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Abstract

Fourth-order conservative Vlasov-Maxwell solver for Cartesian and cylindrical
phase space coordinates

by
Genia Vogman
Doctor of Philosophy in Engineering — Applied Science and Technology
and the Designated Emphasis in Computational Science and Engineering
University of California, Berkeley

Professor Phillip Colella, Chair

Plasmas are made up of charged particles whose short-range and long-range interac-
tions give rise to complex behavior that can be difficult to fully characterize experimentally.
One of the most complete theoretical descriptions of a plasma is that of kinetic theory,
which treats each particle species as a probability distribution function in a six-dimensional
position-velocity phase space. Drawing on statistical mechanics, these distribution functions
mathematically represent a system of interacting particles without tracking individual ions
and electrons. The evolution of the distribution function(s) is governed by the Boltzmann
equation coupled to Maxwell’s equations, which together describe the dynamics of the plasma
and the associated electromagnetic fields. When collisions can be neglected, the Boltzmann
equation is reduced to the Vlasov equation. High-fidelity simulation of the rich physics in
even a subset of the full six-dimensional phase space calls for low-noise high-accuracy nu-
merical methods. To that end, this dissertation investigates a fourth-order finite-volume
discretization of the Vlasov-Maxwell equation system, and addresses some of the fundamen-
tal challenges associated with applying these types of computationally intensive enhanced-
accuracy numerical methods to phase space simulations.

The governing equations of kinetic theory are described in detail, and their conservation-
law weak form is derived for Cartesian and cylindrical phase space coordinates. This for-
mulation is well known when it comes to Cartesian geometries, as it is used in finite-volume
and finite-element discretizations to guarantee local conservation for numerical solutions.
By contrast, the conservation-law weak form of the Vlasov equation in cylindrical phase
space coordinates is largely unexplored, and to the author’s knowledge has never previously
been solved numerically. Thereby the methods described in this dissertation for simulating
plasmas in cylindrical phase space coordinates present a new development in the field of
computational plasma physics.

A fourth-order finite-volume method for solving the Vlasov-Maxwell equation system
is presented first for Cartesian and then for cylindrical phase space coordinates. Special



attention is given to the treatment of the discrete primary variables and to the quadrature
rule for evaluating the surface and line integrals that appear in the governing equations. The
finite-volume treatment of conducting wall and axis boundaries is particularly nuanced when
it comes to phase space coordinates, and is described in detail. In addition to the mechanics
of each part of the finite-volume discretization in the two different coordinate systems, the
complete algorithm is also presented.

The Cartesian coordinate discretization is applied to several well-known test problems.
Since even linear analysis of kinetic theory governing equations is complicated on account
of velocity being an independent coordinate, few analytic or semi-analytic predictions ex-
ist. Benchmarks are particularly scarce for configurations that have magnetic fields and
involve more than two phase space dimensions. Ensuring that simulations are true to the
physics thus presents a difficulty in the development of robust numerical methods. The
research described in this dissertation addresses this challenge through the development of
more complete physics-based benchmarks based on the Dory-Guest-Harris instability. The
instability is a special case of perpendicularly-propagating kinetic electrostatic waves in a
warm uniformly magnetized plasma. A complete derivation of the closed-form linear theory
dispersion relation for the instability is presented. The electric field growth rates and os-
cillation frequencies specified by the dispersion relation provide concrete measures against
which simulation results can be quantitatively compared. Furthermore, a specialized form
of perturbation is shown to strongly excite the fastest growing mode. The fourth-order
finite-volume algorithm is benchmarked against the instability, and is demonstrated to have
good convergence properties and close agreement with theoretical growth rate and oscilla-
tion frequency predictions. The Dory-Guest-Harris instability benchmark extends the scope
of standard test problems by providing a substantive means of validating continuum ki-
netic simulations of warm magnetized plasmas in higher-dimensional 3D (z,v,,v,) phase
space. The linear theory analysis, initial conditions, algorithm description, and comparisons
between theoretical predictions and simulation results are presented.

The cylindrical coordinate finite-volume discretization is applied to model axisymmetric
systems. Since mitigating the prohibitive computational cost of simulating six dimensions is
another challenge in phase space simulations, the development of a robust means of exploiting
symmetry is a major advance when it comes to numerically solving the Vlasov-Maxwell
equation system. The discretization is applied to a uniform distribution function to assess
the nature of the singularity at the axis, and is demonstrated to converge at fourth-order
accuracy. The numerical method is then applied to simulate electrostatic ion confinement
in an axisymmetric Z-pinch configuration. To the author’s knowledge this presents the first
instance of a conservative finite-volume discretization of the cylindrical coordinate Vlasov
equation. The computational framework for the Vlasov-Maxwell solver is described, and an
outlook for future research is presented.
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mean radius of the ions is 0.719, such that the separation between the ions and
electrons is 0.136, which is on the order of a Debye length — the distance at which
the charge from the electrons is shielded by the dynamic ions. . . . . . . .. ..
Evolution of the radial electric field as a function of space and time in a 1283 reso-
lution simulation of axisymmetric ion confinement in a Z-pinch. The contour plot
of the electric field as a function of radius and time (left) shows how the electric
field damps nonlinearly as a function of time. The electric field at four different
radii, shown as black lines on the left, is plotted as a function of time (right). A
negative electric field, directed toward the axis, develops at the periphery of the
ion density distribution and confines the ions to the stationary electrons.
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6.20 (a) Volume-integrated radial momentum p, as a function of position and time

6.21

7.1

7.2

from a 128? resolution simulation of axisymmetric ion confinement in a Z-pinch.
The vertical black lines in the contour plot indicate the slices plotted on the right
both on (b) a linear scale and (c) a log scale. The momentum damps in time
indicating a transition to an equilibrium state. . . . . .. . ... ...
Evolution of number density, radial electric field, and volume-integrated radial
momentum for ¢ € [0,15] from a 128 resolution simulation of axisymmetric
ion confinement in a Z-pinch. These plots show the multi-mode structures that
develop as the ions oscillate nonlinearly about the electron distribution. The
white dashed lines in the contour plots on the left indicate the radial profiles
plotted on the right. . . . . . . . . . ... .

Processors that own neighboring data exchange information through ghost cells.
Ghost cells of Processor 1 are filled with valid data from Processor 2, and vice
VETSA.  © v v v e e e e e e e e e
Communication associated with filling one processor’s ghost cells in two dimen-
sions. Different-color grids denote valid data owned by different processors.
Dashed lines indicate the ghost cells, which need to be filled using neighbor-
ing valid data, owned by other processors. Corner ghost cells are needed in order
to evaluate fourth-order quadratures. . . . . . . . . . . ... ... ... .. ...
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Chapter 1

Introduction

1.1 Computational modeling of plasmas

Plasma is an ionized gas that consists of charged particles. These constituent particles
have long-range interactions through electromagnetic fields and thereby exhibit collective
behavior that makes plasmas distinct from other fluids. See Ref [2] for a comprehensive
introduction to plasma physics and its core principles. In addition to their unique physical
properties, plasmas are studied for their applications to thermonuclear fusion, propulsion,
photolithography, hypersonics, material processing, astrophysics, and space weather. Due to
the challenges associated with making experimental measurements and the complexity of the
physics involved, computational modeling plays a critical role in plasma investigations. The
development of robust numerical methods that are able to capture plasma dynamics with
high fidelity is therefore a proactive area of research, and is the focus of this dissertation.

Computational modeling of plasmas is made challenging by the fact that plasma dynamics
involve spatial and temporal scales that can span many orders of magnitude. For example,
electromagnetic waves can propagate through plasma at the speed of light, and can thereby
affect dynamics of particles over the course of nanoseconds; whereas bulk motion of the
same plasma can evolve over a span of seconds. The different scales are described by a
hierarchy of theoretical models. At large scales the state of a plasma is often defined by
its macroscopic properties such as density, momentum, and energy. The evolution of these
properties is described by fluid theory conservation laws that encode the bulk dynamics
of the plasma and by Maxwell’s equations, which describe the associated fields. At small
scales, the state of a plasma is defined in terms of the statistical distribution and interaction
of its particles. In low-density plasmas collisions between particles can be infrequent, and
small scale effects like particle-particle and particle-wave interactions can dominate plasma
behavior. The generalized mathematical description of plasma dynamics at all scales stems
from partial differential equations given by kinetic and electromagnetic theory.
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1.2 Kinetic theory description

Kinetic theory offers one of the most complete theoretical descriptions of a plasma. In
kinetic theory all particles of a given species (e.g. electrons) are represented by a scalar-
valued distribution function f(x,v,t) in a six-dimensional phase space. The value of the
distribution function encodes the probability that a particle of species s can be found at
position x, velocity v, at time ¢. In effect, by drawing on statistical mechanics, kinetic theory
represents a system of interacting particles without tracking individual ions and electrons.
The evolution of the distribution function in phase space is described by the Boltzmann
equation coupled to Maxwell’s equations. The Boltzmann equation is a six-dimensional
(not including time) advection equation with sources to account for collisional effects. In
addition to capturing the physics described by fluid theory, the Boltzmann equation includes
dynamics associated with particle-particle and particle-wave interactions, and thereby offers
a more general plasma description.

The focus of this dissertation is on collisionless plasmas in which the transport of con-
stituent particles is dominated by long-range interactions rather than by collisions. Such
plasmas typically have low densities and/or high temperatures — features that are commonly
observed in space plasmas, and localized regions within experiments where mean free paths
are relatively long. For such plasmas, the collision term in the Boltzmann equation is set
to zero, and the resulting governing equation is the Vlasov equation. The Vlasov equation
is a purely hyperbolic partial differential equation that represents a conservation law for f,
in six-dimensional phase space. Given an initial condition for a species distribution func-
tion, solving the Vlasov equation requires numerical methods that discretize the distribution
function in phase space and in time.

1.3 Numerical methods for kinetic theory

The evolution of the distribution function, as described by the Vlasov-Maxwell equation
system, can be numerically computed using a variety of methods [3, 4]. These methods
all rely on ordinary differential equation solvers to advance the solution in time, but have
distinctly different means of discretizing phase space. Generally methods will fall into one
of two categories: particle-in-cell (PIC) methods and continuum methods. In PIC methods
the phase space distribution function is discretely sampled, whereas in continuum methods
it is represented as a smooth function.

Historically, particle-in-cell methods have been the favored approach — they were the
first to be developed, and the first to be extended to multiple spatial dimensions [3]. PIC
methods sample a species distribution function with superparticles, each of which — through
its charge and mass — typically represents many physical-world particles. These methods
advance superparticles along trajectories in physical space in response to fields, which are
computed on a fixed spatial mesh. Each superparticle has an associated position and velocity,
and follows a trajectory given by characteristic curves prescribed by the Vlasov equation.
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That is, a superparticle’s state changes according to ordinary differential equations: the
change in position depends on the velocity, and the change in velocity depends on the
acceleration due to long-range forces. See Refs. [5, 6, 7, 8], for a review of PIC methods,
their development, and applications. By evolving superparticles, PIC methods can represent
a six-dimensional phase space distribution function in three spatial dimensions. As a result
they have been successfully applied to model three-dimensional plasma phenomena. The
accuracy of PIC methods is limited by the number of particles and the resolution of the
spatial grid. Traditional PIC methods, which can be construed as Lagrangian methods in
phase space, are typically second-order accurate in space and time [9, 10]. A well-known
drawback of these methods is that they suffer from noise [11, 12, 13], such that the error
associated with particle positions grows exponentially in time.

Continuum methods define a distribution function on a grid in phase space, and evolve it
by solving the Vlasov equation directly. These methods include spectral, semi-Langrangian,
and flux-based discretizations, and they evolve the full continuous distribution function in
up to six-dimensional phase space. A comparison of these methods is presented in Ref. [4].
Spectral methods represent the distribution function by a finite set of analytic basis functions.
The spatial dependence of the distribution function is typically represented by the Fourier
basis, and the velocity dependence by either the Fourier basis or Hermite polynomials [14].
Distribution functions associated with colisionless plasmas can become very filamented in
velocity space and are difficult to model with spectral methods because a large number
of modes is needed to capture the solution, which presents a large computational expense
[4]. Semi-Lagrangian methods take advantage of the fact that the distribution function is
constant along characteristic curves. Given values of the distribution function at phase space
mesh points, updated values are obtained by advecting the points along a characteristic
and interpolating them back to the mesh. The viability of these methods was originally
demonstrated in the seminal paper by Cheng and Knorr [15], and their applicability was
formalized and extended by Sonnendrucker et al. [16]. These methods often employ splitting
techniques, which can be computationally expensive in terms of memory [17].

Other continuum grid based methods for directly solving the Vlasov equation include
finite-difference, finite-volume, and finite-element methods. These methods have been ap-
plied to a wide variety of partial differential equations including hyperbolic advection equa-
tions, but were originally considered to be impractical for generalized phase space simulations
since the computational cost of these methods scales exponentially with the number of di-
mensions. Renewed interest in the application of these methods to the Vlasov equation has
been facilitated by recent advances in supercomputing, which have enabled four-dimensional
[18, 19] and five-dimensional [20, 21] simulations. Finite-volume and finite-element methods
have been further enhanced through the use of high-order flux-based discretizations that
ensure that the distribution function is locally and globally conserved [22, 23]. High-order
methods improve the temporal and spatial accuracy of the solution. Unlike PIC methods,
continuum methods are not subject to noise.
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1.4 Thesis overview

This dissertation investigates a high-order finite-volume discretization of the Vlasov equa-
tion, with the aim of addressing some of the fundamental challenges with these types of
grid-based approaches. Unlike fluid simulations in which the variables are physical quanti-
ties in a three-dimensional space that can be easily visualized, the value of the distribution
function is an abstract quantity in phase space such that position and velocity are inde-
pendent coordinates. This presents unique challenges in terms of: ensuring results are true
to the physics, implementation of boundary conditions, implementation of non-Cartesian
geometries, parallelization, and discretization of more than three dimensions. Theoretical
analysis of the Vlasov equation — including linear and non-linear analysis — has spanned
decades; however, due to the complexity of phase space analysis, many results are not in
closed form [24], and benchmarks against which simulations can be quantitatively compared
are scarce. Likewise the extensive developments for the treatment of boundaries and non-
Cartesian geometries in PIC methods do not, in general, apply to continuum methods. The
research described in this dissertation extends the scope of benchmark problems that can be
used to assess kinetic simulations, and presents a mathematical and numerical formulation
for accurately simulating axisymmetric plasmas in phase space.

Chapter 2 presents the governing equations of plasma kinetic theory. The focus is re-
stricted to collisionless regimes, in which plasma particles collide infrequently. The Vlasov-
Maxwell partial differential equation system that describes plasma dynamics in such regimes
is cast into an alternative form that makes it conducive to being solved using finite-volume
methods. Ultimately a non-dimensionalized weak conservation-law form of the equation
system is derived for Cartesian and cylindrical phase space coordinates. A mathemati-
cal description of conducting wall and axis boundary conditions is given for phase space
distribution functions and for electromagnetic fields. The mass, momentum, and energy
diagnostics for phase space coordinates are also presented.

The fourth-order finite-volume discretization used to numerically approximate the solu-
tion to the Vlasov-Maxwell equation system is presented in Chapter 3. Convergence prop-
erties, temporal discretization, and the general approach to solving systems of hyperbolic
partial differential equations are discussed. The spatial discretization, which constitutes the
most complicated part of the finite-volume algorithm, is presented in detail. The method
relies on a quadrature rule that is based on the integration of Taylor series approximations
to analytic functions. This quadrature rule is applied to compute the surface integrals in the
weak form of the Vlasov equation, the line integrals in the weak form of Maxwell’s equations,
and the diagnostics associated with the primary variables. The details of the spatial dis-
cretization are presented separately for Cartesian phase space coordinates and for cylindrical
phase space coordinates, as the latter require a modified treatment. The complete algorithm
is outlined for both coordinate systems.

Chapter 4 presents simulation results from well-known test problems for Cartesian phase
space coordinates in electrostatic and electrodynamic regimes. In Chapter 5 a new bench-
mark is developed [1] based on the Dory-Guest-Harris instability, which is triggered by elec-
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trostatic waves propagating through a warm uniformly-magnetized plasma. The closed-form
version of the linear theory dispersion relation is derived, and solved to obtain concrete mea-
sures against which simulation results can be compared. Since most theoretical predictions
for kinetic processes in plasmas involve infinite series and are often treated in limiting cases
of delta-function distributions, the derivation of a closed-form expression for characterizing
the behavior of warm plasmas presents a significant advance. The benchmark is demon-
strated to be well-suited for continuum kinetic Vlasov-Poisson algorithms and demonstrates
the value of a fourth-order discretization over a second-order discretization. It addresses one
of the fundamental challenges associated with the development of kinetic solvers, which is
the paucity of quantitative benchmarks.

Simulation results for cylindrical phase space coordinates are presented in Chapter 6. The
discretization of the Poisson equation and Maxwell’s equations in cylindrical coordinates are
verified to be fourth-order accurate. The cylindrical coordinate Vlasov solver is first applied
to model a uniform collisionless neutral gas with the aim of characterizing the singularity at
the axis. The numerical solution is shown to converge at fourth-order to the exact solution.
The Vlasov-Maxwell solver is then applied to an axisymmetric Z-pinch to model ions being
radially confined by current-carrying electrons. To the author’s knowledge this presents the
first instance in which the cylindrical coordinate Vlasov equation is successfully solved in
conservation-law form.

The computational aspects of the finite-volume calculations are presented in Chapter 7.
This includes a discussion of the parallelization and the implications of extending the Vlasov-
Maxwell solver to four and five phase space dimensions. The mathematical, numerical, and
physical developments within this dissertation are summarized in Chapter 8.



Chapter 2

Governing equations of kinetic theory
for collisionless plasmas

The kinetic theory description of a plasma stems from statistical mechanics in which a
system of interacting particles can be represented by a probability density, in phase space.
Instead of following the trajectories of individual charged particles, which would constitute
an intractable N-body problem, all particles of a given species (e.g. electrons) are modeled by
a scalar-valued distribution function in a position-velocity phase space. Multiple distribution
functions are used to represent plasmas with multiple species of particles. Notably, unlike
the dynamics of neutral particles in gases, the dynamics of plasma particles depend on long
range forces due to electromagnetic fields. The evolution of a plasma is thus described by a
coupled system of partial differential equations: the Boltzmann equation for each distribution
function and Maxwell’s equations for the electromagnetic fields. In cases where collisions
between particles can be neglected, the Boltzmann equation reduces to the Vlasov equation.

2.1 Distribution function evolution

Kinetic theory of plasmas treats each constituent particle species as a probability distribution
function in a position-velocity phase space. The probability distribution function f,(x,v,t)
for species s depends on the position coordinate x, velocity coordinate v, and time ¢. The
position and velocity coordinates are independent of each other and the local value of the
distribution function indicates the probability, per unit phase space volume, of finding par-
ticles in a localized neighborhood of phase space, i.e. at position @, moving at velocity v. In
practice the value of f, typically represents the probability density rather than a probability,
which means that instead of being normalized to one, the distribution function is normalized
such that its integral gives the total number of particles in the system of interest.
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2.1.1 Boltzmann-Maxwell equation system

The mathematical description for the evolution of each distribution function in phase space,
subject to the effects of collisions and forces, is given by the Boltzmann equation,

of, O O (afs)
at collisions

ot ox ov

(2.1)

where a is the acceleration. If the acceleration of particles in a given system is purely due
to electromagnetic fields, then

a=— (E+vxB) (2.2)

where ¢, is the charge and my is the mass of a species s particle. The term on the righthand
side of Eq. (2.1) is shorthand notation for a collision operator that defines how a distribution
function changes due to interspecies and intraspecies particle collisions. The specific form of
this operator depends on the statistics that the plasma particles obey. Examples of collision
operators with varying degrees of sophistication include the BGK operator [25], and various
forms of the Fokker-Planck operator [26]. In the limit of no collisions the collision operator
term is simply set to zero, and the Boltzmann equation reduces to the collisionless Boltzmann
equation, commonly referred to as the Vlasov equation.

Electric field E and magnetic field B, which are functions of position « and time ¢,
appear in the Boltzmann equation and their evolution is described by Maxwell’s equations,

1
V-E= . an (2.3)
V.-B=0 (2.4)
0B
OE
V x B = ,U()J + NOEOW’ (26)

where ¢y is the vacuum permittivity and pg is the permeability of free space. The species
number density ng is defined in terms of the zeroth velocity moment of the distribution
function,

ns(w,t):/fs(w,v,t)dv, (2.7)

and the net current J is defined in terms of the first moment of each distribution function,
such that

J(x,t) = qu/vfs(a:,v,t)dv7 (2.8)
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where the integrals in Eqgs. (2.7) and (2.8) are over the entire velocity space. Faraday’s
law given by Eq. (2.5) and Ampere’s law given by Eq. (2.6) govern the evolution of the
fields, whereas Gauss’s laws for the electric field (Eq. (2.3)) and magnetic field (Eq. (2.4))
place constraints on their spatial variation. The evolution of the plasma state, defined by
variables fy, E and B, is thus governed by non-linearly coupled partial differential equations
that describe the self-consistent transport of the particle distribution in phase space and the
transport of electromagnetic fields in physical space.

2.1.2 Collisionless plasmas and the Vlasov equation

Since this dissertation is concerned with collisionless plasmas whose transport is dominated
by long-range electromagnetic field forces, the Boltzmann equation in the limit of no collisions
encapsulates the physics of interest. Nevertheless, it’s illustrative to consider both the high
collisionality and low collisionality limit, as these have important implications with regard
to the physical behavior of a plasma system. In particular, collisionless and semi-collisional
plasmas are in some sense more complex than plasmas in which constituent particles collide
frequently.

In the limit of high collisionality, plasma particles have small mean free paths relative
to the system size and thereby they quickly exchange momentum and energy. This drives
the system of particles towards thermodynamic equilibrium, which means that the velocity
dependence of the distribution function tends toward a Maxwellian profile. When the velocity
dependence of the distribution function can be assumed to be Maxwellian or a profile close
to a Maxwellian, the kinetic theory description can be reduced to a simpler fluid theory
description. Fluid theory typically preserves information only about the first three velocity
moments of the distribution function. Fluid theory variables can be derived by taking velocity
moments of the distribution function to obtain species density (see Eq. (2.7)), momentum,
and energy. The evolution equations for density, momentum, and energy can be obtained
by taking successive velocity moments of the Boltzmann equation. In theory the number of
velocity moments can be infinite, but in practice it is typically truncated after three moments
— enough to fully describe a Maxwellian profile. Thus in the limit of high collisionality the
associated dynamics of the plasma are greatly simplified and the six-dimensional equation
system can be reduced to a three-dimensional equation system. By allowing for arbitrary
distribution functions, the kinetic theory description is a generalization of fluid theory, and
encapsulates physics that is not captured by fluid models.

In the limit in which collisions are negligible, the collision operator on the righthand side
of Eq. (2.1) is set to zero. The resulting expression is the collisionless Boltzmann equation,
more commonly known as the Vlasov equation,

Ofs ofs

ds 8f8_
ot +v'8w+ms(E+vXB). ov

0. (2.9)

The expression states that the total derivative of f with respect to time is zero, with the
rate of change of the position dx/dt given by the velocity coordinate, and the rate of change
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of velocity dwv/dt given by the acceleration due to the Lorentz force. The Vlasov equation
describes the evolution of a distribution function for a plasma in which the mean free path
is large relative to the size of the system, and the dominant means of interaction between
plasma particles is through electromagnetic forces. The evolution of the fields is governed
by Maxwell’s equations (Egs. (2.3) — (2.6)). Collisionless plasmas are typically characterized
by having low-density and/or high-temperatures. Without collisions to drive a distribution
function toward thermodynamic equilibrium, the behavior of collisionless plasmas can be
more complicated than that of collisional plasmas. Being able to capture — with high-fidelity
— the rich physics of a collisionless plasma system is one of the primary motivators for
the development of robust numerical solvers for the Vlasov equation. Moreover the Vlasov
equation forms the foundation for more generalized semi-collisional processes described by
the Boltzmann equation, hence numerical advances for the Vlasov equation apply directly
to the Boltzmann equation.

2.2 Normalization

It is convenient to express the Vlasov-Maxwell equation system in terms of non-dimensional
variables by normalizing each variable to a characteristic value. The motivation for doing this
is threefold. Non-dimensionalized form allows for the direct comparison of the magnitudes
of terms in the equation and thereby one can make conclusions about their relative impor-
tance. The resulting equation system is unit-independent, which is especially advantageous
in the field of plasmas in which different unit systems (the Gaussian centimeter-gram-second
unit system and the meter-kilogram-second unit system) are often used. From a physics
standpoint, non-dimensionalized form ensures self-similar solutions for problems in which
parameters are proportionately scaled thereby simplifying the comparison of physical sys-
tems that have different scales.

The precise form of the non-dimensionalized equation system depends on the choice of
characteristic values chosen to carry out the normalization. Thereby normalizations are
not unique. Here one non-dimensionalized form of the Vlasov-Maxwell equation system is
derived. For plasmas in which the fields are electrostatic, the non-dimensionalized form of
the Vlasov equation with Gauss’s law divergence constraint is subsequently derived.

2.2.1 Normalized Vlasov-Maxwell equation system

The normalization of the Vlasov-Maxwell equation system is carried out by first expressing
the variables in terms of their normalized counterparts and dimensional characteristic values.
Let tildes denote normalized, that is, non-dimensionalized parameters. Then the variables
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of interest in terms of normalized quantities are

t=tr x=xlL v = Dy
fs = fsnO s = Zse ms = Msmp
E = EE, B = BB,

where 7, L, vy, ng, e, my,, By, and By are characteristic values for time, length, velocity, density,
charge, mass, electric field, and magnetic field, respectively. Note that mass m, and charge
¢s are constants, whose characteristic values are chosen to be the proton mass and the proton
charge, respectively. Thus for a proton, the normalized mass is M, = 1 and the normalized
charge is Z; = 1. Substituting the above definitions into Eq. (2.9) yields the Vlasov equation
in terms of normalized variables and characteristic values:

N 3fs Novo - afs noeky Zs ~ Byvg .. - afs
—_—— . FE x B -
T ot L V0 g M\ T Ry ¢ 0%

= 0. (2.10)

Let the characteristic velocity be the characteristic length divided by the characteristic time,
such that

v =L/7. (2.11)

Substituting Eq. (2.11) into Eq. (2.10) and dividing through by ng/7, yields a modified
expression for the Vlasov equation,

8f5 ~ afs eE10 QZS ad BOUO~ s 8f~s
of U 0z myL M, (E+ E, ”XB>'86

— 0. (2.12)

The variables in Maxwell’s equations are likewise replaced with non-dimensionalized vari-
ables and characteristic values. Faraday’s law (Eq. (2.5)) then becomes

BydB E, 0 -
e L 2 wE = 2.1
o TTos  FEY (2.13)
which can be rearranged and simplified to yield
OB E, 0 _ -
— — x E=0. 2.14
ot Bo'UO 0x % ( )

Ampere’s law (Eq. (2.6)) in terms of normalized variables is

copoFoOE By 0 -
- T ><B:Moevonozzs/vfs(m,v,t)dv, (2.15)

which can be simplified to yield

OFE 2 Byvy 0 -~ engl =
4 — x B = 7, s(Z,0,t)dv. 2.16
o w2 E, 0% eOE(]; /”“wv)v (2.16)
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The speed of light is defined as ¢ = (eopo) />

The normalized partial differential equations given by Eq. (2.12), Eq. (2.14), and Eq. (2.16)
can be further simplified by specifying the relationships between the characteristic values,
and using physical quantities of interest. In plasma physics the plasma frequency, defined
for species s as

Wps = {Zselno (2.17)

S
P €M

is an important scale length set by physical constants and by the characteristic number
density ng. The cyclotron frequency is likewise an important scale length set by physical
constants and the value of the characteristic magnetic field By, such that for species s the
cyclotron frequency is
Z.eB
Wes =0 (2.18)

ms

Thus it is convenient to express the characteristic values for the electric and magnetic fields
in terms of these physically-relevant frequencies. In this case, the proton plasma frequency
wpp and proton cyclotron frequency w., are chosen as the relevant scales, such that the
characteristic fields are defined as

enoL  myL ,

By == =, (2.19)
By =24, (2.20)
€

Note that for the purpose of the investigations conducted here, the ions of interest are
protons; however, any particle species can be chosen to define the characteristic values of
the fields. Substituting Eq. (2.19) and Eq. (2.20) into Eq. (2.14) and Eq. (2.16) yields the
normalized form of Maxwell’s equations, such that the normalized form of Faraday’s law is

OB (w,r)’ 0 -
5 Y S E- 2.91
ot (wepT) 0T % 0 (221)

and the normalized form of Ampere’s law is

~ 2
0E (WepT) <C) (% B ;ZS/ﬁfs(j:7ﬁ7f)d’l~). (2.22)

o (pr7)2 U_O

Substituting the characteristic field values given by Eq. (2.19) and Eq. (2.20) into Eq. (2.12)
gives the normalized Vlasov equation,
afs ~ afs Zs r- 8fs

2 > » —
5 + oF _I—ﬁs [(wppr) E + (wepT) U X B} g

0. (2.23)
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Thus the normalized Vlasov-Maxwell equation system is given by Eq. (2.21), Eq. (2.22),
and Eq. (2.23). The system is characterized by the species charge state Zs, species mass ratio
M;, and non-dimensional parameters c¢/uvg, wy,7, and we,7. In order to completely specify
the system scales, a characteristic time 7 and a characteristic velocity vy must be set. Note
that by setting these two values, the characteristic length L is also specified from the relation
given in Eq. (2.11). A logical choice is to set the characteristic time to be the inverse of
the proton plasma period, such that 7 = wp*pl. In this case wy,™ = 1, and we,T = Wep/ Wy
Logical choices for the characteristic velocity are the speed of light ¢, and the proton thermal
speed vp. If the characteristic velocity is chosen to be the speed of light then ¢/vy = 1 and
the characteristic length is given by the proton skin depth ¢,

L= = 0. (2.24)
wpp
If the characteristic velocity is chosen to be the proton thermal speed then ¢/vg = ¢/vr and
the characteristic length is in effect the Debye length Ap,
vr o

L=-—"L=)p, (2.25)

Wpp

which is another physically-relevant quantity in plasma physics. Thus the characteristic
speed defines whether small spatial scales (Eq. (2.24)) or large spatial scales (Eq. (2.25)) are
of interest.

For the purposes of numerical investigations conducted here, and unless otherwise spec-
ified, the characteristic time is chosen to be the proton plasma frequency, and the charac-
teristic velocity is chosen to be the speed of light, such that the normalized Vlasov-Maxwell
equation system takes on the simplified form

Ofs 3fs Wep fs _
T et ar [E+ (wpp> v X B] 5 =0 (2.26)
OB  wy, 0
— < E = 2.2
ot we Ox 8 (227)
OE  wey 0
x B = Ly 2.2
D, 0w E /vfS x,v,t)dv, (2.28)

where the tildes (7) denoting normalized variables have been dropped for clarity.

Note that the derived normalized form of the Vlasov-Maxwell equation system does not
incorporate the divergence constraint equations given by Gauss’s law for the electric field
(Eq. (2.3)) and Gauss’s law for the magnetic field (Eq. (2.4)). The constraints are not needed
to define the normalized system in which the time dependence of the electromagnetic fields
is explicitly described by Faraday’s law (Eq. (2.5)) and Ampere’s law (Eq. (2.6)).

2.2.2 Normalization for Vlasov equation with electrostatic fields

In plasmas in which charges move slowly compared to the speed of light, the fields can be
approximated as being electrostatic. In effect the electric field is assumed to be irrotational,
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and by Faraday’s law the magnetic field does not change in time. If fields are electrostatic
then Gauss’s law replaces Faraday’s law and Ampere’s law as the relevant electric field
evolution equation. Here the normalized form of the Vlasov equation coupled to Gauss’s law
for the electric field is derived in two ways: using Gauss’s law in its usual form, and using
Gauss’s law reexpressed as Poisson’s equation.

2.2.2.1 Vlasov equation coupled to Gauss’s law

Following the same steps as the derivation of the normalized Vlasov-Maxwell system de-
scribed in Section Section 2.2.1, the normalized form of the electrostatic system described
by the Vlasov equation (see Eq. (2.9)) and Gauss’s law for electric field (see Eq. (2.3)) is
derived. Note that the normalized from of Gauss’s law for the magnetic field (see Eq. (2.4))
is trivial. For the electrostatic system, variables are replaced with non-dimensionalized vari-
ables and characteristic values, such that the Vlasov equation takes on the form given by
Eq. (2.12) and Gauss’s law in terms of normalized variables is

0 ~ enolL PR
% -E = o ng/fs(m,v,t)dv. (2.29)

The characteristic electric field value E, and magnetic field value By are defined in Eq. (2.19)
and Eq. (2.20). Substituting these definitions into the above expression yields

0 _englL R
oz B = <en0L ZZ /fsa: 0,1)d (2.30)

and into the normalized Vlasov equation yields

of, o oh U8) Lz (o e N ok
o o ' myL & A, <n_L> oo '
afs ~ afs 2 QZS - wcp ~ s afs _
o +v- oF + w7 7 E + wng'v x B 5% =0, (2.32)

where the plasma and cyclotron frequencies are defined for a proton as in Eq. (2.17) and
Eq. (2.18). The normalized Vlasov-Gauss system is thus

Ofs 0f, Z afs
J +v J + —[(wppr)2E—|— (wepT)v X B} : 8{1

ot | ox M,
%.E:ZZS/fa(v)dv, (2.34)

where the tildes denoting non-dimensional variables have been dropped for clarity. The
expression for the Vlasov equation can be further simplified by setting the characteristic

=0 (2.33)
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time to be the inverse of the proton plasma frequency, 7 = wppl Note that unlike in the
Vlasov-Maxwell equation system, in which a characteristic velocity vy and characteristic
time 7 together set the characteristic length scale (see Egs. (2.24) and (2.25)), neither the
characteristic velocity nor the characteristic length appear in the normalized form of the
Vlasov-Gauss equation system. In effect field information propagates at infinite speed in an

electrostatic system.

2.2.2.2 Vlasov-Poisson equation system

In the electrostatic limit, the electric field can be expressed as the gradient of a scalar
potential ¢, such that

E=-Vo. (2.35)

Substituting Eq. (2.35) into Eq. (2.3) gives rise to Poisson’s equation for the electrostatic
potential,

—V?¢ = %qu/fs(a:,v,t)dv. (2.36)

It’s often more convenient to solve for the electric field by first solving Eq. (2.36) for the
potential. For electrostatic physics, the Vlasov-Poisson system is equivalent to the Vlasov-
Gauss equation system, and it’s important that the two systems have consistent normalized
forms. As such, the normalized form of the Vlasov-Poisson system is derived here.

The electrostatic potential can be expressed as a product of a non-dimensional variable
é and a characteristic value ¢, such that ¢ = ¢¢,. The spatial gradient of the potential is
then given by

cbo

Vo = =V

and the Laplacian operator applied to the potential is

Vip = gbov 2.

Substituting the normalization into Eq. (2.36) yields
_%o 25V = o ZZ /fs (%, 9,1)do (2.37)

Defining the characteristic electrostatic potential in terms of the other characteristic quan-

tities yields the relation

L2
Go = o, (2.38)

€0
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which is consistent with the definition of the characteristic electric field given in Eq. (2.19).
The normalized Poisson equation is thus

—V2p = ZZs/fs(i:,ﬁ,t)dﬁ. (2.39)

Substituting the normalized variables including the normalized electrostatic potential
defined in Eq. (2.38) into the Vlasov equation and simplifying yields

~ ~ Z ~ ~
no% n NoVp . ) 8fs no€ s (_%V¢+ Byvgv % B) :

o/
0%

T ot L 0x + myvo M

=0. (2.40)

Dividing through by ng/7, and using the relationship between characteristic speed and char-
acteristic length given in Eq. (2.11) yields

Of. . Ofs  epor® Z, - BoLl*. -\ Of,
57 +v 9% + m L2 M, Vo + v x B 0 0. (2.41)

The definition of the characteristic potential (Eq. (2.38)) and the definition given in Eq. (2.20)
for the characteristic magnetic field are substituted into the above expression. Thus the
Vlasov equation becomes

v X

aff s 0 f L clenol?/eo) Z,

ot 0z m,L? M, (—qu * (engL? /) T =0 (242)

oo

Using the definitions of plasma and cyclotron frequencies given in Eq. (2.17) and Eq. (2.18),
the resulting normalized form of the Vlasov-Poisson equation system is

afs . afs + é ((prT)Q(—V¢) + (wcpT)’U % B) . 88{;

ot U oz L
—V2¢:ZZs/fs(:r;,v,t)dv, (2.44)

=0 (2.43)

where the tildes have been dropped for clarity. Note that this normalized equation system
is consistent with the Vlasov-Gauss system given by Eq. (2.33) and Eq. (2.34).

2.3 Vlasov equation in conservation-law weak form

The Vlasov equation as it has been presented thus far, with velocity dotted with the spa-
tial gradient and acceleration dotted with the velocity gradient, has been expressed in its
Liouville form. This form stems from Hamiltonian mechanics and is the form most often
seen in literature. When solving hyperbolic partial differential equations, such as the Vlasov
equation, it is often desirable to express them in conservation-law form. Conservation-law
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form is a natural formulation in the context of continuum mechanics and in general states
that within a given volume the change in time of a quantity ¢ depends on the divergence of
the flux (or flow) of ¢ in that volume:

0
X v.F(g) =0, (2.45)
ot
where F' is the flux. Integrating this expression over a control volume V' and applying the
divergence theorem, which equates the volume integral of a divergence to a surface integral

over a boundary 0V, yields the conservation-law weak form

2/ qu+/ V. FdV=0 (2.46)
2/ ¢V + ¢ F-dS =0, (2.47)
ot Jy oV

which states that in a given volume the change in time of a quantity ¢ depends on the flux
of the quantity through the boundaries of the volume. The weak form given by Eq. (2.47)
is useful because it can be numerically solved in a way that exactly satisfies the discrete
form of the divergence theorem, thereby ensuring that to numerical precision the quantity
of interest can be exactly conserved — both locally and globally. The weak form, unlike the
strong form, admits solutions that can have local discontinuities, which makes it physically
the more relevant form.

For the Vlasov equation the volume of interest is a phase space volume, and the con-
served quantity of interest is the volume-integrated distribution function. Mathematically
the Liouville and conservation-law forms are equivalent, but numerically the conservation-
law form has properties that make it advantageous. Here the conservation-law strong and
weak forms of the Vlasov equation are derived for both Cartesian and cylindrical phase space
coordinates. The latter present additional complexity on account of the relationship between
Cartesian and cylindrical phase space coordinates, and the necessity that strong and weak
forms are consistent between coordinate systems.

2.3.1 Cartesian coordinates

In Cartesian phase space coordinates the strong Liouville form of the Vlasov equation can
be readily expressed in terms of a divergence of fluxes, i.e. in conservation-law strong form:

G _0f 0 B (zs

Wep

Wpp

This expression is obtained by applying the product rule of differentiation to Eq. (2.26), and
noting that the velocity coordinate is independent of the spatial coordinate, that fields are
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only a function of position and time, and that

a0, (vyB: = v:B,)

9 Ovg 0
! 0
% (vaBy — vy By)

Integrating the conservation-law strong form of the Vlasov equation over a volume V| with
differential volume dV' = dxdydydv,dv,dv., yields the weak form

0 0
0 :%/fsdv+j§1r.ds, (2.51)

where the coordinate w, the flux F', and the differential surface d.S in each direction is given
by

Va fs dydzdv,dv,dv,
y vy fs drdzdv,dv,dv.
Yy
> V. fs drdydvzdv,du,
w=|"|, F=|, ) . dS = . (252)
v 2 (B, +22(0,B. —v.B,)) , drdyd=duydo,
v
v, 2 (B, + 22(0.B, — v,B.)) f, dudydzdu,d.
_]\Z4 (Ex + Z—;Z(vg;By — vme)) fs ] I dxdydzdv,dv, |

Thus the change in time of f; in a given six-dimensional phase space volume depends on the
flow of f, through the five-dimensional surfaces that define the boundaries of the volume.
Notably the fluxes along spatial coordinates have a distinctly different form from the fluxes
along the velocity coordinates.

2.3.2 Cylindrical coordinates

Deriving the conservation-law form of the Vlasov equation in cylindrical phase space coor-
dinates is not as straightforward as for the case of Cartesian coordinates. This is due to the
fact that the divergence operator consists of derivatives with respect to position and veloc-
ity, which are independent variables, but are physically related. To illustrate this nuance, a
derivation of the strong Liouville form of the cylindrical Vlasov equation is presented. The
strong Liouville form can be obtained by using Lamé coefficients as in Ref. [27], by using
Christoffel symbols as in Ref. [28], or through a coordinate transformation of the strong
Liouville form of the Cartesian coordinate Vlasov equation, as is done here.
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The definitions of the phase space coordinates in the two systems are

18
Lear = (l’, Y, Z) (253)
vcar = ('Tayv'Z) = (U:quvyavz> (254>
Loy = (1,0, 2) (2.55)
,Ucyl - (Ta 7‘9, Z): (Ura ,Uea UZ) <256)

where " denotes time derivative. The position, velocity, and acceleration in cylindrical coor-
dinates can be expressed in terms of Cartesian counterparts as follows:

L eyl

Veyi

Q .yl

r

(xZ +y2)1/2
arctan () (2.57)

z

Vg TH+vyY
(a;2+y2)1/2
VyT—VzY
(a2 +y2)"/?

Uy

(2.58)

azT+ayy
(x2+y2)1/2

ayr—agy
(m2+y2)1/2

ay

(2.59)

Note that the radial velocity, like the other velocities, can be positive or negative, which
is why it is important that the relations in Eq. (2.58) and Eq. (2.59) accurately denote
magnitude and direction. With these definitions, a Jacobian matrix of transformation J can

be constructed such that

8mcyl
oz car

8vcyl
a"’c car

amcyl Bmcyl
0% car OVcar
avcyl a"-7cyl
0% car OVcar
[or or or
oxr Ody 0z
0 o0 00
or Oy Oz
LO0x Oy 0Oz
Qv Oup Oup
oz dy 0z
Ovg v vg
oz dy 0z
Ov:  Ovy  Ous
| Oz Jy 0z

(2.60)
RSN (z2+32)1/2
—ts perer U (2.61)
0 0 1
temd s o
IR TR (2.62)
0 0 0
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Ovr  Ovr  Our T Y 0
Ovgy  Ovy  Ovy (z24y2)1/2 (z2+4y2)1/2
Poat _Jow vy 0w ||y : o
0V g Ovz  Ouy  Ovy (@212 (224y2)1/?
Qo Gua Ou: 0 0 1

Ovy  Ovy  Ovy

Thus the full Jacobian matrix J and its determinant J is

(z2+52)1/2 ($2+z2)1/2 0 O O
_z2iy2 inyQ 0 0 0
0 0 1 0 0
J =
yley—vyr)  zloa—vey) v y
(z2+y2)3/2 (w2+y2)3/2 (a:2+y2)1/2 (:c2+y2)1/2
y(vez+vyy) _ z(veztuyy) 0 — y z
(a:2+y2)3/2 (12+y2)3/2 (m2+y2)1/2 (12+y2)1/2
0 0 0 0 0
1
J =det(J) = -
r

Using the Jacobian matrix, the cylindrical Liouville form of the Vlasov equation is

B ( 3wcyl awcyl T i
af UCCLT O car OVcar achyl
0 e + 9
t a 8vcyl 8vcyl 8f
L ear 0% car OV car 81}0741
r 7 (
v x _ Yy O y(vzyfvyx) y(UzI‘H}yy) O
T (m2+y2)1/2 22492 (m2+y2)3/2 (r2+y2)3/2
v y z g ele—uy) sty
Yy (z2+y2)1/2 22 4y2 (x2+y2)3/2 (22 4y2)3/2
of |vs 0 0 1 0 0 0
=%t |
T Yy
Qg 0 0 0 (x2442)1/2 - (x24y2)1/2 0
Yy T
ay O 0 0 (x2+y2)1/2 (:c2+y2)1/2 O
a, 0 0 0 0 0 1
L . \

Using the definitions in Eqs. (2.57) — (2.59), the resulting expression is

2
Uzg%—vr%%-%g%—vzgjt a, + 2 ﬁ+[a9_vgvr]ﬁ
r avr T 01)9

ot or r 00 0z

)

of

a
Zavz7

19

(2.63)

(2.64)

(2.65)

(2.66)

(2.67)

—~

2.68)
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which is consistent with the cylindrical Liouville form of the Vlasov equation presented in
Refs. [27, 28, 29, 30]. Note that the cylindrical coordinate Vlasov equation includes the
acceleration terms v3/r associated with the centrifugal force and (—wvgv,.)/r associated with
the Coriolis force. The other forms of acceleration that are of interest are due to the Lorentz
force, such that

o] [&{B+22wB. - v.B)}
ap| = |57 {Ee + 52 (0B — vrBz)} : (2.69)

Q, ]\st {EZ + Z—Z (UTBQ - ’U@BT)}

From Eq. (2.68) it is clear that in order to derive the conservation-law form of the Vlasov
equation for cylindrical phase space coordinates it is not enough to simply apply the product
rule of differentiation as was done in the case of Cartesian coordinates. This is due to the
fact that the Coriolis term depends on vy, and the gradient in the radial direction does
not equate to a radial divergence in cylindrical coordinates. Moreover, it is important to
ensure that the cylindrical conservation-law form of the Vlasov equation is physically and
mathematically consistent with the Cartesian coordinate expression given in Eq. (2.48). To
derive the conservation-law form of the cylindrical coordinate Vlasov equation, a variable
transformation of the Cartesian conservation-law form is used.

In the context of conservative finite-volume solvers, it has been shown that the divergence
of a vector field in Cartesian coordinates can be rewritten in terms of derivatives in a different
coordinate system provided that there is a smooth mapping between the two coordinate
systems [31, 32]. Since Cartesian (denoted by x) and cylindrical coordinates (denoted by &)
are both orthogonal, the divergence of a Cartesian vector field F' can be expressed in terms
of cylindrical coordinates using the relation

V, F=JV;- G (V.€) F) (2.70)
J = det(V,6), (2.71)

where V¢ is a Jacobian matrix of transformation (given in Eq. (2.64)) that describes how
cylindrical coordinates vary with respect to Cartesian coordinates. Note that Eq. (2.70) is
a special case of the more general relation given in Ref. [31] for mapped coordinates. For
the Vlasov equation, F' denotes the six-element flux vector in Cartesian coordinates. Thus
the Cartesian divergence of fluxes, V, - F, is given by the last two terms in Eq. (2.48).
Evaluating Eq. (2.70) term by term yields an expression for the divergence of fluxes in
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cylindrical coordinates that is equivalent to the divergence of fluxes in Cartesian coordinates:

B T (
9 z ]
or (22+y2)1/2 (22+y2)1/2 0 0 0
9 _ Y x
20 22 1y2 221 y2 0 0 0
1|2 0 0 1 0 0
V, - F=- SR
L ) Y(ay—vyz)  z(vyr—vzY) x y
dur (22+y2)3/2 (22y2)3/2 (224 y2)1/2 (22 +y2)1/2
o Ysrtugy) _slrtuy) gy :
Ovg (x2+y2)3/2 (x2+y2)3/2 ($2+y2)1/2 (a:2+y2)1/2
- 0 0 0 0 0
Vz
L . \
_ - P -5
Q Vg THvyY
or (1}2+y2)1/2
9 VyZ—Vay
o0 £2+y2
0
1] 3 sz
Ve - F==|% r
Tl s Gpitayy (Vez—vyY) (V2 T—VyY) f
Ovy (x2+y2)1/2 (:c2+y2)3/2
K2 ayT—agy (vyz—v2Y) (VeT+vyY) f
dvg (x2+y2)1/2 (x2+y2)3/2
o)
ovy aZf
L . \ L d 7

e}

o

r T )

(2.73)

Noting the definitions given in Eqs. (2.57) — (2.59), the divergence can be expressed in terms
of cylindrical coordinate variables, such that

v, |

ru.f
v f
ru, f
(ayr + ) f
(apr — vyvg) f

ra,f

(2.74)

Expanding the dot product yields an expression for the divergence of fluxes in cylindrical
phase space coordinates that equates the Cartesian divergence of fluxes. The result can be
substituted into the Cartesian conservation-law form of the Vlasov equation in Eq. (2.48) to
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obtain

0= 8—f + 1— (rvrf) (Uef) 82 (rv-f)

10 10

([arr +v3] ) + O ([agr — vyvg] f) + v,

r Ov,

(ra-f) (2.75)

Noting that the radius r is independent of the other coordinates, the conservation-law form
of the Vlasov equation in cylindrical coordinates is

0 0 0
U 2D rud) + L (o) + o (0]

3 ([ 9]5)+ & (- 20 o e

The Vlasov equation in cylindrical coordinates is hardly ever expressed in conservation-law
form — it appears in Ref. [33], but seemingly nowhere else. This speaks to the fact that the
Liouville form is much more common in mathematics and plasma physics literature because
it is easier to analyze, and to the fact that most continuum kinetic solvers are aimed at
Cartesian phase space coordinates, which are readily expressed in conservation-law form and
are simpler to discretize.

One can verify that the conservation-law form of the cylindrical coordinate Vlasov equa-
tion given by Eq. (2.76) is consistent with Liouville form given in Eq. (2.68) by carrying out
the differentiation

of v f of  wvedf af
3t+L+UT8T+r36+ 0z
0 . g7 O 0
+{T+ } 97 Uf+[a9—w"]—f+zf

ov, _r_ r 1 Ouvg 0z

0=

_|_

0=

. (2.77)

where the underlined terms exactly cancel to yield the Liouville form. In effect, as demon-
strated, the cylindrical conservation-law form is mathematically consistent with the cylin-
drical Liouville form (Eq. (2.68)), the Cartesian conservation-law form (Eq. (2.48)), and the
Cartesian Liouville form (Eq. (2.26)).

Much like in the case of Cartesian coordinates, the weak conservation-law form of the
cylindrical coordinate Vlasov equation can be obtained by integrating Eq. (2.76) over a
phase space volume and applying the divergence theorem. In this case the phase space
volume element is dV = rdrdfdzdv,dvydv,, and the weak form is

0= %/fsdv + 7{F -dS, (2.78)
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where the flux F' and the differential surface dS in each direction is given by
] [ dfdzdv,dvgdv., |
vof drdzdv,.dvgdv,
P vzf2 | 19 — rdrdfdv,dvgdv, | (2.79)
(ar+2) 1 rdrdfdzdvydv.
(CL@ - @) f rdrdfdzdv,dv,
I a,f | I rdrdfdzdv,dvg |

where acceleration {a,,ag,a,} due to the Lorentz force is given in Eq. (2.69). Much like in
the case of Cartesian coordinates, Eq. (2.78) describes the conservation of the phase-space
volume integral of the distribution function: the change in time of the distribution function
in a fixed phase space volume depends on the amount of distribution function flowing out
(or in) through the boundaries of the volume. Note the distinction between the fluxes and
differential areas in Cartesian coordinates (see Eq. (2.52)) and in cylindrical coordinates
(Eq. (2.79)). The differential area associated with the radial direction increases with radius.

2.4 Flux-based weak form of Maxwell’s equations

Maxwell’s equations can be expressed in several ways: using electric scalar potential and
magnetic vector potential, as second-order wave equations, and as first-order partial differ-
ential equations (as in Egs. (2.3) — (2.6)). When coupling two sets of partial differential
equations — in this case the Vlasov equation for each species is coupled with Maxwell’s equa-
tions for the electromagnetic fields — it is convenient to express them in the same general
form, such that the solutions can be advanced simultaneously using the same algorithm.
Since the Vlasov equation is hyperbolic and in the context of a finite-volume discretization
it is solved in weak conservation-law form, it is helpful to express Maxwell’s equations in the
same form.

2.4.1 Weak form of Faraday’s law and Ampere’s law

Faraday’s law and Ampere’s law are the primary governing equations for the electric and
magnetic fields — they constitute six equations for the six components of the fields. Start-
ing with the normalized form of these field evolution equations, and collecting all spatial
derivative operators on the righthand side yields the following expressions

OB wy, 0
OE w00  p_ (2.81)

ot Wyp OT
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where the normalized current density J is defined as
J = ZZS/vfs(a:,v,t)dv. (2.82)

Note that a curl operator in three dimensions can be expressed as a divergence of a rank-2
antisymmetric tensor. Note also that these coupled equations are not strictly hyperbolic due
to the presence of current density term on the righthand side of Eq. (2.81), which acts as a
source. On account of this term, electric and magnetic fields can be spontaneously created
or destroyed, depending on the velocity centroid(s) of the distribution function(s) at any
given time and spatial location. To obtain the weak form, Faraday’s law and Ampere’s law
are first integrated over a surface A,

/a—B-dA:—wppfixE-dA (2.83)

ot Wep x

/—8E-dA:“’Cp/3xB-dA—/J-dA. (2.84)
ot Wpp J O

Note that the B - dA and FE - dA are field fluxes through a differential area dA. The curl
of a vector field in R? integrated over a surface can be expressed in terms of a line integral
around the boundary of that surface using Stokes’ theorem. Applying Stokes’ theorem yields
the sought-after weak form of Faraday’s law and Ampere’s law:

2/B-dA— I . dl (2.85)
ot Wep

2/E.dA—“C”%B-dl—/J.dA. (2.86)
ot Wpp

In Cartesian coordinates the fields and differential terms are defined as

E, B, dydz dx
E=|E, B = | B, dA = |dxdz dl = |dy| , (2.87)
E, B, dzdy dz

and in cylindrical coordinates they are

E, B, rdfdz dr
E=|Ey B =|By dA = | drdz dl = |rdf| . (2.88)
E, B, rdrdf dz

Equations (2.85) and (2.86) describe the temporal and spatial evolution, i.e. the transport,
of the field fluxes. Note that unlike the Vlasov equation, which stipulates that the distri-
bution function cannot be created or destroyed, Faraday’s law and Ampere’s law are not
conservation laws since electric and magnetic fields are not conserved quantities.
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2.4.1.1 Incorporation of divergence constraints

The analytical solution for the fields in Faraday’s and Ampere’s laws will always satisfy the
divergence constraints imposed by Gauss’s laws (see Eqgs. (2.3) and (2.4)), provided the latter
are satisfied initially. However, numerical solutions can introduce errors that necessitate
explicit enforcement of divergence constraints. To explicitly incorporate these constraints
into the field evolution equations requires modifying them. Such modifications are strictly
for numerical purposes and are intended to keep the numerical error associated with the
divergence constraints bounded, such that errors eg and ep defined as

ep=V-E-Y Zn, (2.89)

e =V-B (2.90)

stay small. Modified formulations of Ampere’s law and Faraday’s law typically involve the
addition of either a hyperbolic correction [34] or a parabolic correction term [35]. When
solving these modified expressions, the error is either propagated to the boundary as in
the case of the former, or diffused away as in the case of the latter. A combination of
both approaches can also be used. Here the parabolic approach is chosen with the aim of
diminishing the amplitude of the error rather than spreading it to other parts of the domain.
The resulting modified forms of Faraday’s law and Ampere’s law are

0B wy, 0

9% _ Ym0 gy 291
o " wgom ETAVEE (2.91)
OE  wy O

0% Yo 0 g g4 2.92
At wpy +AVes, (2.92)

where A is a constant subject to numerical stability constraints. The associated weak forms
are

2/B~dA:—wm’7{E-dl+)\/(v<€3)-dA (2.93)
ot Wep
Q/E-dA:pr}I{B-dl—/J-dA+)\/(V€E)~dA. (2.94)
ot Wpp

It is important to note that explicit incorporation of the divergence constraints through these
modified formulations of the governing equations is not always necessary. In configurations
with a reduced number of dimensions the divergence error is exactly zero for certain field
components, e.g. in one dimension the dynamics of E,(x,t) have no associated divergence
error. Also, depending on the dynamics of interest, the effect of errors e and eg may be
negligible.

2.4.2 Weak form of Gauss’s law and Poisson’s equation

When only electrostatic physics is of interest, the governing equations for the electromagnetic
fields are replaced with Gauss’s law for the electric field. Gauss’s law (see Eq. (2.34) for the
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normalized form) is a stipulation on the spatial variation of the electric field and does not
involve any time derivatives. Integrating over a volume V and applying the divergence
theorem yields the weak form of Gauss’s law,

jl{E -dA = Z /ns(w,t)dV, (2.95)
where

ns(x,t) = Z/fs(w,v,t)dv. (2.96)

If the electric field E is expressed in terms of the electrostatic potential, with E = —V ¢, then
the weak form of the Poisson equation (see Eq. (2.44) for the normalized form) is obtained,

— ¢ Vé-dA =Z, | ny(x,t)dV. (2.97)
y /

Note that in the case of electrostatics, the electric field depends only on the zeroth moment
of the distribution function, which means that unlike the case of Ampere’s law, the temporal
evolution of the electric field is strictly a function of f,. In electrostatic and magnetostatic
configurations the magnetic field can be non-zero, but does not have an associated evolution
equation, and thereby must be fixed for all time.

2.5 Boundary conditions

Solutions to the Vlasov-Maxwell equation system are subject to initial conditions and bound-
ary conditions. Generalized boundary conditions for the Vlasov equation are a topic of re-
search in their own right. For the numerical investigations conducted here, the scope of
physical boundary conditions is limited to periodic, perfectly conducting wall, and an axis
boundary for axisymmetric configurations.

2.5.1 Distribution function boundary conditions

Periodic boundary conditions in phase space coordinates are straightforward extensions of
periodic boundary conditions in physical coordinates in that the velocity dependence is not
affected. In a periodic domain x € [0, L], the boundary condition on the distribution function
is

f(0,v,t) = f(L,v,t). (2.98)

Note that the subscript s denoting species has been dropped for clarity.
Non-periodic boundary conditions for the Vlasov equation are non-trivial, and the asso-
ciated existence and stability properties of the solution — even from an analytical perspective
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— are the subject of mathematics research [36, 37, 38]. The complexity stems from the fact
that conditions on the net velocity at a physical boundary require non-local information
about the velocity dependence of the distribution function. Notably, boundary conditions
for kinetic theory governing equations are even more nuanced for systems in which colli-
sions are present, and in systems where particles can interact with (e.g. be absorbed by) a
boundary [39].

Since collisions are not in any way modeled by the Vlasov-Maxwell system, a pure specular
reflection boundary condition can be applied in the case of both a conducting wall [37] and
an axis of symmetry [38]. For a point @ on a boundary 02 of an arbitrary region {2, the
specular reflection condition on the distribution function is

flx,v,t) =f(x,v—2(v -n)n,t), n - v <0, x € 01, (2.99)

where n is the outward normal vector of 992 (pointing out of Q) at point x. Physically
this means that any plasma particles that impinge upon an axis or a wall boundary are
reflected, with the original normal component of velocity becoming negative. In effect the
normal velocity of particles at the axis or at a wall must be zero. In phase space, only
a portion of the distribution function (in one dimension either the v, > 0 or the v, < 0
portion) can be moving toward a given boundary due to the fact that the direction and
magnitude of advection along a position coordinate (e.g. z) depends only on the local value
of the corresponding velocity coordinate (v,). Consequently the specular reflection boundary
condition must take into account the appropriate velocity half-plane when setting a condition
on f.

In addition to physical boundary conditions, it is important to consider velocity-space
boundaries. Analytically, the velocity domain is infinite such that v € R? since there is
nothing in the non-relativistic equation system to ensure velocities are smaller than the speed
of light. For the purposes of numerical simulations, a finite velocity domain is assumed such
that v € [—VUmax, Umax] X [—Umax; Vmax] X [—VUmax, Umax|- Lhis assumption can be physically
justified by the fact that physical particles cannot move faster than the speed of light, and
consequently the velocity dependence of the distribution function must — in principle — have
compact support. The choice of the value of vy, is important because velocity boundaries
should be far enough away so as not to affect the evolution of f. Numerically this can be
guaranteed if f(vmax) 1S zero to machine precision for all simulated time. If f(vyay) is non-
zero, then in flux-based simulations the distribution function can “leak” through the velocity
boundaries. At the same time, v,., dictates the magnitude of the maximum advection
speed in the system, which for numerical simulations places a constraint on the time step
size. Consequently v, should be small enough to ensure that simulations are feasible. To
prevent any loss/gain of the distribution function through the velocity boundaries, i.e. to
ensure conservation of the distribution function in a finite velocity domain, it is sufficient to
set the flux at velocity boundaries to zero.
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2.5.2 Electromagnetic field boundary conditions

For each of the field components in Maxwell’s equations, non-periodic boundary conditions
are either Neumann or Dirichlet. Conducting wall boundary conditions stem from physical
considerations, and axis boundary conditions stem from symmetry analysis.

2.5.2.1 Conducting wall boundary

Conducting wall boundary conditions stipulate that the electric field tangent to the conductor
is zero, and that the magnetic field normal to the conductor is zero. If n denotes the unit
normal vector pointing out of the domain €2, then the constraints on the electric and magnetic
fields for a conducting wall boundary 02 are

A X E‘ —0 (2.100)
o

- B’ 0. (2.101)
o0

In order for Eq. (2.100) to hold for all time, the steady-state Ampere’s law must be satisfied
at the conducting wall, such that

0

0= —
ot

(o x E) = [wcpﬁx(VxB)—ﬁxJ . (2.102)
Wpp a0

See Eq. (2.82) for the definition of current density J.

2.5.2.2 Axis boundary

Axis boundary conditions for the fields in an axisymmetric configuration are obtained by
using the mapping between Cartesian and cylindrical coordinates, and taking the limit as
r — 0. This analysis relies on the fact that a vector field configuration is axisymmetric if
certain symmetry conditions hold in both a Cartesian and cylindrical coordinate system.
The mapping between Cartesian coordinates and cylindrical coordinates is

x =rcosf (2.103)
y = rsinf. (2.104)

The Cartesian components of the electric field can likewise be expressed in terms of cylindrical
coordinates, such that

E,=FE, cos — Egsinf (2.105)
E, = E,sinf + Eycosb. (2.106)

In an axisymmetric system, all variables are independent of the angle #. This means that for
the purposes of this analysis, 6 is arbitrary and for convenience is chosen to have a fixed value



CHAPTER 2. GOVERNING EQUATIONS OF KINETIC THEORY FOR
COLLISIONLESS PLASMAS 29

of zero. Substituting § = 0 into Eq. (2.104) gives y = 0. In an axisymmetric configuration,
given a continuous vector field, the limits z — 0" and  — 0~ should be equal, such that

lim E,(z,0) = lim E,(z,0) (2.107)
z—0t z—0~
lim E,(xz,0) = lim E,(z,0) (2.108)
z—07t z—0~
lim E,(z,0) = lim E,(z,0). (2.109)
z—0t z—0~

Moreover for y fixed at zero, the limit 2 — 07 is the same as taking the limit of » — 0 for
6 = 0, and the limit x — 07 is the same as taking the limit of » — 0 for § = 7. Using
Eq. (2.105) to evaluate the limits in Eq. (2.107) yields

lim E,(z,0) = hmE cos0 = lim (E,) (2.110)
x—0t —0 r—0
lim E,(x,0) = hmE cosT = lim (—E,) (2.111)
z—0— —0 r—0

The only way that the limits in Eq. (2.110) and Eq. (2.111) can be equal is if F, = 0 at the
origin. In a similar manner, using Eq. (2.106) to evaluate the limits in Eq. (2.108) yields

mliglJf E,(z,0) = hn% (Egcos0) = }gr& (Ey) (2.112)
lim E,(z,0) = hm (Epcosm) = lim (—Ejp) (2.113)
x—0— —0 r—0

For the limits in Eq. (2.112) and Eq. (2.113) to be equal, as per Eq. (2.108), Ey must be
zero at the origin.

In order to evaluate the one sided limits of F,, a Taylor series expansion is used. For y
fixed at zero, the Taylor series is

2 152
lim E,(z,0) =lim ( £,(0,0) + rcos0 {8E } + (rcos0) [8 EZ} 4. (2.114)
0 or (0,0) 2 or? 0,0)

x—07F r—

2 192
lim F,(z,0) =lim | £,(0,0) +rcosm {aEZ} + (r cos ) {8 E‘Z} +--- | (2115)
I J o0 0,0)

20— 70 r 2 or?

Note that for an axisymmetric system 0/0xz = 9/0r. According to Eq. (2.109) the limit
expressions in Eq. (2.114) and Eq. (2.115) must be equal for the configuration to be axisym-
metric. The only way for the equality in Eq. (2.109) to be satisfied is if % =0.

The boundary conditions for the magnetic field in an axisymmetric configuration can
be derived in the same way. Thus the complete set of axis boundary conditions for the
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electromagnetic fields in an axisymmetric configuration are

E,_y=0 (2.116)

Egl,_,=0 (2.117)
OE,

~0 2.118

| (2.118)

By|,_y=0 (2.119)

By|,_, =0 (2.120)
OB,

=0 2.121

| (2.121)

It is important to note that depending on the number of physical dimensions in a simula-
tion, not all of these boundary conditions are needed. For example, in a one-dimensional
configuration where fields are only a function of radius, the axis boundary condition for E,
is superfluous in that it is never needed to advance the fields in Maxwell’s equations.

2.5.2.3 Boundary condition for a charge-neutral domain

The net electric field in a system has to be consistent with the total charge in the system, as
stipulated by Gauss’s law (see Eq. (2.95)) applied to the entire domain €. Thus an additional
constraint at boundaries is that

E-dA= Zs/ns(m,t)dv. (2.122)

onN Q

This boundary condition does not play a role at the axis in cylindrical coordinates, where d A
is zero; however, it is important at other non-periodic boundaries. In a closed charge-neutral
system, the righthand side of Eq. (2.122) is simply zero.

2.6 Local and global diagnostics for the
Vlasov-Maxwell system

A set of distribution functions encodes a lot of information about the state of a plasma,
and the state of each species in the plasma. It can be difficult, however, to interpret the
distribution function itself since it can occupy a space of dimension greater than three.
Thereby to make deductions about the plasma state, it is convenient to take velocity moments
of the distribution function. Velocity moments reduce the dimensionality of the distribution
function, and — more importantly — yield fluid variables, which lend themselves to direct
physical interpretation. It is worth noting that in plasma experiments it is generally the
bulk fluid quantities like density and temperature that are measured, rather than velocities
and positions of individual particles, although there are exceptions [40, 41]. A finite number
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of velocity moments is not enough to capture all kinetic behavior, but the first three moments
serve as useful diagnostics for numerical simulations. These first three moments, combined
with electromagnetic fields, yield insights into the local and global behavior of the plasma.

A detailed discussion of the relationship between distribution functions and associated
fluid variables can be found in textbooks, see for example Ref. [2]. The local number density
for a given species, relative to a characteristic value (see Section 2.2.1 on normalization), is
obtained by taking the zeroth velocity moment of the distribution function

na(@, ) = /fs(:zz,v,t)dv, (2.123)

where the integral is over all velocity coordinates. The number density can be used to
compute the charge density Z;ns and mass density M ns. These quantities can be summed
over species to obtain the net number density, net charge density, and net mass in a given
physical volume or in the entire system. The local momentum density ps of a given species,
relative to a characteristic value, is given by the first velocity moment

ps(x,t) = Ms/vfs(w,v,t)dv. (2.124)

From number density and momentum density, the bulk species velocity us can be obtained
such that

ops [ufdx, v t)dv
- Mgns [ fo(z,v,t)do

us(x, 1) (2.125)

The scalar-valued kinetic energy density Wy for a given species, that is the sum of the energies
associated with directed motion and random motion, is obtained from the second velocity
moment, such that

Ws(x,t) = %MS/’U v fs(x, v, t)dv. (2.126)

The thermal speed wvrs for a species, which in plasmas can have a different value along
each direction, is obtained using the zeroth, first, and second moments of the distribution
function, such that

1
vp, =— /vas(w,v,t)dv —u, (2.127)

where v? in this case is defined to be a vector consisting of the terms in the main diagonal of
the dyadic product vv (likewise for u?). Thermal speed along a given direction j is related
to temperature along that direction by

1

Ts,j = 5 Sv%s,j' (2128)
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Thermal speed and temperature are physically meaningful only for a distribution function
that is in thermal equilibrium, i.e. one that has a Maxwellian profile in velocity space. While
distribution functions modeled by the Vlasov equation will not in general be Maxwellian,
comparing their velocity dependence to an equivalent (in terms of density, bulk velocity, and
thermal speed) Maxwellian profile can serve as a useful measure of the departure away from
thermal equilibrium. Such a Maxwellian can be constructed using the above definitions, such

that
D 1/2
1 (v; — us ;)2
M, =n, —d % 2.129
n H(W%) exp( ) (2.129)

2
j=1 UTs,j

where j denotes a given velocity direction and D is the number of velocity dimensions that
are of interest.

Another useful diagnostic for the Vlasov-Maxwell equation system is the total energy,
defined as the sum of electric field energy, magnetic field energy, and kinetic energy. The
total energy £ in a given physical volume V' is

£= / Udv + / > w.av, (2.130)
|4 14

where W is the kinetic energy for species s, defined in Eq. (2.126), and U is the field energy
defined as

U=-(E-E+B-B). (2.131)

DO | —

Combined these diagnostics provide a means to interpret the physics associated with the
evolution of a distribution function, and also constitute metrics by which numerical solvers
can be evaluated. For example, for a given numerical method the degree to which total mass,
momentum, and energy can be conserved in a closed system is important to assess.
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Chapter 3

Fourth-order finite-volume
discretization

Finite-volume methods are often used for the discretization of partial differential equations
involving conservation laws because they ensure that the discrete form of the divergence
theorem is satisfied to machine precision. In effect they guarantee local conservation, such
that for two volumes that share a surface the flux leaving one volume exactly matches the
flux entering the other volume. Beyond their conservation properties, finite-volume methods
offer additional features that make them well-suited for the Vlasov-Maxwell system of in-
terest. Compared to finite-difference methods, finite-volume methods are more robust when
it comes to handling solutions with steep gradients. While there are no shocks in a colli-
sionless plasmas, large gradients can arise in Vlasov simulations due to the tendency of the
distribution function to filament in phase space. Much like high-order finite-difference and
high-order finite-element methods, high-order finite-volume methods can achieve a desired
accuracy using a smaller number of degrees of freedom than their low-order counterparts.
In finite-volume methods the domain of interest is decomposed into control volumes, and
the change in time of a quantity in the control volume is dictated by the surface integral of
the fluxes through the boundaries of the volume, as described by the weak conservation-law
form of the governing equations. The fluxes are computed using a quadrature rule, and the
accuracy of the flux calculation determines the spatial accuracy of the method. State-of-the-
art high-order finite-volume methods include weighted essentially non-oscillatory (WENO)
methods [42, 43] and arbitrary derivative Riemann problem (ADER) methods [44, 45]. The
fourth-order finite-volume method implemented here is based on the approach presented in
Refs. [31, 46], and does not fall into either of these two categories. The approach is geared
toward structured-mesh calculations and, like ADER methods, it incorporates a systematic
means of computing quadratures in more than one dimension. This latter feature is especially
critical for phase space distribution functions, as they can occupy a space of more than
three dimensions. In addition, the finite-volume method used here anticipates the need for
adaptive mesh refinement, and thereby is designed to have a robust means of evaluating
fluxes at non-trivial interfaces, e.g. interfaces between coarse and fine grids, or interfaces
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that involve coupling fluxes from different models.

This chapter describes the fourth-order finite-volume implementation used to solve Vlasov-
Maxwell equation system for the distribution function and the electromagnetic fields. This
constitutes a new application of the method described in Refs. [31, 46]. The Cartesian coor-
dinate and cylindrical coordinate implementations are discussed separately so as to facilitate
comprehensive treatment of both. An overview of the finite-volume approach to the Vlasov-
Maxwell system is given in Section 3.1 followed by a discussion of convergence in Section 3.2
and a description of the temporal discretization in Section 3.3. The spatial discretization of
the Vlasov equation and Maxwell’s equations in Cartesian coordinates is presented in Sec-
tion 3.4 and Section 3.5, respectively. Section 3.6 describes the associated diagnostics, and
Section 3.7 outlines the mechanics of the numerical algorithm. A description of the spatial
discretization for cylindrical coordinates is given in Section 3.8 for the Vlasov equation and
Section 3.9 for Maxwell’s equations, and is contrasted with the spatial discretization in Carte-
sian coordinates. The diagnostics and algorithm for cylindrical coordinates are described in
Section 3.10 and Section 3.11, respectively.

3.1 Finite-volume overview

Computationally solving the Vlasov-Maxwell system requires a discretization of the govern-
ing equations with the aim of ultimately representing all integrals in terms of arithmetic
operators. In the context of finite-volume methods this discretization is achieved by decom-
posing the domain into indexed control volumes, with each volume subject to the weak form
of the governing equations. The distribution function in each control volume (or “cell”) is
subject to the weak conservation-law form of the Vlasov equation, which analytically states
that

2/fczv:— F-ds, (3.1)
ot Jy oV

where flux F' is defined at the differential surface on the boundary of the phase space con-
trol volume. The fluxes and differential surfaces for phase space coordinates are defined in
Eq. (2.52) for Cartesian coordinates and in Eq. (2.79) for cylindrical coordinates. Analo-
gously, the fields are subject to the weak form of Faraday’s law and Ampere’s law defined
locally in a cell as

/ B-dA=-"?¢ E.d (3.2)
Wep

/E dA = 2 B-dl—/J-dA, (3.3)
Wpp A

where fields are defined through a cross section A of a physical space control volume, and
the closed-loop integral is evaluated along the boundary of the cross section.
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To facilitate consistent spatial and temporal discretization of these governing equations,
they are cast into a generic form, such that each phase space control volume has an associated
set of equations,

dq

—=Lg+Y 3.4
where q is a vector of primary variables, L is some integro-differential operator associated
with spatial (as opposed to temporal) variations, and Y is a source term that can be a
function of q. For the Vlasov-Maxwell system q, Lq, and Y are analytically defined as

Jy fsdv — ¢, F-dS 0
q=|[,E-dA|, Lg=|*xf B.a|, Y=|-[J-dA|l. (35
fAB -dA _Zpi SEaAE dl 0

Note that since electromagnetic fields are independent of the velocity coordinates the field
equations are applied to a subspace of a given phase-space control volume. For the Vlasov-
Poisson system, the terms q, Lq, and Y are simply

q= / f-dv, Lg=-¢ F-dS, Y =0, (3.6)
\% oV

and Poisson’s equation provides an equation of state, such that the electric field can — at
any given time — be computed from the distribution function.

The objective is to be able to solve for g in Eq. (3.4) within every control volume as a
function of time. Provided that there is a way to evaluate the righthand side of Eq. (3.4),
then the solution can be integrated in time using a standard ordinary differential equation
solver. The rest of the finite-volume discretization consists of a formalism for evaluating the
righthand side of Eq. (3.4) for each control volume. This formalism prescribes quadrature
rules, by which to evaluate the integrals in Lq and Y.

One of the fundamental aims of this research is obtaining a solution that is fourth-order
accurate in space and time. To that end a fourth-order explicit Runge-Kutta method is
used for the time advance, and a fourth-order spatial discretization is used to evaluate the
integrals on the righthand side of Eq. (3.4). The finite-volume method thus consists of a
temporal discretization and a spatial discretization that together are used to advance the
solution.

3.2 Convergence

Much of the emphasis here is on fourth-order accuracy, which adds considerable complexity
when it comes to the finite-volume discretization. It is important to understand why this
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complexity is worthwhile and how the convergence rate is evaluated. Ultimately any dis-
cretization method results in an approximation to the true solution of a partial differential
equation system. The objective is to have high accuracy, meaning have an approximation as
good as reasonably possible, and in the limit of infinite resolution arrive at the true solution
of the analytic equations.

For an p-th order accurate method, the norm of the difference between the exact solution

u®*2t and simulated solution u*™ is

||uexact o usimH — Chp, (37)

where C'is a constant, h is the cell spacing, and || - || typically denotes the max-norm, L1-
norm, or the L2-norm. This is in effect the error associated with the simulation. For a
second-order accurate method, doubling the resolution results in a factor of four decrease in
the error. For a fourth-order accurate method, doubling the resolution decreases the error
by a factor of sixteen. For a parallel implementation of a finite-volume method on modern
computer architectures, the cost of an h-resolution calculation is effectively independent
of the order of accuracy. This is because communication costs are independent of p, and
because floating point operations, of which there are more in higher order methods, are
cheap in terms of compute time. This means that for computational cost measured in terms
of compute time (as opposed to, for example, processor energy consumption), high-order
methods achieve higher accuracy per unit of computational cost. In effect, increasing order
of accuracy is a more efficient way to minimize the error associated with the discrete solution
than increasing resolution. Computational cost considerations and efficiency are particularly
important when the number of dimensions is greater than three, as it can be in phase space
simulations.

If the exact solution is known, then the order of accuracy p can be evaluated by using
Eq. (3.7) and discrete solutions at two different resolution. Let u” be the discrete solution
with cell width h, and u?* be the discrete with cell width 2h, then according to Eq. (3.7),

|uat — || =ChP (3.8)
[|ue?t — w2 =C(2h)P (3.9)

Taking the ratio of Eq. (3.8) and Eq. (3.9) and solving for p yields

1 exact _ ,,2h
P log (||u 4 H) : (3.10)

- 10g2 ||uexact _ uhH

If the exact solution is not known then the order of accuracy can be evaluated using the
Richardson extrapolation formula, applied to the solution at three different resolutions, such
that

Lt —
= 1 . 3.11
P= g2 8 ( [ =] (3.11)
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It is important to note that a discrete solution may not converge exactly to the true solution
due to errors that are not related to the discretization. For example, truncating the velocity
boundaries at a small value of v,,,, can introduce physics-based errors that are independent
of discretization error. Thereby to test the accuracy of the discretization alone, Eq. (3.11)
is often the more useful expression.

3.3 Temporal discretization using explicit
fourth-order Runge-Kutta method

With the aim of achieving fourth-order accuracy overall, a fourth-order explicit Runge-Kutta
(RK4) method is used for the temporal discretization. RK4 is a common multi-stage ordinary
differential equation solver, and can be applied to any partial differential equation system
that can be expressed as

2 (g1, (312)
where q is a vector of primary variables that are to be solved for, and I' is a combination of
operators and functions acting on the known solution. In the context of the Vlasov-Maxwell
equation system, I' is any term that does not involve a time derivative, and encapsulates the
integro-differential operator L and the source term Y defined in Section 3.1, such that

I'(q,t)=Lg+Y. (3.13)

The RK4 method consists of stages each of which is based on the first-order accurate
forward Euler method,

q"7 =q" + At-T(q",t"), (3.14)

which expresses the solution g"*! at ¢"*! in terms of the solution g" at time t", I, and the
time step size At = (t""! —¢"). In RK4 the solution vector is advanced from time ¢" to time
"1 as follows:

ki =At-T'(¢g",t") (3.15)
ky=At-T <q” + %kl,t” + %At) (3.16)
ks =At-T <q” + %l@,t” + %At) (3.17)
ky = At-T(q" + ks, t" + At) (3.18)
g =q"+ lkl + 1/@2 + lkg + 1/@4. (3.19)

6 3 3 6
The method has a simple iterative structure, which relies on evaluating the operator I" for
each stage of the solution. The bulk of the numerical effort is thus in the evaluation of I,
i.e. in the spatial discretization.
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3.3.1 CFL stability condition on time step size

Discrete solvers for hyperbolic partial differential equations are subject to the Courant-
Friedrichs-Lewy (CFL) condition, which is a necessary condition for convergence. The con-
dition stipulates an upper bound on the time step size, such that in one dimension
A< (3.20)
a
where o is the dimensionless Courant number, A is the cell spacing, and a is the maximum
advection speed in the system. For explicit time advance methods like RK4, the maximum
value of o is one; however, the details of the spatial discretization can place additional
constraints on the Courant number. In multiple dimensions, the CFL constraint on the time
step size is

a=1 @

At<o [i %] , (3.21)

where a4 is the maximum advection speed in the d-th direction, h, is the cell spacing along
the d-th direction, and D is the number of dimensions. Note that the upper bound on At
given by Eq. (3.21) is a necessary, but not sufficient condition for stability.

In the normalized form of Maxwell’s equations (see Egs. (2.27) and (2.28)), the advection
speed is the normalized speed of light; whereas in the Vlasov equation the advection speeds
along each direction in Cartesian and cylindrical phase space coordinates are

Vg
Uy

v,
0% = ) (3.22)
Ze (B, + 22 [u,B, - vZBy]>

(
Z (B, + 22 [u.B, - v.B.))
(

_]\st E. + :j_;z [v: By — UyBxD_
_ N -
Vg
UZ
(lel = 7 (E + Wep [UQB v B9]> I ﬁ . (323)
M r Wpp z Z r
Z (By+ 22 [u.B, — v, B]) — 2

Z (B + 22 [u,By — v B,))



CHAPTER 3. FOURTH-ORDER FINITE-VOLUME DISCRETIZATION 39

Since velocities are coordinates in phase space, the maximum values of {v,,v,,v,}, and
{v,,vg,v,} are set by the location of velocity domain boundaries, which can depend on the
species. If the velocity domain has the same bounds, +v,,.,, along each velocity direction,
then

max{\vxl, ‘Uy‘a |/UZ‘} = VUmax (324)

maX{|UT|’ |U9|7 |'UZ|} = Umax- (325)

Thus the maximum advection speed along the spatial coordinate directions is determined
by the maximum of the v,., value and the speed of light. In Cartesian coordinates the
maximum advection speed along the velocity coordinate directions is dictated by the Lorentz
force term. Notably when evolving two distribution functions associated with species with
disparate masses (e.g. electrons and protons) the constraint on the time step size is set by the
fastest species (e.g. electrons). In the case of cylindrical coordinates the Lorentz force term
and the centrifugal force (vZ/r) and the Coriolis force (v,vy/r) terms dictate the maximum
advection speed along the velocity coordinates. The latter two present particularly stringent
constraints on the time step size. Since the minimum value of the radius in the finite-volume
discretization is h, /2, then both the centrifugal and Coriolis terms can have a value as high
as 2v2__/h,. The higher the resolution along the radial direction the higher the advection
speed along v, and vy directions. Consequently the time step size associated with cylindrical
coordinate simulations is typically very small even when no electromagnetic fields are present.

3.4 Cartesian coordinates: spatial discretization of
the Vlasov equation

3.4.1 Taylor series based approach to fourth-order quadratures

For the spatial discretization of the Vlasov equation the phase space domain is decomposed
into control volumes defined by a structured grid. The governing equation for the integral
of the distribution function in each control volume is

2/fdvz— F-dS, (3.26)
ot Jy oV

which is an exact statement without approximations. The spatial discretization of the Vlasov
equation involves approximating the closed surface integral of fluxes in Eq. (3.26) for each
control volume, or “cell”, within a domain.

Note that each component of the flux F' is a product of the distribution function f
with another term ¢ (see Eq. (2.52) for the definition of fluxes in Cartesian phase space
coordinates). In practice g is the advection speed and can be a function of position, velocity,
and/or time, but for the purposes of this discussion g can be considered to be an arbitrary
function. Given the volume integral of the distribution function, the goal is to compute the
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surface integral of the product F' = fg on each face of a cell. This is done through a two-step
process. The first step is a one-dimensional polynomial interpolation of volume-integrated
values of the distribution function to a cell face. The second step uses a relationship, derived
from Taylor series expansion, between point values and surface integral values in order to
compute the surface integral of the product fg (i.e. the flux) to fourth-order accuracy on
each face.

To illustrate where this two-step procedure comes from, it is helpful to consider the
discrete math associated with the flux calculation. Let each control volume be defined by
its cell-center multi-index ¢ = (iy, 42,43, - ,ip), where D is the number of phase space
dimensions being modeled. Then the face of a cell, with normal in the d-th coordinate
direction can be designated by multi-index ¢ + e, where e denotes the unit vector in the
d-th direction. For convenience, let (-); denote the volume integral, and let (-), Led denote the

surface integral value over a face whose normal points in the d-th direction. Equation (3.26)
can thus be reexpressed using this structured grid indexing notation,

% (P == ((Fhigges = Fioyes) (3.27)

d=1

where the surface integral has been replaced by cell-face integrals summed over all orthogonal
directions. The primary variable here, i.e. the variable that is initialized and that is to be
evolved forward in time, is the volume-integrated distribution function, (f),. Typically in
finite-volume methods, Eq. (3.27) would be divided through by the volume of the cell, such
that the primary variable would be a volume-averaged quantity. This is not done here be-
cause the conserved quantity is the volume-integrated (as opposed to the volume-averaged)
distribution function, a distinction that is particularly consequential in flux calculations in
cylindrical coordinates where cell volumes depend on the radius. Note that the general
mechanics of a finite-volume method are not affected by whether a volume-integrated or
volume-average primary variable is used, provided that there is a systematic means to com-
pute the face-integrated fluxes (F),, Led-

Computing (F);, 1ed to fourth-order accuracy requires a means of computing a surface
integral of a product of two (or more) terms to fourth-order accuracy. Let f(x;, 1 o) denote

the point value of the analytic distribution function f at the center of the (¢ + %ed) face and
let g(x;, 1 .¢) denote the point value of the arbitrary analytic function g at the center of the
(2 + %ed) face . Let fr and gy be Taylor series expansions of f and g about the center of
the (4 + %ed) face. Keeping terms up to fourth-order accuracy, the surface integrals of the
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Taylor expansions fr, gr, and frgr are

<fT>i+%ed :/ deA = f( ’L+ ed 24 Z hd/a 2 O(h4) H hdl (328)
Ay led i d'4d La d'#d

<gT>i+%ed :/ grdA = g(mH%ed 21 Z hd,a ) + O(hY) H ha (3.29)
Ay led L d'#d d'#d

(J197) ;51 10 :/ frordA = | f(2i11e0)9(is 1e0) + o5 Zhd' Dz 2 +O(h)| I ha

Aifled La d'#d
2
(3.30)

where hg denotes the cell width along the d’-th coordinate direction. All derivative terms
in Egs. (3.28) — (3.30) are evaluated in the plane of the ¢ + ;e face. Equations (3.28)
and (3.29) give the relationship between a surface-integrated value and a point value for
a single function, whereas Eq. (3.30) gives the relationship for a product of two functions.
Note that if the differential surface dA depends on the coordinate (as it does in a cylindrical
coordinate system), then that dependence can be absorbed into the function g. This means
that the relationship between point values and integral values given by Eq. (3.30) holds
independent of whether the coordinate system is Cartesian or cylindrical. Note also that in
Cartesian coordinates the surface integral of the product, {frgr),, 1ed, CANL be expressed in
terms of the surface integral of fr and the surface integral of g; such that

_ ; af dg 4
<ngT>,-+%ed = Hd’;ﬁd h <<fT>i+%ed <gT>i+%ed) (12 Z S Dy Oy + O h > H ha.

d'#d
(3.31)

Equations (3.30) and (3.31) form the backbone of the finite-volume implementation pur-
sued here, and it is worth highlighting some of the implications of these expressions, both
for second-order and fourth-order accurate flux evaluations. The relation given by Eq. (3.30)
states that to evaluate the face integral of a product fg to second-order accuracy, it is
sufficient to know the point values f(z;,104) and g(;,1.q4) at the center of the cell face.
Evaluating the face integral of the product fg to fourth-order accuracy requires point val-
ues as well as the second derivatives of fg along every direction in the plane of the face.
In essence, fourth-order accuracy requires information about the transverse variation of the
flux along a cell face. For a fourth-order accurate flux the derivative terms need only be
evaluated to second-order accuracy.

Equation (3.31) gives an alternative means of evaluating the surface integral of a product
fg by using the face integral of f and the face integral of g to either second-order accuracy
(without first derivative terms) or to fourth-order accuracy (with first derivative terms). In a
sense Eq. (3.31) states that the product of integrals and the integral of products are equivalent
(to within a scale factor) in second-order flux calculations, but are not equivalent when it
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comes to fourth-order flux calculations. In practice Eq. (3.30) constitutes a more useful
relation because it can be applied to evaluate the surface integral of a product of more than
two terms. Note that because all derivative terms need only be second-order accurate, they
can be evaluated using simple finite-difference stencils. Note also that the distinction between
volume-integrals, face-integrals, and point values is important, particularly for finite-volume
methods whose accuracy is greater than second order.

Since second-order accurate derivatives can be readily evaluated using volume-integrated,
face-integrated, or point values, then based on Eq. (3.30) the face-integrated flux over face
can be computed to fourth-order accuracy provided that the face-centered point values of
the quantities that constitute the flux are known. Point values f(z; +%ed) and g(z, +%ed>

can be obtained from face-integrated values (f);, 1.4 and (g),, 1., using the relations in
2 2

Eq. (3.28) and Eq. (3.29). Consequently the only additional piece of information needed to
compute the flux is a means by which to obtain a face-integrated value of the distribution
function (f),, Led from a volume-integrated value (f),. This is done using a one-dimensional
polynomial reconstruction of the volume-integrated values

{0 imse (Piens s Piven s (Pigmens it | (3:32)

along the d-th coordinate direction. The order of the polynomial used for the reconstruction
is important. For a fourth-order accurate finite-volume method, the polynomial should be at
least of degree three. A third degree polynomial calls for a four-point stencil, using two cells
one either side of the (i+ %ed) face. Such “centered” reconstructions lead to an accumulation
of dispersive errors, which can be diminished by instead using an upwind reconstruction that
accounts for the direction of the flux. Thus a polynomial of degree four, which requires a
five-point stencil for reconstruction, is preferred. Upwinding improves numerical stability
without affecting the accuracy. Upwinding can be used in equations like the Vlasov equation
where the wave speeds in the system are simply the advection speeds along each of the
coordinate directions, such that the direction of the flux at any given cell face is well defined.

3.4.2 Fourth-order flux calculation for the Vlasov equation

For a six-dimensional phase space volume the surface integral of fluxes in the weak form of
the Vlasov equation (see Eq. (3.26)), is performed over five-dimensional surfaces, which are
defined in Eq. (2.52). For the purpose of illustrating how the finite-volume flux calculation
works in practice, a two-dimensional phase space volume with one-dimensional surfaces is
considered. The procedure described extends directly to more phase space dimensions.
Consider a distribution function f(n,&) in two dimensions defined by coordinates n and
&. In this two-dimensional system, the volume integral is an integral over 1 and &, whereas a
surface integral is an integral along one of the coordinates. Let ¢ denote the cell index along
the n direction, and j denote the cell index along the £ direction, such that the center of the

cell (7,7) has coordinates (1;,¢;) and the cell spans the volume [mf%,m%} X [é"jf%, j%},
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Figure 3.1: Index notation for a regular grid in two dimensions with a generic cell (i, 7),
its faces at i &+ % and j + %, and its neighboring cells.

where
hy,
h
§as =6 £ 5 (3.34)

and h, and he denote the cell widths along each direction. The indexing of cells and their
associated faces is illustrated in Fig. 3.1. Let the primary variable in this finite-volume
discretization be the volume integral of f, such that the local volume-integrated value in
this Cartesian coordinate system is

Mird  [C4d
), = / /g £, €)dnde. (3.35)

Nl
(S

Note that the differential areas for this Cartesian coordinate system are {d¢, dn}, such that
analytically the cell-face integrals of f are defined as

Piys = /5 g £ (mey.€) de (3.36)
T A (X (3.37)

i—

[N

Let the evolution of the primary variable (f), ; be described according to Eq. (3.27) such
that the change in time of the primary variable is expressed in terms of cell-face integrated
fluxes:

ot <f>” == ([<F>i+l,j - <F>17%]} + [<F>”+% - <F>i,jfl:|) : (3.38)
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By way of example, suppose the fluxes along the n and ¢ directions are defined to be F' =
{af,5f}, where a defines the advection speed along the 7 direction and /5 defines the
advection speed along the £-direction. Suppose « and 3 are known analytic functions. Then
the goal is to be able to use (f); ; to compute the surface-integrated fluxes in this two-
dimensional system,

<F>i+%,j :/:H% « <77i+%a§> f (mgf) d§ (3.39)
<F>i,j+% = /nnH—% B (77; £j+%> f (U,éjgr%) dn, (3.40)

to fourth-order accuracy so as to evaluate the righthand side of Eq. (3.38). This is accom-
plished through the following steps.

3.4.2.1 One-dimensional polynomial interpolation

The first step in computing a flux involves interpolation: the primary variable is interpolated
to cell faces using one-dimensional polynomial reconstructions. If advection speeds « and 3
were not analytically defined, as they are in this example, they too would be interpolated.
Note that f needs to be evaluated at i + % and j + % faces. See Fig. 3.1 for reference.
To obtain a cell-face integrated value (f),, 1 from volume-integrated values (f), ., a third
degree polynomial P; is used to reconstruct the solution, where

Ps(n) =psn® + pan® + pin + po- (3.41)

Solving for the constant coefficients {ps, p2, p1,p0} requires four volume-integrated values
(f);; around the face (i + 5,7). Constructing a linear system with four equations and four
unknowns yields

(Nery = " P (3.42)
= / Py(n)d (3.43)
ey = P (3.44)
Firny = / Py(n)dn. (3.45)

This linear system is solved for the coefficients of P3 in terms of the volume-integrated values
of f. Note that information about the variation of f along the &-direction (i.e. the direction
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transverse to the 7 + % face) is already embedded into the volume integral (f); ;» which is
why the polynomial reconstruction can be one-dimensional. The polynomial can then be
evaluated at 7, 11 to determine the face-integrated value (f) to fourth-order accuracy.
The resulting stencil is

i+1.j

sy =P (me2) = |75 (Des+ Dins) = 35 (Phsas+ D)) | @0

In the same manner (f); ; can be interpolated to the (1,7+ %) face, such that the face integral
value is

st = |15 (oo + D) = 35 (Pt )| @D

Note that this stencil for computing a face-integrated solution value is the same one that
appears in Ref. [46]. As a point of comparison, note that a second-order accurate interpola-
tion would use a first degree polynomial reconstruction, in which case the face value would
be the average of neighboring volume-integrated values, scaled by a factor of cell width:

<f>@+%] = (<f>z + <f>i+1)/(2hn)-

3.4.2.2 Upwinded one-dimensional polynomial interpolation

The procedure outlined above in Section 3.4.2.1 is sufficient to compute a fourth-order ac-
curate face-integrated value from a volume-integrated value (f) ;j- The resulting stencils are
centered about a given face, and use two cells on either side of the cell face to perform the
interpolation. For stability purposes, however, it is advantageous to use an upwinded stencil
for the primary variable. Upwinding adds dissipation that damps dispersive numerical errors
— particularly those that have wavelengths 2h, and 2h¢. In order to incorporate upwinding
and retain overall fourth-order accuracy, a fourth degree fifth-order accurate polynomial is
used to reconstruct f. This means that to evaluate the surface integral of f at a particular
cell face, an upwinded interpolation requires five volume-integrated values. Exactly which
five cells are used for the reconstruction is determined by the direction of the advection
speed.

Consider a one-dimensional polynomial reconstruction of f along the n direction. Let P,
be a fourth-degree polynomial, such that

Pu(n) =pan* + psn® + pan® + p1n + po. (3.48)

The values of the constant coefficients {p4, p3, p2, p1, o} are determined by solving a linear
system of equations that relate values of the volume-integrated distribution function, which
are known, to the polynomial reconstruction within the same cell. To reconstruct the solution
at the (i + %, j) cell face, a linear system made up of five of the following six relations is
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solved:

"3

Fliay = / Pu(n)dn (3.49)
"3
"}

Doy = [ Pl (350

o, = / 2 Py (3.51)
"1
M3

Doy = [ Palain (352

ey = [ Pata)in (3.53)
]
"]

(Fivsy = Py(n)dn. (3.54)
Mg

Which five equations are used to solve for the coefficients of P, is determined by the sign of
the advection speed. If the advection speed «; 11 is positive, then three volume-integrated
values to the left and two volume-integrated values to the right of the (i + %, j) face are
used for the polynomial reconstruction, i.e. Egs. (3.49) — (3.53). If, on the other hand, the
advection speed is negative, then two volume-integrated values to the left and three volume-
integrated values to the right of the (i + %, j) face are used for the polynomial reconstruction,
i.e. Egs. (3.50) — (3.54). Note that independent of the sign of the advection speed, there are
five equations and five unknown coefficients {py4, ps, p2, p1,po}. Solving the linear system for
the coefficients in terms of volume integrated values and evaluating P, at the (i + %, j) cell
face, yields a stencil that depends on the advection speed:

()1 .= ﬁ 2(f)icay; = 13(f)ima; 4Ty 27 iy —3(Niay if Qipli > 0
e 601h7, =31 H27(fiy 4T i1y — 13 (i +2(fissy if Al < 0
(3.55)

where o, 1= a(n;, 1 &;). If the advection speed is zero then either stencil, or the average

of the two stencils in Eq. (3.55) can be used. A similar polynomial reconstruction can be
performed along the ¢ direction, taking into account that the advection speed along the &
direction is 5. The resulting stencil to compute the face-integrated value of f at face (i, j+ %)
is

)= {ﬁolh5 2()ijo = 13(f)ijr ATy +27(f)i 41— 3 <f>i,j+2) if /Bi,j—&-% >0
95T e (23U #2100y + 4Ty — 13 (gen +2Pyen) A, 1 <0
(3.56)
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Just as in the case of n-directed advection, if the {-directed advection speed is zero then
either stencil, or the average of the two stencils in Eq. (3.56) can be used. Since a and
f have been assumed to be analytically defined, the advection speeds in Eq. (3.55) and
Eq. (3.56) can be readily evaluated as point values. Ultimately, whether the analytic/discrete
advection speed is evaluated as a point value or as a face-integrated value is immaterial, since
upwinding affects stability and not accuracy. It is worth pointing out that the emphasis here
is on computing fourth-order fluxes, which is why polynomials of degree three (for centered
stencils) and four (for upwinded stencils) are used. It is also important to note that the
upwinded reconstruction used here is applicable as long as the direction of transport is well
defined, as it is in this case. For second-order accurate fluxes, a three-cell stencil is sufficient
for an upwinded interpolation and can be derived using the same procedure.

3.4.2.3 Fourth-order quadrature for surface-integrated flux

After interpolating the primary variable to cell faces, the second step in the flux calcula-
tion involves computing fourth-order accurate cell-face integrated products (af), 11 and
<6f>i,j+% using face-integrated values (f)H%’j and (f}i’ﬁ%. This step relies on the Taylor
series relations given by Egs. (3.28) — (3.30).

Using the relation given by Eq. (3.28), the point values of the primary variable at the
center of each face are obtained from face-integrated values. For the (i + %, j) face, the point
value to fourth-order accuracy is

1 1, [0*f
firry = Tmi1,&) e Fivrg — gl [8_52 . (3.57)
it

2

The second derivative transverse to the (i+ %, j) face is evaluated as a second-order accurate
finite difference using face-integrated values. Accounting for factors of he both in the finite-
difference stencil and in the face-integrated values yields the discrete form for the second
derivative,

02 1
|:a_§£:| -~ :h_g <<f>i+%,j+1 —2 <f>i+%,j + <f>i+%,j_1> . (358)

Note that for the purposes of computing a fourth-order accurate flux, it is critical that the
face-integrated value in Eq. (3.57) is high-order accurate. In the second derivative expression
given by Eq. (3.58), the face-integrated values need only be second-order accurate. Substi-
tuting Eq. (3.58) into Eq. (3.57) yields the complete expression for the point value of f at
the (7 + %,j) face:

1 1
fi+%,j :h_§ <f>i+%,j - Thg <<f>i+%,j+1 —2 <f>i+%,j + <f>i+%,j—1) : (3.59)
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The face-integrated fourth-order flux (F')
the point values derived above, such that

i+l = (af>i+%7j is evaluated using Eq. (3.30) and

1 0?
@)y = | aeesafioss + 5t | gten)] | e (3.60)

i

The second derivative term in the square brackets is evaluated to second-order accuracy
using finite differences of known discrete values. Again factors of he have to be carefully
accounted for within the finite-difference stencil (which has a factor of A7) as well as within
the face-integrated values (which have a factor of h¢), such that the second derivative in
terms of known discrete values is

0? 1
|:a_§2(af):| = h_§’ <0%'+%,j+1 <f>z'+%,j+1 - 2ai+%,j <f>i+%,j + @il <f>i+%,j—1) . (3.61)

iyl

Substituting Eq. (3.61) into Eq. (3.60) results in the complete expression for the fourth-order
flux at the (i + 3, 7) face

<F>z‘+%,j = O‘i+%,jfz‘+%,jhf
1
+ 21 (ai—l—%,j—&-l <f>i+%,j+1 - 2ai+%,j <f>i+%,j + Qi lj1 <f>i+%,j—1> . (3.62)

Using the same procedure, the point value of f can be obtained at the center of the
(i,j + 3) face,

1 1 2
Figry = F 0 &51) “h iges = ﬂh% {3_77{} (3.63)
! §j+%
1 1
i (<f>m+; Y <<f>i+1,j+% —2(fije1 + <f>“,j+;)) (3.64)

and the fourth-order accurate flux along the & direction at the (7,5 + %) face is thus

1 0?
(Flisey = | Bigesfigns + 5572 {a—n?(ﬂf)L - (3.65)

i+

which in terms of known discrete values is

<F>z‘,j+l = 5i,j+l i,j+lhn
2 2 2
1

+ 24 <6i+1,j+% <f>i+1,j+é - 25¢,j+% <f>z‘,j+% + Bi—l,j—k% <f>i—1,j+%> . (3.66)
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Computing fourth-order accurate fluxes in effect relies on deconvolving (i.e. undoing the
integral associated with) face-integrated values to obtain point values of the primary variable,
and then integrating products of point values to obtain fluxes. These deconvolution and
integration steps involve subtracting (or adding) second derivative terms that account for
the variation of a variable (or product of variables) across a cell face. There is some flexibility
in the way that these second derivatives are evaluated since they need only be second-order
accurate, but it is important to account for factors of cell width along the direction of
integration. In combination, the interpolation step and the expressions given by Eq. (3.62)
and Eq. (3.66) prescribe a means of computing fourth-order accurate face-integrated fluxes
from the discrete volume-integrated primary variable.

3.4.3 Boundary condition implementation for the Vlasov
equation

The finite-volume method described here consists of an interpolation stage and a quadra-
ture evaluation stage, both of which are affected by the presence of boundaries. The one-
dimensional polynomial interpolation uses multiple cells and is typically centered (or close
to centered) about the cell face at which a flux is being evaluated. Boundaries and boundary
conditions require an alternate means of reconstructing the solution, such that fluxes at or
near the domain boundary can be computed in the absence of neighboring cells i.e. without
using information outside of the domain. This is typically achieved either by modifying
the one-dimensional polynomial reconstruction stencil to be one-sided and subject to the
boundary condition, or by adding an auxiliary domain consisting of a layer of “ghost cells”.
Ghost cells are in effect a surrogate for a one-sided polynomial reconstruction, but they can
simplify the boundary condition implementation by allowing the same interpolation stencil
to be used throughout the domain. Ghost cells are especially convenient for Cartesian ge-
ometries, in which the stencils are independent of the coordinates. If ghost cells are used,
then neither the interpolation stage, nor the quadrature evaluation stage is affected by the
boundaries.

If ghost cells are incorporated into the finite-volume implementation, then the interpola-
tion stencils given in Sections 3.4.2.1 and 3.4.2.2 for the domain interior can be used in the
exact same way for cells near boundaries. Boundary conditions handled through one-sided
reconstructions require modifying the interpolation procedure for cells near domain bound-
aries. This is done by using one-sided polynomial reconstructions, as opposed to a centered
or a slightly-upwinded reconstruction, in order to interpolate volume-integrated quantities to
cell faces. As a consequence, the linear system of equations set up to perform the polynomial
reconstruction would depend on volume-integrated values, as well as constraints specified by
boundary conditions.

The flux calculation step described in Section 3.4.2.3 can also require modification for
cells near a domain boundary. For boundary conditions that are handled through one-sided
reconstructions, the finite-difference stencil used in the evaluation of second derivative terms



CHAPTER 3. FOURTH-ORDER FINITE-VOLUME DISCRETIZATION 50

(see for example Eq. (3.58) and Eq. (3.61)) has to be one-sided. A one-sided second-order
accurate second derivative finite-difference stencil equivalent (in accuracy) to the centered-
difference stencil presented in Eq. (3.58) is

0? 1
[8_5]20} - = h_Z’ (2 <f>z‘+§,j -9 <f>i+%,j+1 +4 <f>i+%,j+2 - <f>i+%,j+3> : (3-67)

Note that <f>¢+%,

extra factor of he in the denominator.

; is an integrated value, as defined in Eq. (3.36), which is why there is an

3.4.3.1 Periodic boundary via ghost cells

Periodic boundary conditions are straightforward to implement in a structured grid finite-
volume discretization. This is done by appending ghost cells to the domain, which are used
purely for the calculation of fluxes near domain boundaries, but are not a part of the solution.
Suppose the x direction is the direction of periodicity, and suppose there are N, number of
cells along the z direction, such that cells are indexed by ¢ = {0,1,--- , N, — 2, N, — 1}.
Then for the fourth order implementation with upwinded interpolation, three ghost cells
are appended to either side of the domain, such that with ghost cells the cell indices are
i={-3,-2,-1,0,1,--- ,N,—2, N, — 1, N, N, + 1, N, +2}. If j is the index for a direction
orthogonal to z, then the ghost cells are filled using values inside the domain, such that for
the periodic case the ghost cell values are

<f>_3,j = <f>Nz_3j (3-68)
() ay = (ne—2y (3.69)
<f>71,j = <f>NI—1 j (3.70)
<f>Nz,j = <f>07j (3-71)
<f>Nx+1,j_ <f>1 j (3.72)
(F)vev2,;= oy (3.73)

The same ghost cell filling procedure can be applied to the fields. Since a centered interpo-
lation is used for the fields, they only need two ghost cells. With ghost cells there is no need
to modify interpolation stencils near boundaries.

3.4.3.2 Zero-flux velocity boundary conditions for distribution function

For the purposes of numerical simulations, the velocity domain is assumed to be finite.
For simplicity the velocity domain is also set to have the same range along every velocity
direction, such that v € [—Umax, Vmax] X [—Vmax, Vmax] X [—Umax; Umax)- Lhe value of v, is
dictated in part by time-step constraints, and consequently f(vmax) can be non-zero. Also
note that the value of v, can depend on the species. To ensure that the total integral of the
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distribution function is conserved to numerical precision, velocity-direction ghost cells are
set to have zero values, and the flux at velocity boundaries is set to zero. Through the use
of ghost cells, the interpolation stencil near velocity boundaries is unmodified. At velocity
boundaries fluxes are reset to zero before the divergence of fluxes is evaluated. This amounts
to setting a velocity limit, which is unphysical, but has no noticeable effect on the solution
as long as f(vmax) is zero to machine precision for all simulated time.

3.4.3.3 Specular reflection boundary condition via ghost cells

For Cartesian phase space coordinates the specular reflection boundary condition on the dis-
tribution function is applied at solid wall boundaries. Unlike typical Neumann and Dirichlet
boundary conditions, the specular reflection boundary condition on the distribution function
requires non-local information. For example, for a conducting wall boundary at x = 0 in
(x, vy, v,) phase space coordinates, the specular reflection condition is

(@, v0,09)] 0 = f(@, —v2,0y)] for v, > 0, (3.74)

which requires information from v, < 0 to set the boundary condition for v, > 0. Velocity
components that are parallel to a specular-reflection boundary do not play a role when it
comes to setting the boundary condition. Consequently the implementation discussion is
limited to the two-dimensional (z,v,) position-velocity plane.

In Cartesian coordinates, specular reflection boundary conditions at conducting walls
can be implemented through a one-dimensional extrapolation, followed by a copy step. This
approach is discussed in Section 3.8.3.1 for cylindrical coordinates. However, the procedure
can also be dramatically simplified by using ghost cells and setting their values in a special
way. In an (z,v,) phase space domain, with the x coordinate indexed by i = {0,1,2,--- , N,—
1}, and the v, coordinate indexed by j = {0,1,2,--- , N,, — 1}, at the i = —% boundary, the
ghost cells i = {—3, -2, —1} are filled as follows:

e For j ={0,1,--- | N, — 1} fill ghost cells using reflected interior domain values

<f>—3,j = <f>2,NU$—1—j (3.75)
<f>72,j = <f>1,Nszlfj (3.76)
<f>—1,j = <f>0,N%—1—j . (3-77)

Likewise at the righthand boundary, the ghost cells values for specular reflection are set as
follows:

e For j ={0,1,--- | N,, — 1} fill ghost cells using reflected interior domain values

<f>Nx,j = <f>Nx—1,Nw—1—j (3'78)
<f>NI+1,j = <f>sz2,szflfj (3-79)
<f>Nx+2,j = <f>Nx—3,sz—1—j . (3-80)
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See Fig. 3.2 for an illustration of how the ghost cells are filled for a x domain bounded by
conducting walls. By using ghost cells to set the boundary conditions, the one-dimensional
interpolation stencil used throughout the domain can be left unmodified near boundaries.
Thus in Cartesian coordinates Eq. (3.55) can be used to compute the values of the distri-
bution function at the boundaries: (f)_ 1, and (f)n,— 1 ;- Note that the entire distribution

function f(v,) is reflected near the boundary in order to fill the ghost cells. This is to ensure
that the flux at (—%,j) is exactly equal to the flux at (—%, N,, —7— 1), and likewise that
flux at (Nx — %,j) is exactly equal to the flux at (Nx — %, N,, —j— 1).

It is important to note that while this approach to filling ghost cells simplifies the im-
plementation of the specular reflection condition, it also imposes an additional constraint
in that the number density gradient is forced to be zero at a conducting wall boundary.
This additional constraint can be seen in Fig. 3.2, in that the zeroth velocity moment of the
distribution function in the ¢ = —1 ghost cell is exactly equal to the zeroth velocity moment
of the distribution function in the ¢ = 0 cell. The additional constraint on number density
is not expected to play a significant role in simulation results because the gradient of the
number density for the problems of interest is effectively zero near conducting walls. For
problems that do not have a zero density gradient at conducting wall boundaries, the bound-
ary condition should be handled by setting the values of the distribution function directly
(i.e. through the extrapolation and copy procedure described in Section 3.8.3.1).

3.4.4 Fourth-order accurate initialization

It is important to initialize primary variables in the Vlasov-Maxwell solver to the correct
order of accuracy. For fourth-order accurate finite-volume simulations it is important that the
initial condition is at least fourth-order accurate. A second-order accurate initial condition
does not result in fourth-order convergence as the solution is evolved in time because a
second-order variable does not encapsulate the variation of the solution within a cell.
Initial conditions for the analytic Vlasov-Maxwell system of equations are typically given
by prescribed analytic functions for the distribution function(s) and the fields. Notably
the primary variables in the finite-volume discretization are volume- and area-integrated
quantities, and initializing them to fourth-order accuracy can be done using one of two
approaches. If the prescribed initial conditions have a closed-form analytic expression for
the integrals (which is not always guaranteed), then the initial values of the primary variables
can be evaluated exactly by computing the appropriate definite integral in each cell. The
second approach does not rely on having closed-form expressions for the integrals of the
primary variables and instead uses a quadrature rule based on evaluations of derivatives.
The quadrature rule is the same one used throughout the discretization and uses point
values and point-value second-derivatives to compute fourth-order accurate integrals.
Consider an example. Let G(z,v,,v,) be the analytic function that defines the dis-
tribution function at initial time. If G' has an analytic antiderivative, then the discrete
cell-volume-integrated distribution function can be initialized in terms of a well-defined def-



CHAPTER 3. FOURTH-ORDER FINITE-VOLUME DISCRETIZATION

i il B E R I B R E— E— i At et et Uz = Umax
J=No—1 1 4, 1 Ao F P P fe Ge C L L I
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
‘
=N, o ' B, B By Eo E E» H He H Kr K K
L L N . R R R R IR S T —————"———
‘
‘
(RSSO SORUIOL SRRV IS SN A I S S E—— R S S
'
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
j= AT C oG G Do D Dy Is Is I A A A
7777777777777777777777777777777777777777777777777 Vg = 0
J= \2“ -1 Do Dy Dy Co Ch Cy J Js J ! I !
———————————————————————————————————————————
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
j=1 VB !B !B By B B, Ks Kg Kr H: ' He | Hs
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
j=0 B L R R Ao A Ay Ls Le L Gr 1 Gs¢ 1 Gs
””””””””””””””””””””””””” Vz = —VUmax
_3 9 1 0 1 9 N,-3 N,—-2 N,-1 N, N,+1 N,+2
i 1
— N, — =
2 T2

Figure 3.2: [Illustration of specular reflection boundary condition implementation for
Cartesian (z,v,) phase space coordinates both at the lefthand and righthand boundaries.
The red grid denotes v, > 0, and the blue grid denotes v, < 0. A subset of the distribution
function values in the interior domain are denoted by capital letters. Ghost cells, denoted
by dashed grid, are filled with domain values from the opposite half-plane. Note that this
ghost cells implementation combined with the upwind interpolation in Eq. (3.55) will result
in the same flux being computed at faces (—%,j) and (—%, Ny, — 7 — 1). Likewise at the
righthand boundary, the upwind interpolation will yield equal values of the distribution
function at cell faces (Nx — %,j) and (Nx — %, Ny, — 37— 1). Implementation of the specu-
lar reflection boundary condition through ghost cells imposes the additional constraint that
the density gradient is zero at the boundaries.
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inite integral. If G does not have an analytic antiderivative, then the distribution function
is initialized using a fourth order approximation to the cell-volume integral. In Cartesian
coordinates this approximation is

<f>i7l,m = hxhvzhvy (G<x’u (vm)lv (Uy)m)

1 [,,0°G , 0°G , 0°G
— —_— .81
24{}18 +hvza2+hvyaz oo , (3.81)

where the second-derivative terms can either be evaluated analytically or as point-value
finite-differences, such that

26

1

= LG, ol ()]

21 9 |: i+1y \Vz )l \Vy)m
P W W S

= 2G (1, (01, (v,)m) + G (i1, (v, (vy)m)} . (3.82)

The quadrature expressions given by Eq. (3.81) is convenient because it can be used to
initialize a distribution function to fourth-order accuracy without relying on the existence
of a closed-form antiderivative. More practically, even if a closed-form antiderivative does
exist, it is not always easy to evaluate it using available software libraries. It is worth noting
that the quadrature expressions require some level of smoothness for the analytic function
G, otherwise the second derivative terms hold little meaning.

3.5 Cartesian coordinates: spatial discretization of
Maxwell’s equations

3.5.1 Fourth-order line integrals for Maxwell’s equations

The fourth-order finite-volume flux calculations described in Section 3.4.2 apply to primary
variables that are volume integrals, such as the volume-integrated distribution function in
the Vlasov equation. In the weak form of Faraday’s law (see Eq. (2.85)) and Ampere’s
law (see Eq. (2.86)), however, the primary variables are area-integrated quantities. The
evolution of the area-integrated fields depends not on fluxes integrated over a cell face, but
rather on closed-loop line integrals. As such, a means of evaluating the closed-loop integrals
in Faraday’s law and Ampere’s law in terms of discrete area-integrated primary variables is
needed. To that end, a two-step finite-volume procedure involving an interpolation step and
a quadrature evaluation step is applied. The procedure is described for Ampere’s law,

2/E.dA:“’q’7{B-dl—/J~dA, (3.83)
ot Wpp
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and extends directly to Faraday’s law since the latter has the same mathematical formulation
as the former, but without a source term.

Let ¢ denote the cell index along the x direction, j denote the index along the y direction,
and k denote the index along the z direction, such that the center of the cell (i, 7, k) has

coordinates (x;, y;, 2) and the cell spans the volume [x 1, T, } [yjfé,yﬂé} X [z- 1,2 } ,

1— 1—5) 1+—
where

I

Tip1 =x; 5 (3.84)
h,

IR (3.85)
h.

Zerl =2 £ 5 (3.86)

and hg, h,, and h, denote the cell widths along each direction. The primary variable in the
weak form of Ampere’s law (see Eq. (3.83)) is the area-integrated electric field, which in this
Cartesian coordinate system has three components:

ks [Yitd

B,y i = / / Eu(ws,y, 2)dyd= (3.87)
-y Vi

LEy ], o :/ / E,(x,y;, z)dxdz (3.88)
el VT
Yird [Tiyd

LEZJi,j,kO _/ / Ez(%?lazk)cmd% (389)
Yy X

i-3 "Vieg

where the notation |E,]; .. denotes an area integral of the E, component of the electric
field over the fixed central x = x; plane of the cell (7, j, k). The plane over which the field is
defined is illustrated in Fig. 3.3. The area-integrated current in Eq. (3.83) can be evaluated
in the same way. Likewise the area-integrated magnetic field components, which appear in
Faraday’s law, are defined in the same manner,

zo gk T / / xla Y,z )dydz (390)

k—1
2

v i ok / / By(x,y;, z)dxdz (3.91)

1B ke = B.(x,y, zi,)dzdy. (3.92)
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(a) E,, B, (b) E,, By (¢c) E,, B,

Figure 3.3: Cross sections of a cell on which the area-integrated electric and magnetic
field primary variables are defined in Cartesian coordinates. The current is also computed
as an area-integrated value on these cross-sections.

(a) [B-dlfor E, (b) [B-dlfor E, (¢) [B-dlfor E.

Figure 3.4: Line integrals of the magnetic field that are needed to update components
of the electric field. Note that the direction of integration, indicated by the arrows, is
associated with the sign on the § B - dl term in Ampere’s law (see Eq. (3.83)).

The closed-loop line-integral in Ampere’s law (Eq. (3.83)) for a single cell in this Cartesian
coordinate system can be expressed in terms of one-dimensional line integrals

=~ [/ Bylwsy. 2)dy] o4 + [ Be(wey, 2)dz

—

= Q=
+
Nj—=

-2 y]_%

7{ Bodi=| [ B,y 2)da] 04 = [ By, )de] 1) (3.93)
1 o
— S Bx(x,y,Zk)da?]zjf + [/ By(z,y, z1,)dy] zf

These line integrals are shown in Fig. 3.4. Thus each component of the magnetic field must
be evaluated as a one-dimensional integral, with the remaining coordinates fixed either at
a cell center or at a cell face. The objective for a finite-volume discretization is to use the
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area-integrated magnetic field components given by Egs. (3.90) — (3.92) (shown in Fig. 3.3)
to compute the one-dimensional integrals in Eq. (3.93) (shown in Fig. 3.4). Much like in the
case of volume-integrated primary variables, the finite-volume approach for line integrals is
based on an interpolation, followed by an evaluation of a quadrature based on the Taylor
series relation given by Eq. (3.28).

3.5.1.1 One-dimensional polynomial interpolation

From Eq. (3.93) note that the B, line integrals need to be evaluated at j &+ § and k + §
faces, the B, line integrals need to be evaluated at i £ % and k £ % faces, and the B, line
integrals need to be evaluated at 7 & %, and j + % faces (see Fig. 3.4). To achieve this, each
area-integrated component of the magnetic field is first interpolated to a cell face using a
one-dimensional fourth-order accurate polynomial reconstruction (see Section 3.4.2.1). For
example, the resulting stencils for the interpolation of LBmJio,j,k to the (4,7 + %, k) face and

the (i, 7,k + 3) face are

7 1
Bl = 1o (Beliaat Beliginn) = g (Beligors + [Baligjian) - (399

7 1
LBzJio,j,k‘-i—% = 12hz (LBino,j,k + LBijio,j,k-&-l) - Thz (LBCDJiO,ch—l + LBCCJiO,j,k+2) ’ (3-95)

where | B, ], ;. 1, is the integral of B, over the z direction at fixed coordinates (z;, y, 1 ) and
2 27
[ Beig,jk4 1 18 the integral of B, over the y direction at fixed coordinates (24, 2, 1). Analo-
3 2
gous stencils can be derived for LByJi+%7j07k, LByJi,jO,k+%7 LBZJH%J,,CO, and | B, | i+1 ko Lhe
interpolation stencils above thus give fourth-order accurate values of the analytic integrals

LBmJi07j+%7k :/Bx(l‘i;yj-f-évz)dz (3.96)
[Belig gy = / Be(zi,y, 21 1)dy (3.97)

in terms of known discrete quantities. For simplicity, the interpolation uses a centered stencil
because at any given cell face, the direction of light wave propagation is not unique, which
means that, in the absence of a Riemann solver, an upwinded stencil is not appropriate. As
a result of using a centered stencil, the finite-volume discretization of the fields is subject to
dispersive errors.

3.5.1.2 Quadrature rule for evaluating line integrals

The integrals obtained from the interpolation (given analytically by Egs. (3.96) and (3.97)
and discretely by Egs. (3.94) and (3.95)) are not the integrals that appear in the closed loop
integral expression in the governing differential equation (see Eq. (3.93)). To obtain fourth-
order accurate expressions for the line integrals in Eq. (3.93) using discrete values requires
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the use of the Taylor series relation in Eq. (3.28). First fourth-order accurate point-values
of the fields are obtained by deconvolving the integrals in Eq. (3.96) and Eq. (3.97):

1 1 3QB$

sz(l’i; ijr%? Zlc) :h_ LBl"Jz'O,j—i-%,k - ﬂhg l 022 } (3‘98>
z (wi,yj+%,zk)
1 1 8235,;

Buloiatp2vr) = Bl e — 3302 | 5 | (399
Y Y (zi,yj,szr%)

where the second derivative terms can be evaluated using second-order finite-difference sten-
cils. One option for evaluating the second derivative is to use the known interpolated discrete
values of the field, such that

0*B, 1
022 |, : 3 (LBxJio,j%,kH —2 LBﬂchoﬁ%Jc N LBﬂcjz‘o,yﬂr%,k%) (3.100)

il?i,ijr%,zk z

0*B, 1
{ Oy? ]( : 3 <LB$JZ'0J+1J€+% —2 LBsz’o,j,k:Jr% - LBino,j—l,k+%> ’ (3.101)

xi,yj,szr% )

where the extra factor of spacing is due to the fact that |B,]| is an integral value. Using
the point values given by Egs. (3.98) and (3.99) and the relation in Eq. (3.28), the one-
dimensional line-integrals for B, to fourth-order accuracy are

1 (028, ]
LBsz‘,ij%,ko = /Bx(:z:,yﬂ%,zk)dx = Bz(ffiuyj+%7zk) + ﬂhi 02 h,
L i (ml,yﬁ% k)
(3.102)
1 (0%, ]
L 4 (@i Yz, 1)
(3.103)

Note that these are the line integrals that appear in the weak form of Ampere’s law (see
Eq. (3.93)). The second derivatives are evaluated using known discrete values, such that

0’B, 1
0a” || | Y (LBxJz'o+1,j+%,k -2 LBxJio,j—i-%,k - LBmJiO_1,j+%,k) (3.104)

wi,yj+%,zk x

0*B, 1
[ o L ) <LB$JiO+1’j”“+% = 2Baiogury = LBino—l,j,k-ﬁ-%) (3.105)

ﬂli,yj,szr% €T

Note that | B, j+1 4 Tepresents an integral over the z direction, but not the x direction,
which is why the denominator in Eq. (3.104) is k2, and the denominator in Eq. (3.100) is h2.
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As illustrated here for the case of B,, each of the line integrals that appears in Eq. (3.93)
can be evaluated to fourth-order accuracy using known discrete values and applying the
procedure above. Thus the analytic form of Ampere’s law given in Eq. (3.83) can be ex-
pressed in fourth-order discrete form. The main difficulty is in keeping track of coordinates
that are fixed, and accounting for second-derivatives in the appropriate directions. Because
most of the integrals involved in obtaining point values and line-integrated values are one-
dimensional, the procedure simplifies considerably if the number of coordinates is reduced
from three down to two, or to one.

3.5.2 Current source term in Ampere’s law

A complete discretization of Ampere’s law in electrodynamic simulations involves the eval-
uation of the area-integrated current density source term (see righthand side of Eq. (3.83)).
The current density is computed from the first velocity moment of the distribution func-
tion(s), as prescribed by the analytic relation given by Eq. (2.82). Unlike number density
which can be computed through a direct summation, the calculation of the first moment
of the distribution function involves the integration of a product of two terms, namely a
component of velocity and the distribution function. As a consequence, computing an area-
integrated current density (i.e. the current) to fourth-order accuracy requires a quadrature
rule. A quadrature rule based on the Taylor series relations in Egs. (3.28) and (3.30), which
are the basis for the overall finite-volume discretization, is used.

To compute the first velocity moment of the distribution function, the cell-volume-
integrated distribution function is deconvolved to obtain a point value, the point value is
multiplied by a velocity component point value, and then the product is integrated over an
area using the relation in Eq. (3.30). In Cartesian coordinates the local point value of the
species distribution function is

1

1
hyhyhzhy, oy, B, ( (Fsdigkdmm =

(fs)i,j,k,l,m,n = :ca 2 <fs>

s )+ 2(f5> g (1)
g ) <fs>] ) (3.106)
i, J,k,l,mmn

where the second derivative terms are evaluated to second-order accuracy using a centered
finite difference stencil or a one-sided finite difference stencil for cells near boundaries (see
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Eq. (3.67)), such that

[0 ] 1
o2 {fs) 2 (<f8>i+1,j,k,z,m,n —2 <fs>i,j,k,z,m,n + <f5>i71,j,k,l,m,n) (3.107)
i,5,k,l,m,n fe
0? | 1
a_yg <f8> = ﬁ <<f5>i7j+1,k,l,m,n -2 <-f3>i7j7k7l,m,n + <f5>i,j—1,k:,l,m,n> (3108)
L @5,k m,n Y
_ 5’2 - 1
w <f8> = h_2 <<f3>i,j,k,l,m,n+1 - 2 <f3>i,j,k,l,m,n + <f5>i,j,k,l,m,nfl) . (3109)
L z di.5,klmmn Vz

Much like the area-integrated fields in Ampere’s law and Faraday’s law, the current is defined
to be the area-integrated quantity through the central cross section (see Fig. 3.3) of a given
cell. To illustrate the reintegration step, consider the v, velocity moment for the distribution
function fs. The local area-integrated value of (v, fs) to fourth order accuracy is computed
using Eq. (3.30), such that

1 , 0
<Uxfs>i,j,k,l’m’n = (Ux)l(fs)i,j,k,l,m,nhyhzhvzhvyhvz + m [hya_yg(vr <f8>)
o? 0?
2 2

+ hz@(% (fs)) + hvza—vg(% (fs)

) 07 ) O
+ hvya—vg(vx (fs) + hvza—vg(% (fs) . (3.110)

i,3,k,l,m,n

Note that in Eq. (3.110) all terms are evaluated at the z-midpoint of the cell. It is impor-
tant that the integration in Eq. (3.110) is performed locally before summing over velocity
coordinates, such that all variations of the product (v,fs) in coordinates orthogonal to z
are accounted for to fourth-order accuracy. Note that the integration is being performed
over all directions except for x, since the current density in Ampere’s law is integrated over
a cell cross section. With respect to the x coordinate, the integral given by Eq. (3.110) is
being evaluated at the center of the cell. The second derivative terms are computed using
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second-order accurate finite-difference stencils,

aa_;g(vm <f>s) e _ (7;%% (<fs>i,j+1’k7l’m,n = 2{fijhimn T <f8>i,j—1,k,z,m,n) (3.111)
_aa—;(vx <f>s)_ . _ (Q;la%)z ((fs>i,j,k+1,z,m,n = 2{fs)ijhtmmn T <f3>iyj7k,17,7myn) (3.112)
:88—2;(% () . =hi2 ((vx)m (it — 201 {Fs)iintmn

) igratmn ) (3113)
{5—%(% <f>s)] . _ (vgz (<fs>i,j,k,z,m+1,n —2(fs)s jpsmm T <fs>i7jvkvl,m_17n) (3.114)

0? Uy
[w(vx <f>5):| . = (hg)l <<f5>i,j,k,l,m,n+1 -2 <f3>i,j,k,l,m,n + <f8>i7j7k7l,m,n—1> (3.115)
1,7,R,t,m,n Vz

z

The species current is then a summation of (v, fs) over all velocity directions, such

that

i7j7k7l7m7n

Ny, —1Noy—1 N, —1

<JS£E>7;7]'7]€ - ZS Z Z Z <Uxf5>i,j,k’,l,m,n (3'116)
1=0 m=0 n=0
and the total xz-directed current is computed by summing over species, such that

<Jx>i,j,k = Z <J890>i,j,k : (3.117)

s

The current along the other directions can be computed by following the same proce-
dure; using the point value to reintegrate and compute local values of (v, f5>i,j,k,l,m,n and
(V. fs), i klmm» Multiplying by the charge of species s, summing over velocity coordinates,
and summing over species. Through this formalism the current source term in Ampere’s law
can be evaluated to fourth-order accuracy.

3.5.3 Implementation of conducting wall boundary conditions
for fields

Analytic expressions for conducting wall boundary conditions for the fields are given in
Section 2.5.2, Eq. (2.100) through Eq. (2.102). For a subset of the Cartesian coordinate
simulations carried out here the domain along the x direction, with = € [0, L], is assumed
to be bounded by perfectly conducting walls. Thus at the z = 0 and x = L boundaries the
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fields are subject to the conditions

Eyl,_y, =0 (3.118)
EZ|:(;:()7L =0 (3.119)
Buly_o, =0 (3.120)

0B, 0B,
_Z7E — 121
o) o (312
9B, _9B. _ = 0. (3.122)

ox dy om0 L

—Y

Note that since B, is specified along the boundary by Eq. (3.120), then 0B, /0z and 0B, /dy
are zero along the x = 0, L boundaries, and consequently Eq. (3.121) is a boundary condition
only on B, and Eq. (3.122) is a boundary condition only on B,. For a bounded charge-neutral
system, an additional boundary constraint arises from Gauss’s law (see Eq. (2.122)), such
that

[Ealoer, = [Eilmg = 0. (3.123)

The simplest way to implement field boundary conditions is through ghost cells. When
using ghost cells stencils can be left unmodified near boundaries, and thereby boundary
conditions can easily be incorporated both into the interpolation step as well as the quadra-
ture evaluation step. Ghost cells are ultimately a proxy for a one-sided reconstruction and
their usage can impose additional constraints unrelated to the boundary condition (e.g. see
discussion at the end of Section 3.4.3.3). As such, ghost cells are not a generalized means
of boundary condition implementation. Without ghost cells, the incorporation of bound-
ary conditions is made more complicated, requiring one-sided reconstructions of the field
variables subject to boundary constraints.

While boundary conditions for the Cartesian coordinate Vlasov-Maxwell solver can be
handled through ghost cells, this is not the case for the cylindrical coordinate Vlasov-Maxwell
discretization. In anticipation of the need for one-sided reconstructions, and in effort to have
consistent boundary condition treatment in both coordinate systems, a simplifying design
choice is made for the finite-volume algorithm: all boundary conditions are implemented
exclusively through the interpolation step. As a consequence, not all of the boundary con-
ditions given by Eqs. (3.118) — (3.123) are needed. The boundary condition on B, given
by Eq. (3.120) is never used in the interpolation stage since for the purposes of line-integral
calculations the = component of the magnetic field need never be evaluated at an x = 0
or x = L boundary. Since E, is never evaluated at an z-directed face, then Eq. (3.123)
likewise constitutes an unnecessary boundary condition in the context of the interpolation
stage. Note that if quadrature evaluation required boundary condition information, then
the constraints given by Eq. (3.120) and Eq. (3.123) would be necessary. For the chosen
discretization, the boundary conditions that are needed in order to numerically solve for the
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area-integrated field variables are

Eyl,y, =0 (3.124)
E.l, g, =0 (3.125)
B
[& N Jy:| _o (3.126)
Oz 2=0,L
OB
{ v_ le = 0. (3.127)
8x z=0,L

A ghost cell implementation is used for the homogeneous Dirichlet boundary conditions,
and thereby the polynomial reconstruction stencil can be left unmodified for £, and E, near

boundaries. At the lefthand boundary E, and E, ghost cells, indexed by i = {—2, —1}, are
filled with data from interior domain cells i = {0, 1}, such that
LEy) _1 6= — LEylo s (3.128)
LBy s 0= — LEy)1 (3.129)
LE —1gk LEZJOJ k (3.130)
LEZJ—Q;,k: - LEZJUk (3.131)

Likewise at the righthand boundary E, and E, ghost cells, indexed by i = {N,, N, + 1}, are

filled with data from interior domain cells i = {N, — 1, N, — 2}, such that
LByl e == LBy N1 (3.132)
I-EyJ Nz+l,j,k |. JNZ_ZJ k (3.133)
LEZJNI,j,k = LE JNI 1,5,k (3-134)
LEZJNz—i-l,j,k — BN, 2k (3.135)

Magnetic field B, is evaluated at x+ = 0, © = h,, * = L, and * = L — h, faces using a
fourth-order accurate one-sided one-dimensional polynomial reconstruction subject to the
constraint in Eq. (3.126), such that

|B.]],—o = Gon. (85 B.], — 23 |B.], +4[B.], + 18J,(0)h3) (3.136)
| B2 |1, 661}% (34 |B.]o + 37 |B.], — 5| B.], — 6J,(0)h2) (3.137)
| B2,z 61h (41B.]y, 5 —23|B.|y. o +85|B.]y _, —18J,(L)h)  (3.138)
|B:)lorn, ( 5(B.]y,_3+37| By, o +34[B.]y _; +6J,(L)h2) . (3.139)
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Likewise B, is evaluated at + = 0, = h,, v = L, and x = L — h, faces using a fourth-order

accurate one-sided one-dimensional polynomial reconstruction subject to the constraint in
Eq. (3.127), such that

1Byll,—y, = 66 (85 |By), — 23 |B,|, +4|By), — 18J.(0)h2) (3.140)
|Byll,en, = 661% (34 | By, + 37| By), — 5By, +6J.(0)h2) (3.141)
|1By]l,_, = 661% (4 1Byl y,_3— 23 [Byly._,+85[By]y. _; +18J.(L)h2) (3.142)
Byllo=1-1.= Gen (=5 1Byl y,—3 +37 Byl y, o +34[By) y,_, —6(L)h7) . (3.143)

Note that the interpolation stencils for B, and B, are modified for cells near x = 0, L
boundaries, whereas the interpolation stencils for E, and E, are not modified since the
boundary conditions for the latter are implemented through ghost cells. The boundary
conditions for the magnetic field components can also be implemented through ghost cells;
however, since filling ghost cells for an inhomogeneous Neumann boundary condition requires
the same amount of arithmetic as a one-sided reconstruction, the latter — more general —
approach is used here.

3.5.4 Dispersive error and artificial diffusion in Maxwell’s
equations

All numerical methods used to approximate solutions to partial differential equations are
subject to a combination of amplitude error and phase error, and control of these errors is
an important objective for any spatial discretization method. In terms of the effect on the
solution, amplitude errors are diffusive and phase errors are dispersive, and the latter present
a more significant challenge for high-order methods.

The fourth-order accurate finite-volume method used for the distribution function relies
on upwinding to combat dispersive errors. Upwinding is introduced by using a five-point
polynomial reconstruction, with three cells on the upwind side and two cells on the downwind
side, to interpolate the distribution function to a cell face. Upwinding electromagnetic
fields would require solving a Riemann problem since the direction of electromagnetic wave
propagation is not unique (e.g. counter-propagating light waves are possible). To avoid
the associated complexity, the discretization for electromagnetic fields does not incorporate
upwinding. As a result, the numerical solution for the electromagnetic fields is dominated by
dispersive errors. In order to damp the spurious oscillations associated with dispersive errors,
an artificial high-order dissipation is introduced. The degree to which dispersive errors can
be dissipated is subject to numerical stability constraints, which for the case of Cartesian
coordinates are described below.



CHAPTER 3. FOURTH-ORDER FINITE-VOLUME DISCRETIZATION 65

The stability properties of the Maxwell solver with artificial dissipation are assessed by
casting the equation system in the form

T Lq, (3.144)
where q is a vector of electromagnetic field variables, and L is the linear spatial discretization
operator. The eigenvalues of L combined with the properties of the characteristic polynomial
of the RK4 time discretization provide a criteria for stability. Note that current source terms
are ignored in this analysis.

Consider Ampere’s law and Faraday’s law in the absence of currents for fields in one
dimension. The associated system of equations has a form that is consistent with Eq. (3.144):

B, 0 0 0 -]/ B,
B.l 10 0 0, 0 B,
=10 o 0 oll|El| (3.145)
E, & 0 0 0| |E.

Adding artificial dissipation to a fourth-order discretization involves adding a sixth-derivative
term ahl(d®q/dx%) to the spatial discretization, where « is a scalar parameter. The associ-
ated operator matrix is then modified, such that

ad® 0 0 -0,
0 «ad® 09, 0

L= 0 -0, ad® 0 (3.146)
d 0 0 adb
The derivative operators in discrete undivided finite-difference form are
8 1
02Gi = iE) (Gi+1—Gio1) — D (Giv2 — Gi—2) (3.147)
agQi = {g;—3 — 6%‘—2 + 15(]1'71 - 20qi + 15ql-+1 — 6ql-+2 + Gi+3, (3.148)

where the first derivative is fourth-order accurate, and the sixth derivative is second-order
accurate. Applying Von Neumann analysis, let each field component g be defined as ¢ = ge®**,
where ¢ depends on time. Noting that ;.1 = Ge**@*+"=) and letting 8 = kh,, the transformed

equation system operator matrix in terms of /3 is

[ _6dasin (2)6 0 0 — s i(8sin g — sin(28)) |
0 —64asin (g)ﬁ si(8sin 8 — sin(25)) 0
0 — gi(8sin B — sin(28)) —6dasin (g)ﬁ 0

| 5i(8sin § — sin(26)) 0 0 _64asin (5)6

(3.149)
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The unique eigenvalues w; and wy of the operator matrix are functions of 3, such that

1 1 ]
wy = —120cr — 180cx cos B + T2ac cos (23) — 12accos (35) + 7 (sin(25) — 8sin f)
) (3.150)

1_
Wy = —

—120a + 180cx cos 5 — T2accos (23) — 12acos (33) + hi (sin(28) — 8sin )

xT

(3.151)

These eigenvalues contain information about the stability properties of the algorithm. Com-
pleting the stability analysis involves accounting for the fact that a fourth-order Runge-Kutta
method is used for the temporal discretization. The characteristic polynomial for RK4 is

2 Z3 24

z
P(z) =1 S 1
(B =1tz4+5+5+5; (3.152)

For numerical stability the polynomial has to satisfy
|P(wAt)| <1 (3.153)

for all eigenvalues {w} of the spatial operator.

Let & = oAt and with the understanding that the advection speed is one, let o = At/h,
be the CFL number. Expressing the eigenvalues in terms of the parameter & and the CFL
number yields

w At = % [6( — 120 — 180 cos 8 + T2 cos (28) — 12 cos (38) ) + o (sin(26) — 8sin 3)]
(3.154)
wo At = é [6( — 120 + 180 cos 8 — T2 cos (28) — 12 cos (38) ) + o (sin(28) — 8sin 3)] .

(3.155)

Evaluating the characteristic polynomial in Eq. (3.152) for arguments z = wy At and z =
wyAt, and determining where this polynomial satisfies Eq. (3.153) yields stability conditions
on the values of the diffusion parameter & and CFL number. Through this analysis it is
found that for stability the dissipation parameter & cannot exceed 0.0435.

3.5.5 Parabolic cleaning of divergence error in Maxwell’s
equations

When solving Faraday’s law and Ampere’s law for the electromagnetic fields, numerical er-
rors can cause the discrete solution for the fields to violate the divergence constraints given
by Gauss’s laws. In order to explicitly enforce divergence constraints modified formula-
tions of Faraday’s law and Ampere’s law are used, see discussion in Section 2.4.1.1. These
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modified formulations, based on the method in Ref. [35], involve a parabolic term that is
implemented as a filtering step: after the solution is advanced through all the stages of RK4
using the standard formulation of Faraday’s law and Ampere’s law, the solution is subse-
quently filtered to minimize divergence error. The reason for implementing this “parabolic
cleaning” of the error as a filter is largely associated with order of accuracy considerations;
the parabolic cleaning should be fourth-order accurate and act on a fourth-order accurate
solution. Consequently the parabolic cleaner is not implemented within each stage of RK4,
since the solution within each stage is not fourth-order accurate, but rather as a filtering
step after the time advance.

3.5.5.1 Von Neumann stability analysis

The degree to which the divergence error associated with the electric and magnetic field
(see Eq. (2.89) and Eq. (2.90)) can be filtered is limited on account of numerical stability
constraints. To understand the scope of these constraints, Von Neumann numerical stability
analysis is applied to a finite-difference formulation of the filtering step. The divergence
error associated with the magnetic field is considered first, although the same analysis can
be applied to the divergence error associated with the electric field in the absence of charges.

For the magnetic field in two dimension, this filtering step can be expressed as the
differential equation system

0B

~—— =)\V(V-B 3.156
5 =A\V(V-B) (3.156)
Cm - E | [

— | E =N | 9%y Oy cl 3.157
ot | B, La_ay 2| B, (3.157)

where A = ah?/At is a constant that sets the rate which divergence error is diminished. Note
that a is a constant, h is the cell width which for convenience is assumed to be the same along
the x and y directions, and At is the time step size. Von Neumann stability analysis is used
to determine a range for the value a, such that the numerical method remains stable. The
analysis calls for the temporal and spatial discretization of the differential equation system
in Eq. (3.157). Note that two is the minimum number of dimensions in which this analysis
can be applied due to the presence of mixed derivative terms.

To simplify the analysis, the fields are treated as volume-average quantities, as opposed
to the area-integrated quantities used in the field solver. Here the notation (B;); ; denotes a
volume average of the z-component of the magnetic field over the (i, 7) cell. Using volume-
averaged fields yields discretization stencils that are independent of direction. In effect the
Von Neumann analysis is applied to a somewhat simpler system of equations, but can still be
used to shed light on the stability properties of the discrete system. Although it would require
modification, the analysis can be extended to apply to area-integrated fields. Replacing the
analytic fields in Eq. (3.157) with discrete analogs, and replacing the time derivative by a
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forward difference, such that

0(B). .
<8t>m - Ait (Bt = BY). (3.158)

allows the solution at time ¢"*! to be expressed, through a linear operator relation, in terms
of the solution at time ¢™:

n+1 o o n
B, 1+ AtAZ AtA2 B,
ey | 82%2) | ] -
(B,) anZs (1+ang)| |(B)

3.5.5.2 Stability constraint for fourth-order parabolic cleaning

For the spatial discretization, the spatial derivative terms in Eq. (3.159) are replaced with
their discrete representations. Fourth-order accurate finite-difference representations of these
derivatives are

9” 1
@ <B>i,j :12h2 [_ <B>i—2,j + 16 <B>i—1,j =30 <B>i,j + 16 <B>i+1,j o <B>i+2,j] (3-160)
0? 1
8_y2 <B>i,j :12h2 [_ <B>¢,j_2 + 16 <B>z’7j—1 —30 <B>i,j + 16 <B>z’7j+1 o <B>i,j+2] (3-161)
o8 1

5oy Plis =Taiz | Blizia + Bhiasia = Bliases = (Blivay o
+ 8( (B)i g1 T{B)i1jya T (B)it1j ot (Blita;
= (B)i_ojo1 — (B)isijoa — (Blip1j4o — <B>i+2,j+1>
+ 64 <<B>i—17j—1 + <B>i+1,j+1 - <B>i—17j+1 - <B>i+1,j—1> ] (3'162)

where i and j are indices denoting the spatial location. The stencils in Eq. (3.160) can be
derived by performing a one-dimensional fourth-order accurate polynomial reconstruction.
The large stencil given by Eq. (3.162) can be derived by applying the stencil in Eq. (3.94)
along each direction to obtain corner point values of the field, (B), ISR which can be used
to evaluate the mixed derivative term

92
Dz0y <B>z‘,j = <<B>i+%,j+% - <B>i—%,j+

) B (<B>i+%7j—% - <B>i—%,j—%> : (3.163)

N[

It is assumed that the cell spacing in the  and y directions are equal such that b = h, = h,,.
Consistent with the Von Neumann analysis procedure, a single Fourier mode is analyzed,
such that the solution is assumed to have the form

B = Bethetimy (3.164)
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where ¢ is the unit imaginary number, k£ denotes the wavenumber of a mode along the x-
direction, and m is the wavenumber of a mode along the y-direction. This means that each
of the discrete terms that appear in Egs. (3.160) — (3.162) can be represented by a shift away
from the cell (7, 7) and an amplitude g™ at time n, such that

<B>Z = gethetimy (3.165)
() - ()¢ s
< >” 1 < > e—vmh (3.167)

<B>7'LJ.FI - <B>mg. (3.168)

/[/7.]

o;p

Let 8 = kh and v = mh. Then the discrete derivatives given by Egs. (3.160) — (3.162)
can be expressed in terms of (B);; through the relations given by Egs. (3.165) — (3.168).
Since each term is expressed in terms of an exponential function of 8 or v the resulting
discrete operators simplify to

2 2 B\?
Friaiy (=7 + cos B) sin (2) (3.169)
0? 2 Y\ 2
92 " 302 (=7 4+ cosy)sin <2> (3.170)
2
&f@y = ~3em2 (—8sin B + sin(24)) (—8siny + sin(27)) . (3.171)

Having applied a Fourier transform to the magnetic field variable, Eq. (3.159) in terms of
Fourier-transformed variables is

R n+1 52 52 R n
(B.) (1+anZ) A (B.)
<By> AtA % (1 + AtAaa—;) <By> '
Substituting the derivative expressions in Egs. (3.169) — (3.171) into Eq. (3.172) yields a

modified linear system that lends itself to stability analysis. In particular, the matrix in
Eq. (3.172) becomes

(3.172)

1+ 2a(cos 8 —7)sin (§)2 —g=a (sin(23) — 8sin B) (sin(2y) — 8sin~y)
—a-a (sin(23) — 8sin f) (sin(2y) — 8sin~) 1+ 2a(cosy — 7)sin (%)2

)

(3.173)

where factors of A\ = ah?/At have cancelled with factors of At from the temporal discretiza-
tion and factors of h? from the derivatives. This matrix is referred to as the amplification
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matrix (see for example Refs. [47, 48]). For numerical stability the eigenvalues of the ampli-
fication matrix must be less than or equal to one for all values of 3,7 € [—m, 7| x [—7, 7).
Since the expressions for the eigenvalues can be complicated, they can analyzed in terms of
Taylor series expansions in the variables § and « or they can be plotted. In terms of Taylor
series expansions, the eigenvalues w; and wsy of the amplification matrix in Eq. (3.173) are

w1=<1+ a_Va 2+(9('y6))+< a_ Ve

+ %8\/574 - 0('y6)) 32

2 2 2 2
242
+ (— Wlb_; + ﬁ@y”‘ + O(fy"’)) B+ 0(8%) (3.174)

wa = (1 + —g + g 7+ 0(76)) + ( —g + @] - %8\/“_274 + O(vﬁ)> B
+ (1—18\/61_272 - 1}@\@74 + 0(76)> B+ 0(8°). (3.175)

To determine whether the eigenvalues are less than one, the analytic expressions for w; and
wy can be plotted. Regions of § and 7 values for which |w;| < 1 and |ws| < 1 are shown
in Fig. 3.5 for different values of constant a. For both eigenvalues to be less than one, the
value of @ must be less than or equal to approximately 0.35. This means that the maximum
rate that divergence error can be diminished by is set by a = 0.35. Higher values of a would
result in numerical instability.

Since the eigenvalues appear to be symmetric along the line § = v, then setting v =
in the amplification matrix in Eq. (3.173) results in simpler analytic expressions for the
eigenvalues, such that

1

wr =5 (72 — 115a + 176a cos B — T6a cos(253) + 16a cos(35) — a cos(4/3)) (3.176)
1

wr =75 (72 — 245a + 208a cos B + 52a cos(2) — 16a cos(33) + acos(45)) (3.177)

Plots of these eigenvalues are shown in Fig. 3.6 for different values of parameter a. These
plots likewise indicate that a < 0.35 is a requirement for numerical stability.

3.5.5.3 Stability constraint for second-order parabolic cleaning

To determine whether the stability constraint for the fourth-order discretization derived
above is reasonable, Von Neumann stability analysis is performed for a second-order spatial
discretization of the grad-div parabolic cleaning operator. The constraint on the constant
a should be less stringent in a second-order discretization. Second-order discrete derivative



CHAPTER 3. FOURTH-ORDER FINITE-VOLUME DISCRETIZATION 71

wy <1 wy < 1 wy <1 wy <1
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Figure 3.5: The eigenvalues wi(8,7) and wa(f3,v) of the amplification matrix given by
Eq. (3.173) must be less than one for all values of 5 and + in order for the parabolic
cleaning discretization to be numerically stable. Shaded regions indicate where in the (53, )
plane the inequalities w; < 1 and wy < 1 are satisfied for different values of the parabolic
cleaning constant a. These plots indicate that ¢ must be less than approximately 0.35 for
the fourth-order accurate parabolic cleaning implementation to be stable.

N
;0.8 \
Jos

[ 04

(a) a=04 (b) a=0.36 (c) a=0.35 (d) a=0.3

Figure 3.6: Eigenvalues w; (blue) and ws (pink) given by Eq. (3.176) and Eq. (3.177)
are plotted as a function of § for different values of divergence cleaning parameter a. Both
eigenvalues must be less than one for numerical stability. In this case the wavenumber k
along the x-direction is assumed to be equal to the wavenumber m along the y-direction,
such that g = . This simplification yields the same upper bound on the parameter a, such
that a < 0.35 is needed for numerical stability of fourth-order parabolic divergence cleaning.



CHAPTER 3. FOURTH-ORDER FINITE-VOLUME DISCRETIZATION 72

terms expressed in terms of discrete volume-averages are

0? 1
o2 (B); = 2 <<B>z‘+1,j —2(B),; + <B>,;_1,j> (3.178)
82

W5 By = ((Bliss = 2Bl + (Bl (3.179)
82

2 —

h axay <B>i,j - Bi+%,j+% + BZ;%,];% - Bi,%7j+% - Bi+%7j7% (3180)
where
1
Biyiirs =7 (<B>i,j + (B + (B)isyjo + (B)MH) . (3.181)

A single Fourier mode is analyzed, such that the solution is assumed to have the form in
Eq. (3.164). The derivatives in Eq. (3.178), Eq. (3.179), and Eq. (3.180) can be expressed in

terms of <§> , using the relations given by Eq. (3.165) through Eq. (3.168), such that

17.7

82
Frche 2(cos f — 1) (3.182)
hQa—Q =2(cosy — 1) (3.183)
dy? '
82
) o .
h oroy sin 3 sin (3.184)

The amplification matrix is obtained by substituting Eq. (3.182), Eq. (3.183), and Eq. (3.184)
into the matrix in Eq. (3.172). The eigenvalues of the resulting amplification matrix are

w; =1—a+ acosy + cos f(a— acosv) (3.185)
wy =1—3a+ acosy+ acos (1 + cosvy). (3.186)

These eigenvalues can be plotted as a function of § = kh and v = mh to determine the
upper bound on the value of a. Regions of # and v values for which |w;| < 1 and |wy| < 1
are shown in Fig. 3.7 for different values of constant a. For both eigenvalues to be less than
one, the value of a must be less than or equal to approximately 0.5. Note that the maximum
rate at which divergence error can be diminished by is set by a = 0.35 for a fourth-order
discretization and by a = 0.5 for a second-order spatial discretization.

3.5.5.4 Limitations of stability analysis and parabolic cleaning approach

Von Neumann stability analysis yields an upper bound on the parameter a, which determines
the maximum rate of parabolic divergence error cleaning. It is important to note that
this upper bound is an approximation to the true upper bound since the approach relies
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Figure 3.7: For different values of the parabolic cleaning constant a, the shaded regions
indicate where in the (8,7) plane the eigenvalues w; and ws are less than or equal to
one. These plots indicate that ¢ must be less than approximately 0.5 for the second-order
accurate parabolic cleaning implementation to be numerically stable.

on linear Fourier analysis and ignores boundaries. Moreover, additional assumptions were
introduced to simplify the analysis, including the assumption that cell spacings are equal
along each direction, and that the variables of interest are volume-average quantities. In
order to generalize the analysis to area-integrated quantities (recall that the field variables
are area-integrals), the discretization stencils for the grad-div operator would need to be
modified.

Von Neumann stability analysis can be reproduced for the electric field constraint, which
involves a gradient-of-charge-density term (see Eq. (2.89)). Likewise the analysis can be
extended to three dimensions. Note that Von Neumann stability analysis would not be
appropriate in the context of cylindrical coordinates that involve the radius since Fourier
transforms are not applicable in that case.

It is also important to note some of the limitations associated with parabolic cleaning
itself, even in the context of Cartesian coordinates, in which the procedure is relatively
straightforward to implement. One limitation is that the stencil required to evaluate the
grad-div operator to fourth-order accuracy is large. This presents issues near boundaries of
the domain, and specifically corners of the domain, where ghost cells may not be well-defined.
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Modifying the parabolic cleaning stencil near boundaries presents additional complexity that
is not explored here. Another limitation is the rate of cleaning, which is more restricted
for higher-order discretizations, such that divergence errors are diffused away quite slowly.
Ultimately, the difficulties associated with the implementation of a generalized parabolic
cleaner should be weighed against the benefits of the procedure. If divergence errors are
small relative to the values of the fields, then parabolic cleaning may not be necessary.

3.5.6 Fourth-order finite-volume discretization for electrostatic
field

The Vlasov equation, Faraday’s law, and Ampere’s law can all be cast in hyperbolic form, and
thereby have similar spatial discretizations. The governing equation for electrostatic fields is
the Poisson equation, which is an elliptic partial differential equation and requires a slightly
different finite-volume treatment. In particular, unlike hyperbolic equations for which only
local information is needed to update the solution, the Poisson equation requires a global
solve in order to update local values of the fields. Another distinction is that electrostatic
field discretization involves interpolation, but does not involve quadratures. Consequently
the Taylor series relations used in Section 3.4.2.3 and Section 3.5.1.2 do not play a role in
the discretization of the electrostatic field.

In general, solving for the electrostatic field using a finite-volume approach involves con-
structing a linear operator for the weak form of Poisson’s equation and solving the resulting
discrete linear system. In certain special cases, alternative means can be used. These in-
clude the use of the strong form of Gauss’s law in one dimensional configurations, and the
use the strong form of Poisson’s equation in combination with Fourier transforms in periodic
domains.

3.5.6.1 Charge density for electrostatic field calculations

The finite-volume solution to the electric field in the context of electrostatic calculations re-
lies on knowing the cell-integrated charge density (i.e. the charge) to fourth order accuracy.
Charge density is computed by way of number density, which is analytically defined to be the
zeroth velocity moment of the distribution function (see Eq. (2.96)). In a finite-volume calcu-
lation, the discretized distribution function is defined to be a cell-volume-integrated quantity
(see discussion in Section 3.4.1). Since a fourth-order accurate cell-integrated quantity in-
corporates information about the distribution function variation along each direction, then
computing the zeroth velocity moment to fourth-order accuracy amounts to a simple sum.
For a six-dimensional discrete volume-integrated distribution function, whose spatial coor-
dinates are indexed by (7, j, k) and whose velocity coordinates are indexed by (I,m,n), the



CHAPTER 3. FOURTH-ORDER FINITE-VOLUME DISCRETIZATION 75

volume-integrated number density (n,) in cell (, j, k) for species s is

Nuyj —1 Nyy—1 Nyg—1

<n5>i,j,k: Z Z Z <f5>i,j,k,l,m,n7 (3.187)

=0 m=0 n=0

where the integral over a cell volume, denoted by (-), has different definitions in Carte-
sian and cylindrical coordinates. In essence, the volume-integrated number density is the
number of particles in a cell, relative to a global characteristic value. The actual number
density can be computed by dividing Eq. (3.187) by the volume of each cell. The sum-
mations in Eq. (3.187) are performed over all velocity coordinate directions. Note that
the discrete volume-integrated distribution function occupies a six-dimensional phase space
volume, whereas the volume-integrated density occupies a physical space volume. While
Eq. (3.187) states the general case, in practice the number of discretized phase space dimen-
sions is typically less than six.

The volume-integrated charge density is computed by multiplying the volume-integrated
number density by the relative species charge, and summing over species,

<p>i,j,k = Z Zs <n5>i,j,k . (3.188)

With charge density known to fourth-order accuracy, the electrostatic potential, and by
extension the electric field can be computed as well.

3.5.6.2 Omne-dimensional electric field solver using Gauss’s law

In a one-dimensional electrostatic system, the strong form of Gauss’s law (see Eq. (2.34))
can be solved directly for the electric field without using Poisson’s equation. This is because
the divergence term reduces to a derivative of a scalar. In one dimension, Gauss’s law states
that

88% = Zon,. (3.189)

Integrating both sides yields an expression for the electric field as a function of the coordinate
x?

E,(z) = Ex(x0) + Y _ Z, /x ne(z')da', (3.190)

where FE,(z9) is a known value of the electric field at a reference point zy. In practice the
reference point is typically chosen to be at a boundary. For a finite-volume formulation,
Eq. (3.190) is recast in terms of discrete quantities. Let (n;), be the cell-integrated number
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density and let (p), be the cell-integrated charge density (i.e. the charge) in cell ¢, such that
z, 1

(ns); :/ " (@) da (3.191)
x;%

(p); = Z Zs (ns); - (3.192)

Note that (ny),, as defined in Eq. (3.191), is computed from the distribution function using
the relation in Eq. (3.188). Then the electric field at the ¢ + 3 cell face can be expressed in
terms of known discrete quantities:
(Ba)ivs =(Eo) 1+ (o), for i € {0,1,---,N — 1}, (3.193)
k=0

where <Ex>,% is the reference value of the electric field, in this case defined to be at the
left end of the domain. The choice of reference value for the field is important, particularly
in cases where the electric field value is not constrained at boundaries. For example, in
a periodic domain that contains zero net charge, setting (EIL% to a fixed value can be
problematic since numerical errors can lead to the development of a net electric field, which
is a violation of Gauss’s law. A better choice of reference value for a charge-neutral periodic
domain is to set (F,)_ 1 to be the negative of the domain-average electric field. This ensures
that the net electric field is consistent with the net charge in the system for all time.

The cell-face value of the electric field can be interpolated using a polynomial reconstruc-
tion to compute the cell-center point value. Let P, be a fourth-order accurate polynomial,

Py(x) = psa® + por® + 1 + po. (3.194)
Setting up a linear system of equations,
(Ea)is = Pa(z;_3) (3.195)
(Eo)i1 = Pa(m; 1) (3.196)
(Ee)ip1 = Palwiy 1) (3.197)
(Ea)ivs = Palmiys), (3.198)

solving the system for the coefficients {ps, p2, p1,po}, and evaluating Py at the center of the
cell z = x;, yields the stencil for computing the cell-center point value,

(Ey)i = Pa(x;) = % (<Ez>i+% + <Ex>i_%> - 1—16 ((Ex>i+g + (Ez>i_%) : (3.199)

Likewise a cell-integrated value (E,), can be computed by using the same reconstructed
polynomial P,, such that

(Eq); :/:i+% Py(z)dx = % ((E@H% + <Em>i_%) — % ((Ez>i+% + (Ew)i_%> . (3.200)

1
-z
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3.5.6.3 Poisson solve using FFTs on periodic domain

The Fourier transform, cosine transform, and sine transform can be used to solve the Poisson
equation, provided that the boundary conditions are periodic, homogeneous Neumann, and
homogeneous Dirichlet, respectively. FFTs are not well suited for inhomogeneous boundary
conditions and for calculations involving adaptive mesh refinement. Here only the periodic
case for a uniform structured grid is considered.

Consider a one-dimensional periodic domain. Applying a Fourier transform to the strong
form of the Poisson equation yields

¥ <_%) _F(p) (3.201)
k> F(¢) =F(p) (3.202)

where F is the Fourier transform operator and k = 2;” is the wavenumber. Solving for ¢

then yields
f
p=F" (%) , (3.203)

where F~! is the inverse Fourier transform operator.

The same procedure can be applied using discrete fast Fourier transforms (FFT) and
a discrete formulation of the one-dimensional Poisson equation. Discrete FFTs are imple-
mented as operators (much like in Eq. (3.203)) using commercial or open-source software
library packages (see Appendix A). Thus to implement a discrete FFT solver for the Pois-
son equation it is sufficient to define a discrete charge density and a discrete wave number.
Suppose that p is discretely defined, such that p; is the cell-center charge density for cells in-
dexed by i € {0,--- , N —1} on domain x € [0, L]. Then the wave number in this discretized
domain is defined as

o N N N N
k=2001,2--,——1 4,42, -1 204
L{O’ = ’2 7}U{ 2’ 2+7 2+7 ) }’ (3 O)

where the ordering of terms is due to conventions used in typical FFT software implemen-
tations. Note that the smallest wavenumber k that can be captured in a finite domain is
k =27 /L. Then the solution given by Eq. (3.203) would yield the cell-centered value of the
electrostatic potential which can be interpolated to solve for the gradient of ¢, and thereby
for the electric field. The procedure can be applied in much the same way to two- and
three-dimensional periodic domains. See Appendix A for examples of using FFTs to solve
the Poisson equation in two dimensions using Matlab and FFTW library in C++ implemen-
tations.

3.5.6.4 Poisson solve based on global linear system of equations

For a system that involves a multidimensional domain with inhomogeneous boundary condi-
tions and multiple components of the electric field, solving for the electric field requires first
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solving for the electrostatic potential. In finite-volume implementations solving the Poisson
equation calls for the construction of a linear operator.

Consider the one-dimensional weak form of the Poisson equation (see Eq. (2.97)). Let
(p); denote the cell volume integrated charge density, defined in Eq. (3.192). Then for a
given cell 7, the Poisson equation in weak form states that

dZB 1

=3

_ {@} " (o), (3.205)

Note that the differential area along the x direction is arbitrary and for convenience is
assumed to be one for this one-dimensional system. Eq. (3.205) is an analytic expression
that relates the cell face derivatives of the electrostatic potential to the cell-integrated charge
density, or the charge in a cell. In anticipation of 2D and 3D domains, the objective is to
solve for ¢, rather than the gradient of ¢. Thus the derivative term on the lefthand side of
Eq. (3.205) needs to be recast as a discrete linear operator acting on ¢. Since one of the
objectives in this discretization is to have a fourth-order accurate electric field, the derivative
operator in Eq. (3.205) should be fourth-order accurate.
The stencil for a fourth-order accurate face value of the derivative of ¢ is given by

<%>i+; = % ((@)ix1 — (i) — ﬁ ((D)isa — ()i 1) - (3.206)

This expression for the derivative in terms of volume-integrated values is analogous to the
expression derived in Ref. [49] in terms of volume-average values. Note that the fourth-order
stencil and fifth-order stencil for evaluating the derivative of ¢ at a cell face are identical.
Using this stencil, the discrete version of the lefthand side term in Eq. (3.205) is

- {%} iQ - <<%>i+; - <%>i_%> (3.207)

== h%% (1_12 <¢>i+2 + % <¢>¢+1 B g <¢>z + %l <¢>171 o 1_12 <¢>z2> : (3.208)

[un

Using the stencil in Eq. (3.208) for each cell in the domain, a global matrix operator L can
be constructed, such that the local analytic expression given by Eq. (3.205) is recast as a
global linear system:

Lo =

(3.209)

(s

where ¢ is a vector of N unknowns, and p is a vector of cell-integrated charge density values
in each cell in the domain. The main diagonals of the matrix L are given by the coefficients
in the stencil in Eq. (3.208), and the first two rows and last two rows are modified to account
for changes in the stencil near boundaries. See Ref. [49] for high-order boundary condition
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stencils. As an example, the operator matrix for periodic boundary conditions in an eight-cell
system is

S oF L0 0 0

T N LI

% 4 34 ko 0o
RN A e T (3.210)
hZ 1 o 1 4 5 4 _1

12 3 2 3 12

0 0 _112 % —% % _112

_1_12 0 0 _112 % _% %

_% _% 0 0 0 _112 % _g_

This matrix is singular, and thereby requires further modification. To implement periodic
boundaries, an additional constraint, stipulating that the average value of the potential is
zero (), ¢; = 0), is incorporated, such that the resulting linear system is

om0 0 0 e [
4 5 4 _1 g _1 0 (p)
3 2 3 12 12 (@) 1
1 4 5 4 _1 0 0 ! (p)
12 3 2 3 12 (6) Pla
2
1 _% 3 _% % _112 0 0 (@) (P)s
3 p—
h2 0 0 _% % _g % _112 0 (@) = | (Ph (3.211)
9” 4
I R T B 11
5
3 00 0 -5 5 -5 3 () or
41 g —Lo4 s |
3 12 12 3 2 7
(9)7
1 1 1 1 1 1 1 1= - 0

Whether the global operator matrix is square or not, the resulting linear system is solved for
the electrostatic potential using standard linear algebra techniques and software packages.
Using a polynomial reconstruction of the resulting volume-integrated values of (¢), the cell-
center value of the electric field is computed to fourth-order accuracy:

8 1

<Ex)’ - <%>Z - Fh% (<¢>1+1 - <¢>z—1) - Thggc <<¢>1,—‘,—2 - <¢>z—2) : (3'212)
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3.6 Cartesian coordinates: fourth-order accurate
diagnostics

The Vlasov-Maxwell system encapsulates a considerable amount of information, and assess-
ing the physical and numerical accuracy of a given simulation typically relies on computing
reduced quantities such as velocity moments of the distribution function and field energy.
See discussion of diagnostics in Section 2.6. When it comes to gauging whether simulation
results are true to the physics, it is often sufficient to compute these reduced quantities to
second-order accuracy. When it comes to tracking numerical convergence, however, diag-
nostics like momentum and energy must be computed to fourth-order accuracy. Computing
integrals of products to fourth-order accuracy relies on the Taylor series relation in Eq. (3.30),
which underpins each step of the finite-volume method implementation.

3.6.1 Mass and charge

The calculation of species particle inventory to fourth-order accuracy involves a simple sum-
mation, and is described in Section 3.5.6.1. Note that the particle inventory is simply the
volume-integrated number density. The local number density is one of the fundamental
quantities that is tracked in electrostatic and electrodynamic Vlasov simulations (see discus-
sion in Section 2.6) since it is a much simpler indicator of the transport of plasma species
in physical coordinates than the full phase space distribution function. By extension, the
species charge density and species mass density are readily computed by multiplying the
species number density by the appropriate scalar factor. The total charge in a cell can be
computed by summing over species (see Eq. (3.188)). The total mass of a given species
within the domain is often of interest, and can be obtained by summing the distribution
function along all directions and multiplying by the relative species mass M. Finite-volume
discretization of the Vlasov equation in a system with closed boundaries should result in
zero (to machine precision) net change in mass.

3.6.2 Momentum

The calculation of the fourth-order accurate momentum along each direction relies on the
steps outlined in Section 3.5.2 for computing the current. The main distinction is that for
the purpose of diagnostics, there is no reason to evaluate momentum as an area-integrated
quantity. Whether a quantity is area-integrated, volume-integrated, or a point value is
consequential in high-order finite-volume methods, but since the value of momentum is
not used anywhere in the discretization, the choice of what type of integral to evaluate is
somewhat arbitrary. Here momentum is computed as a volume-integrated quantity. Thus
when evaluating local cell-volume-integrated products like (v, fs) to fourth-order accuracy,
the integration is performed over all directions, not just a subset. The following steps are
used to compute the species momentum
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1. The point value of the distribution function is computed at the center of a cell. See
Eq. (3.106).

2. The local cell-volume-integrated product v f is computed to fourth-order accuracy using
point values and the quadrature rule given by Eq. (3.30). Note that the quadrature rule
in Eq. (3.30) is for area integrals, not volume integrals, but the extension to volume
integrals is straightforward in that transverse derivative terms are included for each
direction of integration.

3. The local fourth-order accurate product (v f) is summed over velocity directions

[,m,n to compute momentum.

i7j7k7l7m7n

For Cartesian coordinates the local products of the velocity coordinate and the distribution
function are

e = @D itmhahyhobo o, + [ 0 (1)
L) B2 0 1))+ 1, 0 )

B g0 1)+ B (fs>)] (3.213)

ki

0Dt = ) sitmaheby bbb b+ 12, ()
0 )+ W )+ 1, o )

B g, )+ . (0, (fs>)] (3.214)

L

(0o F st = Ol sstomalaly ot o, + 2 1220 ()
o ) B o (1) + 12, 20 1)

o 1)+ B, §Z2<vz<fs>>] - 3215)
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Summing these local cell-integrated values over velocity space, the discrete cell-volume-
integrated momentum (see Eq. (2.124) for the analytic definition) is obtained, such that

N»UT 1va 1NU271
eadign = 20 2 2 (et (3.216)
m= n=
erl Ny, — lN,JZ

psy le Z Z Z nys 1,7,k l,m,n (3217)

Nvfl va—l Ny, —1

<psz>i,j,k: = <UZf5>i,j,k,l,m,n . (3218)
=0 m=0 n=0

The momentum is used as an indicator of the local velocity of each species. The components
of momentum given by Egs. (3.216) — (3.218) can also be integrated over the spatial coordi-
nate to obtain a global value of the net momentum along a given direction. The global value
of momentum along each direction serves as an indicator of how well the total momentum
is conserved.

3.6.3 Energy

Energy is another diagnostic that serves as a metric for the physical and numerical accuracy
of the finite-volume discretization of the Vlasov-Maxwell system. Kinetic energy is defined
analytically in Eq. (2.126), and is computed discretely using the same procedure as the
momentum calculation; first the point value of the distribution function is computed at the
center of a cell, then the local cell-volume-integrated product (v2f) is computed to fourth-
order accuracy for each velocity component using the quadrature rule in Eq. (3.30), after
which the local fourth-order accurate product is summed over velocity directions.

For Cartesian coordinates the local products of the square of the velocity and the distri-
bution function are

82
2L, ki = @R (F it mnhahyhsh, o b +— W5 (v ()

82 82 ) 82

I (0 (0 4 R (02 () + s 02 )
2 2
I 502 ) 0 (fs>)] (3219
Y ©,5,k,l,m,n
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82
Wofs) i inimm = @ (F)igbtmnhahyh hvzhvth ham 5 (v, (f3)

0 0? , O

by g D) + R g5 (0 () + ki, 55 (05 (£:))

ne O w0 3.220
+ ’vya 2( <fs>> vzavg(vy <fs>) S ( : )

62

<U§fs>i,j,k,l,m,n = (vz)i(fs)i,j,k,l,m nla h h.h., h h + Y h?va 2( §<f5>)
02 02 02
RSO + R0 (1)) + S5 02 ()

0? , 02

I g 02 )+ 4 503 mﬁumm;@ﬂn

These expressions for local fourth-order accurate products for kinetic energy evaluation very
closely resemble those in Egs. (3.213) — (3.215) for momentum. This illustrates the flexibility
of the quadrature rule, in that the same general form can be used to compute fourth-order
accurate products independent of the number of variables being multiplied.

The values of (v2fs), (v2fs), and (v2f,) given by Eqs. (3.219) — (3.221) can each be
summed over Velocnty space, and comblned with local values of momentum and density to
compute thermal speed and temperature (see Egs. (2.127) and (2.128)). Summing these
local cell-integrated products over all of velocity space and over direction components, yields
the discrete fourth-order accurate cell-volume-integrated kinetic energy,

vi—l Nyy—1 N, —1

gk = Z Z Z( 2wt Ot + Ot - (3:222)

In addition to the kinetic energy of the plasma, which is encoded by the distribution
function, it is also important to account for the field energy. See Eq. (2.130) for the analytic
definition of total energy. Since the fields exist in a subspace of the full phase space domain,
the local cell-volume integrals of |E?| and | B%| are simpler to evaluate than the terms
contributing to the kinetic energy. Moreover, the calculation of field energy does not involve
velocity moments. The quadrature rule given by Eq. (3.30) is still needed, however, in order
to compute the squares of the field components to fourth-order accuracy.

Computing a fourth-order accurate cell-volume-integrated value of B? in Cartesian co-
ordinates requires using the area-integrated field variables. First the point value of each
component of the field is computed. For Cartesian coordinates, the point values of the
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magnetic field components are

Boir = (18] — 2 [2 2 5 122 ) (3.223)
z)i,5,k _hyhz zJig,5,k 24 y y2 za 2 T i .
1 1, , 0 o2
(By)l] k _hxhz I_Bsz]O E ﬁ (hx 81’ L yJ + hza 2 LB J:| iijJC) (3224)
1 1 [, O , 0
(B)iin =35 | LBolisn — 35 (hx 57 LBl +li 5 LB .l (3.225)

See Section 3.5.1 for the definitions of | By, ;. [Byl; x> and | B:], ;.- Much as in the case
of integrals involving the distribution function, the second derivatives are evaluated using a
second-order accurate finite-difference stencil. The point values are then used to compute
the volume-integrated squared values of each component of the magnetic field. In Cartesian
coordinates these are:

2 hehyh. e (2 o h:— 62 h—— 82 2
<Ba:>i7j7k :(B )zylc + 24h h xa$2 LB JZojk+ yayg LB ng]k_l_ za 2 LBIJiU,j,k
(3.226)
h 0? 0? 9 0? 9
<B§>i,j,k :(By)?,jakhxhyhz + 24hihz (hia 2 <By>wok + h 3y2 LB Jljok + hza 2 LByJi,jo,k)
(3.227)
h 0? 0? 0?
2 2 z 2 2 2 2
(B2),; =(B2)jxhahyh + Thoh, <h$8 (Bt hya ~1B-)G i o LBZJi,j,,%) :
(3.228)

Note that the cell-volume-integrated squared values of each component of the electric field
can be computed in the exact same manner. The total volume-integrated field energy is
defined analytically in Eq. (2.131), and is computed discretely to fourth-order accuracy as

<U>i,j,k:%<<B Vot (B2 (Bt (B2, (ED +(BD),,) - (3:229)

Local values of kinetic energy and field energy give an indication of how energy is transported,
specifically when and where it is converted into a different form. Tracking the global integral
of the sum of (W), ., and (U), ,, gives an indicator of how well the discretization method
is able to conserve energy.

3.7 Cartesian coordinates: algorithm outline

The spatial discretization of the Vlasov equation and Maxwell’s equations combined with
the temporal discretization of the entire system allows the analytic governing differential
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equations to be approximated with discrete analogs. As such the Vlasov-Maxwell system
can be expressed in the generic form given in Eq. (3.12), i.e

oq
ot
In effect the primary variable q, source Y, and flux terms Lq can all be evaluated in terms

of arithmetic operations that can be processed on a computer. The terms in this discrete
system of equations are

—Lg+Y. (3.230)

<f8>i,j,k,l,m,n 0
LEﬂUJiO,j,k B L‘]ﬂﬁJio,j,k‘
LEyJi,jO,k - LJyJi,j@,k
q= LEZJ i,5.ko ) Y =|- LJZJ i,7,ko (3231)
LBIJ 10,7,k 0
I_ByJ i,50,k 0
L LBzJi,j,ko i L O |
L(F,) + L(F,) + L(F.) + L(F,,) + L(F,,) + L(F,.)
wep _ |-By lo,j,kJrE 0 j+2
“pp lo]k}—% ZOJ—lk’
(a7 -
PP i.j0 k_% z—f Jo.k
Lq- (_ B [y [T k) S (323
Wpp ¥ m’—%,ko i—%.5:ko
Zo,j,k+§ 10 ]+ K
Wpp E
Wep ( L yJ io.j k—§ i0,j— % >
w 4,50 k+§ 1+2 ,Jjo,k
wp;p (_ LEQEJ 1 )
P 2,70 k—i ’L** jO k
Wpp ( LE i’j+%’k0 i+, ko)
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where the flux terms associated with the distribution function are

i—i—%,j,k,l,m,n
L(E,) = — (u.f,) (3.233)

L1 .
ZfE’J’k’Lm/n

i,j—l—%,k,l,m,n
L(Fy) = = (vy fs) (3.234)
i,j—%,k,l,m,n
i,j,k+%,l,m,n
i,j,k—%,l,m,n
VA w i,j,k,l-i—%,m,n
L(F,,) =— < s {Em + 2 [v,B. — szy]} fs> (3.236)
MS pp i,j,k,l—%,m,n
Zs . i,j,k,l,m—%,n
L(Fvy) = < {Ey + Hep [UZB:L" - UmBz]} fs> (3237)
M Wpp i,j,k,l,m+%n
7 w i,j,k,l,m,n—&-%
L(F..) = — <M {E + v, By — vyBx]} fs> . (3.238)
$ pp isj.k,lmn—%

2

Note the distinction between a phase space volume-integrated quantity (f)
space surface-integrated quantity (f)

i.jkd.mn & Phase

i+ 1 kb @ physical space center-of-cell area-integrated

quantity |[E;|; ;.
Note that the angular brackets denote surface integrals with Cartesian coordinate phase
space surfaces defined in Eq. (2.52).

The outline of the Cartesian coordinate Vlasov-Maxwell algorithm for solving Eq. (3.230)
is as follows. First the primary variables are initialized to fourth-order accuracy, using either
analytic definite integrals or quadrature rules. The distribution function is initialized as a
fourth-order volume integrated value in each phase space cell, and the electromagnetic fields
are initialized as fourth-order area integrals through the mid-planes of each cell in physical
space. For each time step the algorithm for advancing the primary variables performs the
following steps.

and a physical space line-integrated quantity along a face LEle Jokt L

1. For each stage in RK4

a) Compute the distribution function flux terms in Lq.

i. Deconvolve the electric and magnetic field so as to compute point-values in
the center of a cell to fourth-order accuracy.

ii. Interpolate the volume-integrated distribution function to cell faces using
an upwinded stencil (see Section 3.4.2.2). Upwinding direction is based on
advection speeds — either the velocity coordinates or the local point-value of
the Lorentz force.
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iii. Compute the distribution function fluxes given in Eqgs. (3.233) — (3.238), using
the fourth-order quadrature rule described in Section 3.4.2.3.

iv. Compute the divergence of fluxes, i.e. the sum of the terms in Egs. (3.233) —
(3.238) to obtain the distribution function increment associated with the k-th
stage of RK4 (see Egs. (3.15) — (3.18)).

b) Compute the line-integral and source terms in Lqg + Y associated with the elec-
tromagnetic fields.

i. Interpolate the area-integrated electromagnetic field variables to cell faces,
using the centered stencil described in Section 3.5.1.1.

ii. Evaluate the local line integrals needed to update each field component as
described in Section 3.5.1.2.

iii. Compute the area-integrated current density from the distribution function,
as described in Section 3.5.2.

iv. Compute the closed-loop line-integrals given in the term Lq in Eq. (3.232)
to obtain the electromagnetic field increment associated with the k-th stage
of RK4.

2. Update distribution function and electromagnetic field solution using the ki, ks, k3, ky4
increments obtained from each stage of RK4 (see Eq. (3.19)).

3. Apply divergence cleaning, if applicable.

4. Compute diagnostics, as described in Section 3.6.

The Vlasov-Poisson algorithm for solving the system g—‘g = Lq with electrostatic fields re-
quires only the distribution function to be initialized. The distribution function is initialized
as a fourth-order volume integrated value in each phase space cell, and the following steps

are performed to update the solution.
1. For each stage in RK4

a) Compute the charge density from the distribution function (see Section 3.5.6.1).
b) Solve the Poisson equation for the discrete potential (see Section 3.5.6).

c) Compute the electric field from the discrete values of the potential using a fourth-
order interpolation.

d) Interpolate the volume-integrated distribution function to cell faces using an up-
winded stencil (see Section 3.4.2.2). Upwinding direction is based on advection
speeds — either the velocity coordinates or the local point-value of the Lorentz
force.

e) Compute the distribution function fluxes given in Egs. (3.233) — (3.238), using
the fourth-order quadrature rule described in Section 3.4.2.3.
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f) Compute the divergence of fluxes, i.e. the sum of the terms in Eqs. (3.233) —
(3.238) to obtain the RK4 distribution function increment associated with the
k-th stage of RK4 (see Egs. (3.15) — (3.18)).

2. Update distribution function using the ki, ko, k3, k4 increments obtained from each
stage of RK4. See Eq. (3.19).

3. Compute diagnostics, as described in Section 3.6.

Both algorithms rely on evaluating the terms Lq + Y for each stage of the RK4 time
integrator, using the interpolation and quadrature evaluation procedure detailed in this
chapter.

3.8 Cylindrical coordinates: spatial discretization of
the Vlasov equation

3.8.1 Taylor series based approach to fourth-order quadratures

Taylor series based approach to evaluating quadratures to fourth-order accuracy is largely un-
changed for cylindrical phase space coordinates. The approach is described in Section 3.4.1.
The main distinction is that the fluxes in the cylindrical coordinate Vlasov equation (see
Eq. (2.79)) are often products of three terms (instead of two terms) and involve radius mul-
tipliers for evaluation of surface integrals. The Taylor series relation given in Eq. (3.30)
for evaluating the product of two or more functions still holds and is applied to evaluate
quadratures in cylindrical phase space coordinates.

3.8.2 Fourth-order flux calculation for the Vlasov equation

The general approach for a finite-volume flux calculation for cylindrical coordinates is the
same as that for Cartesian coordinates (see Section 3.4.2); however, the details are sufficiently
different that they warrant a separate discussion. The surface integral of fluxes in the
weak form of the Vlasov equation is given in Eq. (2.78) and the associated five-dimensional
differential surfaces for cylindrical phase space coordinates are defined in Eq. (2.79). In the
interest of clarity, the mechanics of the finite-volume discretization are described in detail for
two phase space dimensions rather than the full six dimensions. The discretization extends
directly to (r, z, v, vg, v,) coordinates. The procedure can be further extended to include the
discretization of the azimuthal coordinate #; however, since the objective here is to model
axisymmetric plasmas, variation along the azimuthal direction is not taken into account.
Consider the distribution function f(r,£) in two dimensions defined by the radius r and a
coordinate &, where £ can be either the z,v,, vy, or v, coordinate. The distribution function
is assumed to be axisymmetric, such that it is independent of the azimuthal coordinate
0. Note that even in axisymmetric configurations it is very important to account for the
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azimuthal direction, as it affects the form of the integrals along the r and ¢ directions. Let ¢
denote the cell index along the r direction, and j denote the cell index along the ¢ direction,
such that the center of the cell (,j) has coordinates (r;, ;) and the cell spans the volume

[ri_%,rH%} X [O,hg] X [fj_%, j_l_%}, where

h.

Tigl =70 5 (3.239)
h

Gay=6E 5 (3.240)

and h,, hg, and he are the cell spacings along each direction. Note that the azimuthal
coordinate is not discretized, and the associated cell spacing hy is arbitrary as long as hy # 0.
The spacing must be non-zero so as to properly account for cell volume variation with radius.
For convenience hy can be chosen to be one radian or 2r radians for the axisymmetric system
of interest. For the simulations in this dissertation Ay is chosen to have a value of one.

Let the primary variable in this finite-volume discretization be the volume integral of f,
such that the local volume-integrated value in this cylindrical coordinate system is

=[] L s graane (3,211

m

where the differential volume of a cell is rdrdfd&. Note that even though the distribution
function is independent of #, the distribution function must still be integrated over a finite
azimuthal extent to properly account for the fact that in cylindrical coordinates volume
varies with radius. The differential areas for this cylindrical coordinate system are dA =
{rdfd¢, drd§, rdrdf}, such that analytically the cell-face integrals of f are defined as

iy :/Ohg /% P ,g) J1dfdg (3.242)

/ % f(r,&)drdé (3.243)

o1
i-3

ho
Z]+2 / / rd@dr (3.244)

lO

Note that the Jacobian of integration, r, only appears when integrating over the azimuthal
direction, which is why it is present in Eq. (3.242) and Eq. (3.244), but not in Eq. (3.243).
The value of the integral on the righthand side of Eq. (3.243) is completely independent of the
azimuthal location 6, since f is assumed to be axisymmetric, and consequently Eq. (3.243)
is never used in the discretization, and is included here only for the sake of completion.
Let the evolution of the volume-integrated primary variable (f) ;; be described according
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to Eq. (3.27) such that the change in time of the primary variable is expressed in terms of
cell-face integrated fluxes:

%mm == ([(Fhiay = Fhisy] + [Py = (Fhisa] ) (3.245)

See Fig. 3.1 for an illustration of the cell and cell-face indexes in a structured grid.

Suppose the fluxes along the r and ¢ direction are defined analytically to be F =
{af,Bf}, where a defines the advection speed along the r direction and § defines the ad-
vection speed along the ¢ direction. For the purposes of this discussion, let o and S be
analytic functions. Then the goal is to use the volume-integrated values (f) ;; to compute
the surface-integrated fluxes,

S+
<F>i+%,j :/

§-1

L

1
2

J

<F>i,j+% :/
T 1

=3

) /0h9 o (ri1:€)  (riys €) 7oy a0 (3.246)
ho

(S

/0 3 (r, j+%> f <r, 5j+%> rdfdr, (3.247)

to fourth-order accuracy so as to evaluate the righthand side of Eq. (3.245). The interpo-
lation and quadrature procedure for evaluating these flux terms are described below. Note
the distinction between these cylindrical coordinate fluxes and the fluxes for a Cartesian
coordinate system (see Eqs. (3.39) and (3.40)). For cylindrical coordinates, depending on
the direction of the flux, integration over a surface area requires accounting for the variations
of cell face area with the radius. Note also that in an axisymmetric system in which «, 3,
and f are independent of the angle 6, the integrals in Eq. (3.246) and Eq. (3.247) must still
include integration over the € direction and the associated Jacobian r. The azimuthal flux
in an axisymmetric system is zero and consequently an expression for it is not included.

3.8.2.1 One-dimensional polynomial interpolation

Much like in the case of Cartesian coordinates, the first step in computing the flux for a
cylindrical coordinate system involves interpolation. Variables associated with a given flux
are interpolated to cell faces using a one-dimensional polynomial reconstruction. In this case,
since advection speeds a and 3 are assumed to be analytically defined, then only the primary
variable f needs to be interpolated to a face. To obtain a cell-face integrated value (f), +14
from the volume-integrated value (f), ., a third degree polynomial Pj is used to reconstruct

the solution, where

,L’] ’

Py(r) = p3r® + par® + pir + po. (3.248)

Even though the variables of interest exist in three dimensions, the polynomial is one-
dimensional because variation along the ¢ direction, i.e. the direction transverse to the
(i + 3,7) face, is already embedded into the volume integral (f), ;- Solving for the constant
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coefficients of P; requires four volume-integrated values of (f), ; around the face (1 + %, 7)-
Constructing a linear system with four equations and four unknowns yields

Phiry = / ?jpg(r)rdr (3.249)
(fi; = / :1 Py(r)rdr (3.250)
(isr, :[. +% Py(r)rdr (3.251)
(Fizay = / } Py(r)rdr. (3.252)

Solving this linear system for the coefficients {ps, p2, p1,po} in terms of volume-integrated
values and evaluating the polynomial at r; 1 yields a stencil for the face-integrated value
(f)iy1; to fourth-order accuracy:

27

(Fivr; =Fs <7“Z-+%> (3.253)

1
T 12h2(4 — 1502 + 504) {
( 4+ 30— 82 — 56)(f)_y,

) (f)
+(—60 — 93¢ + 242 + 356*) (f),,
+( 60 — 930 — 24> + 356%) (f),,,, (3.254)
F( =4+ 30+ 8E = 50 (fy )
where the index ¢ is defined as
o=t 3.255

and denotes the number of h, lengths between the axis at = 0 and the cell face (i + 3, 7).
The stencil for interpolating the primary variable to a (i + %, j) cell face in cylindrical coor-
dinates involves coefficients that depend on the distance from the axis, whereas in Cartesian
coordinates the stencil coefficients are coordinate independent.

When it comes to interpolating the volume-integrated values of f to cell face (i,j + %),
the procedure is the same as in the case of Cartesian coordinates because the volume of a
cell does not vary with ¢ and the reconstruction is one-dimensional. Thus the fourth-order
accurate centered stencil for computing the cell face value (f) e is given by

st =7 35 (D i) = 15 (Phgeat sma)] (3.256)

3
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This stencil is analogous to the expression in Eq. (3.47) for Cartesian coordinates. It is worth
noting that in cylindrical coordinates the stencil for reconstructing variables along the radial
direction is decidedly different from the reconstruction along the other orthogonal directions,
and this difference is due to the fact that cell volumes increase with radius, but do not vary
as a function of the other coordinates.

3.8.2.2 Upwinded one-dimensional polynomial interpolation

As in Cartesian coordinates, for stability purposes it is advantageous to use an upwinded
stencil for the primary variable. See discussion in Section 3.4.2.2. To incorporate upwinding
and retain overall order of accuracy in the flux calculation, the third degree polynomial
reconstruction used above is replaced with a fourth degree fifth-order accurate polynomial
reconstruction. For the ¢ direction the reconstruction is analogous to that of Cartesian
coordinates, such that the upwind interpolation stencil for evaluating f at face (i,7 + %) is
given by

(o 208Uy, o
Mgz =9 1 D =) (3.257)
; M(—?,(f)m_l+27(f>w+47< i i1 fh
\ Bt 2 s)

where §; ;1 is the advection speed at the (4,7 + 3) cell face, and where ( f);; is defined in
Eq. (3.241). If the ¢-directed advection speed is zero then either stencil, or the average of the
two stencils in Eq. (3.257) can be used. For the radial direction, the upwind reconstruction
of f at cell face (i + %, j) is derived as follows.

Consider a one-dimensional local polynomial reconstruction of the solution f along the
radial direction. Define a fourth degree polynomial

Py(r) = par' + psr® + par® + pir + po, (3.258)

with constant coefficients {p4, p3, p2, p1,P0}. The values of the coefficients are determined
by solving a linear system of equations in which the volume-integrated distribution function
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values are known. The linear system is made up of five of the following six relations:

(flia;= / A Py(r)rdr (3.259)

N
|
o

Py(r)rdr (3.260)

* Py(r)rdr (3.261)

Py(r)rdr (3.263)

* Py(r)rdr. (3.264)

/
/
(Fis1;= /+3 Py(r)rdr (3.262)
/
/

+5
Which five equations are used to solve for the coefficients of P is determined by the sign of
the advection speed. If the local value of the advection speed a; 1 is positive, then three
volume-integrated values to the left and two volume-integrated values to the right of the
(i 4 %,J) face are used for the polynomial reconstruction (Egs. (3.259) — (3.263)). Solving
for the coefficients of P, and evaluating the polynomial at the (7 + %, j) cell face yields the

stencil for a1 ;> 0:
2)

(Piass = 1 {
29 7 60h2(—12 + 80 + 4502 — 2003 — 1501 + 605)

(16 — 400 + 1209 (f),_y;
+ (—164 — 450 + 3800 + 7500 — T8LY) (f);_y,
+ (1276 + 1395¢ — 13000 — 5250° + 2820%) (f),. . (3.265)
+ (—684 + 13950 — 180¢% — 5250 + 1620%) (),
+( 36 — 450 — 602 + T75(° — 18(%) <f>i+2,j}

If, on the other hand, the advection speed is negative, then the set of volume integrals used
for the reconstruction is shifted by one index, such that the linear system of equations used
to solve for coefficients of P, is made up of Eqgs. (3.260) — (3.264). Solving the linear system
for the polynomial coefficients in terms of volume integrated distribution function values,
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and evaluating P, at the (i + %,j) cell face yields the stencil for a;, 1, <0:

1
2

(Pisy = : {
30 T 60h2(12 + 80 — 4502 — 2003 + 15(* + 665)

(36 + 50— 60— 750% — 18 (f),
+ (—684 — 13950 — 1800 +525(° + 162(*) (f),
+ (1276 — 13950 — 1300£% +5250° + 2820%) (f),.; ; (3.266)
+ (—164 — 4504 3800 + 75 — T8LY) (f);in,
+( 16 — 4003 + 1204 <f>i+3,j}

where £ is defined as in Eq. (3.255). Thus depending on the direction of advection, either
the stencil in Eq. (3.265) or the stencil in Eq. (3.266) is used to interpolate the distribution
function to a cell face along the radial direction.

3.8.2.3 Fourth-order quadrature for surface-integrated flux

The second step in the flux calculation involves computing fourth-order accurate cell-face
integrated products <ozf)i+%7j, and <Bf>i’j+% using face-integrated values of the primary
variable, derived in the interpolation step. Much as in the case of Cartesian coordinates, the
flux calculation relies on the Taylor series relation given by Eq. (3.30).

Using the relation given by Eq. (3.30), the point values of the primary variable at the
center of each face are obtained from face-integrated values. For the (i + %, j) face, the point
value f;, 15 to fourth-order accuracy is

L1 = _— L1 . — 2
fl+§,] TZ'+1 hehg <f>7,+§,] 24 3 a§2 (3 67)
2 'L+§

1 1 1, [32( fr)}
—h
r.1
Note that hy is chosen to have a value of one, but is explicitly included in Eq. (3.267) for
the sake of completion. Note also that the factor of radius comes about from the fact that
the volume integral (f), ; (see definition in Eq. (3.241)) contains the Jacobian r. Obtaining
a point value thus requires undoing the integration with respect to 6 and &, and dividing
through by r. In effect the cylindrical volume integral of f is treated as a Cartesian volume
integral of the product of two terms. Note the distinction between the point value evalua-
tion for cylindrical coordinates given in Eq. (3.267) and for Cartesian coordinates given in
Eq. (3.57).
In Eq. (3.267), the second derivative transverse to the (i + 1, ) face is evaluated as a
second-order accurate finite differences using face-integrated values. Accounting for factors
of cell spacing both in the finite-difference stencil and in the face-integrated values yields the
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discrete form for the second derivative,

[agg;)] _ hig (Psrger = 2Fepry + Pirrgr) (3.268)

Just as in Cartesian coordinates, it is important that the face-integrated value on the
righthand side of Eq. (3.267) is high-order accurate, whereas the face-integrated values in
Eq. (3.268) need only be second-order accurate. Substituting Eq. (3.268) into Eq. (3.267)
yields the complete expression for the point value of f at the center of the (i + %, j) face,

1 1
fi+%7j - 7“1-+%h9hg ( <f>i+%,j o ﬂ <<f>i+%,j+1 —2 <f>i+%7j + <f>i+%7j_1> ) (3269)

The face-integrated fourth-order flux (F),, 1 ; = (af);, 1 ; is evaluated to fourth-order accu-
27 27

racy using Eq. (3.30) and using the expression for the point value given in Eq. (3.269), such
that

(@f)ivy; = i (az‘+§,j i+3d T 9 [352( f)] )hahg, (3.270)

1+%

where the multiplier 7;, 1 stems from the flux definition in Eq. (3.246). The second derivative
term is evaluated to second-order accuracy using finite differences of known discrete values,
such that

0? 1 <f>z+%, i+1 <f>z+%, <f>z+%, i—1
|:a_§2(af):| = h_§ (ai+;,j+1—] — 2041'4,_%7]’—] + ai+%7j_1—] .

T, 1 r., 1 ., 1
Ti+% ’l+§ 7/+§ Z+§

Substituting Eq. (3.271) into Eq. (3.270) results in the complete expression for the fourth-
order flux at the (i + 1, j) face:

<F>i+%,j = Ti+%ai+%,jfi+%,jh9h§

1
+ By <O‘z’+%,j+1 <f>i+%,j+1 - 20‘1‘4—%,3‘ <f>i+%,j + @il <f>i+%,j—1> - (3.272)

Using the same procedure based on the relation in Eq. (3.30), the point value of f can be
obtained at the center of the (4, j + 1) face,

_1 1 1.y 82<7’f>
f’i,j+% _T_i hohy <f>z]+% - ﬂh’” [ a2 . (3.273)

i+3

1 1
:rihrhg ( <f>i,j+% Y |:<f>i+1,j+% -2 <f>’i,j+% + <f>i—1,j+%i| ) (3.274)
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where the terms in the square brackets can be evaluated to second-order accuracy. The flux
associated with the &-direction is

<F>Z7]+% = Tiﬁi,j-ﬁ-% i,j—i—%hrh@

1
+ 21 <5i+1,j+% <f>i+17j+% - 26@]‘4_% <f>i,j+% + ﬁi—l,j—&-% <f>z‘—17j+%> (3.275)

It is important to note that the Jacobian r appears in the definitions of the volume integral
(f);; and the face integrals <f>z‘+§,j and (f)i’ij%. See Egs. (3.241), (3.242), and (3.244), re-
spectively, for these definitions. Combined with the interpolation step, Eqgs. (3.272) and (3.275)
prescribe a means of computing fourth-order fluxes from discrete volume-integrated values
of the distribution function.

3.8.3 Boundary condition implementation for the Vlasov
equation

The interpolation and fourth-order evaluation steps outlined in Sections 3.8.2.2 and 3.8.2.3
for computing fluxes apply for cells that have neighbors. For cells near domain bound-
aries this procedure has to be modified. As discussed in Section 3.4.3, boundary conditions
in finite-volume implementations can be handled through ghost cells or through one-sided
reconstructions. Note that the use of ghost cells constitutes a proxy for using one-sided
reconstructions. While ghost cells simplify boundary treatment in Cartesian coordinates,
they are not well suited for the radial direction in the cylindrical coordinate Vlasov equation
because stencil coefficients depend on the distance from the axis. Consequently boundary
conditions for the cylindrical coordinate Vlasov equation are implemented using one-sided
reconstructions of the solution.

Generalized one-sided reconstructions near boundaries call for a modified quadrature
evaluation, such that transverse second-derivative terms are evaluated in a way that is con-
sistent with the boundary condition. Such an implementation would require special-case
treatment of each variable, near each boundary, along each direction. To avoid the complex-
ity associated with such a treatment, the quadrature evaluation is modified in a very limited
way near boundaries. Instead of using a centered finite-difference stencil for evaluating the
second-derivative terms as is done throughout the interior of the domain, a one-sided finite
difference stencil (see Eq. (3.67)) is used for cells at boundaries. Thus, in the absence of
ghost cells, the quadrature rule near boundaries does not account for any specific boundary
conditions, but still computes transverse second derivatives to second-order accuracy using a
one-sided stencil. By using one-sided stencil for second derivative evaluation, some accuracy
is lost near boundaries, but the overall method remains globally fourth-order accurate. In
effect, boundary conditions for cylindrical phase space coordinates are enforced exclusively
through the one-dimensional interpolation stage of the discretization.
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3.8.3.1 Specular reflection boundary condition

The specular reflection boundary condition on the distribution function is applied at con-
ducting wall boundaries and at the axis boundary in cylindrical coordinates. The analytical
expression that describes the boundary condition is given in Eq. (2.99). Unlike typical Neu-
mann and Dirichlet boundary conditions, the specular reflection boundary condition on the
distribution function requires non-local information. For example, for the axis boundary
condition in (r,v,,vy) cylindrical phase space coordinates, the specular reflection condition
is

f(r,vn,v0)|,— = f(r, —vr,v9)|,_ for v, > 0, (3.276)

which requires information from v, < 0 to set the boundary condition for v, > 0. Note that
Eq. (3.276) is consistent with the specular reflection description given in Ref. [29]. Velocity
components that are parallel to a specular-reflection boundary do not play a role when it
comes to setting the boundary condition. Consequently the implementation discussion is
limited to the two-dimensional (r,v,) plane.

Unlike in Cartesian coordinates, in cylindrical (r,v,) coordinates, specular reflection is
implemented through an extrapolation procedure and a copy operation. Let the radius be
indexed by i = {0,1,2,--- N, — 1} and let the velocity coordinate be indexed by j =

{0,1,2,--- | N, — 1}, such that indices j = {O, 1,2, M 1} denote the cells for which

2
v, < 0. See Fig. 3.8 for an illustration of the (r,v,) plane and the associated indexing. Then
specular reflection involves an extrapolation step, and a copy step so as to have well-defined
values of the distribution function at the 7 = 0 boundary (denoted by index i = —1) and at

2
the 7 = rya boundary (denoted by index i = N, — %) At the axis, these steps are:

1. for j = {O, 1, ,% — 1}, corresponding to v, < 0

a) Use cells i = {0,1,2,3,4} to perform a one-dimensional extrapolation, using
a fifth-order accurate polynomial reconstruction to obtain the boundary value

<f>_%7j in terms of {<f>0,j ) <f>1,j ) <f>2,j ) <f>3,j ) <f>4,j}a such that

g = 1800/2

(12019 (Fos — 5981 (f),,

+3019 (), — 981 (f),, + 144 <f)4,j> (3.277)

b) Copy value of <f>—$,j to (f)_%7er_j_1.

At the r = rya. conducting wall boundary, the extrapolation and copy steps are:

1. for j = {NQ“T,% +1,--- N, — 1}, corresponding to v, > 0
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a) usecellsi = {N, —5,N, —4, N, — 3, N, — 2, N, — 1} to perform a one-dimensional
extrapolation using fifth-order accurate polynomial reconstruction to obtain the
boundary value (f) No—1 o such that

1
S 60h2(2N, — 5)(24 + (N, — 5)N,(20 + 3(N,. — 5)N,)) (
(576 — 1800N, + 1680N? — 600N} + T72N}) (f)y,_s,
+( —3924 + 11925N, — 10620N? + 3525N; — 378N;') (f)y _4,
+( 12076 — 34875N, + 28580N? — 84T5N; + 822N;') (f)y _s,
+(—23924 + 61425N, — 42220N? + 11025N; — 978N;) (f)y _,
+( 48076 — TTIT5N, + 42980N7 — 9975N? + 822N}) ( f>NT_1’j>
(3.278)

b) Copy value of (f}Nr_%J to <f>Nr_%7er_j_1'

This procedure is illustrated in Fig. 3.8. The resulting values of (f) _ 1 and (f)y _ 1 for all j
at the radial boundaries can then be used to evaluate fluxes. Note that at r = 0 the radially-
directed face-integrated flux is zero since the area associated with this cell face is zero. As
a consequence the values of the distribution function at the axis boundary only play a role
in high-order (i.e. greater than second-order) methods. For the fourth-order discretization
used here the values (f >_%7 ; obtained from the extrapolation-and-copy procedure are needed

to compute high-order fluxes at the (%, Jj) faces. At r = 7y« the radially-directed flux is
non-zero, consequently the values (f)y _1 ; play a role in both the flux at index (N, — %, 7)
T 27

and also in the interpolation of the distribution function to index (N, — 2, 7).

3.8.4 Fourth-order accurate initialization

Just as in Cartesian coordinates, it is important that the initialization of the primary vari-
ables is fourth-order accurate (see discussion in Section 3.4.4). Since initial conditions are
typically prescribed by analytic functions, a fourth-order initialization of volume-integrated
quantities can be achieved in one of two ways: by using closed-form definite integrals of
analytic functions; or by using the quadrature rule given by Eq. (3.30), with integration
along all (instead of a subset) of the directions. To demonstrate the quadrature approach
for cylindrical coordinates, let G(r,v,,vs) be the prescribed analytic function in cylindri-
cal phase space coordinates that sets the distribution function value at initial time. The
cell-volume-integrated distribution function can then be evaluated to fourth-order accuracy
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Figure 3.8: Illustration of specular reflection boundary condition implementation for cylin-
drical (r, v,) phase space coordinates at the lefthand (r = 0) axis boundary and at the right-
hand conducting wall boundary. The red grid denotes v, > 0, and the blue grid denotes

2
vr < 0 a fifth-order accurate one-dimensional polynomial reconstruction is performed using
five cells to extrapolate the distribution function value to the i = —% face (thick blue line).
This extrapolated value is then copied (blue arrow) to the cell face (—%, Ny, —j — 1). At

v < 0. At the lefthand axis boundary, for each j € {0, 1, Nor _ 1} corresponding to

the righthand conducting wall boundary, for each j € {Ngr yooe Ny, — 1} corresponding to

v, > 0, a fifth-order accurate one-dimensional polynomial reconstruction is performed using
five cells to extrapolate the distribution function value to the i = N, — % face (thick red
line). This extrapolated value is then copied (red arrow) from the (Nr — %, j) cell face to
the (NT - %, Ny, —j— 1) cell face. In this case N, = 12 and N,, = 10. Note that to set the
axis boundary condition only f(v,) for v, < 0 is used, and to set the righthand boundary
condition only f(v,) for v, > 0 is used.
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as

24 | " Or? T Ov? s 81}3 (r3,(vr)1,(ve)m) . |

The second-derivative terms can be evaluated either analytically or as point-value finite-
differences, such that

[%(Tg)} - % [TH_IG(THI’ (0)1: (V) m)

(ri5(vr)1,(vo)m) r

— 2736’(73-, (v )1, (Ua)m) + ri,lG(n,l, (v )1, (U@)m)] . (3.280)

The use of Eq. (3.279) allows the distribution function to be initialized to fourth-order
accuracy even in cases where a definite integral over a cell volume cannot be readily evaluated.

3.8.5 Pitfalls of treating cylindrical phase space coordinates as
Cartesian

The finite-volume discretization of the distribution function and fields in cylindrical phase
space coordinates requires considerable care on account of cell volumes varying with ra-
dius. One can make a compelling argument that much of the complexity associated with
the cylindrical coordinate flux evaluations can be eliminated by evolving a volume-integral
of the quantity r f with volume defined as in Cartesian coordinates (dV = drdfdzdv,dvydv,)
rather than evolving the volume-integral of the distribution function f with volume defined
as in cylindrical coordinates (dV = rdrdfdzdv,dvedv,). Analytically the two formulations
for the primary variable are equivalent, but numerically they amount to very different dis-
cretizations.

Evolving an auxiliary variable f = rf is problematic because it conflates the coordinate
r, the value of which is known everywhere in the domain for all time, with the variable
of interest, f. As a consequence, boundary conditions that require non-local information
about the velocity dependence of the distribution function (see Section 2.5.1) are largely
ambiguous for the auxiliary variable f. This is especially true of fourth-order boundary
conditions, which require more cells to reconstruct the solution than second-order boundary
conditions. Ensuring fourth-order accuracy of the spatial discretization is also difficult when
evolving the auxiliary quantity f since the distinction between area-integrated quantities and
volume-integrated quantities is blurred. This lack of distinction is acceptable in second-order
calculations, but is less forgiving if fourth-order accuracy is sought.
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3.9 Cylindrical coordinates: spatial discretization of
Maxwell’s equations

3.9.1 Fourth-order line integrals for Maxwell’s equations

The general approach for computing fourth-order accurate line-integrals in cylindrical co-
ordinates is the same as that for Cartesian coordinates. There are, however, important
differences in the details of the interpolation and the evaluation of quadratures that call for
a separate discussion of line-integrated fluxes for cylindrical coordinates. The procedure for
evaluating line integrals to fourth-order accuracy is presented for the case of Ampere’s law,
and extends directly to Faraday’s law.

First a regular grid in cylindrical coordinates is defined. Let ¢ denote the cell index along
the r direction, j denote the index along the 6 direction, and k denote the index along the
z direction, such that the center of the cell (7, k) has coordinates (r;,0;,2;) and the cell

spans the volume [7”1' 1,71 } X [Hj 1,9J+ } [zk%,zﬂé}, where

h

roo1=r; £ — 3.281
z:l:2 2
h

0,1 =0+ 36’ (3.282)
h

where h,., hy, and h, denote the cell widths along each direction. The primary variable
in the weak form of Ampere’s law (see Eq. (3.83)) is the area-integrated electric field with
dA = {rdfdz,drdz,rdrdf}. For convenience this area integral is assumed to be evaluated
in the middle of the cell. In this cylindrical coordinate system the electric field has three
components:

u)jk / / rlae Z)dedz (3284)

| Eol; jox = / / (r,0;,2)drdz (3.285)
i-3

ije = / / (r,0;, z)rdrd. (3.286)

The notation | E, |, ,, denotes an area integral of the E, component of the electric field over
the fixed central r = r; plane of the cell (i, j, k). The area integrated current that appears
in Eq. (3.83) can be evaluated in the same way. Likewise the area-integrated magnetic field
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(a) E,, B, (b) Ey, By (¢) E., B,

Figure 3.9: Cross sections of a cell on which the area-integrated electric and magnetic field

primary variables are defined. The current is also computed as an area-integrated value on
these cross sections.

components, which appear in Faraday’s law, are

10 gk = / / rla 9 Z)dedz (3287)

| Bol; o = / / (r,0;,2)drdz (3.288)
i-3

ijne = / / (r,0;, z)rdrdf. (3.289)
% T.

The area integrals given by Egs. (3.284) — (3. 289) are illustrated in Fig. 3.9.
The closed-loop line integrals in Ampere’s law (Eq. (3.83)) for a single cell in this cylin-
drical coordinate system can be expressed in terms of one-dimensional line integrals,

0.
— [ri [ Bo(ri, 0,2)d0] % + [ [ Bu(ri,0,2)dz],"

fB'dl: UB T, 0; zdr]’“*l

Zp_
— [J B.(r,0 zk)dr]zfr

J—

[N

=

— [fB (r,0;,2) dz] f+2 . (3.290)

1
i-g

+ [ f Bo(r, 0, 2)d6] 2

w\>—~ [SE—.

These line integrals are illustrated in Fig. 3.10.

The objective of the finite-volume discretization for Ampere’s law is to be able to express
the line integrals in Eq. (3.290) in terms of the known discrete quantities given by the area
integrals in Eqs. (3.287) — (3.289). As in the finite-volume implementation for Cartesian
coordinates, this is achieved by first interpolating the area-integrated fields to cell faces, and

then evaluating the integrals in Eq. (3.290) using a quadrature rule based on the Taylor
series relation given by Eq. (3.28).
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(a) [B-dl for E, (b) [ B-di for Ey (c) [B-difor E.

Figure 3.10: Line integrals of the magnetic field that are needed to update components
of the electric field. Note that the direction of integration, indicated by the arrows, is
associated with the sign on the § B - dl term in Ampere’s law (see Eq. (3.83)).

3.9.1.1 One-dimensional polynomial interpolation

The primary variables in Ampere’s law and Faraday’s law are area-integrated quantities
defined over cell cross sections, whereas the sought-after line integrals in Eq. (3.290) are
evaluated at the centers of cell faces, denoted by half-indices i+ %, VE= %, and k:j:%. To convert
center-of-cell area-integrated quantities to center-of-face one-dimensional-integral quantities,
a one-dimensional fourth-order accurate polynomial reconstruction (see Section 3.4.2.1 and
Section 3.8.2.1) is used.

The one-dimensional polynomial interpolations of | B, ], ., to cell face (i, j + 1, k) and to
cell face (ig, 7, k+ %) occur in the same radius plane. This can be seen from the center-of-face
integral definitions,

[Brlig a1 =Ti / By(r, 041, 2)dz (3.291)
[Br iy st =i / B (ri, 0, 2j,4.1)d0. (3.292)

Note that while the radius r; does appear in the analytic definitions of center-of-cell integral
| B:|,, ;. and center-of-face one-dimensional integrals [ B, |; ., 1, and | By ik 11, the radius
is fixed, and is thereby factored out of the integrals. Thus the interpolation stencils for

1Bl Lk and [B,]; ;¢ 11 are analogous to the stencils for Cartesian coordinates (see
Section 3.4.2.1 and Section 3.5.1.1), such that center-of-face integral values of B, are

7 1
I—BTJiO»jJF%vk :12h9 (LBTJi07j7k + LBTJio,j+1,k) - 12h0 <LBrJio,jfl,k + LBTJiO,jJrZ,k) (3293)

7 1
LBTJ@'O,J',H% :Thz (LBTJz'O,j,k + LBTJiO,j,kJrl) - Thz <|_BTJig,j,k71 + LBTJio,j,kH) ’ (3'294>



CHAPTER 3. FOURTH-ORDER FINITE-VOLUME DISCRETIZATION 104
where | B, | io.j+1 x 18 the one-dimensional integral of B, over the z direction at fixed coordi-
nates (7,0, %), and LBTJiO,jyk .1 1s a one-dimensional integral of B, over the 6 direction at

fixed coordinates (r;, 2, %). Equations (3.293) and (3.294) are fourth-order accurate evalu-

ations of the analytic expressions given in Eq. (3.291) and Eq. (3.292), respectively.

One-dimensional polynomial interpolations of [ By, ; , to cell face i + % and to cell face

k + % are used to evaluate approximations to the analytic center-of-face integral definitions

Z 1
Zk,%
T’Z+%

LBQJz’7jO,I<:+% :/ By(r, 9j72’k+%)d7“- (3.296)
ri_%

The associated reconstruction stencils are analogous to the stencils for Cartesian coordinates,
such that the center-of-face integral values of By to fourth-order accuracy are

7 1
LBGJiJr%,jO,k :Thr (LB9Ji,jo,k + LBGJiJrl,jo,k) - Thr <LB€J¢71,]'0,1@ + LBGJ1+2,jO,k> (3-297)

7 1
LBGJi,jo,k+% :_12hz (LBGJio,j,k + LBQJi,jo,k+1> - ]_2]7/: (LBGJi,jo,k—l + LBQJi,jo,k—&—Q) y (3298)
where | By |, 1 jo 15 the one-dimensional integral of By over the z direction at fixed coordi-
nates (Tl-_,’_%, 6;), and LBgJi’jO,k
fixed coordinates (6;, zk+%).

1 is the one-dimensional integral of By over the r direction at
2

The one-dimensional polynomial interpolation of | B. ], ;. to cell face j +3 likewise results
in an analogous stencil, such that the analytic definition
T’i+%
LBZJ ij+iko — B, (T‘, 0j+%7 Zk)TdT, (3299)

i—

[N

is approximated to fourth-order accuracy by an expression that uses known discrete quanti-
ties,

7 1
LBZJM%% :12h9 (LBZJM‘J% + LBZJi,jJrl,ko) " 12k (LBZJi,j—l,ko + LBZJz‘,j—i—Q,kO) . (3.300)

The one-dimensional polynomial interpolation of | B, |; ik O cell face i+ % requires account-
ing for the fact that in cylindrical coordinates the size of the differential area element in
the z direction increases with radius. This means that the polynomial reconstruction needs
to include the Jacobian r (see Section 3.8.2.1). Thus in order to obtain the fourth-order
accurate value of center-of-face integral

07. 1
1B ist ine :/ " Bu(ryi 1,0, %)y, 1d0 (3.301)
20> 0 2

=)
2
i-3



CHAPTER 3. FOURTH-ORDER FINITE-VOLUME DISCRETIZATION 105

the following stencil is used:

1
BZ S01 — {
Beliry s 12h2(4 — 1502 4 504)

( 4 + 30 — 87 — 563) 1B io1jko
+(—60 — 930 + 240° + 3563) [B=)i o
(3.302)
+( 60 — 93¢ — 242 + 3563) 1Bel s
+( —4 + 3+ 877 — 553) LBsz‘+2,j,k0 }7

where the index ¢ is defined in Eq. (3.255). Thus to interpolate center-of-cell integrated
values to center-of-face integrals in cylindrical coordinates requires careful consideration of
the differential line elements and their dependence on the coordinate r.

3.9.1.2 Quadrature rule for evaluating line integrals to fourth-order accuracy

The center-of-face integrals obtained from the interpolation step (given analytically by
Egs. (3.291), (3.292), (3.295), (3.296), (3.299), and (3.301) and discretely by Eqgs. (3.293),
(3.294), (3.297), (3.298), (3.300), and (3.302)) are not the integrals that appear in the closed-
loop integrals of the weak form of Ampere’s law (see Eq. (3.290)). A quadrature rule is
needed in order to derive fourth-order accurate approximations to the line integrals that
appear in Eq. (3.290), using the interpolated values derived above. Just as in other integral
evaluations, the quadrature rule relies on the Taylor series relations given in Eq. (3.28) and
Eq. (3.30).

The first step in the quadrature evaluation involves computing the fourth-order accurate
point-values of the fields by undoing the integrals in Egs. (3.293), (3.294), (3.297), (3.298),
(3.300), and (3.302). The point values are evaluated using Eq. (3.28), such that

BT(Tiv 9‘7‘4_%7 Z]C)

1 1 ,[0°B,
h.r; LBTJ"OJJF%”“ 24 { 022 }
= (a6 12k)

1 1
= rh, |:LBTJiO,j+é,k - ﬁ <LB7"Ji0,j+%,k+1 —2 LBTJz‘O,jJr%,k + LBTJiQ,j+é,k1>1 (3-303)

B, (ri, 0;, szr%)

) 1 0*B
_Lis g2 | Y Pr
ha’]"z L Jzo,j,k‘f’% 24 b |: 602 :|Ti’9j7z

k+ 3

= [LBTLOJ,H% 24 <LBrJz‘o,j+1,k:+% -2 LBrJio7j»k+% + LBTJZ-O,J-_LH;)] (3.304)
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By(riy 1,05, 1)

1 1, [0°By
= h/_z LBOJH%Jo,k Y [ 022 0.
Tiy LV3o%k
1 1
. |:|_BQ9J'L'+%’]'O:]€ 24 (LBGJiJr%Jo,kH =21 Boirg jou t LBGJH%JWJ] 3:309)
Be(Tz',ejaZk+§)
1 1 ,[0%By
= 7 LBHJi,jo,kJré Y [ 022 |, o .
0052y L
1 1
-x |:LB€Ji,jo,k+é - o (LBOJHLJ‘O,H% -2 LBQJM()’H% + LBeJi—Ljo,k:Jré)] (3.306)
| 1, [P(rB.)
L i ) 3.307
ot \_ Jz,j+§,k0 DY |: or? 0 - ( )
(3] j+%7z

1 1
= oty |:LBZJi,j+;,k0 - ﬁ (LBZJHL]'JF%,% -2 LBZJi,j—l-%,kg + LBZJi—LjJr;,ko)] (3-308)

BZ(T1+%=9j7Zk)

1 1 0*B
- B,|l..1., ——h2 z ,
hor; 1 : ZJH%MO 24 ° { 002 } 0. (3.309)
2 T',L-Jr%v 3%k
1 1
- hor 1 LBZJH—%JJCO Y (LBZJ i+ gLk 2 |B:) i+dako T I-BZJH—%,J'—Lko) - (3.310)

As in the case of Cartesian coordinates, centered second-order accurate finite-difference sten-
cils are used to evaluate the second derivative terms in the expressions for point values.
The physical problem of interest determines which of the point value expressions given by
Eq. (3.303) — Eq. (3.310) are needed. Some of these expressions are simplified under certain
assumptions. For example, if axisymmetry is assumed then all variables are assumed to be
independent of the § coordinate, and thereby the second derivative term in Eq. (3.304) and
Eq. (3.310) are set to zero.

The final step in evaluating the fourth-order line integrals is to use the point values
derived above to compute the line integrals of interest. To fourth-order accuracy, the line
integrals that appear in Ampere’s law (see Eq. (3.290)) in terms of known discrete values
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are

/B(T,eﬁ_ y 2 )d’r

_ 2B
= Br<ri79j+%7zk) _h2a :| hr

247" Or?

i 1
— Br(riy ej"’%? Zk) + 24hz (LBT‘JiO+1J+%,k - 2 LBTJi07j+%,k + I—Brjiol,j+%,k):| hT‘ (3311)
/Br(rv 9j>zk+§)d7'

_ 202
= BT(Ti79j7Zk+ ) 24hT ar 3 :| hr

i 1
= B’r(ria 0]7 Zk;"r%) + 24h9 (LBTJi0+17j7k+% - 2 LBTJi07j7k+% + LBTJio—l,j,k+é>:| h»p (3312)
i / Bg(ﬁ', 9, Zk_’_%)dg

0°B
=T |:Bl9<,ri79jazk+ ) h2 8920‘| h@

1
=7 {Be(m, 0j,2k11) + 2h (LBGJz‘,jo-i-l,k—o—% -2 LBeJmO,H% + LBQJLJ.O_LICJF%)] hg
(3.313)

Ti+;/Be(7“i+é,(9, 21,)df

~ T {Bg( iy O 2) + 241h heaaeB;] e

= Tiyl [Be(n+§> 0;, zr) + 2 (LBHJ1'+%,jo+1,k — 2Byl ot LB@JLJ-OI’,C)] he (3.314)
/Bz(ri;ej_i_%,Z)dZ

1 ,0°B.
= |:Bz(ri70j+§azk) + ﬂhz 9.2 :| hz

1
= | Ba(ri, 0541, 20) + 5= ([Belijus por — 21 Belijin g T 1Belijy1 g ) | 12 (3.315)
247“lhr 2 3 3
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/B(Hl,e 2)dz

2 0°B.
— |:BZ(7’Z-+579J-,Z]€) ﬁhz 8 5 :| hz

1
m (LBZJi+%,j,ko+1 -2 LBzJi-s-%,j,ko + LBZJi-i-é,j,ko—l)] h.

(3.316)

B, ( z+176]=Zk)

where the Taylor series relation given by Eq. (3.30) has been invoked, and second derivatives
are evaluated using a second-order finite-difference stencil. Expressions for the electric field
line integrals that appear in Faraday’s law can be obtained by replacing the magnetic field
variable with the electric field in Eqs. (3.311) — (3.316). For cells near boundaries, the
centered finite-difference stencil for the second derivative is replaced by a one-sided finite
difference stencil, as described in Section 3.4.3.

For completion and to illustrate the direction-dependence in cylindrical coordinates,
fourth-order accurate expressions for all of the line integrals that appear in Eq. (3.290)
are given. Depending which field components are of interest in a simulation, however, not all
of the fourth-order line integrals given by Eqs. (3.311) — (3.316) are needed. And depending
on the number of spatial coordinates in a simulation, some of the second derivatives may
simply be zero, meaning that a field cannot vary along a coordinate direction that is not
being simulated. For example, in an axisymmetric configuration, the second derivative of By
with respect to 6, which appears in Egs. (3.313) and (3.314), is zero.

3.9.2 Current density source term in Maxwell’s equations

A complete discretization of Maxwell’s equations requires evaluating the current source term
in Ampere’s law. Computing the area-integrated current density, i.e. the current, in cylin-
drical coordinates to fourth-order accuracy requires accounting for the fact that certain cell
cross sections depend on the coordinate r. Following the same general procedure as in Carte-
sian coordinates, the first step in the calculation of current is obtaining the local point value
of the species distribution function, such that

(fs) = 1 {fs) L2 (fs)
Ti\Js)ij,klmmn = 5/4,5 o 5
PR hgh, hvrhvghvz bpRbmI 94 T O

420 g +

<fs>

9692 '“78 2

T hf}ea 2 (fs) + vza 2 <fs>] ) (3.317)
.7,k m,mn

Note that the point value of the radius appears on the lefthand side since the cell volume
integral (fs); ; .1.m. contains the Jacobian r. Instead of moving 7; to the righthand side, the
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radius is left as a multiplier on the point value of the distribution function in anticipation of
the reintegration step. The second derivative terms are defined in the usual way, such that

0? 1
350 = (i =2 i+ Fgina) (3319
,7,k,tL,m,n A
0? 1
5] = (s =2 it Ehgrainn) 6319
i,7,k,l,mmn
0? 1
s | = (U aimns = 2 st Bl 320)
i,5,k,l,m,n Vz

The reintegration step involves computing the local area-integrated values of (v, fs), (vefs),
and (v,fs). These are computed to fourth-order accuracy using the Taylor series relation
given in Eq. (3.30), such that

1 0?
<U7"f8>i,j,k,l,m,n = (e )iri(fs)igtmnliohslo, hogho, + 5—— 24h, [ 3892 (vr (f5))

2 2

+@§gwm»+%gﬂwﬁﬁ

2 2

+%§WMM)”£“”%4MW@(%M

1 0? s
<v9f8>i,j,k,l,m,n = (v0)m (fs)ijktmnhrlizlo, by, + 5—— [hj_ (W & >>

24hg or? r
0 <fs>> 0 ( <fs>>
+ K= (U + K2 Vg
022 r vr Gu2 2 r
0 [ (fs) 0% ([ (fs)
+h398 - (v . ) + h2 72 (w) . ) . (3.322)
i,5,k,l,m,n

1 5 02
<U2f8>i,j,k,l,mn = (U2)aTi(fs)ijhtomnlrhoho, oy ho, + ——— 24h. [ T o2 ( (fs))

o? o?
+ hgw (Uz <fs>) + hia 2 (U <f >)

+%§mumwﬁjgwmﬂ (3329

i7j7k7l7m7n
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In Eq. (3.321), note that the integration is being performed over all directions except for r,
since the current density in Ampere’s law is integrated over a cell cross section. Likewise in
Eq. (3.322) and Eq. (3.323) the local integration is being performed over five of the six phase
space coordinate directions. Note also that the radius multiplier is left in place in Eq. (3.321)
and Eq. (3.323) since the r-directed and z-directed cell cross sections depend on the radius.
The second derivatives are computed using second-order accurate finite difference-stencils,
much like in Cartesian coordinates (see Eqgs. (3.111) — (3.115)). Note that the #-directed
current includes factors of radius in the second derivative expressions, which are evaluated
as follows:

_8_2 v <f>s ] . (Ua)m <f5>z'+1,j,k,l,m,n _9 <fs>i,j,k,l,m,n n <f5>i—1,j,k,l,m,n
9 =
K T 1ijklmn h? Tit1 r; i1
(3.324)
i 82 <f>s ] (Ua)m
@ (Ug r )_ ik Lmn - hgrl <<f5>i,j,k+1,l,m,n —2 <f5>i,j,k,l,m,n + <f5>i,j7k—1,l7m7n> (3325)
i 82 < >s ] (’UG)m
_81}? (Ug r )_ TR = h%ﬂni <<f5>i,j,k,l+1,m,n —2 <f8>i,j,k,l,m,n + <f3>i,j,k,l—1,m,n> (3.326)
[ 0% [ ()] 1
|90} (vg r ) ik dmn T h2r <(ve)m“ sdigatmern = 2000)m {fs)ijpimn
+ (UO)m—l <f5>i,j,k,l,m—1,n> (3327)
62 <f>5 (?}e)m
|:w (UG T ):| ikl - h? r <<f5>i,j,k,l,m,n+1 -2 <fs>7:,j,k;,l7m7n + <f5>’i,j,k,l,m,n—1> . (3328)
z 3,7,k,l,m,n vyt

From the local values given by Egs. (3.321) — (3.323) the species currents can be computed,
such that

Ny, —1 Nop—1 N, —1

arbigre=2s D D D (oefedijhamn (3.329)
=0 =0 =0
er—l N'ue_]- sz—l

<‘]89>i,j,k :ZS Z Z <U9f5>i,j,k,l,m,n (3330)
=0 m=0 n=0
Ny, —1 Nvg_l Ny, —1

<Jsz>i,j,k :ZS <sz5>i,j,k,l,m,n (3331)

=0 m=0 n=0

The total current along each direction is obtained by summing (Js.) , (Js), and (Js,) over
species. Note that the currents are defined at cross sections through the center of the cell,
as shown in Fig. 3.9.
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3.9.3 Poisson solve for electrostatic field in one dimension

For an electrostatic system in cylindrical coordinates, solving for the electric field requires
first solving for the potential. Starting from the weak form of Poisson’s equation (see
Eq. (2.97)), a discrete relation between the electrostatic potential and charge density is
derived, and solved for ¢. The procedure is analogous to that described in Section 3.5.6.4,
with a few aspects that are specific to cylindrical coordinates. These aspects include the fact
that the differential area along the radial direction depends on the radial coordinate r, and
the fact that cell-integrated and face-integrated values have a more complicated relationship
in cylindrical coordinates, which calls for the use of point-values when solving for ¢. Note
that the radial coordinate precludes any use of discrete Fourier transforms.

Consider a one-dimensional system in which the electric field is a function of radius. Let
(p); be the cell-integrated charge density, i.e. the total charge in a cell. The weak form of
Poisson’s equation evaluated for a single cell states that

d¢ do B
) ([%] wy K ) = (333

where the area of a cell face (see integrand in Eq. (2.97)) depends on the radius. Note
the distinction between this expression and the expression for Cartesian coordinates (see
Eq. (3.205)), in which the cell face area is arbitrary.

The point value of the derivative of the potential, [Z—‘ﬂi L1
face using a fourth-order accurate finite-difference stencil, which can be derived using Taylor
series expansions. A fourth-order accurate stencil for the derivative is needed so that ¢ can
be computed to fifth-order accuracy, and by extension the electric field can be computed to
fourth-order accuracy. Let D" denote a centered difference stencil that uses values that are
a distance h apart, and let D3 denote a centered difference stencil that uses values that are
a distance 3h apart. Applying these discrete centered differences to the arbitrary function g
at a point zy and expressing the result in terms of Taylor series expansions yields

can be evaluated at a cell

D= 5 [g <x0 ¥ g) g (xo - g)} = f(w0) + 70" (o)l + O()  (3:33)
D3y :% {g (xg + %) —yg (xo - %)} =g/ (o) + ig"’(:vo)hQ + O(h"). (3.334)

The stencils D" and D3" are second-order accurate, but they can be linearly combined to
derive a fourth-order stencil for ¢’(xy), such that

c1 D" + co D = ¢ (x0) + O(RY), (3.335)

where ¢; and ¢, are unknown constant coefficients. Setting up a linear system using Eqgs. (3.333) —
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(3.335) and solving for ¢; and ¢, yields

{1/124 3}8} [2] B [(1)] (3.336)
[2] - [1/124 3}8]_ H = {_91/?8} : (3.337)

Thus the stencil for a first derivative at a cell face using cell-centered values is

9 1
92% =3 (giv1 — gi) — YA (gir2 — gi-1) - (3.338)

Using the stencil in Eq. (3.338) to evaluate the derivative terms in Eq. (3.332) yields the
following relation between the discrete volume-integrated charge density and the cell-centered
values of the electrostatic potential

<P>i = __( E (g1 — i) — i (i — ¢i—1):| r

_ E (¢i — Pi-1) — i (fit1 — ¢i—2):| ri_é> (3.339)

1 1 9 1 9 9
(p); = _h'_'r( o1 ri1¢i2 + (8 Tl + o g i+ ) Pi1 — (gﬁ—; + gﬁurg) Gi

1 9 1
+ (ﬁri— STt )¢z+1 247"¢+;¢i+2>, (3.340)

where Eq. (3.340) is an expanded version of Eq. (3.339). Using the local relation given by
Eq. (3.340) for each cell in the domain, a global linear system of equations is constructed and
solved (see Section 3.5.6.4). Note that the stencils for cells near boundaries must be modified
to be one-sided. To derive one-sided stencils fifth-order accurate polynomial reconstructions
of the cell-centered point values of the electrostatic potential are used. Fifth-order accuracy
is needed since the sought after solution for the electric field needs to be fourth-order accurate
everywhere in the domain, including at boundaries. From point values of the electrostatic
potential, the point values of the electric field can be derived using a fifth-order polynomial
reconstruction of ¢, which can either be centered,

(Er)i = 12h (¢i—2 — 8¢i—1 + 8Piy1 — Piya), (3.341)

or one-sided for cells near boundaries. The use of point values both for the potential and
electric field circumvents the need to include the r Jacobian of integration in polynomial
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reconstructions. A volume-integrated or area-integrated electric field can also be derived
from point values of the electrostatic potential. Whether an integrated value or a point
value of the field is sought is largely determined by the quadrature rule used to evaluate the
fluxes in the Vlasov equation. For cylindrical coordinate calculations, the point value of the
field is more useful because the Vlasov equation flux calculations rely on the quadrature rule
in Eq. (3.30). For Cartesian coordinates, either the point value of the field in conjunction with
the quadrature rule in Eq. (3.30) or the volume-integrated value of the field in conjunction
with the quadrature rule in Eq. (3.31) can be used.

3.9.4 Boundary conditions for electromagnetic fields
3.9.4.1 Conducting wall field boundary conditions

For all of the cylindrical coordinate simulations carried out here the domain along the radial
direction, with r € [0, rpyax] is assumed to have a perfectly conducting wall at 7 = 7,. The
fields at rpax are thus subject to the constraints given by Eqs. (2.100) — (2.102), such that

Eol,_,. =0 (3.342)

El._. =0 (3.343)

BT|r=rmax =0 (3.344)
10 10B,

Z_Z (rBy) — 2=/ _ = 34

[r or (rBs) r 00 JZ} —— ’ (3.345)
0B, 0B,

— —J, = 0. 3.346

{ 0z or 9} e ( )

Since Eq. (3.344) specifies the value of B,, then Eq. (3.345) is simply a condition on By
with 0B, /00 = 0, and Eq. (3.346) is a condition on B, with 0B,/0z = 0. In addition to
these conducting wall boundary conditions, for a bounded system Gauss’s law in Eq. (2.122)
stipulates that
£, =0 (3.347)
Much like in the case of Cartesian coordinates, not all of the boundary conditions given
by Eqgs. (3.342) — (3.347) are necessary because not all of them are needed to perform the one-
dimensional interpolations. Note that in the context of cylindrical coordinates, an explicit
choice is made to implement boundary condition only in the interpolation step, and not
the quadrature evaluation portion of the discretization. As a consequence, the boundary
condition for B, given by Eq. (3.344) is never used explicitly since for the purposes of
line-integral calculations the r-component of the magnetic field need never be evaluated at
the = ryax boundary. Likewise, the condition given by Eq. (3.347) is never used in the
interpolation stage of the discretization since FE,. need never be evaluated at r-directed cell



CHAPTER 3. FOURTH-ORDER FINITE-VOLUME DISCRETIZATION 114

faces. Thus for the chosen means of discretization, the necessary boundary conditions for
the electromagnetic fields in cylindrical coordinates are

Egl,_, =0 (3.348)
El._, =0 (3.349)
10
[;E (TB@) — Jz:| _— =0 (3350)
0B,
_ — = 0. 351
{ 5 JQL o 0 (3.351)

In the one-dimensional interpolation portion of the algorithm, these boundary conditions
are implemented through the use of one-sided fourth-order accurate polynomial reconstruc-
tions at 7 = Tpax and 7 = (rpax — hy). These amount to third-degree polynomial fits that
use area-integrated values of the fields in three cells and a constraint given by one of the
expressions in Eqs. (3.348) — (3.351). The resulting interpolated face values of the electric
field components to fourth-order accuracy are

[Eo]l,,.. =0 (3.352)
1
LE J| (rmax—hs) 18h (_ LEeJN -3 +38 <E9> _9 + 17 LEQJ ) (3353)
LE:,,... =0 (3.354)
1
E -
LB st 18h2(—12 + 330 — 2442 + 5(3) (

( —44 11— BP)I|E|y _,
+( 50 — 1240 + 406%) |E.]y (3.355)
+( 374 — 3670+ 85(%)|E.|y )
where ¢ = (Tmax — hy) /by, [ Fo| is defined in Eq. (3.285), | E,] is defined in Eq. (3.286), and
cells in domain 7 € [0, 7yax| are indexed by ¢ = {0,1,--- , N, —1}. The fourth-order accurate

interpolated face values of the magnetic field components are

T'max
B _
I_ 9J |T'max 6hr(5h7" — 7Tmax) (

- 17 LBGJ N,—3 + 67 LBGJ Np—2

— 92 Byy , + 30h3Jz(rmaX)> (3.356)

rmax
LBGJ |(Tmax—h,«) = 3Ohr(5hr o 7rmax) ( — 197 LBQJ Nyp—3 + 712 LBQJ N.—2 827 LBQJ Ny—1

+ Trmax (2| Bo)y 5 +5 Bl .5 — 37 | Bo) y, 1 + 66h2Jz(rmx))) (3.357)
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1
B, =
LBl 6h2(99 + 3270 — 25502 + 5503) (

(24 — 480+ 206*) | B. ] _,
+ (=219 4 384¢ — 1150%) | B.| . _
+ (1725 — 17760 + 4250%) | B.] 5 _,

+ (216 — 594¢ + 4326 — 00C)hLJy(rs))  (3.358)

1
LBt —tir) = 6h2(99 + 327¢ — 25502 + 55(3) <
(=15 + 520 — 250%) | B.| y _,
+ (174 — 5510 4 1850%) | B.] v _,
+ (741 — 7310 + 1706%) | B.] 5 4

+ (=36 + 168¢ — 138¢% + 3063)h§’:J9(rmax)), (3.359)

where | By| is defined in Eq. (3.288), and | B, | is defined in Eq. (3.289). Note that ¢ is an
integer index value that specifies the number of h, distances away from the axis. Thus in
Eq. (3.358) ¢ = ryax/hy and in Eq. (3.359) ¢ = (rmax — hr)/h,. Note that the current Jp and
J, must be computed from the distribution function at the r = ry,,, domain boundary.

3.9.4.2 Axis boundary conditions for fields

For an axisymmetric system, the analytic expressions for the axis boundary conditions for
the electromagnetic fields are given by Egs. (2.116) — (2.121). These boundary conditions
are implemented in the one-dimensional interpolation stage of the discretization method.
The one-dimensional interpolation is modified to use a one-sided polynomial reconstruction
of the primary area-integrated field variables. One-sided reconstructions are used instead of
ghost cells so as to match the approach used for boundary conditions for the Vlasov equation.
Moreover, ghost cell values can be ambiguous for variables that involve the Jacobian r (e.g.
see definitions of |E,| and | B,] in Egs. (3.286) and (3.289)) since the reconstruction stencil
for these variables depends on the distance from the axis. The electric field components
evaluated at r = 0 and r = h, to fourth-order accuracy are

[E6]l, =0 (3.360)

Bl = 1g (~197 LBy + 82| B, — 17 Bo),) (3.361)

(Bully = 57y (575 LBy — 73 B, + 8| E.],) (3.362)
1

LBl ln, = 1ogrs (247 LE=lg + 58 By — 5 E.J,) (336
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and likewise the magnetic field components to fourth-order accuracy are

[Bo]l,—o =0 (3.364)
Boll, -1, = g (~197 ol + 82| Bol, — 17 [ Bl (3.365)
|B.},_y = 19;@ (575 | B.)o — 73 |B.], +8 | B.J,) (3.366)
1B, -1,= g7 (47 LB:Ly + 58 B.L, =5 1B.1,), (3.367)

where the area-integrated fields are defined in Eqs. (3.284) — (3.289). Note that the boundary
conditions E,(0) = B,(0) = 0 is not used since it is not needed in the evaluation of the line
integrals in Maxwell’s equations. Note that the interpolation stencils for the electric field
and the magnetic field are identical since the symmetry conditions at the axis (see discussion
in Section 2.5.2.2) are the same.

3.10 Cylindrical coordinates: fourth-order accurate
diagnostics

Section 3.6 describes the fourth-order accurate calculation of diagnostic for Vlasov-Maxwell
simulations in Cartesian coordinates. In cylindrical coordinates the same diagnostics are
needed. In cylindrical coordinates the way in which density, charge density, and mass is
computed is identical to the procedure described in Section 3.6.1. The calculation of mo-
mentum and energy, however, are slightly different on account of quadratures needing to
account for cell volumes depending on the coordinate r. Thus the discussion of diagnostics
here is restricted to momentum and energy, and the associated quadrature rules.

3.10.1 Momentum

Much like the calculation of current (see Section 3.9.2), calculating the momentum of a given
species along a given direction requires taking the first velocity moment of the distribution
function. Here the momentum is computed to fourth-order accuracy as volume-integrated
quantity. To ensure fourth-order accuracy, the following steps are used to compute the
species momentum:

1. The point value of the distribution function is computed at the center of a cell. See
Eq. (3.317).

2. The local cell-volume-integrated product v f is computed to fourth-order accuracy using
point values and the quadrature rule given by Eq. (3.30). Note that the quadrature rule
in Eq. (3.30) is for area integrals, not volume integrals, but the extension to volume
integrals is straightforward.
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3. The local (in phase space) fourth-order accurate product (vf) is summed over

velocity direction [, m,n to compute momentum.

i,4,k,lLm,n

For cylindrical coordinates, the local products of the velocity coordinate and the distribution
function to fourth-order accuracy are

82
<U7"f5>i,j,k,l,m,n = (Ur>lri(fs)i,j,k,l,m,nhrhehf h h h + ﬂ h2 (UT <fs>)
02 02 02
+ hgw (v (fs)) + hza D) (v (fs)) + hia 2 (or (fs))
0? 0?
+ hzga 2 (vr <f8>) + hia 2 (UT <fs>)] (3'368)
2,3,k,lm,n
<U€f5>i,j,k,l,m,n = (UH)mri(fs)i,j,k,l,m,nhrheh h h h + a1 h'2 a (U9 <fs>)
0? 5 02 0?
i (0 )+ 5T (00 (1) + B, s (00 (1)
) O e 9
I i 00 )+ B2 s (0 <fs>)] (3.369)
# ,9,k,l,m,n
82
(Vo fodigmamn = Inrilfigtomnlir ol P, By o, + 52| Bims (v (fs)
02 02 02
g (0 )+ W (0 )+ B s (0 ()
02 0?
12 5o (0 ) + B o (0 (fs>)] - (3310)
i,7,k,l,m,n

The associated discrete fourth-order accurate cell-volume-integrated momentum in cylindri-
cal coordinates along each direction is

Ny, —1 Nyy—1 N, —1
erdigu = 2 2 D el it (3.371)
m= n=
NUT 1NUZ—1

(Pst) i jx = Z Z Z o fs)iistmn (3.372)

Nv,rfl NU9_1 N»Uz -1

<psz>i,j,k = <sz5>i,j,k,l,m,n . (3373)

=0 m=0 n=0
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Summing over species s yields the discrete value of the total momentum in a given direction.

3.10.2 Energy

The procedure for computing momentum, as described above, can be used for computing the
kinetic energy of the distribution function. First the distribution function is deconvolved to
obtain a point value at the center of a phase space cell, then the local cell-volume-integrated
product (v%f) is computed to fourth-order accuracy for each velocity component using the
quadrature rule in Eq. (3.30). The local fourth-order accurate product is subsequently
summed over velocity directions to obtain a value of kinetic energy associated with a given

velocity direction.

For cylindrical coordinates the local products of the square of the velocity and the dis-
tribution function are

<”ffs >z]klmn -

<U§f5>i,j,k,l,m,n -

<U§f5>i,j,k,l,m,n -

62

(Ur)%ri(fs)i,j,k,l,m,nhrhﬂhzhwhvghvz h a ( <fs>)

24
2 2 2

9 0 0
+ g (0 () + i (02 410) + B 505 (0 (1)

, 02 , 0%,
+ hv m ( <-f8>) vza 2 (UT <f8>) (3374)
Yo 3,9,k l,m,n
2
(UG)Enri(fs)i,j,k,l,m,nhthhzhvrh h + Yl h’zaa 2 ( g(fs>)
0? 0? 0?
D (65 A0) B (1) + 2, 2 03 )
2 82 2 2 62 2
+ hvga 2 ( Vg <f8>) + hvzg 2 ( Vg <f8>) (3375>
i,5,k,l,m,n
82

(Uz)rﬂ“z‘(fs)z‘,j,k,z,m,nhrheh oy, Py By —|——

W 02 (1)

0? 0? 0?
+higg (02 400) + 125 (02 0F) + 3 g (42 (1)
+ h? o (V2 (fs)) + h? o (V2 (fs)) (3.376)
vga 2 z s vzavg z s - ’ .
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and the net kinetic energy for a species s in a physical volume in cylindrical coordinates is

er—l Nyg—1 N, —1

Z]k Z Z Z < 2fs 1]klmn+< 9f8>@jklmn+< 2f5>1jklmn)' (3377)

The calculation of field energy in cylindrical coordinates requires more care on account
of factors of radius that are associated with certain field directions and not others. See
Section 3.9.1 for the definitions of the area-integrated fields for cylindrical coordinates. The
fourth-order accurate point values of the magnetic field components in cylindrical coordinates
are

(Br)ijk = : | B ] —iha2 LBJ+h282 | B, | (3.378)
r)i,5,k —hghz T 1ig,j,k 24 9802 Za D) T _—. .
1 @2 0?
(Bo)ijn = | Bol; jox — 573 LBo] + 125 | Bo (3.379)
1 1 (., , 0
(B:)ijk e (LBZJi,j,ko (h vz Bl + hopps | B:] ) (3.380)

Note that hy is assumed to have units of radians, not length. The cell-volume integrated
fourth-order accurate squared values of each component of the magnetic field in cylindrical
coordinates are

(B2). . =(B.)ijxrihehoh. + Inti_ 2 O s S| B, )"+ b A | B,)* L |B.?
rig g T\ kT RoRe o G e ?96° IS P
(3.381)
r 2 2 2
(55) g =Bl 5yl WS LBl 4 B 0 L
(3 382)
(B =(B.)ijxrihrhoh e p2 0 LBJ2+h28—2LBJ n L BJZ}
#/i,3,ko PR 4ihyhy, | T OP2 ST ? 002 2022 7 iiko
(3.383)

The electric field terms contributing the field energy can be computed in the same way. Thus
the total fourth-order accurate volume-integrated field energy in cylindrical coordinates is
the sum of all contributing field components:

Ui = 5 (B2 + (Bt (B2 (B2t (B2), 4 (B2),,) - (3389)

The same quadrature rule used throughout the discretization, is thus applied to compute
energy to fourth-order accuracy in cylindrical phase space coordinates.
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3.11 Cylindrical coordinates: algorithm outline

Recall that the Vlasov-Maxwell system of equations can be expressed in the form

0

dq
—Lg+Y. 3.385
o —La+ ( )

The finite-volume discretization allows the righthand side to be evaluated in terms of arith-
metic operations. In cylindrical coordinates the primary variable, source, and flux terms for

the Vlasov-Maxwell equation system are

<f5>i,j,k,l,m,n
LETJiO,j,k
LEG’Ji,jo,k
a=| Bl |-
LBTJz'O,j,k
LBGJi,jo,k
LBzJi,j,kg

S =
S S
N

el
| +
| N
ST =
S S
&,
| +
N|=
= ?T‘
~__

i7j+%7k0

i,j—é,k

: (3.386)

ity ko) : (3.387)
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In cylindrical coordinates the flux terms associated with the distribution function are

i—o—%,j,k,l,m,n
L(F,) = — (v fs) (3.388)
i—%,j,k:,l,m,n
i,jJr%,k,l,m,n
L(Fy) = — (vo f5) (3.389)

.1
ij— Lk Lmn

i,j,k—&-%,hmm
L(F.) = = (v.fs) (3.390)
i,j,k—%,l,m,n
Zs . 2 i,j,k,l—&-%,m,n
L(F,)=— Er + 2% (0B, —v.By) ¢ fs+ -Lf, (3.391)
Ms Wpp r i,j,k,lfé,m,n
A w Vg ij kL m+1n
L(F,) = — "By + 2 Ww.B, —v,B.p fs — ——fs 3.392
(Fu) == (5 { B+ 22 0.8, — w81 1. f>m (339
2J "Wy 27
VA w i,j,k,l,m,nJr%
L(F.) ==~ B+ —F[v.By —vB,] ¢ fs (3.393)
MS Wpp i,j,k,l,m,n—%

Note that in cylindrical coordinates all of the integrals denoted by (-) and some of the
integrals denoted by |-| involve the Jacobian r. Note also that there can be multiple dis-
tribution functions, one for each species s. While the equation system has been written
out for a full six-dimensional distribution function with three-dimensional fields, in practice,
depending on the problem of interest and computational cost considerations, not all of the
flux terms are included. For example, if B, is known to be zero for all time, then the terms
in L(F,,), and L(F,,) associated with this component of the magnetic field are set to zero.
Likewise, if only one-dimensional dynamics along the radial direction are of interest, then
L(Fy) = L(F,) = 0. For phase space simulations it is important that there are at least as
many velocity dimensions as physical space dimensions. And for cylindrical coordinates, in
particular, it is important to model both the v, and vy directions (and thereby include the
fluxes F'(v,) and F(vg)) whenever radial dynamics are of interest.

The outline of the cylindrical coordinate Vlasov-Maxwell algorithm for solving the system
of equations in Eq. (3.385) is as follows. First the primary variables are initialized to fourth-
order accuracy, using either analytic definite integrals or quadrature rules. The distribution
function is initialized as a fourth-order volume-integrated value in each phase space cell,
and the electromagnetic fields are initialized as fourth-order area integrals through the mid-
planes of each cell in physical space. For each time step the algorithm for advancing the
primary variables performs the following steps.

1. For each stage in RK4

a) Compute the distribution function flux terms in Lgq.
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i. Deconvolve the electric and magnetic field so as to compute point values in
the center of a cell to fourth-order accuracy.

ii. Interpolate the volume-integrated distribution function to cell faces using
an upwinded stencil (see Section 3.8.2.2). Upwinding direction is based on
advection speeds — either the velocity coordinates or the local point-value of
the forces (Lorentz force, centrifugal force, and/or Coriolis force).

iii. Compute the distribution function fluxes given in Egs. (3.388) — (3.393), using
the fourth-order quadrature rule described in Section 3.8.2.3.

iv. Compute the divergence of fluxes, i.e. the sum of the terms in Egs. (3.388) —
(3.393) to obtain the distribution function increment associated with the k-th
stage of RK4 (see Egs. (3.15) — (3.18)).

b) Compute the line-integral and source terms in Lq + Y associated with the elec-
tromagnetic fields.

i. Interpolate the area-integrated electromagnetic field variables to cell faces,

using the centered stencil described in Section 3.9.1.1.

ii. Evaluate the local line integrals needed to update each field component as
described in Section 3.9.1.2.

iii. Compute the area-integrated current density from the distribution function,
as described in Section 3.9.2.

iv. Compute the closed-loop line-integrals given in the term Lq in Eq. (3.387)
to obtain the electromagnetic field increment associated with the k-th stage
of RK4.

2. Update distribution function and electromagnetic field solution using the ki, ko, k3, k4
increments obtained from each stage of RK4 (see Eq. (3.19)).

3. Compute diagnostics, as described in Section 3.10.

The outline of the Vlasov-Poisson algorithm for solving the system g—‘t’ = Lq with electrostatic
fields is simpler. The distribution function is initialized as a fourth-order volume-integrated
value in each phase space cell, and the following steps are performed to update the solution.

1. For each stage in RK4

a) Compute the charge density from the distribution function (see Section 3.5.6.1).
b) Solve the Poisson equation for the discrete potential (see Section 3.9.3).

c) Compute the electric field from the discrete values of the potential using a fourth-
order interpolation.

d) Interpolate the volume-integrated distribution function to cell faces using an up-
winded stencil (see Section 3.8.2.2). Upwinding direction is based on advection
speeds — either the velocity coordinates or the local point-value of the Lorentz
force.
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e) Compute the distribution function fluxes given in Egs. (3.388) — (3.393), using
the fourth-order quadrature rule described in Section 3.4.2.3.

f) Compute the divergence of fluxes, i.e. the sum of the terms in Eq. (3.388) through
Eq. (3.393) to obtain the RK4 distribution function increment associated with the
k-th stage of RK4 (see Egs. (3.15) — (3.18)).

2. Update distribution function using the ki, ks, k3, k4 increments obtained from each
stage of RK4. See Eq. (3.19).

3. Compute diagnostics, as described in Section 3.10.

Both algorithms rely on evaluating the terms Lqg + Y for each stage of the RK4 time

integrator, using the interpolation and quadrature evaluation procedure detailed in this
chapter.
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Chapter 4

Numerical test problems in Cartesian
coordinates

Before the finite-volume implementation can be used to shed light on new physics, its func-
tionality and convergence properties must be verified. To facilitate this, each portion of
the solver is tested for physical accuracy and for fourth-order convergence. As such, this
chapter focuses on numerical test problems for Maxwell’s equations, and simple test cases
for the Vlasov-Poisson and Vlasov-Maxwell equation systems in Cartesian coordinates. The
results are compared to theoretical predictions and the strengths and weaknesses of the
discretization are assessed.

4.1 Vlasov-Poisson

4.1.1 Free-streaming recurrence time

Free-stream advection in the context of the 1D (x,v,) Vlasov equation can be tested by
zeroing out all velocity-directed fluxes, and allowing the distribution function to evolve in
a periodic domain x € [0, L,|. The governing equation in this case is the Vlasov equation,
with all force terms set to zero, resulting in a linear hyperbolic advection equation:

of 0

— 4+ —(v.f) =0. 4.1
The distribution function evolves along the x direction, and after a period of time, due to
finite resolution in velocity space, reproduces the initial condition. The time at which the
initial condition reappears is the recurrence time, which has a known theoretical value of

L,

th
TR ==,
Vg

(4.2)

where h,, is the cell width along the v,-direction. This provides a metric to assess the free-
stream advection in simulations by seeing how well the simulated recurrence time matches
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Figure 4.1: Electric field energy as a function of time, associated with a f(x,v,) distri-
bution function that is allowed to advect only along the z-direction. The recurrence time
is the time at which the initial condition is reproduced. As velocity space resolution is
increased, the recurrence time increases as well.

the theoretical value. Notably recurrence in this case is a numerical, and not a physical
phenomenon — see discussion in Refs. [15, 50]. Instead of tracking the recurrence of the
distribution function, which is two-dimensional, it is easier to track the recurrence of the
density, which is one-dimensional. An even simpler indicator of recurrence is the electric
field energy associated with the given charge density, which is a scalar. Thus while the
electric field does not play a role in the evolution of the distribution function in this case, it
is used as an indicator of recurrence time. The initial condition for this test case is

f(@,v2)], g = W exp (—%) (1 + 0.01 cos(kx)) (4.3)
k=0.5 (4.4)
x € [O, 2%} (4.5)

The electric field energy as a function of time for different resolutions is shown in Fig. 4.1.
The recurrence time from each simulation is shown in Table 4.1, which also shows the relative
difference between the theoretical and numerical recurrence time as well as the relative
difference between the initial value of field energy Ug(0) and the value at recurrence time
Ugr(Tr). These results show that the recurrence time from simulations agree well with the
theoretical recurrence time, and likewise the initial value of field energy is reproduced with
high fidelity. The values cannot match exactly on account of finite time step size, and
amplitude and phase error associated with the discretization.
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Table 4.1: Recurrence time for simulations with different velocity domain resolutions. The

difference between the theoretical recurrence time (see Eq. (4.2)) and the recurrence time

in simulations TE"™ is small, as is the relative change in the peak field energy Ug.

th TR =Ty Up(Tr)-Ug(0
VUmax N:L“ sz hv TR Tll%um = Tth . (UI;(O) o

32 48 0.1667  37.699  37.749 —1.33%—03 -5.80e-04
32 72 0.1111  56.549  56.583 -6.12e-04 -2.54e-04
32 96 0.0833 75.398 75417 -2.56e-04 -6.05e-05
32 72 0.0556 113.097 113.140 -3.77e-04 -3.40e-04
32 96 0.0417 150.796 150.815 -1.23e-04 -3.13e-05
32 120 0.0333 188.496 188.519 -1.24e-04 -0.47e-05

A A 00 00 00

4.1.2 Landau Damping

Landau damping is a common benchmark (see for example Refs. [51, 22, 4, 52, 53]) in kinetic
calculations because it can be simulated in one spatial and one velocity dimension. Landau
damping is a mechanism by which electric field energy is converted into thermal energy in a
collisionless plasma. The phenomenon occurs in a variety of contexts, but the simplest case
involves a uniform infinite thermal-equilibrium plasma, whose electrons are displaced away
from the ions. The ions can be assumed to be uniformly distributed and stationary, such that
the dynamics can be modeled with a single electron distribution function and an electrostatic
field. The electric field induced by the charge separation oscillates and damps in time, as the
original potential energy is converted into thermal energy of the electrons. The frequency of
oscillation and the decay rate of the electric field are given by a dispersion relation, which
can be derived from the linearized or quasi-linearized Vlasov and Poisson equations. The
linear-theory dispersion relation is discussed in Ref. [54] and tabulated frequencies and decay
rates for different wave numbers of the perturbation can be found in Ref. [55]. Simplified
dispersion relations can be obtained in certain asymptotic limits [5]. If the perturbation is
large then a non-linear or “strong” form of Landau damping is observed, in which the original
decay in the electric field is followed by growth later in time. Non-linear Landau damping
offers one of very few test cases of non-linear kinetic physics for which a semi-analytic solution
exists.

The governing equations in this case are the 1D Vlasov equation for the electron distri-
bution function, and Gauss’s law for the electric field

of. 0 9 _

o+ apveld) + 5 (Befe) =0, (4.6)
OF, >
e 1— /_OO fe(x,v,)dv,. (4.7)

The ions constitute a stationary neutralizing background, such that the system is charge
neutral. Since ion dynamics are not involved, the ion plasma frequency can be assumed to



CHAPTER 4. NUMERICAL TEST PROBLEMS IN CARTESIAN COORDINATES 127

be equal to the electron plasma frequency, such that the time in this governing equation
system is measured in units of inverse electron plasma frequency. The initial condition for
the electron distribution is

fx,v)],g = W exp (—%) (1 + acos(kz)) (4.8)

k=0.5. (4.9)

This initial condition is consistent with the one used in Ref. [15]. The spatial domain is
periodic with length 27/k, and the velocity domain is v, € [—10,10]. For weak Landau
damping the magnitude of the perturbation is a = 0.01, and for strong Landau damping
a = 0.5.

The evolution of the distribution function for a 256 x 256 resolution linear Landau damp-
ing simulation is shown in Fig. 4.2. The shearing of the distribution function in phase space
is accompanied by a net decay in the electric field energy as the electrostatic wave interacts
with the plasma. The electric field energy evolution is plotted in Fig. 4.3. The damping rate
in the simulation is obtained through a linear fit of the local maxima of log(Ug). The oscil-
lation frequency is w = 7/T, where T is the period of Ug(t) oscillation in units of normalized
time. For the 256 x 256 simulation, the damping rate is v™™ = 0.3075 and the oscillation
frequency is w™™ = 1.4113. These values compare well with the theoretically predicted
values of w™ = 1.4156, and v*™® = 0.3066 [15]. Since electric field energy or a norm of the
electric field are both used as measures of decay rate, it is worth noting that the theoretical
decay rate of the electric field energy is twice the theoretical decay rate of the norm of the
electric field. Due to the effects of finite resolution, the decay in the energy eventually stops,
and a partial recurrence is observed close to the theoretical recurrence time of T3 = 80.4.

The electric field evolution for the case of strong Landau damping, with perturbation
amplitude a = 0.5, is shown in Fig. 4.4. The growth and decay rates agree well with the
theoretical predictions presented in Ref. [15].

4.1.3 Two-stream instability

The two-stream instability is another common benchmark for Vlasov-Poisson simulations in
(x,v,) coordinates. In the simplest case the instability involves counter-streaming particles of
the same species that, when spatially perturbed, interact through their electrostatic repulsive
forces in a way that results in the amplification of the electric field. A neutralizing background
of oppositely-charged particles is assumed. The initial condition for the electron distribution
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Figure 4.2: In 2D (z,v,), linear Landau damping is (a) initialized in a periodic domain
with an electron distribution function that is Maxwellian in velocity, with a small sinusoidal
perturbation along the spatial coordinate. The distribution function shears in time, which
causes the original perturbation to smear out in phase space, as shown in (b) at time ¢ = 50.

——256x%256 grid simulation
- - Linear theory slope = -0.3066
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t

Figure 4.3: Evolution of electric field energy in a 2D (x,v,) linear Landau damping
simulation with 256 x 256 cells. The field energy, which is a measure of the electric field
amplitude, oscillates and damps in time at frequency w™™ = 1.4113 and rate of ™™ =
0.3075 obtained from the simulation. Theoretical values are w' = 1.4156, and y** =
0.3066 [15]. In simulations the decay eventually stops due to finite resolution, and a partial
recurrence is observed close to the theoretical recurrence time of Tlt%h = 80.4.
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Figure 4.4: Evolution of electric field energy in a 1D (x,v,) a non-linear Landau damping

simulation with 256 x 256 cells. The simulated decay and growth rates are consistent with

theoretical predictions.

function is

2
fx,v3)|,m0 = (27r—1)1/2”§ exp (—%) (1 + acos(kz)) (4.10)
cefo )

Vg S [_Umax; Umax] (412>

Vmax = 10 (4.13)
k=05 (4.14)

a = 0.0L. (4.15)

The boundary conditions are periodic along x. Since ions do not play a role in the physics,
the time is in effect normalized by the electron plasma frequency. The velocity dependence
for this initial condition has a double-peaked profile, shown in Fig. 4.5. While not all double-
peaked distribution functions in velocity space result in instability, in the absence of magnetic
fields they are often candidates for driving an instability [56, 57].

The evolution of the distribution function for the two-stream instability is shown in
Fig. 4.6. As the instability evolves from linear to non-linear, a vortex-like structure forms in
phase space indicating the one-dimensional trapping of particles, meaning that the dynamic
species becomes concentrated in the center of the domain. As the distribution function
evolves, it filaments, leading to the formation of fine structures. In the absence of collisions,
these structures continue to get finer with time. Eventually, a finite-resolution grid cannot
capture these features, such that the distribution function takes on negative values in regions
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Figure 4.5: The distribution function initial condition for the two-stream instability is a
double-peaked profile in velocity space.
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Figure 4.6: Evolution of the distribution function for a two-stream instability simulation
using a 2561024 grid and a CFL of 0.8. Note that the linear phase begins at approximately
t = 13 and ends at approximately ¢ = 18, after which the instability reaches the non-linear
regime.
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Figure 4.7: Evolution of the electric field energy in a 256 x 256 resolution simulation of
the linear two-stream instability. The growth rate observed in the simulation agrees well
with the theoretical growth rate predicted by linear theory.

where the gradient is not resolved (see last plot in Fig. 4.6). Features that are smaller than
the grid size are subject to numerical dissipation.

The evolution of the electric field energy for the two-stream instability as a function of
time is shown in Fig. 4.7. The growth rate agrees well with the linear-theory prediction.

4.2 Maxwell’s equations

The Maxwell solver for the electromagnetic fields is tested using simple configurations with
known analytic solutions. Divergence errors are assessed for Cartesian coordinates using a
test problem involving an electromagnetic pulse propagating through a domain with a fixed
charge density distribution. Testing a Maxwell solver on problems that involve currents
is considerably more difficult since exact solutions require the use of the Biot-Savart law,
and the evaluation of associated elliptic integrals. Discussion of approaches to solve for the
magnetic field in the presence of simple current configurations is presented in Refs. [58, 59,
60, 61, 62, 63, 64, 65, 66].

4.2.1 Electromagnetic pulse

The Cartesian coordinate Maxwell solver is applied to simulate an electromagnetic pulse in
a two-dimensional (z,y) domain that contains a charge density. In the absence of charges,
the initial condition is zero for all fields except B,, which at initial time is set to be

B.| = Apexp(—1*—y?), (4.16)
t=0
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with Ag = 0.1. The domain is defined to be z,y € [5,5] x [=5,5]. If charges are present
then E, and E, components of the electric field have to be initialized in a way that is
consistent with the charge, as dictated by Gauss’s law. The governing equations for the

electromagnetic pulse are Faraday’s and Ampere’s law without currents, which in their weak
form are

[ Budyd= (J B, y)dz), 5
ff Bydxdz| = — - (f Ez(x,yj)dz)m#%
T2
J i+l
[/ B.dxdy _ — ([ Eu(z,y)dx]’ ]J”z + [ Ey(z,y)dy)" i*z

<aa:2B + azayB + 55 ) dydz
+A fj (552 B: + 2B, + 552 B. ) dudz| - (4.17)
2
IS (%8 + 88 B, + £ B.) dudy

20y

[[ E.dydz (f Bz(xl,y)dz)zjf

[[ E,dzdz| = —(f Bz(Lyj)dz):f

[ Bedwdy] ([ Bufar.yda] )+ [ By )dy) 4
- - =2

ff <8$2E + 8$8yE + 63032 ) dydz ff gpdydz
A1) (aj;E + 2By + 5 >dxdz — | [f Sdadz (4.18)

Note that these are the modified forms of the equations that incorporate a parabolic diver-
gence cleaning term with constant A = ah?, where a < 0.35 (see Section 3.5.5) and h is the
cell spacing, which is assumed to be isotropic. Note also that integrals over the z direction
and derivatives with respect to z are trivial since the fields and densities are assumed to be
independent of z for this two-dimensional system. Since the initial condition magnetic field
is chosen to be along the z direction, with other components set to zero, only the B,, F,,
and E, components of the electromagnetic field have a role in the evolution of the pulse.

To test the parabolic divergence cleaning portion of the algorithm, an initial condition
with B, defined as in Eq. (4.16), electric field set to zero, and a charge density set to

p= Ap<exp [—((a: — 1)+ (y — 1)2)] — exp [—((SL’ + 1)+ (y+ 1)2)} > (4.19)
A,=1x107° (4.20)
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is used. Note that this charge density is not consistent with a zero-electric field, and does
not satisfy Gauss’s law, which means that a divergence error (see Eq. (2.89)) is present from
the onset. The parabolic divergence cleaner should diminish the error as the electromagnetic
pulse evolves. This effect is demonstrated in Fig. 4.8 for cleaning parameter a = 0.1. Fig-
ure 4.8a shows the fields close to initial time, Fig. 4.8b shows the fields later in time after
the electromagnetic pulse has propagated outward. Figure 4.8c shows the divergence of the
electric field near initial time, and Fig. 4.8d shows the divergence error at time ¢ = 0.052
due to the electric field not satisfying Gauss’s law. Figure 4.8e shows the divergence of the
electric field later in time, and Fig. 4.8f shows the associated divergence error. Figure 4.8g
shows the divergence error at different times along the x = y diagonal of the domain. The
divergence error is shown to diminish. The rate is consistent with the cleaning parameter a;
as a is increased, the rate at which the error decreases to zero increases as well.

In practice, the initial conditions for simulations involving dynamic fields should be set
so as to satisfy Gauss’s law constraints. There are two ways of doing this. The first way is
to manufacture a solution. For example, choosing

4

E, = —Aye "V (4.21)

4,4
E, = Aze ™ 7Y

one can compute the associated charge density by taking the divergence of the electric field.
While simple, this approach can result in unphysical scenarios. For example, the electrostatic
potential for the fields above involves a Gamma function, suggesting that this configuration is
physically unlikely. The second way to initialize electric fields that are consistent with charge
density is to solve a Poisson equation, and determine the electric field from the potential.
With the aim of modeling electromagnetic pulse propagation in the presence of charges with
self-consistent electric fields, the latter approach is used here.

Let the charge density be a smooth function with compact support, defined locally as a
polynomial that is a function of r = /22 + 42, subject to the constraints

dp
ar 4.2
or|,_o 0 (4.23)
dp
e = 4.24
orl . 0 (4.24)
9?p
il = 0 (4.25)
Pli—og =4, (4.26)
Ply—y, = 0, (4.27)

where for ry > 0 the charge density is zero. The constraint given by Eq. (4.25) is aimed
to ensure smoothness, which is desirable when it comes to minimizing divergence error. A
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Figure 4.8: 962 resolution simulation of electromagnetic pulse propagating outward in a
domain with a charge density. Divergence error is present at the onset. Divergence cleaning
is applied with parameter a = 0.1. The divergence error V - E — p is shown to diminish
in time. The (x,y) coordinates are designated by their index value in a domain of size
[—5,5] x [-5,5].
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charge density distribution that satisfies the above constraints is

a —31”44—&7’3—@7’2—%1) rel0,r
p(r) = < " o ) [0, 7o) (4.28)
0 >
For the charge density given by Eq. (4.28), solving the Poisson equation,
10 ( 0¢
2 (22 = — 4.29
ror <7“ (97’) P (429)
for the potential yields
r2 3t &5 26 6712 r2
¢(T) _ o <:T + &2 T 253 + 1278 + 60(;) — 1—% log 7”0) re [0,7’0] (430)
—=Llogr r >

Note that this expression for the potential is valid for an infinite domain. From the electro-
static potential, the electric field is readily derived,

z 3$(x2+y2) 8x(x2+y2)3/2 x(x2+y2)2
g 20 )@ (=5 + 2 - e 4 2y ) e 0, 4.31
N ox arjx S (4.31)
10(22+y?) r=To
oy 3uEPhy?) | 8y(a?4y?)3/? y(x2+y2)2)
Ey — _% — (zrg 2 + 27"8 57‘8 + 27‘61 re [O’ TO] (432)
ay W(fyg) T >Ty

With initial charge density given by Eq. (4.28), initial electric field components given by
Egs. (4.31) and (4.32), and magnetic field given by Eq. (4.16), the electromagnetic pulse is
modeled in a domain z,y € [—10,10]. A larger domain is used for this case in order to avoid
discrepancies at boundaries due to the fact that the electrostatic potential (and associated
electric field) is defined over an infinite domain, whereas the simulation domain is bounded.
The field and charge density configuration are shown for ¢ = 0.013 in Fig. 4.9a and for
t = 3.125 in Fig. 4.9b. The speed at which the pulse propagates outward is consistent with
the normalized speed of light in the system, which has a value of one. The max norm of the
associated divergence error for the electric field is plotted in Fig. 4.10 for simulations executed
with resolutions 1922, 3842, and 7682. As the resolution is doubled, the error decreases by a
factor of about sixteen, which is expected for a fourth-order simulation.

4.3 Vlasov-Maxwell

4.3.1 Harris equilibrium

The Harris current sheet [67] is a well-known one-dimensional plasma equilibrium in which
pressure forces are exactly balanced by electromagnetic forces, and the net charge density is
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Figure 4.9: 7682 simulation of electromagnetic pulse propagating outward in a domain
with a charge density distribution given by Eq. (4.28) that is offset from the center. The
(z,y) coordinates are designated by their index value in a domain of size [—10, 10] x [—10, 10].
Divergence cleaning parameter a is set to be 0.35. The electric field due to the charge is
large compared to the electric field due to the electromagnetic pulse.
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Figure 4.10: Evolution of the max-norm of the divergence error for the electromagnetic
pulse propagating outward, V - E — p for different resolutions: 1922 resolution is in blue,
3842 resolution is in red, and 7682 resolution is in black. The divergence error converges at
third order accuracy as evidenced by error decreasing by a factor of about nine each time
resolution is doubled.
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zero. This configuration and its various adaptations form the basis for the study of plasma
phenomena such as the lower-hybrid drift instability [68, 69] and magnetic reconnection [70].
Here the unperturbed Harris current sheet is used to test the convergence of the (z,v,,v,)
Vlasov-Maxwell solver when applied to a configuration involving current and particle species
of different mass. Numerical errors will result in a departure away from equilibrium, but
this deviation should converge to zero as the grid is refined.

4.3.1.1 Normalization-consistent initialization

Simulation initial conditions for a Harris current sheet depend on the choice of normalization
for the governing differential equations and the choice of parameters like thermal speed. To
ensure parameters are self-consistent, the equilibrium profiles of the fields are derived directly
from the ion and electron distribution functions, using the normalized Vlasov-Maxwell equa-
tion system presented in Section 2.2.1. The electron and ion distribution functions associated
with the Harris current sheet are drifting Maxwellians, such that

1 V2 + (v, — ue)? T

f. = o exp <— 25%6 ngsech 2 (z) (4.33)
1 v + (v — w)? 2 (T

fi= o, exp <— 25:2” nosech <z> , (4.34)

where vy, and vy; are the electron and ion thermal speeds, u. and u; are the electron and
ion drift speeds, ng is a nominal number density, and ¢ is the width of the current sheet.
From these distribution functions, the species currents Jy. and Jy;, and net current J, can
be derived, such that

Jye = Ze/ / Uy fedv,dv, = —uengsech 2 (%) (4.35)

Jyi = Zi/ / vy fidvgdv, = w;ngsech 2 <%> (4.36)
x

J, = (u; — u.)npsech <Z> . (4.37)

If the equilibrium Ampere’s law is to be satisfied then OE /0t must be zero. Noting that the
equilibrium is in one spatial dimension (z), a relationship between the net current and the
magnetic field is obtained

Wep d _ / / /

oy O x B = ES ZS/’U fs(v")dv (4.38)
o OB: _ (4.39)
Wyp Ox

Substituting Eq. (4.37) into Eq. (4.39), integrating both sides, and assuming the constant of
integration (i.e. the background magnetic field) is zero yields an expression for the magnetic
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field in terms of known parameters,

B, = _ Wpp (u; — ue)nol tanh (£> ) (4.40)

Wep 14

The normalized Vlasov equation for each species s in this one-dimensional configuration with
zero electric field is

Ofs

v,

a S ZS C;
(vy,B.) / + Wep

= - —v, B,
ot Oor M wy, Ov,  M; wpp( vB:)

(4.41)

For equilibrium 0f./0t and Jf;/0t must be zero. Substituting Eqgs. (4.33) and (4.40) into
Eq. (4.41) and evaluating each term, it is found that for electrons to be in equilibrium the
following relation must hold

M; v

0= (—KQ—UE (u; — ue) — 2’(}%8> %% tanh <£> . (4.42)
M,

Substituting Eqs. (4.34) and (4.40) into Eq. (4.41), it is found that for ions to be in equilib-

rium the following relation must hold

0= (€2ui(ui — Ue) — 21):2”) ;}—‘3 tanh (%) : (4.43)
T

For these relations to be satisfied for all x, the equalities
M;
M,

Cug(u; — up) = 203, (4.45)

—0? g (U — u) = 205, (4.44)

must be satisfied for both the electrons and ions to be in equilibrium. Taking the ratio
of Eq. (4.45) to Eq. (4.44) yields a relationship between drift speed and thermal speed
parameters, such that

= =
Ue M. vz,

(4.46)

Since temperature in terms of thermal speed is T = %MSU%S then Eq. (4.46) is equivalent to

U; T;
—_ = 4.47
" T (4.47)
Substituting Eq. (4.47) into Eq. (4.45) yields a relationship between the ion drift speed,
thermal speed, and sheet width, such that

U% — —<1 " %> o (4.48)
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Note that since the speed of light is chosen to be the characteristic speed, the characteristic
length in this system is the ion skin depth ¢; = ¢/w,;. Hence the value of sheet width ¢ is
relative to the characteristic length in the system, and speeds are relative to the speed of
light. The expression for the magnetic field in Eq. (4.40) can be written using the parameter
relations derived above, such that

B. = — By tanh (%) (4.49)
TLi VT
BO = wpl-T (2 s ) no, (450)

where r; is the characteristic ion Larmor radius associated with the characteristic ion cy-
clotron frequency.

With a specified form of electron distribution function (Eq. (4.33)), ion distribution
function (Eq. (4.34)), magnetic field (Eq. (4.49)), and the relations given by Eq. (4.47) and
Eq. (4.48) the initial condition for the Harris sheet can be fully specified by setting the mass
ratio M; /M., the temperature ratio T;/T,, the ratio of ion drift speed to ion thermal speed
u;/vp;, the ratio of Larmor radius to sheet width rp;/¢, and finally by specifying the ion
thermal speed vr;. For the simulations conducted here the values of the ratios are set to be
the same as in Ref. [68], such that

M;
3 = 180 (4.51)
T,
o= (4.52)
:T —1 (4.53)
% =1 (4.54)

Note that an artificial mass ratio is used, which is consistent with Ref. [68] and also convenient
in that the time step size restriction associated with the electron distribution function is less
severe for an artificial mass ratio than for a realistic mass ratio (see discussion of CFL
condition in Section 3.3.1). Using the ratio specifications in Eq. (4.51) through Eq. (4.54),
and different choices of ion thermal speed, Table 4.2 shows the values of all the parameters
used to initialize the distribution functions and the magnetic field for a self-consistent Harris
equilibrium. The distribution functions for parameters given by the second row of Table 4.2,
corresponding to vyr; = 0.01, are shown in Fig. 4.11 — these are the initial conditions used for
the simulation results presented here. Note that the frequencies in the system only depend
on the mass ratio and the magnitude of the magnetic field set by By, such that

wpe = (M; /M)y (4.55)
M; Z.
= — We; 4.
Wee = 3 7 Wi (4.56)

wei = Bo, (4.57)
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Figure 4.11: (a) Electron and ion distribution functions plotted as a function of v, for the
Harris current sheet equilibrium assuming M; /M, = 180, # = 4, “Tl =1, and vp; = 1/100.

Note that the horizontal and vertical axes are different for fi and fe, since the thermal
speed of electrons is much larger than that of the ions. (b) Associated current Jy(x) and
magnetic field B,(z) profiles.

with Z;/Z. = —1 and w,; = 1. In effect, the fastest frequency in this system is the electron
cyclotron frequency, and the fastest speed is the speed of light. These parameters set the
time scale that needs to be resolved in the simulations.

The governing equations are the Vlasov equation for each species, and Faraday’s law and
Ampere’s law in one dimension:

Ofs af Wep Ofs Wep Ofs
= —_— E, B E B —= (4.
0= "o, +MS< et W Z)) avﬁMs( vt o, ) ) 5, (458)

0B, wyp (OE, OE,

S 4.
ot ( Oz oy ) (4.59)
0E,
B, (4.60)
OE,  wey 0B,
o O J,. (4.61)

The domain used for simulations is x € [—16,16]. To account for the large difference in
thermal speeds, for electrons the velocity boundaries are set at |vmaxe| = 0.6, and for ions
the velocity boundaries are set at |Umaxi| = 0.1. Since in the absence of collisions the
two distribution functions only interact through the electromagnetic fields, the difference in
velocity domain size does not affect the mechanics of the computation. The initialization
described by Egs. (4.33), (4.34), and (4.49), and the parameters in Table 4.2 for vy; =
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Table 4.2: The parameters for initializing a self-consistent Harris current sheet equilibrium
depend on different choices of ion thermal speed vp;, presented in fraction form and decimal
form, and on the specified ratios M; /M, = 180, T;/T. = 4, u;/vp; = 1, and rp /¢ = 1.

VT Uj 4 Ue UTe By
1/10 | 1/10 |24/2/5| —1/40 | 3/(2V5) | 2
le-1 le-1 1.26 2.5e-2 6.7e-1 2
1/100 | 1/100 | 24/2/5 | —1/400 | 3/(20v/5) | 2
le-2 le-2 1.26 -2.5e-3 6.7e-2 2
1/1000 | 1/1000 | 2+/2/5 | —1/4000 | 3/(200v/5) | 2
le-3 le-3 1.26 | -2.5e-4 6.7¢-3 2

0.01 and ng = 1 is coupled with conducting wall boundary conditions, consistent with PIC
simulations of the Harris current sheet [68, 69]. Note that the conducting wall boundaries
are handled through ghost cells, which results in the additional constraint that on,/0x = 0.
Since the values of the distribution functions and their gradient are very small at x = +16
with values on the order of 107! this additional constraint is expected to alter the equilibrium
slightly near the boundaries, but not have a noticeable effect overall.

4.3.1.2 Simulation results

Simulations of the one-dimensional Harris current sheet equilibrium in (z, v,, v,) phase space
are conducted using grid resolutions 288 x 64 x 64 and 576 x 128 x 128. The evolution of the
fields and currents from the simulation are shown in Fig. 4.12. The y-directed electric field,
the net change in the y-directed current, and the net change in the z-directed magnetic field,
all converge to zero at the expected rate for a fourth-order calculation. The x-directed current
is non-zero on account of Langmuir oscillations, associated with the electrons oscillating
about the ions. These Langmuir oscillations are evident in that the z-directed current
oscillates about zero in localized regions near the center of the domain. Spatial oscillations are
observed in the plot of E,, and are the result of electromagnetic waves, which are generated
in the middle of the domain, propagate to the boundaries, reflect off the conducting walls,
and interfere with counterpropagating waves. The net change in the y-directed current, and
the z-directed field are on the order of truncation error.

The evolution of the z-directed electric field, charge density, and divergence error are
shown in Fig. 4.13 for two different resolutions. All of these quantities should converge to
zero as the grid is refined, such that the solution approaches the initialized Harris equilib-
rium. Figure 4.13 shows that as the resolution is doubled, the magnitude of each quantity
decreases by at least a factor of twenty in the middle of the domain, indicating fourth-order
convergence. At boundaries, the solution does not converge and exhibits spurious oscillations
in the electric field, which suggests that the solution is sensitive to the implementation of
the conducting wall boundary conditions.
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Figure 4.12: The net x-directed current, the y-directed electric field, the net change in
the y-directed current, and the net change in the z-directed magnetic field are plotted as a
function of x for a simulation of the Harris equilibrium at two different resolutions. For a
fourth-order discretization, all values are expected to decrease by a factor of sixteen as the
resolution is doubled, which is what is observed for each quantity except for J,. Time is

normalized by ion plasma frequency.
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Figure 4.13: The z-directed electric field, net charge density, and divergence error plotted
for a simulation of the Harris equilibrium at two different resolutions. All values are expected
to converge to zero as resolution is increased. Convergence is observed near the middle of
the domain, but not at boundaries. Time is normalized by ion plasma frequency.

Notably the features near boundaries are only evident at high resolution, and only when
the evolving species have disparate masses. Having species of different mass means that one
species is likely to evolve to be displaced relative to the other, creating localized regions of
non-zero charge density, as seen in the second row of plots in Fig. 4.13. The last row of
plots in Fig. 4.13 shows that divergence errors are evident, as there is no divergence cleaning
applied in this simulation. The numerical features at boundaries can be the result of the zero-
gradient density constraint imposed in the implementation of specular reflection boundary
conditions (see discussion in Section 3.4.3.3). As such, they can be mitigated in several
ways. One way is by extending the domain size to ensure that the initial condition density
gradients are zero to machine precision at the boundaries. This would ensure that the density
gradient constraint imposed through the use of ghost cells is not violated. The oscillations
can potentially be eliminated by implementing specular reflection through the extrapolation-
and-copy procedure described in Section 3.8.3.1, in which case there would be no constraint
on the density gradient at boundaries. Another approach would be to use characteristics-
compatible boundary conditions instead of conducting-wall boundary conditions, so as to
eliminate inconsistencies between the boundary condition and the initialized profiles. It is
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worth pointing out that the boundary features are very small in magnitude, and in the
context of PIC simulations such features would be obfuscated by noise. Since the study of
non-periodic boundary conditions for distribution functions in continuum kinetic simulations
is still in its nascent stages and since modeling of the Harris current sheet has been restricted
to PIC methods, the investigation of boundary conditions in the context of this application
is left for future research.

While a time-dependent simulation is not expected to be able to retain an equilibrium
solution exactly on account of numerical errors, the solution is expected to converge to equi-
librium as resolution is increased. With the exception of anomalous features at boundaries,
the results of the simulations show that the Harris equilibrium is maintained over the course
of 100 ion plasma frequencies, and that the solution converges at the expected rate to the
initialized equilibrium. This verifies that the Vlasov-Maxwell solver is effectively able to
capture the Harris current sheet configuration, and is able to model multiple distribution
functions. The solver can be improved with further investigation of boundary conditions,
which are left for future work.
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Chapter 5

Development of the
warm-temperature Dory-Guest-Harris
instability benchmark [1]

Kinetic model algorithms in general, and continuum methods in particular, lack an arse-
nal of standardized benchmark problems. This is in part due to the comparatively recent
development of continuum methods, but more fundamentally because PIC and continuum
methods have different limitations. Whereas PIC accuracy is limited by both the number of
particles and grid resolution in up to three spatial dimensions, continuum method accuracy
is limited by grid resolution in up to six phase space dimensions. A consequence of this
is that PIC methods most effectively model cold plasmas and beams, whereas continuum
methods are more conducive to modeling finite or high temperature phenomena with smooth
initial conditions. Thus standard benchmarks for PIC involving cold plasma assumptions
with delta function initial conditions in velocity space [5] do not in general carry over to
continuum methods.

Existing standardized benchmarks for continuum methods are largely limited to electro-
static phenomena that can be simulated in 2D (x,v,) phase space. These standardized test
problems include: weak Landau damping [51, 22, 52, 53, 71, 15, 72|, strong Landau damping
(22, 4, 52, 53, 71, 15], two-stream instability [22, 4, 52, 53, 71, 15], bump-on-tail instability
[51, 22], and Langmuir waves [18, 73]. In addition, ion-acoustic turbulence has been used as
a qualitative benchmark [51]. Plasma in the presence of magnetic fields have been simulated
with continuum methods using the following much less developed test problems: particle
gyration [74, 18], high-frequency electromagnetic waves [18], Raman scattering in 2D (z, v,,)
[75] and in 4D (z,y,v,,v,) [18], Weibel instability [74, 76, 77, 78], Bernstein waves [72],
relativistic wakefield acceleration [74, 79], and the Kelvin-Helmholtz instability [19, 80, 16].

To address the paucity of benchmark problems for continuum methods, this chapter
investigates the Dory-Guest-Harris instability [81], which is a type of cyclotron harmonic
instability [82, 83, 84] that is closely related to Bernstein modes [85], as a means of validat-
ing continuum kinetic simulations. In particular, the instability provides a straightforward
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means by which to benchmark simulations of magnetized plasmas in a limited number of
dimensions: one spatial dimension and two velocity dimensions (1D2V). The chapter is
organized such that Section 5.1 draws on the theory of perpendicularly-propagating elec-
trostatic waves in a warm magnetized plasma and provides a derivation of a closed-form
dispersion relation for multiple species with arbitrary equilibrium distribution functions.
Section 5.2 explores the dispersion relation characteristics for a Dory-Guest-Harris distri-
bution and presents benchmarks against which continuum kinetic methods can be tested.
Section 5.3 outlines a continuum fourth-order accurate 3D (z,v,,v,) Vlasov-Poisson solver
that is used to simulate the instability. Sections 5.4 and 5.5 present simulation results and
discuss the utility of the theoretical benchmarks as a validation platform.

5.1 Linear analysis of electrostatic k| =0 waves in
uniformly magnetized plasma

In kinetic theory constituent particle species in a plasma are described by probability distri-
bution functions in phase space. The probability distribution function fy(x,v,t) for species
s depends on the position coordinate x, velocity coordinate v, and time ¢t. The evolution of
the distribution function in the case of electrostatic fields is described by the Vlasov equation
and Gauss’s law. The non-dimensional form of this system of governing equations is

_afs afs Zs afs & 7 afs
= +wv 8w+MS <E (%erpvxb (‘9’0) (5.1)

V-E:ZZS/fsdv, (5.2)

where f is the non-dimensional distribution function normalized by a nominal electron den-
sity no; b is the direction of the magnetic field B = BB; M, = mg/m, is the ratio of the
mass of species s to the electron mass; and Z; = ¢;/|e| is ionization state i.e. the ratio of the
charge of species s to the electron charge. Note that ¢ is the non-dimensional time, i.e. the
physical time normalized by the electron plasma frequency. The factor in front of the cross
product term is the ratio of electron cyclotron frequency w. = eB/m, to electron plasma
frequency w, = (nge?/ gome)"/?, where —e is the electron charge and ¢y is the permittivity
of free space. For electrostatic waves the electric field can be defined in terms of the electric
potential ¢ and thus Gauss’s law can be expressed as Poisson’s equation — see Eq. (2.44).
The properties of small-amplitude waves depend on the equilibrium fields (Ey, By) and
the equilibrium probability distribution function f(x,v). The response of equilibria to
perturbations can be analyzed using the linearized governing equations. In the linearization
procedure the fields and the distribution function fs(x,v,t) are expressed as a sum of an
equilibrium part and a perturbation about that equilibrium [2]: E = Ey+ E,, B = By+ B,
fs = fso + fs1- It is assumed that the perturbation values are much smaller in magnitude

0
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than the equilibrium values, e.g. fs; < fs0, such that nonlinear products of the perturbation
terms can be neglected.

For an electrostatic system with a time-invariant equilibrium magnetic field (B = By)
and no equilibrium electric field (E = E;), the departure away from equilibrium is de-
scribed by the linearized Vlasov equation and Gauss’s law. These are expressed in their
non-dimensional form as

_afsl afsl Zs 8f50 7 fsl
"= T e T, <E1 v +wp b5, (5:3)

V- E, :ZZs/fsldv, (5.4)

where fy(vi,v)) is the equilibrium velocity distribution for species s, v, and vj are the
non-dimensional components of electron velocity that are perpendicular and parallel to the
equilibrium magnetic field By = Byby, and fs1 is the first order perturbation of the proba-
bility distribution function away from equilibrium.

Equations (5.3) and (5.4) can be used to derive a dispersion relation for small-amplitude
waves. For the purposes of this study, consideration is limited to electrostatic waves propa-
gating perpendicular to the equilibrium magnetic field with wave vector components k, # 0
and kj = 0. Such waves are not subject to the effects of collisionless cyclotron or Lan-
dau damping [81, 84]. Without loss of generality, let By = By2z and k = k, & to simplify
the analysis. Taking advantage of the azimuthal symmetry associated with the equilibrium
magnetic field, and following the procedure detailed in Ref. [86, pp. 341-351], a cylindrical
coordinate system is introduced in which velocity is defined as

v = v costx + v sinfy + v 2. (5.5)

Fourier transforms in space and time are applied to both f; and Ey, such that the transformed
versions are f1 and El, respectively. To analyze a single fixed wave number Fourier mode,
fi = fieikz=w) and By, = Eei*=<1) are substituted into Eq. (5.3), which yields
.o A Zs - ast stc afsl
0=—wfg+iv-kfqg+—EFE;- — )
fa fa M, ' v Muw, 00
Note that v - k = kv, cosf and let the non-dimensionalized species-dependent cyclotron
frequency be defined as Q.5 = Zsw./(M;w,), then the transformed linearized Vlasov equation
is

(5.6)

C(w K Wy iy Ofw | Ofa
O—Z(QCS 0. COSG) fsl o, E, - o + 50 (5.7)

Equation (5.7) is an ordinary differential equation that can be analytically solved for fsl~
The solution is then substituted into the transformed Poisson equation

k2, = ZZS/fsldv, (5.8)
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such that the variables E’l, <:I)1, and fs are eliminated. See Appendix B.1 for details. The
resulting dispersion relation, given by D(w, k;) = 0, where D(w, k) is an implicit function
that can be expressed as

w2 7 sin (Qw >
D(w, k) —1+ZM 2/ sin(7) Fo(7 + m)dr =0 (5.9)

wWe Jo sm( )

k J_U 1 . T
fs() vy)J sin 3 2mv dv (5.10)
where Jy is the zeroth order Bessel function of the first kind. Note that v, dependence
has been eliminated since it does not play a role for & = 0 waves. Note also that the
dispersion relation is independent of the sign of 2., because J; is an even function. Thus,
for convenience, €. is henceforth defined to be positive such that Q. = |Zs|w./(Msw,).

Equation (5.9) is the non-dimensional multi-species closed-form dispersion relation and is
a generalization of the dimensional single-species closed-form expression presented without
proof in Ref. [84]. The closed-form representation (see Appendix B.1 for a complete deriva-
tion) does not involve infinite sums, and thus a solution w(k ) can be computed numerically
with great accuracy for any arbitrary equilibrium distribution function.

The dispersion relation describes the propagation of waves of the form e'*+=«  To
obtain an explicit relation for frequency as a function of wavenumber, i.e. w(k, ), the roots of
Eq. (5.9) are evaluated numerically for real values of k. In general frequency w is complex-
valued, such that w = w, + iw;. The real and imaginary components of frequency indicate
the temporal evolution of the perturbation: w, provides the oscillation frequency and w;,
depending on the sign, provides the growth (w; > 0) or decay (w; < 0) rate. For a given
mixed-complex frequency solution of the dispersion relation, its complex conjugate is also a
solution; however, because exponential growth e dominates over an exponential rate of
decay e 1“ilt only the exponentially growing solution is of consequence.

5.2 Dory-Guest-Harris instability in warm plasmas

The dispersion relation in Eq. (5.9) describes the properties of electrostatic waves propagating
perpendicular to a uniform externally applied magnetic field in a spatially uniform infinite
plasma. The properties of these waves over small and large time scales are relevant to a
number of applications [87] including neutral beam heating in tokamaks [88, 89], electrostatic
cyclotron harmonic emissions in the magnetosphere [90, 91], auroral precipitation [92, 93],
magnetic mirror loss cones [94], and electron cyclotron resonance heating [95]. Notably, the
exact dispersion relation properties are determined by the equilibrium distribution function
in velocity space, fo(vy).

Different probability distribution functions and their associated stability properties have
been investigated theoretically [81, 83, 84, 85, 96| and computationally [82, 97, 98]. In
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Figure 5.1: Dory-Guest-Harris equilibrium probability distribution function in velocity
space for different values of j. See Eq. (5.11). The larger the value of non-negative integer
7, the more peaked the distribution. When superimposed with a spatially-dependent pertur-
bation, the distribution function is unconditionally stable for j = {0, 1,2} and conditionally
stable for j > 3.

particular, Dory et al. [81] identified that such waves are unstable for a warm ring velocity
distribution provided that (a) the distribution fo(v,) is sufficiently peaked, (b) the ratio
of plasma frequency to cyclotron frequency is above a specified threshold value, and (c)
the wave number falls in a specific range. The class of single-species velocity distribution
functions investigated by Dory et al. [81] can be expressed as:

folvr) =——; (“—i)%exp(—é), (5.11)

2.
mo 7! \ oy o

where fo(v,) is the normalized equilibrium distribution function whose integral over the
velocity domain has a value of one. Parameter a; and non-negative integer j control the
velocity spread of the distribution and the location of the peak. The distribution is peaked
at v19 = j/%2a; and has a half-width at half-maximum that is approximated by o /5/2.
The half-width approximation is incorrectly presented in Ref. [81].

Note the dependence of the velocity distribution function on j: j = 0 corresponds to a
Maxwellian, j7 > 0 corresponds to a ring, and in the limit of j — oo the distribution is a delta
function ring with infinitesimal velocity spread. Figure 5.1 shows the velocity distribution
function for different values of j. Dory et al. [81] identified that for j = {0, 1,2} the equi-
librium distribution function is unconditionally stable; for j = {3,4,5} it is conditionally
stable and supports wave frequencies that are either purely real or purely imaginary; for
j > 6 the distribution is conditionally stable and supports wave frequencies that have purely
real, purely imaginary, or mixed complex frequencies.
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While the dispersion relation of Eq. (5.9) applies more generally, the evolution of the
Dory-Guest-Harris instability concerns particles of a single species. It is assumed that the
plasma is composed of particle species that have disparate masses, e.g. ions and electrons,
and thereby the interactions between species are not important [81]. Thus on time scales
over which ion motion can be neglected, the only evolving distribution function is that of
the electrons. Similarly, on time scales much greater than the electron plasma frequency,
the only evolving distribution function is that of the ions. In effort to avoid ambiguity, f is
henceforth the electron distribution function and a fixed uniform ion background is assumed.

The dispersion relation for the Dory-Guest-Harris distribution can be solved numerically
for frequency as a function of wave number. It is convenient to solve for the normalized
frequency @ = @, + iw; as a function of the normalized wave number l::, defined respectively
as

W/ (5.12)
= kZLULo/QC, (513)

I &

where Q. = w./w,. As described in Section 5.1, time is normalized by w,. Solutions to
the dispersion relation are found by selecting a particular real wave number value, k*, and
finding the value of frequency @ for which the equality D(@, l%*) = 0 is satisfied. In cases
where @ is purely real, or purely imaginary, the bisection method can be used to find the
frequency. When frequency is mixed complex, a minimization of (D(®, /’;;*))2 is performed to
solve for the real and imaginary components of frequency. In the minimization method, an
initial guess is informed by first evaluating D(®,., @;, ii'*) for a range of real and imaginary
frequency values and then finding the intersection of the Re(D(&,,@;, k*)) = 0 contours with
the Im(D(&,,;, k*)) = 0 contours in the &, -@; plane. Note that &(k) is multivalued, so
that for each value of k, there are multiple values of & that satisfy the dispersion relation of
Eq. (5.9). These multiple values correspond to different harmonics. Thus, when numerically
solving for frequency as a function of wavenumber, it is helpful to limit the range of w over
which solutions are sought.

The resulting dispersion diagram for the case of a Maxwellian distribution (j =0, a; =
21/2) is shown in Fig. 5.2, and is consistent with the results presented in Refs. [83, 84].
Because frequency is real-valued for all values of wave number independent of the ratio
wp/we, the Maxwellian distribution is unconditionally stable. The dispersion diagrams for
the unconditionally stable case of j = 2 are shown in Fig. 5.3 for different values of w,/w..
As is consistent with [84], the cutoff frequencies (for which k = 0) are: at integer multiples
of the non-dimensional cyclotron frequency, nQ2, with [n| > 1; and at the non-dimensional
upper hybrid frequency, (1 + Q2)Y/2. Likewise, the resonance frequencies (for which k is
infinite), are at nf). with |n| > 0.

For conditionally stable cases of j = 4 and j = 6 dispersion diagrams are shown in
Fig. 5.4 and Fig. 5.5, respectively. Instability for the j = 4 equilibrium distribution function
is evidenced when @w; > 0, which occurs for a finite range of wave numbers provided that
the ratio of electron plasma frequency to cyclotron frequency exceeds the threshold value
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Figure 5.2: Dispersion diagram for a Maxwellian distribution function in velocity space,
with j = 0 and a; = 2%/2 in Eq. (5.11). The Maxwellian distribution is unconditionally
stable such that frequency is real-valued, independent of wy,/w. and of k vy /€. Note that
the wave number (see Eq. (5.13)) is normalized using thermal velocity defined by vZ = o? /2
since v | g is zero for a Maxwellian distribution.
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Figure 5.3: Dispersion diagram for an unconditionally stable warm ring velocity distri-
bution function with j = 2 and vio = V2, namely @; = 0. Stability is evidenced by a
real-valued frequency @ for each k, independent of the value of w,/we.
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Figure 5.4: Dispersion diagrams for a conditionally stable velocity distribution function
with j = 4 and v g = /2. For these parameters frequency is either purely real (blue)
or purely imaginary (red). Instability can occur when w,/w. 2 10.5. For w,/w. = 20,
instability occurs when k € [2.73, 3.58].
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Figure 5.5: Dispersion diagrams for a conditionally stable velocity distribution function
with j = 6 and v o = v/2. Instability can occur when wp/we 2, 7.0. Purely real frequencies
(wr # 0,w; = 0) are solid blue, purely imaginary frequencies (w, = 0,w; # 0) are solid
red, real components of mixed complex frequencies (w, # 0,w; # 0) are shown by dashed
blue, imaginary components of mixed complex frequencies are shown in dashed red. For
wp/we = 20 an electrostatic wave exhibits pure growth when &k € [2.57,3.73], and growth
with propagation when k € [4.23,5.13].

of ~ 10.5. In this case there are no mixed-complex frequency solutions to the dispersion
relation. For j = 6 the distribution function is unstable for certain ranges of k provided
that w,/w. 2 7.0. Above this threshold value, instabilities with purely imaginary or mixed
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complex frequencies can occur. Note that the threshold value of w,,/w. above which instability
can occur is smaller for larger values of j. These instability properties are consistent with
the thresholds presented in Ref. [81]. As j is increased, the & (k) for the warm ring smoothly
approaches the dispersion relation for the delta function ring [81]. Dispersion diagrams for
delta function distributions are presented in Refs. [5, 84].

5.3 Vlasov-Poisson model and continuum algorithm

5.3.1 Non-dimensional 3D (z,v,,v,) Vlasov-Poisson system and
domain specifications

The evolution of the Dory-Guest-Harris probability distribution function in response to elec-
trostatic waves propagating perpendicular to an equilibrium magnetic field can be simulated
in three-dimensional phase space: position coordinate x and velocity coordinates v, and
vy, with magnetic field in the 2 direction and electric field of the wave in the Z direction.
This evolution is described by the non-relativistic Vlasov-Poisson equation system. In non-
dimensional conservation law form the 3D (z,v,,v,) Vlasov-Poisson system of governing
equations is:

af Z, 0 We Z, 0 We
) E ) B () o

_% =1— /OO /OO fdv,du, (5.15)

where Eq. (5.14) is the reduced dimension version of Eq. (5.1), f is the electron distribution
function, and Z./M, = —1. The spatial domain has length L, such that = € [0, L]. To min-
imize computational cost, the velocity domain is truncated such that v,, v, € [—Umax, Umax]
with finite v,... Note that the Poisson equation contains number density contributions from
the electrons and from the ions, which are assumed to be fixed and uniformly distributed in
space. The system is quasineutral such that the righthand side of Eq. (5.15) integrated over
the spatial domain has a value of zero.

The domain is divided into N, X N, x N, cells where N, N, , and N, are the number of
cells in each of the three phase space directions. Boundary conditions are imposed using ghost
cells that are appended to the domain to allow for finite-volume calculations at boundaries.
Because the plasma is assumed to be spatially infinite, periodic boundary conditions are
applied in the & direction. Solid-wall boundary conditions are applied at |v,], [v,| = Vmax by:
setting the value of the distribution function to zero in the velocity-boundary ghost cells i.e.
enforcing f = 0 for |v]| > vpax; and setting the values of fluxes at velocity boundaries to zero.
The latter stipulation ensures that the integral of the distribution function over the entire
phase space domain is conserved. The solid-wall boundary condition is valid provided that
f(vmax) is sufficiently close to zero.
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5.3.2 Fourth-order finite-volume discretization

The non-dimensional Vlasov-Poisson equation system is solved using the finite-volume dis-
cretization described in Chapter 3, except in this case the primary variable is a volume
average such that the quadrature rule in Eq. (3.31) is used instead of the quadrature rule
in Eq. (3.30). The algorithm outline is included here to illustrate the mechanics of the
discretization with these modifications.

The probability distribution function is initialized by a fourth-order cell-average of the
analytic f(x,vs,vy)|,_, such that the cell-average value is computed as the sum of the
cell-center value and second derivative corrections:

h2 ( fivijk — 2fin + fic1jk he, [ fijeie — 2fign + fij—1
Whigu = fuan 5y ( 2 o n,
h2 f ) _ Qf, . + f .
v i,5,k+1 4,5,k+1 i,5,k—1
o ( % (5.16)

where () denotes the cell-average value, subscripts i, j,k denote discretized domain cell
indices, and h, h,, and h,, are the grid spacings in the Z, 0., and 0, directions, respec-
tively. Note that the implementation of this algorithm relies on the quadrature rule given in
Eq. (3.31), and on the fact that cell-average and cell-integrated values in Cartesian coordi-
nates are equivalent to within a constant factor.

For each time step, the algorithm for advancing the cell-average distribution function is:

1. The Poisson equation is solved for the cell-average potential (¢), using a fourth-order
finite-volume stencil:

- (_% (D)ia + 3 (0)is1 — 92 (); + 3 (@i = 12 () 2)

=1- Z <f>i7j7k hvmhvy; (5'17)
k

with the constraint ) . (¢), = 0, which is used as a means to ensure that the net electric
field in the domain is zero.

2. The cell-average electric field (£), is computed using the cell-average potential:

(E) =i (@ = O )+ i (Dha =@ ). 519

3. The cell-average values of the distribution function are interpolated to cell-faces, using



CHAPTER 5. DEVELOPMENT OF THE WARM-TEMPERATURE

DORY-GUEST-HARRIS INSTABILITY BENCHMARK [1] 155
a one-point upstream-centered stencil:
= ( 2 1310 + AT
60 i—2,7,k i—1,5,k 1,5,k fOI’ vy > 0
+27 fiv1,jk — 3fivo, k)
=1 - - (5.19)
29 b
@( = 3fic1 ik 27 fijr + 47 fiv1 ok for v, < 0
L =13 fivo ik + 2fz’+3,j,k>
¢ 1
—( 2fii0n—13Fii 1p LATS:
60< R R for Z, (E +vyg—;) >0
b face +27 fi 416 — 3fi,j+2,k>
figvin =9 1 < 3f 27 47/ (5.20)
27 | = i1kt ik iy
60 Stk S ik T o 2, (Bt u2) <0
L —13fi j1ok + 2fi,j+3,k> !
¢ 1
—( 2fiiha—13fiies AT
60< Jigh—2 Jugior T 4T i for v, >0
e +27 fi 1 — 3fi,j,k+2> (5.21)
ighk+d — ) 1 ( :
—( = 3fi i p 1271 AT fi 5
60 f,],k 1+ f,],k + f,],k:-i—l for Um% <0
| —13fijks2 + 2fi,j,k+3> ’

4. Flux terms on the righthand side of Eq. (5.14) are evaluated using cell-face values of
E. v, vy, f, and B, and associated fourth-order corrections [31]:

h
x-face __  px-face Vg x-face _ rax-face
Fz‘+%,j,k — Jitgk (va)j + 24 < i+ 5.5+ 1k i+%,j—1,k> (5-22)
1
vy-face __  pvp-face - v,.-face _ pug-face .
Fz‘,j+%,k N fi,j+%,k: (B + 48 (fi+17j+é,k fz‘—l,j+§,k> <<E>i+1 <E>i—1>

h
v, -face v
fA,j—}—%,k? <Uy> + - <

4 e
i LY

ve-face _ pug-face 5.23
W fi,j+%,k+1 z‘,j+;,k—1>} (5.23)

vy-face __ puy-face
fi,j+1,k+% fi,j—l,k+;>:|' (5.24)

vy-face & vy-face hvz
Wkt o, [f v o)y + 35
Note that z, v,, and v, are independent coordinates, electric field depends only on
position, and the magnetic field is constant.

5. Eq. (5.14) is expressed in terms of a time derivative and divergence of fluxes:

8 1 T-1ace r-race 1 Vg-1ace V-lace

h 7 li§7j7k h l7j+%7k 27]_%11{:
x Vg

1 Vqy-lace Vy-lace
——<Fyf . ) (5.25)

hU Z7J7k+% Z?]JC_%
Yy
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6. (f), ;1 18 advanced in time using a fourth-order explicit Runge-Kutta method.

The one-point upstream-centered stencil used to interpolate (f) to cell faces is an upwind-
biased method [42] that takes into account the direction of hyperbolic advection. Thus
upwind-biasing provides dissipation to damp out numerical errors with wavelengths 2h,, 2h,,_,
and 2h,,,, which are inherent to high-order centered-difference stencils.

For explicit methods the time step is limited by the CFL condition, which depends on
grid spacing in each direction (hy, h,,, h.,) and the fastest advection speed in the system. In
this case, the advection speeds that control the distribution function evolution in the z, v,
and 9, directions are: |v,|, |E, +v,:*|, and |v, 2|, respectively. In phase space calculations,
velocity is a coordinate and therefore the extent of the domain in the velocity direction
imposes a limit on the time step. The limit on the time step size is

h h hy
Atga-min{ ud v } (5.26)

) We ) We
Umax |E|max + w_pvmax w_pvmax

where | E|pax is the maximum of the absolute value of the electric field at any given time and
o is the CFL number. The described high-order upwind-biased spatial discretization sets a
constraint on the CFL, such that ¢ must be less than ~ 0.6 to ensure that the method is
numerically stable.

5.3.3 Initial condition and its influence on the dominant mode

The initial condition for the Dory-Guest-Harris instability involves an equilibrium velocity
distribution function specified in Eq. (5.11), and a position-dependent sinusoidal perturba-
tion which constitutes the electrostatic wave. It is important to note that the dependence of
the perturbation on v, and v, is arbitrary; however, this dependence dictates how strongly
the dominant, fastest-growing mode is excited. This is related to the fact that &; > 0 solu-
tions to the dispersion relation identify the growth rate of the fastest growing mode, whereas
other modes will exhibit smaller growth rates. A perturbation with an arbitrary velocity
dependence leads to a growth of many different modes, only one of which, over a long period
of time, emerges as the dominant mode with the largest growth rate.

In order to determine the velocity dependence of a perturbation that more strongly excites
the fastest-growing mode, a perturbation that is symmetric in velocity is first investigated,
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such that the initial condition is

1 v+ v} 7 v+ ) k Q.
y Yy -0 — . - 1 1 - 527
(2,00, vy)|,20 a7 ] ( ol > exp ( oz ) + €sin oo x ( )

z €0, L]
(% € [ — Umax; Umax]

vy € [ — Umax, Umax]
~ 2m V1o
k —

L Q.

where € < 1 is the amplitude of the perturbation. This distribution, with k and Wy /We
for which the dispersion relation predicts a non-zero imaginary component of frequency, is
evolved for a time period of several hundred plasma frequencies. Isosurfaces of the peak
values of f(z,v,,v,) at the final time gives an indication of the dominant mode topology.
Informed by this qualitative analysis, an initial condition with a perturbation of the following
form is found to most effectively excite the dominant mode:

1 02 4 02\’ vZ + 02 kQ
fz,vg, 0|, = , ( Z y) exp (—u) 1+ esin |40 — — x 5.28
vty =iy (or - ) Gas)

0 =arctan <%> : (5.29)

Uy

This perturbation is peaked along a four-stranded helix in phase space coordinates (x, vy, vy),
with a position-dependent sinusoidal wave with wavelength L and a velocity-dependent com-
ponent that excites the fastest growing mode for cases of @; > 0. See Fig. 5.7 for a depiction
of the peaks of this perturbation. Figure 5.6 shows the electric field energy evolution result-
ing from using Eq. (5.27) as the initial condition and Eq. (5.28) as the initial condition. A
simple sinusoidal perturbation excites many modes, whereas the helical perturbation is able
to strongly excite the fastest growing mode.

For all simulation results presented here, the perturbation amplitude is chosen to be
¢ = 1 x 107 and parameter a is selected to have a value of (2/5)/? so that vy = V2.
The perturbation amplitude determines how quickly the instability saturates, and thus for
smaller € the linear phase of the instability lasts longer. In general o, and j should be
selected subject to constraints associated with resolution limits (due to computational cost)
and the CFL condition.

Another aspect of the initial condition that deserves particular attention is the nor-
malization. The integral of Eq. (5.27) and Eq. (5.28) over the infinite velocity domain is
one, which ensures that the system being modeled is globally charge neutral. However, for
computational cost purposes associated with resolution and the CFL stability limit on the
time step size (see Eq. (5.26)), the velocity domain is truncated such that in simulations
Uz, Uy € [—Umax, Umax)- 10 the simulations discussed in this chapter, vy, = 4. Using a higher
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Figure 5.6: The evolution of electric field energy for two different types of perturbations:
a simple sinusoidal perturbation given by Eq. (5.27) and the helical perturbation given by
Eq. (5.28). The latter perturbation is able to strongly excite the fastest growing mode.

7.5
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5.5
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Figure 5.7: Isosurface (f — fo) = 7.5 x 107 in phase space at initial time, depicting
the helical structure of the initial perturbation that strongly excites the dominant mode.
Contours at x = 0 and z = L show that the perturbation is periodic along the & direction.
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Umax Would introduce a prohibitive computational expense by (a) further limiting the time
step size required for numerical stability and (b) requiring more grid cells to properly resolve
the distribution function. Thus the integral over the truncated domain, depending on the
choice of v, and the distribution function parameters, may not be normalized to numerical
precision.

To address the effects of a truncated velocity domain and to ensure charge neutrality
in the system, the initial condition is scaled by a constant factor A such that the following
expression is satisfied to 1071° precision:

Umax Umax rU2 + U2 ] rU + U
/ ( = y) exp ( )dvxdvy =1, (5.30)
—VUmax VUmax ﬂ-aL] OéL Oél
where the value of A depends on the value of vy, 7, and . Ideally v, would be chosen
to be sufficiently high that the scale factor A would not be necessary, i.e. the scale factor

would equal one to numerical precision. For the parameters of interest with j = {2,4,6},
the scale factor value is one to within a precision of 107%, 1071°, and 107!%, respectively.

5.4 Simulation of the Dory-Guest-Harris instability

5.4.1 Quantifying instability growth rate from electric field
energy evolution

In order to compare simulation results to the theoretical predictions from the dispersion
relations for the Dory-Guest-Harris probability distribution function, potential energy is
tracked as a function of time. The nondimensional electrostatic potential energy, i.e. the
electric field energy Ug, is defined analytically as

Y
e = /0 F2(x)da (5.31)

and in fourth-order accurate discrete form as

UE _ %Z (E)? + % (<E>i+12;z<E>i—1) ‘ (5'32)

In simulations the Dory-Guest-Harris instability is evidenced by net exponential growth of
electrostatic potential energy as a function of time. According to the dispersion relation in
Eq. (5.9), this occurs for waves whose normalized wave numbers yield a positive imaginary
frequency, i.e. JJ,(’%) > (. The growth rate of electric field energy in a simulation is determined
by fitting an exponential to Ug(t), or equivalently finding the slope S of the line that fits
log(Ug) versus time during the linear stage of evolution. In the non-dimensional system of
equations being solved, time ¢ is also non-dimensional and is defined to be the product of
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physical time and the electron plasma frequency. Note that it is the growth rate of the
electric field, not electric field energy, that is compared against the value of @ predicted by
the linear theory dispersion relation. The growth rate of the electric field is a factor of two
smaller than the growth rate of the electric field energy. From the numerical simulations,
the electric field growth rate w™™ is calculated as

1w,

—-2g (5.33)

2w,

~,num

W

where the w,/w, factor is necessary for proper normalization. When @; > 0,&, = 0, pure
exponential growth of the electric field is observed, until the instability enters the nonlinear
regime and saturates. When w; > 0, @, > 0, the electric field energy oscillates at a frequency
2w, and grows at a rate of 2w;, which means the electrostatic wave propagates and amplifies
until it saturates. From the simulations, the oscillation frequency w; "™ of the electric field
is determined from Ug(t)

~num __ Q0 wp

r — TW_C, (5.34)
where T is the period of Ug(t) oscillation in units of normalized time, and the ratio of plasma
frequency to cyclotron frequency is necessary to be consistent with Eq. (5.12).

When potential energy oscillates without net growth or decay (w; = 0), the electrostatic
wave is stable and propagates unchanged through the infinite plasma. In this case W™ is
difficult to determine from the simulation, since many different modes are excited by the
initial perturbation, none of which grow in time. Exciting a single mode would require
solving for the eigenfunction associated with the linearized Vlasov-Poisson system. Such
analysis is beyond the scope of this dissertation and is not necessary to determine stability
properties and characterize the behavior of the instability. Cases of stability are therefore
verified not by comparing @™ to the theoretically predicted @, but by verifying that there
is no net growth of potential energy as a function of time. Figure 5.8 shows the electric field

energy evolution for the three different cases discussed.

5.4.2 Discussion of fourth-order simulation results

Cases of stability allow for a qualitative comparison between simulation results and theo-
retical predictions. The Maxwellian equilibrium distribution function is verified to be stable
for different values of a; and k. This result is consistent with those presented in Ref. [84].
Other parameter values for which linear theory predicts stability are listed in Table 5.1 and
are verified to be stable in simulations. Note that these parameters correspond to cases for
which frequency is real-valued — see Fig. 5.3, Fig. 5.4, and Fig. 5.5 for the dispersion dia-
grams. For each set of stable parameters, the electric field energy exhibits no net change in
magnitude. Figure 5.8 shows the electric field energy evolution for the stable case of j = 2,
k = 2.12, and wy/we = 10 as compared to unstable cases, for which field energy grows by
many orders of magnitude.
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Figure 5.8: Comparison of electric field energy evolution for cases in which perturbation:
amplifies only (black), amplifies and propagates (cyan), and propagates only (purple). Time
is normalized by the electron plasma frequency.

Table 5.1: Sets of parameters j, wp/w., and k for which simulations show stability of the
Dory-Guest-Harris distribution in response to perturbation.

7 2 2 2 2 2 2 4 4 4 4 4 6 6 6 6
prwc 20 20 20 10 10 10 20 20 10 10 10 20 6 6 6
k 141 212 283 141 212 283 2.00 4.00 200 3.00 4.00 050 050 3.15 4.65

For parameter values that result in growth of the instability, simulation results can be
quantitatively compared against theoretical predictions. See Table 5.2 for a comparison of
frequency values obtained from simulation against dispersion relation predictions. For the
case of pure growth with j = 4, k = 3.00, and wp/w, = 20 the simulation-derived growth rate
is 0.3003, which is 2.2% larger than the theoretical value. Simulated electric field energy
evolution as a function of time for 7 = 6 is shown in Fig. 5.9a for the case of pure growth,
with & = 3.15 and wy/we = 20. For these parameters, the electrostatic wave does not
propagate and its amplitude grows exponentially in time at a rate of @™ = 0.4958. This
growth rate value is within one percent of the theoretical value @™ = 0.4912 predicted by the
dispersion relation. Figure 5.10a shows electric field energy evolution for the case of growth
with propagation, with j = 6, k = 4.65 and wp/we = 20. For this set of parameters the
perturbation grows at a rate of W™ = 0.2903 and oscillates at a frequency of w;"™ = 1.0310.
These values are within one percent of the theoretical predictions (see Table 5.2).

All values of simulation-derived frequencies presented in this study are converged from
simulation outputs for three different grid resolutions. Thus for a given set of simulation
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Table 5.2: Converged values of frequencies from simulations compared to theoretical values
predicted by the dispersion relation for parameters that result in instability. Error is defined
as the relative difference between the theoretical value and the converged value from fourth-
order simulations, e.g. |@M — @™ |/,

7. ~th ~ num
k| @ 4

w w; Error

J

4 20 3.00 | 0.2938 0.3003 2.2% - - -
6 20 3.15{0.4912 0.4958 0.9% - - -
6 20 4.65|0.2899 0.2903 0.1% | 1.0361 1.0310 0.5%

~th ~num
Wy We Error ‘ W o

parameters, the fourth-order electric field energy outputs are generated using grids of size
Ny X Ny, X N, 0 32 x 64 x 64, 40 x 80 x 80, and 48 x 96 x 96. The number of cells NV, in the
0, direction and N, in the v, directions are equal such that the velocity grid spacings are
uniform, h,, = h,, = h,. As the grid is refined, h, — 0 and @™"™ approaches a limiting value.
The value h{ is the lowest resolution grid cell spacing, corresponding to the 32 x 64 x 64
grid. Converged fourth-order simulation results for cases of instability growth are presented
in Figs. 5.9b, 5.10b, and 5.10c.

Representative convergence study results are shown in Fig. 5.9b for a purely imaginary
frequency, and in Figs. 5.10b and 5.10c for a mixed complex frequency. The convergence
study enables one to find values of W™ and @™ in the limit of infinite resolution and to
verify the accuracy of the numerical method. Since the discrete numerical representation
of the Vlasov-Poisson partial differential equation system is an approximation with order
accuracy p, the error is expected to scale as (h,)P. For the finite-volume method described
in Section 5.3.2, p = 4. Thus, simulation-derived frequency values as a function of (h,)*
should be a linear relation such that the y-intercept is the converged value of frequency. The
data in Figs. 5.9b, 5.10b, and 5.10c are well represented by line fits, which verifies that the
numerical method is fourth-order accurate.

One of the metrics for finite-volume calculations is the degree to which a simulation is able
to conserve certain physical invariants. In simulations of the Dory-Guest-Harris instability,
the total integral of the distribution function is conserved to machine precision. This is
guaranteed by the finite-volume discretization and the use of solid wall velocity boundaries,
which do not allow any portion of the distribution function to leave the domain. Unlike
the conservation of the distribution function, conservation of momentum and energy is not
guaranteed by the discretization. The degree to which momentum and energy are conserved
for the j = 6, w./w, = 20, and k = 4.65 test case is shown in Fig. 5.11. Momentum is only
conserved at high resolution, but remains close to zero throughout the simulation. Total
energy, that is the sum of kinetic energy and electric field energy changes over the course of
the instability evolution. Total energy starts at a value of 65.82, and increases as a function
of time. As the resolution is doubled, the net change in the total energy decreases by a factor
of twenty — a rate that is consistent with fourth-order convergence.

Figures 5.9a and 5.10a show that the instability evolution enters a nonlinear regime and
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Figure 5.9: Fourth-order simulation results with j = 6, w,/w. = 20, and k = 3.15.
(a) Electric field energy grows exponentially in time. Linear phase is observed for time
t € [150,360], denoted by the vertical dashed lines. Time is normalized by the electron
plasma frequency. (b) As the simulation grid is refined from 32 x 64 x 64 to 48 x 96 x 96,
the growth rate converges at fourth-order to a value of 0.4958.

saturates. Saturation occurs when the electric field energy reaches a value on the order of
1072, This saturation threshold is consistent with PIC simulations for a delta function ring
initial condition [82]. Figure 5.12 shows contour slices of the electron probability distribution
function in phase space during the nonlinear phase of the evolution for parameters j = 6, k =
4.65,w,/w, = 20. The figure shows that the Dory-Guest-Harris instability is characterized
by a complicated 3D structure in phase space with evidence of phase mixing due to the
combined effects of shearing and Larmor motion. The probability distribution function,
averaged over position z, exhibits increased velocity spread over time. For the warm ring
initial conditions presented here, this effect is subtle during the linear stage of evolution, but
becomes more pronounced during the nonlinear regime. As a point of comparison, delta-
function ring distributions simulated using a PIC method also exhibit increased velocity
spread, leading up to and following saturation [82].

5.4.3 Order of accuracy considerations

To assess the effect of numerical method accuracy on the simulation results, a second-order
variant of the fourth-order finite-volume method discussed in Section 5.3.2 is implemented.
The second-order method uses second-order explicit Runge Kutta time advance and smaller
stencils for the spatial finite-volume discretization. Thereby it takes less numerical operations
and achieves lower computational cost at the expense of spatial and temporal accuracy.
Second-order simulations with j = 6,/; = 3.15, and w,/w. = 20 exhibit electric field
energy evolution that is similar to the fourth-order results presented in Fig. 5.9a. The linear
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Figure 5.10: Fourth-order simulation results with j = 6, w./w, = 20, and k = 4.65 using
different grid resolutions.(a) The Dory-Guest-Harris equilibrium distribution function is
unstable and the initial small-amplitude wave grows and propagates in time. Propagation
is evidenced by the periodic oscillations in the electric field energy. The linear phase of
the instability is observed for ¢ € [138,510] and is denoted by vertical black dashed lines.
Time is normalized by the electron plasma frequency. (b) As the simulation grid is refined
instability growth rate converges at fourth-order to a value of 0.2903. (c) Real frequency
converges at fourth-order to a value of 1.0310.
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Figure 5.11: Fourth-order simulation results with j = 6, w./w, = 20, and k = 4.65 using
different grid resolutions. (a) The evolution of the z-directed momentum, associated with
the first velocity moment of the distribution function, remains close to zero for all time,
but is not conserved. The evolution of the y-directed momentum (not shown) has nearly
identical evolution profiles. (b) The total energy is also not conserved, but as the grid
resolution is increased the net change in total energy decreases to zero at a rate that is
consistent with fourth-order convergence.

phase of the instability visibly depends on the grid resolution, but otherwise exhibits the
same features: the linear phase starts at time ¢ = 150 and saturation occurs when electric
field energy reaches 1072, Figure 5.13 shows the instability growth rates as derived from
the second-order simulations using different grid resolutions. The value of the growth rate
is a linear function of (h,)?, verifying that the rate of convergence is second-order. The
converged value of the instability growth rate in this case is 0.5413, which is 10% off from
the theoretically-predicted value shown in Table 5.2. The large error is due to the lower
accuracy of the method and can be improved with higher resolution.

Second-order simulations of instability growth and propagation with j = 6, k = 4.65, and
wp/we = 20 are shown in Fig. 5.14. In this case grid resolutions 32 x 64 x 64 and 40 x 80 x 80
are insufficient and fail to capture the growth and propagation of the initial electric field
perturbation. Higher resolution is required in order to reach the asymptotic regime and
demonstrate convergence of the second-order method. Even when using a resolution of
64 x 128 x 128, the second-order method is unable to capture the transition between the linear
and non-linear phases of instability evolution. Consequently the evolution of the electric field
energy starts to exhibit nonlinear behavior long before the instability is expected to saturate.
As the grid is refined from 48 x 96 x 96 to 64 x 128 x 128, the imaginary component of frequency
converges to a value of 0.3693 which is 27% off from the theoretically predicted value (see
Table 5.2). The converged value of the oscillation frequency, @™ = 1.0445 is 0.8% off from

T

the theoretically predicted value. As in the case of pure growth, large error in the growth
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Figure 5.12: Contours showing the fourth-order accurate nonlinear evolution of the dis-
tribution function on a 128 x 256 x 256 grid with j = 6, k = 4.65, wp/we = 20 with slices at
vy =0, v, =0, and x = L/2. Negative values of the distribution function are an unphysical
numerical artifact. Time is normalized by the electron plasma frequency.
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Figure 5.13: Second-order simulation results for the case of pure growth with j = 6,

wp/we = 20, and k = 3.15. As the simulation grid is refined from 32 x 64 x 64 to 48 x 96 x 96,
the growth rate converges at second-order to a value of 0.5413.
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Figure 5.14: Second-order simulation results with j = 6, wy/w. = 20, and k = 4.65.
In order to adequately capture the electric field energy growth and oscillation associated
with the linear phase of the Dory-Guest-Harris instability, the second-order method requires
higher resolution.
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rate can be mitigated by using higher resolution.

As expected, second-order simulation results are consistent with fourth-order results,
but require higher resolution to achieve adequate convergence for the value of the growth
rate. Cases in which the instability amplifies and propagates are particularly sensitive to
the order of accuracy. Thus low order methods can successfully be benchmarked against the
Dory-Guest-Harris instability, provided the resolution is high enough to ensure that a given
simulation is in the asymptotic regime.

5.4.4 Sources of error

While converged values of fourth-order simulation-derived frequencies closely agree with the-
oretical values predicted by the dispersion relation, an assessment of simulation limitations
and sources of error is warranted. One source of error in the simulations is the truncation
of velocity boundaries. Truncation is necessitated by the CFL condition, which limits time
step size based on the value of vy, — a unique feature of phase space calculations (see
Eq. (5.26)). When the velocity domain is truncated, the value of the distribution function
at the velocity boundary can be appreciably greater than zero, which affects the validity of
the imposed velocity boundary conditions. Note that j, a; and the re-normalization of the
distribution function after velocity boundary truncation (see Eq. (5.30)) affect the value of
f(Umax). Since solid wall boundary conditions at |v,, |vy| = Umax are imposed by setting
ghost cell values and fluxes to zero, truncation does not affect conservation. Thus, in the
finite-volume simulation results presented, mass (i.e. the zeroth velocity moment of the dis-
tribution function) is conserved to numerical precision. Truncation does, however, introduce
an unphysical barrier that can impact the solution. This may explain why the j = 4 test
case, which has a higher value of f(vnyay), exhibits the worst agreement with theoretical pre-
dictions. Using a higher value of vy, would resolve discrepancies due to boundary effects at
the expense of increased computational cost. Equilibrium distribution function parameters j
and « can also be modified to decrease the value of f(vax) Without increasing the value of
Umax, and thereby improve agreement between theoretical and numerical values of frequency.
It is important, however, to ensure that the distribution function features are adequately
resolved by the simulation grid.

Numerical errors are another source of discrepancy. These cause the probability distri-
bution function to become negative in regions far away from the distribution function peaks
(as evidenced in the minimum values of f shown in Fig. 5.12). These negative values are
unphysical and are the result of under-resolved gradients associated with the spatial dis-
cretization. Consequently the errors can be diminished by increasing the resolution. Since
fine-scale phase space features develop progressively throughout a simulation, increased res-
olution would also extend the duration over which the instability can be modeled. Positivity
preserving methods involving limiters can also be used to mitigate the effects of these nu-
merical errors.

Low resolution also limits the accuracy of the convergence study — both for high-order
and low-order numerical methods. Second-order simulations in particular require higher
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resolution in order to converge to a theoretically predicted solution. The grid resolution is
limited by the computational cost of advancing the distribution function in three dimensions.
Higher resolution simulations, facilitated by optimization of algorithm performance, would
likely improve the accuracy of the convergence fits (see Figs. 5.9b, 5.10b, and 5.10c), and
thereby reduce the error in the converged values of W™ and w™. Even with limited
resolution, however, fourth-order simulation results demonstrate good convergence, implying
that higher resolution calculations may not yield any additional physical insight.

Finally, it is important to note that a nonlinear equation system and nonlinear dis-
cretization are being used to simulate a linear problem. Thus discrepancies between the
simulation results and dispersion relation predictions are expected as the assumptions used
in the linearization process become invalid. Despite the limitations of the algorithm with
regard to resolution, truncation, and numerical error, it is shown to successfully model the
Dory-Guest-Harris instability, as validated against linear theory.

5.5 Concluding remarks

The Dory-Guest-Harris instability is demonstrated to be a well-suited benchmark for con-
tinuum kinetic Vlasov-Poisson algorithms in 3D (z,v,, v,) phase space. It has a closed-form
linear theory dispersion relation that can be used to identify thresholds for instability, against
which continuum method simulations can be quantitatively compared. This is done by ini-
tializing a warm ring velocity distribution function with a position-dependent sinusoidal
wave perturbation. The velocity spread of the distribution function, the wave number of
the perturbation, and the ratio of electron plasma frequency to electron cyclotron frequency
determine whether an instability occurs. In cases of instability, the electric field energy
grows exponentially in time, and the associated growth rate and oscillation frequency can
be deduced and compared against linear theory predictions.

A fourth-order accurate finite-volume continuum Vlasov-Poisson algorithm is successfully
benchmarked using the presented analysis of the Dory-Guest-Harris distribution function.
In cases of stability, the simulation results exhibit no net change in electric field energy. For
parameter values that yield an instability, convergence studies are performed to compute
real and imaginary frequency components in the limit of infinite resolution. The same con-
vergence studies are used to verify the order of accuracy of the algorithm. The resulting real
and imaginary values of frequency are shown to closely agree with theoretical predictions.
A specialized form of the initial condition is shown to strongly excite the fastest growing
mode, which greatly simplifies the process by which frequency values are obtained from the
simulation. Discrepancies between simulation outputs and theory are attributed to a num-
ber of factors including computational cost limitations, truncation of velocity boundaries,
and numerical error. In spite of these factors, growth rates and oscillation frequencies ob-
tained from fourth-order simulations fall within three percent of the values predicted by the
dispersion relation.
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Results from second-order accurate finite-volume simulations indicate that the Dory-
Guest-Harris instability can be modeled with low-order numerical methods, provided that the
resolution is sufficiently high. Since low-order methods involve less floating point operations,
increasing grid resolution as means of improving the level of agreement between simulation
results and theoretical predictions is common practice.

As evidenced by the evolution of the Dory-Guest-Harris distribution function, the insta-
bility necessitates simulating three dimensions (z, v,, v,) of phase space. Thus the instability
provides a means to go beyond the present scope of 2D (z, v, ) standardized benchmark prob-
lems, and provides a robust test for extending continuum kinetic algorithms to more phase
space dimensions. The described Dory-Guest-Harris benchmark is particularly valuable in
that it involves a warm magnetized plasma in which the magnetic field has an important
role in the distribution function evolution. The benchmark facilitates a quantitative means
by which to evaluate continuum kinetic algorithms, as they become more developed, more
robust, and include more generalized physics.
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Chapter 6

Numerical results in cylindrical
coordinates

The fourth-order finite-volume discretization for cylindrical coordinates is first applied to
test the field solvers. The discretization of the Poisson equation is tested using a prescribed
charge density distribution with a known analytic solution for the potential. To test the
implementation of Ampere’s law and Faraday’s law, a cylindrical waveguide problem is
used. Parabolic divergence cleaning is not implemented in this case. The testing of the
discretization of the cylindrical coordinate Vlasov equation is approached with care since the
singularity at the axis has not been explored in the context of continuum kinetic calculations.
As such, the Vlasov solver is first applied to a zero-field test case involving a spatially
uniform collisionless neutral gas. The departure away from equilibrium is assessed and the
convergence of the algorithm is verified. The Vlasov-Maxwell solver is then applied to a Z-
pinch calculation involving nonlinear ion oscillations about a fixed distribution of electrons.

6.1 Maxwell’s equations

6.1.1 1D cylindrical Poisson solve

The finite-volume approach for solving the Poisson equation to fourth-order accuracy is
presented in Section 3.9.3. The convergence properties of the method are evaluated using a
test problem with an analytic solution. Such a test problem can be formulated by choosing
an analytic function for the electrostatic potential ¢, and computing the analytic Laplacian
of ¢ to obtain the self-consistent charge density. Using the discrete version of the analytic
charge density, and the discrete operator acting on ¢, one can obtain the numerical solution
for the electrostatic potential and compare it to the exact solution.
The electrostatic potential is chosen to be

¢: J0<7n)a (61)
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where Jy is the zeroth-order Bessel function of the first kind. This constitutes the exact
solution. The charge density associated with this electrostatic potential is

p(r) = —Jo(r). (6.2)

Formulating this as a discrete problem, the charge i.e. the volume-integrated charge density
(p), in cell 7 , is defined to be

(p); =— /TH% Jo(r)rdr (6.3)

. [rjl(r)] aes (6.4)

1
2
roo1
)
The discrete Laplacian operator, described in Section 3.9.3, requires boundary conditions.
For this test case the boundary conditions on the electrostatic potential are a homogeneous
Neumann boundary condition at the axis, and a homogeneous Dirichlet boundary condition
at the righthand bound of the domain, such that

do|
il = 0 (6.5)
Plr—rpa (6.6)

where the length of the domain, r,,y, is chosen to be a zero of Jy. The stencils for first two
cells i = {0, 1} and last two cells i = {N,, — 2, N, — 1} in the domain must be modified to be
consistent with these boundary conditions, such that

(b= - (~1yn-+ 301~ gyn )y (6.7

o=~ ([B oo st

1 1
<10>NT71 - ( - {E(rmax - hT) + 1_8rmax:| QSNT*S

5) 3 1 9
+ {ﬁ(rmax - hr) + grmax:| ¢NT—4 - |:§(Tmax - hr) + grmax:| ¢NT—3
39

91 17 4
+ [E(Tmax — h'r) + grmax] ¢NT—2 - [g (Tmax — hr) + grmax:| ¢NT—1> (69)
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Figure 6.1: L2-norm of the difference between the exact analytic solution ¢ and the
discrete ¢; for different resolutions and different values of ryax. The error converges at
fourth-order accuracy. For small domain sizes at high resolution, for which the spacing
hy < 8 x 1073, numerical round off error prevents reduction of the error below 10712,

1 1 )
<IO>NT_2 = _< |:f6 (rmax - hr):| ¢NT—5 - [ﬂ(rmax - 2hr) + ﬁ(rmax - hr):| ¢Nr—4

9 1
+ |:§(Tmax - 2h7‘) + g(rmax - h'r):| ¢Nr—3

9 91

- |:§(rmax - 2h7") + i(rmax - h’"):| ¢NT—2

+ {2—14(%% ~ 2h) 4 5 (e hr)} ¢NT_1> . (6.10)
These stencils come from fifth-order accurate one-sided polynomial reconstructions of the
derivative [d¢/dr], +1 (see Eq. (3.332)) from discrete cell-centered values of ¢ near the bound-
aries. Using these stencils at the boundary, and the stencil in Eq. (3.340) for the domain
interior, a global linear operator can be constructed. The resulting linear system is solved
for cell-centered values of the electrostatic potential at different resolutions and for differ-
ent values of rp.x. The L2-norm of the difference between the numerical solution and the
exact solution is plotted in Fig. 6.1, and the error is shown to converge at fourth-order.
This demonstrates that the discretization method for solving the Poisson equation is in-
deed fourth-order accurate. Beyond a certain resolution, i.e. for cell spacing less than about
8 x 1073, the error does not decrease below 10~'? due to round-off error.
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analytic charge within a cell and the fourth-order finite-volume discrete operator acting on
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The importance of implementing boundary conditions at the appropriate order of accu-
racy cannot be overstated. Boundary conditions that are not implemented appropriately
can be identified by computing the residual, defined analytically as

R=V?¢+p

and discretely as

Ri=Lo+(p),

(6.11)

(6.12)

where L is the linear discretization operator for the Laplacian, acting on the analytic cell-
centered values of ¢. Note that the signs are consistent with the original Poisson equation,
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see for example Eq. (2.97). The residual is plotted in Fig. 6.2 for different resolutions for three
different version of the discrete Laplacian: one that does not involve any boundary conditions,
another that only sets the lefthand boundary condition, and the case where both the lefthand
and righthand boundaries are set to be fourth-order accurate. For correct implementation of
boundary conditions, the value of the residual should have the same magnitude throughout
the domain. For example, for second-order accurate boundary conditions, large spikes in the
residual would be observed, much like the in the absence of boundary conditions (see blue
traces in Fig. 6.2). The residual thus gives an indication of how well the discrete Laplacian
operator approximates the analytic Laplacian. The residual plots also show that as resolution
is doubled, the residual decreases by about a factor of about 10 to 20, which is expected
since the error for the discretization is proportional to hl.

6.1.2 Electromagnetic fields in a circular waveguide

The cylindrical coordinate Maxwell solver is applied to simulate a standing electromagnetic
wave in the (r,z) plane, guided along the axis of a cylindrical waveguide with a circular
cross section. This problem has an analytic solution, against which simulation results can
be compared. The solution is derived as follows.

In the absence of a plasma the ratio wy,/w., in the normalized form of Maxwell’s equation
can be set to one and current is zero. For convenience the characteristic speed is assumed
to be the speed of light, such that all of the constant ratios in Eq. (2.21) and Eq. (2.22)
are unity. The fields in Faraday’s and Ampere’s law can be separated into transverse and
longitudinal components, such that

0 .0
OB+ B = (v.+:2) x (B +B) (6.14)
ot 1 z) — 1L z@z 1 z .

Assuming that the z dependence and time dependence of each field vector can be expressed
as e'F=2=wt) ‘meaning the wave is periodic along the z direction and oscillates at frequency w,
the time derivative can be eliminated, such that the resulting Faraday’s law and Ampere’s
law is

w (Bl + Bz) = (VL + 2%) X (EL -+ EZ) (615)
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Separating the expressions into transverse and longitudinal directions yields

)
iwBy =V, x B, +4x — = (6.17)
VA
OB
—iwE, =V, X B, + 2 x —= (6.18)
z
’inz = VL X EL (619)
—iwE, =V, x B, (6.20)

Following the steps outlined in Ref. [99], Z is crossed with Eqgs. (6.17) and (6.18), and the
identities 2 x (V, x E,) =V, E, and 2x (2 x E|) = —E| are applied to yield the following
forms of Faraday’s and Ampere’s law for the transverse components

2% (iwB,)=V.E, — afl (6.21)
Z

2% (—iwE,)=V,B, — afi. (6.22)
z

Differentiating Eqs. (6.21) and (6.22) with respect to z, and noting that 9%/92* = —k? allows
Eq. (6.21) to be substituted into Eq. (6.18) and Eq. (6.22) to be substituted into Eq. (6.17)
to eliminate the Zx terms. This yields expressions for the transverse components of the
fields in terms of the longitudinal components, such that

1 oE, .

B~ <vL -+ WV X Bz) (6.23)
1 0B, |

BL :w2 — kg (VL az - ZCUVL X EZ) (624)

Substituting Eq. (6.23) into Eq. (6.19) and Eq. (6.24) into Eq. (6.20) yields the homogeneous
Helmholtz equation for the longitudinal components of the fields,

(Vi +w?—k2) [g] = 0. (6.25)

Thus given a solution to Eq. (6.25) for the longitudinal field components, the transverse com-
ponents are readily obtained from Eq. (6.23) and Eq. (6.24). For the purpose of ultimately
modeling axisymmetric plasma configurations, the fields are assumed to be independent of
the azimuthal angle.

For an axisymmetric TMg; wave that has no variation with € and a single half-wave along
the radial direction, the longitudinal magnetic field is zero and the longitudinal electric field
that satisfies the Helmholtz equation has the form

E, = Jo(kyr)et=2e ", (6.26)
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From Eq. (6.23) and Eq. (6.24) the transverse components are then

E, = _uﬂikg%aaErz —turt — _%J (k,r)e iksz ,—iwt
1 10 0E, _

Ee:w?—@?%aaz =0
w 10E, _

Br=- Mkzr ¢ =0

B, — _w27jc_u . (_%ETZ) it _ iwk;kQJ (k) eibee—ot,

177

(6.27)
(6.28)
(6.29)

(6.30)

where w? = k2 + k? in this non-dimensionalized system. Similarly, the TEq; wave has the

analytic solution

Bz J (k’ 7,,) zkzz —iwt

r =

Zkzk?" 1 z —iw

— k2J 1 (kpr)et ¢
zkzz —iw
—2 Ji(k,r)e L,

The weak-form governing equations for the circular waveguide problem are

[[ E.rdbdz

ff FEodrdz | =

[[ E.rdrdo

[[ B,rdfdz

ff Bydrdz | = —

[[ B.rdrdf

Note that integrals over the # direction are trivial since axisymmetry is assumed.
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(6.37)

For a
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simulation of the TMy; mode the initial condition is set to be

E, = Real {—%L(m)ew] (6.38)
Ey=0 (6.39)
E, = Real [Jy(k,r)e™*] (6.40)
B, =0 (6.41)
By = Real {_w;w—klﬁ Jl(krr)e““] (6.42)
B.=0 (6.43)
kr = &o (6.44)
k,=m (6.45)

where & = 2.40482555769577 is the first zero of the Bessel function Jy. The domain is
defined to be r, z € [0,&/k;] % [0,27/k,]. The ryax = 1 boundary is a conducting wall. Note
that the values of k, and k, given in Eqgs. (6.44) and (6.45) set the temporal frequency of
oscillation such that the period of one oscillation is T = 27 /(k? 4+ k2)1/2. The evolution of
the primary variable electromagnetic field components from a 128 x 64 resolution simulation
are shown in Fig. 6.3. The electromagnetic wave propagates through the periodic domain
at the speed of light, which in this normalized system is one. Thus the circular waveguide,
with a perfectly conducting wall and axisymmetric fields, is successfully modeled. Fig. 6.4
shows that the numerical solution from the (7, z) Maxwell solver converges at fourth order
to the exact analytic solution given by Eqs. (6.27) — (6.30) for E,, E., and By.

A known issue with high-order schemes for Maxwell’s equations is the potential for in-
stabilities to develop over the course of long-time integration [100] even for discretization
schemes that are classically stable [101]. For the fourth-order finite-volume discretization
used here, it is found that after many (on the order of one hundred) periods of oscillation,
the numerical solution becomes unstable — first long wavelength instability features develop,
followed by short wavelength features. The analysis of such instabilities typically calls for
Gustafsson-Kreiss-Sundstrom (GKS) theory [102, 103, 104], which is a means to assess sta-
bility properties for systems involving non-periodic boundaries. However, GKS stability is
not enough to guarantee long-time stability [101]. The analysis of the long-time instability
is beyond the scope of this dissertation. It is hypothesized that the numerical instability is
mitigated when the Maxwell solver includes sources, as it does when coupled to the Vlasov
discretization. The presence of a current density source term, computed from the distribu-
tion function, introduces non-linearity to the Maxwell solver and thereby affects the stability
properties.
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Figure 6.3: Contour plots of the fields from a 128 x 64 simulation of a propagating TMg;
mode in a cylindrical waveguide. The fields are local area-integrated quantities and are
shown at time ¢t = {0.223,0.445,0.668,0.891}. The initial condition is given in Eq. (6.38)
through Eq. (6.45). One complete oscillation cycle is approximately 1.59 units of time.
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Figure 6.4: The Ll-norm of the error, defined as the difference between the numerical
solution from the (r,z) Maxwell solver and the exact solution for the TMy; mode for a
cylindrical waveguide, plotted on a log-log scale as a function of cell spacing h. The error
is evaluated at time ¢ = 1.4. Fourth order convergence is evident in that the error drops by
four orders of magnitude for one magnitude decrease in cell spacing.

6.2 Simulation of axisymmetric plasmas in cylindrical
phase space coordinates

Plasmas often exhibit some form of symmetry, and simple axisymmetry is inherent in a
number of plasma devices including field-reversed configurations, Z-pinches, Hall thrusters,
spheromaks, and particle beams. When it comes to kinetic simulations, modeling an ax-
isymmetric plasma in Cartesian phase space coordinates would require discretizing a six-
dimensional phase space, which currently presents a prohibitive computational expense. The
purpose of developing the mathematical and numerical formulation for modeling distribution
functions in cylindrical phase space coordinates is ultimately to exploit axisymmetry, and
reduce the required number of dimensions from six to five, while retaining high accuracy.
With this vision, much of the focus here is on proof-of-concept, with the aim of demon-
strating that conservative high-order accurate continuum kinetic simulations of distribution
functions in cylindrical phase space coordinates are viable.

Computational investigation of the kinetic physics of axisymmetric plasmas is most of-
ten carried out using PIC methods. A number of techniques have been developed for PIC
methods to handle particles traversing cells with non-uniform volumes, including specialized
weighting and interpolation [6], as well as procedures involving mapping from a unit square
logical domain [105], and advancing particles in three dimensions for axisymmetric configu-
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rations to circumvent problems at the axis [106]. Research literature on continuum kinetic
methods for discretizing cylindrical phase space coordinates is extremely sparse. In Ref. [29]
Filbet et al. demonstrated a semi-Lagrangian method applied to axisymmetric charge dom-
inated beam plasmas. The authors used a modified form the cylindrical coordinate Vlasov
equation based on the invariance of the canonical angular momentum, and applied their
numerical method to an RMS-matched semi-Gaussian beam and a perturbed thermal equi-
librium. While there have been extensive developments in the finite-volume discretization of
the Euler and Navier-Stokes equations in axisymmetric geometries [107, 108], the features
of the axis singularity are distinctly different in these equation systems compared to the
Vlasov equation. In particular, since velocities are coordinates in the Vlasov equation, the
regularity condition often applied in fluid calculations (i.e. the condition that radial veloc-
ity is linearly dependent on radius as r — 0) does not apply. Conservative discretization
of the continuum kinetic cylindrical coordinate Vlasov equation thereby constitutes largely
unchartered territory.

6.2.1 Preservation of a spatially uniform distribution function

A unique aspect of cylindrical phase space coordinates is that the distribution function always
advects in velocity space. Even in the absence of electromagnetic fields and with zero drift
(i.e. distribution functions centered at the velocity origin) there is advection in velocity space
due to Coriolis and centrifugal force terms (see Fig. 6.5), which are present in the cylindrical
form of the Vlasov equation whenever the radial direction is involved. This feature, combined
with the fact that in the absence of collisions a perturbed Vlasov equilibrium cannot return
to the original state, has important implications.

Consider the case of a one-dimensional spatially-uniform thermal-equilibrium plasma,
in which all species are uniformly distributed, and all electromagnetic fields are zero. In
Cartesian phase space coordinates, the associated advection equation is simply

af  of

For periodic or specular-reflection boundary conditions, the distribution function associated
with this equilibrium state cannot evolve away from the initial condition due to the fact that
there are no forces and the spatial gradient is zero. In cylindrical coordinates, the associated
advection equation for the equilibrium state is

of of i of _ vvr Of

0= +v,—+— )
8t+v 0r+ r Ov, r Ouvy

(6.47)

and necessarily includes the terms associated with the Coriolis and centrifugal force. For a
spatially-uniform equilibrium state to be preserved in cylindrical coordinates (i.e. for 9 f /0t
in Eq. (6.47) to be zero), the last two terms have to cancel each other exactly. For example,
setting f to be a Maxwellian distribution function that is spatially uniform, one can show
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Figure 6.5: The circulation pattern in (v,,vg) plane due to the Coriolis (—v,vg/r) and
centrifugal (vZ/r) terms in the cylindrical coordinate Vlasov equation. The arrows indi-
cate the direction of advection for the distribution function. The black circle is drawn for
reference to better show the circular nature of the flow pattern.

that the Coriolis and centrifugal terms cancel each other. Note that while this cancellation
is analytically exact, it is not necessarily exact in the discrete form of the Vlasov equation.
Further complications arise when using the conservation-law form of the Vlasov equation,

af d [wv 0 VU
0—5;+77wmﬁ+aw(9f)+5%(—r.ﬁ, (6.48)

Ensuring that df /0t is zero in Eq. (6.48) relies on the cancellation of three terms — a can-
cellation that is not guaranteed in the context of a numerical discretization. This means that
in cylindrical phase space coordinates numerical error alone can cause a spatially-uniform
distribution function to evolve away from equilibrium. If a numerical method cannot exactly
preserve a spatially-uniform equilibrium state, then it should at least converge to the equi-
librium as the grid is refined. Thus the goal is to initialize an equilibrium and demonstrate
that 0f /0t converges to zero as the grid is refined.

To assess how well an equilibrium can be preserved in cylindrical phase space coordinates,
a Maxwellian velocity dependence is considered. Let fy be defined in (7,v,,v9) coordinates
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as a spatially-uniform Maxwellian distribution function, such that

1 2 2
fo=—5exp (—M) , (6.49)

2 2

where vr is the thermal speed. In the absence of electromagnetic fields, this distribution
function satisfies the equilibrium form of the Vlasov equation, as can be shown by evaluating
each of the terms in the Liouville form of the equation (Eq. (6.47)),

9fo

r—— =10 6.50

oy (6.50)
2 2

vy Ofo 2v,v;

—_—— = — 6.51
r v, ru3, Jo (6.51)

vev, Ofo 20,07

= 6.52
r Ouvg rv2, fo. ( )

and noting that they sum to zero. In the conservation law form of the Vlasov equation
(Eq. (6.48)), the terms are

10 Uy
S (roefo) = 2y (6.53)
o (vg,\  2vuwv;
ov, (?f()) - rvz, fo (6.54)
0 U, Ug U 2%@3
()t 2 659

and likewise sum to zero. Using Eq. (6.49) as the initial condition with vy = 0.12, v,,vg €
[—1,1] x [-1,1], and r € [0, 4], the distribution function is advanced in time using the zero-
field governing equation given by Eq. (6.48) and the finite-volume discretization described
in Chapter 3. The results are presented in Fig. 6.6 through Fig. 6.9 for two different grid
resolutions. A time step size of At = 2 x 107* is used in both cases.

Figure 6.6 shows the net change in mass, the total volume-integrated momentum in the v,
and vy directions, and the evolution of kinetic energy in the system. The net change in mass
is zero to numerical precision, independent of the resolution. This is guaranteed by the finite
volume discretization provided that the system boundaries are closed. Since a specular
reflection boundary condition is used for the axis at the lefthand side as well as for the
conducting wall at the righthand side, and zero-flux boundaries are set at v,, vg = £Upax, NO
portion of the distribution function can leave the simulation domain. The volume-integrated
value of the radial momentum decreases with time, indicating that the original Maxwellian
distribution function develops a drift. As the grid is refined, the magnitude of the drift
decreases toward zero. The value of the azimuthal momentum stays fixed at zero. The
kinetic energy decreases with time, and the net change in the kinetic energy shrinks as grid
resolution is increased. These reduced variables indicate that increasing resolution leads
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Figure 6.6: The net change in mass, net momentum, and net kinetic energy for a spatially-
uniform Maxwellian initial condition in (r,v,,vy) coordinates using 64> and 128> grid res-
olution. Mass is conserved to numerical precision, whereas momentum and energy are not
conserved. As resolution is increased, however, momentum and energy converge to initial-
condition values.
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to smaller departures away from equilibrium, which is what is expected for a converging
algorithm.

Figure 6.7 shows the evolution of the net change in density as function of radius and
time. For an equilibrium system, the net change should be zero, but due to numerical errors
spatial variations in the density develop immediately near the axis as well as at the outer
boundary. These arise due to the fact that the numerical method cannot exactly preserve the
isotropic velocity dependence of the Maxwellian distribution function. The departure from
a Maxwellian in turn leads to a lack of cancellation of the terms in Eq. (6.48) resulting in
advection along the radial direction. The most significant departure from the initial condition
occurs at the axis where the advection speeds are the largest. These start off as localized
spikes and then propagate into the domain, amplifying in time. The features amplify until
they become on the order of the truncation error, at which point they are subject to numerical
dissipation from the upwind spatial discretization, which smooths out these variations. It is
important to note that the fields in the evolution equation are explicitly set to zero, which
means that the distribution function is in effect that of a collisionless neutral gas. In the
context of a plasma, density features would lead to the generation of electric fields, which
would result in more complicated dynamics.

Since the analytic solution stipulates that An = 0, the convergence rate can be computed
from the density data from the 643 and 1283 resolution simulations. The convergence rate p
can be computed from Eq. (3.10) using the L1-norm, such that

Ny 2h

1 NL > iy [Ang"| )

p= log [ = N (6.56)
log 2 < A Yooy [Anl]

where the change in density in cell ¢ for radial grid spacing h is defined in terms of the
phase-space-volume-integrated distribution function as

[Z Z <<f>”k - <f0>zjk>] (6.57)

Evaluating the convergence rate at the final time (time 8, time step 40,000) yields p = 4.3690,
indicating slightly better than fourth order convergence. This verifies that the discretization
is fourth-order accurate. The accuracy is slightly higher than fourth order likely due to the
fact that the fluxes in this case only depend on the distribution function (which is interpolated
to cell faces using a fifth-order reconstruction) and on coordinate values (7, v,, vy), which are
linear and hence known exactly at any given cell face.

Figure 6.8 shows the evolution of the radial momentum as a function of radius and time as
the Maxwellian distribution is advanced forward in time. Much like the density, the radial
momentum develops spatial features at the axis and conducting wall boundaries due to
numerical errors. These features start off as spikes, that then amplify in time and propagate
into the domain, until they reach a value that is on the order of the truncation error, at
which point they are smoothed out by the numerical dissipation built into the algorithm.

Anl =

1
’I"ih
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Figure 6.7: Evolution of the change in number density for a spatially-uniform Maxwellian
initial condition in (r,v,,vg) coordinates using (a) 643 resolution and (b) 128 resolution
grids. Spatial variations arise at domain boundaries, and propagate into the domain. These
variations are a result of numerical errors, and as the resolution is doubled they diminish
by about a factor of ten. The time step size is At = 2 x 10~ for both resolutions.
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Figure 6.8: Evolution of the volume-integrated v, momentum for a spatially-uniform
Maxwellian initial condition in (r,v,,vs) coordinates using 643 resolution (left) and 1283
resolution (right) grids. Much like in the case of density, spatial variations in momentum
arise at domain boundaries, and propagate into the domain. These variations are a result
of numerical errors, and as the resolution is doubled they diminish by about a factor of ten.
The time step size is At = 2 x 10~* for both resolutions.
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Figure 6.9: Short-term and long-term evolution of the volume-integrated v, momentum
for a spatially-uniform Maxwellian initial condition in (r,v,,vy) coordinates using (a) 643
resolution and (b) 1282 resolution grids. Spikes in the momentum develop near boundaries
in the first few time steps and amplify in time until they reach a value on the order of the
truncation error, at which point they are subject to dissipation by the upwind discretization,
which causes them to smooth out into larger-wavelength numerical features. The time step
size is At =2 x 10~ for both resolutions.

The formation of the spikes and their subsequent smoothing is shown in Fig. 6.9. As the
grid resolution is increased, the radial momentum converges to zero at the expected rate for
a fourth-order discretization.

Figures 6.10 and 6.11 show contour plots of the distribution function, relative to the initial
condition given in Eq. (6.49). The distribution function becomes asymmetric along the v,-
direction, which leads to advection along the radial direction. Note that this asymmetry
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tion calculation, between ¢ = 0 and time ¢ = 7.8. The spatially-uniform Maxwellian initial
condition given in Eq. (6.49) is not maintained. The net change in the distribution function
is shown in (a) the (r,v,) plane and (b) the (r,vy) plane, integrated over the orthogonal
direction. The distribution function stays symmetric in vy, and develops a drift in v,.
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Figure 6.11: The net change in the volume-average distribution function for a 1283 resolu-
tion calculation, between ¢ = 0 and time ¢ = 7.8. The spatially-uniform Maxwellian initial
condition given in Eq. (6.49) is not maintained. Two difference slices are shown: (a) the
(r = hy/2,vp,v9) plane and (b) the (r = 3h,/2,v,,vg) plane. Due to expected numerical
errors, the distribution becomes asymmetric in v,., which leads to advection along the radial
direction. Consequently equilibrium is not maintained. The distribution function does re-
main symmetric along the vg direction, which means that despite numerical artifacts, there
is no net rotation imparted on the particles in the system.
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is consistent with the circulation pattern presented in Fig. 6.5. The departure away from
equilibrium is most pronounced near the axis, which is where the Coriolis and centrifugal
term advection speeds are highest.

In practice a time-integrated finite-volume discretization is not designed to model steady-
state solutions — the algorithm used here is aimed at modeling dynamics. Investigating the
behavior of the solution in a steady-state configuration, however, yields insights into the nu-
merical solutions obtained for dynamic problems. It is also important that the finite-volume
solution (a) converges to the expected steady-state value and (b) converges at the expected
rate when applied to model an equilibrium, as is demonstrated here. Verified convergence
yields confidence that in the limit of infinite resolution the approximate numerical solution
approaches the true solution to the governing partial differential equation.

6.2.2 Ion confinement in one-dimensional Z-pinch

The cylindrical coordinate Vlasov-Maxwell solver described in this dissertation is designed
to study kinetic effects in axisymmetric plasmas. A one-dimensional plasma configuration
is considered — that of the Z-pinch. Z-pinches feature a simple cylindrical geometry (see
Fig. 6.12) and rapid onset of instabilities, meaning they have fast dynamics that are accessible
to kinetic simulations. Computational investigation of Z-pinch dynamics are typically carried
out using fluid models; however, kinetic effects are believed to be important, particularly
near the axis where the mean fee path can be large relative to the system size [109] and also
in regions of large density gradients, which can lead to drift wave turbulence [110].

In a Z-pinch, electrons carry the bulk of the current, and are thereby electromagnetically
confined; whereas ions, which carry little to no current, are electrostatically confined. The
objective here is to model this collisionless configuration along the radial direction, with ion
dynamics modeled in (r,v,,vg) phase space coordinates, and electron distribution assumed
to be fixed for all time. This system can be described by the two-fluid model, such that in
equilibrium ion pressure is balanced by the electrostatic field

oP;
= qin; by 6.58
oy 4" (6.58)
and electron pressure is balanced by the electric and magnetic field,
0P,
or = (el (Er - uzeBQ) . (659)

Assuming that electrons are stationary means that the pressure gradient is constant for all
time, which implies that any change in E, is exactly balanced by a change in the u,. By term.

To study ion dynamics the equilibrium is perturbed, such that the ions are initialized to be
radially displaced from the electrons — see Fig. 6.13. The resulting electric field accelerates the
ions toward the stationary electrons, and thereby the original potential energy is converted
into kinetic energy. The ions will move toward the axis until they overshoot the electrons,
causing the electric field to change sign and accelerate them radially outward, and the process
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Figure 6.12: A Z-pinch is a simple plasma configuration characterized by a column of
current-carry plasma that is confined by a self-generated magnetic field.

repeats. This type of electrostatic oscillation is known as a Langmuir wave, and is well-
characterized in the context of a spatially-uniform plasma, such that the dispersion relation
is given by

w? = w2 + 3k*v7, (6.60)

where w, is the plasma frequency (in this case the ion plasma frequency), vy is the ion
thermal speed, and k is the wave number of the perturbation. This dispersion relation,
however, does not apply for the case of an axisymmetric Z-pinch because the wave number is
not well defined along the radial direction and the plasma density in general is not uniform,
which means that the plasma frequency varies spatially. Moreover, in the kinetic model
description, phase mixing also plays a role, such that the oscillation is nonlinear and can
damp in time.

For the computational investigation of this problem, the ions and electrons are initialized
to have a smooth radial profile with compact support, such that the densities are

8 8, 16
=3 (1 gt 57“4) r € 10,ro,] (6.61)
250 (11 1375 , 20625 , 20625 .
A=\ 10T 343 - 0,70, 6.62
ne(r) = = (10 343" T 4802 T 16807 ) r € [070,] (6.62)

where ryp; = 1.5 and 79 = 1.4. These are simply polynomials subject to certain constraints to
ensure smoothness. For the electrons the constraints are [ nerdr = 1,n,(0) = 0,n(ro.) =
0,n.(ro,) = 0, and for ions the constraints are [ nyrdr = 1,n}(0) = 0,n}(ro;) = 0,n,(|ro|) =
0. The last condition is intended to ensure the ion density distribution is symmetric about
r = 0. Note that the density profiles are scaled so that the total ion charge in the system is
one and the total electron charge in the system is negative one. The ion velocity dependence
is an isotropic Maxwellian with thermal speed vy = 0.12, such that the temperature is spa-
tially uniform. Since the electrons are assumed to be stationary their velocity dependence is
irrelevant. The mean radius for each species can be evaluated using the expression

_ [ngrtdr

Ts = [nardr” (6.63)
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Figure 6.13: A heuristic diagram of ion oscillations in an axisymmetric configuration. The
y-axis is in arbitrary units. (a) To model the electrostatic ion confinement in a Z-pinch,
ions (red) are initialized to be displaced away from electrons (blue). Electrons are assumed
to be stationary. Vertical dashed lines show the mean radius of the ions and the electrons.
(b) The ions are expected to oscillate nonlinearly, within the shaded region.

such that 7. ~ 0.58 and 7; =~ 0.68. The mean radius indicates the average radial location
of each species, and thereby provides a metric for evaluating the distance between the ion
and electron distributions. The initial condition number densities, total charge density, and
associated radial electric field, which can be derived from Gauss’s law, is plotted in Fig. 6.14.

This initial condition is evolved forward in time using a Vlasov-Maxwell solver, which
allows for dynamic magnetic fields. The governing equations for the ions are

_af 10 0 v2 0 VU
O—E—F;E(Tvrf)‘i'avr([Er—F?g]f)—i'a—W([Ee— . f}) (6.64)

oFE, o0
T :—/ v, fdv,dug, (6.65)

—00

where it has been assumed that the relative charge is Z; = 1 and relative mass is M; = 1.
The domain is r, v, vg € [0,4] x [-1,1] x [-1,1].

The evolution of the distribution function f(r,v,,vy), averaged over a cell, is shown
in Fig. 6.15. The distribution function starts off having zero drift, such that the velocity
centroid is at (v,,vp) = (0,0). As the ions are accelerated toward the axis, the bulk of
the distribution function shifts toward negative v,, such that the magnitude of the shift is
radius-dependent, which can be seen in the (r,v,) plane. As the ions move toward the axis,
they are compressed and heated, as evidenced by the distribution function widening in the
(v, vg) plane, which corresponds to an increase in thermal speed. When the ions overshoot
the electrons they are accelerated in the positive radial direction, such that the bulk of the
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Figure 6.14: Initial conditions for ion confinement simulation in cylindrical phase space
coordinates. The plots show ion density and electron density (top) with centroids plotted
in dashed lines, charge density (middle), and the associated electric field (bottom).

distribution function shifts toward positive v,. As the ions move away from the axis, they
cool, resulting in a decrease in thermal energy seen by the shrinking of the Maxwellian in
the (v, vg) plane. Since the density depends on radius, the amount of time that a portion
of the distribution function moves from negative to positive v, is also radius dependent.
This results in a non-linear oscillation. Since the distribution function also moves along
the radial direction, the oscillation is accompanied by phase mixing, and the development
of substructures. With time the magnitude of the shifts in the v, direction decreases, and
ultimately the distribution function reaches a new equilibrium.

The net mass in the system is conserved to round-off error, as is guaranteed by the dis-
cretization. The evolution of the net ion momentum in the system is shown in Fig. 6.16.
The net momentum along the radial direction oscillates in time about zero, and the mag-
nitude of the momentum damps. This behavior is consistent with the dynamics seen in
the distribution function (see Fig. 6.15) from which the momentum is derived. The net
azimuthal momentum in the system is zero to round-off error, as there are no forces that
could induce rotation. The evolution of the net temperature is shown in Fig. 6.17. A tem-
perature anisotropy develops, such that the thermal energy associated with motion along the
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Figure 6.15: Distribution function evolution in different slices for 1282 simulation of
axisymmetric ion confinement in a Z-inch.



CHAPTER 6. NUMERICAL RESULTS IN CYLINDRICAL COORDINATES 195

-16
0.08 ‘ ‘ ‘ ‘ : : 52107 ‘ ‘ ‘ ‘ ‘
—— 64x64x64 —— 64x64x64
0.06 - —— 96x96x96 4 ——96x96x96
—128x128x128 —128x128x128
0.04 -!“M“‘W[]Im”\
0.02
£ €
2 2
% Or 15
5 5
S 002 S
. S
> 004 >
-0.06
-0.08
0.1 ‘ ‘ ‘ ‘ ‘ ‘ 5

0O 10 2 30 40 50 60 70 80 0 10 20 30 40 50 60 70 80
Time Time
(a) Net radial momentum (b) Net azimuthal momentum
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of axisymmetric ion confinement in a Z-pinch. The radial momentum oscillates about zero
as the ions move toward and away from the axis. The azimuthal momentum remains zero
to round-off error.
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Figure 6.17: Evolution of the ion temperature associated with random motion along the
radial direction (7)) and random motion along the azimuthal direction (7p) in simulations
of axisymmetric ion confinement in a Z-pinch. A temperature anisotropy develops such
that T, > Tp, and the temperatures oscillate in time, consistent with the compression and
expansion dynamics of the ions.

radial direction becomes greater than the thermal energy associated with motion along the
azimuthal direction. Such anisotropy is expected in a system where there are no collisions
to drive the ions toward an isotropic distribution. The net gain in thermal energy comes at
the expense of the potential energy, associated with the electric field.

The spatiotemporal evolution of ion number density is shown in Fig. 6.18. The final mean
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Figure 6.18: Evolution of the ion number density as a function of space and time in a 1283
resolution simulation of axisymmetric ion confinement in a Z-pinch. The final mean radius
of the ions is 0.719, such that the separation between the ions and electrons is 0.136, which
is on the order of a Debye length — the distance at which the charge from the electrons is
shielded by the dynamic ions.

radius of the ions is 0.719, such that the separation between the ions and electrons is 0.136.
This separation distance is on the order of a Debye length, which is the distance at which
the dynamic species (in this case the ions) screens out the electric field of the stationary
electrons. Notably the Debye length (see Eq. (2.25)) does not have a well-defined value
in this system since plasma frequency is spatially dependent. As a point of comparison,
the initial Debye length, using the initial condition thermal speed vy = 0.12 and plasma
frequency defined in terms of the net ion number density in the system, is 0.339. Note that
the azimuthal direction is assumed to occupy one radian.

The electric field evolution for the ion confinement simulation is shown in Fig. 6.19. The
electric field starts off negative (directed toward the axis) for r € [0,1.5], and changes sign
whenever ions overshoot the electrons as they move toward and away from the axis. The
electric field magnitude decreases as a function of time, indicating that some of the original
the electric field energy is converted to kinetic energy. Unlike the initial condition (see
Fig. 6.14), in which the electric field is localized, by the end of the simulation the electric
field is non-zero throughout the domain. This means that a small portion of ions have
reached the r = ry. boundary. A negative electric field develops at the periphery of the
bulk ion density distribution, confining the ions to the stationary electrons.

Figure 6.20 shows the evolution of the radial momentum for the ions as a function of
position and time. The frequency at which momentum changes sign varies depending on
the radial location and time, providing further evidence of the nonlinear nature of the os-
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Figure 6.19: Evolution of the radial electric field as a function of space and time in a 1283
resolution simulation of axisymmetric ion confinement in a Z-pinch. The contour plot of
the electric field as a function of radius and time (left) shows how the electric field damps
nonlinearly as a function of time. The electric field at four different radii, shown as black
lines on the left, is plotted as a function of time (right). A negative electric field, directed
toward the axis, develops at the periphery of the ion density distribution and confines the
ions to the stationary electrons.

cillation. The highest frequency is observed closest to the axis, although the magnitude of
the momentum is also small in this region. Independent of the radial location, over time
the magnitude of the momentum approaches zero, indicating a transition to an equilibrium.
Thus the bulk of the energy originally in the electric field is transferred into thermal energy,
as opposed to directed kinetic energy.

Figure 6.21 shows the evolution of the number density, electric field, and momentum for
time ¢ € [0, 15]. These plots show that the original monotonically-decreasing density profile
later develops local minima and maxima, depending on the local motion of the ions. These
profiles are consistent with the multi-mode structures in the electric field and momentum.
Thus in this simple closed axisymmetric system with one mobile species, the dynamics are
rather complicated.

These simulation results show that the ion dynamics and fields in this Z-pinch system
evolve in a way that is qualitatively consistent with the physically expected behavior. At
the same time, the simulations yield a vast amount of information regarding the details of
ion dynamics in an axisymmetric system. It is worth noting that our ability to analytically
predict the behavior of axisymmetric systems in a quantitative way is rather limited, par-
ticularly in instances where the plasma is non-uniform and nonlinear effects are important
[111]. This is why simulation capabilities such as these are important to the development of
a more complete understanding of plasma phenomena.
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Chapter 7

Computational framework

The Vlasov-Maxwell solver thus far has only been described in terms of its mathematical
algorithm aspects. For efficient implementation of these algorithms, software and program-
ming also play an important role. The primary way in which hyperbolic equation solvers
are made efficient is through parallelization based on domain decomposition, which allows
the computational work to be distributed among many processors. Parallelization is needed
in order to efficiently execute three-dimensional simulations, and is indispensable when it
comes to four- and five-dimensional phase space calculations. Parallelization also introduces
complexity, and efficient implementation requires weighing computational cost against the
cost of communication between processors.

The parallel implementation for the algorithms described in this dissertation made use of
the Chombo library [112]. Chombo is a framework for solving partial differential equations on
structured grids, and facilitates a parallel data infrastructure for fixed-mesh and adaptively-
refined-mesh calculations. The framework has abstractions for defining data on patches that
are distributed among processors, and abstractions for operations like specified-direction in-
tegration over data on many processors. Another feature is that it allows data to be defined
in up to six dimensions, which makes it applicable to phase space discretization. These fea-
tures are encapsulated in C++ classes that are a part of the Chombo library, but they require
the user to program the discretization and solvers. The phase space simulations described in
this dissertation have unique properties that make their software implementation different
from that of other hyperbolic equation solvers. In addition to standard domain decomposi-
tion features, aspects of the customized software developed for the parallel implementation
of the Vlasov-Maxwell solver are described here.

7.1 Parallelization features in Chombo

The finite-volume calculations described in this dissertation require careful indexing of mul-
tidimensional data. For a parallel implementation of the algorithm there has to be a protocol
for dividing the data into subsets, distributing these subsets among processors so that each
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Figure 7.1: Processors that own neighboring data exchange information through ghost
cells. Ghost cells of Processor 1 are filled with valid data from Processor 2, and vice versa.

processor can index and perform calculations on the data it owns, and for communicating
data between processors whenever neighboring data are needed. In Chombo this is achieved
through abstractions that allow data to be defined on unions of rectangles. Each rectan-
gle occupies a D-dimensional integer lattice that represents a region of the D-dimensional
domain. Chombo also provides abstractions for assigning each rectangle and its associated
data to a processor. As a result each processor indexes and performs operations on the data
it owns, while all processors execute the same code.

Since flux calculations require data from neighboring cells, processors have to exchange
information with other processors that own neighboring data. In Chombo the mechanism of
doing this is through ghost cells. Each rectangle of data thus has associated “valid” data,
corresponding to a valid region in the domain, and local “ghost cell” data which consists of
replicas of valid data from other processors. These local ghost cells are not to be confused
with the global domain boundary ghost cells. Thus for two processors that own neighboring
data, communication between the two processors involves copying data from valid regions of
one processor to ghost cell regions of another processor. This process is illustrated in Fig. 7.1
for one-dimensional data and in Fig. 7.2 for two-dimensional data. Notably for fourth-order
calculations involving the evaluation of transverse derivatives, corner ghost cells also need to
be filled. The exchange of ghost cell data is abstracted away in Chombo such that the copy
operations illustrated in Fig. 7.1 and Fig. 7.2 are handled through a simple function call
that invokes message passing interface (MPI) commands. Thus while a user of Chombo is
not tasked with explicitly writing message-passing code, they have to (a) be aware of when
information needs to be communicated between processors and (b) write code that can be
executed simultaneously on any number of processors using the provided data-holder and
indexing classes. Since data communication is slow relative to floating point operations, the
number of times ghost cell information is exchanged should be kept to a minimum.

The variables in the Vlasov-Maxwell equation system are unusual because the distri-
bution function occupies a high-dimensional space, whereas electromagnetic fields, charge
densities, and currents occupy a lower-dimensional space. Updating variables in the high-
dimensional space requires information from the lower-dimensional space, and vice versa.
For example, updating the electric field requires integrating the distribution function over
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Figure 7.2: Communication associated with filling one processor’s ghost cells in two di-
mensions. Different-color grids denote valid data owned by different processors. Dashed
lines indicate the ghost cells, which need to be filled using neighboring valid data, owned by
other processors. Corner ghost cells are needed in order to evaluate fourth-order quadra-
tures.

velocity space. This constitutes a reduction operation, in that the number of dimensions is
reduced. Inversely, velocity-direction fluxes for updating the distribution function require
electromagnetic field data, such that the field variable has to be dispersed from the lower-
dimensional subspace to the high-dimensional space. For a parallel implementation both the
reduction and dispersal operations call for additional instances of processor communication.
Chombo facilitates communication associated with these operations through C++ class ob-
jects. Through these constructs, the direction of integration or dispersal can be specified,
without writing MPI message-passing code to interface the appropriate processors.

Table 7.1 lists the Chombo classes used for the parallel implementation of the Vlasov-
Maxwell solver, and identifies their main feature. These consist of data holders, indexing
classes, and constructs for performing integration and dispersal operations. More detailed
descriptions can be found in Ref. [112].
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Table 7.1: Summary of the Chombo constructs used in the parallel implementation of the
Vlasov-Maxwell algorithm.

C++ Class Description

ProblemDomain Specifies the indices on an integer lattice on which a phys-
ical domain is defined, and identifies periodic directions.

Box Represents a D-dimensional rectangular region on an in-
teger lattice, used to identify a block of data in the do-
main. Incorporates functions to check indices, intersec-
tions, bounds, etc.

DisjointBoxLayout Represents a disjoint union of rectangles corresponding
to regions of the domain. Encapsulates the mapping of
these rectangles to different processors.

LevelData Represents data built on a DisjointBoxLayout. The data
within this data holder is distributed among processors.
Incorporates functions that are called to communicate
data between processors that own neighboring data.

FArrayBox An array for storing floating-point data. Incorporates
operations for performing aggregate floating-point arith-
metic, such as point-by-point summation, multiplication,
ete.

ReductionCopier Abstraction for performing specific-direction integration
over data owned by multiple processors

SpreadingCopier Abstraction for spreading data from a subset of proces-
sors, to a larger set of processors.

Datalterator Means of indexing a Box within a DisjointBoxLayout

BoxIterator Means of indexing data within a Box.
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7.2 C++ classes for Vlasov-Maxwell implementation

Using the Chombo data constructs described above, implementing the Vlasov-Maxwell solver
requires writing customized code using the object-oriented programming paradigm. The
main classes are centered around an Runge-Kutta time-advance object, and are summarized
below:

e RK4, which is used to advance all primary variables forward in time
e Primary variables

— DistFunc, which encapsulates all distribution function data, and associated oper-
ations such as initialization, computing fluxes for the distribution function, com-
puting moments to evaluate number density and current, etc

— EMField, which encapsulates all electromagnetic field data, and associated oper-
ations such as initialization, computing line-integrals, etc

Increments to primary variables

— DeltaDistFunc, which is used to store the distribution function increments as-
sociated with each stage of the fourth-order time advance (i.e. the k values in
Eq. (3.19))

— DeltaEMField, which is used to store the electromagnetic field increments asso-
ciated with each stage of the fourth-order time advance

Wrapper classes

— VMVariableWrapper, which is a container class used to store all primary variables

— DeltaVMVariableWrapper, which is a container class used to store all increment
data

Auxiliary functions

— DivFlux, used to perform all operations associated with evaluating the right-hand
side spatial discretization operator and includes calls to computing number den-
sities, currents, divergence of fluxes for the distribution functions, and divergence
of fluxes for the fields

— FillDistFuncGhostCells, used to set boundary conditions for the distribution
function

— FillFieldGhostCells, used to set boundary conditions for the fields
In the context of Vlasov-Poisson calculations, open-source C++ libraries were used, including

the Eigen library for linear algebra, as well as the FF'TW library for performing discrete
Fourier transforms.
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7.3 Specular reflection boundary conditions in
parallel

The implementation of most boundary conditions does not involve communication beyond
the usual ghost cell exchange between processors that own neighboring data. This is be-
cause most boundary conditions involve operations on local data. One exception is periodic
boundary conditions, which require data communication. Since periodic boundary condi-
tions are ubiquitous, in Chombo the data communication for them is handled with a simple
function call. Another boundary condition that requires communication between processors
is the specular reflection boundary condition for the Vlasov equation (see Section 3.8.3.1 for
a description, and see Fig. 3.8 and Fig. 3.2 for diagrams). The parallel implementation of
this boundary condition necessitates special treatment.

Consider the (r,v,) plane at the » = 0 boundary (see Fig. 3.8). Before data can be
communicated from one half-plane to another, each processor that owns data in the v, < 0
half plane at » = 0 has to be mapped to a processor that owns a symmetric piece of data in
the v, > 0 half plane. This mapping is established by identifying the global velocity index
7% at which v, = 0, and identifying the location of each processor’s data relative to j*. Once
the mapping is known, data can be copied from the source processors to the destination
processors, and thereby enabling the implementation of the boundary condition.

7.4 Effect of dimensionality on computation and
communication

A unique facet of phase space simulations is that the distribution function can occupy more
than three dimensions. This has important implications for the computational workload and
communication between processors.

In terms of computational workload, the vast majority of time is spent updating the
distribution function, such that the duration of a field update is negligible in comparison.
This is due to the fact that computational cost scales as NP, where N is the number of
cells along each direction and D is the number of dimensions occupied by a given variable.
Suppose a simulation calls for one hundred cells along each direction, then the computational
cost for different numbers of dimensions is shown in Table 7.2. The table shows that the
computational cost of a one-dimensional data set is trivial compared to a three-dimensional
data set. Consequently advancing f(r, v, ve,t) constitutes a much more significant workload
than updating F,(r,t), independent of whether the calculation is performed in serial or in
parallel. Table 7.2 further illustrates that high resolution is a heavy price for accuracy,
especially when the number of dimensions exceeds three. This bolsters the argument for
using high-order methods, which achieve high accuracy with less degrees of freedom.

For distribution functions that occupy four or more phase space dimensions, commu-
nication costs of high-dimensional data also have to be considered. If a domain with NP
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Table 7.2: Computational cost of having 100 cells along each direction of a D dimensional
domain is NP.

Number of dimensions D ‘ 1 2 3 4 5 6
Computational cost NP [ 10 10* 10° 10% 10 10"

Table 7.3: Relative cost of communication as the number of dimensions is increased and
the block width is kept fixed. The value n” is the number of cells assigned to a given
Processor.

Block Width Dimensions Computational Relative Cost of

Cost, Communication
n D nP D/n
32 3 3.3 x 10% 0.094
32 4 1.0 x 106 0.125
32 5 3.3 x 107 0.156
32 6 1.1 x 10° 0.189

number of cells is divided into blocks of width n and volume n”, and each block is assigned

to its own processor, then the amount of computation on a single processor is n”. The cost
of communication scales roughly as the surface area of each block, 2Dn”~! (note that this
approximation does not account for communication required to fill corner ghost cells — see
Fig. 7.1). The ratio of communication cost to computational cost is thereby proportional
to D/n. For efficient parallel simulations, this ratio should be small, such that the bulk of
the execution time should be spent doing floating point operations, as opposed to passing
messages between processors. Table 7.3 shows the relative cost of communication for block
width n = 32 for calculations in three, four, five, and six dimensions. For a fixed block
width, as the number of dimensions increases, the computational cost becomes exceedingly
high, which calls for smaller blocks. However, if the block width is halved, then the relative
cost of communication is doubled. In effect, with more dimensions it becomes more difficult
to increase the computational efficiency of the algorithm through parallelization based on
domain decomposition alone.

Increasing the efficiency of calculations involving 4D and 5D distribution functions calls
for modifications to the standard domain-decomposition paradigm used in Chombo. At the
expense of further complexity, using multiple levels of parallelism, e.g. by combining MPI
with an application programming interface such as OpenMP, would enable processors to op-
erate on large blocks of data quickly without increasing the cost of communication. The cost
of communication can also be curbed by cutting the amount of data that is communicated
to fill corner ghost cells during every exchange operation since much of this corner data



CHAPTER 7. COMPUTATIONAL FRAMEWORK 207

is not needed for high-order flux calculations. This would require changing the standard
message passing protocol that works well in 2D and 3D. Independent of dimensionality, ad-
ditional gains in efficiency can be made through judicious implementation of asynchronous
algorithms, wherein unrelated portions of the numerical algorithm are executed simultane-
ously.
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Chapter 8

Conclusions

The research described in this dissertation develops and extends advanced computational
tools to enable more complete investigation of plasma physics phenomena. High-accuracy
robust numerical solvers are successfully applied to the high-fidelity kinetic model description
of a plasma. A new benchmark for kinetic calculations is developed and deployed. The
benchmark, one very few to involve warm magnetized plasmas, offers a quantitative means
of assessing numerical simulations in three phase space dimensions, thereby extending the
scope of standard benchmark problems. Furthermore, a conservative method for simulating
axisymmetric kinetic physics in plasmas is demonstrated for the first time. This capability
offers a means to exploit symmetry and mitigate the computational cost of continuum kinetic
simulations. The methods, results, and computational aspects are summarized here.

8.1 Discussion of methods and results

A fourth-order finite-volume discretization is implemented to solve the Vlasov-Maxwell par-
tial differential equation system in Cartesian (x,v,,v,) and cylindrical (7, v, vy) phase space
coordinates. The discretization relies on one-dimensional polynomial reconstructions for the
primary variables, and utilizes a quadrature rule based on Taylor series expansion to achieve
high-order accuracy. A mathematical formulation for the conservation-law form of the cylin-
drical coordinate Vlasov equation is derived, and the numerical method is extended to apply
to this form. The numerical method is designed to handle some of the unique aspects of phase
space coordinates, including specular reflection boundary conditions that involve half-plane
reflection of the primary variable distribution function. Aside from periodic boundaries,
this constitutes one of the few instances in hyperbolic differential equations where non-local
information is needed to set local boundary conditions.

Some of the challenges associated with the discretization of Maxwell’s equations are
managed through the incorporation of parabolic cleaning to satisfy divergence constraints
and through high-order dissipation to mitigate the effects of dispersive errors. Stability
analysis is carried out for both of these aspects in Cartesian coordinates; however, the
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analysis does not extend to cylindrical geometry. Thus further exploration of long-time
numerical stability for the Maxwell solver is warranted, but lies beyond the scope of this
dissertation.

The discretization uses explicit fourth-order Runge-Kutta to advance the primary vari-
ables forward in time, thereby achieving fourth-order temporal and spatial accuracy. The
choice of an explicit time integration scheme can be quite restrictive for cylindrical phase
space coordinates, in which local advection speeds depend in part on the resolution along
the radial coordinate. This demonstrates one of the advantages of using high-order methods,
as opposed to high-resolution, to achieve desired accuracy — i.e. a smaller penalty on time
step size for cylindrical coordinate calculations.

The fourth-order finite-volume method is applied to simulate well-known phenomena in
plasma physics including linear and nonlinear Landau damping, the two-stream instability,
and the Harris equilibrium. The results agree closely with theoretical predictions. In an
effort to extend the scope of quantitative benchmark problems for kinetic calculations, a
new benchmark based on the Dory-Guest-Harris instability is developed. The development
extends the linear analysis of electrostatic waves in uniform magnetized plasmas to arrive
at a closed-form dispersion relation that applies to warm-temperature plasmas. The ap-
proach is thereby not restricted to delta function initial conditions that are often used to
benchmark particle-in-cell methods. The closed-form dispersion relation is applied to the
warm-temperature Dory-Guest-Harris distribution function, and solved to obtain electric
field energy growth rate and frequency as a function of perturbation wave number. The
quantitative metrics are used to assess the convergence rate of a fourth-order and a second-
order discretization. A specific form of the initial condition is shown to strongly excite the
fastest growing mode, which presents an initial value problem that can be used to test various
methods. The fourth-order simulation results are shown to be in agreement with theoretical
predictions. The benchmark is thus demonstrated to be well-suited for continuum kinetic
Vlasov-Poisson algorithms in 3D (z,v,,v,) phase space coordinates, and is shown to be a
valuable means of demonstrating that simulations are true to the physics.

The fourth-order algorithm is applied to the Vlasov equation in cylindrical (r,v,,vy)
phase space coordinates. The ability of the algorithm to preserve an equilibrium distribu-
tion function is assessed. It is noted that in cylindrical phase space coordinates, even a
spatially-uniform Maxwellian distribution function will experience advection. Analytically,
equilibrium is satisfied by the cancellation of multiple terms in the Vlasov equation — a
cancellation that is not guaranteed in the context of a numerical algorithm on account of
truncation error. As a result equilibrium is not maintained by the numerical method, but
the simulation results are shown to converge to equilibrium at a rate that is consistent with
a fourth-order accurate discretization. The algorithm is then applied to simulate electro-
static ion confinement in a Z-pinch, a problem in which ions are dynamic and electrons are
assumed to be stationary. The simulation results are consistent with expected behavior, and
demonstrate the rich kinetic physics that in many respects can only be accessed through
simulations. To the author’s knowledge this is the first demonstration of a conservative
finite-volume implementation for the solution of the cylindrical coordinate Vlasov equation.
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Fundamental to the efficient use of the numerical algorithms described in this dissertation
is their parallel implementation. Much of the parallelization used here relies on the abstrac-
tions provided by the Chombo library, which is a collection of C++ objects that are designed
to simplify the domain-decomposition of structured grid calculations so that the workload
can be distributed on many processors. One of the unique aspects of phase space simulations
is the fact that the main variable, the distribution function, can occupy a space of dimension
greater than three. In the context of parallelism based strictly on domain decomposition,
communication constitutes a much more significant fraction of the overall computational
cost in four dimensions, as compared to three dimensions. This presents a challenge when
it comes to the development of algorithms in more than three dimensions, since using more
processors does not result in speedup. Approaches to decreasing the communication cost and
thereby the overall computational cost are well-known, and involve optimizations associated
with data communication as well as employing multiple levels of parallelism.

8.2 Future work

The research presented here lies at the intersection of plasma physics, numerical methods,
and scientific computing. Thus the extension of this work relies on further development in
each of these areas.

To study more interesting physics, the Vlasov-Maxwell solver needs to be extended to
four and five phase space dimensions. This requires combatting the computational costs
associated with high-dimensional calculations, and constitutes ongoing work. Further ex-
tensions of the physics capability of the algorithm would involve the implementation of a
collision operator. This would offer a generalization of the collisionless kinetic model descrip-
tion that has been explored here, and would allow for the investigation of a large variety of
plasma phenomena. The finite-volume method described here is especially well suited for
collision operators, such as the Fokker-Planck operator, that can be expressed in divergence
form. It is important to note that collision-dominated physics can also introduce additional
constraints on time step size in simulations. Thus the details of the physics of interest and
their impact on the numerics need to be carefully considered. Alternate means of temporal
discretization are also important to consider when simulating multiple species of particles
with disparate masses. The use of multi-rate or implicit methods can help address the issues
associated with capturing multiscale phenomena.

The numerical discretization employed here is not designed to handle steep gradients.
This causes the distribution function to take on negative values whenever gradients are
not well-resolved. This can be combatted through the use of limiters to preserve positivity
— a technique that is well-known and well-developed for finite-volume methods. Imple-
mentation of adaptive mesh refinement (AMR) so as to better capture fine features in the
solution to the governing equations can also help address this issue. The optimal approach
to adaptivity in the context of phase space simulations needs to be carefully explored since
high-dimensionality affects the computational performance of these techniques. Moreover
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the need to constantly compute moments of the distribution function presents additional
AMR algorithm design challenges that would need to be addressed.

Parallel implementation of the fourth-order Vlasov-Maxwell solver relied on the use of
Chombo library features. In parallel calculations using Chombo high performance is gener-
ally achieved through mixed-language programming, with abstractions written in C++ and
arithmetic stencil operations written in Fortran. In effort to avoid complexity and at the ex-
pense of improved performance, the algorithm implementations described in this dissertation
were written entirely in C++. Significant gains in computational performance can be made
by invoking Fortan for stencil arithmetic, by abstracting stencil operations into optimized
library calls written in C++, and/or by using multiple levels of parallelism. The latter two
approaches are the subject of current and future research.
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Appendix A

Solving Poisson equation using fast

Fourier transforms

A.1 Matlab code for 2D Poisson solve using FFTs

1 % Solving 2D Poisson’s equation using ffts

2 close all;

3 <clear all;

4

5

6 nx = 32; % number of points in X

7 ny = 64; % number of points in Y

8 Lx = 2%xpi; % physical domain length

9 Ly = 4%*pi; % physical domain length

10 dx = Lx/nx; % X size of each cell in the domain
11 dy = Ly/ny; % Y size of each cell in the domain
12 x = (dx/2) :dx:Lx; 7% X domain

13y = (dy/2):dy:Ly; % Y domain

14

15

16 % righthand side of poisson eqn, -\nabla”2 \phi = RHS

17 rhs=zeros (nx,ny);
18 for ix=1:nx

19 for iy=1:ny

20 X=x(ix);

21 Y=y (iy);

22 rhs (ix,iy) = -(-2xsin(X)*cos(Y));

23 exactSol (ix,iy)= sin(X)*cos(Y);

24 end

25 end

26

27 rhsT = fft2(rhs); % take discrete FFT

28 break

29 kx = (2*pi/Lx)*[0:nx/2-1, -nx/2:-1]; % vector of wave numbers, e.g.
30 % n=8, k= [0,1,2,3,-4,-3,-2,-1]
31 ky = (2%pi/Ly)*[0:ny/2-1, -ny/2:-1];

32

33 J, divide transformed RHS by k~2

34 rhsNew = zeros(nx,ny);

35 for ix=1:nx

221

for
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36 for iy=1:ny
37 rhsNew (ix,iy)=rhsT(ix,iy) ./ (kx(ix) "2+ky(iy) ~2);
38 end
39 end

40 rhsNew(1,1)=0;
41 7% inverse Fourier transform to obtain solution \phi(x)
42 sol=ifft2((rhsNew));

43
44 % plot
45 figure

46 pcolor(sol)

47 colorbar

48 title(’num sol’)
49 figure

50 pcolor(exactSol);
51 colorbar

52 title(’exact sol’)
53 figure

54 pcolor(sol-exactSol)
55 colorbar

56 title(’diff’)

A.2 C++ code for 2D Poisson solve using FFTW
library

// testing FFTs (from fftw library) for solving Poisson equation
// -\mnabla~2 \phi = \rho

#include <vector>

#include <cmath>

#include <iostream>

#include <fftw3.h>

using namespace std;

© 00O Utk W~

10 int main ()

11 {

12 // discretization variables
13 int Nx = 32;

14 int Ny = 64;

15 double Lx = 2*M_PI;
16 double Ly = 4*%xM_PI;
17 double dx = (double) Lx/Nx;

18 double dy = (double) Ly/Ny;

19 double x;

20 double y;

21

22 // fft variables

23 fftw_complex *in, *out, *outINV;

24 fftw_plan pFFT, pINV;

25

26 in = (fftw_complex*) fftw_malloc(sizeof (fftw_complex) * Nx*xNy);
27 out = (fftw_complex*) fftw_malloc(sizeof (fftw_complex) * Nx*Ny);
28 outINV = (fftw_complex*) fftw_malloc(sizeof (fftw_complex) * NxxNy);
29

30

31 // fft plans using input and output array variables

32 // last argument:
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33 // FFTW_ESTIMATE - no optimization

34 // FFTW_MEASURE - runs optimization, measuring execution time
ffts

35 pFFT = fftw_plan_dft_2d(Nx,Ny, in, out, FFTW_FORWARD, FFTW_ESTIMATE);

36 pINV = fftw_plan_dft_2d(Nx,Ny, out, outINV, FFTW_BACKWARD, FFTW_ESTIMATE);

37

38 // generate data that is to be transformed (the righthand side
eqn)

39 for (int i = 0; i < Nx; i++)

40 {

41 for (int j = 0; j < Ny; j++)

42 {

43 x = 0.5*%dx + dx*i;

44 y = 0.5xdy + dy*j;

45 in[j+Ny*i][0] = 2.0*sin(x)*cos(y); //real part

46 in[j+Ny*i][1] = 0.0; //imaginary part

47 }

48 }

49

50 // perform forward fft on the data

51 fftw_execute (pFFT) ;

52

53 // wave number k = (2*%pi/L)*[ 0:(N/2) -N/2:-1 ] starts at k=0

54 // for example if N=8 then k = [0, 1, 2, 3,-4,-3,-2,-1]

55 vector<double> kx(Nx,0.0); // kx[0]1=0.0;

56 for (int i = 1; i < Nx/2; i++)

57 {

58 kx[1i] = kx[i-1]1+1;

59 }

60 kx [Nx/2]= -Nx/2;

61 for (int i = Nx/2+1; i < Nx; i++)

62 {

63 kx[i] = kx[i-1]1+1;

64 }

65 for (int i = 0; i < Nx; i++)

66 {

67 double kscaleX = 2.0%xM_PI/Lx;

68 kx[i] *= kscaleX;

69 }

70

71 vector<double> ky(Ny,0.0); // ky[01=0.0;

72 for (int j = 1; j < Ny/2; j++) // first half of ky vector

73 {

74 ky[j]l = ky[j-11+1;

75

76 ky [Ny/2]= -Ny/2;

7 for (int j = Ny/2+1; j < Ny; j++) // 2nd half of ky vector

78 {

79 ky[j] = ky[j-11+1;

80

81 for (int j = 0; j < Ny; j++) // scale by 2pi/L

82 {

83 double kscaleY = 2.0xM_PI/Ly;

34 ky[j] *= kscaleY;

85

86

87 // divide fft(rhs) by k"2 to bring del"2 operator to righthand

88 out [0][0] = 0.0;

89 out [0]J[1] = 0.0;

90 for (int i= 0; i < Nx; i++)
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note: Matlab

TRANSFORMS
91 {
92 for (int j= 0; j < Ny; j++)
93 {
94 double kxval = kx[il];
95 double kyval = kyl[j];
96 out [j+Ny*i] [0] = out[j+Ny=*i] [0]/(pow(kxval,2.0)+pow(kyval,2.0));
97 out [j+Ny*i] [1] = out[j+Ny=*i][1]/(pow(kxval,2.0)+pow(kyval,2.0));
98 }
99 }
100 // handle kx=ky=0 case
101 out [0] [0] = 0.0;
102 out [0][1] = 0.0;
103
104 // perform inverse fast fourier transform to solve for phi
105 fftw_execute (pINV);
106
107 printf ("\n");
108 for (int i= 0; i < Nx; i++)
109 {
110 for (int j= 0; j < Ny; j++)
111 {
112 outINV[j+Ny*i] [0] /= double(Nx*Ny); //scale by (1/N),
does this automatically in ifft operation
113 outINV[j+Ny*xi] [1] /= double (Nx*Ny);
114 printf ("%2.18f \t ", outINV[j+Ny=*i] [0]);
115 }
116 printf ("\n");
117 }
118
119 // free up memory
120 fftw_destroy_plan (pFFT) ;
121 fftw_destroy_plan (pINV);
122 fftw_free(in);
123 fftw_free(out);
124 fftw_free (outINV);
125
126 return O;

127 %
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Appendix B

Dory-Guest-Harris dispersion relation

[1]

B.1 Derivation of the closed-form dispersion relation
for k| = 0 electrostatic waves

The dispersion relation for k; = 0 kinetic electrostatic waves is most often derived and
expressed in a form that involves infinite sums [81, 86, 113, 96]. Tataronis et al. [84] present
without proof an equivalent closed-form expression, a version of which can also be found
in Ref. [83]. The closed-form dispersion relation allows for accurate computation of explicit
numerical solutions (i.e. frequency as a function of wavenumber) for arbitrary probability
distribution functions. In effort to fill in the missing details, a complete derivation of the
dispersion relation is presented here, including the derivation of the closed-form expression
(see Egs. (5.9) and (5.10)) for a plasma with multiple species s.

From Egs. (5.7) and (5.8) it is possible to obtain the analytic form of the disper-
sion relation by applying the procedure discussed in Ref. [86, pp. 341-352] to the non-
dimensionalized system of equations that is used in this paper. Starting with the transformed
non-dimensionalized Vlasov equation (see Eq. (5.7)), let @ = —w/Q¢s and = kv [Qes.
Recall that Q.s = Zsw./(Msw,). The result is an ordinary differential equation that can be

~

analytically solved for f:

. r Wp ~ ast afsl
0=— 0) fo — LE, - == : B.1
i(a+ fcosh) fa o 8v+89 (B.1)
Solving for f s1 using an integrating factor yields
G
fsl _ ei(a@—i—ﬁsin@)/ ﬂEl . afSO e—i(ae’—i-ﬁsine’)dgl' (BQ)
6, We ov
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Substituting Eq. (B.2) into Poisson’s equation (see Eq. (5.8)) and noting that E = —V®
and consequently B, = —ik®; yields

Z w . . 0 8f 0 . / PRy
0=1 sp i(af+Bsin0) / ik - sV —i(at/+Bsinb )dQ’ dv. B.3
+ zg: o, [e A ik — e v (B.3)

Recall that fy is the equilibrium distribution function and that it is azimuthally symmetric

such that dfs /00 = 0. Also note that waves that propagate perpendicular to the magnetic

field have kj = 0. Consequently the dot product term can be expressed as

ofo ., Ofo Ofo € + e
ik| ——cos® =ik .

v ou, v, 2

Substituting Eq. (B.4) into Eq. (B.3) yields

7w 8f0 -1 ol o ’ Y
-1 s=p i(ab+Bsin b) S / ( 10 0 ) i(ab’'+Bsinb") 39/ ] B.
0 + ES ST / [ (%L e’ +e e df'| dv (B.5)

0o

1k - —

(B.4)

The integral with respect to 6" is evaluated with the lower limit 6, selected so that the
antiderivative is zero at §' = 6y. In order to simplify Eq. (B.5), special properties of the
Bessel function of the first kind are invoked. These properties are [114, pp. 7,12]

efzﬂsiné — i Jn(ﬁ)efinﬁ (B6)

n=—oo

Juir(B) + Jua (8) %W» (B.7)

The resulting dispersion relation is

2r ° i0(m—n)
0—1—22% | ] llaf“ S nn(B)n(5)S ]vldedmdv. (B.5)

ki w,. B ov, (+mn)

Note that for the purposes of this paper, all physics of interest is independent of vj. Also
note that by the orthogonality properties of Bessel functions and the Fourier basis functions,
the terms in the summation Eq. (B.8) are zero for all m # n. The resulting dispersion
relation is

m,n=—00

Z2 ° 8f0 - 9 kJ_UJ_ L
=1 s — 2rdv . B.
=1+ Y [ g X Jn(%)ﬂis_n (B.9)

This result is consistent with [81, 84]. Let wy = w/Qes. It is noted by identity that J2 = J?
(see Eq. (B.18)) and therefore

o} -1 0
Y o one Y ey (B.10)

3 [wfﬁQnQ} 2. (B.11)



APPENDIX B. DORY-GUEST-HARRIS DISPERSION RELATION [1] 227

Consequently the summation indices in Eq. (B.9) can be changed as follows

2n? > dfs0 kivg
0=1 =J2 2rdv | . B.12
+2Mkzzw2_n2o oo g2 (A5 ) amdey (B.12)

Applying integration by parts and noting that .J,(0) = 0 if n # 0 and that the equilibrium
distribution function has compact support such that f80| = ( yields

V| =00

_1_21\“2 N w2—n2/ fogo {n(kiviﬂgwdm. (B.13)

CS

It can be readily shown that the following equality is satisfied

e a e /O7r cos(n(r + m)) cos(wsT)dr. (B.14)

Substituting Eq. (B.14) into Eq. (B.13) yields

o > 5 [T cos(n(T + 7)) cos(wsT) 0 o (Kkivy
0=1 —Z 7 kg / fsonz {271 /0 sl dT} o {Jn( o )1 2, .

- (B.15)

wg sin(wg)

The infinite sum in the dispersion relation of Eq. (B.15) can be reduced to an integral
representation [83, 84, 115] using an auxiliary Bessel function identity:

/07r w sin(w,) sin 7Jy (22 cos g) dr = — /07r % g:l QnQ% [JS(Z)} cos (n(T + 7T)> cos(wsT)dT.
(B.16)

See Appendix B.2 for a complete derivation of this identity. The result is a closed-form
integral representation of the dispersion relation that is equivalent to Eq. (B.9):

_ smws . kyv, . 74+
0_1+ZMQ2/ st/ sin(w,m sin(7) Jo (2 Qes St 5 )dT27TUJ_dUJ_, (B.17)

which is consistent with the expressions presented in Refs. [83, 84].

B.2 Auxiliary Bessel function identity

For integer n, the following standard identities apply to Bessel functions of the first kind
[114, pp. 6,12,102]

Ton(z) =(=1)"J(2) (B.18)
Jucr(2) = e (2) :2% [Mz)} (B.19)

Jo (2251n > ZA Jn(2)? cos(nT). (B.20)
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where A,, is defined as

A, =l =0 (B.21)
2 ifn#0

An additional auxiliary Bessel function identity is derived by manipulating Eq. (B.20). Ref-
erences [83] and [115] allude to these types of manipulations.
Starting with Eq. (B.20), the identity can be modified as follows

Jo (2z sin ) ZA Ju(2)? cos (n(r + ) (B.22)

Jo <22COS—> ZA Jn(2)? cos (n(1 + 7). (B.23)

Taking the derivative of Eq. (B.23) with respect to 7 and using identities in Eq. (B.18) and
Eq. (B.19) yields

sin%Jl (2zcos —) = ——Znﬂ )sin (n(r + 7). (B.24)

Taking derivative of Eq. (B.24) with respect to z and using Eq. (B.19) again yields

T T T T
cos 5 sin 5 [JO (22 cos 5) —Js (2z cos 5)}

_ZQZnJ231n< T+7T>——Zn—[J2 ]sin(n(7‘—|—7r)>. (B.25)

J1 <2z cos g) _

=
Z COS )

Using Bessel function identity of Eq. (B.7) and noting that J, (2zcos %) =
Jo (22 cos Z), Eq. (B.25) can be expressed as

T T T sin 5 T
2 cos 5 sin §J0 (22 cos 5) — 2T <2z cos 5)

_ZQZnJ251n< T+7T>——Zn—|:J2 ]sin(n(T—Hr)). (B.26)

Multiplying equation Eq. (B.24) by 27! and substituting into Eq. (B.26) results in the
cancelation of two of the terms, thus the manipulated identity is now

2 cos % sin gJO (22 cos —> =— - Zn— [Jz } sin (n(T + 7r)> (B.27)

sin7.Jy (22 cos 5) =—- Zn— [JQ( )} sin (n(T + 7r)> (B.28)
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Taking the derivative of Eq. (B.28) with respect to 7, multiplying both sides by cos (ws7),
and using the product rule of differentiation yields

82 [sin TJo (22 cos %) cos(wsr)] + wy sin(wsT) sin 7Jy (22 oS %)

T

= —g i nZ% [Jﬁ(z)] cos (n(T + 7T)> cos(wsT). (B.29)

Integrating both sides with respect to 7 on the interval [0, 7] yields the modified Bessel
function identity

/OTr w, sin(w,T) sin 7.Jy (22 cos g) dr
S /07T % g QnQ% [Ji(z)} cos (n(T + 7r)> cos(wsT)dT, (B.30)

which is used in the derivation of the k) = 0 dispersion relation.
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