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Summary 

An important aspect of the design of high­
current devices is the beam loading of the accel­
erating structure. The phenomenon is sensitive to 
the charge distribution of the beam and to the 
geometry of the structure. Calculations for real­
istic geometry are difficult; to gain insight, a 
number of authors have studied the simplified 
problem of beam intr:~c~ion with a closed, right 
cylindrical cavity. " A formal solution, for 
arbitrary 'charge distribution, has been give3 as 
a (double) sum over the modes of the cavity. It 
has been emphasized by all previous workers that 
the simplified problem approximates reality only 
for those modes having wavelengths large compl.red 
to the holes in an actual structure. We have de­
veloped a computational program aimed at evalu­
ating the energy transfer to the cavity when the 
geometry of the beam is characterized by inner and 
outer radii as well as an axial length. Sums over 
selected sets of (or all) modes are available. 
Farametric studies are presented of the total 
cavity excitation by a charged ring. 

Formalism 

The problem considered is that of a ring with 
total charge Q moving at constant velocity 
v = ~c in the z-direction, and encountering a 
single closed right cylindrical cavity of radius 
b and axial extension from z =,0 to z = L. 
The cavity is perfectly conducting, and we calcu­
late the energy given up by the rir~ to the elec­
tromagnetic excitation of the cavity. The ring is 
assumed to move through the infinitely thin cavity 
walls. The problem ~s solved for a point c~rge 
by Kolpl.kov and Kotov and by Morton and Neil ; 
and for a more general distribution by Winterbon.~ 
The analYSis follows the classic pl.per by Condon. 

The result for a point charge is divergent, as 
is the energy loss for a ring of major radius, a, 
having zero minor radii. We consider, therefore, 
a ring which is uniformly charged between major 
radii al and a

2
, and for z between -h and h~ 

The energy loss by the charged ring in going 
through the cavity L'U is given by 

* Work supported by the U.S. Atomic Energy 
Commission. 

where sand pare/integers, 5 is a,Kroneker 
delta, y = (1 - ~2)-1 2, the resonant frequencies 
of the cavity are 

and the quantities are determined from 

s = 1, 2, •..• 

Letting h ~ 0 and a2 ~ a = a, we obtain 
the (divergent) formula for a r!ng of zero minor 
dimensions: 

_ 8Q2§21J/l+5pO\ JO(I-Isa) 2[1_ (-l)PCOS~ 
L'U - 2 \ 2 ') ----'---I [ 2J 2' 

b L ' ; 1-1 Jl(1-I b) ~) 
p,s s s 1 + yLl-l

s 
, (4) 

That the double sum (4) diverges can be inferred 
from the corresponding integral approximation for 
the terms with large valUes of p and s, 

~ [,,{;I-I [1 - (-l)P cos ~ ] 
f3J ~ rtraJ J .2 [1 + (~)J (5) 

Which relies on asymptotic forms of the Bessel 
functions. The term in cos(~/v) averages to 
zero, and making the change of variables 

E:!. - 1-1 tanS , Ly -

we obtain 

(6) 



m -+ 4Q~ft z (00 
~ a) 

2 
cos e de , 

which clearly diverges--logarithmically--for laxge 
values of ~ (or s). In the special case that 
a = 0 (truly point particle) the Jo(~sa) in (4) 
is replaced by unity rather than its asymptotic 
form, and the divergence is more severe (linear in 
~) than in the case a ~ O. 

Computational Results 

Numerical evaluation of (1) is difficult when 
y is large and h is small, as the summation 
converges only very s10~lY. Winterbon quotes 
some numerical results; we have developed a gen- ! 

era1 Fortran program which is ava,i1ab1e to anyone 
interested in obtaining values of m for various 
sets of input parameters. 

For illustrative purposes, we present numeri­
cal results for. a particular cavity, a limited 
range of ring parameters, and with the sum in (1) 
taken over all modes. The results are expressed 
in terms of B, where 

(8) 

In the case presented, the cavity radius b is 
10.0 cm, the cavity axial extent L is 7.0 cm, 
the inner major ring radius a1 is 4.0 cm, and 
the outer major ring radius a2 is 4.1 cm. In 
Fig. 1 we show the dependence of B on h for 
three values of 'Y. It can be seen that the value 
of B is finite as h approaches 0 (since 
a2 - al > 0). In Fig. 2 we present values of B 
as a fUnction of y for two values of h. It can 
be seen that B approaches a constant as 'Y -+ co, 
the asymptotic value being a function of h. In 
Fig. 3 we show B as a function of y for a case 
in which the ring axial dimension remains constant 
(0.1 cm) in the ring frame, so that in the labora­
tory, due to the Lorentz contraction, h decreases 
with increasing y. The reader is cautioned that 
the example presented here is not immediately 
applicable to typical accelerating columns; the 
energy loss by the ring to excitation of a cavity 
having entrance and exit ports is certainly not 
given by the complete sum in (1), but rather, 
perhaPf, by the sum over a restricted set of 
modes. ,3 
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Fig. 1. Cavity excitation energy [see Eqs. (1) 
and (8») for a uniformly charged ring of 
major radii 4.0 cm and 4.1 cm, passing 
through a cavity of length 7 cm and radius 
10 cm. The ring's axial extent is h, and,l 
its speed is characterized by 'Y = (1 _ 132) -.1.f2• 
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Fig. 2. Cavity excitation energy as a function 
of ring speed for two different ring axial 
extents. Other parameters are the same as 
in Fig. 1. 
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3. Cavity excitation energy as a function 
of ring speed for a Lorentz-contracted 
ring which bas an axial extent of 0.1 em 
in the ring frame. Other parameters are 
the same as in Fig. L 
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LEGAL NOTICE 

This report was prepared as an account of Government sponsored work. 
Neither the United States, nor the Commission, nor any person acting on 
behalf of the Commission: 

A. Makes any warranty or representation, expressed or implied, with 
respect to the accuracy, completeness, or usefulness of the informa­
tion contained in this report, or that the use of any information, 
apparatus, method, or process disclosed in this report may not in­
fringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, or for damages 
resulting from the use of any information, apparatus, method, or 
process disclosed in this report. 

As used in the above, "person acting on behalf of the Commission" 
includes any employee or contractor of the Commission, or employee of 
such contractor, to the extent that such employee or contractor of the 
Commission, or employee of such contractor prepares, disseminates, or pro­
vides access to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 
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