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Perturbation Analysis of TK Method for Harmonic
Retrieval Problems

YINGBO HUA, sTUDENT MEMBER, IEEE, AND TAPAN K. SARKAR, SENIOR MEMBER, IEEE

Abstract—This paper presents a first-order perturbation analysis of
the Tufts-Kumaresan (TK) method used to estimate frequencies of
complex sinusoids in small additive noise. Several fundamental prop-
erties are presented and proved. Further illustrations are provided
through numerical examples.

1. INTRODUCTION

HIS paper is concerned with harmonic retrieval from
a finite data sequence contaminated by additive noise.
The data sequence y, is modeled as

M
Vi = Z ae™* + ny,

] k=1,2,---,N (1)

where g; is the complex amplitude with unknown magni-
tude |a;| and phase ¢; - w; is the unknown angular fre-
quency to be estimated. M is the number of complex si-
nusoids. n; is the kth noise component. The hat " means
that the corresponding variable is affected by noise or es-
timated under noise. For a noiseless quantity, the hat " is
dropped. This notation will be used throughout this paper.

There are numerous methods [2] proposed by many au-
thors in the past years to estimate w; (and even g; and M
for more general problems). Among them, the nonitera-
tive TK method [1] seems to have the second best perfor-
mance next to the maximum likelihood (ML) method
which is usually computed in an iterative way [3], [4] as
it is a nonlinear optimization problem.

In this paper, we present the first-order perturbation
analysis of the TK method for estimating frequencies w;
(or fi = w;/27) under. relatively small noise. It is as-
sumed that the number M of signals is known and w; #
w; fori # j.

In Section II, the TK method is briefly described and
discussed. In Section III, the perturbation analysis is per-
formed, and various properties are shown. In Section IV,
numerical examples are illustrated.

Some mathematical details are included in Appendixes.
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II. TK METHOD

Step 1: Form the FBLP (forward-and-backward linear
prediction) data matrix App and data vector hgg, respec-
tively, as follows:

. Ap
A = | . (2)
2(N-L)XL Ag
—}’L Jr-1 b7
N Jie1 B %)
A o= |7 . (3)
(N-LyxL : .
_f’N—x In-2 " In-L
ok ok ok
“ y3 Ya YL+2
AB = . . . (4)
(N-L)XL :
_y‘ﬁ-ul )‘;IT/—L#-Z e }A’ﬁ
K
ﬁFB =
hy
o PR axk T
:[yL+l"'".YN;yla"'vnyL] (5)

where * means complex conjugate; T means transpose;
and L should satisfy M < L < N — M /2 (according to
Kumaresan) which will be discussed later.

Step 2: Form the coefficients vector ¢ of a polynomial
of order L by

g = _[/iFB];- . ﬁFB (6)

where we call [Ag]7 the ““truncated rank M’ pseudoin-

verse of Arg, which is defined with the use of SVD [5] as
M

[Ars); = 5 + 07 (7)

i=1 0;

where 6; = 6, = + -+ = Gy = - are singular values

of App. #; and 9, are the corresponding right and left sin-

gular vectors, respectively; and the superscript “‘H’’ de-
notes the conjugate transpose.

It is clear that (for noiseless case) [Arg]7 = [Aps]l™,

which is the pseudoinverse [7] (the one which satisfies the

Moore-Penrose definition) of Agp, since Agg has rank M.

0096-3518/88/0200-0228$01.00 © 1988 IEEE
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Step 3: Find the zeros of the polynomial equation
L

L+ D&t =0 (8)
where g, is the /th element of g.

The M zeros (5;, i = 1, 2, -, M), which are the
closest to the unit circle, are chosen as the estimates of
zeros z; = exp ( jw;).

Then the frequency estimates are

& = [Im [In 5f]]mod[_,.,1 (9)
where Im means the imaginary part.

It is known that for the noiseless case, all the estimates
are exact and the L — M extraneous zeros are inside the
unit circle as long as Agp has rank M. One can show that
Agghasrank M if M < L < N — M. However, if N —

M+ 1 <L < N- M/2(which is part of the interval

M < L < N — M/2 proposed in [2]), or equivalently,.

M/2 < N—-L <M — 1, Az may have rank less than
M in which case the TK method fails to work. For in-
stance, as we show in Appendix A, App has rank N — L
(=M - 1)if N - L = M - 1, and frequencies w; and
phases ¢; are such that

(wi - w,)(N + l) + 2(¢, - ¢l) =2mmw

foralli # / (10)

where m is any integer. For details, see Appendix A.

Although App does have rank M forM/2 <= N — L <
M — 1 in ““‘most’’ cases (note that the chance for w; and
¢; to satisfy (10) is very small), the performance of the
TK method will not be good if (10) is approximately true
for all i # I. This situation was recently explained in [9]
for the special case of one real sinusoidal signal (i.e., M
=2).

The TK procedure utilizes both forward and backward
linear prediction (FBLP). If we replace Apg and Rigg in (6)
by A and B, respectively, then we say that forward lin-
ear prediction (FLP) is used. Similarly for backward lin-
ear prediction (BLP), Apg and Bgp in (6) are replaced by
Ap and hp. Since FLP and BLP have the same perfor-
mance, we will only mention FLP in comparison to FBLP.
In the discussion, FBLP will be implied if FBLP or FLP
is not stated explicitly. It is clear that for FLP we must
assume N — L = M.

III. PERTURBATION ANALYSIS

In this paper, we derive the first-order perturbation
(due to noise n;) in the estimated zeros and frequencies,
and investigate their several fundamental properties. We
denote perturbations by preceding the corresponding noisy
quantity by A. The following theorem is important in our
derivation, while the proof is given in Appendix B.

Theorem: Assume

(11)
(12)
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where A4 has rank M. AA is a small perturbation matrix.
Ay is the “‘truncated rank M’ pseudoinverse of A as de-
fined by (7). A" is the pseudoinverse of A of rank M.
AA;7 is the corresponding perturbation matrix.

Then we have

ullAdfe, = —ufA AdAo, (13)

where u!! is any row vector in the row space (span of
rows) of A. v, is any column vector in the column space
(span of columns) of A.

Using this theorem, we shall show the following. The
perturbations in the estimated zeros and frequencies are

-1 px!:lFBA"‘i;-‘Bg !

AZ ppip = T (14)
la;| L
% lthi_’—1
=1
H 1 7
N -1 PirsAArpg
A®; ppLp = I—I Im 'L——— (15)
2 gz
=1
H 1 '
—1 PpirDArg
Afigp = ————— =1 (16)
la;| L
2 lg,z,-"_l
=1
H 2o
. -1 PirAArg :
Aw"vp]_‘p = m Im T— (17)
EI lgiz!

where p{j’m is the ith row of the pseudoinverse Z; =
(Z2¥7,)7'Z# in which Z, is defined by (A.5) in Appendix
A. pfF is the ith row of the pseudoinverse
Zir = (Z8:Z,r)"'Z% in which Z; is defined by (A.5).
g = [;]; and AA}p and AA} are matrices filled with noise
components, i.e.,

AApy = [Ahpy, AAgg)

— A
AAg
AAp
Ry Mg ttm
ny ny_y N A 4 (18)
- * * ek :
n n; [ORS
% * .« .. *
| "N-L AN-L+1 ny J

To show (14) and (15), differentiating (8) yields

L

L
ZAgE - 2 lgr ! TAL = 0.

(19)
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Then
L
1:[:1 Aglzi~l
A = B
E'] lgizi !
= _‘?_’Hi‘_g__ (20)
L
2 gz
where
=172 5
Differentiating (6) yields
Ag = —A[AFB]:hFB - A;BA,;FB- (21)

Since z! is the ith row vector of Zg defined by (A.4) in
Appendix A, it is in the row space of Agp; and hpp is a
linear combination of columns of Z; so that it is in the
column space of Apg. Therefore, according to the theo-
rem,

I

2708 = 2] [AfpAArAfghes — AfpAhip)

~2/'Af5(Adrpg + Ahgg)

= -z FA;BAAI':‘Bg . (22)

It can be shown that the pseudoinverse of App as in (A.2)
is

Afg = ZEAT'Z]
= ZH(Zzl) " AN2ZEzZ) 2 (23)

where A and Z; are defined by (A.3) and (A.4), respec-
tively. Since z7 is the ith row of Zg so that

T
2z = [0,‘.‘7'1,0, 1,0,--+,0] (24)
then
Hy+ Ly
2 Ap = mpi,m- (25)

Combining (25), (22), and (20) yields (14). Then (15)
comes from (9) easily. Equations (16) and (17) can be
shown similarly.

Based on (14)-(17), several fundamental properties of
the TK method are shown next.

Property 1: For both FBLP and FLP, AZ; and A&; are
independent of the noise components n;, for L + 1 <
<N-LgivenL+1=<N-L. ‘

Proof: It suffices to show that pfFBAA}Bg’ is inde-
pendent of n, for L + 1 < k < N — L. Let pf, be the
mth element of the vector pfm. Then one can verify that,
givenL +1 <N - L,

P?FBAA;’Bg,
N-L L
Py 120 p;{‘an +m—181

m=11I=
N-L

L
% *
+ 2 Praen-inh 8
m=11=0

"

I

N
k§1 (mexix + nEyie) (26)

where

*
i
1=L+1-kp'k 1-L81>

Il<k=<L

L

2 presio

[=0P;,k+t L8>
L+1<k=<N-L

N-k

2 prei—Lgn

frard Pik+1-181

\ N~-L+1=<k=sN
[ L
I=L+1-k

lsk=sL

%
PiN-L+k+1-L8L-1>

M=

%
l_opi,N-—L+k+l—LgL—lv

L+1<k=<sN-L

N-K

Vi = (28)

) *
1§) PiN-L+k+i-L8L-1>

k N-L+1=<k=<N

where go = 1 and g, for [ > O is the Ith element of g.
Now we need to show thatx; , = y;, =0forL +1 <k
< N — L. Observing that If_, e7“’g, = 0, we form the
vectors

J

(_——_H ,
gx‘j=[0’..'YO’gO’.‘.7gL7O".',0,0,""0]
= —
N-L N-L
(29)
J
(—Jﬁ T
gy,j=[Oa"',0,0,"‘,0,gL,'--’go,o’...,o]
%/—-)¥ I
N-L N-L
(30)
then it can be shown that g, ;and g, ; (j =0, 1,--~, N

— 2L — 1) are orthogonal to all columns of Z; as in (A.5).
Since p; rp is a vector in the column space of Z;, then for
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L+1<k<sN-L,
' (31)
(32)

_ oH _
Xik = DPirp " Bxk-L-1 =0

— pH . —
Yik = Pirs * & k-1-1 = 0.

Comment: This property implies that the estimated ze-
ros and frequencies are more sensitive to the noise com-
ponents in the first and last several data samples than in
the middle data samples if SNR is moderately high (and
L+1<N-L).

Next we investigate the variances of AZ; and Ad;. We
assume that the zero mean noise n, are uncorrelated and
equally powerful, and the real and imaginary parts of each
n, are uncorrelated and have variance ¢ for each part. In
other words,

E{m} =0 (33)
E{mn} =0 (34)
E{mn}} = 20%,, (35)

where 6, , is the Kronecker delta function.
Then one can verify from (14) and (16) that the vari-
ance of AZ; is

o
R 1 Pi.rBRP; a
Var (AZ) ppip = SNR, | L 5 (36)
Z lgIZfl_l
I=1
" ‘
. 1 PirRopi r
Var (AZ%)pp = SNR, | Z 2 (37)
> gz !
=1
where
SNR o (38)
i = 55
R, O
R ={ & ,} (39)
2IN—L)X2(N=L) 0 Rg
(Rg)i,j = (Rg)i-—j = (Rg);,‘i
L
X 8181*4‘—‘)
_ JiEi - (40)
0<i-j=<L
0 i-j>L

In fact, (R,); ; is the correlation function of the coefficient
sequence g;. Now we can show the following.

Property 2: )

1) Var (AZ)gp is invariant to the phases ¢, forj = 1,

2,- -, M, while Var (Af;)ppyp is not, in general.
2) Var (AZ) o p = 3 Var (AZ) g, (41)
if any one of the following is true.
a) (0 — )N+ 1) +2(ds — &)
=2mmr, foralli #j (42)

b) w; — w; = (43)

ITN-L
ON-L>1

d) M = 1, i.e., one signal case,

foralli # j

where m is some integer. Note that (42) is the same as
(10), and for FLP, N — L must be larger than or equal to
M.

Proof: For FLP, one can show that pf,.— is indepen-
dent of ¢; for j # i, but is proportional to the complex
exponential e 7%, So that pfFRgpi‘ rand Var (AZ;)gp are
independent of ¢; for all j. ‘

To prove the second part, let us consider Z; RZ; " of
which the (i, i )th element is p,{’FBRpi, #g [ the numerator
in (36)]. From (A.6) in Appendix A,

z, - [Zw ]
PZ,zEy
where P is the permutation matrix as in (A.7), and Ey is

the diagonal matrix as in (A.8). Then one can show that
Z{RZI" = (2}2,] 7' (20eR, Zir

(44)

+ ERZER,ZpEN)[Z02,]7" (45)
with

777, = Z{pZ;r + ENZIRZIvEN (46)
where PRgTP = R, is used since R, is the Hermitian and
Toeplitz matrix. '

If a) is true, then Ey = I - exp [ —jw,(N + 1) — j2¢,],
where I is the identity matrix; and then

-1 -1
Z{RZ}M = Mz Zyp) (2R Zir | 215 Z1F)

= 1ZNR,Z}E . (47)
Substituting the (i, i )th element of Z{ RZ}" as in (47)
into (36) for prpRp, 5 yields (41).

If b) or ¢) is true, all columns of Z; are orthogonal so
that [Z¥Z,1"' = 4[2%:Z,r)' = [1/2(N - L)]I. Ina
similar way, one can show that (41) is true.

If d) is true, then again (Z;Z,)™"' = [1/2(N — )11,
so that (41) is true.

Comment: One can show that if the phase pair (¢;, ¢;)
satisfies (42), the regular inner product of the two corre-
sponding columns of Z; has the largest magnitude or, in
other words, the two columns are the least orthogonal.
Furthermore, one can show (see Appendix C) that the
condition number of Z; defined as the ratio of the largest
singular value ¢, of Z; over the smallest nonzero singular
value oy, of Z; reaches maximum when (42) is true for all
i # j. Therefore, one may expect that phase variables ¢;
which satisfy (42) for all i # j provide the worst situation
(the largest Var (A Z;) g p) for FBLP, or more concisely,

Var (A%) = lvar (A%

FBLP (48)

)FLP
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with equality when any of conditions a)-d) in property 2
is met. Although the proof of (48) has not been obtained,
the numerical computations have supported this conjec-
ture.

As for Var (Ad;)pgLp and Var (Ad;) prp, W€ cannot in
general find such simple relationships as (41) or (48).
They are much more complicated. However, we do have
the following result relating Var (A&®;) and Var (AZ;).

Property 3:

1) For FLP,

Var (A&;)

=1 Var (A, (49)

FLP ) FLP’

2) For FBLP, if L = M, i.e., the order of polyno’miai
is chosen to be the number of signals, then
Var (A&;) = Var (A%). (50)

Proof: For FLP, one can see that A%, is a linear com-
bination of n; (k = 1, 2, - -, N); so that with the as-
sumption of (33)-(35) one can show that E{(A%;/ z,-)z}

= 0, and hence,
5. 1 A%
Var (A&;) = Var <Im <%>> =~ Var < Z')
Z 2 4

1
= E Var (Af,)

(51)

For FBLP and L = M, it is sufficient to show that

2
E{(AZ—Z> } = —-E{|az|’}. (52)
From (14),

5\ 2 E ,HAAA' 2
Lt et o

E{|piAdisg' |’
E{|az]'} = ﬁ——{‘lz F1982| } (54)

R P

where p? = plpp for notational simplicity. It is well
known that g, = g,¢f_; and | g, | = 1 (also g, = 1),
since for L = M, all zeros are on the unit circle. There-
fore,

L 2 L
(1;: Igiz 1> = <l§ Igiz ’)

: (Z (L - l)gL—lzi_(L_l)>

1=0

L
= -l
( pIgIE )

. L
' <,§) (L - l)s’?‘d)&zf’“

L 2
= —| 2 e | gt (55)
where Lf_, gfz! = 0 is used. One can also write
Z,
z, = [ v ] (56)
Z}vEL
where
ejw]L
ejsz
E, = (57)

e JomL

so that Zj = (Z¥Z,) ' (Z%, EFZ].), then the elements
of the ith row vector p of Z; satisfy the relationship

P?jl = Pi,N—-L+1 €Xp (_j""z’L)9

forl<{<N-1L, (58)
comparing the y; , in (28) to the x; , in (27) yields
Yik = xje g, (59)
From (26),
- 2
E{(pf'Adisg')’}
N
=20’ k;} 22Xk Yik
X 2
= 20° [E:l 2|x,-,k| ]e"“”'Lg,_
= E{ | pPadisg | e_jw"LgL}- (60)

Substituting (60) and (55) into (53) leads to (52).

Comment: In general (L > M), the relationship be-
tween Var (AZ;) and Var (A®;) is very complicated for
FBLP. Numerical computations have shown (see Fig. 7)
that the ratio of Var (A&;) over Var (AZ;) decreases (not
completely monotonically) toward 0.5 as L increases.

For the special case L = M, the property implies that
the perturbation in estimated zero tends to move along the
unit circle without the radial variance (for FBLP).

For one signal case and L = M = 1, properties 2 and
3 give that

Var (A&;) g p = Var (A&, (61)

) FLP;

this means that, for frequency estimation and the one sig-

- nal Prony’s case (i.e., L = M = 1), FBLP does not in-

troduce improvement over FLP. In fact, it can be shown
[10] that FLP is the most efficient for one signal Prony’s
case and N = 2 or 3. Finally the last property is as fol-
lows.
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Property 4: For either FBLP or FLP, Var (A%;) and
Var (A&;) are

1) independent of |g;| for j # i but proportional to
1/|a;|* or 1/SNR;; and

2) invariant to the group shift of phases or/and fre-
quencies, where by group shift of phases we mean that all
phases are increased or decreased by a (additive) con-
stant; similarly, group shift of the frequencies implies that
all the frequencies are changed by a constant value.

Proof: The first part comes directly from (14)-(17).

To show the second part, it is sufficient to consider FBLP,
we denote the shifted frequencies and phases by

6),’=wi+Cw

6 = ¢; + Cy.
All variables with ~ denote the ones after the shift.
Then, it is well known (easy to show) that % = z;e/®
and g, = g,e’%!, so that
L L
2 gzt = 121 Igiz

=1

(62)
(63)

(64)

which is the denominator in (14) and (15). (Note that the
extra z7! in (14) does not contribute to the variance of
AZ) '

It is easy to show that

ZL = ECZL (65)
exp [JC.(L + 1) + jCy]
E; = exp (JC,N + jCy,) (66)
exp (—jC,N — jCy)
exp [—jC,(N — L) — jCo]
Therefore, B -
pl' = pl'EC. (67)
Then, one can verify that
PiAARE = pl'AAimg’ (68)

where A/iﬁg is the same as in (18) with n; replaced by
(69)

Now it is clear that AZ; is a linear combination of n; and
nf(k=1,2,--+,N)and AZ, is the same linear com-
bination [see (14), (64), and (68)] of 7, and 7] (k = 1,
2, - -, N); but both n; and 7, satisfy (33)-(35) so that
Var (A%) = Var (AZ). Similarly, Var (Ad;) = Var
(A&)).

Comment: It is known [8] that the Cramer-Rao lower
bound also has the same property. In fact, Var (A&;) can
be very close to the C-R bound as will be seen next. In
the next section, we show several examples of Var (Af;)
= 1/(27)* Var (Ad;)and the corresponding C-R bound.

A = n, €xp (_]ka - jC¢)
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IV. NuMericaL EXAMPLES

In this section we only consider examples for FBLP,
since the feature of FLP is simpler than FBLP.

Based on (14) and (15) with (33)-(35), one can com-
pute Var (AZ;) and Var (A&;). Although (28) can be used
to calculate Var (A%;), Appendix D gives the detailed for-
mula for computing both Var (AZ;) and Var (Ad;).

Examples 1 and 2 show the consistency between our
theoretical results and the simulation results by Tufts and
Kumaresan [1].

Example 1: As in [1], we assume that there are two
signals present (M = 2). The number of data samples is
N = 25. The frequency difference is w; — w, = 27 ( f)
— f) = 2m(0.02) (instead of saying that f = 0.52 and
£, = 0.5), and the phase difference is ¢; — ¢, = 45°.

Fig. 1 shows the normalized inversed Cramer-Rao
bound and the normalized inversed variance of the esti-
mate f; (i = 1 or 2; since the number of signals is two,
the normalized variances and the bounds of fand f, are
the same) versus the order of the polynomial. That is,

1
1 _—
0 logyo [Bound - SNRi] versus L

and
1

———‘:—_:I versus L.
VAR () SNR;

10 log,o [

In this example, from the plot, the optimal order of the
polynomial is Ly, = 19 = 0.76N.

Example 2: The same assumptions as in example 1 are
given, except that L = 18, which clearly is a good choice
according to Fig. 1, and ¢, — ¢, is varied. Fig. 2 shows
the C-R bound and the variance Var ( f;) versus the phase
difference ¢, — ¢,. That is,

10 lOglo versus 4)1 - d)z

1
Bound + SNR;
and

10 logo versus ¢; — ¢,.

VAR (f) - SNR;

Examples 1 and 2 are consistent with the simulation re-
sults presented in [1] where SNR; = 15 dB (see Figs. 10
and 12 in [1]). However, our results are much smoother.
Also note that in Fig. 2 the phase difference ¢, — ¢, =
86.4° when 1 /Var ( #:) reaches minimum as predicted by
(34).

Examples 3 and 4 demonstrate the dependence of the
optimal order of polynomial on the phase difference.

Example 3: This example is the same as example 1,
except that ¢, — ¢, = 86.4° which satisfies (42), so that
Z, has the largest condition number (with respect to other
phases). In Fig. 3, there are two humps. One is below L
= N/2 and the other is above L = N /2. But they are not
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Fig. 1. Performance and C-R bound for ¢, — ¢, = 45°.
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'
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~10L06G (VAR (F1) #SNR) AND C-R BOUND VS. PHi-PH2
M=2 N=25 L=18 F1-F2=0.02

Fig. 2. Performance and C-R bound for L = 18.

exactly symmetrical about L = N/2. For this example,
however, one may choose either Loy = 15 = 0.6N or L,
= 10 = 0.4N.

Note that if we let L = N — M /2 = 24 in this example,
Var ( f;) will be infinite (since the condition number of
Z; or Zpg will be infinite ).

Example 4: This example is the same as example 3,
except that ¢, — ¢, = —3.6° (or equivalently 176.4°)

predicted by

w
b =@t r(fi—HWN 1) =7 (70)
which, as one can show, causes the two columns of Z;
orthogonal to each other, i.e., Z;, to be best conditioned.
Note that, in general (M = 3), one cannot find such
phases ¢; that cause all columns of Z; to be orthogonal.
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In Fig. 4, the performance for L = }N is better than that

L-ORDER OF POLYNOMIAL
~10L0G (VAR (F1) ¥SNR) AND C-R BOUND VS. L
M=2 Ne=25 F1-F2=0.02 PH1-PH2=~3.6
Fig. 4. Performance and C-R bound for ¢, — ¢, = 3.6°.

from —~3.6° to 86.4° in steps of 15°. The plot is the in-

for L < }N. versed efficiency in dB versus L, namely,
Now we show an example that combines the different " Bound

features caused by different phase differences. 10 logo [—”J versus L.
Example 5: The parameters are assumed to be the same Var (f;)

as in example 3 or 4, except that ¢, — ¢, takes values

Note that if ¢, — ¢, takes values from 86.4° to 176.4°,
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Fig. 5. Efficiency (inversed).

the pattern of Fig. 5 will be repeated since, as one can
show, for M = 2 Var ( ﬁ) is a periodic function of ¢, —
¢, with period 180°.

Based on this example, one can assume that

Loy = 17 = 0.68N. (71)

To show that the pattern of Var ( f;) follows the C-R
bound, we have the following example.

Example 6: This example is the same as example 2,
except that fi — f, = 0.01 instead of 0.02. Fig. 6 shows
that there are two extremes. The minimum of [1/Var
(f1)] occurs at ¢; — ¢, = 133.2° which is predicted by
(42). The maximum of 1/Var ( ;) occurs at ¢; — ¢, =
43.2° which is predicted by (70).

The last example shows the complicated character of
the ratio of Var (&;) over Var (;).

Example 7: All parameters are given as in example 1.
The plot shows

Var (&;)

Var (%;)

We see that the ratio is decreasing (but not completely
monotonically) with L toward 0.5. In fact, we have found

numerically that, in most cases, the ratio is larger than
0.5 and approaches 0.5 when L is close to N — M.

versus L.

V. CONCLUSION

The first-order perturbation analysis of the TK method
is performed. Several fundamental properties are shown
(and proved). Also, numerical examples are presented to
illustrate some of the features.

APPENDIX A
RANK OF Agp

In this appendix, we discuss the rank of (noiseless) Agp.
As in (6), the noiseless coefficients vector g is

8= “A;ma (A-l)

where Ajp is defined as in (7) without the hat *

Clearly, the existence of Az requires that Az has rank
M. In fact, if and only if Az has rank M, the M correct
zerosz; = e’®i (i = 1,2, -+, M) can be extracted from
the polynomial formed by the coeflicients vector g given
in (A.1).

The following decomposition is useful for our discus-
sion:

/4[8 = ;ZLI\;ZR ([\.2)
lai]
A= iaz l . (‘x'3]
||

e—jwl e—jw|2 e—jwlL
e*jwz e—jsz e*jwlL

Zp = (A.4)
e—juw e—-jwMZ . e—jme
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V4
Z, = ‘:._Lf]
Zp
exp [jw(L + 1) + jo,] - exp [jou(L + 1) + jou] ]
_ exXp []w](N) + ]¢1] * €Xp [jwM(N) + j¢M] (A 5)
exp (—jw, — jé1) exp (—jou ~ jou)
Lexp [—joi(N = L) = jé] - -+ exp [—ju(N — L) — jou]
It is clear that A is nonsingular (rank M ), Zz has rank
Mif andonly if L = M, and Z; has rank M if L < N — hich i . ..
M, so that Apg has rank M if M < L < N — M. It s also Which is a permutation matrix;
clear that Azp has rank less than Mif L < MorL > N — e
M/2. —
What about N — M + 1 < L < N — M/2, or equiv- Ey = & (A.8)
alently, M/2 < N — L < M — 1, which are ‘‘valid”’ "
values for L proposed in [2]? It turns out that Z; (or con- ) M
sequently Agp) does not always have rank M for M /2 < e; & exp (—jow;(N + 1) — j2¢,). (A.9)
N-L=M-1.
Notice that Z; can be written as In fact, if ¢; = ¢, for all i # [, or equivalently, (10) is

Z,

Z, = [ LF ] (A.6)
PZLFEN

where

(A.7)

true for all i{ # [, then Ey = I - ¢,, where ] is identity
matrix so that

%= L) - (5]

where ~ means that one side is nonsingularly trans-
formed from the other so that both sides have the same
rank.
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Fig. 7. Ratio of frequency variance over Zero variance.

Clearly, Z; above (or Agg) has the same rank as Z;,
whichisof rank N - L(=M - 1)ifM/2 < N-L <
M- L.

More generally, we have the following theorem.

Theorem A.1: We partition the set {e|, e;,* - -, ey}
into groups Gy, Gy, * * *, G,, such that elements in each
group are equal and elements from different groups are
not. Let Ng be the number of elements in group G;.
Clearly, Zi_ | Ng; = M. Without loss of generality, we let
NGI = NGZ = ¢ = NGr‘ .

Assume M/2 < N — L < M — 1; then

1) if N, = N — L + 1, then

Rank (Agz) = Rank (Z)
=M-Ng +N—-L=<M- I

2) if Ng, = N — L and
a) if M — Ng, — N — L + 1, then

Ng, + N — L < Rank (A4z) = Rank (Z,) < M;
(A.12)

(A.11)

b) if M — Ng, < N — L, then
Rank (AFB) = Rank (ZL) =M. (A13)

Note that there is an inherent assumption that N = 3 M,
otherwise, no choice of L can be used to estimate the M
unknown frequencies.

Proof: SinceL =N - M+ 1= M + 1, Z has full
rank M so that Rank (Z;) = Rank (Agz). Changing the
order of the last N — L rows of Z; leads to

zZ
Z, ~ [ ” } (A.14)
ZLFEN

Reordering the columns of Z; according to G, G,, * * -,
G, yields

z, ~ [Zm
ecZLr

Zip * Zipr

] (A.15)

€ Zirr " e iy

where e, is an element in group G;.
Multiplying the first N — L rows by eg, and subtracting
it from the last N — L rows yields

7 ~ !:ZLP] Zir, * Zir, }
- _(L (eci — €6,)Zir, *** (eq, — €G)Zir,
N,
(A.16)

1) If Ng, = N — L + 1, then columns of Z; 5, span the
complex vector space CV ™! 5o that

N I

0 (eq, — eq)Zir, - (eg, — €6)Zir,

(A.17)

Since M < 2(N — L), then M — N, = N—-L -1
so that the last M — N, columns are independent. Also,
Rank (Z;r,) = N — L. Therefore,

Rank (Z,) =M — Ng, + N—L <M — 1.

2) If N = N - Land
a) if M — Ng, =2 N — L + 1, then the last M —
Ng, columns of Z; in (A.16) have rank at least N — L
(e.g., eg, = **+ = eg,), or at most M — Ng, (e.g.,

(A.18)



HUA AND SARKAR: PERTURBATION ANALYSIS OF TK METHOD

e, # eg for2 < i # j < r) so that
Nogo + N—L=<Rank(Z)) <M, (A.19)

b) if M — Ng, = N — L, then as can be shown sim-
ilarly,

Rank (ZL) = NG[ + (M - NGI) =M. (AZO)

Comment: If w; and ¢; are independent (random) un-
known parameters, it may be reasonable to say that Rank
(Z,) = M in ‘“‘almost’’ all cases since e; are unequal in
“‘almost’” all cases forM/2 < N—-L <M — 1.

APPENDIX B
PERTURBATION IN TRUNCATED PSEUDOINVERSE

In this appendix, we prove (13).
Proof: We rewrite (11)

A=A+ AAd (B.1)

where A has rank M. A has rank M = M; and, for the
moment, AA is not necessarily a matrix with very small
elements.

One can verify the identity [6]

At — AY = —ATAAAT — (A"A)TAA"P}

+ R} AA"(44")" (B.2)
where Py = I — AA" is the projector onto the orthogonal
complement of the column space of A. R =1 ~ A%Ais
the projector onto the orthogonal complement of the col-
umn space of A”.

By SVD,

W
At = 2 —aof (B.3)

A7 =
i

a0 (B.4)

16,-

where 6;, 4;, and #; are defined as in (7).

Let 4, be a vector from the space spaned by #&;, #,,
-+ -, dy. Clearly, as AA approaches zero, this space ap-
proaches the column space of A” so that @, approaches a
vector, #,, from the column space of A7 ; and v, is a vec-
tor from the column space of A.

Then, we know that

Piv,=0 (B.5)
Ria,=0 (B.6)
and
ald+ = ald). (B.7)
Therefore, from (B.2),
(A7 — AN v, = 4HA"AAA . (B.8)

Now let A4 approach zero, so we have

ufAdiv, = —ufA*AdA*y,. (B.9)
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ApPENDIX C
CoNDITION NUMBER

In this appendix, we show the following theorem.
Theorem C.1: Let Z be a matrix of rank equal to the
number M of its columns; let E be a unitary matrix; and

Z —
ZFE

Z' = [ZF].
Zp
Denote by g, and oy, respectively, the largest and small-
est (nonzero) singular values of Z, and similarly, for
o1 and o).
Then

(c.1)

(C.2)

o < 0] (C.3)

Oy = Ty.

(C.4)

Therefore, the condition numbers k and k', of Z and Z',
satisfy

ket (C.5)

Proof: 1t is well known [5] that

ot = max [x"Z"Zx] (C.6)
lxllz=1
then
o = "nﬁax [x728Zrx + x"EHZEZ:Ex)
xlz2=1
|max [x¥Z8Zpx + xHZ28Z:x]
xl2=1
= g}’ (c.7)

with equality when £ = I - C, where C is a complex
number.
Similarly, we can show

0y = o} (C.8)

APPENDIX D
COMPUTATION OF VAR (AZ;) AND VAR (AQ;)

This appendix gives the expressions of Var (AZ;) and
Var (Ad;) for numerical computation.
One can verify that [from (14))

N
piAArg = /E}l (mxix + 0 yig) (D.1)
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where
)
*
[=L+l_kpi,k+l—Lgl
l<k=<k
N-k
Xik = < SL,N—L I=L§17kprk+legl
k<k=<k, (D.2)
N—k '
12210 P?,‘k+1—ng
ky+1=<k=<N
-
l:L+1_kPi,N—2L+k+IgL—I
1l sk=<k
N—k
Yik =) SLn-L 2 PfN—2L+k+18L—1 (D.3)
I=L+1-k
kk+1l=<k=sk
N—k
{=Zo PfN—2L+k+18L—1
k ky+1=<ks<sN
k; = min (L, N — L) (D.4)
ky = max (L, N — L) (D.5)
and
S {0 L>N-1L (D.6)
EVEET L L<N-L '

Note that, if L= N — LorL = 5N, there is no such k
that satisfies k; + 1 < k < k,, so that the second terms
in x;, and y; , do not exist. Then from (14), (15), and

(33)-(35),
N
1 1 Xk T Vi
AY — o I 2 » .
Var (ad;) SNR,-ZJE [m < D, >
Xik = Yik
+ R v L L L D.7
“[52]] )
1 N 2 2
Var (A) = ——— 20 [|xi” + |y (D.8)
( ) SNRi‘Di|2k=l[| ,k‘ | kl ]
where
SNR, = |a;|* /20 (D.9)
v o
D, = 121 g1z (D.10)
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