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Abstract. Optical tweezers have become an important instrument in force measurements associated with vari-
ous physical, biological, and biophysical phenomena. Quantitative use of optical tweezers relies on accurate
calibration of the stiffness of the optical trap. Using the same optical tweezers platform operating at
1064 nm and beads with two different diameters, we present a comparative study of viscous drag force, equi-
partition theorem, Boltzmann statistics, and power spectral density (PSD) as methods in calibrating the stiffness
of a single beam gradient force optical trap at trapping laser powers in the range of 0.05 to 1.38 W at the focal
plane. The equipartition theorem and Boltzmann statistic methods demonstrate a linear stiffness with trapping
laser powers up to 355 mW, when used in conjunction with video position sensing means. The PSD of a trapped
particle’s Brownian motion or measurements of the particle displacement against known viscous drag forces can
be reliably used for stiffness calibration of an optical trap over a greater range of trapping laser powers. Viscous
drag stiffness calibration method produces results relevant to applications where trapped particle undergoes
large displacements, and at a given position sensing resolution, can be used for stiffness calibration at higher
trapping laser powers than the PSD method. © 2014 Society of Photo-Optical Instrumentation Engineers (SPIE) [DOI: 10.1117/1.JBO.19

.11.115001]
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1 Introduction
Since its introduction by Ashkin,1 optical tweezers have been
used in a broad range of applications in biology,2–16 physics,17–23

and biophysics.24–31 The pico-Newton force resolution
offered by optical tweezers and its noninvasive nature render
it as a useful instrument in cell manipulation32–35 and force
microscopy studies.21 Use of optical tweezers in quantitative
studies requires accurate calibration of the optical trap stiffness.
Considerable efforts have been made in developing calibration
techniques or improving their efficiency and accuracy.36–53 In
general, stiffness calibration methods for optical tweezers are
divided into three categories. In the first category (also referred
to as active stiffness calibration methods), optical trap stiffness is
obtained by calibration of the laser-mediated optical force against
a known externally applied force. An example of an applied exter-
nal force is the Stokes’ drag experienced by an optically trapped
particle in response to relative movement between the trapped
particle and the fluid in which the particle is trapped. Under
this approach, either the trapping chamber is moved against a
fixed optical trap or calibrated movements are applied to a steer-
able trapped particle within the trapping chamber.5–10,53–57

In the second (passive) stiffness calibration category, several
calibration methods exist to estimate the stiffness of the optical
tweezers by analyzing the thermal fluctuations of the trapped
particle.58 Position variance of a trapped particle is used to
calculate the optical tweezers stiffness by modeling the behavior
of the particle using the equipartition theorem. In another

approach, the optical trap’s potential is reconstructed using
Boltzmann statistics.58 Using this method, the stiffness is mea-
sured using the complete distribution of the trapped particle’s
positions within the optical trap.59,60 Alternatively, using the
power spectral density (PSD) method, a trapped particle’s ther-
mal noise is analyzed in the frequency domain to determine the
optical trap’s stiffness.41

The third (direct) category estimates the optical trap’s stiff-
ness by measuring the changes in momentum of scattered trap-
ping light.39,61,62 This approach usually requires a dual-beam
trap and collection of the entire scattered light. The direct cal-
ibration method has recently been applied to single-beam
traps50,63 in conjugation with back focal plane interferometry,
but is not yet commonly employed.

The absolute optical trap stiffness measured at a given trap-
ping laser power depends on the calibration approach employed.
Variations in reported trap stiffness have been attributed to
uncertainties associated with the method used to calibrate the
trap stiffness and can lead to discrepancies in reported forces
associated with common biological phenomena.64 Although
comprehensive theoretical and experimental studies of each
stiffness calibration approach are reported in the literature, a
side-by-side study of such approaches in measuring an optical
trap’s stiffness over a range of trapping laser powers will help
evaluate the efficacy of each calibration technique in practice
and better understand the discrepancies among the stiffness val-
ues they report.
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Detecting the displacements of a particle within the optical
trap is a crucial part in all aforementioned calibration methods.
Both low-bandwidth (<1 kHz) and high-bandwidth (usually in
the range of 10 to 70 kHz) position sensing means are used to
track the displacements of an optically trapped particle. We used
a charge-coupled diode (CCD) camera as low-bandwidth and a
quadrant photodetector (QPD) as high-bandwidth position
detection means to assess the ability of low-bandwidth and
high-bandwidth particle tracking schemes in calibrating optical
trap stiffness over trapping laser powers in the range of ≈0.05 to
1.38 W. The QPD can be aligned either in a basic manner to
track the image (or the shadow) of a trapped particle, much
like in video particle tracking, or in an enhanced manner to
track the trapped particle using the forward-scattered laser
light off the particle. In the later configuration, the interference
pattern resulting from unscattered trapping laser (or a second
low-power tracking laser) and the forward-scattered laser light-
sfrom the bead is projected onto the QPD at the back focal plane
of the condenser lens.

The back focal plane interferometry configuration improves
the spatial resolution beyond what the imaging configuration
offers, but requires using a high numerical aperture (N.A.) con-
denser lens matching the N.A. of the trapping microscope objec-
tive in order to collect the entire scattered laser light. While the
QPD can be used in imaging mode for particle tracking in vir-
tually any optical trapping setup, the use of forward-scattered
light is limited because of its necessary design considerations
and optics. As an example, when optical tweezers are combined
with other modes of biophysical experimental techniques, such
as patch clamp,65 a high N.A. condenser can no longer be used
to collect the scattered laser light for particle tracking.

In this study, we utilized an optical tweezers setup with design
considerations applicable to most common biophysical investiga-
tions and used different calibration methods to compare the trans-
verse stiffness of the trap over various trapping laser powers. We
first obtained the optical trap stiffness by applying known viscous
drag forces against an optically trapped polystyrene bead at vari-
ous laser output powers (i.e., active stiffness calibration method).
To compare with the passive stiffness calibration methods, we
performed a series of calibration experiments based on the
PSD, equipartition theorem, and Boltzmann statistics methods
over the same range of trapping laser powers.

Stiffness of an optical trap changes with the size of the opti-
cally trapped particle. The maximum optical trapping forces
experienced by beads (micro- or nano-sized spheres) have a
nonlinear correlation with the bead radius (r). For a trapping
laser wavelength of λ ¼ 1064 nm, maximum optical forces
experienced by small volume (r< 100 nm) trapped beads
have been shown to increase to the third power of the radius
(r3) in the Rayleigh regime,36,66 with the exponent decreasing
beyond the 100 nm range.67 For beads with large volumes
(r>10 μm) the maximum optical force experienced by the par-
ticle decreases with an inverse relation to its radius.68

Significant attempts have been made to model the trapping
optical forces experienced by a particle in different volume
scales. Earlier models69 suggested that the size dependency
of the maximum trapping forces experienced by beads can be
described using the electromagnetic theory in the small-volume
scale and ray optics in the large-volume scale. The mid-volume
scale particles that are most commonly used in biophysical stud-
ies were first successfully included in a multiscale electromag-
netic model by Rohrbach,70 who studied the optical trap stiffness

as a function of the bead radius in the range of 0.11 to 0.5 μm.
Neto and Nussenzveig used the Mie theory to model the axial71

and transverse72 optical trapping forces on beads, which can also
be expanded to predict the optical forces on particles in the ray
optics regime. Accuracy of such multiscale models is improved
by further optical characterizations of the tweezers setup, such
as accounting for spherical aberrations73 and astigmatism.74

In addition to the radius-dependent differences in how par-
ticles in different volume-scales interact with the highly focused
laser in optical traps, other particle characteristics, such as the
refractive index68 and polarizability,75 affect the optical trap stiff-
ness as well. Moreover, it has been recently shown that the
dynamic behavior of optically trapped microparticles in viscous
media transitions from an overdamped regime for larger par-
ticles (r > 1 μm) to an underdamped regime for smaller par-
ticles (r < 250 nm).76

Herein, we have used particles of two different sizes within
the Mie regime and compared the results of different calibration
methods on particle size dependence of the optical trap stiffness.
Under the high-bandwidth position sensing scheme, we cali-
brated the optical trap stiffness using the PSD and viscous
drag force methods. We used the equipartition theorem and
Boltzmann statistic calibration methods to calibrate the optical
trap stiffness under the low-bandwidth position detection
scheme. We demonstrate that employing different calibration
methods and position sensing means report different stiffness
values for an optical trap, and discuss practical advantages and
disadvantages of each approach.

2 Methods

2.1 Experiment Setup

2.1.1 Optical trap formation

Schematic of the experimental setup is shown in Fig. 1. The
optical trap was formed on an inverted microscope (Ti-Eclipse,
Nikon Inc., Melville, New York) using a 100× oil immersion
objective lens with 1.49 N.A. and 120 μm working distance
(Apo TIRF, Nikon). A solid-state Nd∶YVO4 laser (Prisma
1064-V, Coherent, Santa Clara, CA) generating a laser beam
with a 1064 nm wavelength in TEM00 modewas used for optical
trapping. The laser beam was expanded by a set of plano-convex
lenses to slightly overfill the back aperture of the microscope
objective. The output power of the trapping beam was measured
at the back aperture of the objective lens by a power meter
(PD300, Ophir Optronics, North Andover, MA). We used
beads with two different diameters for trapping. The smaller
beads were sulfate-modified fluorescent polystyrene beads
4.2� 0.21 (mean� standard deviation) μm in diameter (F-
8858, Molecular probes, Eugene, OR). These beads had an exci-
tation spectrum between 480 and 590 nm with peak fluores-
cence emission at 605 nm when photo-excited at 580 nm. We
refer to these particles as red beads. In addition to the 4-μm-
diameter red beads, we used larger polystyrene beads, approx-
imately twice in diameter (8� 0.7 μm; 2106E, Phosphorex,
Hopkinton, MA) while maintaining a comparable position
tracking signal-to-noise ratio (SNR) between the experiments.
These beads had an excitation spectrum between 400 and
490 nm with peak fluorescence emission at 500 nm when
photo-excited at 460 nm. We refer to these particles as green
beads. Both particles were chosen within the same volume-scale
to limit the uncertainties related to the volume-dependent
differences in how particles in different volume-scales interact
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with the highly focused laser in optical traps. Beads were
suspended in deionized (DI) water during optical trapping
experiments.

The trapping laser beam (1064 nm) can give rise to two-pho-
ton absorption phenomena in red fluorescent beads over all trap-
ping laser powers. To investigate the effects of two-photon
absorption on the measured stiffness, we repeated the trap stiff-
ness calibrations using a control bead that had material proper-
ties and drag coefficient similar to those of the red fluorescent
beads, but without significant two-photon absorption over the
trapping laser powers. Specifically, we used 4.18� 0.4-μm-
diameter dragon green fluorescent beads (Bangs Laboratories
Inc., Fishers, IN) with peak absorption and emission at 480
and 520 nm, respectively. We repeated the trap stiffness calibra-
tions using the viscous drag force method over the low (50 and
136 mW), medium (674 mW), and high (1.38 W) laser powers
(delivered at the specimen plane) in samples containing both
4 μm beads, with results presented in Sec. 3.2.1. We used a
dichroic beam splitter with >90% transmittance between 470
and 650 nm, and >98% reflectance at 1064 nm (680dcspxr-
laser, Chroma Technology Corp, Bellow Falls, VT) to stir the
laser beam toward the objective. The optical setup allowed
for simultaneous trapping and fluorescent imaging of the
trapped beads.

The transmissions of the microscope objective at 1050 and
1100 nm are reported by the manufacturer as 60% and 57%,
respectively. We assumed a 60% transmission for the objective
lens at 1064 nm, which is in agreement with other reports77–79

that measured the transmittance of high N.A. microscope objec-
tives of the same brand and similar optical properties at 1064 nm
using the dual objective method.79–81 We increased the laser

output power in eight steps from 85 mW to a maximum
power of 2.294 W, measured at the back pupil of the objective.
The calculated trapping laser powers delivered to the specimen
plane ranged between 50 mW and 1.38 W.

We measured the temperature of the DI water using a therm-
istor connected to a Vernier LabQuest device (Vernier Software
& Technology, Beaverton, OR). Themean� standard deviation
value of water temperature was 24.98� 0.23°C (water dynamic
viscosity η ¼ 0.8925 · 10−3 Pa · s at T ¼ 24.98°C). The laser-
induced temperature increase, which occurs within the laser
focus, has a significant effect on the measured trap stiffness
through its effect on the viscosity of the medium and the thermal
motion of the trapped particle.78,82 This effect becomes more
pronounced at higher trapping laser powers and higher trapping
depths when using an oil immersion microscope objective.83 We
accounted for these effects by assuming a temperature increase
of 8 K∕W at 1064 nm in DI water as our optical trapping
medium.78 Therefore, the expected range of the DI water tem-
perature in our experiments during the applied range of trapping
powers was ≈24.98 to 35.99°C. Furthermore, all experiments
were conducted within 30 s of the initial trapping of the
bead to avoid or minimize excessive temperature buildup at
laser focus.

2.1.2 Fluorescence and bright field imaging and position
detection

Both white light and fluorescence modes can be used for particle
tracking using the QPD in the imaging configuration. Under
white light, the contrast between the shadow of the optically
trapped particle and the bright background is used for particle
tracking. In fluorescence, the emission from a fluorescent probe

Fig. 1 Schematic of the experimental setup. (1) Nd∶YVO4 laser. (2) Beam expander. (3) piezoelectric
translation (PZT) stage. (4) PZT controller. (5) 100×microscope objective. (6) Dichroic mirror. (7) TRITC/
FITC filter set. (8) Arc lamp. (9) Condenser. (10) Steering mirror. (11) Focusing optics. (12) Quadrant
photodetector. (13) Analog to digital converter. (14) CCD camera. (15) Computer.
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against the dark background is used to track the optically
trapped fluorescent particle. For bright field imaging of the par-
ticles, a 100 W tungsten lamp (TI-DH Diascopic Illumination
Pillar, Nikon) was used to illuminate the samples. For fluores-
cence imaging of the particles, an arc lamp (LUDL Electronic
products, Hawthorne, NY) was used to optically excite the fluo-
rescent beads.

We used a TRITC-B-NTE filter set (Semrock, Rochester,
NY) to optically excite the red fluorescent beads in the 530
to 550 nm band and collect the fluorescence emission in the
570 to 620 nm range. A FITC-3540B-NTE filter set (Semrock),
which allows the transmission of an excitation band in the range
of 446 to 500 nm and an emission band of 513 to 725 nm, was
used during the optical excitation of the green fluorescent beads
and collection of fluorescence emission. For comparative pur-
poses, we employed two commonly used position sensing
methods: first, a nonvideo position detection using a QPD
(QP50-6SD, Pacific Silicon Sensor, Westlake Village, CA)
and second, video particle tracking using a CCD camera
(C9100-13, Hamamatsu Corp., Bridgewater, NJ).

Using the QPD allowed for high-bandwidth position record-
ings with sampling frequencies in the kilohertz range. The QPD
was aligned such that the image positions along the primary
x, y, and z axes of the lab were, respectively, proportional
to differential voltages Vx ¼ ðV1 þ V4Þ − ðV2 þ V3Þ, Vy ¼
ðV3 þ V4Þ − ðV1 þ V2Þ, and the sum voltage VS ¼ V1 þ V2 þ
V3 þ V4 (where V1−4 are diode voltages). Differential voltages
were digitized by an analog-to-digital converter (BNC-2110 and
NI PCI-6133, National Instrument, Austin, TX) and stored in a
computer using LabVIEW software (version 8.2, National
Instruments) for further analysis. Additionally, bead positions
were determined using a CCD camera. For this purpose, images
of the fluorescent bead were acquired at 179 frames per second
(fps) by HCImage software (version 2.0, Hamamatsu) and ana-
lyzed in MATLAB® (The MathWorks, Natick, MA) for particle
tracking.

2.2 Displacement Calibrations

2.2.1 QPD-based position sensing

To accurately control the position of the optical trapping cham-
ber and apply viscous drag forces of known magnitude on
trapped particles, we used a piezoelectric translation (PZT)
stage (P-527.C3, Physik Instrumente, Waldbronn, Germany)
with a transverse resolution of <10 nm. Output voltage of the
QPD was calibrated against displacement using the PZT as fol-
lows. The position of a trapped bead in the field of view was
initially taken as the reference point to center the QPD.
Subsequently, in the absence of the optical trap, a bead was
attached to the cover slip and brought to the exact transverse
position of the trapped bead using the PZT. The fluorescent
image of the bead (or the shadow of the bead when white light
was used for particle tracking) was centered on the QPD by
moving the QPD using a three-dimensional translational stage.

Next, the bead was displaced multiple times in steps of
known increments (0.01 to 1 μm) using the PZT while
QPD’s differential voltages were recorded. Recording of larger
bead displacements (up to 1 μm) in x and y directions showed
that the QPD response within this range was linear. Finally, a
linear fit to the displacement-voltage data points provided a volt-
age-displacement calibration equation for the QPD. The differ-
ential voltages Vx and Vy were normalized by VS to create

normalized output-displacement calibration graphs in x and y
directions. The slope of the linear fit to the voltage-displacement
graphs was used to convert QPD outputs to bead displacement
during stiffness calibrations.

The two-photon fluorescence of the red fluorescent beads
increases with the trapping laser power. Moreover, it has
been shown that the axial position of the laser beam changes
with the laser power as a result of laser-induced thermal expan-
sions in the microscope objective,84 affecting the position cal-
ibration. For the case of particles with strong two-photon
absorption/emission, the laser power related differences in the
displacement calibration coefficients become more prominent
under white light and at higher trapping laser powers as the
image of the trapped particle tends to fade away with the
increased fluorescence. Therefore, it is important to obtain a
separate displacement-calibration curve for the QPD at each
trapping laser power.

The choice between using white light and fluorescence for
particle tracking is based on the specific conditions of the
intended experiments. Moreover, the quality and maximum res-
olution of the particle tracking scheme is related to the positional
SNR, which in turn depends on the characteristics of optically
trapped probe and the detector’s spectral sensitivity. For exam-
ple, our group has used 800 and 1064 nm optical tweezer setups
to conduct biophysical studies of cell membranes by extracting
membrane tethers from cells using optically trapped particles.28–30

The shadow cast by the membrane tether introduces large errors
in position sensing under white light. To overcome this obstacle
while maintaining the SNR, we use fluorescent probes with an
emission band in a region where our QPD has a high spectral
sensitivity (∼600 nm). In fact, the position tracking SNR for the
red fluorescent beads increases by ∼8% in our system when
switching from the white light mode to the fluorescence. How-
ever, the emission band of the dragon green fluorescent particles
used in Sec. 3.2.1 coincides with an area of poor spectral sen-
sitivity of our QPD, resulting in low SNR for tracking these
particles in fluorescence mode. Therefore, the QPD position
detection in these experiments was conducted in bright field.

2.2.2 Video-based position sensing

Images acquired by the CCD camera were spatially calibrated
by imaging a microruler with 10 μm spacing. Although the pixel
resolution of our CCD imaging system is diffraction limited,
there are a number of algorithms for spherical objects85,86 that
can estimate the centroid of the particle to subpixel accuracy,
thereby increasing the spatial resolutions of video particle
tracking to nanometer range.

We used the radial symmetry method developed by
Parthasarathy86 to track the position of the optically trapped par-
ticles to subpixel resolution. The results of the video-based posi-
tion sensing are ultimately dependent on the accuracy and pixel
noise levels associated with the particle tracking algorithm used.
To demonstrate this matter, we adopted the interactive data lan-
guage algorithm for the centroid method developed by Crocker
and Grier87 for MATLAB® to track the position of the beads in
the same sets of CCD images used in the radial symmetry
method. An example of the stiffness values calculated using the
two particle tracking algorithms is provided in the Results
section. Since the image exiting the microscope objective was
slightly diverging, the pixel calibration was sensitive to the
position of microscope objective. Therefore, we performed a
calibration against an in-focus microruler by averaging the
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pixel size while the height of the stage (and, therefore, that of the
objective) was changed in a range of 30 μm (covering the actual
positions of microscope objective during stiffness calibrations).

2.3 Stiffness Calibrations

Both the trap stiffness and the magnitude of the viscous drag
force applied by the trapping medium on an optically trapped
particle depend on the distance of the trapped object from the
bottom of the trapping chamber.47 The viscous drag force expe-
rienced by a particle in a moving viscous medium is given as36

Fdrag ¼ β · ν ¼ 6πηνr

1 − 9
16

�
r
h

�þ 1
8

�
r
h

�
3 − 45

256

�
r
h

�
4 − 1

16

�
r
h

�
5
;

(1)

where β (kg∕s) is the drag coefficient, r (m) is the radius of the
bead, ν (m∕s) is the fluid velocity, and h (m) is the height of the
bead from the bottom of the dish.

The displacement of the laser focus in the trapping media
resulting from axial displacements of the microscope objective
(along the propagation axis of the trapping beam) was calibrated
using the PZT stage. Prior to each experiment, the trapped bead
was brought in contact with the cover slip by moving the tapping
chamber in the axial (z) direction and then raised by 16 and
30 μm above the cover slip using the PZT for experiments
with the 4 and 8 μm beads, respectively. As VS remained
unchanged in the span of data collection for each experiment
(30 s), the position of the trapped bead along the laser propa-
gation axis was assumed to remain constant. Minor axial dis-
placement of the bead within the Rayleigh depth of focus of
our system was neglected since at the height of 30 μm above
the cover slip, it could only contribute to 0.03% change in
the drag coefficient, β.

2.3.1 Active stiffness calibration based on viscous drag
force method

Forces applied on a microsphere in the proximity of the trapping
chamber’s bottom can be calculated using Eq. (1). Holding the
trapped bead at a constant height above the cover slip, we moved
the PZT stage at controlled velocities to induce known viscous
forces on the optically trapped microsphere based on Eq. (1).
Displacement of the bead from the center of the trap was
recorded as a differential voltage by the QPD. These voltages
were converted to displacements using the voltage-displacement
equations. The resulting data for displacement-force graph were
linearly fitted for small displacements from the center of the trap
(<1 μm) using f ¼ −k · x, where the stiffness of the trap (k) is
extracted from the slope of the fit.

2.3.2 Passive stiffness calibration method based on
power spectral density method

The Brownian motion of a particle in an optical trap can be
described by the Langevin equation. For particles in fluids
with low Reynolds numbers, the power spectrum of the
Brownian motion is a Lorentzian function.

SðfÞ ¼ KBT
π2βðf2 þ f20Þ

; (2)

where f (Hz) is frequency and f0 is the roll-off frequency of the
Lorentzian curve. Parameter f0 can be extracted by plotting the

PSD of the Brownian motion of the bead, which is then used to
calculate the stiffness (k) of the optical trap (in either x or y
direction) knowing the hydrodynamic drag coefficient β as

k ¼ 2πβf0: (3)

The position sensing method used in this approach should be
able to acquire data at frequencies that are considerably higher
than the optical trap’s roll-off frequency. Position samplings at
10 to 50 kHz are commonly reported in the literature. Although
high-speed cameras along with algorithms that account for the
aliasing and blur artifacts intrinsic to camera position sensing
have been implemented in studying the PSD of an optical
trap,45,88,89 the use of such apparatus in the absence of multiple
or drifting optical traps is not common. Instead, high-bandwidth
nonvideo position sensing is commonly employed for stiffness
calibration using PSD at a higher accuracy and a lower equipment
cost. Our video position sensing system cannot be used to study
the full spectrum of the PSD because its acquisition frequency
(179 Hz) is well below the roll-off frequency of our optical trap.
For stiffness calibration using the PSD method, we used the QPD
position data recorded at 50 kHz. A MATLAB® application
developed by Tolic-Nørrelykke et al.42 was used to accurately
extract the roll-off frequency, with results discussed in Sec. 3.

2.3.3 Passive stiffness calibration based on equipartition
theorem method

Equipartition theorem assumes 0.5KBT of thermal energy for
each degree of freedom, where KB is the Boltzmann constant
(≈1.38 × 10−23 J K−1) and T (K) is the absolute temperature.
On the other hand, energy associated with thermal fluctuations
of a particle in an optical trap with stiffness kx in x direction
equals 0.5 kxhx2i−1, where hx2i is the position variance of the
trapped particle in the x direction. By calculating the position
variance of the trapped bead, we can measure the trap stiffness
along the x axis (kx) as

kx ¼ KBThx2i−1: (4)

Similarly, we can measure the trap stiffness in the y direction
(ky) using the particle position variance along the y axis. This
method of determining the trap stiffness requires a calibrated
position sensing device, but does not require calculating the
drag coefficient of the trapped bead or knowing the viscosity
of the trapping medium. We recorded the position of the
bead in the trap using the CCD camera, with stiffness calibration
results presented in Sec. 3.

2.3.4 Passive stiffness calibration based on Boltzmann
statistics method

In the classical Boltzmann statistics approach, the trapped par-
ticle’s position histogram is assumed to have a normal distribu-
tion resulting from a Gaussian trapping laser beam. In thermal
equilibrium, Boltzmann statistics describes the probability den-
sity pðxÞ of the particle position as a function of the optical
trap’s potential EðxÞ.58

pðxÞdx ¼ Ce−
EðxÞ
KBT ; (5)

where C is a normalization factor. Normalized histogram of the
particle’s positions in the optical trap is used to calculate the
potential energy function:
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EðxÞ ¼ −KBT ln pðxÞ þ KBT ln C: (6)

The contribution of dx is incorporated in C, the normaliza-
tion factor, and represented in the second term in Eq. (6). This
term is an energy offset and is neglected by assuming zero
potential at the center of the optical trap. To determine the poten-
tial energy, the logarithm of the function fitted to the calculated
distribution of particle positions is taken and multiplied by
−KBT. The resulting distribution is fitted by a quadratic equa-
tion EðxÞ ¼ ðkx∕2Þx2 þ c, where kx is the trap stiffness along
the x axis and c is an energy offset assumed to be zero. The trap
stiffness along y axis is measured in the same way as that along
the x axis.

By assuming a normal distribution for the trapped particle’s
position histogram and fitting a parabola to the logarithm of the
normal distribution, the results calculated by the Boltzmann sta-
tistics method become identical to those by the equipartition
theorem. In theory, this approach can enhance the reconstruction
of the optical trap potential by relying on the wings of the posi-
tion histogram. However, this advantage is absent in practice
because of the relatively small counts in the wings of the histo-
gram (especially at higher trapping laser powers), rendering
them as sources of additional uncertainty. Moreover, the spatial
mode of the trapping laser may be perturbed by other modes at
high laser output powers, resulting in a non-Gaussian energy
distribution across the diameter of the optical trap.

Therefore, we modified the Boltzmann statistics approach by
fitting the trapped particle’s position histogram using a kernel
function with a smoothing bandwidth of ∼1 nm instead of a
Gaussian function. We then numerically took the logarithm
of the function fitted to the calculated distribution of particle
positions and multiplied it by −KBT. Instead of fitting the result-
ing potential distribution function with a parabola, we numeri-
cally took the position derivative of the energy function. The
trap stiffness was measured from the slope of a linear fit to
the resulting displacement-force distribution over a region
equivalent to one standard deviation away from the center of
the trap where a linear distribution was generally observed.
We present the stiffness calibration results of the modified
Boltzmann statistics approach in Sec. 3. Calibrating an optical
trap using the Boltzmann method does not require knowing the
trapped particle’s shape, drag coefficient, or medium’s viscosity.
We applied the Boltzmann statistics calibration method to the
same position data sets recorded for the equipartition theorem
calibration method using the CCD camera.

3 Results

3.1 Displacement Calibrations

3.1.1 QPD-based position sensing

Bead movements with steps as small as 10 nm were resolvable
by the QPD. Voltage-displacement curves showed a linear QPD
response for bead displacements <1 μm from the center of the
optical trap.

Normalizing the differential voltage of the x and y channels
by VS did not improve the linear fits to the voltage-displacement
data, mainly due to the absence of large axial displacements.
While normalization decreases the susceptibility of linear fits
to ambient optical noise, it also makes the slope of the fit de-
pendent on background brightness. Therefore, in controlled
experimental environments like ours with negligible changes
in the background signal and the trapped particle’s axial

position, using the single differential voltages Vx and Vy (as
opposed to normalized QPD outputs) is preferred.

The QPD displacement calibration coefficients for the 4 and
8 μm green fluorescent beads, respectively, changed by 8% and
4% under the fluorescence mode over the range of trapping laser
powers in this study. These coefficient changes increase to 19%
and 6% for the 4 and 8 μm green fluorescent beads under the
white light, respectively. For the case of the 4 μm red fluorescent
beads, the QPD displacement calibration coefficients vary over
the trapping laser powers by 22% in fluorescence mode and 37%
in the bright field mode. While we did not use the normalized
QPD outputs, it should be noted that in all cases, normalization
of the differential QPD voltages by VS decreased the depend-
ency of the displacement calibration coefficient on the trapping
laser power in an arbitrary manner but did not eliminate it.

3.1.2 Video-based position sensing

Pixel calibration resulted in 158 nm∕pixel in both x and y direc-
tions. The bead’s centroid position was estimated with subpixel
accuracy using the particle tracking algorithms. Data recorded
from a stationary 4 μm bead attached to a cover slip showed a
displacement noise of ∼0.03 pixels for the radial symmetry and
0.06 pixels for the centroid methods corresponding to 4.7 and
9.5 nm, respectively. This value was measured as 0.042 pixels
for the 8 μm beads using the radial symmetry method, corre-
sponding to 6.6 nm.

3.2 Stiffness Calibrations

Each of the calibration methods discussed in this report calibra-
tes the optical trap’s transverse stiffness through the same pro-
cedure for both x and y directions. The results in the y direction
followed the same trends as the results in the x direction in all
calibration methods. Because the goal of this study is to provide
a side-by-side comparison between the stiffness calibration
methods, for simplicity, we present the trap stiffness measured
by each calibration approach in only one of the principle direc-
tions, x.

3.2.1 Active stiffness calibration method based on viscous
drag force

In Fig. 2, we present the optical trap stiffness for the 4 and 8 μm
beads as a function of laser power delivered to the specimen
plane using the active stiffness calibration method based on
application of viscous drag force. Each point in the graph is
extracted from the slope of a linear fit to the displacement-
force graph obtained at the corresponding laser power (Fig. 2,
inset). The stiffness values of our optical trap for the 4 μm beads
ranged from 63.7� 2.9 pN · μm−1 at 50 mW to 771.1�
69.9 pN · μm−1 at 1.38 W, while the stiffness values for the
8 μm beads ranged from 51.6� 8.5 pN · μm−1 at 50 mW to
733.8� 78.8 pN · μm−1 at 1.38 W. As expected, a linear
increase in optical trap stiffness was observed for both beads
as the laser power increased. If not accounted for, the laser-
induced temperature increase results in an overestimation of
optical trap stiffness, which progressively increases with trap-
ping power.

The average standard deviation from the mean stiffness val-
ues measured for the 4 μm bead is 7.6%. The average standard
deviation increases to 12.7% for the 8 μm bead. These values
are comparable with the uncertainties in the particle sizes
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(5 and 8.75% for the 4 and 8 μm beads, respectively). The large
Pearson’s r value (0.995) of the linear fit to the displacement-
force graphs show that the optical trap behaves as a linear spring
for bead displacements <1 μm (Fig. 2, inset). Thus, optical trap
stiffness calibration based on viscous drag force does not suffer
the theoretical or numerical approximations in modeling the
optical trap behavior associated with the other calibration
approaches used in this study.

The viscous drag force calibration method reports stiffness
values for the 8 μm beads that are, on average, 23% less
than those of the 4 μm beads across the laser powers used in
this study. The stiffness values are directly extracted from the
displacement-force graphs involving controlled external forces
and report the smallest standard deviations compared with the
other calibration methods used in this study. Therefore, we
regard the trap stiffness calculated using the viscous drag
force method as the most accurate and reproducible optical
trap stiffness values in our experiments.

We repeated the trap stiffness calibrations in samples consist-
ing of the 4.2� 0.21 μm red fluorescent beads and the 4.18�
0.4 μm dragon green fluorescent beads to investigate the effect
of two-photon absorption on the measured stiffness. Figure 3
shows the results of the trap stiffness calibrations using the vis-
cous drag force method over the low, mid, and high laser powers
for both beads. The kØ4R ðVisc:Þ and kØ4G ðVisc:Þ data points corre-
spond to the estimated stiffness values of 4 μm red and 4 μm
green beads under white light, respectively. The difference
between the mean stiffness values calculated using the two
beads at each trapping laser power was smaller than the sum
of standard deviations to the means and ranged from 10.6%
at 50 mW to <0.01% at 1.38 W. Thus, the effects of two-photon

absorption on the optical forces and the measured stiffness using
particles in this volume-scale are negligible.

3.2.2 Passive static calibration based on power spectral
density method

To find the characteristic roll-off frequency (f0) of the optical
trap, we recorded the position of 10 sequentially trapped
beads of either diameter at various laser powers at a sampling
rate of 50 kHz. We analyzed the PSD of bead displacements
using an application developed by Tolic-Nørrelykke et al.42

Data sets recorded for 10 s, and cropped at 5 and 2 s yielded
the same roll-off frequencies. The roll-off frequencies for the
experiments using the 4 μm beads were measured in the range
of 255.6� 66 Hz at a trapping laser power of 50 mW to 1422�
256 Hz at 504 mW. The roll-off frequencies using the 8 μm
beads were measured to range from 195� 30.3 Hz at 50 mW
to 830.1� 64.9 Hz at 504 mW. Taking the effects of laser-
induced temperature increase into consideration, these roll-off
frequencies correspond to stiffness values in the range of 60.2�
16 pN · μm−1 at 50 mW to 276.6� 39.1 pN · μm−1 at 504 mW
for the 4 μm beads, and 40.3� 7.9 pN · μm−1 at 50 mW to
161.5� 11 pN · μm−1 at 504 mW for the 8 μm beads.

Figure 4 shows the optical trap stiffness calculated for the 4
and 8 μm particles using the PSD method. The correlation
between the trap stiffness and laser powers is linear up to the
trapping laser power of 504 mW. However, at higher trapping
powers, the uncertainty in the estimated stiffness values by the
PSD calibration method increases, with reduced sensitivity of
the stiffness estimates to power increments and deviation from
a linear trend. This observation is in agreement with the previous
reports that employed this stiffness calibration method.78 The
maximum laser trapping power range at which the PSD calibra-
tion method could be used to estimate reproducible stiffness cal-
ibration results was higher than the other two passive calibration

Fig. 2 Trap stiffness as a function of laser power at the specimen
plane, using the active calibration method based on application of vis-
cous drag force. The kØ4 ðVisc:Þ data points (represented as larger filled
circles) and kØ8 ðVisc:Þ data points (represented as smaller unfilled
circles) correspond to the estimated stiffness values of 4 μm red
and 8 μm green fluorescent beads, respectively. The inset shows
a typical displacement-force graph for the 4 μm red beads at
0.05 W. The Ø4 data points (shown as unfilled triangles) represent
bead displacements from the center of the trap resulting from calcu-
lated viscous drag forces. The error bars to the mean estimated stiff-
ness values using the red and green fluorescent beads are
represented by thick vertical lines with short horizontal caps and
thin vertical lines with long horizontal caps, respectively.

Fig. 3 Trap stiffness as a function of laser power at the specimen
plane, using the active calibration method based on application of vis-
cous drag force. The kØ4R ðVisc:Þ data points (represented as asterisks)
and kØ4G ðVisc:Þ data points (represented as circles) correspond to the
estimated stiffness values of 4 μm red and 4 μm dragon green beads
under white light, respectively. The error bars to the mean estimated
stiffness values using the red and dragon green fluorescent beads are
represented by thin vertical lines with short horizontal caps and thick
vertical lines with long horizontal caps, respectively.
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methods as shown in the next section, but lower than the active
stiffness calibration method. Within this range, the PSD method
reports stiffness values for the 8 μm bead that are, on average,
42% smaller than those reported for the 4 μm bead. The average
standard deviations from the mean stiffness values calculated for
the 4 and 8 μm beads using the PSD method were 18 and 12%,
respectively.

3.2.3 Passive stiffness calibration based on equipartition
theorem

Using the variance of bead displacements as observed by the
camera, the optical trap stiffness values for the 4 μm beads
were estimated in the range of 36.8� 7.5 pN · μm−1 at 50 mW
of trapping laser power in the focal plane to 192�
59.6 pN · μm−1 at 355 mW. The stiffness values for the 8 μm
beads were estimated in the range of 38.9� 18 pN · μm−1 at
50 mW to 196.5� 64.6 pN · μm−1 at 355 mW [Fig. 5(a)].
The trap stiffness calculated by the equipartition theorem is
in good agreement with the stiffness measured using the
other methods at lower trapping laser powers. While video par-
ticle tracking at 179 fps was able to measure the optical trap
stiffness using the equipartition theorem at trapping laser powers
of up to 355 mW and observe a linear increase in the measured
trap stiffness versus laser power, the method lost sensitivity to
the increments in the trapping laser power beyond 355 mW, and
no consistent results were reported at higher laser powers
[Fig. 5(b)].

Optical trap stiffness calibration methods based on measur-
ing the Brownian displacements of an optically trapped particle
are highly dependent on accurate position sensing and easily
disturbed by the presence of displacement noise. The accuracy
of the stiffness values reported by this statistical calibration
approach can be improved at higher trapping laser powers
by enhancing the position detection’s spatial and temporal res-
olution. Estimated optical trap stiffness by the equipartition

theorem method has a direct correlation with the absolute tem-
perature of the trapping medium [Eq. (4)]. The estimated 2.83 K
temperature increase at 355 mWattributes to <1% underestima-
tion of stiffness if the laser-induced temperature increase is
neglected. The equipartition theorem calibration method reports
stiffness values for the 8 μm bead that are, on average, 6%
smaller than those reported for the 4 μm bead in its effective
range of 50 to 355 mW. The average standard deviations
from the mean stiffness values calculated using the equipartition
theorem over this range are 26% and 34% for the 4 and 8 μm
beads, respectively. Therefore, we regard the equipartition theo-
rem as a less accurate method in calibrating optical trap stiffness
as compared with the PSD and viscous drag force methods.

3.2.4 Passive stiffness calibration based on Boltzmann
statistics method

In Fig. 5, optical trap stiffness values, estimated by the modified
Boltzmann statistics calibration method using the CCD camera
as position sensing means, are presented as a function of trap-
ping laser powers in the focal plane. Estimated optical trap stiff-
ness values for the 4 μm beads ranged from 35� 6.1 pN · μm−1

at 50 mW to 198.3� 60.7 pN · μm−1 at 355 mW. The stiffness
values for the 8 μm beads ranged from 37.1� 12.9 pN · μm−1

at 50 mW to 193.8� 53.2 pN · μm−1 at 355 mW. The average
standard deviations from the mean stiffness values calculated
using the modified Boltzmann statistics method over this
range are 29% and 33% for the 4 and 8 μm beads, respectively.
The trap stiffness measurements by the equipartition theorem
and the modified Boltzmann statistics calibration methods for
the 4 and 8 μm beads over the trapping laser power range of
50 to 504 mW are presented in Fig. 5(a) for comparison.
Both calibration methods are capable of observing the size-de-
pendent differences in optical trap stiffness within their effective
range. However, the average difference of 6% between the mea-
sured stiffness for the 4 and 8 μm beads using the equipartition
theorem increases to 13.6% when using the modified Boltzmann
statistics method.

The average standard deviation from the mean calculated
stiffness values does not change in a meaningful way between
the two methods. This suggests that the decreased dependency
of the stiffness calculations on the wings of the particle’s posi-
tion distribution in the modified Boltzmann statistics method
does not introduce significant uncertainties in the calculated
results. In turn, the discrepancies between the two methods
become apparent as the trapping laser powers increase, resulting
in fewer data points in the far bins of the trapped particles’ posi-
tion histogram. The classical Boltzmann statistics approach
becomes limited in performance at 355 mW, while the modified
Boltzmann statistics method allows for the measurements to be
extended into a higher laser power of 504 mW for the 4 μm
beads, measuring a stiffness of 245.7 pN · μm−1.

While the modified Boltzmann statistics also shows some
improvement over the equipartition theorem in calculating the
mean stiffness value for the larger particle at 504 mW, its per-
formance could not be reliably extended into higher powers for
the 8 μm bead mainly because of the higher pixel noise in
tracking the larger particles. The performance of any calibration
method relying on video-based position sensing method
depends on the accuracy of the subpixel particle tracking algo-
rithm used. Figure 5(c) provides an example of how the modi-
fied Boltzmann statistics approach is limited in performance
using the same bead image sets as tracked by the centroid

Fig. 4 Trap stiffness as a function of laser power at the specimen
plane, using the passive stiffness calibration method based on the
power spectral density. The kØ4 ðPSDÞ data points (represented as
larger filled squares) and kØ8 ðPSDÞ data points (represented as smaller
unfilled squares) correspond to the estimated stiffness values of 4 μm
red and 8 μm green beads, respectively. The standard deviation from
the mean measured stiffness values using the red and green fluores-
cent beads at each trapping laser power are represented by thick ver-
tical lines with short horizontal caps and thin vertical lines with long
horizontal caps, respectively.
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particle tracking algorithm, a tracking algorithm that provides
less accuracy and larger pixel noise for subpixel particle
tracking.86

The optical trap stiffness values estimated using the
Boltzmann statistics method is directly related to the absolute
temperature of the trapping medium [Eq. (6)]. Similar to the
equipartition theorem method, in our system, the trap stiffness
is underestimated by 1.4% at the trapping power of 504 mW
using the Boltzmann statistics method if laser-induced temper-
ature increase at the focus is not accounted for.

4 Discussion
We summarize the results from our stiffness calibration methods
at trapping laser powers ranging from 50 mW to 1.38 W in
Fig. 6. Horizontal and vertical axes are plotted on logarithmic
scales to enhance the visibility at lower powers where the

measured stiffness values are in close proximity. To enhance
the comparison between the trapping laser power increments
and estimated stiffness changes using each calibration method,
the inset shows the results of the four stiffness calibration meth-
ods but with its vertical and horizontal axes, respectively, di-
vided by the stiffness and laser power values of the smallest
data points plotted (35 pN · μm−1 for the modified Boltzmann
statistics method using the 4 μm bead at 50 mW). The results of
each stiffness calibration method are considered reliable within
the trapping laser power range where a linear increase in the trap
stiffness with increasing laser power is estimated. Discrepancies
exist between the methods in the trap stiffness values reported at
a given trapping laser power, the slope of their stiffness versus
laser power, and the sensitivity of each approach in observing
the size-dependent optical trap stiffness changes. While the trap
stiffness estimated by all calibration methods are in good

Fig. 5 Trap stiffness as a function of laser power at the specimen plane for 4 and 8 μm beads, using
passive stiffness calibration methods based on the Boltzmann statistics and the equipartition theorem.
The kØ4 ðm:Bolt:Þ data points (represented as circles) and kØ4 ðEqui:Þ data points (represented as triangles)
correspond to the estimated stiffness values for the 4 μm beads using the modified Boltzmann statistics
and the equipartition theorem, respectively. The kØ8 ðm:Bolt:Þ data points (represented as unfilled columns)
and kØ8 ðEqui:Þ data points (represented as shaded columns) correspond to the estimated stiffness values
for the 8 μm beads using the modified Boltzmann statistics and the equipartition theorem methods,
respectively. Particles in the aforementioned data sets were tracked using the radial symmetry method.
The kØ4 �ðm:Bolt:Þ data points (represented as diamonds) correspond to the estimated stiffness values for
the 4 μm beads using the same particles images and calibration methods as in kØ4 ðm:Bolt:Þ, but with the
centroid method used to track the optically trapped particles. The standard deviations from the mean
measured stiffness values at each trapping laser power are shown as error bars. The error bars to
the estimated stiffness values kØ4 ðm:Bolt:Þ, kØ4 ðEqui:Þ, and kØ4 �ðm:Bolt:Þ are represented by solid horizontal
lines, capped vertical lines, and dashed horizontal lines, respectively. The error bars to the estimated
stiffness values kØ8 ðm:Bolt:Þ and kØ8 ðEqui:Þ are represented by dotted horizontal lines and a dash-dot spline,
respectively. (a) Stiffness values kØ4 ðm:Bolt:Þ, kØ4 ðEqui:Þ, kØ8 ðm:Bolt:Þ, and kØ8 ðEqui:Þ at lower trapping laser
powers (0.05 to 0.55 W). (b) Stiffness values kØ4 ðm:Bolt:Þ, kØ4 ðEqui:Þ, kØ8 ðm:Bolt:Þ, and kØ8 ðEqui:Þ over an
extended range of trapping laser powers (0.05 to 1.5 W). Neither of the approaches produced reliable
stiffness results at trapping laser powers >0.5 W. (c) Dependence of the measured trap stiffness on the
particle tracking algorithm.
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agreements at lower trapping laser powers, discrepancies
between the methods become more apparent at higher trapping
laser powers.

Extrapolation of the power-stiffness fits in Fig. 6 reveals non-
zero stiffness values at zero trapping power. Optical trapping is
not achieved until the optical forces experienced by the particle
surpass the forces exerted on the particle by random collisions of
the trapping medium. Zero stiffness as measured by the equipar-
tition theorem indicates that the position variance of the particle
approaches infinity. In Boltzmann statistics, a flat position histo-
gram is required to assume zero stiffness. Neither of these cases
is realized in practice given the limited spatial range of the posi-
tion sensing devices and the limited duration of the observa-
tions. In the viscous drag force approach where the optical
trap is modeled by Hooke’s law, zero stiffness is realized if
infinitesimally small forces result in infinitely large movements.
This is not achieved since even in the absence of the trapping
laser, frictional forces counter the free diffusion of the particle in
the trapping medium.90

While these physical constraints restrict the measurement of
zero stiffness at zero trapping laser power, position sensing
errors are mainly responsible for the residual values measured
by extrapolating the power-stiffness (or displacement-force) fits
toward the origin. Minor position calibration errors and noise
can lead to an overall under- (or over-) estimation of trap stiff-
ness at each power, giving rise to residual stiffness values at zero
trapping laser power. Similarly, small imperfections in the align-
ment of the position sensing device with the center of the trap
will result in measuring residual forces at zero displacement, in
both the viscous drag force and Boltzmann statistics methods.
At low trapping laser powers, position sensing noise shifts the
displacement-force graph in the positive direction of the dis-
placement axis resulting in apparent negative residual forces.
At higher trapping laser powers, the increased scattering
force results in an axial displacement of the particle when lateral
forces are applied.91 This axial displacement is not bilateral and
occurs along the coma axis,74 resulting in a small lateral bias in
measuring bead’s displacements. This, in turn, shifts the force-
displacement graph upward, resulting in an increased apparent
residual force at zero displacement.

Laser-induced temperature increase was considered in esti-
mating all of the results presented in Fig. 6. Not accounting
for the temperature increase at higher laser powers results in
underestimating the trap stiffness when using the equipartition
theorem and Boltzmann statistics calibration methods, and over-
estimating the stiffness in PSD and viscous drag force calibra-
tion approaches. Increases in the absolute temperature of the
trapping media are directly associated with increases in the stiff-
ness value estimated by equipartition theorem and Boltzmann
statistics calibration methods. However, increased temperature
of the trapping media is directly associated with decreases in
the stiffness values estimated by the viscous drag and PSD cal-
ibration methods because of the inverse effect of temperature
with the dynamic viscosity of the trapping media and drag coef-
ficient, β.

The sensitivity of the stiffness calibration methods to the
effects of temperature increase depends on the thermal charac-
teristics of the trapping medium and the trapping laser power
range. In our case, we assumed a temperature increase of
8 K∕W for our DI water trapping medium. Given the small con-
tribution of bead properties to the laser-induced heating in opti-
cal traps,78 the low absorption of water at 1064 nm, and the

Fig. 6 Summary of the results of four stiffness calibration methods using
beads with two different mean diameters (4 and 8 μm). Horizontal and
vertical axes are plotted in logs to enhance the visibility at lower powers
where the measured stiffness values are in close proximity. Stiffness val-
ues kØ4 ðVisc:Þ and kØ8 ðVisc:Þ were measured using the viscous drag force
calibration and are represented as filled circles and unfilled circles,
respectively. The kØ4 ðPSDÞ and kØ8 ðPSDÞ data sets (represented as filled
squares and unfilled squares, respectively) correspond to stiffness
results estimated using the power spectral density method. The results
of the equipartition theorem stiffness calibration method, kØ4 ðEqui:Þ and
kØ8 ðEqui:Þ, are represented with plus and cross signs, respectively.
The results of the Boltzmann statistics method, kØ4 ðm:Bolt:Þ and
kØ8 ðm:Bolt:Þ, are represented with rightward pointing filled triangles and
rightward pointing unfilled triangles, respectively. The linear fits to the
estimated stiffness values using the viscous drag force calibration meth-
ods, kØ4 ðVisc:Þ and kØ8 ðVisc:Þ, are represented as thick solid lines. The
linear fits to the estimated stiffness values using the power spectral den-
sity method, kØ4 ðPSDÞ and kØ8 ðPSDÞ, are represented as a dashed line
and a short-dash line, respectively. The linear fits to the estimated stiff-
ness values using the equipartition theorem calibrationmethod, kØ4 ðEqui:Þ
and kØ8 ðEqui:Þ, are represented by a dash-dot-dot and a dotted line,
respectively. The linear fits to the estimated stiffness values using the
Boltzmann statistics method, kØ4 ðm:Bolt:Þ and kØ8 ðm:Bolt:Þ, are repre-
sented by a dash-dot and a short dash-dot, respectively. The inset
shows the results of the four stiffness calibration methods but with
its vertical and horizontal axes divided by the stiffness and laser
power values of the smallest data points plotted (35 pN · μm−1 and
0.05 W, respectively) to enhance the comparison between the trap-
ping laser power increments and estimated stiffness changes using
each calibration method.
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range of laser power used, this assumption remains acceptable
for the purpose of our comparative study of stiffness calibra-
tion methods. Moreover, a 50% error in this assumption
(8� 4 K∕W) does not change the overall trend of the results
and changes the measured stiffness by 0.1 to 1.9% using the
equipartition and Boltzmann statistics methods, and 0.5 to
11% using the viscous drag force and PSD methods over the
range of laser powers used in this study. Results of the PSD
and viscous drag force calibration methods were more sensitive
to the temperature increments compared with those of the equi-
partition theorem and Boltzmann statistics calibration methods.
This is due to the larger temperature-induced changes in water’s
dynamic viscosity (20.6% decrease) compared with the absolute
temperature change (3.6% increase) within the laser power
range used in our study.

QPD and other nonvideo position sensing devices offer nano-
meter spatial resolution at kilohertz sampling frequencies, but to
achieve their highest spatial resolution often requires superlumi-
nescence or laser illumination, which entails special optics and
careful alignment and calibration. In return, at a lower cost com-
pared with high-speed cameras, the QPD can be used to charac-
terize optical traps in studies involving high trapping laser
powers. We used the QPD in an imaging configuration that offers
less spatial resolution than the back focal plane interferometry
configuration. The limited spatial and temporal resolution of posi-
tion sensing is the limiting factor in the efficiency of calibration
methods at higher trapping laser powers. Any enhancement of the
position sensing accuracy and precision will, in turn, enhance the
efficiency of the stiffness calibration methods.

Cameras with low pixel noise can offer nanometer spatial
resolution for simultaneous tracking of multiple objects in con-
junction with subpixel particle tracking algorithms. At a cost
comparable with the nonvideo position sensing means, cameras
with native acquisition rates of several hundred frames per sec-
ond can be used at a few kilohertz frame rates through binning.
This frame rate is sufficient to perform frequency analysis of the
thermal fluctuations of large optically trapped particles.92

However, high-speed CMOS sensors and line scan cameras
are still required to achieve a comparable temporal resolution
offered by the nonvideo position sensing means (tens of kilo-
hertz) needed for particles in the Rayleigh regime. Currently,
these ultrafast video position sensing schemes are often costly
and limited in performance compared with their nonvideo coun-
terparts. However, common video acquisition rates of >100 Hz

can be used to determine the stiffness of an optical trap in most
biophysical applications where the trapping laser power is lim-
ited to prevent optical damage to the samples.

Stiffness calibration methods using the equipartition theorem
and Boltzmann statistics measure the thermal vibrations of a
trapped particle to estimate the trap stiffness. In the equipartition
theorem method, position variance is directly used to estimate
the stiffness, whereas Boltzmann statistics calibration method
reconstructs a normalized probability function based on the dis-
tribution of trapped particle’s positions in the optical trap to
measure the stiffness. Thus, Boltzmann statistics method is
less sensitive to the white noise in the measurement instrumen-
tation, which when using the equipartition theorem, can cause
underestimation of the trap stiffness by adding to the apparent
variance of the particle position. The statistical nature of the
Boltzmann method enhances the spatial resolution of the system
in reconstructing the probability function of the trapped par-
ticle’s position.

The equipartition theorem method requires the least amount
of postprocessing for calibrating the stiffness of an optical trap
compared with the other methods in this study. Because the
position variance is a biased (always positive) estimator, the
equipartition theorem is more sensitive to the position detection
noise, detector’s spatial and temporal resolution, and detector’s
position calibration errors compared with the other calibration
methods. This bias decreases the usefulness of the equipartition
theorem calibration method when nonvideo position sensing
means with intrinsic high-frequency noise are used. This
issue can be addressed by low-pass filtering the position signal,
but care must be taken to account for the effects of filtering
parameters on the information content of the signal.27

Compared with the equipartition theorem, the Boltzmann sta-
tistics method suffers less position detector related errors in esti-
mating optical trap stiffness over the range of trapping laser
powers. The Boltzmann statistics method can also be used to
study the optical trap’s potential energy shape. On the other
hand, the probability distribution function in the Boltzmann sta-
tistics method is a continuous function fitted to discrete position
data points. Therefore, the estimated optical trap stiffness values
are sensitive to fitting parameters, such as the bin size and the
fitting function. We used a modified Boltzmann statistics
approach, which improved the efficiency of the method at higher
trapping laser powers and enhanced its sensitivity to particle
diameter dependent variations in optical trap stiffness.

Neither the Boltzmann statistics nor the equipartition theorem
calibration methods require calculating the drag coefficient of the
trapped particles, making them suitable for studies that involve
trapping cell and particles of arbitrary shapes. At a given position
sensing temporal and spatial resolution, both equipartition theo-
rem and Boltzmann statistics methods are more suitable for study-
ing weaker optical traps with smaller optically trapped objects.
Compared with the PSD and viscous drag force approaches,
the equipartition theorem and Boltzmann statistics stiffness cal-
ibration methods have a limited laser power range in which they
can reliably be used to calibrate the optical trap stiffness and offer
smaller confidence in the measured stiffness.

At higher trapping powers, the viscous drag force and PSD
calibration methods are more reliable for calibrating the trap
stiffness. Compared with the results from other calibration meth-
ods, the PSD method has the highest sensitivity to the particle
size dependent changes in trap stiffness. Studying the PSD of an
optically trapped particle can also provide valuable information
about the electrical and mechanical noise present in the trapping
system.93 Moreover, this method can be used for directly cali-
brating the position sensing device when a motorized or PZT
stage is not available,94 as well as extracting the drag coefficient
for trapped particles of arbitrary shapes.57

Discrete numerical methods used in the PSD estimation
affect the Lorentzian shape of the PSD. The low-pass effect
of the position sensing diodes as well as a number of other
physical and theoretical approximations41 can affect the accu-
racy of the apparent roll-off frequency. Free software packages
are developed and are available online that can be used to com-
pensate for these factors42,95,96 when calibrating an optical trap
stiffness using the PSD method. Although the position sensing
device needs not to be displacement-calibrated when using the
PSD calibration method, a high spatial resolution is crucial in
order to observe small thermal vibrations of the particle inside
stronger optical traps, ultimately affecting the efficacy of the
PSD calibration method at higher trapping laser powers.
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Position detection spatial resolution is limited to the nanome-
ter range even with the most sensitive laser based position sens-
ing schemes, such as back focal plane interferometry. At higher
trapping laser powers where the thermal movements of the opti-
cally trapped particle approach the spatial resolution limits of
the position sensing system, active stiffness calibration methods
can produce more reliable calibration results. Controlled viscous
forces (and subsequently particle displacements from the center
of the trap) can be induced to overcome the low positional SNR
in stronger optical traps.

Calibrating optical tweezers’ stiffness using known viscous
drag forces requires the most postprocessing effort. Accuracy of
the results depends on the exact knowledge of particle size and
drag coefficient, temperature and viscous properties of the
medium, and having a displacement-calibrated position detec-
tion system. Motorized or PZT stages (or microfluidic trapping
chambers with precise control over the flow rate) are required
with active stiffness calibration methods for applying known
displacements or viscous forces on optically trapped particles.
In return, calibrating the optical trap against known viscous
drag forces provides the most accurate and relevant stiffness
results for studies involving large displacements of the trapped
particle from the center of the optical trap.
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