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Vortical and Internal Wave Shear and Strain

ROBERT PINKEL

Scripps Institution of Oceanography, La Jolla, California

(Manuscript received 29 April 2013, in final form 24 February 2014)

ABSTRACT

Depth–time records of isopycnal vertical strain have been collected from intensive CTD profiling programs

on the research platform (R/P) Floating Instrument Platform (FLIP). The associated vertical wavenumber

frequency spectrum of strain, when viewed in an isopycnal-following frame, displays a clear spectral gap at low

vertical wavenumber, separating the quasigeostrophic (vortical) strain field and the superinertial internal wave

continuum. This gap enables both model and linear-filter-based methods for separating the submesoscale and

internal wave strain fields. These fields are examined independently in six field programs spanning the period

1983–2002. Vortical and internal wave strain variances are often comparable in the upper thermocline, of order

0.2. However, vortical strain tends to decrease with increasing depth (decreasing buoyancy frequency

N2 52g/r(dr/dz) as ;(N2)1/2, while internal wave strain variance increases as ;(N2)21/2, exceeding vortical

variance by a factor of 5–10 at depths below 500m.

In contrast to strain, the low-frequency spectral gap in the shear spectrum is largely obscured by Doppler-

smeared near-inertial motions. The vertical wavenumber spectrum of anticyclonic shear exceeds the cyclonic

shear and strain spectra at all scales greater than 10m. The frequency spectrum of anticyclonic shear exceeds

that of both cyclonic shear and strain to frequencies of 0.5 cph, emphasizing the importance of lateral Doppler

shifting of near-inertial shear.

The limited Doppler shifting of the vortical strain field implies surprisingly small submesoscale aspect

ratios: kH/kz; 0.001, Burger numbers Br5 kH N/kzf; 0.1. Submesoscale potential vorticity is dominated by

vertical straining rather than the vertical component of relative vorticity. The inferred rms fluctuation of fluid

vorticity is far less for the vortical field than for the internal wavefield.

1. Introduction

The thermocline is continuously deformed by the

passage of internal waves and quasigeostrophic (vortical)

motions. This deformation affects the propagation of

sound and the spatial distribution of planktonic com-

munities. It renders difficult the interpretation of data. A

brief historical discussion of this problem is presented in

appendix A. To model these effects it is necessary to

separate the vortical and internal wave constituents, as

these fields have fundamentally different temporal be-

havior even though they occupy the same range of

spatial scales (Fig. 1). This has proven challenging, ex-

perimentally, because lateral and vertical Doppler

shifting cause extensive overlap in temporal scales (e.g.,

Holloway 1983), ostensibly frustrating any attempt to

separate the data using a simple frequency filter.

Distinguishing wave and vortical variance is of value in

that strain variance estimates are now being used to

predict levels of oceanic diapycnal diffusivity (Kunze

et al. 2006; Whalen et al. 2012). The assumption is that

100% of the measured strain variance is associated with

internal waves, whose breaking drives the mixing. If

a substantial fraction of the strain signal is quasigeo-

strophic, the interpretation of these estimates is in doubt.

Isolating the vortical and internal wavefields is also of

value in that the internal wave strain signal is insensitive

to purely inertial motions. To the extent that the fre-

quency spectrum of shear is dominated by Doppler-

shifted inertial waves (Kunze et. al. 1990; Sherman and

Pinkel 1991; Pinkel 2008), the frequency spectrum of in-

ternal wave strain should represent a Doppler-smeared

version of the ‘‘underlying spectral continuum.’’ If the

(normalized) shear spectrum exceeds that which would

be predicted from the observed strain, the presence of

Doppler-shifted near-inertial shear can be identified.

The problem can be framed in terms of the potential

vorticity (PV):
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P5 (2V1$3V) � $B , (1)

whereV is the vector angular rotation of the earth, V is

the fluid velocity, and B52gr(X, t)/r0 gives the fluid

density field. Following a fluid parcel, potential vorticity

is constant in the absence of nonadiabatic processes

(Ertel 1942). Furthermore, propagating internal gravity

waves do not induce fluctuations in potential vorticity

(Holloway 1983; Muller 1984), whereas finite potential

vorticity anomalies are anticipated for quasigeostrophic

flows.

The implications of these statements are most easily

explored when potential vorticity is linearized assuming

horizontal gradients of vertical velocity and buoyancy

are small:

P5 ( f 1 z)N2(z, t) . (2)

Here, z5 yx 2 uy is the vertical component of fluid

vorticity. Further linearizing to neglect the product of

vorticity and density perturbations yields

P5N2(z)ff=[11 ĝ(z, t)]1 zg (3)

where ĝ is the vertical component of isopycnal strain. For

convenience in subsequent discussions, an additional

‘‘small strain’’ assumption is made, and potential

vorticity is normalized by N2 so as to have units of

vorticity:

PV5P/N2; f [12 ĝ(z, t)]1 z (4)

For internal waves, the strain and vorticity fields vary

in concert such that PV has uniform value f. Thus, the

spectrum of strain E(k) directly gives the spectrum of

vertical vorticity normalized by f. For quasigeostrophic

motions, Muller et al. (1988) [Eq. (A9)] show that the

relative magnitude of the ratio of rms vorticity to strain

varies as Br2, where Br 5 kHN/kzf is the Burger num-

ber and kH, kz are the horizontal and vertical wave-

numbers of the flow constituent. The spectrum of PV is

given by

PV(k)5 (Br2 1 1)2f 2E(k) . (5)

Here, the Burger number gives the contribution to

PV from the vertical component of relative vorticity

and E(k) is the wavenumber spectrum of vortical strain.

Given the difficulty in making direct measurements of

oceanic vorticity, obtaining accurate estimates of the

flow aspect ratio Br is critical to determining the

FIG. 1. Schematic vertical wavenumber–frequency spectra of (left) shear/N and (right) strain showing internal wave, js j. f, and vortical

s 5 0 contributions. The axes are chosen to emphasize small vertical scales and near-inertial frequencies. Diagonally opposite quadrants

of the spectrum are associatedwith upward and downward phase velocity. The internal wave spectrum is based on the vertically symmetric

Munk (1981) model with parameter j
*
5 40, to exaggerate the dip in the spectrum at zero wavenumber. The vortical spectrum at s5 0 is

symmetric in vertical wavenumber. It is otherwise arbitrary in shape and level. The black curves bound that portion of the internal wave

spectral domain associated with horizontal phase speeds greater than 0.1m s21, for an assumed buoyancy frequency of 3 cph. Waves

falling outside the bounded region, theMunk (1981) ‘‘compliantwaves,’’ are presumably strongly advected by the orbital velocity of the faster

moving ‘‘intrinsic waves,’’ as well as by each other. Spectra such as these would only be observable in an environment where each spectral

constituent propagates independently of the variance of signals in other spectral bands. The open ocean poorly approximates this ideal.
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relative importance of the rotational versus straining

contributions to PV.

Notable observational attacks on this problem include

the pioneering work of Muller et al. (1988), who at-

tempted direct estimation of the vertical component of

vorticity using current meters from the 1972 Internal

Wave Experiment (IWEX) (Briscoe 1975). Kunze et al.

(1990) examined shear and strain fluctuations in

a weeklong record from a neutrally buoyant float. They

found that the dominant departures from linear internal

wave theory could be explained by the Doppler shifting

of near-inertial shear signals to higher frequencies and

high-frequency wave strain signals to lower frequencies.

The principal aspect ratios Kunze encountered were of

the order kH/kz 5 1023, with Burger numbers Br ; 0.1.

These were consistent with the earlier towed measure-

ments of Marmorino et al. (1987). Kunze et al. (1990)

ascribed the small aspect ratios to the dominance of

near-inertial motions, particularly in their shear signal.

Subsequently, Kunze and Sanford (1993) attempted

direct measurements of strain and relative vorticity

using expendable current profilers near Ampere Sea-

mount in the eastern North Atlantic. With two in-

dependent profiles of vorticity and strain, they found

evidence of submesoscale PV at vertical scales of 50–

380m. Rotational contributions were weaker than

those due to strain, but they served to enhance rather

than reduce the overall PV, consistent with quasigeo-

strophic flows. Kunze and Sanford suggested that the

PV anomalies were most likely created at the sea-

mount. More recently, Polzin et al. (2003) modeled

a vertical wavenumber spectrum of the vortical field.

The high-wavenumber dependence of the model was

chosen to be consistent with observed correlations of

shear and strain, as seen in a large collection of in-

dependent vertical profiles obtained in the 1992 North

Atlantic Tracer Release Experiment (NATRE) in the

subtropical Atlantic. The low-wavenumber portion of

the spectral model was constrained by frequency

spectra of shear and strain from a nearby mooring. A

band-limited form for the vortical spectrum was in-

ferred, with peak variance at vertical scales 7–20m, and

a kz
22 decay at high wavenumber. Polzin et al. sug-

gested that the aspect ratio of the vortical field is O

(1022) with Burger numbers Br ; 1.6.

Attempts to measure the joint depth–time variability

of the upper ocean began on the research platform (R/P)

Floating Instrument Platform (FLIP), in 1969. Initially,

temperature sensors were rapidly profiled in the vertical,

with the upper 400m of the ocean sampled every 2min,

(Pinkel 1975). CTDs were subsequently introduced and

the vertical profiling range was extended [to 800m in the

Hawaii Ocean Mixing Experiment (HOME) Farfield

Experiment] at the expense of the repetition rate. The

vertical resolution in density is of the order of 2m using

a SeaBird 911 CTD falling at ;4m s21. Doppler sonar

(Pinkel 1979, 1981) was developed to provide com-

plementary depth–time profiles of velocity. Over the

years, sonar vertical resolution was improved to ;4m,

adequate for comparing with concurrent measure-

ments of strain.

With measurements continuous in depth and time,

time evolution can be tracked in an isopycnal-

following [so-called semi-Lagrangian (s-L)] reference

frame, avoiding the problem of fine structure con-

tamination due to vertical Doppler shifting. Lateral

Doppler shifting, however, remains an issue, and the

advection of the short shear and strain-containing

motions by the larger-scale energy-containing motions

sets the form of the joint wavenumber–frequency

spectrum (Sherman and Pinkel 1991, Pinkel 2008) at

small vertical scales.

It was initially felt that Doppler smearing would

prohibit any frequency-based separation of the vortical

and internal wave signals, even in an s-L frame. For

example, given Br ; 1, a 10-m vertical-scale feature is

Doppler shifted to frequenciesO(68 cpd) by a 0.1m s21

current. It develops that theDoppler smearing of strain is

much less than this. The observed vertical wavenumber–

frequency spectrum exhibits a subinertial spectral gap

between the internal wave and vortical (near-zero

frequency) bands at vertical length scales greater than

20m. The existence of this gap enables construction of

a simple model of the vortical spectrum that predicts

spectral levels at smaller scales, where the fields are

overlapped in frequency. With somewhat less pre-

cision, the gap motivates design of a subjective low-

pass filter that attempts to separate the vortical and

internal wavefields in the space–time domain. Wave-

number and frequency spectra for the vortical and

internal wave constituents can be independently esti-

mated, using both the model-based and linear filter

approach.

This work is presented in two sections. First,

finescale strain records from a series of six eastern

Pacific experiments are examined. The vortical and

wave constituents are distinguished, based on a total

record of nearly 40 000 CTD profiles. Variance pro-

files, wavenumber spectra, and frequency spectra are

given for the vortical and internal wave constituents.

Subsequently, finescale shear is compared to strain

using data from the 2001 HOME Farfield Experiment.

The shear is composed of vortical, internal wave con-

tinuum and inertial constituents. The Doppler shifting

of the inertial motions across the subinertial frequency

band masks the vortical shear signal, precluding even

2072 JOURNAL OF PHYS ICAL OCEANOGRAPHY VOLUME 44



an approximate separation of the constituent shear

fields.

2. Observations of strain: 1983–2002

Extended CTD depth–time profile records are pre-

sented, obtained from the FLIP in the course of six ex-

periments. With the exception of the earliest cruise (the

MILDEX Experiment, in 1983), FLIP is anchored with

either a one-, two-, or three-point mooring during data

collection. Typically, 3000–10 000 CTD profiles are

collected over the course of a cruise. Details of each

record are summarized in Table 1. To minimize salinity

spiking at high profiling speeds, the time response of the

Seabird conductivity cell is matched to that of the tem-

perature sensor, leading to a vertical resolution in den-

sity of the order 2m (Anderson 1992)

It is convenient to describe the distortion of the

thermocline in terms of a set of isopycnal surfaces

fzi(t)g5 fz(ri, t)g, each separated from its neighboring

density surface ri11 by some constant Dz in the tem-

poral mean. The normalized isopycnal separation is

gij(t)5 [zi(t)2 zj(t)]/Dz, and finite difference strain is

given by ĝij(t)5 gij(t)2 1. [Note that many authors

(e.g., Kunze et al. 1990; Polzin et al. 2003) use fluctu-

ations of a vertical temperature or density gradient as

a measure of strain. These gradient fluctuations are

proportional to gij(t)
21, the inverse of the present

definition.] For the strain study presented next, a mean

isopycnal separation of Dz5 2m is used. When strain is

later compared with shear in the HOME Farfield Ex-

periment, a mean separation Dz 5 4m is used, consis-

tent with the resolution of the sonar.

The time evolution of isopycnal separation is free of

‘‘fine structure contamination’’ associated with the ver-

tical advection of density features past an Eulerian

sensor. One sees a mix of the intrinsic time evolution of

the fields and the effects of lateral advection, which are

considerable. A representative 12-h record of strain

variability from the 2001 HOME Farfield Experiment is

presented in Fig. 2.

Three distinct classes of features are seen in the strain

portrait. Most prominent are the deltalike striations that

occur at fixed densities (depths in this isopycnal-

following display) and persist for large fractions of the

record. More subtle are the depth-varying wiggles in the

individual profiles that evolve smoothly over time. Fi-

nally, there are numerous isolated regions where the

profiles are disturbed, varying rapidly in time. We

identify the first two classes of variability with vortical

and internal wave signals. The disturbed regions result

from breaking internal waves (Alford and Pinkel 2001).

Wavenumber–frequency spectra of strain are formed

by Fourier transforming the strain records in depth and

time (Fig. 3). One expects to find a vortical signal at

zero frequency. However, as defined here, the set of

isopycnals that are followed have zero mean strain. To

unambiguously detect a vortical signal, it has to be

Doppler shifted sufficiently off zero frequency (one

cycle per 2–4 weeks) that its variance appears in

a nonzero frequency band. To minimize the impact of

the spectral singularity at zero frequency, the average

of the spectral estimates in the first and minus-first

Fourier bands is placed in the zero-frequency band at

each wavenumber, prior to smoothing in frequency.

Spectral estimates are corrected for the finite differ-

ence approximation to the vertical derivative involved

in the strain estimate, through multiplication by the

factor p2(kz/kNy)
2/f22 2 cos[p2(kz/kNy)

2]g, where kNy

is 1/4 cpm for the strain spectra presented below, and

kNy 5 1/8 cpm for the HOME Farfield strain and shear

spectra that follow. A modeled measurement noise,

corresponding to a 1.2-m rms uncertainty in the mea-

surement of isopycnal depth, is then subtracted from

TABLE 1. Summary of data collection cruises on the FLIP. The rms advecting velocity m gives the magnitude of the velocity that is used

in the Doppler shifting model and subjective filter [Eqs. (7) and (8)] to match the observed Doppler broadening of the vortical field,

assuming a Burger number of 0.1 for all cruises.

Expt Year Latitude Longitude

Depth

range

analyzed

(m)

Number

of

profiles

Record

duration

(days)

Profile

time

(min)

m rms

advecting

velocity

(m s21) hN2i1/2/f
MILDEX 1983 34.58– 1268– 50–300 6680 13.91 3 0.06 118

33.58N 1278W
PATCHEX 1986 34.008N 127.008W 81–500 9990 20.81 3 0.03 92

SWAPP 1990 35.008N 127.008W 100–250 2690 13.5 6.5 0.06 96

ARL 1998 31.418N 118.708W 100–680 3869 10.7 4 0.04 71

HOME Farfield 2001 18.398N 160.708W 460–680 6000 16.7 4 0.05 (deep) 95 (deep)

122–680 8990 25 0.08 (full) 158 (full)

HOME Nearfield 2002 21.758N 158.508W 122–680 8990 25 4 0.07 90
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the spectral estimates. This noise, which increases as

jkz2j, can significantly affect the high-wavenumber form

of the strain spectrum. Wherever this correction is

significant, both corrected and uncorrected versions of

the spectrum are presented so that the reader can assess

the likely role of measurement imprecision.

In Figs. 3 and 4, the 2-degrees-of-freedom spectral

estimates are subsequently smoothed by five bands in

frequency and seven bands in wavenumber to produce

a nominal 70-degree-of-freedom spectral estimate. In

subsequent figures, the smoothing is by five bands in

frequency, three in wavenumber, yielding a nominal

30-degree-of-freedom estimate. Diagonally opposite

quadrants of the strain spectrum are identical. Positive

frequencies and positive wavenumbers correspond to

positive/upward phase velocities.

The strain spectrum from the 1986 Patches Experiment

(PATCHEX) is representative. It is essentially red in

frequency and blue in wavenumber except at the lowest

frequencies andwavenumbers: vertical scales greater than

20m, frequencies less than 2 cpd (Fig. 3, inset; Fig. 4a).

The PATCHEX ‘‘vortical ridge,’’ centered at zero

frequency, is seen to be band limited in vertical wave-

number, with the greatest variance density at scales

between 10 and 20m. Two distinct internal wave peaks,

associated with upward- and downward-traveling mo-

tions of ;40–100-m vertical scale, are seen at slightly

superinertial frequency. A semidiurnal tidal strain peak

is also seen, centered at zero wavenumber, associated

with scales large compared to the 420-m vertical mea-

surement window. At scales smaller than 20m, the wave

and vortical signals merge owing toDoppler smearing, as

suggested byHolloway (1983). In terms of wavenumber–

frequency spectral density, the vortical peak appears to

dominate. However, the wave signal in fact has more

total variance, spread over a frequency band that extends

to ;100 cpd.

The existence of the spectral gap at low wavenumbers

suggests that the vortical and internal wave signals can

be separated using either model-based or linear filtering

techniques. Pinkel (2008) presents a simple model for

the Doppler shifting of an intrinsic spectral line in fre-

quency by random horizontal currents:

Em(s)5E0/kHPV(s/kH) . (6)

Here,E0 is the variance associated with the spectral line,

and PV is the probability density of the advecting

FIG. 2. A 12-h sample of log10(g(z, t)), where z is the cruise-averaged depth of the isopycnal pair being considered.

Isopycnals are separated by 2m in the vertical, on average, and successive profiles of log10(g) are plotted at 4-min

intervals. Data are from the HOME Farfield Experiment. The inset gives the vertical motion of the isopycnals in

physical space over the same time period.
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horizontal velocity V. By assuming Gaussian PV and

a fixed aspect ratio kH /kz 5Br( f /N), the model can be

extended across all vertical wavenumbers:

Em(s, kz)5E0(kz)/[Br( f /N)kz]PVfs/[Br( f /N)kz]g .
(7)

If the model is matched to the observations at the ob-

served frequency s5 0, the single adjustable parameter

(Brm) sets the vortical spectral level at all other fre-

quencies. Here, m is the rms advecting velocity. An

hourglass-shaped spectrum results, with frequency

bandwidth increasing linearly with vertical wave-

number. Additional details are given in appendix B.

More ambitiously (and less accurately), one can at-

tempt to separate the vortical and internal wavefields in

the depth–time domain. A bandpass filter can be de-

signed, centered on the s 5 0 vortical ridge in the strain

wavenumber–frequency spectrum, with a frequency

bandwidth that broadens with increasing wavenumber to

account for Doppler shifting. This ‘‘subjective filter’’ has

awavenumber–frequency response in the Fourier domain:

W(s,kz)5W0 exp(2fs/[
ffiffiffi
2

p
sw(kz)]g

2
) , (8)

where sw(kz)5Br( f /N)kzm, in concert with the analyt-

ical model above, and W0 5 1. The filter ideally selects

just the vortical constituent, with a frequency passband

FIG. 3. The wavenumber–frequency spectrum of strain from PATCHEX 1986. The inset shows the spectrum to frequencies of624 cpd.

The black vertical reference indicates zero frequency and zero wavenumber. The spectrum assumes an hourglass form. With increasing

wavenumber magnitude, spectral variance is Doppler shifted through a broader range of temporal frequencies. The main image gives

a closeup of the low-frequency portion of the spectrum, with reference lines at zerowavenumber, s5 0,6f. The arrow indicates the;15-db

spectral gap between the vortical and internal wave bands at vertical scales greater than 20m. The mirror image of the gap is seen at

positive frequencies. This gap is most apparent when time evolution is viewed in a semi-Lagrangian frame and fine structure contami-

nation is not an issue.
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that broadens as vertical wavenumber increases. The

square root of the filter W(s, kz)
1/2 is applied to the two-

dimensional grid of strain Fourier coefficients, which are

then inverse Fourier transformed back into the depth–

time domain. This subjectively filtered vortical strain can

be subtracted from the total observed strain field to

provide a view of ‘‘internal wave strain’’ in isolation. The

subjective filter is nonrealistic in that it accounts for the

higher-wavenumber vortical strain being Doppler shifted

to progressively higher frequencies, but neglects higher-

wavenumber internal wave strain being shifted to pro-

gressively lower frequencies into the vortical band.

The PATCHEX strain spectrum, the analytically

modeled vortical spectrum, and the residual internal

wave spectrum are presented in Fig. 4. The vortical

spectral model, Eq. (7), assumes a Gaussian form for the

frequency dependence of the spectrum PV, with

a bandwidth increasing linearly with frequency, set by

a single adjustable parameter (Brm).

The quality of this fit is examined in Fig. 5 for all six

cruises. Here, frequency cross sections of the strain

spectrum are presented at vertical wavenumbers corre-

sponding to 200-, 100-, 50-, and 25-m vertical scales. The

observed, modeled, and residual spectral levels are given

in each, with the residual corresponding to the amount of

internal wave strain variance Doppler shifted to sub-

inertial frequencies. Given that spectral levels vary over

more than an order of magnitude, negative values of the

residual are occasionally seen. The key result is that

spectral bandwidth indeed appears to increase linearly

with the vertical wavenumber. The rate of increase cor-

responds to surprisingly small (Brm), O(;5 3 1023).

For reasonable values of rms advecting velocitym5 0.05–

0.1m s21 (Table 1), the Burger number must beO(0.1) to

result in such limited Doppler shifting.

The depth–time domain separation ofwave and vortical

strain fields produced by the subjective filter is given in

Fig. 6. The raw strain field (Fig. 6a) is difficult to decipher,

with a mix of wave and vortical motions. In contrast, the

internal wave band (Fig. 6b) indeed looks wavelike. In-

dividual wave crests can be tracked for several days as

they propagate through the vertical aperture of the array.

The upward- and downward-propagating motions corre-

spond to the slightly superinertial spectral peaks seen in

Figs. 3, 4a, and 4b. The vortical field (Fig. 6c) evolves

slowly with time, reflecting that the subjective filter is

FIG. 4. (a) The PATCHEXvertical wavenumber–frequency spectrum of 2-m strain, as in Fig. 3.Magenta reference

lines are drawn at K1 and M2 frequencies. Black lines give 6f. The white rectangle indicates the fundamental res-

olution of the spectrum, corresponding to smoothing by five Fourier bands in frequency and seven in wavenumber.

(b) The spectrum of internal wave strain, given as the difference between the total spectrum and themodeled vortical

spectrum. White reference lines in (b) schematically indicate the Doppler spreading of superinertial internal wave

strain. At like wavenumbers, the wave portion of the spectrum appears more broadly Doppler shifted than the

vortical, suggesting a larger aspect ratio kH/kz for the wavefield. (c) The modeled vortical spectrum, as described in

the text.
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a form of low-pass filter. However, the features do not

tend to wander across density surfaces: long, vertically

propagating, crests are not seen. This is a distinct signature

of the submesoscale signal.1

Profiles of wave and vortical variance as a function of

N2 are presented in Fig. 7. While variance levels in the

upper thermocline are somewhat comparable, there is

a clear tendency for the vortical variance to decrease

with increasing depth, decreasing N2. The dependence

varies from cruise to cruise between (N2)1/4 and (N2)1/2.

In turn, wave strain variance typically grows with in-

creasing depth/decreasing N2, with dependencies rang-

ing from2 (N2)21/4 to (N2)21/2.

Wavenumber spectra (Fig. 8) are formed by integrating

the modeled wavenumber–frequency spectra (Figs. 4b,c)

over frequencies less than 24 cpd. Parallel estimates ob-

tained from the subjective filter are also given in Fig. 8.

The agreement in estimates calculated by the two dif-

fering methods is excellent. The wave strain spectra

FIG. 5. Model fits (blue) to the observed wavenumber–frequency spectrum of strain (red), at vertical wavenumbers of 0.005, 0.01, 0.02,

and 0.04 cpm. The spectra represent the sum of positive and negative wavenumber contributions and are thus symmetric in frequency.

Cross sections are normalized to unit height at zero frequency in each wavenumber band. Black vertical lines indicate the local inertial

frequency. The green curve is the residual, which ideally represents the amount of internal wave strain that is Doppler shifted into the

subinertial band. The product (mBr) is adjusted to fit the model to each of the six cruises. Values for m are listed in the Table 1, assuming

a fixed Br 5 0.1.

1 In fact, a small amount of wandering is seen in the vortical

signal. The subjective filter ascribes both vortical and low-frequency

high-wavenumber internal wave variance to the ‘‘vortical’’ band. As

the filter width is narrowed (the assumed Brm is reduced), the

amount of wandering diminishes.

2Recall that the filter overestimates vortical variance at the ex-

pense of wave variance, in that the internal wave signal that is

shifted to subinertial frequencies is ascribed to the vortical field.
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generally exhibit less cruise-to-cruise variability than the

vortical, being whitish at wavenumbers less than 0.03–

0.1 cpm and decaying at a higher wavenumber. Vortical

wavenumber spectra are uniformly smaller. They are

generally band limited, with a broad maximum at the 10–

50-m vertical scale. The lower-wavenumber extreme of

the vortical spectrum is sensitive to local mesoscale ac-

tivity. [The Surface Wave Process Program (SWAPP;

Fig. 8c) was staged in a frontal region.]

Strain frequency spectra (Fig. 9) are formed by in-

tegrating the two-dimensional spectra over all wave-

numbers less than jkzj 5 0.1 cpm. They are remarkably

featureless, with spectral slopes generally less than s21 at

subinertial frequencies and slightly greater at super-

inertial. The semidiurnal tidal peak is either absent or

small, even at principal generation sites such as the

HOME Nearfield. The rich structure of tidal harmonics

seen in vertical displacement spectra (e.g., Pinkel 1983) is

absent in strain, the harmonics being low-mode motions.

Both the model and the subjective filter separate the

strain into plausible vortical and wave frequency spectra.

3. Observations of shear and strain: The 2001
HOME Farfield Experiment

During September–November 2001, FLIP was

moored at 18.398N 160.78W, participating in the

HOME Farfield Experiment. While the site was in

a broad tidal beam emanating from Kaena Ridge,

Hawaii, it was over 400 km from the ridge. Baroclinic

tidal amplitudes were not unduly large. Bispectral

analysis (Sun and Pinkel 2013) indicated that the

generation of near-inertial motions by subharmonic

energy transfer from the baroclinic tide [parametric

subharmonic instability (PSI)] was not significant at

the site.

Instrument systems onboard included a pair of

profiling CTDS that transited the depth range 5–720m

at 4-min intervals. Shear was measured with the Scripps

Institution of Oceanography (SIO) Deep-8 Doppler

sonar, which transmitted upward (160 kHz) and

downward (140 kHz) from a depth of 360m. Depth

resolution is characterized by a triangular resolution

window of half-width (depth) 4m. Velocity averages

are formed over 4-min intervals and stored in 2-m bins.

A record of more than 9880 CTD profiles was obtained

over a 30-day period of continuous operation (inter-

rupted by occasional equipment malfunctions). An

energetic anticyclonic eddy, shed from the Big Island of

Hawaii, passed by FLIP during the final third of the

cruise, clearly affecting shear and strain at depths

above 400m.

In the semi-Lagrangian frame, the finite-difference

shear is given by Sij 5 [u(ri, t)2 u(rj, t)]gij(t)
21/Dz.

FIG. 6. (a) The complete record of PATCHEX2-m strain, as in Fig. 2. The data are semi-Lagrangian, with ‘‘depth’’

referring to the average depth of the isopycnal pair involved in the strain calculation. Note the data gap yearday 284–

284.5. (b) The subjectively filtered internal wave strain field. Note the change of color scale relative to (a). (c) The

subjectively filtered vortical field. Motions constrained to density surfaces appear as horizontal lines in this portrayal.
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Here, u(ri, t) is the along-isopycnal (taken here as

horizontal) velocity, which is nearly statistically

independent of isopycnal separation (Pinkel and

Anderson 1997). Shear, with a factor of g in the de-

nominator, is strongly dependent on strain. For this

analysis of the HOME Farfield data, a set of iso-

pycnals frig is selected such that the mean separation

Dz5 4m is commensurate with the vertical resolution

of the Doppler sonar. Shear and strain depth–time

series are formed from 100 to 700m. The shear re-

cords are normalized by N(zi), the mean buoyancy

frequency at the mean depth of each isopycnal sur-

face, following Polzin et al. (2003). The normalized

shear S/N(z) and strain records are Fourier trans-

formed in depth and time to form vertical wave-

number–frequency spectra. Spectra are weighted

by the factor (2pkz)
2/[22 2 cos(pkz/kNy)] to account

for the finite difference approximation made in

forming the shear and strain. Here, kNy5 1/8 cpm is the

Nyquist wavenumber. The shear spectrum is further

divided by the factor [sin(pkz/kres)/(pkz/kres)]
4, where

kres 5 1/4 cpm to account for the finite resolution of

the sonar and the subsequent averaging in range of the

velocity estimate.

The analysis is, in fact, repeated three times: first

using 6000 4-min profiles from 400 to 700m, from

before the arrival of the Big Island Eddy, to produce

representative two-dimensional spectral estimates

(Figs. 10, 11). The full depth–time record (9880 pro-

files) is then used for Figs. 12 and 13 to illustrate the

influence of the eddy on the strain field. Finally, 1D

wavenumber and frequency spectra (Figs. 14, 15) are

estimated from the first 6000 profiles, again avoiding

eddy influence.

Shear time series are complex with real and imagi-

nary parts corresponding to the east and north com-

ponents of shear. Thus, the wavenumber–frequency

spectrum of shear has four independent quadrants, with

anticyclonic rotation (henceforth ACy; cyclonic is Cy)

in time for s, 0, and anticyclonic rotation with in-

creasing depth for kz , 0. Strain is a real signal, and

diagonally opposite quadrants of the strain spectrum are

identical. For both shear and strain, upward phase prop-

agation corresponds to s, 0, kz , 0, s. 0, and kz . 0.

Downward phase propagation occurs in the remaining

quadrants.

The shear spectrum (Fig. 10, left) peaks strongly at

frequency s52f , the local inertial frequency. The

FIG. 7. Profiles of internal wave (red) and vortical (magenta) strain variance vs N2, obtained by applying the subjective filter to 2D

Fourier transforms of strain and then inverse transforming back into the depth–time domain, as in Fig. 6. Reference lines (N2)1/2 and

(N2)21/2 are drawn. Generally, internal wave strain increases with depth/decreasing N2, while vortical strain decreases.
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frequency bandwidth of the spectral peak is smallest at

low vertical wavenumbers, quickly broadening with in-

creasing wavenumber magnitude until the peak fills the

subinertial band 2f ,s, 0 and even spreads into pos-

itive frequencies. The inertial peak also spreads broadly

into the internal wave band. Using simple models of

Doppler shifting, Pinkel (2008) argued that the fre-

quency spectrum of the shear was dominated by the

Doppler-smeared inertial peak to frequencies of nearly

620 cpd.

In contrast, the spectrum of strain (Fig. 10, right)

formally has no inertial peak to be Doppler smeared.

The strain spectrum provides a view of the vortical and

continuum internal wavefields unobscured by inertial

smearing. The spectrum features a strong vortical signal

centered on zero frequency, similar to that in

PATCHEX (Figs. 3, 4) and other sites. The internal

wave continuum peaks at low wavenumber at slightly

superinertial frequency. Plan views of the shear and

strain spectra are presented in Fig. 11.

Depth–time images of shear and strain are presented

in Fig. 12. The normalized zonal shear, S/N(z), (Fig. 12a)

is dominated by near-inertial motions, Doppler shifted

to both super- and subinertial frequencies. The corre-

sponding 4-m strain signal (Fig. 12b) is complicated,

marked by horizontal striations that constitute the vor-

tical contribution. When these are removed via the

subjective filter, a rich continuum of propagating mo-

tions is seen (Fig. 12c). The motions are of characteris-

tically higher frequency than the shear and extend to

smaller vertical scales. The vortical strain (Fig. 12d) is

a mix of low-frequency eddy activity above 300m and

high vertical wavenumber striations that generally do

not cross isopycnal surfaces. The slow time variation of

this field is a consequence of the selective filer. Down-

shifted internal waves leak into this band at a high

wavenumber, leading to some traces of vertically prop-

agating signals.

The variance of shear/N, wave, and vortical strain are

plotted versus N2 in Fig. 13. The variance of these 4-m

strain estimates is approximately half that of the 2-m

strain (Fig. 7e) calculated from the same data. Vortical

variance fluctuates irregularly forN2. 33 1025 s22 and

decreases with decreasing N2 below. Wave strain

FIG. 8. Wave (red, magenta) and vortical (light/dark blue) wavenumber spectra. The separation is based on either the subjective filter,

which assigns 100% of the variance in a prescribed band to the vortical field (dark blue), or to the analytical model, which determines the

vortical field from the height of the zero-frequency spectral ridge (light blue). The subjective filtered wave and vortical spectra are shown

uncorrected (thin red and dark blue) and corrected (thick red and dark blue) for an assumed 1.2-m rms error in estimating isopycnal depth.
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variance increases weakly for N2 . 3 3 1025 s22, be-

coming more nearly constant at greater depth. Wave

strain variance exceeds vortical strain variance by a fac-

tor of 3–5. The S/N(z) variance changes by a factor of 3

over the 100–700-m depth range, with a broadmaximum

at N 2 ; 4 3 1025 s22. Normalized shear variance gen-

erally exceeds wave strain variance by a factor of 5. This

reflects the influence of near-inertial waves, which con-

tribute preferentially to the shear versus strain fields.

For the Garrett–Munk (GM) spectral model (Munk

1981), the variance of S/N(z) is uniform with depth.

Vertical wavenumber spectra of 4-m shear and strain

are estimated from wavenumber–frequency spectra

calculated over the depth ranges 100–300 and 460–

660m. These are integrated over frequencies less than

24 cpd. Individual spectra of ACy and Cy S/N(z), as well

as internal wave and vortical strain, are presented in Fig.

14. Note that here, ACy and Cy refer to the sense of

rotation in time, in contrast to the traditional ‘‘rotary

wavenumber spectrum’’ of shear, where rotation is

considered as a function of depth (Leaman and Sanford

1975). The ACy shear spectrum is dominant, exceeding

the Cy shear and strain spectra by a factor of 3–5. It is

strongly band limited, peaking at O(50m) scales and

decaying at a highwavenumber with a slopeO(k22
z ). The

Cy spectrumpeaks at slightly smaller scales,O(30m), and

decays more slowly at a high wavenumber, eventually

joining the ACy at ;10-m vertical scales. Much of the

Cy variance results from ACy inertial motions that are

Doppler shifted across the ACy–Cy boundary (Fig. 10,

left). The dominance of the ACy spectrum reflects the

importance of inertial motions in determining the

overall shear field in the sea.

Even thoughN has decreased by a factor of 2 between

the upper and lower depth ranges, there is no corre-

sponding shift of the S/N(z) spectrum to smaller vertical

wavenumber. The implication is that the shear-

containing waves in the upper depth range do not freely

propagate to the lower depth range under Wentzel–

Kramers–Brillouin (WKB)-like refraction. Rather, local

equilibrium processes set the form of the shear spectrum

at each depth.3

FIG. 9. Frequency spectra of strain (black) separated into wave (red) and vortical (blue) constituents. Thick lines indicate the model

separation, while thin lines give the subjective filtered equivalent. Vertical reference lines are drawn at f (black) and diurnal and semi-

diurnal frequencies (magenta).

3 The specific near-inertial wave groups propagating through

the upper depth range will have traveled tens to hundreds of

kilometers laterally before reaching the depth range of the lower

spectrum.
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The internal wave strain spectra, when corrected for

the finite difference approximation, are essentially

white. The low-wavenumber spectral level is compara-

ble to the Cy shear. At O(30m) vertical scales, the Cy

shear significantly exceeds the wave strain, perhaps due

to the Doppler smearing of high-wavenumber near-

inertial variance across the s5 0 ACy–Cy boundary.

The lack of a high-wavenumber rolloff in the strain

spectrum is perhaps associated with measurement

noise. When a modeled kz
12 noise spectrum (Fig. 14,

black lines) is subtracted from the wave strain, the data

begin to exhibit a high kz rolloff. The level of the noise

spectrum corresponds to a precision of 1.2-m rms

in identifying the depth of an individual isopycnal

surface.

The vortical strain spectrum assumes a band-limited

bluish form. The vortical spectrum is a factor of 3–5

smaller than the wave spectrum. A similar noise cor-

rection is applied to the vortical wavenumber spectrum

as for the wave strain.

Frequency spectra of ACy and Cy S/N(z) and vortical

and wave strain are presented in Figs. 15a and 15b for

the 100–300- and 460–660-m depth ranges. Spectra are

averaged in depth and then smoothed in frequency, with

incrementally increased smoothing as frequency in-

creases. The ACy shear spectrum peaks at the inertial

frequency and decays as;s22 to frequencies of 6–10 cpd.

Spectral slopes progressively decrease up to a weak

cutoff at the buoyancy frequency. The Cy spectra dis-

play a variable ;s22/3 slope at low frequency, merging

with theACy at s5 82 10 cpd. Both spectra extend into

the subinertial band, primarily due to Doppler shifting

(Fig. 10, left).

The strain spectrum generally parallels the Cy spec-

trum at low frequencies. At high frequencies the slope

increases, approaching s22 form at frequencies of about

8–10 cpd. The subjective filter partitions strain variance

into vortical andwave spectra. The wave strain spectrum

peaks at frequencies around 1 cpd and dominates the

strain signal at higher frequencies. For linear internal

waves at superinertial frequencies, spectral levels of

S/N(z) and strain should be identical, that is, the upper

black curve and the lower black/red curve in Fig. 15

should merge. Here, they get close, particularly for the

deeper data. At low frequency, the prevalence of

Doppler-shifted near-inertial shear keeps the ACy

FIG. 10. Spectra of (left) S/N(z) and (right) strain from the HOME Farfield Experiment 2001. Data are from 460–660m from the first

16.7 days of the experiment, avoiding the influence of an energetic eddy. The black vertical references indicate zero wavenumber at

frequencies (2f, 0, f ). The spectral gap between wave and vortical fields at low-wavenumber magnitude is apparent in both spectra. At

intermediate wavenumbers, the near-inertial shear is Doppler shifted from 2f across zero frequency and into the positive (cyclonic)

frequency band, completely obscuring any sign of a vortical ridge.
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S/N(z) spectrum well above the strain spectrum. The Cy

S/N(z) spectrum should be free of near-inertial motions.

Indeed, its level is close to (half of) the observed strain

spectrum at low frequency. Unfortunately, there is no

low-frequency cutoff at the inertial frequency. These Cy

motions are contaminated by the Doppler shifting of the

ACy near-inertial motions across the s 5 0 boundary

(Figs. 11, 12) and are not a good metric of the super-

inertial ‘‘internal wave continuum.’’

For submesoscale motions in the linear limit, the ratio

of normalized shear to strain variance is given by Br2

(Muller et al. 1988). If the vortical Burger number is

indeedO(0.1), as here inferred from the lack of Doppler

shifting seen in the strain wavenumber frequency spec-

trum, it follows that the submesoscale contribution to

the overall shear field in the sea is negligible (Fig. 15,

dotted magenta line).

4. Discussion

The essential observation here is that the lateral

Doppler shifting of submesoscale motions is a much

smaller effect than originally anticipated. Levels are con-

sistent with flow aspect ratios of kH/kz ; 1023 and Burger

numbers O(0.1). The case is summarized in Fig. 4, where

the degree ofDoppler shifting of the vortical field (Figs. 4a,

c) to higher frequencies is clearly less than the Doppler

shifting of superinertial internal waves into the subinertial

band (Fig. 4b).Given that the aspect ratio of near-inertial

internal waves is smaller than f/N, the submesoscale

aspect ratio must be still less. The implication is that the

predominant source of submesoscale PV fluctuation in

the open ocean thermocline is vertical straining, with

relative vorticity playing a much smaller role [Eq. (4)].

Given our ability to isolate the submesoscale

straining, the normalized rms potential vorticity

PV/f 5 hg2
vorti1/2(11Br2) can be estimated directly

(Fig. 16a). In order that internal waves induce no PV

fluctuation, wavefield straining must be countered by an

associated rms relative vorticity zrms 5 f hg2
IWi1/2. This

greatly exceeds the relative vorticity of the sub-

mesoscale if Burger numbers are indeed �1 (Fig. 16a).

Given an estimate of the vertical wavenumber

spectrum of submesoscale strain (Fig. 7), one can

FIG. 11. Vertical wavenumber spectra of (a) S/N(z) and (b) strain for the 460–660-m depth range of the HOME

Farfield Experiment, as in Fig. 10. Black reference lines indicate frequencies6f. Magenta lines give frequencies M2

and K1. All four quadrants of the shear spectrum are independent, with negative frequencies corresponding to

anticyclonic rotation of the shear vector in time. The white rectangle indicates the fundamental resolution of the

spectrum, smoothed by five Fourier bands in frequency and three in wavenumber.
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produce a corresponding spectrum of potential vortic-

ity fluctuation as a function of horizontal wavenumber

magnitude (Fig. 16b). This can be compared with both

towed observations and with contemporary numerical

simulations of submesoscale flow. Critical to the con-

version is a knowledge of the aspect ratio of the flow.

As Burger numbers increase (from an assumed lower

limit of 0.1 here), the spectrum shifts to a higher hori-

zontal wavenumber magnitude, its wavenumber

bandwidth increases proportionally, and the assumed

contribution of relative vorticity to the overall PV field

increases as Br4. Given the magnitude of the observed

rms vortical strain, predicted rms relative vorticity ex-

ceeds f for Br . 2.

The vortical wavenumber spectrum (Figs. 7, 16b) is

typically band limited, with maximum variance con-

centrated between 10- and 50-m vertical scales. Polzin

et al. (2003) also infer a band-limited form from their

study of vertical shear and strain profiles. Most mod-

elers anticipate a red spectrum for the mesoscale/

submesoscale density field as a function of horizontal

wavenumber. Perhaps this distinct submesoscale

FIG. 12. Depth–time views of (a) the zonal S/N(z) field and (b) the total strain field for the HOME Farfield

Experiment, presented in semi-Lagrangian coordinates. The strain is further separated into (c) an internal wave

constituent and (d) a vortical field using the subjective filter. The passage of a Big Island Eddy is seen in the general

compression of isopycnals (negative strain, blue) in the upper 300m following yearday 300.
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signature exists as a high-wavenumber spectral

shoulder on an ‘‘otherwise red’’ low-wavenumber

spectrum of density. Alternatively, in the present

study, only motions that are significantly Doppler

shifted off ‘‘zero frequency’’ (one cycle per 2–4

weeks) are considered. Lower-frequency motions are

deemed background and considered part of the basic

state against which fluctuations are defined. To the

extent that larger vertical scales are associated with

larger horizontal scales and less Doppler shifting,

there is an inherent bias against large-scale fluctua-

tions in this work.

The central assertion that submesoscale aspect ra-

tios are O(1023), Br; 0.1, is based on the observation

that vortical motions seem to be Doppler shifted much

less than for internal waves of corresponding vertical

scale. Implicit in this thinking is that the orientation of

lateral gradients induced by both waves and vortical

flows is random with respect to the advecting currents.

If density gradients are not random in direction, but

aligned normal to the direction of the advecting cur-

rent, as is the case for geostrophic flow, there will be no

Doppler shifting. This must be a factor at the largest

scales. But one envisions the smaller-scale vortical

field to be embedded in the larger-scale flow and more

or less passively advected. Perhaps submesoscale

lateral gradients are aligned by the straining of the

larger-scale flows. If so, the large-scale strain and ve-

locity fields must also be aligned for this effect to be

significant.

To quantify the degree of alignment required, the

randomDoppler-shiftingmodel of Pinkel (2008) [Eq. (6),

appendix B here] is modified to account for anisotropy

in appendix C. When ‘‘crest orientation’’ is allowed to

vary randomly within 6Du degrees of the direction of

the advecting velocity and the advecting velocity mag-

nitude is varied with a Rayleigh probability distribution,

the resulting Doppler spectrum is more peaked and

concentrated than a Gaussian. For fixed rms advecting

velocity m, the spectrum both broadens and approaches

a Gaussian form as Du is increased from small values

toward Du5p/2.

To reduce Doppler shifting by a factor of 10, corre-

sponding to vortical aspect ratios of 1022, Br; 1, one

needs to have submesoscale lateral gradients normal to

the advecting flow direction to within Du5 6 108 (Fig.
C1). While this is not out of the realm of possibility, it

must occur in an environment where small-scale internal

waves, themselves effectively passively advected by the

larger-scale currents, are not also aligned by the large-

scale strain field.

5. Summary

Repeated profiles of horizontal velocity and density

are used to form wavenumber–frequency spectra of

shear and strain in an isopycnal-following frame. For the

strain spectra, there is a distinct spectral gap at low

wavenumber (vertical scales . 20m) between the in-

ertial frequency and zero frequency. The existence of

this gap suggests both modeling and linear-filtering ap-

proaches to enable a separation of the vortical (in-

trinsically subinertial) and internal wave (intrinsically

superinertial) fields.

The internal wave strain frequency spectrum is

surprisingly featureless, peaking at slightly super-

inertial frequencies with a hint of an M2 tidal peak

only in regions of strong tidal generation (Fig. 9). This

spectrum is presumably a Doppler-shifted version of

‘‘the internal wave continuum,’’ in the absence of

Doppler-smeared near-inertial motions. Not surpris-

ingly, the semi-Lagrangian shear/N spectrum is far

greater than the strain in the near-inertial and low-

frequency bands. Oddly, the shear/N spectrum is also

greater than the strain at high encounter frequency

(Fig. 15). To the extent that the shear to strain ratio is

a measure of intrinsic wave frequency, the suggestion

is that even high-frequency shear is intrinsically near

inertial.

This near-inertial dominance is also seen in the

vertical wavenumber spectra of Cy and ACy shear/N

(Fig. 14). Here, Cy and ACy refer to the sense of shear

rotation in time, not depth. The ACy shear greatly ex-

ceeds the Cy shear at all scales greater than 10m, again

indicating the presence of inertial motions.

FIG. 13. Variance of S/N(z), internal wave, and vortical strain from

the HOME Farfield Experiment.
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If inertial shear is Doppler shifted through much of

the internal wave frequency band, why are the in-

ternal tidal lines and their harmonics so sharp in

frequency? There are two contributing answers.

First, in regions where tidal generation occurs at

supercritical topography, only the lowest modes can

escape from the generation site, owing to the in-

tensity of nonlinear processes in the generation re-

gion. The low modes have large horizontal scales and

are minimally affected by variations in ambient cur-

rent. Thus, velocity and displacement spectra have

sharp tidal peaks, while shear and strain have but

weak tidal signatures in the farfield of topographic

sources.

There is a second effect associated with generation

mechanisms. Inertial waves are generated in an al-

ready moving fluid (the mixed layer) by moving

phenomena such as storms. When viewed in an

Eulerian frame, they are Doppler shifted through

a broad range of frequencies. The tidal peaks are, in

contrast, principally generated by flow over fixed

seafloor topography. When viewed in an Eulerian

frame (e.g., by moored measurements), such motions

are not Doppler shifted in frequency by steady back-

ground flows [see Gerkema et al. (2013) for a review].

Travel time, rather than frequency, is affected by steady

flow (e.g., Rainville and Pinkel 2006). Thus, the various

tidal peaks and their harmonics are not Doppler

smeared when viewed in an Eulerian frame, while the

inertial peak is.

The subjective separation between wave and vortical

strain enables separate vertical profiles of variance to be

calculated. While wave and vortical variance can be

comparable in the upper ocean, vortical variance tends

to decrease with depth as (N2)1/4–(N2)1/2, while wave

strain variance increases as (N2)21/4–(N2)21/2. Those

FIG. 14. Vertical wavenumber spectra of S/N(z) and strain from (left) 100 to 300m and

(right) 462 to 660m. The upper blue line is the anticyclonic S/N(z), while the lower blue line

is the cyclonic constituent. The thick lines reflect subtraction of a modeled noise equivalent

to 0.01m s21 in horizontal velocity, while the thin blue lines give the uncorrected data. The

red lines give the internal wave strain spectrum, uncorrected (thin line) and corrected

(thick line) for an assumed 1.2-m rms error in estimating isopycnal depth. The magenta

curves are the vortical spectrum, as determined by the subjective filter. Wave strain ex-

ceeds vortical strain by a factor of 3–5 at vertical scales .20m. Thin black lines give the

modeled noise contribution to the S/N(z), wave, and vortical strain spectra.
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who use thermocline strain to estimate deep diapycnal

mixing rates (e.g., Kunze et al. 2006; Whalen et al. 2012)

are, indeed, measuring primarily wave and not vortical

strain. Shear-based parameterizations of mixing are

primarily sensitive to local inertial activity, while strain-

based estimates reflect the level of the internal wave

continuum.

From the observed degree of Doppler shifting of

the vortical field, an aspect ratio of order kH/kz ; 1023,

Br ; 1021, is inferred. While small, these values are, if

anything, upper bounds, given that rather low values of

the rms advecting velocity m were selected to fit the

observed strain spectra (see Table 1). For such motions,

the contribution to rms potential vorticity from vertical

straining is four orders of magnitude greater than that

from relative vorticity. Indeed, rms internal wave rela-

tive vorticity, as inferred from strain, is greater than

vortical PV variability (Fig. 16a) and far greater than

vortical relative vorticity.

Near-inertial shear exceeds anticipated vortical shear

by two orders of magnitude in spectral density (Fig. 15).

The observation is that near-inertial shear is Doppler

shifted across much of the internal wave band, signifi-

cantly obscuring the subinertial gap in the frequency

spectrum predicted by linear dynamics (e.g., Fig. 1). Yet

aspect ratios for the near-inertial field are expected to be

similar to those found here for the vortical field,O(1023)

or smaller (e.g., Pinkel 2008). The reason near-inertial

Doppler smearing is ‘‘so big’’ while vortical smearing is

‘‘so small’’ is that the near-inertial peak simply domi-

nates the spectrum of internal wave and vortical shear,

while the vortical strain spectrum is rather modest rel-

ative to the internal wave strain continuum. The ‘‘extent

ofDoppler shifting’’ of both fields is rather similar; this is

well described by the Pinkel (2008) [Eq. (7), here]

model.

While results are consistent over 20 years of ob-

servations and 40 000 CTD profiles, these eastern

Pacific measurement sites have generally been selected

to avoid intense mesoscale activity. The geographic

variability of the submesoscale ocean requires further

exploration.

FIG. 15. Frequency spectra of S/N(z) and strain from depth ranges (left) 100–300 and (right)

460–660m. ACy and Cy S/N(z) are given by the upper and lower blue lines. The upper black

line represents their sum. The magenta and red lines represent the vortical and internal wave

strain power spectra, respectively. The lower black line is their sum, the total strain spectrum.

The lower magenta dotted line indicates the theoretical vortical contribution to the overall

S/N(z) spectrum, assuming Br 5 0.1.
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APPENDIX A

A Brief Historical Review

By the late 1960s it was clear that internal wave dy-

namics governed much of the motion field at super-

inertial frequencies. Vorhis (1968) presentedLagrangian

measurements of vertical velocity showing a pronounced

cutoff in the power spectrum of vertical displacement at

the buoyancy frequency. Fofonoff (1969), using moored

current meters in the Sargasso Sea, demonstrated that

the relative levels of frequency spectra of horizontal

velocity and vertical displacement were consistent with

internal wave theory.

At small vertical scales, the picture was much less clear.

The compelling dye photographs of Woods (1968), cou-

pled with vertical profiling measurements of temperature

(e.g., Osborn and Cox 1972), revealed a very steppy,

‘‘sheet and layer’’–like structure to the thermocline.While

Orlanski and Bryan (1969) argued that the steps were the

signature of small-scale internal waves, many scientists

withheld judgment. Features of vertical scale less than

50m became generically referred to as ‘‘fine structure.’’

Whatever the dynamics of this field, the fine structure

was clearly advected by large-scale internal waves.

This advection leads to broadband contamination of

Eulerian time series, as the fine structure is translated

past fixed-depth sensors. The first paper published in the

Journal of Physical Oceanography (Phillips 1971) was

devoted to modeling this effect. More sophisticated

models followed by Garrett and Munk (1971), McKean

(1974), Joyce and Desaubies (1977), and others.

In general, the focus was on explaining the disparity

between temperature and velocity power spectra and

vertical coherences. A frozen field of velocity or tem-

perature fine structure, when vertically advected by

a modeled internal wavefield, provided the contamina-

tion signal. There was an early emphasis on identifying

a ‘‘frequency spectrum of the contamination,’’ which

when added to the internal wave signal would replicate

the Eulerian observations.

The Garrett and Munk (1972) internal wave model

considered variance at vertical scales greater than

;400m as primarily due to internal waves (their j
*
5

10), with smaller vertical-scale motions ascribed to fine

structure of unspecified dynamics. By 1975, the GM

vertical wavenumber bandwidth was extended down to

10-m scale. Virtually all of the shear and strain in the sea

FIG. 16. Rms potential vorticity fluctuations for the (left) vortical field (solid lines) and internal wave relative

vorticity (dashed lines) as inferred from strain. (right) Hypothetical horizontal wavenumber spectra of normalized

potential vorticity for the 1986 Patched Experiment. The conversion from the measured vertical wavenumber

spectrum (Fig. 7b) depends on the assumed aspect ratio of the vortical field. Results are plotted here for Burger

numbers of 0.1, 0.2, 0.4, . . . , and 3.2. As Burger numbers increase beyond unity in both plots, the (here unmeasured)

contribution of relative vorticity to the overall submesoscale PV increases rapidly.
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was now attributed to internal waves, as opposed to

none before. Compelling models of the ‘‘reversible fine

structure’’ (Desaubies and Gregg 1981) engendered by

internal wave strain were developed, and the space–time

variability of dynamically interesting variables such as

the Richardson number, Ri 5 S2/N2, were modeled

based on internal wave scaling (e.g., Munk 1981;

Desaubies and Smith 1982; Pinkel and Anderson 1997).

Still, Holloway (1983) cautioned that there aremotions

at fine vertical scales in the sea that are not internal

waves. He suggested that small-scale quasigeostrophic

motions are Doppler shifted by the ambient currents

across the internal wave frequency band and contribute

significantly to observed finescale shear and strain esti-

mates. This so-called vortical/submesoscale field is asso-

ciated with potential vorticity variability, in contrast to

the internal wavefield, which does not induce PV fluctu-

ations. In a determined effort, Muller (1984, 1988),

Muller et al. (1988), and Lien andMuller (1992) explored

the theory of the vortical mode, searched for its presence

in IWEX data, and produced an integrated set of con-

sistency relations for both vortical and internal wave

motions. Muller et al. (1988) reported estimates of the

vertical component of relative vorticity one to three or-

ders of magnitude greater than predicted in the Garrett

and Munk (1975) spectral model, suggesting a strong

vortical signal. Vorticity estimates were obtained from

a comparison of triads of current meters forming an

equilateral triangle in the horizontal plane at five vertical

levels in the 1972 IWEX array (Briscoe 1975). Kunze

et al. (1990) subsequently argued that the spatial aliasing

of this array was responsible for the large estimates of

relative and potential vorticity. Subsequent contributions

by Kunze et al. (1990), Kunze and Sanford (1993), and

Polzin et al. (2003) are discussed in the introduction.

APPENDIX B

A Model-Based Separation of Vortical and Internal
Wave Strain

It is reasonable to assume that, in an isopycnal-following

frame, the vortical signal would be concentrated at fre-

quency s 5 0, were it not for the presence of time-varying

background horizontal flows. These Doppler shift the

signal by an amount Ds5 kHV, where V varies from re-

alization to realization of the process. In this situation, the

expected frequency spectrum of the signal is given by

Em(s)5E0/kHPV(s/kH) , (B1)

where kH is the horizontal wavenumber of the vortical

signal, and PV is the probability density function of the

horizontal advecting velocity,V [Pinkel (2008); Eq. (7)].

For simplicity, we assume that the aspect ratio of the

vortical field is the same at all vertical scales:

kH /kz 5Br( f /N) . (B2)

Then,

Em(s,kz)5E0(kz)/[Br( f /N)kz]PVfs/[Br( f /N)kz]g ,
(B3)

whereE0(kz) is the vertical wavenumber spectrum of the

vortical strain. One can now match the model with the

observed strain spectrum Em(s, kz) at zero frequency,

Em(0, kz)5E0(kz)/[Br( f /N)kz]PV(0), (B4)

solve for the vortical spectrum E0(kz), and use this re-

lationship to specify the vortical portion of the overall

strain spectrum at all observed frequencies s. The key

assumption is that the amount of internal wave variance

Doppler shifted to zero frequency is small compared to

the vortical contribution.

Taking Gaussian

PV(V)5 1/

ffiffiffiffiffiffiffiffiffiffiffi
2pm2

q
exp(2V2/2m2)

5 1/

ffiffiffiffiffiffiffiffiffiffiffi
2pm2

q
expf2s 2/2[Br( f /N)kzm]

2g , (B5)

where m2 is the variance of east and north advecting

velocities, (B3) is evaluated to model the vortical strain

spectrum (Fig. 4c). This, when subtracted from the

overall strain spectrum (Fig. 4a), provides an estimate of

the internal wave strain spectrum (Fig. 4b).

To properly compare the model with the observed

spectra, the model is subjected to the identical smooth-

ing in wavenumber and frequency, as are the data-based

spectral estimates. For each of the six datasets, the single

tunable parameter (mBr), in conjunction with the ob-

served strain spectrum at zero frequency Em(0, kz),

specifies the vortical model.

Not surprisingly, with the observed spectrum varying

over orders of magnitude, overestimates in the simple

model result in negative values for the residual ‘‘internal

wave spectrum’’ (e.g., Fig. 4b). Rather than produce an

elaborate ‘‘optimally tuned’’ model that minimizes ob-

vious errors, the approach here is to maximize simplicity

and note where discrepancies are found.

In early implementations of the model, it became ap-

parent that one key idealization was significantly in error.

Themodel sets the level of the vortical spectrum from the

observed zero-frequency strain spectrum Em(0, kz). At

high wavenumbers, significant internal wave strain is

Doppler shifted to zero frequency, adding to the vor-

tical contribution. Unless this contribution is removed,
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the model will overestimate the high-wavenumber

vortical strain. As a simple response to this problem,

the fraction F05 exp(2kz/kNy) of E(0, kz) is attributed

to the vortical field, while the remainder is considered

due to the internal waves. With this reduction factor,

the tendency of the model to overestimate the high-

wavenumber vortical spectrum is lessened.

APPENDIX C

The Probability Density Function of Doppler Shift
When the Orientation of Striations is Related to the

Direction of the Advecting Velocity

We consider a situation where a signal of the form

g5 g0 exp(ikH � x) is advected by the random 2D

velocity field V and where the range of orientation of kH
is restricted relative to the direction of V. Specifically,

we allow the direction of kH to vary with uniform

probability through the range of angles 6DQ about p/2

relative to the direction of V.

An expression for the probability density function

(PDF) of Doppler shift q0 5 jkH jjVj cos(Q) is sought.

For small DQ, the striations are nearly parallel to the

velocity and minimal Doppler shifting is expected. As

DQ approaches p/2, the orientation of the signal relative

to the advecting velocity is unconstrained, and the ex-

pression for the Doppler-shifted spectrum should ap-

proach the result of Pinkel (2008) [Eqs. (6)–(8) here and

appendix B].

Assuming that jVj is Rayleigh distributed, the joint

PDF of jVj and Q is

P(V,Q)5

�
1/(2m2DQ)Ve2(V2/2m2) p/22DQ,Q,p/21DQ

0 elsewhere
(C1)

FIG. C1. (top) The PDF of apparent velocity q 5 jVj cos(Q), normalized to have maximum

value unity, for angular spreads DQ 5 698 (magenta) to 6898 (red). (bottom) The associated

observed Doppler spread, normalized by the rms advecting velocity. For striations oriented

6108 relative to the velocity field the magnitude of observed Doppler shifts is reduced by

a factor of 10 relative to the isotropic case.
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The associated PDF of jVj and z5 cos(Q) is

P(V, z)5

(
1/(2m2DQ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
12 z2

q
)Ve2(V2/2m2) cos(p/21DQ), z, cos(p/22DQ)

0 elsewhere
(C2)

The PDF of the product q5 q0/jkH j5 jVj cos(Q)5Vz

is found by writing (C2) in terms of q and V and sub-

sequently integrating over V:

P(V, q)5 1/(2m2DQ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12 q2/V2

q
)e2(V2/2m2) ,

jqj, cos(p/22DQ) . (C3)

Forq. 0, positiveDoppler shifts, the integral takes the form

Pq(q)5 1/(2m2DQ)

ð‘
V5q/cos(p/22DQ)

V/

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V22 q2

q
e2(V2/2m2) dV . (C4)

Substituting a5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2 2 q2

p
, one obtains the integral

Pq(q)5 1/(2m2DQ)e2(q2/2m2)

ð‘
q tan(p/22DQ)

e2(a2/2m2) da ,

(C5)

yielding a PDF for Doppler shift of the form

Pq(q)5
ffiffiffiffiffiffiffiffi
p/2

p
/(2mDQ)e2(q2/2m2)

3[12 erf(q cot(DQ)/
ffiffiffi
2

p
m)] . (C6)

The units of Pq are inverse velocity. The associated PDF

Pq0 5 1/kHPq(kHq) gives the Doppler spectrum in units

of frequency. Clearly, as DQ approaches p/2, cot(DQ)

vanishes and the Gaussian form of the spectrum is re-

covered. However, for striations more tightly con-

strained along the direction of flow, the PDF is much

narrower than a Gaussian (Fig. C1).
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