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and- :
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ABSTRACT

The asymptotic distribution of points in phase spacé visited by or-
bité of a dynamical system determines_how one is to evaluate averages of
physica1 quantities_ovér the phase space. In any numericai or labora-
tory experimenf the details of this distribution are.restrictediby reso-
1ution. Wé present a method for calculating the asymptotic distribution
commensurate with any given experimental resolution. Also we show how
to evaluate the evolution from any initial distribution to the asympto-
tic distribution. Detailed calculations are given for the mapping
Xpel = Bsin(wxn). 0 < B < 1, which takes the interval 0 < x < 1 into

itself.

* This work was supported by the Director, Office of Energy Research,
O0ffice of High Energy and Nuclear Physics, Nuclear Physics Division of

the U. S. Department of Energy under contract No. W-7405-ENG-48, and
by DARPA Grant # 4805-02. '



In the analysis of nonlinear dynamical systems an object of some in-
terest is the asymptotic distribution function, D,(x), on the N dimen-

1 This distribu-

sional state 'sp'ace X = (xl""’xN) of the system.
tion describes the disposition of almost all orbits after the system has

‘evolved Tlong enough 1in time from an initial state x Averages of

00.
phase space functions G(x) are given by '

_<G>-=./d§ DA(f) G(f)‘//‘_df DA(f) | (1)

when the asymptotic distribution is reached. For nonintegrable Hamil-
tonian systems D,(x) is the microcanonical distribution--namely, uni-
form _population of the constant energy surface. We consider here more
general systems than Hamiltonian.

This note describes a method. for approxjmating DA(L). It is moti-
vated by the observation that in any laboratory or numerical experiment
on a dynamical system, the ob,serveqv distrivbution-wiﬂ be a "coarse
grained" representation of DA(i) ref'lecti‘ng the experimental resolu-
tion. Dp(x) consists of a'seriés of delta functions arising from the
deterministic aspect of the dynamics. Experimental resolution smooths
out the true DA(L) by presenting the answer in bi’ns of an approximate
size. If present, external noise will also smooth out .DA 2', such

noise can be easily incorporated in our method when its characteristic

function is known. Henceforth we assume external noise to be absent.
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We choose to evaluate not DA(x) but its Fourier transform

- BA(T) =/ﬁ —(:—)W !l D, (X) - (2)

which is smooth although DA(ﬁ) is singular. Truncating the number of

 modes in the equation determining D (m), we are able, by operations of

a f1n1te -order, to calculate DA(x) with a spec1f1ed, improvable reso-

lution.
Our focus in this note is on discrete dynamical systems whose evolu-

tion is given by

= Flx ) - | (3)

This y1e1ds the state of the system at "time" n+l, given the state at

. n. For dynam1ca1 flows governed by a differential equation we can dis~

cretize it in time to reach (3) or study the Poincare' or return map for
the flow. With small ‘changes, the analysis. here applies to flows as
well, |

We take the dynamical system'to be ergodic3, which means

L-1
) S lim 1 k -
- =L k=0
where we have normalized D,(x) to one and F (xg) s the Kk
iterate of the map beginning at x,. Denoting
L-1
_1 N ok
k=0 '

Seadd



it follows that

Dy(x) = % by (xxg)e | (8

“The interpretation of (5) is Quite hatura];l.the asymptotic distfibution
is the §et of points which the orbit beginning at x4 visits as the or-
bit length becomes infinite.,v_ |

Equation (6) contains thé imp]icatﬁon that the aﬁymptotic distfibu-
tion is independent of Xg. For almost all points in a given basin.of
attraction that is what we should expect. If there are many basins of
attraction for the dynamical systems, each may have a different asympto-
tic distribution. Even within a given basin bf attraction, there may be
a set of points leading to a different DA(gj thch is singular with
respect to the distribution we expéct to be calculating here. A heuris-
tic way ;o specify what DA(l) we are evaluating is to éppeal to a re-
sult of Kifér4 ‘which says, for our pur-poses, that adding a small ex-
ternal noise source leads to an asymptotic distribution as close to our
Dp(x) as we wish. Since the noise eliminates singular distributions
by providing a'"Spread“ in phase space, wé-c&n say that the distribution
we are evaluating is the same as would result from introducing an infi-
nitesimal noise source, calculating Dy, and then removing the noise.

To derive an equation for DA we note the distribution D (x xo)
is connected w1th the conditional probab111ty P(x k|x0,o)5 that the

system is at x after k steps, given it originated at Xge Since

P{x, k|xq0) - 6N(§ - Ek(§0)) D (7)



to

one sees

D ’x'-)~('0 =% Z P(x, k|x0,0) ' (8)

The conditional probability satisfies

Introducing the Fourier amplitudes _

p . -
A (mx) = de e 20X pix,k|x,,0), (10)

(9) yields the recrusion relation

Ak(rg »X ) ZTm n Ao 1(n Xn) (11)
, I
in which
dz . ' .
. f efn-z - imE(z) (12)
m, n N ! v
-~ ~ (2‘") .

Fourier transforming DL()S-”)SO) and using the recursion relation, we

find, in a matrix notation,

(1- T)B SENGE LTI | (13)
L



From this we see that DA(m) is the eigenvector of T with eigenvalue

1. With regard to the remarks above; we.see that it is independent of -

Xg-

This Tlast relation for BL(H‘-’io) allows us to determine the
approach to DA as well as DA itself. Introduce the eigenvalues
Ag = 1, Xosees and eigenvectors 'Va(m) a = 0,'1,2.... of T. The g
have magnitude less than or equal to one if the transformation matrix T
does not take -orb-i’ts.off to infinity. Equation (13) only makeS sense in
the limit of large -L when this is the case, 'so we assume it in our
discussion.  (OQur Astate-ments above aboutl the uniqueness of the
asymptotic distribution are here iterated by the requirement that the

eigenvalue unity be nondegenerate.) From (13) we see
' ’
D(mx)-D(m)+—Z[(1-(A )L)/(l-x)]X (14)
a=1

X Va(rg)[zn: V (n)Ao(n )] .

~

This shows how the distribution DA(x) is reached.

Our observation is now that a truncatwn of the modes m in To m,n
provides a controllable and improvable resolution in the A(x)
predicted by that truncation. Restricting ourselves to mj = 0,11,
*2,...#N for each component of m, results in a resolution 'NB
each component of x.. Precisely this resolution comes from placing one's
experimental data in x space into N, bins for each component of x. At
any finite truncation we have a finite dimensional T matrix whose

eigenvector with eigenvalue unity determines T)'A(Ln).



To illustrate our discussion we have studied the one dimensional

map®

Xpp = B sin(nxn), 0< B<1, - _ _ . (15)

whfchvmaps the interval 0 < x <1 into itself. InFig. 1 we display the
asymptotic attractor for 0.82 < B < 0.997. For B f;lkw the attractor is
the stable fixed point x = 0. For 1/ < B < 0.72 there is'another
stable fixed point. At B ~ (.72 this fixed point bifurcates into the
stable two cycle still visibie at B = 0.82 in Fig. 1. -

Our "data" are co11ected'by dividing the x axis into N, bins, and,
at a fixed B, counting the number of points of the attractor in each
bin. Properly norma1ized,bthis is precisely the coarse grained version-
of DA(x) described above.‘ |

For the map aboverTmn is

X

T = %f,de gl(2ne - 2amB sine) . (2.mB) +.1'E2n(21rmB), (16)
0

where J and E are the ordinary Bessel and Lommel functions. Choosing
Im|, [n] < Ny we have determined the eigenvector of (16) with
eigenvalue unity. Returning to x space we display DA(x) and the
result of binning data from the direct numerical evaluation of the
attractor. In Fig. 2 we have taken Nb = 25, B = 0.847, and put the
numerical data into 50 bins. In this region the attractor is a period
four orbit and our method does a credible Jjob 1in reproducing the
distribution. In Fig. 3 we have taken B = 0.955 with the binning the

same as before. For this value of B we are in a regime of chaotic



motion just past the bifurcations of a stable 3 cycle. In each display
the‘ orbit was. iterated 10,050 times and the 1asvt'104 points were put
into the bins. This leads to a statistical error of about 7 in the
numerical data. A1l distributions are normalized to one.

| The information in the other eigenvalues and eigenfunctions of T
allows us to follow the evolution of any initial density vqf points
f(XO).' We choose f(xg5) to be normalized to one. From (14) the
Fourier component of the average of this density with DL(m,xo)

behaves as

~

fLm) = Dy(m + 1 ) [ - Ot -]
a
(17)
x Vo (m)[ TV (m)F(n) |,
’ n

since AO(_r_l, 3(_0) = exp(inxo). This shows that any initial distri-

bution approaches DA(x). The same information permits us to find the

behavior of correlation functions on phase space.

CAB(k) =/d§ A(f)B(Ek(f))DA(f) - <A> <B>. ' (18).

For large k, CAB(k) falls as exp(-rk) with r determined by the eigen-

value of T whose magnitude is closest to 1. These matters and the ap-

plication of the present method to both flows and models for physical

systems w1‘v11 appear in our forthcoming paper.7
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Figure 1}

Figure 2.

Figure 3.

Figure Captions

The asymptotic attractor for the mapping xp4+1=Bsin(wxxp).
The map has been iterated 550 times for 450 values of B in
the range 0.8 < B < 0.997. For each B the first 50 values of
xp were discarded and the subsequent values displayed.

For B=0.847 we show the result of placing 104 values of x
on the asymptot1c attractor of Fig. 1 into 50 bins. Also
displayed is the asymptotic distribution DA(x) ca]cu]ated
by our method for Np=25.

Same as Fig. 2 except now B=0. 955. The attractor here is

quite complex.
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