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Renormalization group computation of likelihood functions for cosmological data sets

Patrick McDonald1, ∗

1Lawrence Berkeley National Laboratory, One Cyclotron Road, Berkeley, CA 94720, USA
(Dated: October 22, 2018)

I show how a renormalization group (RG) method can be used to incrementally integrate the
information in cosmological large-scale structure data sets (including CMB, galaxy redshift surveys,
etc.). I show numerical tests for Gaussian fields, where the method allows arbitrarily close to exact
computation of the likelihood function in order ∼ N time, even for problems with no symmetry,
compared to N3 for brute force linear algebra (where N is the number of data points – to be fair,
methods already exist to solve the Gaussian problem in at worst N logN time, and this method
will not necessarily be faster in practice). The method requires no sampling or other Monte Carlo
(random) element. Non-linearity/non-Gaussianity can be accounted for to the extent that terms
generated by integrating out small scale modes can be projected onto a sufficient basis, e.g., at least
in the sufficiently perturbative regime. The formulas to evaluate are straightforward and require no
understanding of quantum field theory, but this paper may also serve as a pedagogical introduction
to Wilsonian RG for astronomers.

I. INTRODUCTION

Structure in the Universe starts as a near perfect Gaussian random field, and remains tightly connected to the initial
conditions on large scales [1], motivating using a rigorous likelihood analysis to extract information about models from
observed large scale fluctuations. Unfortunately, the likelihood function one can write [e.g., 2] is generally cumbersome
to evaluate numerically for realistic large datasets, with time to compute naively scaling like N3 using brute force
linear algebra (where N is the number of data points), which quickly becomes hopeless. Various methods have been
devised to speed this up to at worst N logN [e.g., 3–9], but in practice well-motivated but not explicitly likelihood-
based power/correlation estimation methods are usually used instead [e.g., 10, 11]. Here I describe what seems like a
particularly elegant way to make likelihood computation fast enough to be practical, based on renormalization group
(RG) ideas from quantum field theory [12, 13].

To be clear, the purpose of this paper is not to argue that this is the best/fastest way to estimate power spectra
of Gaussian fields. For example, many will inevitably consider the approach of defining semi-heuristic “summary
statistics,” like any reasonably computed power spectrum or correlation function of the data, backed up by calibration
and error estimation using mock data, to be more appealing to code, surely faster, and optimal enough for their
purposes. No doubt this is true a lot of the time. The point here is to present a theoretical physics-oriented framework
for viewing the LSS analysis problem, which may present new possibilities for extension to, e.g., the largest scales
where pseudo-C`-type methods are least applicable, and a new way to approach non-linearities. The spirit of this
introductory paper is summarized by the old physics saying that “any good theorist can tell you several different ways
to solve the same problem.”

While it isn’t at all difficult once you get into it, the math here may look a little bit technical at first glance.
The basic idea is straightforward though: First, we effectively integrate over the highest k Fourier modes, i.e.,
smallest scale structure in the problem, absorbing the numbers that result from this integration into redefinitions of
constants in the likelihood function. (For an extreme pedagogical example, suppose we were asked to do the integral
I = A

∫
dx
∫
dy f(x)g(y), and we knew how to do the integral over y to produce a number Iy ≡

∫
dy g(y). Obviously

we can do the integral over y, define A′ ≡ AIy, and now write the original integral as I = A′
∫
dx f(x). Trivial as it

seems, this is basically renormalization in a nutshell.) Operationally, once the smallest scale structure is gone (already
accounted for), we can “coarse grain”, i.e., combine small cells in the data set into bigger cells. This coarse graining
is critical because we can’t integrate over all Fourier modes at once – that takes us back to the impossible problem
we are trying to get around. After coarse graining, we can integrate out the smallest remaining structure again, then
coarse grain further, and so on. It may be puzzling that you will not see any explicit integration over modes in the
paper, even though that is presented as the key idea in this kind of RG procedure. Explicit integration over modes
is generally replaced by suppression of their fluctuations for technical reasons [12, 13], but with enough thought one
can see that these things are effectively equivalent.
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II. EFFECTIVELY EXACT GAUSSIAN LIKELIHOOD EVALUATION

We will primarily discuss Gaussian likelihood functions, where it is easy to make the calculations effectively exact,
although the basic RG equation we derive will be exact in principle even for non-Gaussian likelihood functions (with
non-Gaussianity, approximations are usually needed to evaluate it).

Suppose we have an observed data vector o, linearly related to an underlying Gaussian field of interest, φ, by
o = µ + Rφ + ε, where µ is the mean vector, R is a short-range response matrix and ε is Gaussian error with
covariance matrix N, assumed to contain at most short-range correlation. Assume o has No elements and φ has Nφ,
i.e., R is an No×Nφ matrix, where fundamentally we should take Nφ →∞ because φ is a continuous field (in practice
in this paper I leave Nφ = No to start the computation – from there a key point of the RG method is to reduce this
by coarsenings). For now assume µ is known and subtract it from o (the mean or its parameters can be fit for using
the method we discuss). The covariance matrix (power spectrum in Fourier basis) of φ is P(θ), which depends on
parameters θ which we are ultimately trying to measure. (In the calculations here I will assume the signal field can
be treated as translation invariant so P is truly diagonal in Fourier space, however, this is not strictly true for the
large-scale evolving Universe. After working through the idealized case, it will become clear how to generalize to a
less idealized real Universe.) Dropping irrelevant Bayesian factors relating L(o|φ)L(φ|θ) to L(φ, θ|o), the likelihood
function for θ and φ given o is

L(φ, θ|o) =
e−

1
2φ

tP−1φ− 1
2 (o−Rφ)

tN−1(o−Rφ)√
det(2πP) det(2πN)

. (1)

We are really only interested in L(θ|o), so the standard approach is to perform the Gaussian integral over φ to
obtain:

L(θ|o) =

∫
dφ L(φ, θ|o) =

e−
1
2o

tC−1o√
det(2πC)

(2)

where C = RPRt + N. From here we can, e.g., take θ derivatives to define the standard band power estimator [e.g.,
2]. For large data sets, however, the problem of numerically evaluating the resulting equations is usually considered
too difficult to bother doing (to make a long story short).

The key to the difficulty in the standard approach is that P is diagonal in Fourier space but dense in real space,
while N generally vice versa. This makes C dense in both. Computing the inverse or determinant of C scales like N3,
making it impossible to do using brute force linear algebra routines for large data sets. The approach of this paper
systematically solves this problem. (Alternative solutions include conjugate gradient C−1o multiplication combined
with a stochastic determinant calculation, and the approach of [8].)

A. General RG equation

Consider the integral

I ≡
∫
dφ e−S(φ) ≡

∫
dφ e−

1
2φ

tQ−1φ−SI(φ)−N . (3)

If we take Q−1 = P−1, SI(φ) = 1
2φ

tRtN−1Rφ − otN−1Rφ, and N = 1
2Tr ln(2πP) + 1

2Tr ln(2πN) + 1
2o

tN−1o, this
integral is exactly L(θ|o). The lnP term represents the normalizing factor detP, which we need to keep around more
carefully than usual because it depends on θ. The N parts of N could usually be dropped, assuming N does not
depend on parameters. If we generalize to Q−1 = P−1W−1 + K, then I is the L(θ|o) that we want if W → 1 and
K→ 0. On the other hand, if K→∞, this term completely dominates the integral making it trivial to evaluate, as
long as K is chosen to be diagonal in Fourier basis. The integration could alternatively be cut off by W → 0, or we
could use K together with W to modify the detailed behavior of the cutoff, but in this paper we will mostly assume
W = 1 (because keeping the cutoff term distinct from P initially seemed simpler). Our RG strategy will be to dial
K from 0 to infinity, while redefining constants in the likelihood function to guarantee that the result of the integral
does not change. We will parameterize this dialing by a length scale λ, with K(kλ << 1)→ 0 and K(kλ >> 1)→∞,
i.e., for any given λ smaller scale modes will already be suppressed (i.e., driven to zero variance) by K → ∞, while
larger scale modes will be untouched with K→ 0. λ will start at 0, i.e., K = 0 for all modes, and go toward ∞, i.e.,
K =∞ for all modes. Generally we can choose the details of K(k, λ) in any way that looks useful. For the Gaussian
problem, the constants we will redefine to preserve the integral value as Q changes are the quadratic coefficient of
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SI , which we will call A(λ), with A(λ = 0) = RtN−1R, the linear coefficient of SI , which we will call b(λ), with
b(λ = 0) = RtN−1o, and the constant N (λ), with N (λ = 0) = 1

2Tr ln(2πP) + 1
2Tr ln(2πN) + 1

2o
tN−1o. In other

words, for the Gaussian problem the renormalized SI will be SI(λ) = 1
2φ

tA(λ)φ − bt(λ)φ. Note, however, that for
the rest of this subsection the calculation will apply for general SI(φ), i.e., not just quadratic in φ.

To preserve the value of the integral as λ changes, we require the derivative with respect to λ to be zero, i.e.,

∂I

∂ lnλ
= −

∫
dφ

(
1

2
φt
∂Q−1

∂ lnλ
φ+

∂SI
∂ lnλ

+
∂N
∂ lnλ

)
e−S(φ) = 0 . (4)

The most obvious way to change SI and N to compensate the change in Q would be to adjust the quadratic term
in SI (A in the definition above) to leave the net quadratic term in the integral unchanged, but this would literally
accomplish nothing. To find the alternative changes that will effect the integration over φ we follow most closely [13].
Note that

1

2
φt
∂Q−1

∂ lnλ
φ e−

1
2φ

tQ−1φ = −1

2
φtQ−1Q′Q−1φ e−

1
2φ

tQ−1φ = −1

2

[
∂tφQ

′∂φ + Tr
(
Q−1Q′

)]
e−

1
2φ

tQ−1φ (5)

where we have defined ′ to mean ∂lnλ, so we have∫
dφ

1

2
φt
∂Q−1

∂ lnλ
φ e−

1
2φ

tQ−1φ−SI(φ)−N = −1

2

∫
dφ e−SI(φ)−N

[
∂tφQ

′∂φ + Tr
(
Q−1Q′

)]
e−

1
2φ

tQ−1φ (6)

= −1

2

∫
dφ e−

1
2φ

tQ−1φ−N [∂tφQ′∂φ + Tr
(
Q−1Q′

)]
e−SI(φ)

=
1

2

∫
dφ

(
Tr

[
Q′
(
∂2SI
∂φ∂φt

−Q−1
)]
− ∂SI
∂φt

Q′
∂SI
∂φ

)
e−S(φ)

where we integrated by parts to make the φ derivatives act on e−SI(φ). To satisfy Eq. (4) we need:

S′I +N ′ =
1

2

∂SI
∂φt

Q′
∂SI
∂φ

+
1

2
Tr

[
Q′
(
Q−1 − ∂2SI

∂φ∂φt

)]
(7)

If we dropped the φ-independent pieces, which are normalization factors that are irrelevant if we are only going to
compute expectation values with e−S weight, this is a completely standard RG equation [e.g., 13]. For now we do
not want to give up on computing exact likelihoods as a function of parameters, so we keep the normalization factors.
Note that the derivation is completely general in the sense that we made no assumption about the details of SI and
Q (e.g., SI can be an arbitrary, not necessarily quadratic function of φ).

B. RG equations for the Gaussian problem

The interesting content comes from expanding the derivatives of SI . As mentioned above, we define for the Gaussian
problem SI = 1

2φ
tAφ− btφ. Plugging this into Eq. (7) gives

1

2
φtA′φ− b′tφ+N ′ =

1

2
(Aφ− b)

t
Q′ (Aφ− b) +

1

2
Tr
[
Q′
(
Q−1 −A

)]
(8)

Matching coefficients of φ gives

A′ = AQ′A (9)

b′ = AQ′b (10)

N ′ =
1

2
btQ′b +

1

2
Tr
[
Q−1Q′

]
− 1

2
Tr [AQ′] (11)

For Gaussian fields, these are the main result equations in the paper. Note that we are assuming that, if N is
sufficiently short range for this approach to work at all, computing N−1 to set the initial conditions for this evolution
will not be a limitation.
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To gain understanding, we can unpack what the equation A′ = AQ′A is doing. It is equivalent to ∂A−1/∂ lnλ =
−Q′, i.e., A−1 = Q0 −Q + A−10 = P + N − (P−1 + K)−1 (remember that A−10 = N, where we are setting R = I
in this strictly pedagogical paragraph). I.e., A−1 evolves from N when K → 0 to C = P + N when K → ∞,
i.e., as the calculation runs we will have in some sense A = N−1 for large scales but A = C−1 for small scales.
The evolution equation for b has a simple solution in terms of A: b = Ao, i.e., given that we understand A
evolution as interpolation from N−1 to C−1, b evolution is interpolation from N−1 data weighting to C−1 weighting.
Similarly, N (λ) = 1

2o
tAo + 1

2Tr ln
(
2πA−1

)
+ 1

2Tr ln (2πQ). Noting that Q evolves from P to K−1, we see that this

evolves from the initial normalization piece N (K = 0) = 1
2o

tN−1o + 1
2Tr ln(2πN) + 1

2Tr ln(2πP) to the final answer

N (K → ∞) = 1
2o

tC−1o + 1
2Tr ln(2πC) + 1

2Tr ln(2πK−1) (where the K part cancels against the integration term in
Eq. 13). The whole point of the paper is that you get to this final answer without actually evaluating these matrix
formulas – N is just an evolving single number, b is an evolving vector. The key is keeping A from spreading too far
off-diagonal, because formally you do need to store is as a matrix. This is where the coarsening step we will discuss
below becomes necessary – A obviously does spread off-diagonal, but as it does it becomes unnecessary to store it at
high resolution, so we can coarse grain to keep the numerically relevant number of cells off-diagonal limited, even as
the physical range increases.

Note that for the Gaussian problem we can always formally integrate Eq. 3 over φ to obtain

L(θ|o) = e
1
2b

t(Q−1+A)
−1

b−N
√

det
(

2π (Q−1 + A)
−1
)
. (12)

All of the components will change with λ, but the overall result will not change. Once K >> P−1, and K >> A,
and btK−1b→ 0 (all of which we showed above inevitably do happen as λ→∞) this goes to

L(θ|o)
λ→∞−−−−→ e

1
2b

tK−1b−N
√

det (2πK−1)→ e−N
√

det (2πK−1) , (13)

i.e., the final answer is just e−N , up to a detK factor which is canceled by a similar factor accumulated within N , as
mentioned above. We have accomplished the integration over φ.

C. Cutoff function

Eqs. (9-11) are no good if we can’t evaluate them numerically. The key is to arrange Q′ to do its job of suppressing
the smallest scale structure to allow coarse graining, but beyond that have as short a real space range as possible (i.e.,
not coupling widely separated cells), to keep A, which starts as RtN−1R, as short range as possible (i.e., effectively

sparse, when stored in real space). For the above definition we have Q =
(
P−1W−1 + K

)−1
, so

Q′ = Q
(
P−1W−1W′W−1 −K′

)
Q . (14)

If K = 0 this is just Q′ = W′P. On the other hand, if W = 1 we have Q′ = −QK′Q. Let’s focus on the W = 1
case, and assume K will not depend on the power spectrum as a function of parameters of interest (it might depend
on a fiducial power spectrum that would be kept fixed when varying parameters). Making K a simple function of k
in Fourier space, we can efficiently compute Q′ in real space, which takes the form of a convolution kernel (meaning
we don’t need to compute it as a full matrix, not even a sparse one – we can compute it as a function of separation
and use translation invariance to move it around).

We are left to choose a specific K. Suppose P is a constant P in Fourier space and we choose K(k, λ) =
P−1k2λ2 exp(k2λ2) which accomplishes the goal of dominating (going to ∞) at kλ � 1 and disappearing (going

to zero) at kλ � 1, then Q′(x = kλ) = −2P x2(1+x2) exp(x2)

(1+x2 exp(x2))2
. This is a fairly nice function that goes like x2 at

small x, peaks at x ∼ 1, and goes like exp(−x2) at large x – it should produce a nice limited range convolution
kernel. Another very simple example is K(k, λ) = P−1(k)λ2k2. This gives Q′ going like P (k)k2 at kλ � 1 and
P (k)k−2 at kλ � 1. We see that the function we choose is picking the detailed range of P (k) to emphasize for a
given λ (when varying parameters, the P (k) in K would stay fixed). In the numerical example below we will use
K(k, λ) = P−10 (k)(kλ)α exp[(kλ)2], with α = 2 or 2.5, where P0(k) is the fiducial power spectrum. Tuning the cutoff
function is a topic for more thought and experimentation.

D. Coarse graining

In any case, as λ increases successive convolutions with Q′ in general extend the correlation range of A, eventually
making it the dense matrix (C−1 actually, as mentioned above) that we want to avoid, if we don’t do anything about
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TABLE I. Evolution of various quantities from start to asymptotic endpoint (for
R = I). P and K, and thus Q and Q′, are diagonal in Fourier space, while N
is at least approximately diagonal in real space, and A remains so after coarse
graining (it would become dense without coarse graining because C ≡ P + N is
dense).

quantity start (kλ� 1) → end (kλ� 1)
λ 0 ∞
K 0 ∞
Q P K−1 → 0
Q′ 0 0 a

A N−1 C−1 b

b N−1o C−1o b

N 1
2
otN−1o + 1

2
Tr ln(2πN) + 1

2
Tr ln(2πP) 1

2
otC−1o + 1

2
Tr ln(2πC) c

a non-zero for kλ ∼ 1, see Figs. 1 and 2
b coarse grained
c det K term canceled

it (to be clear: evaluating Eq. 9 scales like the N3 we said was too large if A becomes dense). At the same time,
however, the growth of K suppressing high-k fluctuations in φ makes resolution much finer than approximately the
same scale unnecessary, i.e., we should be able to coarsen the pixelization to reduce the range of A as measured in
cells off-diagonal. This can be seen by imagining Eq. (12) in Fourier basis. At high k where K → ∞, any other
structure is overwhelmed so the full simplification of Eq. (13) applies, i.e, apparently the values of b and A in these
high-k modes are irrelevant. All of the integral contribution in high-k modes must now be contained in N – this is
where we see that the RG evolution equation is equivalent to integrating over these modes. Since we know that high
k modes in b and A do no contribute to the remaining integral, we can compress them to make the computations
faster. Another way to see this is: all of the terms in the evolution equations (Eqs. 9-11) involve multiplication of
A or b by Q′, but by construction Q′ has no structure on scales much less than λ (i.e., is zero in Fourier space).
This means that, operationally, it is clear that A and b can be compressed at some point, i.e., their small scale
structure is irrelevant when it is multiplied by a smooth function. Imagining 1D, the compression process can be
simply bc1 = b1 + b2, bc2 = b3 + b4, Ac11 = A11 + 2A12 +A22, etc., where bc and Ac are the new objects compressed by
a factor of 2 in each index. Understanding that on small scales b→ C−1o and A→ C−1, we see that this process is
intuitively straightforward, equivalent to an optimally weighted averaging of adjacent cells.

Especially in higher dimensions, the problem is greatly simplified after even a single factor of 2 in coarsening.
Eventually the data set contains few enough cells to just evaluate the remaining integration by brute force (i.e., plug
A, etc. that we have at that point into Eq. 12 and compute using standard linear algebra). To parallelize the
algorithm, we could split the data set by processor, where for non-shared memory, each processor would need enough
extra data around its local patch to account for the convolution from outside.

For a summary of the properties of various quantities we have defined, see Table I.

E. Numerical example

Eqs. (9-11) are exact for the Gaussian problem, so in some sense they must work, but it is helpful to work
through a numerical example to reassure ourselves that they are practical. For coding simplicity, I work in one
dimension, in units of the basic data cell size. I include unit variance noise in each cell. I use signal power spectrum
P (k) = A(k/kp)

γ exp(−k2) with γ = 0 or −0.5. I generate mock data with A0 = 1 and calculate likelihoods as a
function of A. I use pivot kp = 0.1 to make the constraining power on A roughly similar between the two γs (for my

largest datasets). I choose the cutoff function K(k, λ) = P−10 (k)(kλ)α exp[(kλ)2], where P0(k) is the fiducial power
spectrum. I initially used α = 2, but found that α = 2.5 seems to be somewhat more efficient for the γ = −0.5 case.
In Figure 1 I show the critical Q′ in Fourier space (for P (k) = 1, to isolate the scale dependence of K without mixing
it with P (k)). For any λ, this shows the range of k that is being “integrated out.” The real space version of Q′ is
shown in Figure 2. It has mean zero, meaning it does not affect scales much larger than λ – this is what keeps A
short range – and it is smooth so that it does not affect scales much smaller than λ – this is why we can coarsen A
and b.

For small problems, we can evolve Eqs. (9-11) using a dense matrix for A, and check step by step that the
components and final likelihood agree with the analytic solutions. I find that steps d lnλ = 0.2 are sufficient in
practice for my test problems, after realizing that it is very helpful to use at least 2nd order accurate mid-point stepping
(https://en.wikipedia.org/wiki/Midpoint_method), instead of the most naive possible 1st order stepping. For

https://en.wikipedia.org/wiki/Midpoint_method


6

0.0 0.5 1.0 1.5 2.0 2.5
k

-0.8

-0.6

-0.4

-0.2

0.0

dQ dl
n

FIG. 1. Fourier space dQ
d lnλ

(k) vs. kλ. This shows the range in which fluctuations in φ are being “integrated out”.

larger problems I use canned Julia sparse matrix operations for A. Since Q′ is formally dense (just falling rapidly
to zero with separation), we need to impose by hand a cut on the range of matrix operations to store, which I set
after experimentation to 20λ. Note that this, like d lnλ and other numerical parameters of the method, is a highly
controlled approximation that can be checked for convergence without reference to any known answer. The final
non-trivial numerical parameter is when to coarsen, which I set after experimentation to when λ has evolved to be 7
times the current cell size, i.e., the formula is “if λ > 7c, c→ 2c”, where c is the cell size. These settings determine the
overall speed of the analysis, because they determine how many cells off diagonal must be stored in A, i.e., the product
of the two numbers tells us how efficiently we are accomplishing the dual goals of rubbing out small-scale structure
enough to coarsen without broadening the range at which we need to store correlations any more than necessary. It
may seem like my numbers are surprisingly large, but I am requiring quite high accuracy in the likelihood calculation,
and did not try very hard to, e.g., tune the cutoff function to potentially reduce them. Fig. 3 shows the time per
likelihood evaluation, scaling like No, compared to brute force linear algebra scaling like N3

o . Once the data set is
coarsened to 2048 cells I simply evaluate the remaining integral all at once using Eq. (12).

At this point plotting the results is somewhat anti-climactic, because the calculation simply works, more or less by
construction. Fig. 4 shows the likelihood computed for an No = 262144 data set for different power amplitude values,
compared to an exact FFT likelihood that I can compute for this data set because I made it periodic with homogeneous
noise. The RG calculation does not take advantage of this symmetry in any way. There is one imperfection hidden
in Fig. 4, which shows not absolute 2 lnL but its deviation from maximum – the maximum is off by 36 in the RG
calculation. This is like if you were doing a χ2 test of goodness of fit, and got χ2 wrong by 36 for 262144 degrees of
freedom – it is insignificant to the goodness of fit calculation, which has an rms error of 724. The important thing is
that the offset is practically the same for all parameter values, so does not affect our conclusions about the parameter
(I can make χ2 more accurate by dialing up numerical settings, but there is no point [14]).

While it is pretty clear that the method will deal gracefully with edges and varying noise, just to be sure I did some
tests of this with No = 4096 data sets, for which I can calculate the exact answer by brute force. One test was to
multiply the noise in cells in the second half of the data vector by a factor of 10, and the other was to multiply the
noise in even-index (i.e., every other) cells by 10. These tests give similar agreement to what we see in Fig. 4. Note
that unobserved cells are equivalent to infinite noise, which enter these calculations nicely as N−1ii = 0, which can
be dropped from sparse storage of A. Formally infinite “zero padding” around an observed region, i.e., consistently
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0 5 10 15
r

-0.04

-0.02

0.00

0.02
dQ dl
n

FIG. 2. Real space dQ
d lnλ

(r) vs. r
λ

. This shows the convolution kernel applied during the evolution of A, b, N .

implemented unobserved cells, incur no computational cost beyond the range of smearing of A.
There are some subtleties in numerical evaluation that a potential user should be aware of. You don’t want to

compute the quantity
(
Q−1 + A

)−1
that appears in Eq. 12 naively by computing Q−1, adding that to A, and inverting

the resulting matrix, because Q−1 → K→∞ for high k modes, meaning in practice that, after some evolution, there
are elements of Q−1 too big for the computer to handle. The formally equivalent quantity Q (I + AQ)

−1
is well

behaved when used to compute bt
(
Q−1 + A

)−1
b, because the high k elements of Q go to zero. This trick does

not entirely solve the problem for det
[(
Q−1 + A

)−1]
, however because near-zero eigenvalues are a problem for the

determinant. At this point we notice, however, that we don’t need or want to actually include the term Tr
[
Q−1Q′

]
in our numerical evolution of N ′ (Eq. 11), because we can use the analytic solution of this piece of the equation,

Tr lnQ, to analytically cancel the problematic detQ in det
[
Q (I + AQ)

−1
]

in Eq. 12, leaving us to compute the

perfectly well-behaved det [I + AQ].

III. BEYOND-GAUSSIAN LIKELIHOOD

The derivation of Eq. (7) made no assumption about the form of φ dependence of SI – it is valid for general SI(φ).
In practice SI can be something other than quadratic due to primordial non-Gaussianity [e.g., 15–20], non-linear
gravitational evolution [e.g., 21–44], gravitational lensing [e.g., 45–47], non-linear bias [e.g., 48–62], non-Gaussian
noise [e.g., 63], etc. [e.g., 64]. Eq. (7) always applies formally, but the tricky part is that we must be able to match
the functional dependence generated on the right hand side against terms on the left hand side. E.g., if we add a φ3

term to SI(φ), we will find that all higher order polynomial terms are generated by the evolution. This is due to the
∂SI

∂φt Q
′ ∂SI

∂φ term in Eq. (7), which feeds polynomial terms of order n and m into a term of order n + m − 2, i.e., if

n,m ≤ 2, this is never larger than 2, but n = m = 3 leads to a fourth order term, and so on. (Fig. 9.2 of [13] nicely
represents Eq. 7 in terms of Feynman diagrams.) These higher order terms aren’t necessarily relevant though, i.e.,
computationally significant, so one can hope to simply ignore terms beyond some order. Intuitively, this should be
more likely to work if one starts the evolution at relatively low resolution, i.e., on larger, more perturbative scales.
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FIG. 3. Time per likelihood evaluation, scaling linearly with No for the RG method, compared to N3
o for brute force linear

algebra. This is implemented using canned Julia sparse matrix routines, without much effort to optimize, so the normalization
can probably be reduced significantly. This is running on 1 processor, where, e.g., the No = 524288 run takes 30 minutes.

Note that a polynomial SI is not necessarily the best way to represent non-linearity [e.g., 38].

IV. DERIVATIVES OF lnL, I.E., QUADRATIC ESTIMATOR-TYPE APPLICATION

We could always run the above likelihood calculation for different parameter values in order to compute parameter
dependence, however, it may be more efficient to derive the analytic formula for derivatives with respect to parameters
and then compute that from the data, in the usual way of “quadratic estimators.” Derivatives with respect to
parameters bring down quadratic factors in φ. We should be able to similarly accumulate these integrals.

Consider

∂ lnL(θ|o)

∂θα
= −1

2
Tr
[
P−1P,α

]
+

1

2

∫
dφ φtP−1P,αP

−1φ e−
1
2φ

tP−1φ−SI(φ)∫
dφ e−

1
2φ

tP−1φ−SI(φ)
(15)

where P,α ≡ ∂P/∂θα. Note that we do not need to keep track of the common normalization factor between the
numerator and denominator. We now look to accumulate the contribution coming from insertion of 1

2φ
tP−1P,αP

−1φ.
The leading trace factor can be computed trivially in Fourier space.

Noting that f [φ] e−S(φ) = e−S(φ)+ln f [φ] we see that we can compute integrals like in Eq. (15), i.e., integrals of the

form
∫
dφ f [φ] e−

1
2φ

tP−1φ−SI(φ), by simply inserting SI − ln f in place of SI in Eq. (7). In this way we derive, in
addition to the same evolution equations for SI (i.e., A and b) above,

f ′ =
∂f

∂φt
Q′
∂SI
∂φ
− 1

2
Tr

[
∂2f

∂φ∂φt
Q′
]
. (16)

Note that this is effectively a special case of the general non-Gaussianity discussed in §III, where the particular form
of effective non-Gaussianity here guarantees that we have an exact basis to project onto.
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because this data set was periodic with homogeneous noise. This is for γ = −0.5, N = 262144 data points. All similar figures
look similar, by construction, because if they didn’t I would have dialed up the numerical accuracy parameters until they did.

In the case of Eq. (15), we have fα[φ, λ] ≡ 1
2φ

tP−1P,αP
−1φ+ 1

2φ
tDα(λ)φ+cα(λ)φ+Eα(λ), where Dα(λ = 0) = 0,

cα(λ = 0) = 0, and Eα(λ = 0) = 0, giving

1

2
φtD′αφ+ c′αφ+ E′α =

(
φtP−1P,αP

−1 + φtDα + ctα
)
Q′ (Aφ− b)− 1

2
Tr
[
P−1P,αP

−1Q′
]
− 1

2
Tr [DαQ

′] (17)

Matching coefficients of powers of φ we find:

D′α = P−1P,αP
−1Q′A + DαQ

′A + transpose (18)

(“transpose” here means transpose of the part I wrote on the right hand side to make D′α symmetric)

c′α = AQ′cα −P−1P,αP
−1Q′b−DαQ

′b (19)

and finally

E′α = −ctαQ′b−
1

2
Tr
[
P−1P,αP

−1Q′
]
− 1

2
Tr [DαQ

′] (20)

Note that once λ → ∞, all expectation values of φ go to zero, so the final result of interest is just Eα (which comes
with a normalization factor that is canceled by the denominator). The accumulation of Dα, cα, and Eα will be
dominated by the range of λ corresponding to their band scale, so it should not be necessary to compute them for all
λ, i.e., for a given λ only a limited range of bands near this scale will need to be computed, so the computation time
should not increase by too large a factor over a single likelihood calculation.

The key to the efficiency of this calculation appears to be keeping Dα short range, as we discussed for A above.
The key to this is the quantity P−1P,αP

−1Q′ being a short-range convolution. The Q′ is no more problem than
discussed above, but P,α brings up a new worry. If this represents a band in power narrower than Q′, the range
of convolution must be inversely proportional to the width of the band, i.e., increasing k resolution in the power
spectrum measurement will generally require extended range of Dα. As long as the required fractional resolution is
reasonable, this will just be a prefactor on the fast O(N) scaling.

The 2nd derivative of lnL will proceed similarly, with two-index objects to accumulate.
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V. DISCUSSION

Obvious next steps include applying this approach to real data analysis, and thinking further beyond Gaussianity.
Note that the definition of Q does not need to be isotropic. E.g., for a spectroscopic redshift survey like DESI
overlapping with a lensing survey like LSST [65, 66], we may want to first integrate out small-scale radial modes to
which the lensing survey is not sensitive, before transitioning to a joint analysis of primarily transverse modes. Q
can and should be tuned to the problem at hand, with the only requirement being that calculations are tractable and
have the right limits (i.e, Q must start as P and go to zero for any mode that you want to compress away). Note
that in greater than one dimension it may be faster to integrate and compress by factors of 2 in one dimension at a
time instead of all simultaneously. It might also be possible to compress by less than factors of 2, interpolating onto
an intermediate resolution grid instead of simply adding perfectly aligned pairs of cells.

Considering Fig. 2, it seems likely that a more carefully chosen function that had, in particular, only one zero-
crossing, could be more efficient. I.e., we need one zero-crossing to have mean zero, but given that we would like
the function to be as smooth and compact as possible, and two zero-crossings surely aren’t optimal. Now that we
understand the method better, we see that it may be simpler to use the multiplicative W form of cutoff instead of
the additive K. Another possibility might be to give up exact translation invariance in W or K and instead choose
them to specifically suppress the difference between cells one wants to sum (as opposed to all nearby cells, which is
what the translation invariant version does, but may be inefficient).

For the Gaussian problem where we can solve the evolution equations analytically (see §II B), there is an interesting
possibility of jumping directly from one coarsening step to the next using A−1 = A−10 + Q0 − Q, i.e., given A−10

after a coarsening, we take the full λ step to the next coarsening by computing Q0 − Q and simply adding – this
quantity will have similar sparsity properties to what we have discussed for A. The trade-off appears to be that now
to propagate the contribution to N we will need to numerically invert and compute the determinant of this A−1.
This should be doable because it is sparse, but may not be any faster than just taking the differential steps as in this
paper. Note that I only took 3-4 steps between factors of 2 coarsening in the example problem, with the exception
being leading up to the first coarsening (and even there, it is the last steps before the coarsening that take the most
time, because A has spread the most). This idea would probably be most interesting if in some scenario it is found
that significantly finer lnλ steps are required.

This type of RG approach has been applied to calculations of data-independent statistics of the evolving density
field [e.g., 67–71], but the very simple application here may cast new light on how to think about those applications.
[38] provides an exact functional integral starting point for this. This RG approach should also be another tool within
the “information field theory” formalism of [63, 72].

A fully dense, arbitrary, inhomogeneous noise matrix will of course confound this method. A translation invariant
noise component, i.e., diagonal in Fourier space, could be included in the signal power spectrum part of the calculation.
A contaminant that can be modeled by a reasonable number of vectors contributing to the mean of the field can be
marginalized over (with simplifications if the vectors are, e.g., smooth or localized).

Finally, asking the question “what will we do with a redshift survey of the real, evolving (i.e., not translation
invariant) Universe” leads to the following re-understanding of the key points of the method: Take the definition
Q ≡ WS, where I use S here where I had used P before to emphasize that the signal covariance matrix does not
need to be neatly diagonalizable by a Fourier transform. W starts at I, while we can remove a mode from the data
set if W drives its variance to zero. This is simplest to visualize and implement if S and W can be multiplied along
the diagonal in Fourier space, but clearly a W matrix representing any kind of smoothing operation that suppresses
small-scale fluctuations will allow us to coarse grain. The requirement for the calculation to work is simply that we
can efficiently compute a compact Q′ = W′S.
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