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ABSTRACT: We compute all of the one-loop corrections that are enhanced, O(A\;\;/1672),
in the limit s > A% > MEV to all the 2 — 2 longitudinal vector boson and Higgs boson
scattering amplitudes in the C'P-conserving two-Higgs doublet model with a softly broken
Zo symmetry. We find that requiring the elastic one-loop scattering amplitudes to be
perturbative places the most restrictive bounds on the quartic couplings of the 2HDM. In

the two simplified scenarios we study, the typical bound we find is |\;(s)| < 4.
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1 Introduction

Prior to the discovery of a Higgs boson at the LHC [1, 2] with a mass my, ~ 125 GeV [3],
theoretical considerations were used to place upper limits on how heavy the Higgs boson of
the Standard Model (SM) could be. Lee, Quigg, and Thacker famously derived an upper
bound of A < 167/3, or equivalently m;, < 1/167/3v ~ 1 TeV with v ~ 246 GeV, by
translating the unitarity of the S-matrix into an upper limit on the magnitude of partial
wave amplitudes for 2 — 2 longitudinal vector boson and Higgs boson scattering [4, 5], see
also [6]. This work was subsequently extended to the one-loop [7-9] and two-loop [10, 11]
levels, which allowed for the study of bounds on mj, due to perturbativity as well unitarity,
and their interplay.

Despite the tremendous success of the Standard Model, there are good reasons to
think that Nature might be described by an extended scalar sector. For starters, multiple
generations of fermions are known to exist, so why shouldn’t there be multiple Higgs dou-
blets (or other multiplets) as well? More concretely, the couplings of the Higgs boson to
vector bosons are consistent with the SM predictions, but the experimental uncertainties
are currently in the tens of percents [12-14]. Any deviation from the SM in these mea-
surements would be a clear signal of additional Higgs bosons, and the uncertainties are
currently large enough that this is a possibility.! There are theoretical arguments which
favor extended scalar sectors as well. The mass-squared parameter of the Higgs doublet
of the SM is quadratically sensitive to the highest scale in the problem, rendering it un-
stable against quantum corrections. Beyond the SM solutions to this naturalness problem
typically introduce new particles around TeV scale. The most well studied solution, the
Minimal Supersymmetric Standard Model (MSSM), contains two Higgs doublets.

After the Standard Model, the theory with the next simplest scalar sector is the two-
Higgs doublet model (2HDM) [16-18]. Clearly, it is interesting to study the unitarity
bounds in the 2HDM as the scale at which new particles are expected to appear is the
same scale as the Lee, Quigg, Thacker upper limit on the Higgs mass in the SM. In fact,
many authors have studied the tree level unitarity bounds on the quartic couplings and
Higgs masses of the 2HDM [19-27]. Extracting bounds on the masses of the Higgs bosons
from the bounds on the quartic coupling is not as straightforward in the 2HDM as it was
in the SM because in general the squares of the masses of the Higgs bosons of the 2HDM
are not simply proportional to a linear combination of quartic couplings. In this work,
we present the first one-loop level analysis of the perturbative unitarity bounds in the
two-Higgs doublet model. Specifically, we compute all of the one-loop corrections that are
enhanced, O()\;\;/1672), in the limit s > \jv? > MZ, to all the 2 — 2 longitudinal vector
boson and Higgs boson scattering amplitudes. As this is a first work, we do not consider

!Combining these experimental measurements of Higgs couplings with the bounds from perturbative
unitarity is an efficient way to reduce the parameter space available in theories with extended Higgs sec-
tors [15].



the most general scalar potential in the 2HDM, but rather require that the potential is C'P-
conserving with a Zs symmetry that is at most softly broken. Furthermore, we content
ourselves with bounding the quartic couplings at the one-loop level, and save bounding the
masses of the Higgs bosons for future studies. To this end, we find that perturbativity of
the elastic one-loop scattering amplitudes places the most restrictive bounds on the quartic
couplings of the 2HDM. In the two simplified scenarios we study, the typical bound we find
is |>\Z(S)| ,S 4,

The structure of the rest of the paper is as follows. We start in Sec. 2 by giving
the background necessary to understand the calculations and analysis we perform. After
describing the 2HDM, which also gives us a chance to define our notation, we review
the partial-wave analysis that is used to obtain upper limits on the quartic couplings.
The details of the one-loop computation are discussed next in Sec. 3. In particular, the
computation is greatly simplified through use of the Goldstone boson equivalence theorem,
which relates scattering amplitudes with external longitudinal vector bosons to amplitudes
external Goldstone bosons. The conditions for the Goldstone boson equivalence theorem to
hold at the one-loop level place restrictions on which renormalization schemes can be used
to render the one-loop amplitudes finite. We then move on to the analysis of constraints
on the quartic couplings due perturbative unitarity at the one-loop level, which is done
in Sec. 4. After making some general considerations and reproducing the SM results, we
analyze two simplified scenarios, the 2HDM in the limit where the longitudinal Goldstone
boson scattering amplitudes possess an SO(3) symmetry, as well as a scenario inspired
by the form of the scalar potential in the MSSM. After that, our conclusions are given in
Sec. 5. Finally, Appendix A contains our results for the self-energies, while Appendices B
and C contain our results for the scattering amplitudes.

2 Background

2.1 Two-Higgs Doublet Model

The two-Higgs doublet model contains two SU(2), scalar doublets each with hypercharge
Y = 1/2. We are using the convention Q = T2 + Y, where T* = 7¥/2 are the SU(2),
generators and 7F are the Pauli matrices. The most general scalar potential consistent
with SU(2)r, x U(1)y can be written as,

V = m3 (®I01) + mdy(BIDy) — [mIy(®]®2) 4 huc.] (2.1)
+ 3A(R1D1)7 + FAa(@] D)% + Ag (@] D) (@5 Ds) + A (B] @2) (PLPy)
+{5Xs(D] D)7 + [A6(B] 1) + A7 (@502)] (9] ®5) + hc.}.

The parameters A5, Ag, A7, and m?, are in general complex, while the rest of the parameters
are always real. However, for the scalar potential to explicitly conserve C P-symmetry, there
must exist a basis where the parameters A5, Ag, A7, and m%Q are all simultaneously real. To
avoid Higgs mediated flavor changing neutral currents (FCNCs) at tree level, we restrict the
form of the potential by imposing a Zs symmetry under which the scalar fields transform
as ®; — ®; and & — —P,. We are agnostic about the Zo charge assignments for the



fermions in the theory. This symmetry forces Ag, A7 — 0, which then allows for A5 to be
made real with a rephasing of ®; [28]. For the Zs symmetry to be exact, m2, must also
be zero. However, we will allow for a soft breaking of the Zs symmetry by keeping m3,
real to achieve a C'P-conserving potential, but non-zero in general, as this scenario is more
phenomenologically interesting. In any case, the bounds from perturbative unitarity on
the quartic couplings are only very weakly dependent on m%2 at large s. This dependence
is induced at one-loop due to terms of the form, for example, In m?4 /m% (with m 4 being
the mass of the C'P-odd Higgs). With these restrictions, the potential now has the form,

V = miy (B]®1) + my(P40s) — md,[(@]D2) + hc] + LA (@] D1)? (2.2)
+ $A(®1®2)? + Ag(@]@1) (®1B2) + Aa (@] Do) (BLP1) + FAs[(@]D2)? + hoc].

Requiring Eq. (2.2) to be bounded from below leads to the following tree level constraints
on the parameters in the potential [17],

AM >0, A>0, A3>—vVAMAy, A3+ A\— ‘)\5| > —1/ A As. (2.3)

In what follows, it will be convenient to expand the fields in the basis where the Zo is

manifest as,

wt hi +1z;
o = J , onj=—+—"2  (j=1,2). 2.4
J <nj+vj/ﬂ n] \/i (] ) ( )

Here we have (@;) = (0, v;/V/2) with v; = veg, va = v sg, where we are using the notation
sg, cg, and ty are the sine, cosine, and tangent of 6 respectively. The minimization of scalar
potential, which breaks SU(2)r, x U(1)y — U(1)gm, is given by

m%l = m%Qtﬁ — %UQ()QC% + )\3458%), m%Q = m%ztgl — %'UQ(AQS% + )\3450%), (2.5)

with A345 = A3+ Ay + A5. The relationships between the rest of the parameters in Eq. (2.4)
and the Goldstone boson and physical Higgs states are: h1 = co H — sqh, ho = so H + coh,
21 = cgz — SgA, 20 = sgz+cgA, where h and H are the neutral, C' P-even Higgs bosons, A
is the neutral, C'P-odd Higgs boson, and z is the would-be neutral Goldstone boson. The
relations for the charged bosons are analogous to those for the C' P-odd bosons.

In some instances, it will prove more convenient to use the Higgs basis rather than
the Zs basis. The Higgs basis can be obtained from the Zy basis by making the following
rotation, Hy = cg®q + sgPo, Hy = —s5P1 + cgP2, such that

\@le( vawr ) \@H2=<ﬁﬂ+>, (2.6)

v+ ¢ iz o +iA
with ¢1 = cg_oH + sg_ah, ¢p2 = —Sg_oH + cg_oh. In the notation of [29], the potential
in this basis is given by
V = My (H{Hy) + M3y (Hy Ha) — Mip[(H{ Hp) + h.c] (2.7)
+ 31 (H{H1)? + 3 Ao (HIH))? + Ag(H{Hy)(HY Ho) + Ay(H{ Ho)(H3H))
+ {$As(H] Hp)? + [A(H| Hy) + A7 (H}Hy)|(H{ Hp) + h.c.},



where all the parameters are real due to the CP-symmetry. Since there are only five
quartic couplings in the Zo-basis, two of the seven quartic couplings in the Higgs basis are
dependent upon the other five. The minimization conditions are simpler in the Higgs basis,
and are given by

ME = f%sz, M3, = %A(;Uz. (2.8)

We will occasionally refer to the alignment/decoupling limit of the 2HDM, where
$g—q — 1 for my, < mpy or cg—_o — 1 for mg < my, and the couplings of the aligned
Higgs boson approach those of the SM, see [17] or more recently [30, 31]. Results from
Run-1 of the LHC have pushed the parameter space of the 2HDM towards this limit [32].
In the Higgs basis, alignment can achieved by taking Ag < 1, while decoupling occurs
when M2, > v2

2.2 Partial-Wave Analysis

We are interested in seeing how large the parameters of the 2HDM can be. To this end,
we perform a partial-wave analysis. Partial wave amplitudes are bounded by the unitarity
of the S-matrix, STS = 1, which requires

a7 — %z"Q—FZ}a%_’"‘Q =1 (2.9)
n>2

Here, a§%2 are the eigenvalues of the matrix of 2 — 2 /-th partial-wave amplitudes, a%HQ.

In this work, we do not compute any of the inelastic scattering amplitudes that appear
in Eq. (2.9).2 We do however make a few comments about the 2 — n amplitudes before
continuing with the analysis of the 2 — 2 amplitudes. The inelastic scattering amplitudes

2—2

in Eq. (2.9) are computed in a basis where a;~“ is diagonal, and in each term in the sum

contains an implicit integral over the n-body phase space. The scattering amplitudes that
enter the 2 — 3 partial-wave amplitudes scale as M?73 ~ A2uv/s, leading to |aZ73|* ~
)\?UQ /s after the phase space integration is performed. Thus, in the energy limit under
consideration, s > \;v?, the 2 — 3 partial-wave amplitudes can be neglected. The leading
inelastic amplitudes that persist in the energy regime we are considering are the 2 — 4
scatterings, which have the following scalings, M?>7* ~ A?/s and |a?7*|? ~ A}. In the
SM, the 2 — 4 amplitudes are a few percent of the total contribution to the partial-wave
amplitudes for moderate values of the quartic coupling [9].

Henceforth we will drop the superscripts from a, and only consider elastic scattering,
unless explicitly stated otherwise. In this case, the unitarity of the S-matrix puts an upper
limit on the magnitude of the eigenvalues of ay,

|ag — Li)* < L. (2.10)
As can be seen from Eq. (2.9), the equality is satisfied if and only if all of the inelastic
scattering processes vanish. From (2.10), two perhaps slightly more familiar, but in general

2Note that because the as’s are eigenvalues, all of the 2 — 2 processes in Eq. (2.9) are elastic, and

similarly, all of the inelastic processes in Eq. (2.9) are the 2 — n amplitudes. This is course not true in

+

general, e.g. wTw~ — 2z is inelastic 2 — 2 scattering.
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Table 1: Initial states for 2 — 2 scattering broken down by total hypercharge, total weak
isospin, and transformation under Zo. The Zs-even, Y = 1, 7 = 0 states are identically
zero. We have omitted the Y = —1 states, which can be obtained from the Y = 1 states
by charge conjugation.

weaker bounds can be derived,

lag) <1, |Re(ar)| < 3. (2.11)

At tree level, and for the energy regime of interest, s > \jv? > MI%V », the only non-zero
partial wave is the ¢ = 0 wave, so it will be the only partial-wave we will consider.

To compute agy, we adapt the approach of [24, 25] to the one-loop level. Refs. [24, 25]
showed that the tree level derivation simplifies considerably in the Zs basis with non-
physical Higgs fields w;-—L, nj, and nj. At high energies, the SU(2), x U(1)y symmetry is
manifest, and weak isospin (7) and hypercharge (V') are conserved by the 2 — 2 scattering
processes at tree level. Thus, ag is block diagonal at leading order, with blocks of definite
isospin and hypercharge. These blocks can themselves be broken down into smaller blocks
by noting that, at tree level, Zo-even and -odd states do not mix.

The full set of initial states, and their representations under these symmetries is given
in Table 1. For the 7 = 1 states, k = {3, +, —}. We have defined ®; = (i72®;)T. The states
with Zs-even, Y =1, 7 =0, i.e. %(i)ﬁbl), are identically zero since they are proportional
to &% 51J

charge conjugation.

States with hypercharge —1 can be obtained from the states with ¥ = 1 by

For a given initial state ¢ and final state f, the corresponding element of ag is given

by,
1 0
167s /SdtMi®f(S,t),

where we have assumed the states can be treated as massless. Here, M;gs represents the

(a0)ir = (2.12)

sum of all possible amplitudes involving w ; nj, and nj (with the appropriate weights)
that can be formed from the initial and ﬁnal states. For example, suppressing the explicit



dependence on s and t,

1
ML(@IQ&)@L(QET&I’Q) - 5 (wa’wf—)w;w; - wawl_—myz;

V2 V2

(2.13)

+Mn1n’{~>w+w; - M"llnf—”mn;) :

2

The amplitude in Eq. (2.13) is actually zero at tree level (it’s non-zero at one-loop), but
was chosen as it is a simple example of the combinatoric exercise.

The block diagonal structure of ag does not hold beyond tree level. However, it still has
an important consequence for the analysis at the one-loop level. For all tree level blocks
whose eigenvalues are unique (for a given net electric charge in the scattering process),
because the block diagonal elements start at tree level and the off-block diagonal elements
start at one-loop, the off-block diagonal elements do not affect these eigenvalues until
the two-loop level. Thus, they can be ignored for the purposes of the one-loop analysis.
For neutral initial states, eight of the 14 eigenvalues are unique, with three additional
eigenvalues appearing twice. On the other hand, all of the eigenvalues for the charged
initial states are unique. This difference occurs because, for example, both %(éﬁﬂbj) and
%(CE‘T*CD;) are neutral initial states (that lead to the same block of scattering amplitudes),
whereas 1 (®;73®;) and %(&3;‘73@;) have opposite electric charges.

At one-loop, the approach of [24, 25] works for all diagrams where the particles can
all be treated as massless. In the high energy limit under consideration, this corresponds
to all the 1PI one-loop diagrams. The only diagrams that can not be computed using this
strategy are the external wavefunction corrections, as they are independent of s (and t).

3 One-Loop Calculation

3.1 Equivalence Theorem

We are interested in the full set of one-loop amplitudes for longitudinal vector boson and
Higgs boson scattering in the energy regime, s > \v? > M%, »- The computation of
these amplitudes can be greatly simplified through use of the Goldstone boson equivalence
theorem [4, 5, 33-35]. At the one-loop level, the theorem states that an amplitude involving
n external, longitudinally polarized vector bosons is related to an amplitude with n external
Goldstone bosons as,

MWE, Zp, h,...) = (C)"M(w®, z, h,...) + O(Mw//3). (3.1)

To make the computation of scattering amplitudes involving longitudinal vector bosons
as simple as possible, we will use Eq. (3.1) and choose our renormalization scheme, to be
discuss in Sec. 3.2, such that C' = 1. As was just alluded to, the constant C' depends on
the choice of renormalization scheme [34],

V0 1/3 ,
C=-—""—"""T1+0 , 3.2



where MSV and My, are the bare and renormalized mass of W¥ respectively. In general,
we denote the bare value of a parameter X, as X°, and its counterterm is defined by
60X = X"~ X. Zy+w- and Z,+,,- are the wavefunction renormalization constants of the
physical W bosons and the charged Goldstone bosons, w¥, respectively.

Ref. [34] showed that C = 1 + O(g3) when the Goldstone bosons are renormalized
using a momentum subtraction scheme with subtraction scale m? < \;v?, where g is the
gauge coupling of SU(2)y. Since M2, = g3v%/4 at tree level, the O(g3) terms are small
in the parameter regime of interest, g3 < \;. In addition, this hierarchy in parameters
further simplifies that calculation by allowing us to consider only scalar particles in the
;Iﬁw, =1+ O(g3), then it follows that M}, /My =
[1 4 O(g3)]. This relation implies

Sv?

02

loop diagrams. Furthermore, since Z
1+ 6 My /My = Z*?

wtw—
= T — 1, (3.3)
with Zw = Lytw—-

3.2 Renormalization

The renormalization of the two-Higgs doublet model is discussed in depth in [36]. In
contrast with that work, and the loop level SM perturbative unitarity analyses [7—11], we
use the MS renormalization scheme with two exceptions, which are necessary to satisfy
the Goldstone boson equivalence theorem. The first exception is the finite renormalization
of v, Eq. (3.3). In addition, instead of MS, we exactly cancel the tadpole diagrams by
subtracting the appropriate combination of Goldstone boson self-energy and Goldstone-
Higgs mixing at zero momentum from all the scalar self-energies and mixings [37]. The
relevant part of the bare Lagrangian in the Higgs basis is,

L5 (M) + 5A0 (%)) (whw™ 322 + 561 +00¢1) (3.4)
— (My)° + 3A) ) (w H™ + HYw™ + 2A+ d1¢2 +0¢2).
At tree level, the right hand side of (3.4) is zero due to Egs. (2.8), but this cancellation
does not hold in general at the loop level. More to the point, (3.4) shows that the tadpole
counterterms are related to the self-energies of the Goldstone bosons and the Goldstone-
Higgs mixing at zero momentum. The particular combinations are,
6T, = —v°[sp-a11.2(0) + cs—all 4(0)], (3.5)
6Ty = —v"[cg—al1.2(0) — s5_all,4(0)].
Note that sz(o) = Huﬂrw* (0) and HZA(O) = Hw*H* (0), and Hij(p2) = sz‘(p2). All the
tadpole diagrams can then be ignored provided the scalar self-energies are modified as
follows,

Hw*w* %) = Hw*w* (p2) - HZZ(O)v (3'6)



with II;+ - and 1144 unchanged. The mixing between the Goldstone bosons and the
physical Higgs bosons must also be modified,

Wyt - (0°) = Wy - (9%) — TL24(0), (3.7)
ﬁzA(p2) = HzA(pQ) - HzA(O)>
ﬁhH(pQ) = HhH(p2) — 88-aCp—allzz(0) — (C%—oz - 5%—a)HzA(0)-

Explicit expressions for the self-energies can be found in Appendix A. The wavefunction
renormalization then depends on the shifted self-energies as well,

1 dIL;;(p?)
ZW/2 gy 2 Sl
73 + 2 dp2 ’

p2—m?

(3.8)

2 I(m2)
z}?* = Z)

K m; —m;
Note that Z/? is not tri ZM2 =0, but 2/ 0. For lat i
ote that Z;/” is not symmetric, e.g. Z ") =0, but Z;7 # 0. For later convenience,
we define a reduced wavefunction renormalization,
1/2 1/2
Zij/ == 167T2(Zij/ - 52j) (39)

Importantly, in addition to exactly canceling the tadpoles diagrams, this scheme renormal-
izes the Goldstone bosons on-shell, which satisfies the condition for the Goldstone boson
equivalence theorem to hold at one-loop as discussed in Sec. 3.1.

The quartic couplings and the soft Zy breaking parameter are renormalized using the
MS scheme. As previously stated, the renormalized parameters are defined in terms of the
bare parameters as,

M =N 40N,  (m2y)" =miy + omi,. (3.10)
In D = 4 — 2¢ dimensions, after making the following replacements in the Lagrangian,

i — A\iji%€ with u? = 4me~7i%, the counterterms can be written as

1

0X = —
1672¢

Bx. (3.11)

Our findings for the beta functions in Eq. (3.11) agree with the well known results in the
literature, see e.g. [38],

Bay = 6AT + 2X3 + 2X3M4 + A% + AZ, (3.12)
Bay = 6A3 4 2)2 4+ 2304 + A3 + A2,
Brg = 2203+ AT+ (A1 + A2) (3As + Aa) + A2,
Brg = (A1 + A2 +4X3) Ay + 2A7 + 4)3,
Brs = (A1 4+ Ao + 4A3 + 6X4) A3,
Bz, = mis (A3 +2X1 +3X5)

3Recently, the complete two-loop beta functions in the C'P-conserving 2HDM with a softly broken Zs
symmetry have been determined [39].



For a given parameter X in Eq. (3.12),
dX
2 MQW'
m

From Egs. (3.3) and (3.11), it is straightforward to derive counterterms for the mass pa-

Bx = 16m (3.13)

rameters,

(5m% 5m%)1vTS + (Zy — 1)(m%b + m%wc%_a), (3.14)

smi = (6mi)ys + (Zw — 1)(mF +m3, s5_,),

Smiy )55 + (Zw — 1) (ms +m3,),

2

(
(
S(mpmp) = (0(mpmp))ys — (Zw — 1)m22w85_a05_a,
(
(6mA)xzs + (Zw — 1)(m +mi,),

where we have defined,
QmQZw = m%},S%—a + m%[c%_a + (m} — qu)sw,mt;ﬂl — Qm%zslglcgl. (3.15)

These counterterms render the Higgs self-energies finite, which in turn modify the tree level
relations between the physical Higgs masses and the parameters in Eq. (2.2). The loop
level relations can be written in a form analogous to the tree level relations,

2 2

)\11)205 = m%c + mis?

o — miats, (3.16)

2.2 _ =2 2 | -2 2 2 -1
A0S = M Sg + My Cq — Mgty

2 —2 =2 2 -2
A3v7s98 = (M — My)s20 — 2(Miy — Mi4523),
Mo? = m%QS/glcEl +m% — 2m§{+,
2 2 ~1 -1_ -2
AsV7 = miaSg Cyo — Mg,

with m? = m? — Re[ﬁu(mf)] (and II being the renormalized self-energy). We have chosen
not to rediagonalize the mass matrix for the neutral, C'P-even Higgs bosons, which would
have induced a dependence of Eq. (3.16) on Il and a redefinition of a.

3.3 2 — 2 Scattering Amplitudes

The only one-loop diagrams that survive in the limit s > ;0% > M‘%V 5 are the 1PI di-
agrams with two internal lines, i.e. 1PI bubble diagrams, and the external wavefunction
renormalization diagrams.* In this limit, the masses of the internal particles can be ne-
glected in the bubble diagrams. This allows us to use the non-physical Higgs fields wji, n;,
and n}" in computing the bubble diagram contribution to ag. Furthermore, in this limit,
the bubble diagrams preserve the block diagonal form of ag. Up to symmetry factors, all
of the bubble diagrams have the form,

1 1 —p? —i0T
— AN ——In| ————)+2]. 1
167T2MJ<6 n< 2 >+ > (3.17)

4The 1PI diagrams with three and four internal lines scale as v?/s and v*/s> respectively. The contri-
bution of these diagrams to longitudinal vector boson scattering in the SM is IR-finite [8]. In the 2HDM,
there are no new topologies, and the presence of extra masses in the loops can only serve to improve the
regulation of the IR behavior of these diagrams, such that they can indeed be neglected in the limit s > v?.
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For p? > 0, the branch cut in the log yields In(—p?) — In(p?) — ir.

Unfortunately, this trick of using non-physical Higgs fields will not work when comput-
ing the one-loop corrections to the external legs of the amplitudes because the masses of
the Higgs bosons can not be neglected for those diagrams. Instead we calculate and renor-
malize the external wavefunction corrections in the Higgs basis with the physical Higgs
fields, as the expressions are simpler in this basis. The results are then converted back to
the parameters of the Zs-basis such that the parameterization of the scattering amplitudes
is consistent amongst all of its contributions.

All of the energy dependence of ag in this limit can be subsumed into running couplings
through standard renormalization group (RG) methods. The running couplings, \;(u?),
are the solutions to Eq. (3.12) with initial conditions at the scale p given by Eq. (3.16). By
setting 12 = s in the fixed order scattering amplitudes, we remove all of the explicit energy
dependence from (the high energy limit of) the amplitudes. Then the couplings appearing
in the scattering amplitudes should be interpreted as the running couplings evaluated at
p? = s, ie. A\(s).

Consider a generic block of one-loop scattering amplitudes in ag,

—1672by + by —1672co + 1
25632y T2 — . 3.18
T % —1672¢co + ¢ —1672do + d; (3.18)

We label blocks of ag and their eigenvalues by the electric charge (@), hypercharge (Y),
weak isospin (7), and transformation under Zs of their initial state. For a given @, if the
tree level eigenvalues for this block are unique (with respect to all of the eigenvalues of ay
for that @), the corresponding one-loop level eigenvalues are

25670y 7 = — 872 <bo + do + \/ (bo — do)* + 4cg> (3.19)

(bo — do) (b1 — dy) + 4cocy
V(b — do)? + 4¢3

Explicit expressions for the scattering amplitudes that form the block diagonal and off-

1
t3 b +dy £

block diagonal elements of ag are given in Appendices B and C respectively. With this
organization, for eigenvalues that are unique at tree level, the corresponding one-loop
eigenvalues only depend on the results of Appendix B. On the other hand, for degenerate
tree level eigenvalues, the corresponding one-loop eigenvalues depend on the results of both
Appendices B and C. Our results for the tree level eigenvalues agree with those of [22-25],

1
—16madieven = 5 </\1 + A2+ \/ (A1 — Xo)? + 4Ai> . —16madledd = N3 £ X5, (3.20)
1

—16magiever = 3 ()\1 SDYE= \/()\1 — )%+ 4>\§> . —16madlod = N3 4 Ay,

1
—167Ta8(fven = B (3)\1 4+ 3Xg & \/(3)\1 — 3)\2)2 +4 (2)\% + )\4)2> ,

—16madP = X3 + 204 £3X5, —16ma? = A3 — 4.
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In Eq. (3.20), the tree level eigenvalues are not labeled with @ as, unlike the one-loop
eigenvalues, they are degenerate with respect to the electric charge of the initial state.

4 Analysis of One-Loop Perturbative Unitarity Constraints

In this Section, we analyze the one-loop level unitarity constraints on the 2HDM. In addi-
tion to reproducing the SM results with our methods, we consider two simplified scenarios
for the 2HDM: the case where the Goldstone boson scattering amplitudes have an SO(3)
symmetry, and a 2HDM whose parameters are inspired by the form of the Higgs potential
in the MSSM. It should be noted however that the results in Appendices A, B, and C can
be used to analyze the C' P-conserving 2HDM with a softly-broken Zs symmetry, which is
more general than any of the scenarios considered in this Section.

4.1 General Considerations

Before getting into specific examples, we make some general considerations regarding the
bounds on one-loop amplitudes from perturbative unitarity. Consider the case of when the
tree level eigenvalue does not contain a square root, e.g. all of the Zs-odd eigenvalues in
Egs. (3.20). At one-loop, an eigenvalue of this type can be parameterized as

256m3ag = —1672bg + by. (4.1)

We will explicitly break by up into its real and imaginary parts in what follows, by = br+ib;.
The two constraints that are commonly considered in tree level analyses are (2.11), 1 > |ag|
and 3 > |Re(ap)|. At one-loop, these bounds become

8m > |by — 1e=zbrl, 167 > \/(bo — 1o2br)? + (faezbr)? (4.2)

From this, we see the usual interplay between perturbativity and unitarity. The more
interesting bound is (2.10), 3 > |ag — i/2|, which first becomes non-trivial at the one-loop
order. Expanding this unitarity constraint yields

11 b2 br bobr b% b2
- > - — — . 4.3
4~ 4 + 25672 256m3  20487? * 6553676 + 6553676 (43)
The leading order bound from (4.3) is
by = Tm(by) > wb2. (4.4)

Assuming (4.4) is saturated, or that perturbation theory holds, leads to a constrain on the
real part of by,

bobr > —2 4,
00 = 5om2 T 392 (45)
b%%
bobr > —E
071 = 3272
bR
bo > —— . (b .
0= 3272’ (br > 0)
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Neglecting the wavefunction renormalization contribution to the scattering amplitude, (4.5)
leads to bounds on the beta functions of the theory,

bo <167T2 + by + 71/ 25672 — bg> > 38y, > bo (167r2 + by — w4/ 25672 — b%) , (4.6)

where 16w > |bg| and [, is the linear combination of beta functions appearing in the
scattering amplitude. For example, if by = A3 + 2X4 + 35, then By, = Ba, + 265, + 3B).-
Expanding (4.6) to leading order in by yields,

3212 |bo| 2 3 |Br,| 2 3. (4.7)

Now consider the more general case where the eigenvalue has the form of Eq. (3.19).
We will again expand the one-loop parts of the eigenvalues into the real and imaginary
parts. The leading order bound from (2.10) is,

(b] — d[)(bo — do) + 4creo + (b[ + d[)\/(bo — d0)2 + 46(2) (4.8)

> | (b5 — dg)(bo — do) + 4(bo + do)ch + (b5 + 2¢f + d%)\/(bo —do)? + 403} :
The constraint (4.8) is saturated when,
by =703 +3), ¢ =m(bo+doco, di =m(d}+c3). (4.9)

For all of the scattering amplitudes in Appendix B, the 1PI contribution to the amplitudes
satisfies Egs. (4.9). This property of the scattering amplitudes is perfectly consistent with
the statement that the equality in (2.10) (or (4.8)) is satisfied only when all of the 2 — n
scattering processes vanish. When the wavefunction renormalization contribution to the
scattering amplitudes contains an imaginary part, it is due to there being open decay
channels. Clearly, decays are inelastic, and so the equality in (2.10) cannot be satisfied in
this case. Neglecting the imaginary parts of the one-loop amplitudes, the generalization
of (4.5) to eigenvalues with the form of Eq. (3.19) is,

32%2[(1)01)3 + 2cocr + dodRr) \/(bo — d())2 + 40% (4.10)
+ (b3 +2¢3) br + (dj +2¢5) dr + 2¢o (bo + do) cr — bodo (br + dR)]

> (b3 + 2c% + d%) \/(bo — do)® + 4cE + by (b3, — d%) + do (d% — b%) + 2 (bo + do) ¢k
2cg

(bo — do)* + 4¢3

+4brerdd + 2dg (2b5cr + co (dcocr — brdo) — bo (breo + 2¢rdo)) + co (bo + do) dF] -

[bobT:co + 8brefer — 4bococh, + bicody — 4bobrerdy — deochdo

4.2 Reproduction of the Standard Model Results

Since neither this renormalization scheme nor this basis for computing ag has been used
for the Standard Model, we begin our analysis of specific models by reproducing the results
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of the SM. The matrix of scattering amplitudes for neutral initial states is,

256m°af =" /A = (4.11)
3(—64724(514-12im+2v/37))) (13—2+/37m)A (—134+2+/3m)\ (—134+2v3m)\
(13—2%/§7r)A —647r2+(59+24i7r+2\/§7r))\ (13—22\/§7r))\ (13—22\/§7r))\
(713+§\/§7r))\ (13723/377),\ 7327r2+(23€2i7r+2\/§7r))\ 3
(—13+g\/§n)/\ (13—2;/%)/\ 0 —327r2+(23—i-22i7r+2\/§7r)/\

where the initial (final) states of the columns (rows) are,

1 ptep Lt bt b o
50Te Jsoirie jorte jdrre

N[ —

A pt
\/5<I><I>

. Lpt.3
g0 = v T? SN CRE)
O
%@*T‘@*
and & is the Higgs doublet of the SM with the Higgs mass at tree level given by m,% = M.

Note that at tree level, ag is diagonal in the SM, as opposed to the block diagonal structure
of the 2HDM. The eigenvalues of Eq. (4.11) are

_ - (153 + 36im + 6/37)\2 _ - (T2 + 4im)\2
0970 — _gx 4 UBH O OVIDN om0 3, (24 M)V (4.13)

’ ™ ’ T

_ - (46 + diT + 4/37)\2 _ - (33 4+ 4im+ 6/371)\2
aongz—2)\+( + 4im + 4+/37) ’ %QZO:_”‘""( + 4im + 6+/37) 7

’ v ’ v

where A = \/327. Eq. (4.13) is in agreement with Ref. [9]. Notice that a&:o is unaffected

by the diagonalization of Eq. (4.11). This is due to the fact at tree level, a(%:o is different

from the other three diagonal elements of Eq. (4.11). Along the same lines, because a(%: 0 —

aé%?o = ag);o at tree level, all three of these eigenvalues are affected by the off-diagonal

elements of ag.
Another check of our SM result is to look at the fixed order expressions for a?=% in

terms of the physical Higgs mass. Expanding the running coupling to the one-loop order,

3 s\t
A(s)=A (,u%) <1 - 8?)\ (,ug) In HQ> , (4.14)
0
~ A (,uz) 1+ i)\ (,uz) In >
0 871'2 0 ,Uf% )
and eliminating A through
A2 =" M (/5 o5 o1 M 1.15
() ="' = gmagr (BV3T - 25+ 12075 ), (4.15)
we find
- 3m? m?2 1 s mp \ 4
Q=0 h h . h
=— 1-— - 2 —6ln— — . 4.1
01 16702 [ 167202 <4 + 3im +2v3w — 6ln m%) +0 (47rv) ] (4.16)
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Figure 1: The validity of perturbation theory in the SM. The solid curves and dashed
lines correspond to Ry and R respectively, which are defined by (4.17). The green, blue,

orange, and red curves/lines correspond to a891:07 aOQQZO, aggg:o, and aOQZO respectively.

Eq. (4.16) is also in agreement with the results of [9].

The unitarity constraint \aOQfO —1/2| < 1/2 yields the bound A(s) < 15.5. It’s inter-
esting to note that a numerically similar bound is obtained when only the 1PI diagrams
are included in the analysis, \(ag%lzo)lpl —1i/2| <1/2 — A(s) < 15.1. While unitarity can in
principle hold up to A(s) ~ 15, perturbativity does not hold for such large couplings. To
see this consider the following quantities,

ag”) )

lag |
Ri=—+%"—— R/ = , (4.17)
0 1 0
ay + af”| ay”)
where aéo) and a((]l) are the tree level and one-loop contributions to the eigenvalue ag

respectively. Minimal requirements for perturbation theory to hold are that the next-to-
leading order contribution to an amplitude should be smaller in magnitude than both the
leading order contribution and the total amplitude. Thus, perturbativity is violated when
Ry =1 or R} = 1. Based on the criterion, perturbativity is violated when A(s) ~ 4.3 —5.1,
as can be seen from Figure 1. The solid curves and dashed lines in Fig. 1 correspond
to Ry and R] respectively. The eigenvalues entering into R; and R} in the green, blue,
orange, and red curves in Fig. 1 are %QJ:O, %Q;o’ aOQEO, and aOQ;O respectively. Ref. [9]
states that the range of Ry for A(s) = 5 (in our notation) is 1.08 — 1.31.5 Whereas we find
that Ry = {0.97, 1.31, 1.15, 1.08} for a§, with A(s) = 5.

4.3 SO(3) Symmetric Limit

In the SM, the Goldstone boson scattering amplitudes possess an SO(3) symmetry, anal-
ogous to the strong isospin symmetry of the pions. We start our analysis of the 2HDM by

51\10136 that Athis work = 2)\Ref. [9]-
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considering the highly simplified scenario where the Goldstone boson scattering amplitudes
in the 2HDM retain the SO(3) symmetry they had in the SM.

In the Higgs basis, it’s clear that if the Goldstone boson scattering amplitudes are
to have an SO(3) symmetry, at least at high energies, then only Aj, A, and Az can be
non-zero. This choice brings about the alignment limit, and forces myg = mpy+ = my. In
the Zo-basis, these choices can only be achieved if Ay = Ay = A3, and Ay = A5 = 0. Thus,
we have the further simplification, A1 = Ay = A3. For definiteness, the potential in this

case is,
V= mb (@@t + 2l@aty! - @]@; - 0lor) + Iu (@] + 0o, - §)2 . (4.18)
The masses of the Higgs bosons are,
mi = Mv®, m4 =my =mi, = m%QS/glcEl. (4.19)

The reason for considering such a simple scenario is that it isolates one of the differences
between one-loop scattering amplitudes in the SM and the 2HDM. The main difference
between the tree level scattering amplitudes in the SM and the 2HDM is that there are
five parameters in the 2HDM versus only one parameter in the SM. This scenario allows
us to eliminate that difference. In doing so, we are able to isolate another difference, in the
2HDM the external wavefunction corrections contain terms of the form Inm? /m3.

Due to this being such a simplified scenario, there are only two unique tree level

eigenvalues, ag(fven = —5\1 /167, while all the rest are —\;/167. As a result, we will focus

on the aJ?%ve® block of ay,

25613 a)0even = (4.20)

16, (3 2) A2 <01 + 2462 f(2) + 4852g(x)  Cp +8f(x) + 16g(x) > |

23) 78\ Cot+8f(x)+16g(z) O+ 2453 f(2) + 48c3g(x)

The definitions in Eq. (4.20) are

xr=m?%/m:, (4.21)
Oy = 445 + 10447 + 6v/31 + 3(2V31 — 9)cas,
Co = 270 + 47 (24i + V/3),

— 14T dz+2
| 1—dr—20yT—da In (/TR

/(@) —1+4z ’
42— h(@)][22 + (1 - 2) In(2)] — 2(1 - 32)h(z) n (52)
gle) = 222 [h(x) — 41 )
h(z) =1+ 1 — 4z,
The functions f and g have similar limiting behavior,
f(1)=49(1) = —1+2‘§m, flz>1), glz>1) x é (4.22)
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At one-loop, the eigenvalue of interest is

5\ 5A?

000even __ 1 1 .

agperen = -2 4 L (143 40T + 237 + 4f () + Sg(ﬂs)) . (4.23)
The Argand diagram of aggOeven is shown in Figure 2 as a function of the running

coupling A1 (s). The solid circle is the bound |ag — /2| < 1/2, whereas the dashed arc and
the dotted vertical lines represent the bounds |ag] < 1 and |Re(ap)| < 1/2 respectively.
The blue curve corresponds to ma = my, and is labeled with various values of A;(s). The
orange curve instead corresponds to the limit s > m124 > m% In this case, both f(x) and
g(x) go to zero, but the heavy Higgses do not decouple completely (s > m?%) as there is an
O(1) difference between the orange curve and the SM value, a))¥5f = —3A1/167. Figure 2
shows that the effect of the real parts of the Inm?/ m,% terms are numerically unimportant,
at least in the limit of an SO(3) symmetry. The green curve emphasizes a similar point, as
it corresponds to neglecting the external wavefunction corrections completely. This shows
that the contribution of the external wavefunction renormalization diagrams are typically
small with respect to the 1PI diagrams (tree 4+ one-loop), again at least in the case of an
SO(3) symmetry. On the other hand, the red curve corresponds to m? = 8m?, leading to
an imaginary part for Zj because the decay h — AA is now allowed. As can be seen from
Figure 2, the imaginary part of Z is positive. However, even though this curve is further
away from the other three curves in the Argand plane, it still doesn’t cause a significant
change to the bound on the quartic coupling; the orange curve yields A;(s) < 9.85, whereas
the red curve yields A (s) < 9.76.

As we have just shown, unitarity can in principle hold up to A;(s) =~ 9.8 in the SO(3)
symmetric limit. However, just as in the SM, perturbativity does not hold for such large
couplings. Based on the criterion R; < 1, perturbativity is violated when A;(s) ~ 4.0 —4.2,
which can be seen from Figure 3. The solid curves and dashed lines in Fig. 3 correspond

000even

to Ry and R for the eigevnalue ag) respectively. The blue, orange, green, and red

curves/lines in Fig. 3 have the same parameterizations as the curves in Fig. 2.

4.4 MSSM-like 2HDM

In the MSSM, the Higgs quartic couplings are related to the gauge couplings,

2 2 2 2 2
+ —
)\1:)\2292491’A3292491,)\4:_g?2, )\5:07 (424)

where g; is the gauge coupling associated with U(1)y, and again, gs is the gauge coupling
of SU(2)r. The soft Zo-breaking parameter is given by m2, = m?43565. Loop corrections
to the MSSM potential are important, as at tree level the MSSM predicts min{my, mg} <
Mz, which is incompatible with the LHC measurements of a Higgs boson at 125 GeV.
Clearly, the quartic coupling of the MSSM satisfy the tree level unitarity bounds, as we
have assumed \; > g2 in everything that proceeded Eq. (4.24).

However, by considering a scenario inspired by Eq. (4.24), we can get a feel for the
impact of the one-loop corrections without having to deal with the full complexity of
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Figure 2: Argand diagram of agg_ﬂeven in the SO(3) symmetric 2HDM as a function of the
running coupling A1 (s). The blue and red curves corresponds to m% = m2A and m% = 8m?4
respectively, and are labeled with various values of A\1(s). The orange curve is the limit
5> m2A > m,% Finally, the green corresponds to the contribution of the 1PI diagrams
alone. The solid circle is the bound |ag—1i/2| < 1/2, whereas the dashed arc and the dotted
vertical lines represent the bounds |ag| < 1 and |Re(ap)| < 1/2 respectively.

the 2HDM parameter space. Specifically, we will take A1, A3, m4, and tan 8 to be free
parameters, and enforce at tree level

M =X, M=—(A1+2A3), As=0. (4.25)

It should noted however that the relations in Eqs. (4.24) are RG-invariant in the MSSM,
whereas the analogous relations, Eqgs. (4.25), are not RG-invariant if supersymmetry is not
imposed on the 2HDM [18]. This is analysis, we impose the relations in Eqs. (4.25) at
f=1/s.

As was the case for the SO(3) symmetric 2HDM, because of the relative simplicity of
the MSSM-like 2HDM, there are more degenerate tree level eigenvalues of ag than there
are in the general case of a CP-conserving 2HDM with a softly broken Zy symmetry.
Due to this fact, we will first focus on a{°44 = —(\; + 2\3), which is unique at tree level.
Neglecting the external wavefunction corrections, the one-loop eigenvalue in the MSSM-like
2HDM is

2567m3adt00 = —1672 (A1 + 2X3) — (2A1 — 11A3)(2\1 + A3) +im(A 4 2X3)%.  (4.26)
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Figure 3: The validity of perturbation theory in SO(3) symmetric limit of the 2HDM.
The solid curves and dashed lines correspond to R; and R] for the eigenvalue aggoeven
respectively. The blue, orange, green, and red curves have the same parameterizations as

they do in Fig. 2.

The full expression for aj!%°44

, which valid for the more general case of the C' P-conserving
2HDM with a softly broken Zs symmetry, is given in Eq. (B.19). A typical result of
our investigation in shown in Figure 4, which is an Argand diagram of the eigenvalue
ad?°dd for A3(s) = 9A1(s)/10. The various unitarity bounds in gray are the same as
they were in Fig. 2. The blue curve corresponds to neglecting the external wavefunction
corrections. Several values of \;(s) are labeled along the curve. For each labeled value of
A1(s) we plotted the complete one-loop prediction for a(l)oo"dd for three choices of m4. The
blue, orange, and green points respectively correspond to m4 = {1TeV, 14 TeV, 400 GeV}.
Five choices for tan 8 are plotted for each value of my4, tang = {1.1, 1.6, 2.5, 5.0, 60}.
The scalar integrals entering into the wavefunction renormalization terms are computed
using LoopTools-2.12 [40]. It’s clear from Fig. 4 that the approximation of neglecting
the external wavefunction corrections becomes worse as the theory becomes more strongly
coupled. However, the overall change in the bound extracted on A;(s) does not change

much despite this modest spread in predictions for aéoo‘)dd

near the unitarity circle, as can
be seen by inspecting Fig. 4.

Stronger limits can be obtained by combining the bounds for multiple channels. Fig. 5
shows the upper limits on A1 (s) and A3(s), which are obtained by combining the constraints
in six channels from the unitarity bound |ag — i/2| < 1/2, with the gray parameter space

being ruled out. The blue, orange, green, red, purple, and brown curves correspond to

a[l)lOodd’ ag(_Jl_Oeven’ ag(lOeven’ CLg(lleven’ agllodd 0lleven

, and ag respectively. The external wave-
function corrections to these eigenvalues have been neglected in this analysis. Note that
the subscript + or — has been dropped in some cases because those eigenvalues become
degenerate when the wavefunction corrections are omitted. It’s also worth pointing out
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Figure 4: Argand diagram of a(1)10°dd in the MSSM-like 2HDM as a function of the running
coupling A1(s) with Az(s) = 9\1(s)/10. The blue curve corresponds to the contribution
of the 1PI diagrams alone, and is labeled with various values of A\i(s). The blue, orange,
and green points are the complete one-loop calculations for aélOOdd at each of the labeled
values of Ai(s). The choices for m4 and tan 3 for each point are given in the text. The
unitarity bounds are the same as those in Fig. 2.

that much of the available parameter space in Fig. 5 can be eliminated by enforcing the
tree level stability bounds, which in the MSSM-like 2HDM take the form A1 > 0, A3 > — 1.

As was the case for the SM and the SO(3) symmetric limit of the 2HDM, perturbativity
places stronger limits on the quartic couplings than unitarity does. The dashed and dotted
curves in Figure 6 correspond to the bounds from R; and R} respectively. As was the
case for Fig. 5, the gray parameter space is ruled out. The colors of the curves in Fig. 6
correspond to the same eigenvalues as they did in Fig. 5. The limits on the quartic couplings
are |A13(s)] < 4, at least for the regions of parameter space that satisfy the tree level
stability bounds. In this case, the neglect of the external wavefunction corrections is
justified a posteriori by inspecting Figs. 4 and 6, whereas the justification is not quite as
strong in the unitarity analysis. Also of note is that all six eigenvalues considered dominate
the bounds on A; 3(s) in some regions of parameter space. While in the unitarity analysis,
only three of the six eigenvalues contribute to the bounds. Furthermore, both R; and R}
dominant the bounds in certain regions of parameter space on Aj 3(s), whereas R; was
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Figure 5: Limits on A;(s) and A3(s) in the MSSM-like 2HDM due to unitarity, |ag—i/2| <

1/2. The blue, orange, green, red, purple, and brown curves correspond to a(l)lo‘)dd, agofeven,

000even 00leven 01lodd Olleven
o Qo— > o

, and ag respectively.

always the more dominant constraint in the SM and SO(3) symmetric limit of the 2HDM.

5 Conclusions

In this work, we computed all of the one-loop corrections that are enhanced in the limit
5> \v? > MI%V to all the 2 — 2 longitudinal vector boson and Higgs boson scattering am-
plitudes in the C'P-conserving two-Higgs doublet model with a softly broken Zo symmetry.
We found that the external wavefunction corrections are generally numerically subdomi-
nant with respect to the 1PI one-loop corrections, and that they often be neglected to a
fairly good approximation. In the two simplified scenarios we studied it was shown that the
perturbativity of the one-loop amplitudes places the strongest bound on the magnitude of
the quartic couplings, |A\;(s)| < 4. It would be interesting to compute the tree level 2 — 4
scattering amplitudes in the 2HDM to see just how close to the unitarity circle the 2 — 2
scattering amplitudes need to lie.
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A Results for Self-Energies

Our results for the self-energies in the 2HDM, which enter into the external wavefunction
renormalization of the scattering amplitudes given in Appendices B and C, as well as the
threshold corrections to the parameters of the 2HDM, are given in A.1. The cubic and
quartic couplings that enter into the self-energies are given in A.2 and A.3 respectively. The
particles that interact through a given coupling are listed to the left of the formula for the
coupling, and the corresponding Feynman rules for these three- and four-point interactions
are imy, and ig, respectively. The self-energies are given in terms of the finite parts of the
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usual one-point and two-point scalar integrals, in D = 4 — 2¢ dimensions,

m2

Ao[m?] = == + Ao[m®],  Bolp*,mi,m3] = — +Bo[P2 mi, m). (A1)

Explicitly, the finite pieces of the scalar integrals are,

Aog[m?] = m? (_ In Zf + 1) , (A.2)

2 +
v’ - m? +m3) +m3 — i0
BO p2 ml,mQ / dz 1In p (p 1 2) 2

112
A.1 Self-Energies

ﬁw+w—(p2) = 1671'2( %(Bo[p 0 mh] B0[0707m%]) (A3)
+m3(Bo[p®,0,m%) — Bol0,0,m%]) + m3(Bo[p?, m3;+,mj] — Bol0, mi., mi)])

+m3(Bolp?, mie, my] — Bol0,m3,, m¥]) + |mo|*(Bo[p®, m3+,m%] — Bol0, m¥+, m%]))

M. (p") = — a2 (m3(Bolp*, 0,mj] — Bol0,0,m3]) (A.4)
+mi(Bolp?, 0,miy] — Bo[0,0,m]) + mig(Bolp®, m%, mj] — Bo[0, m%4, mj))
+mg(Bolp?, mi, mEy)] — Bol0, m%, m]))

Myt - (p?) = — e (mams(Bolp?, 0,m3] — Bo0,0,m3]) (A.5)
+ mgmz(Bo[p?, 0, m%] — Bo[0,0,m%]) + msmio(Bo[p*, m¥+, m7] — Bol0, m34,m3))

+ memaz(Bo[p?, m3+, m3;] — Bol0,m3,, m¥]))

ILa(p®) = — sz (mamg(Bo[p?,0,m;] — Bo[0,0,m3)) (A.6)
+mams(Bo[p®,0,m%] — Bol0,0,m%]) + memar (Bo[p?, m%h, mi] — Bo[0,m%, mj))

+ mgmas(Bo[p?, m%, m¥;] — Bo[0, m%, m%)))

IL2(0) = Wyt (0) = 5355 (9140 [mi] + g2Ao[my] + gs Ao[miy ] + gaAo[m]) (A7)

1

— W(m%BO[O,O,mi] + m2By[0,0, m%] + m&By[0, m%, m3] + m3Bo[0, m%, m%])

I A(0) = Myt - (0) = 532 (95 Ao[mi] + gsAo[mE] + grAolmi] + gsAo[m3])  (A.8)
— 1o (mameBo[0,0,mj] + mams Bo[0,0,m%] + mgmay Bo[0, m%, mj]
+ m8m13BO [07 m2A> m%{])

4 (p%) = 5503 (299 Ao[m%+ ] + groAo[m3] + g15 Ag[mi] + gi7 Ao[m;]) (A.9)
32F2((2m1 + mg)Bo[p 0,0] + 4mng[p 0 qu + 2m6Bo[p 0 mA]
+2mio Bo[p®, miy s, mips] +miy Bo[p?, m%, mA] + mi, Bo[p?, mi;, mj)]
+2mis Bo[p?, myy, my] + migBo[p®, mip, m#]) — s5_o11:2(0)
—258-0C8—all,4(0) + (Zy — 1)(771;2Z + mQch%,a)
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My (p?) = 553 (2911 Ao[me] + gr2Ao[m3] + g1z Ao[m3] + gro Ao[m3;)) (A.10)
32ﬂ2((2m3 +m3)Bo[p?,0,0] + 4m? By [p*, 0 mH+] +2m3By[p?, 0, m%]
+2miy Bolp®, miy. , mis] + mis Bo[p?, m%, mA] + mis Bo[p?, mi;, mi)
+ 2m%GBO [va m%{, m,%] + m%7B0 [p2, ml%la m%{]) - C,%’faHZZ(O)
+258_aC3—allz4(0) + (Zyw — 1)(m?% + mQZw 525—0)

M (p?) = 550 (2013 A0[m%+ ] + grado[mA] + gi6Ao[mi] + gis Ao[m?]) (A.11)
— 55 ((2mams + mama) Bo[p?, 0,0] 4+ 4msmz Bo[p*, 0, m;+ |
+ 2mems Bo[p®, 0, m%] + 2migmaz2 Bo[p®, m3;, mi;+ | + muymaz Bo[p®, m%, m3]
+ myamas Bo[p?, m3, mi] + 2masmie Bo[p®, m3;, mi] + miemar Bo[p?, m3;, m%))

= 8p-aCp—all2(0) — (C,%—a - 3%—01)11214(0) — (Zw — 1)m2Zw3ﬁ—aCﬁ—a

M+ - (0°) = 552 (90 Ao[mi] + g1 Aolmy] + 2920 Ao[m3y ] + g21Ao[m%)) (A.12)
— oz (m2Bo[p*, 0, my] + m3Bo[p*, 0, m3;] + |mg|* Bo[p*, 0, m%]

+ mlOBU[p 7mH+7mh] + leBO[p 7mH+7mH]) + (Zw - 1)(mH+ + mQZw)

Maa(p?) = 532 (91040[mi] + g12A0[mF] + 2921 Ao[mi ] + gaa Ao[m4]) (A.13)
— 167r2( 2Bo[p?,0,m2] + m2By[p?, 0, mH] + 2|mg|*Bo[p?, 0, mH+]
+mi, Bo[p?, m%, mj] + misBo[p®, m%, my]) + (Zw — 1)(m% + mzw)

A.2 Cubic Couplings

hwtw™ @ miv=—miss_q (A.14)

hzz: mgy=my (A.15)

Huwtw™ : mav=—mics_q (A.16)

Hzz: my=ms3 (A.17)

hwtH™ : msv = —(mj — m%+)Cha (A.18)

hzA: mev=—(mj —m%)cs_q (A.19)

Hw H™ : mv=(m% —m%,)ss o (A.20)

HzA: mgv=(m¥ —m%)ss_a (A.21)

AwtH™ : mgv = —i(m?% —m3+) (A.22)

RHYH™ : mv = sglc/gl(m%c/@rasglcgl — micapcha) — (M} +2m3 4 )sp_a (A.23)
hAA: mypv= sglcgl(m%203+asglcgl — micapcs_a) — (Mh +2m3%)s5_ o (A.24)
HHTH™ : mpv = sglcgl(m%QS,ngasglcgl +m3rcapsp_a) — (M3 +2m31)cs_a (A.25)
HAA: mysv= sglcgl(mﬂsmrasglcgl +m3casss—a) — (My +2m%)cs_a  (A.26)
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hhh : 4m14vs§5/3 = 16m%205+ac%_a — M3 (353640 + 3550 T 535-3a + Sg13a) (A.27)
hhH :  misvses = ca_of—2miy + (M3 +2m3 — 3mlgsglc§1)32a} (A.28)
hHH :  migusas = s5_a[—2miy + (mi +2m3; — 3m12351051)32a] (A.29)
HHH :  4mi7vsys/3 = 16misssyash_o + M (33510 — 3¢5 + C35-3a — Co13a) (A.30)
A.3 Quartic Couplings
hhzz: —g? = m%cé_a +2(mj3 — m%{)cg_QSB_atgﬁl + m%s‘é_a (A.31)
+ c%_a[szl - 2m125510§1 + (3m3 — m%{)s%_a]
HHzz: —gov? = m%{c%,a +2(m32 — m%l)%_as%,atgﬁl + m%sé,a (A.32)
+ 8%,a[2m124 - 2m12351051 + (3m% — m%)c%,a]
HYH zz: g?= 2m%2551051 —2m3, — m%{c%_a - m%s%_a (A.33)
+ (mi — my )ty 59520
AAzz . g? = 2m%2sglcrgl — (m% + Qm%)cg_a — (m} +2m%)sp-a (A.34)
+ (my —mip)t55 2520
hhzA : 2951)2825 = m%{szg,gasm (A.35)
+ cg_aldmizcs sy cg' cop — mi (- gisa + 3¢1a)]
HHzA: 296'02825 = m%SQB,QQSQQ (A36)
+85-a[4miyss_asy ¢z cap — MYy (s_prsa — 355+a)]
HYH zA: 8971)28%5 = 32miycap (A.37)
+2(m%; — m3)(3con + Cap—24)525 — 4(mi + mi;)sas
AAzZA:  gs = 3g; (A.38)

hhHTH™ :  64g9v®sops = 4(m¥ — mi)[(1 + 3645)645_4asg1651 +12c9p548-40)  (A.39)
+ 352052[16171%2(3 + Co5-9a) + 16migcas(1 + 3c25-24)
— (15mj + 12m3,4 + 5bmFy + 2(mj — 6m3. + 3m3;)cas_20)525
— (3m} — 4m2. +m3 + 2(5m} + 2m3 — mi)cas_24)565)

+ 16025351051[8771%2 + (m3; — 5m3)s95]526 24
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hhAA : 64g101)2325 =4(m% —m3)[(1 + 3045)045,4(13/51051 + 12¢94548—40) (A.40)
+ 8/;20/;2[16771%2(3 + c25-2a) + 16miycas(1 + 3c25-24)
— (15m3 + 12m?% + 5m3; + 2(mi — 6m? + 3m¥;)cop—_2q)525
— (3mj — 4m?% + m¥ + 2(5m3 + 2m% — m3;)c2p-24)563)

+ 1662@351051[8771%2 + (m3; — 5m3)sas]s25-24

HHHTH : 64911112325 = 4(m;2l —m3)[(1+ 3046)04[3—4&551051 + 12c98548-4q] (A.41)
+ 5E20g2[16m%2(3 — Cap—2a) + 16miscap(1l — 3cap_20)
— (5mj + 12m3,4 + 15m3; + 2(3m3 — 6m%4 +m3)cas—2a)528
— (m} — 4m3s + 3m3; + 2(mj + 2m3. — 5mi;)cas—24)565)

+ 16025851051[8m%z + (m3 — 5m%)s9s]525—24

HHAA:  64gi12v%s55 = 4(mi, — m3;)[(1 4 3cap)cap-aasy ¢z +12cop545-10]  (A.42)
+ 55752 [16m75(3 — cap-2a) + 16mTscap(1 — 3cap-24)
— (5m} + 12m% + 15m3; + 2(3m} — 6m?% +m3)cas_2a)528
— (m} — 4m? + 3m3; + 2(mi + 2m?% — 5m¥;)cap—2q)S65)

+ 16025351051[8771%2 + (m3 — 5m7;)s95]525 24

hHH H™ : 169131)2825 = 4025[(qu —m3)(1+ 3c48—_4a) (A.43)
+ 4025_2a(2m%2851051 —mji —m3))
+ 851651[851651(_47”%2 — 12miycap + (mi — 3m2, + m3y)sap

+ (mj, +m3. + mi)ses)s2p—2a + (mj, — mi) (1 + 3csp)S45-4a]

hHAA: 16g14v%s95 = deag[(m3y — mi) (1 + 3cap—4a) (A.44)
+ 4025_2a(2mf2551cgl —mj —m3))
+ sglcgl[sglcgl(—élmfg —12miycap + (mi — 3m% + m¥y)ses

+ (mj +m% + m3;)ses)s28-2a + (My — M) (1 + 3cap)s4p-4a]

hhhh 4g15v2335/3 = 4c%,a(4m%23510510%+a —m%s3) (A.45)

- m%(c*ﬁ”r?)a + 3cﬁ+a)2

hhhH :  2g16v°s35 = 382a[M3$20528—a — MiCs—a(C—g43a + 3Ca4a)] (A.46)

+ 12m%252_ﬁlc,3—a(5,3+304 - S,B—a)

hhHH : 891702335 = 4551051(2 + ca4p — 3ca)mis + 6(caq — 1)(mj +mi) (A.47)

+ (3c_28+60 — C28+20 — 2¢25—a) (M} — M)
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B

hHHH : 291802335 = 3594 [m%smsw,a — m%{85,a(875+3a —358+a)] (A.48)

+ 12m%28;ﬁlsﬁ—a(cﬁ+3a - Cﬁ—a)

HHHH :  4g19v°s35/3 = 4sh_,(4miysy 'y 55,0 — mis3,) (A.49)

- m%—[(S*,BJrZSa - 33[3’+a)2

HYH H"H™ :  goov?/2 = (m% — m%)czgsglcglsgg_ga — m%s%_a (A.50)

— & (m¥ + 4m}21t552) _ 4t;g(m%15%_a — m%nglcgl)
AAH+H_ : g21 = 920/2 (A51)

AAAA: goa = 3g20/2 (A.52)

Results for Scattering Amplitudes I: Block Diagonal Elements of a,

Each amplitude, ¢ — f, given in Appendices B and C corresponds to 256#3(210)@ 7. The

reduced wavefunction renormalization, Eq. (3.9), is used heavily is these expressions. All

of the scattering amplitudes appearing in Appendix B are part of the diagonal blocks of

ag. Off-block diagonal elements of ag have been relegated to Appendix C, as they do not

contribute to the eigenvalues that are unique at tree level until the two-loop level.

B.

1 Y=0,7=0, Zs-even

L (@) — L(@]1) = a8\, + 96, + (im — 1) (9/\% + (20 + >\4)2) (B.1)
3
— 3N [Z,lq/j + o 22ty oy + 22, + A+ (Z}fé - Z%f) C2a

1/2 1/2 1/2 1/2 1/2 1/2 1/2
+ <2Zw/+w* - 2ZH/JfH* + Z;»’éQ - ZA/A> €28 — (zH/h + Zhéf) $2a — <2ZH/+1U* + ZA/z ) 826:|

L (@] 0y) = L (@109) = —4872Ns + 95, + (im — 1) (9/\5 + (203 + /\4)2) (B.2)
3
b ol M2l e () e

1/2 1/2 1/2 12 | _1/2 1/2 1/2
— (2zw/+w_ - 2ZH/+H_ + 212 ZA/A) cop + (zH/h + Zhé[) Soa + <2zH/+w_ + zA/Z ) 325}

L(@1®)) - L(®IDy) = =167 (2A3 + Aa) + 3 (im — 1) (A1 + A2) (A3 + A4)  (B.3)

V2 V2
3(2 Lone gy [L12 1,12 1 o 172 1/2 | 5 1/2 1/2
+ ( ﬁA3+5A4)_§( 3+ 4) [ZAA+Zhh + 225 g TRy 22 +Zzz:|

wtw—
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B.2 Y =0, 7 =0, Zy-odd

J5(®]®s) = J5(@]2) = —1677 (g + 20) + (im — 1) (A3 +4Xaha + 40] +923)  (B4)
1
+3(Br +26,) = 5 Qs+ M + ) [zi{j 422 422002 12 405/

1/2
Hem T2 T 22,00, + i ]

T5(P101) = 5 (B1P1) = L (B]Dy) > T (8] D) (B.5)
1
2

S

(@] ®@2) — L (®ID1) = —4872X5 + 985, + 6 (i — 1) (As + 201) As

(B.6)
1
-5 Qi+ 2)) [zi{j ol 2a bl 2R 2l
B3 Y=0,7=1, Zs-even
Neutral Initial States:

%(@173@1) — L

ﬁ(q>173q>1> = —167%\1 + 3By, + (im — 1) (A} + A3)

(B.7)
1/2 1/2 1/2 1/2 1/2 1/2 1/2
— 5/\1 |:ZA/A + Zhé + QZH'/jLHf + Z]{/H + 2Zw/+w7 + 2’;42 + (zI-I/H - Zh{l ) C2a
+ (2200, 2+ 2

zz ZAA) 025 - (Z}-I/f? + Zié—?) 820 — (22}1/310* + 2114/22) 826:|

%(@573%) - %(@573%) = —167%\ + 3B, + (im — 1) (A + \3)
1

— Sy [ 1/2 1/2

(B.8)
1/2 1/2 1/2 12 12
572|244 T Zhh T 2ZH/+H7 + ZH/H + 2zw/+w, + 2,07 - (ZH/H - Zh{z ) C2a
1/2 1/2 1/2 /2 | 1)2 1/2 1/2
- <2zw/+ur — 25,2, - ZA/A> 28 + (zH/h + Zh{q> $2a + (2ZH/+ur + 2, ) 526}

J5(@17%01) — J5(@hr7®y)

S

—1672 Mg + 38y, + (im — 1) (A1 + A2) Mg

(B.9)
1
- [l el ol 2el
Singly-Charged Initial States:
B (@21 = (@l 21) = (@l 0) - (@] (B.10)
(@b @y) — (@l @a) = J5(@hr000) » L (@1r7Py) (B.11)
L (@] @y) — %(@;T—%) —16m2 Ny + 3Bx, + (i — 1) (A1 + A2) M4 (B.12)

1 1/2 . 1/2 1/2 1/2 1/2
— 3% it F 2ty a2, + AL
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B4 Y =0,7=1, Zs-odd
Neutral Initial States:

7(<1>T 5®y) — ﬁ(qﬁf%g) = —167°X3 + 30y, + (i — 1) (A3 + A2) (B.13)
-3 L O+ A — Ag) [zﬁ{j ottt gl 22 z;f]
J5(@47301) —» J5(@4r001) = J5(@]700s) — L5 (@]77P,) (B.14)
%(@%3%) f(qﬁ 3®01) = —16m2 X5 + 3B, + 2 (i1 — 1) As)s (B.15)
1
=5 Q= 2%) |28 2’ F 2t e w220, 210?]
Singly-Charged Initial States:
%(qﬂf@g) — %(@{T*%) = —1672X\3 + 3By, + (im — 1) (A3 + A\2) (B.16)

1
_ 5)\3 {21/2 —+ 31/2 + 22;1/‘EH* + 21/2 + 221/+2 n Z1/2 L (Z}_I/zl B Zilli/lz) o
+ (—221/2 _+ 2z;{/+2H7 T e Z1/2) Cop — <z}{/§ + z1/2> o0 — (_22;1/31” i 21/2> 326]

wtw

S (Pl ®1) = S5 (@b @1) = (@7 B2) —» J5(@l7 D) (B.17)
T(qﬂf By) — 7@;7 ®y) = —167r2A5+3BA5+2(i7r—1))\3)\5 (B.18)

B.5 Y =1,7=0, Zs-odd

I=(P19) —

; 7(@1%) = —167T2 (A3 = A1) +3(Brg — Bay) + (im — 1) (A3 — \1)®  (B.19)

R B B T TaR - R B L)
B.6 Y=1,7=1, Zs-even
Neutral Initial States:
H@17T®1) = L( @177 ®1) = —167%A1 + 38y, + (im — 1) (M + A2) (B.20)
-\ [zz/j + 21/2 + 21/2 + 212 4 (z}ﬁl - zi{f) Coa

(e () )

H(Do7T @) — L(BarT®2) = —167%N0 + 3By, + (im — 1) (A3 + A\2) (B.21)
— X [z1/2 + 21/2 1/2 g+ 21/2 (zllg/?l - 2%2) C2q

— (z;f - zA/2> cop + (z}{/,f + z,lﬁ) S9a + ZA/Z 325}
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) = 2(DomT o) = —1672 N5 + 38, + (im — 1) (M1 + X2) A5

ZHH ~ ?hh

(B.22)
o[22+ 2 4 2]
L@ ®)) = L7 @%) = L(ir T ®;) — L(D;71 D)) (B.23)
Singly-Charged Initial States:
H@17°®1) = L(@173®1) = —1672\ + 38y, + (im — 1) (A} + \2) (B.24)
— %)\1 [2}4/: + z}f + 2z}{/+2H, =+ z}{/f[ + 2z;/+2w, + 2242 + ( 1/2 1/2) C2q

1/2 1/2 1/2 1/2 1/2 1/2 1/2
+ (2Zw/+w* B 2ZH/ﬂLH* + ziéz B ZA/A) €28 — <2H/h + Zhéi) 8200 — <2ZH/+w* + ZA/Z ) 825}

H( Do @y) = L(@o73®y) = —1672 N + 3B, + (im — 1) (A3 + \2) (B.25)
1 1/2 1/2 1/2 1/2 1/2 1/2 1/2
— M [ZA/A +2pfl + 22H/+H7 + 25l + 2202, + 24 - (ZH/H — 2} ) €20
1/2 1/2 1/2 1/2 1/2 1/2 1/2
- (2Zw/+w* - 2ZH/+H* + 2l - ZA/A> Cop + (ZH/h + Z;éz) $20 F (22H/+w T ZA/Z ) 32/3}

%(&)17'3(1)1) — %(é273®2) =

—167‘&'2/\5 + 3065, + (im — 1) (A1 + A2) A5

(B.26)
— %)\4 [zil/j + z}lf + 22}1/311, + Z}{/Iz{ + 2z110/+2w, + Z;éﬂ
Doubly-Charged Initial States:
H(@177®1) = L(@177®1) = 1677\ + 3By, + (im — 1) (A + \2) (B.27)

1/2 1/2 1/2 1/2 1/2
— 2\ [ZH/JFH_ + zw/er_ + (zw/w_ — ZH/+H_> Cog — ZH/ﬂu—S?ﬂ}

= —16m2X\o + 3B, + (im — 1) (A3 + \2)

1/2 1/2 1/2 1/2 1/2
— 2X2 [211,/+H_ + zw/er_ — (zw/w_ - ZI{/+H_> cop + ZI_I/+w_526i|

%(‘i’g’]'_q)g) — %(&)27_@2) (B28)

%(&)17_@1) — %(@27’_@2)

= —167%\5 4 38, + (i1 — 1) (A1 + X2) s (B.29)
1/2 1/2
—2X;5 |:ZH/+H— + w/‘*w_}
B.7 Y=1,7=1, Zs-odd
Neutral Initial States:
%((i)ﬁ'—i_q)g) — %(&)17'+q)g) = —167T2 ()\3 + )\4) +3 (ﬁ)\3 + ,8)\4) (B30)

(= 1) s+ M) = Qs+ M) [543 + 2007 + 2y + 2107
1

5(@lrTel) 7

2(&)1{7'_@3) = %(‘ilT+¢)2) — %(&317'—’_(1)2)

S
S

(B.31)
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Singly-Charged Initial States:

f(‘I’lT (I)g)

V2 \/5(
1
+ (im— 1) (A3 + )\4)2 —3 (A3 4+ As) [2114/: + z1/2 + 2211{/«%}1 + z}q/f[ + 2zl/+2w, + z;f]

D173®9) = —16m% (A3 + A1) + 3 (Ba; + By (B.32)

Doubly-Charged Initial States:

—(@17- q)g) 7(‘1)17' (I)Q) = —167T2 ()\3 + )\4) + 3 (B)\s + ,3)\4) (B33)

F (i — 1) (A2 4 A2) — 2 (A3 + ) [z}ﬁH, + M2 ,}

wtw

g

C Results for Scattering Amplitudes II: Off-Block Diagonal Elements of
Qg

As in Appendix B, each amplitude i — f given in Appendix C corresponds to 25673 (a); ¢.
The off-block diagonal elements of ag are given in Appendix C, all of which vanish at tree
level.

C.1 @ =0, Zs-even — Zs-even

L(@]e)) » L(@{re) = {zi{j ol =22 gl 2P 22
1/2 1/2 2 1/2 1/2
+ ( e — Zhl/z ) €20 — (ZA/A 2 H/+H + sz/w 21/2) 26
(o ) v (1) )
L (@) = L (@fr0y) = ) [21/2 TR P SR R N L R (o)
1/2 1/2 1/2 1/2 1/2
(zH/H — zh,/L ) Coq + (zA/A 2zH/+H, + 2zw/+w z1/2> cog
+ (z,lzg + 21/2> Soq + (2114/5 — 22}1/31”_) 825}
1
L(@]01) - %(qﬂﬁ%) = 5 Qs+ M) (z;/j+ D P (C.3)
—2z;/+2w, + 1/2> + /\ [ ( }ffl - 2,11{12) C2a + <zi‘/j - 22}{/+2H, + 2zi}/fw z1/2> 28
+ (zig + 21/2> Soq + (zi‘/f — 2zgfw_> 325}
1
L (@) - \[((I)TT3<I>1) =5 O+ ) <zi(j +opl? 0?2 (C.4)
Z'Llu/fw + 1/2> + )\ [(z}{/é — 2%2) €20 — (zil/AZ QZ%EH, + 221%2“} z1/2) cog

+ (z,llé,2 + 21/2) S9q + (2114/3 — 22}{/311}_> 325}
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Sl

.
+ (Zix/j - Zif) C2p — (21%12 + 21/2) $2a + ZA/z2825
- 1
J5(®]01) = J(Bo7P,) = 7 (A X+ ) (zi(j a2 — 2% 4 1/2)
1 12 1/2
— Z (2)\3 + s — )\5) [( hé zH/H) Coq + <z¥2
+ (zhH +z /2> $2q — zi{f@@
- 1
J5(@}@5) & H@1r 1) = 7 (Xa + ha +s) (22 — i — il + #L2)
1
+ 1 (2)\3 + A — )\5) [(zi{f — leq/?[) Coq + (21/2
+ (ZhH +z /2> 82q — ZA/ZQSQB:|
T(CI)T‘IH) — $(BiT @) = 7(‘I’T¢1) = L(®177 )
73(@1®2) = 3(Bh0h) = J5(@Lds) = 3(&y7 @)
7(@‘1’1) — $(P5r @) = 7(‘I’T‘I’1) — L( Do D))
7((1)“1)2) — (P57 ®3) = ﬁ(‘I’T‘I’l) = L(P177 )
L(@]70)) > L(@i17 @) = [7 (®13) — %(@1#@1)}
L(@]r3Ps) = L(Bar" @) = [7 (®1D,) — %@2#@2)}
L@ = 3Byt a) =~ () (o5 - ot 2l 210?)
1/2 1/2
Z ()\4 —X5) [(zhh — zHH> Con + (z;f
(ZhH + z ) Soq — ZA/ZQSQB]
- 1
J5(@h70®2) = §(B177@1) = — 1 (i + o) (zi{j’ — -t z1/2>

(@Tq)l) %((i)ﬁ‘hbl) =\ [zi‘/j — z}lf — 21/12{ + 2z,

1/2 1/2 2 1/2
(zA/A — 2;42) cop + (zhfq + zl/ ) $2q — ZA/Z S28

4

1
=1 0= %) (2~ =

) C2q + (2;42

1/2 2
+ (st + =i ) 520 — =455

~32 -

1/2 1/2 1/2
(ZHH ~ “hh

L (@] dg) — L(Da7tdg) = Ao [2’,14/2 flf— i atal+ (2}1/121 11122

1
T ZAA

(C.5)

(C.6)

(C.7)

1/2
A) €28

(C.8)

2
i) e

(C.15)

) ez

(C.16)

2
)z

1
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(@17°®) — (@177 ®}) = L (@]5®)) = L(D177dy) (C.17)

7 2
7(<1>T T90y) = 1(B37 ®3) = L(0]77D,) = L(Bor T Py) (C.18)
7(@ T501) = J(@57703) = L(2]r5P1) = L(DorTBy) (C.19)
7(<1>T T90y) = }(B3r ®3) = L(@[77D)) = L(B177Py) (C.20)
L@ ) = L(3779) =0 (C.21)
3 (B2t ®y) — (P37 @5) =0 (C.22)
H@17T @) = (@3 @5) =0 (C.23)
L(Bor®y) — L(B377®%) =0 (C.24)
C.2 Q=0, Zy-odd — Zy-odd
1
J5(@[02) = T (@[r302) = £ (g + A) (zi{j TR P R (C.25)
_22;/310 +Zl/2)
5\ PoP1) = (P77 P1) = (P P2) = (L7 P2 :
55 (@501) —» L (@1r501) = J5(@]®2) — J5(2]77P,) (C.26)
J3(@1@s) o L@ = X5 (43 + 2 — 250y +aifn - 22,00, + 2M2) (C2m)
—_— 1 — = 17_ 2 7 2 75 1 .
f(qﬂq) ) = \}E(qﬁ 3d,) = f(chcb ) — f(q> 5) (C.28)
2
T(CI)TQ)Q) 7(@1T+<I>2) \8[ (2)\3 + 3)\4 + 3)\5) <Zjl4/j }1”/12 - 1/2 + 1/2) (029)
V2
+ ? (2)\3 + M — /\5) [(Zill{f — Z}{/?{) Coa + ( 1/2 _ ZA/Q) C23
+ ( 1/2 + Zl/2> S90 — 2114@2325]
2
L (@301) L (@7 D) = f (203 + 3Xs + 3)s) (zi{j _2 2y 1/2) (C.30)

ﬂ
_ ? (2)\3 + Ay — /\5) [(Z}lléz — Z%E) Coq + ( /2 _ zA/Q) C28
+ ( 1/2 + z1/2> S$90 — zil/zzsw]
T(q’T‘Pz) ﬁ( 1T ®3) = 7(‘I>T<I)1) 7(‘1’1T+‘I>2) (C.31)
J5(®101) = 5 (&7 05) = J5(B]P2) — J5(E177 D) (C.32)
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J5(@]r50s) = L (&1 P,) = {f (2X3 4+ A1 + As) (z}(j 22 1/2) (C.33)
_ \8[ (23 4+ 3A4 — 3X5) [(zflb,/f - z}f?{) Cou
+ (z;f — zA/2> Cop + (z,llé,2 + 21/2) S9q — 2114/22525}
L (@3 1) » L (Br7F @) = \f (2X3 + M+ As) (z;/j L 1/2) (C.34)
n \Sf (2X3 + 3\ — 3X5) [( 12 _ 4{;) Co0n
+ ( 1/2 _ zA/ ) cop + (z,lﬁ + 21/2) S9q — 2114/3325}
7(@ 30y) — 7(@* T 0h) = 7(<I> 3d1) — 7(<1>1T+<1>2) (C.35)
7((1) T001) = 5 (diT83) = f@ T90y) = 5 ($17 @) (C.36)
T5(P17®g) = 5 (R]T705) =0 (C.37)
C.3 @ =0, Zs-even — Zs-odd
55(®]01) = J5(2]®) = —g (A1 — Asss) (z;/f + o + 22000 — z}{/,f) (C.38)
+§Q1+&%)[(%ﬁ+ﬁuﬁ 2—<££+24ﬁwﬂcw
e ) (2 2 ) )
S5 (®1dy) — 5 (@4®) = g()\z — Aa45) (z}{j a2 z},/,f) (C.39)
+%O2+&m)[<%g+%uﬁ 2—<££+2%ﬁwﬂcw
+ ( 1/2 z}q/;) S$9q T+ (zi‘/j + Qz}ﬁH_ — Zzij/fw 21/2> 325]
T(q)T(I)l) 7(‘1>T(I)1) = 7(‘DT‘I’1) \/5(‘1)];‘1’2) (C.40)
55 (P1dy) = J5(B]P2) = L (P1D) — J5(BLP1) (C41)
L (@]e)) - L (0l7%,) = %(3A1 — 223 — Agas) (2}4/3 taly -2z~ z},/f) (C.42)

(3A\1 4 2A3 + Ass5) [(Z,%f + z1/2> Coa + (2114/22 — Zz}q/fw,) co8 — (z}lﬂ/f — zllq/é) S92

1/2 1/2

_l’_
+ ZAA+2zH+H, 21/2 —I—zl/Q)sm}
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1 1/2 . 1/2
J5(@1@2) > J(@hr01) = — (3% — 22 — Ass) (z 12y (C.43)
1
—QZ}{/Ew_ — Z}!Z) + 3 (3X2 4+ 2A3 + As45) [(Z,llg + Zl/2> Coq + (ZXZQ _ 221/2 _) Cos

HtW
(o) s (e 2l ) )

55(@1®1) = L (@1r°0)) = L (@] @) — J5(@lr70y) (C.44)

T(qﬂcbg) 7(@* 3®y) = T(qﬂcbg) 7(@ ) (C.45)

L(@]@1) = L(@177 ) = ‘8[ (3A1 — 33 — 2)4) (zi{f — a2y 21/2> (C.46)
— \8[ (BA1 + 3X3 +2)\y) [(z,lﬁ + z}{/}?) Conq — 2114/3025

() (3 20 )

L (@]@0) — L(B17 @) = —‘g (3)2 — 33 — 2)u) ( 22y 1/2) (C.47)

Sl

2
— £ (32 4+ 3A3 +2)\y) [(z}lﬁ + Z}{/i) Conq — zz/jcw

8
/2 12 1
+ (ZH/H - zh{z ) 8200 — (ZA/A - zif) 32,8]
7(‘1’T‘1>1) 7(‘1’1 T ;) = 7(‘I’T‘I’1) 7(‘1’1T+‘1’2) (C.48)
T(q)T(I)Q) 7(‘1)* T 0y = 7(@ ®3) — \/5@17' ®) (C.49)

1
L(@]r01) » 35(@]@2) = = + 20 = 3hass) (247 + 507 —251/7,- — =) (C:50)

Htw— Hh
1
+ 3 (A1 — 2A3 + 3A345) [(zhéi + 21/2> Con + (,2114/2:2 - 22}_1/_~2_W_) c28 — (z,llfl2 z}{/?{) S20
+ < 2114/12 + 22}{/3}1_ — 22110/_,_211}_ + z;f) 525}
1 12, 1/2
J5(@)r302) — J(@h01) = —= (o + 20 — BAaus) <ZA/Z + 22 (C.51)

1
—20yf? = aft) + < (2 =223 + 3Aass) (a2 4 =) eant (42— 2242 ) 25

H+W
G ) P G S i

L(@]730)) & L(0le) = L (@]r70)) » L (0]ay) (C.52)

S
o
i
o

L (@) — L (@]0,) = L (®lri0y) —» L(2fa)) (C.53)
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o
1
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1 /2 | 172 1/2 1/2
L(@]r8;) — L (@]r82) = — (1 — Aaas) (ZA/z T P zH/h> (C.54)
1
+ 3 (A1 + A345) [— (z,%,2 + leq/z) Con — (2114(22 + ZleLﬁW_) cop + (z,ll,/f — z}g/f[) 594
+ (zil/j + 22}_1/_?_]_1_ — 22111)/4_210_ — zif) 525}
1 172 | 172 1/2 1/2
J5(@4r302) = J(@fr01) = < (h2 = Aass) (42 + 2 +2t, — ) (C)
1
+3 (A2 + Aza5) [— (4%12 + z}{/s) C2a — (2114/22 + 273ny7) cop + (2,11{12 - Z}J/IQ{) $2a
+ (2,14/,2 + 222/3]{, — 22110/+2w, — z;f) 525}
J5(@17%01) = 5 (@4r°01) = J5(@]7001) — L5 (@]75P,) (C.56)
T5(@r50s) — L (B]r00s) = J5(@h7®s) — J5(2h77P)) (C.57)
= V2 12 12 | _1)2
%(@173@)1) — 12 (D171 ®y) = 5 (M — A3 —2)\y) (ZA/z - Zhé] + ZH/h> (C.58)
V2
+ 35 Qu+da+280) [ (307 + 2 ) c20 — 24 cas
12 172 1/2
+ (ZH/H — th/z ) 890 — (ZA/A — zif) 525}
i V3
J5(@hr*02) — (@177 0y) = 25 (2 — A3 — 20) (zi{f _ 2y z},/,f) (C.59)
V2
+ 3 (A2 + A3+ 2)\y) Kz}llg + Z;I/,f) Conq — zi‘/fc%
12 1/2 1/2
+ (ZH/H — Zhé ) S$2a — (ZA/A — zif) 525]
J5(@17501) = J5(D177®3) = 5 (B]P1) = J5 (D17t Py) (C.60)
J5(®hr3®y) — Jo(D177®3) = L (PLds) — J5 (D17 Py) (C.61)
= 1
L(@177 1) = J5(@]®2) = 7 (A4 +3)s) [—zi{f 4ol Gl (C.62)
- (21%12 + Zzlq/;?) Coo + 2 o + (21%2 - Z}ﬁ{) §20 + (Zif - 2,14/,3) 526}
L&yt 1 (ple 1 12 12, 1)2 C
3 (P27 ®2) — \/5( 5 ®1) = 4()\44‘3)‘5) ZAz — *wE T ZHR (C.63)
(4 vt e (= ) o (1) ]
- 1
%((1)1T+(I)1) — %((I);(I)l) = 1 ()\1 — )\345) (2:114/22 - Z,llg + Z}!Z) (064)
1
- (A + Asa5) [(z,llg + zllq/,f) Coa — zi‘/zzcgig — (z,ll{f — z}{/?{) S9a — (z;f — 2114/2) 325}
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%(&)QT+(I)2) — L (CI)];(I)Q) = ()\2 - )\345) (2114/22 - Zillg + Z}J;) (065)

1
4

.
1
~ 1 (A2 + A345) [(z,llg + z}!,f) Conq — zi@cm — (2}%2 — Z;jé) Soq — (z;f — zi{j) 525}
) 1
L(@irt ) » L(@]r0,) = 1 (= 3%) [—z}f t a2 =2 (C.66)
(24l + 2t ) 20+ 2ican + (2 = 2ifir) 2 + (212 = 23 ]
) 1
L(@o7 @) = J3(@]70®1) = 7 (M4 = 33s) [z;/f _ 2y (C.67)
(el ) e s+ (7 ) s (02 24 o]
(@17 @) » (@) 0)) = - [J(@irT ) - Ly(@fey)] (C.68)
1(@o7®s) = I (@] 70Dy) = - [%(&)2#@2) — %(@{@2)} (C.69)
: < V2
L(@1701) = (1t @2) = =27 (M daas) (zj,/j + a2 z}j,f) (C.70)
V2
- ()\1 + /\345) [(zif + z}{/,?) Coq + z%jcm + (z}{/fl — z}f) S$2q + (2;42 — zi{j) 825}
: = V2
%(CI)QT+(I)2) — %(‘I’ﬁ'—"—‘bg) = T ()\2 — )\345) (2114/22 + Z]%{Q — Z}{/]z) (C?l)

2 (ng v (0 242 v e (2 — ) s (2 212) ]

3 (P17 @) = (@77 P;) =0 (C.72)

3(®27 T @s) = S5(PI77@5) =0 (C.73)

H@IT @) = L (]D) = §(&177 1) — J5(@hd) (C.74)
5D ®3) = J5(25®1) = 5(Par" Do) = J5(8]P2) (C.75)
(@I ®]) = S5 (@181) = §(B177 1) - F5(B]Dy) (C.76)
5(B5785) = 5 (8] ®) = §(Bor " Py) - T3 (B1D1) (C.77)
J(@IT0]) = J5(@[700s) = J(@17FR1) — L5 (@77 (C.78)
J(@377®3) = J5(Dhr0R1) = §(Bart Do) — (@] 70Py) (C.79)
J(@IT8]) = J5(@5r0R1) = §( @17 @) — J5(@]70Py) (C.80)
3(@377®3) = J5([T0R2) = §(Part Do) - 5 (Rh77Py) (C.81)
HETO]) = (217 s) =0 (C.82)

3(®57703) = 5(P17 @2) =0 (C.83)

F(DI7T70]) = S (D7 ®5) = J(D17T0) = 5 (D17 D) (C.84)
5(D377035) = S5 (Dfr 03) = (o7 By) = 5 (D17 D) (C.85)
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C4 (Q =1, Zs-even — Zs-even

1
V2

(@l ®)) = L(@7°®)) =
+ (2nn = =) caa+ (22 = 243) e+ (24l + 2iln ) 520 — 242 52

M |2 — 20t -l + 2L (C.86)

_ = 1 /2 12 _1/2
%(CI);T Ds) = $(Pa7®y) = 5)\2 |:ZA/A - Zh{z - ZH/H + 21/2 (C.87)
/2 _1/2 1/2 1/2 | 1/2 1/2
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~ 1
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1
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_ ~ 1
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1
=5 A= 2s) [(Zi;/f - 21%1) C2a + (ZZQ - Zix/j) C2p T (Zflzg + 257 ) 520 - 22/332/3}

C.5 Q=1, Zy-odd — Zs-odd

V2
J5(@{r702) - F(®125) = = (203 — Ay = Xs) (z;/j AL z;f) (C.90)
V2
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2 @0 000 [(47 = ) et (L2 22 e

8
1/2 1/2 1/2

+ (zhH + ZHh) 820 — 24, 526]

_ = \/Q 1/2 1/2 1/2
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- ~ 1
7(@1@2) — %(@17‘3@2) = 5)\3 [(Zflﬂ/f - Z%E) Con (094)
(k- 2ty 2al - 22) st (2l + 2 ) e+ (20 - 22307, ) s

C.6 (Q =1, Zs-even — Zs-odd

_ _ 1 1/2
J3(@1T7®1) & (@177 @) = =7 (A - ha) 2 /

Htw—
N (e

1
9 FH+H- T Pwtw-
12 1/2 1/2
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(C.95)

1/2 1 1/2 1/2 1/2
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1 1
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1/2 1/2 1/2
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V2
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L@l @) —» L (@170, = ‘g (A — A3 — 2)5) (z}{j — 2y 1/2) (C.101)
_ \8[ (A1 + A3+ 2X5) [(z,llg + zl/2> €20 — 2114/22025
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V2
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2
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~ 1
L(@2r302) > B (@] @) = =5 (2 — Ay) (zi{f _ 2y },/f) (C.106)
1
1 (A2 + A3) [ (2}1}{2 + 21/2) C2a T 2114/,22625 + (z}lf + 21/2) S2a + ( 1z _ ZA/Z) 325}
- ~ 2
H@17%01) = L (819,) = ‘8[ (A1 — A3 + As+ As) (zi,/f + 22 (C.107)
—22}1/3 - 1/2> + \Sf M+ A3 = — As) Kzflﬁ + 21/2> Con + (2,14/3 - 2z;ﬁw,> cop

1/2 1/2
+ (aHh — ) snat (2242 — 222, — 224 207))

. - 2
L(@y73®y) = 1 (31,) = v2 (A2 — A3+ A+ As) (242 + 217 (C.108)
V2 8
V2
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