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SHELL-MODEL CALCULATION FOR Po

+
Norman K. Glendenning and Kichinosuke Harada
” v Lawrence Radiation Laboratory
University of California

Berkeley, California

" February 1965

Abstract

A detailed shell-model calculation for theé lower excited levels and.
hlgh spin, alpha~- emlttlng isomer of Po212 is reported vOﬁr result shoWS'that
the main conflguratlon of the isomeric state of P02'12 is [(h9/2)8 (g9/2 11/2 lO
and has spin,J=l8J The calculated spectrum also suggests the exlstence of a
few low-lying levels which have not been observed experimentaliy, including a
possible isomer with J=10. Alpha reduced widths and electromagnetic tfénsition
probabili£ies have been calculated and compared with those Qf the previous works,
and with experiment. The results are generally satisfactory. The wave fuﬁctions
~are sfronély configuration admixed including non-negligible higher seniority

components.

Work performed under the auspices of the U. S. Atomlc Energy Commission.

+ o '
On leave of absence from Japan Atomic Energy Research Institute.
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1. Introduction
.Tee nucleus Poel? has two protons and two neutrons outside the doubly
magic,Pbeo8 core. Experimentally five'excited levels are known, and three of
them show long—range'a—particle decays. Recently, Perlman et al.l) discovered
a long-lived (45 sec) isomeric state at 2.93 MeV above the ground state.
Several calcﬁlations.for Po212 have been reported earlier, but their .

results are more or less different from each other. A brief summary of each

follows.

1.1 BAND, SLIV, AND KHARITONOVE) (hereafter referred to as BSK)

They tried to fit the lower leveis and obtained‘fairly good results.
They ;nclude a collective coordinate in their calculation, which describes the
Pb208 core. Therefore their wave functions are inconveﬁient for.the caiculation
of aipha—particle reduced widths Wé'* They used the same'forces for p-p, n-n,
and p-n residual interactions, and their interaction could not reproduce the

’

marked differences between Po210 and PleO spectra.

1.2 GLENDENNINGB)

This calculation was done primarily to show that an isomeric level of
high spin could be aceounted for by the shell model and to suggest what the-
spin of the observed -isomer might be. No attempt was made to fit the lower

levels. According to this calculation, the spin of the isomeric state is 18,

2

11/2 lO]18 However the single—

. ‘ , .t-
a ts mai i i .
nd its main conflguratlon 1s 9/2)8 (1

‘partlcle levels whlch vere used were taken from Mottelson and Nllsson s paper ).

They are somewhat different from the experimental ones.

* : |
Their wave function gives a smaller alpha width for Po2 12 than for Pozlo,
contrary to the experiment.

When referring to configurations of both protons and neutroms, ve shall always
refer first to the protons. :
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1.3 HARADA5)'

This is a simplé calculation based on the pairing plus quadrupole-

guadrupole Hamiltohian, and discussed mainly the effects of the p-n force on

the ¢~decay rate.

1.4 AUFERBACH AND TALMI6)

: . . 210 A
They assumed pure configurations for Poglo, Pbelo, and Bi l.'which ’

allowed them to evaluate the matrix elements relevant to Poote

if one also
as§ﬁmes that no additional configurations are important there. »However; the
ass&mpﬁion of pure configurations fof these Heavy‘nuclei probaﬁly is violated
strongly in nature, as it certainly is in éalculation. According to their
analysié, the spin of the isameric state is 16 (the maximum épin for the assumed
configuration), and'the'staté'appears at 2.68 MeV above the groﬁnd étate. This
is lower than the experiméntal value by 250 keV. '

In both of the above 2nd énd hth calculations;-the existence of the
isomér is solely.atﬁributed to the effect of the p—n‘force because the binding
energy of a pair of equivalent particles.decreases with its,fotal spin.

In order to obtain ﬁore definite information:on Eoglg,‘we have,ﬁried
aéain a detailed shell-model calculation. We negiected the tensor force entirely
in this calculation. The effects of the tensor- force wiil be discussed briefly
in sec. 5;. Section 2 of this paper will discuss.tﬁe method of calculation and
the parameters which we used. In sec. 3 the results of this calculation will
be given and compared with other thepretical calculations and with experimental

A EY

results.

Yy

F iy
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2. Calculation
2.1 PARAMETERS
Harmonic oscillator wave functions are used to represent the single-
particle wave functions. The oscillator parameter v is détefﬁiﬁed in the

» " following way.

Blomgvist and Wahlborn7) have calculated the eigenfunctions in a Woods- -
Saxon potential for the single-particle levels around Pb208. To determine v,

we postulated the following condition:
- 2, 2 -~
Je Ty, & = Yy A (1)

where wH o. é&nd wB . are respectively the harmonic and Blomqvist-Wahlborn
wave functions. The calculated v-values from this relation are given in table 1.

We fixed our v-value: as 0.18 which is an average value over ‘the seven v valies.

Table 1

Harmonic oscillator parameters v'=_mw/h

orbits v ' orbits v

lhg /o 0.187 285/p - 0.170

) o o 2f7/2 0.190 . ..1111/2 Q.188
: . | li15/2 10'180 ' L 1315/2v | _ O.1éo
3a5/2 0.135

_The residual p-p, n-n, and p-n. interactions are so determiﬂed as to
. .f 210 _, 210 o - '
N reproduce the experimental Po 1 ;s Pb 10, and Bi21 spectra. Gaussian-shaped

forces,

Vo= em(ep)? (2)
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for each exchacge type-are'used throughout this calcyiation.' We changed the
force parameters Vo and B entirely arbitrarily without making allowances
for the properties of the free nucleon-nucleon force because of the expected
strong modification of the latter. We even allow the p-p and n-n forces to be
.~ different since the residual shell-model force can depend, among other factors,
on the particular shells involved. .

The experimental single-particle leveis relevant to P0212 are shown in
fig. l.. We included theineutron levels below the déshed line in the figure.

L 2 210 y .
We will discuss: our results for Poglo, Pb lO) and Bi . nuclel successively.

2.2 Po210

The experimental pairing energy of two protons in POElO is about 1.2L
MeV. If we plot the Poglo spectrum with the ground state at 4112h MeV, the
energy of the 6+ state is-at aboﬁt +240 keV. Even if we take into account the
Coulomb energy, the energy of this state due to the attractive force is almost
zero. This fact Suggects a shcrt-range for the p-p residual interaction since
the interaction energy is in this case very small for large J. On the other
hand, the spacing between the 2+ and L+ levels 1is more characteristic of a

long~range force. Thereforc, it seems to us that the energy spectrum of Poglo

might not be reproducible by a central interaction only. The parametérs which

best it the relative spacing are given in table 2.

Table 2
p-p force
VO(MeV) B (fermi)
singlet even ~6L.54 1.40
*
triplet odd 12.8L 2.15.

*
We assumed triplet odd potential is effect-
ive only for J=0 state. This is a simulative
form of the tensor force.
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Figure 2 compares our result with the experlmental spectrum and to the

calculation of Kim and Rasmussen8),_referred to as K-R. Newby and Konoplnsklg)

2
have calculated the Coulomb énergies for the various spin states of the (h9/2

. confnguratlon We adgusted their values by using the relatlon,

R « (v)—l/g, | - (3)
and éddedbthem in both of the calculated results. The pairing éhergy, after
the Coulomb correction is 157 keV greater than exﬁeriment. The calculated
spectruﬁ has been renormalized by this ambunﬁ_in.fig. 2, and the spectrum of
‘K-R by 83 keV.

Our eigenfunctioné are very similar to Kimrand.Rasmgsseh's,'even with.
greatly different interactions.

2.3 ppeiO

ReCently,‘Redlicth) has made a detailed analysis of this nucleus. We
chose very similar force parameters to his. The best fit parameters and results

are given in table 3 and fig..2,.respectively.

Table 3
n-n force .
v (MeV) B (fermi)
singlet even -%6.07 1.90

We took into account only four single-neutron levels in..our calculation, but
Redlich includes seven levels. Nevertheless, we obtéinedh-very similar eigen—
functions except, of course, for the very high states. For our purpose;: we

need only the lower ones..
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2.4 Biglo

» 1 : .
Since we neglected the tensor fprce, we adjusted the p-n force param-
eters so as to reproduce the experimental interacfion energy of ‘the 9- state. -
The réason for this choice is that the 1- and O- inversion cannot be reproducedl
by a purely central forceB’g). The best fit parameters and results are.given
in table L énd fig. 3, respectivel&. This*fofce would lgad to the Nordheim

coupling rules.

Table 4

p-n force

VO(Mev) 8 (fermi)

singlet even -L3.07 1.58

triplet even - =96.05 1.30

Except for the l-'and 0- inversion, our. calculation could reprodﬁce fhe correct
level ordering. Kim and Rasmussen suggésted spin and parity assigﬁments for
many other levels below 2.6 MeV in 110, Figure L compéres the theoretical
results with experiment fo; those levels. Both caléulations giVe very similar

results except for the 10- state.

2.5 METHOD OF CALCULATION

‘From the above calculations on POElO, Pbglo, and Biglo we could fixithe

purely phenomenological p-p, n-n, and p-n interactions. We will use them ﬁorAA
Ithe calculation of PoglE. Since the completevsolutiog fo this fouf-body problem
woﬁld involve the calculation and diaéonalization of-enormqus matricéé, some
means of trunéatiné the problem has to bé found. One such method, particularly
suitable for high-spin states, was described earlierB).

we employ the following method:. The products of the eigenfunctions of the two-

For the lower-spin states
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proton (Po?lo) and two-neutron (PleO) systems, found in the preliminary calcula-
. :

tions mentioned abové, are used as the basic representation for‘P0212. Since

the like-nucleon interaction is already diagonal in this representation,'only

the lower levels are retainéd fpr the second step which consists in caiéulating

"the matrix elements &8f the p=-n inﬁeractions between these product states. - The

product states are
J 210, '
pRE0) (1)

where - ¢iP(fo?lO) denotes the uth level of spin Jp invPoelo, enuherated in
order of increasing energy above the ground state. Here K enumerates the pro- -
duct states aﬁd J, Jn and Jp musﬁ sati;fy the vector gddition rule. |

The two-particle states for protons and neutrons have the respective
forms

J. ' J
P = ~ 1 n
o = ¥ aJp(u)Li>, ¢

v

-z BJ:(Q)}k>. » (5)

=

where 1 denotes a two—pafticle proton conflguration made up from the conflgura—
tions shown in fig. 1, end k has a 51milar meaning for neutrons. In_our case

for p051t1ve parity, the first function has in general_h terms and thévsecbnd 7.

The product funcﬂion eq (4) therefore has in general 28 ferms,:and the matrix

element of the p-n interactions has 28 x 28 terms:

(), 3,005 3l 30, 330005 3)

z Z.J(u)%@) me)J(v) o | (6)

1 k_ i!

(1 Jps K Jn;J}vnp{i'Jﬁ, k!J)50) .
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In fig. 5 ﬁe show'the zero-order energy spectra for several spins of
Pbglz. We include in our diagonalization‘all levels within at least 2 MeV of
the lowest level, and checked the truncation error by including some additional

configurations.

5. Results

5.1 ENERGY LEVELS AND WAVE FUNCTIONS OF Po212

Figure 6 compares our calculated spectrum with the expérimental one for
the low excitaﬁionrregion. Dotted lines are used in order to indicate corres-
pondences between the calculated and experimental levels.. They are inferred
from the alpha decay rate calculatioﬁs in sec. 3.2. We see the‘éeneral ég?eement
is not as gbod as in the two-?ariicle systeﬁs.

In the same energy region covered.by fig. 6 we also find higher épin
_states, as nétéd in the figure captions. These have not yet been observed, but

- this is not surprising since the levels of Po212 12

(1-).

are fed by the B-decay.of Bi2

Oux calculated muﬁual binding energy of the last four nucleons in the

ground state becomes ~-3.875 MéV after the same normelization as is done in Poelo.

From the mass data, the experimenfal binding energy of four particles outside
20
the Pbv 8 core can be calculsted from

. 212

BE(Po™"7) + 3 BE(Pbeoa) -2 BE(Bi209) -2 BE(Pb209), (7)

and the result is -3.955 MeV. The agreement seems very good. If we look back
to fig. 5, however, we can see that this agreement is-accidental; our matrix

'element (hg,o-lvnpfhg{oﬁ) is much larger than experiment indicates. Although
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the apparent discrepancy is only 80 keV,‘it.actually could be larger if the
above ﬁatrix element were closer to the experimehtal value. It should be
remarked, however, tha£ the quoted experimentel energy has a possibie error of
+200 keV;

The caiculated spectrum'of the iowest leQel for each even J 1is given
in fig. 7. For J=16 we also,shbw tﬁe seeend state.. Our calculation shows the'
spin of the isomeric sfate is 18. But it appears lower‘by 670 keV than the

| 2
as the main configuration, and it appears 2.696 MeV above the ground state.

This 1s the level that Auerbach and Talmi6) identified as the isomer. However;

as fig. 7 shows, we do not confirm this assignment.

According to Auerbach and‘Talmi6), the second "energy gap" which comes
from the vanishing of the pairing forces in both of the proton and neutron
pairs appears between J=8 and J=10 states. This is a direct consequence . of the

fact that they considered only the h and g9/2vlevels. In our case it appears

9/2
between J=10 and J=12 states, and our result suggests that a new isemer, J=10,
may exist around 1.2 MeV.

The calculated wave functions for typical states are listedvin.fheﬁapﬁendixﬂ
All functionms are‘chafeeferized by a large amount of configuration mixing. Even
the very small cpm§onents are important for the transition>retes, as we shall
show in the next section. Especially we notice quite a large admixtﬁfe of the
higher seniority components in the ground state. We took iﬁto account ﬁorev'
cenfigurations and used a‘ﬁifferent.residual interectien than BSK. Nevertheless,
the amounts of the mixturevef the higher eeniority eogponents'are ve:y similar
to BSK, in regafd to the Ol and 21 wave functions. However, as regards the

higher roots, the differences are more pronounced. Thatvis, their O2 and 25

levels correspond to our O, and 2. levels, respectively. This identification

> )
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was established by comparing the wave functions and the numefical results of
" alpha reduced widths, which will be discusseq_in sec. 3.2 Our calcula?ion'

suggests the exiétence of one more excited O+ level and two more excited 2+

 levels below 1.8 MeV;

From the tables in the appendix we can see that the main configurations

of the high-spin sﬁates are-‘[(h9/2)2 (g9/2 ili/E)J and [(h9/2 f7/2) (g9/2 111/2]; .

2

neither [(h9/2) (;11/2)2] nor [(h9/2)2 (g9/2)2] are imﬁoftant. Figure 8 illus;

trates tﬁe changes of the p-n férge diagonal matrix elements versus an. As
“is done frequently; we can classify two=-particle systems into,parallel pairs
(jlzﬂlt 1/2, j2=22t 1/2) and anti-parallel pairs (Jl=ﬂli 1/2, j2=£21 1/2). Forv'
both kinds of pairs the p-n force matrix elements of the maximum J ‘are much
larger than for intgrmediate an.A The spin dependence 6f the mgtrix elements.

for like-nucleon pairs is shown 1n fig. 9. The binding energy of the parallel
pair decreases wi&i iﬁs spin, but the binding energy of the anti;parallel pair
increases with spin. From the above graphical discussion, we can undersﬁand

our wave.functioﬁ of the isomeric state, and the spectrum in fig. 7. The 'h~'
behavior shown in figs.8 and 9 in turn can be understédd iﬂ detail’iﬁ terms of
the forces (tables 2, 3, and 4) and pictorial representations of the spins.

. Conceivable reésons for the discrepancies in ehergy shown in fig. 6 for'

some of the'low—spin states and for the groundfstate isomer spacing mentioned

above could include the following: 1) Truncation error.  This is not expected

to be serious. For the spin zero states, we at first included the lowest 8
zero~order configurations of fig. 5 and the ground state moved downward by

1,300 keV, We added 20 additional ones, and it moved down by an additional TO

keV. We cannot expect_much further movement. 2) Residual interaction. Figure

4 shows our p-n level (h9/2 i11/2>1o’ appearing at a much lower energy than the

observed level that was tentatively assigned this spin by K—R8). As stated,
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the main configuratién of this isomgr is (h9?2; g9/2 ill/Q)f If the 10~ spin
assignment is correct, the above fact ought fp be respoﬁsible for our failure ;
- to obtain the correct enérgy of the isomer. In this situation. some other p-n
force would have to be used, perhaps-oneﬁwith,repulsioﬁ in odd states which
would tend to move states with J > 12 to higher enérgyf
* We have not includéd.a_tehsor component.in our residual interactions,
although according to a suggéstion by Rasmusseh, we introducedbé repulsive
triplet-odd poténtial for pairs having J=0 to simuiate one of the effects Qf
a tensor force. | |
According to the detailed analysis of BinO which waévperformed by Kim
and Rasmussen8), the tensor-force affects tﬁe spin-1 staﬁe in-an,opposite sense
to the spin-0 sfate; and it has a rather small effect on the states of spin-2
and highef. To see the,effect; if any; of the ténsor force on the -high spin

states let us examine the proton-neutron force matrix element between non-anti-

symmetrized four-particle states, vhich is given‘by B
r s . ] 1at ' -'.I .
{(JlJQ)Jp,(JBJu)Jn,Jle5I(Jljg)Jﬁ,(a3Ju)Jn,J>

- 1/2
éjzjééjujﬁ EZ%[I] K]([J IEAIS SICA (8)
3 95 I i 95 It
3 3y K {35 3 K (33T |vy51(3333)1).

* , J J Ji {aox
SRR I

In our case the maximum value of K is lh,_belonging to (i ) config-

_ 15/5 J15/2
uration. If J > 16, then I > 2. Therefore, we can infer that the tensor

force will not affect the isomeric state.
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' In order to see the effects of the tensor force onlthe lower-épin states,

we calculated a factor {see ea. (7)),

. - _— / 3 {h g : Jh g © L
. . L1y1/2 ¢ '
o) = FK](FJP]FJn]FJP]FJn]) (b & X .%h' 3 < (9)
. EJP Jn J éJp Jn J 5’

for several J..In table 5 we give T(J=0) for various JP, Jn’,Jﬁ’ J. combinations.

Table 5
T(J=0) _
\(J 3. o 7 | o
(0,0) (2,2) (4,4) (6,6) (8,8)
(3:31) | ‘
P
(0,0) 0.0100
(2,2) ' 0.022L 0.0500
(L, %) 0.0300 0.067L  0.0900°
(6,6) . 0.0361 0.0806  0.1082  0.1300
(8,8) . 0.0k12 - 0.0922 0.1257  0.1487  0.1700

A similar ﬁrend was seen in other T(J). We can infer from the ‘above. table that
the tensor force will affect more strongly the hlcher (J‘P J ) components than

the lower components in the lowerespln state of Po 12.

3.2 ALPﬁA REDUCED WIDTHS

Rasmussenll) haé calculéted alpﬂa reduced widths Wg.éf Poal? using the
BSK wave functions. He has used a dél%a function appnoximationAfor.the size of
the alpha pafticle, and used the radiué Ro=8 fermi. TFor -the purpose of compari-

son, we have ‘calculated yé based on the same approximation, but used Ro=9.5-fermL

# .
In calculating yg we uge the Blomgvisit-Wahlborn radial functions which are.
needed at Ry, to avoid the incorrect .asymptotic. behavior of the harmonic

P . B T S - TE T T
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The calculated xg for our gréund state is 29.8.times 1arge? than for
the pure configuration [(hé/g)g (g9/2)g]0? showing a remarkable enhancement due
to the correlations introduced by the residual interaction. Perhaps even more
remarkable is the fact that fully one half of this enhancement is due to con-
figﬁrations each having less than one-percent probability. Accordiﬁg.to
Rasmussen‘s'calculaﬁion, the BSK ground state wave function gives'énly 2.6 times
larger Wg than the pure state. In table 6 we give the }educed hindrance factors
of the various excited states, i.e., the ratios.of the Wg of the ground state
to the Wi of the relevant states, together with Rasmussen's. This relative
gquantity is somewhat similaf in the two calculations..

Comparing the 72 for the |P0212,Ol) X IPleO

’Ol> configuration, to our
ground state Wg; we can estimate £he effect of“p—n force on the gfoUnd state 7§;
We found the f-n force increases the grqund state Yi by about i5%, this factor
in refs. 5 and 11 is 24% and 20%, respecti&ely. Again the agreement is quali-
tatively good. The liké—nucleon and p-n force 1if actiﬁg alone each induce
@esired correlations for alpha decay, but acting together each tends to undo
somewhat the others wdrk5),

Many of the compdnents’in tﬁe wavé functions shown in the appendix have
prbbability less_than.l%. Nonetheless they are important as far as transition_
rates are coh;ernéd, because in each of the_lowest'energy stétés of every spin,
all configurationé’cbntribute constructivéiy to the alpha decay.* Table 7
summarizes the situation for thévtransition between'ground states. There the
reduéed widths relative to ‘that fo; the pure configuration (hg)o(gz)o, is shown

(a) for the complete O, wave function in the appendixg (b) for the wave function -

1

that obtains when the p-n interaction (which introduces the'higher senioriﬁy

*The constructive interference means that our residual interaction would lead
to an alpha particle structure with properties similar to those assumed for 1t
(i.e., it has a strong singlet-even part). If the residual interactioh in
heavy nuclei were assumed to be quite different, in exchange character, than
the free two-nucleon force, the interference for alpha decay could be destruc-
tive. o
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components) is absent; (c¢) when higher seniority'components in the,ol wave
function having amplifudes less than 0.1 are omitted; and (d) when all components
having amplitudes less than 0.1 are omitted.

- - Teble 6

- Calculated alpha reduced hindrance factor

e
——

state ‘Present . Raiiiggeh
461 . S 1.
o, 17,4 |
05 S ; 8.6 o 6.%
2, - ; 2.8 : k.3
2, . . 68.5 -
2, 3.7 . 610,
F2) o bgso. | ,
.25 2.6 . | 6.6
R 6.8
by 5360.
_u5- - _f 16k, |
T 7 e0.2
16, | = o119,
8, l' 162.

et - - e
»

. The experimentai‘ratio of the ground'staté 7§ Qf-Pong to”Pozl? is about
| ' ' D 2 210 R 12,
1/10f We have calculated the ground state Yo of Po by .using True and Ford's 7))

206. The calculated ratio is 1/5;1, which is Smallef than

wave function for Pb
the experiment by factor 2. A similar disagreement exists in refs. 13 and 1k,

In view of the importance of small configurations revealed in table 7 we estimated
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the effect of addlng the three hlgher neutron configurations shown in fig. 1
by 1nclud1ng the admixing induced by the llke—nucleon 1nteract10n, but neglect—
ing the p-n interaction. The result is that the'ground'state transition -is
enhanced by an additional factor of 1.65. This resultvis shown in row (e) of
table'7. The p~n force would further enhance this by an estimateed 15% by
comparison ofecoiumns (2) and (b). With the addition of these configufations

210/P 212

the calculated ratio for the Po ground state alpha decay is 1/8. 5, in

very satlsfactory agreement with experlment.

Pable T

Reduced width for ground. state alpha decay of Po212 in units of the
reduced width of the dominant configuration (h2 )O( 2)0. Results for
the complete wave function are compared with various approx1mat10ns
to bring out the role of several features

I ' 2, 2,22

- Description . Wb/Wd(hvg )
(a) complete wave function : 30
(v) p-n force absent - = : . | 26
(¢) higher senlorlty amplltudes ' L 22

< 1% neglected : o

 (d) all amplitudes < 1% neglected : : 15
(e). p~n force absent but higher neutron b3

" configurations s, g, 4 added

Zeh1 ) has discussed Yo of the isomeric state of Po212 assuming three

‘different configurations for it. He has also pointed out that the WKB approxi-

mation for the calculation of penetrability is unsétisfactory near- the inner

turning point. We calculated the penetrability numerically making use of a

15)

.. The experimental ratio of the

-8

decay rates of the isomeric state to'the gfound state is 0.65 % 10 ~, The cal~.

culated ratio (including the estimated effect. of the higher neutron configurations
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as mentioned above) is 2.9 % lO ol forlR 59.5 fermi and.l.2.x i0—7 for R =9.0
' fermi. These are 1arger than the experlment by a factor ~h5 and ~l8 respectlvely
This unfortunate dependence on R illustrates the - shortcomlngs of current alpha
‘decay theory. We conclude that our wave functions reproduce the»eXperimentally <4
obserned ratio for these transitions within the'uncertainty of alpha'decay ’
theory; |

As we noted in sec. 3.1, there may be a new iscmer in Po?l2 occurring
an 1-2 MeV above the ground. Its reduced hindrance factor 1s‘shown in table 6
Since tne penetration factor is very' Sen51t1ve to_the'alphafdecay'energy, we -
have considered'two.positions fcr the iscmer, one aﬁ;l.? MeV as calculated. It
is also calculated to lie lt07 MeV below'the J=l8visomer.- Since‘theAiatﬁer
position'is‘in error, .we ﬁnerefcre chose anothervalternane posificn, l.Q? MeV

5

below fhe oBserved isomer. The resulting 1ifetimes are U4 xlef ‘and 3 x'10'6 sec
respectiuely (normalized tc.the»experimenfal ground state\iifetime).% éuch a |
snorﬁ lifefime, if tne etafe is‘indeed isomeric would account for its being
undetected in the experiment of_ref. 1 since tnere was.a time-iapsedbetween the

time of the bombardment that produced Po212 and the timé at which the counting

began.

5 3 Y-TRANSITION PROBABILITIES o ”;'

For the purpose of further: testlng the accuracy of our wave functlons,,
we have calculated the reduced transition probabllltlesz(x)-for several transi-
tions; Here we use the same definition for B(\) as in BSK that is B(\) 1is

connected with the total tran51t10n probablllty T(X) by the relatlon,

Here again these answers depend upon the choice: of nuclear radius, so that
there is an additional uncertainty of perhaps an order of magnitude..
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g T oT8) =BT -TO@P o)

As for the effecfive charge which is ﬁecessary for the calculation of B(E2), we

took 2.15 e and 1.15 e for a proton and for a neutron, respe;tively. The latter

is fhé same as ﬁsed by dee and Ford in ﬁheirer206 calculationig). We used

ffee space gyromagnetic ratios, g, and g - - for the céléulationcﬂfB(Ml).
| Table 8 lists our. calculated >B(>\), together with BSK's. The BSK wave

functions have components with one or two phonons which describe the excita-

8

tionrof'Pbeo core, and they d o not use the effective charge. In spite of'such

an apparent difference between BSK and our wave functions, both results.are
almost the samé except for several cases. As mentioned in paragraph 3.1, our

O3 and 25 states correspond to BSK's O2 and 23 states, respectively. We put

BSK's B(A\) into suitable columné taking into account this correspondence. The

two calculations differ most for the following'transitions: B(E2; 22 —921),

B(E2; 2 —>ol), B(EQ;\-J. ~>21), B(M1l; 1, =0,), and B(ML; 2 —>21). Both cal-

2 1

culations show B(M1; 2é -921)

be described by a simple vibrational model.

1 1 5
: . 212
> B(E2; 2, —921); this result means Po cannot

Comparison with experiment can be made in the several éases where the
y-branching ratio of a given state is known. The'experimental and’.theoretical
‘branching ratios are shown in table 9. Our worétAdisagreement'occurs in case b.

1

brénching-ratio large. This weak transition results from an élmost.complete

We calculated a very veak MLl transition for 11'-90 " which makes the indicated

‘cancellation of the conﬁributioné from the various éonfigurations. The inclu-
sion of.the g7/2 level would improve #he situation.‘ RedlichfsAcalcglation shows
‘a'B% adﬁixture'which is significant for this result. A further remark concerns
‘the type of radiation predicted.forléase b. The 11;21 transitioﬁ, according te o
3 experiment is Ml; Our results (table 8) agree with this. Cn the other hand
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:Table?8

Reduced <y-transition probabilities B(A)

UCRL-119h5

B(E2)x10™*t Mev™” B(1)x10 s ™ Mev™?
Transition Present BSK Present BSK -
2, -0, - 8.63 4.30
0, =2, 141
ul =2, 9.3 1.20
2, _>ul | 0.23
2, _>02‘} CL2.99 |
"22 ;21' 0.86 0.04 52.4 61.0
2, =0 1.2L 0.05
1, =2, "~ 0.0047 1 0.10
11' -0, 0.069
1, »2) 0.026 " 1.60 0.45 0.38
1, =0, 0.0064 0.69
05 =2, 2.66 - 2.70
25 -2, 1.07 0.kl | "1.5u k.9
25 — hl 0;13 0.38
25 —2) 6.68 2.20 0.33 0.01
2. =0 0.h1 0.20
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BSK obtain an E2 multipolarity for this transition. Therefore we do not  show i

an entry in table 9.

‘Table 9

y-branching ratios for some transitions in Po212
. _ - o Theory
Case  Transition Experiment . Present = BSK
a '22-21/22;01 o sas - 2.63 5.2
b '.All 2,/1,-0, o2 12,3 |
e ~25521/25-0l - 7.82 ; o 1.26.v - 0.817

The agreement.is generally satisfactory considering how'sensitive
electromagnetic transition rates are to details of the wave functlons We

hope more checks will be niade possible by the addition of new and accurate

experimentsl information.

L. vSummaryl
Determiningvthe reeidual interaction from the lenel scheme of adjacent-_
(two-partlcle) nuclel, we have been able to explain the general properties of
the low-lying levels of Po e Prominent features include the high-spin 1somer,
its alpha—decay rate compared to the ground state, and the ratio of the ground.
'state‘alpha decays of Po212 to Poglof The position of the isomer was repro-
‘duced With'aleo%derror.v The alpha decay rates are in excellent aéreementhith

observation. The y-ray branching ratios for the ‘several levels for which they -

have been satisfactorily measured are falrly good, and the correct type of radie

ation is predicted.
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We‘predict levelsfiﬁ the low-energy specfrum additional to thpse‘aiready
Qbéerﬁed, including another O+-ané&ﬁwo?2+xIevels-andﬁsévefélﬁéfﬂhighérhspin5 one
of which, a 10+ may be isomeric. Tﬁe latter would not be populated'sufficientiy
to be observed in deéay—scheme studies but it can be produced iﬁ nuclear reéca
tions. Since alpha radiation from it does‘ngt appear in the spectrum of ref. 1,
either it is not populated as highly as the Jz18 isomer under the conditibns
of the preparation (B1209 + 4O MeV @), has a shqrt_half—life not gfeater than
a few seconds, or is ﬁot isomérié. |
To further check dur understanding of the nucleus, supplementéry decay-".
scheme studies aimed at finding the additional low=-spin states predicted, and
determining accurately fhe y-ray.brancﬁing ratios of theseﬁand’the observed
levels would be-very useful. |
: More=dfthgonetical;hﬁﬁrest,,bur detailed calculations for this nucleus
show a not-insignificant admixturé of higher seniority components'and multipoles
higher than 2 (omitted in many random-phase caiculatiohs). These higher com-
ponents play a role in transition rafes, especially in‘alpha decay becauée of
their constructive interference in the_lowest levgl of eachvspiﬂ,‘and théir

large number.
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Appéndix
In the tables of this appendix we show the wave functions of some of

212.'_They are identified by their‘s?in and sequence in the

the levels bf Po
spin by the notation JH' Thusbo2 refers.to the second J=0 ;fate.
- -In all shell-model calculations certain (cdnscioué or uncohscious)

choices of phase have to be made. We have used the following con&entions:

1) Condon-Shoftley spheriéal harmonics

2) Spin-orbit funcfions coupled in’the order (s£)j.

3) Radial functions have positive sldpe a£ the'origin.
The-phases of our wave functiohs therefore correspond to theée conventions.

Some relevant formulae for four particle matrix elements are given in

ref. 3 and others needed are very similar.
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Fig. 1. The experimental single-particle levels of 31209 and Pb209

taken from R. W. Hoff and J. M. Hollander, Phys. Rev. 109 (1958)
L47, and P. Mukherjee and B. L. Cohen, Phys. Rev. 127 (1962) 128k,
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- Fig. 2, Spectra of Po210 and Pbglo calculated in the present work

and by Kim and Rasmussen (Po21l0) and by Redlich (Pb210) are com-
pared with experiment.
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The spectra for Bi

by Kim an
of K-R have been normalized downward.

Fig. 3.



(MeV)

Energy

-0.3 |

0.5

-26- UCRIL~11945

(7' 9»6") 7— :
[ - (6-,7-) S5- —
| (4-) o~
a(f7/z 99/2) (5-,3-) g: i, : g_
:B(h's/z el (3 5i,-) 3- 3-
l - (8-) 8-
8- 10~
| (hi-){
) _('hs/z'n/z) (10-) | — | —
| [ —
(hi){ 10—
Expt. Calc. K; R.¥

MUB-5289

Fig. 4. The spectrum in B0

Spins and parities for levels shown in parentheses were suggested
by Kim and Rasmussen on the basis of their calculation.

from the shaded region of Fig. 3.
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Fig. 6. Calculated spectrum forLPoglE is compared with experiment.
Only the lower spins are shown. The dashed lines are corres-

pondences inferred from the alpha-decay properties.

In the same

region covered by this figure the following levels are also
calculated: 6+ at 1.36 MeV, 8+ at 1.41 MeV, and 10+ at 1.19 MeV.
In addition around 2 MeV there may be a 3+, 5+, and T+ level.
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Fig. 7. The lowest level of each even spin, calculated for Po212
are shown. This figure illustrates the isomerism. The dominant
configuration of each level. is also shown.
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1
(Jp,J ) (0,0) (2,2) (4, k) (6,6) (8,8)
K2 g® 0.6682 0.2385 0.1385 0.08kk 0.0543
h® gi -0.0211 -0.0328 -0.0270 -0.0225
h2 i2 0.3900 0.1702 0 0102 0.0044 0.002k4
h® gd 0.06k46 0.0120 0.0048
pg id ] 0.0026 0.0026 0.0038.
n° 32 -0.2386 -0.0705 -0.0063% -0.0027 -0.0016
e 4° 0.1067 0.0176 0.0030
hf g2 0.0165 0.0187 0.0178 0.0134
hf gi -0.0085 -0.0166 -0.0267 -0.0580
hf i° 0.01k41 0.0024 0.002k 0.0040
hf gd 0.0088 0.0024 0.0020
hf id 0.0006 0.001h 0.00564
he 32 ~0.0060  -0.0014%  -0.0014  -0.0025
hf a° 0.0017 0.0005
£ g2 0.2305 0.0215 0.0066 0.0025
gl 0.0023  -0.0020  -0.001k
f2 12 0.106k4 0.015k 0.0005 0.0002
f2 gd 0.0060 0.0006 0.0002
2 14 0.0001 0.0001
£ 32 -0.0692 -0.006k4 -0.0003 -0.0001
£2 §° 0.0361 . 0.0016 0.0001
12 g2 -0.2030 -0.0311 -0.0096 -0.00k1 -0.0021
ie'gi 0.0030 0.0027 0.0022 0.003%6
i2 i2 -0.1665 -0.0222 -0.0007 -0.0003 -0.0003
12 gd -0.0086 -0.0009 -0.0003
'i2 id -0.0002 -0.0002 -0.000k
12 32 0.1026 0.0092 0.0005 0.0002 0.0002
12 d2 -0.0467 -0.0023 -0.0002




2
(JP,Jn) (0,0) (2,2) (b,4) (6,6) (8,8)
h2 g2 0.3907 0.2458 0.1500 0.1113 0.0854
e gt 0.0068  0.0257  0.0120  0.0092
ne 12 -0.6152  -0.3659 0.0057 0.0025 0.0009
h2 gd 0.0290 0.0090 0.00k2
ne 14 0.0016 0.0016 0.001k4
h2 32 0.2392 0.1152 -0.0041 -0.0018 -0.0007
2 a° -0.0009 -0.0018 0.0026
hf 0.01h47 0.0155 0.0178 0.0173
hf gi -0.0064 0.0007 0.0019 0.0151
bt 10 -0.0274 0.0008 0.000k 0.0007
hf gd 0.00bk 0.0011 0.0007
hf id 0.0002 0.0002  -0.0011
hf 32 0.0085  -0.0005  -0.0003 0.000k
nf a2 -0.0000 0.0003
f2 g2 0.1481 0.0220 0.0070 0.0032
i gi 0.0003 0.0011 0.0003%
2 12 -0.1424  -0.0330  ©0.0003  0.0001
° gd 0.0027 0.000k 0.000L
2 1a 0.0001 0.0000
f2 32 0.0558 0.0104 -0.0002 -0.0001
& 0.0039  -0.0002  0.0001
12 & -0.1735 -0.0319  -0.0102  -0.0052  -0.0031
12 gi -0.0007  -0.0017  -0.0006  -0.0010
i? 42 0.2586  0.0k77  -0.000k  -0.000L  0.0000
12 gd -0.0039  -0.0006  -0.0002
1% 1a © .0.0001  -0.0001  0.0000
12 32 -0.1006 -0.0150 0.0003 0.0001 -0.0000
12 & -0.0003 0 -0.0002

.0o02

3
(Jp,Jn) (0,0) (2,2) (4,4) (6,6) (8,8)
w2 0.2752  -0.6178  -0.3980  -0.3073  -0.2979
w2 gt 0.0387  0.0440  0.0373  0.0416
b2 12_ -0.0451  -0.2228  -0.0249  -0.0118  -0.0079
n® ga -0.0226  -0.0311  -0.01L8
h° ia _ -0.0065  -0.0071  -0.0125
W 52 -0.0h56 0.0998 0.0159 0.0076 0.0053
v° @@ 0.0568 0.0265 -0.0080
hf g2 -0.0253 -0.0368 -0.0399 ~-0.0336
hf gi -0.0036  -0.0151  -0.0109  -0.0223%
nt 1% -0.0085 -0.0006 -0.0004 0.0009
hf gd 0.0036 -0.0016  -0.0012
hf id -0.0002 -0.0003 0.001k4
hf 52 0.0036 0.0006 0.000k -0.0005
nr & -0.0007  -0.0006
e g2 0.2740 -0.0547 -0.0184 -0.0086
P gi 0.0032 0.00L4 0.0006
5% 0.0459  -0.0197  -0.0011  -0.0003
g -0.0018 -0.001%  -0.0004
 ia -0.0003 -0.0002
* 32 -0.0525 0.0088 0.0007 0.0002
£ &® 0.0434  -0.0023  -0.000k
i2 & -0.149%  0.0798  0.0269  0.0150°  0.009%
i% @i ‘ -0.0048 -0.0023 -0.0011 0.0001
% 4% 0.0100  0.0288  0.0016  0.0005  0.0002
12 gd 0.0028 0.0021 0.0006
i2 id 0.0004 0.0003 0.0003
12 32 0.0259 0.0129 0.0010 - -0.0003 -0.0001
1% ¢ 0.0287  0.003k.  ©
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state ll

(JE,Jn) (0,1) (1,0) (1,1) (1,2) (2,1) (2,2) (2,3) (3,2) (3,3) (3,4) (%,3) (4,4) (4,5) (6,5) (6,6) (8,8)
ne &° 0.012k 0.0176 0.0166 0.0106
e gi -0.681h -0.1780 0.3687 -0.311k -0. 1474 0.2057 -0.1597 -0.106k 0.1148 0.0506
w2 i? 0.015% -0.0L7L -0.007%  -0.0031
2 ‘gd -0.0028 -0.0035 -0.0016 -0.0120 -0.0014 -0.0009 -0.0046

u? 1a -0.0038  -0.0011  -0.0007  -0.00k2  -0.0040
2 32 -0.0009 0.0084 0.0041 0.0019
2 a2 ~0.0011 -0.0016

hf g 0.0025 0.00k2 0.0032 0.0031 0.0008 0.0010 0.0012 0.0k22
hf gi 0.0054 -0.0048 -0.0192 0.03%86 -0.0298 0.0008 -0.0017 0.0023 -0.0087 0.0121 -0.0094 -0.0079 0.0085 0.0426
ne 1° 0.0010 -0.0057 0.0095 -0.0017 -0.0002 -0.0010 -0.0006 -0.0021
hf gd -0.0043 0.0063 -0.0003 -0.0012 -0.0000 ~0.0001 -0.0001 -0.0007 -0.0001 -0.0001 -0.0003

hf id -0.0000 -0.0002 -0.0001 -0.000L -0.0003 -0.0032
hf 52 -0.0007 0.0020 -0.0032 0.0005 0.0001L 0.0005 0.0003 0.0012
he a° 0.000k -0.000h 0.0007 ~0.0001 -0.0000 -0.0001%

i 0.0012 0.0008 0.0004

f2 gl -0.2232 -0.0164 0.0338 -0.0284 -0.0066 0.0093 -0.0072 -0.0028 0.0030

# 12 0.0018 -0.0008 -0.0002

g 0.0001 -0.0003 -0.0001 -0.0005 -0.0001 -0.0000 -0.0001

2 14 ' -0.0002 -0.0000 -0.0000 .0.0001

e 32 -0.0002 0.0004 0.0001

? & -0.0001 ~0.0001

i2 & -0.0017 -0.0012 -0.0007 -0.002L
12 gi 0.2970 0.0234 -0.0u85 0.0k08 0.0098 -0.0136 0.0106 0.0046 ~0.0050 -0.0035
i? 32 -0.0023 0.0011 0.0003 0.0002
i gl 0.0001 0.0005 0.0001 0.0008 0.000L 0.0000 0.0002

1% 1a 0.0003 0.000L 0.0000 0.0002 0.0003
i2 j2 0.0002 -0.0006 -0.0002 -0.0001
i° & 0.0001 0.0001

3]
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state

2

1
(Jp,Jn.) (0,2) (2,0) (2,2) (2,4) (4,2). (&, k) (4,6) (6,4) (6,6) (6,8) (8,6) (8,8)
n? g% -0.6l43 -0.4120  0.185% - -0.2001 - 0.084k  0.0578 - 0.090k - 0.057L - 0.0039 - 0.0357 - 0.0223 - 0.0370
1 gi 0.0359 - 0.01Lk 0.031k 0.0182 - 0.0123 0.0032 0.0139 0.0001 0.0018 0.0008 0.0018
w2 1% -0.1952 - 0.2157 0.0944 - 0.0133 - 0.0583 0.0041  -0.0029 -0.00k2 -0.,000L - 0.0007 - 0.0007 - 0.0008
e gd - 0.1146 - 0.0133 - 0.0162 - 0.0393 0.00k9  -0.00k0 - 0.005% - 0.0002 - 0.0010
2 14 - 0.003h ‘ 0.0010 -0.0018 -0.0011 -0.0001 -0.0012 - 0.000% - 0.0012
n2 J 0.0963' 0.1481 - 0.0383 0.0084 0.0253 - 0.0026 0.0019 0.0026 0.0001 0.0005 0.0005 0.0005
nZ -0.0342 - 0.0721 0.0071  -0.004 - 0.0076 0.0012 - 0.0012
hf g - 0.0206 0.0078  -0.0120 - 0.0050 0.0034 -0.0053 -0.0043 -0.0003 -0.0027 =-0.0033 = 0.0055
hf gi - 0.0032 0.0079 0.0011 - 0.0007 " 0.0002 0.0010 0.0000 0.0001 0.0001 0.0003
hf 12_ - 0.0097 0.0047  -0.0013 - 0.0034 0.0002 - 0.0002 -0.0003 =-0.0000 =-0.0001 ~0.000L = 0:0001
hf ga ~0.0060 -0.001k  -0.002% 0.0003 - 0.0002 = 0.000k = 0.0000 - 0.0001
hf id - 0.0003 0.0001  -0.0001 -0.0001 =-0.0000 ~0.0001 =-0.0001L - 0.0002
hf 32 0.0068 - 0.0016 0.0008 0.0015 - 0.0002 0.0001 0.0002 0.0000  ~ 0.0000 0.0001 0.0001
hf -0.0035 -0.0001 -0.0003 - 0.000% 0.0001 - 0.0001
52 -0.2110 - 0.0719 0.0416  -0.0501 - 0.0038 0.0026 - 0.00k1  -0.0015 -0.000L - o.oooé
£ gi 0.0117 - 0.0041 0.0055 0.0008 - 0.0006 0.0001 0.000k 0.0000 0.0000
2 12 -0.0639  _0.0212 0.0095 -0.0031 - 0.0026 0.0002 - 0.0001 -0.0001 -0.0000 - 0.0000
° gd -0.0376 -0.0058 -0.0039 - 0.0018 0.0002  -0.0002 -0.0001 - 0.0000
 1a - 0.0008 0.0000  -0.000L  -0.0000 -0.0000 - 0.0000
e 32 0.0316 0.0170 - 0.0045 0.0020 0.0011 - 0.0001 0.0001 0.0001 0.0000 0.0000
2 -0.0112  -0.0108 0.0010  -0.0010 - 0.0003 0.0001 - 0.0000 .
i® 0.2808 0.0573 - 0.0268 0.0296 0.0056 - 0.0038 0.0060 0.0025 0.0002 0.0015 0.0007 0.0012
32 gi -0.0156 0.0022  -0.0046  -0.0012  0.0008 -0.0002 -0.0006 =-0.0000 =-0.0001L =-0.0000 - 0.0001
32 32 0.0851 0.0281  -0.012k4 0.0020 0.0039 - 0.0003 0.0002 0.0002 0.0000 0.0000 0.0000 0.0000
38 gd 0.0500 0.002k4 0.0024 0.0026. - 0.0003 0.0003 0.0002 0.0000 0.0000
i° 1a 0.0005 - 0.0001 0.0001 0.0000 0.0000 0.0001 0.0000 0.0000
12 je -0.0420  -0.0196 0.0051 -0.0012 -0.0017 0.0002  ~-0.0001 -0.0001L -0.0000 -0.0000 =0.0000 = 0.0000
2 42 0.01k9 0.0098  -0.0009 0.0006 - 0.0001 0.0001

0.0005
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state ' ' 2

=0 = N = S = S = U = S= )

2

(JP,Jn) (0,2) (2,0) _ (2,2) (2,4) (L,2) (4,%) (4,6) (6,4) (6,6) (6,8) (8,6) (8,8)
2 g2 0.5053 -0.4416 0.0k70 0.082k -0.0403 0.0312 0.0383 -0.0226 0.6123 0.0197 -0.0083 0.0023
e gi 0.0169 -0.0116 0.0231 0.024k9 = -0.0126 -0.001k 0.0070 -0.0004 -0.0010 0.0003 -0.0001
2 i® -0.2450 -0.4539 0.1914 0.0023 -0.1053 0.0027 0.0012 -0.0018 0.0004 0.0004 -0.0003 0.0000
2 gd 0.0493% 0:08k9 0.00k4k -0.0k45 0.0030 0.0017 -0.0021 0.0005 =0.0004

2 ia 0.0007 0.0007 0.0008 -0.0005 0.0002 0.0006 -0.0002 0.0001
2 32 0.0637 0.2785 -0.0721 -0.0019 0.0k03  --0.0016 -0.0008 0.0011 -0.0003 -0.0003 0.0002 -0.0000
e 0.0110 -0.1016 0.01k5 0.001k -0.0083 0.0007 -0.0005

hf g2 -0.0191 0.0018 0.0044 ~0.002k 0.0018 0.0023 -0.0017 0.0009 0.0015 -0.0012 0.0003
hf gi 0.003k 0.000k 0.0015 -0.0007 -0.0001 0.0005 -0.0000 -0.0001 0.0000 -0.0000
nr i° -0.0176 0.0064 0.0002 -0.0062 0.0002 0.0001 -0.0001 0.0000 0.0000 ~0.0000 0.0000
hf gd 0.0067 0.0003 -0.0026 0.0002 0.0001 -0.0002 0.0000 -0.0Q01

hf id 0.000L 0.0000 0.0000 -0.0000 0.0000 0.0000 -0.0000 0.0000
hf 32 0.0110 -0.0026 -0.0001 0.0024 -0.0001 -0.0000 0.0001 -0.0000 -0.0000 0.0000  -0.0000
nr a2 -0.00k2 0.0008 0.0001 -0.0005 0.0000 -0.0000

f2 2 0.1655 _0.0148 -0.0176 0.0343 -0.0018 0.001h4 0.0017 -0.0006 0.0003 0.0005

2 gi 0.0055 -0.0003 0.0020 0.0011 -0.0006 -0.0001 0.0002 -0.0000  -0.0000

i i -0.0802 -0.0%22 0.0146 0.0016 -0.00k7 0.0001 0.0001 -0.0000 0.0000 0.0000

£ gd 0.0161 0.010k 0.0023 -0.0020 0.0001 0.0001 -0.0001 0.0000

£ ia 0.000k 0.0000 0.0000 -0.0000 0.0000 0.0000

£° 32 0.0209 0.0185 -0.0050 -0.0011 0.0018 -0.0001 -0.0000 0.0000 -0.0000 ~0.0000

@ 0.0036 -0.0053 0.0008 0.0006 -0.0004 0.0000 -0.0000

12 ¢° -0.2202 0.054k -0.003%6 -0.0137 0.0027  -0.0021 -0.0025 0.0010 -0.0005 -0.0009 0.0003 -0.0001
12 gi -0.0073 0.0013 -0.003%0 -0.0017 0.0008 0.0001 -0.0003 0.0000 0.0000 -0.0000 0.0000
248 0.1068 0.0577 -0.02hk -0.0005 0.0070 -0.0002 -0. 0001 0.0001 -0.0000 -0.0000 0.0000 -0.0000
12 gd -0.0215 -0.011k -0.0008 0.0030 -0.0002 -0.000L 0.000L -0.0000 0.0000

i% 1a -0.0001 -0.0000 -0.0000 0.0000 -0.0000 -0.0000 0.0000 -0.0000
32 32 0.0277 0.0353 0.0091 0.000k -0.0027 0.0001 0.0001 -0.0000 0.0000 0.0000 -0.0000 0.0000
12 ¢° 0

.0048 0.0127 -0.0018 -0.0002 0.0005 -0.0000 0.0000

_9€-
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state 25 .

(JJLJXQ (0,2) (2,0) (2,2) (2,4) (4,2) (4, 4) (4,6) (6,4) (6,6) (6,8) (8,6) (8,8)
n2 g2 -0.0632 0.5251 -0.2471 0.0620 0.0607 -0.0885 0.0279 0.0L465 -0.0206 0.0109 0.022h 0.0369
12 gi 0.151k4 -0.0093 0.0624 0.0076 -0.0017 -0.0010 0.0016 0.0007 -0.0005 -0.0008 -0.0018
12 32 -0.5897 -0.0975 0.1951 -0.0022 -0.0631 -0.0045 0.0009 0.0023 -0.0007 0.0002 0.0007 0.0008
1 gd -0.1150 -0.070k 0.000k 0.0171 -0.0062 0.0012 0.0032 ~0.0009 0.0010
h2_ id -0.000k4 -0.0012 0.0005 0.0006 -0.000k 0.000k - 0.000k 0.0012
12 32 0.2125 0.0117 -0.05k4k 0.0006 0.0187 0.0030 -0.0006 -0.0016 0.000k -0.0002 -0.0005 -0.0005
ne @ -0.0304 0.0510 -0.0070 0.0006 0.0012 -0.0017 0.0009
hf g2 0.0041 -0.0047 0.0019 0.0036 -0.0052 0.0016 0.0035 -0.0015 0.0008 0.0033 0.0055
hf gi 0.0002 -0.0009 0.0004 -0.0001 -0.0001 0.0001: 0.0001 -0.0000 -0.0001 -0.0003
bt 1° -0.0166 0.0092 0.0002 -0.0037  -0.0003 0.0001 0.0002 -0.0000 0.0000 0.0001 0.0001
hf gd -0.0101 0.0002 0.0010 -0.000k 0.0001 0.0002 -0.0001 0.0001
hf id 0.0000 " -0.0001 0.0000 0.0000 -0.0000 0.0000 0.000L  0.0002
hf 32 0.0086 -0.002k -0.0001 0.0011 0.0002 -0.0000 -0.0001 0.0000 -0.0000 -0.0001 -0.0001
bt a° -0.0013 -0.0007 0.0000 0.0001 -0.0001 0.000L

2 g2 -0.0207 0.0546 -0.0229 0.0022 0.0027 -0.0040 0.0013 0.0012 -0.0005 0.0003

i gi 0.0496 -0.0005 0.007L 0.0003 -0.0001 -0.0000 0.0000 =~ 0.0000 -0.0000

i 12 -0.1932 -0.0204 0.02kh7 -0.0005 -0.0028 -0.0002 0.0000 0.0001 -0.0000 0.0000

a gd -0.0377 -0.0098 -0.0003 0.0008 -0.0003 0.0001 0.0001 -0.0000

£ 1a -0.0001 -~0.0001 0.0000 0.0000 -0.0000 0.0000

£ 32 0.0696 0.0068 -0.0071 0.0002 0.0008 0.0001 -0.0000 -0.0000 0.0000 -0.0000
2 o2 -0.0100 0.0042 -0.0007 -0.0000 0.0001 -0.0001 0.0000
12 g2 0.0275 ~0.0683 0.0319 -0.0076 -0.00k0 0.0059 -0.0019 -0.0020 0.0009 -0.0005 -0.0007 -0.0012
12 gi -0.0660 0.0012 -0.0081 -0.0005 0.0001 0.0001 -0.0001 -0.0000 0.000Q 0.0000 0.0001
12 52 0.2570 0.0143 -0.0261 0.0003 0.0042 0.0003 -0.0001 -0.0001 0.0000 -0.0000 -0.0000 =0.0000
12 gd 0.0510 0.0097 -0.0000 -0.0011 0.000k4 -0.0001 ~0.0001 0.0000 -0.0000

2 ia _ 0.0001 . 0.0001 -0.0000 -0.0000 0.0000 -0.0000 -0.0000 -0.0000
32 32 . -0.0926 -0.0024 0.0073 -0.0001. -0.0012 -0.0002 0.0000 0.0001 -0.0000 0.0000 0.0000 0.0000
i% @° 0.0132 -0.0065 -0.0001 -0.0001 ~ -0.0000

0.0009
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state 21;

(JP,Jn) (0,2) (2,0) (2,2) (2,4) (4,2) (4, 4) (4,6) (6,4) (6,6) (6,8) (8,6) (8,8)
2 g2 -0.0436 0.0626 -0.0779 -0.0040 0.0126 -0.0569 0.0061 0.0285 -0.0451 0.0025 0.0289 -0.0516
2 gi -0.8117 0.0917 -0.2622 0.0920 -0.0057 -0.0002 0.0701 0.0016 -0.0001 -0.0010 0.0025
242 -0.1100 -0.0651 0.0436 0.0227  ~0.0313 -0.0025 0.0002  -0.0046  -0.0015 0.0001 0.0009 ~ -0.0011
2 gd -0.0023 ~0.0229 0.0166 -0.0031  -0.0037 0.0003  =0.0025 -0.0020 o 0.0013 .
2 id ' 0.0051 -0.0007 0.0001 ~0.0010 -0.0009 0.000L 0.0006 -0.0017
2 j2 0.0290 0.0302 -0.0098 -0.0114 0.0116 0.0017 ~0.0001 0.0021 0.0010 -0.0000 ~0.0006 0.0007
2 &8 -0.0011 0.0002 -0.0033 0.0024 -0.0013 -0.0010 ~0.0001

hf g2 0.0118 -0.0072 0.0023 0.0007 -0.0033 0.0004 0.0021 ~0.0034 0.0002 0.0043 -0.0076
hf gi 0.003%2 -0.0164 0.0054 -0.0003 -0.0000 0.0052 0.0001 -0.0000 -0.0002 0.0004
ne i° 0.0066 0.0014 0.0016 -0.0018 -0.0001 0.0000 -0.0003 ~0.0001 0.0000 0.0001 -0.0002
hf gd ~0.0009 0.0012 -0.0002 -0.0002 0.0000 -0.0002 -0.0001 0.0002

hf id 0.000k -0.0000 0.0000 -0.0001 -0.0001 0.0000 - 0.0001 -0.0002
hf 32 -0.00kk -0.0002 -0.0008 0.0007 0.0001 -0.0000 0.0002 0.0001 -0.0000 -0.0001 0.0001
hf &2 0.0021 -0.0003 0.0002 -0.0001 -0.0001 -0.0000

£ g2 ~0.0143 0.0078 -0.0086 -0.003k 0.0006 -0.0026 0.0003 0.0008 -0.0012 0.0001

£° gi -0.2659 0.0212 -0.0497 0.00k1 -0.0003 -0.0000 0.0019 0.0000 -0.0000

32 -0.0360 -0.0043 0.00L40 0.00k2 -0.001k -0.0001 0.0000 -0.0001 ~0.0000 0.0000

e gd -0.0007 -0.0026 0.0030 -0.0001 -0.0002 0.0000 -0.0001 -0.000L

 ia 0.0009 ~0.0000 0.0000 -0.0000 -0.0000 0.0000

£ 32 0.0095 0.00L17 -0.0006 -0.0021 0.0005 0.0001 -0.0000 0.0001 0.0000 -0.0000

£ a2 -0.0003 0.000k -0.0004 0.0004 -0.0001 -0.0000 -0.0000

12 g2 0.0190 -0.0086 0.0104  0.0008 -0.0008 0.0038 -0.000k -0.0012 0.0020 ~0.0001 -0.0010 0.0017
12 gi 0.3537 ' -0.0133 0.0370 -0.0061 0.000k 0.0000 -0.0030 -0.0001 0.0000 0.0000 -0.0001
32 42 0.0479 0.0080 -0.0056 -0.003%2 0.0021 0.0002 -0.0000 0.0002 0.0001 -0.0000 -0.0000 0.0000
i° gd 0.0010 0.0030 -0.0023 0.0002 0.0002 -0.0000 0.0001 0.0001 -0.0000

12_id =0.0007 0.0000 -0.0000 0.0000 0.0000 -0.0000 -0.0000 0.0001
12 32 -0.0126 -0.0036 0.0012 0.0016 -0.0008 -0.0001 0.0000 -0.0001 -0.0000 0.0000 0.0000 -0.0000
% a® , 0.0005 -0.0001 0.000k -0.0003 ©.0001 0.0001 0.0000
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state 25
(Jp,Jn) (0,2) (2,0) (2,2) (2,4) (4,2) (4,4) (4,6) (6,4) (6,6) (6,8) (8,6) (8,8)
n? g2 0.0122 -0.2429 -0.6690  -0.0280  -0.001%  -0.3445  -0.05k0  -0.0kk2  -0.1673 -0.04k2  -0.0282  -0.079L
1 gi 0.048Y 0.0299 0.0056 -0.0049 0.0323 0.0019 0.0021 0.0060 0.0022 0.0010 0.0039
h2 i2 0.1376 ~-0.0725 -0.1614 -0.0020 0.0051 -0.0210 -0.0018 -0.0025 -0.0054 -0.0009 -0.0009 -0.0016
e gd -0.3819 -0.194). -0.0024 -0.0550 -0.0266 -0.0024 -0.0033 -0.007h -0.0012
e ia -0.0005 -0.0054 . -0.0011 -0.0007 -0.0033 -0.001k  -0.0006  -0.0026
02 j2 -0.0259 0.0579 0.0899 0.0012 0.0013 0.0135 0.0012 0.0016 0.0036 0.0006 0.0006 0.0011
n® & -0.0285  _0.0365  -0.0b07  -0.0006  -0.0046  -0.0069 -0.0009
hf g2 -0.0359 -0.03k0 0.0016 -0.0001 -0.0203 -0.0032 -0.0033 -0.0125  -0.0033 ~0.00k2 -0.0118
hf gi 0.0179 0.0016 -0.0003 0.0019 0.0001 0.0002 0.000k 0.0002 0.0001 0.0006
nf 1° -0.0102 -0.0090 -0.0001 0.0003  -0.0012 -0.0001 -0.0002 -0.0004k  -0.0001 -0.0001  -0.0002
hf gd -0.007h4 0.0000 -0.0032 -0.0016 -0.0001 -0.0002 -0.0006 -0.0002
hf id ; -0.0000 -0.0003 -0.0001 -0.0000 -0.0002 -0.0001 ~0.0001 -0.000k4
hf 32 0.0083 0.00k9 0.0000 0.0001 0.0008 0.000L 0.0001 0.0003 0.0000 0.0001 0.0002
nr a° -0.0053 -0.0020 0.0000 -0.0003 -0.000k4 -0.0001
£ g2 0.00k0 -0.0253 -0.0766 -0.0040 -0.0001 -0.0115 -0.0024 -0.0012 -0.00k4k ~0.0012
£ gi 0.0159 0.002k 0.0020 -0.0002 0.0015 0.0001 0.0001 0.0002 0.0001
2 32 0.0451 -0.0046 -0.0152 -0.000k 0.0002 -0.0009 -0.0001 -0.0001 -0.0001 -0.0000
£ gd -0.1251 -0.0316 -0.000k4 -0.0025 -0.0012 -0.0001 -0.0001 ~0.0002
 ia -0.0001 -0.0002 -0.0000 -0.0000 ~0.0001 ~0.0000
£ 32 -0.0085 0.00kk 0.0097 0.0002 0.0001 0.0006 0.0001 0.0000 0.0001 0.0000
# &° -0.0093 -0.0035 -0.0054 -0.0001 -0.0002 -0.000% -0.0000
i2 g2 -0.0053 0.0326 0.0886 0.0037 0.0001 0.0229 0.0036 0.0019 0.0073 0.0019 0.0009 0.0027
12 gi -0.0211 -0.0043 -0.0009 0.0003 ~0.0021 -0.0001 -0.0001 -0.0003 -0.0001 -0.0000 -0.0001
i? 32 -0.0600 0.009k 0.0210 0.0003 -0.0003 0.0014 0.0001 0.0001 0.0002 0.0000 0.0000 0.0001
12 gd 0.166k 0.0267 0.0003% 0.0036 0.0018 0.0002 0.0001 0.000% 0.0000 )
i 14 i 0.0001 0.000k 0.0001 0.0000 0.0001 0.0001 0.0000 0.0001
12 52 0.0113 -0.0076 -0.0019 -0.0002 -0.0001 -0.0009 -0.0001  -0.0001 -0.0002 -0.0000 -0.0000 -0.0000
% 42 0.0123 0.0049 0.0055 0.0001 0.0003 0.0005 0.0000

- 6€_



(0,4) (2,2) (2,4) (2,6) (k,0) (4,2) (k,4) (1,6} (%,8) (6,2) (6,4)  (6,6) (6,8) (8,k) (8,6) (8,8)

L7204 -0.3277 0.1113  -0.1568  -0.3175
.okh 0.0109  -0.0133 0.0056 ) -
.0822  _0.0436 0.0296  -0.0051  -0.1181

(=]

.0862  -0.0035  -0.0258  -0.04k7  -0.0535  -0.0287 0.0392  -0.054  -0.0195 -0.0448  -0.0007
.0029 0.0031 0.0009 0.0022 0.0018  -0.0019  -0.001lk 0.0027 0.0042 0.0016 0.0000

o

0.0115 ~-0.0065  -0.0008  -0.0009  -0.0071 0.0050 0.0013  -0.0011  -0.0064  -0.0015  -0.0000
07Tk -0.0570 -0.0228 -0.0069 0.0150 0.0149 -0.0011 -0.0093 -0.0168 0.00L17 -0.0002  -0.0020 )
-0.0122 * o 0.0032 -0.0031 ) 0.0003 -0.0005 -0.0015 -0.0007 0.0008 -0.0018 -0.000k -0.0009 -0.0000
L0357 0.0297 -0.007k 0.0033 0.0882  .0.0078 0.0007 0.0006 0.0006 0.00k9 0.000k  -0.0008 0.0008 0.00L7 0.0010 0.0000
.0158 -0.0156 0.0013 -0.0503 0.0041 0.0004 -0.0025 -0.0010 ~0.0004
~0.0150 0.0051  -0.0072  -0.0279 0.0053 0.0022  -0.0035  -0.00k9  -0.00h0 -0.0021 0.0029 -0.0040  10.0029  -0.0066  -0.0001
0.0005  -0.0006 0.0003 -0.0002 0.0065 0.0001 0.0002 0.0001L  -0.0001  -0.0001 0.0002 0.0006 0.0002 0.0000
-0.0020 0.0014  .0.0002  -0.0099 0.0007. 0.0018  -0.0001  -0.0001  -0.0005 0.000k 0.0001L  -0.0001  -0.0009  -0.0002  -0.0000
-0.0026 -0.0010 -0.0003 0.0009, 0.0131  -0.0002 -0.0007  -0.0013 0.0001 -0.0000  -0.0003
0.0001 -0.0001 0.0003  -0.0001  -0.0002 -0.0001 0.0001  -0.0001  -0.0001 -0.0001  -0.0000
0.001k4 -0.0003 0.0002 0.0075  -0.0005 -0.0008 0.0001 0.0001 0.000k4 0.0000  -0.0001 ©.000L 0.0003 0.0001 0.0000
hf -0.0007 0.000L -0.004k 0.0002 0.0006 -0.0002  -0.0001 -0.000L :
P 2360 -0.0291 0.0099 ~0.0139 -0.01k6 0.0039 -0.0001 -0.0012 -0.0021 -0.001k -0.0008 0.0010 ~0.0014
2 .0136 0.0010 -0.0012 0.0005 ' -0.0001 0.000k 0.0000 0.0001 0.0000  -0.0000  -0.0000 0.000L
21 L0269 -0.0039 0.0026 -0.000% -0.0054 0.0005 -0.0002 -0.0000  -0.0000 -0.0002 0.0001 ~ 0.0000  -0.0000
£ .0254%  -0.0051 -0.0020 -0.0006 0.0007 0.0011  -0.0001 -0.0002  -0.0004 0.0000
a .00ko 0.000L -0.0003 0.0000  -0.0000  -0.0001 -0.0000 0.0000  -0.0000
2 0117 0.0026 -0.0007 0.0003 0.0040 -0.0004 0.0000 0.0000 0.0000 0.0001 0.0000 -0.0000 0.0000
2 .0052 -0.0014 0.000L -0.0023 0.0002 0.0000 -0.0001  -0.0000
32 3139 0.0k22 -0.0143 0.0202 0.0214 -0.0057 0.0001 0.0018 0.0031  0.0023 0.0012 -0.00L7 0.0023 0.0007 0.0015 0.0000
i2 .0180  -0.001Y4 0.0017 -0.0007 0.0002 -0.000k  -0.000L  -0.0002  -0.0001 0.0001 0.0001 -0.0001  -0.0001  -0.0001  =-0.0000
12 4 .0358 0.0056 -0.0038 0.0007 0.0079 ~0.0008 0.000% 0.0001L 0.0001 0.000% <0.0002  -0.0001 0.0000 0.0002 0.0000 0.0000
32 0.0337 0.0073 0.0029 0.0009 -0.0010 -0.001k 0.0001 . 0.000h 0.0007  -0.000L 0.0000 0.0001
12 3 0.0053 -0.0002 0.000k -0.0000 0.0000 0.0001 0.0000  -0.0000 0.0001 0.0000 0.0000 0,0000
32 L0156  -0.0038 0.0009 -0.0004 -0.0059 0.0005 -0.0000 -0.0000 -0.0000  -0.0002  -0.0000 0.0000 -0.0000  -0.000L  -0.0000  -0.0000
5? 0.0069 0.0020 -0.0002 0.003%  -0.0003 -0.0000 . 0.0001 0.0000 0.0000
f} > » a
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state 10.
(JP,Jn) (0,10) (2,8) (2,10) (4,6) (4,8) (4,10) (6,4) (6,6) (6,8) (6,10) (8,2) (8,4) (8,6) (8,8) (8,10)
1n° g2 -0.0110 ~0.0049 -0.0163 -0.003% -0.0149 -0.0168 -0.0025 -0.0108 -0.0152 -0.0083
i~ gi 0.7029 0.0886 0.1868 0.0002 0.13k49 0.2154 0.0001 0.0005 0.109% 0.0807 0.0001 0.0004 0.0005 0.0496 0.0203
ne 12 -0.05L46 -0.0060 -0.0369 -0.0002 -0.0091 -0.0178 -0.0002 -0.0005 -0.007k -0.0101 -0.0003 -0.0006 -0.0005 -0.0034 -0.0027
12 gd -0.0002 -0.0002 -0.0007 ~0.000k -0.0008 -0.0007 ’
w8 ia -0.0095 -0.0001 -0.014k4 -0.0000 -0.0003 -0.0118 -0.0002 -0.0003 -0.0054
v 32 0.0335 0.0037 0.0251 0.0001 0.0057 0.0103 0.000L 0.0003 0.0047 0.0040 0.0002 0.0004 0.0003 0.0021 0.0010
12 o2 7 -0.0001 -0.0001  -0.0002
hf g2 -0.0005 -0.0003 -0.0010 -0.0003 -0.0011 -0.0012 -0.0165 -0.0k26 -0.0560 -0.03h42
hf gi 0.00k41 0.0223 0.0000 0.0079 0.0127 0.0000 0.0000 0.0082 0.0060 0.0005 0.0014 0.0020 0.052k 0.021k
he 12 -0.0003 -0.0017 -0.0000 -0.0005 -0.0010 ~0.0000 -0.0000 -0.0006 -0.0008 -0.0022 ~0.002h -0.0018 -0.0040 -0.0348
hf gd -0.0000 ~0.0000 -0.0000 -0.0029 -0.0031 -0.0025
hf id -0.000%4 -0.0000 -0.0008 -0.0000 -0.0000 ~0.0009 -0.0006 -0.0011L -0.006k4
hf 32 0.0002 0.0011 0.0000 0.0003 0.0006 . 0.0000 0.0000 0.0003 0.0003 0.0015 0.0016 0.0012 0.0025 0.0028
bt a° -0.0000 -0.0008 ~0.0008
P g2 -0.0010 -0.0002 -0.0007 -0.0001 -0.000k -0.000k
P gi 0.2302 0.0079 0.0432 0.0000 0.0061 0.0097 0.0000 0.0000 0.0029 0.0021
5 -0.0179 -0.0005 ~0.0033 -0.0000 -0. 0004 -0.0008 -0.0000 -0.0000 -0.0002 -0.0003
£ g -0.0000 -0.0000  -0.0000
© ia -0.0008 -0.0000 -0.0006 -0.0000 -0.0000 ~0.0003
P 32 0.0110 0.0003 0.0021 0.0000 0.0003 0.0005 0.0000 0.0000 0.000L 0.0001
P a® -0.0000
52 g2 0.001k 0.0003 0.0011 0.0001 0.0006 0.0007 0.0009 0.0025 0.0033 0.0020
12 gi -0.3063 -0.0115 -0.0630 -0.0000 -0.0090 -0.01k43 -0.0000 -0.0000 -0.0048 -0.0035 -0.0000 -0.0001 -0.0001 -0.0040 -0.0016
3242 0.0238 0.0008 0.0048 - 0.0000 0.0006 0.0012 0.0000 0.0000 0.0003 0.0004 0.0001 0.0001 0.0001 0.0003 0.0019
i? gd 0.0000 0.0000 0.0000 0.0002 0.0002 0.0001
52 sa 0.0012 0.0000 0.0010 0.0000 0.0000 0.0005 0.0000 0.0001 0.0005
i 32 0.01k6 -0.0005 -0.0030 -0.0000 -0.0004 -0.0007 -0.0000 -0.0000 -0.0002 -0.0002 -0.0001 -0.0001 -0.0001 ~0.0002 -0.0002
% a8 0.0000 0.0000 0.0000
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state 16l

(3.,3,) (6,10) (7,9) (7,10) (8,8) (8,9) (8,10)
e g2 0.1826
e gi 0.7135 0.3070 0.0346 0. 4748
W2 52 0.0916 0.0782 -0.0L39
h2 gd
w2 1a -0.1120
n’ 32 0.0359 0.0246 0.0230
we &
hf g2 0.210k
hf gi 0.1138 -0.0202 0.0013 0.1347 0.0036 0.1h12
ht 1% -0.017h 0.0091 -0.0L57 0.0371
hf gd
hf id 0.0537
hf je 0.0059 -0.000k 0.0132 0.0081
nf a°

2 ge

f2 gi 0.0262

# 5° -0.0036

f2 gd

2 ia

@ 32 0.0013

£ 4°

12 g2 0.0126

i2 gi £.0336 0.0120 -0.0002 0.018k
1% 42 0.00hk 0.0033 0.0026
i2 gd
1% 3a 0.00L3

52 32 -0.0017 -0.0010 -0.0009
% 4®

state

18l

(3,14)

(6,12)

(6,14)

(8,10)

(8,12)

(8,14)

= = = = A = S = =
[T o IR e I\ B VIR \ O B V)

=

(VIR VI \ VR Y

L S S T I N ST S W
[V VI STV DR VI VI VR VR ]

.

-0.0010

-0.0001

-0.0000

0.0001

-0.00k1

-0.0003

-0.0001

0.0002

-0.0009

-0.0001

-0.0000

0.0000

~0.8104
0.1043

-0.0301

-0.5702
0.0699

-0.0176

0.0351
-0.00k40

0.0015

-0.0002

-0.0002

0.0000

0.0003

-0.0009

0.0000

X

=P~
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This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-

mission, nor any person acting on behalf of the Commission:

A. Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

B. Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report. '

As used in the above, "person acting on behalf of the
Commission™ includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent. that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.








