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Refihed Impulse Approximation for the Collisional

Excitation of the Classical Anharmonic-Oscillator

3
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Division of the Lawrence Radlatjon Laboratory,
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 A mOaifiCatidn.of ﬁhe cthentional classical
theory of Vibrational—translational energy exchange
is made which leads to an expression of increased
accuracy. and which has the proper behavior at high

enefgy. Tt is pointed‘out that the fefined impulSe

approx matnon can be used to calculate the energy

transfcrzed Lo an anharmonlc ovc1111tor in conf;gura-'

tlons where the potentla] energy curve has pO&lthC

curvature. The case in which the osc11]ator pOtEﬂtldl
has negative curvature is analysed, and 1is shown to

lead to energy exchanges which exceed the predictions

- of the impulse approximation. Expressions are given-

for the energy transferred in'grazing collisions
which can be used to estimate total inelastic cross

sections.
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~of the collision are shown in Fig. 1. Before begin
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‘The eicitotion of a harmonic. oscanlabor by coTW Lsion

‘with an external free,particle has been studied extensively

. ' . : , . J
using both classical and dquantum mechanics.™ Much less

of

-

attention has been directed to the collisional excitztion
N .
anharmonic'oscillators, particulariy those already in a state
of high'excitatioh. The purpose of this ‘paper is to poinﬁ
th an approximate'solotioﬁ to this problem which may be Qf'
value in undcr tanding of the collis ional dissocliation of -
molecules, and in analySingvenergy partitionihg»io reactivé

collisions. ‘In addition, an elementary modification of the

conventional solution of the excita ation of the harmonic oscil-

lator is made, which leads to an expression having the correct
behavior at.high Collision energies.
GENERAL CONSIDERATIONS
We treat the collision in one dimension of a particle A

with the diatomio_oscillato?-BC,'ane coordinates and geoumztiry

S
u.
CQ
o+
o
@)

mathematical manipulation, it is hclpiul to recognize in 2

qualitative physical way that'a*given collision is considered

to be inelaStic if it induces re]ative mOulOD of abOM“ B and

c. If B and C are linked by sa bond of infinite Tlgldluj,'tﬁ@ﬁ

any. f@rce%exofted ‘on B as a result of co]1131on witn A alqo

:acts With'the sanme maqnitude and direction on C. - The sole

CODSLqUQHCe of the collision is then to chﬂdge uhe v¢lo iij of

<3

the center of masb of BC, w1ph noO energy appea ring’as relative
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translation of B and C. Since the rigidity of e moiecﬁle is
quantltdbLVC]y expressed by the bond force constant, molecules
with large force constants are difficult to excite v1b1 vtion-
ally. |

The case in which B and C are free particles is‘particu—v
larly intéresting‘since the inelasticity can be found exactly,

and because the situation represents the limiting cases of
P

Vannshlnu molecular force constant or 1mpu131v; A-B interaction.

If B and C are initially stationary in the laboratory, and A
has an initigl velocity Vo? then the initial velocity of B

relative to the AB center of mass is Vo MA/(MA + M The

. B). .
collision is elastic in the AB center of mass system, so the

.change in the velocity of B after a head-on collision with A

is Just 2 v M,/(M, + Mg), which is also the laboratory velocity

of B after the collision. Consequently, the final energy of
relétive motion of B and C 1is

v 1 ; . ¥ N\ . £
AE —§-[MBMC/(MB + MC)J[ZMAVO/(MA + MB)]

If AE is to be expressed in terms of Er’ the energy of initizl

relative motion of A on the center of mass of BC, then

A'B

'AE/Er = 4M, M NCM/(M +MB) (M i )2 R i (1)'

where

M= M, + My + M,

WC 'should ecpsct then any classical theor
exc1tac;on should approach this result in the 1limit of vanishin

‘molecular force constant, or as the A-B interzcticn time_:

e
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bccomes-ﬁuch smaller fhan the vibratﬁonal beriod. As has
been.pojﬁted 0ut 1 - the convcnblonal approAlm ue‘treatcment >
vibrational excitation gjvcu a result v01ch does nol properly
converge to the impulse limit. In what follows, we shall'
demonstrate'why thislincorrect limitins‘behavioz occuvs, and

show that a proper treatment leads to an expression: thcn 15

correct in the impulse limit.
EXCITATION OF A HARMONIC OSCILLATOCR

The derivation of the equations of motion for the one-

”dimensionallcollisional excitation of an oscillator'ié given

in the review arti§1é of Rapp and Kassal;l whose notation we
follow. . It is necessary to repeat_several,steps of the“well
worn derivation in order to establish the naﬁure of ﬁhe'mddifi~
,cation_which is required. Accordingly, we have‘the equations‘of

"motion

V.~ 3V o .
.a‘“‘i“——,o,vmé{"‘sx: O . .

<<:.

: u

. e e | |
where y, the‘oscillator coordiﬁété; is the'separgtion offB and
C, K islthe oscillator reduced mass M. g /(M +m ), x is:ﬁhé.
distéhcé between A‘andvthe_BC center of mass, and % is %he
reduced‘mass éf A on BC, or M (MB+MC)/M. The potentlal V is

written as the sum of the term pertaining to the free’ oscillator

and an 1nteractlon term.

vz, x) = VO(X)“;;V'(%_’X)‘

- } . ) . : ) . . . 1 -
For the harmonic oscillator V_ is replaced by 5 f(y-v
where { is the force constant and y is the e*u iOTi‘m.SEjaTa"

tion. It.is usually as sumod thab V' deuends only on tho_A—B
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e

separation, and has the form
Vi(x - vy) = A expl-(x - vy)/L]

where I, is a characteristic distance for the A-B interaction,

and v is‘MC/(MB + MC)._vSubstitution into the eguations of

motion gives

by = - £y - y) - (/) expl-(x - w)/E) (2)
‘ ﬁ'; = (A/L) expl-x(x —-yy)/L] : | | ' _(3)

In the'éonvéntional approkimate treatment, iﬁ is-assﬁmed
that the displacement of the oscillator from its equilibrium
positidn is very small during the duration 6f the collision,
énd,donsequentiy(that y can be set equal to Yo in the exponent

of Eqs. (2) and (3) to give:

CwF e aly -y = () ep(-wm) (4)
CEK= /D) estm)(s)

whére
A" = A exp(yy /L)

The solution of,the»sééond of these equations gives‘x(tj,

which is then substituted into Eq. (4) to define acdrivén

oscillafor problem. Appliéation_of Green's method then éives

the well-known solution for the chaﬁge in ‘the relative velocity

of B.andiC. However, it is important to notice‘that tﬁe:

procedure‘of setting y equai to Yo OT to.any coﬁstaht»infthe

exponential terms is equivalent to making the impulse approx-

imation. jThis beébmes clear if weinoﬁethat for a freely |

vibrating oscillator we have

0




y

v,to the solutlon of 'Eg. (5) since the same mass term-appears,
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y =y, "+ B sin{wt + &)
with B nonzcro. Setting y equal to a constant during the
collision “mplies that the A-B interaction time is an Interval

7 short enough that

il

Wt wL/v_ <<'1

» o

which is the condition for validity of the impulse approximation.
If the A-B interaction is impulsive in the first approxi-

. ) . s . ~ ) y
mation, then it is not correct to retaln m as the mass-term

in Eq. (5). In the 1mpulse limit, A interacts only with B,

and to remaln conuistent m the Ieducec mass of A on Bu, should
be replaced by the reduced maSS'of A on B. This qhange has

an important consequence. In evaluatihg the.constaht AW, it

is éonVentiénal-to argue that at fhe’tuyning poirit'xt infthe

-

motion of particle A, all the kinetic energy of rélatlve mOoLOQ'

is converted to potential energy, and consequently
Vo2
 2-m.va~ Av exp(—xt/L) = A

To remaln’con31stent with the impulse approximation, m In-this

expresolon should be replaced by NA‘B/(uA+WB), the A—B‘feduced

mass.: The conventlona] use of m in thls relatlon is- eoulvalent
to assumlng thau the BC’ bo d is 1nf1n1bely rigid,. which is Lhe

antlthesis of the 1mpulse approximation. |

Chapglng to the correct reduced mass manes no dlffereqce

'on.bOUn 51des of the equation. The same is not true for Eq. ¢a),
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however, and when the driven oscillatvor problem is solved

with the correct reduced mass, the result is

AE/ E. =

4M, M. M M \o '
AL C <WQL) CSChz(ﬂwL vo) . (6)

z 3 2 v
(MA+MB) (M B 1C) o

Introduction of the expansion of the hyperbolic cosecant gives

1) b (el

ZA\ v

(7)

e 2 2. S22
AE/hr = 4(NAMBMCM)/(r 4 ) (I\B.JC) [1.-§-~__

where B2k are Lhe Burnoull numbe ;.' This re;ult shows that
the modified solution converges properly to the impulse approxi~
mation.invthe limit as mL/vo approaches zefo.

It is of intorest to note that in their extensive numerical

investigation of the vibrational excitation problem, Kelley

and Wolfsberg2 found that AE ap’ the energy change calculated from

the conventional aoprox1mat10n, exceodod the exact energy
change AE-calculated numerlcally, Rapo and K»s 911 glvo the

approximate relation between AEap and AE in the fonn'
AR p/AE Z R = exp[1.685 m]
where
= MM /M M

This expression is most accurate when m is small, which occurs

when M, or M is much less than M_. The ratio of AL to

A *C B | ap
.the energy chanso A“R"A calculat byrthe refined i .;_1 e

apprOXLmatlon proposed in this paper (Eq. 6) is S !

il




vthe exact result, part1cu1ar1y when the mass of A»br C is.
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. 2 .2
1 I = = Vi~ M ) I . I‘-.’E
AEap/A*RIA R (IAl 5) (ig+ c) /Tty

When the mass of particle A is relatively small, these two
ratios become approximately

R =1 4+ 1.685 M MC/[M (Nijc)]

~o

| I— v
RIS+ 2 MM,/ [M (MB+MC)]

- When the mass of C is small Comparéd to all others, M, replaces

A

.. M, in the denominators of the second terms in these expres-

C

.sions. Tnc snmllarluy betwben these two ratios shows that the

ref:ncd Jmpuloe apprOX1m1tlon gliven ‘in this paper 1is close to

Small comparéd to that of B. Apparently the fallur of the
approxnmate treatment to 1nclude energy conservdtlon is not as

serious a defect as has been thought.

- EXCITATION OF AN ANHARMONIC OSCILLATOR

Once it is recognized that Eq. (6) is a first order )

refinement of the impulse approximation, a possible extension

to the excitation of . an anharmonic oscillator becomes clear.

Whlle the rcstornng force for an anharnonlc osc:l]ator is a

nonlJnear functjon of-dlsplacenent _1t is p@s31ole to llneail7e_

.1t approx1nately by expanding the fdrce }(y) aboub its value

Fa at a particular extension Vo- Tnus we can write

:f(y) = F (§§?y ,(y‘;;ya5.

a. -



We can use this expression in place cof the oscillator restoring

force term in Eq. (4) to get

. (3% - - |
wy +< 9> (y ~y,) =¥, - (A'v/L) exp(-%/1L) (&)
oYy «

a .

Thus the fact that_the'collision'oécurs nearly impulsively _

'allows us to aSsﬁmé that y 1s always near Vg, duringvthe

:collision{'and.therebyvto reduce the situation appfoximately

to the»lihéar driven oscillator problem. We cah'conclude

that for an‘anhafmonic oscillator, the quantity o can be .

regarded as a funétion of the oscillator CoOrdinate, and

Eq. (6)'used to ‘calculate the energy tfansfer to anhafmonic

oscillators in particulai"Configurations.' | |
Itlshould be noted that a.highly.éxéited anhafmonic

oscillatof will spend much of the time in an extended state

where'ya ekceeds the equilibrium internuclear separétion.l In

such regions the curvature of the oscillatbr will be smaller

than it isvnear yo,iand.in fact ﬁill_pass through.ze?o and

become negative. For example; the curvature of the outer'wail *

of the Morse pbtential becomes negative when the potential

-«

energy exceeds one quarter of the dissociation energy. Thus

it is important to consider the solution of Eq. (8) when the

potential curvature is negative. Ve write



)

-the'hypérbolic sine which occurs in the Green's

and restrict the external driving forces to those which are

UCRL-19172

o
. 2 ' . L ;o o o
Y - My - vy) = Fu - (Ay/un) exp(-x/L) (9)
where'ng'a positive constant, is the negative curvature of
the_potentialrdivided by the reduced mass, and
. N - -
At = p expl-v(y, - ¥ )/T] |
The: solutions to the homogencous equation are easily
found to be sinhAt and coshht. From these it is possible to

conStruCt3 the Green's functionE

6(t,s) = AL sinna(t-s) - s <t

which satisfies the homogeneous eguation, vanishes znd has

unit derivative when s equals t. Thus the general solution

“to the driven oscillator of negative curvature is

T _ . .
v(t) =V, coshAt + (yé/k) sinhht + % Jﬁ G(t,s)F(s)ds
_ , ' a :

(10)

where F(s) is the time dépendent driving force én fbe oscillator.
For_simpliciﬁy,‘we asSume &a is zero. In addition, we will
ignore the effect of the oscillator regtofing force Fa-in’the
inhdmbgeneqﬁé‘term of Eq{ (9) since it represents fhé inpfinsic

moti@n*Qf.the oscillator itself, and we wish to calculate only

the effect of .the collision on. the oscillator. e expand

function,

y -

even functiions of time. This gives us
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4
9

y(t) ;’ya coshAt + (u%)"l sinhht jﬂ F(s) coshis ds (11)
_ . a .

Comparison with Eq. (10) shows that as t approaches infinity,
the oscillator velocity acquired as =z result of the collision

is

],.' - 1 o .
y(eo) = p~ ./. F(s) coshis ds

-0

and thus the energy increase of the oscillator is

AT ;~(2u)"l[~/.wF(t) chhXt'dt]Z | o (1?)
-0 - ) _
Equation (12) is very éimilar‘to'fhevexpression which gives
the energy transférréd to a harmonic oscillator of positiQe
curvature, which involves the cosine transform of‘the'driving
force. In fact, éincecxsﬁi) eQualS cOth, the two expréssiohé
could be 1nterconverted merely by chanrlng the sign of thc
cvrvature of the potentla] |

For the e\ponentlal repu191ve pobenulal bebween partvicles

A and B the tlme dependent force1 is
2 2
}(t) = 5 [M MB/(N FM ] voy/L) ;ech (vot/ZIJ_ |

Subs tltutlon in BEq. (12) leads to a known integral, and after

some manipulation we find

AE/Er = [4MAMéMCM/(N + 5) (MB+MC) ][(vxL/vo)_co oc(”x /v )}
| (13)
S A MM Z: 2(2k 1. RN
e 5 |1+ (2}), |52k| (wAL/v )"
(MA+Mﬁ)'(M“+ )¢ AN 3 ,

(14)




-1~ _ UCRIL-10172

where we must have
)I/vo <1

in bObh jike] (13) and (14). ,
We see that the energy transfefred to an oscillator of
n@gaulve curvature exceeds the 1rpu]oc value by an amount
which increases as ‘the m%gnJLude of the CurvaLUJﬂ increases.
This result is phy51ca11y reasonable, 31nce any displacement

of one atom of an 0501]1 vtor with neJatwve curVatur of the

potential induces a force on the other atom which is in the

‘direction opposite to the displacement, thereby exciting
relative motion of the atoms. A somewhat remarkable conseguence

‘of the same argument is that the energy transfer increases as

the duratibn-of the collision L/v0 Jncreases, as Eq 14 s?ows
to’be’frue.

'Althoﬁgh Eq. (13) is limited to near impulse conditiéns,
its qualitative implications for kinetic processes are very
interesting. 1It seems clear that energy transfer to and from
a highiy'yibrating oscillator can be even more facile_than if

the particle of the oscillator were not bound at all. In

I

this light, it is edéier to understand the fairly 1arge amount

P

bf energy which'have'bééhwfbund to be removed by collisions

from molecules undergoing unimolecular decomposition after
4

'chemlcal actlvatlon. Also, in the area of atom transfer .

reactions of the type

A+ BC—AB + C

o

)
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it is of interest to estimate the amount of vibrational energy
which is induced iﬁ AB by recoil of atom C. It is now clear |
that if this recoil occurs wheﬁ the AB bond is sufficiently
extended to bevin a regipn of negative cufvature, large amounts
of the B-C recoil energy will be incorporatéd as inpernal

energy of the new molecule.

ENERGY TRANSFER IN GRAZING COLLISIONS

Since it is cleaf that if the relative velocity of
collision isllarge,'andvthe potential curvature small or nega-
'tive,'tﬁe'énergy transferred to Vibratioﬁal motion canbbé iarge,
it is-of'interest:to‘éxamine the energy transferred in grazing
collisions; The coordinates and collisionai‘trajectory appro-
pfiate fof this,situation.are shown in Fig. 2. It is simplest
to take an "impact parameter” b meééured between the'cénters
of mass of A and E,'and assume‘that.A moves with a constant
velocity vb. The velocity change of B is to be calculated from
the refined impulée approximation. To do this, one ﬁust first
recognize that since B is stafionaiy, the force pn B parallél

to the trajectory of A is equal and bppositeﬂon'the ;@quing

and 0utgoing legs of the trajectory; and thus does not contribute

to a change'in the velocity of B. The A-B force COmponent
perpendicular to trajectory does change the velocity of B,
and contributes both to vibrational and rotational excitation,

depending on the orientation of BC. If the A-B potential is

of the«fbrm-




¢

divided by Zu, we. have.

1s. - © . UCREL-19172
; _ —I‘/L
VAB = A e _
where r is the A-B separation, then the force which contributes

to vibrational excitation is

. - AW AN _"r/L J R . : ¢
_-Fvib = (eosﬁ)(b/z)(A/L) e - S (18)
The equation for the trajectory is

e LA N ¢ 1

We assume first that the oscillator has positive curvature.

Then, since the energy transferred to vibration is the‘absolute

square of the Fourier transform of the approprlate force,]

-
Ja

AEV: (2u) "L (a/1.)%c0s%8
By = (e .

ooev}-(p (1ot ) exp {_ [t‘z-;-.( b/Vo) 2:' l/Z}dﬁ

The tfansferh is known,G'ahdlthe_result is

f

- - . 1 ‘ .
AEV_g'Zp’l(A/L)z(cosza)(b/L) [(w/L) 40 ] | i[(h/L)(1+w2L2/vi)}
| | | '(17).

where K vis:the first‘erder modified Bessel function If we

1
make use of the asymptotic expresslon for the Bes¢e] functlon
valld at lalge values of the argument, wve get after some .

reductlon

_}AEV.g”ﬁu"lAz(coszé)(b/L)V;ZeXp[?(2@/L)(1+L2w2vvi)l/z] (15)
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This result shows ciearly that the vibrational excitatiod
decrecases as the impaét parameter increaseé, as well as when
the parametér Lm/vo increases. Unlike the head—on collision
case,.thé.encrgy transferred.depehds explicitiy-on the pree
: exponentialvfactor in the A-B potential. |

For an oscillatof.of negati?e curvature %2, the appro-
 priate expression for the‘vibrational excitation is |

co

AEQ = (Zu)_l(A/L)Z(COSZB) [.[.e;r/Lcosh%t dt]zi
oo | .

‘with r given as a function of time by Eq.v(16). This intégral

. does-not-éppear to be known. However, most of the contribution

to the integral comes from values of . r near b, and accofdinEIy

'wé write
r = b(1l + Vitz/bz)l/z 2 b(1 + vot%/2n°)

and use this in the exponential term of Eq.:(19)."vThe result

is

A

" tzo)

It is clear that this expréssion is closely related to»Eq,‘(18).

However, the energy transferred in‘thé’negativevcurvatufé
- case increases with_kl/vo, aé was found to be true forlheéd-on
collisions. Both Egs. (18) and (20) can be used to find the

maximum impact parameter and therefore the cross sectioh for

AE. e w(4u)fl.Az(cos?G)(b/L)vi'exp[;(zg/ij(lp;)ziz/?Vi)]

iy e — e =




L
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a vibrations] energy excitation of magnitude substariiaily

smaller than the initial relative kinetic energy.
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~Figure 1.° Coordinates used in the treaticent of a- one-dimensional

treatment of the collision.of an atom A with an oscillztor BC.
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Figure 2.

Coordinates and geometry.of a grazing 001115!01.
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The =ztonms

A and B lie in the plane of the collision. The gngle

lies between the BC‘internuclﬂor line and the line peiy“ndicdl:

to the trajectory. The distance of closest approach is taken

to be equal to the impactvparémetef b between A and B.

] '|
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