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Abstract. Let g be an untwisted affine Lie algebra with associated Weyl group W, and let W
be the Weyl group of the corresponding simple Lie algebra. To any level-0 weight v we
associate a rooted weighted graph I', that encodes the orbit of - under the action W,. From
a combinatorial point of view, the graph I, is the weak version of the quantum Bruhat graph
for the strong Bruhat order on either W or one of its parabolic quotients. We show that the
graph I, encodes the periodic orientation of certain subsets of alcoves in W, and therefore
can be interpreted as an automaton determining the reduced expressions in these subsets.
Then, by using some relevant quotients of the homology ring of affine Grassmannians, we
show that the graph I, is positively multiplicative: there exists, in some sense, a maximal
family of commuting adjacency matrices which also commute with the one of I',. This
yields the key ingredients to study a large class of random walks which can be either seen
as random paths on alcoves or as interacting particle systems.
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walks
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1. Introduction

The notion of positively multiplicative graphs naturally comes from the study of harmonic func-
tions on infinite graphs and random walks on simple geometric configurations. As defined
in [Ker03] for infinite graded graphs and in [GLT22a] in general, a graph I' is positively multi-
plicative if there exist a commutative algebra A\ together with an element x € A and a basis B such
that the structure constants of A with respect to B are nonnegative and the matrix of the multipli-
cation by x expressed in the basis B is the adjacency matrix of I' . This is the case for example for
the well-known Young lattice of partitions with A the algebra of symmetric functions, B its basis
of Schur functions and x = s(;) the Schur function associated to the partition (1). As explained
in [GLT22a], multiplicative graphs give a convenient tool to study various problems connected to
representation theory of finite groups (character theory), representation theory of Lie algebras
and their associated random walks, harmonic functions and Markov chains on infinite graded
graphs, automatons recognizing reduced expressions in Coxeter groups, orbits in affine crys-
tals etc. In [LT21] it is shown how the study of a natural class of random walks on the alcove
tessellation of type A can be reduced to the determination of the Perron—Frobenius elements for
a suitable positively multiplicative graph defined on k-irreducible partitions (i.e. partitions with
at most k& columns which do not contain any ¢ x (k — i + 1)-rectangle for i = 1...k). One of
the goal of this paper is to extend some results of [LT21] by showing that a much larger class of
graphs defined from general affine Lie algebras are positively multiplicative.

More precisely, let g be a non-twisted affine Lie algebra with associated affine Weyl group W,
and let W C W, be the finite Weyl group generated by the reflections of the root system ¢ of the
corresponding finite dimensional simple Lie algebra. To any level-0 weight ~ of g, we associate
an oriented weighted graph I', that encodes the orbit of « under the action of W,. From a
combinatorial point of view, this graph is built as follows. Recall that the Weyl group W is a
finite Coxeter group generated by simple reflections {si,...,s,} corresponding to a set S of
simple roots in ®. Moreover, there exists J C {1,...,n} such that the orbit of 7 under the
action of TV, is in bijection with the parabolic quotient W7 = W/W, where W, = (s;,j € J)
is the parabolic subgroup induced by J. Then, I', is a weighted and colored extension of the
cover graph of the weak Bruhat order on 17, Namely, each equivalence class of W+ admits a
minimal length representative w with respect to the length ¢ of the Coxeter group W, and the
edge structure on I, is the following:

1. there is an arrow colored 7 with weight 1 from w to w’ if w’ = s;w forsome i €{1,...,n}\J
and ((w') > l(w),

2. there is an arrow colored 0 with some specific weight from w to v’ if w' = syw
and ((w') < f(w), where sy is the reflection associated to the longest root of the root
system (9, S).

The weights of the arrows colored 0 belong to some polynomial algebra in variables indexed
by {1,...,n} \ J, see Definition 4.7 for a precise statement. In type A and when v = p (the
sum of all classical fundamental weights of g), the graph I', is the positively multiplicative
graph on k-irreducible partitions studied in [LT21]. The main result of the present paper is the
following.
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Theorem 1.1. The graph I, is positively multiplicative.

With this positivity property in hand, it becomes possible to generalize all the results
of [LT21] by studying a large class of random walks on each graph I',. Before sketching the
pattern of the proof of Theorem 1.1, let us review several interpretations of those graphs and
their relevance from a combinatorial and probabilistic point of view.

Alcove paths models

The graph I, is defined using the level-0 action of ¥, on the weight lattice. It does however
contains a lot of information on the geometry of alcoves. It is well-known that W, can be re-
alised as a group of affine motions in an affine Euclidean space V' generated by affine reflections.
More precisely, W, is generated by all reflections o, ; with respect to the affine hyperplane
Hyp = {x € V| (z,a) = k} where a € ® and k € Z. Moreover, there exists a finite
root system Y dual to ® such that W, = W x QV, where @V is the coroot lattice generated
by ®V. The set of alcoves is the set of connected components of the set V' \ Unco kez{ Hak}-
The group W, acts simply transitively on this set, hence, fixing the fundamental alcove A, there
is a one to one correspondence between alcoves and elements of W,. In the simplest case v = p,
where p the sum of all classical fundamental weights of g, the graph I', encodes the periodic
orientation of adjacent alcoves in the following way. For v € W and 8 € QV, let us denote
by utg the corresponding element in W,. Let A and A’ be two adjacent alcoves corresponding
respectively to utz and v’ t’ﬁ in W, and let H,, ;, with o € ®7 (the set of positive roots) and k € Z
be the unique hyperplane separating A and A’. Then the set of vertices of I,, is equal to I/ and
there is an arrow from w to «’ in the graph if and only if A lies on the positive side of H, j i.e
the half-plane characterised by (z, ) > k and A’ on the negative side. In the case where ~y
has a non-trivial stabiliser 1¥; in W, the graph I', encodes the orientation of adjacent alcoves
in the so-called fundamental .J-alcove A ; which is defined as the set of points that lic between
hyperplanes Hpzy and Hpg ; for all positive roots 3 in @, the parabolic root system of .

It is interesting to note that since the graph I', naturally encodes the orientation of
adjacent alcoves, it can be interpreted as an automaton for reduced expressions of affine
Grassmannians elements. Indeed, the set ¢ of affine Grassmannians elements is the set of
elements of minimal length in the left cosets of 1V, with respect to the finite Weyl group .
This set can also be caracterised as the set of alcoves that lies in the fundamental
chamber Cy = {z € V | (z,a) > 0, Yo € ®T}. It follows that if w € W20 and s € S are
such that sw,w € W20 then we have sw > w if and only if sw lies on the positive side of
the unique hyperplane separating w and sw. As a consequence, reduced expression of elements
in W2 will be in bijection with certain paths in the graph I',. In the case where 7 has a non-
trivial stabiliser 1/ ;, we obtain an automaton for affine Grassmannians elements lying in the
fundamental J-alcove A ;. Observe there also exist automatons for the reduced expressions of
any element of the affine Weyl groups (see [PY22, PY19] and the references therein).

Central random walks and interacting particle systems

The fact that I', is positively multiplicative has important consequences in the theory of ran-
dom walks on alcoves that never cross twice the same hyperplane. We can expand the graph I,
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to obtain an infinite graph IS which is the graph of the weak Bruhat order on the set of affine
Grassmannians elements that lie in the J-alcove A ; and study Markov chains on this graph. The
case where v = p and each new alcove (or each new vertex) is chosen uniformly among all the
possible alcoves (vertices) was considered in [Lam15]. More in the spirit of the works by Kerov
and Vershik [Ker03], one can also study central random walks on alcoves or central Markov
chains on I'S. This is another class of random walks that never cross twice the same hyperplane
for which two trajectories with the same end points have the same probability. These are con-
trolled by the positive harmonic functions on I';, (see [LT21] for the case v = p in type A).
Then, thanks to the positivity of I',, the determination of these positive harmonic functions is
completely explicit. This is a particular case of a more general phenomenon for positively mul-
tiplicative graphs detailed in [GLT22a]. It then becomes possible to obtain a rational expression
for the drift of the previous central random walks (i.e. for all types and for all level-0 weight ~y)
from the methods and results obtained in [LT21] for the affine Grassmannian in type A. We will
not pursue in this direction in the present paper where we rather focus on the algebraic properties
of the graphs I',.

In classical types, the case I',,, where w; is a fundamental classical weight is also of special
interest since it describes the transitions of k particles moving with small steps on a circle (in
type A) or on a segment (in type B, C, D) with n sites without intersecting each other. This
problem in type A is studied in details in [GLT22b] using the fact the eigenvalues and the eigen-
vectors of the adjacency matrix of I, are known. A precise asymptotic behavior of the random
walk on the graph is obtained and asymptotic formulas are deduced for the coefficients of the
quantum cohomology of Grassmannian. It would be interesting to study the spectral properties
of the adjacency matrices of the graphs I'., in general.

Finite affine crystals

Finally, the graph I',, also carries information on finite affine crystals. To any fundamental clas-
sical weight w; € P, there exists a finite-dimensional representation of the quantum group Uy (g)
called a Kirillov—Reshetikhin module. In many cases (in particular for the classical affine root
systems), this module is known to admit a combinatorial skeleton B(w;), its so-called associ-
ated crystal (see [BS17] for a complete review on crystals). There is an action of the affine Weyl
group W, on B (w;) defined using its i-chains structure: for v € B (w;), the image of v under
the action of s; is the symmetric of v in the ¢-chain containing v. The crystal B (w;) contains a
unique vertex vy of weight w; and the orbit of vy under the action of W, on this crystal is the
same as the orbit of w; under the action of W, in the following sense: the weight of the ver-
tex w - v is w(w;). Thus the graph I',,, also encodes the action of W, on vy. In type A, since all
the i-chains in B (w;) have length at most 1, we actually so recover the full crystal B(w;). More
generally, one can associate an affine crystal §(fy) to any dominant classical weight v = > yw;
using tensor products of crystals by setting

~

B(y) = Bw)®" ® - ® B(w,)®™.

As before, there is an action of W, on é(fy) and the orbit of the unique vertex of weight v in B\(fy)
under this action is the same as the orbit of « under the action of WW,. Hence the graph I', also
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encodes the action of the affine Weyl group on E(v) Here again, it is a natural question to ask
for the affine crystals B (y) that could be positively multiplicative when they do not reduce to one
orbit. In connection with the alcove model for KR-crystals developed in [LNS™15, LNS™17] it
would yield interesting generalisations of the previous alcove random walks.

Related works

Recall that the graph I, is a weighted version of the cover graph of the weak Bruhat order on the
Weyl group W, with some extra edges coming from the action of sy, where 6 is the highest root
of ®. They are the weak twins of the quantum Bruhat graph for the strong Bruhat order and its
parabolic versions, see [BFP99]. They are also folded versions of similar graphs which have been
introduced in [LS07] to study the weak Bruhat order on affine Lie algebras (see also [LLM ™' 14]
in type A). In [LSO7], the authors have already studied the relation between the weak and the
strong versions of these graphs in the affine case and for certain parabolic subcases.

The quantum Bruhat graph can also be shown to be positively multiplicative using the quan-
tum cohomology ring QH(G/B) of the flag variety associated to W and a particular
basis {q%0y, fwewaenn indexed by W x N™. By [LS10], QH(G/B) is isomorphic to the ho-
mology ring of affine Grassmannians up to a localization. As such, the graph I', should also
appear as the graph of the multiplication of a distinguished element o of Q H (G /B) on the same
basis as the one of the quantum Bruhat graph. We did not follow this path in the present paper,
in particular because the geometric interpretation in terms of alcove paths of the strong Bruhat
order is more complicated than for its weak version. Nevertheless, our results together with the
isomorphism from [LS10] suggest that the corresponding distinguished element of QH (G/B)
should be o,,, where ¢ is the highest root previously introduced (see also Section 3.1). The
same result should hold more generally for any graph I', by considering the quantum cohomol-
ogy ring Q H(G/ P) of the adequate partial flag variety GG/ P. In particular, the correspondence
from [LS10] should also allow to compute the structure constants of the homology ring of the
affine Grassmannians using known formulas for the ring of the quantum cohomology, see for ex-
ample the algorithm of Mihalcea [Mih(07]. We also expect it could be connected to the quantum
alcove path model developed in [LNS*15, LNST17].

Pattern of the proof

The main tool to prove Theorem 1.1 is the homology ring of affine Grassmannians. We refer
to Section 5 for precise definitions and some references. The homology ring of affine Grass-
mannians A is a commutative Q-algebra with a distinguished basis {&,, | w € W20} such that
the structure constants with respect to this basis are positive integers. In type A, this ring can
be identified with a subalgebra of the symmetric functions and the previous distinguished basis
then coincides with the basis of k-Schur functions (see [LLM ™ 14]). This positive structure is
the key to our result. The connection between A and our graph is made through the Pieri rules
that describe in particular the multiplication by &, in A:

fsofw = Z aifsiw for all w € Wé\o
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where the sum is over all i € {0,...,n} such that s,;w > w and s;w € WA°, As it has been
shown by Peterson (see also [LLM*14, Chapter 4, Cor. 4.14]), the algebra A has very nice
factorisation properties: for all w € W20 and all w;, we have uwt.,, = &wét,,- This property can
be used to show that A is finite-dimensional over the ring of polynomials Q[ ;- ., &, |- In
turn, this allows us to extend the scalars in the definition of A to the ring of Laurent polynomials
and to define a basis in bijection with the full set of alcoves, not only the affine Grassmannians
elements. We then show that the adjacency matrix of I, is essentially equal to the matrix of the
multiplication by &, in this extended algebra expressed in a well chosen basis, hence showing
the positivity. In the more general case where v has a non-trivial stabiliser in W, we introduce a
quotient of some ideal of our extended algebra that has a basis in bijection with the set of alcoves
in A, and show that there are extra factorisation properties by “pseudo-translations” in this
quotient. We then interpret the adjacency matrix of I', as the matrix of the multiplication by 550,
the image of {,, in the quotient, hence showing the positivity of I',. It is worth noticing here that
one can apply to I',, the general procedure for computing positively multiplicative bases obtained
in [GLT22a]. This gives a simple way to compute the structure constants of the homology ring
of affine Grassmannians, at least in small ranks and this has been done in type G [Gui23]. Such
structure constants can also be computed using the correspondence between the homology ring
of affine Grassmannians and the quantum cohomology ring of the flag variety associated to 1/,
see [LS10] and the next paragraph for more details.

We now review the content of the paper. In Section 2, we give some results and definitions
of [GLT22a] about positively multiplicative graphs. In Section 3, we introduce the notion of
affine Weyl groups together with their action on the weight lattice P, and their action on the set
of alcoves. In Section 4, we define the graph I', associated to a level-0 weight v and provide
a lot of examples. In Section 5, we introduce the homology ring of affine Grassmannians and
present some of its properties. In Section 6, we prove that I, is positively multiplicative for all
level-0 weight +. Finally, in Section 7, we present an interpretation of the graph I',, for classical
types in terms of particle moving on either a circle or a segment.

2. Multiplicative graphs

In this section we review some results of [GLT22a]. We start by defining the notion of positively
multiplicative algebras and positively multiplicative graphs.

2.1. Multiplicative finite graphs

LetZ = {z;,...,zy} be a set (possibly empty) of formal indeterminates. Let Q[Z*!] be the ring
of Laurent polynomials in the variables Z and let Q(Z*!) be its fraction field. Write Q [Z*!]
for the subset of Q[Z*!] containing the polynomials with nonnegative coefficients.

Let A be a unital algebra over Q[Z*!] and let b be a basis of A containing 1. We say that A
is positively multiplicative with respect to b, if the structure constants of the basis b are all
in Q. [Z*']. We say that A is positively multiplicative if it is positively multiplicative with respect
to some basis containing 1.
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Let I' = (V, E) be a finite oriented weighted graph with set of vertices V' = {vy,...,v,},
set of arrows £ C V x V and edge weight function with values in Q. [Z*!]. We denote
by Ar = (a;;)1<i j<n the adjacency matrix of I', that is the coefficient a; ; is equal to 0 if there is
no arrow from v; to v; and to the sum of the weights of the arrows from v; to v; otherwise. The ad-
jacency algebra of T is the algebra Q[Z*!][Ar] of polynomials in Ar with coefficients in Q[Z*!].
It will often be convenient to split any arrow in I" weighted by a polynomial P in Q. [Z*!] into
a multiple set of arrows, each of them being weighted by a monomial in Q [Z*!].

In this section, we will assume that all graphs are strongly connected. This means that for
each pair of vertices (u, v), there is an oriented path from u to v.

Definition 2.1. A graph I' = (V, E) is said to be multiplicative at v;, € V if its adjacency
algebra is contained in a commutative algebra A of n x n matrices with coefficients in Q(Z**)
with a basis b;, = {b;,7 = 1,...,n} such that

b;, = 1 and Arb; = Zai,jbi forany j =1,...,n.
i=1
In other words, the matrix Mat biy (m.a,.) of the multiplication by Ar in the basis b;, is Ar itself. In

addition, if the algebra A is positively multiplicative with respect to b;, we say that I is positively
multiplicative at v;,.

Let A be a commutative algebra and x € A. As above, we write m, for the linear map A — A
defined by m,(a) = za. We start by stating a useful and easy result.

Proposition 2.2. Let I be a finite oriented weighted graph with adjacency matrix Ar = (a; ;).
The graph I' is multiplicative at v;, if and only if there exists a commutative n-dimensional
algebra \ over Q(Z*'), an element x € N and a basis b = (by,...,b,) of A\ such that b;, = 1
and Mat,(m,) = Ar.

Proof. Assume that there exists such an algebra A. The map

Mat, : A — Mat,(Q(Z*))
y —  Maty(my)

is an injective morphism of algebras. Therefore, Matg(A) is a commutative subalgebra
of Mat,,(Q(Z*')). We claim that I is multiplicative at v;, with associated algebra Maty(A)

and basis
{Matb(mbi) ’ 1= 1, ce ,n}.

Indeed we have xb; = mg(b;) = >_7" a; ;b; so that m,,, = > a; jm,. Then
Ar Maty(my,) = Maty(m,) Maty(mp,;) = Maty (m,my,) = Matp(1mb,)
= Z Q5 5 Matb(mbi).
i=1

Since b;, = 1, we have Matb(mbio) = lpat, (Q(z+1)), hence the result. The converse is obvious
by definition of a positively multiplicative graph. [
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2.2. Graph of maximal dimension

We say that a graph ' is of maximal dimension when its adjacency algebra is of dimension 7,
the number of vertices in I" and the size of Ar. This is the case if and only if the minimal
polynomial 4, of Ap is of degree n.

Proposition 2.3. [GLT22a, Proposition 3.8] Let " be a graph of maximal dimension. Then there
exists a basis b = (by,...,b,) of the adjacency algebra of Ar such that Maty(ma,.) = Ar.
Further, if b;, is invertible, there exists a unique basis b’ = (b}, ..., b}) such that b;, = 1
and Maty (ma,.) = Ar.

Note that this is not always possible to find an index 7 such that b;, is invertible, see [GLT22a,
§3.2] for details.

A path of length N € Nin a graph I is a sequence vy, vy, . .., vy of vertices together with a
family of arrows (e, ..., ey) where e; is an arrow from v;_; to v;. The weight of a path is the
product of the weights of the arrows, it is therefore an element of Q_ [Z*!].

Letk € {1,...,n}. We denote by M}, the n x n matrix whose coefficient m, ; is the sum of
the weights of all paths of length j — 1 starting at v and ending at v;.

Theorem 2.4. [GLT22a, Theorem 3.12]

1. The graph ©' is multiplicative at v,, and is of maximal dimension if and only
if the matrix M,;, is invertible.  In this case, the columns of Migl define a
basis b;, = {by,...,b;, = 1,...,b,} of the adjacency algebra (expressed in the ba-
sis {1, Ar, ..., A"'}) that satisfies Maty, (ma.) = Ar.

.. . . . . . 1 +1
2. When M, is invertible, the entries of the matrices in the basis b;, belong to 1 i, Q[ZF1].

3. When j14 is irreducible, the matrix M, is invertible for any vertex v;.

Example 2.5. Consider the graph I" with adjacency matrix Ar given as follows:

002123220
100 0 0 2z
o1 0 0 0 z
AF_OlOOOz1
00 1 1 0 0
000 0 1 0

The minimal polynomial of Ar is

fiap(T) =T — 2(zy + 23) T® — 42,7 + (21 — 23)°
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which is irreducible. The matrices M, and M, * are respectively

100 z1+2z3 22 0 10 0 0 —afE gz
010 0 z; + 73 4z, 0 1 212%23 Zf% 0 —%
001 0 0 zi+3z| 00 i | 0
001 0 0 Bz+z| oo o o 1 0
000 2 0 0 00 0 0 0 1
000 O 2 0 00 z— - 0 0

2z1—2z3 2z3—2z7

The graph I' is multiplicative at v;. Observe that in this particular example, that all the entries

in{b; =1,...,bg} belong to Q, [z1, z, z3]. For example, we have
0 Z1 Zy 0 0 Z1Z3
0 O Z 0 Zy 0
1 1 >, 1\ |10 000 0
bg = E—— (222A + 5(321 + Zg)A — EA ) = 00 00 2 Z,
01 00 0 =z
0 0 01 0 O
2.3. Expansion of a graph
Let I be a strongly connected weighted graph with set of vertices {v1, ..., v,}. We assume that

all the weights in I" are positive monomials in Q [Z*1].

Definition 2.6. The expansion of the graph I' at v; is the graded graph with set of verti-
ces I, = (I')4en+ constructed by induction as follows:

. Fl = {(Ul, 1, ].)}
m; Bij
. if (v;,2%,¢) € T* and there is an arrow v; 2> v; in T then (v;, 245 { + 1) € T+
and there is an arrow (v;, 2%, 0) "=’ (v;,2°*%3 ¢ + 1) in T,.

Assume that I' is a finite positively multiplicative graph. As in Definition 2.1, let A be a
commutative n-dimensional algebra over Q(Z*!), z € Aand b = (by,...,b,) abasis of A such
that b; = 1 and Maty(m,) = Ar. Since A is an algebra over Q[Z*!], it can also be seen as
a Q-algebra of infinite dimension with basis

{Z°b; i€ {1,...,n},B€Z™}

where for all 5 = (B1,...,3n) € Z™ we have set z° = zfl ...Z0". We will denote by Ag this
algebra. We set \, = Ag ®q Q[q] where q is a new indeterminate. It is easy to check that the set

b, = {q'z’b; |i € {1,...,n},B € Z™,( € N}

is a basis of A’. We write A, for the subspace of A’ with basis b, = {q‘z°b; | (v;,2°,¢) € T.}.
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Proposition 2.7. With the previous notation, the following assertions hold in ..

1. For any vertex (v;,z°, () € T,

qr x q'z°b; = Z m;;q° 127 b;.

e
(vj,2P,0) 2 (v4,28' 0+1)

2. The element 1 = q°2°b, belongs to b, and the product of two elements in the basis b,
expands on b, with nonnegative coefficients. In particular N\, is a positively multiplicative
subalgebra of N, with associated basis b.

Example 2.8. The expansion of z; ‘@’ z, is the graph

(v1,1,1)

(v2,1,2)

DY

(/0192193) (U192273)

(v2,21,4)  (v9,22,4)
VRNV
(1 ,z%,S) (v1,2122,5) (vl,zg,S)
! | l
(V9,22,6)  (V2,2129,6)  (v2,235,6)

SN N SN

(Ul ,2?77) (Ul 52%2297) (Ul ?212377) (01’23,7)

3. Affine Weyl group

3.1. Affine root systems and affine Lie algebras

Let ] ={0,1,...,n}, I* ={1,2,...,n} and A = (a; ;) )er> be a generalized Cartan matrix
of a non-twisted affine root system. These affine root systems are classified in [Kac90] (see the
Table 1 page 54). The matrix A has rank n and there exists a unique vector v = (a;);c; € Z"*
with (a;)e;s relatively primes and a unique vector vV = (a));c; € Z"! with (a));e; relatively
primes such that v¥ - A = A - ' = 0. Note that, since we are in the non-twisted case, we
have ap = aj = 1. We refer to [Car05, Kac90] for details and proofs of the results presented in
this section.
Let (b, I, 1Y) be a realization of A that is

1. b isacomplex vector space of dimension n + 2,
2. I={ag,...,a,} Ch*and IV = {ay, ..., } C b are linearly independent subsets,

3. a;; = (ozz-,oz}/> for0 <i,5 < n.
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Here, (-,-) : h* x h — C denotes the pairing («, h) = a(h). Fix an element d € b such
that (a;,d) = &y, for all i € I so that ITV U {d} is a basis of h. We denote by g the affine Lie
algebra associated to this datum and refer to [Kac90] for its definition.

Let Ag, ..., A, C bh* be the such that

A,L(Oé;/) = (51'73‘ and Az<d) = 0 for all ’l,j el
Weset 6 = 3 7 a;a; so that

n

éa)) = Zajaj(af;/) = Zajam =[Av]; =0 and §(d) =ap = 1.
=0

=0
Then the family (Ao, ..., A,,d) is the dual basis of (o, ..., ), d) C b and we have
aj; = Z(aj,al\/w\i + (o, d)é = Zai,in forall j € I*.
iel icl

There exists an invariant nondegenerate symmetric bilinear form (-, -) on g such that (-, -) is
nondegenerate on h and uniquely defined by

(o, af) = (ozi,ozﬁaia;/_l = ajay_lajﬂ- fori,jel
(af,d) =0 fori e I'*
(ay,d) = ag

(d,d) =0

It can be checked that (o, af) = (af, ;') forall 4, j € I. Let v be the associated map from b
to its dual:
v : h = b
2(0[1', Oéj) v
Then we have v(d) = Ao, a;; = ———= and v(o) = ———. The form (-,-) on h then
’ (v, i) (v, )
induces a form on h* via v. We still denote this form (-, -) and we have

20(1'

(viy ) = a)a; ta;; fori,j el
(Oéi,Ao):O fori e I*
(@0, Ao) = ag!

(Ao, AQ) — O

(A075) =1

There are different objects associated to the datum (b, IT, ITV), some of them live in b other
in h*. We will as much as possible use the following convention: we will add the suffix “co” to
the name of the object to indicate that it naturally lives in f (eventhough we sometime think of
it as an element of h*) and we will add a superscript ¥ to the notation. For instance, ) is called
a coroot as it is an element of . We now introduce various lattices:
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. the coweight lattice: P,/ := @,_; Zay + Zd C b,

. the weight lattice P, = {y € b* | v(PY) C Z} = P,.,; Z\; + Z0,

il
. the dominant weights in h* are the elements of P = @, ; Z>oA; + Z0,
. the root lattice Q, = @, Zay;,

. the coroot lattice Q) = @, Za;'.

For any i € I, we define the simple reflection s; on h* by
si(z) =z — (o, z)a; for any x € b*.

The affine Weyl group W, is the subgroup of GL(h*) generated by the reflections s;.
Since (Ao, ..., Ay, 0) is the dual basis of (a, ..., ), d), we have forall i € [

5i(6) =0 — (o), 0)a; = 0
si(Aj) =4A; ifi# ]
si(ag) = —

The Weyl group W, is acting on the weight lattice F,.

Let A be the matrix obtamed from A by deleting the row and the column correspondmg
to 0. Then it is well-known that A is a Cartan matrlx of finite type. Let F)* and f) be the vector
spaces spanned by the subset =Tl \ {a} and v — 11 \ {ag }. The root and weight lattices
associated to A are Q =6, ;. Za;and P = P
for all © € I*. We denote by W the finite Weyl group associated to fci: it is generated by

il s~ Zw; where we have set w; = A; — a;'Ag

the orthogonal reflections  Si with respect to the hyperplane orthogonal to «; in h* Finally we

set Q¥ = @, Zay C f)* Note that the reflection s; € W, for ¢ € I* stabilises h* so that the
Weyl group W can be seen as the subgroup of W, generated by (s;);cs+-

Let 0 be the highest root of the finite root system II = {ay,...,a,}. Since we assumed
that we are in the untwisted type, we have 0 = o + 6. Let sy be the orthogonal reflection with
respect to 6 defined by s¢(y) = v — (0Y,~)0. For all v € h* we have

1
Consider 3 € ho*. We define the map ¢5 on bh* by

) =7+ (1,0)6 = ((1.8) + 36, 8)(,6))6

for all -y in h*. Note that if (y,0) = 0 (as it is the case when v € h*) we get a simpler formula

ta(y) =7 — (v,8)d.
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o
It is important to observe that 5 doesn’t act as a translation on h*. Nevertheless it can be shown
that

o tg o tgl = t5+5/ for all ﬁ, 5, S f)*,
. wotgow ' =t,p forall € bh*andw e W,
e So = t989 = Sgt_g.

These relations tell us that W, is the semi-direct product of the finite Weyl group IV with a lattice
that is generated by the W -orbit of 6. In the untwisted case, this orbit is equal to v(Q") so that
we have

W, ~W x v(QY).

We will simply write W, ~ W x @V where we identify Q¥ with the lattice v(Q") given by:

@Zy(oziv) = @Z 204 c b

icl icl (e, ;)

3.2. Affine action of 1/, on alcoves

In the previous section, we have seen that the affine Weyl group W, is a semi-direct
product W, ~ W x Q. In this section, we construct an affine action of T, on the set of
alcoves in an Euclidean affine space V' of dimension n. This action can be realised from the
linear action in h* described in the previous section but the construction is technical and we
will not need it here. We refer to [Kac90] and [Car05] for details of this construction. For the
conventions in this section, we refer to [BouO7].

Remark 3.1. We will write the action of I/, on the affine space V" and on the set of alcoves on the
right. Let us briefly explain why. In this paper, we are studying the orbit of some weights v € b*
under the action of W (and W,). We have written this action on the left, so that if + has a
stabiliser of the form W; where J C [I*, then the orbit of v under the action of W will be in
bijection with the set W7 of minimal length representatives of W/W; = {zW, | x € W,}. By
considering a right action on the set of alcoves, the set 1/ 7 becomes connected (i.e. is made up
of adjacent alcoves) and this makes it much easier to draw, see Examples 3.5 and 4.14.

We start with @, a reduced, irreducible, finite, crystallographic root system with set of sim-
ple roots A = {ay,...,q,} in an n-dimensional R-vector space V' with inner product (-, -).
Let @ be the positive roots associated to A. For all « € @, we define H,( to be the
hyperplane orthogonal to o and s, to be the orthogonal reflection with respect to H, .
Setting oV = 2a/(«, ) for all « € ¢ we have

Hyo={x eV |(z,a)=0} and (7)sa0=12— (z,a)a".

The Weyl group W of & is the subgroup of G L(V') generated by the orthogonal reflections s,
with a € ®. It is a Coxeter group with set of distinguished generators S = {s, ..., s,} where
we set s; = Sq,;.0-
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The dual root system of ® is ®¥ = {a¥ | a € &} and the coroot lattice of ®
is Q¥ = Z-spanof ®V. The fundamental weights of ® are the vectors wi,...,w,
where (w;, o) = 0;;. The weight lattice is P = Zw; + - - - + Zw,, and the cone of dominant
weights is P = Nw; + - - - + Nw,,. Note that Q¥ C P.

The Weyl chambers are the closures of the open connected components of V'\ 7, where

The fundamental Weyl chamber is defined by
Co={ze€eV|(zr,a) >0forallav € "},

The Weyl group W acts (on the right) simply transitively on the set of Weyl chambers.

The Weyl group W acts on ¥ and the affine Weyl group W, is W, = W x Q¥ where we
identify A € @V with the translation (z)ty = x + \. For « € ®* and k € Z, we define the
hyperplane

Hyp={xeV|(z,a) =k}

and write s,j for the (affine) orthogonal reflection with respect to H,;. Explicitly,
()Sar = © — ((x,a) — k)oY, so that s = Satkav. It is well-known that 1, is generated
by the orthogonal reflections s, ; and that it is a Coxeter group with distinguished set of gen-
erators S, = {So, S1,.-.,5n}, Where s = sptgv, with 6 the highest root of ®. Any element
of W, can be uniquely written under the form wut, where u € W and o € QQ¥. We define two
applications f : W, — W and wt : W, — Q" via the equation w = f(w)t(w).-

Each hyperplane H,, j with « € ®* and k € Z divides V' into two half spaces, denoted

H,={reV|(z,a)>k} and Hi, ={zecV|(z,a) <k}

This is the “periodic orientation”: it is invariant under translation by A € @V since
+ o4yt

Ha,kt/\ - Ha,k—i—()\,a)'

The alcoves of W, are the closure of the open connected components of V'\ F where

F= |J Hun

acdt keZ

The fundamental alcove is defined by
Ay={x eV |0< (v,a)<lforalla € "},

The hyperplanes bounding A, are called the walls of Ay. Explicitly these walls are H,,
with7 =1,...,n and Hy,. We say that a face of A (that is, a codimension 1 facet) has type s;
fori =1,...,nifitlies on the wall H,, o and of type s if it lies on the wall Hy ;.

The affine Weyl group W acts simply transitively on the set of alcoves, and we use this
action to identify the set of alcoves with 1W. We will denote this action on the right and identify
the set of elements of 1V, with the set of alcoves via w <+ Ayw. The fundamental alcove A,
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corresponds to the identity element e. Moreover, we use the action of W, to transfer the notions
of walls, faces, and types of faces to arbitrary alcoves. Alcoves A and A’ are called s-adjacent,
written A ~, A’,if A # A’ and A and A’ share acommon face of type s. Under the identification
of alcoves with elements of 1V, the alcoves w and sw are s-adjacent.

Definition 3.2. Let w € W, s € S and H be the unique hyperplane separating w and sw. We
say that the crossing from w to sw is positive and write w S swifw e H™ and sw € HT. We
say that the crossing is negative and write w ~~ sw otherwise.

Letw € W, and let (s;,,..., ;) € S* be such that w = Si, - .- 8i;. Then we have

e ~s,

iy Sin sy SiaSip sy ~si, Sig " Siq-

2 3

In this way, the expression of s;, . .. s;, representing w determine a sequence of adjacent alcoves
starting at A, and finishing at Agw. It is a well known result that the length of w € W, is equal
to the number of hyperplanes that separate Ay and Agw.

Example 3.3. Let ® be a root system of type G with simple roots «; and a, and fundamental
weights w; and wy. We have P = 0V, and the dual root system is

OV = +{o), a5, ) + ) + 20, o + 3, 20 + 3ay }.
Recall that the affine Weyl group acts on the right on the set of alcoves. In the figure below
. the dark gray alcove is the fundamental alcove Ayg;
. the thick arrows are the coroot system ®;
. the alcove w = s550515257 is in dark green.

. the set of alcoves s9, S250, S25051, S2505152 are in orange and numbered respectively from
1 to 4.

. the set of alcoves S1, 8281, 515251, S0S152S51, S250S5152S571 aArc in green.

t H2a1+3a2,2

L
2 i,_ H2u1+3(y2,1

4 3
1

£ Haay+305,0
iH20¢1+30¢2,—1
—F ] — —l—H201+3az,72

HO(Q,—Z HaQ,O Haz,?

Figure 3.1: Alcoves and root system in type Gs.
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3.3. Affine Grassmannians

The weak (left) Bruhat order on W, is defined as follows: we have v < v if and only if there
exists a reduced expression of v ending by a reduced expression of .

Definition 3.4. The affine Grassmannian elements are the minimal length representatives of the
left cosets of W, with respect to the finite Weyl group 1. We will denote this set W2°. The
weak Bruhat order induces a graph structure on WA and we will denote this graph by T',,.

When identifying the set of alcoves with W,, the set WA° is simply the set of alcoves that
lies in the fundamental Weyl chambers Cy. Two elements of WA are connected by a directed
path in the graph Iy, if and only if there is a path from one to the other such that all the crossing
are positive.

The graph I'y, also describes the orbit of the weight Ay under the action of W,. Indeed
the stabiliser of Ay in W, is the finite Weyl group W, so that the orbit of A is in bijection
with W, /W.

Example 3.5. Let ® be a root system of type A, with simple roots a; and a. The dual root
system is
OV = +{a), a5, ] +ay }.

In type A, it can be useful to color the faces according to their types. In the picture below,
we have colored the s1, s5 and sg faces in blue, green and red respectively. The gray alcove is
the identity and the light gray alcoves represent WA°. We represent the graph I'y, on the right
hand-side. Note that it coincides with the expansion obtained in Example 2.8.

VAVAVAVAVAVAVA
\VAVAVAVAVAVAV @ @ @
\VAVAY, VAVAV. -
(10) (20)

INONONINININ/N
\VAVAVAVAVAVAVY
\AAANNN/

Figure 3.2: Affine grassmannians in type A, and its induced graph.

4. The graphs I', associated to level-0 weight
The level-0 weight lattice is the sublattice of P, defined by

Py = @Zwi + 7Z6.

iel*

The lattice F} is stabilized by W,. In this section, we construct graphs encoding the orbit of the
elements of P, the so-called level-0 weights, under the action of 1V,. We denote by Z[(Q)"] the
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/

group algebra of Q¥ over Z and write z* for the element associated to o € Q" so that z%z® =z+
Recall that the affine Weyl group W, is the semi-direct product W x Q¥ and that we de-
fined f : W, — W and wt : W, — Q" via the equation w = f(w)tu(w).-

Remark 4.1. We work over Q to fit with the setting of multiplicative graphs.

4.1. The graph I,

We look at the level-0-weight p = w; + - - - + w,,. The stabiliser of p under the action of W is
reduced to the identity.

Definition 4.2. The graph I', is the oriented weighted graph with weights in Z[Q"] defined as
follows

. the set of vertices is W

. there is an arrow w—%)siw of type ¢ and weight a; for ¢ € I* when {(s;w) = {(w) + 1

. there is an arrow w%f(sow) of type 0 and weight z* when /(f(sow)) < {(w)

and oo = wt(sow).

There are different ways to interpret the graph I',,. First, if we forget about the weights and
the orientations of the arrows, then the graph I', is the Cayley graph of IV with generators s;
and sq. Indeed we have f(sqw) = sqw for all w € W. As a consequence, since the stabiliser
of p is reduced to the identity, this shows that I, represents the orbit of p under the action of 1.
The edge weight function on I', allows to recover the action of W, on p. Letw € W. If we
set u = f(spw) and o = wt(sow), we have

sow(p) = uta(p) = u(p — (p, a)d) = u(p) — (p,@)d

so that the weight « on the arrow from w to f(sow) gives the coefficients of § in the equality
above. Next, if we forget about the 0-arrows, then the graph I',, is the graph of the weak Bruhat
order on V. Finally, I', also encodes encodes the orientation of adjacent alcoves as we will see
later in this section.

In the following, when drawing examples of graphs I',, we will omit the type ¢ € I on the
arrows as it can be deduced from the two extremities of the arrows. Further, we do not indicate
the weight of an arrow when it is equal to 1.

Example 4.3. We draw the graph I',, in type Ay. Wesetz; = z* and z, = z*2 in Z]Q"]. The ar-
rows going downward are all of type ¢ with ¢ € I* and of weight 1 since we have ap=a;=as=1.
The arrows going upward are all of type 0. On the left hand-side, we label the vertices with 11/
and on the right hand-side with the corresponding weight w(p). One can notice that when the
arrows are going down (respectively up), so does the weights (mod ¢).
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Figure 4.1: The graph ', in type As.

Example 4.4. We draw the graphs I',, in type Gla. Again we set z; = z* and z, = z°2 in Z[Q"]
and we keep the same convention as in the previous example.

Figure 4.2: The graph ', in type Go.

All the arrows in the graph I', are of the form a,z* where o can be equal to 0. Recall
that o # 0 if and only if ¢ = 0 and in this case, we have ay = 1. In the following proposition, we
show how one can determine the sign of the crossing between two adjacent alcoves w and s;w
in W, by looking at the direction of the arrow between f(w) and f(s;w) in the graph T',..

Proposition 4.5. Let w € W, and i € 1.

1. If there is an arrow from f(w) to f(s;w) of weight a;z* in I, then the crossing from w
to s;w is negative and wt(s;w) = wt(w) + a.

2. If there is an arrow from f(s;w) to f(w) of weight a;z" in T, then the crossing from w
to s;w is positive and wt(s;w) = wt(w) — a.
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Proof. We only need to prove (1). Let § € Q¥ and u € W be such that w = utz. The crossing
from w to s;w is of the same sign as the crossing from u to s;u since the orientation is left
unchanged by translation. In the case where i € [*, we know that the crossing from u to s;u
is positive if and only if ¢(s;u) < ¢(u). Further, we have wt(s;w) = wt(w) and @ = 0 so
that wt(s;w) = wt(w) + «. Assume now that ¢ = 0. The alcoves u and sou are separated by the
hyperplane (Hp1)u = Hg, 1. We have

U~ sou <= (Q)u € O~
> ((spu) < {(u)

<= there is an arrow from u to spu inI',.

The last equivalence comes from the fact that f(u) = w and f(spu) = spu. We prove
the equality about the weight. By definition of I', we have wt(spu) = « and we
get wt(sow) = wt(sputz) = o + [ as required. O

Let 7 be a (undirected) path on the graph I',, that is, 7 is a sequence ug, uq,...,uy in W
such that forall £ € {1,..., N} there is an arrow from u_; to uy or from wuy, to uy_; (7 does not
have to follow the directions of the arrows). We define the word of 7 to be (i1, ..., ix) Where i

is the type of the arrow between wuj_; and u; and the group element of T tobe s;, - - - s;, € W,,.
Obviously, two different paths can have the same group element. Conversely, to any w € W and
any expression (not necessarily reduced) w = s;, ...s;,, we can associate a path 7 in I, that
starts at e and follows the arrow of type i1, ..., in.

With this in mind, the graph I', can be interpreted as an automaton for the set of affine
Grassmannians. This is a consequence of the following well known fact on affine Grassman-
nians. Let w € W, such that w = s;,...s;,. Thenw & ch\o and the expression s;, ... s;,
is reduced if and only if the crossing from s;, ...s;, to s;_ S ...Si is positive for
all1 < k < N — 1. Thus, w € W2 if and only if the path 7 (starting at e) correspond-
ing to the expression s;, ... s;, of w only follows arrows in the opposite direction.

Example 4.6. We continue the previous example in type Gs. In order to picture the automa-
ton more easily, we start at the identity (the black vertex) and we reverse the orientation of
the arrows. We do not indicate the weight of the arrows (it doesn’t play any role here) but
we put the generator s; when an arrow is of type 7. One can obtain all reduced expressions
of the affine Grassmannian elements simply by considering all the oriented paths starting at e
and by concatenating the type of the arrows from right to left. For instance, one can check
that the translations by the fundamental weights t,,, ., are in W2 and that the expressions
tw, = 51525152505152515250 and t,,, = 525152515250 are reduced.
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Figure 4.3: The graph ', in type Go.

4.2. The graphs I',

The construction of the previous section can be generalised to any level-0 weight. The main dif-
ference is that such weights can have a non-trivial stabiliser in W. We may assume
that v = w;, +--- +w;, € P and we set J' = {4y,...,4,}. Indeed, let v be a level-O0 weight
so that v € P + Z¢. Since ¢ is stable under the action of I, we may assume that v € P.
Next, there exists a dominant weight which lies in the 1/ -orbit of ~, hence we may assume
that v = kyjw; + - - - + kewy where (K, ..., k;) € N°. Now the orbit of kjw; + - - - + kew, under
the action of W only depends on whether k; = 0 or not. This is not true for the action of W,
but in the graphs I', that we will define, we may assume that v = w;, + --- + w;, € P for
some J’ = {i1,...,4,} just by changing the indeterminates labeling the arrows.

So, let vy = w;, +---+w, € P, J = {i,...,i} and J be the complement of .J’
in {1,...,n}. Then the stabiliser of vy in W is W, the group generated by the set {s;,j € J}
and the orbit of + under the action of W is in bijection with the set W+ of minimal length rep-
resentatives of the left cosets W/W. It is a standard result that any = € W can be uniquely
written as z”x; where 7 € W7 and 2, € Wj.

Recall that the action of ¢5 with 5 € Q" on Fj is given by ts(7) = v — (7, £)d. From there,

we see that the group W, := W, x Q% where

Qy={8€Q"| (.8 =0} =EPZa}

jeJ

will stabilise « (in fact it is strictly contained in the stabiliser of v in W,). The group WJ is
an affine Weyl group. It is generated by the orthogonal reflections with respect to the hyper-
planes Hg; with 5 € QY and k € Z. It acts simply transitively on the connected components
of the set

Fr=V\{Hur | € QY keZ}.
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Following Lusztig [Lus97], we call these connected components J-alcoves. The fundamental
J-alcove is

Aj= () HigNHyy ={x €V ]0< (z,0) <1lforalla € o}

+
a€¢J

where ®F C @7 is the positive root system of W;. The closure of A, is a fundamental domain
for the action of W] on V, that is, each A € V is conjugate under the action of 1% 7 to exactly
one element in the closure of A;. Given 8 € @Y, we will slightly abuse the notation and
write § € A; to mean that 3 lies in the closure of A;. Any x € W) can be uniquely written
as ut, where u € W and a € QY. Note that when J = {1, ..., n} we recover the usual alcoves
associated to W, and A; = A, which explain the terminology of J-alcoves.

The affine Weyl group W s and the set of .J-alcoves have been studied in details in [GLP24] in
the extended case where the authors studied positively folded alcove paths in .4 ; that bounce on
the walls of A ;. We also refer to [MST23] where the authors study retractions in buildings with
respect to chimneys (which are our J-alcoves) in order to study orbits in affine flag varieties.

Let Z[QV/QY] be the group algebra of the quotient QV/QY. We write @ for the class
of @ € QY modulo QY and z* for the corresponding element of Z[Q"/QY]. We now define
our graphs I', and refer to §4.3 for some examples.

Definition 4.7. The graph I, is the oriented weighted graph with weights in Z[Q"/Q] defined
as follows

. the set of vertices is W’/

. there is an arrow w —— s;w of type i fori € I* if s;w belong to W and l(syw) = L(w)+1

. there is an arrow w % f(sow)” of type 0 if £(f(sow)”) < £(w) and wt(spw) = a.

When v = p the graph I', encodes the orbit of p and the structure of the semi-direct prod-
uct W x QV together with the periodic orientation of the alcoves in WW,. We will show that the
graph I, encodes the orbit of v under the action of 1V, and the orientation of the alcoves in A ;
in a very similar manner.

It is clear that if we forget about the 0 arrows then the graph I, encodes the orbit of v under
the action of W since the stabiliser of y is W;. Let w € W and consider the weight w(7).
We want to show that the action of sy on w(+) is determined by the graph I'.,. First, assume
that £(f(sow)”) = ¢(w). In this case, since spw and w are comparable in the Bruhat order, the
elements (sqw)” = f(sow)”’ and w’ = w are also comparable in the Bruhat order, and therefore
they must be equal. Further, the equality (spw)’ = w implies that there exists v € W such
that spw = wv which in turn implies v = w™'syw. This shows that (§¥)w € ®;. Finally we get

sow () = satovw () = sowt(evyw(7) = sow(y) = (spw)” (v) = w(v)

which explains why there is no arrow of type 0 leaving from w in this case. For the other cases,
we see, doing exactly the same as in the case v = p, that the weights of the 0 arrow determine
the coefficient of ¢ in the action of sy on w(7y).
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We have seen that W; x @Y stabilises the weight ~ (but is not the full stabilizer of ) so
that to determine the orbit of - under W, it is sufficient to look at the action of W, /(W x QY).
The later is in bijection with W7 x QV/QY and we will see that this set is closely related to the
fundamental J-alcove A ;. We also refer to [GLP24] for details.

Lemma 4.8. Let o € QY and x € W,.
1. There exists a unique element 5 € & such that § € Aj.
2. There exists a unique element w € W] such that zw € A;. We write p;(z) = zw.
3. Ifa € Ay, there exists a unique element v € W such that vt, € A;. Wewritev = v ().

Proof. (1)Leta € V. There exists a unique element /3 in A in the orbit of o under the action
of WJ. Since ()0, is equal to v plus a multiple of , we see that /3 is equal to « plus a linear
combination of roots in ® 7, so that 5 = o mod QY, thatis 3 € a.

(2) The alcove z lies in a connected component U of V' \ {H, . | @ € QY, k € Z} and there
exists a unique element w € W, ; that sends this component to A ;.

(3) Assume thata € A;. Letw € WJ be such thatt,w € A;. Write w = vtg wherev € W
and 8 € QY. Then tow = vt(a)p+ps € Ajy. Note that since o € A, the element w is a product
of reflections with respect to hyperplanes going through «, hence wt(t,w) = « and this forces
the equality (a)v + 5 = a. O

Letx € A; and o € QY. According to the second point of the lemma, there exists a
unique w € W, such that zt,w = p,(zts) € Aj. Itis easy to see that the element p;(xt,)
only depends on x and the class of a modulo QY. Indeed, if 5 = a + v; with v; € QY,
thent_,,w € W, and xtgt_,, w = xt,w € Ay, hence showing that p;(xtg) = py(xt,). We
write z «tg = py(xt,).

Proposition 4.9. The map
A xQV/Qy — Ay

(u, @) = Usty
defines a right group action of Q¥ / QY on the fundamental J-alcove Aj.

Proof. We need to show that for all u € A; we have (u-t3) -tz = u-t;yg Fix u € Aj.
There exists a unique « € W, such that ustg = ulpr € Aj. Write z = vt, withv € W;

and v € QY. The root («v)v is congruent to o modulo QY. There exists a unique y € W, such
that (u+t3)t(a)wy € A;. We have

(u-tg) oty = (u-tg) Uy = ulpTl(a)y = ulpTla)pwy = ulpraly € Aj.

By definition, there exists a unique z € WJ such that u-t ;75 = ulaypz € Ajy. This shows
that yr = z and (u . tg) *lg = u~t;77 as required. 0

Theorem 4.10. The map W’ x Q¥ /QY — Aj defined by (u, @) — u-tg is a bijection.
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Proof. Letx € Aj;. Let x = uvt, wherew € W7/, v € W;and a € A; since z € Aj;. The
alcoves vt, and uvt, lie in the same connected component of F, therefore vt, € A;. This
forces v = v;(a) by the previous lemma. This shows that

Ay C {uvs(a)t, | a € Ay, ue W

By definition, we have v;(a)t, € Aj and this implies that uv;(a)t, € Aj forallu € W7,
showing the reverse inclusion. Let o € Ay and u € W”7. We have uv;(a)t, = utgvs(a) € Ay
where 3 = a modulo Q. It follows that u«t5 = u -ty = uvs(a)t, hence showing that the map
of the theorem is surjective.

Let u,u’ € W7 and a,8 € QY such that u+ty = u'+t5. Let ag,fy € .A; be such that
ap = a mod QY and By = B mod QY. We know that uvy(ag)te, = u-ty = Uty =

w'vy(Bo)ts, which implies that oy = [y since uvy(ap) and w'vy(fp) lie in W. In
particular we have o = f mod QY. Now uv;(ag) = w'v;(5y) which implies that u = o’
and v;(ap) = v;(By) since u,u’ € W7 and v;(y),v;(By) € W;. The map of the theorem is
injective. 0

In the following theorem, we show how, given w € A; and s; € S, one can determine
whether the alcove s;w lies in the .J-alcove A ; by looking at the graph I'.,. Further we show that
the sign of the crossing from w to s;w (when they are both in 4 ) is also determined by I',.

As in Proposition 4.5, we allow the weight @& to be equal to 0. This allows us to treat the
cases ¢ € I* and ¢ = 0 together.

Theorem 4.11. Let w € Ajandi € 1. We have s;w € Aj if and only if there is an arrow of
type i adjacent to f(w)” in .. In this case

L iff(w)’ Ly f(s;w)” then wt(s;w) = wt(w) + « and the crossing is negative,

a; z%

2. f(s;w)’ s f(w)” then wt(s;w) = wt(w) — « and the crossing is positive.
Proof. Write w = uvtg where 8 € Ay, v = v;(8) and u = f(w)’ € W’. Let H, be the hy-
perplane separating the alcoves w = uvtz and s;w = s;uvtz. Then the hyperplane separating u
and s;u is of direction («)v~!. Since v € W), we have o € @, if and only if (a)v™! € P,.
Finally, we get that

sswe Ay <= a¢ ®; < (a)v !¢ d; < suc Ay

Assume first that 7 € I*. Then we have s;u € A; if and only if s;u € W”. By definition
of I',, there is an arrow between u and s;u if and only if s;u € W, In this case, we obtain

. 3 . . . .
that f (siw)‘] = s;u and there is an arrow © — s;u when s;u > wu in which case the crossing is

a;
negative and there is an arrow s;u — u when s;u < u in which case the crossing is positive.

Since wt(s;w) = wt(w), this proves (11) when i € [*.
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Assume that ¢ = 0. The hyperplane separating v and sou is Hg),,1. It follows that

soud Ay <= (Nuecd; «= veW,u'spu=v < Fve& Wy, sou=uv
> (spu)’ = u.

Assume that spw € Aj. Then squ € Ay and (spu)’ # u. But since the elements (syu)’
and u/ = u are comparable in the Bruhat order this implies that ¢((syu)”) # ¢(u) and therefore
there is an arrow between v = f(w)’ and (spu)’. Conversely assume that there is an arrow
of type 0 adjacent to u in T'y. Then ¢((squ)’) # ¢(u) which implies that (spu)’ # u and
therefore sgu € A as required.

Assume that there is an arrow u — syu, that is we have {((spu)?) < £(u). Then syu < u

z
and we have seen in the proof of Proposition 4.5 that this implies that the crossing from u to sgu
is negative. Finally since a@ = wt(sou) we have

wt(sow) = wt(souvtg) = wt(sput,vtg) = 5+ v(a) = wt(w) + v(a)

and since v € W, we have v(«) = @ and wt(sow) = wt(w) + « as required. This proves (1)
in the case ¢« = (. The proof of (2) is similar. [

Corollary 4.12. Let w,u € Aj be two adjacent alcoves and o € QQ¥. We have w S if and
only if wety 5 Usly

Proof. According to the previous theorem, the sign of the crossing from w to u is determined
by the element f(w)” and f(u)’. Similarly, the sign of the crossing from w « 5 to u « t5 is deter-
mined by the element f(w-t+)” and f(u«tz)’. There exists 2,y € W such that w«t5 = Wtz
and u -tz = ut,y. Writing o = v1tp, and y = vatg, with vy, v, € Wy and B34, B2 € @y, we see
that w etz = WU1E(a) 46 aNd Ustg = UWVt(a)u4p,- Thus we get f(w-tz)’ = (wvy)’ = w’
and f(u-tz)” = (uvs)’ = u’ and the result. O

As in the case of v = p, the graph I', can be interpreted as an automaton for reduced ex-
pression of the elements lying in A; N W20, Indeed, we have w € A; N W20 and the expres-
sion s;, ... s;, is reduced if and only if s;, ...s;, € Ay forall 1 < k < N and if the crossing
from s;, ...s;, 0 55,8, ...S;iy is positive for all 1 < & < N — 1. Thus, in terms of the
graph I, we have w € A; N W2 if and only if there exists a path 7 in I, starting at e and
following reversed arrows of type i1, . .., 7y. We have given two examples of such automaton in
Example 4.14.

4.3. Some examples of I,

We now give a series of examples of graphs I', with a drawing of the corresponding strips in
type Go.

Example 4.13. Let IV be of type As and v = w;. The stabiliser of v in W is the
parabolic subgroup generated by J = {ss, s3} and the set of minimal length representatives
is W7 = {e, 51,5251, 535251 }. We have QY = Zay + Zay and the labels of the graph I,
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are in the group algebra of QY /QY = Zaq. We represent the graph I', below where we have
set z; = z*'. We omit the weights a1, as, as since they are all equal to 1.

Figure 4.4: The graph I',,, in type As.

Next consider the weight v = wy. The stabiliser of  in 1V is the parabolic subgroup gener-
ated by J = {1, s3} and the set of minimal length representatives is

J
W = {6782,8182733827818382752818382}.

We have Q7 = Zay + Zay and the labels of the graph I', are in the group algebra
of QV/QY = Zas. We represent the graph I', below where we have set z, = z% . Again

we omit the weights a;’s.
\ ()
zs
G G\ |
z3
Crss

Figure 4.5: The graph I',,, in type As.

Example 4.14. Let W be of type G- as in Example 3.3. We first consider the level-0
weight v = w,. The stabiliser of v in T is the parabolic subgroup generated by J = {s; } and the
set of minimal length representatives is W’ = {e, $9, 5152, $25152, S15251 2, S251525152 . We
have Q)Y = Zay and the labels of I, are in the group algebra of Q¥ /QY = Zas. We represent
the graph I, below on the left hand-side where we have set z; = z%3 . In the middle, we represent
the strip A ;. The subsets in green are from top to bottom W+ « 5., W7 and W+ +¢_g - and the
subsets in violet are from top to bottom W « 5, W+ +t_5; and W+ +t_5.. Finally, on the right
handside, we represent the automaton for reduced expressions in .A; N WA°, We keep the same
convention as in Example 4.6 (we have inverted the direction of the arrows and the identity is
the black vertex).
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Figure 4.6: The graph I',,,, the set A, and the associated automaton in type Go.

Next consider the weight v = w;. The stabiliser of  in 1/ is the parabolic subgroup gener-
ated by J = {s,} and the set of minimal length representatives is:

W7 = {67 51, 8251, 515251, S2515251, 8182318281}-

We have QY = Zay and the labels of I', are in the group algebra of QV/QY = Za;. We
represent the graph I',, below on the left hand-side where we have set z; = z*1 . In the middle,
we represent the strip A ;. The subsets in green are from top to bottom W «to, W W7 ot _o.
Finally, on the right handside, we represent the automaton for reduced expressions in A ; N W20,

Figure 4.7: The graph I, the set Ay, and the associated automaton in type Go.

4.4. KR graphs in type A and tableau combinatorics

As mentioned in the introduction, in type A,, we can associate to any dominant
weight A = >~ \w; € P a finite affine crystal graph B(A). The affine Weyl group acts on B(\)
and the image by the weight function of the orbit of the unique vertex of weight A in B (A) under
this action gives the orbit of A under the action of W,. Hence the graph I'y also encodes the
action of W, on B(\).
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In type A, there is a nice and simple combinatorial process that allows one to construct
the graph I', (without the weights on its arrows). Let v = w; + --- + w;, € F and
let J' = {iy,...,i}. We associate to vy the partition A\, whose Young diagram is made with ¢
columns of length iy, ...,7,. Recall that a semistandard tableau of shape A, is a filling of A,
by integers between 1 and n whose columns strictly increase from top to bottom and weakly in-
crease from left to right. We define 7, to be the semistandard tableau of shape A, that contains
only 7’s on the i-th row. A key tableau of shape A, is a semistandard tableau of shape \, such
that the entries in any column C' also belong to the column located immediately to the left of C,
except for the first column (see the figure below).

We can define an action of the affine Weyl group on the set of key tableaux of a given shape
as follows. Let T be a key tableau. If i € {1,...,n} then s;+T is the key tableau obtained by
changing the entries ¢ into 741 (respectively ¢+ 1 into ) in each column of 7" which contains 7 but
not 7+ 1 (respectively 7 + 1 but not 7). The tableau s, + 7' is the key tableau obtained by changing
the entries n + 1 into 1 (respectively 1 but not n + 1) in the columns of 7" which contains n + 1
but not 1 (respectively 1 but not n + 1), and then by rearranging the columns in increasing order
if needed.

Example 4.15. If v = w; + ws in type Ay, then the partition A, associated to 7y is made of 2
columns of length 1, 3 and we have

]

Ay = ‘ and T, =

1
2
3

We have

S1 52 S0

3 ;

53

2

1
2
3

1 1 2 1
2 3 3 2
4 4 4 3

1
2
E

The graph E(v) can be obtain as follows:
. the vertices are the key tableaux which form the orbit of 77, under the action of I,

. there is an arrow between 7" and 7" of type i if 7" = s;+T and T' # T".

Example 4.16. Let W be of type A3 and v = w; + w,. The stabiliser of  in IV is the parabolic
subgroup generated by J = {s3} and the set of minimal length representatives is:

J
W’ = {6751,8278182,5251,338273382817328182,335152,33825132,8283818278382838182}

We obtain the following graphs



28 Jérémie Guilhot et al.

Figure 4.8: The unweighted graph I',,, 1, in Aj and the crystal E(wl + wy).

Remark 4.17. There exist similar simple tableaux constructions for the classical types and for
type Go.

5. Homology ring of affine Grassmannians

In this section, we introduce the homology rings of affine Grassmannians which will be a key
ingredient to show that the graphs that we have constructed in the previous sections are positively
multiplicative.

5.1. Homology rings of Affine Grassmannians

Recall the definition of W20 in Section 3.3. The homology algebra A associated to W, is a com-
mutative Q-algebra with a distinguished basis {&,,,w € W2} corresponding to affine Schubert
classes whose associated structure coefficients are nonnegative integers:

b = Z c;';:’w,gw// with c:ﬁ:/w, € Z for all w,w' € Who,

A
w” €Wy 0

This ring is generated by a finite number of classes {,,,a € X = {1,..., N} where {p,,a € X}
is a finite subset of WA° whose description can be made explicit but depends on the affine root
system considered ([Pon12] and also [LLM™14] Chapter 4 for a review on affine Schubert cal-
culus in general affine types). We assume that p; = sq. A general combinatorial description of
the coeflicients cg:;}, is not known in general but there exist simple formulas for the multiplica-
tion £, &, where a € X (often referred as Pieri rules in the literature). In particular, as stated
in [LLM™14], we have

€p1€w = fsofw = Z aigsiw (51)

where the sums is over all ¢ € [ such that s;w > w and s;w € W(fo. Recall here that the
integers a; have been defined in Section 3.1. More generally, we have for any a € X

Epub = D €Y Ew (5.2)

UJI
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where the integers c%,w can be positive only when w’ > w for the weak Bruhat order in W0,
that is if there exists u € W, such that w' = ww with {(w’) = ¢(u) + ¢(w). For the affine
classical types, the rings of affine Grassmannians can be made more explicit by using subrings
of symmetric functions and the previous Pieri rules then have a simple combinatorial description
(see [LLM ™14, Ponl12]).

The set W20 is stable by translation by classical dominant weights in P in the following
sense: given any alcove A € W2 and any dominant weight A\ € P*, the alcove At lies
in W20, In general, the element wty with w € W, and A € P is not in the affine Weyl group
but in the extended affine Weyl group. There exists however a unique element v € W, such
that Aqwt) = Apu with equality as subsets of V' but not pointwise. We will denote this element
of W, by wxt,. When A\ € QV, we have wt, € W, and w x t, = wty. To lighten the notation
we will write ft% instead of {’e*twl_. There is a nice factorization formula in A (see [LLM™14]
Chapter 4 Corollary 4.14 and Equation (4.30))

st = Ewbt, = &1, & forallw € W and i € I*.

Definition 5.1. Let by be the subset of W20 of elements w such that wxt_,, ¢ WA foralli € I*.

Given w € Wé‘o, there exists a unique weight x = myw; + -+ + muw, € P' and a
unique u € by such thatw xt_, = u € by. As a consequence of the factorization above, we see
that each Schubert class element &, can be written under the form (recall that A is commutative)

§w =&t §nus U € by, (5.3)
The set by is finite with cardinality %card(W) where nyy is the cardinality of P/Q".

Example 5.2. In affine type A, the ring A can be identified with the subalgebra of the algebra of
symmetric polynomials over Q in infinitely many variables generated by the complete symmetric
functions §,, = h, witha = 1,...,n. The Schubert basis then corresponds to the n-Schur
polynomials and the elements &, ,7 = 1,...,n to the ordinary Schur functions sg, indexed by
the rectangular partitions R; = (n — i+ 1)*. We then have nyy = n + 1 and the cardinality of b
is equal to n!. We refer to [LLM ™ 14] for a complete exposition and for the related interesting
and very rich combinatorics. Similar results exist for the other classical types and are stated
in [Pon12].

Example 5.3. We represent the set of alcoves that lies in by in type A, and G, in light gray
(except for the fundamental alcove which is in dark gray). The fundamental weights wy, w- are
in blue. In type 1212 we have added 3 translates of by by wy, wy and wy + ws in green, blue and
red respectively.



30 Jérémie Guilhot et al.

WY W

Figure 5.1: The set by in type As. Figure 5.2: The set by in type Gs.

Recall the definition of the graph I'y, in Definition 3.4. The set of arrows in I'y, is the set
of pairs (w, s;w) € W x Who such that s;w > w. If we define the edge weight function p
by setting p(w, s;w) = a, then the weighed graph I's, encodes the multiplication by £,, in the
algebra A and in the basis {&,, | w € WA}, Indeed we have for w € W2

gpléw = Z p(wa w,)fw’-

(w,w")eE

Example 5.4. We go back to the affine type A case. The graph I',, can alternatively be re-
garded as the lattice of (n+1)-core partitions where the generators s;, 7 € I acton the (n+1)-core
partitions by either removing all the removable i-nodes or by adding all the addable :-nodes (this
is well-defined since a core partition cannot contain addable ¢-nodes and removable i-nodes).
There also exists a bijection between (n + 1)-core partitions and n-bounded partitions, that
is partitions whose Young diagram has at most n columns. This yields another labeling of I',,
(which does not coincide with the Young lattice on n-bounded partitions). The set b, contains 7!
partitions which are exactly the n-bounded partitions that do not contain any rectangle R;. Here
again we refer to [LLM ™ 14] for a complete exposition.

5.2. Finite PM-graphs from affine Grassmannians

Lemma 5.5. The elements &, , ... ,&,, are algebraically independent in the homology alge-
bra .

Proof. Assume we have a polynomial P with coefficients in Q such that P(&;, ;.. .,&,,) = 0.
This gives a linear combination of Schubert classes equal to zero. Thus the polynomial P should
be equal to zero since these Schubert classes gives a basis of A. [

As we have seen in the previous section, any element &, can be written under the form

Ew = ft”;i e ZZ:@L where u € by.
By the previous lemma, we see that the subring of A generated by &, ;. .., &, is isomorphic
to the ring of polynomials Q[zy,...,z,] in n variables via the map &, <> z; which in turn

isomorphic to the monoid algebra of dominant weights Q[P*] = (z* | A € PT)q via the
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maps z; <> z*". Identifying those rings, we see that A can be seen as a finite-dimensional
ring over Q[P*] with basis {¢,, | w € by}. We extend the scalars to the group algebra Q[P]
(or equivalently to the ring of Laurent polynomials Q[zi, ...,z ']) and we denote by Ap this
algebra. It is finite dimensional over Q[P] with basis {{, | w € bg}. Note that we are in
the setting of Section 2 where the algebras are defined over Q-rings of Laurent polynomials.
Further, the ring Ap is positively multiplicative. For any w € by, we write m,, for the morphism
of Ap defined by the multiplication by &, and Mat,, (mg, ) to for the matrix with respect to the

basis {&,, | w € by}.

Definition 5.6. We define I',, to be the graph with set of vertices b, and adjacency
matrix Maty, (me, ).

Equivalently, the graph I'y, can be defined as follows: we put a weighted arrow with
weight a,z" with i € [ and k € P, from w to w' in by whenever ((s;w) = {(w) + 1
and s;w * t_,, = w'. Note that « is not equal to zero in the coefficient a;z" only when s;w ¢ by.
We can see that I',, is strongly connected. Indeed, consider an element w in by. Then, there
exists v in W, and k € QY such that uw = t,, with £(t,,) = ¢(u) + ¢(w). This yields a directed
path in I'y,, from w to e. Since it is clear that there also exists a path from e to any element of by
in the graph I'y,,, this shows that I'y,; is strongly connected.

Proposition 5.7. The graph Iy, is positively multiplicative at e.

Proof. By definition the adjacency matrix of I'y, is the matrix of multiplication by &,, in the
basis {&, | w € bg} in Ap. Since the identity element £, of Ap lies in by and since Ap is
positively multiplicative, we get the result by Proposition 2.2. 0

Example 5.8. We continue example 5.3. The graph I',, in type A, is particularly simple as there
are only two alcoves in by and only two pairs (w, s) in b x I such that s;w ¢ b. These pairs
are (sg, 1) and (sg, 2) and we have Agsisg = Agt,,, (as sets) and Apsasy = Aot,, (as sets) so
that s159 x t_,,, = e and s350 xt_,, = e. We obtain the following graph and matrix

w1 w2
791 " 792 ((1) z —(i)-Z )

Figure 5.3: The graph I',, in type A, and its transition matrix.

In type G., the situation is more complicated. There are 6 pairs (w,i) € b x I such
that s,w ¢ by. We represent these pairs below on the left hand-side where the gray area is
the set by. For each pair (w, 7) such that s;w ¢ by we put an arrow between (w, s;w). We color
the arrows in both figures to show which pairs corresponds to which arrow in the graph.
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00000200 0 0 32 0
10000 0 00 0 0 3z
02000 0 002z 0 0 0
00300 0 00 0 2= 0 0
3z 00020 0 00 0 O 0 0
+ 00003 0 00 0 O 0 0
00001 0 00 0 O 0 2z
+H 00000 1 30 0 0 0 0
N 00000 O 02 0 O 0 0
00000 O OO0 3 0 0 0
i N 00000 O 00 0 2 0 0
00000 O OO0 O O 1 0

Figure 5.4: The graph I'},, in type G and its adjacency matrix.

We also have the following interesting proposition whose proof is similar to Proposition 4.2
in [LT21]. We denote by Frac(A) and Q(P™) the fraction fields of A and Q[P ], respectively.
Recall the definition of the elements &,,,a € X at the beginning of §5.1.

Proposition 5.9.

1. Each&,,,a € X is algebraic over Q(PT).

2. Frac(A) is an algebraic extension of Q(PT) with degree card(by). The
set T = {&, | w € bo} is a basis of Frac(N\) over Q(PT).

3. The element &,, is primitive in Frac(N), that is we have Frac(\) = Q(PT)[&,,].
4. The expansion of I'y, is the graph ', with weights a;.

The fact that the expansion of I'y, is the graph I'y, allows one to use the multiplicative
properties of the graph I'y,, to study random walks on I'y,. This was done in type A in [LT21]
in which case we have a; = 1 for all 7.

Corollary 5.10. The graph I'y, has maximal dimension, that is the degree of | Ap, IS equal
0
to card(Ty, ).

Proof. The minimal polynomial of £,, has degree card(I'y,,) which is the size of the matrix Ar,, -
[

Remark 5.11. The graph I'y, has maximal dimension and is multiplicative at e. It follows
by Theorem 2.4 (1) that the matrix M, is invertible and the columns of M ! give the vec-
tors of a positively multiplicative basis b’ = {bg = 1,...,...,b,_1} expressed in the ba-
sis {1, Ar, - ,A?;)l}. The coefficients appearing in these expressions are in WQ[P].
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By uniqueness of the multiplicative basis satisfying by = 1, we see that the basis b’ has to
be equal to the basis b = {Maty,(£,) | w € by}. As a consequence, since all the matrices
in b have coefficients in Q[P], it follows that all the denominators in the expression of the b;
in {1, A, . .. ,A?b’l} simplify (see Example 2.5). This also provides an explicit algorithm to
compute the structure constants with respect to the basis b (these are given by the columns of
the matrix in the basis b). We have computed explicitly the basis b in type G [Gui23).

5.3. The Q-algebra A,

We have seen in the previous section that Ap is a finite-dimensional Q[P]-algebra with
basis {£, | w € by}. The set by is a fundamental domain for the action of P (by transla-
tions) on W,, that is, any element of I/, can be uniquely written as u x ¢, where u € by
and A € P. We can therefore define two maps wt,, : W, — P and f,, : W, — by by the
equation w = fp, (w) * twty, (w)- Then by setting &, = Z"to (w)gfbo (w) for all w € W, we can
turn Ap into an infinite-dimensional algebra over Q with basis {&,, | w € W, }. We will denote
by A, this Q-algebra. Recall the definition of w % s;win 3.2,

Proposition 5.12. For all w € W,, we have in \,

Enbu= Y ibaw (54)

ie[,w:@siw

Proof. We know that for all w € W20, we have

§p1 §w = Z ;s

. A
i€l,s;weW, 0, s;w>w

If w € W2, the assertion s;w € W2 and s;w > w is equivalent to w ~» s;w. Hence (5.4)
holds for w € W20, Now, let w € W,. There exists ¥ € Q" such that z = wt, € W20 so
that w = xt_, and &, = z77§,. We have

gplgw = gplz_’ygz =z Z asgsm - Z asgsxt,v = Z asgsw-

sEI,:Ej;sx sel,rj;sx sGI,w«tsw

The last equality comes from the fact that the orientation is unchanged by translation, that is we
+ . . +
have x ~~ sz if and only if w ~~ sw. [

The result above can be generalised to all p, witha € X. Letw, w" € W,. We write w 5w
if and only if w lies on the positive side of all hyperplane separating w and w’. It is clear that

if w and w’ are adjacent then w S is equivalent to w & w'. Then, arguing as above we get
forallw € W, and a € X:
fpaéw = Z Aoy Eu -

w’,winu’
Indeed, If w € WaAO, the assertion w’ € Wé‘o and w’ > w in the weak Bruhat order is equivalent
tow —» w'
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5.4. Fundamental domain and basis of the homology algebra

In Section 5.2, we have used the lattice of fundamental weights and the fundamental domain by
to construct a (finite) positively multiplicative graph I',,. In this section we generalise this result
to any Z-sublattice L of P of rank n with basis vy, . . ., v, and to any fundamental domain.

Definition 5.13. A subset b of IV, is a fundamental domain for the action of L if and only if any
element w of W, can uniquely be written as a product u x ¢, where v € L and u € b. To any
fundamental domain b we associate two applications wt, : W, — L and f, : W, — b defined
by the equation w = fi,(w) * twt, (w)-

Let Q[L] = (z* | @ € L) be the group algebra of L over Q. It is a subalgebra of Q[P]. B
the factorisation property and since L is a sublattice of P, we have &, = z*%®® §f )y € A, for
all w € W, and all fundamental domain b. This shows that A, can be turned into a Q[ ]-algebra
with basis {&,, | w € b}. We will write A;, when we consider A, as an algebra over ()[L]. Note
that Ay, is finite-dimensional since L is assumed to be of rank n.

Remark 5.14. In the case where L = )V, W is a fundamental domain for the action of Q¥ so
that {£,, | w € W} is a basis of Agv.

Let mg, be the linear endomorphism of A, defined by multiplication by &,,. Given an
L-fundamental domain b, we write Maty, (1, ) for the matrix of me, in the basis {&,, | w € b}.
We then define Iy, to be the graph with set of vertices b and adjacency matrix Ar, = Maty, (1, ).
Equivalently, the graph I', can be defined as follows: we put a weighted arrow with weight a;z"
with i € I from w to w' in b whenever w ~= s;w, s;w*t_,. = w' and k € L. Note that & is not
equal to zero in the coefficient a,z" only if s;w ¢ b. We can see that Iy, is strongly connected.
Arguing as in Proposition 5.7 we get the following result.

Proposition 5.15. Let b be a fundamental domain for the action of L containing the fundamental
alcove Ag. The graph I, with adjacency matrix Maty,(me, ) is positively multiplicative at e.

This proposition is the key to show that I, is positively multiplicative. Indeed we will show
that the adjacency matrix of I',, is essentially the matrix of m,, expressed in the basis associated
to the coroot lattice Q¥ and to the fundamental domain V.

Example 5.16. Let L = QY in type A,. We can choose as L-fundamental domain b the set of
alcoves in green and the fundamental alcove A, which is in dark grey. We represent the graph
with adjacency matrix Maty(me, ) on the right hand-side. We set z; = z** and z, = 22

\VAVAVAVAVAVAVA
NN LVAVAVA

AV VA 2iVavd
\VAVAVAVAVAVA

Figure 5.5: A fundamental domain for Q" and the associated graph in type As.



COMBINATORIAL THEORY 6 (2) (2026), #10 35

Example 5.17. Let L = (wy, 2ws)7 in type A,. Then L is a sublattice of P of rank 2. The set b
defined by the alcoves in green and the fundamental alcove Ay in dark grey is a L fundamental
domain. We represent the graph with adjacency matrix Maty(me, ) on the right hand-side. We
set z; = z*! and z, = Z%“2.

(©
Z
\AVAYs, LYV :
Z ‘

Figure 5.6: Fundamental domain for L and its associated the graph I', in type As.

As in the case of P, we can prove the following result using similar methods as in [LT21].
Here Q(L) denotes the fraction field of Q[L].

Proposition 5.18. Let L be a sublattice of P of rank n and b be a L-fundamental domain.

1. The field Frac(N) is a finite extension of Q(L) with degree card(b). The family (&, | w €b)
is a basis of Frac(N\) over Q(L).

2. The element &, is primitive in Frac(A) as an extension of Q(L), ie we
have Frac(A\) = Q(L)[&,,].

3. The graph 'y, has maximal dimension, that is the degree of | Ap, 18 equal to card(T'y).

5.5. Quotient of some subalgebra of the homology algebra

LetJ’" C {1,...,n} andlet .J be the complement of .J" inthe set {1, ..., n}. Recall the definition
of A; in Section 4.2. In this section, we define a quotient of an ideal of A, which will have a
basis in bijection with A ;.

Lemma 5.19. Let o; be a simple root and let I;rj,O be the Q-vector space (&, | w C HOZ:0>Q'
Then IOZO is a subalgebra of \,.

Proof. We only need to prove that Z_  is stable by multiplication. Let z,y C H, ;rj,o- There

VRl

exists A € @p-;Nwy, such that x x ) € W;\(’. We have £,&, = &, §axt, §y- Forall a € X, recall

that
fpagw: Z Ao S -

+
w’ w—w’

Since x %t € WC{\O, we have &, € A and since the &, ’s generate A, we can show that

Sx*tkgy = Z aw’gw“

w/,yim)’
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Now y = w' and y C H+ o implies that w’ € H+ o Since A € @y Nw; we get that w' x 1
also lies in H OTJ o- Finally fxfy liesin [ ;FJ 0 O

We set C; = NjesH, ;rj,o (this is the fundamental Weyl chamber for the group W;). As a
consequence of the previous lemma, we see that

/\JJFO_ ﬂ a0 = (€w | w € Cr)o

jeJ
is a subalgebra of A,. Note that if J = & we have /\Jr0 =A,.
Lemma 5.20. Let o € &7 and letIJr1 = (6w | w C HS 1 NCy)q. Then I, is an ideal of NJ,.

Proof. Leté&, € /\ J.0 and §, € 1 There exists A € @reNwy, such that x x ), € VVA0 We
have &, = & )\g;r*t R Argumg as in the proof of the previous lemma we get

gx*tkfy = Z aw’f’w/-

+
w’ y—w’

Now y N implies that w’ € H;;l NCy. Since A € @ye 7 Nw;, we get that w’ xt_, € H;;l NCy
since the root « is a positive sum of simple roots in {«;, j € J}. It follows that £,£, € I;f - O

Definition 5.21. We define A to be the following quotient:

A=A/ > TS

+
acd;

It is clear that A; admits {éu | u € Ay} as a basis where éu denotes the image of £, in the
quotient A ; and A is the fundamental .J-alcove defined in Section 4.2. In the case where J = &
and v = p, we get that /\}“}O = N, and Ay = A,. The following proposition is a consequence of
Proposition 5.12.

Proposition 5.22. For all w € A; N W20, we have

gpléw = Z aiéSiw-

iGI,wj;siw,sinAJ
We have defined an action of Q¥ /QY on A in Theorem 4.10 and showed that
Ay ={u-tg|lue W’ aec Q"

This action induces a map from A; to itself defined by fw — fw .+ We also denote this map t5
and write (£w) = §w .+ Finally, we simply write &E instead of §e .+~ Where e is the identity
element of W, (corresponding to the fundamental alcove Ay).

Our strategy to establish that the graph I', is positively multiplicative is to show that the adja-
cency matrix of I', is essentially the matrix of mg, in Ap in a well chosen basis.
We want to do the same thing for I', using the quotient A;, the multiplication by é p1 and the
basis {fw | w € W’}. To do so, we need to prove some factorisation properties in A ; using the
element fta defined above.
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Theorem 5.23. We have (E,)ts = Euér. = & _Ep forallw € W and all o € Q.

Proof. The map of mg, commutes with tz. Indeed, for all w,u € A; we have w L wif and

only if wet5 Euty by Corollary 4.12. In other words, we have
ép1 : (éw)ta = (g,ln : gw)ta-

From there, using the generalised Pieri rules, we see that ¢tz commutes with all the 3 po fora € X
and therefore with &, for all x € A;. We get for all w € A,

St " Ew = Suw * St = Euw - (ge)ta = <€w£e>ta = (fw)ta = Cwetn u
Let w = u+ty where u € WY and o € QV. There exists a unique family (my,...,my) of
integers such Ehat a = mioy, + ... +mya;, whereiq, ..., i € J'. It follows from the previous
theorem that £, with w € A can be factorised under the form
Ew = Ell - ER2 -G -8,
i1 9 ik

We see that the algebra A is finite-dimensional over @[éii | j € J'] with basis {£,, | w € W7},
Note that the algebra Q[éii | 7 € J'] is isomorphic to the group algebra Q[Q"/QY] via the map

@ cmy a=> ma
% — H £ta7 where o = m;a;.

jeJ’ jeJ’

We will identify these two algebras.
We define 'y s to be the graph with set of vertices W7 and adjacency matrix Matyy s (mgﬂ1 )

with coefficients in Z[Q"/QY]. We immediately get the following result.
Proposition 5.24. The graph Uy, is positively multiplicative at e.

Remark 5.25. From there it is possible to study central random walk in the strip Ay N WAo,
Indeed, let by be a subset of alcoves in A ; defined by w € by if and only if w - ta, ¢ AynWho

for all j/ € J'. Then the set {éw | w € by} is a basis of A; (viewed as a finite dimensional
algebra over Q[Q"/QY]) and the graph I'p, with adjacency matrix Maty, (mgpl) is positively
multiplicative. It is not hard to see that the expansion of I'y, will be the graph of the weak
Bruhat order on A; N W(j\o and therefore the methods of [LT21] should be generalisable to
study central random walks on A ;.

5.6. Automatons for affine Weyl group and random walks

We conclude this section with some considerations about finite automatons recognising the re-
duced expressions of any element in an affine Weyl group W. The existence of such automatons,
their minimality and their explicit description is a difficult problem which has been considered
in recent publications (see in particular [HNW16], [PY22, PY19] and the references therein).
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As explained in section 4.2, the results in this paper yield similar automatons for reduced
expressions of affine Grassmannians or affine Grassmannians contain in a strip .A;. Moreover
in both cases, we are able to prove that the associated graphs are positively multiplicative. By
the results of [GLT22a], we thus have a complete description of the positive harmonic functions
defined on their expanded version and a good understanding of the associated central Markov
chains. This is in particular the case for W0 where these Markov chains can be regarded as
random walks on the alcoves located in the fundamental Weyl chamber which never cross two
times the same hyperplane.

Now, this is a natural question to extend the previous results on random walks on the alcoves
of the fundamental Weyl chamber to similar random walks on the full set of alcoves. Therefore,
since we have finite automatons recognising the reduced expressions of all the elements in W,,,
one could ask whether they are positively multiplicative. In fact this is easy to show this cannot
be the case in general. Indeed, consider the infinite diedral group W, = (so, s1), that is the affine
Weyl group of type A;. The reduced expressions in 1V have the form w = (s150)", w = so(s150)"
with [ > 0 or w = (8081)%, w = s1(80s1)* with k& > 0. It is not difficult to see that the finite
automaton with 3 vertices vy, v, v3, start state v;, accepting states vy, v2, v3, and transition matrix

0
A= 1
1

_ o O
O = O

recognizes exactly all the previous reduced expressions. But this automaton does not admit any
weighted version
0 00
A=1a 0 d
b ¢ 0
(where a, b, ¢, d positive reals) which could be positively multiplicative To see this, we can ap-
ply Theorem 3.1.2 in [GLT22a] showing that the graph with adjacency matrix A’ is positively
multiplicative if and only if the entries of the matrix

1 1 0 0

M=———1 0 ac —bd
2. _ p2

a’c — b*d 0 —b a

are all nonnegative which is clearly impossible. Observe also that the previous graph is not
simply connected: once the vertex v, or vs is attained, it becomes impossible to come back
at vy.

This indicates that the results of the present paper cannot be extended in a direct way to the
complete affine Weyl group. Therefore the determination of the positive harmonic functions on
the alcove walks supported by all the alcoves needs a different approach. In the present case, they
are particularly easy to determine due to the very simple structure of the Cayley graph for W,
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Indeed such an harmonic function f normalized so that f(e) = 1 satisfies
f(e) = f(so) + f(s1) = 1 and is constant on both subsets of reduced expressions starting by s
and s;. Thus, it is completely determined by the choice of f(sq) €]0, 1[ and we have an imme-
diate parametrisation of the positive harmonic functions by the interval |0, 1[. It would be very
interesting to get a similar parametrisation in the general case of affine Weyl groups.

6. Proof of the main Theorem

In this section we prove that I', and I, are positively multiplicative, therefore proving Theorem
1.1. To avoid confusion, let us recall how we have defined the different algebras that we have
used so far. We started with A, the homology ring of affine Grassmannians, which is a commu-
tative Q-algebra with distinguished basis {&,, | w € WAo}. From there, using the factorisation
properties of A, we saw that A is a finite-dimensional algebra over Q[P*]. This result allowed
us to extend the scalars to the ring Q[P] and to define a commutative Q-algebra A, with dis-
tinguished basis {&,, | w € W,} where £, = z"%o (“’)é}bo (w)- Then we showed the following
results:

1. The algebra A, is a finite-dimensional algebra over Q[Q"] with basis {&,, | w € b} where b
is a fundamental domain for the action of Q)¥. We denote this algebra by Agv

2. Given J" = {iy,..., i} and its complement .J in {1,...,n}, we defined a quotient A; of
some ideal of A, which is finite-dimensional over Q[Q"/QY] with basis {&,, | w € W7}.

We use the first assertion to show that I', is positively multiplicative and the second to show
that ", where v = > ey wj is positively multiplicative.

6.1. The graph I,
Let ~ be the involution of Q[Q"] defined by z* = z~® for all & € ). Recall that

6,01511} = Z a’ifsiw € /\a~

icl wHs;w
By definition the set W is a fundamental domain for the action of @V so that {{, | w € W}
is a basis of the algebra Agv. Recall that I'y is the graph with set of vertices W and ad-
jacency matrix Matyy (me, ) where mg, is the multiplication by £,, in Aqgv expressed in the
basis {&,, | w € W}.
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Proposition 6.1. Maty (me, ) = "Ar, and T, is positively multiplicative.

Proof. Letx,y € W. We have tA_I‘p[.CE, y] = p # 0if and only if there is an arrow in I, from x
to y of weight p. There are two cases to consider:

. there exists 2 € [* suchthaty = s;x > x. Inthiscasep = p = a; € N, y N and,
according to the previous proposition, a;§, will appear when developing §,, &,, showing
that Maty (me, )[z,y] = p.

. we have y = spz < z. Then soz = f(S0%)twe(sor) = Ylwr(son) and p = 2" 0¥) By

Proposition 4.5, we know that syx % 2 hence showing that the term £, will appear when
developing £, &5, We have in A,

§P1§SO$ = ZWt(SO%)&pl&Z/ - gz + -

hence showing when factorising with respect to the fundamental domain W that the rela-
tion Maty (me, )[z,y] = z~*"=0*) = p holds as desired.

The fact that I, is positively multiplicative follows easily from the fact that I'y, is positively
multiplicative (see Proposition 5.15). Indeed, it suffices to transpose and apply the bar involution
to the positive basis associated to Maty (e, ). O

6.2. The graph I,

Let v = w;, + -+ + w;, be alevel 0 weight. Let J' = {i,...,4;} and J be the complement
of J'in {1,...,n}. Let ~ be the involution of Q[Q"/QY] defined by z* = 2z~ for all & € Q".
The set 1/ is a fundamental domain for the action of Q¥ /QY on A so that {£, | w € W7}
is a basis of the algebra A;. Recall that I'y; is the graph with set of vertices W~/ and ad-
jacency matrix MatWJ(mgpl) where mg, s the multiplication by & o, in Ay expressed in the

basis {&, | w € W7}.

Proposition 6.2. Maty,.s (mg ) = "Ar., and T, is positively multiplicative.

Proof. Letz,y € W7. We have tA_n[m, y] = p # 01if and only if there is an arrow in I, from =
to y of weight p. There are two cases to consider:

. there exists i € I* such that y = s;w > w and y € WY, In this case p = p = a; € N,

Y % 2 and, according to Proposition 5.22, a;€, will appear when developing 3 plfy, show-
ing that Maty, (mgp1 )z, y] = p.

. wehave y=(spz)’ <z and soz € A;. We have 502 =f(502)twt(soz) = YVlwi(soz) =Y * tateon

with v € W, and p = z****). By Theorem 4.11, we know that sz % 2 hence showing
that the term &, will appear when developing £,,&,,.,. We have in A;

5;}155090 = ZWt(Sow)émgy = gx + e

hence showing that Maty (me, )|z, y] = z7** %) = p as desired.
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The fact that I, is positively multiplicative follows easily from the fact that I'y;, s is positively
multiplicative (see Proposition 5.24). [

The statement of Theorem 1.1 is then the combination of both latter propositions.

7. Interpretation in terms of colored particle models

In this section, we give an interpretation of the parabolic Cayley graphs of classical types in-
troduced in Section 4 in terms of particle moving on either a circle or a segment. The main
tool to provide such interpretations is the combinatorial description of the affine Weyl groups of
classical types as permutations of Z, see [BBOS, Section 8].

7.1. Type A

Let V' be an euclidean space of dimension n + 1 with basis €1, ..., &,+1. The set of vectors
Ot ={g;—g;|1<i<j<n+1}

forms a positive root system of type A with associated simple system IT = {ay,...q,}

where o; = ¢; — €;.1. We have § = 0¥ = & — ¢,,1. From there, we can construct the
affine Weyl group of W, of type A, as in Section 3.2.

The group W, can be realised as the group of permutations o of Z (acting on the right) that
satisfy the following properties:

e (i+n+1o=(i)o+n+1forallicZ,

. Z?jll (Z)U _ (n+1)2(n+2) )

Any element o € W, is uniquely determined by the images of 1, 2,..., n+1. We will sometime
denote an element o € W, by its window notation [(1)o, ..., (n+1)c|. The distinguished gener-
ators s, 1, . . ., S, of Wy are givenby s; = [1,...,i+1,4,...,n+1]and sg = [0,2,...,n,n+2].

The symmetric group W is the subgroup of W, corresponding to the sequences [j1, - - - , Jnt1]
with1l < j;, < n+1forl <7 < n+ 1. We have the following formula for translations and
affine symmetries

te, =[1,...,(i+n+1),(i —n),...,n+ 1],
Sopke =1L,...,(i+ 1)+ k(n+1),i—k(n+1),....,n+1].

Given an element w = [jy,. .., jn11], left multiplication by a distinguished generator is given
by:

Si[jb v 7jn+1] = [jlv s 7ji+17ji7 e ;jn+1] and
S0[J1s - s Jnt1] = [ner — (1), iy Jis -5 51+ (n 4+ 1))

Right multiplication by o is straightforward by definition

s+ s dnalo = [(J1)o, -+, (Jni1)a].
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Let w € W. The equality sow = sgtgw = sgwt,g) in W, becomes when j, 1 < ji
80[j17j27 s 7jn+1] = Un+17j2 s 7jn7j1]t72j1:7.1 ar”

Further for o € W, we have ¢(s;,0) > {(o) if and only if j; < j;11 and {(sp0) < {(o) if and
only if j; < j,41. Hence, the edge structure on I',, is given by arrows

o Uty dinditty s Jnsl —i> 1oy Jit1s Jis - ooy Jng1] if Jigr > Jiand 1 < i < n,
. . 0 ;. . L . .
hd [jl? v 7]n+1] ;) []nJrla s 7]1] Wlth a = Zil:ji_H O 1fjn+1 < J1-

The graphs I,

Let J = {i1,...,ir} C {1,...n}, J' be the complement of Jin {1,...n}andy = 3", w;
be the corresponding dominant weight. The group W acts on the {1,...,n + 1} and the set
of orbits can be described as {B,, | 1 < m < r} where all the elements in B,, are smaller
than those in B,,,1. The set of minimal length representatives W is the subset of W corre-
sponding to sequences [ji, ..., Jn+1] Where i appears before j whenever i < j and i,j € B,,
for some 1 < m < r. The definition of I', given in Definition 4.7 (see also Subsection 4.4 for
another labeling by Key tableaux) translates then into the following rules:

o [tsoosdisJitts - Jn) % 1y Jit1s Jis - - > Jnsa) if Jixar > j; and jj;, ;11 belong
to different orbits B,,,, B,.,
. . 0 . . . i e . o
e and [j1,. .., jns1) — (nst, - - -+ g1])” with o = Zilzjiﬂ o if o1 < j1 and j1, Jpat

belong to different orbits B,,, B, .

Recall here that the weights of I'., can be regarded as elements of Q¥ /Q and that fora € QV, @
denotes the class of & modulo QY. In the last case, the notation ([ky, . . ., k,1])’ means that we
take the minimal coset representative with respect to the set .J.

This graph is isomorphic to a graph encoding the clockwise movement of n + 1 colored
particles on a discrete circle with non-intersecting conditions. Let ¢ : [1,n] — [1,r] be the
color map defined by i € B for all 7 € {1,...,n}, and let WW; be the set of words in the

alphabet {1, ..., 7} with | B.| occurrences of each letter c. Then, I, is isomorphic to the graph ﬁ,
with vertices VW; and edge rules:

7 .
e C1...CiCix1 """ Cpyt1 —1) C1:Cip1Ci - Cpy1 if ¢; < Cit1,

0 .
e C1...Cpy1 — Cnt1°"°C1 lan_H < C1.
HC171 Z—akc
C=Cn+1

Example 7.1. Let W, be the affine Weyl group A,, and the weight v = w; forsome 1 < i < n—1.
We have J = {1,...,n}\ {i}, J ' ={i}, Bi ={1,...,i}and By = {i + 1,...,n + 1}. The
color map is defined by c(i) = 1if ¢ € [1,] and c(i) = 2 otherwise. The graph 1~17 is the graph
with vertices being words with ¢ letters 1 and n 4+ 1 — ¢ letters 2 and edge rules
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. ...12...%%“21...,

0
e and 2¢y -1l — leg - cpq2.
z7%
Considering letters 2 as holes and letters 1 as particles, fv encodes thus the clockwise movement
of ¢ non-intersecting particles on a discrete circle of size n + 1, with an edge weighted by z=

when a particle returns to the origin. Such graphs have been studied from a probabilistic point
of view in [GLT22b].

Example 7.2. Let W, be the affine Weyl group Az and let v = w; + w,. We have J = {3},
J = {1,2}, By = {1}, B, = {2} and B; = {3,4}. The color map is given by c(1) = 1,
c(2) =2 and c(3) = c(4) = 3. The graph le7 is the graph with vertices being words of length 4
with one letter 1, one letter 2 and two letters 3. In the graph below, the letter 1 is encoded by a
blue particle, the letter 2 by a green particle and the color 3 by a hole (in gray) and we read the
word starting from the north position and moving counterclockwise. For instance, we have the

following correspondence
O e 33

We obtain the following graph where the arrows going up are all of type 0 and are the only arrows
with a weight different from 1. Compare with Example 4.16.

Figure 7.1: The graph fw1+w2 in type As.

7.2. Type C

Let V' be an euclidean space of dimension n with basis €1, . . ., €,. The set of vectors

Pt ={e;+e |1<i<j<n—1}U{2;|1<i<n}



44 Jérémie Guilhot et al.

forms a positive root system of type C' with associated simple system I = {aq, ..., 1, @, }
where o; = ¢; —g;,1 for1 < i <n—1and o, = 2¢,. We have # = 2¢; and ¥ = ;. From
there we can construct the affine Weyl group of W, of type C,, as in Section 3.2.

The group W, can be realised as the group of permutations o of Z (acting on the right) that
satisfies the following properties

e (—i)o=—(i)oforic Z,
« 1+ N)o=(i)o+ N

where we have set N = 2n + 1. We see that any element o € W, is completely determined by
the image of 1,...,n. Indeed we have o(kN) = kN forall k € Zandifn+ 1 < i < 2n we
have

(i)o=(N—-(N—-i)o=N—-(N—-i)o and 1< N—-i<n.

For later use, we define the following map

sc = {1,....2n} — {1,...,2n}

1 > N —1
We have (i)o = —(sc(i))o + N forall i € {1,...,2n}. We will sometime denote an ele-
ment o € W, by its window notation: [(1)o,. .., (n)o]. The window notation of the distin-
guished generators sg, S1, . . ., s, of W, is
so=[-1,2,...,n],
si=1[1,...;i+1,4,...,n] foralll<i<n—1,
sp=11,2,...,n—1,n+1].

The finite Weyl group W is the subgroup of W, corresponding to the sequences [j; ... jn]
with 1 < 7; < 2n for 1 < ¢ < n. We have the following formula for translations

tag =[1+N,2,...,n],

ta, =[1,...,(i+1)+N,i—N,...,n] forl<i<n-—1,

ta, =[1,2,...,n+ NJ.
Given an element w = [j1, . . ., jn], we have the following rules for right multiplication:
SO[jl; s 7.]71] = [_jh cee 7jn];

Si[jla---7jn] = [jh...,jiJrl,ji,...,jn] forl < 7 < n + 1,

Sn[jl, s 7]n] = [jl) ceey N — ]n]
Letw € W. We have spw < w if and only if j; > n and the equality sow = sptgvw = sgwit(gvyy
in W, becomes in this case:

n—1

solj1s 2y -y dn) = [N = j1, -, jnltay  where o' = —a,) — Z ;.
i=N—j,
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Hence, the edge structure on I',, is given by
° [jl?' B 7ji7ji+17 v 7]71] % [jla cee 7ji+17ji7‘ e Jjn] lf]l—‘rl > jz and 1 < l < n—1
o lnednl =2 o N = a] i i <.

o [y edn] =2 IN =iy ] i 1 > with oV = o, + 30000 al

@

The graph I,

Let J = {i1,...,ir} C {1,...n}, J' be the complement of Jin {1,...n}andy =3, w;
be the corresponding weight. The group W acts on {1,...,2n}. In the case where n ¢ J,, the
orbits of this action can be described as follows:

B ={km, .. km1 — 1} form=1,... r,
Bor iy = {sc(kms1—1),...,sc(km)} form=1,....r

where k,.1 =n+ 1 and k,, < k1. Note that we must have n € B, and n + 1 € B, in this
case. In the case where n € J, we have

By, =Akm,. . kmi1— 1} form=1,....r—1
Bor— = {sc(kms1—1),...,sc(kn)} form=1,....r—1
Br = {kr,...,n,sc(n),...,sc(k,,)}.

where ko = 0 and k,, < k1. Note that we must have {n,n + 1} C B, in this case.

The set of minimal length representatives W7 is the subset of W corresponding to se-
quences [ji, .- ., jn] such that (1) i appears before j whenever i < j and i and j belong to
the same orbit By, and (2) if n € J then B, N {j1,...,j.} C {1,...,n}. The definition of T,
given in 4.7 translates then into the following rules:

° [jh e 7jiaji+17 s 7j’rl] _;> [jla SR aji-‘rl)ji) s 7jn] if ji-‘rl > .71 and ji?ji-}-l belong to
two different orbits B.., B

. [jl,...,jn]%[jl,...,N—jn]withjn<nandjn@éBTifneJ

J
e 1,y dnl LJV ([N — J1y--- ,jn]) if j; > n, witha¥ = o) + Z?:_]%,_jl a)
In the last case, the notation ([k;, . .., k,])’ means that we take the minimal coset representative
with respect to the set J.

This graph is isomorphic to a graph encoding the movement on a segment of colored particles
with a spin {4, —} which exchange their position according to their spin and color.
Letc : {1,...,n} — {1,...,r} be the color map defined by i € B;) U By, ;) and
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sp:{1,...,2n} — {—,+} be the spin map defined by sp(i) = — if 1 <i < nandsp(i) =+
otherwise.

Whenn ¢ J, let W; be the set of words in {1%, . .., r*} with | B,| occurrences of the letter ¢
(i.e. either ¢* or ¢7). When n € J, let W; be the set of words in {1%,... 7 — 1% r} with |B,|
occurrences of the letter ¢ for ¢ < r — 1 and |B,|/2 occurrences of the letter r. Set g, = 2=’
witha" = o, + >, ). Then, I, is isomorphic to the graph fv with vertices VV; and edge
rules

sp; SPit+1 i SPi+1 SP; :
oG e G o x i sp(N/2 — ¢;) < spipi (N/2 — ¢is1),

— n .
o Tyt Tp 10, T)xl-nxn_lc;“lfcn#rwhenne J,

. a9y, i>cl_:102---xnifcl % rwhenn € J.
9en
The first condition in the above rules can be fulfilled in two different ways: either sp, = —
and sp,, | = +, or sp; = sp,;; and sp;c; > sp;c;y1. In the simple case where r = 2 and n € J,
this graph encodes the movement of | B, | particles with a spin {+, —} on a discrete segment of
size n, where particles with spin — go to the right and particles with spin + go to the left.

Example 7.3. Let IV, be the affine Weyl group Cj and let v = w,. We have J = {1,3}
and J' = {2}. The group W actson {1, 2, 3,4, 5,6} and the orbits are B; = {1,2}, B, = {3,4}
and By = {5,6}. The elements of W are

e=1[1,2,3], s =[1,3,2], s182 = [3,1,2], s3s2 = [1,3,5], s28382 = [1, 5, 3],
$183852 = [3; 175]; $1528382 = [5> 1,3]7 528183852 = [3757 1]7 5152518382 = [5737 1];

$352815352 = [3,D,6], 15352515352 = [D, 3, 6], s9515352515352 = [5, 6, 3].

We have sy = s152535251. In the list above, the elements that satisfy spw < w are those with
window notation starting by 5. For all such w, we have (§¥)w = —e; = —(ag + «y) and
Sow = Sgtgvw = Spwt_., so that all the 0-arrows will have weight z~2. We thus omit this infor-
mation when drawing the I, in the figure below. The color map is defined by c(1) = c(2) =1
and c(3) = 2. Since 3 € J, the particle 2 doesn’t have spin. In the graph fw2 below, the parti-
cle 1~ is represented in blue, 17 in green and 2 in gray. We do not indicate the weights a; € N
but we do indicate the ¢ when 1 < ¢ < n.

Example 7.4. Let W, be the affine Weyl group C; and let v = ws. We have J = {1,2}
and J' = {3}. The group W, acts on {1,2,3,4,5,6} and the orbits are B; = {1,2,3}
and By = {4,5,6}. The elements of W are

e = [1,2,3], S3 = [1,2,4], S983 = [1,4, 2}, §18983 — [4, 1,2}, 538983 — [1,4, 5],

51835283 = [4,1,5], $281838253 = [4,5,1], s35951535283 = [4, 5, 6].

We have sy = s152535251 and in the list above, the set of elements that satisfy spw < w are
exactly those whose window notation starts by 4. As before, the weight of each 0 arrow will
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Figure 7.3: The graph I',,, and fw3 in type Cs.

be z~* and will not be indicated on the graphs below. The associated color map is constant
defined by c(1) = c(2) = ¢(3) = 1. Since 3 ¢ .J, the particle 1 does have spin. In the graph T',,,
below, 17 is represented in blue and 17 in green. Again, we do not indicate the weights a; € N
but we do indicate the s when 1 < 7 < n.

There are similar interpretations of the graphs I, in type B, and D,,.
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