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ABSTRACT OF THE DISSERTATION

Convergence of Goal-Oriented Adaptive Finite Element Methods

by

Sara Pollock

Doctor of Philosophy in Mathematics with a specialization in Computational Science
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Professor Michael Holst, Chair

In this thesis we discuss convergence theory for goal-oriented adaptive finite el-
ement methods for second order elliptic problems. We develop results for both linear
nonsymmetric and semilinear problems. We start with a brief description of the finite
element method applied to these problems and some basic error estimates. We then pro-
vide a detailed error analysis of the method as described for each problem. In each case,
we establish convergence in the sense of the quantity of interest with a goal-oriented
variation of the standard adaptive finite element method using residual-based indicators.

In the linear case we establish the adjoint as the appropriate differential operator
for the dual problem. We establish contraction of the quasi-error for each of the primal
and dual problems yielding convergence in the quantity of interest. We follow these

results with a complexity analysis of the method. In the semilinear case we introduce

X1



three types of linearized dual problems used to establish our results. We give a brief
summary of a priori estimates for this class of problems. After establishing contraction
results for the primal problem, we then provide additional estimates to show contraction
of the combined primal and dual system, yielding convergence of the goal function. We
support these results with some numerical experiments.

Finally, we include an appendix outlining some common methods used in a pos-
teriori error estimation and briefly describe iterative methods for solving nonlinear prob-

lems.
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Chapter 1

Introduction



1.1 Background and overview of research

We start with an overview of recent results in adaptive and goal-oriented finite
element methods. We then introduce the two main problems investigated in this thesis,
and survey some basic tools used later in the analysis. In §1.2 we summarize the main

results of Chapters 2 and 3.

1.1.1 Adaptive and goal-oriented methods

Adaptive finite element methods (AFEM) are those in which only select ele-
ments are refined at each iteration of the algorithm in an attempt to produce a more
efficient overall approximation algorithm. In contrast, uniform methods globally refine
the mesh at every step. Adaptive methods are effective at reducing the overall complex-
ity or degrees of freedom in the problem and are of particular interest in problems with
localized singularities. In this work, we are interested in extending convergence theory
for AFEM to broader classes of error indicators, problems and adaptive algorithms.

In recent results, a number of different quantities have been shown to contract
in adaptive settings. In [18], the total error, a linear combination of the energy error
and an oscillation term, is shown to contract for the nonsymmetric elliptic problem.
In [6] for symmetric elliptic problems and [16] for semilinear problems, contraction is
established in terms of the quasi-error, a linear combination of energy error and error
estimator. Additionally, in [6] decay of the total error is shown to achieve the optimal
rate in terms of the number of degrees of freedom and the best approximation. More
recently in [2] contraction is shown for semilinear problems using inexact solvers. In
this last case, the form of error that contracts is similar to the quasi-error, except the
error estimator is a function of the approximate rather than exact solution.

Goal-oriented methods are those designed to approximate a function of the so-
lution g(u) rather than the u, the weak solution to the PDE. The function g(-) is referred
to as the goal function, and g(u) the quantity of interest. The goal function may repre-
sent a physical quantity or characteristic of particular interest. The canonical example
is an average over a subdomain or a line integral about its boundary. Goal-oriented

methods are used in a number of applications [13] including pointwise a posteriori



error estimation [20]. Goal-oriented adaptive finite element methods (GOAFEM) use
error estimators based on a dual problem which involves the function g to guide the
refinement towards an accurate approximation of the quantity of interest. Our results
for convergence of GOAFEM are preceded by [19] for the scaled Laplacian. While we
follow the basic goal-oriented framework outlined in that paper, the convergence proof
for the linear nonsymmetric problem follows that in [6] and [16], establishing contrac-
tion of the quasi-error for both primal and dual problems. For the semilinear problem,
our analysis departs from this framework substantially in order to establish contraction
of a combined primal-dual quasi-error, where in this case the dual problem is coupled
to the primal problem. The strong contraction results presented here are the first for
goal-oriented methods applied to nonsymmetric elliptic and nonlinear problems.

The standard adaptive algorithm iterates the loop

SOLVE — ESTIMATE — MARK — REFINE . (1.1.1)

For goal-oriented adaptive methods, each iteration of the algorithm involves solving
both a primal and a dual problem, calculating an estimate of the error on each element,
marking an appropriate set of elements for refinement and refining the mesh for the next
iteration. We employ a standard strong-form residual-based error indicator as in [6],
[19] and [18] to estimate the error on each element at each iteration of the algorithm.
Non-residual based error indicators may also be employed in adaptive methods, as in [7]
for linear elliptic problems. For goal-oriented adaptive methods, much of the literature
focuses on weak-form residual-based estimators, for example [20, 11, 10, 9, 22, 14, 5].
The advantage of the strong-form indicators in this context is their role in analytically

determining the monotonic decrease of the (combined) quasi-error.

1.1.2 Problems considered

The goal of this research is to prove the convergence of goal-oriented adaptive fi-
nite element methods for a sequence of increasingly general problems. Here we present
our first two steps in this process: A linear nonsymmetric problem and a semilinear

problem. The next step and the focus of our current work is a coupled system of semi-



linear equations. We take as our starting point the recent results of Mario Mommer and
Rob Stevenson [19] for the symmetric diffusion problem. Our first results are for the

elliptic problem given in strong form by

—Z(u) =-V-(AVu)+b-Vu+cu=f, inQ,
u=0, ondQ, (1.1.2)

with weak formulation: find u € H} () such that
al(u,v) = / AVu-Vv+b-Vuv+cuv dx = f(v), Vv H}(Q) (1.1.3)
Q

where we follow the convention of [8] and associate the function f € L,(Q) with its

Riesz-representer

f(v):/gfvdx. (1.1.4)

We make the following assumptions on the problem data:

Assumption 1.1.1. Assumptions on nonsymmetric problem.

1) A:Q — R4 Lipschitz and a.e. symmetric positive-definite.

2) b:Q — R with by, € L..(Q) , and b divergence-free.

3) ¢:Q — R, with ¢ € Lo(Q), and c(x) > 0 for all x € Q.

4) f?g € LZ(Q)

Following the analyses of [19], [16] and [6] we provide strong contraction re-

sults and complexity estimates for the goal-oriented problem of finding g(u) where u is
the solution of (1.1.3).

Next, we consider the goal-oriented problem for the semilinear PDE given in

strong form by

— N () = V- (AVu) +b(u) = f, inQ,
u=0, ondQ, (1.1.5)



with weak formulation: find u € HJ () such that
a(u,v) + (b(u),v) = f(v), YveH Q) (1.1.6)
where
a(u,v) = /QAVwVv (1.1.7)

and (-, -) denotes the L, inner-product. We make the assumptions

Assumption 1.1.2. Assumptions on semilinear problem.
1) A:Q — R4 Lipschitz and a.e. symmetric positive-definite.

2) b:Q xR — R is monotone (increasing):
b'(E)>0, forall E € R.

Here and in the remainder of the paper, we write b(u) instead of b(x,u) for sim-
plicity.
3) f?g € LZ(Q)

4) There are u_,u € L. which satisfy

u_(x) < u(x),ux(x) <uy(x)for almost every x € Q. (1.1.8)

The iterate u; in (1.1.8) is the solution to the discrete problem (1.1.22). The
additional necessary property that 5’ is Lipschitz on [u_,u, ] is a consequence of (1.1.8).
The a priori assumption (1.1.8) effectively places restrictions on the nonlinearity b(-) or
possibly on the angles of the mesh with weaker restrictions on b as discussed in Chapter
3. In that chapter, we provide strong contraction results for a goal-oriented method
for this problem. We also introduce an appropriate form of the error to establish these

results.



1.1.3 Norms and Sobolev spaces

In the weak formulations (1.1.3) and (1.1.6) we seek solutions # and consider
test functions v in the Sobolev space H(} (Q). In this section we define this function
space, its norm, and the relation to the energy norm for each problem.

The Wlﬁ‘(Q) Sobolev norm is given by

= X [ ID%ulrdx, 1< p<e, (119)
b o<k’
”uHng(Q) = Z ess sup | D%ul, (1.1.10)
|a|<k

where D%u denotes the weak partial derivative of u with multi-index o [12]. Then the

space W[],‘ (€) is a subspace of L,(€2) and is given by
Wlf(g):{ueLP(Q) ) HuHW£<<>0}. (1.1.11)

Equivalently, we may define the Sobolev space Wlf(Q) as the closure of the space C*(Q)
under the Wlf (Q) norm given by (1.1.9) for 1 < p < o [4]. The Sobolev spaces are all

Banach spaces [12]. For p =2 we denote
H(Q) = WF Q) (1.1.12)
where the H* are Hilbert spaces. Finally, denote
Hy(Q) = {ue H'(Q) | u] 5 =0} (1.1.13)

where the restriction to the boundary is meant in the sense of the trace as in [12].
Along with the native H'-norm, we also make use of the energy norm for each
problem. Many of the a posteriori estimates are developed with respect to the energy

norm. For each of (1.1.3) and (1.1.6) define
vlI? = a(v,v). (1.1.14)

In each case this norm is seen to be induced by the symmetric part of the problem. In



sections 2.2.1 (respectively 3.2), the energy norm for each case is seen to be equivalent

to the native norm. In particular, there is a continuity constant M with
a(u,v) < Mg||ul|g1||v|| g, forallu,v € H}(Q) (1.1.15)
and a coercivity constant me with
a(v,v) 2mé||v||12,11, for all v € H} (Q), (1.1.16)
yielding

m%|[v]|2: < a(v,v) < Mgyl (1.1.17)

1.1.4 Finite element methods

We consider approximating the solution u to (1.1.3) (respectively (1.1.6)) in the

sequence of nested spaces
VoCV,CV,C...CV=H}Q) (1.1.18)

where each V is finite dimensional. A general discussion of finite element spaces and
the finite element method may be found in a number of texts, including [17], [4] and [8].
For the results contained here, let .7 a conforming triangulation of the problem domain
Q CR? d=2or3. We assume L itself is a polyhedral domain, and that .7 captures
the boundary exactly. We consider refining the mesh by the method of newest vertex bi-
section [3], creating a sequence of shape-regular conforming meshes which preserve the
smallest-angle condition. We define the finite element spaces by n-degree polynomials

over each element, employing the notation

Vr =Hy(Q)NP,(T), Vg =Hy(Q)N []Pu(T), and Vi:=Vg. (1.1.19)
TeT



From the continuous linear problem (1.1.3), we approximate the solution u by defining

the discrete problem: Find u; € Vi such that
a(ug,v) = f(v), YveV. (1.1.20)

The solution u; to (1.1.20) is found by solving a linear system assembled from each
element T € 7.

The discrete space V is spanned by a finite-dimensional piecewise polynomial
basis {(pj}jj‘.i"l. Each ¢; a local basis function of V7, T € ., can be mapped to a global
reference domain 7' with corresponding basis function ¢;. As the basis functions for
each local Vr, T € .9} map back to the same reference element, we ultimately consider
only N basis functions {(f)j}ljyzl corresponding to the basis functions with nonzero sup-
port over a given (interior) element. In the particular case of polynomials of degree » in
dimension d we have N = (”Zd).

Writing u as an expansion in basis functions, consider v= ¢;, i =1,...,M}. By

linearity of a(-, -)

My M,
a (Z OCjQDj,(Pi> = Z (Xja (QDj,(pl') :f<(pl'), 1= 1,...,Mk. (1121)
j=1 j=1

The basis functions ¢; are chosen with limited support so the matrix a(¢;, ¢;),
i,j=1,...,M is highly sparse, enabling the system produced by (1.1.21) to be solved
efficiently by an iterative method [15], [1] (see, for instance [21]). In practice, this sys-
tem is determined by assembling local element matrices over all T € .. The calculation
of a(@j, i), i,j=1,...,N, is performed on the reference domain T via a(@;,¢;). As
the reference basis functions do not change throughout the adaptive algorithm (here, we
enrich the approximation spaces by refining the elements, not through seeking solutions
to higher-order polynomial approximations), this calculation needs only to be performed
once.

For the case of a nonlinear problem as in (1.1.6) we define the discrete problem
as above

a(uj,v)+ (b(u;),v) = f(v), eV, (1.1.22)



However, the first equality in (1.1.21) will not hold. To handle this situation, the method
as described above is applied to the linearized problem. The nonlinear problem (1.1.22)

is then solved by Newton iteration as described in Apppendix C.

1.1.5 Galerkin orthogonality and Céa’s lemma

One of the key approximation theorems in the finite element method is Céa’s
Lemma [8], which shows that up to a constant, the Galerkin solution is the best approx-

imation in the discrete approximation space
|lu—ui|| g < C inf ||u—v| - (1.1.23)
veVy

For the linear problem, let u the solution to (1.1.3) and uy, the solution to (1.1.20).
Then

alu—ug,v) = f(v)— f(v) =0, forallv e V,. (1.1.24)

This property is referred to as Galerkin orthogonality. To establish Céa’s lemma, use the

relations (1.1.15) and (1.1.16) between a( -, - ) and the native norm along with (1.1.24)

ot = el 7 < mig?a(ue— e, u— )
= m(;za(u — Ug, U —V)

Mg
< vl forallv € Vi (1125)

Canceling one factor of ||u — uy|| ;1 yields the result (1.1.23).
For the nonlinear problem, let u the solution to (1.1.6) and u; the solution to

(1.1.22). Galerkin orthogonality now takes the form
a(u—ug,v)+ (b(u) —b(ug),v) = f(v) — f(v) =0, forallve V. (1.1.26)

Here we establish (1.1.23) following the discussion in [23]. We start with two observa-



10
tions. First, by the monotonicity of b as in Assumption 1.1.2
(b(u) —b(v),u—v) >0 forall u,v € H} (Q). (1.1.27)
The second, there exists a constant L with

(b(u) —b(v),w) < L||lu—v||gt||w||z forall u,ve Hé(Q) N[u_,uy]and w € H& (Q).
(1.1.28)

The Lipschitz property of b in the native norm follows from the a priori assumption on
u (1.1.8) and bounding the L, by the H' norm. Rearranging terms in (1.1.26) for the
test-function v — u; € V. and applying (1.1.27) and (1.1.28)

a(u—ug,v—ug) = —(b(u) — b(uy),v — ug)

= (b(ux) = b(u),v—u) — (b(ux) — b(u), ux — u)

(b(ux) = b(u),v—u)

< Ll — gl |}t = V|1 (1.1.29)

VAN

Next, by coercivity (1.1.16) followed by (1.1.29) and continuity (1.1.15)

| — el 7 < @i — e, — )

=a(u—ug,u—v)+a(u—ug,v—u)

| /\

a(u— g u—v) +Lju— | g1 || = v]|

< Mju = ug[ gl =l + Ll = g g1 e = vl 1 (1.1.30)

Canceling one factor of ||u — ug||

M+L

Hu—ukHHl < Hl/t—vHH1 for all v € Vy, (1.1.31)

%
establishing (1.1.23). Having established this basic approximation property of the finite
element method, we now consider how to approximate g(u) — g(uy ), the error in the goal

function.
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1.1.6 Duality methods

Next we discuss the formation of the dual problem and its relation to the resid-
ual. For goal-oriented adaptive methods, much of the literature focuses on weak-form
residual-based estimators, for example [20, 11, 10, 9, 22, 14, 5]. Below, we show the re-
lation between strong and weak forms of the residual and the different types of estimates
they are used for.

For the goal-oriented problem we seek a functional g(-) of the weak solution u

of the original or primal PDE. The dual problem is introduced to satisfy the relationship

gler) = (R(w),z), (1.1.32)

where e, = u — uy, is the error in the primal approximation and z is the solution to the

dual problem. The residual R(-) is given for linear problem (1.1.2) by
R(v)=f+ZL(v). (1.1.33)
Integrating over the domain against a test-function yields a weak-form relation
(R(v),w) = f(w) —a(v,w), (1.1.34)

corresponding to the weak-form of the problem (1.1.3). Similarly, for the nonlinear

problem (1.1.5) and (1.1.6)
RWv)=f+A(v) and (R(v),w) = f(w)— (a(v,w)+ (b(v),w)). (1.1.35)

In our analysis we use the convergence properties of both the primal and dual sequences
of iterates, uy and respectively z; to bound the RHS of (1.1.32). In contrast, other meth-
ods as for example [11], [9], [22], and [5] approximate the dual solution z in a higher
order space and project down to the primal finite element space to estimate the RHS

of (1.1.32) by means of Galerkin orthogonality and the relation

(R(ur),2) = (R(ur), 2 = mez) = (R(ue), 2 — mZ), (1.1.36)
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where 7 denotes an approximation of z and m; is the projector onto V;. The RHS
of (1.1.36) is a computable quantity and may be used as an error indicator either alone
or in conjunction with a primal indicator independent of the dual problem or its so-
lution. Techniques of this form have been numerically shown to effectively guide the
refinement towards an accurate evaluation of the goal function [20, 11, 10, 9, 5]. These
techniques have not, however, been proven to monotonically decrease the error in the
goal function. On the other hand, following the methods in [19] for the symmetric linear
problem, we can take (1.1.32) and bound the RHS by an energy-norm estimate of the
form

lg(en)| < K ([l —wel® + |1z = zll*) (1.1.37)

Following the convergence framework in [16], and [6], we show the quantity on the
RHS of (1.1.37) is bounded by a form of the error which is reduced at each iteration of
the algorithm, proving convergence of the method.

For the linear (divergence-free) elliptic problem with symmetric diffusion coef-
ficient as given by (1.1.3) the dual problem with a*(-, -) the formal adjoint of a(-, -)
given by the RHS of (1.1.38) satisfies the relationship (1.1.32). Integrating by parts on

the convergence term gives

a(u,v) = (AVu,Vv) + (b - Vu,v) + (cu,v)
= (AVv,Vu) — (b-Vv,u) + (cv,u) = a*(v,u). (1.1.38)

The dual problem is then defined as: Find z € Hj (Q) such that
a*(z,v) = g(v), forallve H}(Q), (1.1.39)
and by (1.1.38) obtain the property (1.1.32) by
glex) = a (z,u) —a*(z,u) = alu,2) — aluy, 2) = f(z) —a(ug, 2) = (R(ug),z). (1.1.40)

The convergence and complexity analysis for the goal-oriented method based on dual
problem (1.1.39) is the topic of Chapter 2.

For nonlinear problems, we may not have a formal adjoint available. For the
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problem as given by (1.1.6) we form the dual by linearization. By the integral mean-

value theorem [10] or equivalently generalized Taylor expansion [23]

b(u) — b(ug) = /01 b g+ (= ) )t (u — g = /01 b (tu+ (1 — 1)) di (4 — wy)

(1.1.41)
yielding
1
b(u)— () = B(u—wy), By = /O B (tu+ (1 — 1)y )dr. (1.1.42)
Noting %) = %; we define the dual problem: Find z € Hj () such that
a(z,v) + (Byz,v) = g(v), forallv e Hj(Q). (1.1.43)
Then by (1.1.6), (1.1.42) and (1.1.43)
g(ex) = a(z,u —uy) + (Byz,u — ug)
= a(z,u—ug) + (2, Br(u —wp))
= a(z,u— ) + (z,b(u) — b(uy))
= a(u,z) + (b(u),z) — (a(ur,2) + (b(ur), 2))
= f(2) = (a(u,2) + (blwr),2)) = (R(ux),2), (1.1.44)

which again satisfies the relation (1.1.32). The dual problem as given by (1.1.42) and
(1.1.43) suffers two major drawbacks with respect to determining convergence of an
iterative method. First, the linearized operator % itself is not computable as it is a
function of the exact solution u to (1.1.6). Second, it is also a function of a particular
approximate solution, in this case the primal iterate u;. The first problem may be dealt
with by replacing the linearized dual operator as in (1.1.42) with the approximate dual
operator b'(u;). The dual problem defined with this operator does not satisfy the rela-
tion (1.1.32); however, it does yield a computable dual problem for each discrete primal
solution u;. The second problem, an issue in the convergence analysis, may be handled

by introducing a limiting dual operator »'(u), which again is not computable and does
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not satisfy relation (1.1.32); however, it may be used in the analysis to define a suitable
form of error to contract at each iteration. A convergence analysis which handles the
error terms induced by using the approximate and limiting dual operators in place of the

linearized dual operator for the semilinear problem is detailed in Chapter 3.

1.1.7 Estimators, quasi-error and contraction

In this section we introduce the appropriate form of error to show contraction
at each iteration of the goal-oriented algorithm. We also outline the main steps in the
standard contraction framework. We start with the error indicator based on the strong-

form of the residual. The error indicator is given elementwise as

N30 T) = ROy + e 2 (0) 2y ory vEV 7, (1.1.45)

where the mesh diameter 7 = |T|'/? and the residual R(-) is given by (1.1.33) for the
linear and (1.1.35) for the nonlinear primal problems. The dual residuals are defined

analogously. The jump residual for primal and dual problems in all cases is
Jr(v) =[[AVV] - n] o7, (1.1.46)
where jump operator | - ] is given by

[o]or ::tli_r)l(l)(p(x—l-tn)—q)(x—tn), (1.1.47)

and n is taken to be the appropriate outward normal defined piecewise on dT. The error
estimator is given by the /; sum of indicators. For the Galerkin solution u; we use the

notation

ne=Y ni(u.T). (1.1.48)
Te9,

As in [16] and [6] for each of the primal and dual problems in the linear non-

symmetric case (1.1.3) and (1.1.39), we establish contraction of the quasi-error given by
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a scaled sum of energy error and error estimator

Ot (ur, Zi) = lu — we||* +vpm? and Qf(z, ) = |le—zll* +wGE,  (1.1.49)

where 7y, 7z > 0 and {; denotes the dual error estimator. For the semilinear case (1.1.6)

and (1.1.43) we see contraction in the combined quasi-error

Orug 2k) = 12— 2ell* + vGE (@) + el — e |> + 7wy (), (1.1.50)

where ¥,7, and T > 0. Here, the contraction is stated with respect to the limiting dual
problem. As the dual problem is a function of the primal solution, the contraction of the
dual is coupled to the contraction of the primal quasi-error.

In both linear and nonlinear cases, the contraction argument follows from com-

bining three main estimates as in [16] and [6].

1) Quasi-orthogonality: There exists Ag > 1 such that

Il = wall* < Agllw = 1?2 — wa .

2) Error estimator as upper bound on error: There exists C; > 0 such that

e —well® < Cing (g, Z2),  k=1,2.

3) Estimator reduction: For .# the marked set that takes refinement .7, — %, for

positive constants A < 1 and A; and any 0 > 0

3 (v2, ) < (L+8){Ni (v1, T1) = AN (w1, )} + (148~ MG |[v2 — villl.

In both cases, these three estimates are shown for both primal and (limiting) dual prob-
lems. In the linear case, the primal and dual quasi-errors can be shown independently
to contract. In the semilinear case, the contraction of the primal error is used as a fourth

key estimate in the contraction of the combined quasi-error.
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1.2 Summary of the papers

1.2.1 Paper1

In the first paper (Chapter 2), we consider the linear PDE as given by (1.1.2).
We show contraction of the quasi-error for the primal and dual problem, independently

of one another. In particular, there is an a < 1 with

e — w1l + vpmir < 0 ([lu—w]|> +¥pmg) , and (1.2.1)
llz =zt 1 + ¥ &s < @ (llz—zll® +1a67) - (1.2.2)

Putting this together with the bound for the error in the goal function

|8 (1) — & (i) | < 2[jue — w2 =zl (1.2.3)

we establish convergence of the method. As in [16] and [18] we assume the standard

initial mesh condition
—1/2
SlIbll.Copty P < 1, (1.2.4)

for some s € (0, 1] depending on the angles of dQ where ||b||z., and py are constants
derived from the problem data, C, is a global constant and /A is the maximum mesh
diameter in the initial mesh .%.

We include a brief discussion of approximation classes A;. Then assuming the
primal solution u# € A and the dual solution z € A;, we derive the quasi-optimal com-

plexity estimate

1/2s
2

1/2¢

My <1+Z—‘;> le/t(zk,fk)}. (1.2.5)
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1.2.2 Paper 2

In the second paper (Chapter 3), we consider the semilinear problem as given

by (1.1.5). We show the contraction of the combined quasi-error Oy (u, %)
Ot 1 (g1, 21e41) < 505 (up, 2), ap < 1, (1.2.6)
where Qi (ug, zx) is given by (1.1.50). We derive a bound for the error in the goal function
1 2s 2 1 2s
18(u) —g(uj)| = o (1+Kihg')llu —uj|” + - (1 + Kahg'), (1.2.7)

for global constants K| and K». Putting together (1.2.6) and (1.2.7) we establish conver-

gence of the method. Here we make the initial mesh assumption
§Bm.'C, < 1, (1.2.8)

for some s € (0, 1] depending on the angles of dQ where B and ms are constants de-
rived from the problem data, C, is a global constant and /g is the initial mesh diameter
as above. Lastly, we show some numerical experiments which support our theoretical

results for the goal-oriented method.
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CONVERGENCE OF GOAL-ORIENTED ADAPTIVE FINITE ELEMENT
METHODS FOR NONSYMMETRIC PROBLEMS

MICHAEL HOLST, AND SARA POLLOCK

ABSTRACT. In this article we develop convergence theory for a class of goal-
oriented adaptive finite element algorithms for second order nonsymmetric linear ellip-
tic equations. In particular, we establish contraction and quasi-optimality results for a
method of this type for second order Dirichlet problems involving the elliptic operator
Zu=V-(AVu)—b-Vu— cu, with A Lipschitz, almost-everywhere symmetric positive
definite (SPD), with b divergence-free, and with ¢ > 0. We first describe the problem
class and review some standard facts concerning conforming finite element discretiza-
tion and error-estimate-driven adaptive finite element methods (AFEM). We then de-
scribe a goal-oriented variation of standard AFEM (GOAFEM). Following the recent
work of Mommer and Stevenson for symmetric problems, we establish contraction of
GOAFEM. We also then show convergence in the sense of the goal function. Our anal-
ysis approach is signficantly different from that of Mommer and Stevenson, combining
the recent contraction frameworks developed by Cascon et. al, by Nochetto, Siebert,
and Veeser, and by Holst, Tsogtgerel, and Zhu. In the last part of the paper we perform
a complexity analysis, and establish quasi-optimal cardinality of GOAFEM. We include
an appendix discussion of the duality estimate as we use it here in an effort to make the

paper more self-contained.
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2.1 Introduction

In this article we develop convergence theory for a class of goal-oriented adap-
tive finite element methods for second order nonsymmetric linear elliptic equations. In
particular, we report contraction and quasi-optimality results for a method of this type

for the problem

—V - (AVu)+b-Vu+cu=f, inQ, (2.1.1)
u=0, ondQ, (2.1.2)

with Q Cc R4 a polyhedral domain, d = 2 or 3, with A Lipschitz, almost-everywhere
(a.e.) symmetric positive definite (SPD), with b divergence-free, and with ¢ > 0. The
standard weak formulation of this problem reads: Find u € H}(Q) such that

a(u,v) = f(v), WveH}(Q), (2.1.3)
where
a(u,v) = /QAVu~Vv+b-Vuv—l—cuv dx, flv)= /va dx. (2.1.4)

Our approach is to first describe the problem class in some detail, and review some
standard facts concerning conforming finite element discretization and error-estimate-
driven adaptive finite element methods (AFEM). We will then describe a goal-oriented
variation of standard AFEM (GOAFEM). Following the recent work of Mommer and
Stevenson [10] for symmetric problems, we establish contraction of GOAFEM. We also
show convergence in the sense of the goal function. Our analysis approach is signfi-
cantly different from that of Mommer and Stevenson [10], combining the recent con-
traction frameworks of Cascon et. al [4], of Nochetto, Siebert, and Veeser [11], and
of Holst, Tsogtgerel, and Zhu [8]. We also give a complexity analysis, and establish
quasi-optimal cardinality of GOAFEM.

The goal-oriented problem concerns achieving a target quality in a given linear

functional g: H} (Q) — R of the weak solution u € H} (Q) of the problem (2.1.3). For
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example, g(u) = [o ﬁ Xol, the average value of u over some domain @ C Q. By writing
down the adjoint operator, a*(z,v) = a(v,z), we consider the adjoint or dual problem:
find z € H} (Q) such that a*(z,v) = g(v), for all v € H}(Q). It has been shown for the
symmetric form (b = 0) of problem (2.1.1)—(2.1.2) with piecewise constant SPD diffu-
sion cofficient A (and with ¢ = 0), that by solving the primal and dual problems simul-
taneously, one may converge to an approximation of g(u) faster than by approximating
u then g(u), when forcing contraction in only the primal problem [10]. We will fol-
low the same general approach in order to establish similar goal-oriented AFEM results
for nonsymmetric problems. However, in order to handle nonsymmetry, we will follow
the technical approach in [9, 4, 8], and rely largely on establishing quasi-orthogonality.
In particular, contraction results are established in [9, 4] for (2.1.1)—(2.1.2) in the case
that A is SPD, Lipschitz or piecewise Lipschitz, b is divergence-free, and ¢ > 0. In [8],
quasi-orthogonality is used as the basis for establishing contraction of AFEM for two
classes of nonlinear problems. As in these earlier efforts, relying on quasi-orthogonality
will require that we assume that the initial mesh is sufficiently fine, and that the solution
to the dual problem a*(w,v) = g(v), g € Lr(Q) is sufficiently smooth, e.g. in Hlic (Q).
Following [8], the contraction argument developed in this paper will follow from
first establishing three preliminary results for two successive AFEM approximations u|

and u,, and then applying the Dérfler marking strategy:

1) Quasi-orthogonality (§2.3.1): There exists A > 1 such that
et — w2 > < Al —w|[* = [foaz — s >

2) Error estimator as upper bound on error (§2.3.2): There exists C; > 0 such that
e — wi|I? < Cini (ue, Z2), - k=12,

3) Estimator reduction (§2.3.4): For .# the marked set that takes refinement .7 —

D, for positive constants A < 1 and A and any 6 > 0

N3 (v, 7) < (L+8){Ni (1, Ti) = AN (vi, A} + (1+ 87 Amg lva —vi .
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The marking strategy used is the original Dorfler strategy; elements are marked for

refinement based on indicators alone. The marked set .# must satisfy

Y ng(u, T) > 0*ng (ur, Z%).
TeH
In the goal-oriented method, a second marked set is chosen based on an error indicator
for the dual problem associated with the given goal functional, and the union of the two
marked sets is then used for refinement.

A main advantage of the approach in [4] is that it does not require an interior
node property. This allows us to establish the necessary results for contraction without
taking full refinements of the mesh at each iteration. This improvement follows from the
use of the local perturbation estimate or local Lipschitz property rather than the estimator
as lower bound on error. We use the standard lower bound estimate as found in [9] for
optimality arguments in the second part of the paper concerning quasi-optimality of the
method.

There are three main notions of error used throughout this paper. The energy er-
ror |||lu — u|||, the quasi-error and the total-error. The energy error is defined by the sym-
metric part of the bilinear form that arises from the given differential operator in (2.1.3).

The quasi-error is the I sum of the energy-error and scaled error estimator

Ok, Z2) = ([ — wi|* +ymi) 2,

and this is the quantity that is reduced at each iteration of the algorithm. In §2.3 the

quasi-error is shown to satisfy
et — it I+ 7y < 0 (= wi|® + i), @ < 1.
The total error includes the oscillation term rather than the estimator
Ex(ut, Ti) = (||t — ]| + 0sc}) /2.

The oscillation term captures the higher-frequency oscillations in the residual missed

by the averaging of the finite element method. While the quasi-error is the focus of the
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contraction arguments, it is the total error that will be critical to complexity analysis.
Therefore, we will need to establish various preliminary results for both types of error.
The quasi-optimality of the goal oriented method in §2.4 is developed with re-

spect to the total error which is shown to satisfy Cea’s lemma. The cardinality result
Y 1/2s
$T T < So {Mp (1+2) 0, 70
2
1/2t
d -1
+My (1 + Z—z) o'z, %)}

bounds the growth of the adaptive mesh with respect to the quasi-error of both problems.
An equivalence between the quasi-error and total error is established in §2.4.

A final brief comment is in order concerning the notation used here compared to
that in [4] and the related literature. In [4], the number of times each marked element is
refined is denoted b. In this article, each marked element is refined once. Therefore, b
will be reserved for the convection term in the nonsymmetric problem. The constant C
will denote a generic but global constant that may depend on the data and the condition
of the initial mesh %, and may change from step to step.

Outline of the paper. The remainder of the paper is structured as follows. In
§2.2, we first describe the problem class and review some standard facts concerning con-
forming finite element discretization and error-estimate-driven adaptive finite element
methods (AFEM). In §2.2.3, we then describe a goal-oriented variation of the standard
approach to AFEM (GOAFEM). Following the recent work of Mommer and Stevenson
for symmetric problems, in §2.3 we establish contraction of goal-oriented AFEM. We
also then show convergence in §2.3.6 in the sense of the goal function. Our analysis
approach is signficantly different, combining the recent contraction frameworks devel-
oped by Cascon et. al [4], Nochetto, Siebert, and Veeser [11], and by Holst, Tsogtgerel,
and Zhu [8]. In §2.4, we consider complexity questions, and establish quasi-optimal
cardinality of GOAFEM. We recap the results in §2.5, and point out some remaining

open problems.
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2.2 Problem class, discretization, goal-oriented AFEM

2.2.1 Problem class, weak formulation, spaces and norms

Consider the nonsymmetric problem (2.1.3), where as in (2.1.4) we have
a(u,v) = (AVu,Vv) +(b-Vu,v) + (cu,v).

Here we have introduced the notation (-,-) for the L, inner-product over Q@ C R?. The

adjoint or dual problem is: Find z € H}(Q) such that
a*(z,v) = g(v) forallv € H} (Q) (2.2.1)

where a*(-, ) is the formal adjoint of a(-, ), and where the functional is defined

through
g(u) = / gu dx, (2.2.2)
Q

for some given g € L,(Q). We will make the following assumptions on the data:

Assumption 2.2.1 (Problem data). The problem data D = (A,b,c, f) and dual problem
data D* = (A, —b,c, g) satisfy

1) A:Q — R4 Lipschitz, and a.e. symmetric positive-definite:

ess inf ycoAmin(A(x)) = o >0, (2.2.3)
ess SUp vcormax(A(x)) = fy < oo. (2.2.4)

2) b:Q— R4, with by € Lo(Q) , and b divergence-free.
3) c: Q— R, with c € Le.(Q), and c(x) > 0 for all x € Q.

4) f?g € LZ(Q)

The native norm is the Sobolev H' norm given by

Hv||12ql = (Vy,Vv) + (v,v). (2.2.5)
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The L, norm of a vector valued function v over domain @ is defined here as the /; norm

of the L,(®) norm of each component

d 2/p 1/2
Mmm:@jﬂﬁ)> p=12,...

j=1

d o\ 1/2
IVllL(w) = (Z <eSS sup w) ) : (2.2.6)
(O]

j=1

Similarly, the L, norm of a matrix valued function M over domain ® is defined as the

Frobenius norm of the L,(®) norm of each component

d 2/p 1/2
HM||L,,(a)):<Z(/wM5> ) . p=12...

=1

d 2 1/2
IM||1..() = (Z (ess supMi]) ) : (2.2.7)

ij=1 o

We note that one could employ other equivalent discrete /, norms in the definitions
(2.2.6) and (2.2.7), however this choice simplifies the analysis.
Continuity of a(-, -) follows from the Holder inequality, and bounding the L,

norm of the function and its gradient by the H! norm
a(u,v) < (o +[1b]| .. + llell) Nl g [Vl = Me [l g [V (2.2.8)

Coercivity follows from the Poincaré inequality with constant Cq and the divergence-

free condition
2 2 2 2
a(vv) > ol > Cattol[vI = m v (22.9)

where the coercivity constant miﬁ = CqU,. Continuity and coercivity imply existence
and uniqueness of the solution by the Lax-Milgram Theorem [7]. The adjoint operator
a*(, ) is given by

a*(vyu) =a(u,v), u,v € H}(Q).
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Integration by parts on the convection term and the divergence-free condition imply
a*(z,v) = (AVz,Vv) — (b-Vz,v) + (cz,V). (2.2.10)
Define the energy semi-norm by
VI = a(v,v). (2.2.11)
Non-negativity follows directly from the coercivity estimate (2.2.9)
IVII? = m Ivli7, (2.2.12)

which establishes the energy semi-norm as a norm. Putting this together with the reverse
inequality
2 2 2
VI <l Vvlz, + llell vz, = lIVIE < Me[vl]an, (2.2.13)

establishes the equivalence between the native and energy norms with the constant Mg =

(t1 +leflz.) 2.

2.2.2 Finite element approximation

We employ a standard conforming piecewise polynomial finite element approx-

imation below.
Assumption 2.2.2 (Finite element mesh). We make the following assumptions on the
underlying simplex mesh:

1) The initial mesh 9 is conforming.

2) The mesh is refined by newest vertex bisection [2], [10] at each iteration.

3) The initial mesh 7 is sufficiently fine. In particular, it satisfies (2.3.6).

Based on assumptions 2.2.2 we have the following mesh constants.

1) Define
ho =maxhy, where hy = |T|"/<. (2.2.14)
TeT
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In particular, hg is the initial mesh diameter.

2) Define the mesh constant yy = 27, where

ho

Y = and Ay, = min by
Te.

min 7

then for any two elements 7, T in the same generation
hr < Yrhy

and as neighboring elements may differ by at most one generation for any two

neighboring elements 7 and T’

hT < 2'}’rhT/ = ']/NhT/. (2215)

3) The minimal angle condition satisfied by newest vertex bisection implies the
meshsize hr is comparable to A, the size of any true-hyperface o of T. In par-

ticular, there is a constant ¥

Z—“ < ¥ forall T. (2.2.16)
T

Let T the set of conforming meshes derived from the initial mesh .%,. Define
Ty C T by
Tv={7 €T |#T —#% <N}.

For a conforming mesh .7 with a conforming refinement .7, we say 7> > 7;. The set

of refined elements is given by
4B 2=%<71H<72 :%\(%ﬂ%) (2.2.17)

An overlay of two meshes .77 > % and %, > 9 where .7 is not generally a refinement
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of 7] is given by

A& T ={T € A|T CT forsome T' € %} U{T € H|T C T forsome T’ € 7}

(2.2.18)
and is itself conforming. Define the finite element space
Vg =Hy(Q)N [] Pa(T) andVy:=Vg. (2.2.19)
Tes
For subsets o C .7,
Vo (w)=Hy(Q)N [] Pa(T), (2.2.20)

Tcw
where P,(T) is the space of polynomials degree degree n over T. Denote the patch

about T € .7
wr =TU{T' € 7 | TNTis a true-hyperface of T}. (2.2.21)

For a d-simplex T, an true-hyperface is a d — 1 dimensional face of T, e.g., a face in 3D

or an edge in 2D. Define the discrete primal problem: Find u; € V such that

a(ug,vi) = f(vi), v € Vi, (2.2.22)
and the discrete dual problem

a* (z,vi) = g(vi), vi € Vi (2.2.23)

2.2.3 Goal oriented AFEM (GOAFEM)

As in [10] the goal oriented adaptive finite element method (GOAFEM) is based
on the standard AFEM algorithm:

SOLVE — ESTIMATE — MARK — REFINE .

In the goal oriented method, one enforces contraction of the quasi-error in both the

primal problem and an associated dual problem. As shown in section §2.3.6, the error
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in the goal-function satisfies the bound

|8 () — g(ui)| = lau — w2 = 2i) | < 2|t — ||z = 2l

This motivates driving down the energy-error in both the primal and dual problems at
each iteration. As noted in [4] the residual-based error estimator does not exhibit mono-
tone behavior in general, although it is monotone non-increasing with respect to nested
mesh refinement when applied to the same (coarse) function. The quasi-error is shown
to contract for each problem for which mesh refinement satisfies the Dorfler property.
However, refining the mesh with respect to the primal problem does not guarantee the
quasi-error in the dual problem will be non-increasing, and vice-versa. As such, the
procedures SOLVE and ESTIMATE are performed for each of the primal and dual prob-
lems. The marked set is taken to be the union of marked sets from the primal and dual
problems, each chosen to satisfy the Dorfler property. This method produces a sequence
of refinements for which both the error in the primal and dual problems contract at each
step.

Procedure SOLVE. The contraction result supposes the exact Galerkin solution
is found on each mesh refinement. In practice a linear-time iterative method is employed
so that the Galerkin solution is found up to a given tolerance.

Procedure ESTIMATE. The estimation of the error on each element is deter-
mined by a standard residual-based estimator. The residuals over element interiors and
jump-residuals over the boundaries are based on the local strong forms of the elliptic

operator and its adjoint as follows.
LWv)=V-(AVW)=b-Vv—cv; ZL*(v)=V-(AVv)+b-Vv—cv. (2.2.24)
The residuals for the primal and dual problems using the sign convention in [4] are:
R(v)=f+2((v); R'(v)=g+Z"(v),veVg. (2.2.25)
While the primal and dual solutions u and z of (2.1.3) and (2.2.1) respectively satisfy

f(z) = alu,z) = a"(z,u) = g(u)
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the residuals for the primal and dual problems are in general different. The jump residual

for the primal and dual problems is
Jr(v) =[[AVV]-n]y7 (2.2.26)
where jump operator | - ] is given by

[o]or = tli_r)r(%(p(x—l-tn) —¢(x—1tn) (2.2.27)

and n is taken to be the appropriate outward normal defined piecewise on dT. On
boundary edges o, we have
[[AVv]-n]g, =0

so that [[AVV]-n]yr = [[AVV] - n] y7nq. For clarity, we will also employ the notation
Ry(v) = R(v)‘T, veVg,
and similarly for the other strong form operators. The error indicator is given as
G0 T) = RO o + 21 OL o7y VE V. (22.28)
The dual error-indicator is then given by
EHwT) =W R )5 o+ W21 017 o7y W E Vs (2.2.29)

The error estimators are given by the /, sum of error indicators over elements in the

space where p =1 or 2.

no0) =Y nLwT), veVa. (2.2.30)
TeT

The dual energy estimator is:

chw)y=Y ¢5(w), weVy. 2.2.31)
TeT
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The contraction results for the quasi-error presented below will be shown to hold for
p = 1,2 where the error estimator and oscillation are defined in terms of the /,, norm.
While complexity results are shown only for p = 2, the contraction results for p = 1 are
useful for nonlinear problems; see [8].

For analyzing oscillation, for v € V5 let T2, the orthogonal projector defined
by the best L, approximation in P,, over mesh .7 and P2 = I —I12. Define now the

oscillation on the elements 7 € .7 for the primal problem by
osc7 (v, T) = hr [P, 2RV)|| (1) (2.2.32)
and analogously for the dual problem. For subsets @ C .7 set

oscly (v, @) ==Y osc (v, T). (2.2.33)
Tew

The data estimator and data oscillation, identical for both the primal and dual problems,

are given by

n%(D,T):

osc’,(D,T) == hf} (HPf_ldivAH{w(T) +h;p||P’TAHlLJ°°(T)

W (VALY )+ AN g+l gy + 1B o))+ (2234

AR P aclly oy + 1P aclly 7y + I\P;ilblriwm) : (2.2.35)

The data estimator and oscillation over the mesh .7 or a subset @ C .7 are given by the

maximum data estimator (oscillation) over elements in the mesh or subset: For @ C .7
Nz (D,®) =maxnz(D,T) and osc (D, ®) = maxosc (D, T).
Tew Tew
The data estimator and data oscillation on the initial mesh

No :=Ng(D, %), and oscy := osc g (D, %).

As the grid is refined, the data estimator and data oscillation terms satisfy the mono-
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tonicity property [4] for refinements .7, > 7]
M (D, %) <ni(D,71) and oscy(D, %) < osci(D, 7). (2.2.36)

Procedure MARK. The Dorfler marking strategy for the goal-oriented problem

is based on the following steps as in [10]:

1) Given 6 € (0, 1), mark sets for each of the primal and dual problems:

e Mark a set .#, C 7 such that,

Y 0w T) = 0°08 (we, %) (2.2.37)
Te,

e Mark a set .#,; C .7, such that,

Y e T) > 0°C (ks Ti) (2.2.38)
TeHy,

2) Let A = .M, U .#, the union of sets found for the primal and dual problems

respectively.

The set .# differs from that in [10], where the set of lesser cardinality between
M, and A is used. In the case of the nonsymmetric problem the error reduced at each
iteration is the quasi-error rather than the energy error as in the symmetric problem [10].
This error for each problem is guaranteed to contract based on the refinement satisfying
the Dorfler property. As such, refining the mesh with respect to one problem does not
guarantee the quasi-error in the other problem is nonincreasing. Sets .#), and .#,; with
optimal cardinality (up to a factor of 2) can be chosen in linear time by binning the
elements rather than performing a full sort [10].

Procedure REFINE. The refinement (including the completion) is performed
according to newest vertex bisection [2]. The complexity and other properties of this

procedure are now well-understood, and will simply be exploited here.
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2.3 Contraction and convergence theorems

The key elements of the main contraction argument constructed below are quasi-
orthogonality 2.3.1, error estimator as upper-bound on energy-norm error 2.3.2 and es-
timator reduction 2.3.4. Estimator-reduction is shown via the local-perturbation esti-
mate 2.3.3. The local perturbation of the oscillation is presented here and used in §2.4.
Mesh refinements .77 and .7 (respectively .7;) are assumed conforming, and u; is as-
sumed the Galerkin solution on refinement .7;. The following results hold for both the
primal and dual problems which differ by the sign of the convection term; therefore,

they are established here only for the primal problem.

2.3.1 Quasi-orthogonality

Orthogonality in the energy-norm |||u — us ||> = ||| — w1 ||> — ||| uz — u1 |||* does not
generally hold in the nonsymmetric problem. We use the weaker quasi-orthogonality
result to establish contraction of AFEM (GOAFEM). The following is a variation on
Lemma 2.1 in [9] (see also [8]).

Lemma 2.3.1 (Quasi-orthogonality). Let the problem data satisfy Assumption 2.2.1 and
the mesh satisfy conditions (1) and (2) of Assumption 2.2.2. Let 91,7 € T with 7 >
AN. Let u, € Vi the solution to (2.2.22), k = 1,2. There exists a constant C, > 0
depending on the problem data D and initial mesh %, and a number 0 < s < 1 dictated
only by the angles of 0, such that if the meshsize hy of the initial mesh satisfies A =
C|1bl|Ltty /* < 1, then

et — 2> < Al — ey [I* — [fuaz — |, (2.3.1)

where

—1/2\—
A= (1= Cah|bllLpy ) 7"

Equality holds (usual orthogonality) when b = 0 in Q, in which case the problem is

symmetric.
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Proof. The proof follows close that of Lemma 2.1 in [9]. Let
er:=u—uy, e :=u—uy, and§& =uy—uj.
By Galerkin orthogonality
lle1lI? = a(er,er) = lle2l* + lledll* +a(er, e2). (2.3.2)
Rearranging and applying the divergence-free condition on the convection term
lle2lI* = llex I — ller|I* —2(b- Ver, e2).

Applying Holder’s inequality and coercivity (2.2.9) |&1|y1 <y 1/ 2|H€1||| followed by

Young’s inequality with constant o to be determined,

1117
L g 17 (2.3.3)

—2(b-V < &lles||?
(b-Vey,ez) < 6llea|f, + Si

By a duality argument for some C, > 0 assuming u € H'*5(Q) for some 0 < 5 < 1
depending on the angles of dQ

lleallr, < Cshplezl- (2.3.4)

The details of this argument as described in the appendix §2.6 may also be found in [1]
and [5]. Applying (2.3.4) and (2.3.3) to (2.3.2),

1517,
(1—5th3s)lllu—u2|||2§|||u—u1|||2—(1— 5#2 leey — o (2.3.5)

Choose 9 to equate coefficients

b||? b
1617, 5 1|1

SCohg = ——= ==
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then

—1
2 -1/2 2 2
= a2 < (1= 1Bl Cuiypag ) e = w2 = flaey = .

Assuming the initial mesh as characterized by hg satisfies
n ~1/2
A= [bllCehiuy < 1, (2.3.6)

the quasi-orthogonality result holds. 0

Note that by (2.3.2) we also have

llell? = ller I — lle2ll” —2(b- Vea, &) (2.3.7)
Similarly to (2.3.3)
—2(b-Vey, 1) > —2|(b- Ve, &)| > =8| e1z, — H;Ew lleall?, (2.3.8)
which under the same assumptions yields the estimate
etz = a1 = (14 A) et = aan | = [fjee = w2, (2.3.9)

where A< 1 = (1+A)"!>1/2.

2.3.2 Error estimator as global upper-bound

We now recall the property that the error estimator is a global upper bound on

the error. The proof is fairly standard; see e.g. [10] (Proposition 4.1), [9] (3.6), and [8].

Lemma 2.3.2 (Error estimator as global upper-bound). Let the problem data satisfy
Assumption 2.2.1 and the mesh satisfy conditions (1) and (2) of Assumption 2.2.2. Let
N, S €T with T > T Let uy, € Vy the solution to (2.2.22), k = 1,2 and u the solution
to (2.1.3). Let

G=G(%, 7)) ={TCH ‘ TNT # 0 for someT € 7, T ¢ 5}
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Then for global constant Cy depending on the problem data D and initial mesh 7
lluz — i || < Cimi(ur, G) (2.3.10)

and in particular

llu—wr|| < Cimi(ur, 7). (2.3.11)

2.3.3 Local perturbation

The local perturbation property established in [4], analogous to the local Lipshitz
property in [8], is a key step in establishing the contraction result. This is a minor varia-
tion on Proposition 3.3 in [4] which deals with a symmetric problem. Here, we include
a convection term in the estimate. In particular, (2.3.12) shows that the difference in the
error indicators over an element 7" between two functions in a given finite element space
may be bounded by a fixed factor of the native norm over the patch @r of the difference
in functions. In contrast with the analogous result in [4] the estimate (2.3.13) involves a
fixed factor of the native norm over an individual element rather than a patch as by the
continuity of A the oscillation term does not involve the jump residual.

We include the proof of (2.3.12) for completeness. The proof of (2.3.13) may
be found in [4] with the final result inferred by the absence of the jump residual in the

oscillation term.

Lemma 2.3.3 (Local perturbation). Let the problem data satisfy Assumption 2.2.1 and
the mesh satisfy condition (1) of Assumption 2.2.2. Let € T. Forall T € 7 and for

any v,w €V 5
nﬂ(va) < nf(Wa T) +/_\ln<7(D7T)HV_WHH1((oT) (2.3.12)
osc7(1,T) <oscg(w,T)+Axoscs (D, T)|lv—wllg () (2.3.13)

where recalling (2.2.21) g is the union of T with elements in 7 sharing a true-
hyperface with T. The constants A1,Ay > 0 depend on the initial mesh F, the di-

mension d and the polynomial degree n.
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Proof of (2.3.12). From (2.2.28)

G0 T) = W IRO)IL 7y + 2 1Ir OIS gy v EV 7. (2.3.14)
Denote n#(v,T) by n(v,T). Set e = v — w. By linearity

R(v)=R(w+e)=f+ZL(w+e)=f+L(w)+ZL(e)=R(w)+ZLe)
and
J(v)=J(w+e) =J(w)+J(e).

For p =1 by the triangle inequality

(v, T) = hr|[R(w) +Z(€)llyr) + b *[70) +I(€) | y(ar)
<0 T) +hrl| £ () ycry + 1y 1) yom)

For p = 2 using the generalized triangle-inequality

\/(a+b)2+ (c+d)?<Va*+c*+b+d, fora,b,c,d>0 (2.3.15)
we have
1/2
N0 T) = (IR0 + L (Ol 1) + hrlld W)+ I, o1

<nw, >+hT||$<>||L2< +hy 1) |y a7

Consider the second term on the RHS h7||-Z(e)|| 1, (7). By definition (2.2.24) of Z( - ),

the product rule applied to the diffusion term and the triangle-inequality

12 (e) | Lyry < IldivA - Vel |,y + A : Del| 1,1y + llcelly ) + 16~ Vellpyr)
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where D?e is the Hessian of e. Consider each term. The first diffusion term
[divA - Vel ) < [|diVA| )l VellLyr) (2.3.16)
by the inequality
Iv-zllyr) < Wiz llllary, v € Leo(T), z € La(T). (2.3.17)
Applying (2.3.17) and inverse-estimate [3] to the second diffusion term

1A : Dellp, r) < Al|L.z) | D%ell oy
< Clhfl Aoy I Vell Ly ry- (2.3.18)

For the reaction term
[eellz, ) < llellz.mllellLyr)- (2.3.19)
For the convection term applying (2.3.17)
16-VellLyiry < 1Bl IVellLy(r)- (2.3.20)

Consider the the jump-residual term ||J(e) ||z, (a7)- For each interior true-hyperface o =
TNT', T,T' € T by (2.2.27)

J(e)‘(F = lim (AVe)(x+1tng) — lim (AVe)(x —tng)

t—0t t—0~

=ng-(AVe)|, —ns - (AVe)|,, (2.3.21)

where (AVe) ]T is understood to refer to the product of the limiting value of AVe as the

element boundary is approached from the interior of 7. By the triangle-inequality

1 (€)llzy(0) < llno - (AVe) | llLy(0) + 1o - (AVe)

rllLa(o)-
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By bounds for the inner-product with a unit normal and a matrix-vector product

197l 6) < N9llLy0), @ € L2(0), (2.3.22)
M|,y < IMl ) 191y (7)), M € Leo(T), ¢ € Lo(T) (2.3.23)

obtain
16 - (AVe) | Ly0) < 1(AVE)| s (o) < N1A| (o) IVe] 2l (0)- (2.3.24)

Applying the trace theorem and an inverse inequality to HVe‘T |2, (s) via the inequality

—-1/2
10120y < Chz [0 lliyir), @ € La(T) (23.25)
we have
d—1,—1/2
1Ve| plliao) < Cr(D® " hr || Vel Lyer- (2.3.26)
By the Lipschitz property of A
1A| - lre(o) = Al (o) < AN Lry- (2.3.27)

By (2.3.24), (2.3.26), (2.3.27) and comparability of mesh diameters (2.2.15)

~d—1 1/2,—-1/2
() lyo) < 2Cr (D) 0 0 P IA] o op) | Ve L op)-

Element T has at most d + 1 interior true-hyperfaces yielding

1(e)llom) < 2(d+1) Cr(D) " nhr 1A L (on) Vel Lot
= Crhy ANl ton) I Vel Lyar)-
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Putting together the terms from .# and from the jump residual,

n(v.T) <n(w,T)+hr (|dVA|cr) + Crhr Al r

1/2CJh—1/2

+ llellrair) + 10l @) lellgrry +h 1Al e (or) el a1 (@)

<N, T)+Cror N (D, T)[[v—wl| g1(ay)

where Crorps differs by a factor of 2 for p =1,2. L]

2.3.4 Estimator reduction

We now establish one of the three key results we need, namely estimator re-
duction. This result is a minor variation of [4] Corollary 2.4 and is stated here for

completeness.

Theorem 2.3.4 (Estimator reduction). Let the problem data satisfy Assumption 2.2.1
and the mesh satisfy conditions (1) and (2) of Assumption 2.2.2. Let 71 € T, .# C 7
and 7> = REFINE( 9\, 4 ). For p =1 let

Ayi=(d+2)*Am?  and A= (12712250
and for p =2 let
Ayi=(d+2)A2m? and A=1-2"11>0
with A1 from 2.3.3 (Local Perturbation). Then for any vi € Vi and v € Vo and 8 >0

N3 (v2, ) <(1+8) {nf(vi, Ai) = AN{ (i, )} + (148 )Amg [lva —vi >
(2.3.28)

Proof. The proofs for p =1 and p = 2 are similar. For p = 1 it is necessary to sum over
elements before squaring and for p = 2 square first then sum over elements.

Proof for the case p = 1. By the local Lipschitz property (2.3.12)

M (v2,T) <M1, T) + A (D, T)|[va = vill g1 (ep)- (2.3.29)
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Summing over all elements T € %, the sum of norms over @y covers each element at
most (d +2) times as each patch @r is the union of element 7" and the (up to) d + 1
elements sharing a true-hyperface with 7. Then by the coercivity (2.2.12) over Q

Mm(v2, %) < Mm(v1, %)+ (d+2)Aime~ '3 (D, )||[v2 —vi]|- (2.3.30)
Squaring (2.3.30) and applying Young’s inequality with constant o to the cross-term,

M5 (v2, %) < (14+8)n3(vi, %) + (148 ) (d+2)*Aim*n3 (D, )||[v2 —wi|®
= (14+8)n3(v1, ) + (148~ A3 (D, Z)[v2 = . (2.3.31)

For an element T € .# marked for refinement, let % == {T' € % | T'CT}.
As vy € V| has no discontinuities across element boundaries in .7 7, we have J (vi)=0
on true hyperfaces in the interior of .7 .

Recall the element diameter hy = |T| 1/d For an element T marked for refine-
ment, 7’ must be a proper subset of T, in particular a product of at least one bisection
so that

1
——hr. (2.3.32)

1/d
|T| <—>th< l/d

1
7)< ST T <

Then

Y monT)< Y hplRODna+ Y, A0 @rnan

T'ePr T'enr r'enr
<27 Vdp, Z (||R(v1)||L2 T’ )+2 1/Mhl/2||f(v>||Lz(8T)
T'enr
<272 (g RO ary + b >V ) | aor))
TR (2.3.33)

For an element T ¢ ./, thatis T" = T the indicator is reproduced

i, T") =mO,T). (2.3.34)

Sum over all T € % by estimates (2.3.33), (2.3.34) writing the sum of indicators over
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the 7] \ . as the total estimator less the indicators over the refinement set .. Let the
refined set Z = {T € 5 | T' C T for some T € .} then

mi, %) =Y, mv1,T)

TeS
= Y, mOi,T)+ Y m,T)
TeH\Z Te#
<M1, A) =M, A)+27124 (v, )
=m, 7)) —m, ) (2.3.35)

where A, =1—2"1/2d < 1. Squaring (2.3.35)

7722("17?2) < 7112(V1a91) +)le 7712("17///) _21127.“2(‘}17%)
=nt(v1, AA) —Ani(vi,4) (2.3.36)

where A = A2 = (1— 2-1/2d)2 - Applying (2.3.36) to (2.3.31) and applying monotonicity

of the data-estimator

7722("2,92) < (1 +5) (Thz(Vlagl) —7“712("17///))
+ (148 HAING (D, %)lllva —wi>.

The proof for the case p = 2 is similar and may be found in [4]. 0

2.3.5 Contraction of AFEM

We now establish the main contraction results. The contraction result 2.3.5 is a
modification of [4] Theorem 4.1. Here we use quasi-orthogonality to establish contrac-

tion of each of the nonsymmetric problems (2.1.3) and (2.2.1).

Theorem 2.3.5 (GOAFEM contraction). Let the problem data satisfy Assumption 2.2.1
and the mesh satisfy Assumption 2.2.2. Let u the solution to (2.1.3). Let 6 € (0, 1], and
let { Tk, Vi, ug k>0 be the sequence of meshes, finite element spaces and discrete solu-

tions produced by GOAFEM. Then there exist constants Y >0 and 0 < o < 1, depending
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on the initial mesh 7y and marking parameter 6 such that
e — w1117+ ynier < 0 (lu— > +vng) - (23.37)

The analogous result holds for the dual problem with { J, Vi, zx } >0 the sequence of

meshes, finite element spaces and discrete solutions produced by GOAFEM.

Proof. Denote
e =U—Up, €pp]=U—Upyy and & = uppy — Uy
Let
Mk = Mi(ue, i)y k(M) = (e, #y)  and - M1 = Mt (iey 1, Thr 1)
By the result of Estimator Reduction 2.3.4, for any 6 > 0
Miet < (14 8) (N — Ang ()} + (1+ 8~ ) Aimg &>

Multiplying this inequality by positive constant ¥ (to be determined) and adding the

quasi-orthogonality estimate |||e1||> < Alflex|> — ||| &/||* obtain

llexs1l1* +yniey < Allexll® — llell* +v(1+ 8) {n¢ — Ang ()}
+y(1+ 8 HAmg el (2.3.38)

Choose 7 to eliminate |||&||| the error between consecutive estimates by setting

! — Y(1+9) = (2.3.39)

1486 DA =1 = y= —
oA N ERVETT: A

S

Applying (2.3.39) to (2.3.38) obtain

llewsilI? +7mir < Allell® +¥(1+8)ng — v(1+ 8)An; (). (2.3.40)
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By the Dorfler marking strategy nZ(.#) > 6>n? so that

llews 117+ M1 < Alllexll® +y(1+ 8)ng = v(1+8)A6% ;. (2341
Split the last term by factors of B and (1 — 3) for any 8 € (0, 1) to arrive at

llex1lll* +yMir < Alllexll +v(1+8)ng — By(1+8)A6°n;
—(1-B)y(148)16°n}. (2.3.42)

Applying the upper-bound estimate (2.3.11) |[lex[|> < Cin? to the term multiplied by
then by (2.3.39)

1+8)162
s 12+ 72 < Mleal? = ELEDRE ey 2 51+
—(1=B)y(1+8)16°n} (2.3.43)
5162
—A 2 2 1 5 2
llex]l ﬁquﬂmm+W(+)m
—(1=B)y(1+8)A6°n7 (2.3.44)
5162 )
=(A- 1+8)(1—(1-B)A6%)n?
(=B s ) el +701+8) (1~ (1~ )20
(2.3.45)
= o (8, B)|llexll> + yas (8, 8)n; (2.3.46)
where
2 /162 2 2
ai(8,8) =A-P 8, o(6,B)=(1+6)(1—(1-p)A6%). (2.3.47)

CLAImg
Choose 0 small enough so that

o =max{a}, 03} < 1.
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To ensure such a 0 exists in light of the quasi-orthogonality constant A > 1 observe

CiAINmg

and
_ 2
03 <1whend < (1-(1-B)A6%) ' —1= 19(1 E)B)L)iez

so to obtain an interval of positive measure where 6 may be found we require

CiAIN3 (1-p)26?
BAO2 " 1—(1—P)A6?

(A1)

placing a second constraint on the quasi-orthogonality constant

220°B(1- )
Ciamg (1— (1 B)A6?)

A<1l+ (2.3.48)
where 0 < B < 1 and 6 < 1 may be chosen. In order to place bounds on the growth rate
of the mesh, we further require 8 < 6, given by (2.4.5) as discussed in section §2.4. [

Notice the choice of § small enough to satisfy &> < 1 is always possible, as each
term may be independently driven below unity by a sufficiently small value of §, so long
as the quasi-orthogonality constant A is sufficiently close to one. For a discussion on

the optimal contraction factor see Remark 4.3 in [4]; see also the discussion in [8].

2.3.6 Convergence of GOAFEM

We now derive a bound on error in the goal function.

Theorem 2.3.6 (GOAFEM functional convergence). Let the problem data satisfy As-
sumption 2.2.1 and the mesh satisfy Assumption 2.2.2. Let u the solution to (2.1.3)
and z the solution to (2.2.1). Let 0 € (0,1], and let { T, Vi,ux,zx}i>0 be the se-
quence of meshes, finite element spaces and discrete primal and dual solutions pro-
duced by GOAFEM. Let Y, the constant 'y from Theorem 2.3.5 applied to the primal
problem (2.2.22) and v, the constant 'y from Theorem 2.3.5 applied to the dual (2.2.23).
Then for constant oo < 1 as determined by Theorem 2.3.5
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1/2
8(u) — gm)| < 2 (I~ uoll> + 13 (0, ) — 1107}

1/2
x {0 (e = 20ll* + vl (20, ) — w2 }
Proof. On the primal side for all v, € V.
a(u—uy,vi) = a(u,vy) — a(ug,vi) = f(vi) = f(vk) =0,

the primal Galerkin orthogonality property. On the dual side, g(u) = a*(z,u) and g(uy) =

a*(z,u, ) so that

g(u) — g(uy) = a*(z,u — uy,)

a(u—l/lk,Z)

= a(u—ug,z— %) (2.3.49)
Define an inner-product & by the symmetric part of a(-, -)
o(v,w) = (AVy, Vw) + (cv,w),
then
VI = a(v.v) = a(v,v),

and

a(vyw) = a(v,w)+(b-Vv,w).

Then as a (-, ) is a symmetric bilinear form on Hilbert space; it is an inner product and it
induces a norm identical to the energy norm induced by a(-, -). As such we may apply

the Cauchy-Schwarz inequality [6] to o and we’re left to handle the convection term.

a(u—ug,z—zx) = (u—ug,z—zx) +{b-V(u—ug),z—zx)

< e — wiellllz — zell + (b - V(4 — ug) ;2 — z)- (2.3.50)
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By Holder’s inequality followed by a duality estimate as in §2.6 on the dual error

and coercivity on the primal,

s —1/2
(b V(u—w),z—2) < |Bll.Coisitg e =zl — el (2.3.51)
.= s —1/2
Recalling A = ||b||1..Cihj
a(u—ug,z—zx) < [llu—uellllz =zl + Allw — ug [z = 2] (2.3.52)
Under assumption (2.3.6) (/_\ < 1) on the initial mesh and from (2.3.49),
(2.3.53)

|8(u) — g(ui)| = la(u — e z = zi) | < 2w — ||}z =zl

From 2.3.5 there is an o < 1 such that for the primal problem with estimator 1y

llu = e[ < @ (= wel|* + M) = o1 (2.3.54)
and for the dual problem with estimator §;
llz = zistll? < o (lle =2l +%87) — 1aliys- (2.3.55)
Iterating, we have from (2.3.54) and (2.3.55)
et = will* + vpm < @ ([lu— uoll1* +%m5) (2.3.56)
lle = zill* + % < o (e = 2ol + 7 %5) - (2.3.57)

From (2.3.53), (2.3.56) and (2.3.57) obtain the contraction of error in quantity

of interest
1/2

19() — ()] < 2 { @ (JJue— ol + 7,3 (0, F0)) — 1,17 }

1/2
<o (o2l + 00, )~ 0} @358
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or more simply

18(u) — g ()| + 1,7 + Ya e < & (|llu— uoll® + v,m6 (w0, Z0)
+lz = zoll1* + 7285 (z0. %)) (2.3.59)
= a0} (2.3.60)

with Qg the quasi-error on the initial mesh.

2.4 Quasi-optimal cardinality of GOAFEM

In this section we establish the quasi-optimality of GOAFEM. The result in
§2.4.5 follows from bounding the cardinality of the marked set for each of the pri-
mal and dual problems at each iteration as shown in Lemma 2.4.9. This is achieved by
assuming the primal and dual solutions belong to appropriate approximation classes as
discussed in §2.4.4, the optimality assumptions addressed in §2.4.2, and the supporting
results below. Under the optimality assumptions, the error-indicator as an upper-bound
on energy-error as shown in §2.4.1 and a bound for the oscillation term as the mesh is
refined as shown in §2.4.2, a suitable reduction in global error between two consecutive
iterations implies the respective refinement set satisfies the Dorfler property. We address
the effect of quasi-orthogonality on the necessary reduction to achieve this result.

The estimator as global lower bound on total error in §2.4.1 is used to relate
the total-error to the quasi-error in §2.4.5, connecting the contraction property for the
quasi-error established in §2.3 to the quasi-optimality of the total error in §2.4.3 which

shows the total error satisfies Céa’s Lemma.

2.4.1 Estimator as global lower bound and localized upper bound

We start with two fairly standard results that will be needed in the complexity
analysis. The global lower bound may be found in [9] Lemma 3.1 and a similar result
in [10] Proposition 4.3 and Corollary 4.4. The localized upper bound is established
in [4] Lemma 3.6.
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Lemma 2.4.1 (Global lower bound). Let the problem data satisfy Assumption 2.2.1 and
the mesh satisfy Assumption 2.2.2. Let 71,9 € T and 9> > 97 a full refinement. Let
ur € Vi the solution to (2.2.22), k = 1,2. Then there is a global constant ¢y > 0 such
that

cznlz(ul,%) < |||u—u1|||2+osc%(u1,<71). (2.4.1)

Lemma 2.4.2 (Localized upper bound). Let the problem data satisfy Assumption 2.2.1
and the mesh satisfy conditions (1) and (2) of Assumption 2.2.2. Let 71,7 € T with
S > A. Let = K7z, the set of refined elements. Let uy € Vi the solution
to (2.2.22), k = 1,2. Then there is a global constant Cy with

iz — i |||> < Cini (w1, %). (2.4.2)

2.4.2 Optimality assumptions and optimal marking

In this section we consider the assumptions on marking parameter 6 and the
marking strategy which allow us to characterize the growth of the adaptive mesh at each
iteration with respect to the total error in 2.4.5.

We first consider oscillation on the refined mesh, following closely [4], Corollary

3.5.

Lemma 2.4.3 (Oscillation on refined mesh). Let the problem data satisfy Assump-
tion 2.2.1 and the mesh satisfy condition (1) of Assumption 2.2.2. Let 71,7 € T with
D> . Let Ay = /_\%mé_a2 with Ay from (2.3.13). Then for all vi € V| and v, € V,

osc%(vl TN S) < 2050%(\/2, TND) +2Azosc%|||v1 — V2|H2, (2.4.3)

2. 2
where oscjy := oscy, (D, 7).

Proof. For all elements T in the intersection T € 71 N %

osci(vi,T) = osca (v, T).
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Applying this, and noting vi € Vi C V; and osc;(D,T) < osco(D,T), j=1,2, we have
from (2.3.13)

osca(vy,T) < osca(va, T) + Agosco||v — WH%I, (1)
Squaring and applying Young’s inequality with € = 1 yields
osc?(vy,T) < 20sc3 Adosc3|[vi — 2|2
1(v1,T) < 20sc5(v2, T) +2A50sch]| v V2||H1(T)' (2.4.4)

Summing over all T € 7] N.% and bounding the norm over 7] N.% to the entire domain

to apply the coercivity estimate (2.2.9)
osci(vi, 71 N.J) < 20sc3(va, 71N D) +2Azosc%|||v1 —%.

]

We now discuss some basic assumptions for complexity analysis. The optimality
assumptions follow those found in [4] with modifications in (2.4.5) to account for the

non-symmetric problem, the continuity of A and the goal-oriented method.

Assumption 2.4.4 (Optimality assumptions). Assume the following conditions.

1) The marking parameter 0 satisfies 0 € (0, 6,) with

~ 14+Ci(1+A+2A20sc3)

» , with osco = osc%(D, D) (2.4.5)
and A given by (2.3.6). As the data oscillation given by (2.2.35) is identical for
the primal and dual problems and the other constants depend only on global data,

0. may be assumed the same for both the primal an dual problems.

2) A marked set M. of optimal cardinality (up to a factor of two) is selected
(see [10]).

3) The distribution of refinement edges on % satsifies condition (b) of section 4
in[12].
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We now consider a basic result on optimal marking. This lemma is a variation
of Lemma 5.9 in [4], modified to use quasi-orthogonality 2.3.1 rather than Galerkin
orthogonality.

Lemma 2.4.5 (Optimal marking). Let the problem data satisfy Assumption 2.2.1 and
the mesh satisfy Assumption 2.2.2. Let 71,7 € T. Let uy € Vy the solution to (2.2.22),
k =1,2. Let the marking parameter 0 satisfy condition (1) of Assumption 2.4.4.

Let 95 > 9 satisfy

et — ua|? + 0sc? < % (et — |2 + 0s¢?) (2.4.6)

which implies

o[t — ua|||> +0scs < p (Jlloe = s II*+ osc%) (2.4.7)

forp:=21(1- g—z) and o= (1+A), A € (0,1) given by (2.3.6) in the quasi-orthogonality

argument and where
osc; = oscy(u1,71), oscy =oscr(up, %), andmn =mn(u, 7).
Then the set % .= X 7, 7, satisfies the Dorfler property
M (u1, #) = 01 (u1, 7).

Proof. (See [4] Lemma 5.9). As 0 < 2u < 1, multiply inequality (2.4.1) by 1 —2u to
obtain

(1—2p)ean] < [lu—w [P +oset 24t (Jlu— [P +osc3) .

Applying (2.4.7)
(1 =2p)ean? < [lu—wi||* - etflu — o> +0sci — 2053
Rearranging terms obtain

oscT —20sc3 > (1 —2u)eani + otf|u — ua || — ||l — w1 ]| (2.4.8)
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By the second quasi-orthogonality estimate (2.3.9)
(LAl — 2| = e = wg > = (L4 &) s — a2
where 0 < A < 1. Applying (2.4.2)
(LAl — o |* =l =t [I* = = (1 + R)Cimi (1, 2). (2.4.9)
Combining (2.4.9) with (2.4.8) obtain
osc? —20scs > (1 —2u)coni — (1+A)Cini(ur,R). (2.4.10)
For refined elements T € # use the dominance of the estimator over the oscillation
osci(u, T) < n?(uy,T).
For elements T € .71 N % (2.4.3) yields
osc(ur, 71 N.%) —20sc3(uz, 71 N.F) < 2A208¢h ||ug — us |-
Then
oscT(uy, J1) —20s¢3 (12, 5) < N (uy, Z) + 2Az08c||uy — ua |
Applying (2.4.2) to the last term
osci(uy, 71) —20sc3(uz, ) < (142C1Azoscd)ni(ur,%). (2.4.11)

Rearranging terms in (2.4.11) and applying (2.4.10)

(1—2p)eani — (1 +A)Cinf (w1, R)
(1+2C1Az08¢c3)

7712(”17«@) >



55

Combining like terms obtain

2 (1-2u)c2 2
R > : .
(e, %) = 1+Ci(1+A+2A%0sc2) 1

Applying the definitions of t and 6, obtain the result
ni (w1, 2) > 6°ny.

]

Due to the use of quasi-orthogonality, the required assumption (2.4.7) is stronger
than

Il — w2 > + 0563 < g ([l =y | + osc)

the condition in [4] for the symmetric problem, but it is also weaker than

= w2+ 053 < & (Jlu— |2+ 0se?)

(04

where o = 1+ A > 1, formally similar to the symmetric estimate. We may impose this
stronger condition for ease of analysis, however in practice this says that the increase
in error-reduction we require of the finer mesh needs only come from the energy-norm
error, not the oscillation.

We recall a standard result on the mesh overlap, see [4] Lemma 3.7.

Lemma 2.4.6 (Overlay of meshes). Let the mesh satisfy condition (1) of Assumption
2.2.2. Let 71,9 € T. Then the overlay T = 7 & % is conforming and satisfies

#T <H#N+#5 —#%.

2.4.3 Quasi-optimality of total errror

We show the total error satisfies Céa’s Lemma; e.g. see [4] Lemma 5.2. This ver-
sion appropriate for the non-symmetric problem relies quasi-orthogonality 2.3.1 rather

than Galerkin orthogonality.
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Theorem 2.4.7 (Quasi-optimality of total error). Let the problem data satisfy Assump-
tion 2.2.1 and the mesh satisfy Assumption 2.2.2. Let 91 € T. Let u the solution
of (2.1.3) and uy € V| the solution of (2.2.22). Then there is a constant Cp depend-

ing on the initial mesh 9 and the problem data D such that
|t — ur]|)* + osct(uy, 7)) < C,)vierg1 (e = v||* + oscT (v, 1)) - (2.4.12)
Proof. For € > 0 choose ve € V| with
= vel|® +osct (ve, 71) < (1 +€) inf (lle = vIII* +o0sct (v, 71)) -
By (2.4.3) with .75 = .7} obtain
osc? (vi, T1) < 208¢t(ve, T1) + 2A005¢|ur — vel|| . (2.4.13)
By the same reasoning as (2.3.1) obtain
et —= a1 4 lees = vel* < Alflee— ve|>
which implies
et — w1 [I> < Al —ve|* and [Juy —ve|* < Alljue—ve|*. (2.4.14)
From (2.4.13) and (2.4.14) obtain

Il — wl|* + osci(ur, 71) < Allu—vel|® +208¢i (ve, T1) + 2A208¢5 Jur —ve|®
<A(l +2Azosc%) lee — ve||> + 20scq (ve, F).

Set Cp := max{2,A (1 +2As0sc})} then

et =y 1 +osci (ur, F1) < Cp ([lu—vell* +osci (ve, 71))
<Cp(l+¢) 1&; (e —v|[* +osct (v, 7)) -
vev
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Letting € — 0 establishes the result. [

2.4.4 Approximation classes and approximation property

For problem with solution, forcing function and data (u, f, D) and dual problem
(z,g,D"), membership in an appropriate approximation class says the solution u (respec-
tively z) may be approximated within a given tolerance by finite element approximation
while the cardinality of the mesh required to achieve the tolerance satisfies (2.4.18).

For N > 0 let Ty the set of conforming triangulations generated from the initial

mesh .7 such that the increase in cardinality is at most N
Ty :={7 €T |#T —#J < N}.

For s > 0 define the standard approximation classes for solutions based on the energy
error

oy = {v €V |sup(N* inf inf [[v—vzl| < oo} (2.4.15)
N>0 TeTyvgeV o

and for L, data

o = {g €L(Q) } sup(N°® inf ||h(g— H%nfzg)HLz(Q)) < oo} ) (2.4.16)
N>0 TeTN
Define a measure of approximation based on the total error

1

o(N;v,f,D):= inf inf —vao? vy, T))?
(Niv,f,D):= inf inf (llv—vsll®+oscy (v, 7))
and denote the total error of v € V 5 by
T — _ 2 2 7 1/2
EW,7):=(llv=vzll*+oscs(vs, 7))
and the approximation class based on the total error for s > 0

A= {(V7f7D) ‘ |v>f7D|S = ;[Ii%(NSG<N;V7f7D)> < oo} : (2.4.17)

See [4] Lemma 5.3 and Lemma 5.4 for a discussion on the relation between the classes
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Ay, o7, and 7. The results in this paper are developed with respect to the class A based
on the total error.
Membership of the primal and dual solutions in the approximation classes A

and A, is applied via the use of the two properties discussed in this section.

Lemma 2.4.8 (Approximation property). Let the mesh satisfy condition (1) of Assump-
tion 2.2.2. Let u the solution to (2.1.3). Assume u € As and o(l;u, f,D) > 0. Then
given € > 0 there is a global constant C depending only on the initial mesh 9 and the

problem data D, a partition Iz € 7 and a ve €V g, such that

Clu, f,D|s > (#T — T:)'€ (2.4.18)
E(ve, 7)) <E. (2.4.19)

Proof. By (2.4.17) and property of the supremum, for any N > 0
lu, f,D|s > N°c(N;u, f,D) (2.4.20)

where N = #.7 —#.%. Given € > 0 consider all N > 0 such that 6(N;u, f,D) > €. If
there is no such N, let N = 1. By (2.4.20)

c
lu,f,D|s > 01 = ?18 where 01 := o(1;u, f,D).
Applying the assumption o (1;u, f,D) > 0
€
— Dy > ¢
o1 |Lt,f, ‘S =
establishing (2.4.18) with C = €/07. Also

o(l;u,f,D)= inf inf E(v,7)<E¢
it fsD) = Jag, B, B ) <

so there is 7 € T and ve € V 4, so that E(ve, 7 ) < € establishing (2.4.19). Otherwise,
there is N > 0 with 6(N;u, f,D) > €. As the infimum over the total error goes to zero
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as N — oo this holds for finitely many N so define
K :=max{N >0 | 6(N;u, f,D) > e}. (2.4.21)
By (2.4.20) and (2.4.21)
lu,f,D|s > K°c(K;u, f,D) > K’¢. (2.4.22)

Let Ng - 2K.
lu, f,D|s > K¢ =2"°N;e¢ = Clu, f,D|s > Ni€

with C = 2° establishing (2.4.18). By (2.4.21) and property of the infimum with Nz > K

6(Ne;u, f;D)= inf inf E(v,7)< inf inf Ev,7) <&
(Nesu,f;D) = Jof inf E(v 7)< inf inf E(»7)

implying E(ve, 7¢) < € for some .7, € T¢ and a ve € V 4, establishing (2.4.19). O

2.4.5 Cardinality of .7, and quasi-optimality of the mesh

The results on the cardinality of .#} and quasi-optimality are variations on [4]
Lemma 5.10 and Theorem 5.11. Here we address the goal-oriented method discussed

in2.2.3.

Lemma 2.4.9 (Cardinality of .#}). Let the problem data satisfy Assumption 2.2.1 and
the mesh satisfy Assumption 2.2.2. Assume conditions (1) and (2) of Assumption 2.4.4.
Let u the solution of (2.1.3) and z the solution of (2.2.1). Let { T, Vi, ux, 2k } x>0 the se-
quence of meshes, finite element spaces and discrete primal and dual solutions produced

by GOAFEM. If (u, f,D) € Ay and (z,g,D*) € A; we have

- 62\ /> 1/s A1/25 o—1/s
vt <203 R (125 ) DB 0

92 —1/2¢
+(1+A)/™ <1 - ﬁ) .8, D%y E M %)} (2.4.23)

where Cp is the constant from (2.4.12) and the total errors in the primal and dual prob-
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lems

Ef (e, F) = ||u — we]|* + osci (ug, )
E}(zx, F) = |z — 2> + osct (zx, T)-

Proof. Set fi = % (1 — 9—2> (1+A)~! with A given by (2.3.6).
& = [ICpy Ef (w, k), and &F == ICp E (2, F).

As (u, f,D) € Ay, by the properties in section 2.4.4 thereisa 7, € Tandav, € Vg
such that

#T, —#T < Clu, f,D|\ e, /" (2.4.24)

e —vplI* +0s¢% (vp, 7)) < & (2.4.25)
Similarly for (z,g,D*) € A;, there is a .7; € T and a wy € V 2, such that

4T, —#T < Clz,,D"}"e, " (2.4.26)

llz—walll* + 0sc%, (wa, Za) < €. (2.4.27)

Let % = 7, ®(J,® Jy) as in Lemma 2.4.6. Let up € V, the Galerkin solution
to (2.2.22) and z» € V, the respective solution to (2.2.23) . See there is a reduction in
the total error by a factor of fi from u; to up (respectively zx to z5). Since % > .7, by

Theorem 2.4.7, monotonicity of infimum over total error and (2.4.25)

Il — wa|[* + 0563 (12, 73) < Cp jnf (|flu— v[|? +0sc3 (v, %))
2

2
CDSP

= [ (Jlu— ull® + sz (ux, F)) - (2.4.28)

IN

Similarly for the dual problem

Iz z2]|* + 053 (22, 72) < i (Il — zell® + o5 (2, Th)) - (2.4.29)
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This satisfies the hypothesis (2.4.6) in each problem so applying 2.4.2 the refining subset
K = Rg 7 C I satisfies the Dorfler property for 6 < 6,. The marking procedure
selects a subset for marking .#; C .7} of minimal cardinality up to a factor of two so
that by Lemma 2.4.6

# M < 2R 28T —#T) <2{(#T, —# 7))+ #Ty —#7)} . (2.4.30)
By (2.4.30), (2.4.24), the definition of €, and &4, (2.4.28) and the definition of

#Mly <2{ (4T, —#T) + (#Ty —#T)}
S 2C{|u,f7D|;/58p_l/s+ |Z,g7D* t]/tgd_l/t}

~\1/2s 62\ /¥ 1/s A1/25 1/
=2C <1+A) l_m |M7f7D|S CD Ek (ukw?k)

92 —1/2¢
F(1+A)V* (1 - @) Iz,8,D" }/fc,g/Z’Ek‘l/f(zk,z).}
O

Theorem 2.4.10 (Quasi-optimality). Let the problem data satisfy Assumption 2.2.1 and
the mesh satisfy Assumption 2.2.2. Let Assumption 2.4.4 be satisfied by GOAFEM. Let u
the solution of (2.1.3) and z the solution of (2.2.1). Let { I, Vi, uy, zi ti>0 the sequence

of meshes, finite element spaces and discrete primal and dual solutions produced by

GOAFEM. Let (u, f,D) € Ay and (z,g,D*) € A,. Then
¥ 1/2s
#T —#T < Sg {Mp (1 + C—p> Qk_l/s(ulm k)
2
1/2¢
+ My (HZ—‘;) Q,jl/t(Zk,%)}-

Proof. Let the total error in primal and dual problems Ej(uy, ;) and Ei(zx, ;) as in
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Lemma 2.4.9. Denote the quasi-error in each problem by

Q/%(”kﬂ%() = |”u_uk|H2+YPHI?(uk7%)7
07 (2, T) = |z — zll* + v &t (2 F)-

As shown in [2] Theorem 2.4 there is a global constant Cy which satisfies

k—1
#T —#T < Cyp Y #M; forallk>1
j=0

and by (2.4.23)

- 62 /2 1/s ~A1/2s n—1/s
#.4l < 2C (1+A)1/2S(1—@) ju, £, DI Cp B (e, )

92 —1/2¢
A (1 - @) .8.D° 2/’c,3/2’E;‘/f<zk,%>}

then we have
k—1 k—1
#T—#T <My Y Ex(ue, T) ™+ My Y Ex(z, 7))V (2.4.31)
j=0 j=0

with the constants

92 —1/25
M, =2C,C(1+A) (1 _ﬁ) ju £, DI
2

—1/2¢ y )
* t ~1/2t
9_*2) |Z7gaD t CD/ .

My :=2C;C(1+A)/% (1—

From the domination of the error estimator over the oscillation and the lower bound on

total error (2.4.1) we have the equivalence of the total error and quasi-error

= uj||* + yposcs (uj, 75) < llu—uilll® +vpn7 (uj, 7))

< (1 + ﬁ) E2(u;, 7). (2.4.32)
co ’
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or

1/2s
£ g, 75) < (”&) 0;"*(w;, 7)) (2433)

J s J

and similarly for the dual problem

J s J

: Y 1/2¢ .
EV (e 7)< (1 n —) 0:" (<, 7). (2.4.34)
By the contraction result on the quasi-error (3.4.39) for0 < j <k—1

O (e, 7) < a** Q% (w;, 77)  and Q2 (z, %) < a** Q% (z;,. 7). (2.4.35)

J J

Putting together (2.4.31), (2.4.33) and (2.4.35) obtain

k—1 k—1
#T—#T <M, Y. Ex(ug, 7)1+ My Y Exlzi, )7
Jj=0 j=0

y 1/2s
< {Mp (1 + é) Or(u, 1)1+
y, 1/2¢ k .
+My (1+£) Qk(Zk,gk)l/[} Y o/
=

where the geometric series in o < 1 is bounded by Sg = ot'/5(1 — ¢'/%)~!. Then

1/2s

) O, Fi) Ve
1/2¢

) Qk(Zk,yk)_l/t}

P /2 2 2 —1/2s
; (Mlee — s II* + yposci (ux, Fi) )

# T —#T < Se {M,, (1+

S IR

+My (1+

f;;gg<{ﬂdb (]4—

Y 1/2¢ e
+Md(1+5> (llz = z&lI* + vaosci (ze, ) }

S IR

s<

)

As seen in (2.4.32) the total error and quasi-error are equivalent up to a constant so this

result may be viewed with respect to either the quasi- or total-error. 0
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2.5 Conclusion

In this article we developed convergence theory for a class of goal-oriented adap-
tive finite element methods for second order nonsymmetric linear elliptic equations. In
particular, we established contraction and quasi-optimality results for a method of this
type for the elliptic problem (2.1.1)—(2.1.2) with A Lipschitz, almost-everywhere sym-
metric positive definite (SPD), with b divergence-free, and with ¢ > 0. We first described
the problem class in some detail, with a brief review of conforming finite element dis-
cretization and error-estimate-driven adaptive finite element methods (AFEM). We then
described a goal-oriented variation of standard AFEM (GOAFEM). Following the recent
work of Mommer and Stevenson [10] for symmetric problems, we established contrac-
tion of GOAFEM. We also showed convergence in the sense of the goal function. Our
analysis approach was signficantly different from that of Mommer and Stevenson [10],
and involved the combination of the recent contraction frameworks of Cascon et. al [4],
Nochetto, Siebert, and Veeser [11], and of Holst, Tsogtgerel, and Zhu [8]. We also did
a careful complexity analysis, and established quasi-optimal cardinality of GOAFEM.

Problems that were not yet addressed include allowing for jump discontinuities
in the diffusion cofficient, and allowing for lower-order nonlinear terms. We will address

both of these aspects in a future work.

2.6 Appendix

Duality

We include an appendix discussion of the duality argument used in the quasi-
orthogonality estimate in an effort to make the paper more self-contained.

Let u € H} (Q) the variational solution to (2.1.3) and u; € V; the Galerkin solu-
tion to (2.2.22). Assume for any g € L,(Q) the solution w to the dual problem (2.2.1)
belongs to H*(Q) NH} (Q) and

Wlk2 @) < KrllgllL, @) (2.6.1)
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Then
lu—ui||lr, < Chol|u—uil|. (2.6.2)

If we H2.(Q) NH} (Q) but w ¢ H*(Q) due to the angles of a nonconvex poly-
hedral domain Q then w € H'** for some 0 < s < 1 where s depends on the angles of

dQ. Assume in this case for any g € L,

Wlgiss() < Krllgly0) (2.6.3)

then
| —url|z, < Chplllu—u|. (2.6.4)

As discussed in [5], [6] and [1] the regularity assumptions are reasonable based
on the continuity of the diffusion coefficients a;; and the convection and reaction coeffi-
cients b; and ¢ in Leo(Q).

Proof of (2.6.2): The proof follows the duality arguments in [1] and [3].

Let w € H} () the solution to the dual problem

a*(w,v) = (u—u,v), veH Q). (2.6.5)

Let .#" a global interpolator based on refinement .7;. Assume .#"w is C? and

the corresponding shape functions have approximation order m. For m = 2
Iw— "W g1 < Crhg Wi, (2.6.6)

As discussed in [1] the interpolation estimate over reference element T fol-
lows from the Bramble-Hilbert lemma applied to the bounded linear functional f (1) =
(i — 7", 9) where v € H'(T) is arbitrary then set to i — .#"4i. The Sobolev semi-norms
fort = 0,1 over elements T € .7 are bounded via change of variables to the reference
element. Summing over 7 € .7 and combining semi-norms into a norm estimate estab-
lishes (2.6.6).

By (2.6.1) we have the bound

‘W‘Hz SKRHu—MIHLZ. (2.6.7)
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By the identity a(v,y) = a*(y,v) write the primal form of the variational problems

a(u,v) = f(v), veHNQ) (2.6.8)
Cl(l/tl,V) - f(V), vevV; (2.6.9)
a(v,w) = (u—uy,v), veHNQ). (2.6.10)

Taking v =u—u; € H} in (2.6.10)
a(u—ul,w):<u—u1,u—u1>:Hu—ulﬂiz. (2.6.11)
Combining (2.6.8) and (2.6.9) we have the Galerkin orthogonality result
a(u—u,v)=0, veV. (2.6.12)
Then by (2.6.11) and (2.6.12) noting the interpolant of the dual solution .¢ hyw € v,
||lu—uy H%z = a(u—uy,w)=a(u—u,w—I"w). (2.6.13)

Starting with (2.6.13) and applying continuity (2.2.8), interpolation estimate (2.6.6) and
elliptic regularity (2.6.7)

2 h
= wr]|7, < Me||u—wr ||| w — "W
SMc||u—ut|| g Crh g |w|ge

< KgMC sholju — u; HHl ||t — uy ||L2-
Canceling one factor of ||u —u1||z, and applying coercivity (2.2.9)
M,
Hu—u1HL2 < m_gC/KRhO‘H”_”lH‘- (2.6.14)

Depending on the regularity of the boundary dQ the solution w may have less

regularity: w € H]%) (@) but w ¢ H?(Q). In particular, we may have w € H'*S for some
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s € (0,1). In that case obtain the more general estimate
=1 < Crhoieg

yielding
M~ . .
|t —ur]|L, < —=C s Krh|u—u||.
meg

The value of s is found by considering all corners of boundary dQ. Writing the

interior angle at each corner by ® = 7/« it holds for & > 0 and arbitrary € > 0
w=n/0 = weH!T*¢

andif 7/(p;j+1) < @ < m/p; for a set of integers p; characterizing the corners
of Q.
Iw— fhWHHl < CR |14

where s = min{p;, 1} and s = 1 in the case of a smooth boundary or a convex polyhedral

domain. Details may be found in [1] and [13].
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CONVERGENCE OF GOAL-ORIENTED ADAPTIVE FINITE ELEMENT
METHODS FOR SEMILINEAR PROBLEMS

MICHAEL HOLST, SARA POLLOCK, AND YUNRONG ZHU

ABSTRACT. In this article we develop convergence theory for a class of goal-
oriented adaptive finite element algorithms for second order semilinear elliptic equa-
tions. We first introduce several approximate dual problems, and briefly discuss the tar-
get problem class. We then review some standard facts concerning conforming finite el-
ement discretization and error-estimate-driven adaptive finite element methods (AFEM).
We include a brief summary of a priori estimates for semilinear problems, and then de-
scribe goal-oriented variations of the standard approach to AFEM (GOAFEM). Follow-
ing the recent approach of Mommer-Stevenson and Holst-Pollock for linear problems,
we establish a contraction result for the primal problem. We then develop some addi-
tional estimates that make it possible to establish contraction of the combined primal-
dual quasi-error, and subsequently show convergence in the sense of the quantity of

interest. Numerical experiments support the theoretical results.
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3.1 Introduction

In this article we develop convergence theory for a class of goal-oriented adap-
tive finite element methods for second order semilinear equations. In particular, we

establish strong contraction results for a method of this type for the problem:

(3.1.1)

N (u) :=—=V-(AVu)+b(u)=f, in Q,
u=0, on JQ,

with f € L(Q) and Q C R? (d = 2 or 3) a polyhedral domain. We consider the problem
with A: Q — R?*4 Lipschitz and almost-everywhere (a.e.) symmetric positive definite
(SPD). The standard weak formulation of the primal problem reads: Find u € H(% (Q)
such that

(N (u),v) == a(u,v)+ (b(u),v) = f(v), VveH}(Q), (3.1.2)

where

a(u,v):/AVu-Vv dx. (3.1.3)
Q

In many practical applications, one is more interested in certain physical quanti-
ties of the solution, referred to as “quantities of interest”, such as (weighted) averages,
flow rates or velocities. These quantities of interest are usually charactered by the value
g(u), where u is the solution and g is a linear functional associated with a particular
“goal”. Given a numerical approximation u;, to the solution u, goal-oriented error esti-
mates use duality techniques rather than the energy norm alone to estimate the error in
the quantity of interest . The solution of the dual problem can be interpreted as the gen-
eralized Green’s function, or the influence function with respect to the linear functional,
which often quantifies the stability properties of the computed solution. There has been
a lot of recent work on developing reliable and accurate a posteriori error estimators for
goal-oriented adaptivity, see [12, 4, 5, 14, 35, 13, 18, 19, 30] and the references cited
therein.

Our interest in this paper is developing a goal-oriented adaptive algorithm for

semilinear problems (3.1.2) along with a corresponding strong contraction result, fol-
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lowing the recent approach in [32, 23] for linear problems. One of the main challenges
in the nonlinear problem that we don’t see in the linear case is the dependence of the
dual problem on the primal solution u. As it is not practical to work with a dual prob-
lem we cannot accurately form, we develop a method for semilinear problems in which
adaptive mesh refinement is driven both by residual-based approximation to the error in
u, and in a sequence of approximate dual problems which only depend on the numerical
solution from the previous step. While globally reducing the error in the primal problem
necessarily yields a good approximation to the goal error g(u — uy,), methods of the type
we describe here bias the error reduction in the direction of the goal-function g in the
interest of achieving an accurate approximation in fewer adaptive iterations.
Contraction of the adaptive finite element algorithm for the (primal) semilinear
problem (3.1.2) has been established in [25] and [22]. Here we recall the contraction
argument for the primal problem and use a generalization of this technique to establish
the contraction of a linear combination of the primal and limiting dual quasi-errors by
means of a computable sequence of approximate dual problems. We relate this result to
a bound on the error in the quantity of interest. Following [25], the contraction argu-
ment follows from first establishing three preliminary results for two successive AFEM
approximations u; and u», and respectively Z; and Z; of the primal and limiting dual

problems.

1) Quasi-orthogonality: There exists Ag > 1 such that
et — w2 | < Agllu— e [I* = [z — s ||
2) Error estimator as upper bound on error: There exists C; > 0 such that
e — wi|? < Cini (we, Z2), - k=12,

3) Estimator reduction: For .# the marked set that takes refinement .7, — %, for

positive constants A < 1 and A; and any 0 > 0

3 (v2, ) < (L+8){N (v1, Ti) = AN (vi, )} + (14+ 8~ MG |[v2 — villl.
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For the primal problem, the mesh at each iteration may be marked for refinement with
respect to the error indicators following the Dorfler marking strategy (cf. [11]). In the
case of the dual, the limiting estimator as used in the contraction argument is related
to a computable quantity. This quantity is the dual estimator, based on the residual
of the approximate dual sequence. The mesh is marked for refinement with respect to
this set of error indicators, which correspond to the approximate dual problem at each
iteration. The transformation between limiting and approximate dual estimators couples
the contraction of error in the limiting dual to the primal problem. The final result is the

contraction of what we refer to here as the combined quasi-error
200 5 e [l[2_ 21112 205 2 2
O~ (uj,2j) = 12— 2llI” + 7S (€)) + 7lllw — ujllI” + wpm5 (),

which is the sum of the quasi-error as in [8] for the limiting dual problem and a multiple
of the quasi-error for the primal problem. The contraction of this property as shown in
Theorem 3.5.9 establishes the contraction of the error in the goal function as shown in
Corollary 3.5.10.

Our analysis is based on the recent contraction framework for semilinear and
more general nonlinear problems developed by Holst, Tsogtgerel, and Zhu [25], and
by Bank, Holst, Szypowski and Zhu [2], and those for linear problems developed by
Cascon, Kreuzer, Nochetto and Siebert [8], and by Nochetto, Siebert, and Veeser [34].
In addressing the goal-oriented problem we base our framework on that of Mommer
and Stevenson [32] for symmetric linear problems and Holst and Pollock [23] for non-
symmetric problems. We note also two other recent convergence results in the literature
for goal-oriented adaptive methods applied to self-adjoint linear problems, namely [10]
and [33], both providing convergence rates in agreement with those in [32]. The analysis
of the goal-oriented method for nonlinear problems is signficantly more complex than
the previous analysis for linear problems in [32, 23]. Here, we are faced with analyzing
linearized and approximate dual sequences as opposed to a single dual problem in order
to establish contraction with respect to the quantity of interest. However, this approach
allows us to establish a contraction result for the goal-oriented method, which appears to
be the first result of this type for nonlinear problems. The linearized dual in the context

of goal-oriented adaptive methods is described below, following e.g. Estep et. al in [14]
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and [15].

Outline of the paper. The remainder of the paper is structured as follows. In
§3.2, we introduce the approximate, linearized and limiting dual problems. We briefly
discuss the problem class and review some standard facts concerning conforming fi-
nite element discretization and error-estimate-driven adaptive finite element methods
(AFEM). In §3.2.2 we include a brief summary of a priori estimates for the semilin-
ear problem. In §3.3, we describe a goal-oriented variation of the standard approach to
AFEM (GOAFEM). In §3.4 we discuss contraction theorems for the primal problem.
In §3.5 we introduce additional estimates necessary for the contraction of the combined
quasi-error and convergence in the sense of the quantity of interest. Lastly, in §3.6 we

present some numerical experiments that support our theoretical results.

3.2 Preliminaries

In this section, we state both the (nonlinear) primal problem and its finite ele-
ment discretization. We then introduce the linearized dual problem, and consider some
variants of this problem which are of use in the subsequent computation and analysis.

Consider the semilinear problem (3.1.2), where as in (3.1.3) we define the bilin-

ear form
a(u,v) = (AVu, Vv)

with (-,-) denoting the L, inner-product over Q C RY. We make the following assump-

tions on the data:

Assumption 3.2.1 (Problem data). The problem data D = (A, b, f) satisfies

1) A: Q — R4 s Lipschitz continuous and a.e. symmetric positive-definite with

ess inf cqrmin(A(x)) = o >0,

ess SUp vcormax(A(x)) = fy < oo.

2) b: QxR — R is smooth on the second argument. Here and in the remainder of

the paper, we write b(u) instead of b(x,u) for simplicity. Moreover, we assume
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that b is monotone (increasing):

b (E) >0, forall & €R.

3) f < Lz(.Q.).

The native norm is the Sobolev H' norm given by ||v]|12q1 = (Vy,Vv) + (v,v).
Continuity of a(-, -) follows from the Holder inequality, and bounding the L; norm of

the function and its gradient by the H' norm
a(u,v) < pullull g1Vl g = Mes [[uell g [[V]] 1 (3.2.1)

Define the energy semi-norm by the principal part of the differential operator ||v||* :=

a(v,v). The coercivity of a( -, -) follows from the Poincaré inequality with constant Cq
> io|v|F > C 2 =m|v|? 3.2.2
a(v,v) = polvlg = Cako[[vlig = mig vl (3.2.2)

which establishes the energy semi-norm as a norm. Putting this together with (3.2.1)

establishes the equivalence between the native and energy norms.

3.2.1 Linearized dual problems

Given a linear funcitonal g € L,(Q), the objective in goal-oriented error estima-
tion is to relate the residual to the error in the quantity of interest. This involves solving
a dual problem whose solution z satisfies the relation g(u—uy) = (R(uy,),z). In the linear
case, the appropriate dual problem is the formal adjoint of the primal (cf. [31, 23]). For
b nonlinear, the primal problem (3.1.2) does not have an exact formal adjoint. In this
case we obtain the dual by linearization. Formally, given a numerical approximation u;

to the exact solution u, the residual is given by

R(uj) == f— N (uj) =N (u) — N (u).
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If z/ € H}(Q) solves the following linearized dual problem
a(z/ V) + (B2l vy =g(v), W€ H}(Q), (3.2.3)

where g(v) := [ gvdx and the operator % is given by

1 1
% ::/O b (Eut (1—E)u;) dgz/o B (4 (u—u;)E) dE, (3.2.4)

then the goal-oriented error g(e;) can be represented exactly by the inner product of 2
and R(u;):
glej) = (R(u;),2’).

In fact, by definition of the residual R(u;), we have
(& \R(u;)) = a(2 ej) + (2, b(u) = bu))) = a(2 ;) + (Bjz),v) = gle;).

Here we used the integral mean value identity:

1
b(u) — b(u;) :/O B (4 (u—u)E) dE (u—uj) = Bi(u—u;).

The derivation and numerical use of the linearized dual problem is further discussed
in [15, 14, 21].

Unfortunately, the dual problem (3.2.3) is not practical because the operator %;
depends on the exact solution u. In order to define a computable dual operator, we
introduce the approximate operator b'(u;), which lead to the following approximate
dual problem: Find 2/ € H}(Q) such that

a(#v) + (b ()2 v) = g(v), VveH(Q). (3.2.5)

The equation (3.2.5) is instrumental for defining a computable a posteriori error indica-
tor for the dual problem.
A further difficulty arises in the analysis of the goal-oriented adaptive algorithm

driven by the a posteriori error estimators for the approximate dual problem (3.2.5). Due
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to the dependence on uj, (3.2.5) changes at each step of the adaptive algorithm. This
is one of the essential differences of the nonlinear problem as compared to the linear
cases in the previous literature (cf. [32, 23]). To handle this obstacle, we introduce the

limiting dual problem: Find 2 € H} () such that
a(z,v)+ (W' ()2, vy =g(v), YweH}(Q). (3.2.6)

While the operator &'(u) is a function of the exact solution u and is not a computable
quantity, it is the operator used in the limit of both the linearized dual (3.2.3) and approx-
imate dual problems (3.2.5) as u; — u. Therefore, both the linearized and approximate
sequences approach the same limiting problem (3.2.6). Our contraction result in Theo-

rem 3.5.9 is written with respect to the limiting dual problem as defined by the operator

b'(u).

3.2.2 Finite Element Approximation

For a given conforming, shape-regular triangulation .7 of Q consisting of close

simplices T € .7, we define the finite element space

Vg =Hy(Q)N ] Pa(T) andVy:=Vg, (3.2.7)
TeT

where IP,(T) is the space of polynomials degree degree n over T. For any subset . C
T,

V() =Hy(Q) N[ Pu(T). (3.2.8)
Tes

Given a triangulation .7, we denote h := maxyc o hy where hr := |T|'/4. In
particular, we denote hg := h g, for an initial (conforming, shape-regular) triangulation
I of Q. Then the adaptive algorithm discussed below generates a nested sequence of
conforming refinements {.7}, with .7 > .7 for k > j meaning that .7 is a conforming
triangulation of Q based on certain refinements of .7;. With this notation, we also simply
denote by V; := V 7 the finite element space defined on .7.

The finite element approximation of the primal problem (3.1.2) reads: Find u; €
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Vi such that
a(ug,vi) + (b(ur),vi) = f(vk), vk € Vi, (3.2.9)

and the finite element approximation of (3.2.5) linearized about u; is given by: Find

d € Vi such that
a(2] i)+ (b ()2 v = g(w)  forall v € V. (3.2.10)

Finally, for the purpose of analysis, we require the discrete limiting dual problem (cf.
(3.2.6)) given by: Find Z; € V; such that

a(Ze,vi) + (' (u) 2k, vi) = g(vi)  forall v € V. (3.2.11)

Existence and uniqueness of solutions to the primal problems (3.1.2) and (3.2.9)
follow from standard variational or fixed-point arguments as in [38] and [29]. For the
dual problems (3.2.5)-(3.2.6) and (3.2.10)-(3.2.11) the existence and uniqueness of so-
lutions follow from the standard Lax-Milgram Theorem as in [17], since we assumed
that b’ (&) > 0.

We make the following assumption on the a priori L., bounds of the solutions to
the primal problems (3.1.2) and (3.2.9):

Assumption 3.2.2 (A priori bounds). Let u and uy be the solution to (3.1.2) and (3.2.9),

respectively. We assume that there are u_,u, € L. which satisfy
u_(x) <u(x),ur(x) < up(x)for almost every x € Q. (3.2.12)

Remark 3.2.3. The L. bound on u follows from the standard maximum principle, as
discussed in [3, Theorem 2.4] and [24, Theorem 2.3]. There has been a lot of literature
on the Lo, bounds on the discrete solution, usually with additional angle condition of the
triangulation (cf. [28, 26, 27, 24] and the references cited therein). On the other hand,
if b satisfies the (sub)critical growth condition, as stated in [3, Assumption (A4)], then
the Lo bounds on the discrete solution uy are satisfied without angle conditions on the

mesh, see [3] for more details.

Assumption 3.2.1 together with Assumption 3.2.2 yield the following properties
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on the continuous and discrete solutions as summarized below.

Proposition 3.2.4. Let the problem data satisfy Assumption 3.2.1 and Assumption 3.2.2.
The following properties hold:

1) bis Lipschitz on [u_,u )N H} (Q) for a.e. x € Q with constant B.
2) b is Lipschitz on [u_,us )N H} (Q) for a.e. x € Q with constant ©.

3) Let 7 the solution to (3.2.6), fj the solution to (3.2.10) and let Z; the solution
to (3.2.11). Then there are z_,z+ € L. which satisfy

7-(x) < ﬁ(x),fj(x),ﬁf(x) < zy(x) for almost everyx € Q, je N.  (3.2.13)

3.3 Goal Oriented AFEM

In this section, we describe the goal oriented adaptive finite element method

(GOAFEM), which is based on the standard AFEM algorithm:
SOLVE — ESTIMATE — MARK — REFINE .

Below, we explain each procedure.

Procedure SOLVE. The procedure SOLVE involves solving (3.2.9) for u;, computing
b (u ;) to form problem (3.2.10) and solving (3.2.10) for 2; In the analysis that follows,
we assume for simplicity that the exact Galerkin solution is found on each mesh refine-
ment. In practice the nonlinear problem (3.2.9) may be solved by a standard inexact
Newton + multilevel algorithm as in [2]. The approximate dual problem (3.2.10) may
be solved by any standard linear-time iterative method.

Procedure ESTIMATE. We use a fairly standard residual-based element-wise error es-
timator for both primal and approximate dual problems. Recall that the residual of
the primal problem is given by R(v) = f — A (v) with A4 (v) = =V - (AVv) + b(v).
For the limiting and approximate dual problems, we define the local strong form by
L) ==V - (AVy) 4+ b (u)(v), and 922]* (v) ==V -(AVv) +b'(u;)(v). The limiting
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and approximate dual residuals given respectively by
R*(v) :=g—2*(v), and Ié’;(v) ::g—.,?j*(v). (3.3.1)
The jump residual for both the primal and linearized dual problems is:
Jr(v) = [[AVV] -7,

where [ - | is given by [¢] 7 = lim,_o ¢ (x +tn) — ¢ (x —tn)and n is taken to be the
appropriate outward normal defined on d7T. On boundary edges o, we have [[AVY] -
nls, = 0 so that [[AVV]-n]y7 = [[AVV] - n]yrnq. The error indicator for the primal
problem (3.2.9) is given by

% (0.T) = B RO) oy +hrlIr0) 2 ory, vEVZ.  (332)
Similarly, the dual error-indicator is given by the approximate residual
5. ;nT) = kgl |R;(W)|[Z )+ hr Ve (W) 7,7y, wE V. (33.3)

This dual indicator is defined in terms of the approximate dual operator b'(u;) as this is a
computable quantity given an an approximation ;. In addition, for purpose of analysis

we define the limiting dual error-indicator by
(5w, T) =W |R* W)y + Pr e )7 o7y, wE VY, (3.3.4)

We remark that the limiting dual indicator as given by (3.3.4) is not computable. For
any given subset . C .7, the error estimators on . are given by the /, sum of error

indicators over elements in the space.

n<27(v7y) = Z 77,27(V7T)7 veVg.
Tes
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The dual energy estimator is:

C,277j(w7¢7> = Z Cé,j(WaT)v WEV?,
Tey

and the limiting estimator

Cé(w,f) = Z (;'qu(w,T), weVay.
Tes

To simplify the notation, below we will omit “.” in the above definitions if . = .7
and we will use 1) to denote 14, and similarly use {; . to denote {7 ..

As in [8] it is not difficult to verify that the indicators for the primal and ap-
proximate (respectively limiting) dual problems satisfy the monotonicity property for

veV(Z)and 7 >
v %) <mv, %), &%) <8,j(v,71) and G(v, ) < &G(v, 7). (3.3.5)
For an element T € .9 N7
mwT)=nmWT), & ;j(v,T)=_C1;(v,T) and &H(0,T) =6 (n,T). (3.3.6)

Procedure MARK. The Dorfler marking strategy for the goal-oriented problem is based

on the following steps as in [32]:

1) Given 6 € (0, 1), mark sets for each of the primal and dual problems:

e Mark a set .#, C J such that

e (e, A p) > *07 (g, T5). (3.3.7)
e Mark a set .#; C .7 such that

Ger(ee, Ma) = 0°5, (2% Th)- (3.3.8)

2) Let A = M, U .#, the union of sets found for the primal and dual problems
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respectively.

Asin [23] the set . differs from that in [32], where the set of lesser cardinality between
My and A is used. As seen in (3.3.8) the mesh is marked with respect to the dual
indicators of the approximate-sequence solutions 22 as these are computable quantities.
Sets .#, and .#; with optimal cardinality (up to a factor of 2) can be chosen in linear
time by binning the elements rather than performing a full sort [32].

Procedure REFINE. The refinement (including the completion) is performed according
to newest vertex bisection which was first proposed in [36]. It has been proved that the
bisection procedure will preserve the shape-regularity of the initial triangulation .%.
The complexity and other properties of this procedure are now well-understood (see for

example [6] and the references cited therein), and will simply be exploited here.

3.4 Contraction for the primal problem

Here we discuss the contraction of the primal problem (3.1.2), recalling results
from [25], [24] and [2]. The contraction argument relies on three main convergence
results, namely quasi-orthogonality, error-estimator as upper bound on error and esti-
mator reduction. We include the analogous results here for the limiting dual problem

when they are identical or nearly identical.

3.4.1 Quasi-orthogonality

Orthogonality in the energy-norm |||u — u ||> = ||| — uy ||> — |||z — u1 |||> does not
generally hold in the semilinear problem. We rely on the weaker quasi-orthogonality re-
sult to establish contraction of AFEM (GOAFEM). The proof of the quasi-orthogonality
relies on the following L;-lifting property.

Lemma 3.4.1 (L,-lifting). Let the problem data satisfy Assumption 3.2.1 and Assump-
tion 3.2.2. Let u be the exact solution to (3.1.2), and u; € V1 the Galerkin solution
to (3.2.9). Let w € H'™(Q)NHJ(Q) for some 0 < s < 1 be the solution to the dual
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problem: Find w € H} (Q) such that
a(w,v) + (Biw,v) = (u—uy,v), veH(Q), (3.4.1)

where the operator 9 is defined by #) = fol b'(Eu+(1—&E)uy) d&. Asin [9, 16, 1]

we assume the regularity

Wlges() < Krllu—uil|L, @) (3.4.2)
based on the continuity of the diffusion coefficients a;j and %) € Lo(2) . Then

[l — |, < Cllue — ua [ (3.4.3)

Proof. The proof follows the standard duality arguments in [1], [23] and [7], adapted
for the semilinear problem. Let .#" : H(% (Q) — V| be a quasi-interpolator, satisfying

lw— "l < Crhly[wlgies (3.4.4)
lw— "Wz, < C ol |wigs. (3.4.5)

as discussed in [1], [37] and [23].
Consider the linearized dual problem (3.4.1) with v = u—u; € H} (Q) expressed
in primal form

a(u—up,w)+(B1(u—u),w) = Hu—ulH%z. (3.4.6)

By Galerkin orthogonality, for .#"w € V;
a(u—uy, I"w)+ (B (u—uy), 7"w) = 0. (3.4.7)
Subtracting (3.4.7) from (3.4.6)
a(u—uy,w— ")+ (b(u) —b(ur),w— I"w) = |lu—u |7, (3.4.8)

Then by (3.2.1) continuity of a(-, - ), the Holder inequality and Lipschitz continuity of



84
b (Proposition 3.2.4):
lu— 113, < M — i [w— "l + Bllu—willzalow— "], (3.4.9)

By coercivity (3.2.2), interpolation estimate (3.4.4), and regularity (3.4.2) on the first
term on the RHS of (3.4.9)

Mg
Mg |ju—ur|g w = "wl| g < g O Hollle = [l}wlgprss
Mg
< m_gKRC,ﬂhf)HW_”1|||||”_”1||L2~ (3.4.10)

For the second term of (3.4.9), apply (3.4.5) followed by (3.4.2) and coercivity to the

interpolation error yielding

Bllu—ui ||, ||w — F w1, < BC shy ™ ||t —uy ||y | W] grss
< KBC.yhy |l —ur |, Ju = wn |z,

< (mg' KrBC.rho)hllu—wi ||, Jlu—wi [l (3.4.11)
Applying (3.4.10) and (3.4.11) to (3.4.9), we obtain
lu—ui||, <mg'Kg (MgC.y + BC s ho) hi||u— |- (3.4.12)

This completes the proof. [

Remark 3.4.2. This proof yields the related result for u; € V; the solution to (3.2.9),
i=1,2
||u2—u1HL2 SC*hf)H\uz—ulm. (3.4.13)

The proof of (3.4.13) follows by replacing u by uy in 3.4.1. In particular, the dual
problem (3.4.1) is replaced by: Find w € V, such that

a(w,v) + (Brow,v) = (up —uy,v), ve Vs, (3.4.14)

where the operator By = fol b'(Eup+(1—E&)uy) dE.
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Remark 3.4.3. As the dual problem (3.4.1) changes at each iteration, so may the reg-
ularity constant as given by (3.4.2) as well as the interpolation constants as given
by (3.4.4) and (3.4.5). As such, the previous lemma shows a C, i for k=1,2,.... As
the algorithm is run finitely many times, we consolidate these C, j into a single constant

C. for simplicity of presentation.
Now we are in position to show the quasi-orthogonality.

Lemma 3.4.4 (Quasi-orthogonality). Let the problem data satisfy Assumption 3.2.1 and
Assumption 3.2.2. Let 71,7 be two conforming triangulation of Q with 5 > . Let
ue H& (Q) the exact solution to (3.1.2), u; € V; the solution to (3.2.9), i = 1,2. There
exists a constant Cy, > 0 depending on the problem data D and initial mesh 9, and a
number 0 < s < 1 related to the angles of 0, such that if the meshsize hg of the initial
mesh satisfies A= Bm(}lc*hf) <1, then

e = wa|* < Al = 9> = [z = 7[>, V¥ € Vs, (3.4.15)
and in particular for v=u; € V| C V,
e — 2| < Al — wll* = [fjsez — 1 [, (3.4.16)

where

A= (1-Bmg'C.h})" and Ag:= (1—BCih§)™"
and C, is the constant from Lemma 3.4.1.

Proof. For any given v € V,, we have
= wa | = [l = 7P = 17 — 2|2 + 20 (1 — w2, 5 — ). (3.4.17)
By Galerkin orthogonality

a(u—uy,v)+ (b(u) —b(uy),v) =0 forall v € Vy, (3.4.18)
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and taking v =7 —uy in (3.4.18), we have

2a(u—uy,v—uy) < 2|(b(u) —b(u2),v—uz)|
SZB||M—M2||L2||\7—M2||L2. (3.4.19)

Here we used Holder inequality and the Lipschitz property on b (cf. Proposition 3.2.4).
In the case of (3.4.15) applying L,-lifting Lemma 3.4.1 to the first factor on the
RHS and (3.2.2) coercivity to the second followed by Young’s inequality, we obtain

2B||u — 2|1, ||V — w2 |, < 2Bmg ol — || — w2 |

< B Cuhi|lu— ua|||* + Bmg ' Cuhd||7 — wa||*. (3.4.20)
Applying (3.4.20) via (3.4.19) to (3.4.17)
(1= Bmg ' Cuhiy) [lu—wua|* < lu—l|[* — (1 = B C.i)|[|7 — o ||
Assuming A := Bmz'C,.h} < 1, we have
e = w2 > < Al =71 = (|7 — wa | (3.4.21)
with A = (1 —Bm'C,hf) L.
In the case of (3.4.16) applying L,-lifting (Lemma 3.4.1) to each norm on the

RHS of (3.4.19) by means of Remark 3.4.2 then applying Young’s inequality

2Bju = w2 |1, |ur — wallz, < 2Bhg"CE |l — wa [y — o]

< BIFClu— o + BOH luy —wof|P. (3.4.22)
Following the same procedure as above yields
e — w2 > < Mgl —wr||* = flur — w2 (3.4.23)

with Ag = (1 — BC2h%*)~! with the weaker mesh assumption Ag := BC2h3* < 1. O

We note that the second Galerkin orthogonality estimate (3.4.23) sharpens our
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results but is not essential to establishing them.

3.4.2 Error Estimator as Global Upper-bound

The second key result for the contraction of the primal problem is the error es-
timator as a global upper bound on the energy error, up to a global constant. The result
for the semilinear problem is established in [25] and [2] with a clear generalization to
the approximate dual sequence, also see [8] and [31] for the linear cases. The proof of
this result follows from the general a posteriori error estimation framework developed

in [39, 40].

Lemma 3.4.5 (Error estimator as global upper-bound). Let the problem data satisfy
Assumption 3.2.1 and Assumption 3.2.2. Let 7, be a conforming refinement of 7. Let
uc H(}(Q) and uy, € V. be the solutions to (3.1.2) and (3.2.9), respectively. Similarly,
let Z € Hé (Q) and Z € Vi be the solutions to (3.2.6) and (3.2.11), respectively. Then
there is a global constant Cy depending only on the problem data D and initial mesh %,
such that

e — wi ||| < Crmpe(ug) (3.4.24)

and

12— 2lll < CrG(2)- (3.4.25)

3.4.3 Estimator Reduction

The local Lipschitz property as in [25], analogous to the local perturbation prop-
erty established in [8], is a key step in establishing estimator reduction leading to the

contraction result. For any T € .7, we denote
or =TU{T'€¢ T ’ T NT' is a true-hyperface of T'}. (3.4.26)

Here, for a d-simplex T, a true-hyperface is a d — 1 sub-simplex of 7', e.g., a face in 3D

or an edge in 2D. We also define the data estimator on each element 7 € .7 as

n%D,7) = 1 (VAL ) + A2 AN o) + B) (34.27)
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and denote N7 (D,.”) = maxyc » N7 (D,T) for any subset . C 7. In particular, we
denote by 1o :=14(D, %) the data estimator on the initial mesh. As the grid is refined,

the data estimator satisfies the monotonicity property for refinements .% > .77 (cf. [8]):
D, %) <mD,A). (3.4.28)

Lemma 3.4.6 (Local Lipschitz Property). Let the problem data satisfy Assumption 3.2.1
and Assumption 3.2.2. Let  be a conforming refinement of 9. Then for all T € T
and for any vyw €V

N7 T) = 17w.T) < A0z D7) v =l ). (3.4.29)

The constant Ay > 0 depends on the dimension d and the initial mesh 7.

Proof. The proof follows those in [8] and [23]. We sketch the proof below. From (3.3.2)
N5 T) = ht|RW) L,y +hrldr 0z, or) vE Vo (3.4.30)
Set e = v —w and by definition of the residual, we get

Rv)=f—AN(w+te)
=f+V-(AVw) —b(w)+V-(AVe) —/()1b’(w+§e) dée

=R(w)+ Z(e),

where Z(e) .=V -(AVe) — fol b'(w+Ee) dée. Using the generalized triangle-inequality

\/(a+b)2+ (c+d)?<+Va*+c*+b+d, fora,b,c,d>0
and linearity of the jump residual we have

2 2 2 1/2
N7 (. T) = (IR0 + 2O )+ hrlld ) +I @I o))
<07 W.T) +hr || 2(€)yr) + b 1@ or)- (3.4.31)
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For the second term of (3.4.31), by triangle inequality we obtain

1
|9 <19 A5 eNry + | [ 900+ 20 e (3432)
0 Ly(T)
By the inverse inequality, the diffusion term satisfies the bound
IV - (AVe)ll,(r) < ||divA - Vel |,y + 1A : D?e|l 1, (1)
< (IdivA |l ...y + Crhr Al ) [ VellLycry, (3.4.33)
where D?e is the Hessian of e. The second term in (3.4.32) is bounded by
! /
H/ B(wtEe)dEe| < BllelL,m. (3.4.34)
0 Ly(T)
The jump term in (3.4.31) satisfies
~1/2
()l zya7) < 2(d+1) Crhy / Al z..or) Vel Ly(or)
~1/2
= Crhy 1Al o) Vel oo (3.4.35)

where Cr depends on the shape-regularity of the triangulation. Putting together (3.4.31),
(3.4.33), (3.4.34) and (3.4.35), we obtain

N7, T) <Ngw,T)+hr (|divAlL )+ (Cr+Cnh Al (@p) +B) el (o)
< N7 W.T) +Cror 17 (D, Ty = wlg1 (@) (3.4.36)

This completes the proof. ]

The local perturbation property as demonstrated in Lemma 3.4.6 (respectively,
Lemma 3.5.4 below) leads to estimator reduction, one of the three key ingredients for
contraction of the both the primal and combined quasi-errors. This result holds for both
the primal and limiting dual problems, whose proof can be found in [8, Corollary 2.4]

or [23, Theorem 3.4].

Theorem 3.4.7 (Estimator reduction). Let the problem data satisfy Assumption 3.2.1
and Assumption 3.2.2. Let 71 be a conforming refinements of %, M# C T be the
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marked set, and > = REFINE( 9, # ). Let
Ay = (d+2)/_\%m(;2 and A:=1-2""4>0

with Ay from Lemma 3.4.6 (local Lipschitz property). Then for any vi € V| and v, € V,
and 6 >0

3 (v2, ) <(1+8) {ni(vi. ) = Ani(vi, ) } + (148 )Amg]va —vi >
(3.4.37)

Analogously for the limiting dual problem

G (v2, ) S(L+8) {CE(vi, ) = AL (1, ) } + (1+ 87 YA vz —val .
(3.4.38)

The contraction of the primal (semilinear) problem is established in [25] and [22]

based on Lemma 3.4.4, Lemma 3.4.5 and Theorem 3.4.7 as discussed above.

Theorem 3.4.8 (Contraction of the primal problem). Let the problem data satisfy As-
sumption 3.2.1 and Assumption 3.2.2. Let u the solution to (3.1.2). Let 6 € (0,1, and let
{73,V ,u;} j>0 be the sequence of meshes, finite element spaces and discrete solutions
produced by GOAFEM. Then there exist constants ¥, > 0 and 0 < a < 1, depending on

the initial mesh 9y and marking parameter 0 such that

e = 1>+ vpm7en < 0 (lu—ujll* +%n7) - (3.4.39)

3.5 Contraction and Convergence of GOAFEM

In this section, we discuss the contraction and convergence of the GOAFEM
described in §3.3. In particular, we show that the GOAFEM algorithm generates a se-
quence {.7;,V;,u;,Z;} ;>0 which contracts not only in the primal error as shown in §3.4,
but also in a linear combination of the primal and limiting dual error. We emphasize that
it would be difficult to derive convergence results in terms of problem (3.2.3) or (3.2.5),

because at each refinement the problem is changing. So we show contraction in terms
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of the error in the limiting dual problem (3.2.6) as the target equation is fixed over the
entire adaptive algorithm. Our approach to contraction in this section again relies on
three main components: quasi-orthogonality, error-estimator as upper bound on error
and estimator reduction. Here we discuss the relevant results for the limiting dual prob-
lem with an emphasis on those that differ significantly from the corresponding results
for the primal problem. Note the limiting dual problem is not computable. We connect
the error for the limiting dual problem to the computable quantities in the GOAFEM al-
gorithm. For this purpose, we introduce Lemma 3.5.7, converting between limiting and
approximate estimators in order to apply the Dorfler property to a computable quantity;
and Lemma 3.5.8, bounding the discrete error between approximate and limiting dual
solutions in terms of the primal error. We put these results together in Theorem 3.5.9
to establish the contraction of the combined quasi-error. Finally, the contraction of this

form of the error is related to the error in the quantity of interest in Corollary 3.5.10.

3.5.1 Quasi-orthogonality for Limiting-dual Problem

Similar to the proof of the quasi-orthogonality for the primal problem, we make
use of an L-lifting argument for the limiting-dual problem. Let Z € H(% (Q) and z; € V,
be the solutions to (3.2.6) and (3.2.11), respectively. We again use the duality argument,
and introduce the problem: Find y € H}(Q) such that

a(y,v) + (b'(u)y,v) = (2 —21,v) forall v € H} (Q) (3.5.1)

Then we have the following L,-lifting result for the limiting-dual problem.

Lemma 3.5.1 (Limiting-dual L,-lifting). Let the problem data satisfy Assumption 3.2.1
and Assumption 3.2.2. Let 7 be a conforming triangulation, and 2 € H} (Q) and 2 € V
be the solutions to (3.2.6) and (3.2.11), respectively. Assume that the solution y to (3.5.1)
belongs to H'™(Q) N H} (Q) for some 0 < s < 1 such that

|)’|Hl+s(sz) < KR||2_21||L2(Q)- (3.5.2)



92
Then
12— 21| < Cuhd|llZ—21]]- (3.5.3)

Proof. The proof follows that of Lemma 3.4.1. Asin (3.4.12), we obtain for the limiting
dual estimate (3.5.3)

12— 21|, < my'Kr (MgC.y + BC sho) B||2—21]]- (3.5.4)

]

Remark 3.5.2. To apply L,-lifting to the difference between two Galerkin solutions,
2, € Vo and 2y € V| where 95 > 71, we use the same proof with (3.5.1) replaced by the
problem: Findy € V; such that

a(y,v) + (b’ (u)y,v) = (82— 21,v) for all v € V. (3.5.5)

By means of Lemma 3.5.1, we obtain the quasi-orthogonality for the limiting-

dual problem.

Lemma 3.5.3 (Quasi-orthogonality for Limiting Dual Problem). Let the problem data
satisfy Assumption 3.2.1, and 71,9, be two conforming triangulations with % > 9.
LetZ € H(; (Q) the solution to (3.2.6) and %; € V; the solution to (3.2.11), i = 1,2. There
exists a constant C, > 0 depending on the problem data D and initial mesh J, and a
number O < s < 1 related to the regularity of (3.5.1), such that for sufficiently small h
we have

222017 < Allz = vl1* — |2 = vl1%, Vv e Vs, (3.5.6)

and in particular for v =7
llz—22lI* < Acllz — 21> - 22 — 211 (3.5.7)

where

A= (1 —Bmglé*hf))fl and /A\G = (1 —Bé%hgs)il
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and C, is the constant from Lemma 3.5.1.

Proof. The proof follows same arguments as in Lemma 3.4.4, except that in place of the

inequality in (3.4.18) we have for the limiting dual problem
a(u—uy,v)+ (b'(u)(¢—2),v) =0 forall v € V5, (3.5.8)
yielding
2a(2— 2,7~ 22) < 2B|2— 221, 7~ 221, (3.5.9)

as in (3.4.19). The rest of the proof is similar to Lemma 3.4.4, and we omit it here. [

3.5.2 Estimator Perturbations for Dual Sequence

As we have seen in Theorem 3.4.7, the local Lipschitz (local perturbation) prop-
erty (cf. Lemma 3.4.6) plays a key role in deriving the estimator reduction property used
to convert between estimators on different refinement levels in both the primal and lim-
iting dual problems. The following lemma gives similar local Lipschitz properties for

the approximate and limiting dual problems on a given refinement level.

Lemma 3.5.4 (Local Lipschitz Property for Dual Estimators). Let the problem data
satisfy Assumption 3.2.1 and Assumption 3.2.2. Let 7 be a conforming refinement of
. Then for all T € T and for any v,w € V z, it holds that

87,0 T) = Ca ;W T)| < Aing (D, T)[[v—wl1(a,)- (3.5.10)
In particular, for the error indicator of the limiting dual problem we have
187 T) = Ca W, T)| < Az (D, T)|[v— w1 (wp)- (3.5.11)

The constant A1 > 0 depends on the dimension d and the regularity of the initial mesh
2.

Proof. The proof follows those in [8], [23] and is nearly identical to Lemma 3.4.6. It is
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sketched here. To prove (3.5.10), by (3.3.3) we have

&% ;0 T) = IR W), oy +hr I ) 2y ory0 v E Vi (3:5.12)

Setting e = v —w and applying linearity to the definition of the dual residual as given

by (3.3.1), we obtain
Ri(v) = g+ 25 (w+e) = Ry (w) + 2 (e).

By the same reasoning as (3.4.31), we get

1/2

£7,,(vT) < Lz jw,T) +hr |25 ()l + 1y "1 (@) aar)- (3.5.13)

The term .,9!3* (respectively 2* for the limiting dual) in (3.5.13) satisfies the same bound
as the analogous term & in (3.4.31) of Lemma 3.4.6. Hence the bounds (3.5.10)
and (3.5.11) hold with the same constants as in (3.4.29). ]

With the help of Lemma 3.5.4, we are able to derive the following corollary,
which addresses the error induced by switching between error indicators corresponding

to the approximate and limiting dual problems on a given element.

Corollary 3.5.5. Let the problem data satisfy Assumption 3.2.1 and Assumption 3.2.2.
Let 7 be a conforming refinement of 9, and u,u; are the solutions to (3.1.2) and (3.2.9)
problems, respectively. Let © and Kz the constants given in Proposition 3.2.4. For all

T € F and for vyw € V 5 N[z_,z+] the dual indicator on 7 satisfies

187,;0nT) = 874w, T)| < Az (D, T)||[v —wllg1 (@) + OKzhT l1j — || 1, 7y

(3.5.14)

In particular, for 7 = 71, we have for the limiting estimator
110 T) = G, T)| < Aemi(D, T) v = wll g1 (@) + OKzZhr |l — ||y, (3.5.15)
|C1 (W, T) C] 1(v T)| 1‘[ ( )HV_WHHl((oT) +®KZhTHu_u1HL2(T)- (3.5.16)

Proof. By the definition of the residuals for the approximate dual problems, for any
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w € V5 we have

Ié;‘-(w) =g+ V- (AVw) +b'(ue)w+ (' (u;) — b (ug)) w
=R;(w) + (b’ (uj) — b' (ug)) w. (3.5.17)

Using (3.5.17) in the definition of the dual indicator (3.3.3) and applying a generalized

triangle inequality

. 1/2
Co 50, T) = (HHIRLw) + (0 0g) = (), )+ B W 01 o))

. 12
< (h%”Rk<W)Hi2(T) +hr|[Jr(w) H%z(ar)) +hr |6 (u;) = b (w)wl| 1)

<87 kW T)+OKzhr|luj — url|L,(7)- (3.5.18)

Applying (3.5.10) in Lemma 3.5.4 to the estimate (3.5.18), we obtain (3.5.14). ]

As an immediate consequence of Corollary 3.5.5, we have the following results
on the error induced by switching between dual estimators over a collection of elements
on a given refinement level. This estimate plays a key role in the contraction argument
below, as we apply it to switching between the estimator for the limiting dual and the
computed error estimators for the approximate dual problems in the GOAFEM algo-

rithm.

Corollary 3.5.6. Let the hypotheses of Corollary 3.5.5 hold. Then for any subsets
M, M T T and arbitrary 8, 8,,04,08 >0

GRvett) = (148) 7 (14807 (w, 1)
(14878, @K lu— [}, — (d+2)8 Kingllv—wll,
(3.5.19)
G (W) = (14 82) 7 (14 8) 7 P (v, )
(14 8) 7' 85 @K u— i [}, — (d +2)8, King v —wl 2.
(3.5.20)

Proof. The conclusions follow by squaring inequality (3.5.15) (respectively (3.5.16)),

applying Young’s inequality twice, and then summing over element 7' € .# (respec-



96

tively T € .#,). The H I norm is summed over all elements 7 € 7, counting each

element d + 2 times, the maximum number of elements in each patch @r. OJ

3.5.3 Contraction of GOAFEM

The main contraction argument Theorem 3.5.9 follows after two more lemmas.
The first combines a sequence of estimates to convert the non-computable limiting es-
timator for the dual problem to a computable quantity, apply the Dorfler property and
then convert back. The second relates the difference between the Galerkin solutions of
the limiting and approximate dual problems to the primal error. Motivated by estimator

reduction for the limiting dual problem as in equation (3.4.38)

83 (22, ) <(1+8){&F (21, A1) = ALE o, )} + (1487 HAmG 122 — 2P
(3.5.21)

the following lemma addresses the conversion between the limiting estimator § 12 (21,4)
and and the computable estimator C12 (2}, .#) necessary for marking the mesh for re-

finement.

Lemma 3.5.7. Let the problem data satisfy Assumption 3.2.1 and Assumption 3.2.2. Let
® and Kz as given by Proposition 3.2.4, C, as given by Lemma 3.4.1 and A\ as given in
Lemma 3.4.7. Let

u the solution to (3.1.2), u the solution to (3.2.9),

Z the solution to (3.2.6),  Z; the solution to (3.2.11) 2% the solution to (3.2.10).

Let §1.1(21, .4 ) satisfy the Dorfler property for # C J;: (:121(2%,//1) > 92(:1271(2%, ).
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Then for arbitrary 81,0, 04,0 > 0 there is a 64 > 0 such that

pe? (1-p)e*

L) < e A - sl all
0 1\ @2K2C2h ") ,
+((1+5A)(1+52) 8 ) (1+6) llae — [}

2
+((1+51)(1+(<5A)32 5

Proof. From Corollary 3.5.6, L,-lifting 3.4.1 and coercivity (3.2.2)

)Alno(D Tl - 22 (3.522)

—GF (21, ) < —(148) " (14+8) 71674 (21, 4)
+ (1+81) 7' 8, 'O Kk |lu —wi |17, + 8 ' AT (d + 2121 — i 7
< —(14+8) 7 (1+84) 7' (21,4)

( )18, @2 K32 hg Yl — w|P + 87 Arm 21 — 211

(3.5.23)

+ (146

with Ay := /_\%(d + Z)m;az. The Déorfler property may be applied to the first term on the
RHS of (3.5.23)

—Chi @) < 07, (21). (3.5.24)
Converting back to he limiting estimator by (3.5.20) in Corollary 3.5.6
—GhiE) < —(1+ &) (1+85) 7' G (21,4

1e— 2(1 — N N
+(1+8) 7' 85 'O K2C20 ™ lu— |+ 85 Ami 21 — £
(3.5.25)

Define 64 by
(14684) i= (1+8)(1+8&)(1+84)(1+ 8p). (3.5.26)

Then by plugging (3.5.24) and (3.5.25) in the first term on the RHS of (3.5.23), we
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obtain

— L (81, ) < —0H(1+84) T G (21) + (02(1+80) T (1+ &) ' 85" +8, )
x (14 8) '@ K2C2H " |u — uy |2
+ (021 +8) A +80) 718+ ) Amdlla - AP (3.5.27)

Finally, we split the first term on the RHS of (3.5.27) into two pieces for some 3 €
(0,1), and apply the upper-bound estimate (3.4.25) in Lemma 3.4.5 to the second piece
yielding

—CP (21, ) < —BO*(1+84) " ¢E(21) — (1—B)O*(1+ &) 'C 2|1z — 21|
+(02(1+80) (14 8) 785 +8, ") (14 8) ' OKZC2 " |u — wy |2
(O (14+8) 1 +80) 718 871 Amgllz — 21>

This completes the proof. O

We may convert |2 — ]| in the last term on the RHS of (3.5.22) to the error

||t — w1 ||| as stated in the following lemma.

Lemma 3.5.8. Let the problem data satisfy Assumption 3.2.1 and Assumption 3.2.2. Let
® and K the constants given in Proposition 3.2.4 and C,, and C, the constants given by

Lemmas 3.4.1 and 3.5.1, respectively. Let

u the solution to (3.1.2), uy the solution to (3.2.9),
Z1 the solution to (3.2.11), 2% the solution to (3.2.10).
Then
1121 — 24l < OKZC.Eh |lu— w1 (3.5.28)

Proof. Recall that

21 solves a(21,v) + (b’ (u)21,v) = g(v), forallv € Vy, (3.5.29)
21 solves a(£],v) + (b'(u1)2},v) = g(v), forall v € V. (3.5.30)
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Subtracting (3.5.30) from (3.5.29) and rearranging terms, we get
a(Zr—21,v) + (0’ () = ' (w))21,v) = (B’ (1) (3] —21),v), vEVL.  (3.5.31)
In particular, for v =2; — 2% € V| equation (3.5.31) yields

)= (B (u1)(21 - 21). 21 — 21)

) (3.5.32)

2>
[N

Izt = 2117 = —((®' (u) = & ()21,
< = (¥ (u) = ' (ur))z1,

1
1741
1
1

2>
N>

| —

where in the last inequality, we used the monotonicity assumption of b in Assump-
tion (3.2.1). Now applying the Lipschitz property of 4’, the a priori L.. bounds on the
dual solution Z; (cf. Proposition 3.2.4), and both primal and dual L, lifting in (3.5.32),

we obtain

llzr = 21117 < ©Kzllu—ur 1,121 — 2,

< OK7C.Coid’ |l — ur ||| |21 — 21 (3.5.33)

from which the result follows. ]

Now we are in position to show the contraction of GOAFEM in terms of the
combined quasi-error which is a linear combination of the energy errors and error esti-

mators in primal and limiting dual problems.

Theorem 3.5.9 (Contraction of GOAFEM). Let the problem data satisfy Assumption
3.2.1 and Assumption 3.2.2. Let

u the solution to (3.1.2), uj the solution to (3.2.9),

Z the solution to (3.2.6), Zj the solution to (3.2.11).

Let 6 € (0,1], and let { T,V ;} j>0 be the sequence of meshes and finite element spaces
produced by GOAFEM. Let 7, > 0 as given by Theorem 3.4.8. Then for sufficient small
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mesh size hy, there exist constants Y > 0,7t > 0 and op € (0, 1) such that

112 = 22012 + &3 (22) + 7w — wa||* + wy,m3 (u2)
<o (I2=2l> + v (1) + wlu—wur || + wypmi (ur)) - (3.5.34)

Proof. For simplicity, we denote 19 = no(D, %) and §;(3x) = & (3x, %), k=1,2. By
the estimator reduction for the limiting dual problem (3.4.38), for arbitrary § > 0 we

have
63 (2) <(1+8){&E ) — AL G, 2)} + (1+ 8 A1 - 21)1°,  (3.5.35)

where A = 1 —271/4_ Recall the quasi-orthogonality estimate in the limiting dual prob-

lem from Lemma 3.5.3
12— 220> < Agllz — 211> = 122 — 211> (3.5.36)

Adding (3.5.36) to a positive multiple y (to be determined) of (3.5.35) and applying the

results of Lemmas 3.5.7 and 3.5.8 obtain

12— 2201+ v&5 (22) < Alllz— 21l + yMEE (1) + Dllu— uy ||
+(y(1+8HAamg —1) 122 — 2> (3.5.37)

We first set y:= (1+ ! )_1/\1_1 Mo 2 to eliminate the last term in (3.5.37). This yields
12— 22017 + ¥&3 (22) < Alllz = 21 + yM &P (21) + Dl — e ||, (3.5.38)
where the coefficients A and M of (3.5.38) are given by

A=Ag—(1-B)A6*8(1+8y) 'C A 'ny 2 (3.5.39)
M=(1+8)(1-BAO*(1+8)"h (3.5.40)

where 9y satisfies (1+64) :== (1+68;)(1+62)(14 4)(1+ 8p) as was given in (3.5.26).

For contraction, we require A < 1 and M < 1 for the coefficients defined by
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(3.5.39) and (3.5.40), that is, we need to choose a 8 € (0, 1) such that

0 1+ (AG—I)Acl+54
—s <P <1— ) 3541
5262 P YL G241
with A¢ = C%A mg. To demonstrate the existence of such a f3, set
12
Op=06= EQLG . (3.5.42)
Then we require the mesh size hg sufficiently small, such that
A 2264
Ao <1+ ———%—5—, 3.543
¢ < Y 324 207)Ac (3:543)

for the given 6 € (0,1). Note the conditions (3.5.42) and (3.5.43) guarantee that the

interval in (3.5.41) is nonempty, so there exists a 3 such that

1 (Ag—1)Ac 2
§<ﬁ<l— 202 (1+7LGZ)

It remains to control the last term in (3.5.38). For simplicity, we assume 8; =
0, = 04 = 0 =: O¢. Then the coefficient D in (3.5.38) is given by

62+ (1+8¢)? h2 .
D = SA®’K2C2h3* ( ) ( 0 +C§h2S) . 3.5.44
2SI\ Trrseree ) \Ami(rag TG (249

To control the primal error term with the coefficient D as given by (3.5.44), we add
a positive multiple 7 (to be determined) of the primal contraction result (3.4.39) of
Theorem 3.4.8 to (3.5.39) yieding

12— 2201 + ¥&3 (22) + 7|ju — wa||* + 7wy, M3 (u2)
<A||z2=21|1? +yMEE(2) + (D4 o2 7) ||u— uy || + 0P wypni (uy). (3.5.45)

We choose 7 to ensure D + a?m < 7, namely,

D
1—a?

T> (3.5.46)
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and set

(3.5.47)

D+ a’n
Oclz) ‘= max {A,M,+—,Oc2} < 1.

Then the combined quasi-error satisfies the contraction property (3.5.34). [

For simplicity, we denote by
20 2 A a2 2(s 2 2
O~ (uj,2;) = 12— ZjllI" +vE; (2)) + wlllu — wj||* + 7y ()

the combined quasi-error in (3.5.34). The following corollary gives the contraction of
the error in the goal function, which is determined by the contraction of the combined

quasi-error.

Corollary 3.5.10. Let the assumptions in Theorem 3.5.9 hold. Then the error in the goal
function is controlled by a constant multiple of the square of the combined quasi-error,
Le.,

18(u) — g(u;)| < CO*(uj,2;) < ap COF(uo, 20). (3.5.48)

Proof. Choosing the test function v = u —u; in (3.2.6), and by linearity and Galerkin

orthogonality for the primal problem, we obtain

(
(
= a(u—uj,2) +(Bj(u—u;),2) +((b'(u) — Bj)(u—u;),2)
(u—uj,2—25) + (b(u) = bluj), 2 — 2;) + (b (u) — B;) (u—u;),2).
(3.5.49)

The third term in the last line of (3.5.49) represents the error induced by switching from
(3.2.6) to (3.2.3). This term may be bounded in terms of the constants and L., estimates

in Proposition 3.2.4 and

10 = 251 = | 00—+ £ ) 02| < Sl



103
yielding

(b (u) = 2))(u—u;),2) < Kz|[b'(u) = Bjl| L, ]l — ujl|L,

1
< E®Kz||u—uj\|§2. (3.5.50)

Then by (3.5.49), (3.5.50), the Cauchy-Schwarz inequality and L;-lifting as in Lem-
mas 3.4.1 and 3.5.1

R R 1
19(0) = ()| < flu—wjllle =2l + Bllu — w12 = 21, + 5 OKzllu— ujllz,

. 1
< (14 BCC.hg) |l — w112 — 211l + EGKZCEhﬁsH!u —ujfl?

—~

. 1 . o
< 5 (14 (OKzC, + BC)C.ohi) [[lu— uj|[* + 5 (1 +BC.C.hg) |2 — 211

(3.5.51)

| =

Therefore the error in the goal function is bounded above by a constant multiple of the
square of the combined quasi-error Q?(u;,2;). Thus (3.5.48) follows by the contraction

result in Theorem 3.5.9. ]

3.6 Numerical Experiments

Here we present some numerical experiments implemented using FETK [20],
which is a fairly standard set of finite element modeling libraries for approximating the
solutions to systems of nonlinear elliptic and parabolic equations. In these experiments,

we consider Q = [0, 1]? and try to solve the following model problem:
N (1) := —Au+3u® = f, (3.6.1)

with homogeneous Dirichlet boundary condition. Here the source function f is chosen

such that the exact solution is given by

sin(7x) sin(7y)
2(x—0.5)2+2(y—0.5)2+103

u(x,y) =
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We solve the nonlinear problem using both the AFEM and the GOAFEM algorithms.
Figure 3.1 shows a typical adaptive mesh as well as the solution of this semilinear equa-

tion.

Finite element mesh Finite element solution

1200~ ..

1000 ..

800 |

600 -]

Figure 3.1: The mesh and finite element solution to the model problem after 12
GOAFEM iterations.

In the adaptive algorithms, we use the Dorfler marking strategies: (3.3.7) for the
primal problem and (3.3.8) for the dual problem, with the same parameter 8 = 0.4. For
the primal nonlinear problem (3.6.1), at each refinement we use a Newton-type iteration
to solve the resulting nonlinear system of algebraic equations, which reduces the nonlin-
ear residual to the tolerance ||F(u)||z, < 10~7. On the initial triangulation, we use a zero
initial guess for the Newton iteration; then for each subsequent refinement, we interpo-
late the numerical solution from the previous step to the current triangulation and then
use it as the initial guess for the Newton iteration. By doing this, we have a good initial
guess for the Newton iteration so that one could expect a quadratic convergence rate of
the nonlinear iterations. In fact, according to our numerical experiments, it usually takes
4 or 5 Newton iterations to reach the setting tolerance.

To test the performance of the GOAFEM algorithm, we take the goal function

g= 1006—100((x—0.5)2+(y—0.5)2)7 (3.6.2)

so that it captures the singularity of the solution to (3.6.1). Thus the error in goal func-
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Error Reduction of Ig(u-u,)I
2
10 T T

u!

Ig(u—t

Figure 3.2: The reduction rate in the goal error |g(u — uy)|.

tional |g(u — uy,)| gives us an error by weighted average. Figure 3.2 shows the reduction
rate of the goal error |g(u — uy,)| for the GOAFEM algorithm. The oscillation at the first
a few iterations in Figure 3.2 reflects the fact that the mesh size is not small enough,
which is one of the requirements in our theory. But after a few iterations, the goal error
reduces at certain rate, which was predicted by Theorem 3.5.48. This result confirms
our theory.

For comparison with the standard AFEM algorithm, we also show in Figure 3.3
the error reduction in H' semi-norm |u —uy |1 for both AFEM and GOAFEM algo-
rithms with the same goal function given in (3.6.2). As one can see from Figure 3.3,
reducing H' error to the same magnitude with both algorithms, the GOAFEM algorithm
takes about 5 fewer refinement steps than the standard AFEM algorithm.

3.7 Conclusion

In this article we developed convergence theory for a class of goal-oriented adap-
tive finite element algorithms for second order semilinear elliptic equations. We first
introduced several approximate dual problems, and briefly discussed the target problem
class. We then reviewed some standard facts concerning conforming finite element dis-

cretization and error-estimate-driven adaptive finite element methods (AFEM). We in-
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Error Reductions in H' Norm

—#—H' Error for GOAFEM  |]

—&— H' Error for AFEM
N2

10* e S

#of Vertices

Figure 3.3: The reduction rate in the H' norm of the error u — uy,.

cluded a brief summary of a priori estimates for semilinear problems, and then described
goal-oriented variations of the standard approach to AFEM (GOAFEM). Following the
recent work of Mommer-Stevenson and Holst-Pollock for linear problems, we estab-
lished contraction of GOAFEM for the primal problem. We also developed some ad-
ditional estimates that make it possible to establish contraction of the combined quasi-
error, and showed convergence in the sense of the quantity of interest. Some simple
numerical experiments confirmed these theoretical predictions. Our analysis was based
on the recent contraction frameworks for the semilinear problem developed by Holst,
Tsogtgerel, and Zhu and Bank, Holst, Szypowski and Zhu and those for linear prob-
lems as in Cascon, Kreuzer, Nochetto and Siebert, and Nochetto, Siebert, and Veeser.
In addressing the goal-oriented problem we based our approach on that of Mommer
and Stevenson for symmetric linear problems and Holst and Pollock for nonsymmetric
problems. However, unlike the linear case, we were faced with tracking linearized and
approximate dual sequences in order to establish contraction with respect to the quantity
of interest.

In the present paper we assume the primal and approximate dual solutions are
solved on the same mesh at each iteration. The determination of strong convergence
results for a method which solves the primal (nonlinear) problem on a coarse mesh and

the dual on a fine mesh is the subject of future investigation.
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Appendix A

Inverse Inequality

The inverse estimate shown here is a simplification of the one found in [2], The-
orem 4.5.11. This estimate is used throughout many of the proofs in the second and
third chapters, so we include this appendix to help the reader.

Let @ a bounded domain in R and v € V(®), with dim(V) < co. For example,

® =T and V = V7. Then there is a constant C, independent of Ay = \a)|l/ 4 with

Vlgi (@) < Che' VIl w)-

Proof. Change variables to reference domain K with diam (K) = 1. By the affine trans-

formation & = a + ||~ 'x, define
K:={a+|o| x| xc 0} ={E()|x€ o} (A.0.1)

Now define
P(E) = v(x). (A.0.2)

By the chain rule for each j=1,...,d

d dv dx; d
vV o]~ /4%Y or more compactly Ve = o]~y (A.0.3)

& x; 08 X

111



112
Then d§ =dg, ---dg, = |®|~'dx, and applying (A.0.2) and (A.0.3) foreach j=1,...,d

2dx.
(A.0.4)

Summing (A.0.4) over squares of partial derivatives to obtain the gradient squared

Jo 1@ g lag = [ 1oPH ) Ploftax= ol | v,

(S0]

/K|V§\9|2d§ = |a)|(2_d)/d/w|va|2dx = [Pk = 10Dy (A0S5)
By the same change of variables,
JIiPag = (o™ [ pldx = 191 = 10 M (A06)

By equivalence of H!(K) and L,(K) norms over finite-dimensional spaces, there is a

constant C with

191211y < I9M1E1 ) < CIPIIZ, - (A.0.7)

By (A.0.5), (A.0.6) and (A.0.7), we have finally

2-d) /d’

0D, ) < Clal VR ) <= i) < ClOl ). (A08)

]

A more general result may be obtained by applying technique this to derivatives

of higher degree, as in [2].

Remark A.0.1. This proof is an example of a common technique in finite element anal-
ysis, and in particular a posteriori error analysis, in which a change of variables is
made to a reference domain where a property (here, equivalence of norms) is applied to
bound a quantity modulo a constant C, which may be a function of the domain. Here
we define our reference domain by an affine map from the element domain to satisfy
|K| = 1. By this method, we establish C as independent of the volume (or diameter) of
T. The reference element K = K(T) defined this way is not the same for all elements T,
only its volume is the same. As such, the constant C = C(K(T)) is not necessarily the

same for each element T, and it may contain factors relating to shape-regularity. These
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factors may be absorbed into a global constant C by merit of a shape regular mesh as
produced by e.g., newest vertex bisection. Otherwise, the shape regularity factors could

similarly be determined by a transformation from the barycentric coordinates of K(T)
(or T directly) to a global reference domain K.



Appendix B
Quasi-Interpolant Estimates

Here we establish the quasi-interpolant estimates given by (B.0.3) and (B.0.4).
The proof follows the discussion of quasi-interpolants as given in [7]. These results
are used in the proof of the estimator as a global upper bound on the energy error for
the symmetric problem as in [8]. The discussion is included here as while the upper-
bound estimate is a standard result, the details of this particular estimate are difficult to
locate in the literature. Both the definition of the quasi-interpolant and the proof of the
estimate are similar in form to the Scott-Zhang interpolant as given in [6] and [9]. The
main difference between the two interpolants is the construction of the quasi-interpolant
in terms of a dual basis over elements, as compared to a dual basis over element true-
hyperfaces.

Let the mesh satisfy the following conditions:
1) The initial mesh .7 is conforming.
2) The mesh is refined by newest vertex bisection [1], [8] at each iteration.
Let the finite element spaces be given by
Vg =Hy(Q)N [] Pu(T) andVy:=Vg. (B.0.1)
TeT
For subsets . C .7, define

V7 () = Hy(Q) N[ ]Pu(T), (B.0.2)
Te?
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where P, (T) is the space of polynomials degree degree n over T. For a conforming

mesh .77 with a conforming refinement %, we say % > 7.

Lemma B.0.2. Let 7 > 7 and T € 9. For v, € Vy a quasi-interpolant of v € VY,

there is a global constant C such that

v =vgllLyry < ChTHVHH‘(QT)a (B.0.3)
v —=vglla@r) < Chy IVl ), (B.0.4)

where
Qr =T € 71 :TNT #0}. (B.0.5)

Proof of (B.0.3). First we will introduce the concept of a dual (to the Lagrange) basis,
and establish some basic properties. We then use the dual basis to define the quasi-
interpolant v, and establish the estimate (B.0.3).

Let Ny := {x;}¥ | denote the set of nodes associated with element 7' with respect
a basis of P,(T'). Denote the local nodal basis of P,(T') by {¢7; : x; € Ny} where the

basis functions satisfy the Lagrange property

ori(y) = Oy, ¥y € Nr. (B.0.6)

Now consider a dual basis of P,(T). Denote the basis functions by {¢7, : x; € Nr},
where the @7 ; are defined by the property

(07,607 ;) 1, (1) = 6ij- (B.0.7)

The set of nodes on element 7 is effectively defined on a reference element K with
|K| = 1, and mapped by affine transformation onto 7 as in (A.0.1). The reference nodal
basis functions {qSKy}ﬁeN(K) are defined to satisfy the Lagrange property on the ref-
erence element, and mapped to the corresponding nodes on the element 7. By the

pointwise nature of the Lagrange property observe for ¢r; defined by ¢r,;(&) = ¢r,(x)

dri = ok .. (B.0.8)
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In contrast, the dual basis on element 7 is scaled by |T|. In particular, by (B.0.7)
and (B.0.8)

6= [ 9iiorsdr= [ 66r,171d8 = [ (IT167) b8 = [ 0% 0x,idE.
(B.0.9)

from which we obtain the relation

07 =TI " 0x ;. (B.0.10)

From (B.0.10) obtain
1/2
7.ill o) = (|T|2|T|_1 /K¢K,i¢1(,idé) =772 ¢l 1y i) (B.0.11)
where [|¢k |, (x) is independent of the measure of T'. This establishes

|67l ,(r) < Ck, T2, (B.0.12)

where Ck, is dependent on the regularity of the initial mesh (see Remark A.0.1), but
independent of the meshsize. Before defining the quasi-interpolants, the following dis-
cussion establishes that a dual basis with the above properties is well-defined.

The dual basis is well-defined: The definition of the dual basis follows from
Hilbert space properties of P,(T) with L, inner-product (-, -) := (-, -)7. Consider an

arbitrary y € P,(T') and its expansion by basis functions

Y= Z aj¢T7j.

XjENT

Then f;(y) = a; is a bounded linear functional on P, (T"). By the Riesz-representation

Theorem, there exists a unique element ¢; such that (¢;, ) = fi(y). By (B.0.7)

Wio¥) = [ X 6riajor;=a;

XjENT
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we see @7 ; = @;. This shows existence of the M = #Nr functions ¢7;, i=1...M. To

establish independence, suppose ), cn; 05,-(])5571- = 0. Then given any x; € N7,

0= |, ¥, asistri= Y, a [ i0r=a
Equipped with a dual basis for each T € .77, we now define the quasi-interpolant v, € V.
For any nodal point x € (UTEg1 NT) N 502 we now select a 7, € .7] with x € T;. For any
nodal point x in the interior of some 7' € 7] there is only one choice for 7. However,
if x lies on a true hyperface, there is a choice between two elements, and if x lies on a
vertex of the triangulation, there is a choice between any element which contains x as a

vertex. Now define v, by its nodal values. For x € Ny

vg(x) = /T V(J);M7 x ¢ dQ

vy(x) =0, X €0Q. (B.0.13)

We now establish three key properties of quasi-interpolants.

Reproducing the value at nodes: For any x; € Ure 5, N1, vq(x;) = v(x;) when
T, € 9.

Let Ty; € 71N 7. Then v’Tx € Py(Ty;), and may be written in terms of the
basis V’ij = le.eij O‘i‘pijvi’ij' By tﬁe Lagrange property at nodes (B.0.6) v(x;) = ¢;
and by (B.0.13), we have

)= [ L ooni) o= L o] onii =0 BO1
X RS xj J

TJ xiEE]' [ X

Define now the quasi-interpolant operator Q1 : Vo — V; by
O1v:=v,, forallveV,. (B.0.15)
Then Qg is a linear operator and in fact a projector. The property

Qivi =vy, forallvy e Vy, (B.0.16)
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follows from the previous argument and the equivalence of polynomials which agree at
nodal values. The linearity follows from the definition of nodal values (B.0.13), the lin-
earity of the integral, and the quasi-interpolant as linear combination of basis functions.

Ly-norm bound: For any T € 7 there is a constant C independent of the mesh-

size with

Vallzo(ry < Clvilzyer)- (B.0.17)

If Q7 C .71 N %, then by agreement on all the nodal values of T the polynomials must

agree and

vallyry = IVlyry < vl @r)- (B.0.18)

Otherwise, write v, as an expansion in nodal basis functions

valp = Y Orilpve(x). (B.0.19)

X;ENT

By property (B.0.12) and definition (B.0.13)
vg(x:) < Ciy |Vl 1001 Tl ™2 < Ci, Cylvl ) I T2, (B.0.20)

where C’y is a constant determined by the shape-regularity of the initial mesh and the
property of newest vertex bisection refinement [1] that any two elements are separated

by at most one generation. By (B.0.19) and (B.0.20)

allzair) < C, CollVllaiom| TI72 Y N0z, illa(r)- (B.0.21)

X;ENT

By change of variables onto reference domain K,

107, o) = ’T|1/2H¢3Txi,i||L2(K)- (B.0.22)
Combining (B.0.21) and (B.0.22) yields

IvgllLy () < C &ColIV |y @r)» (B.0.23)

where Cy = MC‘Y and Cy bounds the norm of basis functions on a global reference do-
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main as in Remark A.0.1.
The interpolator reproduces any constant. If v € V, is constant then v € V| and

by (B.0.16)
vg=Q01v=nw. (B.0.24)

In particular, if V‘T € Py(T) then vq’T = v‘T.

With the above properties of the quasi-interpolant established, we now show
W v =vglla(ry +1v = vyl (1) < CisVla1(qy)» forall T € 7. (B.0.25)
First consider elements that do not touch the boundary of Q. If TN dQ = 0, then
h ' v =vglloiry +1v =vala () < CislVIa oy (B.0.26)

Consider the operator (I —Q1)v =v —v, forallv € V,. By (B.0.24), (I—-Q;)(v) =0
for all v € Py(T). Applying the Bramble-Hilbert lemma [3] over reference domain K,
by the change of variables as in (A.0.1)

Taking the L, (K) norm of both sides does not change the RHS as |K| = 1
19 = P4llLae) < CoalT= Ot g1y ol - (B.0.28)

Writing Ck, := ||I O1lg-1(k) where we may assume C, a global constant by the same

reasoning as Remark A.O.l
|| VqHL2 < C[(ZCI(3 |V|H1 (B.0.29)
By equivalence of H'- and L,- norms on K, (B.0.29) yields

19— Bgllzy (k) + 19 = Pg ity (k) < CraCit i 19l 1) (B.0.30)
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Changing variables back to T as in (A.0.6) and (A.0.7)
| Ny = |12 Loy and [« | gy = hr|T| V2. (1) (B.0.31)

Applying (B.0.31) to (B.0.30) yields the result (B.0.26).
In the second case T N dQ # 0, so at least one of the T that form Q7 has a true
hyperface on dQ. To handle this case, define another linear operator Q; : Vo — Vj,

where for x € Np

{ O1v(x) = Qiv(x) ifx¢oQ (B.0.32)

Ov(x) =v(x) =0 ifxe Q.

As above, O is a linear operator which reproduces any constant. As any constant func-
tion in YV, must be zero, the second claim is trivial, and the first follows from the def-
inition (B.0.32) and the linearity of Q;. As such, Q; satisfies the hypotheses of the
Bramble-Hilbert Lemma, and the second case follows as the first, establishing (B.0.25)
for all T € .77 from which the result (B.0.3) follows. [

Proof of (B.0.4). Applying the Trace theorem [4] on reference domain K
19 =gl 25 < Cisl? =gl g1 () - (B.0.33)

. . . d—2
Converting (B.0.33) back to element 7" and multiplying through by a factor of /7

—1 2 d—2\15_ 4 |12
hy ||V—VqHL2(aT):hT Hv_vq||L2(8K)

< Ck, (hEZHV —vgll L,y + v - vqli,lm> : (B.0.34)
Combining (B.0.34) with (B.0.25)
—-1/2
1y = vgllLyor) < CisCo Yl ) (B.0.35)

from which the result (B.0.3) follows. [



Appendix C

Galerkin Method for Nonlinear

Equations

Given a well-posed nonlinear problem we can’t apply the Galerkin method as

outlined in 1.1.4, as the first equality in (1.1.21) will not hold. Instead, we use a Newton

iteration to a fixed tolerance as outlined below [5]. As an example, consider the problem

discussed in Chapter 3, given by (1.1.5) with weak form (1.1.6). Let
F(u):=—-V-AVu+b(u)— f =0,
yielding the weak-form equation
(F(u),v) = a(u,v) + (b(u),v) — f(v), Vv € H}(Q).
We now have the problem equivalent to (1.1.6): Find u € Hd () such that

(F(u),v) =0, forallve H}(Q).
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The advantage of (C.0.3) is the problem is in suitable form to apply Newton’s method.

A basic Newton iteration has the form: Given u® € H} (Q)

Solve forh € Hy (Q):  (F'(uF)h,v) = —(F(u"),v) forallve H}(Q)  (C.0.4)
Update: =k 4
Stop if: IF (u)|| < tol.

where tol is a predetermined tolerance. The term on the LHS of (C.0.4) is the Gateaux

derivative of F at u given by

(1), v) = %(F(u Few) )|, (C.0.5)

For F as given by (C.0.2) expand the linear part by linearity and the nonlinear part by

generalized Taylor expansion to obtain

(F'(u)w,v) = d

Te la(u+ew,v)+ (b(u+ew),v) — f(v)]o_o
d

T8 [a(u,v) +ea(w,v) + (b(u),v) + (b (u)w,v) + ﬁ(ez)} e0

= a(w,v) + (' (u)w,v). (C.0.6)
Rewriting the iteration (C.0.4) in terms of (C.0.6): Given u® € H(} (Q)

Solve for h € H} (Q):  a(h,v) + (b'(uF)h,v) = —(F(u*),v) forall v e H}(Q)
(C.0.7)
Update: =k
Stop if: |F(u)|| < tol.

Finally, for the discrete problem as given by (1.1.22), given u(} (for instance u(} =uj_1)

Solve for h € V;(Q) 1 a(h,v)+ (' (uf)h,v) = —(F(u}),v) forallve V; (C.0.8)

Update: Lt];-Jrl = +h

Stop if: |F(uj)|| <tol.
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