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ABSTRACT OF THE THESIS 

 

Thermal Resistance of Graphene based Device 

by 

Roisul Hasan Galib 

Master of Science in Materials Science and Engineering 

University of California San Diego, 2020 

Professor Prabhakar R. Bandaru, Chair 

 

Thermal transport in low dimensional materials play a critical role in the functionality and 

reliability of modern electronics. In 2D material based device, interface between 2D materials and 

substrates often limit the heat flow through the device. This thesis discusses the experimental measurements 

and theoretical modeling of thermal resistances at 2D material based device. First, we measure thermal 

conductivity and thermal resistance of bulk substrate by three-omega method. Next, we model the 

interfacial thermal resistance between the 2D material and substrates with the aid of phonon mismatch 

modelling.  Finally, we quantify the total thermal resistance of a graphene based device by series resistance 

model. Our analysis shows majority of the resistance comes from the interfaces, and material’s intrinsic 

resistance becomes less significant at nanoscale.  We find that the thermal resistance at the interface of 

graphene and substrate contributes to more than 50% of the total resistance. We attribute this high resistance 

at interface to weak Van der Waals interactions at the interface and dissimilar phonon vibrational properties 

of the materials. Our results suggest that increasing bond strength at the interface is an effective way to 
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reduce the overall thermal resistance of the device. We compare our results with commonly used materials 

and interfaces, demonstrating the role of interface as potential application for heat guide or block in 2D 

material based device. This study will provide guide into the energy-efficient design and thermal 

management of 2D material devices.  

Keywords: 2D material, graphene, thermal conductivity, thermal conductance, thermal resistance
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Chapter 1 Introduction 

Motivation 

As the world’s demand for energy continues to rise, the efficiency in modern technologies and 

energy solutions has boiled down to thermal engineering problem on the nanoscale.  Global power demand 

is expected to grow by 58% between 2018 and 2040 [1]. In the U.S. more than two-thirds of the energy 

used in is rejected as heat where only 31% of the energy is actually consumed [2]. 

 

 

Figure 1.1 US energy flow in 2017. Source LLNL, April 2018 [2]. 

 

These striking statistics direct the energy research into two major areas: 

(1) improving the efficiency of the energy usage to reduce the net wasted heat  

(2) reducing the harmful emissions of the technologies generating the energy.  
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Improving energy efficiency of devices has been an active area of material research now, stemming 

from the drive of the computing industry to maintain Moore’s Law [3] and recently focused on mitigating 

the thermal transport in the nanoscale devices [4, 5]. Power dissipation limits the performances of electronic 

systems from mobile devices (~10-3 W) to massive data centers (~109 W) [4]. In silicon-based 

microprocessors, operation beyond a few GHz is not possible due to on-chip power densities exceeding 100 

Wcm−2, much higher than typical cooling capabilities [4]. Even greater power densities have been observed 

in RF and amplifier devices using III–V or group IV compound semiconductors (e.g., GaAs or SiC) [6]. 

These huge power densities lead to hot-spots and device failure, warranting the need for increased thermal 

conduction to mitigate the heat load. Such electronic power and thermal challenges have negative impacts 

from massive database servers to new applications like wearable devices, medical instrumentation, or 

portable electronics. In the latter situations, a basic trade-off is one between the available functionality and 

the need to carry heavy batteries to power it [4]. 

 

Figure 1.2 Energy and power dissipation of microprocessors (a) Switching energy of transistors is over 

100x higher than fundamental physical limits (b) CPU power density in recent decades  has reached at 

100W/cm2. Source Ref. [4] 

Heat transfer at solid-solid interfaces is becoming an important consideration for nanostructured 

systems such as MOS devices and other functional devices. While the scaling of semiconductor technology 

presents more energy efficient and high performance devices, it also adds new challenges in efficient 
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thermal management, like overheating in the active device area. Scaling in semiconductor devices is 

thermally unfavorable mainly because of three reasons [16]: 

(1) It increases the heat dissipation per unit volume.  

(2) Functionality often increases with each technology node. 

(3) The increased number interfaces impedes the heat flow out of the device. 

 

Figure 1.3 Picture of a 2D material channel-FET device on Si wafer 17]. Red arrow indicates direction of 

heat flow out of the device  

 

In addition, current thermoelectric solutions for waste heat recovery are far outperformed by 

traditional solutions such as heat exchangers with heat pumps or heat engine cycles [7]. Improvement in 

the thermoelectric efficiency can be achieved by controlled reduction in thermal transport of the 

thermoelectric materials, since the thermoelectric efficiency (quantified by the Figure of Merit, ZT) is 

inversely related to the thermal conductivity. Recent improvements in ZT in thermoelectric materials have 

been discovered by nanostructuring [8, 12–15]. This leads the research problem to improve energy 

efficiency centered around understanding thermal transport on the nanoscale.  

As both increases and decreases in thermal conductivity are required for different applications, the 

ability to control and tune the thermal properties of materials is therefore the ultimate goal to improve 

device efficiency and improve energy consumption trends. The electronic devices and systems are 
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constructed using different layers of materials, which include different metals, semiconductors, and 

dielectric substances. Hence, it is imperative to study the interface properties for the development of novel 

and efficient energy generation and storage devices. 

Thermal management plays a critical role in the functionality and reliability of modern 

microelectronics. As microelectronics continue to miniaturize and hybridize components, heat dissipation 

becomes a critical bottleneck for their performance and longevity. This is because at micrometer and 

nanometer length scales, the material properties, particularly the thermal conductivity, may deviate 

significantly from the bulk leading to a temperature rise in devices, which causes device failure. Moreover, 

the heat conduction in nanometer-scale features is often limited by heat flow across the interfaces, which 

prevents the reliable operation of electronic devices such as the heat assisted magnetic recording, phase 

change memories, and high electron mobility transistors based on wide-bandgap nitride material systems 

[15].  

The purpose of this thesis is to contribute to the fundamental understanding of how heat energy 

moves at the nanometer length scales and across the thin films and their interfaces. The motivation of 

measuring and understanding these phenomena is to identify and mitigate the major bottlenecks to heat 

dissipation. 
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Chapter 2 Nanoscale Thermal Transport 

Introduction 

Thermal conductivity (denoted with k or λ with the unit W/mK) describes the transport of energy 

in the form of heat through a body of mass as the result of a temperature gradient.  

 

  

Figure 2.1 Heat conduction across the solids. Source: Wikipedia 

This flow has been described as a diffusion of energy within the material, expressed by the Fourier 

equation:  

q = -k ∇T  

where q is the transported heat per unit of time (dW/dt or heat flow) and ∇T is the temperature 

gradient (ΔT/m) through Area (the area through which the heat is flowing perpendicularly at a steady rate) 

is described by the thermal conductivity equation. This equation states that the heat flux through the material 

is proportional to the temperature gradient with a constant of proportionality known as the thermal 

conductivity, k.  

The Fourier equation effectively describes heat conduction in bulk materials. However, studies of 

heat transfer in nano-scale have shown lower thermal conductivity than those measured for bulk materials. 
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This is because the Fourier equation has assumed the thermal conductivity of bulk materials to be a material 

constant and did not consider the motions of the atoms or electrons during heat conduction.  

Thermal conductivity nanomaterials is usually reduced by several orders of magnitude than that of 

their bulk counterparts. For example, at room temperature, k of a 20 nm Si film can be a factor of five 

smaller than its bulk single-crystalline counterpart, [1] and k along the plane of a single layer of 

encapsulated graphene is at least 10 times smaller than the corresponding value for bulk graphite [2]. Such 

thermal conductivity reductions generally occur for two basic reasons.  

First, compared to bulk single crystals, many thin film synthesis technologies result in more 

impurities, disorder, and grain boundaries, all of which tend to reduce the thermal conductivity.  

Second, even an atomically perfect thin film is expected to have reduced thermal conductivity due to 

boundary scattering, phonon leakage, and related interactions.  

Moreover, thermal conductivity of thin films are usually anisotropic even for materials whose bulk 

forms have isotropic k. Both basic mechanisms generally affect in-plane (kx) and cross-plane (kz) transport 

differently. 

In order to understand the effects of nanostructures on thermal conductivity, we must understand 

the mechanisms of heat transport in nano scale materials. 

Mechanism of Heat Conduction 

The mechanism behind heat conduction is the transport of heat by heat carriers. There are two types 

of carriers involved in conductive heat transport: electrons and phonons.  Weakly bounded valence electrons 

are said to move freely in a solid, serving as energy carriers through the solid [3, 4]. Phonons are the lattice 

vibrations in the crystal structure of material, which occur when thermal energy is applied to the crystal 

lattice, causing excitations in the lattice structure. Like electrons, phonons have both wave-like and particle-

like properties. Both electrons and phonons are excited by thermal energy and in turn “carry” the excess 

energy through the solid. 
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Heat conduction in metals is dominated by electrons while heat conduction in insulators and 

semiconductors is dominated by phonons. Phonons exhibit both wave-like and particle-like properties.  

The wave-like properties of phonons can be visualized using simple mass and spring analogies [3-6]. 

Imagine the atoms of the crystal lattice being spherical masses connected to each other by springs of length 

a (crystal lattice length). For simplicity, let us consider only a one-dimensional diatomic systems (Figure 

2.2), where two types of atoms of  masses mA and mB and spring constant g. 

 

 

Figure 2.2 One dimensional array of diatomic spring-mass system analogy of phonons 

 

For a crystal with a unit cell with more than one type or atom or ion, two types of phonons will 

occur. Acoustic phonons are coherent movements of atoms of the lattice like in Figure 2.2. They are called 

“acoustic”, because the vibration resembles a sound wave where the lattice is for example compressed and 

stretched coherently line in a pressure sound wave. In acoustical mode the ions of different charge move in 

phase line in a sine wave. Optical phonons are out-of-phase movements of the atoms in the lattice. In optical 

mode the positive ions move in one direction and the negative ions move in the opposite direction. They 

are called optical because these excitations require much more energy to be created than acoustic ones, 

from photons in the infrared or even visible spectrum. 
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Similar to electrons phonons can form “energy bands” with a band gap between the acoustic and 

the optical bands. Mathematically, the relation between frequency and the wavevector can be derived as[3-

6]: 

 

The above equation can be plotted in a ω-K plot to show the phonon dispersion. 

   

Figure 2.3 Phonon dispersion plot for acoustic and optical phonons 

The plot of this equation represents the acoustic branch of phonons. Because the crystal lattice of 

materials is a periodic array, with atoms having a periodicity of a, the minimum allowable wavelength is 

2a. This means that the range of K is π/a to -π/a. The slope of the phonon dispersion is known as the group 

velocity, vg. From the dispersion diagram it can be seen that the slope of the curve as K → 0 is constant [3] 

. This refers to the long-wavelength limit of the phonons and the dispersion relationship in this limit can be 

written as 

 

which is known as the Debye model. The vg of phonons at the long wavelength limit is equivalent 

to the solid medium’s speed of sound, hence the name acoustic branch. The long-wavelength limit behavior 

is typically observed for phonons propagating at low temperatures. Another observation is that as K →π, 
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vg → 0. This means that phonons propagating with higher K (or shorter wavelengths) contribute very little 

to heat conduction. The frequency at the limit K→ π/a, is known as the Debye cut-off frequency, ωD, and 

is the maximum frequency of the phonon dispersion [3]. 

The optical branch contains phonons that are propagated when photons (or electromagnetic waves) 

come into contact with the surface of the solid. Yet, the optical branch phonons have very low group 

velocities, meaning that they contribute little to heat conduction. The dispersion relation can be further 

extended to the transverse and longitudinal motions of the phonons. This gives rise to three polarizations 

of the acoustic branch (one LA, and two TA) and two polarizations of the optical branch (LO and TO). 

Each of these polarizations or modes of phonon branches can be distinct depending on the crystal orientation 

of the material. 

Scattering Mechanisms 

When studying heat transfer in nanoscale materials, one must analyze the interactions of carriers 

within a solid. There are two types of interactions involved in heat transport: carrier-carrier interactions and 

carrier-defect interactions. These interactions are also known as scattering mechanisms, meaning that these 

interactions can cause changes in the wave frequency or direction of the heat carriers. There are two types 

of scattering: elastic and inelastic scattering. Elastic scattering changes the direction of the heat carriers 

without changing their frequencies, while inelastic scattering changes the frequencies as well as the 

direction of the heat carriers. 

 

In metallic materials, electrons dominate heat transfer in solids. The main scattering mechanisms 

are electron-electron scattering, electron-phonon scattering, and electron-defect scattering. It is assumed 

that electrons are infrequently scattered by other electrons, and hence electron-electron scattering plays 

only a minor role in heat transfer [4]. Electron-phonon scattering occurs between electrons and acoustic 

phonons, and electrons and optical phonons. When electrons are scattered by acoustic phonons, their 

frequencies are not significantly changed, though their direction and momentum is changed (elastic 
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scattering). When electrons are scattered by optical phonons, the exchange of energy during the process 

can significantly change their frequencies in addition to changing their direction and momentum (inelastic 

scattering). Electron-defect scattering results in the change of direction and momentum of the electrons, but 

not their frequencies (elastic scattering)[3]. 

In semiconducting and insulating materials, phonons dominate as heat carriers. Phonon scattering 

can be divided into three categories: phonon-defect, phonon-electron (mentioned in previous paragraph), 

and phonon-phonon scattering. Phonon defect scattering includes phonon-impurity, phonon-dislocation, 

and phonon-boundary interactions. The frequencies of the phonons remain unchanged during this scattering 

process (elastic scattering)[3]. 

 

Figure 2.4 Elastic scattering mechanisms of phonons. 

Phonon-phonon scattering is an inelastic process that changes the energy or frequency of the 

phonons. There are two types of phonon-phonon scattering processes: normal process and Umklapp 

process. The normal process scattering occurs when two phonons merge to form a single phonon (case A), 

or when a single phonon splits into two phonons (case B). In both cases, the frequencies of the phonon 

changes, but not the momentum, which result in almost no thermal resistance in the material5. The Umklapp 

process occurs when two phonons collide and produce a phonon that has a lower frequency and wave 

vector, K (case C). The momentum of the phonon is not conserved, contributing to thermal resistance in 

the material [6]. 
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Figure 2.5 Vectoral representation of phonon-phonon scattering. N-process conserves total phonon momentum, the 

U-process changes phonon momentum. Source: Wikipedia 

The scattering mechanisms mentioned are the fundamental means by which heat is transferred 

within a material, and are essential to understanding heat transfer within a nanostructured material. 

Although both elastic and inelastic scattering can contribute to thermal resistance, how much they 

contribute depends on their effect on the heat carriers. In general, scattering processes that change the 

direction of the heat carriers against the heat flux or change the momentum of the heat carriers will 

contribute to thermal resistance. 

Scattering mechanisms can be quantified using the relaxation time, τ which is described as the 

average time between collisions. Shorter τ means more scattering occurs. There are different expressions 

used to calculate τ based on the type scattering that occurs. It is convenient to express the combination of 

all the scattering mechanisms in a material as the effective relaxation time, τeff. An assumption often used 

is the Matthiessen rule, which adds up the scattering rates or the reciprocal of the relaxation times for 

different scattering processes as: 
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The equation essentially adds the thermal resistances posed by each scattering process. Thermal 

resistance is related to the reduction in thermal conductivity of nanoscale materials. Thus the key to 

reducing conductivity is to increase the scattering of heat carriers in the material. 

Thermal properties at Nanoscale 

Acoustic phonons play a major role to carry heat in solid materials, which are ion-core vibrations 

in a crystal lattice and electrons. Therefore, 

k = k𝑝 + k𝑒 

where, k𝑝 is the phonon contribution to thermal conductivity, k𝑒 is the electron contribution to 

thermal conductivity; k𝑒 is dominant in metals since metals have larger concentration of free carriers. The 

electrical conductivity is defined by Wiedeman-Frenz law as follows: 

𝑘

𝜎𝑇
=

𝜋2𝑘𝑏
2 

3𝑒2
 

where, σ is electrical conductivity, T is temperature, kb is the Boltzmann Constant, 𝑒 is the charge 

of an electron. Phonons dominate heat conduction in graphite which also has metal like properties [13]. It 

is due to the strong covalent sp2 bonding resulting in efficient heat transfer by lattice vibrations.  

To distinguish between diffusive and ballistic phonon transport is important. In the case of diffusive 

transport, the size of the sample, L, is much larger than phonon mean free path. When phonon mean free 

path is larger than L, the thermal transport is termed as ballistic. Fourier’s law assumes diffusive transport. 

Due to the crystal lattice anharmonicity, the thermal conductivity is called intrinsic. When the crystal is 

defect free, i.e., without defects and impurities, phonons cannot be scattered by other phonons and the 

intrinsic thermal conductivity reaches its limit [14, 15]. The thermal conductivity is limited by extrinsic 

factors such as phonon-rough-boundary or phonon defect scattering. The equation for phonon thermal 

conductivity is as follows: 

k𝑝 = ∑ 𝐶𝑗 ∫ 𝐶𝑗(𝜔) 𝑣𝑗 2(𝜔) 𝜏𝑗(𝜔) 𝑑𝜔 
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where, 𝑣𝑗 = 𝑑𝜔𝑗/𝑑𝑞 is the velocity of the jth branch, 𝜏𝑗 is the phonon relaxation time, 𝐶𝑗 is the heat capacity 

of the jth branch. 

In nanostructures, the phonon group velocity decreases due to the quantization of phonon energy 

spectra. There is a decrease in thermal conductivity due to the change in phonon energies, density of states 

and change in group velocity. In case of nanostructures, the thermal conductivity can be increased by spatial 

confinement of acoustic phonons [17, 18].  

In case of nanostructures, the mean free path of phonons is very high. In such cases, there is 

quantization of phonon spectra; hence, the thermal conductivity dependence on the physical structure 

becomes complicated [19]. 

The specific heat Cp depends on the density of states. Hence, specific heat depends on the 

dimensionality – i.e., 1D, 2D, or 3D structures which are also reflected in the thermal conductivity at low 

temperature. [20]. In the case of 2D materials, the thermal conductivity is directly proportional to square of 

temperature.  

The thermal diffusivity also plays an important role which determines how quickly the material 

will get heated. It is given by the following equation: 

𝛼 =  
𝑘 

𝐶𝑝𝜌𝑚
 

where, 𝜌𝑚 is the density of the material. The thermal conductivity which depends on phonons is also 

affected when the structure is three dimensional (3D). 
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Chapter 3 : Measurement of Thermal properties using the 3ω Method 

Measurement of Thermal Conductivity 

The 3ω method is a frequency domain thermal conductance method developed by Cahill [1]. The 

method was designed to measure the thermal conductance of thin film samples. The schematic setup of the 

sample is shown below. 



18 

 

 

Figure 3.1 Schematic arrangement of the sample for 3ω method 

The thin film sample is bonded to a dielectric substrate (usually silicon). A micropattern four-point 

metal film heater (usually gold) is deposited on the sample, where an AC current is applied along the narrow 

metal line of the heater as shown in Figure 1. Voltage readings are taken at the two points connected to the 

heater. The AC current source supplies a sinusoidal current with frequency ω, which can be expressed as: 

𝐼 =  𝐼0sin (𝜔𝑡) 

where Io is the amplitude of the AC current. The current produces joule heating in the heater 

expressedas: 

𝑞 = 𝐼2𝑅 =  𝐼0
2sin 2(𝜔𝑡)𝑅𝑠 

where Rs is the sample resistance without considering temperature effects. The expression above 

can then be simplified as: 

 

The current generates both DC heat and heat at 2ω frequency. This means that the temperature of 

the sample also fluctuates at 2ω with an amplitude of ∆T2ω. The temperature is typically out of phase of 

the generated heat by φ. The temperature fluctuation causes a small change in the resistance felt by the 
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sample, which is described by the temperature coefficient of resistance (TCR). The resistance of the sample 

is thus expressed as: 

 

The voltage drop across the heater is: 

 

 

By rearranging the V3ω component in equation 5.5, ∆T2ω can then be related to V3ω as: 

 

The transient heat equation with a heater of L length and 2b width is [2,3]: 

 

where p is the heater power, K is the wave vector, C is the sample specific heat, ρ is the sample 

density, and ks is the sample thermal conductivity.  

According to Cahill, if the heater is thin compared to the sample such that ≪1/b, the above equation 

can simplify to: 
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By taking the derivative of ∆T2ω with respect to ln(2ω), the thermal conductivity of the sample 

can be evaluated by: 

 

Using the above equation, the thermal conductivity of the sample can be evaluated based on the 

slope of ln(2ω) with respect to ∆T2ω. This is known as the “slope method”.  

Thus, by taking the slope of the experimentally measured ∆T vs ln(ω) curve, the thermal 

conductivity of the underlying substrate can be determined. Using the 3ω voltage measured at two 

frequencies f2 and f1, the thermal conductivity ks is calculated from the following equation: 

𝑘𝑠 =
𝑉1𝜔

3  𝑙𝑛(𝑓2/𝑓1) 𝑇𝐶𝑅

4𝜋𝐿𝑅 (𝑉3𝜔1 − 𝑉3𝜔2)
 

Sample and Setup 

          

Figure 3.2 Sample with heater. Gold wire bonded to heater. 

Figure 3:  
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Figure 3.3ω measurement setup 

 

Figure 3.4 Schematic Circuit Diagram of the 3w Experiments 

Results 

The thermal conductivity of the silicon sample was calculated at 300 K. The thermal conductivity was 

calculated from the data by a curve fitting method using MatLab (Appendix II).  
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Figure 3.5  3w voltage vs heater frequency 

 

𝑘𝑆𝑖 =
43𝑥 ln(

2002.49

199.5
) 𝑥 0.0034

4𝜋 𝑥 0.01𝑥 340 𝑥 (0.001365−0.001282)
 = 141.5187 W/mK 

The slope method is useful to quickly calculate the thermal conductivity of the sample from the 

frequency and V3ω data collected by through the 3ω method. The method is valid if V3ω is linearly 

dependent on ln(ω).  

Measurement of Thermal Resistance  

3ω method can be used to measure thermal resistance of various nanosystem. Such system contains 

a single heater that is also used to sense temperature through changes in its electrical resistance. This can 

be described by a linear thermal transfer function Z, relating the average temperature rise of the heater Ɵavg 

to the heat input Q. In the frequency domain, 

θω = Qω x Z 

where the ω subscript denotes Fourier-transformed quantities. In the time domain 
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θavg = Q(t) x Z 

For sinusoidal heating at frequency 𝜔 

𝑄(𝑡) =  𝑄0sin (𝜔𝑡) 

its temperature response is 

 

T(t) - T∞ = Q0[Re(Z) sin(𝜔𝑡) + Im(Z) cos(𝜔𝑡)] 

 

To link this thermal response with the electrical domain, let’s assume the heater is driven with a 

sinusoidal current, 

𝐼 =  𝐼0sin (𝜔𝑡) 

The voltages (rms) at the various harmonics n𝜔 can be expressed as [1] 

 

where Re0(T) = lim [V1𝜔/I1𝜔]I->0 is the zero-current electrical resistance at the temperature being 

measured, α(T) = (1/Re0)/(dRe0/dT ) is the temperature coefficient of resistance, I1𝜔,rms=𝐼1𝜔/√2, j = √−1, 

and Xn𝜔 and Y𝑛𝜔 are the in-phase and out-of phase electrical transfer functions. 

Expressions for all eight transfer functions (X𝜔, Yn𝜔, n = 0...3) are given in Table 1 [1].  

 

From the table it can be seen that the third harmonic voltages are directly proportional to the real 

and imaginary parts of the thermal transfer function at a single frequency. 
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The above equations show that the 3ω the in-phase and out-of-phase voltages are proportional to 

the real and imaginary parts of the thermal transfer function, respectively. Because they are a response to 

the Joule heating at twice the driving current, Z is probed at 2ω1[1]. 

The ac thermal impedances Z can be determined from the slope of the heater temperature rise versus 

power. It is common practice to omit the sign and plot the absolute value of these quantities [2]. 
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Differential 3w method 

The key concept of differential 3w method is to prepare a set of samples identical in every way 

except for varying the film thickness d. This ideally includes a control sample without any film (d = 0), as 

shown in Figure [2]. 

 

Figure 3.6 Differential 3w method. The plot shows a measurement of SiO2 films Ref. 3. 

An example can be found for graphene and silicon dioxide interface [4]. To facilitate the differential 

3ω measurements, sample was fabricated with two heaters in close proximity with identical heater patterns 

and etch depths: the primary pattern (“A”) which includes the graphene between the oxide layers, and a 

control pattern (“B”) with top and bottom oxide layers but no graphene.  

 

Figure 3.7 Sample fabrication for differential 3w method from Ref. 4 

For each sample the ac thermal impedances of the primary (ZA) and control (ZB) patterns are 

determined from the slope of the heater temperature rise versus power [1]. Subtracting the two impedances 

gives the differential thermal resistance due to the encased thin film: 

ZA−ZB = (Rg↔top ox+Rg↔bot. ox) − Rtop ox↔bot.ox. 

It was assumed that the thermal contact resistances from graphene to top and bottom oxides are 

identical (Rg↔top ox= Rg↔bot. ox= Rg↔ox),  and the contact resistance between the top and bottom oxide layers 
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in the control pattern were neglected (Rtop ox↔bot. ox⪡2Rg↔ox.). Thus, thermal resistance at graphene/oxide 

interface was calculated from: 

Rg↔ox =
1

2
 (ZA−ZB) 

Results  

From the following graphs the thermal resistance of the silicon sample was calculated 2.6×10−9 

m2 K/W at 300 K.  

    

Figure 3.8 3w voltage vs heater frequency 

The graphs presented above is also provides helpful checks that confirms that the 3w voltages scale 

with the cube of the 1w current, and that the frequency dependence of V3w,rms,in-phase=I31w,rms follows the 

form of const + ln(w) as expected[2].  Various difficulties such as poor connections or suboptimal lock-in 

settings may be identified through these checks. 

It was also helpful to perform the current sweep at one or more fixed frequencies, and obtaining 

the derivative d(V3w)/dI31w . This derivative is closely related to dTH/dQ[5]. This can be contrasted with the 

following relation to evaluates the ratio V3w/I31w. It is common practice to omit the sign and plot the 

absolute value of these quantities. In an ideal measurement, the derivative and ratio are equal.  
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This derivative approach offers the potential advantage of being insensitive to any offset 

or related errors in V3w or I1w.  It has been used to measure thermal resistances with a repeatability of around 

±0.2%.[5].  This method was used to measure the thermal resistance of a multiwalled CNT with liquid Ga 

contacts was measured from the slope of temperature rise as a function of the power dissipated in the hot 

wire. 

Conclusions  

                This work has experimentally demonstrated the thermal resistance of silicon sample (2.6×10−9 

m2 K/W) at room temperature by 3w method. The calculated thermal resistance was found within the same 

order of magnitude from literature [3,4].  
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Chapter 4 : Modelling of Thermal Resistance at Interface  

Introduction 

Heat transfer at solid-solid interfaces is an important consideration for nanostructured systems such 

as superlattices and MOS devices. In these types of systems, interfaces are formed between dissimilar 

materials. These can be interfaces between different materials or interfaces of the same material with 

different crystallographic orientations.  

Thermal resistance at solid-solid interface can dictate the overall thermal performance of a device. 

When the characteristic lengths of the device approach the mean-free-paths of the related thermal carriers, 

these interfaces provide additional sites for carrier scattering.[1,2]. Many early studies to quantify the 

phonon mean-free-path relied on assuming a single value regardless of phonon frequency or wavevector.  

However, it is more appropriate to consider the entire spectrum of mean-free-paths in a given material.[3–

5] For example, it has been shown that the mean-free-paths of phonons contributing to thermal transport in 

Si can span from a few Amgstoms to upwards of several microns.[6,7] This range of scales overlaps with 

that of the architectures typical of Si-based nanostructures and devices, thereby indicating that interfaces 

can be a primary source of thermal resistance in such systems. 

When phonons come into contact with the interface, they will either reflect off the interface, 

transmit through the interface, or undergo a combination of both. The occurrence of these events can scatter 

the phonons and create a resistance to the heat flux known as the thermal resistance at interface. 

 

Figure 4.1 Phonon interactions with interface, reflection and transmission 
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The heat flux through the interface from material 1 to material 2 can be described by the following 

expression: 

 

where ħ is the reduced Planck’s constant, N (ω, T) is the phonon density of state, c1,j is the speed 

of sound for material 1, α1→2 is the transmission coefficient, θ is the incident angle of the phonon, and j is 

the polarization of the phonons.  

The materials at the interface are assumed to be Debye solids with the generalization that 

the longitudinal and transverse speeds of sound are different, N1,j(ω, T) for frequencies below the Debye 

cutoff frequency, ωD is: 

 

where kB is the Boltzmann constant.  

For the heat flux from material 2 to 1, the thermal conductance at interface can be written as: 

hBd = 
1

Rint

 = 
𝑑𝑞

𝑑𝑇
 

 

Where Rint is the thermal resistance at interface. The thermal resistance at interface can thus be 

calculated once the transmission coefficient α1→2  is determined. 

Modeling approach for Thermal Resistance at interface 

There are two models that have been used to quantify the thermal resistance at interface: the 

acoustic mismatch model (AMM) and the diffuse mismatch model (DMM).  
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Acoustic Mismatch Model (AMM) 

AMM considers all phonons as plane waves traveling through continuous medium and thermal 

resistance as the result of differing acoustic properties of the materials at the interface. By assuming that no 

scattering takes place at the interface, the transmission coefficient, α1-2, for the phonon energy in material 

1 incident normal to the interface with material 2 is given as: 

 

where Z = ρc is the acoustic impedance, with c and ρ being the speed of sound (acoustic phonon 

velocity) and mass density of the material, respectively. 

 If the materials at the interface are the same, such as Si/Si interface, the transmission coefficient is 

equal to 1. This means that if the materials at the interface are the same, all phonons will transmit through 

the interface. 

Diffuse Mismatch Model (DMM) 

DMM assumes that all phonons are diffusely scattered at the interface, and that the phonons striking 

the interfaces loses “memory” of where they came from [1]. Therefore, the probability of the phonon 

scattering to one side of the interface is proportional only to the phonon density of states on that side (α1→2 

= 1- α2→1). In addition, the number of phonons leaving material 1 is equal to the number of phonons leaving 

material 2. Therefore, by balancing the heat flux equations from material 1 and material 2, the transmission 

coefficient can be derived as: 

 

where N1,j(ω,T) and N2,j(ω,T) are the phonon density of states on side 1 and 2, respectively. Using 

the Debye approximation, the above equation becomes: 
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According to this model, if the materials at the interface are the same, such as Si/Si, the transmission 

coefficient is 0.5. This means that only half of the phonons will be transmitted through the interface even 

though the materials on each side are the same. 

Comparison between AMM and DMM 

The transmission coefficient calculated by DMM is a factor of 2 lower than the transmission 

coefficient calculated by AMM. Therefore, theoretically the thermal resistance at interface calculated by 

DMM is a factor of 2 higher than that calculated by AMM. 

However, it has been observed through experiments that the actual thermal resistance at interface 

between two materials is between that calculated by DMM and AMM [2]. Therefore, DMM and AMM 

calculate the upper and lower limits of the thermal boundary resistance, respectively. DMM is more 

appropriate than AMM to model interfacial heat transfer except for the most perfect, epitaxial interfaces 

between materials [3]. Only for ideal epitaxial interfaces is AMM thought to be more appropriate because 

of the need to consider coherent reflection at the interface [3]. 

Results  

The thermal resistance at the interface between Si/Si was calculated from 50K to 500 K using both 

AMM and DMM.  
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Figure 4.2 Calculated thermal conductance and thermal resistance at interface of Si/Si using AMM/ DMM   

    

Next, the thermal conductance at the interface between Au/Si was calculated from 50K to 300 K 

using both AMM and DMM. The materials parameter used for this calculation is presented in the Appendix 

II.  

 

Figure 4.3 Calculated thermal conductance at interface of Au/Si using AMM/ DMM   

 

The calculated results were found to be a good match with the original work by Swartz and Pohl 

[4]. The table of Figure 3 shows calculated low-temperature AMM/DMM thermal resistances at interfaces 

and for several interfaces. The numbers reported are RintT
3 with units K4/(W/cm2). From the table it can be 
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seen that the ratio of AMM/DMM is 1.25. In this report the ratio was found to be 1.27, which is fairly close 

to the value reported in the paper.  

However, the thermal conductance at Au/Si interface were reported experimentally, from a range 

of 43 to 119 MWm-2K-1 at room temperature, respectively [2]. 

Conclusions  

             This work has theoretically demonstrated the thermal resistance at interface of Si/Si and Au/Si 

from 50K to 500K by AMM/DMM. The calculated value was found a good match with literature [5].  

After calculating thermal resistance at interface, the effective thermal conductivity of the sample 

as a result of the interface resistance can be theoretically calculated. There are analytical models that can 

be used for this calculation [4]. 

Next step would be to model thermal conductance at interface between graphene/oxide interface. 

This is particularly challenging because the of the amorphous nature of oxides and the highly anisotropic 

properties of the graphene. Modifications to the AMM/DMM are required to account for mixing at 

interfaces between isotropic/anisotropic materials and contribution of inelastic scattering. 

Modification of AMM/DMM for interface between 2D and 3D materials 

DMM for isotropic 3D solids 

The primary assumptions of the diffuse mismatch model (DMM) are that all incident phonons 

scatter diffusely and elastically at the interface between two materials. The probability of a phonon diffusely 

scattering across the interface is related to the occupied density of states, the phonon group velocity, and 

the phonon energy on each side of the interface. The elastic-only assumption included in the development 

of the DMM enforces that the upper limit for all integrals is the cutoff frequency of the material with the 

lower maximum vibrational frequency. The transmission coefficient from side 1 to side 2, which describes 

this probability, is given by 
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where j is a particular polarization, is the phonon frequency, ωD  is the cutoff frequency, v  is the phonon 

group velocity, D is the density of states, and fBE is the Bose–Einstein distribution.  

For an interface consists of three-dimensional isotropic Debye solids, simplifications to α1-2 can 

be made by substituting Debye density of states as 

D3D(ω,ν)=
𝝎𝟐

𝟐𝝅𝟐𝒗𝟑 

 

Integration over ω for α1-2 gives frequency independent transmission coefficient. 

 

This form of α is identical to Chapter 5. DMM gives the following expression for hBD: 

 

While the DMM expression can provide an estimate of hBD due to the difference in vibrational 

properties between the two interface of isotropic 3D materials, it can largely over or underpredict 

experimentally determined values for many interfaces [1,2]. Therefore, modification of the DMM is 

required for interface between an isotropic and an anisotropic material. Here an example is given for 

graphene (2D) and Silicon (3D), which can be used for other materials by changing intrinsic properties.  

Modification for 2D materials 

The modification of the DMM for interfaces between 3D material and 2D materials consider the 

following assumptions:  
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Interlayer bonding between 2D and 3D material is van der Waals type. For example, the dispersion 

diagrams of graphite show acoustic interlayer vibration is one to two orders of magnitude lower than the 

maximum longitudinal and transverse acoustic vibrational frequencies within the in-plane, as shown in 

Figure  [3]. 

   

Figure 4.4Phonon dispersion diagrams of graphite. Acoustic interlayer vibrations at frequencies below 3 

THz is one to two orders of magnitude below the maximum longitudinal and transverse acoustic 

vibrational frequencies within the in-plane. 

At elevated temperatures, the number of populated vibrational modes within the in-plane far 

exceeds the number of interlayer modes, as evident by the dispersion diagrams of graphite [5] and the low 

temperature at which interlayer modes saturate [4]. Therefore, the vibrational spectrum of each layer can 

be described by a two dimensional Debye density of states: 

D2D(ω,ν)=
𝝎

𝟐𝝅𝒗𝟐
 

Under this model, the phonon group velocities for each polarization in the direction of transport 

were considered to calculate both α and hBD [6]. However, only the in-plane phonon velocities were used 

when calculating the density of states. This is because here graphene is treated as an independent 

twodimensional subsystem and its vibrational states are dictated by its two-dimensional properties, or under 

the Debye approximation, the in-plane phonon group velocity.  

Thus, α1→2  where 3D solid is on side 1, and 2D sheet material is on side 2, becomes 
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α1→2  = 
∑ ∫ 𝒉𝝎 

𝝎𝑫,𝒋

𝟎
𝟑
𝒋 𝒗𝟐,𝒋 𝑫𝟐𝑫(𝝎,𝒗𝒂,𝒋) 𝒇𝑩𝑬 𝒅𝝎

∑ ∫ 𝒉𝝎 
𝝎𝑫,𝒋

𝟎
𝟑
𝒋 𝒗𝟐,𝒋 𝑫𝟐𝑫(𝝎,𝒗𝒂,𝒋) 𝒇𝑩𝑬 𝒅𝝎+∑ ∫ 𝒉𝝎 

𝝎𝑫,𝒋

𝟎
𝟑
𝒋 𝒗𝟏,𝒋 𝑫𝟑𝑫(𝝎,𝒗𝟏,𝒋) 𝒇𝑩𝑬 𝒅𝝎

 

After simplification, the above equation becomes 

α1→2  = 
∑𝟑

𝒋 𝒗𝟐,𝒋/𝒗𝒂,𝒋
𝟐 𝝎𝑫,𝒋

∑𝟑
𝒋 𝒗𝟐,𝒋/𝒗𝒂,𝒋

𝟐 𝝎𝑫,𝒋+∑ 𝟏𝟑
𝒋 /𝟐𝝅𝒗𝟏,𝒋

𝟑 𝝎𝑫,𝒋
𝟐
 

  

Applying this modification hBD can be calculated by Eq. in the first page of the chapter,  Figure 1 

shows hBD as a function of temperature from 50 to 500 K for the Si-graphene interface.  

 

Figure 4.5 Calculated thermal conductance at interface of Si/graphene using modified DMM   

 

The predicted value is over an order of magnitude lower than for the Si-Si interface. This result 

seems reasonable, as the thermal conductivity and hence the phonon group velocity is much higher at 3D/3D 

interface compared to 3D/2D interface. However, no experimental report of graphene-Si were found in 

literature. One reason is that thin layer of SiO2 forms on top of Si, which makes it difficult to transfer 

graphene on bare Si wafer. The room temperature hBD for Au/Ti/graphene /SiO2 has been reported between  

20 MW/m2K to 30 MW/m2K [7]. This is within the same order of magnitude of the results reported here. 

However, DMM assumes that phonon scattering are elastic-only, which significantly limit the number of 
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phonons that can participate in transport at the interface. Still, the accuracy of this model is quite good when 

considering the order of magnitude error often associated with the DMM [1]. 

Modification of AMM for interface at 2D/ 3D materials  

Previous AMM for isotropic solids assumes interfaces are coherently in contact by very strong 

bond at the interface. For weak bonding of atoms at the interface such as Van der Waals force of 2D 

materials, the assumption of coherent contact is not valid. Equation (7) does not include any parameter 

related to the strength of the bond between the atoms at the interface. Therefore, modification of traditional 

AMM is required to incorporate the Van der Waals bonding parameters.  

 
Figure 4.6 Schematic representation showing that two materials at interface are connected by the weak 

springs due to Van der Waals forces. 

 

For a typical interface between 2D material 3D material (Fig.3), we use the Lennard-Jones (LJ) potential 

to describe the Van der Waals interaction between a pair of atoms [16]: 

𝜑(𝑟) = −4𝜀 [(
𝜎

𝑟
)

6

− (
𝜎

𝑟
)

12
]                 (10) 

where 𝜑 is LJ potential, 𝜀 is a parameter determining the depth of the potential well and 𝜎 is a length scale 

parameter and 𝑟0=21/6𝜎 is the equilibrium nearest neighbor atomic separation. 

Under the harmonic approximation, the spring constant K between a pair of atoms is given by [17]: 

𝐾 = (
𝜕2𝜑

𝜕𝑟2
)

𝑟=𝑟0

=
72 𝜀

21/3𝜎2                            (11) 

Therefore, the transmission coefficient of acoustic waves for shown in Fig. 3 can be derived as [17] 
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α1→2, AMM  = 
𝟒 𝒛𝟏 𝒛𝟐  𝒄𝒐𝒔𝜽𝟏 𝒄𝒐𝒔𝜽𝟐

(  𝒛𝟏  𝒄𝒐𝒔𝜽𝟏+  𝒛𝟐 𝒄𝒐𝒔𝜽𝟐) 𝟐+
𝝎𝟐

𝑲𝟐(  𝒛𝟏 𝒛𝟐 𝒄𝒐𝒔𝜽𝟏 𝒄𝒐𝒔𝜽𝟐) 𝟐
                      (12) 

Here we see that for interface with isotropic solids, i.e., K→∞  or ω →0, then Eq. 12 reduces to Eq. 7.  

As an example, calculations have been performed for Si and graphene because of the availability of 

experimental data on for these materials. Figure 5 shows thermal boundary conductance of Si/graphene 

using AMM. 

 

Figure 4.7 Calculated thermal conductance at interface of Si/graphene using AMM 

Conclusion 

In summary, we have presented modified phonon acoustic mismatch and diffusive mismatch 

models for 2D materials and 3D materials interfaces. We observed a decline of heat conduction across 

2D/3D interfaces under these models. These models establish an upper and lower limit for heat conduction 

by phonon scattering across interfaces. We offer clarifications to the diminish in the thermal conductance 

of 2D materials interfaces, i.e., Van der Waals bonding and reduced density of states. Our analysis suggests 

that the enhancement of heat conduction across 2D/3D interfaces depend upon choice of thin films, 

interface bonding and geometry. Thus, our results could lead to a convenient approach to control phonon 

transport in future energy efficient thermal devices.  
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Chapter 5 Total Thermal Resistance of 2D Material Based device 

Introduction 

With the proposed use of 2D materials in electronic, optoelectronic and thermoelectric device 

applications1-10, interfaces between the materials and their substrates may be a potential bottleneck for heat 

flow 11-15. This is from the point of view that the dimensionality and related volume of a 2D material is 

similar to the interface. Broadly, when a 2D material is grown on or transferred onto a 3D substrate, van 

der Waals (vdW) forces at the interface is typically three orders of magnitude lower than strong, e.g., 

covalent bonding 16,17. Such weak coupling leads to a temperature drop across the interface (T), which for 

a given thermal energy transfer (= Q), yields a thermal resistance (Rth = T/Q) to heat flow across the 

interface. The inverse of the Rth is the thermal boundary conductance (TBC), which per unit area, would 

have the units of W/m2.K. Broadly, the net Rth is constituted from both (a) the 2D, and the (b) degree of 

coupling15 between the 2D materials and the substrate. We focus on the in-plane  (=𝜅|| ) as generally the 

cross-plane  ( = 𝜅⊥ ) is much smaller than the in-plane value, e.g., in graphite, where the cross-plane value 

of 6 W/m.K is three orders of magnitude smaller than the in-plane value of  2200 W/m.K, mostly due to 

weak interlayer coupling strength40. The in-plane 2D is expected to be a strong function of the constituent 

phonon dispersion1,8,23, and may also be influenced by their configuration (monolayer vs. multilayer) and 

their termination, e.g., whether the edges are zigzag, armchair, etc. The experimental determination of 2D 

is also critically dependent on the methodology of measurement, i.e., suspended16, supported17, contact34, 

non-contact22  etc.  

Generally, the 2D of popular 2D materials both in isolation (i.e., in a suspended form), e.g., 

graphene, transition metal dichalcogenides (TMDCs), MXenes etc. as well as on substrates have been 

widely reported16-19 and are summarized, through a literature survey, in Figure 1. The related lattice thermal 

conductivity is formally expressed through:  

2D = 
1

𝑉
∑ 𝐶𝑖,𝑞𝑖 𝑣𝑔𝑖,𝑞

2𝜏𝑖,𝑞 
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Here Ci,q is mode related specific heat capacity, vg i,q is phonon group velocity and τi,q is relaxation 

time of i phonon mode along q direction. There is also a correlation of the thermal conductivity with the 

Grüneisen parameter (γ) (typically in the range 1-356 which is a measure of the extent of lattice 

anharmonicity, e.g., a large γ may yield an ultralow κ 27.As in Figure 1 (a), materials with low thermal 

conductivity materials such SnSe, have low average vg (1420 m/s). and large γ (3.3)1,25. Alternately, for 

graphene, the higher vg (of ~ 3200 m/s) and smaller γ (1.99) leads to higher 2D
  20,28. Additionally, lighter 

atoms, yield higher vg and together stronger bonding stiffness, as in a covalent bond, lead to higher 2D
 24,29,  

e.g., compound 2D materials with lighter elements, such as P or S, have higher 𝜅||
 compared with those 

with heavier elements, such as Se or Te.  For example, 2D
 of WS2, WSe2 and WTe2 decrease successively 

in the order 124 W/m.K, 40 W/m.K and 9 W/m.K, respectively27. The thermal conductivity of 2D materials 

also depend on anisotropy, as indicated in Figure 1 (b). The typically lower value of the 𝜅⊥ can be attributed 

to weak interlayer bonding, which leads to reduced vg cross-plane. Crystallographic symmetry can also 

yield varying 𝜅|| , e.g., ReS2, and Te (Tellurium) in Figure 1b show higher 𝜅|| at higher (longitudinal) 

symmetry8,26. The through plane thermal conductivity 𝜅⊥seems to be relatively unaffected by in plane 

symmetry (longitudinal and transverse) probably due to vg along the through plane direction for both 

orientations remains same. (e.g. vg=2360 m/s for ReS2 longitudinal and transverse26 . 
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Figure 5.1 Thermal conductivity of 2D materials. (a)  In plane thermal conductivity (𝜅|| ,) of 2D layered 

materials from experimental measurements at room temperature. Classifications of 2D materials are 

indicated by different symbols. The data are taken from graphene (suspended)16, graphene (supported) 17, 
h-BN22, WS2

23,24, MoS2
25–27, ReS2

28, Blue P29, WSe2
30, MoSe2

31, Silicene32, Stanene33, WTe2
34, HfTe2

35, 

ZrTe5
35, BCN36, InSb2

37, Te8, SnSe38, and SN2Bi39. (*) indicate theoretical calculation (b) Thermal 

conductivity of 2D materials whose in-plane and through-plane conductivity have been experimentally 
determined.  The data are taken from graphite40, WS2

23, ReS2
28, MoS2

25-27, WSe2
30, MoSe2

31, HfTe2
35, 

ZrTe5
35, Te8, SnSe38, and WTe2

34. 
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Figure 5.2Comparison of Thermal boundary conductance at (a) 2D/3D and (b) 3D/3D interfaces.  Black 

solid lines are calculated thermal boundary conductance by DMM. Colored points are experimental data 
near 300 K. Dashed lines are Equivalent thickness of SiO2.  We observed TBC of graphene/SiO2 is lower 

than Si/SiO2 interface 

 

 

When the 2D layers are placed on substrates, the measured TBC for 2D related interfaces is reported 

in a wide range due to the differing phonon transmission rates at these dimensionally mismatched interfaces. 

For example, for a single and multilayer graphene/SiO2 the TBC is in the 25-50 MW/m2.K 22, higher in 

multilayer, (where additional  layers enhance interfacial transmission through additional flexural phonon 

branches11. TBC also seems to depend on process parameters such as material deposition rate and base 

pressure23 e.g.  for Ti/graphene, the TBC is in the range of 32-65 MW/m2.K. Generally, low base pressure 

and fast deposition rate seems to improve TBC by increasing phonon transmission since at these conditions 

the substrate found to be less defective23. Fast deposition rate can lead to more defects on substrate.23 These 

defects cause phonon scattering and reduce the phonon transmission and hence reduce TBC. More 

important TBC determining parameters are related to (a) phonon frequency mismatch at interface, (b) 

interface quality and cleanliness, and (c) interface bonding, which have been shown to alter the TBC  by 

50% or more6,36-38.  
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In this work, we investigate the parameterization of the Rth of 2D material-oxide-substrate stack for 

possible utility in nanoscale device, and indicate that the interface of the 2D material - substrate is dominant. 

We focus on the graphene-SiO2-Si stack, while discussing the choice of alternate 2D materials and 

substrates, with respect to reduced Rth.  Our analysis provides a guideline for efficient thermal design and 

heat management of 2D material-based devices.   

 

Results and Discussion 

The component-wise contribution to the total Rth of the single layer graphene (SLG)-SiO2-Si stack 

in Figure 3. The net Rth of the SLG/SiO2/Si stack was modelled through a series resistance approach:  

𝑅𝑡ℎ,𝑡𝑜𝑡𝑎𝑙 = 𝑅𝑡ℎ,𝑆𝐿𝐺 + 𝑅𝑡ℎ,𝑆𝐿𝐺/𝑆𝑖𝑂2
+ 𝑅𝑡ℎ,𝑆𝑖𝑂2

+ 𝑅𝑡ℎ,𝑆𝑖/𝑆𝑖𝑂2
+ 𝑅𝑡ℎ,𝑆𝑖  

Here, 𝑅𝑡ℎ,𝑆𝐿𝐺  is the intrinsic resistance of SLG,  𝑅𝑡ℎ,𝑆𝐿𝐺/𝑆𝑖𝑂2
is the resistance of the SLG/SiO2 interface, 

𝑅𝑡ℎ,𝑆𝑖𝑂2
 is the intrinsic resistance of SiO2, 𝑅𝑡ℎ,𝑆𝑖/𝑆𝑖𝑂2

is the resistance of Si/SiO2 interface, and 𝑅𝑡ℎ,𝑆𝑖  is the 

intrinsic resistance of Si. The 𝑅𝑡ℎ,𝑆𝐿𝐺(= t/𝜅2𝐷,⊥), where t is the effective SLG thickness of ~ 0.34 nm and 

with 𝜅2𝐷,⊥= 6 W/m.K,  contribution to the net Rth is smaller by around two orders of magnitude compared 

to the other components.  For example, the intrinsic Rth of for monolayer thickness (t = 0.34 nm) is ~5×10−11 

m2.K/W – also see sensitivity contour plots for the intrinsic in Figure S1. The 𝑅𝑡ℎ,𝑆𝑖𝑂2
 was estimated from 

the ratio tSiO2/𝜅𝑆𝑖𝑂2, to be of the order of 2 × 10-8 m2.K/W – also see Figure S2 related to the variability54 

of 𝜅𝑆𝑖𝑂2. 

We estimated the 𝑅𝑡ℎ,𝑆𝐿𝐺/𝑆𝑖𝑂2
and the 𝑅𝑡ℎ,𝑆𝑖/𝑆𝑖𝑂2

as ~ 5×10−8 m2.K/W and ~ 2.6×10−8 m2.K/W using 

the Diffuse Mismatch Model (DMM)50, through first computing the TBC. The TBC between two materials 

can be generally expressed as 

𝑇𝐵𝐶 = ∑ ∫ ℏ𝜔 𝑣𝑗,1
𝑑𝑓(𝜔,𝑇)

𝑑𝑇
𝐷(𝜔)𝛼 𝑑𝜔

𝜔𝑚𝑎𝑥,𝑗

0𝑗      (1) 
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where ħ is the reduced Planck’s constant, 𝜔 is angular frequency, 𝑣 is the phonon velocity, 𝑓 is the Bose-

Einstein distribution function, T is the temperature, 𝐷(𝜔) is the phonon density of states (DOS), α is phonon 

transmission coefficient from material 1 to material 2 (which ranges from 0 to 1) and is DOS dependent in 

DMM.  

Here j refers to phonon polarization of each acoustic phonon (longitudinal and transverse) branch. 

We neglect optical branches as they were not considered to contribute much51 (e.g., 12% for Si55) in phonon 

transport due to their group velocity and short lifetimes relative to acoustic phonons51.  The maximum 

frequency (𝜔max,j. The transmission coefficient is defined as  α = H2/ (H1+H2), where H is the incident 

phonon flux from the corresponding material. 

𝐻 =
1

4
∑ ∫ ℏ𝜔 𝑣𝑗,1𝑓(𝜔, 𝑇)𝐷(𝜔)𝑑𝜔

𝜔𝑚𝑎𝑥,𝑗

0𝑗       (2) 

For Debye isotropic solids like Si and SiO2, where iso-surface energy is spherical, TBC can be 

calculated using eq 1 and eq. 2. 

A truncated Debye model was assumed along with a linear dispersion for phonons57. The cutoff 

frequencies of the longitudinal acoustic (LA) and transverse acoustic (TA) phonon modes was considered 

at the Brillouin zone (BZ) boundary in the [100] direction. It was assumed that scattering at the interfaces 

is elastic and allow mode conversion50 at the interfaces. For graphene/SiO2 we follow the suggestions of 

DOS modification from Duda et al.44, anisotropic phonon dispersion modification from Chen et al.45 and 

phonon group velocity modification from Li et al.46 for anisotropic layered materials, discussed in the 

following sections.  

We considered the related (a) phonon density of states: 𝐷graphene(𝜔), (b) anisotropic phonon 

dispersion, as well as the (c) realistic phonon group velocity (vg).  

The 𝐷graphene(𝜔), was estimated as conforming to a 2D system44, and may be derived to be = 𝜔/(2π2v,j 

2d), where is d (~ 0.34 nm) is interlayer spacing of graphite. Here, only the in-plane vg were used to calculate 
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the DOS, while the though plane vg for each polarization in the direction of transport were considered to 

calculate α and TBC44. The values of in plane and through plane vg are listed in Table S1.  

 

An anisotropic phonon dispersion relevant to 2D materials45, of the form: ω2 = va
2ka

2 + vb
2kb

2 + 

vc
2kc

2,  was used where a and b refer to the basal plane axes and c refers to the out-of-plane axis. It was 

assumed for graphene that va = vb. Such a modification results in an ellipsoidal Brillouin zone. In the 

evaluation of phonon flux for TBC of LA, TA, and ZA phonons, we follow Chen et al. 45 to consider the 

quasi-LA and quasi-TA modes, as TL1 and TL2 quasi-modes. The TL1 (/TL2) branch is constituted from 

TA (/LA) phonons along the c axis and LA (/ZA) phonons in the ab plane, respectively45. The corresponding 

vg and ωcutoff are given in Table S1. 

A piecewise (PW) linear approximation for the ZA branch. The phonon velocity for the LA and 

TA phonons were calculated from  linear dispersion of the corresponding branches, where phonons of 

wavevector up to cutoff  frequencies were assumed to have a fixed velocity derived from the elastic 

constants46, i.e., with C11= 1060 GPa, C44= 4.2 GPa, C66 = 450 GPa.  The cut frequencies for eq. 3 and eq. 

4 were truncated at the first BZ boundaries, with the cut-off along the ab plane obtained from the average 

of phonon frequencies at the high-symmetry M and K points46, and that along the c axis obtained from the 

high symmetric A՛ point (see Figure S3) after unfolding the phonon dispersion along the c axis46. The 

unfolding was done in real space by cutting the four-atom-basis primitive unit cell in half along the c axis 

to form a unit cell with a two-atom basis45. 

vg for ZA phonons were calculated by applying a PW linear function to approximate the quadratic 

phonon dispersion46, e.g., the branch corresponding to ZA phonons were divided into two linear segments, 

with the phonon velocity calculated (i) from C11, in the first segment and  (ii) from a fitted to the 

experimental dispersion. The second cutoff frequency was derived from the averages of the phonon 

frequencies and wavevectors at points M and K at the FBZ boundaries46. The first cutoff frequency was 
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determined from the intersection of two lines in the piecewise linear dispersion46. The corresponding vg , 

kcutoff and ωcutoff  are given in Table S1. 

The phonon velocity modification provides a more accurate results than the “secant” method (i.e., 

from the slope of the line connecting the Γ point to the end of the first BZ since at low frequency the ZA 

branch has a quadratic dispersion, while the TA and LA branches have a linear dispersion: see Figure S3. 

Furthermore, the cut-off frequencies are determined by truncating at the first Brillouin zone boundaries 

from the real52 phonon dispersion (see Figure S3) rather than just the Debye approximation. The related 

phonon flux of each branch of graphene can be expressed as, 

𝐻 𝑇𝐴/𝑇𝐿1 = ∑
𝑘𝑏

4

8𝜋2ℏ3  {
1

𝑣𝑎𝑏,1
2 ∫

𝑇4𝑥3

𝑒𝑥−1
𝑑𝑥 + ∫ [

𝜃𝐷,𝑎𝑏,𝑗
2 𝜃𝐷,𝑐,𝑗

2

𝜃𝐷,𝑎𝑏,𝑗
2 − 𝜃𝐷,𝑐,𝑗

2

𝑇2𝑥

𝑒𝑥−1
−

𝜃𝐷,𝑐,𝑗
2

𝜃𝐷,𝑎𝑏,𝑗
2 − 𝜃𝐷,𝑐,𝑗

2

𝑇4𝑥3

𝑒𝑥−1
] 𝑑𝑥

𝑥𝑚𝑎𝑥,𝑎𝑏,𝑗

𝑥𝑚𝑎𝑥,𝑐,𝑗

𝑥𝑚𝑎𝑥,𝑐,𝑗

0
}𝑗  

….(3) 

𝐻 𝑇𝐿2 = ∑
𝑘𝑏

4

8𝜋2ℏ3  {
1

𝑣𝑎𝑏,1
2 ∫

𝑇4𝑥3

𝑒𝑥−1
𝑑𝑥 +  

1

𝑣𝑎𝑏,2
2  [∫

𝑇4𝑥(𝑥−∆𝑥)2

𝑒𝑥−1
𝑑𝑥

𝑥𝑚𝑎𝑥,𝑐

𝑥𝑚𝑎𝑥,𝑎𝑏,𝑗
+

𝑥𝑚𝑎𝑥,𝑎𝑏,1

0𝑗

∫ [

ℏ2𝑣𝑎𝑏,2
2 𝑘𝑎𝑏,2

2

𝑘𝐵
2𝑇2

−𝑥(𝑥−∆𝑥)2

ℏ2𝑣𝑎𝑏,2
2 𝑘𝑎𝑏,2

2 𝑥2

𝑘𝐵
2𝑇2𝑥𝑚𝑎𝑥,𝑐

2
−𝑥(𝑥−∆𝑥)2

𝑇4𝑥(𝑥−∆𝑥)2

𝑒𝑥−1
𝑑𝑥]
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where 𝜃D,j  is the Debye temperature, 𝑣ab,1 and 𝑣ab,2, are the phonon velocities and 𝑘ab,1 𝑘ab,2 are cut-off 

wavevectors (determined by using the relationship 𝑘ab
2𝑘c=6π2η, where η is number density of primitive unit 

cells 45) corresponding to the first and second segment of ZA branch , 𝛥𝑥 = ℏkab,1(vab,1 - vab,2)⁄𝑘B𝑇. The 

parameters used in this model are listed in Table S1. 

Using the modified anisotropic DMM, it was found, that at room temperature, the TBC values were 

~ 20 MW/m2.K (for SLG/SiO2) and ~ 38 MW/m2.K (for Si/SiO2) interface, respectively. These values are 

in close accord with the experimentally determined values22,37 of 25 MW/m2.K for SLG/SiO2 and 48 

MW/m2.K for Si/SiO2, respectively. We note that TBC of graphene/SiO2 in an alternate experimental 
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report34 (indicated by unfilled red points in Figure 2 (a)) were estimated on graphene encapsulated with 

SiO2 both on the top and bottom and exhibits higher TBC compared to bare graphene/SiO2. 

In Figure 2 we show our results and compare with various experimental TBC of 3D/3D and 2D/3D 

solids, taken from literature, from which it is seen that the interfaces in the former case have a larger TBC. 

For example, the TBC of graphene/SiO2 near room temperature (~ 25 MW/m2.K) is half that of Si/SiO2 

interface ( ~ 48 MW/m2.K). The measured TBC in the former case is equivalent to the thermal resistance 

of ~ 56 nm thick amorphous SiO2, assuming a SiO2 of 1.4 W/m.K. In comparison, the equivalent Rth of most 

3D/3D solids yields an equivalent SiO2 thickness in the range of ~10-30 nm. While diamond exhibits one 

of the highest thermal conductivity of 3D solids (~ 2200 W/m.K), it bonds very weakly with other materials 

at interface, which leads to very low TBC (see Figure 2).  

 

The experimentally reported highest TBC is 14 GW/m2.K for Pd-Ir58 and lowest TBC is 6 M W m−2 

K−1 for graphene/diamond14 (Figure 2) . These two examples can be treated as upper limit and lower limit 

of TBC. Generally, a metal-metal interface, such as the Pd-Ir has highest TBC, as electronic conduction is 

more significant than lattice thermal conductivity. The lower end of TBC occurs typically with those 

materials of highly dissimilar lattice spectra, with anharmonic process dominating the heat flow at interface. 

Generally, the value of TBC of 2D/3D is a factor of two smaller compared to the 3D/3D case. 

Here we note that experimental TBC can be modulated by both extrinsic and intrinsic factors. Examples 

of the former may be related to the deployed experimental techniques, such as (a) applied pressure between 

the disparate materials, which increases the TBC, e.g., a linear increase was seen for 2D/3D interface3,35 

under a pressure of 8 GPa, as related to Al/graphene/SiO2/SiC from 30 MW/m2.K to 200 MW/m2.K, (b) 

layer encapsulation, e.g., the TBC of (bare) graphene on bulk SiO2 substrate was increased three-fold by 

encapsulating the graphene with 30 nm SiO2
34; here, the additional layer increases the coupling of 2D 

material’s low frequency flexural mode43 with the encapsulating layer’s surface phonon mode increasing 

the TBC. (c) chemical functionalization, yielding covalent bonding at the interface, e.g., treating graphene 
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with oxygen36, (d) interface roughness and cleanliness, e.g., the TBC of SiC/SiO2 at ~12  MW/m2.K is a 

factor of four lower than Si/SiO2
37, due to a larger surface roughness of the SiC (~3-5 nm), along with large 

number of vacancy defects, causing an increased phonon scattering, (e) fabrication techniques, e.g., 

graphene on substrate has a lower TBC by ~ 35% compared to transferred graphene38, perhaps due to a 

better conformity in the former case. It was also seen that annealing of the transferred graphene can give 

similar improvement in the TBC36, perhaps due to an enhanced contact area between 2D material and 

substrate. 

Intrinsic factors are related to the details of the vdW layer interactions, where additional layers to 

the monolayer moiety could increase the TBC, e.g., the TBC of multilayer graphene/SiO2 was recorded to 

be ~ 50 MW/m2.K – a factor of two increase from that for monolayer graphene22. Additional layers act as 

a superstrate and enhance interfacial transmission through additional flexural phonon branches. A similar 

trend was observed for MoS2 and WSe2
6,39 where TBC of monolayer MoS2/SiO2 (11.5 MWm-2K-1 at 

monolayer increased and then saturated at 13 MW m−2 K−1, at three layers due to the contribution from 

additional flexural phonon branches6. Other intrinsic factors relate to surface38, as well as interfacial 

bonding36. 

 

A low TBC at the interface of graphene/SiO2 may be due to the low probability of phonon 

transmission from SiO2 to graphene, due to the smaller number of phonon modes in SiO2 (at < 4 THz) and 

the frequency mismatch, both of which result in reduced heat coupling across the interface.  Moreover, the 

flexural mode of the graphene (ZA in Figure S3) has a quadratic dispersion with reduced phase velocity 

matching possible across the interface. The correlation of TBC and dispersion relation reveals potential 

design trade-offs between efficient heat flow in graphene-based device. Although graphene is cited for 

superior thermal properties, it presents a high thermal resistance due to the phonon dispersion related 

mismatch with other materials. 
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Figure 5.3.  Total thermal resistance of graphene/SiO2/Si stack. (a) schematic side view of the stack with 

each resistance components (b) comparison of thermal resistances, RTh of each component of the stack 

 

We next analyze the component-wise contribution to the total TBC of the graphene-SiO2-Si stack 

in Figure 4. We find majority of the Rth arises from the two interfacial resistances, contributing to ~ 74% of 

the net Rth.  The SLG-SiO2 interface resistance is the largest (~50%), and is a potential bottleneck for heat 

flow in the stack. Similar results were found for MoS2-SiO2-Si stack41, where TBC of MoS2–SiO2 was 

15MWm-2K-1 (shown in Figure 2(a)). The Rth of graphene/SiO2 is almost twice of Si/SiO2, due to the nature 

of bonding, (graphene/SiO2 interface is vdW bond and Si/SiO2 is covalent bond,  therefore the phonon 

transmission coefficient α at Si/SiO2 interface is higher than graphene/SiO2) at these interfaces and the 

phonon dispersion) mismatch.  

Conclusion  

Through a detailed consideration of the phonon frequency dispersion with respect to the Rth and the 

related TBC, it was determined that interfacial resistance dominates heat flow in a SLG-SiO2-Si stack. Such 

an arrangement is of much utility for possible future 2D materials related electronics integration. The 

intrinsic resistance, related to the ratio of the length scale and the bulk  becomes less significant at 

nanoscale.  The high interfacial thermal resistance is attributed to weak bonding as well as incommensurate 

phonon frequency dispersion of the materials, on either side of the interface. It was interesting to note that 

through a compilation of the TBC of various 3D/3D and 2D/3D solids, taken from literature, that the 

interfaces in the former case have a larger TBC. Our results indicate that Rth,total can be reduced by choosing 

a substrate of low frequency states that is within the bandwidth of the flexural branch in the 2D material. 

Our results suggest that increasing bond strength at the interface, through chemical functionalization, may 
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provide an effective way to reduce the overall thermal resistance of the device. Our study provides a guide 

for energy-efficient design and thermal management of 2D material-based devices. 
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Supplementary Information 

 

Figure 5.4. Sensitivity contour plots for the intrinsic Rth of 2D materials as a function of 𝜅⊥ and l. The 

highest value of the contour lines (red) indicates the combinations of 𝜅 and l lie within same order to 

magnitude of the stack (10-8 m2K/W). Intrinsic Rth of graphene, MoS2, BP, and 2D hybrid perovskite53 are 

plotted for example. As it is clear from the sensitivity contour plot, a relatively confined range of values 

for 𝜅 and l can provide intrinsic Rth of 2D materials comparable to net Rth, affirming the hypothesis of 

intrinsic Rth of 2D material is negligible and can be ignored in calculating total Rth. 

 

Figure 5.5. Intrinsic thermal resistance of SiO2 as a function of thickness. Colored points are experimental 
data of sputtered, PECVD and thermally oxidized SiO2

54. The dashed lines represents the modeled Rth at 

different 𝜅𝑆𝑖𝑂2. Rth,siO2 scales linearly with thickness, however 𝜅𝑆𝑖𝑂2 deviates from bulk at nanoscale.  
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Figure 5.6 (a) Phonon dispersion of graphite along the c axis (Γ− A direction) and the ab plane (Γ− M and  

Γ− K directions). A՛ is the high symmetric point after unfolding the phonon dispersion along the c axis45. 
Colored points are experimental measurements taken from ref. 47. Dashed lines are truncated linear 

dispersion taken from ref. 46. Cutoff frequencies at each branch is labeled accordingly. Here, the LA and 

ZA phonons are recomposed into TL1 (green dashed line) and TL2 (blue dashed line) branches45. 
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Table 1. Input parameters used in DMM calculation.  

Branch Parameters Graphene Branch SiO2 Si 

TA vab (m/s) 14236 LA 800 8500 

vc (m/s) 1487 

𝜔ab (THz) 162 4 76 

𝜔c (THz) 8.14 

TL1 (LA) vab (m/s) 22152 TA1 794 5000 

vc (m/s) 1487 

𝜔ab (THz) 242 4 30 

𝜔c (THz) 8.14 

TL2 (ZA) vab1 (m/s) 1487 TA2 516 5000 

vab2 (m/s) 6400 

vc (m/s) 4128 

𝜔ab1 (THz) 5.2 2.2 30 

𝜔ab2 (THz) 94.9 

𝜔c (THz) 22.4 

 




