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Abstract

A framework for constructing circulant and block circulant preconditioners (C) for a sym-
metric linear system Ax = b arising from certain signal and image processing applications is
presented in this paper. The proposed scheme does not make explicit use of matrix elements of
A. Tt is ideal for applications in which A only exists in the form of a matrix vector multiplication
routine, and in which the process of extracting matrix elements of A is costly. The proposed
algorithm takes advantage of the fact that for many linear systems arising from signal or image
processing applications, eigenvectors of A can be well represented by a small number of Fourier
modes. Therefore, the construction of C' can be carried out in the frequency domain by carefully
choosing its eigenvalues so that the condition number of CTAC can be reduced significantly.
We illustrate how to construct the spectrum of C in a way such that the smallest eigenvalues
of CT AC overlaps with those of A extremely well while the largest eigenvalues of CT AC are
smaller than those of A by several orders of magnitude. Numerical examples are provided to
demonstrate the effectiveness of the preconditioner on accelerating the solution of linear systems
arising from image reconstruction application.
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1 Introduction

Circulant and block circulant preconditioners have been proposed as potential candidates for ac-
celerating iterative solutions of Toeplitz or block Toeplitz systems

Az =b. (1)

These systems often arise from signal and image processing applications. The algorithm proposed
by T. Chan [8] constructs a circulant preconditioner C' that minimizes ||A—C||r, where ||-||  denotes
the Frobenius norm. The same technique can be extended to construct block circulant matrices
with circulant blocks (BCCB) for block Toeplitz matrices with Toeplitz blocks (BTTB) [9]. Other
possible constructions have been presented in [6, 17, 16, 23, 24]. Almost all of these techniques
rely heavily on the Toeplitz structure of A. Although it has been shown that the technique of T.
Chan [8] can be applied to matrices that are nearly Toeplitz or non-Toeplitz [18], one must know
all entries of A in order to construct C.

The spectral properties of circulant preconditioners have been analyzed by R. Chan and others
[1, 4, 7] in the context of Toeplitz systems in which the matrix entries of A are assumed to be
Fourier coefficients of a generating function of a certain class (e.g. the Wiener class). Similar
analysis for block circulant matrices used in Toeplitz-block least squares problems are provided
in [2, 3]. Construction techniques based on polynomial approximation of a generating function is
given in [5]. In many applications, such a generating function does not exist or is unknown a priori.

In this paper, we propose a framework for constructing circulant and block circulant precondi-
tioners of A without making explicit use of the entries of A. This approach is extremely useful for
applications in which the matrix A is not explicitly available, but exists, for example, in the form of
a matrix-vector multiplication routine. One particular example is the matrix operator associated
with real space image reconstruction from a set of projections [13]. In this case, A is dense but
not Toeplitz or block Toeplitz. Each column (or row) of A corresponds to a spatially variant point
spread function (PSF). The operation y « Az represents a combined discrete projection and back-
projection operation. Although the entries of A can be computed from the transforms of point
sources, it is generally too costly to store all entries of A in memory. For example, to reconstruct
a 64 x 64 x 64 3-D image, we would deal with a matrix A that is 2'® x 2!8, containing roughly
32,000,000,000 nonzero entries. (Since the matrix is symmetric, we only counted the lower half of
the matrix.) If each entry is represented by a 4-byte floating point number, this would lead to a
128 gigabyte (GB) storage requirement.

Our approach is motivated by the observation that in these applications eigenvectors of A can
often be well represented by a small number of Fourier modes. To be specific, the magnitude of
the Discrete Fourier Transform (DFT) of each eigenvector often exhibits a localized peak.

To give an example, let us take A to be a modified version of the phillips matrix collected
in [15]. The dimension of the matrix is set to n = 128. The original matrix is a Toeplitz matrix
obtained from a discretization of a Fredholm integral equation of the first kind [22]. Our modifi-
cation reverses the sign of the negative eigenvalues while keeping the eigenvectors unchanged. As
a result, the modified matrix is no longer Toeplitz. This simple modification makes A symmetric
and positive definite (SPD) so that the Conjugate Gradient (CG) algorithm may be applied later
on to solve (1).

We assume that eigenvalues of A have been arranged in descending order Ay > Ao > -+ > Ay,
and z; is the eigenvector associated with )\;. In Figure 1, we plot the eigenvectors associated with
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Figure 1: Eigenvectors and their Fourier frequency content.

A1, Ag4, A1og and the frequency content defined by the magnitude of the DFT of each vector. The
DFT of a vector z, often denoted in this paper by y = DFT{z}, can be expressed, in matrix
notation, by

y=FHg,
where .
wy W wy ™

1 WV wi Wt —j2m;

F:—\/_ 1 1 ! , and wF=e Ik,
n : . :

0 1 n—1
Wp—1 Wp—1 wn—l

The superscript H is used here to denote conjugate transpose. We have adopted the engineering
convention of using the letter j to denote the imaginary constant /—1 above. The frequency
content computed by DFT is normally displayed on [0, 27]. However, due to the symmetric pattern
of each eigenvector in this example, the discrete Fourier coefficients are even symmetric with respect
to w = 7w (the Nygquist limit). Thus we only plotted the portion on [0, 7].

Clearly, z; contains mainly the low frequency Fourier components, and z198 the high frequency
components. This type of correspondence between the large (small) eigenvalues of A and the
low (high) Fourier frequencies is typical for discretized integral operators. The eigenvector zg4
associated with the interior eigenvalue, Ag4, contains contributions from a larger number of Fourier
modes. But the localization of Fourier components is still visible.

If the eigenvectors of A were indeed columns of F', then it is easy to show that A is circulant
and eigenvalues of A are determined by the first column of the matrix [11]. In this case, the ideal



preconditioner C' would be circulant as well. The first column of C (which ultimately defines the
entire matrix) can be obtained by taking the (inverse) DFT of the “inverse” frequency response
[1/A1,1/A2,...,1/An]. Of course, when A is circulant, one shall not use iterative method to solve (1).
A simple inversion algorithm based on the Fast Fourier Transform (FFT) can be applied directly
to render the solution in O(nlogn) flops. Note that, in system theory, eigenvalues of a circulant
matrix are sometimes known as the frequency response of the linear convolution operator defined
by the matrix.

The simple procedure described above cannot be used in general to construct a preconditioner
for a non-circulant matrix A for which the spectrum is not readily available. However, the close
connection between the eigenvectors of A and the Fourier modes would allow us to choose a C
such that ||C Az| < ||Az||, for all z such that ||z|| = 1. In particular, if A is a discretized integral
operator, and the eigenvalues of C associated with the lowest frequency Fourier modes are chosen
appropriately, it is possible to achieve

||| =1 ||| =1

M < max [[CAs]| < max Az = A

Meanwhile, by making the eigenvalues of C' associated with the high frequency Fourier modes close
to 1, we can make the smallest eigenvalues of C'A overlap with those of A. Consequently, the
condition number of the preconditioned system can be reduced.

To maintain symmetry of the coefficient matrix in (1), which is required by iterative methods
such as CG, the preconditioned system should take the form

cTAcz = b,

where z = C% is the solution to the original problem (1).

The general strategy we take here is to carefully construct the spectrum (frequency response)
of C so that eigenvalues of C7 AC are clustered. As mentioned earlier, the matrix C is completely
defined once its spectrum is specified. If A is real, it is desirable to keep C' real as well. In Section
2, we will show how a real circulant preconditioner can be constructed when the amplitude of the
desired frequency response is available. Most of the materials presented there can be found in
standard literature on digital filter design [19, 20]. We include them here merely for completion. In
Section 3, we will illustrate how to devise a frequency response that leads to an effective circulant
preconditioner. The discussions presented in Section 2 and 3 focus on one dimensional (1-D)
problems. These techniques can be easily extended to 2 or 3-D problems as we will show in Section
4.

2 Circulant Matrix and Frequency Response

A circulant matrix

(&) Cp—1 C2 C1
(4] €0 Cp—1 =" C2
C =
Cn—2 T C1 C) Cp-1
| ¢n—1 Cp-2 " O co




is completely specified by its first column, ¢ = [cg, ¢1, ..., ¢n_1]7. It is well known that
C = FAFH, (2)

where F' is the DFT matrix defined in Section 1, and A is a diagonal matrix with the diagonal
entries defined by the DFT of ¢, i.e.,

diag(A) = DFT{c} = Ffec.

The matrix-vector multiplication y = Cz is essentially a circular convolution

n—1
Yk = Zci—kxia k=0,..,n-1,
=0

where ¢,k = Crod(i—kn) for 2 —k < 0. In system theory, the Discrete-Time Fourier Transform
(DTFT) [19] of ¢ is also known as the frequency response of the space-invariant linear system
characterized by the impulse response {cy, c1,...,cp—1}. It follows from the spectral decomposition
(2) that y < Cz can be carried out by the following steps:

1. f <« DFT{z};
2. f«A-f;
3.y« IDFT{f};

In step 1, the input vector x is decomposed as a linear combination of the Fourier basis vectors,
the Fourier coefficients contained in f are then point-wise modified by the frequency response of
the linear system before they are reassembled by the inverse DFT (IDFT) to produce the output
vector y.

Because DFT can often be implemented efficiently by making use of the Fast Fourier Transform
(FFT), the computational complexity of y - Cz can be reduced to O(nlogn) from O(n?).

To make our discussion easier, we introduce the following elementary properties of DFT and
convolution. In particular, we point out the implication of symmetry in the impulse response {c;}.

2.1 Linear Phase and Symmetric Impulse Response

Our construction of a circulant preconditioner begins with a specification of the amplitude of the
desired frequency response a(wy) at wy = (27/n)k, k = 0,1,...,n — 1. After appropriate phase
components ¢(wg) are selected, the impulse response ¢; required to assemble C can be obtained
from the inverse DFT of f(wy) = a(wy)e?@r).

Since the matrix A in (1) is real, we would like C to be real as well. This suggests that the
phase components of the frequency response cannot be arbitrary. For example, setting ¢(wg) = 0
for all k£ will most likely result in an impulse response that contains a non-zero imaginary part.

A simple way to specify the phase content of the frequency response is to resort to the technique
used in linear phase digital filter design [20]. If we let m = (n — 1)/2, it follows from the (DTFT)
[19] of ¢ = [cp, €1, --vy Cn—1] that

fw) = Y () e 3)



Note that f(w) is periodic with period T' = 2x. Thus we only consider f(w) defined on one period
[—m, m] or [0, 2], whichever is more convenient to work with.
It is easy to verify that
f(w) = a(w)e 7™

where
a(w) = (co+ cp_1)cos(mw) + j(co — cp—1) sin(mw)
+ (c1 + ep—2)cos((m — 1)w) + j(er — cp—2) sin((m — 1)w))
+
If we impose symmetry on the impulse response by setting
CO = Cnfla C]_ = cn72, Tt

a(w) becomes completely real. It forms the amplitude of the frequency response f(w) whose phase
¢(w) = mw is linear in w. It is easy to see that a(w) is even symmetric, i.e., a(w) = a(—w) for
w € [—m,m], a property desired in our construction.

It follows from (5) that, if n is odd, the impulse response can be calculated from the amplitude
of the frequency response sampled on [0, 7] by solving a linear system of equations (if the number of
sampling points equals the m+1) or a linear least squares problem (if the number of sampling points
is greater than m + 1). Suppose the frequency response is sampled uniformly at wy = (27/n)k,
k=0,1,...,m, then

2 cos(muwy) 2cos((m — Dwy) --+  2coswgy 1
3(1) 2 cos(mwy) 2cos((m — Dwy) - : 1 2(1)
- : : ' . : : (6)
am, 2 cos(mwi,—2) e . 2coswpy-o 1 Cm
| 2cos(mwpm—1) 2cos((m — Dwm-1) -+ 2coswm-1 1 |

where ap = a(wg). A similar equation can be derived for an even n. It is easy to verify that the
inverse of the coefficient matrix in (6) has the form

[ 1 2 cos(mw: ) -+ 2cos(mwm—1) 2 cos(mwm,)
) 1 2cos((m —1Dwi) - : 2cos((m — 1)wm)
G I . .
n
1 . 2C0SWy—1 2 COS Wyy,
1 2 2 2 |

Thus, the impulse response can be computed by a matrix-vector multiplication. An alternative (and
perhaps more efficient) way of calculating the impulse response is to form the frequency response
f(wg) by multiplying the desired amplitude samples a; with the correct phase components e”“k,
k=0,1,..,n — 1. An inverse FFT of f(wy) will yield the desired impulse response. A MATLAB
script is provided in Figure 2 to demonstrate how this is done. Note that the ifft(£fq) command
will return a complex vector with tiny imaginary parts. In exact arithmetic, the imaginary part
should be identically zero. Only the real part is of interest.



% assume n is odd, and
% £(x) is the amplitude of the desired
% frequency response;

m = (n-1)/2;

j = sqrt(-1);

h = 2xpi/n;

x = 0:h:2%pi-h;
y =£fx{:m+l));

vyl = [y y(m:-1:1)];
phs = exp(2*pix*j*(-m)*(0:n-1)/n);

fq = yl.*phs;
cc = ifft(£fq);
¢ = real(cc);

Figure 2: Calculating the impulse response by ifft.

2.2 Sparsity and Frequency Interpolation

The even symmetry of the frequency response suggests that roughly n/2 nonzero entries are required
to assemble the desired circulant preconditioner. If the amplitude of the desired frequency is smooth
and well behaved (in the sense of having uniformly bounded derivatives) on [0, 7], the number of
non-zeros in the impulse response can be further reduced, making the construction of circulant
matrix even more efficient.

Suppose an impulse response of length p

¢ = [Co, Cly ey Cp—l]

has been computed from the amplitude of p (p <« n) uniformly sampled frequency response on
[0, 7]. An extended impulse response formed by padding ¢ with n — p zeros at the end, i.e.,

¢=[ep,c1,...,¢p-1,0,0, ..., 0],

produces a frequency response whose amplitude agrees with that of ¢ at wy, = (27/p)k, k =
0,1,...,p — 1. Figure 3 demonstrates this well-known interpolation property (sinc interpolation
[19]). The circles mark the amplitude of the frequency response associated with a length-21 impulse
response ¢. The solid curve corresponds to the amplitude of the frequency response computed from
the length-128 impulse response formed by padding ¢ with 107 zeros at the end. Note that the
frequency responses are computed by the MATLAB fft command. The amplitude curves are
shifted (by making use of the MATLAB fftshift command) to the interval [—m, n| before they
are plotted.

The sparsity of C due to zero padding allows us to apply the preconditioner directly in the
spatial domain through sparse matrix-vector multiplication. When p < n, the complexity of this
approach is reduced to O(n) from the familiar O(n log(n)) count associated with the FFT algorithm.
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2.3 Connection with Polynomial Approximation

The construction technique presented in Section 2.1 essentially provides a means to solve a trigono-
metric interpolation problem, i.e., to find ay, £ =0,1,...,m such that

a(wp) = agcos((m — Lwy), (7)

£=0

at wy, = 2n/n)k, k = 0,1,....,m. If we let w = cos~!'z, where z € [~1,1] and w is restricted
to [—m, x], it follows from the definition of Chebyshev polynomial of the first kind [10] that the
amplitude of the frequency response can be expressed as a sum of Chebyshev basis polynomials
defined on [-1,1], i.e.,

a(@) =Y afTy (),
£=0

where Ty(z) = cos(fcos '(z)). The polynomial approximation to the desired frequency response is
solved by interpolating at a set of Chebyshev points x = cos(27/n)k, k = 0,1,...,m. The length
of the impulse response n = 2m + 1 is proportional to the degree of the polynomial. When the
amplitude of the desired frequency response is smooth and well behaved (in the sense of having
uniformly bounded derivatives), a low-degree interpolating polynomial is often adequate to provide
an accurate approximation. Otherwise, other approximation techniques such as weighted least
squares and minmax approximation [10] may be used to provide a satisfactory impulse response.
The degree of the polynomial may also be increased leading to a denser circulant preconditioner.



3 Squeezing the Spectrum by an Exponential Frequency Response

In the previous section, we laid out a numerical procedure for constructing a circulant preconditioner
when the amplitude of a desired frequency response is provided. In this section, we discuss how
to come up with an appropriate frequency response to achieve the goal of reducing the condition
number of A.

If we consider the spectrum of A as a sequence of real numbers (arranged in descending order)
obtained from a continuous function A(w) uniformly sampled on the interval [0, 7], then a desirable
property of the frequency response f(w) associated with C' is that

1
VA

for Kk = 0,1,...,n — 1. This property will potentially allow us to make the spectrum of CTAC
clustered around 1. However, since the spectrum of A is usually unknown, such a frequency
response is not easy to construct. Nevertheless, it is possible to construct a monotonically increasing
f(w) such that \,/A; < f(wg) < 1 for k < n and f(wg) = 1, for & = n. As a result, the
function g(w) = f(w)A(w), which can be viewed approximately as the “frequency response” of the
preconditioned matrix C7 AC, may satisfy the property that

9(0) Al

m < K,(A) = )\—n

The ratio 7 = f(7)/f(0) will be referred to as the reduction factor (of the condition number)

in the following. Clearly, we would like to construct f(w) with a large reduction factor 7. But 7
should also be controlled not to exceed x(A).

f(w/c):i

Ak, or f(wk):

There are many ways to construct an f(w) that satisfies the above requirements. One possible
construction is to let

flw)=e P, ®)
This exponential response has a number of interesting properties. It is easy to verify that
f(r)=1, and fO()=0, i=1k—1,

where f(* denotes the i-th derivative of f(w). For an even integer k and positive 3, f(w) increases
monotonically on [0, 7]. The larger the value of k, the flatter f(w) is at w = m. The parameter 3
can be completely determined once k and the reduction factor 7 are specified, i.e., we can find
by solving

2 Bt
u
A simple algebraic manipulation yields
InT
B=— (9)
i

Let us now illustrate the effect of such a construction using the modified phillips matrix given
in Section 1 as an example. The condition number of 4 is k(A4) ~ 7 x 10%. The spectrum of A is
plotted in Figure 4. Using k = 2, 7 = 100, we obtain S = 0.482 from (9).

Once the desired frequency response is specified, we can use the interpolation techniques in-
troduced in Section 2.1 to construct an impulse response that defines our circulant preconditioner

Ce.
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Figure 4: The spectrum of A and the preconditioned matrices.

In Figure 5, we plot f(w) = ¢ 0-482(w—m)? (the solid curve) and the amplitude of the frequency
response (marked by circles) defined by the a length-21 impulse response computed by the procedure
shown in Figure 2. Because the f(w) is smooth and well behaved (|f'(w)| < 2 for w € [0, 7]), the
difference between the amplitude of the frequency response associated with [cg, ¢1, ..., c21] and f(w)
is negligible.

The spectrum of C1 AC, (marked by plus signs) is compared with that of A (marked by circles)
in Figure 4. Eigenvalues are sorted in descending order. In the same figure, we also plotted the
spectrum of C; YA, where C is the circulant preconditioner constructed using Chan’s technique
[8]. Notice that the smallest eigenvalues of C AC, overlap extremely well with those of A. The
largest eigenvalues of C AC, are much smaller than those of A. That is, through preconditioning,
eigenvalues of the preconditioned system has been squeezed into a much smaller interval. Conse-
quently, the condition number of CT AC, is nearly four orders of magnitude smaller than that of A.
This is consistent with the reduction factor 7 = 100 we specified for the construction. T. Chan’s
preconditioner reduced the condition number by nearly two orders magnitude also. The spectrum
of the preconditioned matrix is less predictable, with most of the eigenvalues lie in [1073, 1] and
one outlier near 102.

In Figure 6, we examine the spectrum of C'eT AC,, where C, is constructed by setting the
reduction factor 7 = 10? in (9). Tt is interesting to see that most of the eigenvalues of C AC, have
been squeezed into the interval [10=%,107%] with one outlier near 10=2.

The effect of the preconditioner in a preconditioned CG (PCQG) iteration is shown in Figure
7. The right hand side b used in this example is obtained from b = Az, where A is our modified
(SPD) phillips matrix and z. is an exact solution provided in [15]. We measure the convergence
by examining the relative error defined by

err = ———————. (10)
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We note that the convergence of PCG depends on both the spectral property of A and the right-
hand side b. (A zero starting vector is used throughout this paper.) The convergence tolerance of
PCG is set to tol = 1077, i.e., PCG is terminated when err < 1077.

The dotted curve in Figure 7 illustrates the convergence history of CG without using a pre-
conditioner. The reduction in relative error starts to stagnate when the iteration number reaches
40. The T. Chan preconditioner (marked by the dash-dotted curve) appears to be superior in the
first 10 iterations. However, nearly 100 iterations are required before the relative error of the so-
lution falls below the required tolerance. Similar behavior is observed for the matrix-free circulant
preconditioner C7' constructed by setting the reduction factor 7; to 100. The preconditioner C7?
associated with a reduction factor of 79 = 1000 appears to be much more effective after the initial
40 iterations.
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Figure 7: Convergence history of PCG.

4 Block Circulant Preconditioners

The construction techniques introduced above can be easily extended to block matrices for which
eigenvectors can be well represented by a small number of multi-dimensional Fourier vectors. (The
2-D Fourier vectors form the columns of the matrix F® F', where ® denotes the Kronecker product.)
Examples of these matrices are BT'TB matrices (Block Toeplitz matrices with Toeplitz Blocks) and
discrete image blurring operator associated with spatially variant point spread functions.

What is required for the construction of a BCCB matrix (Block Circulant matrix with Circulant
Blocks) is the specification of a 2-D frequency response. This can be obtained by simply rotating
the amplitude of a 1-D frequency response defined in (8) around 0 in the 2-D frequency domain. An
example of such a frequency response is shown in Figure 8 where the frequency domain is restricted
to [—m, ] x [—m, 7). Notice that the frequency surface takes the value 1 in the high frequency region
(four corners and boundary). The flatness of the surface can be controlled by the value of k in (8).

12



Making the high frequency response surface flat has the effect of keeping the smallest eigenvalue of
CT AC, in roughly the same location as those of A. The magnitude of the frequency response at
(0,0) is determined by the reduction factor 7 as described in Section 3 for the 1-D case. By using a
large 7, we hope to push the largest eigenvalues of CI AC, toward the smallest eigenvalues, thereby
reducing the condition number of the linear system.

““““‘"‘"""lll”

Figure 8: The amplitude of a desired 2-D frequency response

The procedure for calculating the 2-D impulse response from a desired frequency response is
illustrated in Figure 9. Just as in the 1-D case, the value of p can be chosen to be much smaller
than the block size of A. The computed 2-D impulse response can be padded with zeros to yield a
sparse BCCB preconditioner. The interpolation property described in Section 2.3 also holds here.

The effect of block circulant on the spectrum of A can be seen in Figure 10. The matrix A
used here is the blur matrix collected in [15]. We used block size 16, which yields a BTTB matrix
of dimension 256 x 256. The parameters used for constructing the matrix are nband = 7 and
o = 1.0. The condition number of A is x(A) ~ 4 x 10%. We used 7 = 10 and k = 2 to construct a
block circulant matrix C, with an exponential frequency response. It is clear from Figure 10 that
the smallest eigenvalues of CT AC, (marked with “+”) overlap with the smallest eigenvalues of A
extremely well, as expected. However, the reduction of the largest eigenvalues is not as dramatic as
our earlier example. Only one order of magnitude reduction is achieved by (. Since this matrix is
BTTB, we can use Chan and Olkin’s technique [9] to construct a BCCB matrix, C;, that minimizes
||C; — Al|p- The Chan and Olkin’s construction appears to be very effective in this case. Most of
the eigenvalues of C; ' A lie within [0.3,3]. Many of them cluster near 1.0. One outlier is found
near 10.

Figure 11 shows the performance improvement of the CG iteration after block circulant precon-
ditioners are used. We plotted the relative error norm defined by (10) against the iteration number.
Without using any preconditioner, the relative error of the solution is reduced by less than three
orders of magnitude in 100 CG iterations. Using the block circulant conditioner C, constructed

13



% assume p is odd, and
% £(x) is the amplitude of the desired
% frequency response on [0,pi]lx[0,pil;

m = (p-1)/2;

j = sqrt(-1);

h = 2%pi/p;

X = 0:h:2%pi-h;

y =%

[X,Y] = meshgrid(x,y);

F = zeros (p)

R = sqrt(X(1:im+1,1:m+1) . "2+Y(1:m+1,1:m+1) ."2);
VA = f(R);

F(1:m+1 ,1:m+1) = 7;
F(p:-1:m+2,p:-1:m+2) = Z(2:m+1,2:m+1);
F(1:m+1 ,p:-1:m+2) = Z(: ,2:m+1);
F(p:-1:m+2,1:m+1) = Z(2:m+1,:);

phs = exp(2*pixj*(-m)*(0:p-1)/p);
PHS = phs.’*phs;

FQ = F.*PHS;

c2 = real (ifft2(FQ));

Figure 9: Calculating the 2-D impulse response by ifft2.
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Figure 10: The spectrum of A and the preconditioned matrix.
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by our matrix-free technique, we attained more than five orders of magnitude reduction in relative
error. However, in this example, our matrix-free construction is outperformed by Olkin and Chan’s
BCCB preconditioner, which yields an error reduction of nearly six orders of magnitude with less
than 30 iterations.
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Figure 11: The convergence history of CG

The matrix A used in our final example arises from the problem of reconstructing a 2-D image
z defined on a 17 x 17 sampling grid from a number of 1-D projections represented by a set vectors
{b;}. For the purpose of this paper, let us assume the projections are noise free. The projection
associated with a particular projection angle ; can be described by

b = Py,x.
If we let
P=[pf Py, - P; 1", and b=[b{ by --- bL]",
the image reconstruction problem can be formulated as

min | Pz — b||,
T

where || - || denotes the standard Euclidean norm. The solution of this minimization problem clearly
satisfies the normal equation
P'pz = P"h.

The transpose of P is often known as the back projection operator, and the direct back projection
b« PTp typically produces a blurry image. The matrix A = PT P plays the role of a spatially
variant PSF. As mentioned in Section 1, for large size images, it is very costly to compute and store
A = PTP explicitly. This is not necessary when an iterative solver is applied to (4). However, in
order to compare the performance of our matrix-free construction of a block circulant preconditioner
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C, with that of C; formed by Olkin and Chan’s technique, we built A explicitly by apply P and
PT to point sources defined on the sampling grid. Note that A does not have a BTTB structure.
We will refer readers to [13, 12] for details of the projection and back projection operator. The

-5 I I I I I
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i

Figure 12: The spectrum of A, CT AC, and Ct_lA.

1-D projections are generated from 100 evenly distributed angles between [0,360°]. The condition
number of A is roughly 10°. We used 7 = 10 and k = 2 and a 13 x 13 (polynomial of degree 6)
impulse response to construct Ce. The spectrum of A, CI' AC, and C; LA are displayed in Figure
12. Notice that the smallest eigenvalues of A and CI AC, again show significant overlap. The
largest eigenvalues of CI AC, are roughly two orders of magnitude smaller than those of A. This
leads to a two orders of magnitude reduction of the condition number. The condition number of
C; 1 A remains 108. This is partly due to a few eigenvalue outliers at both ends of the spectrum.

In Figure (13), we compare the convergence history of PCG when different block circulant
preconditioners are used. If we use X(i,7) to denote the intensity of the image at pixel (4,7),
1,7 = 1,2,...17, then the image used in this experiment is set up such that

a1 \/(i—-8)2+(j—8)2<s8,
X(i,5) = { 0 otherwise.

The exact solution z. is constructed by stacking columns of X on top of one another. The right hand
side b is created by multiplying A with z.. The CG convergence tolerance is set to tol = 5 x 1073,
We plotted the relative error defined in (10) against the iteration number of PCG. It is easy to
see that without using a preconditioner, nearly 100 iterations are required to reach the the desired
accuracy. The matrix-free block circulant preconditioner C, based on the exponential response
discussed above helped to reduce the number of iteration by 50%. There appears to be little
gain in performance when the block circulant preconditioner C; constructed by Chan and Olkin’s
technique is used.
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Figure 13: The convergence history of PCG on the image reconstruction problem

5 Concluding Remarks

We have presented a matrix-free framework for constructing circulant and block circulant pre-
conditioners suitable for accelerating the convergence of iterative solution of a special type linear
system. The main characteristic of these systems is that the eigenvectors of the coefficient matrix
A can be well represented by a small number of Fourier modes. The close connection between
the eigenvectors and the Fourier modes indicates that spectral properties of the linear system (1)
can be altered in a systematic fashion by multiplying (1) with a circulant matrix C that has an
appropriate frequency response (spectrum). We provided an example of how to devise such an
frequency response. The exponential frequency response we proposed has the effect of making the
smallest eigenvalues of CT AC overlap with those of A extremely well. The largest eigenvalues of
CT AC can be made much smaller than those of A. As a result, the condition number of (1) can
be reduced significantly, and eigenvalues of the preconditioned system can be squeezed into a much
smaller interval.

Our original goal was to develop preconditioners for systems in which it is too costly to form A
explicitly, a situation that occurs in image reconstruction applications [21]. However, the circulant
and block circulant preconditioners developed here can also be used for Toeplitz and BTTB systems.
Our preliminary numerical results indicated the performance of our preconditioner is comparable
to, and sometimes is even better than that rendered by the Chan and Olkin’s preconditioner [8, 9].

We would like to point out that the exponential response presented here is merely one way to
specify the frequency response of a circulant or block circulant preconditioner. Other possibilities
exist also. For example, if reliable estimation of the spectrum of A is available, one may design a
frequency response that interpolates the inverse of the approximate eigenvalues of A.

When (1) is ill-posed, we must take special measures to prevent the unwanted eigenvectors of A
to be included in the solution vector because these vectors are often contaminated by noise. If (1)
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arises from a discretized integral operator, the unwanted eigenvector are those associated with the
smallest eigenvalues of A [14]. A simple spectrum squeezing technique may allow these components
to converge rapidly, resulting in a solution completely corrupted by noise. A potential remedy is
to combine the circulant and block circulant preconditioner proposed in this paper with a low-pass
filter to prevent the noisy components from entering z. The low-pass filter essentially plays the
role of regularization. This subject will be the focus of our future research.

Acknowledgment. We would like to thank Drs. Daniela Calvetti and Eldad Haber for
helpful discussions on preconditioning ill-posed problems at the 2001 International Conference on
Preconditioning in Tahoe.
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