc 

very clos~ to -::he or..es ;.1secl by Kiss~inge:c ,... 5 
~:;orcnsen .• 

. ) ~' . . 
J. J n~ c.epene:.~nce c£ the cn~l""gy 

co:::-e nuclec~s \vl2ch is cx}~.ibit~ci in fi,g . , • 4.. ,.~ .... ., .. .. ., .:.. :s racner tln2.llSCt.GG ~")~/ sp::..n-c.cpen-

~ :-.·c ?..7.: :r-·.()Sit:i..,l~ • J3ut on]v single -p~- :rticle par2.1ne-



..• 
·, 

'· 

, ,, 
-J..~-

"' z.:..:re ene:-6ctically· fa'\"O'llreC.. If \Ve ch')OSC l'- K\~-("\,. as tne mat:::."ix elements 

o:.. a 1"lar:.-::1onic csci!.lator, t1~e g::-o~ndst.::.tc dc.fo:r:nations tu:rn or.:t to be ne·ga-

(he prepo:-!Ge::-a~ce of positive dcfor;r.._c..tions is due to tD.e steep;1~ss o£ the 

\>-n:.Jls o:Ithe c..ve:rage potentials • 

.:: 1g. 2 show·s a co::nparison of e:-::perir.:1entc..l c..nd t"'neo:-eticc..l vc..lues of the 

~ntl"insic quadrupo~e moment 

c: ./ <. IJ 
~ 11 'C"rA 
l'l ·~ J .,..""' o:.j 

·~,f) I ; I~ .... ' 
r' .._ ~ "' 

' 
.,.. I I I -~ I ' c -;-
' I .j l Y).")• > ·:. ..,.. • 0 

.... ~ '"')-v, 

as a f1.mction of particle number The the oretic2.l v2.: ue s z:.re obtabed 

:frc:n a S':.lico::.siste::'"!t calc~atic:l. \vit11 t~1e RoseD£elO. force of t2..b~e :. T~e s:n-

g:"',ten 2:1. ~2~ ~le 2 . The sudder-.1 ris~ 

produced , the absolute values , hovv-eve::: , are too smc . .!.l by a {actor of 2 to 

· 3 for tl:e rec..s ons we mentioned in section III , 1. 

l\.gc..in, this result "vas qtlalitatively· tl1e same for a Se:-ber force c.nd for the -~-f.) -:- quaci:.-upole force. . 
Bec2..use of tb.e ~·,..--(3.ep·el1dcnce of t1"le qtlacl.rr: .. pole oper2..~or, t1;.e c:_uaclrupole 

ted is belie,rec! to enhance t"11e suadr-upole moments b)r about a factor of .2 

--
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il Fig. 3 shov~-~s 1n gre2:~er <ietail the rest·.:t of a "Nilsson1
t calcu.lati9n for 

) 

Tne IJC..rc..:-:::.cte::.-s \~le:.-e ag2.in those of t2.ble 1 c..nC 2. Accord.ir~g to 

tD.e seli"co~sistent cc.lcula.tio!l leads to q, positive qt.:'2.2::-u:;>ole z:-:roment :for 

the grou.nd.sta.te. l-1..n a:12.logous result 
., . 24 . . 

v,·as oota:med :for Mg (see sect:con III, 3). 

(1=4,6 .• ) 

to t:Oe selfconsistent .field lead to an e:1ergy gain of about 0. 5 1\-:ev. 

Fig. 4 s::.ov.rs a ccr:"l-narisc·n of e:-~e~i:r:1.en~a_l and theoreticc.l val1.:e£ of the mo-

::.1"1Cr!ts o£ inertia. T~~1c calculated mc!'n.e~ts o£ inertia are ob:c..::!ed f~o~ the 

l:1.glis- form clc~ 

M 
I ,--: 

---._). 

i /,-j,-
1"'-.. !';/,-~"' 
I ~- /'·-;-·- ( 3. 9) 

. 
-'-x is the x-compo:;.er-t of the a:n.;t:.la:::- :: .. 10:-:-:te~tu.::-:;. o;:erz...tor , for ~he G.efini-

t:on of the tv·lo-qu2.si-p2.:-ticle 

, see ap:_::e::c:..1x I. 

L"""l ~a}2.~g a co~:;-::.:-iso:1 o£ our results Y/i~h t~ose of c"t1Lcr 2.,-.::~~~:o:-s as ~JilssOil 

and. P:::-ior(g) . f.o:::- b.sta::::.ce one should 1~eep in mind that a:Cte:::- h:::.v~::g selectec";. 

2.. nuclear inte !'2.Ction ? .. nd si:1gle particle en.e rsie~ <::.' '. • <-- t i' vve n2. \te r.~.o more 
V" 

?2.::-a:neters to c.djust. 

Table 3 co::1ta~~s a co:-n.pc..rison of +'i-",:. q~-!asi-p~rticle e:1e~gies E ',i)' and 

E~. 
. ~ oe:;:o:::-e ,_ 

' /~ I - ; ( /"- \) ;J -t-~ ) 

·i ' . ~~ 

diagcn.c..lis2 .. tio!1 of 

c+ 
';.-., 

i /._ 

.._IJ \*;_ I J l /i..- i I ; )/)I J -· 

I-1 ( s ce 

<. I 'I ; '' v.J I 17 I C:...' .,> 

.. 
" .:_ 

/\ 
-L-J '/-Y 

( 3. 10) 

( 3. 11) 

( 3. 12) 
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l :1e 
~. f' f' . c.:::.e:::-e::l.Cef. are small. They are :-nore considerable for the 

v~-·2.~/c ft::~1c~ions , b.ut still the do~::1.ant component \vas la:-ge:r t~an 0. 9 in 

all- t~:..e C2.S~S CC:1Side:-ed. 

Results :fo:- c~e{o::-rr.ed light nuclei 

.r 1g 6 shO\\·s c.gain the graC:uc.l appec.:rance 

c.nd C.isappez.:cc.::.ce of strong deformations as a fu::1ction of Fa:-ticle nurr.":Jer . 

.....,. 1 • . r • • • C: • r I b1 ') ""{. • . .1.ne ca cwat~ons v:ere pe:cJ.ormeG. '1.7/ltn a .... eroer- ... orce \see ta ~e "=., 1· 1tn1n 

the fra:Y.le ''"/Ork o£ tb.e effectiv·e :r2.r-ge t~e o:ry this. potential is equi\·"'al12nt to 

,_. 
... ne • • • r: • • ••• ' • ( ll) . - . ' f • .:3 • • • 4 • one 11sea. ::.y· .!.\.:..2.~g c:.~a vt1 llC. 1:1. t~e1r stuc._y· o ri a:!c.:. .:-_e ..Lt repro-

F .. :V:S- r2. Qi us r> 24 o ... .:v~g , 

ti.cle ma~::.-i~:.-ele:1~ents 

\V2.S 2..cljus~eC. to the e:.-.:perimen:tal 
... ,;~--

v/hicn lead to f; c:...) = 14. 2 Mev. 

I! • c::-- v ... , :< ~ 1.. e .. 

t/ • \ .... I T 

~"'!. 24 case Ol "''-g 

- . s :..:l.gie- pc.. r-

:2eg2-tive quaC::r\.:pole 

gies o: the ob~c_te 2.:1c'l ?rol2..te co~figu:-2.ti0:1s \vere ver)r close to each other. 

In·the selfconsisten~ c2.lculation ; th~ prolate co:2£igu:ration tu:-necJ out to 

cz:.J.culation (see ::g. ·6) 

·--...... 
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T~e i2 .. ct that a selic'onsistent calcl~~at-ion lo\vers the ene=g;.t o£ :he p:-olate 

ccn{i<:'L:ra"~io~ '!TlO!'e than the cne of the oblate co::1figuration n:..c.:>r i)e a.ttri.bu-
e -

ted to the po~2.:-:zc..tion o:f the o16 
core v/h!.ch is not :aken into account in our 

'~I~ilsson 1 t-calc•.J.lat:on but '~r..ihich is incluc~eC. i!! the selfcon~isten.~ solution. 

P~ ccording to Dc..s Gupta and 
12 

P:resto::1. it can be inferred from c. si:rrl?le 

si::gle-pc..:rticle model that the polarization of tb.e core favou:rs prolate sha-

"'"' , c· 13 - _, . . . . . Lh • • wes. ~-,ccent_y, ·.;.o'",.rer Iouno. st:-ong 1~a.:cat1o~s tnat :..~ ... e qua.G!"upole :moment 

o.f Mg
27

is negati·.re I: this is t:rue, one wouw also expect a negative i::1.trb.sic 

r•uc:.r~rn~ol<> J:'l.)'""""'C..,~ :fo::: fhe gr_ our:.dst2.te b2.nci of Si
28 

~ ,__ ..... " _.._, •• J.J...o.. .... _u .... ......., .,. 

Fig. 7 p: .. cse;:l~f. 2.. comp2.rison bet'\ .. ;een e~:pe~irru~ntal and t'heo:retic9-l values 

of ql..l2..d:-t:pole mo:TJ.en:s. The cc.lc"t:lateC: \'alucs are t~o small b:{ c..bout 10% 

to ZOo/o • T~is :.n?_·y· Oe d'~.1e to ou~ ne;lecti:ng admi:?::~u~cs of higher sir:gle-

::.n (3. 2) O:" to the i:1suf£icien.c·y· of the :orces \ve 

used. 

T2e polc..:-iz~C. co:-e of the Iov;est 16 nucleo:is co~tribtltcd about 20';1o to 357~ 

o:f. t:"1e ~otal quac11·upo:ie moment. i~o strong depe:1dence of this contribution en 

systema'~ically v:'hethe:::- 2. st.ro::J.ger cie?cncence on the :Co:rces exists. 

LL. orcle::- to s~\.~cl;,r the i!1ilue:J.ce of the tens or -force c:;. ti:e fo:-rr~c..ticn · o£ de for-

calcd2-tions wjth 0::1e of the fo:::-ce mixtures given 

~ - ~ ..,.,... . b - 14 oy :'ease 2.nc. .:: esn acn These forces reproduce the low-e:1ergy data and 

,.....~ <4 •· 
.t n.ey conLC:.ln 

a ?he:')c:ne!:.ol.o.;ical spi!!-o:rbit term in 

The~e v;as no st:ro~g C.e?cr.l.cle:!'lce of the equilibrium Geforrn.2."'~io:-1 on the 

s~:-en.gth of the :e::so::- corr:.?onent. Fur~1:e-r:nore , the· sni~-o~c:~ spl~tt~ng 

bY a :f2.ctor of 4 to s.-

-<4..-...._a.&· ... -h, T.:"~""""S. ,__,_ t~ .,) "!""""Y"'-"'Io~..... ~ ...... ~ r.:r .... -~L~ .,... .... h;.··n 
I,..!.J. ;,.. l,. ... ;. ....... ,!._.)\....f -s .... c:~..e I~- .J,. e.-...:.~,._...!. ... 2..S .... L..t::.S COTI.l.!..;;..U.i.(;-1-.i..O ...... S \v,}._..;..C ... . \ . - .....,. 

. . c.epcna. sen-. 

sitively on the t!'iplet - and singlet - co:-:;.;o:1ents of tb.e central poten~lc.l 'but 



-------~~--

-1 '7-

• much less c~ the te!!sor fo::-ce. It is, therefo:re , possi":)le th~t the contri-

buti on of the te::s o::- {o::-ce Vv"ill be large~ , if othe :- c c:-..S.gi:!"z:..ti o:1s not 1::1c1 u-

., oed in (2. 3) are ta~e:n into account. 

cc_lc,_;.J.2..tion c...re cc!npared \~lith the o:1es resulting .fro:-::1 ~ seli'tc:J..sistent cal~ 

c·clation. Since v:.re 'h2.ve neglec~ed th.e co~1pling bet\'".teen st<:~es o:f c'!.if:ferent 

principal qua~tum !l't::nber ir.. the "I~ilsso:1" calculc..tio~, the C.i£fe:re:1ces are 

likc:y ~o be smaller i:1 ·reality·. T:'1e ~ather co~sic~.erc_ble C:ev·ia~ion fov..:1cl for 

sin;le particle compone::;.ts near the Fermi surf2..ce are sure to persist. 

T~2.is is v/hc:.t one ·\~lould e):7ect irom the I-:.:::-tree-Bogo:iu~ov es_~ation. The 

0.i:'£use.n.ess of t~"!e Fermi surface i.e. the occupation a!T;.plituC:es \iy depend 

s ensitivel}r on the le·vel den?ity c.t tb.e Fe::-mi surfa.ce. E>ve:n slight 

of t'b.~.e le·vel S:?2 .. cing a·s the·y are proCucec~ b)r the sel:':'consiste::.t 2-:n.C:. th'2! 1'Nils-

son!! calculation , c2..n leaC: to quite cliife::rer.t occup2.t:on a:-npEtucles '-/.,_,-. This 

,..2,., be "C'-"1" f.,.o,...., +-:..e BCc:-equ::>+;,.,..,s (7 1 "·) ..... ..... ~) ,_...:.J. _ .... --. ........ .~. u - _.,.. .... ._ .... _ -· .;.._.. Diffe :rent ~/}:r \vill ~n tu::::-1 lead to 
;I_ 

ciii{eren: coefficie:1ts 1: -~'hroug:h ::~e EI:·-ect:ations (2. 14). -·v ._ ... TI~e single particle 

!n this conte>:t vve V/ould li~e to mention that the coupling of the :-IB.-equat~~ons 

( 2. 14) to the ECS-eouations 

potentials 

litie s 
.. ',...,[ 

i;' ... , 

' 

._/. -
\ \ 

i y 1 ''z.. wnich depend quite sensitively on t::.e occ'tl:;::ation p::robabi-

T . • t . (2 H \ - /'\ ' , ( n ... \!., - ( I.. \)~,., ", _ .::e sec one e::rn 1n . ~~, , /_: :11 -).r,_ \..~ .. ;:.1 1.: ~'.r ._.. ... F'.:_ t i:' )--::/, 

.1. ne selico:1sistent rest:l~s fo~ light n.uclei y;ere indeed obtc:.ineci \vith this 

._ · ._- t t' ._ · · r - .._ · ' ~ ~ .. o pou:~ ou na~ pa:r:mg con.:.1gura~1o:ns 2..pparenc.~.y p_:_ay 

So we s elution 
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.... 

nuclei , 2.:1a a :rat!:.e:r smaJ.l d::fuse~ess {o::- the Serber fo:-ce (table 4) The 

'"' ::-cason is t::c..t ·..:~e ::2..tio o:. the 2.\'era.ge p2..i~ing rnatrix elcme~~ to the avera-

ge level cistance is smaller fo!' light nuclei th2..:1 io:.- heavy ones. 

J::-1 orde::- to cceck hov.r stro:1gly our results are falsified by the £act that.tne 

nucleo:::1-nucleoe1 potentials are not saturating , we per£ormeC. some test cal-

• - . • • • . . • • . , . 1 16 ..,..,. , , f cuJ.atlons i.Vltn an 2.QC.::.~t::.or..a.J. repu.H:nre so::t-co:-e potent1a_ . .L ne e:.rect o 

~he rcp:.1lsi·v·e core o!"! the quc..Clru.pole moYTI.ent '\·,.ras completel)r negligible 

( , c:: '""n-:.n, 5<71) =t \"as or cou.,.c"" ~ e s .. ~ ~,.. ~ c.-. _ .i.. ;o , .L. .-v , .!. ................ , la:- ger on othe:- quantities o£ interest, 

1
•• • • ,. r 16 _:t!-\e tne c.ecoup.:..lng ..:actors 
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IV D5.scussio!l 

7he mc .. in ~esults of th.is investigation ma··:r be sum~arized as follo\'!"/S 

shell closu:rcs U.cpe11C.s sensi:_iveJ;y· 0:1 tb.e range c_nd ver·y· 

fi"·f-1 0 .a.-L. ... __ o:q the sp5.:1-depenclence a:;.Q tl1.e e:.-::cD.2.nge cha:racter 

of. tl-:.e rn:.cl~on-n.ucleo~ forces • 

2) The Nils2o:1-representation for t:Ce deformed £ield is a 

f_c .. irl)r good apprc;,.:ii::.ction of t:!1.e seifco~sistc~t single-

particle states p:rov·icie_d the sir..gle p2.rticle I-I2 .. rr~ilto:1.ia:1 

are fou..."1.d 

si~g:e -particJ.e 

ene:rg~e s c:ose to ~::c Fer!"!!i suz-face • 

3) ?ai:: co~fig~..:.:-2.tions pl2.y· a less ir:~po:-tc..nt :-c~.~ £or light 

TDe recip:rcc~l depenC:er1ce of the cii:fuse.!les s cf tb.e 

C.ep_ende:1ce o: "~he 1-:a!'tree -Fock mat:ri': 
:-- .• t • 

~~:, {-~"" on 

tl7.e occupatio:1 p:robabilities • 

I'\ o t;:-eat ca!'e has been give:1 to the choice of ~ucleon-n"..lcleon poten:lals 

2.:16 especially· in t~e case· of ligl1.t nuclei interesting c..dcii::o::z.l \".rork cc'l:l~ '":.1e 

;-:imc.tion \,.lhic!-"' '\Ve \-?a~t to ~ention. shortly • 
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Tl:.is a~:;p=o:.:imatior.~. is 

good 2..S long as the _['~_ 

17 
• .• c..;.. _r.rJ.ore de";:2..ileC. investigation 

fl -· ,___ = 3-4 is al~ead.y s'd:O:icie:nt fez- the jt:sti:icaticn of th~s 

I:.:' -~l:e difi'useness o:f the Fe:·"~,j surfu.ce is very srr~all s-..1ch as for 

-~:-'-e ::-.:.on-co::se:rvation of pa:;:-ticle n-:..::.:-nbe:r c;::.r~ :ntroduce se:::-ious errors 

2) If the se:;_fco:nsiste::-.t field 1s r.ot spherically symmet::."ic , the BCS-wave 

£.~;:,stc::..tes • 

:-·:n.rs , tl-.e wave :u~1c<:1on (2. 3) as it 

1nodel • 

. "''tir 
:_!/ 
~ -

, 

/ 
1 .. :-{-.-j . 

jvU., 

the wave function 

over :-r .. c..gnetic 

stc:.n¢.£. can only be ir.ite:-p~eted. c..s the 
·i/ j r.1\-

f, , in t!-.:.e adic..ba.tic rotatioua.--1 tv l..:v 1 

{ 4. l) 

,_ 
'I// £;:1~-; of rotational stc.tes of ang·dar 

rr ... o:TJ.entum I ar1G magnetic quc..~t\.liT.i nu!"l'"lbc:: r- M is given by the Vlell-.kno\;;rn 

£orrr.ula 

( 4. 2) 
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tb.~ eizer.functions of tl-.. e symwetric top which depe:Hl on 
0 v • 

':'i.~.te "ac::.abc..-;ic .:..ppro:·:imc..ticrJ. n is 1~no\~ln tc l"~old c~J.ly 5.:1 t3::~.e case c:f stror.~.gly 

19 

by terms 

that the 

of el~erziGs o£ ti.:e s~}-.~.e-ric-&lly sy:-.c11'7"~et::ic c..nd Ceforrtlecl cociigu-

~)J-r.:. spi"';:e oi t:.!.e :-a.t~~e:r large :nurr.ibe::- of pa:z.·<:r:"leters , th.~ ?.CS-state corrJ.prises 
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>, This report was prepared as an account of Government 
sponsored work. Neither the United States, nor the Com
mission, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness, 
or usefulness of the information contained in this 
report, or that the use of any information, appa
ratus, method, or process disclosed in this report 
may not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, 
or for damages resulting from the use of any infor
mation, apparatus, method, or process disclosed in 
this report. 

As used in the above, "person acting on behalf of ,the 
Commission" includes any employee or contractor of the Com
mission, or employee of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 

of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 






