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THE MOMENTS, SPINS, AND HYPERFINE STRUCTURES -
OF THE RADIOACTIVE ISOTOPES:

1133 21 nr), Nal4! (2.5-hx), Eu'®? (13-yr), AND Bi*!? (5-day)

Seymour S. Alpert
Lawrence Radiation Laboratory

University of California
Berkeley, California

September 6, 1961

ABSTRACT

"I‘he atomic beam "flop-in'" technique has been used to measure

the nuclear constants of several radioactive species. The resulting

values for the nuclear spin, I; the magnetic dipole interaction constant,

a; and the electric quadrupole interaction constant, b, are tabulated

below:
Isotope L _71/2 : .I , a (Mc) ' 'v | b (Mc)
133 _ L L ‘ L
I 2l'hr -~ - (7/2) 597.0 £ 1.0 -~ - 385.2+ 7.4
5410 sdays () +21.78 £ 0.03  £112.38 % 0.03
poll0 . 13844 0 |
nalé! 2.5 hr  3/2
152 , ' ‘ o
Eu 13 yr (3) +9,345 = 0.004  F1.930 + 0.117

Those re sults which appear within parenthe ses in the table above have

been measured elsewhere, they are-included above because they have

LY

" been: dlrectly ver1f1ed in th1s work and are fundamental to the measure-

ment of the other nuclear constants.
The values of several hyperfme structure separations were
also directly measured or calculated. These ‘nuclear constants are

indicated by the symbol Av “where the subscr1pts indicate the

F, F!
total angular momentum involved.
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Is.otope and half life o AvF’v ,F.""(MAC)“ T
- Bi%1%(Rag) (5.0 da: s A . 194.93'£0.09° ° .
. o Yy | 5/2’3/2 o .
Avs a1/ = 220.19 % 0.08 &
152 | _ )
Eu™"" (13 yr) AV13/2,11/2 = 59.848 £ 0.060
Avyy/a, 9/2 = 51.246 * 0.022
Avgp q/p = 42.343 £ 0,025
Avy a5/ = 33.191 % 0.032
133 L
I"77 (21 hr) Avg , = 3260.1 % 7.3 (calc)
. ! 4 . '
Av4, 3= 2277.9 %+ 4.6 (calc)
Av3, 2= 1515.9 £ 6.1 (calc).
141 -
Nd (2.5 hr) ‘ Avll/Z, 9/2 >,1630

"The values of the nuclear magnetic dipoie moment, W, and the
nuclear electric quadrupole moment, Q, were deduced from the experi-

mental data where possible. . These results are tabulated as follows:

| Isoto;;e and half life 0 (nuclear magnetons) Q(barns)
1133 21 nr) 2.821 = ..005 : -0.27 £ .01
Bi’1O(RaE) (5.0 days)  F0.0442+.001 » +£0.13 £..01
CEut??(3 yr) £1.912 % .003 |

~ The theory, techniques, and apparatus-are‘,desci'ibed, and the

results for each isotope are discussed. ) : . ?



| “I INTRODUCTION |

The. atomi‘cmbeam technique is primarily concerned with the
measurement of nuclear propertles such as spin, the hyperfine inter-
action constants, and the nuclear moments, One of the main advan-
tages of the techmque is that it deals with a collision-free beam of
atoms which are w1de1y separated in terms of interatomic distances;
in this manner the comphcatlons due to chemical forces or crys-
talline fields are av01ded _

As this is a resonance techmques another important advantage
is realized in the high precision of the measurements performed, Such
precision 1s blimited by the line widths of the observed resonances. By
careful design and proper technique the line widths can often be mini-
mized, with concomitant 1mprovement in accuracy,

When applied to radloactlve species; the atomic - beam tech-
nique is prov1ded with a convenient means of detection as well as iden-
tification by half= 11fe or characteristic radiation. ‘

In recent years it has become the program of the atomic-beam
group at the Un1vers1ty of Cahforma and the. Lawrence Radiation Labo-
ratory t_o measure the nu_clear constants of those radioactive species

that are amenable to beam production. - The long-range goal of such a

- program is'to provide sufficient data, along with other laboratories .

doing similar work, to provide for the further development and modi- |

fication of the various -.nuclear_ models now in existence. This paper

presents some results in keep'ing with this over-all goal.



II. . GENERAL THEORY

_A.- The Total Atomic Hamiltonian o

A general expression.for the Hamilfonian of the free atom can

be written as

;L/ total =j/nuczlear * electronic * his +ﬂmag ’ (1)
Of the terms that occur in Eq. (1) we are concerned primarily with the
last three. The first term, which we include for completeness, rep-
resents the internal energy of the atomic nucleus. The form of the
nuclear Hamiltonian is directly dependent on the nature of nuclear
forces and has been the subject of many books and papers.. It su-ffices
. to say that this large and complex topic is not the subject of this thesis,
~and since we are presumably always dealing with the nuclear ground
state, the first term in Eq. (1) will not be considered further.

The second term in Eq. (1) is representative of electron-
electron interaction and will presently be given. = Traditionally in-
vestigation of the effects of the second term in - Eq. (1) has been the
subject of optical spectroscopy. - The magnitude of the eigenenergy

separations of the ﬂ term are generally on the order of

electronic
electron volts, . :

The third term of Eq. (1), Z{hfs, gives the interaction of the
nucleus with the atomic electrons. - It is this term of the total Hamiltonian
. that acéounts for the hyperfine structure which was originally dis-
 covered by the methods of optical spectroscopy but which, because of
‘'the small energies (on the order of .10='5 electron volts), has become
the subject of radiomffequency techniques.

The last term of the Hamiltonian (1) represents the energy of
interaction of the nucleus and the atomic electrons with an externally
. applied magnetic field. It is by means of this term that we. can experi-
mentally perturb the energy eigenvalues of the total atomic Hamiltonian
.and thus determine the values of the constants that appear,: in this
- Hamiltonian. - This last term was partially observed experimentally
by Zeeman, 1 who first demonstrated the interaction of the atomic

electrons with the external thagnetic field.

T
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1. Electron Electron Interactlon :

The. nonrelat1v1st1c: electromc Ha.mlltonlan is given by the ex-
pression ' '

o, 2 o N 2
;K/ = ) (_pi - 28 4 twnT.oT 4 Z s
i 2m T i i i y r

electronic <1 i 1>)=1. "ij

(2)
Here the summation runs from 1 to N, which is the total number of
electrons present. The first term in Eq. (2) r.:e'present's the kinetic
energy of the electrons. The second term represents ,t_he attréétive
force on the ith electron exerted by the nucleus of charge Ze; here
r, is the distance from the nucleus to thé ith electron. The fhird term
in Eq. (2) glves the 1nteract1on of the electronic spin, s. i w1th the
electronic angular momentum, 1. Y the precedmg coeff1c1ents, : §(ri),
are a function of r, ‘only. The last term in Eq. (2) represents the
electrostatic repulsiog between the elec‘trrio’ns in the atom; rij i‘s the
separation between the ith and jth electrons; the summation in the last
term is actually a double summatlon g1v1ng the 1nteract10n of any one
electron with all other electrons only once. '

The Hamiltonian Qf Eq, (2) explains successfully the main fea-
tures of opti¢a1 specﬁtfoécopy. ' Unfortur:lat.ely_ it is ge-nerally 'tbovcom— }
plex to pefmit an exact solution.. The usual approaéh to the solution of
the Hamiltonian (2)is outlined ”bvy Condon and Shortley. % This technique
consists of sepé.rét’ing the electronic Hamiltonian (2) into two parts,
#eléctronic‘ :ﬂofﬁp‘ert’-i - )

where

- N iy . o
D N + Ulr.) | (3a)
. . 0 _ i'—=l ] 2m 1’1 S ]

and

- p T .= . Ze S L 2.
= Z:l <§(r1)7151‘ T '_.U(ri?>_*‘i;=l € /fij °

pert



Here the expression appearing in Eq. (3a) is spherically symmetric,
with U(ri) being, a spherically symmétric potential fulfilling the bound--
-ary conditions '

2

U(r)*—ge_— + M ez' for r -0 - _ (4a)
‘ r. a . .

and 2

U(r)»_(z_—N_mezz..e_ forr = =, (4b)
’ T r

The boundary conditions of Eqs s (45) and (4b) are those wnioh would be
seen by an electron when near the nu'cleu's and when at a great distance
from it where it is screened by the N-1 ofher electrons. T'hese'bound-
ary cond1t1ons are derived from elementary electromagnetlc theory;
the "a'" appearing in Eq. (4a) is the harmonic mean of the radii of the
" shells of all other electrons except the one for Whlch the boundary
conditions (4a) and (4b) are v1sua.11ze.d°

‘There are two general approaches to the solution of Egs." (3).
with the boundary conditions (4). The. first approé.ch was first formu-
» iated by L. H. Thomas3 and E. .Fe.rmi 4 This consists of assuming
that the central potential U(r ) varies slowly enough in an ‘electron wave
length' so that many electrons_ may be loca_llzed w1th1n. a volume over
which the potential changes by a small fraction of itself. Under this
assumption tne methods of statisticel mechanics can be used. A dif-
ferential equat1on for the potent1a1 U(r ) can thus be found 1n the form5
1 4 [ 2 d (—U)}= 4e’ - sz]3/2 L (5)

rZ | dr dr 3 1,13

This equation has been numerioally solved by Bush and Caldwell. 6 The
solution of Eq. (5) can be introducve__d into Eq. A(.3a.), which then can be
solved for the eigenfunctions which can in turn be used to evaluate the
part of the Hamiltonian that’ appears in Eq. (3b) and is considered as .
a perturbation.

- The second approach to the solution of Eq. (3) consists of first v
assuming a reasonable form for the oentral potential U(r). The total

Hamiltonian is then solved for each electron in its own central field



)

and the resulting wave equation made consistent with the effects of the
other electréns of the system by a method of successive approx1mat10ns
.This gives a'product of single electron functions (Hartree) or an anti-
symmetrized product: of such functions (Hartree-Fock). These eigen-
solutions of Eq. (3a) are then used to evaluate the noncentral

Hamiltonian (3b). - These two approaches to the solution of Eq. (2)

- are the chief theoretical problem of optical spectroscopy.

It is interesting to note several features of Eq. (2).. If one
considers only the first two terms of the Hamiltonian, the eigen-
solutions are-indexed by the quantum numbers n and £, which are
the principal and orbital quantum numbers, respectively. Any set of
n and £ is said to constitute an electronic configuration. Such con-
figurations are fhighly degenerate, The\'spin-orbit and electrostatic
interactiori terms, 1i.e., the thifd and fourth terms of Eq. (2), re-
move the degeneracy of the first two terms, the good quantum number
always being J,xt’hé’total-a'ngu'lar moméentum quantum number. If, as

for most atoms, the relation

2 . N > = -
e /rij >> Z E(r) 7, s, : (6)
, - 1=l : ’ ,

holds, then the electrostatic interaction has the major effect in re-

N

i>_]_=l

“moving the degene‘raby of a given qonfiguration._ The electrostatic

interaction when included with the first two terms of the Hamiltonian
(2) has eigensolutions which are further indexed by the. quantum num -
bers L and S, where L is the total orb1ta1 angular momentum quanturn
number and S is the total spin angular momentum quantum number.

This is the case of Russell-Saunders coupling where L = ? Ti and

S =z ;i’ the small letters indicating the appropriate vector quantity

i . ,
of the individual electrons,_ The set n, £, 1., and S-defines a term.

If the spin-orbit inter;a.ctidn is now considered there is a further
splitting of each term into levels which are designated by the set n,

£, L, S, and J.



In the heavier atoms, the condition (6) does not hold; the spin-
orbit interaction assumeé the same order of maghitude of the electro-~
static.repul_sion term. Ih such a ¢ase L and S'are no ‘lon'ger‘individ-
ually conserved. -If condition (6) is reversed, so that the electrostatic
repulsion term is much less than.the magnitude of the spin-orbit term, v
the l and s of each electron couple tightlyto form a_j’-i such that
T = Z J This' is knOWh as j-j coupling. In such a situation, the
electrostatlc repulsion interaction acts as a perturbation that splits
the J levels. _

- In this discussion. of the optical Hamiltonian, no mention was
made of the interactions of the types
N _ N N
s

a,. ;I, Z b’..—lb.'*—l’.,‘and Z c; .o
i>3=1 1y 1 ) i57=1 g1 ) i>3=1 1 ]

: (7)
In general such interactions are small and need only be considered
when it becomes obvious that the Hamiltohian- (2) is inadequate to
describe the spectroécopic facts. »

2. Hyperfine Interaction
That part of the total Hamiltonian (1) which we have labeled as

2’{ hfs is basic to the atomic bearm method of radio-frequency spec-
troscopy. There have been many theoretical treatments of this hyper-
‘fine-structure interaction. Ours follows that by Schwartz. 7 It seems
desirable, before applying the methods of Schwartz, to flrst show that

the hyperfine interaction can be written as

;r(hfs Z Z (- )q (e) T (n), ' (8)

_whére the spherical tensor element 'Tlcz(e) is a function of the electron .

‘coordinates alone and Tl_(q(n) is a function of the nuclear coordinates

alone. : : - o " ' ‘ %
First let us consider the electrostatic interaction between a

finite nucleus and its surrounding electrons, as shown in Fig. 1.



Nucleus

MU=-24754

Fig. 1. This schematic diagram defines quantities used in
Egs. (9), \10), and: (11). ‘



The classiéal intéractioh may be 'writt‘en as i o - .
electrostatic I = d ‘T'e‘ d.'Tn’ C . (.9).

where Pe and pn are the electron and nuclear charge densities,

respectively, and the other symbols are shown in Fig. 1. As it now
stands, Eq. (9) is not readily' integrable because |7 | = |r ST ],
thus makihg it ‘impossible to separate the variables. One can.ﬁrst‘
expand the denominator of (9) into a Legendre expansion,

1 1 .°° ' Irn/‘ 'k' > - . .

. = = Z a | Pk (coseen) for Irn],<.lre|, v(l»O)_ :

I N I A NEN

i

and then make use of the spher1cal -tensor addition theorem wh1ch
states . ’ '
' _ 4m Z q .k 5 k . . ' 11
Pk(COS een). - 2k+1 & k ('1) Y_q (en: ¢n) Yq (66’ ¢e)' ' (ll)

Combining Eq_s. (9); (10), and (11) gives

: . a~k ok : . .
_ % electrostatic Z (-1) Qq F_q o . (12)
' g=-k ' o . |
. 4n | | kok ‘ S
NEi3 f Py Ty Yq (6, ¢) o (13)
n : . . |
and

r S vl 6,0 (14)

h
o w®
1}
ﬂ
b N
FAERE
5k
[¢]
(D
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UHIn Bgsi (13) and (14) we use the usual conveéention that’| Fnlz 'rr'l and
1r |=1r_.. Thus we have shown that the electrostatic part of the
hyperfme 1nteract1on 1s a product of spherlcal tensors,ias suggested
in Eq. (8). It remains to be shown also that the magnetlc interaction
can be represented as-a prodgct of sphei‘ical tensors. This demon-
stration ts simplifted by the substitution, which has been justified by
I:K_arnsey,.8 to the effect o )
o v v m (15)

p. > V - m and P> V. o m -
e - e e - m- n n

" where n?e and '»rr—;n'-'a're the magnetization density vectors.

It follows, theréfore, on the substitution of Eq. (15) into (13)
and (14); that a similar relation to (12) ‘exists for magnetic interaction
also. '‘Hence, we have shown that it is reasonable for Eq. (8) to hold.

In order to express the expectation values of the hyperfine-
structure Hamiltonian of Eq. (8) in states indexed by the quantum’
numbers I, J, F, and MF we follow the methods of Schwartz 7 The
F referred to in the precedlng sentence is related to the total atomic
angular momentum, =7 + .I, and MF is the projection of F along
the axis of quantization. First we rewrite Eq. (8) in a slightly

contracted.-form, .

}/hfs 2 T(e) - Tk(n) : e

Here Tk(e) and . T ( ) are spherlcal tensors of order k which are

functions of the- electron and nuclear coord1nates, respectlvely The
symbol is used to 1nd1cate that we are dealmg with a tensor

~rorn

per se, not with a tensor element. What we wish to evaluate is -

. _/ i % \
YoMy QUFME |3 | IJFM )

(19mMy] % ™) - M@ JurMg). a7
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We will consider each term af the sé'rie*s,‘ei:sE‘q.-..'?,(‘l7?.)‘ -separately.; ie.,

W

VG <IJFM {T ) T (n) !IJFMF> sy

- 'Apphcatlon of a theorem due to Racah9 g1ves ST .
I+J-F JF- J 1 |
W MF(k) = (-) {k }<1 Il 1> <J|\ T"(e) || J> (19)

The symbol in the braces is the Wigner 6-j symbol and is defined in
Appendix A. The last.two factors in Eq. (19) are reduced matrix
elements of the spherical tensors of rank k, and are.independe.nt of
any magnetic quantum numbers. Perusal of Eq. (19) shows the com-
plete independence of the expecta'tion‘ value of J(hfs from the total

" magnetic quantum number, MF" .Thus .the expectation value can

. better be written as WF(k). - We now let
Wo(k) = A M(L J;Fk) ' (20)

 with the normalization that

M(L, B;I+5k) = 1. _ e S (21).
Hence, : ' '
Woop ) = A = (22T {I—LJ J I} < IHT (n)“1><J|| T (e) || J>
| - (22)

The 6-j symbol of Eq. (22) is evaluated in Appendix A. This gives
@0 @1 (31T || 7y (1l T (n) (R

A= - _ , . (23)
[(23-K)! (2J+kt1)! (21-K)! (2I+k+1) ! ]/
Schwartz' shows this to be equivalent to
Ay =<11 lTk(n) | 11> <JJ | T(e) | JJ> L o (24)

'~ A general expression for M(I, J; F;k) appears in Appendix A.
- Below appear the values for k = 1 (dipole) arid k = 2 (quadrupole):.
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'k =1 (dipole): _
. K ‘
M(I,JFI)— ar (25)
k= Z (quadrupole)
iy : 6[K(K+1) -5 I(I+1) J(J+1)]
M(L J;F;2) =
21(1-1) 2J(J-1).
: where K =271. F(F+1) - I(I+1) - J(J-I—l) - The constants A are

related to the commonly used magnetic dipole interaction constant a

.and electric quadrupole interaction constant ‘b by
A =1Ja  “and A, = 1/4 0. O (26)
Thus the f1rst two terms of the expectatlon value of 1{ hfs’ which is
the eigenenergy of this Hamlltoman, are '

3@ 5%+ 3/20 - T) - 1(I+1) T(J+1)

ZIT21-T)(23-1) (27)

WF = ah—f ._f+ bh
Whére T- :T’ is not here an operator but 1s a symbol mean1ng
' -1/2 F(F+1) - I(I+1) - J(J+1)] In the 1sotopes studled in this thesis,
there was no ‘need to 1ntroduce the ex1stence of 1nteract1ons for which
k> 2. If such 1nteract1ons ex1sted they were too small to be observed.
Judd has stated that there are four tr1angu1ar conditions for the
":nonvamshlng of the 6- _] symbol; 10 these conditions are symbolically

AL A

- The meaning of these symbols is this: any of the elements a, b, and
c appearing where the heaVy dots are:in the symbolic relation (28) are

- ‘ subject to the triangular conditions

> la-bl, T (29)
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"Thus we see from Eq. (19) and the symbolic. relation (28) that the
triads (I, J, F), (I, I, k), and (J; J, k);must satisfy the triangular
conditions (29). The first triad JuSt repeafs the statement that the
only allowed values of F are betwéé‘n’«‘-'|-'I‘—"'.'J’| ‘and [I+ J|. The second )
two triads g:o'{rertnithe‘te_‘rrniria'tio'n:_e_f the series (17).  The series ends v

at a value of k .given by k- = 2I'or k = 2J, whichever is smaller.

. ..3. Magnetic Interaction
<+ The last.term in the total Hamiltonian (1) gives the interaction
of the externally applied magnetic field with both the electronic and

nuclear moments. This interaction is of the form

H g ® e T H e T EL 60
where g5 ‘and gp, are constants known as the electronlc and nuclear
g factors, respect1vely, HO is the Bohr magneton, J is the total elec-
tronic angular momentum; 1 1s the nuclear sp1n, and H is the ex-
ternally apphed rnagnet1c field. ' _ i o

In the limit where j(ma '1s much smaller than any other term

"in the total interaction Ham11ton1an, ‘the energy elgenvalues of j(mag

" -are given by the diagonal matrix elements in the IJFM V—representatmn.

" "We shall consider the f1rst term of Eq (30) first., The Wigner-Eckart

':'cheoreml'l gives

F-M F -1 F\. .

F o <IJF||J“IJF>.
M.

-M 0

(oo | 5, ey =

(31)

. Here-the -symbol contained in the large parenthesis-is the Wigner 3-j

symbol and is defined in Appendix B. - The last factor in Eq. (31) '

is a reduced matrix element. . qumo_nds._lz gives

F 1 F _ (_I)F_MF - MF' . (32)

[(F+1)(F+ 1)F] /2
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~and

. <,1JF’|:IJI'|IJF> - _E(F+1) + J(J+1) - I(I+1) (24]?{1")_1/2; : ' (33)

2[ F(F+1)] 1/e

i

Combining Eqgs. (31), (32), and (33) gives

F(F+1) + J(J41) - I(T+1) .

(LENg |1, IIJFMF>= (-1)2(F'“MF») My

2F(F+1)
, o (34)
SinceF-MF is integral, we have
C(n)EME) L
and Eq. (34) becomes _
| . N L F(F+1) + J(J+1) - 1(I+1)
(1IFM |3, IIJFMF> = Mg, FEE) : (35)
By letting J > I and I - J in Eq. (35), we get; by substitution,
: - F(F+1) + I(I+1) - J(J+1)
<IJFMF| I | IJFMF> = My TE ) ,
Thus we get
JTIFM_ | H > =
\IJFMF_W_m.ag |LIFM )
(36)

-8 JhoH, ML [ F(F+1) + J(J+1) - I(I+1)] /2F (F+1)
-g; HOHZ'MF[F(FH) £ I(I+1) - J(T+1)]/2F(F+1).

This expr\ess'ion goyerﬁs the separation between hypérﬁne magnetic
s.ublév*\elé of different Mf, for ,smalllvalues of the magnetic field. .The
second term of Eq. (36) is on the order of 1/2000 of the magnitude of
the first, and is often neglected in low-field work, giving the separation
in units of frequency between adjaceﬁt magne.tic sublevels as |
Mo o {F(F+1)+J3(J+1)-1(1+1)]
v =~ :

1 S i (37)

_Siﬁce‘Exp'ression (37) shows a dependency on I, it is used as a basis for

the éxperiméntal determination of I, the nuclear spin, in weak-field ex-

periments.
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As the magnetic field intensity is increased, it becomes”less
justifiable to neglect off-diagonal matrix elements of the magnetic
interaction Hamiltonian. These off-diagonal eleménts are not derived

here but are taken from Ramseyy 8 and are of the form

_<1 LF Mg | I, s
{(F+l -I+J) (F+141-J) (I4+J+24F) (I+J-F) [(F+1) -MF ] }

1, J, F+l, MF>

4(F+1)% (2F+1) (2F+3)
(38)

(Lo F Mg | 1|1 LF-1,M) -
{(F-HJ) (F+1-7) (L+J+1+F) ([+J+1- F) (F -MFZ) }1/2

4F (2F-1) (2F+2)

Since Eqs. (38) are invariant under ihtei‘change of I and J, it follows
- that the corresponding off-diagonal matrix elements of JZ. are equal to
those used in Eqgs. (38). J '

4., The Atomic-Beam Hamiltonian

The Hamiltonian we will be coneerned with is - -
W2, 47 9

For most cases this is an adequate Hamiltoniaﬁ, but in those unusual
cases in wh1ch the separation between the levels of the same J is
comparable to the hyperﬁne separation, then. perturbatlons on the
multiplet from the levels of the same J exist and must be considered.
- In general, Eq. (39) must be diagonalized to fit the ek'perifnental data.

- This is the main theoretical problem of the atomic-beam technique.
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B Generalized Nuclear Moments

A generahzed deflmtlon .of the magnetlc and electric multipole
moments may be made as the nuclear expectation value of the appro-
priate ;og;rator. The generalized rriagnet‘ic_ multipole operator,m‘ )

~is given ~ as A : : :

where 8. 1s the orbital g factor of the ith- nucleon; _.gg‘_.= 1 for protons
and g = 0 for neutrons; g . is the spin‘ g factor for the ith nucleon such
that 8 © 5.587 for protonsland g T -3.826 for neutrons; Ii.' and s

are the orbital angular momentum and the Pauli spin. operator for the
ith nucleon, respectlvely‘, and- Pk(G ) is the Legendre polynomial of

13
order k. The electric multipole operator, Qk, ‘is similarly defined

by Z

'where e is the electron charge and the other symbols have already

i

Py (0 (41)

}-’-.;

been def1ned S - .

_ It is 1nterest1ng to note that the operatorm has parlty (- l) 1
‘whlle the operator Qk has parlty (- l) _ On the assumption of a nuclear

- ground-state wave function of a def1n1/te. parity, only even-parity multi-

poles have nonzero expectation values. It thus ‘follows immediatelyi

~ that 'only nucllear’ magnetic multipole moments of odd order exist

(Zk with odd k), and that only nuclear electrlc multipole moments of

even order ex1st (2 with even k).

1. Magnetlc D1pole and Electric Quadrupole Moment |

Tak1ng k = l in Eq (40), we get, for the magnetlc dxpole mo -

ment,

-Qlllm1)|11>

il fa o b o] 210D,

A .
where k is the un1t vector along the axis of quantlzatlon

i
il

(42)

i
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L1kew1se, the electric quadrupole 1s glven by

Q=—<II‘Q(Z)| 11> )

=2 <11 | Z gy, % (3 c’os'ZQ‘ivv- 1)1 11> N

I , ' ,
Equations (42) and (43) exhibited above are seldom used for the

Both Egs. (42) and (43) are evaluated for M, = I.

direct evaluation of the magnetic dipole and electtric quadrupole mo-
ments mainly because the nuclear wave function, I II> , is rarely
known. ' o e

2. - Relations between Interaction Constants and Moments

‘The magnetic dipole interaction constant, a, and the electric
quadrupole interaction constant, b, are related to the ‘magnetic dipole
moment and electric quadrupole moment, respectively.

For an s-electron, Ferrni14 derived the relation

: .
ae S ol o

where the only new symbol is (0), the electronic Wave function

evaluated at the nucleus, i.e., r = 0,

- For a 81ng1e non-s electron, one of several der1vat1ons g1ves

2wy L4 1) o
&% Tn J(J+1) “;Z (45)

e |
b= - h (zz+3)< >z€ o e

where GZ and ﬁ’ are relativistic correctlon factors Wthh are gener-

and

ally close to unlty and are tabulated by Kopfermann 16 These equations
are used in our calculation dealing with 1133, ~which has an electronic
configuration of 5825p5; this case, in whic‘h we have an electron hole, -

5p_1,"is amenable to treatment by Eqgs. (45) and (46).

o
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For an atom having several non-s electrons, the magnetic
dipole interaction constant must be determined from its defining op-
erator rela.tidn,

o

anT- T=-f, 8,

where b}r"I-_Ii:r is meant that operator which represents the magnetic

(47)

field produced at the nucleus of moment EI by the electrons. This

- field is known to be of the form

—> Z 1 'T | - | 3;)1 (?1 ;1) ] 48
HJ=—ZHO - ? i-si+ ’T—J (48)
' B ¢ i

v Where ;i is the vecto_rvdistan(v:e of the zch ‘electron from the nucleus.
- Taking expectation values for Eq. (47) requires the use of the spher-
ical tensor method of evaluation as proposed by Judd, 10 or else
evaluation by finding the equivalent single-eléctron wave functions by
the methods of Condon and Shortley. 2 Hubbs et al. 17 have chés"en
this latter approach and have found the follov‘ﬁng for a systefn of n,

equivalent electrons of orbital angular momentum, £, coupled to the

*Hund's rule ground-state term, 25+1 T
a= 10 L N+1) + L(L41) - S(5+1) -
I1J(J+1)h o _ _
ZQL,—ni) _ ,
= — — ; < B(LAL) [ J(T+1) + S(S+1) - L(L+1)]
n, (2L-1)(2:2-1)(22+3) , o ‘

- % [J(T+1) - L(L+1) - S(S+1)][ T(T+1)+ L(L+1)=S(S+1)i}}—@

(49)
- The positive sign above.applies to all subshells .that are less than half
full and the negative sign to all subshells that are more than half full.

. Equation (49) is nonrelativistic.

. The quadr,upol_e interaction constant b is related to the nuclear

~quadrupole moment Q by
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< ><SLJJ ): (3 cos20. -1)|SLJJ> (50)

where the summatlon is over all electrons.
The last expectation value appeanng in Eq. (50) is that of the

gradient of the electric field. Equat1on (50) can be evaluated 18 for the o

" Hund's rule term as

2 /1 N[3KKH) - 4L(L+1) II+])  2L{2L-n%)
hb = e Q<_r'3>{z_L(L Y3+ D) (23%3) X&) 7(21—77(211-3)} ’

(51)

where K = S(S+ 1) - L(L+1) - J(J+1), and the appropi'iate sign is userd
| ~as explalned 1n the precedlng paragraph.
, In both Eqs (49) and (51), some independent means must be
vused for an evaluation of the expectation value < 3> if these equatlons
) aAreAAtq be.at all applicable. Very often such an estlmate results direct-
‘ ly fr:om optice.l spec;cro.scoplc sources.
S Exper1menta1 information concerning other isotopes:of the
element being.studied can somet?mes be used to advantage.  Regard-

less of the number of electrons present in a system, the relations
axg ~and bxQ

hold, and the factors of proportionality are dependent only on param-
eters r‘elating to the electronic wave function, which should be the same

for all isotopes of a given element.. Thus we get the relations

— = — and —— = —— - (52)

Relations (52) are exact in the absence of hyperfine anomalies. The
subscript 1 can be taken to refer to the isotope under investigation,
while subscript 2 refers to the comparison isotope. Because the atomic-

- beam method can generally measure only the separation between energy

<

levels and not the absolute energy ordering of such levels, there is an
inherent difficulty involved in determining the signs of "a" and "b, " al-
though the relative signs may generally be determined. It is for this
reason that Eq. (52) is usﬁally used with absolute values of the

quantities involved.
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III. METHODS AND APPARATUS

A. General Properties ‘of Atomic-Beam Apparatus

Two atomic-beam machines were used throughout this experi-
ment. They are discussed in a very general fashion in a subsequent
section of this paper. This section reviews the basis of the conven-
tional atomic-beam technique.

Figure 2 is a schematic diagram of a typical atomic-beam
"flop-in" machine. The magnets indicated by the letters. A and B
are inhomogenéous magnets, the field gradients of which are oriented
.in the fashion shown in Fig,- 2. An atom having a nonzero electronic
magnetic moment leaves a thermally heated oven, O, and is deflected
in the strongly inhomogéneous magnetic-field region of the A magnet.

- It then‘paéses into the homogeneous C field region, where it may or
may not undergo a resonant transition from one of the quantized ener-
gy levels to another such level.. If it doés not undergo a transition it
is further deflected as it enters the B région and is lost to the beam.
Such a trajectory is indicated by @ in Fig. 2. If, on the other hand,
the atom in question undergoes a transition in the C field region such
that its z component of the electronic magnétic moment is reversed
when it enters the B region, then it is "refocused, " i. e., it follows
a trajectory @ and strikes the detector D.

A The focusing condition, MJ - -MJ, C3a;1 be better understood
from Fig. 3, an energy-level diagram for K~ ’ which has J = 1/2 and
/I = 3/2. If'gn energy level is considered to be representative of the
potential energy, W, of an atom, the force F on an atom is classi-

cally

= S A | , N )
F_--vW—,-—I—{ VHZ. : : (53)

z

(5]

Since the A and B magnets ope‘rate in the region of 10,000 gauss,.
the strong-field approximation to the energy .levels of an atom in the

magnetic field is very good. This approximation is
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Fig. 2. Schematic arrangement and trajectory in an atomic-
beam ''flop-in'' apparatus. ‘



W

21-

K59
HYPERFINE STRUCTURE OF
THE SYSTEM J=%,1=2
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- MU-16343

Fig. 3. Energy levels of the system I = 3/2, J = 1/2, in a
magnetic field. Note dimensionless units. Above
diagram applies to K39 in a magnetic field.
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W =

MI’ MJ
2 2
bh 3MJ -J(J+1) 3MI - I(I+1)
ahMiM ; + 7= —355T) ey “81to H Mo H My
(54)
hence
8WMIs MJ
—H,  ErroMs gt Mr (55)
Since we have gy >>gp toa good approximation we have
8WMIS Mo _
T o H) = -gyko My (56)

Thus, referring bac(k to Eq. (53), we see that the force on an atom is
reversed by reversing the sign of MJ° In a balanced magnet system
the opposite forces may be different in the A and B magnets, but
the total deflection is equal and opposite without regard to the velocity
of the atom. ‘ _ '

In the resonance process; approximately one in 105 atoms
reaches the detector. The remaining atoms are lost to the beam and
contribute to the machine background. The stopwire S in Fig. 2
serves to stop fast atoms which suffer little deflection in the A and
P magnets and which might possibly reach the detector having under-

gone no resonant:transition.
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B. Machine Description
As brieﬂy mentioned in the previous section, two atomic-beam

machmes were used ‘"The first machme, on which the work on 1133

B1ZIQ, and Po210 was performed, will be called machine A, whereas

the other machine, on which the work pertaining to Nd141 and Eulsz‘
bwas performed will be called Machine B.

| Both machineé have been described in detail in the literature
and’ hence 11tt1e of the. spec1f1c details need be given here. Machine
A 1s photographed in- F1g 4 and is described in References 19 and 20.
Machme Bis photographed in F1g 5 and is described in References
21 a d 22 _

g The chief d1fferences in the two machines is in their vacuum
,systems Machine A has its vacuum contained inside the magnet coils
'and hence has. the advantage that repairs to the external parts of the
machme may be made without risk of exposure to radioactive con-
tam1nat1on For this reason Machine A is referred to as an '"inside-
ogt'._} machme.- Machine B, on the other hand, contains all the working
magnets inside a 1argze.manifold This is a more conventional design.

Machine B has heavy lead shielding in the oven region of the

: _:‘,:;apparatus, making it possible to handle samples of a high radioactive

?1 vve_l e g., Eu 152, Machine B also has a buffer region between the
‘f‘yoven chamber in Fig. 2 and the A-magnet region. This chamber allows
_,"fa separatlon between- the relatively high-pressure region (10~ -5 or

;10 " mm Hg) surroundmg an effusion oven and the low-pressure region
?.(10 :6?01‘ 107" mm Hg) of the body of the machine. It is hoped by this
%’devme to decrease scattermg which might give rise to high machine

"background B

‘Machine A ha-‘s-"fh"‘e'f’feature, which is not a common one, of
having ad‘long copper bar (21Xx2X 1/2 in. ) extending down the length of
its B magnet. This"-coppe’r‘bar is in thermal contact with a trap
filled with liquid mtrogen This cold bar extending down the long B
magnet was 1ncorporated 1nto the machlne to reduce pressure and

concomitant s catte: r1ng
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C. '"Hairpin'" and Selection Rules
The loop arrangement that carries the oscillating radio-

frequency current into the C-field region is shown in Fig. 6. As can -
be seen from the figure, there are two possible orientations of the
loop--or "hairpin, ' as it is often called.  These two possible orien-
. tations, neglecting fringing effects, give rise to two selection rules
on’'the transitions involved in the C-fiéld.'region. v

" Consider the situation as shown at the left in Fig. 6. In this
case we have an oscillating magnetic field parallel to the field of the .
C magﬁet Let us wr1te the general perturbing potential as
v Pert = A sin wt p , where p is a general unit vector in any dir-
ectlon, w -is the angular frequency of the 1nc1dent rf radiation, A
is the amplitude of this incident ra.d1at10n, and t is the time. We
are interested in that part of the general perturbation which is along -
the direction of the C field, i.e., Vzp\ert‘:v = A sin ut cos0,
where 6 is the angle between the direction of the perturbing rf and

the C-field direction. A general 'deﬁnifion of the spherical tensors

is given as

ck - (2 fi=q) 9 oso) i@ -
ck =) f,;—q—) P (cos0) 1%, (57)
where k ‘is the order of the spherical tensor and q. indexes the

- components of these tensors; P’E_ are the associated Legéndre_p01y-

nomials. Making use of the definition (57); we see.

Vpe,rt = A sin wt C’1

R (58)
‘The matrlx element of the perturblng potent1a1 (58) whlch
ﬁonnects two states is by the Wigner-Eckart theorem,
TNfY pert > - s gt | 1 >-_
<F.MF|VZ | FMp) = A sinwt <FMF|C.O‘FMF =
! 1 F '
A sin ot X (- 1F' -MF '<F"HC1“_F>.,
\ : :
Mp 0 Mg

(59)

«
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TO VACUUM SEAL

H | H
c FIELD [l C FIELD
* BEAM <'6 ’
LOOP ORIENTED LOOP ORIENTED
FOR SIGMA TRANSITIONS FOR Pl TRANSITIONS
(Amg=0) (Amg=%1)
MU-18042

Fig. 6. Dual—pﬁrpose radio-frequency loop. Loopb may be
easily rotated from one position to the other.
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For the nonvanishing of the Wigner 3-j symbol in Eq. (59) we must .

" have the bottom row of three quantities algebraically add to zero.

This immediately implies AMF = 0. This is one of the selection rules

which we have set out to demonstrate. Transitions of this type are
known as ¢-type transitions.

Now let us consider the situation as shown on the right-hand
side of Fig. 6, We are now interested in the part of tlhe\ perturbation
.Which is in the xy plane, Vi?;t = A sin «t{cos$ % i sin¢) sinh, where
the quantity in parenthesis refers to the orientation of the perturbation
in the xy plane, which is arbitrary, Referring back to Eq. (57), we
‘see that we have ) o '

vi‘f;“' = ¥ N2 A sin ot Cil- . o | (60)

The matnx element that connects two different states is

s pert
<F MF,.I Vx,y

¥ NZ A sin ot | | <F' “ c! “ F> .
M ] M A _

E F
' (61)

: = F 1 g ' ! :.
FMF> .+ f\fZ A sin wt <F MF.

ENEVEE

/

This immediately implies AM_. = £ 1 for nonvanishing of the 3-j
symbol of Eq. (61). Transitions of this type are indicated as
7 transitions. '

D. Magnetic-Field Calibration

The magnetlc field in the C-field reg1on was calibrated and

checked by observ1ng the resonant trans1t10n frequency between the

levels (F = 2, MF = -2 > F = 2, MF = -l)o 39 To a much
lesser extent the resonant transition frequency
(F = 4, Mp = -2—F =4, MF = -1) of Cs133 was used as a basis

[

for calibration.
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The energy-level diagram for K™’ appears in Fig. 3. ‘The
possibility of the existence of multiple quantum transitions is indicated
by small arrows connecting energy levels that fulfill the focusing con-

dition of the atomic-’beam;”flop-in“ apparatus. Such multiple quantum

_transitions,. 1 e., AMF =.,>:I: nh, n = 2, 3, +-+, were never observed
.separately for the ca.librating substance, although such transitions
210

-were observed for the experimental material, and in 5- -day Bi
caused much confusion. o .

For K39,' I=3/2and J=1/2. Bya theorem discussed in a
previous section, this limits the interaction between the nucleus and
the atomic electrens-to the magnetic-dipole 4type. There are no higher-
order electric or magnetic interactions. The Hamiltonian for K39 or
for any J =1/2 isotope can be readily diagonalized; the energy eigen-

functions are generally written in the form

' M_X 1/2
- AW AW F 2
W= sereIy & Mo MpH, = &5 1+ spiT X )
, ST - (62)
(gy -~ h.) pH
_ ha(2I + 1) N S A
where AW = — and = x = AW

The sign of the square root is £, as F =1+ 1/2. Equation (62) was
first described by Breit and RabiZ3 in a slightly different form. The

values of the electromc and nuclear constants used in connectlon with

equa’non (62) are for K39
vI.=v:3/2' J=l/2 , ‘
gy = -2.00228 o (63)

Av=461.71971 Mc/sec
HO/h = 1.399677 Mc/sec-gauss .
g = + 1.41945 x 10°4‘ (referred to Bohr magne’ron)

- Using the values of Egs. (63) with Eq (6_2),uone1 can easily derive the
_ relatien, between the resonant transition frequency and the magnetic
field. | | '

7 The potassium oven itself is a metal cylinder -with an aperture
on one side. When the oven is lowered into position either manually or

by electric motor, the oven aperture comes into line with the machine
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axis in front of the radioactive source _ovén., At the detector end of
the machine, a hot tungsten strip ionizes the incident K beam.: The

+ . .
K’ ions are collected and their current measured.

E. Radio-Frequency Systerh

It is necessary to furnish a source of radio-frequency ﬁower
to the loop arrangement discussed in a prévious section. Since we
are introducing a different radio-frequency signal fot both the un-
known isotope and the calibrating material, it is usually a more’
efficient system to use two oscillators and to switch between them
correspondingly as our interest changes from the unknown isotope to
the calibrating substance. "Also because of the wide range of fre-
quencies required (1;70 to 500.0 Mc,).several oscillators were used
at different times. Table I lists the rf equipinent and the function of

s

the main components.

F. Radioactive Detection

Detection of an atomic beam generally is a difficult probiem
faced by one commencing an experiment. No universal detector
exists as yet, and hence different schemes must be employe& to de-
tect an isotope; clearly, the properties of the isotope being studied
will determine the method of detection. L

With K>

effected by means of hot-wire ionization off tuﬁgsten° That this was

, as mentioned in a previous section, detection was

possible is a consequence of the relation between thé work function of

39

tungsten and the ionization potential of K~ 7, the value for the former
quantity (4,4é ev) being vgreater than that of the latter (4.34 ev). It
is unfortunately not generally possible to use hot-wire ionization for
materials other than the alkalis. The value judgment appearing in

. the precéding sentence results from the relative ea'se and immediate
results that one gets by using the hot-wire method.

Some attempts have been made té use mass-—spectrographic
techniques in conjunction with atomic-beam apparatus. Sandars has
. used this means of detection successfully on the stable isotopes 6f
euroﬁium, 24 This method of detection has yet to be fully exploited,

and will probably be employed to a greater extent in the future.

o
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Table I. Radio-frequency system components

Nl,anufacturer, mo'de.l,

- Frequency range - Function

" General Rad1o 1209B

osc1llator :

. ifi 500 wide-band ,

amp11f1er

ifi 510 wide -band

amplifier

Hewlett-Packard 524B

frequency counter

Hewlett-Packard 524A

frequency converter unit

Hewlett-Packard 524B

frequency converter unit

Hewlett-Packard 540A

transfer oscillator

- name _Mec
- General Radio.-805 0.016 to 50.0
oscillator
Tektronix 190A" 0.35 to 50.0
_oscillator - .- |+ Provide primary source
’ B of rf e
power, -
Hewlett - Pacxard 608A 10.0 to 500.0
"osc111ator '
‘General Radlo 12083 65.0 to 500.0
oscﬂlator '

250.0 to 920.0 ‘ . L

0.5 to 240.0 Two- stagé amp11f1cat1on
‘of ¥f input.”
 0.5to 240.0
0.0 to 10.0 Allows for counting
‘ frequency.
10.0 fo 100.0 Extends range of fre-

quency counter,

100.0 to 220.0 Further extends rangg of

frequency counter.

160,0 to 200.0 Produces harfnonig signal

: used for beating with rf
greater than 220 Mc. Beats
are then counted and multi;
plied by appropfiate’ har-

- monic factor.
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Table I. (continued).;

'Manufacturer, model .
name o

Weston rf milliameter, .

model 425

. Frequency range

Function .

_(Mc)

General Radio 874-LBA

slotted line

General Radio 874-D50
50-cm adjustable stub

¥Federal Cable Co.

50-Q cable

_ General Radio fittings

Used to measure current

‘in loop for frequencies

below 100 Mc.

Used for adjustment of |

. effective length of cable

c'onne'cting loop with
oscillators. Very im-
portant at high frequencies

> 200 Mc.

. Used for connecting

. various components.




-33-

In the experimental work reported in t-his thesis radioactive
deteéti‘on of B rays has been use‘d This technique is a familiar one.
In machine A, brass or stamless steel 'buttons'' were coated
With surfaces of silver, sulfur, or lampblack. A photograph of rep-
resentative buttoris as used in machine A is éhown in. Fig. 7. The
choice of the surface material was empirical. It was found that a
freshly coated sulfur surface efficiently collected atoms of B1 (RaE)
and Po 210 and that a vacuum-evaporated surface of silver efficiently
coll_‘ecj‘txed‘ Il_'3_3v;_<‘=m.torns,_° - With the latter it was found essential that the
silver surfaLced buttons be stored under vacuum until used, since con-
tact with- a1r dec1ded1y reduced the eollection efficiency of the 81lver .
surfa.ce° .
~In machlne B, platlnum discs '(0 001 ><. 495 in. ) were used.
Platlnum is known to be a good collector for the rare earths; Cabezas,
using only platinum foils for collection purposes, investigated thirteen
diffefent‘ r‘are_ve'a.»rth isotopes. - In machine A a test was made of the
relative colléption effic‘ien'cies. for Eu.l52 of platinum foil and a silver
sﬁrfac,e., The results ij the test showed their collection efficiencies
to be Vi‘rtually the s'amén The platinur»n"f'o‘il and holders for machine B
are shown in Fig. 8. : |
. After exposure the 'buttons' or platinum foils are counted in
small-volume continuous gas-flow  counters as shown in Fig. 9.
Methane at very slightly greatér than atmospheric pressure is used as
the chamber gas. Inthe small-volume chamber a small loop of tungsten
is maintained at 2500 to 2900 volts positive with respect to the housing.
The small volume of the counter chamber makes possible a relatively
low background counting rate, usualiy well below 10 counts per minute.
The counting chamber is itself shielded in a lead container the walls
of which are 1.75 in. thick.

The apparatus components used in the counting systems are

indicated in Table Il

- In addition to determining the activity deposited on a button dur-
ing a run, the counting systems were used in decay studies to determine

half lives for purposes of identification.
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ZN-1732

Fig. 7. Buttons for use in atomic-beam machine A. The
slot on the side of the button is used in conjunction
with a spring—ball bearing arrangement for posi-
tioning purposes. Two holes in the button facilitate
its removal from the apparatus with long-nose pliers.
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Fig. 8. Platinum collection foils and associated holders.
The holder at the upper left is used to introduce a
foil into machine B after passing through a pumpout
chamber; note the rubber O ring. The holder at
upper right is used for introduction of the foil into the
counting head, which is diagramatically shown in
Fig. 9. In the foreground appear three representative
foils. Numerals for identification purposes are
stamped onto the platinum coils prior to a run.
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GAS INLET

/ HIGH -VOLTAGE SOCKET

/
%

~——STAINLESS STEEL

L0005 DIAM. TUNGSTEN _

BUTTON CHAMBER

—3" DIAM

MU =17401

Fig. 9. Cross-sectional view of the countihg head of the
small-volume continuous-flow  counters.
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. Table II. Components making up counting system.

Unit

Regulated high-
Voltage supply

Regulated ‘pdw'er
supply, Model 32
Low-l‘év_el pre-
amplifier, Type 122

Decade scalers

Dlpippérll

Timers

ac voltage regulator

‘Manufacturer

' Sorenson and Co., Inc.

Stamfoi‘d, Coﬁn.

Northeast Scientific
Corp., Cambridge,

Mass.

Lambda Electronics.
Corp., Corona, N.Y.

Tektronix, Inc.,

Portland, Orégon

UCLRL, Berkeley,
Calif. |
UCLRL circuitry in
addition to printef
sold by Presin Co. ;

Santa Monica, - Calif.

1. Labline, Inc.,
Chicago, Iil.;
2. Precision Scienfific

Co., Chicago, Ill.

Function

‘Gives regulated

110-volt ac out-
put to be used as
input for other

components.

Maintains a 2.5-

to 3.0-kv positive
potential on
tungsten loop of
counting head.
Output is B for
decade scalers.
Pulse ampli-
ficatign.\

Count display.

‘Automatic timer

which prints out

.~ accumulated counts

sequentially for

ény fixed time interval
up to 20 minutes.
Measurement of

time intervals,
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G.. Resurné of Experlmental Method-

The Ham11ton1an thh wh1ch we are concerned is "

- f e ihT . T+ 30 J') + 3/2(1 - T) - II#F1)T(JT+1) .
: 21(21-1)J(23-1)

¢

=ngOT°H=gI|.LOI°H9 ' (64)

where all the symbols have already been defined. For _smell values
of H, i.e., for g Mo T.H <«<aT-7, the separation in terms of
frequency between adjacent magnetic sublevels of a given F is given

(2as shown earlier) by

vE S 83 H—IS‘ H, [»F'F?%&fﬁ";ﬂ) 1)) (7).
During the course of an experiment, transitions of the type AF = 0,
Am = %] are first observed for different values of F at low applied
magnetic fields where their field dependenceis given by Eq. (37). The
magnetic fields are increased and deviation from Eq. (37)is noted., '
'This procedure is continued until Eq.- (37) is no longer a valid means 4
of approximation for the transition frequency. - It then becomes nec-
essary to det:ermin'e the exact solution of the Hamiltonian (64). An
- IBM program has been ertten to solve the Hamiltonian as a function
. of magnetm f;eld | ‘The input da’;a are the observed transition fre-
quencies, the fields, and their uncertainties.. The output-is the best
values of a and b obtained by the least-squares fit of Eq. (64) to
the data. - Provision is ma,de.wii;hin{the'program to permij; gJ.to be
an independent parameter if this is so desired; in this case the output
is the best values of a, b, and g5 With these values of a and b,
a second IBM program is used to calculate transition frequencies at
higher fields, and a search is made for new resonances. - When they

are found, the new data are treated as described above and the process

continued until. a2 and b are known sufficiently accurately to permit
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a.search to be made for the hyperfine transitions (AF = 1) at low

. fields. . The fit of the Hamiltonian (64) to the data depends directly

upon the choice of the sfgn of 8 The data are processed for both

_ choices of sign, and the ''goodness of fit' is determined by the xz

test of significance. 26 -In this way, the sign of the nuclear moment

can be determined if the precision of observation justifiés, - These
27, 28
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IV. BISMUTH-210

A. Introduction
The beta spectrum of bismuth-210 has played an 1mportant
role in the development of B- -decay theory, for it is the only known

case of a flI'St forbidden transition Al =1 (yes) w1th a nonallowed

shape. At one time the spectrum shape was regarded as the only
ev1dence for the existence of a pseudoscalar term in the p-decay
interaction, 29 but subsequent theoretical work by Ya.rna.da.3 together
with a measurement of the ground-state spin (I = 1) by Title 1 showed
this was not in fact implied. There are two papers, by Plassma.nn and

Langer32 and by Wu, 33 that summarize the early history of the RaE

spectrum

In the past two or three years, and since the discovery of
parity nonconservation in weak interactions, there has been a con-
siderable revival of interest in b1s1“r1uth-?.1034 38 because both the
shape of the spectrum and the'degree of polarization of the emitted
electrons are possible checks on time—reversel invariehce,, Perhaps
the best discussion of this point is contained in -the paper of Alikhanov
et al., who measure the polarization of the decay electrons. 7 They
point out that the degree of polarization fixes the range of a parameter
X determined by the ratio of certain nuclear matrix elements and
that this range is extremely sensitive to any violation of time-reversal
invariance. They find little or no evidence for a violation, but p01nt
out that a direct calculation of X from the shell model would be a
useful check on their conclusion. Sucha calculation would -invoh}e a
knowledge of the nuclear wave function. - One independent check of the
correctness of the wave function would be a comparison between ex-
perimental and calculated values of the nuclear moment of RaE.

There has been one prior attemptv'to_me'a’.sure the hyperfine
structure of RaE -- that by Fred et al., who used the method of optical
spectroscopy. 39 However, their apparatus was inadegquate to resolve
the hyperfine structure, and they assigned a nuclear magnetic moment

of less than 0.1 that of the stable Bizog. "This appeared unreasonable
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in view of the large moment of this latter isotope (4 nm), and they

were led to assign an erroneous spin value (I = 0) to RaE. Some of

the consequences of this assignment are traced in a paper by
Lee-Whiting on the B spectrum of RaE. 40

A The results presented in this thesis supplement a large body

of information that exists now on the nuclear moments of the bismuth
isotopes. 41 Blin-Stoyle and Parks have explained the large deviation
of the moment of Bizo9 from the Schmidt value és being due to inter-
configurational mixing, 42 but as far as we know, no systematic attempt

has yet been made to explain the variation of moments between dif-

ferent bismuth isotopes.

B. Additional Points of Theoretical Interest

The nuclear spin of Bi210 j5 1. 31 This value of the spin re-

stricts the angular-dependent interactions between the nucleus and
surrounding électrons to magnetic-dipole and ’electric-quédrupole
interactions. These interactions give rise to a Hamiltonian of the
form as shown in Eq. (64). | ‘

"~ In the absence of an applied magnetic field, the totai angular
momentum, F=T1+ J, is a constant of the motion. In a representation
in which F2 and FZ are diagonal matrices;, the operators 12; .]z, and

I- 7 arealso diagonal. Therefore, the solution of Eq. (64) with

HZ = 0 can be written as

(W/a). = C|(F) + C,(F) b/a, (65)

where Cl(F) and CZ(F) are constants depending only upon F for a
given I and J, and (W/a)F is the energy, in units of a, of the hyperfine
level characterized by the quantum number, F. A plot of (W/aL)F vs

b/a is a straight line which, in general, has a different slope for each
value of F. A plot of (W/a)F is shown in Fig. 10 for values of I and

J appropriate to Bi;lo (i.e., 1 and 3/2, respectively). For vanishing
quadrupole moment we havé b = O,v and the hyperfine separations Between
levels of different F obey the well-known Landé interval rule. For

values of b/a less than -2 or greater than 2/3, the levels are no
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o . MU-15559

DU

' Fig. 10. Hyperfine-level separations (in units of W/a) in an
~ “isotope with I=1"and J=3/2 plotted as functions of b/a.
Note-that in the diagram, a has been assumed positive,
whereas, in fagt, the sign of a for RaE is not known.
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longer in normal order, and an inversion is said to exist.  Such is the

case with Bi®'? where b/a = 5.160.

C. Experimental Details

The general experimental method has already been discussed.

- Low. field resonances were initially observed with the help of Eq. (37),

which was very useful because the g7 is known (gJ = -1.6433% ,0002). 43
During the initial course of the experiment, the transitions la-

beled ‘a and B in the energy-level diagram of Fig. 11 were observed.

These transitions are indexed by the quantum numbers
-1/2),
B: (F P 1/2).

The a transition was observed up to a field of 50 gauss and the B to

a field of 129 gauss, where the values of a and b were obtained

1}
i
il

a: (F = 5/2, M, 1/2 < F = 5/2, Mp

i
1}
it
u

3/2, M 3/2 < F = 3/2, Mo

suff1c1ent1y accurately to permit.a search for the AF = £] direct
hyperfine transitions.. All allowed direct hyperfine transitions have
been observed at low field during the course of this experlment

The active sample was produced by the reaction. B1 (n, v)Bi 210
in a high-flux reactor.. Because of the low thermal-neutron-capture
cross section of Bi209 (0.02 barn), large samples of stable bismuth
(5 g) were exposed for 15 to-20 days in a flux of 2><1013 neutrons/c:rn2
sec. The resulting specific activity of the samples was low, but with
relatively long exposure and counting times (usually about 10 to 15
min), excellent resonances were obtained. - A typical resonance is
shown in Fig. 12. The active sample is evaporated from the oven
shown in Fig. 13. Bismuth tends to evaporate as diamagnetic mol-
ecules, and before an atomic-beam deflection experiment upon it is
possible, the molecules must be dissociated into atoms. The oven
snout is heated at its tip by electron bombardment to a temperature of
about 1500° C, at which point the bismuth molecules are well dis-
| sociated. The vapor pressure of the bismuth is maintained at a proper
value by conduction of heat down the snout to the oven block; during

operation the oven temperature was about 800° C. The snout and
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475 .210
g3BI

a=21,7810.03Mc/sec

400 b=112.38£0.03 Mc/sec
I=1 "J=3/2

300

200
MJ= 1/2

10
F=i/

. F=5/2

W (Mc/sec)

-100

F=3/2 My=-1/2

-200

-300

-400
My=-3/2

apsl L1411 L
0 10 20 30 40 50 60 70 80 90 100 110 120
H(gouss)

MU -22401

Fig. 11. Energy levels of RaE (Bizlo) plott'ed as a function of
magnetic field. These were calculated with the aid of an
IBM program; the sign of a has been assumed positive.
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12 :
2 Bi2|0
B transition
10— (F=3/2,Mg=3/2=—
F=3/2, Mg=1/2)
— vk =24.15 Mc/sec
z 8 H = 30.00 gauss
< vg;=62.4310.15 Mc/sec
7] .
E o
3
< g
2
a Machine
2 "~ background
or ; v -
| | || | | | | 1

616 6.8 620 622 624 626 628 630 632 634
vgi (Mc/sec)

MU-22397

Fig, 12. A BiZIO (RaE) resonance.
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A
B
A
0.004 '
SLIT -
) MU-23859

| Fig. 13. Diagram of snouted oven; A is 5/8 in. and B is
1-1/16 in.
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oven block are'tantalum metal, and the exit slit at the end of the snout
is 0.004 in. wide and 0.040 in. high. With this arrangement, a 70%
dissociated beam of bismuth atomé was obtained:_ - - '

The beam of BiZIO was collected upon ‘but_tons as shown Iin Fig.
7. These buttons were coated with sulfur. The buttons were counted
in small-volumse continuous’—flbw-1nefhane .'ﬁ countars, as discussed in
a previous section. Refore counting, the active surface was covered
with a \single layer of Scotch tape to prevent the counting of the a ac-
'tivity which is present in the beam and which arises from the decay of

the BiZIO daughter, POZIO, in going to Pb206.,

D. Results

Table III contains a list of all single-quantum transitions ob-

;ser»ved" during the course of this;ze'xperiment. The last column in Table
1II contains the compounded uncertainty, Avi, in the poSitioh of the ith

resonance center obtained from the relation :
> [ 9 \2 5| 1/2 A

Here Afi is the estié_r?ated uncertainty in the position of the center of

the ith resonance, is the rate at which the frequency of the ith

i
o H;
resonance varies with magnetic field, and Z_\Hi is the estimated un-
‘ cgrtainty in the magnetic field; AHi ils estimated from the width of the
calibrating isotope resonance. We have taken the uncertainty in both
BiZlO and the calibrating isotope resonances as one-fourth of their ob-
served line widths.’ | | | '
. In addition to the sixteen resdnances given in Table III, three two-
quantum resonances of the type (F = 5/2, MF = 1/2 ~— = 5/2, MF = -3/2)
‘were observed: These are listed in Table IV. It is of interest to note
that these transitions are observed at field values at which the differences
in frequency between the contributing transitions are many line widths.
For example, for the resonances observed at 30.00 gauss, the relevant
frequency difference is about 160 line widths. No extraordinary amount
of radio-frequency power was used to induce these transifions, which
were observéd accidentally at the same radio-frequency loop current

(approx 70 ma) used to observe the single-quantum transifiops.

°
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Table IV, Tw'o—'quatntum transitions

| Magneti}c field Observed frequency . Calculated. frequencya
(gauss) (Mc)  (Mc)
14.24 20,050 %.150  19.940
19.90 27,975 + .075 27.960
30.00 : 42,400+ .075 142,230

#Observed transitions are assumed to be identified by the ‘quantum

numbers (F = 5/2, Mp = 1/2 < F=5/2, M . -3/2).

The final values calculated for“ a and b onthe basis of the

results in Table III are

“lal
Ibj

21,78 % .03 Mg,
112.38 + .03 Mc,

~with b/a = +5.160+,007, The uncertainties quoted are three times the
mean-square uncertainties calcul‘a;t'ed on the basis of weights derived
from Eq. (66), and are intended to allow for any unknown sources of

. systematic error.: The values of X 2 (see Ref.. 26) for the two

poss1b1e choices of sign of gI are

X (g’I >0)=17.75,
X (gI < 0) 7.72,

The close agreement between these two values means that the experi-
mental data cannot be used to determine the s1gn of the nuclear moment

of B1210. There are two reasons for this failure: (a) the small size

of the nuclear moment of ;Bi.Z,IO

s ~and (b) inadequate resolution by the
o} ‘magnet at high field values where the line w1dth is appreciably in-
creased by field mhomogenemhes '

The data have also been reduced by takmg gy as well as a
and b as free parameters, with the result gy = -1 6431+.0004. This
result agrees with that given in Ref. 43, and serves as an additional

check on the consistency of the data.
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Species identification is assured in.several ways:

(2) Radidactive decay studies of the fill beam intensity show a
half life of 71/2 | ith tk
" commonly accepted half life of 7'1/2 = 5.0 days. A decay plot appears
in Fig. 14.

(b) Since bismuth appears in nature only as Bizog. there is

= 4,8+ .5 da;fs', which is in agreement’ with the :

nothing else that can be made by an (n, Y) reaction. It is, of course,
possible for (n, P) and (n, y)(n, y) reactlons to occur, but they are held
to be unhkely ‘ | _

(c) The 1sotope under study is f1tted by a Ham11ton1an em-

ploylng agj which is known for bismuth,

E. " Magnetic Dipole- Moment

The magnetic dipole moment of RaE can be calculated ‘(neglecting
a possible hyperfine anomaly) from Eq. (52), which is here rewritten
in a slightly different form:

a

P"ll

)

By use of Eq. (67) together with a knowledge of , a,. ‘and I for the
209 ' . '

stable isotope Bi , it becomes an easy matter to calculate the

nuclear moment of BiZIO, Using the value of the magnetic moment of

BiZOQ as measured by Procter and Yu4f1 -[4,0400(5)nm] and corrected
for diamagnetism by Walchli®® [H209' = 4,07970 (81) nm]}, the spins
209 =9/2, Lo = 1, a 209 = -446,97 Mc, | and the.‘experrrne.ntally

determined value of a, 10° we f1nd
}“210 “— 0. 0438:|: 0001 nm (d1amagnet1cally uncorrected),

IHZ\IO:I: 0.0442+.0001 nm (dlamagnetlcally-corrected).;
The 'sign of M>10 is not known, because ‘the” elgn of a21.0v he.e _net;'

been determlned in this experlment, B
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100

- 7,0 =4.820.5days
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IO_*
4 . | | | ]
O I . _5 , : IO, o _|5 , ZQ
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2

Fig. 14. Decay plot of full-beam sampling of Bi’!0 (RaE).
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F. Electric Quadrupole Moment

The electric quadrupole. interaction constant, b, is related to
the quadrupole moment, (, by the expression

2 N
mb=-efq (2ces 8-l (50)
r / JJ

where the average is taken in the state I\/iJ J.- and summed over all
electrons. To evaluate this expression, we must know the electronic
wave function. Since the g5 value of bismuth is known to be

-1.6433+.0002, 43

are -2 and -4/3, respectwely, it is apparent that the electrons are in

and the g3 values for pure LS or JJ coupling

a state of intermediate coupling.

The electronic ground-state configuration of bismuth is bs 6p3,
in the LS scheme the three p electrons can c}ouple_to levels 2 5/2»
2133/2, and 4s3/2,.'1‘he J value in the ground stateis 3/2, and since
J is a good quantum number, the intermediately coupled ground state
;an be expre4ssed as a linear supérposition of the three levels 3/2.
P3/2. and | S3/2c The degree of level admixture can be determined
by diagonalizing the 3-by-3 energy matrix in the LS energy scheme,
treating the ratio of the electrostatic interaction energy to the spin-
orbit coupling energy as a variable parameter, X, ﬁo be obtained by
a fit to the experimental level scheme; for bismuth, Cor.ld‘onvand
Shortley find X = 0.295. 2 Once the energy matrix has been determined,
it is easy to find the transformation matrix that determine the level
admixture, ‘ |

On the other hand, Inglis and Johnson have taken the trans-
formation matrix and used it to obtain an expression for g5 in inter-
mediate coupling. 46 With g5 = -1.6433 and the method of Inglis and
Johnson, Lindgren and Johansson have found X = 0.300, 41 which is in
good agreement with the value obtained by Condon and Shortley. The
intermediate coupled wave function in the JJ -coupling scheme can be
written as - : : .

= Cryy + G4, + Calg,s 1(68)
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Li{ndgreh a,,nd_‘ Ji)hba.n'sso'n41 find

'Cl ='-0.177 } | | |
C,= 0318 . | , (68'")
C,= 0932 | ,
Schuler and Sc:-hmidtqz7 have evaluated | g-—(-:—oi:,’-e—l>JJ in inter-
\ T .

mediate coupling, and find - :
3 coszé 1 | Zv 2 | 2 . 2 ' / 1 '

- = - ! . s

rz ' 73 3 (,Cl Cs3 ) R *t2 '\/AS CZ(CI * CS)SI‘ N\ 3/

(69)

where Rr' and Sr are relativistic correction factors tabulated by

Kopferrria_nm ' ) “ -
Using calculations of Breit and Wills, 48 Lindgre‘_n and Johansson

“have shown

o 2l 1 2 16 L2
ha = -grpy - {TE.““L?CZ JF'-15 C, F

+% f-‘g cz(cl-c3)c] <—i—3\/ - (70)

where F', F', and G are again relativistic correction factors tabu-

lated by Kopfermann, :° Combining Eqs. (50), (68'), $9), and (70),

209

and using the values of a and g1 appropriate to Bi to determine

i ./

\_1§> s Lindgren: and Johans-.son4l derived a general expression for
r

the quadrupole moment of any isotope of bismuth,

Q -3 .
s =1.14%10 barp, (71)
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where b 1s in Mc. With this result we find. '

oi®t% | = 0.13£.01.barn, . - . (72)

- where we have assigned the uﬁcertainty somewhat arbitrarily but taken
it large enough to embrace any correctlons due to polarization of the
electron cloud 9 or possible uncerta1nt1e3.1n the above calculational
orocedure. Title and Smi’ch43 have estimated the quadrupole moment
of Eizog in a slightly different way. - They obtain < \/ from the
fine-structure separations. Using their method, we f1nd the same

vres'ult as above (within the quoted uncertainty)

"'G. Hype rf1ne Separations

The values of the hyperfine separations in Ral‘.‘. calcula.ted from

the aoove values of a and. b and Eq. (65) are

Av(S/Z 3/2) 194.93:&.09 Mc,
. (73)

v(3/2,1/2) = 220.19+.08 Mc.

H. Discussion of Bismuth-210

Bismuth- 210 ha's 83 protons and 127 neutrons. The nuclear
spins of 131203, J_;1205, and B1209 are all known to be _9/-?_,v 4 a fact
consistent with the odd proton's lying in the hc)/2 level. - The state of
the odd neutron is not known, but it could lie in one of the 1evels !
g(_)/-z, ill/Z’ g7/2 and coople with the proton to give a result;;'lt spin
of 1. In Table V' we have listed the mjagnetic moments of Bi calcu-.
lated on the assumption that the proton and neut‘ron parts of the core

_ couple together in jj .coupling.

Table V. Calculated miagnetic moments =~

of -B'iZIO for different possible nuclear configurations

' Calculated irioinent

Presumed configuration ... . .. (nuclear magnetons) . .
(mhg /5) (veg/,) .. oz
(whg/z) (vill/z) -1.08

(mhg /5) (veq /) 1.75
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The magnetic moment for an odd- odd nucleus can be wr1tten5

_ . G )J(J+l)ﬁ
b= % (_gpn‘{g_,ﬁ)lf g -g) B2 :

74
P n I+1 ()

Here gp and = are the g facto.rs. of the odd proton and neutron,
jp and _jrl are their angular momenta, and I is the nuclear spin.
For the proton part, we have used gp = 0.9066,2(?;1 effective value
derived from the known magnetic moment of Bi ; for the neutron
. part, we have taken the Schmidt value for g, in each case.

It appears that the most probable pure conf1gurat1on 1f no
m1x1ng is assumed is (ﬂhg/z) (Vg9/2) The experimental moment is -
80 close to zero that we are not Justlfled in presummg that it has the
same algn as that calculated for the "h9/2) (1/g9/2 configuration,
i.e., that it is p051t1vea 4

- Newby and Konop1nsk1. u51ng pair- 1nteract10n considerations,

deduce the nuclear ground-state wave function of RakE to be51

$I=1) = 0.936 .ihg/z i)y /o J=l> +0.134 1h9/2-g9/2, 5:1>

+0.327if7/2" 89/ J=1> , (75)
which is consistent with an energy .separation of 0.047 Mev between the
:J.=.0 and-J = 1 stdtes, the latter state being the lower. Using this
wave functio'n-, whi-ch has its major contribution from the term repre-
senting the (whg/z) (vill/z) configuration, Newby and Konopinski have
evaluated thé nuclear moment as p = 0.75 nm. This value is not in
good agreement with the experlmentally determ1ned value of
]p’ 1 0.0442 nm," although it is pos sible that miror variation of the
coefficients in Eq.. (75) may 1mprove the agreement ’

‘Blin- Stoyl° glves an expressmn £6r the quadrupole moment of
50

an odd odd nucleus_ b “{d on the extreme’ s1ng1e—part1c;le model
This e'xprezs‘sionv‘v'epp‘eevr"s below with the modification that we have
replaced a Racah W cocfficient with the appropriate 6-j symbol and

taken into account the change in phase:
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@1+ 1y | @ig-2) @i, 3y /2 -(2j + 30)
0= LRSI | oy
2yt | ( I-2)! (21 . '_ -
° y y :
J (76)
(Jp I In
X4 o,
e e i,
1 I Jp )

‘“where jp and jn' are the angular momenta of the odd proton and the

odd neuti'c)n,_ respectively; I.is the total nuclear spin; and Qj is
“the quadrupole moment of a proton in the state '\ jp accordingfv P
"to the single-particle model. 'Bliﬁ-Stoyle gives an eXpreséion for Qj

X

“to be
- _ZJp-l SO -
Y o PR Inepp— s i 17

where <r2 > is the average squared dist_an-ce'gjf the proton in the

" nucleus. We will “take

, 2. ‘ ,
.. 3R S |
\ : S :
2N 0 L3 (Lax107t3? 2/3

) z 5 (78)

~Assuming the nuclear conf1gurat1on _ nhg/z) (vgg/z) and combining

- Egs. (76), (77), and (78), we get

Q(Bi-z-lo.) = +0.08 barn. L e (79)

The value in 4_.q_ (7 9) was arr1ved at by using comp1led tables of the
6- -J symbol by Rotenberg et al. >2 ThlS is in reasonably good agree-
ment in magnltude with the value calculated from the exper1mental

data and given in Eq. (72).
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1. Signs of the Moments of Bi*10

As we have seen,. ari assumed nuclear configuratioﬁ of
(Trh9/ vgg/z 1n conJunctlon w1th the smgle partlcle model predlcts '

for Bi~ t_he_follow1ng moments and signs:

o=t »0.24 nm,
Q= +:0.08 b;,

This shows reasonable agreement with the experlmentally deduced

' magmtudes of these quant1t1es,' wh1ch are '

Jpl= 0;044_2 nm,_v

The small magnitude of the magnetic dipole moment does not allow
one to justifiably conclude any definite statements as to the sign of
the dipole moment, since a negative value of p agrees with the single-
“- particle value ‘almost as well as does a positive value. .
‘Alvtho‘ugh the atomic‘ beam ‘method does not absolutely. fixithe
sign of the 1nteract10n constants, it does flx the relative sign of these
conste_nts. -Also by means of Eq. (52) and the known data for Bi 09
we can make with relative certaln-ty the follow.ing two sta‘temehts:
1. The interaction cons‘tlaﬁt's a and b are both of the same sign,
2. The magneti‘c dipo"le moment and the fnagnetic dipol'e interaction
: constant. are of opp051te sign for all isotopes of blsmuth
Our: reasonlng in a531gn1ng the" llkely signs of the moments is
as follows . Since the magnltudes of the electric quadrupole moments
~ for both the exper1menta11y deduced value and the value predicted by
the 51ng1e-part1cle model are in reasonable agreement, so too their
signs are in agreemen‘c . This fact fixes b as positive. - Since a
~must h.aVe the same sign as b, it too is positive. By Eq. (52), how-
ever, the magnet1c dlpole moment is of opp051te sign to a‘ and hence
'_ thlS moment is negatwo . ' -

Such’ reasoning, of course, is not 1nfa111b1e, but 1s felt to have

a certain degree of validity.



V. PCLONIUM-210

A. Introduction

Previous parts of this thesis have discussed the hyperfiné .
210 . 0o B~ 5210

structure of BEi . Decause of the decay reaction Bi " Owcia*yé Po :

- 210 . . .. . L .
o exists in apureciable quantities in the bismuth target.

PoZlO has 84 protons and 126 neutrons. As it is an even-even nucleus,
onz would expect the nﬁclear spin to be zero, as is the case for all
even-even nuclei that have bzen observed; lindeec‘l, this is one of the
experimental facts that historically first gave an impetus to the des
vélopment of the nuclear: shell model. |
The purpose of this particular experiment is tvwofold:v
(a) to verify the expected I = 0 for this even-sven nucleus,
(b} to measure the gy factor to see if there is any p.rqnounced
deviation from the Russell-Saunders calculated value.

It is in keeping with these purposes that this experiment was undertaken.

L,

8. Theory \

The case of a spin-zero nucleus is a simole one to-describe,
since the total interaction Hamiltonian (64) reduces to one term, i.e.,

g/ T-F . N (80)

g

e

"he esigenenergy solutions to Eq. (80) are-

M (81)

W, = 7o S

and the frequency separa-tioh between levels of adjacent I\/jJ values is

Z

- P‘O . . )
V‘— -gJ T L3 < . . (82)

A diagram of the energy levels vs the magnetic field is extremely
simwnle, being a group of equally spaced straight lines (Fig,. 15). Since

we have J = 2 for polonium, there are 2J -+ 1 or five such -straight lines.
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Energy , W

Magnetic field, H-——=

MU-~24756

Fig. 15. Energy-level diagram for polonium-210 for
H < 500 gauss. Energy levels are linear functions
of the magnetic field, H. The double-headed arrows
indicate observable transitions. Note the multiple
quantum nature of such transitions.
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The foregoing argument is strictly valid for those values of the
applied magnetic field that are sufficiently small so that there is very
little decoupling of the total angular momentum vector, T, into its
components, i.e., L and §. For decoupling to occur, the mé.gnitude
of the decoupling term (80) should be comparable to the value of the
fine -structure separation which for polonium is on the order of
10,000 crn—lu 53 Corresponding to the value of the magnetic field of,
say, 100 gauss, the gross value of the one-term Hamiltonian (80) is
about j( 1x10° crn_lo Since there is a large factor here of about
1012 between the fine-structure effects and the applied inagnetic field
term, our previous argument is valid, and resonant frequencies will
: strictly be given by the linear Eq. (82).

The Russell-Saunders value for the g3 factor is derived from

the familiar spectroscopic relation

- J(J+1) + S(S+1) - L(L+l)
gyt ZJ(I+]) (gg =1 (83)

where g, is the anomalous g factor for the electron, whi?,ch is taken
as g = 2.00228. Polonium has an electronic ground state "P, which
gives in conjunction with Eq. (83) the value of gy = 1.5011. Here, in
keeping with a somewhat confusing convention, g, and gy are given
as positive numbers, whereas they are used in Egs. (81), (82), and

{83) as negative numbers.

C. Method
The technique of this research was similar to that dealing with
bismuth-210. The same apparatus, machine A, and the same oven
design and oven-loader arrangement were used.
- The method of pfoduction was simply waiting for the decay of
BiZIO in a given target sample. This period of waiting was taken as
two or three half lives of bismuth-210;, i.e., 10to 15 days. - The over-

all production scheme was

209 > Bi 210 -B_ PoZIO,, (84)

pi le decay

As can be.readily seen, this is an e;'ct;.rernely simple type of production.
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After the Reaction (84) had. gone to near complétion the experi-
ment was performed. Polonium-210 was detected by its decay via
a-particles in going to lead-206.- The B-type counters previously dis-

~cussed also function efficiently as a counters. One of the resonance-
frequency exposures was decayed for a period of about 70 days during
which time efforts were made to keep the counters plateaued at the
same high voltage level. A decay plot is shown in Fig. 16, where it
is seen that the observed value for the half life is ,7'1/2 = 122 35 days.
The commonly accepted value of the half life of polonium-210 is
138.4 days. >4 Since the only‘ possible nuclear speéies that could be
present are Bi’"” (stable), Bi’'? (5.0-day), P01 (138.4-day), and
szo6 (stable),. and'sill'lce the observed half life agrees with the com-
monly accepted value for the decay of Po?‘log it was felt that positive

species identification had been made.

- D. Results

Three distinct resonances were observed. One such resonance

is shown in Fig; 17. These three resonances are listed in Table VI '

Table VI. - Observed resonant frequencies in P0210
Magnetic field POZIO resonant Compounded o g7
. frequency uncertainty,
: (Mc) Av (Mc);
5.000 - 9.810 0.129 1.402+.018
15.123 29.525 0.127 1.395+.,006
39.997 79.100 | 0.185 1.413+.003

The compounded uncertainty in the third column of Table VI was derived
from Eq. (66). The last column in Table VI gives the value of g5
calculated from the data. The average value of the observed gJ and

its standard deviation is seen to be

gy = 1.403%.006. | (85)

This is considerably different from the value calculated on the assump-

tion of pure LS coupling, which is g5 = 1.5011.
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Fig. 16. Decay study of polonium-210 resonance button.
H = 15.00 gauss, v(Po) = 29.55 Mc. "
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Fig. 17. A polonium-210 resonance.
' v(Po) = 29.525+0.128 Mc.

MU-24758

H = 15.00 gauss,



b4

‘ VA plot of observed transition fl‘equency"vs magnetic field
appears in Fig. 18. The linear dependency of the frequency on the
magnetic field implies the validity of Eq. (82), which in turn is taken
to mean 1= 0 for polonium-210.

E. Discussion

| 210 .
We have demonstrated that the spin of Po ~~ is zero, as was -
to be expected for an even-even nucleus. We have also ‘shown that

there is a marked departure from pure LS couphng

Condon and Sho*'t]eyZ have pointed out that the 6s”“6p”  con-

figuration can give rise to the levels 3P s 1D , and 1S If we
2,1,0 2’ 0’

consider the departure from pure LS coupling to be caused by the
mixing of states due to spin«-orbit interaction of the form,

Z xA : Z, - ;i“ we may set up the energy matrix as

nigh 1
1 3 .3 3 1,
D, P, P Py S0
lD 6F  + FZ _'\[—2—' .
2 2
3pz N2 6F, - 5F,
Ly
A
3 6F, - 5F,
1 ]
+-2-" ¢
L | 86)
3 _ 6F . -5F
P, 0 2| g7t
+ ¢
g JZe |6
0 . 4 Fy
: . +10F,

where Condon and Shortley'’s 2 notation is strictly adhered to. In the

- preceding matrix, F, and F are matrix elements of the electrostatic

interaction. For our purposes we will regard FO and ]:7‘2 as constant

parameters. Since the term 6F0 appears in every diagonal term of
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Fig. 18.  Graph of observed transition frequency vs magnetic
field for polonium-210. Note the linear dependency of

frequency on field.
1
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the ‘Matrix {86), it can be neglected in the diagohalization.of this
matrix, since its only effect is to shift each energy level upwards by
a fixed amount and does not at all affect the separations between the
levels which are the physically observable quantities, In Matrix (86)
¢ is taken to mean ‘{.,épg and is known as the spin-orbit splitting con-
stant.- We will also consider this to be a constant parameter.

The diagonalization of Matrix (86) gives

W(1D2)=m2F ——§+\/9F2+,§F2§+%6§_2

3. . 1 2. 3 9 .2
W(‘PZ')'_"_ZFZ"ZQ”\/QFZ z Fott1gt
W(P) = -5F, + 3 - | (87)

1 ) ' 1 225 2 15
wi'sg) = 5/2 F, + 3t + (22 FE -5 F2'§+-—Z—§
9
7

1 225 _ 2 15
W(P) 5/2F +§2;—\/—4F2 -5 Fylt

The observed energy separatlons between the energy levels given by
Egs. (87) are tabulated by Moore. 53 There are four energy separations
between the levels given in Egs. (87), whereas there are only two

paramefers to be fitted--namely F, and {. This means that the results

2
of any- flt -of F and § should fit all the exper1menta1 spectroscoplc
data if these parameters are to be mean1ngful - The values arrived at
for the parameters are v
o -1 » -1 3 -

FZ, = 1105 cm and . ¢ = 12,407 cm . - (88)
When these values are substituted into Eqs. (87) and the separations
relative to the 3P2 level calculated, we get the results shown in

Table VII,
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Table VII. Comparison between calculated values of the energy
separations relative to the 392 level in polonium and the experimentally

observed values. Values are calculated from the parameters

F, = 1105 cm™ ! and ¢ = 12,407 cm”™’
Level = Calculated separation Observed separation Difference,
from 3szlevel from 3P21 1eve156 obs-calc
(cm-,l) v {cm™ ") (cma.l)
1SO 42,816 o 42,718 -98
‘D, 21,738 | 21,679 -59
P, 16,859 16,831 .28
Py 1,477 7,514 o +37
3P 0 0 0

It is seen that the fit is 'goboAdab The last column in Table VII shows the
difference _betwee’n'. the observed values of the energy separations and
those calculated on the basis of the values (88). - It seems likely that

values of F, and . { could be found such that the errors in.the last

column of Tzable VII would be minimized. Such a procedure will not
be entered into, as we feel that sufficient accuracy in. F2 and {
already exists.

: 'We;hov’v wish to determine what the ground-level state is for
polonium, C“learly it is not pure 3PVZ but must have an admixture of
IDZD» 'There' is no other level that can be mixed in with the level 3P2,

Consider the I—IJ=2 matrix, which is

1 3
D, P2
1 N2
Hy., = D, F, — ¢ (89)
3P2 _,\[%—;«g o
-1/2 ¢
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'We must find the unitary_transformation matrix, & such:that we _

have : _
8= w @agonal), 90).
or, completely written out, o o
: / Nz AR ; | -
by Pra\ [F2 .z (WD) 0 /P11 P12
- NT e 3n .
b1 Do 5 L -5F "2‘4 A\ 0 WP P By2

Mu1t1ply1ng up; using the parameter values (88). using Eqs., (87) for
W(lDz) and W(3P ), and’ equatmg gwes, for the unitary matrix elements

b and ‘bZZ’ the _ value s |

12
21 = 0,453 and bZZ = 0.892 . | . . (91)
Thus we see that the ground-state wave function for polonium-is
‘¢(J2) 0453'D2>+0892‘3 2) : | S 92)
‘Let us now conslder the gJ operator, which can be wrltten as

>2 =2 -
gS(J +S —L)+gL(J l'LA-'}S)

‘(gJ)_Op= — ) — .

(93)

where g, = 1.00000 and gg = 2.00228. Clearly (gJ)O*p is diagonal -
in a-system where L, S, J, and My are good quantum numbers.  Taking’
the 'expécfation value of (gJ)op in an LSJMJ-representation using the
wave fun¢tion (92) therefore immediately gives '
2 1 2 3
g5 = by g5(Dy) * bpp g5 (F5)
r I ' - '
° L s (94)
gy = 0.2052 gJ( DZ) + 0.7957 gJ( P,). :
. 1 L 3 . .
Using gJ( DZ) = 1.000 and gJ( P-Z) = 1,501 gives a theoretical value
for the intermediately coupled g5 of .

gy = 1.400. " (95)
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Our experimental value was g1 = .1.403% ,006? which agrees with value
-(95) to within the experimental error. This agreement is gratifying

, to the author, . .4 o |

.7 - The accuracy of the experlmental determ1nat1on of g7 could
be pushed much farther, but is has since come to the attentlon of the

" | author that Olsmats et al. have accurately measured th1s constant in
.Wan atomlc beam exper1ment on. Po205 nd Po 207 >3 Thelr\ value is

reported as g; = l 3961(1), ~which 1s in agreement w1th our value
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'VI. IODINE-133

v A, Introductlon

This paper reports the nuclear moments of iodine-133 as de- .~
termined by the method of atomic beams. These results are of interest
for several reasons. Firstly, this isotope occurs in a region of the
periodic table where collective effects are not expected to predominate;.
thus the"'resnlts can be interpreted in termsvof the single-particle
‘shell model. Secondly, much work has been done on many other

isotopes of iodine. 19, 56, 57, 58

v This research extends the totality of
information concerning the moments of iodine isotopes and further ,
adds to_our understanding of the variation of nuclear quantities' such
as spin, moments, and hyp.erfine structure as a function of nuclear
neutron number; .i. €., it allows us a ﬁrr_ner;fexperirnental foundation

for an under‘standing of the single-particle shell model.

| B. Method

The apparatus used in this exper1ment was machine A as de-
scribed in pr.ev1ous parts of th1s thesis.  The transitions observed )
were those labeled as. 'c.x and B in the‘schernatic energy-level dia-
gram (Fig. 19) These two transitions are the only two of the type
AF = 0, AM = %1 that are refocused by the "flop-in" type of atom1c _
beam machine that is, they are the only two AF = 0 transitions that
go from a level of one M (in the strong f1e1d approx1mat10n) to a o
level of equal and opp051te MJ as requlred for refocuS1ng by the
atomic-beam flop-in apparatus. The d and P resonances are tran-

sitions of the types

t
1i

.a_:.(F 5_, MF, —3<->F=5f MF:-4);_,
B: (F=4, M= -2<>F =4, M= -3)

These transitions were observed in magnetic fields ranging from

26 gauss to 300 gauss.
- The magnet1c field was determined by observ1ng the resonant :
frequency of K (F = 2, M = -1<«>F =2, M_, = -2) which was obser.ved

35

alternately with the resonant frequency of I
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The active sa;’nple was obtained in 100-Mc arﬁounts as-a fission
product from the Brookhaven National Labotratory. Air freight was
essential for transportation because of the 21-hour half life of the
ijodine-133. As received, the iodine was in aqueous solution as Né.L
The solution was made slightly acidic with H,SO, and then NaNO, was
. added to oxidize the ionic 1133, to its elemental form. Extraction was
effected after the addition of suitable amounts of a nonactive carrier
by CSZ' which was then evaporated off, leaving behind crystals of
ijodine. The crystals, which were formed in a special vial, were then
attached directly'to'the atomic-beam machine. It was found that room
temperatures were adequate to allow the iodine to diffuse through the
source slit into the atomic beam machine at a reasonable rate. The

specific activity was controlled by the amount of the carrier, i.e.,
nonactive iodine, that was added to the active sample. Dissociation ..
~was achieved by both.discharge and thermal heating. The thermal -
heater was a simplé snout arrangement (Fig. 20). The radio-frequen-
cy discharge system is shown in Fig. 21. '

- Exposures were made on silver-coated buttons. Counting was
then performed in small-volume continuous-flow § counters as pre-

viously described.

. C. Results
" The spin of 1133 had previously been measgred and found to be

59

7/2 by Garvin et al. : Fvurthermzore, the electronic splitting factor,

”“gJ, is ac‘culratelfrzl;nowr“lv by parafnégrie()f.ic resonance experiments
carried out on I by Bowers et al. This value is
gy = 1,333977+£.000003.  With these parameters, the low-field search
. was undertaken.

A total of fourteen resonance frequencies was observed. Rep-
resentative a and B transitions are shown in Figs. 22 and 23. The
tabulated results are shown in Table VIIL

,
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Apparatus
vacuum mount
Platinu'm thermal
dissociation tube Glass leak Oven vial7
(+700v dc) <
Beam
-
Slits
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Bombardment
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Kovar seal
MU-24761
Fig. 20. Iodine beam source employing a thermal-

dissociation snout.
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Fig. 21. Radio-frequency discharge tube and associated
stabilizing circuit.
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Fig. 22. ' An a resonance in iodine- 133 .
Mg = -3 < F = 5, M = -4). H= 196.28 gauss,
113g £16.75 Me.
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Activity (counts/min)

Machine
background

N

I - .
859 860 86.1 86.2 863 864 865
Transition frequency (Mc)
MU-24763

Fig. 23. A B resonance in iodine-133
(F=4, Mp=-2<F =4, Mp = -3). H=196.28 gauss,
v(1133) = 86.28 Mec. S ‘
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The last column in Table VIII contains the Vcompourided uncertainty
in the ith i‘esonance center.  The compounded uncertalnty is def1ned
by Relatlon (66). We have taken'the uncertainty in the 1133 and
ca11bra’c1ng isotope resonances as 1/5 of their observed 11ne widths.

Positive 1_dent1f1cat10n-of nuclear species was achieved by
radioactive deeay studies. A sampling of the full bea‘m_;intens'ity was
taken at the beginning of a run; this was presumably from 15 to 30 hours
after the production of the 1133 fission product at Brookhaven. Ob-
servations of the radioactive decay of ..fhe fui'l beam s.a.mp].*e,7 using a
locally fabricated automatic timer-printer device (nicknarhed the
”Pipper“),,'j showed that initially there were two species presenf in
the beam. At the start of the run 55% of the beam consisted of 21-hr
I133 and 45% of 8.14-day 1131 (see Fig. 24). A low-field resoriance
was taken immediately after the full beam sample exposure. The
resonance button decayed exponentially with a half life of 25+ 3 hr,

- with not more than 10% of the activity being initially due to the 8.14-
day 1133 (see Figo 25). - This fivefold _diminuti.on of_- theini’tiyal amounts
of the 8014-§day activity along with the 'short half life observed on the
resonance button was taken as sufficient evidence for positive identi-
fication. _ ‘ ‘

The fourteen obéeljved_:resonarices 1isteci in Table VIiI were
used as input‘ data along with the accurately known value of g5 for
the least-squares fit program as mentioned in a previous section of
this thesis.  First gy was assumed p'osifivej and a co_nverge'nce was
obtained. The assumption was then mede that g1 was negative and

the process was repeated. The results are shown in Table IX.

Table IX. Results of IBM progré.m for 1133

As sumptioﬁ on Magnetic dipole Electric quadrupdle
sign of g1 interaction constant' interaction constant 2
(Mc) , (Mc) X
g >0 597.0% 1.0 385.2%£7.4 9.54

g1 <0 606.8+1.0 413.9x7.7 : 34,69
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" Fig. 24. Decay of representative full-beam sample taken

during 1133 run, Experimentally determined decay
curve at the top of the figure is the sum of the two

,exponentialllgr?’decaying species, 1131 ang 1133,

Initially, I is present in 55% amounts.
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Fig. 25. Decay of a resonance exposure. The sample (1133)
used in this decay study was taken within minutes of
that of Fig. 24. Since the machine background con-
tributed 32+ 5% of a resonance intensity, a curve with
the decay characteristics of the full beam was sub-
tracted from the observed resonance-button decay
after initial normalization so that it originally was 32%
of the observed curve. The resulting curve after
subtraction of the background decay should be indic-
ative of the nature of the deposited material.
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The last column of Table IX shows the appropriate value of x 2, the

""goodness of fit" parameter, which is defined as

14 : '
‘ 1 ‘ v
XZ - Z (inbs _ fica C)Z - _ . (96)
i=1
where inbs is the observed frequency of the ith resonance, vf'calc

is the associated resonance calculated by diagonalizing the Hamiltonian
(64), and w, is a Weightihg factor wfxich is taken as inversely pro-
portional to the square of the compounded uncertainty as listed in
Table VIII. vTable IX shows that not only are the XZ' s. significantly
different under the assumption of g; >0 and g <0 but also that
the values of a and b lie outside the limits of error for these two
assumptions. |

The question arises as to which set of the results displayed in
Table IX is the correct one. There is not an unambiguous answer to
this question and no statement of certainty can be made. On the basis
-of statistical arguments, however, one can make certain probabilistic
statements. - From tabulated values of X 2 given by Fisher26 it is seen
~ that corresponding to avvalue of x 2 = 9.54 for the fourteen observed
resonances of this experiment there is a probability, P = 0.70, that
repetition of the entire experiment would give a larger value of ¥
by chance. For a value of XZ = 34.69 there is less than a probability
of P = 0.01 that repetition of the experiment would give a larger value
of XZ by chance.. We interpret these values to mean that g1 >0 is
very much more probable. Under this interpretation we consider
g1 to be a positive quantity, keeping in mind the possibility that there
is a small chance that we are mistaken in this interpretation. To take
the compromising course and state the results of a . and b to be
halfway between the values determined for g~ 0 and gp < 0 and to
_increase the quoted errors in these quantities so as to include both
sets of results would not be doing justice .to the accuracy of the atomic-

beam method and the ‘author's faith in it.
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D. Magnetic Dipole Morment

The ground state of iodine is known. to be -ZPS‘/Z"With‘anrélecu
tronic. configuration of 5p59 i.e., a closed électroni’; shell less one.
The magnetic dipole in‘cer‘action.éonsta.ﬁi;l. a. is related to the nuclear
splitting factor gI by the relation 4

: , 5

: 2L.(L+ 1) JEPSCE
sz SO g, F Grey . e

h NERYE

‘where 3‘ is a relativistic correction factor close to unity and tabulated
by Kopfermann. 16 The other symbols in Eq. (45) have their usual
meanings. The nuclear splitting factor g1 is related to the nuclear
moment by the relation '
+ 6
T (96)

9

2R

gy~

where m and M are the election mass and the proton mass, respec-
tively; and p is expressed in nuclear magnetonso. ,

The expectation value of the 1/1"3 operator in Eq. {45) is not
‘usually known accurately; hence, direct evaluation of g1 from Eq. {45)
is not generally feasible; at least for reasonable accuracy.. -For-

“tunately, the magnetic dipole interaction constant a has ‘been deter-

. . 6
. mined for"«1127 by the method of atomic beams by Jaccarino et al.; 1

the magnetic rnorner.x’c—:of'l;127 has also been ‘determined directly by
* Walchli et al. 62 in a nuclear induction experiment.  Simple modi-

 fication of Eq. (52) gives the relation

' . . a A I . X

7133 133 ;
133 =-|pv 133 L (97)
| 133 127 alz.? 1127

Equétioh» (97) is written. using absolute values because of the inherent
A,d'ifficulty i'ri‘ﬁ:xing the absolute signs of thé interaction constants by
the method of atomic beams. Perusal of Eq. (45) shows that a will
have the same sign as gy which we have previously stated to be very

likely positive. This would imply that Fy33 is also positive.
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Using I, = 5/2, 1,55 = 7/2, a ,, = 827.265(3) Mc, as given by
Jaccarino, and Bia7 = 2. 7937{(4) nm, which is the diamagnetically
uncorrected value as taken from Walchli, 62 we evaluate the nuclear

‘moment of 1133 by means of Eq. {97) and find it to be

’9133|'= 2,822+ .005 nm. . (98)
This value is not diamagnetically corrected.
Sin gg 1133 has a closed neutron shell less two neutrons,

and since there are only three protons in excess of the magic number
50, it would. seem that the single-particle model would adequately
describe the properties of 11330 The single- -particle model 0 predicts
the odd proton to be in the g7/2 configuration and pred1cts the nu-
clear magnetlc moment to be p = +1.717 nm. Although the agreement
_as to the magnitudes of the moments is not extremely good, the single -
» partlcle model lends further support to the as sumptlon that the nuclear

] moment of 1133 is a pos1t1ve quantlty

E. Electric Quadrupole Moment

The electric quadrupole interaction constant b is related to
the nuclear quadrupole moment Q by the expression

b= - ih? | 2L+3 <1/ 3> (46)

where ﬁ is a relativistic correction factor tabulated by Kopfermann,

“and the other symbols have their usual meamﬁngo - Equation (46) is

combined with Eqs. (45) and (96) to give the relation

B T

Here the quantities p, I, and a refer to iodine-127; these values are
noted in the previoué section. - From Kopfermannlé we take the values
F=1.062 and K = 1.128. To the fesults of Eq. (99) we have applied
the multiplicative correction factor C = 1.029 due to Sternheimer, 49
which has its basis in the deformation of the electronic charge dis-

tribution due to the nuclear core polarization. Cur value of the
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quadrupole moment thus derived is _
Q = -0.27%.01 barn. 100y

For an odd-proton nucleus, the single -particle modelso. predicts the

quadrupole moment to have the value

0= 35Fy () ol
where j is the angular momentum of the odd proton and < r2> is the

" expectation value of the orbit of the odd proton taken over the nuclear
wave function. This expectatioh value is taken to be % Rdzp lﬁvhere
Ry is the nuclear radius of iodine-133. The single-particle model

. gives the value Q = -0.20 barn. This is in good agreement with the

7 "value in Eqs (100), both in magnitude and in sign. _

| - There is much experimental evidence that nuclei with odd num-
" bers of pi'otons_just in excess of a magic number have negative elec-

tric quadrupole moments, . This further gives confidence that the sign

assignment in Eq. (100) is correct.

F. Hyperfine Separations

The solutions of Eq. (27) can be written in the form

5a + 5/7b

Av53.4

Avy, 3
Avy 5 = 3a - 5/7 b

4a - 2/7b . | (102)

where Ay 504 is the zero-field separation between the hyperfihe levels
of F = 5and F = 4, and similarly for the other separations. Using the
values of a and b as determined in this experiment, we arrive at
the following values of the hyperfine separations as calculated from
Eq. (102): | -
B Ay

5 4 326:0.117.,3_ Mc -
Av = 227794+ 4.6 Mc. » . o (103)
4,3 :

Av3 > = 1515.9+6.1 Mc
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VII. NEODYMIUM

A. Introduction

Neodymium-141 is an even-odd nucleus with 60 protons and 81
neutrons. Since the neutron number is one less than the magic number
82, the properties of the nucleus should be well described by the
single- particle shell model, which predicts that the state of the eighty=
second neutron is d3/2 Hence the spin of Ndl41 should bev3/2 and

the ground state should have even parity. , ’ .-

Evidence concerning the spin comes from the measurements
by Polak et al., 63 who have investigated the posit ron decay of Nd141
and the associated gamma rays. -The resultmg spectrum is consistent
with the assignment of 3/2. for the’ spin of Nd141
| A prer_eguls1te for the determl.natlon of the nuclear spin from
hyperﬁne—str‘urcture'measurements is the knowledge of the electronic

str.uotu;zeo The ground-state configuration of neodymium is known to
be"'.4.’f4-,‘ from the optical spectroscopic investigations by Schuurmans.
The atomic-beam work of Sm1th and Spa.uld1ng6 has further estab-
hshed the ground state to be characterlzed by 5I with gy = -0.6031.

- This’ value is used throughout this work.

B. Method :

The appé.ratus used was machine B, as described previously.
The oven-loader arrangement utilized Wa‘.s.particularly convenient for
handling materials with high radietion' ].ev.els° This oven-loader
arrangement is shown in Fig. 26. Beam was collected on freshly
‘flamed platinum foils. The collection efficieney of pla.tinum for neo-
.dymium is comparable to that of the other elements in the lanthanide ‘
and actinide series. After collectmng the depos1ted neodymmm was-
counted in methane counters. ' _

For an odd-A isotope such as Nd'141 in an electronic state with
J = 4, at least two transitions a;re,- o,bse'rv‘able in a flop-in apparatus.
.These transitions are between ievels ‘c_haracterized.'by the _quanturh__
numbers o V

(F=1+4, MF=A=I+1<'—>F='I‘!_-49 _MF;E‘IE']’)’
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ZN-2453

Fig. 26. Oven loader, cover, heat shield, and oven for
machine B. At left are fittings for water cooling.
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and =

| (F—I+3 MF—--I+2<—>F‘I+3 MF=~-'I),
where F is the total angular momentum, -MF is the projection along
. the axis .of quant1zat10n, and’ I is the. nuclear spin. Resonances a-
rlsmg from transitions in the state F = I + 4 will be. denoted as a
res_onances, and those..l_n‘ tbe_ state F=1+ 3 will be‘.denoted as B
r‘eeonanoe's;. Both the ‘abovev,tran_s‘itionsA'are‘ of a double-quantum
nature, i.e. ;. AMF =% 2, - This is a eonsequence of an integral J v
- value and can best be seen from the schematic¢ energy-level diagram
of Fig. 27, S};Ch transition typeé we 're':‘fir,st observed. in Pu239 by
Hubbs et al., 17 and, "as we have alr’e"adf dis'c:ussed, were definitely
seen.in 1312'10.
| In the Zeeman region--i.e., in the ‘,v?ea‘.k=magnetic:fie1d re-
gion--the fr.'e.ouency. v of an‘,o‘bs‘e_rvable transition is.given es‘sentially
by | L kpHL
o vE e - (37)
where -

Ep = 2F(F+ 1) J

; F(F+1) +‘J(J+l)_e"1(lf+ 1) 'g

: All the syrnbols above have prevmusly been defined. Equation (37) is
an. approx1mat1on, since a small term 1nvolv1ng the nuclear moment

" has ‘been omitted. Using gy = -0.6031 for the J = 4 state neodymium, .
one determines the tran31t1on frequencies for the d- and B-type

. resonances to be

vr 226 0 (atype) (104)

and

~ 0.30155 (31+ 16) Moo
YT oToFrdHa+3y - Th (B type) .

These: Eqsov (10'4) determine the nutclear spin from the resonant fre-

- quencies observed in weak magnetic fields.
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MU-24146

Flg 27. Schematic energy-level diagram for isotope with
J=4andI=3/2, i.e. neodymium-141.
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The experimental procedure consisted of searching for a sig-
nal from the isotope of unknown spin at the discrete frequencies given
by Eqs. (104). This procedure was repeated at several magnetic

fields.:

C. Sample Preparation

The radioactive sample was produced in the Bérkeley 60-inch
141 141
(p, n)Nd .

terial, prasecdymium, was machined into discs 0.025 in. thick and

Crocker cyclotron by the reaction Pr The target ma-
- bombarded with i2-Mev protons for from 5 to 8 hr., The total in-
tegrated flux was generally about 175 pa-hr. '

At the completion of a scheduled bombardment, the target
material was immediately unloé.ded and placed in a sharp-lipped
tantalum e¥ieciblé which was in turn placed in a tantalum oven. This
type of oven and crucible are showﬁ in Fig. 28.° The oven containing
the target mater_ial was. then introduced into the atomic beam machine.
Optical line-up was effected -and oven outgassing was carried out.
Usually less than 2 hr elapsed between the cdmpletio’n of the cyclotron
bombardment and the pr’oduétion offa stable beam. The duration of a
run was 6fdina‘ri1y about 4 hr, | ' | :

D. - Resﬁlts

An initial search made at a low magnetic field at frequencies
determined from Eqgs. (104) for all bl.i.k-:e.ly half-integral s»pin, values
yi,el'ded the results shown in the graph of Fig. 29. It is seen from
this figure that I = 3/2 is strongly indicated. . The transitions ob-

served were seen at several higher fields, and:a linear relation
between transition frequency and field established.  Two resolved
resonances are shown in Figs. 30 and 31 and the observations are

summarized in Table X.
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Fig. 28. Tantalum crucible and oven arrangement as used
with Nd141 and Eul®2,
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Fig. 29. Low-field spin search for neodymium-141,
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Fig. 30. Ana resonance in neodymium-141,
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Fig. 31. A B resonance in neodymium-l4vl.
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' Identification of tile observed material as NdMC:l is assured in
several ways. The ta»rget‘ma-te'ri.al is known from spectrocopic.anal-
ysis to be_.m'o,re:than 99% Pr 1>41 by w'ei’ghtﬁ..'- The method of production,
the observed g5 value; the halfeintegral spin; and several decay
-studies all serve to establish unamblguously that the observed material
is Nd14 A decay study for a full- beam- 1nten51ty sample is shown in
Fig. 32, and a similar such performed on a button exposed at a-res-
onant f-requeney is shown in Fig. 33.  That the statistics in the latter
graph are po.orer than in,the former reflects the presence of less

activity to decay,

E. Conclusions

The measured sp1n of 3/2 is in agreement with the shell- model

predlctlon and the work of Polak et al, 6.3<ae noted in the 1ntroduct10n

‘ The observed data make possible the setting of a lower limit
to the zero-fiéld hyperfine -structure separation between the F = 11/2

. . T o \d - : turbation

and'F = = 9/ 2 states; Av.l 1/2,9/2" From second order perturbati
theory the deviation of an a Tesonance from the Zeeman frequency
6, shogld- be relet‘ed. to Av;l-l/Z',;‘)/-Z aceordrng. to
Ho .2

0.1190 (g . — H)
s - f1® o - (105)

¢ - BVi1/2,9/2

Assuming the value of 6 to be equa'l to or less than the compounded:

uncertalnty at the hlghest observed field, we obtaln
| .A"u/zs 9/2 2 1630 Mc

as a lower limit to the hyperfine separation.
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VIil, EUROPIUM

A, Introduction

In recent years much work has been done on the isotopes of
europium. Pichanik et al. directly determined the magnetic dipole
moment of stable Eu'153 in a triple-resonance atomic beam experi-
‘ment. 66 Sandars and Woodgate; also‘ using the atomic-beam method
and mass-spectrographic detection, determinéd.:thé' interéction
constants for the stable europium isotopes};'é? With the results of
these experiments, it becomes possible by means of comparison to '
determine the nuclear magnetic dipole moment for all the other
europium isotopes for which the interaction constants can be meas-

-~ ured in the free atom.

Since there are sixteen isotopes of europium with atomic
weights in the range 144 to 159, it would seem that the validity of the.
~collective model that is generally taken to hold in the region 150 <A <190
could be checked or modified with knowledge of the nuclear moments of
many of the isofopeé of europium. Also the transition from the s‘;he‘ll
model to the collective model could be better understood if the mo-
-ments of fhe neutron-deficient europium isotopes were known.,

Abraham et al., workiﬁg with crystalline-bound divalent
europium iénsa have perf.brmed paramagnetic. .revsonance»experiments

on Eu151,, ~E1‘1152‘7 .Eu153,, and. Eu154u 68 When these results are com-

v péred with the results of atomic beams, significant differen.ces. are .
seen..in the interaction constants. - This, When_subjectve‘d}to_th'eoretical '
é.naiysisg rriay furnish useful ..inf,orr'nation about the.‘electrbnic. wave

function of europium.

B. Method
__A’condic beam apparatus B was used in this experiment. The
salient points of the general method have been described earlier.
_ In this experiment the source material, l3-year Eu152,r was
produéed by irradiation with thermal neutrons. - 'T_he target material,
natural metallic eurépiumg was put into a nuclear pile operating at a

high flux of 9><»1013 neuf:rons/cm2 sec for 96 hr. As a result of the
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large thermal neutron cross section of 7200 barns for the reactlon
151( n, y)Eu 152 (13-year), 1t was possible to produce reasonable

spec1f1c activities of the 1‘3—yeai-r Eu1'52', | on the order of 15.0 mC/mg.
Before beginning a run, at least a full week Wa’.s allowed to elapse
after removal from the pil-e so that all the 9.2-hr Eu152,. which is also
producedj by an (n, Y) reaction, could decay away.
| The decay,sc_heme of 13-year Eu152 is known and has been
~ summarized by Strominger et al. A diagrarri of the decay scheme
is shown in Figv. 34. . The active isotope decé.ys both with K-electron
- capture (approx 80%) and B decay (approx 20%). It is known that the
former proeess gives rise to several strong y rays with energies
 between 0.9 and 1.5 Mev. % For this reason, ‘heavy lead shielding
was requlred and loadlng procedures were carried out remotely as
much as possible.

In the first few attempts at beam production, the sample was
_introduced into a sharp-lipped tantalum c‘i‘ucible. which was then put
: ‘iht'o a tantalum oven (Fig.. 28). Slow heating by electron bombard-
ment was effected. At temperatures of about 1200°K there was a
~marked burst of activity after which little activity remained in the
oven. This behavior is thought to be a result of the existence of a thin
film of ﬁigh-melting E.u203 which breaks and.'allows the volatile euro-
pium metal to escape quickly. This problem was surmounted by intro-
ducing the active sample into a carbon crucible half- filled with fine
.carbon powder. - The oven was heated slowly. At temperatures.on:ithe
~order of ZOOOOK, a stable beam was produced. - It is thought that the
carbide of eufopium ie formed at low tempera;t,ures and then is disso-
ciated at the higher operational temperature. - Beam stability was
adequate, with intensity falling off unifermly at a @mateof a factor of
about two every hour.

. Beam collection was tested on cold, clean surfaces of sulfur,
silver, and freshly flamed platinum. All these materials showed
_comparﬂa_bl'e collection efficiencies. - Platinum foils were used.through-
out the experi‘rhen_t for collection purposes. Counting was done in

- small-volume methane counters.
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Fig. 34. Decay scheme for Eu ~“(13-yr) as taken from
Strominger et al. , _
energy levels., At right of energy-level lines are
given energy values in' Mev 'and at left are given"
spins and parities.
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Parentheses indicate no direct
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The beam intensity was measured after each resonance ex-
posure for purposes of normalization. This was done by t‘aking a
short exposure with all beam barriers,. .i.e., stopwires,“ removed
but with the magnetic fields still on. It was noted by this method that
the beam consisted of about 95% atoms. This is believed to result
from the stablllty of the electronic conf1gurat10n of europlum, which
-which is 4f 6s . The s subshell is completely filled and the  f sub-
shell is exactly half f111ed

‘ ' C° Results

A total of eleven resolved resonances was observed, rb'epre—
senting eight different types of transitions: - The results are displayed
in Table XL ' |

Under the heading "transnxon type' in Table X1 there appear
the subheadmgs F M and F MZ’ which indicate the levels between
which the observed tran31t10n occurs. - The next-to-the-last column
in Table XI g;ves ,the_dlfference between the observed transition fre-
queney and the frequency c‘alc‘ulated_"from‘the diégo_r_lalization of the
Hamiltonian (64) using the values of é, and b resulting from the best
fit of the data; we call this difference the residual of a resonance. The
last colurnn in Table XI is the now familiar compounded uncertainty,
Ay, ;? ‘in the position of the 1th resonance center obtained from the
relatlon (66), where we. have taken the uncertainty in the Eu1 res-
onances as l/Z their width and the uncertainty in the- ca.llbratlng K39
resonances as 1/3 their width.

The eleven observed resonances listed in Teble XI were used
as input data along with the accurately known value:. of g5 fbr a least-
squares-fit program, as was indicated in a previous section of this
paper. First ng ‘was assumed positive and a convergence was ob-
tained. The assumption was then made that ‘g was negative and the

process repeated. The results are shown in Table XII.
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Table XII. ' Results of the IBM program using
gy = 1.9935(3) (from Ref. 67), I =3, and J = 7/2.

Assumption Magnetic dipole - Electric quadrupole

on sign of interaction constant ~interaction constant >
g | (Mc) S Mc) X

g > 0  9.34520.004 -1.930£0.117 1.29

g1 <0 : 9.345% 0.004 ‘ -1.930%£0.117 . 1.14

It is readily seen from Table XII that the assumption of both positive
“and negativé values of g1 does not affeét the resulting values of a ,
- and b. It is also seen that there is no significant difference inthe x 's
resulting from either sign assignment. Because.there is no significant
‘difference between the values .of 2 for the assumption of both g1 >0
and gy < 0, no statement concerning the sign of g1 is warranted. 26
Positive identification is assured in several ways.. Bombarding
natural europium with neutrons gives rise to isotopes of europium other
than Eulsz. Simple analysis shows that the only other: isotope that can

152 is Eu1549 and that this isotope is pro-

152 to Eu154i

possibly be confused with Eu

duced in small amounts. The ratio of produced Eu s

21:1." Since the noise level is usually about 1/10 of a resonance maxi-
mum, any effects due to Eu154- will not be seen. Comparison of the
ratio of the magnetic-dipole interaction constants for Eu as de-
-termined in this experiment to the value determined by Sandars and

Woodgate()7 for Eu151 gives the same results as found in a paramag-

69

netic resonance experiment by Abraham et al. This is discussed

in a later section. - Qur identification is consistent with the results
found by these other researchers. Lastly, use of a RCL 256-channel

analyzer showed eight definite peaks in the y-ray spectrum, all of

152
a

which agreed within 1% with the known y-ray energies of Eu S

listed by Strominger et al. >4 No peak was observed that could not

be identified as a definite member of the Eu15'2 spectrum. All these

52

means of identification give unambiguous evidence that Eu was the

isotope studied in this experiment.
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D. Magnetic Dipole Moment
151

The magnetlc moment of stable Eu was measured directly

» by P1chan1ck et al. by means of a triple- resonance atomic beam

66

methoda The dlamagnetlcally corrected value ‘that these researchers

found for the moment of Eu151,.was Mgy = 30419(4) nuclear magnetons.

152 i5 related to that of

Eu151 by the relation

152

152
151
l”l l RO (67)

152| |a™
'I.“I = a‘l‘ 51

where the superscripts indicate to which nuclear species the symbol

~ refers and the symbols themselves have already been defined. The
absolu’tevalues are taken.in Eq. (67) because of the inherent difficulty
" of the atomic-beam method in determining the absolute sign of the

interaction constants. - The value of the mag’netic-dipol.e interaction
151 151

' constant for Eu s a s has been determined by Sandars and Woodgate

" tobea'®! = -20.0523(3) Mc. Using the appropriaté values in Eq. (67),

we determine the value

‘ ' 152| =1,912+0.003 nuclear magnetons - (106)

(dlamagnetmally corrected)

Since comparison is made to a diamagnetiCally corrected moment, the
value (106) can be considered as diamagnetically corrected. |
""" "'Because of possible changes in diamagretic shielding theories;
it is often prudent to quote experimental values without the application
'vof'diamagrietic corrections. The diamagnetically uncorrected value |
for the moment of Eu15l was originally found by Pichanick et al. 66
" be p =3, 395(4) nuclear magnetons.- Using this value in Eq. (67) in
place of the previously corrected value, we get - '

HlSZl = 1.896+£.003 nuclear magnetons.

. This value is diamagnetically uncorrected.
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It is known that the individual-particle model is invalid in the
region 150 <A< 190, whei’e’ l.afge nuclear deforrnafions ai'e known to
occur. It is in this region that the collective model has its greatest
utilization. 7-0’:'71 In Eu 152; with Z = 63 and N = 89, we are dealing
+ with an odd-odd nucleus subject to the coupling rules proposed by
Gallagher and Moszkowski. e These rules state that in strongly de-
formed nuclei described by the asymptotic quantum numbers N, n_,
A, and X stated in the order (N, n_ A, Z) whore N is the total
harmonic oscillator quantum number, n, is the number of oscillator
quanta along a spat1a1 axis, /A 1is the projected orbital angular mo-
mentum of the o0dd nucleon along the axis of nuclear symmetry,' and
% is the projected spin angular momentum of the odd nucleon along the
-axis of nuclear symmetry, we have the relations .

I=Q,+Q ifQ, =Ny i/2 and Q=N 1/2
. ' A - (107)
Qg =NAp 1/2 and Q =AN-F 1/2

RN

Here Q=A + 2Z and is the total angular momenfum of an odd nucleon
" along the axis of nuclear symmetry; the subscripts P.and N refer to
the-‘odd.-proton or neutron, respectively. Using the collective model, 70,71
Gallagher and Moszkowski72’ have assumed a configuration of [411+]

for the proton part and either [ 521+] or [651+] for the neutron part.

This configuration assignment is consistent with the first of the two

rules stated above, e, I=Ap+ Do+ Ay + Sy =1+1/2+1+1/2=3,
which was experimentally observed. Gallagher and Moszkowski further
state the relation derived from the collective model

= ITIT £ (Ap +56Z,)F 3.8 + % - (108)

where the signs of the two terms of the expression are the same- as the
‘31gns of Qp and QN appear:ng in-the coupling rules (107). - Using
. Expression (108), which makes use of the Schmidt values for the gyro—

magnetic ratios of the odd nuclei, i.e., no quenching, one derives the
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value for the moment as

9115-2(¢a1c) = L73'nm. t S 09)
This value compares favorably.in magnitude to the experimentally
~ observed value of .‘pIISZ(exp) | = 1,912(3) nm. This seems.to imply
that the asymptotic quantum-number nuclear configuration has been
correctly made, and gives further support to the collective rrvxod,el in
this region.

E. Electric Quadrupole Moment

The electric quadrupole interaction constant b is related to

' the ‘quadrupole moment by:the expression

hb = -e% Q <1/r3><LSJJ

" This cannot be evaluated directly because the ground-state electronic

3cos 6 -1 ‘LSJJ> - (50)

- wave function is not known for europium.. Admixture of small amounts
of the level 6 7/2 has been hypothesized. by Sandars and Woodgate 7
. to exp1a1n the deviation of the observed g5 = -1, 9953(3% from the pure
,LS-coupled value of,the Hund's. rule ground ,level of . S7/2,,‘ which
should be gy= -2.0023,. This admixture is not adequate to egplain_ the
_ existence of hyperfine effects in europium, and it is further hypothesized
by Sandars and Woodgate that there.is also .ad_fnixture of a.6l)7/2 level
in the ground state... Clearly, further theoretical analysis is required
before Eq. (50) can be evaluated directly. ,
Although the quadrupole moment cannot currently be calculated
it is. known that for t,he same electronic wave function--i.e.; the same
chemical substance--the relation

b,

b,

2

(52)
Q

. where the subscripts are used to 1nd1cate dlfferent nucle1, holds for
various isotopes. Absolute values are taken for the reason 1nd1cated

previously.
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Usiﬁg Eq. (52) and the results of Sandars and Woodgate, 67 we

find ) » '
[PSE-A gz o
) —Q—T_S—]. = 2.75:‘:.17 and -5-1—5—3 = 1.08+%.07 .‘A - C : (110)

Although the atomic-beam method is ill suited to the absolute
determination of the signs of the interaction constants, the relative
- signs of the interaction constants can readily be determined; henc_e,',

we display our results with those of Sandars and Woodgate,'()7

Eul’l; b/a =+ 0.03497(18),
Eu152; b/a = -0.207(12), a S ' '('111)
Eul®3; b/a = +0.2016(4).

F. Hyperfine-Structure Separations

Solution of Eq. (27) gives the zero-field separation in energy

' leve_l's éharacterized bzy'd’if'ferent F values. These values are

,AQWZ’“/Z = 59.848+.060 M,
Avll/z, g/2 = 51.246+.022 Mc, ) ..(.112)
Bvgra 7/, = 42.343%.025 Me,
Av7/2’-‘5’/2’ = 33.1914.032 Mc,
whgré AV}IS/»Zv, 11/2 is fhe zero-field separation betweeﬁ'th'e F=13/2

and F = 11/2 levels, and similarly for the other separations.



. -108-

. G,.. Discussion. - .

An interesting feature results from the comparison of the meas-
ured values of the magnetic- d1pole interaction constant- determ1ned by
. both the atomic-beam and paramagnetlc -resonance, techmques The
atomic -beam uechn1que is based on the nuclear interaction W1th the
.- electronic.charge in the free atom, whereas. the paramagnetic-

‘resonance tae‘chnique. is based onvnuclea.r.inter.-actiou with electronic

- charge -in the. Eu T ion bound in a KGl crystal. Abraham, Kedzie, and
Jeffr1es_(?§;-m_easur,,,ed the spin of Eu 52.and vEul_‘5v4;. in:_a_paramagn\etic
resonance experiment, and also the magnetic dipole interaction con-
stants of EulSl» Eu 152 nd Eu 153 in the doubly ionized form bound in
:~a crystal of KCl. These results, converted’"to‘units of Mc, ar€é in-
dicated in Table XIII along w1th our results and those of Sandars and

Woodgate. 67

Table XIII. Values of the magnetm d1pole 1nteract10n constant.

Value frorn para- Value from ) _Rat1o of paramag.

magnetic resonance = atomic beams . Tresonance value to
Isotope laPRI (Mc) |aAB| {Mc) atlcznic/l;earnl value
152 L, |
~Eu- 97.61(18). = . i . .20.0523(2) 4.868(9)
Eul>? 45.33(4) - - ©.9.345(4) | . 4.851(5)
Les AN
Eu > 43,11(9). - &5 = -7 8.8532(2) 4.869(9)

It is seen thaf the magnetic dipole interaction constant is 4.86 times as
large in the crystal bound Eutt jon as in the free atom.

The magnetic d1pole interaction constant is def1ned as
= (u|¥ ) (3 I¥lr) & . (113)

where the first set of brackets indicates the expectation value of the
magnetic moment operator, :,, “for nuclear states with MI = I, and the

second set of brackets indicates the expectation value of the magnetic



- -109-

field operator, ﬁ), for electronic stat'es.with MJ = J.. The magnetic
field operator N .is defined as
L Z-'uk Il I DL
T EMoMamY T3 B - . k| ¢
o k "k Tk b 3

(114)

‘Whefreﬁpo_ is the Bohr magneton, “niﬁ is the nuclear magneton, and

Y is the gyromagnetic ratio. The subscript. k refers to the kth-

- - -
r

“eléctron of the system; £ K’ s o and denote the orbital angular

o .;ifném'ehtum, spinangular momentum, and position of the uléth'electron,

respectively. The first term in the braces in Eq. (114) corresponds

“i"to'classical dipole-dipole interaction. The second term, first. hypoth-

esized by Fermi, 14 denotes the anomalous interaction of the s elec-

“trons with the nuclear spin.

" The theoretical explanation for the large difference in the ex-

“pectation valiie of the operator N- of Eq. (114) is not readily apparent.

Neglecting small effects from the crystalline field, one might at first
assume that the removal of two 65 électrons in the divalent ion would
have little, if any, effect on the magneétic field at the nucleus, since

the total electron-spin density of thése two electrons taken together is
zero and hence the Fermi term in Eq. (114) Would.make. no céntribution
to the field. “Work of Heine has indicated, however, that there is an

s-electron effect even when there are no unpaired s electrons. ? his

explanation for this is based on electron exchange between the s~elec-

. . - - . °
trons and electrons.from other subshells, resulting in a net polarization

of the s electron and thus making possible a contribution from the

Fermi term in Eq. ‘(1 14). ‘Abragam et al. 3 have hypoti'Lesized s-

‘electron promotion in ions to explain effects such as seen in this ex-

periment. By '"promotion' is meant admixture to the ground ionic
electronic state, assumed in Eu"’+ to be 4f7652, of electron configurations
of the type 4f7ns rs, where n<6and r >7. Sucha merchanisr-n

might possibly allow for effects as seen in this experiment. Unfortunately

calculations based on this mechanism are prohibitively complex and

.impracticable.
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APPENDICES

A. The 6-j Symbol

" 1. Definition

. The 6-j symbol was first expressed 1\o'y“I-{a,c'_a';}t.L9 in 1942 and is
associated with the unitary fransformatio_n connecting ‘sy>s',tems'b éoupled‘
by three angular mor_nentan- We quote the definition given by Judd, 10

i1 9z 3 - . . g
L g [T AUids) aUtats) Al TRt A1 E505)

-

xz ~ 1P+ SN »
. Z [(Z“Jl°Jz'J3)|' v(z‘-j,l —i2?£3)! (Z'£1=’j2i‘e3):' ('z='£1'£2fj3)°'

. ———— — —
Gptigh £y48,-2)! (ptigte 4l 5-a)! (gtj g+l ) -2)! ]
o o o | ©(115)

- where-the summation over z in Eq. (115) extends only until one of

the factors in the denominator becomes 0. and where

A(abc)=/ (a+b-c)! (a-btc)! (-atbtc)!
fatbtctl)
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‘ I+ J 1
2.- Evaluation of . ,
' k 1 7J

Edrmonds12 ha.s cons1dered the special case of the: 6 -j symbol

L I Ity e -
- of the form . .. He states that the following holds: -
Ly 12 L4 -
Wy dp 4ty IR TIRY.
e ~ TR
. = (1) .
21 £2 13

(22)! (24,)! (Jl+JZ+El+£ +1) (31+;z1+1 (Gt +,-5))!

2 Jz) 1
! 1
(212 +24,+1)! (Jl+32-z -4,)! (31+Jz -13) (£ ,+4 Jl)., (Jl+£2+23+1).,

—

. .(jl+z3-1 ), (Jzu ) )" | ,
A | (116)
(843,230 (4 +05-5,)1 (845,40 5 +1)'

" Since the 6-j symbol is invariant to the interchange of any t'v&fd'éblumns,

HI T 1) . (J I.I+J B I 1 I4J
we get ' = . To evaluate . s

'k 1 J I J k o (T J 'k

we resort to Eq. (116) with the substitutions j1 - J, j2 -1, 11 -1,

12 - J, 13 — k. This immediately gives, after simplification,
J 1 I+J
= (-1)21*d) S 21)! (273)!
I J k [(2T-Kk)! (2I-k)! (2J+k+1)! (2I+k+1)!] )

S (117)
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3. A General Expression for M'(I', J, k).
v »Referrring back to Eq. (19), we have the relation

LASVINCE M F warinFx) ) TNe ] 5),

’ _ , (118)
where we have replaced the 6-j symbol in Eq. (19) with the appropriate

Racah W coefficient. We have also defined

Vg T A TER)

Equating and introducing the expression for Ak as given in Eq. (23)

gives

¥

(20)!_(@21)! M(L, S F;k)

+J-F :
[(23:k) ! (2J4k+1)! (21-k)! (2I+k+1)! ] 1/2

(-1) W(IJIJ;Fk) =

(119)

ine formm ‘6f"the; definition of the Racah W coefficient is

(L+I-F) (+F-J) (J+F-1) (k)°
C(I+T+F+ 1) '

W(IJIJ;Fk) =

@1k (2T-k)!
(2I+k+1) (2T+k+1)!

« Z (-1) (21+ 2J+1-2)! . |
2! [([+J-F-z)! (Ftk-I-J+z)!]% (2I+k-z)! (2J-k-z)!

zZ

(120)
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Substitution of Eq. (120) into Eq. ‘(119) gives, after :simplification,’
2I-K) (2J=Kk)! T o e Y ‘
e @n Coer ,- ~

M, _’J;'F; k) =

(I+J-F)! (J-I+F)! (I- J+F)' (k')
(I+J+F+1)'

X

< Z\: (-2t I-F oo z)' o | '(1215
2! (21-k-2)! (2J-k-z)! [ (1+J-F~ z)' (k+F 1-J+z)! 12

-x'

I+J-—F

where the phase factor (-1) is placed under the summation sign.

B The 3 3 Sy‘mbol

Cons1der the system of any two angular momenta, I.and J,
coupled together to form a third angular momentum, ¥F. The
ket lyIJFF > may be expanded. m terms of the kets \yII JJ >
where vy represents any other pertxnent set of quantum numbers of

the sysf;erno Thls expansmn is

|yIIFF, > Z <IJFF |11 33 >|yn I3 > ERRIER)

where the scalar products appearing in Eq.,= (122) above are the '
Clebsch-Gordan coefficients. . The 3-j symbol:is related to a Clebsch-

Gordan coefficient by

1 3 F\  IJ-F, 12
1= -1 er+1)7 <_IJF-FZ~| II«ZJJZ>», (123)
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where

/(ZF“)" (I_”"F)-" (1-J+F)! (-I+I+F)!
ATHTHF+I) . ,

- (UE-E,[1,33) = 60,43 ,0F )
I S vz Z2 ) : .Z. :Z, z’

__>‘<'\[(1+1z.).' (I_.IZ,)! (J+3)! (J-Jz).'v (F-F_)! (F+F_)!

R y-'»(1+.J-?‘-.y.)-' I-1,-y): <J+Jz=y)1 (F-Juz:‘fy): (F-1-J +y)!
- | L qee

" The & function occurring in Eq. (124)is equivalent to noting that the
bottorn row of the 3-j symbol must add algebraically to zero if it is not

to vanish.

ST S R
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