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Mathematics reveals its secrets only to those
who approach it with pure love, for its own beauty.

—Archimedes

Truth can be stated in a thousand different ways,
yet each one can be true.

—Swami Vivekananda
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ABSTRACT OF THE DISSERTATION

Theoretical development of framed space curve and its applications to higher-order
geometrically-exact rod theory, shape sensing, path estimation, and computer graphics
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There are many systems such as beams, pipelines, coordinated drones swarm, DNA, etc.,
for which the configuration may be described by a framed space curve characterized by a single
parameter. This research, therefore, utilizes the application of differential geometry and mechanics
to investigate such systems. This work leads to the development of kinematically enhanced
geometrically-exact beam theory, shape reconstruction of slender structures, path-estimation of a
moving object, and computational geometry and graphics method.

The evolution of the system can be mathematically defined by a state space. An approach to

approximate the state space of a single-manifold characteristic system using discrete material linear

XXi



and angular velocity data is proposed. The methodology of path-estimation can be successfully
applied to reconstruct the shape of deformed slender structures that captures the effect of curvature,
shear, torsion, Poisson’s deformation, warping, and axial deformation. The relationships are
applied to generate some complicated structures like a double helix intertwined about a space
curve, a leaf, and an entire plant.

Room for further improvisation of geometrically-exact beam theory was realized. A
comprehensive kinematics of geometrically-exact beam subjected to a large deformation and finite
strain is obtained. Among other deformation effects, the proposed kinematics also capture a fully
coupled Poisson’s and warping effects. The developed kinematics are ultimately used to establish
a measurement model of discrete and finite length strain gauges attached to the beam.

The weak and strong form, Hamiltonian form, and Poisson bracket form of balance laws
considering the enhanced kinematics of the beam are derived. The finite element model of
the geometrically-exact beam with linear material properties is developed. Modal analysis is
performed for a small deformation case.

The geometrically exact formulation discussed can be used to develop a reduced finite
element model for DNA and bio-polymers. The shape sensing method has the potential to serve
in the medical industry by helping in the location of surgical tubing, developing smart tethers that
would help in the study of ocean surfaces, etc. Finally, the state-space estimation technique can
be further extended to higher-order manifold problems like shape reconstruction of composite

panels, membranes, distortion in space-time fabric, etc.
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Chapter 1

Framed Space Curves

1.1 Introduction to various curve framing techniques

The space curves are the simplest structures in the theory of differential geometry because
they are manifolds of dimension one. The interest in space curves dates back to the 17" century.
The idea of a tangent to the curve is attributed to Pierre De Fermat that was first mentioned
in 1629 in a letter to M. Despagnet. It seemingly was invented as a side product of Fermat’s
investigation on maxima and minima (refer to [1]). In 1637, Descartes was the first to define the
algebraic curve in his famous work [2]. In 1748, Euler used the parametric representation of
curves in his renowned work [3]. The idea of curve framing using tangent, normal, and binormal
vectors are attributed to Frenet [4] and Serret [5]. Darboux [6] exploited the moving frame
technique to study surfaces, which was further generalized by Cartan (refer to: for example, [7]
and [8]) and it was used to develop tetrad theory of general relativity [9]. Under the Frenet-Serret
curve framing technique, the curve is geometrically characterized by means of coordinate system
invariant quantities: curvature k and torsion T. A unique Frenet frame exists for a regular, at least
C3 continuous and non-degenerate curve.

Despite the fact that a Frenet—Serret formulation is at the heart of curve framing, it has



limitations for certain practical problems and applications including, but not limited to, graphics
generation, shape reconstruction from finite strain measurements, modeling the trajectory and
motion of certain classes of moving objects, defining the configuration of object swarms, modeling
the continuum mechanics of Cosserat beams, and so forth. These applications demand the
existence of a continuously varying frame along the curve, even if the curvature vanishes at a
certain point on the curve. The principal normal of the curve is discontinuous at the point where
the curvature is O (point of inflection or when the curve straightens momentarily), rendering a
limitation to the use of the Frenet frame for these applications.

Bishop [10] proposed an alternative framing methodology called Relatively Parallel
Adapted Frame (RPAF). RPAF can be used to frame a regular, minimally C? continuous curve
using two invariants, say (xi,«2), that can be uniquely defined if we specify the orthogonal
vectors spanning the normal plane of such a curve at a particular point on it. Bishop called
the invariants (x, k2) as the normal development of the curve. Like the Frenet frame, we only
have two invariants in RPAF that define the curve. The curve still needs to be regular, but the
requirements of continuity and the non-degeneracy condition of the curve are relaxed.

The benefit of RPAF has been proven since its proposal in 1975. The application of
RPAF in computer graphics to create ribbons, tubes from 3D space curves, and the generation
of forward-facing camera orientation was investigated by Hanson and Ma [11]. The RPAF has
successfully been used to develop trajectory tracking and auto-pilot control system for UAVs
(refer to figure 1 in Xargay et al. [12] and references therein). The work by Zahradova [13] used
RPAF to construct waveguides for curves that did not possess unique Frenet frames.

The Frenet frames and RPAF are intrinsic to the curve itself. Therefore, the curvature
terms (k,7) in case of Frenet frame and the terms (k, k2) in case of a unique RPAF are frame
invariants and depend solely on the properties of the curve. However, in multiple practical
applications where a physical system can be modeled through a framed curve, it is convenient to

frame the curve using the material frame (MF). The evolution of the MF along the curve depends



on the configuration-dependent parameters. When MF includes the tangent vector of the curve, it
is called a material-adapted frame (MAF). The curvatures related to such frames usually have a
physical meaning associated with the change of state of the system.

In this chapter, we discuss various framing techniques spanning from intrinsic frames to
system-dependent material frames. We systematically elucidate the construction of the MAF and
establish the relationship between MAF, Frenet frame, and RPAF. We finally detail the general

material frame.

Note on Notations: The n dimensional Euclidean space is represented by R”, with R! = R.
The dot product, ordinary vector product and tensor product of two Euclidean vectors v; and v,
are defined as vy - vo, v| X v2, and v| ® v, respectively. The Euclidean norm is represented by ||. |
or the un-bolded version of the symbol (for example, ||v|| = v). Secondly, n'® (with n > 0) order

partial derivative with respect to a scalar quantity, £ for instance, is given by the operator aa = 8?.

For n = 1, we define 6‘; = 0 and note that for n = 0, 6? is an identity operator. A vector, tensor
or a matrix is represented by bold symbol and their components are given by indexed un-bolded
symbols. The action of a tensor A onto the vector v is represented by Av = A.v. We note that the

6C 9

centered dot is meant for dot product between two vectors, whereas the action of a tensor onto

the vector, the matrix multiplication or product of two scalars, a scalar to a matrix (or a vector) is

[ 1324

denoted by a lower dot “.”.

1.2 Frenet-Serret and Relatively Parallel Adaptive Frames

1.2.1 Frenet-Serret Frame

Consider a fixed orthonormal Cartesian frame {E;} in Euclidean space R3. Consider a non-
degenerate and at least C* continuous space curve ¢ : [0, L] — R3, such that, ¢(¢) = ¢;(€)E;,

with the arclength & € [0, L]. Uniquely framing a curve using Frenet frame requires a continuously



varying Frenet triad consisting of tangent T'(¢), principal normal N (¢), and binormal vectors B(&)

defined as:
T (&) = 0o
N = 2 (11)
162l

B(&) =T (&) x N(&).
The vector triad {T'(¢), N (&), B(¢)} as given in Eq. (1.1) defines the Frenet frame. Before we
mention the Frenet formula that governs the evolution of the Frenet triad, we make the following
remarks that are required to understand the unique existence and continuity requirement of the

frame.

Remarks:

Remark 1.1: A parametrized C' continuous curve ¢(¢) is called a regular curve if it has a
non-vanishing derivative. This guarantees the existence of non-zero and continuous tangent

vector field T'(¢). A regular curve parametrized by the arc-length & gives a unit tangent vector, i.e.

10z 0ll = 1.

Remark 1.2: For a parametrized C? continuous curve (&), we define the scalar curvature
k(&) = ||6§go||. The point on the curve at which the curvature vanishes x = 0, is called as the
inflection point. The point with k¥ # 0 on a regular curve is called as a strongly regular point. At
the point of inflection, the curve is momentarily straight and the normal vector is not uniquely
defined. Thus, the Frenet frame consisting of unique principal normal does not exist at the point

of inflection.

Remark 1.3: At a strongly regular point of C? continuous curve with k(&) # 0, the tangent T
and the principal normal vector N are linearly independent (orthonormal) and spans the osculating

plane. This condition is called as non-degeneracy. The normal vector points towards the center of



curvature. The circle on the osculating plane centered at the center of curvature with the radius %
is called as the osculating circle. A regular C? curve with k(&) # 0 (implying linear independence
of T and N) is called as non-degenerate curve. The curvature k(&) measures the rate of change of
the tangent when moving along the curve. It represents the deviation of the curve at a point from

a straight line (along the tangent at a point) in the neighborhood of the point in consideration.

Remark 1.4: The binormal vector B as defined in Eq. (1.1) is perpendicular to the osculating
plane. The plane spanned by the vectors T and B is called as the rectifying plane. For the Frenet
frame to be continuous along the curve, the osculating plane must change continuously along
the curve. This brings us to the definition of forsion T(¢). The deviation of the osculating plane
is obtained from the derivative of the binormal vector, which can be obtained as 0¢;B = —TN
(refer Chapter II of Kreyszig [14]). The continuity of the Frenet frame along the curve requires
the vector d¢B to be at least C? continuous, implying the curve ¢(¢) to be at least C* continuous.
The C? continuity of a non-degenerate curve implies the existence of osculating circle (curvature
continuity) and the C? continuity of such curve implies that osculating circle or osculating plane
changes smoothly (torsion continuity).

The Frenet-Serret formulas represent the first derivatives of vectors 9:T', 9:N and 0:B as
a linear combination of the Frenet triad as is shown below

T, 0 x Of|T

(1.2)

~|

N,g =|l-k O
B, 0 -7

)

B

The Frenet triad continuously moves along the curve. If the Frenet triad is obtained by finite

rotation of the fixed triad {E;}, we have,

O;=T®E | +N®E>,+BQEs3. (1.3)

The tensor Q(¢) represents the family of orthogonal tensors belonging to the SO(3) rotational



Lie group (discussed later in section 1.3.2.1). From Eq. (1.3), the following holds

0T = 0:Q;.QIT = k¢ x T}
0¢N = 0:0;.QTN = ks x N; (1.4)

0:B = 0:0;.0f B = k¢ X B.

For an orthogonal matrix Qy, it can be proven that Oy, QfT is an anti-symmetric matrix. Therefore,
there exists a corresponding axial vector k¢ such that Eq. (1.4) holds. The vector k¢ = 7T + kB
is called as the Darboux vector (refer Chapter Il of Kreyszig [14]). It can also be interpreted
as a rotation vector of the Frenet triad for a non-degenerate C> continuous curve ¢(&) causing
infinitesimal rotation of the triad as we move along the curve. Finally, we present the formula for

the frame invariants (k,7) as,

) 19e¢ x O ll
(122 -

i (5590 o agz(p) _ (ag(p) (1.5)
U Py

Figure 1.1 illustrates the construction discussed above.

1.2.2 Relatively Parallel Adapted Frame (RPAF): Bishop’s frame

As explained in the last section, a curve may be uniquely framed by Frenet triad if it is
non-degenerate and at least C° continuous. Richard L. Bishop [10] proposed an alternative curve
framing approach that relaxes the continuity requirement among others. For a curve to be framed
by RPAF, it needs to be at least C? continuous and regular. We present an argument that justifies
the construction of RPAF.

Let us consider a regular and at least C? continuous curve. Such a curve guarantees a
non-zero tangent vector. The idea is to device a method to span the plane perpendicular to the

tangent vector (normal plane) such that the two vector fields spanning the normal plane and the
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Figure 1.1: Frenet-Serret frame.

tangent vector forms an orthonormal triad that is continuously varying along the curve. Therefore,
we first define a normal vector field as the vector field that is perpendicular to the tangent vector
T (¢) of the curve @(¢). Let y represent set of all the continuous normal vector field. The aim is
to obtain a unique pair of orthonormal vector fields N (£), N2(£) € x spanning the normal plane.
For the construction of the triad, we assume that the normal vector fields N(£) and N,(¢) are

perpendicular to each other. Bishop proposed that the normal vector fields V;(£) can be obtained

dn;
d¢

if the total derivative = 0¢gN; is parallel to the tangent vector field T'(¢) fori = 1,2. Here we
assume that N; is function of the arc-length & only. The uniqueness of this field can be guaranteed
by fixing the normal vectors at a fixed arclength &} such that N;(£19) = N (called as generators).
Let us call this as the uniqueness criterion and the vector N ;o as the generator.

The vector field N;(§) € y is called as relatively parallel normal field if 6:N; is parallel to
the tangent vector T'(¢). Theorem 1 in Bishop [10] gives continuity and uniqueness requirement of

relatively parallel normal fields. The frame consisting of the tangent vector T'(¢) and two unique



relatively parallel orthonormal fields N |(¢),N»(¢) € y is called as relatively parallel adapted
frame (RPAF). Theorem 2 in Bishop [10] defines the family of RPAF (we can obtain a unique

frame by invoking the uniqueness criterion). If {T,N 1, N5} is a RPAF, we have,

0:.T 0 % ®||T
agN] =|l-k; O O]|Nq]|- (1.6)
0:N»| |-k 0 0[N

It is thus clear that if the regular curve ¢ is C” continuous with r > 2, the tangent vector is
C"~! continuous. Using Eq. (1.6), this fact implies that the normal fields are C"~! continuous
(refer Theorem 1 in Bishop [10]). The parameters (k1,k») governs the evolution of the RPAF
and are determined uniquely up to rotation (for properly oriented frame). These parameters
can be determined uniquely by invoking the uniqueness criterion defined above and are called
as the normal development of the curve ¢. The Darboux vector corresponding to RPAF is
Ky = KIN2 — k2N .

For a regular non-degenerate and at least C? curve, the relationship between Frenet frame

and the RPAF can be summarized as (refer Bishop [10]),

K=K+ K5 (1.7a)

T = Ogn; (1.7b)

n = arctan 2 (1.7¢)
K1

Here, n represents the angular deviation of the vectors N and B from the vectors N and N
respectively measured in clockwise direction (refer Fig. 1.2).
Remarks:

Remark 1.5: An arbitrary vector field is relatively parallel if its tangential component is a

constant multiple of the unit tangent field 7'(¢) and its normal component is relatively parallel in



the sense discussed above.

Remark 1.6: In differential geometry, there is a notion of parallel-transport, in which, a
geometric object (say a vector) is said to be parallel transported along a curve in a manifold if
its covariant derivative vanishes (refer chapter 2 of Do Carmo [15]). Two parallel-transported
vector fields do preserve length and relative orientation in Riemannian manifold. However, it must
be noted that the relatively parallel vector field, say M (¢), is not obtained by parallel-transport
of the normal vector M(&19) = Mo along the curve. Therefore, in the author’s opinion, it is

inappropriate and misleading to call RPAF as parallel-transport frame.

1.3 Material frames and finite rotations

1.3.1 Motivation

In numerous practical applications, the idea of curve framing is very useful to model the
geometry of the system. Many times, the frame is required to be attached to the system, thus
justifying the word material in Material frames (MF). The configuration of such a system is
defined by a curve and the frame attached to it. If the frame consists of the tangent vector of the
curve as one of three orthogonal vectors, it is called as an adapted frame. We shall see in a while
that there are systems that require a more general frame that is attached to the curve but do not
contain a tangent vector as a part of the triad (for example, a general director triad). Those are
still material frames, but not material-adapted frames. Unlike the Frenet frame or the RPAF, the
orientation of these frames depends on the parameters defining the configuration of the system
under consideration. Let us explain the idea of the material-adapted frame with some examples.

Consider the non-linear large deformation of a cantilever beam subjected to pure bending
(no shear deformation) and elongation. Such a structure may be modeled by a curve (called the

mid-curve, obtained by joining the cross-sectional centroidal loci along the rod) and the family of



rigid cross-sections. Euler-Bernoulli beam theory assumes bending as the predominant cause of
deformation and ignores shear and other in-plane and out-of-plane deformations. For such a case,
bending guarantees that the cross-sections of the rod are perpendicular to the tangent vector of
the mid-curve, or in other words, the cross-sections lie on the normal plane of the curve at any
deformed configuration. This is also valid for non-linear Kirchhoftf-Love beams that constraints
the cross-section to be perpendicular to the mid-curve. Thus, we need a material-adapted frame
to model such a rod (as we shall see later, this frame will be called as special material adapted
frame SMAF). Todd et al. [16] in their first work on shape reconstruction used SMAF because
bending curvatures and elongation dominate the overall contributions to deformation in case of
slender rods.

Consider a similar rod subjected to torsion along with the bending and elongation. The
cross-sections still lie on the normal plane but they are subjected to rotation about the tangent
vector. Consider another example of a fixed-wing airplane that has three degrees of freedom in
rotation. The configuration of an airplane can be modeled by a curve parametrized with time.
The normalized tangent vector of such curve is along the roll axis, whereas the pitch axis and yaw
axis span the normal plane. We call these kinds of frames as general material adapted frame
(GMAF). If the roll angle in case of an airplane and the torsion deformation in case of rods vanish,
the GMAF reduces to SMAF. In other words, GMAF can be obtained from SMAF by orthogonal
rotation about the tangent vector.

Finally, consider a general example of rod deformation. Let us subject the rod to shear
deformation along with all the other effects discussed before. The inclusion of shear deformation
relaxes the constraint of the cross-section to lie on the normal plane. Therefore, to model such a
structure, we need a frame that contains a vector perpendicular to the cross-section (need not be
along the tangent vector of the curve) and a pair of orthogonal vectors to span the cross-section
(that need not lie on the normal plane but still is subjected to rigid cross-section assumption).

Chadha and Todd [17] and [18] (discussed later in chapter 4) used this framing technique (in

10



this case we used Cosserat frame) to generalize the theory of shape sensing to include shear
deformations and Poisson’s in-plane cross-sectional deformation among other effects. In general,
we call this frame as material frame (MF) and not MAF because the tangent vector is not a part of
the triad anymore.

Another interesting application of MF can be realized in the design of a spiral staircase. If
the central column is straight (which is usually the case in practical designs), the tread falls on
the normal plane of the column and the handrail is perfectly spiral, thus MAF is apt to describe
such geometry. However, if the central column is slightly deviated or inclined due to construction
requirements, the tread may no longer be on the normal plane and secondly, the handrail will not

be a perfect spiral anymore. We would need MF to address such geometries.

1.3.2 Finite rotations

In practical applications, the material frames are obtained by finite rotation of the triad
{E;}. For instance, the Inertial Measurement Unit (IMU) of a dynamic system is always initially
calibrated with respect to some fixed triad, say {E;}. Before we construct various material frames,

we briefly describe the finite rotation of a vector and an orthonormal triad.

1.3.2.1 Rotation of a vector: Rotation tensor

Finite rotations are represented by an element of a proper orthogonal rotation group SO(3).
The SO(3) manifold is a non-linear compact Lie group that has a linear skew-symmetric matrix
as its Lie algebra, so(3). The Lie algebra to SO(3) represents its tangent plane at the identity

I3 € SO(3). The SO(3) manifold and its Lie algebra so(3) are defined as

S0(3):={0 :R*— R’ Q"0 =13, and detQ = 1}; (1.8a)

s0(3) := {0 : R> — R?| 0 is linear, and § + 0 = 05}. (1.8b)

11



In the equation above, 03 represents 3 X 3 zero matrix, whereas I3 = E; ® E; is the identity tensor
with respect to which the director frame field is calibrated. The anti-symmetric tensor 0c s0(3)
is equivalent to the associated axial vector ® € R? in the sense that for any vector v € R3, we
have .y = @ x v. Therefore, there exist an isomorphism between R? and so(3). The action of §
onto the vector v (yielding 0.v) results into an infinitesimal rotation of the vector v about the unit
vector ﬁ by an amount ||0|| (referred to as rotation about 0 vector; hence, 0 is called an axial
vector). From here on, any matrix quantity with a hat on it (*) represents an anti-symmetric matrix.
For later use, we define zero vector as 0; = [0,0,0]”. At this point, we define the Lie-bracket
of two anti-symmetric matrix as [.,.] : so(3) X so(3) — R, such that for any 4, b € s0(3) with

corresponding axial vectors a, b € R? respectively and any vector v € R3, we have,

la.b] = (a.b - b.a); (1.92)

[a,b] .v = (ax b)xv. (1.9b)

[a,a] = 0s; (1.10a)

la,b] = - [b.a]. (1.10b)

Consider a vector V; that is to be rotated to V¢ by a proper orthogonal tensor Q € SO(3)
such that, V¢ = Q.V;. The component of the tensor Q represented by the matrix [Q]g,eE; =
Q;;(E; ® E) has three independent entries because of the orthogonality constraint: 0'.0=1I.
Therefore, Q can be parametrized by three parameters or a vector in R?. There are multiple ways
for the parametrization of the rotation tensor. We focus on three of them: the Euler Angles, the
quaternions and the Rodrigues rotation formula. We omit the description of Euler angles (that
deals with sequential rotations) for they are straight forward and common. However, we briefly

describe the quaternion approach and Rodrigues rotation formula.

12



Rodrigues rotation formula: We first describe Rodrigues rotation approach for finite rotations.
The vector V¢ can be obtained by rotation of the vector V; about the unit vector ng = ng; E; by an
angle 0. This enables us to parametrize the rotation tensor by means of a vector @ = Ony, such

that © = ||0]| and V¢ = Q(0).V;. By Rodrigues formula,
Vi=(Vi+ngXxngxV;)+ sin0(ng X V;) —cos0(ng X ng xVj). (1.11)

It e so(3) represents the spin matrix with the corresponding axial vector 8 = 0(nyE;) = 6;E;,

we have,
0 -nes ne
0=0{nys 0 —ngl- (1.12)
-ngy ngy 0

We state a useful property associated with Eq.(1.12) as

02=0-0= @:@:%Tr(ﬁz). (1.13)

| =

The definition of SO(3) in Eq. (1.8a) allows rotation tensor to be parameterized by a rotation
vector @ € R? (with corresponding anti-symmetric matrix 0 € s0(3)). The rotation tensor can be
derived using Rodrigues formula (1.11) using the fact that V¢ = Q(0).Vi, ng XV, = (%) ﬁ.Vi and
using the MacLaurin expansion of sin 0 and cos 0 (refer Eq. (29) in Argyris [19]). This brings us

to the definition of exponential map exp : so(3) — SO(3) such that,

Al

sin O A 1 —-cos0) a2 0 N
00) =13+ o4 > ) =3 2 =exp () (1.14a)

i>0

07'®)=0"(0)=1I;- Sige 6+ U _BCZOS 98 = exp (—ﬁ) . (1.14b)

Here @0 = I3. Subtracting Eq. (1.14b) from (1.14a), we obtain the associated anti-symmetric

matrix 0 as,

(Q - QT) . (1.15)
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Taking trace of Q in Eq. (1.14a) and using the result in Eq. (1.13), we get another important

relation:

_ trace(Q) — 1

0
oS >

(1.16)

The exponential map is a local homeomorphism in the neighborhood of identity I3 € SO(3)
for © € [0,7). The local homeomorphism of exp map guarantees the existence of a unique
inverse of exponential map in the neighborhood of 15 € SO(3), called the logarithm map

log : SO(3) — s0(3), such that

log (Q(0)) = log(exp(8)) = & € s0(3). (1.17)

The norm of logarithm map is defined as the Euclidean norm of the associated rotation vector as

T
Ilog (Q(8)) || = 0 = ,/ETr (0.0). (1.18)

Equation 1.18 above defines a metric that is useful in measuring errors in the director triad. The
rotation tensor can also be represented by means of unit quaternion. For a detailed discussion
on finite rotation, refer to Argyris [19], Ibrahimbegovic [20] and Diebel [21]. Section 1.3.2.2

discusses local homeomorphism of exponential maps.

Unit quaternions Another approach to capture finite rotations is by using unit quaternions. In

general, a quaternion is a 4-tuple g = qo + q1i + q2J + g3k, where g; € R, such that,

ij =k, ji =—k;

(1.19)
jk=ikj=—i;
ki = j,ik=—j.

The first of the equations mentioned above has a special significance in the history of mathematics

(refer to [22]). The relationship between a complex number and plane geometry inspired William

14



Rowan Hamilton to find a higher dimensional number that can be associated with 3D geometry.
Hamilton realized need of 4-tuple (not a triplet) to establish a 4D algebra that can be related to 3D
geometry, that he called guaternions.

The multiplication between two quaternion (called Hamilton product) can be carried
in a way similar to the complex numbers using the properties in Eq. (1.19). Unlike complex
numbers, the multiplication of quaternion is non-commutative. The conjugate, norm and inverse

of a quaternion are defined as:

conjugate : q* = qo — qii — q2j — q3k;

norm : ||qll = vqq* = \/q8+qf+q§+q§; (1.20)
inverse : q_l = a
' llglI*

To establish the relationship between a quaternion and 3D geometry, Hamilton suggested
considering quaternion to be consisting of a scalar and a vector (the terms that he proposed), such
that ¢ = (go, q). For two quaternion g = (qo, q) and a = (ag, a), the quaternion sum, Hamilton

product, conjugate and norm are then given by:

g +a=I(qo+aoq+a);
ga = (qoao — q - a,qoa + apq + q X a);

(1.21)
q" = (q0.—9q);

lgll = a5 +4q -9

We can consider a vector V; as a pure quaternion Viyiia1 = (0, V). A unit quaternion ¢, = (qo, q)
with ||gqu|| = 1 can be used to rotate vector V; to V¢ (with the associated pure quaternion

Viinal = (0, V'¢)), such that,

Viinal = Qu~vinitial-q; = (0, Q(Qu)-vi);

Vi=0(qu).Vi.

(1.22)
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The rotation tensor Q can be parametrized by a unit quaternion ¢,. If V; = V{;E; and q = g;E,,

then using Eq. (1.22), we get

@+ar-05 q2—qoq3  qoq2 + 4143
[Q(alEcE; =2 | qogs +q1q2 ¢ +4@2 0.5 g3 —qoq1 |- (1.23)
Q93— qoq2  qoq1 +92q3 43 + g3 — 0.5
We can parametrize the unit quaternion using the rotation vector 0. Notice from Eq. (1.23) that

the trace (Q(qu)) = 4q(2) — 1. A trace being an invariant of a tensor implies (from Eq.(1.16)) that

4g} —1=2cos0 + 1;

1.24
3 /cos@+1 ( )
qo = 5 .

Thus, there exist two possible and equivalent ¢, leading towards same rotation. The ¢, with
qo > 0 implies 0 < 0 < 7 about the axis ng and the one with gy < 0 represents rotation about the
axis —ng with the magnitude 27 — 0, representing same rotation. We call this property as the
equivalence of the unit quaternion and its negative or double cover.

Lets consider gy = cos (g) The unity quaternion constraint implies

qu(0) = (cos (g),sin (g) ne) . (1.25)
This representation, sometimes called as rotation vector representation, satisfies the unit quaternion
constraint and is same as the Rodrigues rotation.

The equivalence of the unit quaternion and its negative in representing rotation was
exploited by Klumpp [23] to extract the quaternion from the component of rotation tensor without
any singularity. Spurrier [24] recognized the Klumpp’s algorithm to be sensitive to numerical
imprecision and proposed a modified algorithm, now popularly known as Spurrier’s algorithm.

The primary disadvantage of representing the rotation using Euler angle formulation is

its dependence on the sequence of angles considered and singularities arising due to gimbal
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lock. Unit quaternion approach completely gets rid of this singularity but is subjected to the unit
quaternion constraint. There is plenty of excellent literature to which one may refer for further
understanding of rotations (for example, [19], [20], [25] and [21]). The work by Diebel [21]
serves as an excellent resource that describes all these approaches and establishes relationships to

obtain one form from the other.

1.3.2.2 On many-to-one nature and local homeomorphism of exponential map

As discussed in section 1.3.2.1, the exponential map is a mapping from Lie algebra so(3)
to Lie group SO(3). However, the exponential map is not bijective. For a given 8 € so(3), there is
a unique Q(0) = exp(@) € SO(3) (thus surjective), however, for a given Q(0) = exp(ﬁ) € SO(3),
there are many possible 0 € s0(3) (hence not injective). For example, for ; = Ong and
0, = (0 + 2nm)ngy with n being an integer, Q(0,) = Q(0,). However, if we restrict 0 € [0, ), we
obtain a local homeomorphism in the exponential map as explained below.

Let us start our discussion by restricting 6 € [—n, ). For this case every rotation tensor
identifies a unit vector as +ng (unique up to a multiple of +1) except at O = —x, in which case
ng is unique. Thus, the rotation angle and unit vector combination (6, ng) and (-0, —ng) defines
same rotation vector. This fact looks trivial because @ = Ong, however, it forbids us to uniquely
define a unit rotation vector ng.

To uniquely define the unit rotation vector ng, we restrict 0 to positive value 6 € [0, 7).
At 0 = 0, the unit vector ng can be any arbitrary vector but @ = 0 and the corresponding
rotation tensor is Q = I3. At 0 = m, there are two possible unit vectors tng (thus, the map
is not homeomorphic for 6 = 7). Thus the exponential map is local homeomorphism in the
neighborhood of 13 such that 6 € [0, 7).

From equation (1.16), Tr(Q) = —1 at 0 = &. Therefore, the logarithm map is a well-defined
continuous map if Tr(Q) # —1 and 0 € [0, 7). Equation (1.15) can be used to obtain logarithm

of rotation tensor (the associates spin matrix), however, as 0 approaches 0 and x radians, Eq
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(1.15) becomes unstable as sin 0 vanishes. Spurrier’s algorithm [24] can be used to extract
the quaternions and the associated rotation vector. Spurrier’s algorithm gives 6 € [0,7] and
restricts quaternion component gp > 0. However, at gg = 0 or equivalently 0 = x, there are two

possible unit vectors. The quaternions are related to the rotation vector @ = Ong by the following

0 = 2 arcsin (,/qlz + q% + qg) = 2 arccos(qo);

qi

O+ G+ a4

1.3.2.3 Rotation of a triad: rotation matrix

relationships:

(1.26)

ne;i =

The entity Q discussed in previous section, transforms one vector to another. Therefore, it
is a tensor. However, consider a properly orthonormal triad {d;} such that d; = Q.E;. We can
then obtain direction cosine matrix R such that, [d;,d,,d3]" = R.[E,E>, E3]". The component
of matrix R;; = d; - E; = Qj;. Here, Qj; represents E; ® E; component of the rotation tensor Q.

It can be observed that R = [Q]g op - Notice that R is a matrix whereas @ is a tensor.
i J

1.3.3 Construction of material-adapted and material frames

In this section, we construct these frames by carrying finite rotations of the fixed orthogonal
triad {E;} using Euler angle approach. We use the following notations: cos 6 = ¢y and sin 0 = sy,

for any angle 0.

1.3.3.1 Special material adapted frame: SMAF

Consider a regular and at least C?> continuous curve ¢(£). Let Q, € SO(3) be the
rotation tensor that generates SMAF consisting of orthonormal triad {T,Y, Ps}, such that
P - E> = 0. This can be obtained by first rotating the frame {E;} about E, by an angle ¢,

(yaw angle) and then rotating about the updated E3 by an angle ¢, (pitch angle). Thus, if,
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QS:T®E1+YS®E2+PS®E3,then,

(0.1 o,
T C¢p C¢y S¢p —C¢p S¢y E1
Yo = “SepCoy Cop S¢p 59y Ey|- (1.27)
Ps S¢y 0 C¢y E3

Here, Y and P represent the yaw and pitch axis respectively.

The fact that Py(¢) - E» = 0 or Ps(¢) lies in E| — E3 plane is advantageous in practical
standpoint. This is because Ps(¢) acts as a reference vector in the normal plane with respect to
which, the torsion angle or the roll angle and the shear angles can be defined to obtain GMAF and
MF. Note that we can define another special case in which only one angle is non-zero (either pitch
or yaw angle). However, that would define a curve in the 2D plane, hence it is not desirable for

spatial curves.

1.3.3.2 General material adapted frame: GMAF

Rotating SMAF about the tangent vector by an angle ¢, (roll angle) gives us GMAF
consisting of orthonormal triad {T',Y s, P, }, obtained by finite rotation of {E;} by the rotation

tensor Qg, such that Qg =T®E|+Y;Q®E, +P;®Ej3. Thus,

[Qg]ITE,-@)Ej
T C¢p C¢y S¢p —C¢p S¢y E1
Yo| = |=CorCoySe, + 56,50,  Co,Cor  CoyS¢, + Co,59,5¢, | | E2|- (1.28)
Pg C¢y S¢p s¢r + C¢r s¢y _c¢p S(Pr C¢r C¢y - s¢p S¢r s¢y E3

This sequence of rotations falls under Tiat-Bryan intrinsic rotation with the sequence yaw first,

pitch second, and roll third.
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1.3.3.3 Material frames: MF

As discussed in section 1.3.1, we might encounter a situation in which the plane of interest
need not be normal to the curve. Consider a general orthogonal triad {d;} such that the vector d;
is not along the tangent vector of the curve T and the vectors {d»,d3} spans a plane normal to d;.
For instance, a cross-section of a beam subjected to shear is not normal to the tangent vector or a
rigid swarm of drones need not be perpendicular to the direction of motion. In such instances,
MF are desirable.

Consider a general orthonormal frame {d;} with its origin at some point on the curve. It
can be obtained from finite rotation of the frame {E;} such that d; = Q,,.E; or from any other
triad, say SMAF using the rotation tensor @, (the subscript“ms” implies material-frame relative

to special material adapted frame) such that,

Qm = id,’ QE;;
i=1

(1.29)
0.,.=d19T +d,Y;+d3®Py;

Qm = QmS'QS'

1.4 Curvature of an evolving frame

1.4.1 Curvatures of a general material frame

Let us consider the material frame {d;}. The frame is a function of the quantity
parameterizing the curve under consideration. The choice of parameter is problem-dependent.
For instance, the frame attached to a UAV is evolving with fime. Similarly, a frame representing
the orientation of a cross-section of a beam varies along the arclength of the deformed beam or
the frame attached at a fixed cross-section of a cable changes with fime when the cable undergoes

dynamic deformation. The change of directors relative to the parameter gives local information
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about the deviation of the configuration of the system at a point. For instance, the curvature « of
the Frenet frame gives the deviation of the curve from its tangent vector at the given arclength.
The derivative of the director triad {d;} with respect to the arclength parameter ¢ is

obtained using the Eq. (1.29) as,
agd = 8§Qm.El~ = 8§QmQ£1dl = k.di =KX di. (1.30)

Since QL..Q.. = I, it can be proved that & = 8§Qm.Q§ is anti-symmetric with corresponding
axial vector k. Here, k = E; = «k;d;, represents the Darboux vector of the frame when
parameterized by the arclength &. Note that the overline on the components «; represents the

component of the Darboux vector in the MF. In matrix form,

agdl 0 K3 —k2| |dy
agdz = |—k3 0 K1 d2 . (1-31)
6§d3 Ky —Kj 0 ds

1.4.1.1 Curvature terms of Frenet frame

The fact that the tangent vector T'(£) depends on the pitch ¢, and yaw angle ¢,, enables
us to represent the Frenet frame in terms of these functions. With the rotation about E; first
followed by the rotation about the updated E3, and using the results discussed in section 1.2.1, the

following results can be obtained:

¢
0@ =0+ [ T (1320
K = (90p)” + (9ey) ¢ (1.32b)

_ 1
T = (?) (6§¢y. (2s¢p(0§¢p)2 +cy, (c¢ps¢p(6§¢y)2 + 8;@,)) - c¢p.6§¢p.8§¢y) ; (1.320)
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| KCy,Cp, KSg, —KCg, Sg,
[Qf]g-@Ej = (%) —Cp,Sp,-0cbp — Cp,54,-0cby  Cp,-0cp 54,59, -0cbp — Cp,Cp Oy | -
Sa,-0cbp = Co,Co,50,- 06y Cy Ocby Co,-Ocbp + Cg, 54,50, -0 Py
(1.32d)

1.4.1.2 Curvature terms of SMAF and GMAF

From Egs. (1.27) and (1.30), we arrive at the Darboux vector for the SMAF kg =

k1T + kY s + k3P such that,

Ks1 = Sg,-0¢0y; Ko = Cp,.0eby; Ks3 = Os . (1.33a)
K12 = (Fep)® + (Depy)s (1.33b)
K =K% + K. (1.33¢)

Similarly, from Eqs. (1.28) and (1.31), we arrive at the Darboux vector for the GMAF,

Ke1 = Oty + 54,06y = Ogy + Kst; (1.34a)

Kgd = c¢pc¢r.8§¢y + 8¢,.0:0p = Ks2Cp, + K354, (1.34b)
Kg3 = Cg, Pps = Cp, 8¢, By s = —Ks2Sg, + Ks3Cg,; (1.34¢)
IKkell® = (0e 43 + O3 + Beby) + 254, .0 by Oy (1.34d)

It is interesting to note from above relations that

Kgl 1 0 0 | [xs1 0z by
k2| =10 ¢y, sg. | |[k2| | O |- (1.35)
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The expression for the curvature can be obtained in terms of unit quaternion using Eq. (1.23).

Kgl = 2(=q1.0:q0 + 90-0¢q1 + q3.0:G2 — q2.0¢q3) ; (1.36a)
Ke2 =2 (—q2-0¢q0 — q3-0:q1 + q0-0:q2 + q1.0¢q3) (1.36b)
K3 = 2 (—q3-0¢q0 + q2.0:q1 — q1.0:q2 + q0.0¢q3) - (1.36¢)

Similarly, the expression of curvature vector can be expressed in terms of Rodriguez parameters
by using Egs. (1.12) and (1.14a) or alternatively by substituting go = c(9/2), gi = S(0/2)ne; Where
i =1 -3, in equations (1.36a), (1.36b) and (1.36¢).

Egl = Se.agnel + (1 — Ce)(ne3.(9§:l’l92 - l’lez.aé:neg) + I’lel.age; (1.37&)
Egz = Se.agnez + (1 — Ce)(l’lel.agl’leg - l’le3.(9§l’l61) + l’lez.@ge; (1.37b)
Eg3 = S9.6§n93 + (1 - Ce)(nez.agl’lel - nel.afnez) + l’leg.@ge. (1.370)

1.4.2 RPAF and Frenet frame as GMAF

The RPAF can be considered as GMAF with ¢, = py, representing the rotation of the
normal vectors N | and N, from the vector Y and Py respectively, in a constrained fashion. It is
clear from Egs. (1.6) and (1.31) that the constraint over RPAF is ko3 = 0. With this constraint in

mind, we can obtain the roll angle field py,(¢) for the RPAF by using Eq. (1.34a). We have

¢
Pb(§)=pb(0)—/0 Ks1(k)dk. (1.38)

Fixing the value of p(0) provides uniqueness to the RPAF. From Egs. (1.34b) and (1.34c), we
can arrive at the expression of the normal development (or curvatures) of RPAF in terms of the

Euler angles associated with the GMAF as

Ez = Eg3|(¢r:pb) = FS3CPb + ESZspb' (139b)
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Substituting for k| and «; from the results obtained in Eqgs. (1.39a) and (1.39b) into the Eq. (1.7a)
yields the result in Eq. (1.33c). Using equations (1.39a) and (1.39b) along with the result in
(1.7¢c), we arrive at an important relationship between the angle py and 7, thus enabling us to

express Frenet frame as a GMAF (refer Fig. 1.2).

K + K3 tan 17) (1.40)

tanpp = — | = p—
P (Ks3 + kg tann

We can independently arrive at the angle (¢, = pr) subtended by the vectors N and B with Y and

P respectively by imposing a constraint kg> = 0 on GMAF such that,

tan pf = —% = tan (7 + pp). (1.41)

s3

We note that the results obtained in Eqgs. (1.40) and (1.41) are consistent. Figure 1.3 shows a curve

Figure 1.2: The orientation of various adapted frames in the normal plane.

with the point of inflection marked by a dot, the red vectors representing the tangent vector field
and the circles representing the normal plane to the curve. In Fig. 1.3a, the solid green and blue
arrows represent Y and P field, whereas the dotted green and blue vectors stand for N1 and N,
respectively. Similarly, the green and blue vectors in Fig. 1.3b show N and B respectively. Figure

1.3a and 1.3b shows that the SMAF and RPAF (obtained using Eq. (1.38) and setting p,(0) = 0)
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are continuous whereas the Frenet frame is not uniquely defined at the point of inflection and the

normal vector (binormal vector as well) abruptly changes its orientations at the inflection point.

(a) SMAF and RPAF (dashed arrows) (b) Frenet frame

Figure 1.3: Example of a curve with the point of inflection (marked by a black dot), SMAF,
RPAF, and Frenet frames.

1.5 Summary

This chapter details various approaches to curve framing. After a brief discussion on
Frenet and RPAF frame and their continuity requirements, the construction of general material
frame MF is delineated. Three approaches to parameterize finite rotations: Euler angle approach,
unit quaternion, and Rodrigues rotation formula are discussed. The relationship between the
curvature tensor of various frames is obtained.

This chapter is fundamental to the forthcoming chapters. The curve framing techniques
discussed here are directly used in chapter 2 to develop path estimation methodology and to
investigate applications of framed space curves in computer graphics. Chapter 3 is the theoretical
extension of the current chapter, dealing with higher-order derivatives of curvature of material

frames. We exploit the material frames discussed in this chapter to develop generalized kinematics
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of geometrically-exact beams in chapters 4 and 5. The shape reconstruction technique detailed in
chapter 6 uses the results presented in this chapter and chapter 4. Chapters 7—10 establishes the
mechanics of geometrically-exact beams modeled using a material-framed space curve.

The discussion carried out in this chapter has been published in Computers & Structures
Journal, Mayank Chadha and Michael D. Todd [26], 2019. The title of this paper is “On the
material and material-adapted approaches to curve framing with applications in path estimation,
shape reconstruction, and computer graphics”. The dissertation author is the primary investigator

and the author of this paper.
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Chapter 2

Path Estimation and Computer Graphics

2.1 Introduction

In this chapter, we investigate the configuration and state space of a single-manifold
characterized system, that can be modeled using framed space curves. We derive the evolution
equations of the material frames and illustrate an algorithm to estimate a smooth framed curve
using a limited set of curvature data. This estimation technique is very useful for structural
monitoring of slender structures like pipelines (discussed in chapter 6) or for path estimation
of underwater drones, where the data is scarce due to challenges associated with underwater
communication. We illustrate various interpolation approaches here. One of the approaches that
have a closed-form solution is smooth patch estimation and gluing technique (SPEG) that involves
C~! estimation of the material linear and angular velocity data (or equivalently cross-sectional
strain and curvature in case of a beam). We develop curvature-dependent local shape functions
(for a given segment or patch of the curve) and “glue” these patches together such that the global
solution obtained is smooth. Another higher-order interpolation of the input curvature data to
numerically obtain the configuration space is also discussed. The accuracy of the estimated

curve depends on the quality of the curvatures data set and the interpolation method that was
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used to estimate the path. We illustrate the application of this algorithm to estimate the path of
a moving object or swarm of drones using a limited set of data obtained from the sensors (like
Inertial Measurement Units (IMU), strain gauges, etc.). We illustrate the application of the frames
discussed in chapter 1 towards the generation of certain structures: double helix intertwining a

space curve (like DNA), a leaf and a plant.

2.2 Configuration and state space of single-manifold charac-

terized systems

2.2.1 Tangent space and tangent bundle of the configuration space

Consider a rigid body, the configuration of which is defined by a space curve ¢ and the
vector triad field {d;} that defines the orientation of the rigid body under motion. Thus, the
configuration space C := R?> x SO(3) = SE(3) defines such systems and is parameterized by a
single-parameter (time in case of rigid body motion). Here SE(3) is the special Euclidean group,

that defines rigid body motion. Thus,

@) := {(¢(1),0(0) | ¢ :R* — R, Q:R* — SO(3)} c C. 2.1)

In the equation above, R* represents set of non-negative real number. If £(z) € R* represents the
total distance travel at time ¢ € R*, the linear velocity is defined as 9,& = v(¢).
Consider the curve parameterized by the arc length &. For any ®(¢) € C, we define the

tangent space TgC as,

ToC = {(3:¢,0:0) | 0:¢p :R* — R, 9:Q0 =k.Q : R — TpSO(3)}. 22

Here, TpSO(3) refers to the tangent plane of the non-linear manifold SO(3) at Q such that

0:0Q € TpSO(3). We recall that k = 6§Q.QT is an anti-symmetric matrix with the axial vector
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k(&). If the rotation tensor Q is parameterized by the rotation vector @ = Ong as shown in the
section 1.3.2, then using Eq.(1.14b) the following relationship can be obtained,

) . (sinB) . A [1-cosO) s .
& = drexp(0).exp(~0) = (%) 9:0 + (ﬂ) [6.0:0] + (0.5:0) (

0 —sinB)
92

03 0. (23

Using Eq. (2.3) and the definition of Lie bracket in Eq. (1.9), we obtain the corresponding axial

vector (the curvature vector) as:

K:Te.agﬂ;
. . 2.4)
sin 6 1 —cosB) » 0 —sin0 (
To=|—11 — 10 —|0®0.
e L e L e L
similarly, we have,
9:0 =Ty .«
A 2.5)
1 0 o 1 1 0 (
T:'=|= Ii—~+—|1-= 030.
0 (Ztang) ) 92( 2tan%)

Readers can refer to Ibrahimbegovic et al. [20] for the derivation of T' 51. In the above equations 0
and represents the spin matrix associated with the vector d:0 and 0 respectively.
Therefore, with slight abuse of notation, we define an abused but equivalent tangent space
as,
ToC = {® = (0¢p,k) | Ogp :R" — R, k:RT — R’} c R’ xR’ (2.6)
A one-to-one correspondence between R? and so(3) justifies this abuse of notation. The state

space of the problem is defined by the tangent bundle 7°C of the configuration space C defined as,

TC:= {(®,®)| ® €C, & cTyC}. 2.7

From Eqgs. (2.6) and (2.7) it is clear that the state space is defined by the set ((p, {d;}, ascgo,lc).
It is interesting to interpret the curvature vector k and the derivative of the rotation vector

0¢0 from a physical viewpoint. At an arc-length &, the director triad {d;(£)} rotates about the
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vector k(&).d€ to yield the triad at {d;(¢ + d¢)}. The triad {d;(¢)} and {d;(& +d&)} are obtained by
finite rotation of the frame {E;} about the rotation vector 0(¢) and 0(¢ + d&) = (&) + 0:0(¢).dé

respectively. In terms of the exponential map,

Q(£ + d¢) = exp(R(£).d€).Q(¢) = exp(R(£).d¢).exp((£));
Q(£ +d&) = Q(O(¢ +d¢)) = exp(B(€) + 9:0(£).dE).

(2.8)

2.2.2 Material and spatial representation of curvature (or equivalently

angular velocity and the associated spin tensor)

We define the quantity K= 0T k.Qe€ T7,S0(3) := s0(3) obtained by parallel transport
of k.Q from TpSO(3) — so(3). Thus, if @ = d; ® d;, such that d; = Q.E;, then Q represents
the finite rotation, whereas k represents an infinitesimal rotation with respect to the calibrating
frame of reference {E;}. Whereas, Qﬁ = k.Q represents infinitesimal rotation with respect to
{d;} frame. In the physical context of rotation, the tangent vector Q.f and k.Q performs an
infinitesimal rotation with respect to {d;} frame but the quantity Qﬁ is obtained by left translation
of the quantity k € so(3) to Qﬁ € TpSO(3), whereas, k.Q represents the superimposition of
infinitesimal rotation contributed by K onto the finite rotation contributed by Q (this is also called
as right translation of k € s0(3) to the tangent vector £.Q € TpSO(3)). The former kind of tangent
vector fields are known as left-invariant and the later as right-invariant fields. We also observe

that,

Rlaca, = %] =|% 0 & 2.9)

-k2 k1 O
Let k and « represent the axial vector corresponding to the anti-symmetric matrix £ and K
respectively. It can then be proved that k = QT.K such that if k = k;d;, then k = K;E;. As in

continuum mechanics, we call the quantities k and k as material representation; and k and k are
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the spatial representation of the curvature tensor and the curvature vector respectively. Figures

2.1 and 2.2 provide a physical and geometric interpretation of the discussions carried out in this

section.

dd; = 9¢d;. d¢
! T
di(§+d8) o ¢
k@& L @
x() Lgrde
:' > E;
ng($ +d§)
950 |

n6(€)

Figure 2.1: Finite and infinitesimal rotations and the flowchart of various transformations.

2.2.3 Linear and angular velocity of rigid body

A regular C” continuous curve (&) parametrized by the arclength £ can be re-parametrized

by another variable ¢ (say time) such that & = £(¢) is at least C! continuous and i—f # 0. We define

linear velocity of the curve as,
(2.10)

_dede A8y 0T =vid,.

O = ——2 =

oAt T At

The scalar v(t) = % = \/V% + ﬁ% + ?% gives the magnitude of linear velocity vector at time ¢.
The angular velocity vector w is related to the evolution of the frame when the curve is

parameterized by time. Let us consider the derivative of the director triad {d;(r)} with respect to

time 7. From Eq. (1.29), we have,
2.11)

dd; = 8,0.E; = 5,0.0" .d; = &(1).d; = w(t) x di(1).
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T;,50(3) = s0(3)
exp (8(5))

exp (@(E + df))
- exp(R(2)). exp (8(5))

: i oL

dE g = To+anSO(3)

2@,
Q¢ +df)
$0(3) manifold Curve Q(§) € S0(3)

Figure 2.2: Geometric representation of the finite and infinitesimal rotations, curvature tensor &k,
and the projection from the tangent plane Tp SO(3) to the manifold SO(3) using the exponential

map.

The fact that & = §,Q.Q7 implies that &(r) = v(£)R(£()) or w(t) = v(t)k(£(1)). Thus,

0,d; 0 K3(E(1)  —K2E@)| [dy 0 w3(t)  —wa(t)| |dy

Ord | = V(1) [-K3(£(1)) 0 K1(é@) | [d2| = |-w3(r) O wi(t) | |d2f -

0,d3 K(&(1)  —Ki1(£(®1)) 0 ds wy(t) -wi(t) 0 d;
(

Note that w = w;d; = w;E;, we have [w,ws, w3]" = [Q]Ei®Ej.[51,52,63]T. Similar to the
curvature tensor discussed in section 2.2.2, we summarize following relationship associated with
the angular velocity vector w and the tensor @:
O = —¢gjwi(d; ® d;);
©0=0"0.0=-6o(E:®E)); =0 0 (2.13)

©.Q € TpSO(3) and w € so0(3).
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2.3 [Estimating global framed curve from limited material cur-

vature and velocity data

We motivate the problem statement by a real-life example. Consider a moving rigid body
with mid-curve and director triad parametrized with time. From section 2.2.3, the system is

governed by the following set of differential equations

o 0 T-diy T-d, T-ds||e 0 v V2 V3 ®
(9td1 0 0 ?3 —?2 d] 0 0 w3 () d]
= (1) = (2.14)
o,d; 0 —k3 0 K1 d> 0 —w3 O w1 | |da
(9;(13 0 ?2 —El 0 d3 0 52 —51 0 d3

In this section, we attempt to obtain estimated state space from discrete linear velocity (equivalently
axial strain in case of beams) and angular velocity (or equivalently Darboux or curvature vector in
case of beams). This would involve integrating equation 2.14. We assume the initial condition at
t =0as ¢(0) =0and d;(0) = d;yp = E; . There is no loss of generality in considering the initial
condition d;y as our reference frame. We assume that we have the data for linear and angular
velocity expressed in {d;} frame at time steps ¢, such that v(z,,) = v, o(t,) = 0, (with @n being
corresponding material spin matrix) and n = 1,2,3,..., N. The frame {d;} is to be approximated
using Eq. (2.14). However, knowing the component of spatial quantity in current frame {d;}
naturally gives the associated material quantity as is clear in Eqgs. (2.9) and (2.13). This is the
key observation that is exploited to develop the estimation algorithm discussed in the upcoming
section.

The idea is to approximate the material linear and angular velocity (recall R and so(3)
are linear spaces). We use these interpolated quantities to estimate our state space. From here on,
the component of any material quantity will be expressed in {E;} frame. Thus, for simplicity, we

A

write [6] = w.
Ei®Ej
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2.3.1 Smooth Patch Estimation and Gluing technique (SPEG)

In this approach, we discretized the total time span into N patches (n = 1,2,...,N) or
segments with center of the segment n being at ¢, (except for the first and last segment). We
consider the co-rotated derivatives of linear velocity and the angular velocity to vanish for each
patch. Equivalently, we truncate the Taylor series expansion of the velocity fields about ¢, to zeroth
order, thereby reducing the system of differential equations (2.14) into a constant-coefficient
system such that the solution of the differential equation gives an approximated configuration
(I)rﬁl = (go;l, QZ) = (gorﬁl, {df’ﬁ}) € C valid in the patch n. Therefore, N segments would involve
solving for 12N constants of integration. Imposing continuity in the (¢, {d;}) fields at the boundary
between the segments gives 12(N — 1) constraints, and an appropriate boundary condition gives

the additional 12 conditions. We obtain a solution for 7' segment as

QO%(Z‘) = Ay + At + Azz Sin w,t + Azy COS Wyt
(2.15)

dlhﬁ(l‘) = By + Byt + By sin w,t + B4 COS Wyt

In the above equation w, = ||w,||. We represent the vector coefficients in Eq. (2.19) in a more

desirable form given below,

[[A7 g [Am) i,y [Amsl g0 (AR} | 30 = [Crlaxal Arlaxas (2.16a)

|[Bsii1 (.3 Bzl g3 [Bris e} [Bial i,y | 1,04 = [CrilaxalBigilaxa- (2.16b)

In the equation above, the notation [Az;l(g,} = [A7j - E1,Azj - E2,Agj - E 3]7, represents the
component of the coefficient vector [A5;](g,} in {E;} frame. Therefore, the approximated solution
is expressed in {E;} frame (note that the boundary conditions were expressed in {E;} frame).
The matrix [C5] represents the 12 constants of integration corresponding to ath patch and is
determined using continuity conditions or the boundary conditions. The matrices [A;] and [Bj;]

(for i = 1,2,3) contains coefficients that are function of the discrete velocity data v,, and w,, and
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are given as,

[ @) El Fu@n)-@nE) _ (@wX@nxF)E1 _ (@nXa)El |
w; w;, w; w;
(anxvn)'EZ (Vn an)(anEZ) _ (anxanxvn)'EZ _ (anxvn)'EZ
2 2 3 2
Ax] = Wp Wp @n @n : (2.17)
Azl @) Es  n@0)-@nEy) _ (@nx@F)Es _ (@nXFa)Es
w; w;, w;y w;,
1 0 0 0
[ (@d0+@, @ xd0) B X E _ @yX@yxdi)E |
w%, Wn w%,
(di()"’anxan)(dio)'EZ O (di()xan)'EZ _(anxanXdiO)'EZ
wf, W, w%,
[Biz] = o - o . (2.18)
(dig+@nxw,xdio)-E3 0 dioXwn)E; _ (@pXw,xdio)E3
u),31 Wn w%,
0 0 0 0

Equation (2.15) yields a helix (which is smooth). This is commensurate with Mozzi—
Chasles’s theorem, the equivalent statement of which for this case would be: ‘the motion of a
rigid body with the co-rotational derivative of linear and angular velocity vanishing, is a screw
(or helix) motion’.

We glue the solution of each patch using heavy side function (as shown in (2.19)) such
that the global approximated configuration ®" = (o, {dih}) € C is continuous at the point of

gluing, thus justifying the name smooth patch estimation and gluing technique (SPEG).

N
"0y = ) @h(t) [H(t = F51) - H(t = )] ;
" (2.19)
dj(t) =) (o) [H(t = fzr) = Ht = B5)]
n=1

In the equation above H(.) represents Heaviside function and 7#; represents the right boundary of
7™ segment (such that 75_; < f5), with 7y = 0.

Interestingly, a closed-form solution of the director triads can be arrived without solving
the differential Eq. (2.14), by using our understanding of SO(3) manifold as discussed in section

1.3.2.
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To carry out the discussion further, let Q"(r) € SO(3) represent the approximated rotation
tensor with respectto Iz = E; ® E; = do; ® dy;. For the first segment n = 1, the approximated
director dfl(ﬁ: = dlhl is obtained by rotating the prescribed boundary d;y = E; by an angle

fot wdt = wit (with 7y < t < f;) about the unit vector %‘ such that,
d" (1) = exp (m) dio = Q"1).diy with 7y <1 < 7). (2.20)

The director triad at the right end of patch 1 becomes the boundary for the patch n = 2. For
patch 2 with 7; <t < #, the approximate director triad dlhz(t) can be obtained by rotating df’l (1)
(obtained in Eq. (2.20)). However, 32 € T7,S0(3) is a material tensor whose corresponding
spatial counterpart associated with TQ;ll(fl)S O(3) is given by d)g = Qi’(fl).ﬁz_QllzT (f1) such that
d)g.Qi’(ﬁ) € TQ? #)SO(3). We observe that (I)Q’Q? (1) is a right translated vector field. Similarly,
we can obtain left translated vector field as Qﬁ’(fl).ﬁz € TQ’I’(fl)SO(3)' Equation (2.21a) and
(2.21b) gives the approximated director field for patch 2 by using right invariant and left invariant

vector fields, respectively as,

d"(1) = exp (a)’g.(t - fl)) d" (7)) = exp (@’g.(; - fl)) 0"#).dio

(2.21a)
= lel(t).dio with 7| <t <1
dl (1) = Q"(f)).exp (@2.(t — 1)) .dip with 7 <t < . (2.21b)
Similarly, for the third patch with &% = Qg(fz).$3.Q§T (), we have,

d'(1) = exp (a)g.(r - fz)) 0!(0).dio = Q"(1).diy with 7 < 1 < By; (2.22a)
d'(r) = Q'(h).exp (@.(z - fz)) dio with #, <1 <175, (2.22b)

Along similar lines of reasoning, the solution for T patch is given by
di(t) = Qlt).djo. (2.23)
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where,

Using right invariant vector field : Qg(t) = exp (d),ﬁ’ (= fﬁ_l)) .Q;_l(fﬁ_l) with #_; <t < fy;
(2.24a)
Using left invariant vector field : Qg(t) = Q%_l(fﬁ_l).exp. (ﬁn.(t - fﬁ_l)) with #7_| <t < f5.

(2.24b)

The spatial curvature tensor (I)fl’ in Eq. (2.24a) is given as,

~ N -~ T A
O = Q8 (F51) @0 Q1 (Fr1). (2.25)

Note that @ Z is not a function of time for a given patch n and unlike the material tensor W), the
spatial curvature tensor is an approximated quantity. The global approximated rotation tensor is

then given by,
N
Q") = ) Qe) (H(t —B51) = H(t — 7)) . (2.26)
n=1

From Eqgs. (2.14) and (2.24b), the approximated position vector for patch 7 is obtained as,
; R -1 i .
©'(1) = ( / exp (@) dt) Tty / exp (@it ) dr | 7. (2.27)
frio1 k=1 fr1
Figure 2.3 gives geometric interpretation of the discussion so far. The following remarks details

few noteworthy geometric interpretations on the interpretation approach discussed above:

Remark 2.1: Consider the 7™ patch where the approximated configuration (I>g is parametrized
by t € [t;_1,t7]. The co-rotated derivative of angular velocity being zero implies that the
angular velocity is parallel-transported along a curve Qg(t) on the manifold SO(3) such that the

approximated angular velocity wg at time ¢ is given as,

wl(t) = Qh(y@, = Q1.0 (). (2.28)
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Patch 1 B = ' Patch nn
t=t, ‘
t= tl

Curve Q"(t) € SO(3)

S0(3) manifold

Figure 2.3: Geometric representation of SPEG.

The vector w! is the associated axial vector for the spatial tensor &”. From the equation above
and Eq. (2.25), we observe that the spatial angular velocity w" = Q;l(tn).an and the associ-

ated spin tensor c?)fj are approximate quantities. It is interesting to observe that ||/ || = ||@,|| = wy.

Remark 2.2: The solution obtained above is free of singularity (unlike Frenet frame). If
the angular velocity measurement for the nth patch is zero (implying point of inflection), we have

the solution of the form,
Jim @(t) = (Gia + 1(Ciij¥iy) E:; (2.29a)
. h h A
wlir—r}o diﬁ(t) =GiEj = di(ﬁ_l)(tﬁ_]). (2.29b)

Solution of the form above suggests a local linear solution for the approximated position vector
and a constant solution for the approximated director triads. However, if v,, = 0 and 0, = 0, the

approximated local solution is a point (the object is stationary) with a fixed director triad given by
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Eq. (2.29b) and the position vector reduces to,
vl’jf_r)lo Q1) = CauE; = @2 (ti1). (2.30)
wp—0
Similarly, the limiting case of solution with v,, = 0 represents a rotating rigid body with no
translation. In case where v, # 0 and w,, # 0, the solution represented by Eq. (2.15) is a helix.
Thus, if the moving object follows a helix exactly with constant speed, we need only one data
point along with the prescribed boundary condition to give exact state space (provided there is no
noise in the data). Lastly, the accuracy of global solution depends on the nature of data. If the

data is representative of the local configuration of a patch, a good approximation is obtained.

2.3.2 Higher order approximation techniques

In the SPEG technique discussed above, the approximated linear and angular velocity
fields were C~! continuous. The advantage of the SPEG technique lies in the existence of a
closed-form solution, making it a desirable approach provided the linear and angular velocity data
(or equivalently, strain and curvature data in case of shape sensing of rods) does not vary too much
along with the patch. Todd et al. [16] and Chadha and Todd [17], [18] used SPEG to develop
shape reconstruction (refer to chapter 5) of rods and observed that a fairly accurate solution is
obtained in such case. However, if the system is more dynamic (like a UAV), a higher-order
approximation of linear and angular velocity field is desirable. We can approximate these fields
using Lagrangian polynomial, cubic splines, Hermite polynomial interpolation, and moving least
square (MLS), to name a few.

Note that the data for linear and angular velocity are obtained in {d;} frame, which is time
dependent. However, to numerically integrate Eq. (2.14), we utilize the approximated fields of the
components Vlh and Ef’ (we do not approximate the spatial linear velocity and the angular velocity
vectors). Equivalently, we are interpolating the material linear velocity v(¢) = v;E; and the

_ _ _ — 2~ h
material angular velocity w(z) = w;E;. Let vh(t) and @" (t) (with w (¢) being the corresponding
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spin tensor) represent the approximated material linear and angular velocity. The estimated

configuration is obtained as

hepy — f o :
0 (t)—exp(/o w (t)dt),

t (2.31)
o'(1) = / 0" ()7 (1) dr,
0

with,

/ &'(1) dt € so(3). (2.32)
0

2.3.3 Error quantification

We quantify the error e, (#) in the position vector by the usual Euclidean norm of difference

in the exact and estimated position vector,

eo(t) = lle(®) — " (II; (2.33a)

M 2
RMS,, = \/W (2.33b)

Similarly, we define error in each director as,

eq,(t) = ||di(t) - d} (1)]]; (2.34a)

Zkle efi‘(tk)
RMS,, = Tl (2.34b)

Local homeomorphism (refer to section 1.3.2.2) of exponential map allows us to define
Reimannian metric on SO(3) that evaluates the deviation between the approximated rotation tensor
0" (¢) and the exact rotation tensor Q(¢) by measuring the length of geodesic between them. The
error is associated with the amount of rotation Q.. (¢) required to align 0" (1) with Q(¢) such

that,

Q1) = Qerror(1)-0"(1). (2.35)
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Let Q.o (¢) be parametrized by 0, = 0.n¢, such that 0, € [0,7). We define the error eg as,
eg(t) = (Q. Q") = 0c(1) = [0g(Qerror()| € [0,7); (2.36a)

M 2
RMSg = 1 /W (2.36b)

In the equation above, (.,.) : SO(3) X SO(3) — [0, ) defines a bi-invariant (refer to Eqs. 2.38e

and 2.38f below) Reimannian metric such that for any @, Q, € SO(3),

(01,0, = lllog(Q;.0))Il- (2.37)

For any Q,, 0,, 05 € SO(3) the metric defined above has following properties:

Non-negativity : (Q,0,) € [0,7) (2.38a)
Identity of indiscernibles : (01,0,)=0Q, =0, (2.38b)
Symmetry : (01.05) =(05.0y) (2.38¢)
Triangle inequality : (01,05 <(01,03) +(03,05) (2.38d)
Right invariant : (0,.05.0,.03) =(0,.0,) (2.38¢)
Left invariant : (05.0,,05.0,) =(0,,0) (2.38f)

Refer to Park [27] for more details on this metric. The paper by Huynh [28] serves as a great
reference to understand various kinds of metric on SO(3). Huynh [28] also provides proof for the

properties stated above.
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2.3.4 Illustration and simulation

We simulate the path of a moving rigid body like UAV. We consider the pitch, yaw and

roll angle fields parametrized by ¢ € [0,] calibrated with respect to {E;} frame,

o)) -5

Py(1) =4+ %(t — 1) +sin(?) + & sin (?) ;

¢,(1) = 0.55in(0.77) + g

¢,(t) =0.1 (7‘( sin (%) + sin(t)) ; (2.39)

47t
vi(t) =1+ 0.15sin(0.3¢) + 0.2 cos (2—7;) ;

va(t) =v3 =0.

Trajectories for N=50 Trajectories for N=75 Trajectories for N=100 Trajectories for N=300
20 20
N 10 Exact
0 — Casel
— Case2
-10 Case3
0 — Cased
5 — Case5
— Case6
10 o Origin
-10 _s . 5 ,
X x
Director triad for N=50 Director triad for N=75 Director triad for N=100 Director triad for N=300
20 20 20
Y10
0 Exact
—-10 — Casel
— Case2
0 i — Case3
z Cased
-10 M — Case5
~20 l;g — Case6
_20 X « Origin
-10 5
hy

Figure 2.4: Estimated trajectory and the orientation of the rigid body.

The rigid-body motion defined by (2.39) is similar to Kirchhoff beam kinematics. A

GMAF is sufficient to frame this path because v,(z) = v3(f) = 0. Thus, we obtain the angular
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Table 2.1: Various approach to interpolate the material linear and angular velocity data

Cases | Interpolation method

Case 1 | C~! approximation (constant over the patch 7 of SPEG)
Case 2 | Cubic Hermite

Case 3 | C” approximation

Case 4 | Moving least square approximation (MLS)

Case 5 | Cubic B-Spline

Case 6 | Quadratic B-Spline

velocity components w; from the assumed Euler angles in Eq. (2.39) using the results obtained
in section 1.4.1.2 (except that the independent parameter here is time 7). We can equivalently
consider unit quaternion field and obtained the angular velocity using equations (1.36a), (1.36b)
and (1.36¢). The exact rotation tensor is obtained by using Eq. (1.28). Note that for this example
{dy,d>,d3} = {T Y, P,}. Att = 0, the initial conditions are d;(0) = d;o = E;. The exact

position vector is then obtained as,

go(t):‘/o vi(k)d (k) dk. (2.40)

We consider 7o = 100s and number of discrete data points as N with #, representing the time
corresponding to n'" data point. We assume #; = 0.25s and ty = (f — 0.25)s. The time steps in
between #; and ¢, are uniformly spaced. We use 6 different interpolation techniques listed in table
2.1 to approximate the material linear and angular velocity.

Consider the following points:

1. In case 1, the data v,, and w,, are assumed constant over the patch n as described in section
2.3.1. The estimated configuration space using SPEG is the same as the configuration
space obtained using equation (2.31) with ?Z and EZ being C~! approximation of the data
over the patch 7. This technique will be deployed in later chapter to develop shape sensing

algorithm for beams.

2. Readers can refer to chapter 3 of Bartels et al. [29] for more information on Cubic Hermite

and B-Spline interpolation. Case 3 represents the data being linearly interpolated between
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two time steps f, and #,,41.

3. We briefly describe the MLS approach here. Let P(t) = {1,1,£%,...,t™}" represent set of
m" order polynomial set and W(z — t,) represent the moving weight function, then the

approximate linear velocity component Vf’ () is given as,

N
Vi) = PT(t,). M7 Z P(t,) 5 W(t — t,);
" (2.41)
M := Moment matrix = Z P(t,).PT (1)) W(t - 1,).

n=1

We have used cubic B-spline weight function, such that,
24722 +47, for 0 < z, < 0.5
Wt —1,) = W(zn) = 14 — 4z, + 422 - 3423, for0.5<z, <15

(2.42)
0 otherwise

|t_tn|
in = .
a

The term «a in the equation above is the support size. For m" order basis set, the weight
function must be spread enough to cover at least (m + 1) data points. This fact is used to
evaluate the support size. The accuracy of MLS approach depends on the choice of support
size and the order of polynomial. In a similar fashion, the approximate angular velocity
fields Efl(t) is obtained. Interested readers can refer to the landmark paper on interpolation
of surface using MLS approach by Lancaster and Salkauskas [30]. A paper by Levin [31]
discusses how MLS is the near-best approach towards interpolation. MLS approximation
became popular in the field of applied mechanics after it was used to develop Meshfree

finite element analysis (refer Belytschko et al. [32] and Chen et al. [33]).

We consider N=20, 50, 75, 100, 300 and 500 to compare various approaches. The idea is

to estimate the configuration space (¢"(¢), Q"(¢)) using Eq. (2.31) (for all cases except Case 1)
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__RMS error in interpolated Input data for N=100
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Figure 2.5: RMS error in the estimated material linear and angular velocity fields approximated
by various approaches.
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Figure 2.6: RMS error in the estimated Q and d; approximated by various approaches.
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Figure 2.7: RMS error in the estimated ¢ approximated by various approaches.

and (2.19) (for Case 1). The spatial linear and angular velocity is estimated by left translating

approximated material linear and angular velocity as,

(1) = Q" ¥"(1);
o) = 0" @"1).

(2.43)

Figure 2.4 demonstrates the estimated configuration (the trajectory and the orientation of object at
20 uniformly spaces time steps) for N=50, 75, 100 and 300 obtained using interpolation methods
mentioned in Table 2.1. The estimated shape converges with the increase of data points as
expected. Figure 2.5 shows RMS errors in the approximated material linear and angular velocity
(vh,ah) and the estimated position vector, director triads and rotation tensor for N=100 and
300, calculated using M=500 in equations (2.33b), (2.34b) and (2.36b). Excellent estimates are
obtained for N=100 with the error: RMSg = {0.386,0.216,0.516,0.226,0.141,0.148} radian and
RMS, = {2.237,0.570,4.193,0.669,0.309,0.326} m for case 1 to 6 respectively. The RMS error
further reduces with increase of data points, as observed in Fig. 2.6. Figure 2.6 and 2.7 show the
error fields e, (t), eg(t) and eq,(t) obtained using the error definition in equations (2.33a), (2.34a)
and (2.36a). Figure 2.8 shows comparison of RMS error in the configuration space for different
interpolation approaches with increasing number of sensors.

Here are the important observations:
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Figure 2.8: Error e, and eg for N = 100 and N = 300.

. As is clear from figure 2.10, the algorithm is convergent.

. The MLS (case 4) and Cubic spline interpolation (case 5 and 6) are amongst the best
approaches to estimate the state space. This is because Case 4 and 5 (and 6) interpolated

the input data better than other approaches.

. Proper choice of support size and polynomial order in MLS method can drastically reduce
the error. In this case, we have used polynomial of 2™ order with support size of a=15.7,

5.08, 3.09, 2.5 and 0.998; for N=20, 50, 75, 100 and 300 respectively.

. Linear interpolation of input data (case 3) is the worst performer in terms of the configuration

space estimate.

. Despite having highest RMS error in estimating the input data, SPEG technique (case
1) performs fairly well (better than case 3 that gives highest error) at the estimation of

configuration. The advantage of SPEG is existence of a closed form solution as discussed
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Figure 2.9: Error ¢4, for N = 100 and N = 300.
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in section 2.3.1 whereas other higher order approaches (case 2-5) includes numerical

integration (equation (2.31)) to obtain the configuration space. We also observe that the

error propagates along the trajectory of object attaining maximum value at the farthest end

from the point of initial condition.

B-spline approximation and Cubic Hermite approximations converges.

Cubic and quadratic B-splines gives nearly same result. With increase in number of data,

. The error discussed here is purely due to the numerical algorithm used to estimate the

configuration space. However, in real time, the noise in the measurement must be considered.

Another source of error might be in the uncertainty of initial condition (especially in shape

sensing of beams: refer to Chadha and Todd[17]).

48



RMS Error in position vector RMS Error in rotation tensor

-o— Casel : —o— Casel

Case2 - 0.50} - Case2

Case3 g Case3

—— Case4 & —— Case4

—— Case5 0.10 —— Case5

! —=— Case6 0.05 ! —=— Case6

100 200 300 200 500 100 200 300 200 500
Number of data points Number of data points
(a) RMS error in the position vector (b) RMS error in the rotation tensor

Figure 2.10: RMS error in the approximated configuration space considering no noise in the
data obtained from the sensors.

2.4 Applications in computer graphics

Theory of curves and moving frames have found a dominant place in generating computer
graphics, including but not limited to ribbons, orientation of camera frames and quantum waveguide
construction, CAD-CAM modeling and animations (refer [11], [13] and [29]). Extruding a cross-
section along a straight center line has long been used in CAD modeling. In this section, we
present a few applications of various types of framed space curves discussed so far in computer

graphics.

2.4.1 Double helix intertwining a space curve

We elucidate the construction of double helix using GMAF. Consider the pitch ¢,(¢) and
yaw angle ¢, (&) field corresponding to the space curve @(¢) with total length L, parameterized by

the arc-length ¢ € [0, L] such that,

4
go(f):/o T (k) dk. (2.44)

In the above equation, T'(¢) represents the tangent vector field of the curve, the component of

which can be obtained from either Eq. (1.27) or (1.28) (note than T'(¢) is sufficient to define
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the mid-curve). Let r and c represent the radius and the total number of windings (that can
be fractional) of double helix respectively. We can obtain the position vectors of two curves

constituting the double helix as ¢(£) and ¢, (&) as,

$1(&) = (&) + 1Y, (8);
P2(&) = (&) — rY4(&).

(2.45)

In the equation above, Y ,(&) represents the constituent vector of GMAF as defined in (1.28), with

the roll angle field given by,

¢, (&) = 2nc (%) . (2.46)

This formulation can be used to generate graphics and defining the reduced geometry of DNA
molecule with the curves ¢(£) and ¢, (&) representing the sugar-phosphate backbone and the
vector rY ¢(¢) and —rY ¢(¢) showing the nitrogenous base pairs.

Figure 2.11 shows two examples of double helix intertwining a space curve ¢(¢). The
dotted black curve represents the curve ¢(¢), the green and red strand (with n being number of
strands per cycle) represents the vectors rY 4(¢) and —rY 4(¢£) respectively. The blue curves shows
the curves ¢, (£) (connected to green strands) and ¢, (&) (connected to red strands). Following are

the parameters required to obtain the structures in Fig 2.11a,

L =500, r=40, ¢ =6, n=16;

= Zain(®E). (1 - 055 (22F))
¢p(€) = 251n(L).(1 O.Ssm( 7 )) (2.47)
¢y(&) = msin (7;—6)

Following are the parameters required to obtain Fig 2.11b,

L =500, r=35, ¢c=3, n=12;

2
Pp(&) = %sin (%f) (2.48)
¢y(f) = % sin (%Tf)



(b) Example 2

(a) Example 1

Figure 2.11: Double helix intertwining a space curve.

The winding and unwinding effects can be obtained by making ¢,(¢) dynamic. Figure 2.12 shows
a 3D printed model of double helix. The beads in the left figure mark the center curve ¢(¢)

(absent in 3D printed model).

2.4.2 Leaf like structure using RPAF

To obtain a leaf like structure that bears a single manifold character, we first consider a
leaf with node at origin (node is the point of contact of stem and leat). The midrib of leaf (vein
running from the node to the leaf tip) is given by the curve ¢(¢), obtained using the pitch and yaw
angle fields ¢,(¢) and ¢,(£) with & € [0, L]. Here, L gives the length of midrib.

We generate the lamina of leaf as a mesh obtained using relatively parallel normal vector
field and the inner and outer margins of the leaf. We divide the leaf surface into two parts: lamina

1 and lamina 2. The relatively parallel normal vector field M (¢) and M, (&) with the generators
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Figure 2.12: 3D printed model of double helix.

M |y and M, used to define lamina 1 and 2 respectively, are given as

Mi(€)=Mio+ Y|, ooy ) (2.492)
3 3
(&) = p(0) - /0 %o (K) dk = pyi(0) — /0 Ok by sin (k) dk; (2.490)
Miy = 0,(0) .E,, with i =1,2. (2.49c¢)
(¢r(0)=p1i(0))

In Eq. 2.49b, ppi(£) is obtained using the results (1.33a) and (1.38). It represents the roll angle
field required to obtain a relatively normal vector field (refer section 1.4.2). The predefined angle
pbi(0) are used to obtain the generator My using Eq. (2.49¢).

Leaf margin essentially represents the outer boundary of the lamina. We call that as an

outer margin, with !l andI?

outer cuter TEPresenting outer margin for lamina 1 and 2 respectively. In

and I'2 It

inner/ 1nner

order to mesh the lamina, we define inner margins with T’}

inner] representing

margin for lamina 1 and 2 respectively. The position vectors representing these curves are given

by,

eri =@ +rW(&)M,; for outer margin of lamina i; (2.50a)

outer

52



Third (I = 3) inner margin Tjyers
on lamina 1 given by
Pr1 =@ +rW (WM. ($)

inner3

A
Lamina 1

Outer margin 1
on lamina 1 given by

' > Oy, =P HTWEM(E)

Node at origin

‘ Midrib given by @(£) ‘

Relatively normal vector]
on lamina 1

rW(§M4(§)

Relatively normal vector

on lamina 2
W (M, (§)
Outer margin T2 er Lamina 2 Tip of leaf at ¢ (1,

on lamina 2 given by
Qrz, =@ +TW(OM()

outer

Third (I = 3) inner margin Fi%merS
on lamina 2 given by
Pr2 =@ +rW(E)W;M,(¢)

inner3

Figure 2.13: Geometry of leaf obtained using RPAF.

pri_ =@+ rW(&)¥;M; for I inner margin of lamina i. (2.50b)

In the equation above, r represents the width parameter of the lamina, W(¢) represents the
weight function for the outer margin and \P; € (0, 1) is additional weight for the I'" inner margin.
Note that if max(W(¢)) = 1, then r represents the maximum width of lamina, similarly, if
W (&) = constant, then all the inner and outer margins transforms to relatively parallel curves to
the midrib. Therefore, the width of lamina at the arclength ¢ is given by rW(¢). Figure 2.13
demonstrates the construction discussed so far.

Any other orientation of the leaf defined by L, ¢,(£), ¢,(£), pbi(0), can be obtained by
rotating the leaf pivoted at the origin and then translating it as required. The stem of the leaf can
be obtained by extruding the cross-sections along a space curve.

Figure 2.14 shows three different leaves constructed using same L, ¢,(&), ¢,(£), ppi(0)
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but different weights W (¢), W»(&) and W;3(¢) and widths r as,

St

L =6, pp1(0)=0.7, pp2(0)=0.7+ 5
= 35’ r3 = 0.4 (2.51)
ng

8(€) = 6,(¢) = T sin (—)

ry =n

L

Wi(€)=0.5 (1 + sin (ZHT‘? - g)) .

Wa(€) = Wi(é) + % sin’ (4%6 - ﬂ);

= 0<£<0.75 (2.52)
445 075<£E<15

Wi(&) = f) +7
%4125 1.5<¢<3

£ 436 35<¢<L
In the equation for the weight, W3 of leaf 3, the function f(&) represents the triangular wave with
a period of 0.16 and an amplitude of 0.084. This is used to generate corrugation and irregularity
in the outer margin of the leaf 3 (Figure 2.14).

An entire plant can be generated as shown in figure 2.15. The stems are obtained by
extruding circular cross-section varying smoothly along the curves. Leaves of different sizes and
orientations are obtained as discussed before.

The dynamic motion in the leaf (say due to wind load) can be graphically obtained by

making ¢p(§:)’ ¢y(§)’ pbl(O) dynamic.
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Figure 2.14: Leaves obtained using same midrib but different weight functions.
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(a) View 1

(b) View 2

Figure 2.15: Computer generated plant with varying sizes and orientation of leaves.
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2.5 Summary

This chapter is essentially the application of concepts discussed in chapter 1 in the
area of path-estimation and computer graphics. An algorithm to estimate the state space of
a single manifold characterized system using a limited set of material curvature and velocity
data is elucidated. The idea is to estimate the material linear and angular velocity data using
various consistent interpolation approaches. The approximated fields M), Eh(fl)) are first
used to estimate the configuration space (¢”(¢1), Q"(¢£1)) and then the tangent space (v", w")
is approximated. Among all the interpolation approaches suggested, the C~! interpolation of
material data is special because it results in a closed-form solution to the estimated configuration,
and because it leads to the development of curvature dependent shape functions that may be glued
together to obtain a smooth global configuration. We call this approach Smooth Patch Estimation
and Gluing technique (SPEG). An interesting method to obtain the solution of SPEG merely by
using the idea of parallel-transport is presented. The estimation methods discussed are convergent
and free of singularity. An illustration that compares all the approaches and demonstrates the
error analysis is presented. The SPEG and other higher-order interpolation techniques of framed
space curves discussed here are used in developing the shape-reconstruction technique detailed in
chapter 6.

The applications of framed space curves are numerous. Finally, the ability of the
framed space curve to develop computer graphics is demonstrated. This is done by presenting
the construction of double helix intertwining a space curve using GMAF. A second example
demonstrating the construction of leaves and plants using RPAF is illustrated.

The discussion carried out in this chapter has been published in Computers & Structures,
Mayank Chadha and Michael D. Todd [26], 2019. The title is “On the material and material-
adapted approaches to curve framing with applications in path estimation, shape reconstruction,

and computer graphics”. The dissertation author is the primary author of this paper.

57



Chapter 3

On the Derivatives of Curvature and their

Linearized Updating Scheme

3.1 Introduction:

This chapter is an extension of the theory of the rotational Lie group discussed in chapter
1. In this chapter, we discuss the higher-order derivatives, variations, and co-rotational derivatives
of the curvature tensor. We realize that parameterizing rotation tensor using the Gibbs vector is
effective in deriving a closed-form formula to obtain any order derivative of the curvature tensor
as the summation of functions of the parameterizing quantity and its derivatives. We use these
results for formulating a linearized updating algorithm for curvature and its derivatives when the
configuration of the curve acquires a small increment.

We have presented the need for obtaining higher-order derivatives of curvature while
investigating higher-order geometrically-exact beam/rod theory. The kinematics of beam/rods
under arbitrarily-large deformations defined in Chadha and Todd [34] (and later discussed in
chapter 4) renders the deformation map not only to be a function of curvature but also a function

of its higher-order derivatives. The numerical solution of such problems using Finite Element
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Analysis needs updating of these kinematic quantities. In such problems, derivatives of the
curvature tensor gain importance. Apart from a practical viewpoint, the fact that the Lie proper
orthogonal rotational group SO(3) and its Lie Algebra so(3) constitute a central role in the area of
Lie group theory makes it worthwhile to investigate the higher-order partial and co-rotational

derivatives of curvature and the associated quantities.

Note on Notations: We conclude this introductory section with a note on notation and definitions.
The n dimensional Euclidean space is represented by R”, with R! = R. The space of real numbers
and integers is denoted by R and Z, with R* and Z* giving the set of positive real numbers and
integers (including 0) respectively. The dot product, ordinary vector product and tensor product
of two Euclidean vectors v| and v, are defined as v - v, v; X v, and v| ® v, respectively.
The Euclidean norm is represented by ||-|| or the un-bolded version of the symbol (for example,
Iv]l = v). Secondly, n'" (with n € Z*) order partial derivative with respect to a scalar quantity,
¢ for instance, is given by the operator % = ﬁg. For n = 1, we define 6; = 0 and note that
forn =0, Gg is an identity operator. A vector, tensor or a matrix is represented by bold symbol
and their components are given by indexed un-bolded symbols. For i,j € Z*, the Kronecker
0 ifi#j
delta function is defined as 6;; = . The action of a tensor A onto the vector v is
1 ifi=j
represented by Av = A.v. We note that the centered dot - is meant for dot product between
two vectors, whereas the action of a tensor onto the vector, the matrix multiplication or product
of a scalar to a matrix (or a vector) is denoted by a lower dot “.”. For n,i € Z* andn > i > 0,
the binomial coefficient is defined as C7' = ﬁ We note two useful properties of binomial

coeflicient in Theorem 3.0.
Theorem 3.0: Fori,n € Z* and i < n, the following holds

Cc!'= ”n_l.); (3.1a)

1
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1 ifi=0ori =n;
Cl'= (3.1b)

l
c™ DL D Gtherwise.
@i-1) i

Proof: Result (3.1a) follows from the definition of binomial coefficient. The recurrence-formula
(3.1b) is obtained from the result C((l.":ll)) =C'+ C(’;H), that is easily provable using the definition

of binomial coefficient. O

3.2 Material and spatial quantities and their derivatives

To begin with, consider a framed space curve, parameterized by the arc-length & € [0, L],
is defined by the position vector ¢(¢) € R3 and the orthonormal material frame field {d;(¢)}. Let

{E;} define a fixed orthonormal reference frame such that we may define the orthogonal rotation

tensor Q(&) as:

3
di(¢) = Q€).Ei; Q@)= ) di(§)®E;
X = (3.2)
[QlEcE; = Z QiE®E;; Qi;=E,;-d,.

ij=1

As we have defined the material and spatial forms of the curvature vector (and tensor)
in section (2.2.2), it is rather useful to define a vector v € R3 in its material and spatial form.
Consider a spatial and material vector v = v;d; and v = V;E;, respectively, such thatv = Q.v.
Figure 3.1 illustrates the idea of material and spatial form of a vector. The derivative of these

vectors are obtained as:
agv = agvi.d,' + V,-.agd,- = 551’ + K XV,
(3.3)
aﬁ = aﬁi.E,- = QT.afV.
In the equation above, 5§v defines co-rotational derivative of spatial vector v. It essentially gives

the change in components of the vector v, provided the frame of reference is assumed to be fixed.

Geometrically, it is obtained by parallel-transport (left translation) of the vector J;v.
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v = lel + VzEz + U3E3
Spatial form of vector v in {E;} frame

T.v = 171E1 + 172E2 + 173E3

v=aQ
Material form of vector v

v = ﬁldl + ‘Ezdz + 173d3
Spatial form of vector v in {d;} frame

Figure 3.1: Illustration of the material and spatial form of a vector.

Along similar lines, consider a spatial and material tensor A = Z? o1 A; ;d; ® dj and

A = szzl ZijEi ® E; respectively, such that A = 0.A.0" (or equivalently, A = Q7.A.0).

Realizing 0;Q = k.Q and 6§QT = —QT &, we have the following:
0:A = Q.0:A.0" +9:Q0.A.0" + Q.A.9:Q"
=Q.0:A.0" +%.(Q.A.0") - (Q.A.Q").k (3.4)
=JeA+RA - AR.
In the equation above, we define the co-rotational derivative of the tensor A as 5§A = Q.&gZ.QT.
Physically, it gives the change in components of tensor A setting the reference frame constant.

From here on, d,(.) represents the co-rotational derivative of some quantity (.) with respect to the

variable x. We now present some propositions describing higher order co-rotational derivatives.

Proposition 3.1:  For any vector v € R3, define the operator (9} such that 5;‘1) = k".v, where, for

example &> = &.R.k. The n order co-rotational derivative 5; is then given by (9 — 6})” such
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that the order of operations are not commutative (for example, 9:8¢ # dz) and 5? = (¢ — 9g)°

is an identity operator.

Proof: We prove the above proposition by using the principle of mathematical induction.

Consider a vector v € R3, assuming that 5gv = (0 — 6}:)”1}, for n = 1,2 and 3, we have
5; = 55 = (65 - é‘f);
5§ = (6,,;: - ég)z = 693 - aggg - 6}495 + 52; (3.5

5; = ((95 - (")\‘;:)3 = (9; - (9;0} - 8§5§0§ + 85(%2 - 8}(9? + (;)?35 + égﬁg@} - (';3;

such that
5§v = 0gv — 6}v = 0gv —R.v; (3.6a)
0zv = 07v — 0:0¢v — O 0v + O7v = By — De(R.v) — R.Ogv + R Ry
~ (3.6b)
= 0;v + (R.R — OeR).v — 2R .0
0pv = 07v — 7 (R.v) = D¢ (R.0¢v) + 0 (RR.V) = R.O7v + RR.Ozv + DO (R.v)
—RRRY = 0]y —3R.O;v + (ORR + 2R Ok — OFR — RR.R).v (3.6¢)

+ (3kk - 36,;42).6{:1).
We now prove that the equation set (3.6) may be derived using the definition of co-rotational

derivatives in Eq. (3.3). Equation (3.6a) is true by definition (refer to Eq. (3.3)). Taking the
derivative of Eq. (3.6a) yields

8§5§v = aév - ng.v - IAC.agV. (37)
We note from the definition of co-rotational derivative in Eq. (3.3) that

g0y = O3y + R.0zv = O7v + R.(Bv —R.v) = O7v + ROy —R R Y. (3.8)
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From Eq. (3.7) and (3.8), we have,
07v = O0ev — ROy + RRV = 07v + (R.R — OgR).v — 2R 0. 3.9)

Expression obtained in (3.9) is same as (3.6b). Similarly, to derive the expression for 5§v, we

consider
0c0zv = 07y — 2R.07v + (R.R = 30:R).0pv + (DR R + R.OR — OFR).v. (3.10)

From (3.3), we have,
5§v = 6§5§v - f<.(6§5§v). (3.11)
Using the results in Eq. (3.10) and (3.11), we arrive at the expression of 5§’v as obtained in (3.6c).

We can continue the process explained above and realize that for any #, 5;‘ = (0¢ —6})(65 —55)(”‘1) =

(8¢ — O¢)". Using binomial theorem, we can also write

n
0 — be)" = Z(—1)<”—f>Cfagé§”"). (3.12)
i=0

This completes the proof. O

Proposition 3.2: For any A € so(3) with the corresponding axial vector A € R?, the recurrence

formula for the n' order co-rotational derivative 5;21 € so(3) and 5§A € R3 is given as

n

A = OFA ~(1-6,0) Y 3V [K 5;.”")21] : (3.13a)
i=1

~ n i—1 ~ K

JrA = 07A — (1 - 6,0) Z o Mk x 3 A), (3.13b)

i=1
Proof: From definition of co-rotational derivatives and Lie-bracket in Eq. (3.4) and (1.9a)

respectively, we have,

A =0:A-RA+AR=0A-[RA]. (3.14)
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Since, 8;121 € so(3) for any m € Z™, the result above can be used to obtain the recurrence-relation

for n'™ order co-rotational derivative. For n € Z* — {0}, we have,

_ Amn=2) 4\ | A(n-2) 4 s An-1)

=0 (0 (%74 - [0 4] ) - &0 704

o2 (o (509 4) _ [ 50794 o 5003] _ [ 507D

=02 (0 (30 VA) - [R G VA|) - 0 |2, 00 VA - |24 (3.15)
ni_ |» a1 o A(n-2) 4 1 [s 4

=0pA - [R G0 VA| - 0 & 00 A| - - oY (& A]

We note that for n = 0, we have 5{?21 = 85921 =A. Thus, the sum part in the equation above vanish
for n = 0, justifying the use of (1 — §,0) factor in Eq. (3.13a). Result (3.13b) follows from above

derivation using Eq. (1.9b). This completes the proof. O

Corollary 3.1: The Proposition 3.2 can be extended for any tensor B (not necessarily an element
of so(3)) as:
n
an n i—1 ~ A(n—i ;(n—i A
3B = 9B (1 - 6,0) ZI: g (K.a;” ‘B4 ’)B.K) (3.16)

Proof: This extension is possible because Lie-brackets follow chain-rule just like product of
two scalar or dot product except for the fact that Lie-brackets are non-commutative (which is a

stronger condition) as observed in Eq. (3.26). O

Proposition 3.3:  For spatial vector and tensor v and A respectively, with corresponding material
quantities ¥ and A, the n™ order co-rotational derivative 5gv and 5;‘A can be obtained by

left-translation of the n" order derivative of the respective material quantities such that,

ofv = Q.0;v; (3.17a)

0fA = Q.0/A.0". (3.17b)
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Proof: This proposition can be easily proved using product rule on v = Q7.v and A = Q7 .A.Q
and substituting for 6§:QT = —QT.k. The result obtained after such computations (say for
n = 1,2,3) when compared with the results obtained Proposition 3.1 and Corollary 3.1, proves

the intended result. O

3.3 Variation and linearization of rotation tensor

We obtain the virtual rotation tensor field by superimposing an admissible variation field
00 to the rotation field Q. The varied configuration is then defined by Q, such that for € > 0, we

have

0. =0(0+€60) = Q(e6).0(0);
5Q = 0EQ5|6=0'

The fact that SO(3) is a non-linear manifold makes it difficult to geometrically understand and

(3.18)

obtain the variation of rotation tensor. We also note that it is advantageous to express the
virtual rotation tensor by means of virtual rotation vector in current state da (that is saying
0a&.Q € TpSO(3)) contrary to the variation of total rotation vector 60 (60 € 50(3)). The varied
director field is then given by

di€ = QE-Ei = Q(eéa/).di (319)

The rotation tensor @, = Q(0 + €60) transforms the vector E; to d;, in a single step, whereas, the

0 €0
tensor O, = Q(eda).Q(0) performs the same transformation in two steps: E; o® d; (o) dic.
From Eq. (7.26b), we arrive at the expression of varied rotation tensor and director field:
00 = 0 (exp(eé&).exp(@)) le=0 = (6&.exp(66&).exp(@)) lezo = 6@.Q(0); (3.20a)
od; =6Q.E; = 6a.d;. (3.20b)
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Here, 6& represents the anti-symmetric matrix associated with the vector 6@. We define the

material form of incremental rotation 5@ (with 0@ being the associated axial vector) as,
sa = 0" .6a = 0".60; 6@ = Q" .Sa. (3.21)

Like the variation, we define the linearized part of rotation tensor Q, linearized at exp(@) in the

direction of A@.Q € TpSO(3) as,

AQ = 9.0l With O, = Q(eAa).Q(B). (3.22)

It follows from the discussion above that 9:Q,6Q,AQ € TpSO(3), and 5,50,A0 € so(3).
Like the relationship between k and d¢0, we arrive at the relation between da (or Aa) and 60 (or

A@). We utilize the results in Eq. (7.26b) and obtain
Ocexp(€6@)|eeo = O: (exp(é + eaé).exp(—é)) lezo. (3.23)
Simplifying Eq. (3.23), we get,
da =Ty.60; 60 =T, .sa. (3.24)

Proposition 3.3 also holds for the variation and mix of derivatives and variation, for example:
6"v = Q7.6 and 6"(6’??) = QT.Sk(égv), where 6* = (6 — §)F such that § = 5.

In figure 3.2, we originate three vectors (the reference vector E;, the vector d;(¢) obtained
by finite rotation of E;, and the vector d;(¢ + d¢)) at a point to illustrates the concept of curvature

and the incremental (or variation) current rotation vector.
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Figure 3.2: The physical interpretation of the curvature x (left figure) and the variation of
rotation vector da (right figure) resulting in an infinitesimal rotation.

3.4 On derivatives

3.4.1 Useful results on derivatives of Lie-bracket and higher-order product

rule

Proposition 3.4: For any a, b € so(3) with corresponding axial vectors a, b € R3 respectively,

the following formula for derivatives hold:

oy a.b] = Z cr|a [ (a8 (’)b] Z c o [ g g ’)b] (3.25a)
Ip(axb) = Z Cr(of"a x a') = Z 10 a x 3" "b). (3.25b)
i=0 i=0

Proof: Using the definition of Lie-bracket in Eq. (1.9a), we have,
O¢ [a,b] = (0¢a.b + a.0¢b) — (3¢h.a + b.0sa) = [0za,b] + |a,0:b] . (3.26)

Higher-order derivatives of the Lie-bracket derived using the above result yields an
expression given by Eq. (3.25a). Using the definition of axial vector corresponding to the

Lie-bracket in Eq. (1.9b), Eq. (3.25b) follows from Eq. (3.25a). The first and second equality in
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(3.25a) and (3.25b) holds by virtue of result (3.1a) in Theorem 3.0. This completes the proof. O

Corollary 3.2: For scalars functions f(£), g(¢); vectors u(¢),v(€); and a second order tensors

A(€), B(¢), the n™ order product rule is given by the following:

% (fg) = Z(; crol" " f.o0g = ZO crol £.90 g (3.27a)
1= 1=

n . . n . o

O} (fu) = ZO ol f.00u = ZO] crol f.00 " u; (3.27b)

(fA) = ; crolr.olA = Z; crol .90 A; (3.27¢)
i n . . ) n . .

G- u) = ZO oty - 9l = Z(; oy - 9l u; (3.27d)

O (A.u) = Z(; Crol A0 u = Z(; crof’ a6 u. (3.27¢)
N (n=) ) Y @) (n=1)

n _ n q(n—i i _ n o(i n—i

IHA.B) = Z(; ol A.00B = Zol crol’A.0l"B. (3.27f)

1= 1=

Proof: The result above follows directly from proposition 3.4. This is because, from Eq. (3.26),
we see that Lie-brackets follow the chain rule just like the product of two scalars or a dot product

except for the fact that Lie-brackets are non-commutative (which is a stronger condition). O

Proposition 3.5: For any a(¢) € so(3), the following holds:

smax

Jm
m [ A PN () n q(m—j+1) A
oy [a.0¢a] = ) buy |02, 00" " Va . (3.28)
=0

where m, j, ji®*, by,j € Z*, such that the coefficient j)i**, and b,,; are given as

floor (mT“) , if ’"T” - A

jmax = (3.29a)
mel 1, if 2 e 7+,
" m o (m—2j+1
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Proof: Using the result (3.25a) of Proposition 3.4, we get,

3

op'[a. 0¢a] = Z cr [8§(j)&,aém—j+l)&]

=0
=g |a.of"a|+ Y cr|oa.o Va
j=1

(3.30)

Term O
Term 1

m+

The terms in the expansion of Term 1 with j = 2+ vanishes (refer to Eq. (1.10a)). Keeping that

in mind, we note that the expansion of Term I can be written in two correct possible ways: the first

possibility is when j > 2+

, and the second option is considering j < mT“ In the first option, the
coeflicient of all the terms in the sum will be negative, whereas, for second case, the coefficients
will be positive. This owes to the anti-commutative property of Lie-brackets mentioned in Eq.
(1.10b). We consider the second case in our derivation.

We can further simplify Term 1. The total number of terms present in the expanded form

of Term 1 is less than m. This is because the terms with interchanged order of derivatives in

Lie-bracket can be reduced to one term. For instance:
‘o [aga,ag&] + ¢ [aga, ag&] = (¢ - ¢2) [aga, aga] .

Thus, the maximum value of j is restricted by the fact that j < ’"“ and j € Z* — {0}. Combining
these two constraints yields max(j) = j'** given by Eq. (3.29a). However, such a reduction or
simplification of Term 1 changes the coefficient by which each term in the sum is weighed. The
discussion presented so far may be demonstrated, for example, for m = 4 as:
4
Term 1},,—4 = Z C; [ﬁéj)&, 6;5_j)&]
j=1
=3 |0ca,0%a| +2 |07a.6}a| = -3 |ofa,0ca| - 2 |0}a, 04|

a,
= |Ict = ¢ [a T ]+||C2 i [a” R ] (3.31)
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~max:2

Ja
i) A 5-j) A
= 2 (€ -Gy |@adal.
j=1

For a general case, if j,'** > 1, Term I can be written as:

jmax

Jm
Term 1 = Z bmj [aé])d,aém—]+l)&] ) (3.32)
j=1 -

The modified coefficient b,,; = (C}”” - C(m

m—j

. 1)) is defined in Eq. (3.29b). From the second
equality in Eq. (3.29b), we also note that b,,0 = C' = 1. Therefore, combining Term 0 and Term

I proves the proposition. Table 3.1 gives the value of coefficient j;** for ]| <m < 6. O

Table 3.1: ji* for0 <m <6

i=0 i=1 i=2 i=3 i=4 i=5 i=6
m=01]0 - - - - - -
m=11]0 0 - - - - -
m=2]1 0 0 - - - -
m=311 1 0 0 - - -
m=4 12 1 1 0 0 - -
m=512 2 1 1 0 0 -
m=613 2 2 1 1 0 0

3.4.2 Derivatives of curvature tensor

The derivative of the curvature tensor may be obtained using Eq. (2.3) deploying a
straightforward application of the chain rule. However, deriving the expression of higher-order
derivatives using Eq. (2.3) is cumbersome because of the involvement of trigonometric functions.
Instead, we realize that the reparametrization of the rotation tensor by the Gibbs vector (the
components of which are called as Gibbs or Rodriguez parameters in the literature) yields the
formula of curvature tensor that is beneficial in obtaining the derivative of curvature tensor in the

form of a single summation-formula. Consider a rotation tensor Q(0) = exp(8) € SO(3). We
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define the Gibbs vector ¢ and the associated quantities as:

tan (2
b=—L - (2)0; ¢=||¢||:tan(9); 5:20052(9) 2 63

0 2 2] T gl

The result defined in Eq. 1.14a may be manipulated using the definition given above as:

2
Q(¢) = I3 + 2 cos’ (g) . (%tan (g) 0+ (é tan (g)) 62) =1+ ¢( + (32);

(3.34)
0@) = Q(-8) =I5+ d(~p + ).
Proposition 3.6: ¢ € s0(3) and n € Z* — {0}, the following formulae hold true:
$7 = (1 g § = (-1 Ng (3.352)
$.0:0.6 = (8- 0:0)p: $.0:.9" =~ 0:)p". (3.35b)

Proof: Refer to Eq. [30] of Argyris [19] for identity (3.35a) that describes the recurrence
formula for the power of anti-symmetric matrix. The identity (3.35b) can be proved by considering
the action of tensor on left hand side of equation on to a vector, say v € R® and using the vector

triple product identity, such that

(@.0:0.8).v = ¢ X (9 X (@.v) = (§ - (§.9))0¢ — (¢ - I p)$.¥. (3.36)

Noting that (¢ - (¢.v)) = ¢ - (¢ x v) = 0, we prove the first part of identity (3.35b). Along the
similar lines, the second part can be proven. O

The curvature tensor can then be obtained using Eq. (3.34) and proposition 3.6 as:

k= 0:0.0" =3 (06 +[$.0:1). (3.37)

This expression is much simpler than the one presented in Eq. (2.3).
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Proposition 3.7: The following holds:

jmax

7 j(n d . . .
gk = Z o8| o8V + Y by 090,00 |: (3.38a)
j—O
anK _ Z Cna(l) 5§n_l+l)¢ " Z bin-ij (aéj)(p % aén—z+l—])¢) . (3.38b)
=0

where, n,1, j, ](ma’l‘),C bu-i)j € Z*. Replacing m — (n — i) in (3.29a) and (3.29b) yields ]ma",

and b(n_,)j

Proof: We utilize Eq.(3.27c) of Corollary 3.2 and the expression of curvature tensor in Eq.
(3.37) and obtain
opk =Y 1o, (aéﬁ”"’ (a§$ + [$.0:] ))
=0 (3.39)
- Z Crol’g. (o4 + o' [$.0d]

Using Proposition 3.5 and replacing m — (n — i), we get,

jmax

)
o [3,068] = Y, by [08.00" 73] (340)
j=0
The equation above when substituted into Eq. (3.39) proves the result (3.38a). The axial vector

corresponding to 6;:?, given by Eq. (3.38b), is obtained using the formula (1.9b). O

Note: Define g = e. We can use Eq. (3.34) and (3.38) to obtain Q and 62‘12 for small
rotations (when ||0]| — 0), by setting 8”¢ = 11m9_>00 tan( ) 6”¢ (lim9_>o 0 tan (%)) .8

and 6”¢ 2limg_,o 0” cos ( ) Here, e is the fixed unit vector about which the rotation occurs.
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Corollary 3.3: The following holds:

n—1
AN A na i—1 A An=i) A
ik = 9Lk — (1= 6,0) y 0" [K,ag )K]
i=1

el il (3.41a)
=0k = (1=6,0) ), > ¢\ |0k oDk
i=1 j=0 -
k= (0 =)'k = Ik = (1= 8,0) D 0l x 3 k)
o (3.41b)
= 9k = (1 = 6,0) Z‘ Zé Ci @k x DG ).
=1 7=
opk = Q".0%.Q. (3.41¢c)

Proof: This corollary follows from the Proposition 3.1, 3.2, 3.3 and 3.4. We also note that in
the sums presented above, max(i) = (n — 1), because [ic, 5én_i)f<] |(n=l.) =0;. O

The n™ order derivative of rotation tensor Q can be derived as a function of Gibbs vector
and the associated parameters using Eq. (3.34). However, computationally, a much simpler
approach would be to derive a recurrence formula for 8gQ using the fact that 6;Q = k.Q and

Proposition 3.7. The recurrence formula for OgQ yields the formula to obtain n" order derivative

of director vectors d,,(¢) with m € {1,2,3}.

Proposition 3.8: For n > 0, the following holds:

n—1
0 = 6,00 + (1= 6,0) Y " V.o 0; (3.42a)
i=0
n—1 . '
pdy = Snodm + (1 = 50 Z C" Voik.of " dy. (3.42b)
i=0

Proof: From the definition of curvature tensor, we have d:Q = k.Q. Therefore, for n > 0, we
have 87Q = 8"~ (.Q). which when simplified using Eq. (3.27f) yields the result (3.42a). The
result (3.42b) follows from Eq. (3.42a) and the fact that 6gdm = Bg (Q.Em = BgQ.Em). O
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Corollary 3.4: Alternate to Proposition 3.1 and Corollary 3.3, the quantities 6;? and 5;? can

be obtained using the relationship ¥ = Q7 .k as:

n

k=) CraLQ" 9"k forn>0; (3.432)
i=0

dix = Q.0fx  forn>0. (3.43b)

Corollary 3.4 can be used to obtain co-rotational derivatives, material curvature and its derivatives,

provided 6§’K and (’)gQ are known.

3.5 Updating the curvature and its derivatives

In this section, we shall address the situation where the space curve is evolving with time in
steps, such that the transformed curve is also parameterized spatially by &. At time ¢, let the initial
rotation tensor field be Q(&,¢) = Q;(¢) € SO(3) and in the next time step (¢ + 1), the updated
(or final) rotation tensor field is Q(&,t + 1) = Q4(¢) € SO(3). We assume Eulerian updating of
rotation tensor field, i.e. the change in rotation tensor field from discrete time step ¢ to (¢ + 1)
is given by an incremental current rotation vector field Aa, such that A@.Q; € T SO(3). We
are given the derivative fields 6gAa (or GgA&) and 8? O, up to order n (or equivalently, 0;”_1)1?1,
where k; = 8§Qi.QiT). The question posed is thus: “How do we obtain the updated curvature
tensor, its spatial, material and co-rotational derivatives up to order (n — 1)?” It is clear from
)

(3.38) that the nM-order derivative of the curvature tensor requires up to the (n + 1) derivative of

the corresponding rotation vector. To proceed, we first present the updated rotation tensor as

O = exp(A@).Q; = 0, .0, where, O, = exp(Aa). (3.44)
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We define the curvature corresponding to incremental current rotation vector A« and the transport

operator Tg as:

Ry = Ogexp(Ad).exp(—Ad) = 8§Q+.QI;
(3.45)
TolA] = Q.A.Q" € 50(3), V Q€ SO(3),A € s0(3).

We observe that Ty [f] =k and Tyr (k] = X.

Proposition 3.9: The n'" order derivative of the transport operator To [A] is given by

n n—k
OLTolA] = Toldf Al +(1-6,0) Y. ¥ C" Y [ag)fc, e (3.46)
k=1 i=0

Proof: Consider
0 To[A] = Q.0:A.Q" + & Tg[A] - To[A].k = Tg[d:A] + [k, To[A]]. (3.47)
Using the above result along with Proposition 3.4, for n > 1, we have

0P TolA] =00 V(8 TolA]) = 9. (TQ[afA] + [k,TQ[A]])

(n=1)
(=D 143 (=1) [ o (=107 A
=4, TQ[agA]JrZ(;ci [ag’ .0, ’TQ[A]]
1=
(n-2) s S e [0 A (2
=4, (agTQ[agA]HZO“ci |00 %.a0" "l Al|
1=
2 ~ = 2 ] 2—i ~
=" PTolo2Al+ Y " [ag)k, o ")TQ[agA]]
i=0
(n=1) . o
+ "V ok TglAl
i=0

(n=1)

n—1 i)n n—1-i ~
St e mgia)
i=0

=Tgl0}A] +

(n-2) 0
> [ag)k, aéﬁ”‘z‘”TQ[afA]] bty CP [ag)k, ag"“)TQ[ag"‘”A]]
i=0 i=0
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k‘

n n—
~Told}A] + ch [Bél)ic o' ool VAl (3.48)
k=11

I
(e

Noting that at n = 0, the sum in equation (3.46) vanishes justifies the factor (1 — d,9). O

Projection from Ty, SO(3) on to SO(3)
Qr = exp(A@). Q; = Q4+ . Q;

Aa. Q;
Ql - i .
T, SO(3) &
r. Q¢
I3 Q¢
z
o, [/F;/
T1,S0(3) = so(3) :
5$0(3) manifold ToS0(3) A 0
urve Q(t

Figure 3.3: Geometric interpretation of the curvature updating: k¢ = &, + Tg_ [&;].

Proposition 3.10:  Letk; = agQi.QiT and k¢ = ang.QfT denote the curvature field corresponding
to the initial and final configurations respectively. The updated curvature tensor and its derivatives

are given by the recurrence-formula,

?V‘

n n—
ke = OfR, +Tg (9] + (1 = 640) cH [a“h,a(" g [0 k]| (349)
k=11i

I
(]

Proof: Using the Eq. (3.44) and (3.45), we obtain updated curvature as:

Ri = 0:(0,.0)(0,.0)" = 0:(0,).0% + Q. &.Q% = &y + Ty, [Ri]. (3.50)

Therefore,

ke = OFR. + 0P Tg_[ki). (3.51)
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Substituting Eq. (3.46) obtained in Proposition 3.9 in the above result proves this proposition. O

The curvatures k. and their derivatives may be obtained using Proposition 3.7. Once
the spatial curvature and its derivatives are obtained, the derivative of material curvature and
co-rotational derivative can be obtained using Proposition 3.1 or Corollary 3.3 or Corollary 3.4.

The reader should refer to Fig. 3.3 for a geometric interpretation of curvature updating.

3.6 Summary

The current chapter is a theoretical extension of chapter 1. Despite this fact, the current
chapter is placed third because chapter 2 presents an immediate application of chapter 1. The
curvature tensor and its derivatives associated with any space curve framed by a general material
frame are dealt with. Therefore, the results presented here are valid for any frame, including
the Frenet-Serret and Bishop frames. In addition to discussing the spatial and material forms of
the curvature tensor, the higher-order derivatives and co-rotation derivatives of these quantities
are investigated. A closed-form formula for all higher-order derivative of the spatial curvature
tensor is presented. Finally, a time-updating algorithm for curvature (both spatial and material)
and its derivatives (partial and co-rotational) was presented, which is particularly useful in
practical problems like finite element formulation of geometrically-exact beams, among many
other applications. The results presented in this chapter are used to develop finite element code
for geometrically exact beams in chapter 10 (refer to section 10.4).

The chapter has been published in Applied Mathematics Letters Journal, Mayank Chadha
and Michael D. Todd [35], 2019. The title of this paper is “On the derivatives of curvature of
framed space curve and their time-updating scheme”. An extended version of the same paper
[36], with MATLAB code, is published in arXiv of Mathematics (Differential Geometry). The

dissertation author is the primary investigator and author of these papers.
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Chapter 4

Enhanced Kinematics of

Geometrically-Exact Cosserat beam

4.1 Introduction to generalized kinematics

This chapter deals with the development of a geometrically-exact non-linear kinematic
model to capture warping (out-of-plane deformation), fully coupled Poisson’s transformation
(in-plane deformation) along with axial deformation of the mid-curve, multiple curvatures, torsion
and finite shear deformations in a Cosserat beam subjected to finite deformation and finite
strain. This approach does not make the usual Euler-Bernoulli rigid cross-section assumption
(plane cross-section remains plane after deformation). Instead, we propose a refined approach to
capture various cross-sectional deformation (in-plane and out-of-plane) and coupling between
them. We discuss the challenges associated with coupling Poisson’s effect and warping. The
proposed fully-coupled Poisson’s effect captures the in-plane deformation of the cross-section.
However, the fully-coupled Poisson’s transformation presented in this work does not model the
in-plane deformation due to local buckling, which is a prominent phenomenon in the case of

thin-walled beam cross-sections. The work by Fang Yiu [37] describes the in-plane cross-sectional
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distortion of thin-walled beam theory. Apart from this buckling limitation, the kinematics and the
measurement model developed in this chapter is completely general.

For a Cosserat beam subjected to the Euler-Bernoulli rigid cross-section assumption, the
configuration of the beam is defined by the mid-curve and the orthogonal body-centered director
triad attached to the cross-section. The rigid cross-section assumption restricts the inclusion of
Poisson’s and warping effects. The problem of warping for various levels of complexities, from a
simple Saint Venant problem (refer [38]) to a complicated non-uniform asymmetric case (refer to
[39], [40], [41], [42], [43], [44], [45], [46] and [47]), has been previously explored.

Per our survey of the literature, an investigation on the geometric coupling between
the Poisson’s effect and warping has not been attempted before. We believe that fully-coupled
Poisson’s and warping effect for a single-manifold beam problem will capture the in and out of the
cross-sectional deformation with enhanced accuracy which is beneficial for both forward modeling
analyses and solving inverse problems like shape sensing. The first step of this investigation
aims at obtaining a simplified governing differential equation of warping from an assumed small
displacement field. This step attempts to extend the theory of warping proposed by Brown et
al. [42] to incorporate the contribution of axial deformation and Poisson’s effect on warping.
We define a small displacement field including axial, bending, torsion and Poisson’s effects for
an asymmetric cross-section. We include the contribution due to bending because, in a general
asymmetric cross-section, the bending also contributes to warping. In general, the proposed
warping function captures the non-linear bending-induced shear strain distribution across the
cross-section, unlike Timoshenko’s theory which assumes a constant shear distribution thereby
preventing any out-of-plane deformation. The effect of warping due to non-linear shear induced
by bending is quite significant in deep beams.

The governing differential equations for warping are obtained. However, the governing
equation and the boundary condition at the periphery of the cross-section reflect an inconsistency

if the axial strain is included in the deformation field. We propose a solution to this inconsistency.
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Elimination of the observed inconsistency suggests a solution that does not include the effect of
axial strain on warping explicitly, but we obtain a consistently modified differential equation for
warping. We suggest two different solution approaches that have a separable variable form.

The solution for the warping functions is assumed to be known to develop the fully-coupled
Poisson’s effect and establish the beam kinematics. Prior knowledge of the warping function
guarantees the single manifold nature of the problem and allows us to obtain important parameters
such as deformation gradient tensor and Cauchy Green tensor (or Pull-back Riemannian metric)
for the beam. Assuming that we know the solution to these differential equations, we propose a
fully-coupled Poisson’s effect that incorporates the effects of axial strain across the cross-section
due to axial deformation, bending curvatures and warping. Henceforth, we call the effect attributed
to the cross-sectional deformation (including in- and out-of-plane) a fully-coupled Poisson’s and
warping effect.

The strain vectors and the deformation gradient tensor of the deformed configuration
referenced to both an initially straight beam configuration and an initially curved reference beam
configuration are obtained. The contribution to each of these strain vectors due to different
deformation effects are discussed in great detail. The kinematics of various restraint cases
is obtained. In the view of the author, the kinematics developed herein establishes the most
comprehensive geometry of the Cosserat beam that still preserves the simplicity of the single-
manifold nature of the problem. The notations mentioned at the end of section 3.1 are valid for

this chapter.

4.2 Geometric description of various beam configurations

In the wake of proposing the fully-coupled Poisson’s and warping effect within our

presentation of the kinematics, we define the following configurations of the beam:

1. Q.: Curved reference beam configuration.
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2. Qp: Mathematically straight beam configuration.
3. Qp: Deformed configuration of the beam assuming Euler-Bernoulli’s rigid cross-section.

4. Q,: Deformed configuration of the beam allowing the cross-section to undergo out-of-plane

warping only (no in-plane deformation).

5. Qjz: Deformed configuration of the beam including fully-coupled Poisson’s and warping

effect.

These configurations will be described in the subsequent sections.

4.2.1 Description of the director frame and the mid-curve of beam

Let an open set )y C R3 and Q3 c R? with at least piecewise smooth boundaries Sy and
S5 represent the undeformed and deformed configuration of the beam respectively. The beam
configuration is described by the mid-curve and a family of cross-sections. To start with the
kinematic description of the beam, we assume the straight undeformed configuration Q.

Let the fixed orthonormal reference basis (material basis) be represented by {E;} with
origin at (0,0,0). We choose to have coincidental material and spatial reference axes to avoid
unnecessary definition of additional fixed spatial frame. The regular curve ¢, : [0,L] — R?
represents the mid-curve associated with €. It is parameterized by the arc-length (curvilinear
coordinate along the mid-curve) &; € [0, L]. We assume that the undeformed configuration is
made up of continuously varying plane family of cross-sections By(¢1), such that ¢, = &1 E; is
the locus of geometric centroid of the family of cross-sections By(&1). The cross-section By(&1)
is spanned by the vectors E, — E3 originating at ¢ (&) such that (&,£3) € Bop(&1). Let ['h(£1)
represent the peripheral boundary of By(¢1), such that Sy = By(0) U By(L) Uyg, To(&1). Any
material point in the beam is defined by its material coordinate (¢1, &5, &3) with a position vector
Ry = &E;.

In order to proceed further, we first define the deformed configuration Q; of the beam
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restrained by rigid cross-section constraint. Numerous seminal works addressing geometrically
exact Cosserat beam with rigid cross-section exist (refer to [48], [49], [50], [S51], [52], and [53]).
The configuration Q; is defined by a regular mid-curve ¢(¢£1) and a family of plane cross-sections
B (1), parameterized by the undeformed arc-length &;. Equivalently, the mid-curve ¢(s(¢1))
and a family of plane cross-sections B;(s(¢£1)) are reparametrized by the deformed arc-length
s (curvilinear coordinate along the mid-curve of deformed configuration) such that & = &;(s)
is at least C' continuous and %‘ # 0. The director frame field {d;} (also known as moving
frame, body frame or material frame) defines the orientation of family of cross-section B;(s(&1)).
We have, B(&)) = {(&,83) € Rél }, where Rﬁl is 2D Euclidean space spanned by the directors
dy(&1) — d3(&1), with origin at ¢(&1). We define the deformation map ¢, : Ry € Qp — R € Qy,

such that,
#1(Ro) =R = p(&1) + 115 (4.1a)
ri = &dy + &ds; (4.1b)
(&) = piEi; (4.1c)
di(&) = d;;E;. (4.1d)

The initially curved reference beam Q. is defined by the director triad d., (&) = d.;E
and the mid-curve position vector ¢.(£1). Any point in Q. is defined by the vector R, =
p.+&Ede, +&ds.

The triad {E;}, {d,,} and {d;} are related to each other by means of the orthogonal rotation

tensor,

di = QEla dci = QcEl’ di = Qr‘dcia (42)

such that the following relationships hold,

0=0,0.
Q = di ®El7 Qr = di®d0i; Qc = dci ®El

4.3)
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4.2.2 Finite strain parameters defining the configuration (2,

The deformed configuration € is subjected to axial deformation of the mid-curve, shear
deformations of the cross-section, torsion, and the bending curvatures. We define the deformed
arc-length as s, the axial strain as e(¢1), and the three shear angles as y11(¢1), 5 — v12(¢1) and

5 — v13(£1) subtended by the directors d1, d> and d3 with the tangent vector d;¢ respectively,

such that,
ds —
o s —dé& . @ _ 1 :
dé ds l1+e
cosyy;, fori=1 4.4)
Osp - d; =
sinyy;, fori=2,3
Therefore,
65150 = (1 + e)(cos 711(11 + sin ’ylzdz + siny13d3). (4.5)

The shear angles defined above are not unique and require construction of another moving frame
to establish their uniqueness. However, by themselves, the shear angles are not of much use to us.
The components of axial strain vector are rather more meaningful. We define the axial strain

vector € and its material form € representing the strain due to shear and mid-curve strain such that

8:a§1¢_dl :Eidi; 4.6)
e=0"6=0"040-E| =5E,.

Mathematically, the curvatures in the beam are captured by the derivative of the director with

respect to the arc-length, such that
Ogd; = 0;0.Q".d; = k.d; = k x d;. (4.7)

The component «; represents the torsional curvature about the director d;. The curvature terms
k2 and k3 represent the curvature due to bending about the director d, and d3, respectively. As

defined in section 2.2.2, k = Q7 .x and K= Q" .%.Q represents the material form of the curvature
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| 0;,d5.d; with 0, ds =1 x d; |

| 0,dy.dg, with0p,dy =Kk xdy |

\ 9, d;. d&; with 9, d; = K X d, ‘

Figure 4.1: Geometric interpretation of derivative of director triad and curvature.

vector and tensor respectively. For the configuration Q1, ¢(£1) € R? is sufficient to define the
mid-curve, whereas the orientation of the cross-section is fully described by the director triad.
Therefore, R? x SO(3) is the configuration space for Q.

Assume that the left end of the beam is fixed, implying d;(0) = E; and 0(¢;) = 0. These
also serve as the three vector boundary conditions to solve Eq. (4.7). The curvature vector,
k = k;d;, may be interpreted as the rotation of the director frame per unit arc length at &; by an
angle ||| = /E? + E% + Eg. Since the left end of the beam is fixed, the director frame {d;(&))}
can be obtained by rotating the vectors E; about the rotation vector 0(¢) = f0§1 k(&) dé;.

Figure (4.2) geometrically explains the concept described above using a simplified 2D
beam fixed at left end. The director d3(¢;) = E3 remains same throughout the mid-curve for
the problem being planar in nature. Since the torsion is assumed to be zero, k(¢1) = k3d3. This
scenario simplifies the unit vector about which rotation occurs at any arc-length as ny(¢;) = E3
and the angle of rotation of directors d (&) and d(¢;) with respect to the vectors E| and E;
respectively as, 0(&1) = fogl k3(&1)dé). Note that this is a special case where the vector ng(¢1) = E3
is constant for all £;. Therefore, a general rotation tensor @, such that d;(¢1) = Q(&1).E;, for a

beam fixed at left end, is then expressed in terms of the curvatures as,

&
(&) = exp ( /O %@ da) . “.8)
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Rotation of d;(&;) = lim d,(&; + dé&;)
dé -1 Rotation of E; — d;(&;)

and d,(§;) - dlfilrgn d;(§; +déy) and E, > d, (&)
d, — d, Plane ‘
"
\\ » £ Planes 1" to
E dl and d2 ]

K(&1) = Kd;

d3(f1)A ng($1)

Where,
0 = exp ([ ®(£,)dé,)

0
6 = l16ll; mo= 5 = Es

AONOONNNNNN

’ 2D deformed beam bearing curvature about E5

Figure 4.2: Geometric interpretation of curvature for a 2D plane beam.

The geometric description of more general configurations €2, — Q3 comprises of different
families of cross-sections obtained by further transformation of the cross-section B;. Therefore,
before we continue to describe the configurations Q; — 3, we will first obtain the fully-coupled

Poisson’s and warping effect in the next few sections.

4.2.3 An introductory remark on warping

The simplest non-trivial case of warping is Saint-Venant’s uniform torsion problem (refer
p. 113 of Sokolnikoff [38]) on a doubly symmetric prismatic bar subjected to a constant curvature
k1(&1) = k1. If the cross-section is not doubly symmetric, the torsion and bending are uncoupled
by using the idea of shear-center. Elter [40] describes two formulations of shear-center, the first

obtained using Saint-Venant’s principle and the second attributed to Trefftz [39]. In Saint-Venant’s
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principle, the distributed forces at the end-section (say B(L)) are replaced by a statically equivalent
concentrated force and couple. Trefftz [39] proposed that the work done by the distributed forces
at the end-section is equal to the work done by statically equivalent concentrated force and couple,
thereby proposing equivalence in energy. Note that both the approaches are meant for uniform
torsion.

Let the straight asymmetric beam be subjected to uniform torsion with constant curvature
k1. Let n = ny E, +n3E 3 be the normal vector to the boundary I'(¢}) of the deformed cross-section
B(&1). Due to linear and small deformation nature of the problem, we express the displacement
field in {E;} frame. Let the position vector of the shear center from the centroid be S E; + S3E 3.
The corresponding linear displacement field u; measured about the shear center can be obtained

as:

u; = k1€ (E1 X (&2 = $2)E2 + (& — S3)E3)) + K1¥s(62,.5)E,. (4.9)

The warping function may then be obtained by solving the following Neumann boundary value

problem,

VW, = 9z W, + 9, W =0 on B(&);
(4.10)
OnWs = 0, Wsnp + 05, Wsn3 = — (62 — S2)E2 + (& — $3)E3) X n) - Ey on I'(&).

The second last equation in Elter [40] gives formula for the shear center, when the displacement
field is expressed at any arbitrary point A other than the centroid. Considering the arbitrary point

A to be the shear center § of the beam, we arrive at the following two conditions:

/28 &P, dérdé; = /% £, dérdes = 0. @.11)

Equations (4.10) and (4.11) can be solved to obtain $;, S3 and ¥y, unique to a constant. Therefore,
an additional normalization condition (that is also required for the axial force to vanish) can be
invoked to solve for the constant,

¥, dérdés = 0. (4.12)
B
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Equations (4.10)-(4.12) gives a unique solution to the warping function ¥ for uniform torsion.
Simo and Vu-Quoc [43] use the warping function ¥ weighted by the warping amplitude p(&;) to
consider non-uniform torsion in finite deformation problem. This adds an additional finite strain
parameter p(¢1), introducing the idea of bi-shear and bi-moment.

As indicated in Elter [40], it is interesting to note that the warping function depends on
the choice of origin. Consider the displacement field u# defined with respect to the centroid,
which may be written as u = k&1 (E| X (&,E2 + &E3)) + k1V(&2,83)E . The warping function

Y (&,,&3) is then obtained by solving the following differential equation

V2¥ =0 on B(&);
oY = -t on I'(&); 4.13)
t=((&HE2+&E3) xn) - Ey.
The location of the shear center can be obtained using a general Eq. (29) or Eq. (2) (for single
and multi-connected regions), in Elter [40].
Burgoyne et al. [41] presents a detailed theory of warping for non-uniform torsion

considering symmetric cross-section. The assumed displacement field, where W(£1,&7,£3)

represents the warping deformation, is written as:

u=0(&)(Ey x(&E2 + &E3)) + W(1,6,8)E],
A (4.14)
6(é1) = 0(0) + / 71(&0) dé.
0

Here, 0 represents the total twist angle. The governing differential equations for linear elasticity
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with Poisson’s ratio v = 0 then become,
E
G
OnW = =060t on I'(£1), such that,

VW + —.0; W =0 on B(£);

(4.15)
05W =0 or 6;19 = ( if the end is unrestrained in warping, where r = 0,2,4,6, ...

W =0 or (9;19 = 0 if the end is restrained in warping, where r = 1,3,5, ...

The parameters E and G are the Young’s modulus and shear modulus, respectively. One of the

two solution approaches proposed by Burgoyne et al. [41] is to use infinite series sum of the form

W(£1,62.63) = Z 9, 0(£1). W1 (62, 63). (4.16)
r=0

The idea is to solve for the functions ¥, provided the twist angle () is known. This involves

solving for W, that satisfies the following set of equations:

VY, = 0 if ris even or zero;
V2¥, =0 on B(&)) and 9,¥; = -1 on I'(&); 4.17)

E
V2, + E‘Pr_z =0 on B(&)) and 9,¥; =0 on I'(&) for r > 3.

Knowing the functions W, (&,,£3), we can estimate the warping deformation for large deformation

beam problem as a finite sum

n

W(E6.65) = ), 0L p().Br(&2,€9), ris odd. (4.18)

r=1
The weighting parameter p(£;), is an additional unknown finite strain parameter known as the
warping amplitude.
Particularly notable work on the warping of a thin-walled open section for pure (non-
uniform) torsion was presented by Vlasov [44]. Vlasov’s theory considers the primary warping (or
contour warping) but ignores the secondary warping (or thickness warping) of the cross-section.

In Vlasov’s theory, the line perpendicular to the contour remains perpendicular to the contour
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and undeformed in the deformed state (assuming Kirchhoft’s thin plate assumption). Goodier
[45] and Gjelsvik [46] incorporated the warping of walls of the beam relative to the contour.
The contour is defined as the intersection of the mid surface of the wall with the cross-section
(refer to Gjelsvik [46]). Lin et al. [47] serves as an insightful reference to a complete derivation
of torsional warping that includes both primary and secondary warping for a thin-walled open
section beam subjected to pure torsion.

The idea of shear-center, the center of twist, and their synonymic nature is debatable. The
work by Brown et al. [42] ignores the concept of shear-center and develops the coupled linear
theory for torsion and flexure. They propose a trigonometric series solution for the governing
equations to obtain the warping functions. As mentioned in Brown et al. [42], the wide adaptation
of the idea of the shear center by engineers can probably be attributed to its convenience. Their
work critically reviews the idea of shear center and center of twist.

We now present our approach to model the coupling between the Poisson’s effect and
warping deformation. In section 4.2.4 we attempt to extend the warping theory proposed
by Burgoyne and Brown [41] and [42] to incorporate the effect of axial strain and Poisson’s
deformation into the warping. Therefore, section 4.2.4 along with chapter 5 elucidates the first
stage of this coupling. In section 4.2.5, we further refine the coupling by defining the fully-coupled

Poisson’s transformation.

4.2.4 Coupling between axial strain, Poisson’s effect and warping

As discussed before, the warping function is obtained for the linear elastic case and suitably
modified to capture non-linear cases. Motivated from the work of Brown and Burgoyne [42], we
assume a linear small deformation field including non-uniform torsion, bending, axial deformation
and Poisson’s effect for an asymmetric problem. For a general asymmetric cross-section, bending
induces warping, causing a coupling between bending and torsion. The incorporation of axial

deformation helps us to investigate the influence of Poisson’s effect and axial strain on warping
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(but not vice-versa, that is taken care of by the second stage of coupling, as we shall see later).
We consider an asymmetric cross-section subjected to bending, axial deformation of mid-curve,

torsion, and warping in the sense of small deformation. Consider a displacement field:

uj =W(fl,fz,é)—§2(/?3(§1)d§1 +C +§3(/?2(§1)d§1 +C | + /e(fl)dfl +GC3;
uy = ( / / T3(6) dEdes + Ciéy + Cy —§3( / R1(E) &1 + Cs | - velnéa:
u3 = —(//@(fﬂdfldﬁ + Cé) + G +§2(/?1(§1)d§1 + Cs | — ve(é1)&.

4.19)

Here, C; — C¢ are the constants that depend on the boundary conditions and the initial undeformed
state of the beam. The non-zero components of isotropic elastic stress tensor including the

Poisson’s effect can be obtained from Eq. (4.19) as,

o1 = A0 W + &Kz — £83) + (1= 2Av)e;

o12 = 021 = G (05, W — &K1 — vEr.0z€) ;

o13 = 031 = G (05 W + &K1 — vE3.0z€) ; (4.20)
02 = A0 W + &Ky — E2K3) — (vA + A(v — 1))e;

033 = /l(aglw + §3f2 — §2E3) — (V/i + /1(1/ — 1))6.

Here, A = % and A = 2G + A. The parameters E, G and v are Young’s modulus, shear
modulus and Poisson’s ratio respectively. Note that lim,_,0 022 = 0 and lim, 0033 = 0. We

e—0 e—0

restrict ourselves to stress-equilibrium in the E | direction, as we are interested in solving for the

warping function. Therefore, the governing differential equations are

A —
Og01;=0= VW + 5(8§ W — .0, K3 + &3.05K2) + 1.0z, =0 on B(&));  (4.21a)

1

—t f

OnW = k1 (n X (&2E2 + &E3)) - E) +v.0g e (n - (£E2 + §&E3)) on [(€)). (4.21b)
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Here, 1 = %G_j) As Eq. (1) in Brown et. al. [42], we define the stress resultants for axial

force, bending moment and torsion at the centroid as follows:
Pi(&) = / o1 déxdés = (A - 24v)Ae + /i/ 0g, W d&rdé3
B(&1) B(&1)

T(&) = / (62013 — &3012) déadés = Glik + G/ (£2.05W — £3.05,W) dérdés;
B(£1) B(&1)

My(é1) = / &oyy dérdés = A ( &3.05 W d&rd&3 + ks — 123?3) ;
B(é1) )

B¢

Ms(é) = &opy dédés = A (—/ £.0: W dérdés + I33K3 — 123?2),
B(é1) B(é1)
4.22)

where A(é)) = [, déxdés, Iij = [, &i€jdé,dé; fori = 2,3 and 11y = Iy + L.

The warping differential equation (4.21a) across the cross-section B(¢) is inconsistent
with the peripheral boundary condition (4.21b). To avoid a sharp deviation in the primary focus
pf this chapter (“comprehensive kinematics of Cosserat beams”), we dedicate chapter 5 to discuss
these inconsistency, solution procedure, and challenges associated with solving for the function
W(1,62,63).

To complete the description of the configurations €2, and Q3, we assume that the warping
function W(&1,£,,&3) can be expressed in a variable separable form (for instance, of form
p(&1)P(&2,£3)) and the cross-sectional dependence of warping function (the function W(&;,£3)) is
known. Prior knowledge of W(&,,&3) guarantees the single manifold nature of the kinematics. In
section 5.3.2.2 of chapter 5, we propose a simplified form of the warping function W(&1,&,,£3)
that can be used to capture bending-induced shear warping and torsion warping in the beams
subjected to large deformations. To understand the second stage of coupling, we need to define

the deformed cross-sections €» and 3.
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4.2.5 Description of the configuration Q; and Q3

We describe the deformed configuration Q, of the beam allowing cross-sections to
undergo out of plane warping only (no in-plane deformation). It is defined by the mid-curve
¢(£1) and non-planar family of warped cross-section By(&) C R31, where R; is the 3D
Euclidean space spanned by the director triad {d;(&)} originating at ¢(&1). The deformation map

&, : Ry € Qp —> R, € Q; is then defined as,

$,(Ro) = R = @(&1) + &,d2(61) + Ed3(6)) + W(E1,6,8)d 1 (61). (4.23)

This brings us to the description of final deformed state Q3 = Q defined by the mid-curve ¢ and
a family of cross-section B(¢)) = {(W(fl,fz, &), 52,53) € R;}. It incorporates a fully coupled
Poisson’s and warping effect. The deformation map for Q is given by ¢; : Rg € Qo +— R3 € Q
such that,

#3(Ro) = R3 = p(&1) + 13

r = &dy(&) + &ds(&) + Wdi (&)

Here, the vector r gives the position vector of a material point (£;,£3) in the deformed cross-section

(4.24)

B3(&1) with respect to the point ¢(&1). Let I'3(£)) represent the boundary of cross-section B3(¢1),
such that S3 = B3(0)UB3(L) Uyg, I3(£1). We define the planar cross-section By = {(éz, &) e Ré }
subjected to only in-plane Poisson’s deformation. The coordinates (£, £3) are obtained by Poisson’s

transformation P, : B (£1) — Ba(£1), such that,

P, @ (62.86) — (6.6);
& =1 -v(A2 dy)) fori =2,3.

(4.25)

In the equation above, v represents Poisson’s ratio and is assumed to be a constant (homogeneous
material). The quantity /l% is the first strain vector of the deformed configuration Q, defined in
equation (4.42). Therefore, /lf -d essentially gives the longitudinal strain along d at the material

point (£1,&2,&3) in the deformed state Q.
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b Deformed arc length -
S -

-
-

+ Cross — section B, (¢;) +
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Figure 4.3: Schematic diagram illustrating the geometric description of various deformed
configurations.

In general, the mid-curve need not necessarily be the locus of the geometric centroid of
the beam. It can also be the locus of the center of mass or the shear-center. In this chapter, we
assume locus of geometric centroid constituting the mid-curve. For homogeneous material with
constant mass density, the geometric and mass centroid coincides, vanishing the first geometric
and mass moment. This simplifies the computations. Figure 4.3 illustrates various configurations

described so far.

4.3 Kinematics

4.3.1 Deformation gradient tensor and strain vectors

For a point p € Qo, and ¢;(p) € Q;, consider an infinitesimal tangent vectors dRy =
d&.E; € T,Qp and dR; € T¢j(p)Q ;. Since the configurations Qg and Q; are subset of R3, their

associated tangent space 7, 2y and T (,)€2; are identical to R3. The two point deformation gradient
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tensor F ; are given by the differential map d¢; : dRy — dR;, such that,
d¢ ;(dRo) = F;.dR¢ = dR;. (4.26)

Using the result above,

dR;
de = Fj.(dfi.Ei) - d_ = Fj.E,';
i 4.27)

F;=0:;R;®E,;.

The deformation gradient tensor consists of two parts: change in infinitesimal tangent vector by
virtue of rotation (change in direction) and straining (change in magnitude). For j = 1, the first
component of infinitesimal vector dR strains, whereas the other two components just experience
rotation because of Euler-Bernoulli’s rigid cross-section assumption in the configuration € (refer
section 3.1.1 of Chadha and Todd [53]). For j # 1, the second and the third component of the
infinitesimal vector dR strains as well, owing to the coupled Poisson’s and warping effect. Thus,
we define,

0:R; = A +d;. (4.28)

Here, /l{ represents i strain vector in the Q ; configuration. The deformation tensor in Eq. (4.27)

referenced to the straight beam € can be re-written as,
Fi=d ®E +d;®E;=H; +Q. (4.29)

The material form of strain vectors A; and the deformation gradient tensor F' are given by the

following,

7 = QT-ﬁ{ =Q".04R; - E;; (4.30a)

F,=1 ®@E +13=H;+13=Q.F;I;=Q.F; (4.30b)
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Note that H ; = /l{ ® E; and H = 1] ® E; in Eq. (4.29) and (4.30b) gives spatial and material

form of strain tensor respectively. The deformation gradient tensor F ; can also be written as

F;=V;0=0.Uj;
Vi=A®d +15=H;Q" + I (4.31)
Ui=1 ®E +1s=H;.
The vector V; and U ; represent the left stretch tensor and right stretch tensor, respectively, for

the deformed state Q; referenced to the configuration €. In component form, the deformation

gradient tensor and the stretch tensors can be written as,

[Fj]d1,®Eq = [Fj = [Uj]Ep®Eq = [Vj]d

ok, = [Vo0tily e, + 13

]E,,®Eq

G

— 2. .
Jpq]d,,®Eq =4y - dp + Opg3

| | . 432
Medy M-dy - d (452)

(Vottjly or, = |2 da 25-dy X-dy.

Al-dy A-dy A ds
The notation [F ;]4,eE, implies that in the operation F ;.dR( = dR, the component of the vector
dR is expressed in {E;} frame and the components of the vector dR ; obtained after the operation
is in {d;} frame. The displacement gradient tensor for the configuration Q; referenced to € is
given by Vo u;, where u; = R; — Ry.

We are now in the position to elaborate on the fully-coupled Poisson’s effect. For the

deformed configuration €5, the strain vectors may be obtained using Eq. (4.23) and Eq. (4.28)
/l% . d] = (51 + §3E2 - §2F3 + 651 W) . (433)

Intuitively, /l% - d; is the axial strain field across the cross-section due to mid-curve axial strain,

bending and warping. Therefore, we can write the Poisson’s transformed coordinates defined in
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Eq.(4.25) as,
& = (1-v (g1 + &K — &Kz + 05 W)) & for i=2,3. (4.34)

The strain vectors for the final deformed state 23 can be obtained by substituting Eq. (4.24) in Eq.

(4.28), yielding

A = (o +E5.00ds + £.00d> + 00s.ds + 0o + 00 W.dy + W05 d
§|=S.d1 5228.112
A A ,_/_ A A
=[((1+e)cosyr| — 1) +&3kr — E2K3 + (9§IW d +|(1+e)siny;p &3k + 65152 + Wks |d»
§3=8.d3
/—/ﬁ . R
+ (1 + e)siny;s +&k + 5§]f3 - Wks |d3;
(4.35a)
B = 05 W.dy + (00ds — 1) do + 056:.d3; (4.35b)
B = 0sW.dy + Opfrds + (05 - 1) ds. (4.35¢)

Remark 4.1: It is interesting to note that the language that reads-“The action of a tensor...onto
the vector...”- is acceptable in the field of engineering. However, it would not make much sense in
differential geometry. This is because a tensor in differential geometry is defined as multi-linear
function that take other tensors, vectors, one-forms etc. as its argument. However, as a matter of
convenience, we have accepted this abuse of notations. For instance, in the language of differential
geometry, a two-point deformation gradient tensor is defined as F : T;@)Q x T,Q9 — R. Here,
T;(p)Q is a cotangent space of the deformed configuration €, that is dual to the tangent space
Ty(»)<2. If the tangent space T (,)<2 is spanned by the vector triad {E;} (this is because Q C R3),
then the cotangent space Ty, is spanned by the corresponding one-form {E;} such that,

E}"(E i)=E;-E; =0j. As such, the expression of deformation gradient tensor would then be
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F=Q+d)® E;-k, such that Fij = F(/lj + dj,Ef) = E;k(/lj + dj) = (/l/ + dj) - E;. We carefully
note that in this chapter, we have conveniently gotten away with the idea of one-form by using dot
product. This was possible because the Reimannian metric associated with R? is identity matrix

(refer section 3.5 of Schutz [54] to see how a metric acts as a mapping of vectors into one-form

and vice-versa).

4.3.2 Physical interpretation of the strain vector /l{

Consider an infinitesimal vector d¢1 E| in the undeformed state () joining two material
points (£,&3) € Bp(£1) and (£2,&3) € Bo(éy + dép). Similarly, consider an infinitesimal vector
déE, connecting two material points (£,&3) € By(€1) and (& + dér,&3) € Bp(€1). Finally,
consider an infinitesimal vector dé3E3 connecting two material points (£,£3) € By(£1) and

(&2,&3 + dé&3) € By(&1). These three vectors transform to the following in the deformed state Q;
Fj.(d&E;) = d&(A] +d;) for i=1-3 and j=1-3, (4.36)

The Einstein summation is suppressed in the above equation. The index i represent the infinitesimal

vectors. Therefore, for a unit arc length element
Al =F;E —d. (4.37)

For the unit vectors E, and E3, (along the direction of d&;E, and d&3E 3, respectively), we see
that

ﬂé:Fj.Ez—dz; lé =F; E;—ds. (4.38)

Therefore, /l{ represents the strain vector in the deformed state Q; corresponding to the vector E;
in the undeformed state €)9. The action of deformation gradient tensor on an infinitesimal vector
dR( can be understood from Eq. (4.29). The vector dRj) is subjected to rigid body rotation (the
contribution due to Q in Eq. (4.29)) and change in magnitude (the contribution due to /llj QE;,

sum implied over i). The outer product /1{ ® E; filters out the i component of the vector dR
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(for each i) and strains it along the vector /1{ .

4.3.3 Deformation of infinitesimal vector along the reference unit vectors
E;

It is insightful to observe the deformation of vectors E; (not necessarily at the centroid)
with i = 1 — 3 in the deformed state Q3. Consider the infinitesimal vectors déE, d&E, and
d&3E 5 as described in section 4.3.2. As explained before, the deformation gradient tensor F3 maps
an infinitesimal vector dR to dR3. One might wonder as to what the deformation of a unit length
vectors E;, which is not infinitesimally small, means. The idea is that if the deformation gradient
tensor deforms the vector, say dRo = d§E; € T,€ (no sum on i) to some vector dR3 € Ty, ()23,
then the vector E; € T,€ deforms to % € Ty, (»<23. Mathematically, for a point p € € the fact
F;.(d&Eq) € Ty,(»)<2j implies F ;.E; € Ty (,)€2; and F;.(d&Ey) || F;E. One must understand
that this deformation is different from the real deformed state of a finite length vector (which may
be some curve!).

This idea of deformation of the unit vector or a unit arc length element is useful to
understand the strain vectors and to interpret the contributions to the strain due to various finite
strain parameters. Section [4.1] of Schutz [54] is an excellent read on the idea of element in

continuum mechanics.
4.3.3.1 Deformation of the unit vector E
It is clear from Eq. (4.35) and (4.37) that
F3.E1 = /lij + d]
= ((1 + e)cOS)/n + é},?z - éz?j, + 8§1W) d] + ((1 + e) Sin’y]z - §3E1 + agléz + ng,) d2

+ ((1 + e)siny3 + ézfl + 85153 — Wz) ds.

(4.39)
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The Fig. 4.4 demonstrates straining of the vector E| (not necessarily along the midcurve). Each
subsequent step in the flowchart does not represent superimposition; rather, each step represents

the inclusion of various deformation effects, as indicated.

(1+e)cosyy; dy

(1 +e)d, % il(%l- j_) c;)s.yll d1d+ (_1 wL_I_ezisin_yé2 d, | Effect3 o +{(1+e)siny, + asléz}dz
e)siyiz ds = € 17 gl(p +{(1+€)Siny13+aflé3}d3

Effect 1

l Effect 4

{1 +e)cosyyy — 52'53}111
+{(1 + e)siny;, + ¢, &, }d,

{(1 + e)cosyyq — Eits + 3k, + 6§1W}d1 T +e)sinyis + 0g,65)d5
+ {(1 +e)siny;; + afléz — &y + W’E3}d2 Effect 5
E; +{(1 +e)siny;3 + 6;153 + &ic, — Wity )dy v
“ {(1 +e) cosyyy — &K +53K2}d1
o +{(1+e)siny;, + a;l{z}dz
+{(1 + e)siny;3 + 9;,§3}d;
EJ ﬂ Effect 8
Effect 6
< > \ 4
41 (A +cosy—bmt b+ o Wdy | oo (L +e)cosy =&y + )y
+{( + &) sinyy, + 8¢, &, — &k Jd, < +{(Q+e)siny;, + 651{2 - {3'51}‘12
+{(1 + e)sinyy3 + 0, & + E5i1)d;s +{(1 +e)sinyy3 + 0, &3 + $20c1}ds

Figure 4.4: Flowchart showing the deformation of the unit vector E in the configuration 3
referenced to the configuration €.

Certain points interpreting various deformation effects described in Fig. 4.4 are discussed

below,

1. Fig. 4.4 is an improved version of Fig. 3 in Chadha and Todd [55] that considers the final
deformed state to be € (constraint by rigid cross-section assumption). The transformation
of the vector E| as showed in Fig. 4.4 considers the final deformed state as Q3 that

incorporates fully-coupled Poisson’s and warping effect.

2. Effects 1 and 2 represent the strain due to finite shear and midcurve axial deformation.
Effect 1 is special case of effect 2, when there is no shear. The vector E| transforms to the

vector € + d if we consider effect 1 and 2 only. Figure 4.5 illustrates the effects 1 and 2.
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‘ F3.E; = (1+e)(cosyyy dy + siny;, dy + sinyys ds) ‘

déy

‘ ((1 + e) cos ]/11). d, ‘
x

‘ ((1+e)sinyy;).d, ‘ Y11
A i

Configuration £, A
T b
.§ 7 V2 g
55 = ds-dfy e S o)
5 é) dé; E —y ,(’
om|F3.Ei=01+e)d; 2 13
= v v
A~ .
‘ ((1+e)siny;3).ds ‘ F3.E; L ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

\ 4

Pure extension followed by shear
Effect 2

If the angle between oo /A
(d; and 0z, ) and (d3 and 0, @) < 90°, !
then: ¥12 , 13 > 0.

V1§* .

Figure 4.5: Geometric description of effects 1 and 2: deformation of the vector E| considering
elongation followed by shear.
3. Effect 3 addresses the strain in the vector E for a unit arc length element (d¢; = 1) due to

differential Poisson’s deformation. Fig. 4.7 gives a geometric description of effect 1 and 3.

4. Effects 4, 5 and 6 represent the strain due to bending and torsion about the vectors d3, d> and
d respectively (refer Fig. 4.6). Unlike the description in Chadha and Todd [53] that utilizes
the point (£, &3) to define bending and torsion strains, we use (£, £3) to capture bending
and torsion strains (notice the terms like ;;?2?1,52?2,@?2?3 etc.). This is direct consequence of

the fully-coupled Poisson’s effect.

5. Effect 7 represents axial strain in E| due to differential warping deformation causing an

additional axial strain of d; W along d;.

6. Effect 8 describes the strain W.0;,d1 = W(k3d, — k2d3). Note that effect 7 and 8 are

obtained by realizing the strain contribution due to the quantity 0z, (Wd). In effect 7, the
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BENDING ABOUT E;

fiber is under tension.

\ BENDING ABOUT E,
dé; =1 2\ /
E \ dR, / Fiber below the neutral axis is | | ——-—__ E, ,
_____ % chosen so that &5 > 0. E dR, (
E, V 3
E; / \ The strain is positive because the ‘< " d& =1,

Ceni’cef of.curivature F3.E, = d; + i,&;d,

Front view
Top view

Fiber above the neutral axis is
chosen so that &, > 0 .

> The strain is negative because the
fiber is under compressive.

Posnt'w.e moment ylel_ds Fs.Ey = dy — Raéyd,
positive curvature k3 j

Figure 4.6: Geometric description of effects 4 and 5: deformation of the vector E| under pure
bending (no Poisson’s deformation).
director d is kept constant but the change in the warping function is considered. Whereas,
in effect 8, the warping deformation remains unchanged but the change in the orientation
of director d; is considered (attributed to bending about d, and d3). Figure 4.9 describes

effect 7 and 8.

4.3.3.2 Deformation of the unit vector E, (or E3)

The deformation of the vector E; is explored considering the deformation of the cross-
section By(&1). Consider an infinitesimal vector d& E € Bp(£1) that deforms to d&»(F3.E>3) in

the deformed configuration Q3. From Eq. (4.29) and (4.38),

Effect b Effect a
/—/R R R
F3.E2 = 5§2Wd1 + angz.dz + (952{:3.d3 (440)
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Deformation of E; — F3. E;considering midcurve axial strain
and modified Poisson’s effect such that (42(&; + d&;) - dy) > (A2(&)) - dy)

Undeformed configuration Deformed configuration
Cross — section  Cross — section Cross — section  Cross — section
o Bol&n) Bo(§y +déu)s < By(&) By (61 + &)

H ! fk |

P B Gtttk == A3
- [N N

53(51)‘

N &G+ g
RAGRE,

&6

dé§ -1
9 F3E1 = d]_ + &+ 65152 d2 + 65153 d3 ®
d 4+ € Analysis of deformed vector
; 022 -d
' -V 0 dv) ;f » $3d3
1
0(Af - dy) &d
v

3%, 2d;

Figure 4.7: Geometric description of effects 1 and 3: deformation of the vector E| considering
differential Poisson’s deformation.

It is observed that there are two effects that governs the deformation in this case. Effect a
represents the straining in the vector dé; E, due to in-plane deformation of the cross-section from
By(&1) — B3(£1) attributed to the fully-coupled Poisson’s transformation P, . Effect b represents
the straining due to the out of plane deformation of the cross-section attributed to warping. Figure
4.10 illustrates the deformation of the vector E».

It is clear from Eq. (4.29) that the deformation gradient tensor F'; in the configuration

Q; referenced to the undeformed state €y can be obtained if the expression of /l{ is known (for

i =1 —3). The expressions of /l{ for the deformed states €2, and Q3 are described below:
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N RN

______ F.E, Pr_= g >
1 0o ,I E,

!

\ 7

E; N L

PP’ = vE; + wE,

Where,
v =0P' cosa — OP cos(a — k;)

w = OP'sina — OP sin(a — k)
and

OP.sina = OP'.sina = &;
OP.cosa = OP'.cosa =&,

For small deformation in a unit arc-length element
v =—K§3

w = K1&;

[dz] _ [ COS Ky sinﬁl] [Ez] - [Ez]
d;| ~ |—sink; cosk,||Es] ~ |Es
Hence,

PP' = —k;&3dy + K1 &pd3
FE, =d, + PP' =d; — k,§3d; + K, §,d5

Figure 4.8: Geometric description of effect 6: deformation of the vector E| under pure torsion

(no out-of-plane warping).

For the deformed state

A1 =(((1+e)cosyi — 1) + &k — £53) dy + (1 + e) sinyin — &%) da

+ ((1 + e)siny3 + &k1) d3;

A5 =2;=0.

For the deformed state Q)

(4.41)

/l% = (((1 + e) COSYy11 — 1) + §3E2 - §2f3 + (951 W) d1 + ((1 + e) Sin)/lz - 63?1 + WE3) d2

+((1 + e)siny3 + &6 — Wka) ds;

3 =0,W.dy; A3 =0:W.d.

(4.42)



Effect 7: Considering effect of change in warping deformation at cross —
sections B3(¢&;) and B;(¢&; + d&;) with d&; — 1 (ignorong all the other effects)

""" [ T )
1 q
P FiE, :
g |
2 L
= s T — —
‘ Undeformed configuration Q, g [ i@i<e <gs | StraininE; = dlglg1 0g,W.d¢,dy = 05, W. dy

= |
e

Cross — sectionCross — sectjon
o Bp(§1) Bo($1 +déy)

d€1v—> 1

(W& | [ WE+de 68 |

Effect 8: Considering planar bending about d; only causing change in
orientation of d,

| W) || Wi + dé) |

5 A6

W FRL

[y
ol 72 | XdZ

wd,($1)

,"’ A,y\
/ a2 x
L ﬂ& B kdgy = o x = W dEy
’ :(h\‘ ( Strainin E; = d?mlxdz = dl{iml Wis.déd,
/ 4 1= 1=

\’ = Wksd,

Figure 4.9: Geometric description of effects 7 and 8.

Front view: —Bending about d;

4.3.4 Deformation gradient tensor of the curved undeformed state refer-

enced to the straight configuration

Consider that the curved reference beam configuration €. is obtained by straining €
such that the total length of the mid-curve remains the same and there is no shear or torsion in
the cross-sections. Consider an infinitesimal vector dRy in the straight configuration €y that

transforms to dR. in the curved reference state €. such that,

dR.
F.= dR =(£.05d, +&.05d; ) ®E1 +d, ®E; = 4. QE1 + Q,;
0
Aey (4.43)
—_—

Ac = (§3F02 - §2E03) d.
The vector A, represents the strain vector associated with the curved reference configuration.

The parameters k.,(¢1) and k.,(&1) represents the finite bending curvature field for the curved
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FyE, = 0c,6,.dy + 0g, &5 .ds + 0, W. d, |
Effecta S S Effect b S Al
E, | v 0g b dy+0p b dy T o 8 ay v o b dy oWy
8 N
Cross — section I

Bo(€) < e R GR R :
5 o= | Fo (46E) = 056,.d, |
2 i d $2(81,$2,$3)
5 R
g Strainin E, = dl§i2131 05,62 . dépd; — dérd,

. P ~
gl B = (95,5, —1)d,
f W(fl,fz +db &)y |
>
[=1
Undeformed S I ,,,,,,,,,, F (d&E) = d&,d, + 0, W.dE,. d
configuration Q, § M S 272 T 21
[
E Strainin E, = lilm 0g,W.d&,. dy
W (¢, 52.53)‘11 =0g,W.dy
§132(51)

Figure 4.10: Deformation of the infinitesimal vector d&,E 5.

reference state Q.. The corresponding material form F . and A is given as,

(4.44)

The strain vector A, comprises of strain due to curvatures only because there is no shear
v1i = 0 and elongation e(&;) = 0 in the curved reference configuration Q.. This ensures that the
director d., is tangent vector of the mid-curve such that 9, ¢ = d.,. Therefore, the axial strain
vector . = 0z, ¢ — d., = 0. From Eq. (4.43) and (4.44), it is observed that

Ao+dy = A.d; +dy, fori=1
F.E; = :

d;, fori =2,3
(4.45)

Ac+E = A,E;+E;, fori=1

Sl
I
Il

E;, fori =2,3
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From the above equation, det(F ) is obtained as
det(F.) = det(Q”).det(F.).det(I3) = det(F.) = 1 + A,. (4.46)

Using equation (4.45), the first component of the vector dR in the straight configuration dé| E
gets strained to F..(d&Ey) = (1 + Zi) dé¢;d]. This means that a fiber of unit length parallel to
E | in the configuration Q has length of det(F ) in the configuration . along the director d..

In terms of classical continuum mechanics, det(F ) is associated with volumetric strain

dQy  pe

det (F) (4.47)

where pg and p. represents the density field in the configuration €y and €., respectively.

4.3.5 Deformation gradient tensor referenced to curved undeformed state

The deformation gradient tensor F ; of the deformed state Q; referenced to an initially
curved (but unstrained) reference configuration €. can be obtained using the expression F ; =
F; F -1, However, the quantity F_! is yet to be determined. It can be found by using the theorem
for inverse of sum of matrices (refer to Miller [56]) as,

I3'.(A. ® E)).I5! _; A. 9 E))
— =13 ———
1 + trace(d. ® E ) 1+ 4 (4.48)

—— — -1
F.'=(LeEi+L) =I3'-

1 —
= - A ®F Is.
det(FC)( C® ])+ 3

Note that the displacement gradient matrix [Vgouc]dq ®F,,» With u. = R. — Ry, has rank 1 and
is non-singular if A, # O (it is zero along the mid-curve in the configuration Q). This property

allowed us to obtain Eq.(4.48) using the result Eq. (1) in Miller [56]. The tensor F ;1 can be
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found as,

;l — (_det(FC)(/lc ®E1)+I3) QZ = ( do t(Fc) ((Q /lc)®(Q dcl)) +I3) Q

(4.49)

—_NnT _ 1
= Qc.(13 det(Fc)(/lc(X)dcl)).

This brings us to the point of evaluating the deformation gradient tensor F ; of the deformed state

Q; referenced to an initially curved (but unstrained) reference configuration €. as,

—F. . F-l = J , T
F,=F,F; _((/ll.®E,)+Q) .Qc.( — t(FL)( c®dcl))
, A.-d ,
= (W ed)+0,) - [157s (M ed. A)®d, (4.50)
(( 1 ® l) + Qr (det(FC) 1) d t(FC)(Qr ) 1
=/ ®d,)+0,.
In the above equation, the relative strain vectors /l:j are given as,
gt -0.4):
1 reftc | »
" det(Fo) 4.51)
. J
/12’ =45 A =45,
In component form,
[F, Napode, = Aq - dp+ Opq. (4.52)

Physically, /l:f represents the strain vector in the deformed state Q; corresponding to the
vector d, in the undeformed state Q.. The equation set below elaborates the vector /lqj for various

deformed configurations Q;.

rn o _ 1 _ o — — YA —
4= (fszcz - fz%) (A +eyeosyn =)+ &5 ~ke) = £ ~Re) o (4.53a)
+((1 + e)sinyp — &k1) dy + ((1 + e) siny3 + &2k1) d3.
1
A7 = (m) (1 +e)cosyir — 1) + &(k2 — Ke,) — E2(K3 — Key) + 05, W) d

(4.53b)
+ (1 +e)siny;p — &k + Wk3)dor + (1 + e)siny 3 + &k — W) ds.
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- 1
/113 = (i
§3K6‘2 §2KC3

+ ((1 + e)siny|p — é:;fl + W3) d, + ((1 + e)siny3 + ézfl - Wz) ds.

) (((1 +e)cosyry — 1) + &K — EKe, — ExK3 + ExKey + 5§1W) d,
(4.53¢)

Figure 4.11 illustrates the relationship between the mathematically straight beam €y, the curved

Relation between Relation between
Deformed A _director triad deformation gradient tensor
configuration dy(s) /—)%
o di(s)+— DU
lr,
d;(s)
d;=Q..d dR = F,.dR,
d,
d = _
Curved reference i al di=Qrd; P dR =F,.dR,

configuration Q° d;=Qr.QE; dR, dR, = F,.F..dRy

d; = Q.E; dR, = F,.dR,
d,
dc,— =Q..E; dR; = F..dR,
E,
] E, —1
E ‘ ° + p
: Ej Mathematical straight e 0
3

beam reference configuration Qg

Figure 4.11: Deformed () and undeformed configurations (Qg, Q.) of Cosserat rod, material
adapted frames, and deformation gradient tensors.

reference state 2., and the deformed beam €2;. The next section 4.3.6 discusses the procedure to
obtain deformation gradient tensor of a deformed configuration with respect to another deformed

state.

4.3.6 Deformation gradient tensor referenced to another deformed state

We consider a deformation of class Q3. Suppose F3, and F3_ represent the deformation
gradient tensor of a deformed state Q3 , and Q3 respectively, referenced to the undeformed state
Qo. If {d), } and {d, } represent the director triad for the configurations Q3 and Q3_, we have,

Q,=dy,, ®E;and Q, = d;, ® E; (sum on i). We obtain the deformation gradient tensor F3_, of
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the state Q3 referenced to Q3 as,

F3, =F; F3 (4.54)

qapr

where,

—3r .
F3p —/ll. QFE; +Qp’
(4.55)
— 13 _
F3q —/1i Q E; +Qq'
In the equation above, /l?p and /l?q represent the strain vectors related to the configuration Q3
and Q3 _ respectively.
It is interesting to note that unlike the deformation gradient matrix [Vgouo]dpl ®E,,, the
. 3 3 3 .
matrix [VQ()up]dpl®Em = [/llp ®E1]dpl®Em + [/12p ®E2]dpl®Em + [/l3p ®E3]dp,®Em has maximum
rank 3. It has rank 3 and is non-singular if /lip dp, #0, /lgp -dp, # 0 and /lgp -dp, # 0. Here
the index / and m are used to represent the frames. Therefore, the expression for F gpl can not

be obtained from Eq. [1] in Miller [56]. Consider the case where the matrix [Vo,u,l4, oF,, has

Pl
rank 3 and is non-singular. The fact that the matrix [/lfp QFE 1]‘11’1 SE,,» [/l;p QFE Z]dm oF,, and
[/lgp QF 3]dp, ®F,, are rank 1 and non-singular allows us to use the theorem in page 69 of Miller

[56] to arrive at the expression for F 51.
P

4.4 Summary

This chapter details the development of an enhanced kinematics of geometrically-exact
beams, that incorporates not only traditional deformation effects like curvature, shear and axial
strains (as developed in Simo et al. [48]) and Saint Venant’s uniform warping (refer to Simo
et al. [43]), but also includes a fully-coupled warping and Poisson’s deformation. This chapter
addresses the coupling between Poisson’s and warping effect and obtains a fully-coupled Poisson’s
transformation to develop comprehensive kinematics of Cosserat beams. The kinematics developed

is not restricted to the Euler-Bernoulli rigid cross-section assumption, and it is simultaneously
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maintaining the single manifold nature of the problem. The idea of having prior knowledge
of the cross-sectional dependence of the warping function (a function of the form W(&;,£3)) is
certainly desirable for maintaining the single manifold nature of the kinematics, but it yields
only an approximate solution. The primary reason to investigate the coupling between Poisson’s
and warping effect (along with the contribution to warping due to torsional and bending induced
shear) and develop a fully-coupled Poisson’s transformation, is to further refine the kinematics
of the Cosserat beam model. This is beneficial for both forward modeling analyses and solving
inverse problems like shape reconstruction from strain measurements.

Three different deformed configurations of the beam are detailed, with Q3 representing
the most general configuration and ) — Q; constituting more constrained cases. The coupled
Poisson’s and warping are developed in a two-stage process. The governing differential equations to
capture warping in an asymmetric beam cross-section subjected to curvatures and axial strains for
the linear elastic case are arrived at. The inclusion of axial strain and Poisson’s effect on the small
displacement field leads to an inconsistent governing differential equation for warping. Chapter
5 is dedicated to investigating the inconsistencies in the differential equation for warping and
arriving at a simplified warping function. To proceed further with the investigation, the warping
functions are assumed to be known. In stage two, the fully-coupled Poisson’s transformation
is proposed by considering the axial strain contributions due to mid-curve strain, finite shear,
bending curvatures, and out of plane warping. This yields fully coupled Poisson’s and warping
effect.

The deformation gradient tensor and strain vector in a general deformed state €2; referenced
to both a mathematically straight beam configuration Qg and an initially curved reference
configuration €. are derived. The contribution to deformation due to various effects are carefully
explored and explained.

The results in this chapter are used in developing a scalar strain gauge measurement

model for finite length and discrete strain gauge attached to the beam, and in developing shape-
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reconstruction technique as detailed in chapter 6. The kinematics developed in this chapter sets
the basis to investigate the variational and finite element formulation of enhanced geometrically
exact beam discussed in chapters 7-10.

The discussion carried out in this chapter has been published in the International Journal
of Solids and Structures, Mayank Chadha and Michael D. Todd [34], 2019. The title of this
paper is: “A comprehensive kinematic model of single-manifold Cosserat beam structures with
application to a finite strain measurement model for strain gauges”. The dissertation author is the

primary investigator and author of this paper.
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Chapter 5

Inconsistencies in the Governing

Differential Equation of Warping

5.1 Introduction

In the last chapter, we presented generalized kinematics of Cosserat beams. One of the
primary contributions was the inclusion of fully coupled Poisson’s and warping effects. The
coupled Poisson’s and warping were developed in a two-stage process. We arrive at the governing
differential equations to capture warping in an asymmetric beam cross-section subjected to
curvatures and axial strains for the linear elastic case constituting the first stage of this coupling.
Stage one represents the incorporation of the effects of axial strains and Poisson’s transformation
on warping. In stage two, we propose the fully-coupled Poisson’s transformation by considering
the axial strain contributions due to mid-curve strain, finite shear, bending curvatures, and out of
plane warping. This yields fully coupled Poisson’s and warping effect.

However, the inclusion of axial strain and Poisson’s effect on the small displacement field
leads to an inconsistent governing differential equation for warping (refer to Eq. (4.21a) and

(4.21b)). In this chapter, we first explore the inconsistency condition and then obtain the consistent
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differential equation by deliberately enforcing the inconsistency condition into the inconsistent
warping equation. The consistent warping equation suggests a solution to the warping function W
that is not explicitly dependent on the axial strain (&) and its derivatives. However, we carefully
note that the elimination of inconsistency results in consistent differential equations for warping
that could be solved, but the accuracy of the solution and their closeness to the exact 3D solution is
open to further investigation. Motivated from the work of Burgoyne and Brown [41] and [42], we
delineated two possible solution approaches to obtain the warping function in variable separable
form. We also note that for the Poisson’s ratio v = 0, the presented theory of warping reduces to

the theory presented by Burgoyne and Brown in [41] and [42].

5.2 Inconsistency condition and the proposed Solution

5.2.1 Preliminary results

Before we present a deeper discussion, we note the following results. From the definition

of 7 and 7 as in Eq. (4.21b), we have

jlg rdll =j1§ (&2E2 + &E3) xn) - E dl = 75 n-(-&Ey +&E3)dr
(5.1a)

= L Div(-&E, + £ E3) dédés = 0;
j{ fdl' = j}f n-(LE; + &E3)dl = /%DiV(szz +&E3) d6dés = 2A(6)); (5.1b)

/ V2Wdédegs = jf AW dr. (5.1¢)
B

From here on, we will represent the area of the cross-section A(£1) as A. Equation (5.1c¢) is
obtained using the Gauss-divergence theorem. Recalling the governing differential equation for

warping (4.21a) and (4.21b),

1 _ -
VAW + 5(3§1W — .05 K3 + £.05K2) + 1.0z e =0 on B(&)); (5.2a)
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0, W = =kt + V.agle.f on F(fl). (5.2b)

5.2.2 The inconsistency

Integrating Eq. (5.2b) along the boundary of the cross-section I'(¢1) and using the result

(5.1a) and (5.1b), we have,

f 0 W dT' = %y f tdT +v.0ge. 5{ 7dl = 2vA.dge. (5.3)

Integrating Eq. (5.2a) across the cross-section B(¢]) and realizing that /% &idérdéz =0 fori =2

and 3, we have,
1 _
[BVZW dérdés = G /% 0§IW dérdé3 — AA.Og e. 5.4

Using Eq. (5.1c) and (5.4), we get
0,Wdl' = ——/1 0: W dé: dé: — AA.O e 5.5
n G £ 2063 -0¢, €. ( . )

Comparing Eq. (5.3) and (5.5), we clearly observe an inconsistency which can be resolved only if

GA(&) (A +2v )
/%aglw dé&dés = - /(T ) Oz e = — (/l 3 M) A(&1).0¢ €. (5.6)

From the definition of the reduced axial force field P;(¢;) in Eq. (4.22), we obtain the following
result

Og, P1 = (1= 2vA)A.9ze + 1 / 0 W dérdés (5.7)
e

The inconsistency condition (5.6) and the Eq. (5.7) implies that the inconsistency can be resolved
if
Og, P1 =0 or Pi(¢1) = constant. (5.8)

These kinds of inconsistencies or anomalies are commonly observed in simplified theories. For

instance, the anomaly of the torque for the case of wholly-restrained end warping was observed by
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Burgoyne et al. [41]. If the axial strain and the Poisson’s effect is not included in the displacement
field (4.19), it would require /% 6§1W dé>,dész = 0. This condition is automatically satisfied if
P; = 0 along the length of the beam, which is physically true if axial deformation and force
are ignored as in Eq. (7) of Brown et al. [42]. At the most fundamental level, the reason for
this inconsistency lies primarily in our objective to obtain a simplified warping function and our
assumption of zero body force. In our opinion, the inconsistency indicates that the rigid body
cross-sectional deformation due to constant axial strain field across the cross-section attributed to
mid-curve axial strain e(£]) does not affect warping (essentially an out-of-plane deformation),

which is observed later in equations (5.21) and (5.39).

5.2.3 The proposed consistent differential equation of warping

We attempt to resolve the inconsistency by enforcing the condition (5.6) in the inconsistent
warping equation. Substituting for J;, e (obtained using Eq. (5.6)) in Eq. (5.2a) and (5.2b), we

obtain the modified consistent governing differential equation

VW + C1(; W = £.05 K3 + £.05K2) + A /B 0; W dérdé; = 0 on B(&)), (5.9a)

W = —Kit + {ch / 6§]Wd§2d§3}t~ on [(¢)), (5.9b)
B
where,
Pl 1 A
Ci=—=and G =—-——|= . 5.10
1=z 2= (/l — 21//1) (5.10)

115



5.3 Solution approach 1: Solution of warping function using

series sum

5.3.1 Assumed solution and the governing differential equations
We assume a solution of the variable separable form
WELE.8) = ) (0571 Y1, + O Ro Yo, + %o Wa, + e ¥y ), (5.1
r=0

and aim at obtaining the functions ¥;,, where i = 1 —4. Substituting Eq. (5.11) into the consistent
differential equations (5.9a) and (5.9b), we can obtain the governing differential equations for the

functions ¥;, withi = 1 — 4.

The governing differential equations for the functions ¥;,: We have,

forr =0 and 1,
V2‘1’10 =0 on B(¢)) with 9,¥10 = —t on I'(&));
(5.12)
V29, =0 on B(&) with 8, ¥ =0 on I'(&);
forr > 2,
VA, = - (C1‘I’1(r—2) + G / Yi(—2) d§2d§3) on B(¢1);
N (5.13)

oY1, = (VCZIB\PI(r—Z) dfzdf3)f on I'(§).

From Eq. (5.12), we note that W;; = constant. To avoid any rigid body motion of the
cross-section due to warping, we take W11 = 0. Eq. (5.13) then implies ¥, = 0 for any odd r.
If the cross-section is symmetric, f% Yo dérdés = 0 as Wy is anti-symmetric. This

reduces the governing differential equation for ¥y, for any even r = 2,4,6, ... to,

Vz‘Plr = _Cl\Pl(r—Z) on %(fl) with 3,,\P1r =0 on r(fl); (5.14)

116



It is easy to prove then that f% Y, dB = 0 for any even r = 2,4, 6, ... implying that the non-trivial

solution to the functions ¥y, is anti-symmetric. Thus, we observe that the anti-symmetric nature of

the solution (contribution to warping due to torsion) for the symmetric cross-section is preserved.

The governing differential equations for the functions ¥,,: We have,

forr =0and 1,

V2, =0 on B(&)) with 8, P2 =0 on I'(&);

VW, = —C1& on B(£)) with §,¥51 =0 on I'(£));
forr > 2,
VY, = - (Cﬁ’z(r—z) +2C, / o2 d§2d§3) on B(£1);
B

On¥o, = (VCz / Wor-2) d§2d§3)f on I'(¢).
%

The governing differential equations for the functions ¥3,: We have,

forr =0and 1,
V2W¥3, =0 on B(&) with d,P30 =0 on ['(&);

Vzl}lg,] = C]fz on %(f]) with (9,,‘1’31 =0 on 1“(51);

forr > 2,

VY, = — (C1‘I’3(r—2) +AC, /% Y3(-2) d§2d§3) on B(£1);

W3, = (VC2 / W32 d§2d§3)f on I'(&).
B

(5.15)

(5.16)

(5.17)

(5.18)

Following similar reasoning as before, we observe from Eq. (5.16) and (5.18) that W59 = 0 and

Y39 = 0. That implies, ¥, = 0 and W3, = 0 for any even r. The inclusion of bending curvature

in warping results in a non-linear strain profile across the cross-section.
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The governing differential equations for the functions Ws.: We have,

forr =0and 1,
V2T40 =0 on %(f]) with (9,,‘1’4() =0 on r(fl);
(5.19)
V2, =0 on B(&) with 8,%4 =0 on [(&).
forr > 2,
V2, = — (C1‘I’4(r—2) +2C, / Wa(r-2) d§2d§3) on B(£1);
¥ (5.20)

OnWar = (ch / Wi(—2) d§2d§3) f on I'(£).

v
Equation (5.19) implies W49 = 0 and W¥4; = 0. This result coupled with the Eq. (5.20) results in
Yy, = 0 for any r. This result eliminates the explicit contribution to warping due to axial strain.

Hence, we are left with a solution of the form

W(§1,§2,§3) = (E] Yo+ 8§1F1.‘I’12 + 8;?1.‘1114 + ) + (351?2-‘1’21 + 3;?2.‘1’23 + 6§1F2.\I’25 + )

+ (5§1E3~‘1’31 + 3;?3.‘1’33 + ﬁgfg.‘l’g + ) :

(5.21)

5.3.2 On the non-uniform shear based warping functions ¥;; and ¥,

Proposition 5.1: The warping contribution g k3.%31 (or 9 «2.'¥21) in Eq. (5.21) represents
the out-of-plane deformation of the cross-section due a non-uniform shear stress field induced by
bending about E3 (or E>). This implies that the slope ¢, k3.0z, W31 (0r O, k2.0z,¥21) is the shear

strain profile of the cross-section.

Proof: The warping is dependent on the geometry of the cross section. Therefore, let us consider
a rectangular prismatic beam with the depth d and breadth b to proceed with further discussion.
For the proof, we assume that the claim is true and arrive at the governing equation for ¥3; as
in Eq. (5.17). If M (&) and V(&) represent the cross-sectional bending moment (about E3) and

shear respectively, then we know from the theory of bending that V = d;; M and M = k3E 33,
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where I33 = l—lzbd3 is the moment of inertia about E3 axis. The expression for the shear strain

profile of rectangular section is given as,

(5.22)

6V (dz 2) 6EI33.6§1E3(d2 2)
Y12 s S O

S \d T8 Gbd® \4 2

Note that Poisson’s effect is ignored in traditional beam theory limiting the constant C; = % (in

Eq. (5.10)). Substituting for /33 and Cj, the shear strain profile reduces to

C,.0:%3 (d?
yi2 = Tﬁ (Z - &, (5.23)
From our claim,
0¢, k3.0, Y31 = y12;
o (d (5.24)
0g, W31 = S\ -&]-

Taking the derivative with &, and noting that 1, is not a function of &; (implying 8;3 Y31), we
can write

V25 = —C1& on B(&). (5.25)

We also note that for bending about E3, we have d;, V31| H=d = 0 and g, W31 = 0 (because V3,

does not have &3 dependence), implying
(9,,‘1’31 =0 on F(fl). (5.26)

This completes the proof. The results here can be extended to the warping function ¥5;. O.

5.3.2.1 Non-uniform shear based warping function for rectangular section

Timoshenko’s beam theory assumes plane cross-section remains plane after deformation

but relaxes the restriction of cross-section remaining perpendicular to the neutral surface. Thus,

. . 2 . .
assuming constant shear strain of yj; = % = 1.5% (%) for a rectangular section with a

shear coefficient 1.5. This leads us to define an equivalent warping function that incorporates

119



Timoshenko shear deformation as

E (d?
¥3, = e (Zfz) ;

E (d?
‘Pél = %G (153) 5

such that if v(£1) and w(&;) represent total transverse displacement (including shear and bending)

(5.27)

of the midcurve in E; and E3 respectively and 6,(¢7) and 63(&1) represents bending rotations

about the axes E, and E3, respectively, then

Ogv— 063 = 3§1E3.8§2‘P§1; (5.28)
6§1W + 0, = E2.8§3\P£1.
Using Eq.(5.24) and the fact that ¥3;(0,0) = W¥,;(0,0) = 0, the warping functions ¥3; (or ;)

are obtained as,

E (&# & E (&

U= (S -2 = - 2]

26 | a 3 2G| 3
(5.29)

gy - E(Lp 8|y _E(E

A756\4 " 3 7 276 B

Figure 5.1 illustrates the discussion here.

5.3.2.2 A practically useful warping function for large deformation

From the previous discussion, its clear that ¥} and ‘I’gl are the linear part of the warping
function ¥ and W3, respectively. The displacement field assumed in (4.19) does not have shear
deformation added explicitly. However, the inclusion of the warping component d¢, k3.%¥3; and
O¢, K2.W21 generalizes the shear deformation assumed by Timoshenko to include out of plane
bending-induced shear warping. Therefore, we should be careful in using this general warping
solution if the shear deformations are explicitly added. Since the kinematics developed in this

paper includes finite shear, we propose a simplified warping function for the large deformation
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Deformed cross—sections

E, 300 mm

o]
450 mm

Neutral Surface el
E3 v A

Material Properties assumed: E = 30GPa, G = 15GPa
Assumed Shear force: V = 50kN

25 -150

0, K3. W31, Shear based non — uniform warping Euler — Bernoulli beam
A =10g K3. Wy, Timoshenko shear deformation B Shear warping
0, Warping in Euler — Bernoulli beam

. Timoshenko shear deformation

Figure 5.1: Example of non-uniform shear deformation of the rectangular cross-section in the
beam subjected to plane bending.

problem as,
W(é1,&2,83) = K1(E1)W10 + O, K2.(Y21 — W5) + 0, K3.(W31 — P5)). (5.30)

Secondly, an alternative warping function that can be defined as an improved version of warping

used by Simo and Vu-Quoc [43] (as defined by equation (4.10)) as,
W(&1,62,83) = p(&1)Ys + 0, K2.(Fa1 — 95 + 05, K3.(P31 — P5)). (5.31)

Here, p(£;) is the warping amplitude and an additional unknown finite strain parameter.

5.3.3 The end support conditions for warping

There are two possible end conditions for warping— wholly restrained and the unrestrained.
Wholly restrained warping implies W = 0 at the end support. Unrestrained warping would

eliminate a contribution of warping to the stress component o; at the end support resulting in
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0z, W = 0. If a solution of form (5.21) is used, we can obtain the warping end conditions by

imposing the following:

Warping wholly restrained: 65 k1=0; 01% =0 and 9/k3 =0
&1 & &
(5.32)
foralleven p > 0 and for all odd g > 1.
Warping unrestrained: (95 x1=0; 2%, =0 and 9lx3 =0
| &1 &1
(5.33)
forallodd p > 1 and for all even g > 2.

5.3.3.1 An alternative way of arriving at the end support conditions for warping

Consider an end support condition with warping unrestrained. Such a warping function
must satisfy dg W = 0 for all the material points (£, £3) across the cross-section of end support.
Let us call this as unrestrained warping condition. Differentiating Eq. (5.9b), with respect to the

arc-length &1, we get,

(951 O W = —aglfl.l‘ + (VC2 / 3§1W d§2d§3) f. (5.34)
5

As an implication of unrestrained warping condition, we have 0z, 6, W = 0. This can be guaranteed

from Eq. (5.34) if following is satisfied at the end support:
9% =0 and / 0; W dérdés = 0. (5.35)
B

Equation (5.35) is a part of much larger set of end conditions. To proceed further, we take the

derivative of Eq. (5.9a) with respect to &; and use the previous result (5.35), obtaining
3 1 2 1 2— 2—
GW + 06 VW = & (027 - £5.02%). (5.36)

Once again, as a result of unrestrained warping condition, we have 0, V2W = 0. This result

coupled with Eq. (5.36), implies 6; W = Cil (52.6‘31 K3 — §3.6§1 Ez), which is identically satisfied if

0;W =0, 0;% =0 and 97 %3 = 0. (5.37)
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We can continue the process of obtaining odd derivatives of Eq. (5.9a) and (5.9b) with respect to
&1 and proceed along the same reasoning used to obtain Eq. (5.35) and (5.37) to arrive at the end
condition for the case of unrestrained warping as described in Eq. (5.32). In the very same way,

we can obtain the set of end conditions for warping wholly restrained.

5.4 Solution approach 2: Solution of warping function using

trigonometric series

5.4.1 The governing differential equations

The warping function W depends on the curvatures and the end support conditions. For
a small (linear) deformation, we define the component of the displacement field v{(&1), v2(&1),
v3(£)) that represents the motion of the mid-curve due to axial deformation and bending. For small
deformations, dg vi = e(£1), 6; vy = k3 and 6;1 vz = —k3. Secondly if 6 represents the angular
rotation due to torsion, then 9 6 = k1(£1). To demonstrate the solution procedure of the modified
consistent differential equation (5.9a) and (5.9b) using trigonometric series, we assume simple
support at the end as in Brown et. al. [42]. The admissible end conditions for small deformation

are
0=v,=v3=0 at & =0,L;
(5.38)
M, =M3=0 at & =0,L.
Since, the consistent governing equation does not explicitly depend on the axial strain, we ignore

the admissibility of the deformation field v;(£]). We choose the strain parameters such that the
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displacement and force boundary conditions are satisfied.

K1(é1) = Z ki cos (mz& )
K2(é1) = Z ko, sin (ngl)

k3(&1) = Z k3, sin (mfl)

(5.39)

W(1,62,&3) = Yo(&2,63) + Z W, (£.£5) cOs (ngl )

m=1
Substituting Eq. (5.39) into the equation set (5.9a) and (5.9b) and observing the orthogonality of

trigonometric functions leads to the following,

Governing equation for W,: We have,
V2¥, =0 on B(&)) with 8, =0 on I'(&). (5.40)

Following similar reasoning as above, ¥y = 0, to avoid any rigid body contribution due to warping.

Governing equation for V,, with m > 1:

m2ﬂ'2 2 2

mit T
V2\Pm - Cl (7) le = Cl (T) (k3m§2 k2m§3) + C2/l ( 12

)memmwm

(5.41a)

m27T2
0nWYm = —kimt — {sz( 12 ) /\Pm dfzdf3}f on I'(&)). (5.41b)
B

The integral /% W, dé2dé&;5 can be obtained from the d;, e field, by substituting the warping function
as in Eq. (5.39) into the inconsistency condition (5.6) and utilizing the orthogonality relationship

of trigonometric functions,

3 _ 2 L
Im(§1)=[BTm dé&rdés = (/l ;Wl)( I; 2)A(fl) sec ( zgl)/o eg (cos ngl) dé.

(5.42)
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Similarly, the Fourier coefficients ki,,, k2, and k3, can be obtained as,

2 L

kim = Z/o K1(&1)cos (ngl) dér; (5.43a)
2 L

kan = 7 /0 zz(gl)sm(m’f‘) déy: (5.43b)
2 L

ksm =7 /0 @(gl)sin(m’fl) dé;. (5.43¢)

Check for consistency of equation (5.41a) and (5.41b):  Using equation (5.41b), Gauss theorem

and the results in equations (5.1a) and (5.1b), we have,

2.2
/ V2Y,dé, dés = jf 0 W, dT" = —ky, f tdl’" — {sz(mL;T ) / ¥, d§2d§3} f 7dr
B B

) 5 (5.44)
men
= —12vAC, / ¥, dédés .
L? B
Integrating equation (5.41a) across the cross-section B(¢;), we have,
0 0
—— ——

m’n?

[ v azes = i (") [ dtes 0 () an [ 0 0sr08 ke [ 020
B L B L B B

m?*m?
2

+ CQA/_l (
L

_ 2 2
) [ dce = (T ) (") [ des
(5.45)

The consistency between equations (5.41a) and (5.41b) can be proved from equations (5.44) and

(5.45), if we can show that C| + CrAA = —2vAC,. Using the definitions of Cy, C;, and A, we have

2
- A /i+2v(G—/i) 1 va
Ci + GCGAl = — — —~ =2 = = -2vAGC,. 5.46
L2 G( G )(A—Zwl) (/1—21//1) 2 (546)

Therefore, the governing differential equations for ¥, are consistent.
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5.4.2 Solving for ¥,

Consider a solution of the form
3
Wy = Pom + > Pinnkin. (5.47)
i=1
The functions ¥j,, for j = 0 — 3 satisfies four set of differential equations. The governing

differential equations for ¥y, are,

2.2\ 7 2.2
m-n-\ A —(m°m
V*%om — Ci (7) ETOm = (4 (7) In(£1) at B(&); (5.48a)
m*n?
On¥Yom = _CZV( 12 )Im(érl)f at I'(£)). (5.48b)
The governing differential equations for ¥y, are,
2.2\
2 mre\ A 3 )
VY, - C ( P ) E‘I’lm =0 at B(&); (5.49a)
OnY1m = —t at T'(&)). (5.49b)
The governing differential equations for ¥,,, are,
2.2\ 7
2 m-a-\ A B mn _
VY, - C ( 2 )Esz =-C (T) & at B(&); (5.50a)
OnWom =0 at T'(&)). (5.50b)
The governing differential equations for V3, are,
2.2\
20, ¢ () A, = () .
VY3 Cl( B )G‘P3m = Cl( 7 )62 at Bl&r): (5.51a)
OnW3m =0 at I'(&)). (5.51b)

We can obtain the functions ¥;,, with j = 0 — 4 by solving the equation set (5.48a)-(5.51b).
Therefore, the warping function W can be obtained using equation (5.39), the Fourier coeflicients

as defined in equation set (5.43a)-(5.43c) and equation (5.47).
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5.5 Summary

This chapter tackles the inconsistencies observed in the governing differential equations
of warping. Two possible solution approaches to obtain the warping function in the variable
separable form are explored. For the Poisson’s ratio v = 0, the presented theory of warping
reduces to the theory presented by Burgoyne and Brown in [41] and [42]. End support conditions
for warping are explored. A practically useful warping function that includes the warping due to
non-uniform torsion and bending induced shear is presented. Chapter 10 utilizes the simplified
warping function defined in Eq. (5.31) to develop finite element code for the geometrically-exact
beam.

The discussion carried out in this chapter has been published in the International Journal
of Solids and Structures, Mayank Chadha and Michael D. Todd [34], 2019. The title of this
paper is: “A comprehensive kinematic model of single-manifold Cosserat beam structures with
application to a finite strain measurement model for strain gauges”. The dissertation author is the

primary investigator and author of this paper.
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Chapter 6

Measurement Model for Strain Gauges and
Shape Reconstruction of Slender

Structures

6.1 Introduction

This chapter can be divided into two broader parts. In the first part, we delineate
measurement model for finite length strain gauges, as well as discrete (or point) strain gauges
attached to the surface or the beam or embedded into it. The measurement model constitutes a
formula that relates the strain value measured by the strain gauge to the kinematic quantities of
the beam. We then simplify the expression of the discrete strain gauge measurement model for
small strain but large deformation and exploit it to develop a shape reconstruction methodology
for slender structures. That constitutes the second part of this chapter.

Strain measurement devices (“‘strain gauges’”) are immensely important for a wide variety
of measurement and monitoring applications ranging across civil structures, the energy sector,

aerospace structures, and even biomedical systems, to name just a few. The development of
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sensing mechanisms that measure strain has been a well-developed field for over a century; the
solutions have spanned piezo-resistive gauges (arguably the most common and commercially-
realized) to fiber optic systems to laser Doppler velocimetry (LDV). The sensing mechanism itself
may require contact between the measuring device and structure (e.g., piezo-resistive gauges
or fiber optics) or be non-contact (e.g., LDV). Realizations of these architectures can result in
localized measurements (discrete measurement points with a fixed length scale) or distributed
measurements (e.g., fiber optic Rayleigh backscatter sensing [57], where the length scale and
location of measurement depending on the optical pulsing).

A significant number of these monitoring applications for which strain measurements are
required involve, fundamentally, one-dimensional slender structures. In this chapter, we exploit
the kinematics developed in chapter 5 to develop a measurement model for the scalar strain of
discrete and finite-length strain gauges assumed affixed to the surface of the beam or embedded
in the beam. The measurement gauge length of the measuring device must be small enough to
classify it as a discrete sensor. A discrete strain gauge is treated like an infinitesimal (tangent)
vector. We arrive at the Pull-back Riemannian Metric of the beam that is key in developing
the expression of the strain that would be detected by a finite length strain gauge. We validate
our result by demonstrating the applicability of the expression obtained on a simple case of
deformation that includes constant torsion, axial strain, and Poisson’s effect.

There are multiple instances where it is desirable to reconstruct the full-field deformed
shape of a very long, slender object such as pipelines, suspension cables, tethers, surgical tubing,
catheters, and others. For instance, the underground pipelines are prone to severe damage due to
seismic activities like earthquake, liquefaction- induced lateral spreading, landslide, and others.
These events have global effect on the pipeline configuration. Earthquakes causes transient ground
deformation and permanent ground deformations. In the simplest sense, the primary cause of
underground pipeline deformation is the movement of soil mass associated with the seismic

activities. There is abrupt ground deformation at the margin of landslide. The schematic diagram
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of the strike-slip fault effecting the underground pipeline is shown below. Hence, monitoring

Final state of land mass

, . L /‘ _after the seismic event |
Plane of strike-slip fault ;7

/ Y

/ /

| /,/ Figal_pigeﬁne_ cgnfizg}nrationJ

/ s

Vs \

- |

____— —_mTmmmEEmEEmEEmEmEEEEEEEEEEEEm ______711
/ Initial pipeline configuration

Initial state of land mass \/ /
before the seismic event

Figure 6.1: Schematic diagram of strike-slip fault.

the performance of underground pipelines during these seismic events and in real time is equally
important as developing resilient design methodologies for the same.

We exploit the strain measurement model for discrete strain gauge to construct a shape-
reconstruction methodology of slender structures from a limited set of scalar surface strain
measurements. It is an exhaustive approach that captures the effect of curvature, shear, torsion,
and elongation restricted to rigid cross-section assumption, such that the final deformed state is
Q. The inclusive consideration of shear effects extends the validity of the proposed approach to
even more moderately-slender objects like beams or connecting rods while generally providing
robustness in the predicted results. This theory mainly targets the single-manifold structures that
are subjected to finite strains and large deformations.

The idea is to infer the global displacement (defined by the locus of the mid-curve) and the
cross-sectional orientation (defined by shear and torsion) of such structures in their deformed state,
using distributed sensing of some kind. As mentioned in Todd et al. [16], distributed sensing
may be grouped into two types: non-contact (the sensing mechanism is remote, such as using

Laser Doppler Vibrometry (LDV)), and contact (the sensing mechanism is affixed to the object
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for in-situ measurement). Like [16], this theory focuses on the latter group of sensing methods,
since a large number of applications do not lend themselves to the strict limitations of non-contact
methods, such as line-of-sight or ranging restrictions. Conventional contact sensors typically
involve measurement of kinematic/kinetic properties such as strain or acceleration (distributed or
discrete) and then obtain the global displaced shape by means of some inverse model. This theory
further considers the case of the measurement of a finite set of local, uniaxial, discrete strain
readings that are obtained through any type of sensing approach, including Fiber Bragg Grating
(FBG), Rayleigh back-scattering (refer to [57], [58] and [59]) or conventional resistive strain
gauges. The aim is to develop a comprehensive inverse model that provides three-dimensional
deformed shape and the kinematic generalized coordinates (like shear angles, curvatures, and
elongations) from these limited sets of uniaxial strain values. This chapter extends the ideas
presented in [16] and related works by including far more comprehensive mechanics in the
model, allowing for applicability to a greater range of slender structures (such as non-negligible

cross-sectional shear deformation).

6.2 On finite length strain gauge measurement

6.2.1 Geometric description of the deformation of finite strain gauge

Consider a strain gauge of finite length /y (not necessarily small) attached to the surface of
beam S in the undeformed state 0y. Let a € Sy and b € Sj represent two ends of the finite strain
gauge. Let us consider the unstrained segment of FBG sensor as a space curve « : [0,[y] — S,

with @(0) = a and a(ly) = b, such that,

a(t) = fi(t)Ei’ te [07 l()]’ (51’62763) € 60~ (61)

The curve «a(t) is parameterized by its arc-length ¢. Therefore, d;a(t) € Ty )Sp is a unit

tangent vector along the curve. Here, T,(,)So represents the tangent space of the manifold Gy
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restricted to the curve (7). The curve a(r) maps to the curve ¢ ;(a(2)) = B;(t) : [0,l)] — S;

¢, |a(t) a0 = Tg(a)

T~

0rat(t) € TorySo 0B (t) = dg;(0:a(t)) € Ty (a1))S;

B = ¢;(a(®)

a(t) € Sy

9| 1@ — BO)

Figure 6.2: Deformation of a finite length curve on the beam surface.

such that F;.0,a(t) = 8,8,(t) € Tp(a())S;- The vector field 9,8 ;(¢) is not a unit vector as 7 is not

the arc length of the curve B(). The magnitude of the tangent vector d,8;(r) can be obtained as

[SIE

108,001l = (8:8,(0)- 8.8,0))" = ((F;.000)) - (F.001))* = (3y00) - (FT.F . 0y0))
= (Ba(1) - (C;.0,a(1)* .
(6.2)

Here,C; = F ]TF i=U ]T.U j represents the right Cauchy Green deformation tensor. In fact, the
Cauchy Green deformation tensor can be thought as a pull-back Riemannian Metric (refer chapter
2 of Do Carmo [15] and Chapter 1 Marsden and Hughes [60]) in the deformed configuration Q;
(and the surface G; as well). This is because for any pair of tangent vector v{,v, € T,Qq (or T,&),
the tensor C; associates an inner product ((F;.v;) - (F;.v2)) on the tangent space Tp,)Q; (or

Ty(()S;) such that F;.v(,Fj.vy € Ty)Q; (or Ty(,)S;). The length of the curve B(¢) as a function
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of the parameter ¢ is obtained as,

50 = [ 108,01k 63)

The scalar strain ej.(t) (the super-script “f”” stands for finite length strain gauge and the sub-script j
indicates that the deformed configuration is €2;) at the material point (&;(¢), 2(¢), 3(¢)) € ©; and

the average scalar strain e; () in the strain gauge are obtained as,
avg

ef(r) = loB; (1)l = 15

Li(t = lp)
f _
ej'clvg(t) - lo

(6.4)
~1.

Figure 6.2 shows the construction discussed above.

6.2.2 Illustration

Consider a cantilever beam with circular cross-section of radius » = 0.05 m and length
lo = 1 m. Let the finite length strain gauge join the material point a = (0,0,0.05) € Sy and
b =(1,0,0.05) € ) giving a straight curve a(t) = £1(1)E| + 0.05E3 with r = &1 € [0, 1]. Note
that in this case d,¢1(¢) = 1. Hence, d,a(t) = E|. Let the beam be subjected to the following

finite strain parameters,
k1(&1) =2m, e(é1) =0.1, with v =0.3. (6.5)

The deformed state for this example is Q3 with vanishing k5, k3 and W. It is intuitive that the curve
a(t) deforms to B5(¢) € S3 (hence j=3) which is a helix with pitch length [, = (1 +e) = 1.1 m,
radius r; = (1 — ev)r and number of turn ny,, = 1. From the equation of length of helix, the
length of the curve B5(¢) can be obtained as,

I 2
I = 27nmy\[1] + (21) = 1.141m;

T (6.6)

eﬁavg(t) = 14.1%.
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Now we obtain the length of the curve B5(¢) using the discussion in chapter 4 and the result (4.29).

We have,

0B = F3.0a(t) = 13(t)+d; = (1 + e(&1(1)) .d1 =& (1).K1(&1(1)).do+E(2). K1 (£1(1)).d3. (6.7)

Since the undeformed curve (a mathematical equivalent of unstrained finite length strain gauge) is

along E| with & = 0, we have &(¢) = 0 and &(¢) = (1 — ev)r. Hence,

NI

1 1
Iy = /0 (6:B5 - 0:B5)? dt = /o \/((1 +e)?+(1- ev)r?l)zdt = 1.141m. (6.8)

Thus, the results from Eq. (6.6) and (6.8) are exactly the same.

6.3 On discrete “point” strain measurements

In a strict sense, a discrete point strain gauge is an absurd idea because a point does not
strain. In reality, a discrete strain gauge has a small but finite undeformed gauge length associated
with it. The discrete strain gauge with small gauge length can be treated by considering it as an
infinitesimal vector such that its orientation in the undeformed state is known and gauge length
represents the length of the vector. This can help us estimate strain in an average sense, by
assuming that the finite strain parameters along the length of discrete strain gauge are constant
throughout its length. We consider the value of the deformation gradient tensor at the center point
of the strain gauge. Since the gauge length of the discrete strain gauge is small and the finite strain

parameters are continuous, this approach gives an excellent estimation of the scalar strain value.

6.3.1 Orientation of the surface strain gauge in the undeformed state

Consider the undeformed configuration Qg that consist of continuously varying family of
planar cross-sections By(&1). Consider a strain gauge attached to the point gg = (.fg ,fzg ,ff ) € S

such that the unit direction vector ng € T,,,Sy. The strain gauge can be located from the point on
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the mid-curve pg = (0,0) € By (ff ) by the vector r§ = £§E> + £§ E3. The tangent plane T,, Sy is
spanned by the unit orthonormal vectors #( ( 585,85 ) -t ( 1.é8.& ) The vector £ lies in the

plane spanned by E| — rg, such that,

g g .~ g .~
N r sin & sinfi
to=cosaE| +sinfi —2 =cos aE| + 52—'“ 2+ R R E;. (6.9)
llrgll g2 | +8° g2 | 8
fz +§3 52 +§3

The vector ¢( represents the unit tangent vector to the periphery I’y of the cross-section By (.ff ) ,

such that

8 8
S N

re )
T s T2 2
R A

The vector ny makes an angle u with the vector #( at the point go. Figure 6.3 describes the

to=FE| x

E;. (6.10)

orientation of the strain gauge in the undeformed state. The expression for n( is obtained as,

Undeformed configuration Q, Cross — section B, ({f)

Figure 6.3: The orientation of the strain gauge in undeformed configuration €.

ng = cos utq + sin uty. (6.11)
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If the configuration ) consists of the same cross-sections (not varying along the beam), then

a=0.
As, d¢ : Ty, S — Tp(4,)S)» the tangent space Ty(4,)S; is spanned by the normal basis
vectors M, F’—fo . These basis vectors are not orthogonal unless F ; = Q at the point g.
IF, 2ol TF 2ol ’

6.3.2 Expression of scalar strain value of discrete strain gauge

Consider a discrete strain gauge with the finite (but small) gauge length [, with the
orientation n( in the undeformed state. Let the center point of the strain gauge be attached to
the material point go. Considering the strain gauge as the vector [,ng, the scalar strain e;l (the
super-script “d” stands for discrete strain gauge) in the deformed state €; is,

Stretch A i

¢} = ((Fj(qo)-no) - (F (go)-n0))” 1. (6.12)

Equation (6.12) defines nominal strain. We can obtain natural strain, Lagrangian strain, Eulerian
strain, and logarithmic strain fields using the expression of stretch A ; (refer to section 4.2 of Asaro
and Lubarda [61]). Note that a similar expression can be obtained by using Eq. (6.3) and (6.4)
such that the deformation gradient tensor is assumed to be constant F ;(go) (considering its value

at the center of the strain gauge) along the length of the discrete strain gauge.

6.3.3 Simplified discrete strain gauge measurement model for deformed

case () considering small strain case

As noted in section 6.4.1, the deformation gradient tensor considering the deformed

configuration as Q1, is given by

F =1,®E +d;®E;=H, + Q. (6.13)
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Given ny is the unit vector defining the direction of the strain gauge, the scalar strain for discrete

gauge is simplified as follows:

e/ = ||(Fi.no)ll - 1 = [(Hy.ng + Q.no)|| - 1
(6.14)

= VIH .noll + 2(H.ng) - (Q.ng) + 1 — 1.

For small strain, large deformation, ||H |.n¢|| << Q.n(. Therefore, expanding the expression for

e upto first order of H .n( yields,

¢! ~ (Hy.ng) - (Q.no) + O(H .np)*. (6.15)

6.4 Three dimensional shape reconstruction of slender struc-
tures

The theory of shape sensing developed in this chapter utilities the results discussed in
chapters 1, 2 and 4. The following section represents the kinematic discussion and the solution

algorithm.

6.4.1 Kinematic discussion

We consider that the deformed beam is subjected to multiple curvatures (bending and
torsion), Poisson’s deformation due to mid-curve axial strain only (in-plane cross-sectional
deformation), shear deformation and warping due to torsion only. We exclude the warping
due to bending induced shear and also exclude the effect of warping and bending on Poisson’s
deformation. We also assume that the warping function is known and the initial undeformed
configuration is straight (not curved).

Let an open set Qg € R? and Q € R represent the undeformed and deformed configuration

of the rod. The inclusion of the aforementioned deformation effects has no impact on the definition
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of mid-curve position vector ¢(&)), parameterized by the arc-length &; € [0,L] c R*, and the
cross-sectional orientation is defined by a material frame (MF) or director triad {d;}. Let {E;}
define a fixed orthonormal reference frame such that we define the orthogonal rotation tensor Q.

(the sub-script “m” stands for material frame) and the curvature tensor & as,
On(é1)=d;®E;
k=050.0"; (6.16)
agld,' = k.di =K X di.

The deformation map of such beam is defined as ¢ : Ry € QQp — R € Q such that,

#(Ro) = R = p(&)) +r + p¥dy; (6.17a)
r = (bdsy + &d3) = (1 - vE)r; (6.17b)
ri =&ds + &ds. (6.17¢)

In the equation set above, p, ¥, and €| = (Q;.aglga — E ) - E| represents the warping amplitude,
the known warping function, and the component of axial strain vector & along d;. We realize that
the deformation map is a special case of the map ¢ discussed in chapter 4 described in equation
set (4.24).

Let By(&1) = {&2.63}) € Ré and B(¢1,6,8) = {p¥.&.6) € Rél represent the cross-
section field for the configuration y and Q. Another deformed configuration of interest to us
is Q1. It is a special case of {2 where we ignore warping and Poisson’s deformation. We define
another deformed configuration Q4 € R? such that the associated cross-section field is given by
By(&1,6,8) = {6,6) € Rgzﬁ' It is a special case of Q when we ignore warping. The discussed
shape sensing algorithm will be simulated for the deformation states €2; and €)4. The configuration

space for Qp, Qq, and Q is given by:

@ = {(¢.Qn)| ¢ R =R’ 0, :R" = SO3)} c Cy; 6.18)
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@, = {(¢,081)| ¢ : R SR’ Q. :R* - SO@3), & :R* - R} c Cy; (6.19)

® = {(¢.0.51,p)| ¢:R* >R Q. :R* - S0(3), &,p:R* >R} cC.  (6.20)

Therefore, we note that C; = R3 x SO(3), C4 = R* x SO(3) xR and C = R? x SO(3) x R x R.
However, as noted in section 2.3.1, the quantities (¢, Q,,) can be approximated to the least order
by SPEG technique, where we use linearized shape functions (refer to Eq. (2.15)). However,
since £ is functionally dependent on d¢, ¢, it can separately be approximated using higher order
techniques from the discrete values of the estimated ¢. In that case C; = Cy4.

The associated deformation gradient tensor is givenby F1 = H; + 0, = /li QE+0,,
F,=H;s+0, = /1?1 QE;+Q,,andF =H + 0, =21; ® E; + Q,,. Here, the strain vector /l%
for the deformed configuration Q; is given by Eq. (4.41). The strain vectors corresponding to the
deformed configuration Q4 and Q can be deduced from the expression of strain vectors of most
general deformed case Q3 as defined in equation set (4.35) by neglecting the terms associated
with the not-included deformation effects (i.e., bending induced shear warping and contribution

to in-plane deformation due to warping). For the configuration €4, we have,

A} = (51 + &K, — 52?3) d, + (52 - &Ky + aglé?z) d; + (53 + &K1 + 551523) ds; (6.21a)
= (0udr - 1) o + B ds; (6.21b)
A= pfrdr + (085 - 1) ds. (6.21c)

Similarly, for the configuration Q, we have,

/11 = (51 + $3E2 - ézf3 + aflp.‘P) dl + (52 - é%?l + 65152 + p‘PEg) d2

(6.22a)
+ (B3 + &F1 + O s - pYR) di;

o = popVdy + (0pds — 1) do + Gpds ds; (6.22b)

A3 = .0 Vdy + pfods + (Opds— 1) ds. (6.22¢)
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Here,

O éi = —0g81.vE; for i €2,3; (6.23a)

0g,&i = (1 = vE|)g;j for i, j € 2,3. (6.23b)

6.4.2 The director triad and the governing differential equation

To uniquely describe the shear angles and to express the frame {d;} with respect to the
fixed frame {E;}, we first consider an un-sheared cross-section defined by a special material
adapted frame (SMAF) field {T (&1), Ys(&1), Ps(¢1)} obtained by rotating {E;} frame about —E

by an angle ¢,(£1) (yaw angle) followed by rotation about E3 by an angle ¢,(&1) (pitch angle).

1
l+e

Here, T'(¢7) is the tangent vector field to the mid-curve ¢(&1) defined as T = 0, = 10z 9. Here,
s is the deformed arc-length of the beam as defined in section 4.2.2. From (1.27) in section 1.3.3,
we can arrive at the relationship between the SMAF and the fixed frame {E;} by substituting —¢,

in place of ¢, (unlike in section 1.3.3, we have rotated the SMAF about —E>), yielding,

[Qs]gig,Ej =R
T C¢pC¢y S¢p C¢pS¢y El
Ys = —S¢p C¢y C¢p —S¢p S¢y E2 . (624)
PS —S¢y 0 C¢y E3

From the equation above, we have Q. =T ® E; + Y ® E» + P ® E3. Here we have used same
convention as section 1.3.3: cos 0 = ¢y and sin 0 = sg, for any angle 0. Both these notations are
interchangeably used as per convenience.

Recall the definition of shear angles in section 1.3.3. The three shear angles, denoted by
Y11(é1), 5 — v12(¢1) and 7 — y13(&1) are subtended by the directors d, d> and d3 with the tangent
vector T'. However, this definition does not provide us with unique sheared cross-section. To

uniquely define the sheared cross-section, we obtain the director triad by rotating SMAF. To do
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so, we define three additional angles a1, a», @3 as angles subtended by the directors d, d>, and d3,

with the vector Y such that,

[QZ;n]E, ®F j :[Qms]Ei ®F =Rem

T Sy Syia Syi3 d
Y | = Cay Cay Cas d| - (6.25)
P CazSyp, ~ CanSyiz CazCyip ~ CarSyiz CarSyn — CarSyin d3

Here, O, =T ®d +Y,®dr+ P;®d3 = QS. We aim to relate the director triad {d;} with the
fixed reference frame {E;} such that d; = Q,,.E;, such that the corresponding direction cosine

matrix (refer to section 1.3.2.3) is given by Ry, = [Qm]gi S, Like the result in (1.29), we have,

On = Q = Ons-Q; = Qi Qs

[Qm]gi@)Ej = [Qsm]EL-@Ej'[Qs]g‘i@Ej; (626)
R = R R,

The rotation tensor Q,, is orthogonal if the following constraints on (@1, a2, @3, Y11, Y12, Y13)

are imposed:
IT] =Yl = 1Pl = 15 O IIT Il = O 1Y sll = Og [Pl = 0. (6.27)

Figure 6.4 illustrates the discussion carried so far. We define the curvature tensor associated with
the beam configuration Q; as k = g, Q,,-0" with the associated curvature vector k = k;d;. The

components of the curvature vector as a function of the angles (ay, a2, @3, y11, Y12, Y13) and
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Ys(§1)  da($1)

Un — sheared cross — section % ‘\\ Pitch angle plane
Spanned by (T — Y;) M N %25 T Spanned by (T — Y)
Sheared cross — section B, ‘ 'l . T(&)

Spanned by (d, — d3)

11
e dy ()

| (E, — E5) Plane |
,/
/ i
v
E, / Yaw angle ¢,,
E, &
//
/ A vector in both

(E; — E3) and(T — Y;) Plane

Figure 6.4: Sheared and un-sheared cross-section.

their derivatives can be obtained using the expression for Q. as:

K| = =0z @2.Ca3 50, + 05 3.Cay Sy + 0z V11-Cay S711(_CC¥3S712 + Cazs%z.) - 85:1712-Ca§c7125713
- 651713'6713s713 + 651713'CQ§C713s712 - 651713'6'(126'036713‘9713 + afl ¢Y'(CQ2S712 - C&2S713)

- 651 ¢)"(Cal Co, T C711s¢p);

(6.28a)
_ 1
=3 205, @1.CaySa; — 205, 03.Cay Say + O V112 + Coay + €203)Sy,5 — 202,By.(CarCy, + Sy1,54,)
+ 851 712'(CC¥| Caz$2y;; T 20&20712(_06!30711 * Coy SYIS)) + 2(C711C713sa§ * Co 004352713)
+20g ¢p-(—CasCyyy + CaySyi3) |5
(6.28b)
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k3 = _afla'l'cwzsal + 851 @2.CaySa; + 051712'(ca|casc7’|2s713 - ca§c7110712) - afl ¢y'(casc¢p + SVBS%)
+ 851713-(002003C711c713 — Ca ca3c713s712) + aflylbca,%s)’u(cazsws - ca3s712)

+ 5,& ¢P'(ca’2c711 - C(Yls’)’lz)'

(6.28¢)

Like Eq. (2.14), the governing differential equation governing the kinematic evolution of

the beam can be obtained using Eq. (4.7) and (4.5) as,

Og, ¢ 0 (1+e),, (+e)sy, (I1+e)s,,||¢
Oz, dy 0 0 K3 -2 d;
' = (6.29)
651 d> 0 —K3 0 K] d>
O, d3 0 K2 —K1 0 d;

It is worth mentioning that in the absence of shear deformation and the axial extension, we
have y1;(&1) = 0, a1(&) = a3(é1) = 3, @2(§1) = 0 and e(&)) = 0, yielding {d;} = {T, Y, P},
vanishing the axial strain vector & = 0, and simplifying the curvatures as k| = —sp, .0 ¢y, k2 =

Cpy, -0, Py, K3 = Og, ¢p, reducing the governing differential equation set to:

Og, ¢ 0 1 0 0 7
3¢, T 0 0 Oe by —Og dyco | | T
(3| _ & Pp §1¥Py-Coy (6.30)
aleS 0 _8§1¢P 0 —a§1¢y.S¢y Ys
_651 PS_ _0 afl (by .C¢y 8§, ¢y .S¢y 0 _PS_

This is exactly the Eq. (5) in Todd et al. [16]. Therefore, the current relationship Eq. (6.29)
consistently reduces to the simpler one (6.30) as described in Todd et al. [16]. Equation (6.30)
represents a deformation relationship that only considers the curvature-based contributions

(bending and torsion).
The matrix in the Eq. (6.29) consist of six unknowns: three components of axial strain

vector £ and three components of the curvature vector k. As discussed in section 2.3, once the
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quantities (1 +2; = (1 + €)cy,,, €2 = (1 + €)sy,,, &3 = (1 + €)s,,5, K1, K2, k3) are known at finite
number of cross-sections, the deformed shape of the beam can be estimated by integrating Eq.
(6.29). These techniques were discussed in chapter 2 concerning the problem of path estimation.
Since there are six unknowns, we need six strain gauges to be attached onto the surface of the

beam.

6.4.3 Orientation of the strain gauge in the undeformed state considering
circular cross-section

To proceed further, we detail the geometry of beam and the orientation of the strain
gauge assumed to develop the shape sensing methodology. We consider a cylindrical beam with
circular cross-section of outer radius r. As discussed in section 6.3.1, we assume strain gauges
to be attached on the surface at the point gy = (£1,£2,&3) € S such that ro = &E, + £3E3 and
r= 4 /522 + .532. We assume that the vector r( subtends an angle o with E,, such that & = rc,
& =rsg,and tg = —s,E + c,E3. By virtue of the uniform cross-section assumption, we have

i1 = 0, and hence f = E. Therefore, the strain gauge orientation vector n can be obtained as
no=cE —s;s0Ey + s, E3. (6.31)

We discuss the scalar strain formula for the configuration €; and the ideas discussed can be

extended to the configurations Q4 and Q. For the deformed configuration Q;, we have
Fi.ng= ((1 + 51) - E3§2 + Ezfg) Cﬂdl +(§2—E1§3)C# —S#Sgd2+(§3 +E1§2)Cﬂ +Sﬂcgd3. (6.32)

To further interpret the expression of scalar strain, we assume ny = E1, yielding

=1 48) -TarREP + @ - kG E A& -1 (633)
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Considering only one deformation effect at a time, the expression for scalar strain values are

evaluated as follows,

Axial deformation : eﬂa 20 = £1; (6.34a)
Plane bending about E5 : e‘11|?2 20 = K2&3; (6.34b)
Plane bending E : eﬂh 20 = —Kk3é2; (6.34¢)
Shear and Axial deformation : ol 500 = \/(1 +E1)2+8+8 - 1; (6.34d)

Torsion : e‘li 0 = A1+ E%rz —1. (6.34¢)

The first three expressions considering pure axial and bending deformations are obvious. However,

the expressions for e and e seems less obvious. For instance, intuitively, x;r =

i i
11e,,85#0 11x1#0

||H '"Olil 4oll should be the scalar strain due to torsion. Here, we carefully note that the strain
gauge does not measure the magnitude of the strained vector ||H |.n¢||, rather it measures the
scalar strain defined in Eq. 6.12. For the pure axial deformation and bending, we observe that
||H .no|| = ||F1.n0|| — 1, because the deformation happens to be along ng = E. Similarly, for
the deformed states €4 and €, the expression for the scalar strain eg and ¢4 respectively, can be

found using Eq. (6.12).

6.4.4 Solution approach

To obtain the approximate solution of the global deformed shapes (Q”, QZ, Q"), we
discretize the structure into N segments (7 = 1,2,..., N) with the center of segment n located at
&1, Let élﬁ represents the right boundary of the ath segment, such that élﬁ_l < flﬁ. We aim at
obtaining the estimated deformed configuration of the beam using the finite strain data at the
cross-sections located at &, with (n = 1,2,...,N). We assume the origin at £; = 0 is a fixed
end and the boundary at £ = L is a free end. For the assumed boundary conditions, we have,

&, =& and &, = 0. We also assume Q,,(0) = {do;} = {E;}.
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From Eq. (6.29), we observe that to determine the estimated mid-curve ¢”(&;) and director
field Q,’;(fl), we need only the discrete values of (51,,, &2,, €3,, K1, K2, Egn) at N cross sections.
However, from the discussion in the previous section, we realize that the scalar strain formula for ef

d i a function

is a function of six finite strain quantities (£, €, €3, K1, k2, k3); the scalar strain e 7

of seven finite strain quantities (51, 0z €1, €2, €3, K1, K2, ?3); and the quantity ed depends on nine
unknowns (El, Oz, €1, €2, €3, K1, K2, K3, D, O, p). Let 07, and py,,, represents the angles defining

the orientation of the m™ strain gauge at a cross-section located at & . Considering the deformed

d

nm at m'™ strain gauge can be

configuration €2, for the cross-section at &, the scalar strain gauge ¢
written as a function of (£1,, 9,81, = 0g €1(€1,)s €2,5 €3, K1, K215 K3,,» P> O, Pn = O, p(£1,))

such that:

d = = = = = = = :
¢om = fin (1, 05,81, €2, E3,, K1,» K2,5 K3,5 P> O, P Ongms Hngm) - (6.35)

We note that 07,,, and p,,,, are known. To uniquely evaluate the nine unknowns, we invert the set

of m = 9 non-linear equations. Similarly, for Q; and Q,4, we have m = 6 and m = 7.

6.4.4.1 Approximate solution for the mid-curve position vector and the director triad

using SPEG

We only need the discrete value of axial strain and curvatures (1, €2,, £3,, K1, K2, K3,)
to obtain (goh(fl ), Qﬁl(fl)) for any deformed configuration (Qi’, Qf", Qh). To estimate the
deformed shape using SPEG technique, we consider the co-rotated derivatives of axial strain
vector and the curvature vector to vanish for each patch. Equivalently, we truncate the Taylor series
expansion of the finite strain quantities about &, to zeroth order, thereby reducing the system
of differential equations (6.29) into a constant-coefficient system such that the solution of the

. . . . . . h _ h nh\ _ h h .
differential equation gives an approximated configuration ®7 = (gpﬁ, Q7)) = (¢ {d;}) € C valid
in the patch n. Therefore, N segments would involve solving for 12N constants of integration.

Imposing continuity in the (¢, {d;}) fields at the boundary between the segments gives 12(N — 1)
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constraints, and an appropriate boundary condition gives the additional 12 conditions. We obtain

a solution for 72" segment as:

QL&) = At + Amél + Azs sin kn€1 + Az cOS Kn1;
(6.36)
d-(¢1) = Byt + Brpé1 + Bryia Sin knf1 + Brig cOS Knf.
In the above equation «, = ||k,||. We represent the vector coeflicients in Eq. (6.36) in a more

desirable form given below,

[[A71 1.y [Am) .y [Ams) gy (A £} ] 304 = [Calaxal Azlaxa: (6.37a)

[[Bsii1 1i£.3: [Brio )i} Bzl .3 [Biiial (£, | 3,04 = [CilaxalBisilaxa: (6.37b)

In the equation above, the notation [Az;](g,} = [A5; - E1,Azj - E2,Azj - E 3]7, represents the
component of the coefficient vector [A5;](g,) in {E;} frame. Therefore, the approximated solution
is expressed in {E;} frame (Note that the boundary conditions were expressed in {E;} frame).
The matrix [C5] represents the 12 constants of integration corresponding to nth patch and is
determined using continuity conditions or the boundary conditions. The matrices [A;] and [ Bj;]
(fori = 1,2,3) contains coefficients that are function of the discrete velocity data (E| + €,) and

Kn, and are given as:

[ (EnX(EI +§n))’El ((E 1 +§n)'En)-(En'EI ) _ (EnXEnX(EI +§n))‘El _ (EnX(E 1 +§n)”)'El ]
K,% K,% K,31 K;%
(knX(E1+84))-E> (E1+84)Kn).(KnE>) _ (KnXKnX(E1+81))-E> _ (knX(E1+84))-E>
[A7] = i i B E: . (6.39)
(knX(E1+84))E3  (E1+84)Kn).(Kn-E3) (KuXKnX(E1+8n))-E3 (kKnX(E1+8,))-E3
K2 K2 B P - K2
1 0 0 0
[ @itk xd) By () (XK By _ RxRyxdio)E, |
K,% Kn K%
(dio+KnXKnXdio) Ey () (dioXkn)Ey _ (KnXKnXdi0)-Er
2 2
[Biz] = _ o _ : (6.39)
(dig+K, ¥k Xdip)-E3 0 (dioXKkn)E3 _ (KnXknXdio)-E3
K?, Kn K%
0 0 0 0
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In the equation above «, = ||k,|| = \/E%n + E%n + F%n. Equation (6.36) yields a helix (which is

smooth). We glue the solution of each patch using heavy side function such that the global

approximated configuration yielding a continuous solution as,

N
o"(&) = o) [H(& - &) - HE - 7] (6.40)
n=1
N A A
dl(&) = ) di(&) [HE - 7)) - Hé - 7)) (6.41)
n=1

In the equation above H(-) represents Heaviside function. Other higher order techniques listed in
section 2.3.2 can also be used to estimate (p”(£]), Q" (£))) as,

&
0"(&) = exp ( / %' (x) dx) :
0 (6.42)

o"(t) = /Ot Q" (x). (Eh(x) + El) dx.

6.4.4.2 Estimation of the warping amplitude p"(¢), mid-curve strain ¢(¢£)), and shear

angles 'y{’l.

We obtain p, by solving the equation set (6.35). The strain e, and the shear angles y;

can be obtained from the finite strain parameters as:

= =2 2 )
en = \/8]n +& +& —1;

arccos (%), fori =1 (6.43)
Vi = _ :
arcsin (l%n)’ fori =2,3

The approximated fields p"(¢&)), (&), yfl.(fl) can be obtained by interpolating the discrete

quantities p,, e,, y1;, using techniques listed in table 2.1.
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6.4.4.3 Approximated configurations Q7, Qf, Q"

The approximated deformation maps ¢i’ Ry e Qyr— R eQh, ¢£’ tRyeQy— R €

Qﬁ’, and ¢h : Ry € Qy —> R € Q" can be obtained as:

P"(Ro) = ¢"(&1) + &4d1 + &d; (6.44a)
Pi(Ro) = @"(&1) + (1 — vE))(Erd) + &dD); (6.44b)
¢"(Ro) = ¢"(&1) + (1 — vE))(&rd) + &d2) + p"Pd?. (6.44c)

In the equation above, Ei’ =(1+ eh)cmn. In the next section, we show simulations concerning

the deformed configurations Q; and Q4.

6.4.5 Simulations concerning the deformed state

We simulate three-dimensional shapes of varying complexities in deformation. We consider
a long rod with the length L = 300 m, and radius r = 30 ¢m. It is noteworthy that for the deformed
state 1, the simulations are completely independent of material properties because inverse shape
sensing requires only the kinematic and geometric parameters that define the displacement and
strains. To simulate the shape sensing problem, we assume a deformed shape and analytically
obtain the finite strain quantities (g1, €2,, €3,, K1,,, K2, k3,) using the formula for curvatures given
in Eq. (6.28) and the definition of material axial strain vector € = Q;.agl ¢—E; = g,E;. The strain
value at the surface for the assumed deformed shape at set cross-sections for the given directions of
strain gauges can be obtained using Eq. (6.43). It was checked that inversion of non-linear equation
set (6.35) corresponding to the respective deformed state yields a unique solutions of finite strain

terms. To do so we assumed o7, = {%, % %T”, T, %’T, 37”} and p,, = {%, —%, %, —%, %, —’41}.
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6.4.5.1 Simulation 1

This simulation investigates the effect of curvature and constantly increasing torsion from
the fixed end towards the distal end (0 — 0.75x radian). The simulation was run for six (3 of
them are showed in Fig. 6.5) different cases varying the number of equally spaced strain values
to simulate different sensor counts. It is important to note that 6 sensors are required for each
cross-section, which implies a total of 6N sensors, where N indicates the number of cross-section
along the length where these sensors are placed. For simulation 1, N = 3, 5, 10, 20,50 and
100 (18, 30, 60, 120 and 600 total sensors respectively) are considered. The distal end was
displaced almost by 70 m in both y (along &>) and z (along &3) directions from the initially straight

configuration. The imposed configuration is defined by the following parameters:

m . [7&
b == T8
bq 0.75n
e(é1)=0; v =0; @ =51 @ = L§1;03=a1+6¥2-

(6.45)

Figure 6.5 compares the exact (imposed) deformed configuration (¢,{d;}) and the
reconstructed configuration (¢”, {df’}) obtained using the SPEG technique (Eq. (6.40)) for the
first simulation. For as few as 5 and 10 cross-sections (spaced approximately 60 m and 30 m
respectively), excellent reconstruction is observed with an average (over the full length) root mean
square (RMS) error of only 5.2 m and 1.03 m respectively. Secondly for 10 cross-sections, the
RMS error for the directors d, d5, and d3 is merely 0.0078, 0.0056 and 0.0059 respectively, thus
predicting the cross-sectional orientation efficiently. If the same simulation is run for the length
of cable as 212 m and no torsion for 5 sensor locations (as was performed by Todd et al. [16]),
the error comes out to be the same (1.1 m). This clearly reflects the fact that the formulation
presented here is a general form that can capture many more mechanical effects as compared to
the formulation in Todd et al. [16], which could capture only curvature changes. Increment in
number of sensor locations improves the shape reconstruction, thereby reducing the RMS error to

as low as 3 mm for 50 sensor locations (1 every 6 m). Figure 6.6 compares the exact component
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Strain gauges at 5 cross—sections Strain gauges at 20 cross—sections Strain gauges at 100 cross—sections

Figure 6.5: Exact and estimated deformed configuration for simulation 1.

of (¢, d) with the components predicted by N = 10 and N = 50 strain measurement locations.
The figure shows good convergence with the increase of the number of sensors. Since the object
in simulation 1 is not deformed in a very complicated shape, 10 sensor locations does a good
reconstructing of the shape.

The results presented above are for the ideal case of perfect strain transfer from the
structure to the attached strain gauges with certainty in the assumed boundary conditions and
no other external noise influence on the system (environmental or numerical). To examine these
influences for a first order assessment of robustness, uniformly-distributed random noise was
added to the strain values, at a [-5,5] micro-strain level (representative of the most conventional
strain gauge systems) and at [-50,50] micro-strain level (severe noise) before being input into the
reconstruction algorithm. Fifty such realizations were performed in a Monte Carlo sense, and the
average RMS error was computed for different number of sensor counts at each noise level. It

is observed that at each sensor count, the noise elevates the error with gradual improvement as
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Figure 6.6: Exact and estimated components of mid-curve position vector ¢, and the components

of director d; for simulation 1.
the sensor count increases. Figure 6.7 (right plot) gives the RMS error in the position vector for
different noise level and the left plot represents the RMS error plot for the directors considering no
external noise. The error when there is no external noise is due to approximation in the estimation.
Another source of error is uncertainty in the boundary conditions. Figure 6.7 shows the effect of
uncertainty on the specifications of the boundary condition at the proximal end &; = 0, using 100
sensors by choosing 50 random boundary conditions at proximal end over [—0.0001, 0.0001] m,
[-0.01,0.01] m, [-0.1,0.1] m, [-1,1] m and [—10, 10] m and obtaining the average RMS value
(averaged over 50 simulation) for both the simulations 1 and 2 (discussed in next section). It is
clear that with the current approach, the trend remains linear, with the averaged RMS error being

proportional to the input boundary condition uncertainty level.
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Figure 6.7: Right plot: RMS error in mid-curve position vector for different noise levels; Left
plot: RMS error plot for the directors considering no-noise case.

6.4.5.2 Simulation 2

In simulation 2, the object with same geometric and kinematic configuration as in
Simulation 1 is subjected to torsion, non-uniform elongation, shear and complex curvature

changes, making it more general. The exact/imposed deformed configuration is given by the

following,
¢y—7rsm(ﬂ51) ¢p—7rsm(ﬂf ) (1—05 3'5251);
6.46
e(&1) = ECS ). _ T i3t @ = X 1+0'2§1 o0
1) = 2L s 711 - 16La 712 32L, 3 = 2 L .

The angles y12, a1 and @, may be obtained by imposing the constraints defined in Eq. (6.27).
The displacement of the distal end is about 193 m and 116 m in the y and z direction. Since

the shape and deformation is complicated, the study is performed for a minimum of 10 sensor

locations (with N = 10, 20, 50 and 100) unlike a minimum of 3 sensor locations in simulation 1.

The RMS error for the position vector decreases from 9.8 m using 10 sensor locations to 4.8 cm
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Figure 6.8: Average root mean square error in the shape reconstruction for simulations 1 and 2
as a function of the uncertainty level in the initial displacement conditions at the proximal end.

with 100 sensor locations, representing excellent convergent reconstruction.

The top three plots of Fig. 6.9 compare the exact (imposed) mid-curve with the
reconstructed mid-curve for the second simulation and the bottom three plots compares the exact
cross sectional orientation with the predicted directors for N = 10, 20 and 100. Figure 6.10
represents comparison of the exact component of (¢, d;) with the components predicted by
N =10 and N = 50 strain measurement locations. Assuming perfect strain transfer between the
structure and the strain gauge (no noise and perfect bonding), exact and the predicted angles are
observed to coincide because these parameters are directly related to the strain measurements.

The major contributor of error due to the algorithm, for this simulation, is mainly the
deformed shape of the mid-curve and the curvatures. The axial, shear and torsion contributions
are almost negligible to the RMS error of the position vector to the mid-curve. This observation
is made clear from the RMS error plot in Fig. 6.11. This is not a surprising result because the
global shape of the structure in this example is still dominated by the curvature; in a simulation
dominated by another effect, e.g., a pure axial extension, error would be primarily due to that
instead, and using the simplified theory such as in Todd et al. [16] would induce significant error.

Similar pattern of RMS error is observed as in simulation 1 when external noise is added

to the structure. The error is much higher for the second simulation as compared to the first
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Strain gauges at 10 cross—sections Strain gauges at 20 cross—sections Strain gauges at 100 cross—sections
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Figure 6.9: Exact and estimated deformed configuration for simulation 2.

because of complicated deformed shape of the mid-curve and the complex curvature. As in Todd
et al. [16], the maximum reconstruction error in both of the above simulations was observed at the
distal end. It is because the boundary conditions were exactly specified on the proximal end. Error
due to the algorithm itself (but not necessarily error due to external influence or measurement
noise) then propagates along the object to the maximum at the farthest end from the known

condition. Therefore, the error propagation start from the point of specified boundary condition.

6.4.5.3 Simulation 3

In most cable or tether-like structures, curvature is the dominant deformation. The third
simulation presents a cable with same cross-section as the previous simulations. We consider
a helix with varying radius such that the bottom helix radius is rpeiix = 50 m, pitch length is
I, = 10 m, number of turns is nyms = 20. The total length is then given by the total length of

L =210 rszpring + (éln) = 6.314 km. Apart from these geometric parameters, the deformed
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Figure 6.10: Exact and estimated components of the mid-curve position vector ¢ and the
director d; for simulation 2.

state is defined by the following:

2
¢y _ ﬂntZrns‘fl; ¢p _ gsin (7;_51‘41),
(6.47)
n
e(é1)=0; v;=0; oy =a3 = 5 @ = 0.

Significant RMS error of 15.9 m was observed with 50 sensor locations (1 in every 126 m) and
it reduced to 0.78 m with 200 sensor locations (1 cross section every 32 m). The predicted
shape using 20 sensor locations was not acceptable with tremendous error of 1326 m because of
complex shape and curvature changes. Figure 6.12 shows the predicted deformed shape and the
directors for N = 50, 100 and 200 sensor locations. Figure 6.13 shows the comparison between
the predicted components of the mid-curve for N = 50 and N = 100 sensor locations as compared
to the exact deformed shape. It is observed that an excellent reconstruction of such a complicated
shape is observed with mere N = 200 sensor locations.

Furthermore, it is observed that for a constant radius, constant pitch spring only 2
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Figure 6.11: Root mean square error for the position vector for simulation 2.

sensor locations (which is the minimum number of sensor locations required) are required
to exactly predict the shape. Such a deformed shape is parameterized by constant kx; and «;

(K3 = 0g ¢p(€1) = 0) throughout the length of the cable.

6.4.6 Simulations concerning the deformed state ()4

Unlike the simulations in last section concerning the deformed state €2, the shape sensing
now depends on the material property v. To simulate the case, we assume a deformed shape
and analytically obtain the finite strain quantities (g1, d¢ €1,, €2, €3,, K1,, K2, K3,). The strain
value at the surface for the assumed deformed shape at set cross-sections for the given directions
of strain gauges can be obtained using Eq. (6.43). It was checked that inversion of set of
seven non-linear equation (6.35) corresponding to the respective deformed state yields a unique

solutions of finite strain terms. To do so we have assumed 0y, = {7, 7. %’ﬂ T, %’T, 37”, %} and

,Un,m = E’ _%a %’ _%5 %a _%9 %}
We simulate a 300 m long circular rod with v = 0.3 and diameter of 30.48 cm to

study the effect of multiple curvatures, axial strain, Poisson’s deformation, but no shear (thus,

157



Strain gauges at 50 cross—sections ~ Strain gauges at 100 cross—sections ~ Strain gauges at 200 cross—sections

Figure 6.12: Exact and estimated deformed configuration for simulation 3.

€1 = e; €2 = €3 = 0). The imposed shape is dictated by the following parameters,

by =& —Esin 2.5
y - p_8 L k4
2 1 4 .
e(§1)=0.05+0L§1+%sin ﬂTfl 5 v =0; a/1=g; cyz:%; a3 = a1 + as.

(6.48)
The assumed mid-curve shape bears two points of degeneracy, yet the algorithm performs robustly.

The algorithm is thus without any singularity.
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Figure 6.13: Exact and estimated components of mid-curve position vector ¢ and the director
d; for simulation 3.
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N=5: RMS Error=13.383m N=7: RMS Error=6.395m N=20: RMS Error=0.629m N=100: RMS Error=0.0145m

N=7 N=100

Figure 6.14: Exact and estimated deformed configuration for simulation considering Poisson’s
deformation along with curvatures and axial strain but no shear.
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Figure 6.15: Comparison of the components of the exact and approximated axial strain €.

The figure 6.14 compares the exact (imposed) mid-curve ¢(¢&1) with the approximated
mid-curve ¢”(£;) and the exact director field {d;} with the approximated field {df’}, solved
using SPEG technique for N = 5, 7, 20 and 50 number of cross-sections. The RMS Error is
reported on top of the plots. The RMS Error reduces exponentially with the increase in number of
cross-section at which strain gauge is attached.

Figure 6.15 and 6.16 compares the exact curvature and axial strain field with the
approximated fields. The approximation is obtained using Moving Least Square approximation.
In this simulation, we use 2" order shape function. The parameter L/a in Fig. 6.15 and

6.16 represents the ratio of the undeformed length of beam and the support size chosen for the

approximation.
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Figure 6.16: Comparison of the components of exact and approximated curvatures.

6.5 Similarities in the path estimation of rigid body (or swarm
of rigid bodies) and shape reconstruction of slender struc-
ture (like rods)

A rigid body motion and a beam with rigid Euler-Bernoulli’s cross-section B;(£)) is
defined by an identical configuration space C; := R x SO(3). The Cosserat beam is defined by a
mid-curve curve ¢ and the director triad field {d;} that defines the orientation of the cross-section.
However, the configuration of the beam ®; € C; is parameterized by the undeformed arc length
of the mid-curve, lets call it £ € R*, and the configuration of the moving rigid body @, € C; is

parameterized by time ¢ € R*, such that

(&) = {(p(€1), Q&) ] ¢ :RT — R, 0:R" — SO(3)} € Cy;

®1(1) = {(¢(1, Q1) | ¢ :R* — R, Q:R" — SOB3)} € C.

(6.49)
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If s represents the deformed arc-length in the deformed state of the beam or the distance traveled
by the moving object, then an analogy can be observed between the axial strain of the mid-curve
e(¢1) for the beam and the velocity v(z) of the moving object, such that, dz,s = 1 + e(é1) for
beams, and d;s = v(¢) in case of a moving rigid body. Similarly, the velocity vector v = 0,¢ is
comparable to the mid-curve axial strain vector of the beam, in the sense that dg, ¢ = ¢ + d;.

Like the configuration space, the tangent space of the two systems is identical. The
equivalent of angular velocity (spin) tensor &(r) = 8,Q.Q" is the spin tensor corresponding to the
Darboux vector (also called the curvature tensor) k(£1) = 0, Q.0". Therefore, the problem of
shape reconstruction of the beam from a finite number of surface strain gauge readings bears a
striking similarity with the path estimation of rigid body motion using discrete linear and angular
velocity data. In the case of path estimation, the data is obtained in the form of Euler angles (or
quaternions) and their derivatives (from the IMU and other sensors), whereas in case of shape
sensing, the strain gauge data can be used to obtain the sectional curvatures and mid-curve strains.
Furthermore, the problem of dead reckoning is common in the case of path estimation and shape
sensing as will be seen in this chapter.

A geometrically-exact Kirchhoff beam and a rigid body can be defined by an adapted
frame. If the torsion angle is zero along the beam or if the roll angle field vanishes (which is
seldom in case of rigid body motion), SMAF is sufficient to define the orientation. The presence
of a torsion field in the beam and roll angle in the rigid body demands GMAF to define the
orientation.

A more interesting case arises when we consider the swarm of rigid-bodies (say drones).
If the swarm is a rigid-formation, the relative positions of follower drone is fixed (with vanishing
co-rotational derivative) and pre-defined with respect to the leader drone. If the rigid-formation
is planar, the orientation of the plane and the position vector of the leader drone defines the
configuration of the system. This is analogous to Simo-Reissner beam (refer to: Simo [48]

and Reissner [62]) that has rigid cross-section and is allowed to have shear deformation (unlike
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Euler-Bernoulli beam, where the cross-section is perpendicular to the mid-curve and shear
deformations are ignored). In a leader-follower model of drone formations, the follower drones
need not have a fixed relative position with respect to the leader drone. However, if the relative
positions of follower drones are pre-defined (that is useful for drone light-shows that have gained
recent popularity), the system maintains its single-manifold character. This system is similar to
Simo-Reissner beam with in-plane and out-of-plane cross-sectional deformation with warping
and Poisson’s transformation being pre-defined. The material frame (MF) can be used to define
orientation in these types of problems. The paper by Chadha and Todd [34] (discussed in chapter 4
and 5) is dedicated to developing generalized single-manifold beam kinematics that includes fully
coupled Poisson’s and warping effect (such that the cross-sectional deformation is pre-defined to
maintain single-manifold nature of the problem).

The compact approach in defining the shape of the swarm at any given time is accomplished
using a partial differential equation. For a system like a swarm of drones, trajectory tracking is
essential to define controls for the system so that the shape of swarm converges to the solution of
the prescribed differential equation at a given time. Defining the shape as a solution to governing
differential equations is compact, communication and memory-efficient, and it helps in developing
a local corrective algorithm (distributed control) where one drone corrects its position based
on the position of neighboring drones. This process is very much similar to obtaining warping
function from the Neumann boundary value problem corresponding to warping in the beam.
The local corrective algorithm in case of a swarm of drones is comparable to the compatibility

conditions in solid mechanics.

6.6 Summary

This chapter essentially consists of two parts. The first part details the measurement model

for strain gauge (finite length and discrete strain gauges) attached to the beam. The kinematics of
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the beam described in chapter 5 is exploited to develop a mathematical model for scalar strain
value that would be observed in strain gauges perfectly attached to the surface (or embedded into
the beam). A simple example is illustrated to validate the proposed strain gauge model.

The second part of the chapter deals with three-dimensional shape-reconstruction of
slender structures. The idea is to obtain the global shape of the rod using a countable number
of strain gauges. The theory detailed in this chapter does not assume the cross-section to be
rigid. Therefore, the cross-section could undergo in-plane and out-of-plane deformation. The
kinematics considered is simplified as compared to the kinematics of deformed configuration Q3
discussed in chapter 4. The contribution of warping and bending towards in-plane deformation is
ignored. The contribution of bending induced shear to out-of-plane warping is also ignored.

The finite strain parameters on to which the strain gauge reading depends (like mid-curve
axial strain, curvatures, and their derivatives) at a given cross-section can be evaluated from
the strain gauges reading by inverting the set of scalar strain equations (Eq. (6.12)). Once the
material mid-curve strain vector and the curvature vector at discrete cross-section locations are
obtained, the mid-curve position vector and the director triads can be estimated using techniques
like SPEG developed in chapter 2. This algorithm could potentially be embedded in digital signal
processing chips or field-programmable gate array as part of an embedded solution with low power
and memory requirements. There are three main sources of error: uncertainty in the boundary
condition, noise in the strain measurements, and error due to approximation. Preliminary noise
tolerance study and boundary condition uncertainty studies show that the RMS error trends with
the extraneous noise due to environmental or measurement noise and with error in specifying
the one boundary condition vector required for inertial reference. The suggested reconstruction
strategy is convergent and non-singular even if the mid-curve has multiple points or segments of
degeneracy.

The discussion on the strain gauge model carried out in the early part of this chapter has

been published in the International Journal of Solids and Structures, Mayank Chadha and Michael
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D. Todd [34], 2019. The title of this paper is: “A comprehensive kinematic model of single-
manifold Cosserat beam structures with application to a finite strain measurement model for strain
gauges”. The shape reconstruction methodology developed in section 6.4, has been published in
the Journal of Applied Mechanics (ASME), Mayank Chadha and Michael D. Todd [17], 2017.
The title of this paper is: “A generalized approach for reconstructing the three-dimensional
shape of slender structures including the effects of curvature, shear, torsion, and elongation”.
The conference proceeding titled: “An Improved Shape Reconstruction Methodology for Long
Rod Like Structures Using Cosserat Kinematics-Including the Poisson’s Effect,” published in
Nonlinear Dynamics, furthers the theory of shape sensing detailed in [17] by incorporating
Poisson’s deformation. Conference paper Chadha and Todd [55], presented at International
Conference on Experimental Vibration Analysis for Civil Engineering Structures, 2017, focuses
on the applications of shape-sensing on pipeline monitoring. The dissertation author is the

primary investigator and author of these papers.
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Chapter 7

Balance Laws and Variational Formulation
of Geometrically-Exact Beam with

Enhanced Kinematics

7.1 Introduction and brief literature review on geometrically-
exact beam theory

The development of the beam/rod theories idealized by a space curve goes back to two
and half centuries ago and was instrumental in accelerating the second industrial revolution (refer
Euler and Truesdell [63]). Interestingly, further development of beam theory continues to date.
The work by Ericksen and Truesdell [64], Yang et al. [65] and Chadha and Todd [53], among
many others in this area, summarizes the developments in the beam theory in the last century. The
advanced applications of beam theory like deformation of bio-polymers (for example: Travers et al.
[66], Manning et al. [67]), biological structures (for example: Klapper et al. [68]), shape-sensing,
robotics, multi-body dynamics (for example: Lang et al. [69]), composite structures (for example:

Hodges [70]), contact problems (for example: Meier et al. [71]), thermal problems (for example:
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Green and Naghdi [72], Altenbach et al. [73]), micro and nanostructures used in MEMS and
NEMS etc., necessitates further development and refinement of this theory. The versatility of the
application of beam theory in numerous problems is the core motivation to develop and to refine
the existing theories. In the next few paragraphs, we first perform a relevant literature review
related to this chapter.

Duhem [74] investigated a kinematic idea that provided a sense of rotation to any material
point, such that a point in the object not only has a position vector associated with it but also
has an attached triad (not necessarily orthonormal in nature). The attached triad, also called
the directors, assigns the sense of rotation to these material points. Darboux [6] exploited the
moving frame technique to study surfaces. Cartan further generalized the idea of a frame field
(or moving frames) to n-dimensional manifolds in one of the most important constructions in
differential geometry, known as Cartan connections. The idea was to study Riemannian manifold
by means of a moving frame. Influenced from the work of Cosserat brothers [75], Cartan used a
moving tetrad frame to investigate 4-dimensional space-time manifold and modified the General
Theory of Relativity so as to allows space-time to have torsion in addition to curvature: called
Einstein-Cartan Theory (refer to Cartan [9], [8] and Trautman [76]). At a fundamental level, the
tetrad frame theory in relativity is very similar to the geometrically-exact shell theory (refer to
Simo et al. [77]). We deliberately deviated a bit above to make a strong point that at a deeper
level, the kinematics of geometrically-exact beams, shells, and advanced theories like general
relativity are kinematically unified under the domain of differential geometry investigated using
moving frames. In the field of deformation theory, moving frames becomes particularly useful in
defining kinematics of micropolar models of continuum mechanics. In such models, a macro
element has independent rotational degrees of freedom at the micro-level along with translation
considered at a macro level. Unlike traditional continuum mechanics, where each particle has
three degrees of freedom associated with it, in micropolar continua, each particle is equipped

with 6 degrees of freedom (refer to Eringen [78]). For example, in the case of a beam with rigid
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cross-section, each cross-section can be considered as a rigid body that can undergo translation
and rotation. The Cosserat rod is a special case of problems in micropolar continua, which is a
special restraint case of micromorphic continua. The compiled work by Altenbach and Eremeyev
[79] serves as a great reference that covers topics on micro-polar continua (by Altenbach and
Eremeyev), Cosserat rods (by Altenbach, Birsan and Eremeyev), micromorphic continua (by
Samuel Forest), electromagnetism and generalized continua (by Maugin).

It was Eugene and Francois Cosserat [75] who conceived the idea of moving frames
to capture geometrically exact non-linear deformation of the beams (and shells) using framed
space curve (therefore called single-manifold beam). Ericksen and Truesdell [64] generalized the
Cosserat brothers work to develop a non-linear theory of rods and shells for finite strain. Some of
the prominent investigations and research on theory of rods by Hay [80], Cohen [81], Whitman
and Desilve [82], Green and Naghdi [83] and [84], Antman et al. [85], [86], and [87], Argyris
and Symeonidis [19], [88], and [89], Eric Reissner [90], [91] and [62], and Simo [48].

Among these seminal contributions, the work by Reissner was the first major leap forward
towards the geometrically-exact beam theory, when he extended Kirchhoff-Love beam theory
(refer to Love [92]) to also capture shear deformation in addition to bending and torsion in 2D
plane [90]. Reissner [62] tackled the 3D problem by further simplifying rotation tensor at a cost
of losing geometric exactness. Reissner’s work, among many previous ones, ignited researchers
in this area and lead to a wave of publications in geometrically-exact beams (that can ideally
describe any magnitude of displacement and rotations) in and around the 1980s. Amongst them,
was a prominent work by Simo [48] that extended the geometrically-exact Reissner’s beam to
3D (with geometric-exactness preserved) in the setting of differential geometry (now called
Simo-Reissner beam theory). In our opinion, Simo [48] succeeded in giving a clear description of
non-linear configuration space, the associated tangent space and the exponential maps associated
with rotational non-commutative Lie group SO(3). Differential geometry and Lie groups were not

an alien concept in the 1980s but these ideas largely remained inaccessible to researchers with an
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engineering background. Simo’s work established machinery that helped the applied mechanics
community in developing an understanding of operating on the tangent space of a non-linear
manifold, thus, furthering the research in numerical solutions of the governing equations.

Many papers were published in the same time period concerning finite element formulation
of geometrically-exact beams, the primary contributors being: Simo et al. [48], [93], [94] and
[95]; Tura et al. [49] and [96]; Cardona et al. [51]; Ibrahimbegovic [52]. These papers considered
linearly elastic material and addressed both static and dynamic cases, but they presented different
approaches to time-stepping schemes and updating rotation vector: Eulerian (refer to: [93], and
[94]), updated Lagrangian (refer to: [51]) and total Lagrangian (refer to: [52], [96] and [97]).
Since these papers got published, research tackling the theoretical and computational techniques
gained momentum, for examples: problems related to discretization and interpolation approaches
(refer to: [98], [99], [100], [101] [102] and [26]), mixed formulation (refer to: [103]), non-linear
materials and constitutive law (refer to: [104], [105], [106] and [107]), space and time-integration
schemes (refer to: [108], [109] and [110]), initially curved configuration (refer to: [50] and [53]),
and enhanced kinematics (refer to: [93], [111], [37] and [34]).

The Cosserat beam with a Euler-Bernoulli rigid cross-section has been well treated in the
past. Simo and Vu-Quoc [43] extended their previous work [48] and [95] to incorporate warping
using a Saint-Venant warping function. It also included the effect of asymmetrical sections by
using the concept of shear-center in the framework of geometrically-exact beams. The works by
Carrera et al. [112] and Pagani et al. [113] also tackle warping in a rather general framework
of Carrera Unified Formulation (CUF). A very recent paper by Carrera [114] gives CUF for the
micropolar beams.

Chapter 4 and 5 investigated and refined the kinematics of Cosserat beams and chapter
6 developed a generalized strain gauge measurement model for prediction of finite strain at any
location on the surface of such an object. This development incorporated a fully coupled Poisson’s

and warping effect along with the classical deformation effects like bending, torsion, shear, and
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axial deformation for the case of finite displacement and strain (refer to Hay [80]), thus, allowing
us to capture a three dimensional, multi-axial strain fields using a single-manifold kinematics
(a beam/rod represented by a spatial curve). Numerous works on shear based deformation are
founded on Timoshenko’s beam theory that assumes a uniform shear distribution (thus restricting
the cross-section to remain planar). However, the enhanced kinematics discussed in chapter 4
also considers non-uniform shear deformation due to bending-induced shear. The kinematics
of Cosserat beams is derived from the theory of differential geometry of framed space curves.
Unlike the traditional geometrically-exact beam theory where the deformation map is a function
of the differential invariants (curvatures) of a framed curve, the work presented in chapter 4
considers a deformation map that also depends on the higher-order derivatives of the curvatures
and mid-curve strains.

With a more complete kinematics defined, further analysis of the beam can be primarily split
into two broad parts: the first part will include developing variational formulation, investigating
balance laws (presented in current chapter) and exploring the Hamiltonian structure (presented in
chapter 8) of the beam; the second part will focus on numerically solving for the configuration
space of the beam (presented in chapter 9 and 10). In order to tangibly solve the problem at hand,
we first focus our attention on performing a step-by-step and detailed analysis of the balance laws
and the variational formulation of the beam. This investigation becomes interesting, and at the
same time challenging, because of the inclusion of fully coupled Poisson’s and warping effect. In
particular, the bending-induced shear warping introduces higher-order derivatives of material
curvatures (refer to Eq. (5.21) of chapter 5), and the Poisson’s effect introduces mid-curve axial
strain in the deformation map. Hence, the comprehensive kinematics renders the deformation
map to be a function of mid-curve axial strain, the curvature vector, and their derivatives, thus
making the process of obtaining the variation of these quantities challenging. The reduced section
(internal) forces (conjugate to the finite strain terms and their derivatives), inertial and external

forces, and the boundary forces are obtained. We also observe that the theory converges to the one
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presented in Simo et al.[43] if we ignore the Poisson’s effect and bending induced non-uniform
shear. The derivation of strong and weak form and their equivalence leads to some very interesting
results and relationships that are presented in this chapter.

Finally, we obtain the balance laws for the geometrically-exact beam with a rigid cross-
section (a special case) using both an infinitesimal equilibrium equation and the Hamilton-Lagrange
principle. We do not specifically assume that the mid-curve passes either through the geometric
centroid of the mass centroid of the beam but rather leaves its location general. We obtain the
equations for the initially straight configuration and finally achieve the same for an initially curved
(but strain-free) reference configuration. To demonstrate the importance of the terms involved in
the equation of motion, we interpret the motion as viewed from the director frame of reference.
We also obtain the energy conservation law from Hamilton’s principle, thereby establishing a
transformational link between the total energy and Lagrangian functional for Cosserat beams.

As noted in Mardsen and Hughes [60], we sincerely believe that differential geometry
(refer to Kreyszig [14] for beginners; Do Carmo [15] for advanced level; Clelland [115] and
Ivey et al. [7] for understanding the method of moving frames) is a natural and unified approach
to investigate problems of deformation as it provides construction and a unified language that
helps one understand the subject in a more deeper fashion (for example, the tangent bundle of the
configuration space represents the state space of dynamical problem). The paper by Simo et al.
[116] is a wonderful excursion into the geometric structure of non-linear continuum mechanics. To
gain more insights into understanding the behavior of dynamic systems in the realm of differential
geometry, readers are recommended to refer to an excellent book by Lee et al. [117]. As much as
we are aligned towards using the general tensor analysis in this work, we use differential geometry

rather carefully, just enough to elucidate the intended ideas.

Note on Notations: We first quickly present some preliminary definitions and notations: the

dot product, ordinary vector product and tensor product of two Euclidean vectors v and v, are
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defined as v; - vy = v?vz, v1 X vo, and v ® v, respectively. The expression vaz is the matrix
representation of the dot product. The usage of v; - v, and v{vz is contextual and are used
interchangeably. The Euclidean norm is represented by ||.|| or the un-bolded version of the symbol
(for example, ||v|| = v). Secondly, n'" order partial derivative with respect to a scalar quantity,
& for instance, is given by the operator % = 8;’1. For n = 1, we define 8;1 = O . A vector,
tensor or a matrix is represented by bold symbol and their components are given by indexed
un-bolded symbols. The action of a tensor A onto the vector v is represented by Av = A.v. The
contraction between two tensors A and B is givenby A : B = A;;B;; = trace(BT.A). Vectors
when expressed in array form are column in nature. Vertical concatenation of n vectors (for
example, of dimension 3 X 1) v{, v, ..., v, is represented by the vector [v{; vs; ...; v, ] (of dimension
3n x 1). The n dimensional Euclidean space is represented by R”, with R! = R. The space of
real number and integers is represented by R and Z, with R™ and Z* giving the set of positive
real numbers and integers (including 0). It is interesting to note that the language that reads-“The
action of a tensor...onto the vector...”- is acceptable in the field of engineering. However, it would
not make much sense in differential geometry. This is because a tensor in differential geometry is
defined as multi-linear function that take other tensors, vectors, one-forms etc. as its argument.
However, as a matter of convenience, we accept this abuse of notations. These notations are valid

for all the chapters hereafter.

7.2 Kinematics

7.2.1 Deformation map and deformation gradient tensor

For the development of mechanics of geometrically-exact beam, we consider the enhanced
kinematics discussed in chapter 4 and the deformed configuration €23. For this and the forthcoming
chapters, we rename Q3 to Q; ¢3 to ¢; R3 to R; and F3 = /ll3 QE;+Q = H;+Q to

F =4, ®E; +Q = H + Q. Bearing this in mind, we briefly discuss the kinematics for continuity
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sake. For detailed discussion on kinematics used in this chapter, readers are recommended to read
section 4.2 of chapter 4.

Let an open set Qy c R3 and Q c R? with at least piecewise smooth boundaries
So = Bp(0) U By(L) Uyg, To(é1) and S = B(0) U B(L) Uyg, I'(£1) represent the undeformed
and deformed configuration of the beam respectively. The final deformed state Q is defined
by the mid-curve ¢ and a family of cross-section B(¢)) = {(W(gl,fz, &3), g?z,ég) € R;}' It
incorporates a fully coupled Poisson’s and warping effect. The deformation map for Q is given by

¢ : Ry € Qy— R € Q, such that,

$(Ro) =R = p(&1) + 1

r = &dy (&) + &ds(&) + Wdi(&).

(7.1)

Here, the vector r gives the position vector of a material point (£;,£3) in the deformed cross-section
B(&1) with respect to the point ¢(£1). Let I'(£)) represent the boundary of cross-section B(¢1),
such that © = B(0) U B(L) Uyg, T'(£1). As discussed in Eq. (4.25) of chapter 4, the quantities &
and & are defined by Poisson’s transformation Py, (62.63) — (6, 8).

In general, the mid-curve need not necessarily be the locus of geometric centroid of the
beam. It can also be the locus of center of mass or the shear-center. In this chapter, we assume
locus of geometric centroid constituting the mid-curve. For homogeneous material with constant
mass density, the geometric and mass centroid coincides, vanishing the first geometric and mass
moment. This simplifies the computations.

We assume that the contribution of higher order derivative (> 1) of curvatures to warping
is negligible. Thus, to facilitate the computation of governing field equations, we consider a

simplified warping function for this chapter,

W(é1,62,&) = p(é1)Y1(£2,E3) + 0z, k2. Wa(2,€3) + 0, k3. W3(62,63);

W(&1,6,8) = p(61)P1(£2, ) + 0 K. W3

(7.2)

In the equation above, ¥a3 = Wa(&, &)Es + W3(&,&)E3 and O, K = Og k;.E;. The warping
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function W mentioned above is a modified version of the warping used in Simo and Vu-Quoc
[43], where p(£1) gives the warping amplitude. The coefficients dg k; (j = 2,3) incorporated
bending induced non-uniform shear deformation. For the sake of computation, the cross-section
dependent functions W (&2, &3), Wa(&2,&3) and W3(&;, &3) are assumed to be known.

We obtain the desirable form of Poisson’s transformation in terms of finite strain quantities

and the warping function W as
é = (1 _y (§.E1 +RAEE, — £E3) + 0s,p ¥y + a;z?z3)) gfori=23.  (13)
The deformation gradient tensor can then be expressed as,

F=0.RQFE;=(0;R-d)®E;+Q=4®E +Q=H+Q; (7.4)

F=1LQ®E +1s=H +I. (7.4b)

The expressions of the strain vector 4; is described in equation set (4.35).

7.2.2 Revisiting the material and spatial strain vector A;

In this section, we elaborate the expressions of strain vectors A; and /_li in a desirable
form. To do so, we present the derivatives of deformed position vector R with respect to material

coordinates as

6§1R = 85140 +KXr + (851.;92.d2 + (95153113 + (dflp.‘l’l + 8§IE.?23)d1) ; (7.5&)
OeR = Do s + D ds + (P01 + 04 %.05 Vs ) d; (7.5b)
O R = Doy + 0pfs.dy + (.01 + 05 %06 s ) . (7.5¢)

We obtain the derivatives of Poisson’s transformed cross-section coordinates (£,,£3) using Eq.

(4.18) and (7.3) as

O0¢,&r =04 E(—VEE)) + 05 K.(vE B3 — vEEEL) + 07 p.(—vEY)) + O K.(—vE,W03); (7.6a)
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¢, &3 =05 8.(—VEE)) + 5 K.(vErE3E3 — vETE2) + 07 p.(—vE Y1) + 0] K.(—vE3¥3); (7.6b)

Op,ér =1 + (8.(~VE) + K.(2v&EE3 — vEE) + 05, p.(—vWP) — vE.05P1) (7.6¢)
+ 07 K.(—v¥03 — v£2.05¥23)); (7.6d)
05,63 =K.(VEE3) + 05, p.(—vE3.05,W1) + 0 K.(—vE3.05, ¥23); (7.6e)
g6 =K (—vELED) + 05, p.(=vE2.05,W1) + 07 K.(—vEr.05,¥3); (7.6f)
0,63 =1 + (8.(—VE)) + K.(vE&2E3 — 2vEE») + 0, p.(—vW) — vE3.0¢,P1) (7.62)
+ 0z K.(—v¥3 — v£3.05¥23)). (7.6h)

Substituting the results above into Eq. (7.5) and using the definition of strain vector in Eq. (4.28),

we obtain the expressions for material and spatial form of strain vector A; expressed in matrix

form as
2=LE (7.7a)
f=Le. (7.7b)
where,
g = [11;72;/_13] ;
£ =[A1;42; 3] ;
(7.8)
€= [E; 0¢, € K; O K; ‘9?1?; aglf;p; O¢, D; dlep] ;
€= [8;5§ls;K;5§1K;Q.8§1E; Q.B;E;p;aglp; 8§1p] ;
such that,
2=0,8
(7.9)
€ = A€
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where,

Q 03 05
Q3: 03

0; 03 Q

Using the result Eq. (3.17a) presented in Proposition 3.3, we have, Q.é?g’lf

Therefore,

0 03(; A=

03

03

03

05
03

05

05
03
03

0;
03
03

03
03

05
0
03
03

03

€= 8;5§IE;K;5§1K;(§§]K;5§1K;p;8§]p; dlep] .

(7.10)

an
= K.
&

(7.11)

From here on, we call the vectors € and 2 as material and spatial concatenated strain vector

respectively. The matrices L and L are given as

[T TR P P
L, Lagls L, Laglx Laglx Laglx

7 _ |5t FA = =l Al A
L=|L, Lagls L, Laflx 07 K Lys

1 €1

A3 743 A3 A3 A3 A3
Ls Lafls LK Laflk LaéZ:K L33K

L &1 ¢l

A A A A A p

) E ! ) F ! L4 1
€ 0z 8 K Og K 621 K 0§| K

— /12 /12 /12 /12 /’.2 /12
L=|L; Lafls L Laflk Laé o Lo,

&1 {31

A A A p! p A

LB A LB A 3 3
€ 0z 8 K Og, K 62:1 K 8; K

such that,
L=0;LAT
3-

—2

(7.12)

(7.13)

We call the quantities L, and L;l" as material and spatial L-terms respectively. For x €

X A . . .
{8, Oz, &, K, Og K, 6521 K, (’);K, O¢, D> Oz, Ps 8;1 p}, the quantity L;l’ (or L, ) is associated with the

strain term x in the expression of strain vector A; (or ;). For the subscripts (p, O¢, P, 8% p), the
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L-terms are 3 X 1 vectors. For all other cases, L-terms are 3 X 3 matrices. The material and

spatial L-terms are related by the following relationship:

) —A; A i
Li’ — Q-Lx .QT and L)' = QT,L;I’,Q for x € {e, 5518, K, aflK, 8§1K, (9;K}

LY = QL and L, = Q".LY for x € {p, &, 0} p}.

The L-terms are defined below.

L-terms associated with A;:

—2

L, =13

—2 —

L(9§]8 vri ®E1
—A ~T

L'=r

Ly =1;

LY = —yri od
6.518 1 1

LY =#T

Lgl = szrl Qds — Vf3l‘1 ®d>
&1 K

A
L’ = dq ® W3
6§1K

L:;é . =—vr; ¥y
1
L' =0
Lg_;p = ¥d,
Lgé = —V‘P1r1
&P

LY = vd,® d,

L2 =0,
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(7.15a)

(7.15b)

(7.15¢)

(7.15d)

(7.15¢)

(7.15%)

(7.15)

(7.15h)

(7.15i)

(7.16a)

(7.16b)



E,
- v&E, ®
LY = 2&E, ® Es
+ V§3E3 Q E;

Z/lz =F® 6(52?23

a§]K ) a ?23

Vs — r1 ® 0

5 - QW3 —v
Lag .= —vE;

3

=
L(?élK - 03

L) = 0:,¥.E
. —
r1
zh = —V\P1E2 - vagz‘l’l
aflp

A 0,
—
L%P

ith A3:
L-terms associated with A3

L) = —vE;®E,
=1
Ldgla 03

E;
+v&HES ®
Zﬁa =—v&6HE,QE,
-2v&E3 Q@ E)

fh =E;® (9‘5:3?23

O K B

;l E;® ?23 —vr ® 853 Y3
Zﬁg k=~ “VE3

£)

—13 B
Laglx - 03

L) = 0. ¥1.E,
. —
.ri
75 = —V\P1E3 - V(?&Tl
Laflp N

_/13 _ 01
La;]p

= —v&dr @ dr
L/lz 2vérdr @ ds &3
K

+ vézds @ dj
L/12 =d| ® 5§2T23
O¢ K
X d) Wy —vr ® 6§2T23
Ay _ —vd,
L =
aélx
A — 03
L(9§1K
LY =35 .d

\Pl.l‘l
L/12 = —V\Pldz - v6§2
Og P

Ay =0,
L 2
aglp

==V % d3 ® d3
L/l3 fzdz ® dz + .fz
K

- 2v&3ds @ d;

LY = 9,.d,

43 = —V‘Pldg — V8§3\P1.r1
Laflp

/13 — 01
L

6;1[7
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(7.16¢)

(7.16d)

(7.16¢)
(7.16f)

(7.16g)

(7.16h)

(7.161)

(7.17a)

(7.17b)

(7.17¢c)

(7.17d)

(7.17e)
(7.17%)

(7.17g)

(7.17h)

(7.171)



7.3 Configuration and the state space of the beam

Adapting the kinematics discussed above, we find that there are three primary quantities
required to defined the configuration Q: ¢ € R?, Q@ € SO(3) and p € R. For static case, the

configuration space of the beam € is given as
C:={®=(p,0Q,p): [0,L] — R*x SO(3) xR}. (7.18)
For any ®(¢) € C, we define the tangent space ToC as
ToC := {® = (0¢,¢,0¢ 0, 0:,p) : [0,L] — R? x TpSO(3) xR} . (7.19)
The state space of the beam is defined by the tangent bundle 7C of the configuration space C as
TC := {(®,®)|® € C,® € ToC} . (7.20)

As discussed in section 2.2.1 of chapter 2, the curvature associated with the beam can be

obtained as,

sin 6 A 1—-cosH

R - A A 0 —sin0) 4
k = 0z exp(0).exp(—0) = (T) 9,0 + (T) [0,0:,0] + (0.9, 0) (—)

03 0. (7.21)
It is interesting to interpret the curvature vector k = 6,;:1Q.QT and the derivative of rotation
vector Jg, 0 with a physical viewpoint. At an arc-length &;, the director triad {d;(£)} rotates
about the vector «x(£1).d¢; to yield the triad at {d;(¢; + d&;)}. Whereas, the triad {d;(¢;)} and
{d;(&1 + d&))} are obtained by finite rotation of the frame {E;} about the rotation vector 0(&})
and 0(&1 +dé&1) = 0(£1) + 0g 0(£1).déy respectively. Figure 3.3 (left) illustrates the idea discussed

here. In terms of exponential map,

Q(&) + d&)) = exp(R(£1).d€1).Q(&1) = exp(R(£1).d€1).exp(0(£1));
Q& +dér) = Q(B(&) +déy)) = exp(0(&1) + 0, 0(&1).dé1).

(7.22)
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exp(@(f{, tl)- dt) Q({Ir tl)

Curve Q(t) ¢, =¢;

Curve Q(¢1)l=¢, +ar

I

rexp(R(¢1, t1)-dé1). Q(61, th)

T,3SO(3) =50(3)
Curve Q(fl)|t=t1

fll t)

To&i+dgrt)

$0(3) manifold

Figure 7.1: Geometric representation of SO(3) manifold, exponential map, tangent plane
TpSO(3), curvature tensor &k, and angular velocity tensor @.

We understand that with slight abuse of notation, we can associate the tangent space with
curvature tensor field k(¢1) (instead of d¢, Q = £.Q). The isomorphism between so(3) and R3
permits one to identify the tensor field £(&1) with its corresponding axial vector k(&) € R3. Thus,
accepting the abuse of notation, the state space is defined by the set (¢, {d;}, p; 0z, ¢,k 0z, p).

Hence, we redefine the tangent space described in Eq. (7.19) as,
ToC := {® = (0, ¢,k,0,p) : [0,L] — R’ xR* xR} . (7.23)

For the dynamic case, we define the configuration space parameterized with arc-length

and time (&1,1) as,
C:={®=(p,0,p): [0,L] xR* — R*x SO(3) x R} (7.24)

However, it is important to look at the configuration of beam Q; at a fixed time ¢ € R* to study

curvature vector k and consider a point with constant arc-length to understand the evolution of

179



director field with time (given by angular velocity tensor & = 4,Q.Q"). Hence,

Q(&1 +dér, 1) = exp(R(£1,1).dé1).Q(é1,1);
Q(&1,t + dr) = exp(@(&1,t + dr).dr).Q(&1,1).

(7.25)

Figure 7.1 provides geometric interpretation of result in Eq. (7.25) considering the boundary at
&1 = 0to be fixed. We also observe that the geometric structure of angular velocity vector w and

the curvature vector k is very similar such that ®.Q, k.Q € TpSO(3).

7.4 Variation

To obtain the virtual work principle (weak form of equilibrium equation), we need to
obtain the admissible variation of the deformed configuration. We also must linearize the weak
form for numerically solving the system. This shall be covered in chapter 10. However, since
both variation and linearization are geometrically similar procedures (that help us operate on the
tangent space T C), we shall carefully describe the variation of deformation map and associated

strain quantities here.

7.4.1 Admissible variation of the deformed configuration Q

To obtain the virtual deformed configuration of the system, we superimpose an admissible
variation or admissible infinitesimal (and instantaneous) displacement field 6® = (6¢,dQ,5p) to
the configuration ® = (p, Q(0), p). The varied configuration is then defined by ®, = (¢, Q., pe)

such that for € > 0, we have,

P, =@ +edyp; (7.26a)
Q. =0(0+¢€08) = Q(e6).0(0); (7.26b)
Pe =P+ €0p. (7.26¢)
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We also note that

dp = 86905|6:O; 0Q = 86Q5|E:0; 0P = OcPele=0; (7.27a)

5@ = 0. D |0 (7.27b)

Unlike the variation in the mid-curve axial vector and the warping amplitude, understanding the
variation in the rotation tensor needs some detailed investigation. This is because ¢ € R? and
p € R belong to linear vector spaces, where as SO(3) is a non-linear manifold. Section 3.3 of
chapter 3 discusses variation in the rotation tensor @ in great detail. We recall the following two

important results from section 3.3:

60 = 54.0;

(Sd,' = 5&’.(1,‘ =0a X di.

(7.28)

In the equation above, da represents the virtual rotation vector in current state. We redefine 6®
as,

oD = [6p;0a;dp]. (7.29)

Having understood the varied configuration space, the expressions derived in this section can be

directly used to obtain variation of other quantities using straightforward chain rule.

7.4.2 Variation of the strain quantities and their derivatives

In this section, we obtain the variation of finite strain quantities in terms of (d¢, da,dp)
and their derivatives. The virtual material strain vectors §; are strain conjugate to material form
of first PK stress vectors (discussed later in section 7.5.2). Deriving the expression of 62, requires

us to first find variation of L-terms and §€ as a function of (6¢, da, dp) and their derivatives.
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7.4.2.1 Variation of the finite strain terms

From the definition of axial strain vector & and its material counterpart € in Eq. (4.6), we

obtain the variation of these quantities as,

08 = 00g ¢ —da.dy; (7.30a)

68 = 5(Q".€) = Q" (60, + 0z, p.0) = Q" de. (7.30Db)
Similarly, the variation of spatial and material curvature tensor is given by,

Ok = 6(0¢,0.0") = 605 0.Q" + 05 0.60" = 50 & + [6&,k]; (7.31a)

5k = 6(Q7.0;0) = 6Q7.0:,Q + Q7 .60:,0 = Q7 .60:,@.Q = QT 5k.Q. (7.31b)
The corresponding curvature vector are obtained as,

0K = 00z, a + 0 k; (7.32a)

6k = Q1.60;,a = Q" .5k. (7.32b)

Like the co-rotated derivatives, 0& = (00, ¢ + 0g, @.0@), Ok = 60 @ and & = 60y, & defines the

co-rotated variation of the curvature vector, axial strain vector and curvature tensor respectively.

7.4.2.2 Variation of the vector €

Since the derivative and variation can be used interchangeably, we obtain the following:

606% = 05,05 = Q" (003, + (3,0 — K01, 9).60 + 95,9505, & —R.6050) s (7330)
606, = 0,07 = Q. (602 @ — k.60, ) (7.33b)
003 = 05, (605,%) = Q7. (603, @ + Rk = 0, R).50,, — 2R 65}, ) ; (7.33¢)

007 K = 05, (00; K) =Q" (00}, @ + (B, RR + 2R .0z, R — 07 R — RR.R).00;
(7.33d)
+ (3R.R = 30;k).60;a - 3R.60; ).
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Using the results obtained above, the virtual quantity d€ can be expressed in the following form:

6€ = AT.B,.60 = A" G, (7.34)

where,
00 = |0p;00; p; 63;¢; o; 00 a; 55;0; 66‘; a; 66?10/; Op; 60¢ p; 5(?;117] (7.35a)
5€ = |55 50¢,%: 0K 605 K; 503 & 003K 6p3 06,3 603 p) (735b)

Se = | e Q.60 F; 0k; Q.é@glf;Q.éﬁéf; Q.éc’);lf; Sp; 60k, p; 66‘52119] :
) ‘ (7.35¢)

58;55518;5&55§1K;55§IK;5~5§1K;619; 00¢,p; 58§1p] .
In Eq. (7.34), the transformation matrix A left-translates the quantity d€ to obtain co-rotationally
varied vector Je.

The virtual vector @ can be related to 6® by means of a differential operator B, (of size
27 x 7), such that,

00 = B,.00. (7.36)
The Eq. (7.34) can then be re-written as,

5€ = AT.B|.B,.6®:
(7.37)
56 = 31.32.6(1).
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The expanded description of the matrix B is given below.

0; I 03 O¢, & 03 05 03

03 & Iy (026 -R.0:0) de, @ 05 05

0; 03 03 03 I 0; 0;
B =

0; 0; 0 05 (k& — 0¢,R) 2k I5

e kR + 2806,k
0; 03 03 0; ) 3 (kk - agllA() -3k
~0; R —RRR

0; 0; 03 0;3 03 03 0;

The matrix B, consist of differential operators and is given by,

Iy 9gd5 9705 05 03 05 05 0; 0, 0, 0
T
Bzz 03 03 03 I3 5.;:1.13 6;.13 6;.13 (9;].13 0, 0, 0
T T T T T T T T 2
0; 0} 0; 0; 0; 0} 0; 0; 1 0 861
Here,
8;1 0O O
Og-I3=10 . 0
0 0 agl.
7.4.2.3 Variation of the strain vector Zi and the concatenated strain vector £

From Eq. (7.7a), we have,

52 = 62.€ + 8.0€.
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2T . .
We realize that, except for (5Lﬁ ' = §r , the variation in all other L-terms are 03. Thus, we have,

58.€ = [6LY %:0,:0,] = [67 K:0,:0,] (7.42)
The material form of the position vector of r is given by,
r=0".r =46E, + 5E; + WE;. (7.43)

From the equation above, we have,

57 = (55.(—VE1) + OR(—vE B + vEE3) + 602 K.(—v¥3) + 505, p.(—v‘l’l)) "

(7.442)
+ (5]9.(—\1’1) + 5(9513?23) E{,
6rT K = ( Vﬁ.?l ® El) .0€ + (Vﬁ.?l ® (§2E3 - §3E2)) 0K + (ﬁEl ® ?23) .56§1E
+ (VKT © o) SR+ 6p (WK Ey ) + 60, p. (-v Wik T (7.44b)

=M, .5 + M, 6% + M) ,.60:% + Mgé 6L+ M, 5p+ M) .60 p.

Like L-terms, we call ﬁ?l) as M-terms. The expression of M-terms are given as follows,

M. = vkF ®E, MY = vk ®d (7.453)
M, = viF1 ® (HE; - &E») My = vk ® (&ds - &dy) (7.45b)
M.  =%E ®¥s; M}, = Rdi ¥ (7.450)
M%K = kT ® P Mg; = —vir; ® ¥ (7.45d)
M, =W¥kE, MY = wk.d, (7.45¢)
M. , = VWi T M} = vk, (7.45f)
Combining equations (7.42) and (7.44b), we have
6%.€ = M .5€, (7.46)
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where,

—A —A A —A A —A
M, 0; M, M6;K M(%K 0; M, My , 0
M = 0; 0; 05 05 0; 0; 0 0, 0f- (7.47)

0; 03 03 03 0; 03 0 0, 0

Similar to Eq. (7.13), we define the spatial form of M matrix as,

M =Q;.M.A, (7.48)
such that,
2 2 2 2 2 2
Mg 03 M M8;1K Maélk 0; M), Ma;]p 0,
M=|0; 0 0 0, 05 0; 0, 0, 0| (7.49)
0; 03 03 03 0; 03 0 0, 0
and
MY = Q.Mﬁi.QT and ﬁii = Q".MY.Q for x € {&, k, Ok, Bglk}
T (7.50)
MY = Q.Mﬁ’ and Mﬁ’ = Q" .M% for x € {p, 9 p}
Substituting Eq. (7.46) into Eq. (7.41), we get
68 = |601; 60675 = (L + M) .52 (7.51)
We define the co-rotoational variation of the concatenated strain vector £ as
58 = [541:602:53] = 03,68 = Q5. (L + M) .52
(7.52)
- (Q3. (L + M) .AT) e = (L+M)de.
We finally note that the variation of deformation gradient tensor is obtained as
6F = 6F + 6Q.F = 6F +64.F;
6F = Q.6F = 61; ® E;; (7.53)

6F =64, ® E;.
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7.4.3 Variation of displacement field

We need the variation of displacement field to evaluate the virtual work done by external
loads. We define the displacement field u(&1,£2,£3) as u = R — Ry. Since, 6Ry = 0, we have

ou = oR. Thus, from Eq. (7.1),

OR = 6¢ + or; (7.54a)
or =6r +sa.r; (7.54b)
5r = 6érds + 6&3d5 + 5Wd, (7.54c)

where,

6ér = 08.(-v&EE)) + 0K.(vE E3 — vEEE) + 53§1E-(—V§2?23) + 00 p(—vEYY);
663 = 8.(~vEE1) + 0K (vEr63E3 — vE E) + 60, K.(—vEs W) + 60z, p(—vEs¥h),  (7.59)

W = 6p. ¥ + 60z, K. Wa3.

Using the results discussed above, we expand the expression for ér in Eq. (7.54c) in a

desirable form that will be used later:

= 2
or = L7}
de,

I A4 I A4 — A4 2 — A4 A4
08+ L%K.ék + Laélk.(Q.(saglK) + Laglk.(Q.&?flK) + 5P-La§1p + 56§,p.L6§1p,

A
=L
5,61

= A N Ay EaY A =32 A1 A
08+ La.flx'é" + Laélk.(éaglx) + Laélk.(é(')glk) + 5p.La§1p + 68§1p.L6§ >

(7.56)
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7.5 Weak form of governing differential equation for the de-

formed state QQ

7.5.1 General virtual work principle

We define the unsymmetric two-point first Piola Kirchoff stress tensor S referenced to the

undeformed configuration ) such that the associated stress vectors §S; are given by

Si ZS.E,‘:Sijdj; (7.57&)
S:Si®Ei:§ijdj®Ei. (7.570b)

The infinitesimal equilibrium equation for a general continuum referenced to the undeformed

configuration ) is given as
DivS + pob = poﬁtzR;
or (7.58)
05,81 + 05,82 + 05,53 + pob = pod?R.

Here, Div is divergence operator referenced to the configuration Q. The quantities po(¢1,&2,&3) =
po and b(&1,&,&3) = b give the mass density field in the undeformed state and the body force per
unit mass of the body respectively. We can write the point-wise equilibrium equation described in

Eq. (7.58) in an integral form as
/ su. (DivS + pob — poa,zR) dQ = 0. (7.59)
Q

Since F = I3 + Grad(u), we have 6F = Grad(du). Here, Grad is the gradient operator with

respect to the configuration €. Using this result and divergence theorem on Eq. (7.59), we get
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the general virtual work principle as,

6Ustrain + 5Winertial = 5Wext;

(7.60)
G(®@,6®) = 6Ustrain + OWinertial = OWext = 0,

where,

SUstrain = / S : 6F dQ = / trace (ST.5F) dQ; (7.61a)
Q Q
OWinertial = / ,005u~5,2R dQ; (7.61b)
Qo
OWext = / ou.(S.N)dS, + / Su.b dQy = W, + WD, . (7.61c¢)
So Qo

The virtual work due to external forces is contributed by surface tractions (§WZ,) and body forces

(6W?,). In the equation above, N represents the normal vector to the surface G, of the beam.

7.5.2 Virtual strain energy

The expression of strain energy in Eq. (7.61a) can be further simplified by using Eq.
(7.53)

SUtrain = / S : 6F dQj = / S : 6F dQo + / S : (6&.F) dQy. (7.62)
Q Q Qo

We observe that S : (6&.F) = SFT : 6& = 0. This is because, SF” is symmetric and 6& is an
anti-symmetric matrix. We define the concatenated stress vector ® = [S;S,; S3] and its material
counterpart ® = [El :S2; §3] , such that ® = Q3.6. This further simplifies Eq. (7.62) to

OUstrain = / S : 6F dQ = / S;.64; dQg = / S;.64; dQy;
Qo Qo Qp

(7.63)
O0Ugtrain = / ®.62 dQ) = / ®.08 dQy.
Q Q
Using the results in Eq. (7.51) and (7.52) we have,
~ L ~
SUsirain = / Se. ((L + M)T.(s')) dQp = / e M déy: (7.64)
Q 0
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L
SUsgrain = / SE. ((L t M)T.(ﬁ) dQy = / SEM déy.
Qg 0
We define the spatial and material reduced section force vectors 9t(£;) and R(&1) as

N =[Ne: NRo, o3 M Mo i Rz s My 3 Nps Mo p3 N2 ] = / (L+M)".6 d%y;

) 7 31 &1 7 31 By
%N = [Re; Ro,, 03 Nes Ro ﬁaglx; ﬁﬁélx; Np; No, s ﬁqglp] = [ (L+M)" 649,

) ‘ ” By

such that

N =A%
The expressions of material and spatial reduced section forces are given as follows,
W= | (LY + MIYT.S) + (L2 .Sy + (LE).S;5 dBy
0
Ro & = /23 O(Lg;s)T.Sl A%y
RN, = /23 (LY + MIT.S, + (L) .Sy + (LE) .85 dBy
0
R, « / (Lt + ML TS + Ly )T .82+ (L) )83 d%Bo
Rz = 0(L + M%K)T.s1 + (L;;K)T'SZ + (L;;K)T.Sg dBy

1 ‘51

N3 o = (LA1 J7.S1d%B
4 By f]
m,,:/ M}y +LP.S, + LY .S;5 d%
A A
maflp / (L + Maélp)-sl + Lalep.Sz + La;lp.S"j d%o
Ny = [ LY .S dBy;
é%]p ‘/%0 Oélp 1 0
and,
— A —A = —bop — A —
%N, (L LM TS+ (LTS, + (L))T.S5 dBy

RN, e / (Laf .81 d%By
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(7.66)

(7.67a)

(7.67b)

(7.67¢)

(7.67d)

(7.67e)

(7.67f)

(7.67g)

(7.67h)

(7.671)

(7.68a)

(7.68b)



%N, = (L M DT +(L Hrs S2+(L 'S5 dBy (7.68¢)

By
— —1
m%,{:/ (Lo, « + Maf IS S1+(L6 P S2+(L6 783 d%By (7.68d)
mz (Lz +M2 ) S1+(L2 ) SQ+(L2 ) S3d%o (7.68e)
8 6 6 6 6
ma; / (L(,z )'.S1 d®By (7.68f)
N,= | M) S +Ly 85,+L, S
b= o S1+L,.S,+L,.S3dB (7.68g)
By
— —A — = =l = =3 —=
No,, p = / (L, p + My, ,).S1+ Ly, ,.S2 + Ly, .83 d%By (7.68h)
N2 ), = / -1 dBp. (7.68)
&1 By 51

Using Eq. (7.37), we finally arrive at the desired matrix form of virtual strain energy

expression that is useful in the process of linearization as
L
6Utrain = / 6@ BI B9 d¢;. (7.69)
0
The equation above is written in matrix format. For clarity, we note that S®"BTBI% =
o®. (BB %).
7.5.3 Virtual work done due to external and inertial forces

7.5.3.1 Virtual work done due to external forces

The virtual work due to external forces is contributed by surface traction and body force.

We first consider the surface traction term:

5W§;t—/ ou.(S.N)dSy
So

3 (7.70)
= / (/ 5u.S1 d%o —/ 6u.S1 d%o +/ 6u.(S.N) dro) dfl
0 By (é1+dé1) Bo(é1) Lo(é1)
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Recall the expression of Su = §¢ + §&.r + dr as discussed in section 7.4.3. We simplify the first

two integrals to obtain boundary terms. We note the following results:

/ 5(,0.51 d%o —/ 5(,0.51 d%o = 0;;1 (5¢.B¢) dfl
Bo(&1+dé1) Bo(é1)
/ (5&.1‘).51 dBy — / (5@'.1‘).S1 de() = 351 (50’.30) dcfl
By (£1+dé1) By(£1) (7.71)
/ 51‘.51 d%() — / 51‘.51 d%() = (9§] (58.38 + SK.BK + (Q.58§1E).Ba§1,<
Bo(é1+dé1) Bo(é1)

+(Q.60; E).Baélk +0p.B) + 60, p. By, p) dé1.

Here, the quantities B( ) and B represents the reduced end boundary force terms. Therefore, the

virtual work due to end boundary terms associated with the traction SW, B(0yuz(L) 1S given by
L
Wedlwoumr) = /0 ( /B e ou.Sy dBy - /B o ou.S d%o) dé
= [6¢.B, + 6a.By +88.B; + Sk By +(Q.60:%).By, « (7.72)

_ L
+ (Q-55§1K)-Ba§_1k +0p.Bp + 53&117-33511?]0

Note that B, B, and B, represents the reduced section force, moment and bi-shear as in Simo et
al. [43] (given by n, m and Ny).
We now consider the virtual work due to surface traction on the peripheral boundary

Uvg, To(&1), denoted by o We have,

st
WeXt|Uvgl Lo(61)”

L
st _
SWdloe roe = /O ( /r 0(&)cm.(s.N) dFo) dé,

L
= /O (6¢.Ny +6a.Ny +68.Ng + 5k.Ny +(Q.60,K).Nj, . (773
2= st st st
+ (Q'éaﬁ")'NaglK +0p.N, + 63§1p.N6§1p) dé;.

In the equation above, the quantities N ?t) and N(St) represents the reduced external force due to

surface traction (represented by the super script st). Similarly, the virtual work due to body force
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field b is obtained as,
L 3 < 2 b
SWP, = /O (0¢.Ny + 6a.Nb +5&.NY + 5k.Np + (Q.cS(?glE).NgflK +(Q.60;K).N % x

+0p.NJ + 60, p.N};ﬁ ,) déi.
(7.74)

The quantities N 'E) and N(l?) represents the reduced external force due to body force (represented

by the super script b). Hence,

OWext = (5W§§¢|%l o) * 5W2m) + WS (7.75)

t|23(0)u%(L)'

Defining the (total) reduced external forces as N() = N Et) + N ?) and N() = N(“) + N(k.’), we have,
L ~ ~
(5W3§t|qulro<gl> + 5w‘gxt) = /0 (6¢.Ny +6a.Ng +5&.Ng +6k.Ny +(Q.605K).N o, «

+(Q.60;K).N et 6p.Np + 60, p. Ny, p) dé1.
’ (7.76)

To proceed further, we intend to obtain the virtual work in terms of the virtual quantities
o¢@,0a and op and their derivatives. Using Eq. (7.30b), (7.32b), (7.33b) and (7.33c), we re-write

Eq. (7.72) and (7.76) in matrix form as

SW s o) = [00-(B3B))|; = [607 B38| = [0 BIB:%B,]

L L
(5WZ§(t|UV§1Fo(§1) + 5W2xt) = ./o 00.(B3Ny) d&) = /0 60" B3N s dé (1.77)
L
2/ 5(I)TB§B3NJC d§1;
0

where,
By = [Bgo;Bs;Ba;BK;BaglK;Ba; « Bpi Bog pl;
o (7.78)
Ny= [N¢;Ns;Na;NK;Naflk;Naél,(;Np;Naﬁp]-

The vectors B and N y represent concatenated end boundary forces and reduced external forces
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respectively. The expressions of boundary forces and reduced external forces are given as,

and,

By = | (L3).8) dBy;
By
By = [ (LM).S; d%By;
By
B, = | (LY )T.§,dBy:
&€ %0( 6518) 1 0

— A T .
BK = LO(Laflk) S d%O’
B, « =/ (L3, )81 d%By;

By &

B., = [ (LY .S, dBy:
8;11( %0( aé}:lk) 1 0

1 .
B,,:/ L;. ,-S1d%B;
By

Ba§1p=/ Lgé .Sld%o;
By

§1p

Ny =N3+N) = : (LYY (S.N) drI +/ po(LAYT b dBy;
0

By

No=N%+Nb = [ (L} (S.N)dIy + / po(LAYT b dBy;
) By

Ng=N%+Nb = /r (Lg;g)T.(S.N) dly + /QS po(Lg;S)T.b dBo;
0 0

Ne=NS+ N = /F (Lé;lK)T.(S.N) dly + /Qg po(Lg;lK)T.b dBy;
0 0

N« = N3, +N3€1K= /F (L;é JTA(S.N) dr + /% po(L’;é 7b d%y;
0 1 0 s1

651 K

_ st b _ A4 T Ay T .
Na.gzr]" = Naél" + Naél" = r)(Laél") (SN) dlp + /%0 po(La;K) .b dBy;

_ A7st b _ 4 A .
Np = NP + Np = A/F‘O Lﬁglp'(S'N) dlp + ./%0 poL@glp'b dBo;

— st b _ A A
Naglp = Naflp + Nafll7 = /ro Laélp.(S.N) dlp + ‘/%0 pQLaélp.b d®B.
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(7.79¢)

(7.79f1)

(7.79g)

(7.79h)

(7.80a)

(7.80b)

(7.80c)

(7.80d)

(7.80e)

(7.80f)

(7.80g)

(7.80h)



The matrix B3 is given as,

1, 0, 05 05 0 04 0, 0]
0, Iy 05 05 05 0, 0, 0
03 0 05 05 0 0, 0, 0
0; —059 I3 03 03 0; 0; 0

03 03 03 I3 R (I?.IA(+3§IIA<) 01 01

B3=10; 0 0; 0; I3 2% 0; 0 (7.81)
0 0; 0; 03 0; I 0; 0
0; 0; 0; 0; 05 0; 0; 0
of of of of of 0] 1 0
of of ol of of 07 0 1
07 o] o] of of 0] 0 0]

7.5.3.2 Virtual work done due to inertial forces

We realize that the body force b and the acceleration 3R is defined over the volume €.
Therefore, like the expression of virtual work contribution due to body force in Eq. (7.74), we
arrive at the following

L
OWinertial = / (09.8yp +0@.Fo + 085 + OK.Fy + (Q-fsaaf)-%aglx + (Q.§8§lf).3aélk
0 ’ o (7.82)

+ 5p.3p + 58§1p.?§’3£1p) dé;.

The expressions of the inertial forces § ) and &) are given as,

Ty = /Q po(LEYT.82R dQy (7.83a)
0

Fo = /Q po(LIT .82R dQy (7.83b)
0

3. = / po(LY )T .62R d9y (7.83¢)
Q €
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F, = / po(Lg;K)T.afR dQy (7.83d)
Qo

8ok = / po(L3y )7 R dQ (7.83¢)
' Qo 5

Fo2, = / po(LY T .82R d©y (7.83f)
fl QO aflK
_ A1 2

Tp = /Q 0 poLy. -7 R 4 (7.83g)

Soe,p = / poLg;p.a,zR dQy (7.83h)
Qo

1

Substituting for the expressions of d&, ok, Q.00 k and Q.50§1E as in equations (7.30b), (7.32b),

(7.33b) and (7.33c), we condense Eq. (7.82) into a more desirable matrix form as
L
Wi = [ 607 BB dér (7.84)
0

where,

8= [&;Tva;i‘vs;%x;%aglk;%;lk;Tsp;‘(‘s@f,p]. (7.85)

7.5.4 Virtual work principle revisited

We restate the weak form of governing differential equation (7.60) for the beam kinematics
at hand by using the expression of virtual strain energy in Eq. (7.69), virtual work due to external
forces in Eq. (7.75) and (7.77) and the virtual work contribution due to inertial work obtained in

Eq. (7.84) as,

L
G(D,5®) = / S® ' BY(BI% + B3§ — B3N ;) dé) — oW 0; (7.86)
0

t _
ext|BO)UB(L) —
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7.6 Strong form of governing differential equation for the de-
formed state Q2

In this section, we derive the strong form (governing differential equations) from the weak
form using the equivalence between the two forms. The strong form essentially represents the
local balance laws governing the deformation of beam. The analysis carried in the following
section can be summarized in two steps. Firstly, we transform the weak form in Eq. (7.86) using
integration by parts to obtain an equation of the form

L L
G(®,5®) = / ST (€, €01 €] dE) = / 59.€, +0@.Cy +0p.E,dé; =0.  (7.87)
0 0

The arbitrary nature of the virtual displacement field implies €, = 0,,€, = 0, and €, = 0,
resulting in the conservation of linear, angular momentum and balance of bi-moment respectively.
Secondly, since the strong form equations are local in nature, the boundary terms arising due to
inteerati . L sl pT(RT ~ _ st

gration by part of the integral /0 0®" B, (B, % + B3§ — B3N y) d¢; must be —0W¢,, B(O)UB(L)
such that no boundary term appears in the transformed equation of the form (7.87). We carefully

prove that the boundary terms vanish in the transformation of Eq. (7.86) into the form described

in Eq. (7.87).

7.6.1 Relationship between L and M terms

For our further analysis, we present the following useful identities.

Identity set 1:
LY =mM :
8& aélp 35117 (7 883)
A _ gl
G&Laélp = Laglp (7.88b)
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0§3L:;§;1p = Lg;p

0Ly, =Ly = 9Lyl ) = L)
0Lyl =Ly = 0 (L) )T = (L)
0Ly, =L = 0Lyl )T = (L)

A p P A
8§3La§11K =Lb = 653(L6;IK)T = (LT

A _ gl AL NT _ g2 T
aszﬁélk B La’fl" = a&(Laglx) - (Laflk)

A _ g3 A NT _ yds T
a&L(’)élK B Lafl" = a&(LBélK) N (La.flk)

A A A T A T
Ol =Ly, = Oally ) =Ly )
&1 & & &1
A A P T A T
aﬁLaé K = LE); K = aﬁ(LB; K) = (Laz K)
€1 €1 &1 5
Identity set 2: For a vector v € R3, the following holds:
pl pl N
My = —(LQ;IS)T.K.V
(MM oy = —(L;;;K)T.k.v
ﬁ] T _ /11 T A
(MaglK) V= (Laé% K) K.y

AL \T o, _ 1 \T &
(Maglx) v=—(L K) K.y

(7.88c¢)

(7.88d)
(7.88¢)
(7.88f)
(7.882)

(7.88h)
(7.88i)
(7.88j)

(7.88k)

(7.89a)
(7.89b)

(7.89¢)

(7.89d)

Proof of the identities mentioned above are rather straightforward and follows from the definition

of L and M terms.

Identity set 3:

~ 1 T R -
% /%0 (L3 ,) S1aso= . (L3 ) 0651 %o+

a}/ (L‘l )T S dEBO:/
Sl By aglk %0

=

0

) a8 dn
66’1" 0691 0+

—

0
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(Mﬁl)T S1 d%

2 T
(MK‘) S d%B,

(7.90a)

(7.90b)



T

T
52/ (Lll ) S, dB, = 4, / (L”l )
& w \ K 1 €1 @ \ 04K

T T T
a; / (L;;K) 81 dBy = 37 / (ng ) g, S1 dBy + 37 / (Mggk) $1dBy (7.90d)
By &1 By 51 By 31

- T
0,81 dBo + /B (M) S1d%B (7.900)
By 5

N T

Proof of identity (7.90a) and (7.90b):  Observe, d¢, (Lg; 8) = 03. Recall the relation between
S1

derivative of a spatial tensor (or matrix) and the corresponding co-rotational derivative in (3.4).

Following which, we have,

o Tk ) (e ) ked (i ) =k (20 ) < (1h ) & @o

§1 (951 =K. 6§18 - 3‘518 K+ 61 (9518 =K. 6§18 - 6518 'K’ )

Using the result above, we get
3 A T _ 1 /11 T .
(9& L(9 £ .S] d%o = 651 L S] d%o - K. L .S] d%o,
B g T J, By
2
:/%O (Laéls) 05,81 dBy — [3 ) " RS a%,.

0

(7.92)

Identity (7.89a) implies

/%0 (Mﬁ')T S1dB = - /%O (Lg;s)T .81 d%Bp. (7.93)

Combining equations 7.92 and 7.93 proves the identity (7.90a). Following an exactly similar

procedure yields identity (7.90b). O
Proof of identity (7.90c) and (7.90d): We note the following:
T
5 2
agl (Laérl") = 03; (7.943.)

n o\ o)
1 — 1 A
/%0 (M3 ,) 51 a8 = /%0 (Laél ) R.S) d%B). (7.94b)

The relation (7.94b) follows from identity (7.89d). Consider the RHS of identity (7.90c). Using
equations (7.94a) and (7.94b), we have
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3 A ! A T
RHS =G, | [ (L3, DS+ (M5 ) 81 d%

o 642:1 Oz
T
:3}1/ LY} | (9,51 -&.S1)dBy
Bo A ’ (7.95)

= /% Ly | (35S1) dBy
0

T
- 52 A —
=9, / (La; K) .S1dBy = LHS
By
The last step follows from the fact that co-rotational derivative abides with the product rule of
derivatives. This completes the proof of identity (7.90c). Along similar lines, identity (7.90d)

can be proved. O

7.6.2 Further manipulation of weak form

7.6.2.1 Further manipulation of virtual strain energy

The expression of 6Ugyain in Eq. (7.64a) can be expanded as:

6Ustrain = /0 " (%08 + R, .(Q.60:F) + R0k + Ry, 1.(Q.00:K) + maélk.(g.(sa;j)
+ %;_IK-(Q-M;E) +Np.p + R, O, p + maglp.aglp) dé;.
(7.96)
We note that the strain conjugates of the reduced section forces are spatial quantities obtained by
left translation of material finite-strain terms and their derivatives. Using the expressions for &,
K, 0.60; K, Q.(SG;E and Q.(S(?glf in equations (7.30b), (7.32b), (7.33b), (7.33c) and (7.33d),
followed by integration by part on the integrals in (7.96) and simplifying using the definition of

the operator 5;‘1 (refer to Proposition 1 in Chadha and Todd [35]), we obtain the following:
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L L
SUutrain = / O, (= My + 0, Mo, o). Ay + /0 (R = B, Rg,, p + O Rz ,)-6p déy
0 S

L
+ / (afl( - M, + aflm8§11< - 3; ma{%lk + (9;19&621,() - (951{0(9&8 — 6§1ma§18) o d§1 (7.97)
0 . ,
+ 6U:train'
In the equation above, 06U, ., gives the sum of boundary terms that originated by virtue of

integration by part, such that,

U rain :5U:train<p + 0Uaina + 5U:trainp (7.98)
where,

L L L
6U:train¢p :[5¢-(ms - ggl maflg) + 58§1¢.ﬂta§18] - 50-(3§1¢~9¥a§18)] :

0 0 . 0 )
OU%aing =| 0. (% — 0 Ro, o + 0, iltasglk -0 maélk) + |60z @ (Ro, x« — 05 R Bé,x)]

L L 0
+ 00z 0. (e = e gy + 2R W )| 532#-%;}4 ;
L L 0

U rainp = 5p'(inaglp - 0.519?6?11,) ) + 58§1p.‘ﬁa§1p]0,

(7.99)

7.6.2.2 Further manipulation of virtual work done due to external and inertial forces

Equations (7.76) and (7.82) can be re-written by substituting the expressions of d&, Jk,

.00z k and Q.602 K in equations (7.30b), (7.32b), (7.33b) and (7.33¢) respectively, such that
&1 £ q

L
(5w;;t e o) * 5w§xt) - /O (590.N¢ +605,0.N s +p.Np + 606,p.N,
+60.(No = 06,0.-No) + 605, 0.(Ne + R-Ng + (RR+068) N2 ) (7:1002)
) S1

007, (Nog + 20N ) + 008 0Ny ) dé
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L
OWinertial = / (5¢~T¥¢ + 00g .o + Op-Tp + 60, D-Togp + 6(1.(30 - aglqp_gg)
0

+ 60, . (B + RS« + (R + 06 k) Bz (7.100b)

Carrying integration by part on equation set (7.100) followed by further simplification yields

t b _
(5WZXt|UV£1 Lo(&1) + 5we"t) -

L
/O (60 (N = 36,N ) + 6p.(Np = 0, Na, )

(7.101a)
5@.(Ng = 96&-Ns - 95 (N« — 9 Na « + 5§1Na§1,<))) dé) + W
L
6Winertial = / (590-(8'90 - aflg's) + 6p'(8'p - 551 C&aglp)
0 (7.101b)

6“'(30 - aflsb':g&‘ - afl (& — 5518‘351" + 5;3@%,()))) dér + 6W;knertial'
Here, 6WZ,, and 6W:

“ertial FEPTESENE the boundary terms arising due to integration by part and are

given by,
N N L L
Wiy =[00.Ng +6@.(N — 05N, i + 6§1N6§1K) + 58§1a.N3§1K + 5p.Na§lp]
. ’ % (7.102a)
+ 56510"(]\7‘9-’51"_551N6§IK+’?'N6§IK)] >
7 0
_ N L L
SWiertiar =| 008 + 6. (& — 8o, + 0, Tyaélk)] + 55§IG~%a;1K + 5p.3a§1p]
-0 ‘ O (7.102b)
+ |60 . (Fo. « — 0Tz o + R T2 K)] :
- €1 €1 0

7.6.3 Conservation laws

7.6.3.1 Revisiting the weak form

Using the results from last two sections 7.6.2.2 and 7.6.2.2, the weak form of equilibrium

equation can be written in the form of Eq. (7.87) as

L
G(®,6®) = / 59.€, +60.€y +6p.C, & + G* =0, (7.103)
0
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where,

G = 6U:train + 6W1'*nertial - 6Wth - 6W§:§(t SB(O)U‘B(L); (7'104)
and
€y, =0sn+ Ny -8y (7.105a)
€y = g + 05, 9.1 + No — o (7.105b)
€p = 0, My =N, + N, — . (7.105¢)

In Eq. (7.105¢), M, represents the bi-shear. Here we define the reduced cross-section force,

moment vector, and the bi-moment as

n= ((i“a = 05N, c) + (§e - Ns)); (7.1062)
m = (m — O Mg i + 5§11“a§1K - 0; ”‘a;lk) + (8’ — 05, o,k + 5;1%;,( ;
(7.106b)
- (NK ~ 35N g« + 0§1Naglk);
My = ((‘ﬁaglp =06 0g ) + (o, p =~ Noy, p)). (7.106¢)

Remark 7.1: It remains to be proven that the term G* in Eq. (7.103) vanishes. This result
should not come as a surprise because the strong form describes local equilibrium of forces.
However, it is interesting (and also necessary, as it provides check for correctness of the work

discussed so far) to prove that G* = 0. The proof is carried out in section 7.6.3.2.

Remark 7.2: Assuming that G* = 0, the arbitrary nature of the virtual displacement field 6®
leads us to conservation of linear and angular momentum and the balance laws for bi-shear and
bi-moment: €, = 0;, €, = 0; and €, = 0, respectively. The strong form of equation described in
Eq. set (7.105) appears similar to the governing equations discussed in Simo and Vu-Quoc [43],

except for the definition of reduced section forces and bi-moment n, m and My. The fact that
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reduced forces in Eq. (7.106), contains inertial and external force terms is distracting. However,
the results obtained in the process of proving G* = 0, helps us to simplify n, m and My (refer to

section 7.6.3.3) to a desirable form independent of inertial and external force terms.

Remark 7.3: We obtain the velocity and acceleration vectors as

O:R :0,¢+5,r+wxr;
(7.107)

PR =020+ r+wx(wxr)+2wxdr+dwxr.

In case of Cosserat beam with rigid cross-section (refer to section 6.5 of Chadha and Todd
[53]), the Coriolis force and non-inertial force due to cross-sectional deformation vanishes
because d,r; = 0 and 5,2r 1 = 0. Secondly, if the locus of geometric centroid coincided
with the center of mass locus for a beam with rigid cross-section, the centrifugal and Euler
force vanishes because /SBO po.r1 dBy = 0. However, for the deformed state (2, we have
non-zero Coriolis force (—2w X f%o poﬂ,r dBy # 0), non-inertial force due to cross-sectional
deformation (— f%o po.gtzr dB, # 0), Euler force (—(’)tw X /%0 po.r dBy # O) and centrifugal
force (—w X (w X /%0 po-r d%o) # 0) in addition to impressed force (0gn + N ), Einstein force
due to translation (— /%0 po.(?lzgo d%o) such that the sum of impressed and the non-inertial forces

yields Eq. (7.105a).

7.6.3.2 Vanishing G*

Theorem 1: For an arbitrarily displacement field 60, G* = 0.

Proof: The term G* in Eq. (7.104) can be written in the form presented below,

* L
G* = [6p.gp +0.go + 005 X85, o + 68§la.ga§la +0p-8p), - (7.108)

The displacement field is arbitrary but admissible. Provided we have displacement prescribed

boundary conditions, G* vanishes due to admissibility requirement. However, for a general case,
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proving theorem 1 requires,

gp:(); g¢:01;ga:()];gagla:o];gaéa:ol. (7.109)

We prove that all these conditions are true. The expressions of g and g, are stated as required

during the proof.

Proof: g,=0
We have,

gp = gpl + gp2 + gp3§

8pl = (méflp - aé'"lgﬁaélp) = By;

(7.110)
b .
8p2 = %ﬁglp - Naglp»
&3 = _N;;p,

Substituting for the expressions of reduced forces given in appendix 7.128 and using the relationship
(7.88a), we manipulate the expression of g, as,
g1= | (MY S +L? S+ LY §3)dBy -8, [ LY .8 d%B
b By lep' 6§1p' (9§1p' & By Bélp. (7 111)
- / (LY Sy+ LY .S3)d¥ - / LY 9,8, d%y.
g, ar 6P By %P
Using stress equilibrium equation (Eq. (7.58)), we further analyze the expression of g, as,

g = / L;; .(po.@tzR — po.b) dBy = / Lg; .(6§151 + 8§2S2 + 0§3S3) dBy. (7.112)
B, %P B, %P

Finally, we apply divergence theorem on the expression of g,3 and use the relations established in

Eq. (7.88b) and (7.88c) , yielding

€3 :—/ Lg; (S.N)dI,
To p

31

=— LY . LY S+ LY . B
AO (952 6§1p S2 + (953 3211’ S3 + 6§1p ((9,;:252 + (953.5'3) d 0 (7.113)

_ A - A
= — /%0 La;p.SQ + La;p.S3 + Laélp.(aé:zSz + 85353) dBy.
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Adding up the expressions of g,1, gy and g,3 in equations (7.111), (7.112) and (7.113), we get,

gp=0.

Proof: g, =0,
We have,
8p = 8p1 821 83>
8t = Mo = 0o Mao = B (7.114)
8p2 = 8s — Nz;
8p3 = _ngt_

Realizing J, Ro e = O, ( /%0 (L’(;; .

T
) St d%o), we manipulate the expression of g, using
1

identity (7.90a) to obtain

2,1 :/% ((L§2)T.Sz+ (L§3)T,s3— (Lg;ls)T.angl) By, (7.115)
! :

Using stress equilibrium equation (Eq. (7.58)), we expand the expression of g, to obtain,

T T
20 = / 20 (Lg;s) (O2R - b) d%By = / (Lg;s) (8,81 + 05,2 + 0,83 dBy.
By By )
(7.116)
Using divergence theorem, the results in Eq. (7.88d) and (7.88e) on to the expression of 8p3, We

obtain,

T

_ A

2,3 = /FO (23 ) (5.3 arg

4\ o\ o\

. /% 0 (LY. ) Sa+ 06 (LY ) Sa+ (LY ) @682+ 8683 a%  (.117)

0 :

T T T

—_ A A3 A

_ /% (L8) 2+ (L) 83+ (E5!,) (862 +86S3) d%.

Equations (7.115), (7.116) and (7.117) adds up to give 8y = 0.
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Proof: g, =0

Consider

8a = 8al +ga'2 +ga3;

8al ( K~ 551 Og, K gé‘gl mﬁélk - 5§1m0§11<) -
9= | ” +~ ~ N (7.118)
g, = (&( 3 Fo x + agf.gaék) - (le — e NY,  + 6§1NS§ )
: é €]

3 a2
8a3 = _(le: - 8.51Nts3tflk + 8§1Nsat§ K)‘
) $1

Like the previous proves, we arrive at the following,

/ll d /12 T /13 r
a2t 8a3 = (L()fl,() -a§1S1 dBy - (LK ) So+ (LK ) S3] dBy
Bo ’ By

x A4 4 A T 3 d
g, /%0 (Laélk) 35,8\ d%o—/%o((LaglK) Sa+ (L) Ss) d®o] (119

T T T
+ 56%1 (/ (L:;% K) '6§1S1 dBy —/ (L/12 ) Sy + (L/l3 K) S3| dBy].
’ By 131 By

Oélk
Substituting for the expression of reduced section forces defined in appendix 7.128 into g, we

get,

a1 = (/%0 ((Mﬁl)T S+ (Lﬁz)T S, + (LﬁS)T .53) d%o)

3, L et ) s (L2 ) sy (LY ) 85 B
T Jo \Fage T M) 1T g ] D2 (Fage) 23 €0
0
) T T T (7.120)
+3; / (Lg; + M, ) .Sl+(Lg§ ) .sz+(Lg; ) S3| dB
’ By & &x gk g%

T
-3 / LY ) S1 d%By
31 B, aglx
Summing up the equations (7.119) and (7.120) followed by considering the identities (7.90b),
(7.90c) and (7.90d), we get g, = 0;.

Proof: 8o; 0 = 0;

The equation set below presents the expression of g, @ in a desirable form that facilitate the
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proof.

g(‘)gla = g6§1(111 + g6§1a2 + g8§1a3; (71213)

b
g?)glal gafl(rl

. (7.121b)
gaflm
2 - P - )
+ (661 ﬁtaglk — 30, (K.ﬂ?é,glk) + ((2R.& + 2(’)§1K)).!Ita§1,<),
N Ao~ 4 b ~ b 3 b .
8o, 02 = ((yaflk + K.anélk - afanélK) - (N%K + K'Nafrlk - aleaglk)’ (7.121c¢)
£0q03 =~ Nf;flk + k.N;‘; i 5§:IN§§ K). (7.121d)
E 1 1
We manipulate the expression of g, g2+ 8o, a3 8 in previous proves, such that
8002t 8oz a3 = (%flk + ’A‘%a;lx - 55136§1K) - (N%K + k'Naglx - 5§1Na§1,<)
= (30§1K - Na.flk) - (551 - 351)(3aglx - Naglx)
T
g LY | esiav- | (L) )T §2+ (L] )T S3| d%
5 3§IK -0¢191 0 - k) 2 k) 3 0
T T T
_(A. _ A Ay _ A A3
((951 (951) ([30 (Lagl") .(95181 d%o AO ((Laél") .S2 + (Laél") .S3 d%o
(7.122)

We now simplify the terms associated with g, gl We have,

« oy —Be= [ (MY ) s+ (22 ) o (L2 ) sy an 7.123
g@gla’l 6§1K K ® 6§1K D1t (9§1K D2+ 5§1K 93 0. ( . )
0
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Similarly,
b ~ A
gdglal = —(aglmaélk - 2(K.ma§lk)) - K.Ba§1,<
= —((951 !Raélk - (k.ﬁtaék)) + k.(ﬁtaék - Ba‘fl,()

= _gfl mi);lk + 851(ma§1:< - Bf)glk)

(7.124)
T T T
=~ — Or) / (M*1 ) Sy + (L”z ) Sy + (Lh ) S5 dB,
SR IV S 3 93«
| T
-9, / (L1 ) S1dBy].
€ ( By 6§1K
In a similar fashion, we manipulate the expression of g5 as follows,
51(11
¢ 32 5 5 5 ANA
gaglal = 0§1m6§1K - K'aflmﬁglk = (a-fl - afl)aflmﬁélk
T
= (gfl - (551)5,51 (/ (L;; K) .S1dBy
By &
(7.125)

T T
:(5&—5&)(/ ((ng ) .aglsl—(Lg; ) .k.Sl)dEBo
By ) 51

T T
= (('Z:1 - 551) (/ ( (L/al; K) .8§1S1 + (M/alé K) .Sl) d%o
By & &

The last equality in the above equation holds by virtue of identity (7.89d). Summing up equations

(7.122), (7.123), (7.124) and (7.125) yields 8oe 0 = 0.

Proof: 8520 = 0,
Like before, we define,
852 a = 832 a1 + 852 a2 + 892 a3’
gaglal = (maglx - 5§1maglx) — B, «
(7.126)
gaglaz = 36§1K - N3§1K§

st
852 =-N 2 .
65103 6§1K

209



Substituting for the expressions of reduced forced from appendix 7.128 into the equation above,

we have,

T
_ 4 _
g5§101 - ./%0 (Laél") 'aflsl d® /230

2 + 2 = -0 .
g6§1a2 g6§103 g6§1a1

T T
(Lgé K) Sy + (Lg; K) S3
S1

(7.127)

This completes the proof. Hence, G* = 0. O

7.6.3.3 Simplified reduced section force, couple and bi-moment: n, m and My

The expression of n, m and My as defined in (7.106a), (7.106b) and (7.106¢) can be

further reduced by using equation set (7.114), (7.118) and (7.110) respectively yielding

T
n:g¢+B¢,:B¢:/ (Lg') S (1230:/351 d%By;

By 0
T
m:ga+Ba:Ba:/ (Lﬁl) S d%O:/ rx S1 d%B; (7.128)
By Bo
My =g,+B,=B,= [ L% .S, d%B,.
v =&p P p /%0 dg,p 1 0

As expected, the expression of reduced section force, couple and bi-moment is independent of any
external and inertial force terms. The reduced forces obtained above are identical to the respective

quantities discussed in Simo and Vu-Quoc. [43].

7.7 Balance laws for the deformed configuration (2;: A special
case

The chapter so far has focused on the general beam configuration Q that allows the
cross-section to deform. A special case of a deformed state that is of interest to engineers is
the beam configuration €2 that assumes the cross-section to be rigid. Slender structures are

predominated by mid-curve deformation governed by bending, shear and axial strain. Therefore,
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in many applications, it is safe to assume the cross-section to be rigid. This section is dedicated to
carefully investigating the balance laws associated with the deformed state Q.

Recall, the configuration space for Q; is R? x SO(3). The primary unknowns are the
mid-curve position vector and the rotation tensor field. The beam subjected to rigid cross-section
is governed by balance of linear and angular momentum (there is no warping, hence we do not
have balance law for bi-shear and bi-moment). As in (7.128), the internal force and moment

vector (refer to Fig. 7.2) for this case is defined as,

n= S1 dBop;
Bo (7.129)

m = I‘]XS]d%o.
Bo

The infinitesimal equilibrium equation for a general continuum problem referenced to the

n=f g, d%l

By

=f S, dB,
By

m=| r; Xo,dB,;
By

=f T XSl d%o
Bo

S: First PK stress tensor
o: Cauchy stress tensor
E, Cross — section B; of a Such that,

deformed configuration Q4 S1=8.E;; 0, =0.d,

Reduced moment vector m = m;d;

Figure 7.2: Reduced section force and moment for the deformed state Q;.
configuration Qg for this case of deformation is given by:

DivS + pob = po@tle. (7.130)
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Integrating above equation over the entire undeformed domain € followed by the application
of Green’s theorem to get the boundary terms gives the balance of linear momentum equation.
Similarly, taking the cross product of the lever arm (R — v) with all the terms in Eq. (7.130),
followed by the integration over the entire domain gives the angular momentum balance equation

with respect to any arbitrary point p defined by the fixed vector v, such that

/S.N dF0+/ pob on:/ PodZR | dQy, (7.131a)
T Qo Qo

/(R1 —v)X(S.N) dF0+/ po(Ry —v) x b dQy :/ po(Ry —v)><6,2R1 dQy. (7.131b)
To Qo Qo

7.7.1 Strong form obtained by balance of force and moment on a unit

arc-length element referenced to initially straight configuration

7.7.1.1 Balance of linear momentum

To obtain the governing differential equation that holds at every deformed cross-section
B (£1), we exploit the fact that the conservation equations (7.131a) and (7.131b) obtained for the
entire beam are also valid for the unit arc-length element of the beam (bounded by the cross-section
By(£1), Bo(&1 + dé1), and the peripheral boundary Iy in the un-deformed state), since equilibrium
of the structure as a whole implies the equilibrium of a reduced element in €. Therefore, the

conservation of linear momentum for a unit arc-length element is given by,

Term F1:
Term F3: The reduced internal force at the cross-sectional boundary
Inertial force term. Bo(£1) and By(£)+dé)) referred to unit arc-length reduced element.
2
/ P00 R Qg :/ S.N(g—‘l)d%o+/ S.N (&1 +dé1) dBy
Q Bo(£1) Bo(£1+dé1) (7.132)

Term F2:
The reduced external force due to
body force and surface traction.

+/S.NdF0+/ pobd.Q().
Iy Qo
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For the domain of unit arc-length reduced element (refer to Fig. 7.3), the volume integral of any

— Surface traction S. N(dA) \
. (dA): = Elemental surface area

Deformed L/ dA= dly.dé;

beam configuration ;

dM,, = (R; —v) X S.N(dA)
’< dMy; := Incremental moment due to surface traction

% Body force
' bpedQ,

dM, = (Ry — v) X bpydQ,
dM,, = Incremental moment due to body force

E I dg =1 (dA)N = dIy.d&; N := area vector on I,

NG =—E [ 9907 [ NG, +ag) = B,

—————————

LT B (6 + déy)

Bo())

Mathematical straight .'l"o

beam reference configuration Q,

Figure 7.3: Unit arc-length element of the initially straight beam and incremental moment about
an arbitrary point.

function X (&, &,,&3) would become integral over the cross section By(¢&) as

im [ X(&6085) d = / X(€1,6,65) dBp. (7.133)
déi—1Jq, Bo(£1)

The stress vectors at the cross-sections B;(£1) and B(&) + dép) (with the corresponding un-

deformed cross-sections being By(£1) and By(& + d€y)) are given by the following,

[S.N]ng(gl) =S.N(&)=-S.E| =-5,,
(7.134)
[S.Nl]pye+de) = SN +dé) =S.E; = 8.

Term F1 and F2 can be simplified using the result (7.134) and the definition of reduced sectional

force n and moment m in Eq. (7.128) to obtain,

Term F1 = lim [n(&) +dép) = n(én)] = 9 n(): (7.135)
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Term F2 2/ S.N dF0+/ pob dB, = N‘p(fl). (7.136)
Ty By

Like the result stated in remark 7.3, the velocity and acceleration vector for the deformed state can

be written as,

OiR1(£1,62,63) = Oip(é1) + w(é1) X 713

(7.137)
OFR1(£1,62,83) = 0} p(&1) + 0,0 (&) X 11 + 0(€)) X W(&)) X T7.
Using these results, the term F3 is obtained as,
Term F3 = §, = pod; ¢ + 6w X Lo + @ X @ X Yy, (7.138)
where,
po(é1) = / po dBy, (7.139)
By
Yo(fl) = / pPor1 dBy = (/ pofz d%o) d, + (/ p0§3 dEB()) d3. (7.140)
QS0 %0 %0

The first term (uo(9,2¢) in Eq. (7.138) represents the inertial force due to translation acting at
the point where the mid-curve intersect the cross-section By. The term pg represents the mass
density per unit arc-length in the initially straight configuration €. The occurrence of second
term is because of the fact that, in general the mid-curve may not coincide with the mass centroid.
These terms would vanish for the untwisted straight beam ¢ of homogeneous material if the
beam mid-curve is chosen as the loci of mass centroid, which in this case would coincide with the
geometric centroid. If the initial configuration of the beam were curved €., these terms would
vanish only if the mass centroid were chosen as the mid-curve, as in this case the loci of geometric
centroid may not coincide with the mass centroid.

Combining Eqgs. (7.132)—(7.140) gives the reduced linear momentum conservation

equation of the moving beam at section B (&) referred to the initially straight configuration Qg as

Ogn(&1) + Ny(&1) = (&) (7.141)
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7.7.1.2 Balance of angular momentum

The angular momentum conservation for the unit arc-length element can be written as:

Term M1:
The reduced internal moment at the cross-sectional boundary By and By(£1+dé))

referred to unit arc-length reduced element about a fixed arbitrary point p.

/ (R]-V)X(S.N) d%0+/ (R]-V)X(S.N) dBy +
Q30(&’]) %0(51 +d§|) (7 142)
(Rl—V)X(S.N)dF0+/ p()(Rl—v)deQ():/ po(Rl—V)XatzR dQy .
I Q Qo
Term M2: Term M3:
The reduced external moment about a fixed arbitrary Inertial term corresponding to
point p due to the body force and surface traction. moment about point p.

It is sensible to define the moment about the mid-curve such that the lever armis | = (R — ¢).
Therefore, from the definition of reduced force and moment as in Egs. (7.128), and using the

result in Eq. (7.134), Term M1 may be simplified as
Terliz/ (R1—¢)X(S.N)d§Bo+/ (¢ —v) X (S5.N) dB,
Bo(é1) Bo(é1)
+/ (R1—¢)X(S.N)d%o+/ (@ —v)X(S.N)d®By
Bo(£1+dé1) Bo(£1+dé1)
= lim (m(& +dé&) — m(&)))
df[-)l

+ lim (/ (g —v)Xx S d%o—/ (g —v)x S dB (7.143)
dg1—=1 \JBy(&+dé)) Bo(é1)

=0sm + Oz XN+ (@ — V) X O 1.

For a unit arc-length element, Term M2 and Term M3 may be simplified using Eq. (7.133) as

TermMZz/(Rl—v)X(S.N)dF0+/ po(Rl—V)de%o
I By

(7.144)
= Nolé)+ [ (p=v)x(S.N) dT + /% pol — v) x b d%,.
where,
Na,(gl) = /F(I‘l)X(S.N) (ir()+‘/;3 p()(rl)de%o. (7.145)
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The quantity N, represents the reduced moment due to surface traction on peripheral boundary
I'p and body force about the point on the mid-curve.
Similarly,

Term M3a

5 5 (7.146)
Term M3 = / po(R — @) X 07 R, d%0+/ pole —v) X 0 R dBy.
By By

Term M3a represents the reduced moment due to the inertial force about point on the mid-curve.
Noting the expression for BtzR 1 and Y as in Eq. (7.137) and (7.140), Term M3a can be simplified

as

Term M3a = / po(ry % 8,2R1) d3B
Bo

:T0X6l2¢—/pQI‘]X(I‘]X&a))d%()+/ porlxa)x(wxrl)d%o
%o %o (7.147)

= Yo x 2 + (/ pof! .7 d%o) D0+ w X (/ pofl .7 diBo) ©
By By
=Yy x@lzgo +IO.6t2w +wXIjw

The spatial quantity Iy = /%0 poi'{.i'l dB is the second mass moment of inertia tensor per unit
arc length of the straight configuration €. It is associated with the distribution of mass across the
cross section. The vector (¢ — v) is independent of the parameters &, and &3. Keeping this in

mind and combining all the equations above yields,

Equation M1

O + Oz, X 1+ Ry — (Ao X 079 + 1.0, + 0 X Tpw) +

, (7.148)
((p - V) X ((9§]n +/ S.N dr() +/ pob dEBo —/ poa,Rl d%o) =0.
Ty By Bo

Equation M2
It is clear that term Equation M2 contains terms consisting of (¢ — v), which must vanish in order

to obtain angular momentum balance law with respect to moment taken about the point on the
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mid-curve. It is clear from the linear momentum conservation equation (7.141) that the Equation
M2 vanishes. Therefore, the reduced strong form of angular momentum conservation referenced
to Qo is given as

Ogm + 05,0 X0+ No = §as (7.149)

The quantity §, represents reduced moment acting at the cross-section B; about point on the

mid-curve due to inertial forces. Refer to section 7.7.6 for further discussion on inertial forces.

7.7.2 Strong form referenced to initially curved configuration

To derive the balance law referenced to . we transform the limits of the integrals in the
strong form obtained in previous section to the configuration €2.. Consider that the unit arc-length
element for curved beam configuration €. is defined by the boundary I'. U B.(&1) U B.(&1 + dép).
To proceed further, it is required to establish a relation between the stress tensors S and S, (first
PK stress tensor referenced to initially curved configuration). We utilize the relationship between
the Cauchy stress tensor o, and the first PK stress tensors S and S, (refer to Lai et al. [118]). We

have,

1 1
=— S, .F'= S.F; 7.150
TG FN) T T daF ) ! (7.150)

S =det(F.).S..F.T. (7.151)

The area vector on the surface boundary NdIy and N .dI'; in the configurations €y and €,

respectively, is related by Nanson’s relation as

FI N..dr,. (7.152)

dry =
07 det(F,)

Using Eq. (7.151) and (7.152) and the result in Eq. (4.47), the reduced linear momentum

conservation equation referenced to the curved configuration €. is obtained as,

den +No = F. (7.153)
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Here,

Ny=[ S.N.dI.+ / det(F )pcb dB, = /
o :

S.N dro+/ pob dﬁBo;
) By

(&

&y =102 + 0 X (0 X ) + dw X [

(7.154)
e :/ det(F .)p. dB;
B

Y= (/ det(F.)pcé2 d%c) d) + (/ det(F .)pcé3 d%c) ds.
%, %8,

Since the deformation is referenced to Q., the angular velocity tensor for this case is defined
as @ = 0,Q,.Q7. Along the similar lines, we observe that the reduced angular momentum

conservation equation referenced to Q. has similar form as Eq.(7.149), such that,

Osm + 050 X1+ Ng = Fog, (7.155)

where,

Ny = / rix(Se.No)dl, + / det(F.)pc(r1 x b) dB.; (7.156)
I, B,

Fo =Y x 0P +1..0,0+wx(I..0); (7.157)

I.= / pe(#l.#1) dB.. (7.158)

(&

The parameter Y. defines the first mass moment vector and I . defines the second mass moment

of inertia tensor considering the curved reference configuration €2..

7.7.3 Weak form and virtual work principle

Along the lines of section 7.5, the virtual work principle for deformed state €2; is given by
Eq. (7.60), such that
L ~ ~
5Ustrain:/ S:5F1dQ0:/ (n'58+m'5K) dfl
Q 0

o (7.159a)
= / (71 - 68 + m - 6K) dé;
0
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L
OWinertial = / ,0()(5u : 0[2R1 dQ = / ((590 '8'(p +oa - 8’(1) dé‘:l; (7159b)
Qp 0

6Wext:/ 5u'(S.N)d60+/ 6u-bd§20

=) Qo
L
:/o (6¢ Ny +6p-Ng) d§1+[6<p~n+5a-m]é.

The equation (7.60) defines the general virtual work principle which states that if the body in
dynamic equilibrium is subjected to a virtual displacement at a given instant of time, the virtual
work done due to the real external forces 6 Wey (Traction and body force) is stored as virtual strain
energy 0 Ugyain and virtual work due to the inertial forces on the body ¢ Winerial. The virtual work

principle, when the deformation of the beam is referenced to the curved configuration would then

become,

Uain + Wi ertial = OWexts (7.160)
where,
L 3 N L
OUsirain =/ (n- o0&, +m-ok,) d& =/ (- 68, +m - 6k,) d&i, (7.161)
0 0
L
6Wiilertial = / (690 : 3960 +oa- 33) dgl' (7162)
0

The quantities &, = 0z, ¢ — d., and R, = 0 Q,.QrT gives the mid-curve axial strain and the
curvature vector of the deformed state 2 referenced to the curved reference state Q.. The virtual
external work Wy remains the same for both the reference configuration Qy and Q.. The
expression for the strain energy and the inertial work changes because the strain and the inertial

effect depends on the initial configuration of the beam considered.

7.7.4 Equivalence of the weak and strong form of equilibrium equation

Section 7.6 was dedicated to obtaining the strong form of governing differential equations
for the general deformed state Q from the weak form. In this section, we do the opposite. We

obtain the weak form for the beam Q; referenced to the undeformed state €y using the strong
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form derived in the section 7.7.1.

The linear and angular momentum conservation principle for the beam €, is obtained in
Eq. (7.141) and (7.149). The weak form of equation described in section 7.7.3 can be obtained
in a purely mathematical sense from the strong form. This shows the equivalence of strong and
weak form and also validate the results obtained in section 7.7.3. We take a similar approach
as delineated in Hughes [119]. The linear momentum equation (7.141) is associated with the
mid-curve deformation. Therefore, the weight function used to obtain residual form of reduced
equilibrium equation is the virtual displacement of the mid-curve d¢. Similarly, the angular
momentum equation (7.149) is associated with the curvatures of the cross-section, thus making
virtual rotation da as the natural choice for the weight function. Note that ¢ and da@ are
admissible and are related to 6u in the sense that ou = d¢ + da X ri. The residual form of

equilibrium equation referenced to the straight configuration €y can be written as,
L
/ (6@ - (Oen+ Ny —§p) + 6@ - (0sm + 07,0 X1+ Ny —§o)) dé) = (7.163)
0
Using Green’s theorem and the property of the triple product of vectors, following results hold,
/ (6.0 n) dé| = [6p.n| / (00 ¢.n) d&),
/ (0@.0;m)dé, = [6a/ m / (00 @.m) déi, (7.164)

L L
/0 0a.(0sp X n) déy = /0 n.(da X 0z ) déi.

Therefore, using the results in Eq. (7.164) with Eq. (7.163), the residual form of equilibrium

equation simplifies to the following,

L L
/ ((60g, ¢ — 6@ X Oz, @) - n + 60z @ - m) d§1+/ (6 - Tp + 0 - Fo) d&
0 (7.165)

:[5¢-n( + [6a - m] /(5¢ Ny + 0 - Ng) dé;.
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Using the expression for d& and 6k mentioned in section 7.4.2.1, the above equation becomes,

L L
/ (6& - n + 0k - m) d§1+/ (0@ - §p + 0 - Fo)dé
0 0 (7.166)

L
=L =L
= [6go . "]?:0 + [5a . m]?:o + /0 (6@ - Ng + 0 - Ny) dé;.
which is exactly same as the weak form mentioned in Eq. (7.159) derived using the infinitesimal

Lagrangian equation of motion thereby validating the former approach.

7.7.5 Strong form of equations derived from Hamilton’s equation

Hamilton’s Principle (refer to Rao [120]) can be used to evaluate the dynamic equation of
motion. The principle assumes that the configuration of the deformed beam is exactly known
at time 71 and t,. Therefore, the variational field du(t1,£1,&,&3) = 0 and du(tr,&1,672,&3) = 0.
There are infinitesimal configurations that the beam can have at any time ¢ (¢ # f;and ;), each
configuration deviating from the correct one by an arbitrary but admissible displacement field
ou(t,&1,6,83) = op(t,&)) + da(t,&1) X ri(é1,&,&), where d¢ defines the admissible variation
in the midcurve and the vector 6@ parametrizes the variation in the director frame. The exact
deformed configuration at any time #; < ¢ < f; is determined by making the action A stationary,

defined as,
5] 15
A= / Ldt = / (T = Usgrain + Wexe) dt. (7.167)
n n

where, the functional L is called the Lagrangian of the system. The principle states that,

Term 1 Term 2 Term 3

t 1] 15 15} (7168)
5/ (T - Ustrain + Wext) dt = / 6T dt - / 6Ustrain dt + / 6Wext dt = O.
5|

fH 1 1

To proceed further with the simplification of the equation above, we consider each of these terms

independently.
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7.7.5.1 Term 1: Simplification of kinetic energy term

The total kinetic energy of the beam referenced to €y can be written using Eq. (7.137) as,

1 1 1
T= —/ pol:u - O dQp = —/ PoO:R -0, Ry dQy = —/ Po(Orp +0,r1) - (Orp + 0,1 1) dQ.
2 Qo 2 Qo 2 Qo
(7.169)
Therefore,
15) 15)
5/ T dt = / / Po (58;¢ . (9;90 + 58;¢ . 3;7‘1 + 8[‘0 . 58;"1 + 66["1 : 8,1‘1) dQ()dt
11 1 Q
(7.170)

We subject Eq. (7.170) to integration by parts with respect to time and note that d¢(#1) = dp(f2) =

da(t)) = da(ty) = 0. Therefore 6r(t;) = da(t;) X ri = 0 and 6r(r2) = 0. This leads to,
15 15)
5/ T dt = —/ / (5¢ P+ 6@ 9Pri +0%p - 1y + 611 - 0,2r1) dQodr.  (7.171)
1] 1 Q)
We make note of the following relations,

0%p - 611 = 0%p - (Sa x 1) = 6 - (rlxatzgo); (7.172)

or -6,2r1 =da - (r1 X a,zrl) (7.173)

Substituting (7.172) and (7.173) in Eq. (7.171), and realizing that d¢, d@, dw and 60;w are

function of (&,¢) only, we obtain,

Mo Oy wXYg+wXwX Y

5] 153 L
5/ T dr = —/ / op - atz(p. (/ £0 d%o) + (/ p()atrl dﬁBo) dfldl‘ (7.174)
31 51 0 By By
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Ao Iy.0,w+wxly.w

15) L
—/ / oa - (/ pPor1 dEBo) Xatgo + (/ po(l‘l X 5,1‘1) dBy dfldl‘.
t 0 By By

Therefore,

15} 153 L
5/ Tdi = —/ / (60 - 8, + 6a - §a) dé dt. (7.175)
n 1] 0

7.7.5.2 Term 2: Simplification of potential energy term

We simplify the virtual strain energy defined in Eq. (7.159) as,

1] 1] L
/ OUstrain dt = / / ((60s, — 6 X O, @) - m + 60¢, @ - m) A& dr. (7.176)
n n 0

Rearranging the terms and carrying out integration by parts with respect to &1, we obtain,

1] 1] L 15)
/ O0Ustpain dt = —/ / 090 n+0a-(0s, pXn+0sm) dé; dt+/ (b -n+doa- m)gzg dr
1 n 0 n
(7.177)
7.7.5.3 Term 3: Simplification of external work term

The body force field b and the surface traction are the external forces in the body. The
external force term in Hamilton’s equation can be written as,

Term 3.1 Term 3.2

%) 1) [5) L
/ Wex dt = / / p0(6u - BYdQdr + / / / (6u - (S.N))dTp d&ydt (7.178)
n 1 Qo 5] 0 Ty

Term 3.1 and Term 3.2 can be simplified by substituting for the expression of du, yielding,

153 1% L
/ / po(0u - b) dédr = / / op - (/ pob d%o) +da - (/ po(ri X b) d%o) déde;
31 Q 1 0 By By

(7.179)
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/tlzz/OL [ (ou-s.m) dl“odfldt:/“tz‘/oLésa.(/ros.N dFO)

+da - (/ ri X (S.N) dro) dédr.

Iy

(7.180)

Combing Eq.(7.178)—(7.180) and noting the definition of reduced external force §, and moment

8« in Eq. (7.136) and (7.144) respectively, we get,

153 %) L
/ SWex dt :/ / (60 - Fp + 6 - Fo) déydr, (7.181)
13 1 0

7.7.5.4 Governing equations of motion and boundary terms

The Hamilton’s equation for the Cosserat beam can be realized by combining Eq. (7.168),

(7.175), (7.177), and (7.181), giving
15 L
/ /O (60 (Ogn + Ny —§,) + 6 - (Oem + G0 X 1+ Ng - Ba)) dérds
t
1 . B
+/ (5go-n+6a/-m)§:;0 dr=0. (7.182)
3]

Realizing that ¢ and S« are arbitrary virtual quantities at time ¢, for Eq. (7.182) to hold good for

all ¢ and d«, following must be true,

den+ Ny —F,p =0, (7.183)

Jemm + 05,0 X 1 + No — For = 0, (7.184)
60 - n]i 2y =0, (7.185)

6 - m]5 =5 =0. (7.186)

Equations (7.183) and (7.184) represent linear momentum conservation and angular momentum
conservation law referenced to straight configuration Qg respectively. It is not surprising that
the result is same as obtained from infinitesimal equilibrium equation in section 7.7.1 as in Eq.

(7.141) and (7.149). Secondly, the equations (7.185) and (7.186) represent the general boundary
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condition at ¢ = 0 and &; = L. For instance, if the left boundary is fixed and the right boundary
is free, ¢(0) = 0(0) = 0 and n(L) = m(L) = 0. Note that @ parameterize the variational rotation
of director frame that has rotation of Q(0) in equilibrium state. Therefore, for the fixed end,

oa(0) = 0 implies 0(0) = 0 at all time z.

7.7.6 Interpretation of equation of motion from D’Alembert’s Principle-

Motion viewed from the director frame

In general, to interpret motion from the non-inertial frame, we define the impressed forces
as the forces that are imposed on the system due to external effects and due to the configuration
of the system. In the case of the Cosserat beam, the body force, traction (external forces), and
the internal stresses (due to deformed configuration) are the sources of the impressed forces. We
define the forces of inertia referenced to a frame in consideration as the forces resisted by the
structure by virtue of inertia, as observed from the frame considered. Lastly the Einstein forces or
the apparent forces are defined as the forces experienced by the object due to non-inertial nature of
the frame of reference. To establish the state of equilibrium, the impressed forces, Einstein forces,
and the forces of inertia referenced to a frame in consideration are considered simultaneously.
This law is referred to as the D’Alembert’s Principle.

Owing to the single manifold nature of the problem, the motion of the Cosserat beam is
simplified to motion of the mid-curve. Each point of the mid-curve has a rigid section attached
to it. Therefore, the equation of motions developed in section 7.7.1 can be thought of as the
equilibrium equation of a unit arc-length element with the mass pg idealized as a rigid section
B (&1), with the mass pq distributed homogeneously throughout the section.

We have assumed that the mid-curve may not necessarily be the locus mass centroid.
For the cross-section B (&), any point is defined by the position vector r;. Let the point CM
represents the mass centroid located by the vector ., = % The figure below illustrates the

discussion.
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Infinitesimal element
with the mass

section B1(§;)
Unit arc length element

of mass u,

Infinitesimal element | 8 & dm = pod§zdSs = podB, g, »Plane R,

with the mass 5 v

dm = pydé,dés E

= podB, : 4 <
§ Plane 17 to
=}
5]
£
(5]
)

Idealized the unit arc — length

Cross — section B, (&1)
Where,

r1 = &,d, + &3d3 = Position vector of any point;
T¢m = Position vector of center of mass (CM)

_ Jsoep™9m _ S T1Po 4% vy
Jooen@m  JgopPodBo o

Deformed configuration Q4

Figure 7.4: Reduced element of unit arc-length idealized as a rigid section with the mass .

The conservation of linear momentum equation (7.141) represents the translational
equilibrium of the mass uy. The mass yg is static with respect to the frame {d;} because the
section is rigid. The frame {d;} is translating with the translational acceleration of 8,290 and is
rotating with the angular acceleration d;w referenced to the fixed inertial frame {E;}. The mass
o experiences the following forces,

1. The impressed force = 0z n + N,,.

2. The force of inertia w.r.t the frame {d;} = —,uoétzrcm =0.

3. The Einstein force due to translation = —,uoatch.

4. The centrifugal force = —w X @ X (UoF ¢m) = —@ X @ X (Xp).
5. The Euler force = —0,w X (uor ¢py) = —0:w X ('Yp).

6. The Coriolis force = —2w X (,uoé,rcm) =0.

Summing these forces yields linear momentum conservation law.

226



The conservation of angular momentum Eq. (7.149) represents the moment balance of the
section By (&)). If the force on the elemental mass pgdér,dés = podBy = podB; located at point
on the section, positioned by the vector r, is dF, then the total reduced moment of the section is

f%l r1 X dF. Therefore,

1. The reduced moment due to the impressed forces = mg + @z X n + Nq.

2. The reduced moment due to force of inertia w.r.t the frame {d; } = — /%1 por1x02r; dB; = 0.
The parameter 5t2r1 represents the acceleration of a point w.r.t the frame {d;}. It vanishes

since the configuration €2; assume rigid cross-section.

3. The reduced moment due to the translational Einstein force = — /%1 por1 X 02pd®B; =
~o X 6%p.

4. The reduced moment due to the centrifugal force = — /%1 ri X (wXxwx(ripyd3B)))
=—-wXIyw.

5. The reduced moment due to the Euler force = — /%1 ri X (0w X (r1ppdB))) = 1j.0,w.

6. The moment due to the Coriolis force is 0 because d;r| = 0.

It is noteworthy that the Coriolis force and the force of inertia w.r.t {d;} (and the respective
moments) vanishes because we have ignored the Poisson’s and the warping effect. As discussed
in remark 7.3, if the cross-section is allowed to deform, we will have these two forces (and the
respective moments). Secondly, if the locus of mass centroid was considered as the mid-curve,

the mass o would not experience centrifugal force and Euler force.

7.7.7 Conservation of energy and time invariance

The Hamilton formulation of least action holds if the impressed forces are monogenic in
nature (refer Lanczos [121]). Therefore, work functions for the forces can be defined. The work

function need not necessarily be conservative for the applicability of Hamilton’s principle. Table
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Table 7.1: Forces and their respective work functions

Force Work function
Body force WP, = /Qo po(u - b) dQy
. L
Surface traction | Wi, = /0 fFo (u-(S.N)) dIy dé&
Internal stress Ustrain = /Qo FyjSij dQo = /Qo U dQ
Inertial force T = % /Qo PoO:R 1 - O,Ry dQy = % /Qo Po0:u - Oyu dQ

7.1 lists the work function for all the forces considering the straight beam as the undeformed state.
In table 7.1, U represents the strain energy density. Secondly, the work function for external force
used in Eq. (7.168) can be written as Wey = W2 + WL .

We may arrive at the Energy conservation law and the conditions associated with it by
considering the real infinitesimal displacement du = 0, udt as the variational field in the Hamilton’s

equation (7.168). This unique consideration no longer guarantees the virtual displacement at time

t1 and 1, to vanish. Therefore, for éu — du, the Hamilton’s principle modifies to,

15}
5A:(5/ ]Ldt:/ 00
n Qp

Using table 7.1, the left hand side of the above equation can be simplified for 6u — du as,

15 L
sa= | ( / (poatu-datu—5U+p06u-b) ao+ [ f (5u-(s.N>)drod.fl) d
t Q 0 JTy
0

15 L
= (/ / (poﬁtu -8,2u - dU +p08,u.b) dQ +/
1 Q 0
t 153

2
= (/ (atT - 8tUstrain + angxt + ath)t(t) dt) dr = [T - Ustrain + Wexternal]t de.
1

=t

dQ. (7.187)

1=t

ou - du

(a,u.(S.N))dFO d.fl dt) dt

Iy

f
(7.188)
It was possible to simplify Eq. (7.188) by assuming the traction and body forces to be constant
with time. This was done to obtain a simplified form of energy as (T — Usyain + Wext). The second
step of (7.188) shows the general energy conservation law. We can evaluate the right hand side of
Eq. (7.187) for 6u — du as,

/ Lo
Qo

t=t
6,u6u] dQo =

=N

t=t =t
/ P00 u.O0iu dQO] dr = [ZT} dr. (7.189)
Q

=N 1=n
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Therefore, from Egs. (7.187)—(7.189), we have

1=t t=tr

= [T = Wexe + Ustrain] =0. (7.190)

=t

/ poatuﬁ,u dQ() - L]
Qo

t=t
This implies that the quantity (7 — Wex¢ + Ugyrain) is conserved. This quantity is energy H (or
Hamiltonian). It is clear that the external work Wy adds energy to the system. This energy is
used to deform the beam (stored as strain energy Ugy,in) and to bring the motion in the beam
(stored as kinetic energy T'), implying Wex = Usyain + 1. Therefore, a relationship between the

Lagrangian and the Hamilton can be established for Continuum problem as,
/ po@tuﬁtu dQO —-L=H. (7191)
Qo

The above equation establishes a relationship between the Lagrangian and Hamiltonian functional.
It is well known from the classical mechanics of discrete bodies that both the functionals are
related by Legendre transformation [121]. The continuum is an infinite degree of freedom system.
If we assume the beam to be composed of infinite particle each of mass m; = poAQy,, located by

u;, the Lagrangian takes the form,
> 1
L= Z Emiatui-atui - Ustrain + Wext- (7192)
i=1

Note that only the kinetic energy is function of velocity. We define the generalized momentum
of the i'" particle as p; = (p0AQ,)0iu; = %. The Legendre transformation applied to the

Lagrangian is therefore, written as,

)
; 88;1!,'

i=1

For the continuum case,

Zpi O = nll_{l;)lo Zpo@ui . atu,'AQ()i = /

poo:u - OrudC. (7.194)
i=1 AQS—dQy, =1 Q

Therefore, for continuum case, Eq. (7.193) is same as Eq. (7.191).
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We were able to obtain the Energy conservation law from Hamilton’s Principle by
considering the differential displacement as the virtual displacement. We can choose this special
case of variation only if the Lagrangian does not have explicit time dependence. If the Lagrangian
has explicit time dependence, then the variation in Lagrangian occurs at a specific time 7, whereas
the differential change in Lagrangian occurs in a duration of d¢. Therefore, for the Energy of the
system to be conserved, the system must be scleronomic and the forces must be conservative in
addition to monogenic. If the external forces are time-dependent, it would imply the presence of an
external source of energy which is not taken into account, leading to the addition of unaccounted
energy in the system. The energy conservation arises from the time invariance symmetry of
nature. Therefore, our understanding is in accordance with Noether’s theorem.

The Hamiltonian structure of the general beam configuration € is not as straightforward
as the discussion in this section. Therefore, we dedicate the next chapter to exhaustively discuss

the Poisson bracket formulation and general Legendre transformation.

7.8 Summary

This chapter details the variational formulation of geometrically-exact Cosserat beams
with deforming cross-section. In this regard, the current chapter is a sequel to chapter 4.

To arrive at the virtual work principle, the variation of necessary quantities are evaluated.
The attempt to capture fully coupled Poisson’s and warping effect (including bending induced
non-uniform shear) results in the dependence of deformation map on derivatives of curvature
fields (up to second-order). This makes the calculation of variations rather demanding. Detailed
calculations of variations of kinematic quantities required to obtain the weak form are performed.

The next part of this chapter deals with deriving the weak equilibrium equation in a
form desirable to computationally solve the problem. This beam model has higher regularity

requirements as compared to the conventional Simo-Reissner beam. It was expected to obtain
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an exactly similar balance of linear momentum, angular momentum, and bi-moment as given in
Simo and Vu-Quoc [43]. Despite using an advanced kinematic model, the strong form, when
expressed using the first PK stress tensor, does not change.

Finally, the variational formulation and balance laws of the beam with a rigid cross-section
(a special case) are discussed in detail.

The discussion carried out in this chapter is planned to be published in a journal titled:
“Mathematical theory of a higher-order geometrically-exact beam with a deforming cross-section”.
The content of section 7.7 is part of a publication in the International Journal of Solids and
Structures authored by Mayank Chadha and Michael D. Todd, titled: “An introductory treatise on
reduced balance laws of Cosserat beams”. The dissertation author is the primary investigator and

author of this paper.
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Chapter 8

The Poisson Bracket Formulation

8.1 Introduction

This chapter deals with the Poisson bracket formulation associated with the beam
kinematics discussed in chapter 4. The Poisson bracket formulation constitutes a part of the
variational analysis of a mechanical system. In this sense, this chapter is a continuation of the last
chapter. Simo et al. [116] details the Hamiltonian structure of general continua, geometrically-
exact rods with rigid cross-section, and geometrically-exact shells. We define the Hamiltonian
structure of geometrically exact beam with enhanced kinematics and deformable cross-section in
terms of the canonical conjugate variables (as is indicated in Marsden and Hughes [60]).

We discuss the cotangent space, phase space and cotangent bundle associated with beam
configuration mentioned in Eq. (7.18). We also define the Poisson bracket associated with the
cotangent bundle or phase space of the system. Poisson brackets essentially help one study flows
on phase space and the generators associated with such flows, and they facilitate the development
of canonical transformations. Canonically transformed phase space coordinates preserve the
Poisson geometry associated with the system or equivalently they preserve the Hamiltonian

structure of the system. We obtain the Hamiltonian via Legendre transformation of the Lagrangian.
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Finally, the Hamiltonian form of equilibrium equations is obtained.

8.2 The cotangent space, phase space, and cotangent bundle

Recall remark 4.1 in chapter 4, where we discussed how we got away with making use
of one-form and cotangent space associated with R (Ty()<2 to be specific, for ¢(p) € Q) using
the concept of the dot product. However, to define phase space associated with the configuration
space of the beam, we need to describe the cotangent space T C (identified with the product
space (R)* x TéS 0O(3) x R*) dual to the tangent space ToC.

Consider v* = vE; € (R®>* and u = w;E; € R?>. Here, E? is the one-form (or
covector) associated with the vector E; such that E7(E;) = E;.E; = 6;;. We define the duality

(-])g3 : (R?)* x R?* — R by means of dot product, such that,
VN uyps =vi(u)=v.u (8.1)

Here, v = v;E; is dual to v*. From here on, any quantity with % as super-script represent a
covector. Essentially, the duality defined above is an identity metric on the tangent space of R3.
Therefore, we can identify (R3)* = R3 via the Euclidean dot product. Similarly, we realize that
R* = R. However, to avoid confusion, we maintain our nomenclature of using * as super-script
representing an element of dual space. Therefore, if v* € R* (with v* = v) and u € R, the duality

{(-])r : R* x R —> R by means of product as,
W uyp = v (u) = vu (8.2)

We define so(3)* = TI"‘3S0(3) as the cotangent space to so(3) such that for A" = AijE;k(X)E;‘T € so(3)*

and B = E,-jEi ® E; € so(3), we define the duality (:|-)s,3) : s0(3)" X s0(3) — R as follows,

A

(A'|B)oryy = A" (B) = 54 B = SAyBy = AB. (8.3)

N | —

1
2
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Here, A = A;;E; ® E; € TpSO(3) is the tangent vector dual to A*. Since A and B are skew-
symmetric, let A and B represent the associated axial vectors. Using the duality defined above,

we can rewrite the metric ||log (Q(0)) || defined in Eq. (1.18) as

Itog (Q(®) Il =/ (#7) . (8:4)

Let Ag = QA e TpSO(3) and By = 0.B e TpSO(3) be obtained by left translating
the quantities A and B. We note that the quantities Ag and Bg are not skew-symmetric. For

%

the cotangent vector A o € TéSO(3), dual to the tangent vector Ag, we define the duality

<.|.>TQSO(3) : T§S0(3) X TQSO(3) — R as,

<AQ B

We also observe the left-invariant nature of the metric (or duality) discussed in Eq. (8.3) and (8.5)

. 1
= AQ (BQ) = EAQ . BQ. (8.5)

Q>TQ50(3)

such that

A% |B > :<21* B) . 8.6
< o|”¢ TpSO(3) s0(3) (8.6)

Similarly, the duality associated with 7, C and TC is given by:

CPrec = Clore + (P rpsoe) + v (8.7
We note that the dualities discussed above are commutative in the sense that

*

=(B,|A
Q>TQSO(3) <Q

<A*Q B and (v*|u)ps = (u*|v)ps. (8.8)

This brings us to the definition of cotangent bundle 7*C dual to 7*C associated with the

Q>TQSO(3)

configuration C. For < T;C and ® € C, we have,
T*C:= {(®,®)|® € C,® € T;C}. (8.9)

The TC gives the state space and 7°C gives the phase space. For simplicity, we assume

displacement prescribed boundary and no external force for the analysis in the coming sections.
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8.3 The Lagrangian and Hamiltonian

Usually, the Lagrangian is defined as L : TC — R. The Hamiltonian H : 7"C — R
is obtained by means of Legendre transformation of Lagrangian via the change of variables
(®,®) — (®,®"). However, the kinematics of the beam at hand not only depends on the
configuration space but also on the spatial (with respect to &) derivatives of (¢, @, p). Therefore,
we take a more general approach to obtain Hamiltonian from the Lagrangian. We start with
defining the Lagrangian in terms of passive and active coordinates. The coordinates that takes part

in Legendre transformation are called as active coordinates (refer to chapter 6 of Lanczos [121]).

Definition 8.1: Let the set q and a define the field of passive and active variables respectively

with q and a being their respective material forms. These sets are given by:

1= (9.0, p. & & Q.05 Q05K Q% Q.I%. dgp. I p):
El = {QT-SD’ 13’ )2 59 Ea 8515’ a‘flf’ agli’ 0§1E’ aflp’ 8§IP}9
a = {0;p, w, O;p, 5:49, 5z’<» Q-al(aflf)’ Q.@t(ﬁéf), 0;(35117)};

1={Q".0¢, @, dp, 8, 0K, 8,(0:%). 0,(9; %), ,(9,p)}.

(8.10)

We note that (q1,q92,93) € C and (aj,az9,03) € TeC, where axg = G,.Q. Finally, we define
o =0".4,.0.

Definition 8.2: The Lagrangian L : (q; a) — R associated with the beam is defined as
L = T(a) — Ustrain(a)- (8.11)

Here, T and Ug,in gives the kinetic energy and strain energy stored in the system respectively. T

can be obtained using the result (7.107) as

1L 1 ES
T= O:R.O;R dQy = — a;. ]I,'Cll' dé = = E,-. H,-Ei dé. 8.12
/Qopott 02/02(>§1 Z/O;(wl (8.12)

i=1
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Here,

= [ ety L
Is = /B 0 po(L! )Ly d%Bo;
Is = /% 0 po<Lg§1K>T.Lg§IK dBy;
= [ ol L d%

Ig = LY LY a9,
= [ oty 2

(8.13a)

(8.13b)

(8.13c)

(8.13d)

(8.13e)

(8.13f)

(8.13g)

(8.13h)

Define the material quantity I = QT.]I,-.Q. Fori € {1,3,8}, we have I, = I.. Also observe that I,

is dependent on (p, €1, K, Og, K, (9; k). For pg = constant, we have

I = po / dBy = ppA, where A = Area of cross section By;
Bo

I = po / Plp dBy = pol, where I = spatial moment of inertia matrix ;
Bo

Iz = po / ‘1’12 dBy = poZ, where E = warping constant of Vlasov.
Bo

(8.14a)

(8.14b)

(8.14¢)

The strong form of equations obtained in section 7.6 can be obtained by stationarizing the action

provided du(t;) = du(ty) = 0, such that (refer section 6 of Chadha and Todd [53])

15}
6/ Ldr=0.
4]

(8.15)

To obtain canonical coordinates using Legendre transformation, we assume each a; as

independent quantities and we note the following result that can be easily proved using the chain

rule.
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Proposition 8.1: For a function of form g(a;) = g(Q.q;) fori € {1,2,4,5,6,7} and a function of

form f(axg) = 7(6}), the following are true:

dg . 0g.
a0, = ¥ (8.16a)
of _ oo (8.16b)
aazQ day

Definition 8.3: Define the set p of canonical momentum coordinates corresponding to the active

variable set a obtained by Legendre transformation F as,

oL
]F]L(ai) =P = 8& % (817)

Using the fact that I is symmetric, and the result in proposition 8.1, we get p; = [;a; (Einstein
summation is suppressed). Let p represent the material form of canonical momentum coordinates.
We note that the kinetic energy depends on the first component of d;€ and on the second and third
components of d;k, 9;(0g k) and, 6;(8; k). We assume that the canonical momentum coordinate
for all the zero active coordinates (for example, d,x; = 0) is zero, for example p4 = (L” 0,1,0,0)"
and p4 = Q.(L11 0,€1,0,0)". As such, the non-zero active coordinates can then be uniquely defined
as a function of their corresponding canonical coordinate and vice-versa. This is equivalent to the
fact that if the active coordinate consists of non-zero terms only, then the determinant of Hessian

of the Lagrangian with respect to the active coordinate is non-zero. Using the result (8.16b), we

get the following: _ _
o - 0 -
0% = (ho) = Tf = (ho);
2 . day (8.18)
= - = . i w .
P20 Farg 0.(hw)

Definition 8.4: The Hamiltonian H : (q,p*) — R is defined in terms of canonical coordinates as

L8 L
H = / D piadé L= / H(q,p) d&1 = T(p) + Ustrain(q) = Total energy.  (8.19)
0 ‘I 0
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Here H(q,p) is energy per unit arc length or energy density.

Definition 8.5: Define the inverse Legendre transformation F~! as

OH OH

F'H(p) = o; = 9
) =a “on  on

(8.20)

8.4 Canonical bracket

Poisson brackets are defined on phase space. The definition of Poisson’s bracket consist of
mix of partial derivatives of functional of form f(q;p) (example of such function is Hamiltonian)
with respect to parameters defining configuration space (¢, @,p) = (q1,02,q3) and parameters
defining cotangent space (p1, P29, p3). Therefore, in order to state Poisson bracket on 7°C, we
first define partial functional derivatives of such functional (we consider Hamiltonian as the
functional of interest). Refer to appendix A of Engel et al. [122] for detailed discussion on

funtional derivatives.

Definition 8.6: The varied passive and canonical variables is defined as q;e = q; + €dq; and

Pie = P; + €6p;. We have g = {0;e} and pe = {p;e} such that prge = @.Pac = Q.(Q7 -p2c).

Definition 8.7: For a pure displacement boundary, following are the partial functional derivative

%‘: of Hamiltonian (density) H(q; p) with respect to parameters defining cotangent space (p1, P29, P3)

A
oy

as:

d
d—H(q; (P1e-P1))
€

5p1> dé = / —5131 dé (8.21a)
R3

d SH * 1 oH

—H(q; (206, 01))| = / < ) > dé = = / : 8pap dé (8.21b)

de g™t =0 Jo \0Pyg ¢ TpSO(3) 2 Jo 5P2Q ¢

d LISH* L sH

d—H(q;(pse,m)) = / <5— 6p3> dé; = / —.0p3 d& (8.21¢)
€ =0 Jo \0P3 R 0 OP3
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Like the result in Eq. (8.16b), we have:

oH O0H

—=0.—. (8.22)
oMo n,

Remark 8.1: This result holds because, p; for i # 2 does not have any functional dependence
on p,. However, the elements of q and p do have dependence on the spatial and time derivatives
of (q1,02,03). To define partial functional derivatives of H with respect to (g1, q,q3), we treat
the pairs (a1,p1), (92, P20) and (a3, 3) as independent quantities. This is crucial as it allows us to
operate on cotangent bundle. As a result, even though, for example, d,¢ is functionally dependent
on ¢, the corresponding canonical quantity p; is considered to be independent of ¢. On the
other hand, the direct dependence of p, on g3 is consider while evaluating %. We also note that
since (q1, g2, q3) defines the configuration space, we do not consider p; for i > 3 to be functionally
independent on the configuration space. As was pointed in section 3 of Simo et al. [116], defining
the functional derivative of H(q;p) with respect to parameters on configuration space requires
some caution. This is because the cotangent bundle is not a simple product space. Accordingly
definition 5 can be written as:

oH

P_lH(pi) = ai = 5_ (823)
Pi

Definition 8.8:  For a change q; — q;c = q; + €dq; (withi € 1,2,3), let p(g,.) = {Pj(,0)} and qj(q;,)

(for j # 1,2,3) define the associated canonical and passive quantities respectively.

Definition 8.9: For a pure displacement boundary, the partial functional derivatives % of

Hamiltonian density H(q; p) with respect to parameters defining cotangent space (q1,q,q3) are

_ L SH*
s
~ L SH*
A

given as:

d
&H((Qlea Qi(qle)); p(ﬂls))

L

oH

5q1> d§1=/ 6—.590 d{fl (8.243)
R3 0 ("4

d 1 [Y6H
—H((%26, %i(g0))3 Plaze)) a2 dé = —/ — 1 00Q dé& (8.24b)
de ToSO(3) 0

2 )y 50
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d LisH* LsH
—H((a3e, a; ; = — |0 dé = —.0p dé. 8.24
i (936> Gi(a30))3 P(qae)) » ‘/0 < 50 113>R &) /0 op p dé (8.24¢)
Proposition 8.2: The following holds:
dpr o
E =¥y (825&)
dp>
— =9 8.25b
5 - S ( )
dps d2p ’ d2p
— = —. Y dBy =I3— = §p1. 8.25
T po¥y dBo =15 Bpl (8.25¢)

Proof: Proof of proposition 8.2 follows from a straightforward calculation and application

of chain rule. We leave proving (8.25a) and (8.25c) to the readers. Realizing 4,1, = 05 and

dw = dd—“t’ —wWXw= %—“t’, we can prove the result (8.25b) as

@ _ dﬂz.a)
dt — dt

) d
= G(h.w)+wxh.o = ﬂz.d—‘: toxbh.o=g,. (8.26)

Hence proved. O

Proposition 8.4: With the definition of Hamiltonian and its partial functional derivatives in

equation set (8.19) and (8.24) respectively, the following holds true:

oH

6_q1 = _((g(p + 8“/,) (8273.)
oH T r T = T

@ =-Q0.(€, +§,), where €, = Q' .€, and §, = Q' .G, (8.27b)
oH

5—q3 = —(@p + g'p) (8270)
oH

o —(€Cy +8a) (8.27d)

Proof: Recall remark 8.1, that stated the need to consider (q;, p;) as independent quantities while
considering partial functional derivative of H with respect to q1,q2¢,93. Keeping that in mind, for

the curve € : ® — ® + 6P (keeping the respective canonical coordinates fixed), the variation of
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Hamiltonian in the direction of 6® is given as,
oH*

oH*
5C[1> + <— 6q2> + <—
Ry \0W@ Tps0(3) \00

Since strain energy does not have any dependence on the canonical quantities p, we have

oH*

L
SH) (515m0. =ﬁd=/<—
({p1.p2g,P3 }=fixed) o \dar

6C[3> df] . (828)
R

L
6Ustrain|({p1,p2Q,p3}:ﬁxed) = OUstrain = / afl ( - N, + 651 ma,fle) : 650 dfl
0
L
+ /0 (%, — 0, N, p + 0;19?02110).6]9 déy
L
+ /0 (afl ( - Ry + a‘fl m(?glk N agl m@élk + 8;1 maglk) - 8§1¢.(ﬁt8 - afl maéﬂs)) o dé:l
(8.29)
Substituting for the expression of velocity vector in Eq. (7.107) into Eq. (8.12) and carrying out
integration by parts yields

L
6T = / (% (=&~ 068s) + 6p-( = Bp — 95,0, p)
; (8.30)

oa - (_8'0' - afl‘;b-g's - 6§1 ((‘}K - 5518‘6&" + 5’5213821'()))) d‘fl'

However, the terms — fOL (6¢.3¢ +6a.Fq +6p.5p) d&) are obtained by considering the terms
Op =qa; = JI]_lpl, w=a0=0[ ', and op =a3 = I[glp3 to be functionally dependent on the

configuration space. Therefore, we can obtain 6'T|({p, p,g.n3}=fixed) Dy ignoring these terms, yielding

L
6T|({D1,D2Q,Ds}=ﬁxed) = ./0' 690( - 85138) + (5p.( - 5317 + &71 - afl 8(9,5117)

(8.31)
60.( = 069 B — 0 B — e« + 9280z )))) d.
From the definition of Hamiltonian in Eq. (8.19), we have
OH (o) pag.3}=fixed) = OTl({py,pa0.03}=fixed) + O Ustrain({py.pag.ps}=fixed)- (8.32)

We use the expression of 6Ugyain Eq. (7.97) and the results in Eq. set (7.105) to obtain:

L
OH|({p) 9203} =fixed) = —/0 (€p +8p)0a + (€o +§q).0a + (€, + Fp1).0p dé; (8.33)
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Eq. (8.28) and (8.32) proves the results (8.27a) and (8.27¢). To prove (8.27b), we consider

(€ + o). 00 = (Co +Fy).0T = (Cy +F).00 = <Q.(@a + ﬁ,)‘ag}T o0 (8.34)
o

This proves the result (8.27b). Using chain rule, like Eq. (8.22), we have

OH oH
—=0.—; (8.35a)
P20 50>
oH oH
—=0.—. (8.35b)
oM oD
Since faz € so(3), we realize that % = (%). Using the result obtained above and in (8.27b), we
2
have:
oH =~ = oH - = oH
= = (@a' + %a) - = = _(@a' +3a’) = —— = _(@a + 8‘(1)- (836)
5}32 (5}32 5D2

This completes the proof of proposition 8.4. 0O

Note that a more direct approach towards obtaining partial functional derivatives of
Hamiltonian with respect to configuration space is by considering a general function H =
fOL H(q,p) d¢) and obtaining 6H|((p, p,g.ps}=fixed) by carrying integration by parts of all functionally
dependent quantities (keeping (p1,p20,p3) fixed) to obtain result of form (8.28). Such proof
would require defining strain energy in an integral form using for example, a free-energy function
characterizing hyperelastic response. Readers are recommended to refer section 5 of Simo et al.

[116] that deploys this approach for beam with rigid cross-section.

Corollary 8.1: Proposition 8.3 and 8.4 along with the strong form of equilibrium equation

stated section 7.6.3.1 yields:

dpl oH

— = —— 8.37
dr oqy ( 2)
dp, oH

— = —— 8.37b
dt o ( )
dp3 oH

—_— = 8.37
dr 003 ( 2
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The equation set (8.37) along with the inverse Legendre transformation (8.23) gives Hamiltonian
equation of motion. Note that there are 7 equations constituting the strong form (3 for linear
momentum conservation, 3 for angular momentum conservation and 1 for the balance of bi-
moment and bi-shear), where as, there are 14 equations constituting Hamiltonian form. This

brings us to the definition of Poisson bracket. O

Definition 8.10 : Consider (®, ®) € T*C suchthat ® = {q;, 0,93} € Cand @ = {pj,p;Q, pi} €
T4C. For the functions of form F,G : T*C — R or F,G € {(T*C), such that F(®, D) =
S £(@,®) déy and G(®@,®) = [ g(®,®) dé, the Poisson bracket {.,.} : {(T*C)xf(T*C) — R

is defined as:

9g7of
trGr= -/<5(I) 5‘D>T¢C < ‘I)>
wor= [ ({55 1) <— ) < o o~ 0 o)
0q1 |0p1[rs  \Oai |OP 00 0120 [ 7,503 1992 [9P20/7,50(3)
({8 ssl, - >)
op3 003 op3 |643
Lof og  og 6f 1 og o6g  of
F,G} = — = - = dé + = Sl Al
{F.G} 0 0@ 6p1 e P t 2 5Q opg  6Q  pyg 4
0
[P s r
0 6p 5133 5]7 6p3
(8.38)

Theorem 8.1: The following are equivalent
1. The strong form of equilibrium equations (€, = 0,,€, = 0,€, = 0);
2. Hamilton’s principle of stationary action defined by Eq. (8.15);

3. The Hamiltonian equation of motion given by equation set (8.23) and (8.37);
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4. Hamiltonian equation in their Poisson bracket formulation given by % = {F,H} for all

F=['fdé ei(T"0).

Proof: We had used the strong form (statement 1) to establish Hamiltonian equation (statement
3) in corollary 8.1. We can obtain strong form of equation using by stationarizing the action as
indicated in Eq. (8.15) and substituting for the expression of virtual kinetic energy and virtual

strain energy in (8.30) and (7.97) respectively. We prove statement 4. By chain rule, we have

L
E:/O (ﬁ 35+ Q) + 2T ) (‘” do, Of de2, OF 903} g, (5.39)

dr 5q1'a1 oqs 3 opp dt  Spp dr  Om3 dr

Using Hamiltonian equations (8.23) and (8.37), the equation above simplifies to % = {F,H},

thereby proving theorem 8.1. O

Remark 8.2: The Poisson bracket defined in (8.38) satisfies the following properties: anti-
commutativity, bilinearity, Leibniz’s rule and Jacobi identity. Refer chapter on canonical
transformation in Goldstein et al. [123]. Using anti-commutative property, we arrive at energy
conservation law as & = {HLH} =0 = d—HjI = 0. This is true because the energy density H (or
the total energy H and the Lagrangian L) does not have explicit time dependence, thereby implying
time invariant symmetry. Thus, the equations derived in the last section are for scleronomic
system. However, if we consider time dependent external forces (for example, non-conservative
forces like follower loads) and damping, it would imply the presence of unaccounted source of
energy, such that 5= 6H # 0. Therefore, the general Poisson bracket form of equilibrium equation is
‘é—f ={F,H} + %—f. Lastly, we note that for infinitesimal motion considered on phase space and

using Hamiltonian form of equations, we have

(1) = D1 _0)+z—] - @ _0)+r%

t=0

(8.40)

(I)(t)—(I)(t—O)+t—‘ — D =0)—1 m‘_o'
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Thus, (g%, —%) can be thought as two component of tangent vector to the curve representing

time evolution of the system on phase space at ¢ = 0. Therefore, we can consider time evolution
as a canonical transformation on coordinates (®(¢ = 0), ®(t = 0)) — (®(z), (1)) generated by

Hamiltonian.

8.5 Summary

This chapter dealt with the Hamiltonian structure of geometrically-exact beams with
enhanced kinematics. The phase space and the associated duality (or metric) are defined. The
Hamiltonian is obtained from Lagrangian via change of coordinates from state space to phase
space carried by means of Legendre transformation. The Hamiltonian form of equations are
obtained, Poisson bracket formulation is described and the equivalence between various forms of
balance laws are stated.

The discussion carried out in this chapter is planned to be published in a journal titled:
“Mathematical theory of a higher-order geometrically-exact beam with a deforming cross-section”.

The dissertation author is the primary investigator and author of this paper.
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Chapter 9

Multi-Axial Linear Constitutive Law for

Small Strain

9.1 Introduction

In this chapter, the time- and rate-independent, multi-axial linear constitutive relations
restricted to large deformation but small strain assumption is considered. We first establish the
relationship between the material form of first Piola-Kirchhoff stress tensor S and the material
form of the symmetric part of the strain tensor H using the linear constitutive law for isotropic
Saint-Venant/Kirchhoff material. Finally, the reduced constitutive law pertaining to the single-
manifold beam model is developed that relates the reduced internal forces % with the conjugate

strain vector €.

9.2 Saint-Venant/Kirchhoff constitutive law for small strains

In this section, we define the multi-axial linearly elastic constitutive law considering

large deformation but small strain. Recall, the expression of material form of deformation
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gradient tensor in Eq. (7.4b): F = I3 + H. The small strain assumption is imposed by assuming

O(e)

|H|| = O(e) for a small parameter € > 0 such that lim_, = = constant. Keeping this in mind,

we can linearize the material deformation gradient tensor about I3, such that,

_ oOF _
Fo=Iy+——| e+ O(€®) = I3 + €H + O(€?). 9.1)
e=0

The spatial form can be obtained by linearizing F about Q, or simply by left translation of F . as:
F.=0Q+eH +0(e%). 9.2)

It is advantageous to postulate linear isotropic constitutive law (Saint-Venant/Kirchhoft material)
by relating the linear part of second PK stress tensor T' = T;;E; ® E; with the linear part of the
corresponding strain conjugate: Lagrangian strain tensor (Symmetric) E = E;;E; ® E;. This is

because of the material nature of these quantities. We have (refer to Marsden et al. [60]):

T = 2GE + Atrace(E);
(9.3)

Tij = (G(6ik0j1 + 6510 k) + A6;j0k1)Ery = (2G6i0j1 + A6;0k1)Ery-

Here, G and A = are the Lamé’s constant. The quantities G and E represents shear and

Ey
(1+v)(1-2v)

Young’s modulus respectively.
Proposition 9.1:  Up to order O(e), the following holds: § = T and E = %(H +H )=H .

Proof: For small strain, we assume the Lagrangian strain tensor of order O(e); that’s saying

E. = €E. Using the relationship between E and F, and the result in Eq. (9.1), we have:
1 7 1 -1 —
E. = E(FE.FE—I3): E(FE'FS_I3)' 9.4
From Eq. (9.1), we have:

F.=I:+€H +O0(e); (9.52)
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F . Fo=I:+€eH+eH +0(E); (9.5b)

det(F) = det(Q + eH + O(€?)) = 1 + e.det(H) + O(€?). (9.5¢)

Using the results (9.4) and (9.5), up to order O(¢), we get:

Ec=cy(H+H)=cl'

2 9.6)
E=H

To prove S=T up to order O(e), we start with the Cauchy stress tensor o, which for

small strain is of order O(¢), implying o = €o. Recall the relationship of S and T with o (refer

to Lai et al. [118]):
S =det(F).F'.o.FT;

9.7)
T =det(F).oc.FT.
Using (9.1), we have
F. =Ii+eH @ +0(); (9.82)
F. =0T +eH ™ + 0(éd), (9.8b)
det(F) = det(Q + eH + O(€?)) = 1 + e.det(H) + O(€?). (9.8¢)

Therefore, using Eq. (9.7) and equation set (9.8), we arrive at the following for small strain case:

S.=€S =€(Q".0.0);
9.9
T:=¢€T =€(0d.0Q).
From Eq. (9.9), up to order O(¢), we get S = T. Hence proved. O
This brings us to the definition of constitutive relation in terms of S and ES. Using Eq.
(9.3) and the proposition 9.1, we have:
= —S —S
S =2GH + A.trace (H ) ;
s (9.10)
Sl'j = (2G5ik5jl + /l(sijékl)Hkl-
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The definition of symmetric matrix ES yields:

—s 1 = - 1 - =
H :E(ﬁi®Ei+Ei®/li):E(ﬂij"'ﬂji)Ei@Ej-

©.11)

Using the constitutive law given by (9.10) and the expression of ﬁil in Eq. (9.11), we express the

material form of stress vector S; in terms of material form of strain vectors A; as:

c

S1 Cyy Cp Cill|A

Sy =|Ca Cax Casl |23

S3 (31 Cxn Cs3| (A3
&=C2.
In spatial form, the stress vectors can be related to the spatial strain vectors as follows
e=C28;
C=0,C.0;
3 . . 3 .
The matrices C;; are constant material matrix and are defined below.

0 0 40

A 0 0 2
Ci=0 G 0|; Co=|G 0 0|: Cz=|0 0 0:
00 G 000 G 0 0
G 0 G 0 0 0 0
Ca=|1 0 0[; Cn=]|0 1 0|; C3=0 0 A:
000 00G 0 G 0
0 0 0 0 0 G 0 0
Cii=10 0 0|; C2=00 0 G|: Cz=|0 G 0.
100 010 0 1
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Here, 1 = 2G + A. The spatial constitutive matrix is given as:

Cii Cpnn Cp3
C=|Cy Cyp Cxn|=05C.0% where C;j = Q.C;;.Q". (9.15)
C;1 Cx»n Cx3

9.3 Reduced constitutive law

The goal is to obtain a linear relationship between the internal force vector % with the
vector €. We ignore terms of O(e?) in the expression of A;. To start with, we make use of following
two observation to redefine the internal force vector for first order strain:

First, we realize that except for Zf", all the other Z?’) are independent of any strain

measurements. Realizing S| — O(e), we have

( / Vs, d%o) - e. / 7181 dB + 0(). 9.16)
By € By
Therefore, from here on Zii = ?IT Secondly, we note that the M-matrix are of order O(e).
Therefore,
j M).S) dBy —> O(€?). 9.17)
0

Using Eq. (9.16) and (9.17), we redefine the material form of reduced forces, initially defined in
Eq. (7.65) as: M = f%o ZTE dB,, where L is defined in Eq. (7.12) with Zii = ?{ Using Eq.

(9.12) and the relation given in Eq. (7.7a) we have:

el

- / 08 dn, - / L CLedy, = ( / L' CL d%o) €=CE. (9.18)
By By Bo

The symmetric matrix € relates the reduced force vectors with the finite strains and their derivatives.

The constitutive matrix € is defined below. The spatial form can be written as € = A.€.A”.
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¢ matrix and definitions of some constants

|
Il
e
@
e
i
[\®)
e
i
(98]
e
wn
B

We define the following:-
A1=2G + 4
c1 = 42(G + Q) - 4va;
e = —Av + 2v3(G + A);
c3 = 91V — 64y + 9Gv2;
Cc4 = 32 +3Gv? — Av;
cs =+ ¢+ co;
ce = A+cp;

o= [ £d8By; Ly= [ & dBy;
By By

Grad¥; = 6§2TiE2 + a§3TiE3.

In = -

251

Bo

&&3 dBy;

I = I + I33.

(9.19)

(9.20)



Matrices associated with the reduced force ﬁsz

The reduced force vector ﬁg can be written as,

ﬁs = 611.5+€12.6§1§+@13.E+€14.8§1E+€15.0§1E+@16.6§IE+19.617 + aglp.élg + 6§1p.€19.

(9.21)
Here:
(/i + Cl)A 0 0
€ = 0 GA 0 |; €pn=C€;=0s;
0 0 GA
0 0 0
614 — |10 =Gvlxy + G/ 052‘112 dBy Gviz+ G/ 852‘113 dEB() :
By By
0 -Gvip + G/ (953\112 dBy —-Gviy + G/ (9‘_,53\1’3 dBy
L By By |
A+c1) | P, dBy A+c)) [ P3dB
O By By
— +C / Grad‘I’z.Fl dEBo +C Grad¥; .71 dﬁB()
€5 = By By ;
0 0 0
0 0 0
0 0 0
616 = 0 -Gv fz“Pz d%o -Gv leP:; d%o .
By By ’
0 -Gv §3‘Pz d580 -Gv §3‘I’3 d%o
L By By .
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C;=|GC
17 5

G

By

] (/i + Cl) Y de() -
O By 0
— +c Grad¥,.r| d3B —
06, W1 dBo| | E g = 2/%0 PN § e = |-G | EY1d%)
0
(953\}’1 d%o 0 -Gv 63‘1’1 d%o
| 0 L By ]

Matrices associated with the reduced force ﬁaﬁ et

The reduced force vector ﬁtaﬂ ¢ can be written as,

ﬁa‘fls = 621 .5+622.(951§+623.E+624.(951E+Ez5.6§1E+€26.621E+p.€27 + aglp.€28 + 6§]p.€29.

Here:
Gy = 0s;
0
Gy =
0
_O
G5 = 03;

(9.22)

Gv:l,; 0 0
[ 0 0 0|; €x=03
0 0 0

GV [ &(E-HdB| (-G [ &(& +¢3) dBy
%0 %O

—GV/ Grad‘Pz.Fl d%o —GV/ Grad‘P3.71 d%()
By By

0 0
0 0

0 Gv? / (E3+ &)Y, dBy Gv? / (& +£)¥5 dBy
. By By
€26 =0 0 0 ;
0 0 0
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~Gv / Grad¥;.7; d% Gv? [ (& +EDY) dBy
By

By

€y = 0 ;G =05 Gy = 0

0 0

Matrices associated with the reduced force ﬁ,(:

The reduced force vector ﬁ,( can be written as,

ﬁ,( = 631 £+ 632.651 &+ 633 K+ E34.3§1E + 635 .0§1E + 636.3§1E + p.@37 + 6§]p.€33 + aglp.€39.
(9.23)

Here:

Gy O 0 0 0 0

E31 = E32 = 05; E33» = 0 /1122 1123 + (0 GV2111 + ¢33 c3ly3 >

0 /7.[23 /7.]33 0 c3lr3 GV2]11 + c3133

—2Gv | && dBy
0 Bo (GEI. / 71 x Grad¥; d%B,
_ +GE 1. 71 X Grad‘Pz d%o By
€34 = By
0 0 0
0 0 0
0 0 0

E35 =10 63522 E::,S23 > 636 =03 with,

0 @3532 @3533

§3 (71 .Grad‘I’z) d%o;
Bo

§3(71 .Grad‘I’3) d%o;
Bo

@3522 =C5 §3‘I’2 d%o + GVZL (522 + 632).(953‘1"2 d%o + c4
0

By

63523 = Cs §3lP3 d%o + sz/23 (522 + 532).853‘1’3 d%() + C4
0

By
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@3532 = —C5 fz\Pz d%o - sz/ (622 + 532).852‘{’2 d580 - C4/ 52(71.Grad‘1’2) d%o;
By By By

€355, = —C5 / &3 dBy — Gv? / (&3 + ¢2).05, V3 dBy — ¢4 / &(r1.Grad¥3) dBy;
By By By

GEl./ 71 X Grad‘I’1 d%o 0
By B B _
€3 = 0 ;o €33 =|Cs8,|5 €39 =0y with,
0 6383

Cg, =c5 [ &P dBy + GV? / (&5 +€3).051 dBy + s [ &(F1.Grad¥)) dBo;
By By By

6383 = —Cs5 fg\Pl d%o - GVZ/ (622 + 532).652‘111 d%o —C4 §2(71.Grad‘1’1) d%o.
By By By

Matrices associated with the reduced force ﬁaﬂ «s

The reduced force vector ﬁafl « can be written as,

ﬁaﬁ" = 641 .§+642.05154-643.E-I-644.851E+E45.8§1E+€46.5§1E+p.€47 + aglp.ag;g + 8§1p.€49.
(9.24)

Here:

— T = T = =T
Ca=Cy; Cp=Cy Cu=0Cy

0 O 0
Cuy=|0 Ty, Cuyy|:  Cus =03 where,

0 64432 64433

Cas,, =GV? / (& +8)dBy+2Gy | 6E.05Y2 - &.052 dBy
%0 %O

+G [ ||Grad¥,|> dBo;
Bo
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@4423 = 624432 :GVZ/ fzfg(fzz - §32) dEBo + G/ 653\P2.6§3\P3 + 8&‘1’2.6&‘}’3 d%o
By

0

+ GV/QS (£5.05, Y2 + £263.05W2) + (£263.05, V3 — £3.0,V3) dDBy;
0
64433 =GV2/SB 522(622 + 63?) dBy + ZGV/B 6263.853\1’3 + 622.652\113 d3B
0 Bo

+G [ ||Grad¥s|> dBo;
By

0 O 0
E46 =10 €4622 €4623 with,

0 64632 64733

@4622 = —GV2 §3(§22 - .532)\1’2 d%o - Gv ‘I’z(?l .Grad‘Pz) dEBo;
%0 %0

Cuoy = —GV? | &(£3 - EW3dBy — Gv | W3(r1.Grad¥,) dBy;
By By

Ty, = GV / &(& + &) dB) - Gy / W,(r1.Grad'¥3) dBo;
By By

@4633 = —GVZ/93 fz(-f% + 532)\1’3 d%o - Gv % ‘P3(71.Grad‘1’3) d%o;
0 0

0 0
€y =Ty, | Cus=01; Cyo = |Gy, | Where,
Cy7, Cu,

@472 =Gv 6253.3,52\1’1 - 532.853‘111 dEBQ + G/ 3,53\}’1.853‘{’2 + 5&\}’1.6&‘1’2 d%();
By By

@473 =Gy fz(Fl.Grad‘I’l) d%o + G/ 3@‘1’1.8@‘1’3 + 5§2‘P1.5§2‘P3 dEB();
By By

and

€9, = -Gv | P1(F1.Grad¥,) dBy - Gv* [ &(& - &)W dBo;
By By

@493 = -Gy \Ill(Fl.Gl‘ale3) dEBo - GVZ/ fg(fzz + 532)\1’1 d%o.
%0 %0
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Matrices associated with the reduced force % 82
S1

The reduced force vector ﬁaﬁ « can be written as,

ﬁaflk = 651 .§+652.8&§+E53.E+E54.6§1E+E55.6§1E+€56.621E+p.€57 + aflp.€58 + 6§1p.€59.
(9.25)

Here:

L —
Cs1=C155 C5n=Cy5; C53=0C35; €54 =0Cys;

0 0 0
€s5= [0 Tss,, Css,,| Where,
0 Cssp, Cssyy
Css,, =C6 /% P2 dBy + 2¢; /% W, (r.Grad¥,) dBy + Gv* /% £5(0,¥2)* + £3(0,2)* dBy
0 0 0
+ 2 /% £3(05,W2)* + £3(0,P2)? dBy + 2(G + )v? /% 628305, W05, V2 dByp;
0 0
Css,, = Css,, =6 . W, %5 dB + ¢ /QS W,(r;.Grad¥s) + W5 (F,.Grad¥,) dBy
0 0
+ Gv? /23 £5(0,¥2.05,W3) + £5(0s, 205, F3) dBo
0
+ 2 /% £3(0g, V2.0, W3) + &5 (05, V2.0, F3) dBo
0
+(G+ A? /B 6263.(0g, V3.0, W2 + 0z, W05, 'W3) dBy;
0

Css,, =C6 / ¥ dB) + 2c2 / ¥5(r,.Grad¥s) dBy + Gv? / £5(0¥3)* + £3(0,W5)* dBy
EBO %0 %0

+ 2 / E3(05,W3)* + £3(0,¥3)* By + 2(G + )v? / 628305, W3.0¢, W3 dByp;
By Bo
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0

Cs6=03; GCs5;=0p; Csg= Css, | 3 €s9 = 0; where,

6582 =C / ‘Pz(?] .Grad‘{’l) d%o + sz / §22(8§3 \P2.6§3 ‘P]) + 632(552\}'2.(952‘{’]) d%o
By Bo

6583 =C2 / Tg,(?] .Grad‘{’l) dBy + GV2 / fzz(a& T3.6§3 ‘I’]) + 532(652\113.(952‘{’]) d3By
By Bo

Css,

+ v /% £3(0,W2.05, 1) + £ (05, 205, 1) dBo
0

+(G + A?

5263.(853 ‘Pz.a&q”l + 6§2‘I’2.0§3‘I’1) de();
By

+ v [3 £3(0,W3.05, 1) + &0, W3.05, 1) dBo
0

+ (G + /l)v2 / 6263.(853‘113.652‘1”1 + 052‘{’3.053‘{’1) d%o.
By

Matrices associated with the reduced force % 82
S1

The reduced force vector ﬁas  can be written as,
&1

ﬁ‘% K= 661 .E+§62.6§1E+E63.E+@64.6§,E+@65.6§1E+€66.6§1E+p.567 + aé:]p.€63 + aglp.€69.

Here,

— —_T = —T — —T — —T
Co1 = 616; Cer = 626; Co3 = (536; Coy = 646§

[

66 —

0

0 Gv?

By

0 0

0 Gv? /B E+EHY;dBy GV [ (&5 + D)5
0

Bo

(&2 + W dBy Gv? : (€2 + £HY2 d%B
0 -
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0 0

G = |-GV /Qg Wo(F1.Grad¥1) dBo| . Gy = 0,; Ggo = |GV /Qg W Wa (& +£5) dBo | |
0 0

-Gv / W¥3(7;.Grad¥;) d%By Gv? / ‘Pl‘lfz(§§+§32) dBy
L By ] L By |

Matrices associated with the reduced force 3t ,:

The bi-shear ﬁp can be written as,

ﬁp = 671 -§+€72 . 8§1§+E73 -E+€74 . 6§IE+@75 -8§1E+E76 . 0§1E+p.€77 + 8§1p.€78 +6§1p.€79.
(9.27)

Here:

E71 = 617; E72 = E27; E73 = E37; 674 = 647; E75 = 657; E76 = E67;

@77 =G ||Grad‘I’1 ||2 dEBo; 678 = 0; @79 =—vG ‘I’l(Fl.Grad‘I’l) d%o.
By By
Matrices associated with the reduced force ﬁaﬂ Pt

The bi-moment ﬁafl p can be written as,

ﬁa‘flp = 681 ~§+€82-6§1§+E83 'E+Eg4 ~(9§1E+685 -a§1E+€g6.a§1E+p.€87 +6§1p.€gg +6§1p.€89.
(9.28)

Here:

E81 = E18; E82 = E28§ E83 = E38; E84 = E48§ E85 = E58; E86 = E68§ E87 = E78§

ESS :C6/ \P% d%() + 2C2 / Y (71 .Grad‘Pl) d%o + sz / §§(6§3T] )2 + §§(6§Z‘P1 )2 d%o
By By By

+ ZVZ‘/% §32(8§3\P1)2 + 522(852‘111)2 d%() + 2(G + /l)v2 ‘/Q; 52.53.653\}’1.052\{’1 d%o;
0 0
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Cgo = 0.

Matrices associated with the reduced force ﬁa{% i
1

The reduced force ﬁaé p can be written as,
1

ﬁaélp = 691 ~§+@92~8§l§+593 -E+€94~851E+€95 -5;?4—696-a;lE-l-p.@W+5§:1p.€98+5§1p.€99.

(9.29)

Co =Clg; Coo =€y Co3=0C39; Coy = Cyo;
Cos = Cs9; Qo = Co; Cg7 =C79; Cog = Cgo;

Cg9 = Gv? . (& + £3)¥5 d%y.
0

Remark 9.1: Owing to the linear elastic and small strain assumption, the matrix C and €
are symmetric. However, € matrix in the form defined above is singular. We observe that the
second and third components of ﬁaﬁ & and the first component of ﬁaﬂ “ ﬁa; . and ﬁﬁé, « are Zero.
Therefore, the 5, 6, 10, 13, and 16th rows and columns of @ are zero. However the global material

stiffness matrix obtained in next chapter is not singular.

9.4 Summary

This chapter deals with obtaining a reduced linear constitutive model for isotropic Kirchhoff
material for the single-manifold geometrically-exact beam. At a continuum level, the relationship
between the material form of first PK stress tensor S and the material form of the symmetric part
of the strain tensor H is obtained. Finally, the reduced constitutive law for a one-dimensional
beam is derived. The constitutive law described in Simo et al. [48] and [93] are recovered

considering the simplified kinematics used in those papers.
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The discussion carried out in this chapter is planned to be published in a journal titled:
“Mathematical theory of a higher-order geometrically-exact beam with a deforming cross-section”.

The dissertation author is the primary investigator and author of this paper.
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Chapter 10

Finite Element Formulation

10.1 Introduction

To numerically solve the higher-order geometrically-exact beam with enhanced kinematics,
we restrict to static case and use multi-axial linear material constitutive law valid for large
deformation but limited to small strains relating to the reduced forces to their corresponding finite
strain counterpart (presented in chapter 9). Linearization of weak form is detailed followed by
matrix formulation of the equation of motion. For simplicity, we assume displacement prescribed
boundary conditions. We update the rotation tensor in Eulerian sense using an incremental
current rotation vector. As was noted in Cardona et al. [51], this choice of updating leads to
non-symmetric geometric stiffness. We obtain and update curvature and its derivatives using the

results presented in chapter 3.
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10.2 Consistent linearization

10.2.1 Linearization of weak form

The linearized part of the functional G(®, 5®) at the configuration ® in the direction of

A®, such that ®, = D7 + eAD, is given as,
L L
G(®,0®) = 6Ugirain — OWex = /0 S® B BI% d¢) - /0 S® ' B]B3;N ;dé =0.  (10.1)

LIG(®,6®)] g pp) = G(D*,6®) + DG(®*, 50).AD. (10.2)

In the equation above, DG((I)#, 0®).AD is the Frechet differential defined by directional derivative

formula as,
dG(®,, D)

DG(®",6®).AD =
de

(10.3)

e=0

In Eq. (10.2), the term G((I)#, 0®) is responsible for the unbalanced forces, whereas the term
DG(®*,6®).A® (linear in A®) yields the tangent stiffness matrix. For simplicity, we assume

that ®* = ® and define the linear increment in the weak form AG as,

DG(®*,6®).A® = AG(®*,6®) = AG(D,5D)|_gt = AG(D,5D);

(10.4)
AG((I), 6(1)) = AdUgirain — AOWet.
10.2.2 Linearization of virtual strain energy
The expression of virtual strain energy can be written using Eq. (7.69) as,
L L .
6Ustrain = / o® B BTN d¢) = / S®" B BTAR d;. (10.5)
0 0
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Thus, the linearized virtual strain energy is obtained as,

A6Ustraini A6 Ustrain2 A(SUstrainS

ASUgrain = / " o®" B BT AAM dé) + / " S®" B BTAAM d¢) + / " S® B ABT AN d¢, .
' 0 " (10.6)
Since the process of linearization is similar to the variation, using Eq. (7.37), we get Ae =
ATB|B,A®. Using the constitutive law given in Eq. (9.18), we can obtain the linear increment

in the material internal force vector as,
A% = CA€ = €A” B, B,A®. (10.7)

Thus,

A(SUstrainl = DdUstrainl ((I), 5(I))A(I)

L L (10.8)
= /0 @' BIBTACA” B B,A® d¢| = /O @' BTBT¢B | BA® dé.
Similarly, we have AQ = A&.Q, using which, the following is obtained,
AASR = [A&.%S;A&.ﬁtaﬁs;A&.%K;A&.ﬁtaﬁk;A&.ﬁtaz GAa Ry 50;0;0]
‘ & & (10.9)
= B4AO = B,B,AD.
Here,
0; 0; 03 %, 03 03 03 03 O3
03 03 03 -9 . 05 03 03 03 0
0; 0; 05 %, 03 03 0; 03 O3
By={0; 03 03 -9y, 03 03 03 03 0 (10.10)
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Thus,

ASUgrain2 = DOUirain2(®, 6®).AD = /0 ' @' BI BT B4BrA® dé. (10.11)
Finally, to derive the expression of AdUsgi,in3, wWe consider the following results:
Ak = Adg, @ — k. Aa;
Aog,k = ADZ @ + R.Ad; @ — 05 R Aa; (10.12)
AO; k = AD} @ — R.AD; @ — 205, R. A, — B R Aa.
For 21, Be so(3) with their corresponding axial vectors A,B € R3 and the vector v € R3, we note
the following identities:

(10.13)

Using results in Eq. (10.12) and (10.13) along with the expression of B{ in Eq. (7.38), we obtain
AB{&R = B5A® = BsB,A®. (10.14)

The matrix Bj5 is defined as follows,

0; 03 03 03 03 03 03 03 03
0; 03 03 Bs, Bs,, 03 03 03 03

Bs = |05 Bs, 03 Bs, Bs., Bs, Bs, 0; 03 (10.15)
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Therefore, we have,
L
ASUirain3 = DO Ugrain3 (@, 6®).AD = / ®" BIBsB,A® dé. (10.16)
0
Finally, if B¢ = Bs + B .B4, we define:

L
A6Ustrain23 = A0Ustrain2 + A6Ustrainz = D5Ustrain23(q)’ 5(1))-A(I) = / 5(I)TB§B6BZA(I) dé:l-
0
(10.17)
Therefore, from Eq. (10.6), (10.8) and (10.17), we get,

L L
AS6Ugrain = / §®"BYB] €B|B,A® d¢) + / @' BI BB, A® dé. (10.18)
0 0

The term AdUg,in1 leads to the symmetric material stiffness matrix whereas, the term AdUjrain23

yields geometric stiffness matrix (not necessarily symmetric).

10.2.3 Linearization of virtual external work done

From the expression of virtual external work, we have:

A(vaextl A(Sweth

L L
AS Wy = / o® BYAB3N ¢ dg) + / 6®" B B3AN ¢ d¢ . (10.19)
0 0

The term AdWey arises due to geometric dependence of AOWey; whereas the term AdWeyo is
due to non-conservative nature of the external forces. We can represent AB3N y and B3AN ¢ in a

more desirable form:

AB3Nf = B7A® = B7BzA(I);
(10.20)
B3AN s = BsA® = BgBrA®.
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The matrix B7 is defined as,

—03 0z 03 03 03 03 03 03 03-
0 03 03 03 03 03 03 03 03
0z 03 03 03 03 03 03 03 03
03 B, 05 03 03 03 03 05 0
B7=10; 05 03 By, By, By, 03 0; 03 (10.21)
03 0 03 By, By, 05 03 03 03
03 03 03 03 03 03 03 03 03
0z 03 03 03 03 03 03 03 03

where,

By, =Ng; (10.22a)
By, = (No o + [k,Naz K] s RN ) &+ N ek (10.22b)
1 31 31 31 :
Bro=Np k= (Nogut |0 N5 | +28 ) (10.22¢)
S1 : s1 S1
By, =Ny (10.22d)
1
B, = 2Na§ K (10.22¢)
s1
By, = -2N 2 (10.22f)
1

The matrix Bg depends on the characteristic of external loading (for example: follower
load, pressure load, etc) and is determined on a case by case basis. Therefore, using Eq. (10.19)

and (10.20), we have:

L L
ASW ey = / ®" BIB71B,A® dé + / @' B BsB,A® dé. (10.23)
0 0
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10.2.4 Example of concentrated follower load and moment

To demonstrate treatment of concentrated and follower load, we consider a case of external
loading where we have a concentrated follower load and moment acting at & = ff, such that
Ny(&1) = Q.Nyd(& —¢F)and N o (£1) = Q.No6(&1 — £F). Here, 5(&; — &) is Dirac delta function.

We assume all the other loads constituting N  to be zero. We have,

AN 4(&1) = A&.N,.0(&1 - £ = -Ny.Aa.6(¢ - £]);

(10.24)
AN o(£1) = A&.N o.6(¢1 - €]) = ~No.Aa.5(&) - £]).
The linearized external force AN ; and the matrix Bg can then be written as,
AN ; = Bo.By.A®.5(¢) - £]);
(10.25)

Bs = B3.By.

The matrix By is given below,

By = , (10.26)
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10.3 Discretization and Galerkin form of equilibrium equa-
tion

We discretize the domain using N, elements. Any element e consist of N, number
of nodes and has length L, = &, — &}, where, &7, and &7 are the arc-length of the first
and last node of the element e, such that £7, > £ and &7 € [&] ,&],]. We approximate the
admissible incremental displacement field A® by a finite dimensional subspace that is subset of
the variationally admissible tangent space. The incremental displacement field (Ag®, Aa®, Ap®)

restricted to element e can then be interpolated by means of shape functions as:

Nen Ne" Nen
Ap¢ = IZ; NiAp§;  Aaf = IZ} NiAa§;, Ap¢ = IZ; NIApS. (10.27)

Here, Ap}, Aa§ and Apj represents the nodal incremental dispacement, vortivity and warping

amplitude at node I of element e respectively; N; is the shape-function associated with /™ node.

10.3.1 Unbalanced force vector

We first obtain the nodal internal load vector f7 ;. The approximated virtual strain energy
can be written as

16 T T
6U?tra1n = Z Z/ 5(1); B?Bi ne d‘fl

e=1 é:fa

Ne (Nen &¢

int (10.28)

Ne Nen
= oD
1

&

Ne N,

e

. :
s’ ( / " BTBS me dg
£Ta

e=1 I=1

Y
)

1ntI :

~
Il

e=1

270



The matrix B, defined below, consists of the shape-functions and its derivatives. The superscript

e on any quantity represents the restriction of that quantity on element e.

[ NI 05 0, |
(9§]N1.I3 03 01
a§1N1.13 0; 0;
03 N[I3 01
0; O Ni.I3 0 N 0 0
Br=| 05 NIy 0 |-Here, ;N Is=| 0 9Ny 0 |- (1029
0; a;N,.u 0, 0 0 N
03 8§1N1.13 0,
or or N
o7 oF 95N,
T T
0] 0] 6§IN1_

In order to define incremental load steps necessary for numerical formulation, we first

define the load coefficient X € [0, 1] with N ¢(X) = XN so, such that:

L
SWext(X) = X6Weyo = X / S®" BYB3N 4 dé). (10.30)
0

The approximated virtual external work is obtained as:

:xtOI
Ne Nep - ffh Ne Nen T
h T e
SWh = Z 5D (/ B B3N, dgl) - Z Zaqﬁ FEor 1031)
e=1 I=1 §la e=1 I=1 :
Ne Nen T
SWe(X) = D 3" 605 £&,,(X); where £&,,(X) = Xf& ;.
e=1 I=1

The expression of internal and external force vectors: f; , and f¢ ,(X) are defined below,

é:leb T
e _ T pe e _ . .
it/ = /e By By W dér = | flu: fius iz (10.32)

la
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Here,

&
Jiunn = /§e (c')glN](!Rf; + k'mggls) +9 Nlmag s) dér;

la

(10.33)

&7y
N 2 A " A
fire;tlz = ‘/;e (NI (_afl‘p‘mg - (6&9" + afl‘P'K) 'mggls) + alel'(mi - aflsa'mggls + K'mgé‘lk

la

+ (R.R + O, R).

A N A A 2 A A A A e
% + (R0, R + 205 R.R + Oz R + R.R.R).D flk)

2 ~ A A A 3 A
+ a&N,(mgﬁK + 2K.m2§1’< +3(kR.R + 6§1K).£R221K) + ale,(mgéK + 3K.mg§1K)

+ 84 N, ) dé;.

313
s = /-f (Nl-inf7 + O, N1.5Re ot 62 NN ) dé;.
: 1

°la

Similarly,

&1
_ T
fextl(%) - /e B B3N (%) dfl [ extl1? ee:xtIZ’ ce:xt13]

>la

N].N;(%) + 0§1N[.N2(%)
N (¥) - 05 @.Ne(X)) + 07 N,.Ngélk(%)

&, (
= / dé;
Ta +0g, Ni.(N (%) + K'Ngglk(%) + (R.R + (951K).N2§1K(3£)

N]N;(%) + afl N].stlp(%)

The unbalanced force vector associated with element e at node [ is defined as:

P® %) = f (P, X) = iy (D).
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10.3.2 Element tangent stiffness

The approximated form of linearized virtual strain energy defined in Eq. (10.18) is given

by:
h
A(SUstram = A5Ustra1n1 + A6Ustram23
K., K;IJ
NE Nen NEI'! 1 T T fleh T
e=1 I=1 J=I fla Sla
Ne N(’)’l Nen T
= Z o®; Ki\,AD].
e=1 I=1 J=1

Here, the element tangential stiffness matrix corresponding to internal loads K; ,,, = K7 ,, + K ; 17

intlJ —

consist of a symmetric material part K ,, and a geometric part K g ;, (not necessarily symmetric.
Similarly, the contribution to stiffness matrix due to external loads can be obtained by using Eq.

(10.23), such that the approximated linearized virtual work is obtained as:

ASW" (¥) = XASW"

ext0

e e
Kextll.l KethIJ

Ne Nen Nen

el gfb T pe gfb T pe e
5D¢ / BIBSB; dé +/ BIB{B, dé [AD) 059
e=1 I=1 J=1 3P éla '

NE Nen Nen
— e e e
- Z 6(1) KextIJA(DJ‘
e=11=1 J=1
Here, the element tangential stiffness matrix corresponding to internal loads K¢, = K¢ ,,; +

KE

ex(21J consist of two parts: the matrix K¢

oxt177 Zives contribution due to dependence of external

work on the conﬁguration of the system, assuming the force vectors are conservative; whereas,

the matrix K¢ is due to non-conservative nature of the external forces. The element stiffness

ext21J
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matrix is given as:

K{,(®°,%) = K{;,(®°) - K¢, (D, X) (10.40)
= K& (@) + K&y (@) — K& (6, %) = K&, (@, ).

10.3.3 Matrix form of linearized equation of motion and iterative solution

The unbalanced force vector and the element tangent stiffness can be assembled using
assembly operator A such that the global stiffness and global unbalanced force is obtained as:
K = A(KY));

(10.41)
P(®,X) = A(P]) = XA(f ¢0/(P)) = A(f iy (@) = X f ex0(@) = i (D).

ext0f int/

We use standard Newton Raphson’s iterative procedure. We divide the external loading
into n load steps. Let @, represents the discretized form of degrees of freedom vector at load step
n, such that A®, = ®,,| — ®,. At equilibrium state corresponding to load step n (converged
state), the unbalanced force vanishes, i.e., P(®,, X,,) = 0. Provided the n'M load step has converged,
we aim to find A®,,, such that P(®,,,.1,X,,1) = 0. At i™ iteration, we can linearize the equation

P(®,.1,%,,1) = 0 about P(®' %fﬁl), such that ®*! = (I)"+1 + A®*! and %;H = X, as:

n+1’ n+l n

(X1 —X,)=0. (10.42)
(@, %,)

n+l”

; ~ opP .1 OP
i+l l i+1
PO o) = PO %)+ 5| A0+ o

n+1”

We define the global tangent stiffness matrix (obtained in (10.41)) and obtain the following results
from Eq. (10.41),
P(®), 1, %,) = Xof oip(P}) = fin P} ):

j ap(q)n+la %n+1)
K(® %) =-
( n+1° n) 3‘I’n+1 (q);‘lﬂ,xn), (1043)
i OP(®,11,Xp41)
fextO((I)n+1) = a’; - ' .
n+1 (q;im,ggn)
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Substituting the results obtained above into the equation (10.42), we get:

K(®,, 1, %) A, = X041 f oo( @) = find @) = P(® 1, Xr1). (10.44)

n+1° n+1°

10.4 Updating the axial strain vector, curvature vector and

their derivatives

10.4.1 Updating configuration

Solving equation (10.44), yields an incremental change in configuration space due to
deformation, say A® = {A®,Aa,Ap}.The derivatives of these increments can be obtained by
using the approximation in Eq. 10.27 such that 6;31 AD(&]) = 8.?1 Ni(&5).AD°, Qg Aa‘(&)) =
(9;1 Ni(é7).Aaf and (9;1 Ap°(&)) = (9‘;’1 Nj(€7).Ap§. Let the initial and final configuration be given

as ®; = {®;, 0,,pi} and @ = {DPy, Oy, pr}, such that:

@1 =@+ Ap; Op @r =0 0 + 0 Ap (10.452)
pr=pi+Ap; O pr =0 pi+ 95 Ap (10.45b)
O = exp(A@).Q; = 0, .0, where, O, = exp(Aa). (10.45¢)

From the expressions of B; withi € {1,3,4,5,6} defined in previous sections, the following
quantities other than the configuration space itself need to be updated: 0 ¢, 0; @, K, 0 k, and
8§If< and the finite strain quantities constituting €. Once we update €, we can obtain the material

(and then spatial) form of internal force vector, eventually getting the updates B; with i € {4,5,6}.

10.4.2 Updating axial strain, curvature and its derivatives

Readers are refereed back to chapter 3 that details method for obtaining and updating the

higher-order derivatives of curvature. So far, we have obtained all the elements constituting the
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concatenated strain vector € except for € and J¢, €. These can be obtained using the definition of

axial strain vector in Eq. (4.6), such that:

£=0Q".0,p-Ey; (10.46a)
de5=0". (a;go - fc.a,;lgo) = 0" (3, 0¢, 0). (10.46b)
Using the results in Proposition 3.3, presented in chapter 3, we get ds € = QT.ggls. The co-

rotational derivative can be obtained from Eq. (10.46b) as 6}1 &g = 5,51 (0¢, ¢). Using Proposition

3.1 (that also defines the operator 551 used below) presented in chapter 3, we have the following,

0. & = 87 (05,p) = (05, — 06,)" (B, 9); (10.47a)
e = Q. (0ne) = Q" | D (1)L I | k. (10.47b)
i=0

The following section presents few numerical example concerning the formulation described so

far.

10.5 Numerical examples

We consider three numerical examples based on the formulation described in this chapter
using the constitutive model defined in chapter 9. The set of problems chosen emphasizes on a
large 3D deformation of beam/framed structure.

We realize that the weak form demands C? continuity in Aa; C' continuity in A¢ and Ap.
To maintain a global C? continuity in the incremental rotation angle, a seventh order polynomial is
required (for example: eight, seventh-order Hermite polynomials obtained by imposing Kronecker-
delta properties at the element junction; or considering seventh-order Lagrangian-polynomials on
an eight-noded element). However, concerning the computational cost and the fact that we are not
using Gauss-Lobatto quadrature (the integration points include the element end nodes), we use

fourth-order Lagrangian polynomial (committing Variational crime) as it satisfies the minimum
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requirement for the weak form to be square-integrable. Secondly, it satisfies the compatibility
requirement and yields a continuous curvature and mid-curve axial-strain vector at the element
junctions. We use a full Newton-Raphson iterative solution procedure with uniformly reduced
Gauss-Legendre quadrature to avoid shear-locking.

We consider the tolerance of 107> in the Euclidean norm of force residue ||P(®)| =
| Xf exio(®) — fin(®)|| as a measure of convergence. The numerical results, including the
deformation map and finite strains, obtained by the current formulation (referred to as Chadha-
Todd (CT) beam) are compared with the Simo-Reissener beam model (SR) described in [48], Simo
Vu-Quoc beam model (SV) discussed in [43], and Crisfield co-rotational formulation detailed in
[124]. As per the description of deformed configuration in chapter 4, the SR beam is defined by
the configuration €;; the SV beam is defined by a special case of configuration ), that considers
non-uniform St. Venant warping but ignores bending induced shear contribution to warping; the
CT beam is described by the state Q2 = Q3; and the CF beam is a special case of SR (defined by
Q) that ignores the shear deformation. We also note that SV and CT beam converges if we ignore
Poisson’s deformation and warping due to bending induced shear; SR and CF beam formulation
converges if shear deformation is ignores; and all the four beams converge if the structure is
infinitely slender.

In the following simulations, we consider rectangular cross-section with the edge dimen-
sions b X d, such that d > b. The warping function ¥ pertaining to the torsion can be obtained
using the Neumann boundary value problem defined in Eq. (4.13). There exists a closed form
solution of this differential equation for rectangular cross-section (refer to Sokolnikoff [38]) given
by:

2 X 1V inh
W (ér,&3) = xés — 8:; (=1)"sin (kné>) sinh (kné3)

2

4 (2n+ 1)’ cosh (k,b) (10.48)
_@2n+ D
=0
The Fig. 10.1a illustrates the warping function ¥, for a square cross-section with the edge

ky, for n=0,1,2,....

dimension 0.5 units obtained by solving the concerned Neumann boundary value problem.
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(a) Warping function ¥, (b) Warping function ¥, (¢) Error W1, — ¥1p

Figure 10.1: Saint Venant’s warping function for a square cross-section.

Similarly, Fig. 10.1b represents the warping function ¥, obtained using Eq. (10.48) considering
0 < n < 3. We observe from Fig. 10.1c that Eq. (10.48) with 0 < n < 3 gives an excellent
estimate of the warping function ‘¥;.

The bending induced shear warping functions are obtained in chapter 5 described in Eq.
(5.29). We consider the non-linear parts of warping functions defined in Eq. (5.29) as ¥, and 3.
This is because the uniform shear deformation of the cross-section is taken care of by the director
triad. Therefore, we have:

&

3

&

3

E
2G

E
2G

3= h = (10.49)

10.5.1 Numerical example 1: Cantilever beam subjected to conservative

concentrated end load

For simulation 1, we consider a cantilever beam with a uniform square cross-section with
edge length 0.5 units subjected to the conservative concentrated load N, = [18;5; 5] units and
N o = [120;500;200] units at end node. The beam has the material and geometric properties
as: E = 150 x 103 units, L = 10 units, G = 62.5 x 10 units and v = 0.2. The Vlasov warping
constant for this case is significantly small: @88 = 0.796.

We run the simulations considering 15 elements, fourth-order Lagrangian polynomial and
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30 load steps (implying X,,;; — X,, = %). The CT beam shows an excellent rate of convergence.

Table 4 gives the norm of force residue for the selective load step.

Table 10.1: Numerical example 1: Force residue for the load steps (5, 10, 20, 30) obtained
using the Chadha-Todd (CT) beam model

Iterations | Load step 5 Load step 10 Load step 20 Load step 30

0 1.840211 x 10T | 1.840211 x 10" | 1.840211 x 10" | 1.840211 x 10!
1 6.345199 x 102 | 6.114772 x 10%> | 1.816455x 10°> | 6.963457 x 10>
2 2.065176 x 10° | 2.282938 x 10° | 1.141781 x 10" | 1.576687 x 10°
3 2.637549 x 1072 | 1.091766 x 10~ | 4.058497 x 10° | 2.615883 x 107!
4 1.318676 x 1075 | 6.821832 x 107 | 1.037867 x 1073 | 2.640774 x 107
5 1.759103 x 10~7 | 1.817813 x 1077 | 1.127938 x 107> | 1.740689 x 10~/
6 - - 1.881784 x 1077 | —

N
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Figure 10.2: Numerical example 1: Deformed configuration.

Figure 10.2 represents the mid-curve and director triad field of the considered beam for
selective load steps respectively. The plot compares the undeformed state €y and the deformed

state obtained using SR, SV, CT, and CF beam models.
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The error e, and eg (as defined in Eq. (2.33a) and (2.36a)) of SR and SV beam relative

to the CT beam for four different load steps are plotted in the figures 10.3 and 10.4.

0.6
—load step 5 —load step 5
1 - —load step 10 —load step 10
load step 20 load step 20
= —load step 30 8’ 0.4 | —load step 30
— —~
o o
205 =
- = 0.2
0 0
0 2 4 6 8 10 0 2 4 6 8 10
&

&

(a) Error in mid-curve position vector

(b) Error in the rotation tensor field

Figure 10.3: Numerical example 1: Error in the Simo-Reissener beam relative to the Chadha-

Todd beam.
0.4
—load step 5 —load step 5
1 | —load step 10 —load step 10
load step 20 0.3 —load step 20
N —load step 30 o —load step 30
O <
8 50.2
0.1
0 0
0 2 4 6 8 10 0 2 4 6 8 10
&1

&

(a) Error in mid-curve position vector

(b) Error in the rotation tensor field

Figure 10.4: Numerical example 1: Error in the Simo Vu-Quoc beam relative to the Chadha-Todd

beam.

There is significant difference in the position vector of the mid-curve obtained using CT
beam model relative to SR, CF, and SV beams. This is primarily because the bending stiffness for

CT beam (described in Eq. (9.23)) is greater than the bending section modulus for SR, SV, and

CF beam by a factor of f = (i;iﬁij + 2(1Viv) (2_1)) > 1, such that @33” = fEI,y, where the

subscript xx is either 22 or 33 (refer to Fig. 10.8).
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Secondly, CT beam is flexible in torsion relative to the other beam models. We also observe
that the error e, increases with the arc-length &, or equivalently g% > (. This phenomenon is

very similar to the problem of dead-reckoning (also called a coning effect) in path-estimation. In

0.1 0.1
b ,’l' _____________________________ A Lo | —
0.08 Ny~ --SV: Step 5 0.08 IS s s F1: Step 5
: CT: Step 5 = ! --p: Step 5
__0.06 i --SV: Step 10 *20.06 ! %1: Step 10
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(a) p for CT and SV beam (b) p and k; for CT

Figure 10.5: Numerical example 1: Torsional curvature and warping amplitude.

Fig. 10.5a, we observe that CT and SV predicts almost the same warping amplitude p. This is
because the parameters 678, @79, 639, @99, 693, @97 are small for the considered cross-section.
We observe oscillations in the warping amplitude p near the boundary. The beam is subjected to
conservative torsional moment, leading to constant warping amplitude away from the boundary.
Since the aforementioned material constants €; ; are negligible and the cross-section is symmetric
(shear center and the centroid of the cross-section coincides), the warping amplitude p(¢)
converges with the torsional curvature field k() as depicted in Fig. 10.5b.

Figure 10.6 shows the curvatures (left column) and axial strain components (right column)
for load steps (5, 10, 20, 30) obtained using Simo-Reissener (SR), Simo Vu-Quoc (SV) and
Chadha-Todd (CT) beam models. Figure 10.7 illustrates the shear angle field for load steps
(5, 10, 20, 30) obtained using SR, SV, and CT beam models.
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Figure 10.6: Numerical example 1: Components of the material curvature vector (left column)
and the axial strain vector (right column).
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Figure 10.7: Numerical example 1: Shear angles.
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Figure 10.8: Factor f as a function of Poisson’s ratio for a square cross-section.

10.5.2 Numerical example 2: Cantilever beam subjected to pure torsion

and elongation

We consider a beam with the same geometry and material property as for example 1
discussed in section 10.5.1, except for the cross-section. For current example, we consider a
rectangular cross-section with the dimensions » = 0.5 units and d = 4b = 2 = % units. The
Vlasov constant for the considered cross-section is @gg = 1261.65. The beam is subjected to
torsion of 10000 units and an axial pull of 10000 units at the free end. This structure can not be

considered as a slender beam because the depth of the cross-section is 20% of its length. The
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goal of this example is to demonstrate the performance of the CT beam relative to SV, SR, and
CF beam when Poisson’s and warping effects are dominant. We expect a significant deviation of
CT and SV beam relative to the SR and CF beam. Like before, we consider 30 load steps, 15

elements, and fourth-order Lagrangian polynomial.

(2) Deformed state for SR and CF (b) Deformed state for SV beam  (c) Deformed state for CT beam

beam
Figure 10.9: Numerical example 2: Deformed state.
-9
15 % 10 3
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\8) L
g 8
£ £
= 0.5 = 1 —load step 5
—Iload step 10
load step 20
0 0 —load step 30
0 2 4 6 8 10 0 5 10
&1 &1
(a) Error in mid-curve position vector (b) Error in the rotation tensor field

Figure 10.10: Numerical example 2: Error in the Simo-Reissener beam relative to the Chadha-
Todd beam.
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Figure 10.11: Numerical example 2: Error in the Simo Vu-Quoc beam relative to the Chadha-
Todd beam.

Figure 10.9 represents the deformed state for SR (and CF), SV and CT beam models. We
observe a few expected results. The error in e, is negligible for SR (Fig. 10.10a) and SV (Fig.
10.11a) beams. This is because the mid-cure of the beam is effected by pure elongation. However,
as observed in figures 10.9 and 10.10b, there is significant error in rotation triad obtained for SR
and CF beam relative to CT beam (or even SV beam). Unlike example 1, we observe a notable
error in the rotation triad obtained using the SV beam model relative to the CT beam. We can infer
from figure 10.9a that the deviation of the director triad in the SR beam relative to the CT beam
(obtained at the Gauss points) increases linearly along the length of the beam. However, at first
glimpse, the triangular shape of the error plot eg (Fig. 10.10b) depicts a linear increase followed
by a decrease in the error. This observation is misleading and contradicting to our previous
inference. The wave nature of error plot eg is due to a local homeomorphism of exponential map
discussed in section 1.3.2.2. In fact, the error plot 10.10b does show continuous increase of error
since eg € [0, x].

We attribute large error in the deformation map predicted by SR beam to the fact that the
considered structure can no longer be considered slender and the deformation is significantly
effected by fully coupled Poisson’s and warping effect. The inclusion of all deformation effects in

the CT beam makes it more flexible (or less stiff).
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Figure 10.12: Numerical example 2: Axial strains.

Figure 10.12 shows the first component of the axial strain vector £, and the mid-curve
axial strain e. Since the beam is not subjected to bending and shear, £, = €3 = 0, ko = k3 = 0, and

€1 = e. As expected, we observe that all four beams have excellent agreement on the mid-curve

deformation and the axial strains.
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(b) Warping constant p

(a) Curvature «

Figure 10.13: Numerical example 2: Torsional curvature and warping amplitude.

Figure 10.13a illustrates the torsional curvature field obtained using SR, CF, SV, and CT
beam model; and Fig. 10.13b illustrates the warping amplitude obtained using SV and CT for
the load steps in the multiple of five. We make the following observations. Firstly, we observe a

significant underestimation of the torsional curvature obtained by the SR or CF beam. This is

286



2 ,‘ K1 Step 5

--p: Step 5

R1: Step 10

- - p: Step 10
Ry: Step 20

p: Step 20
m———- R1: Step 30
--p: Step 30

&1

Figure 10.14: Numerical example 2: Warping amplitude and torsional curvature for CT beam.

because the beam is no longer slender. The CT and SV beams are more flexible in torsion relative
to SR and CF beam. In case of uniform torsion, we have p = k. If T represents torsion at the end

node (here, T = 10000 units), the torsional curvature converges to a constant value for CT and SV

r = 2.306 (note that @37” < 0), whereas, the curvature for SR and CF

beam as k(L) = =——=— =
€33y, +Ca7y,

beam can be obtained as k(L) = €T = 0.456.
3311

Secondly, for the given loading, we anticipate a constant torsion field (as in SR beam), but
the torsional curvature transitions from zero to constant value in SV and CT beam. Similar is the
case with the warping amplitude. We also know that for uniform torsion, the warping amplitude
equals the torsional curvature, as observed in Fig. 10.14. The fixed boundary on the left end
implies p(0) = 0. Seemingly, the warping amplitude guides the value of torsional curvature
leading to an anomaly in the value of curvature near the boundary. Thirdly, we observe oscillations
in the torsional curvature and warping amplitude in plot 10.13. We suspect that the oscillation
in the warping amplitude is because of the dependence of bi-shear on (’)le p. Since the quantity

8; p is highly oscillatory at Gauss points it leads to oscillations in the warping amplitude. The
derivatives of warping amplitude obtained at the Gauss points recorded after the convergence of
the load step is shown in Fig. 10.15. As noted before, in the case of uniform torsion, the torsional

curvature is guided by the warping amplitude. Therefore, we observe the same oscillations in

K1(€1).
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Figure 10.15: Numerical example 2: First and second derivatives of warping amplitude at
Gauss points for CT beam.

10.5.3 Numerical example 3: 3D frame subjected to concentrated conser-
vative loads at multiple nodes

We consider a structure with the geometry depicted in figure 10.16 subjected to two
different cases of loading and cross-section. The local element frames are defined by {e;}. The
only global to local transformation that we make here is for the material matrix €. We consider

150 load steps for this example.

10.5.3.1 Casel

For case 1, we consider a moderately slender structure with the cross-sectional dimension
as b = 0.5 units and d = 5b units. We subject the structure to 3 times the load showed in figure
10.16. Figure 10.17 illustrates the deformed shape for various load-steps using CT, SV, SR, and

CF beam models. As is expected, SR and CF formulation yields a very similar deformation field.
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Figure 10.16: Numerical example 3: Geometry and load pattern.
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Figure 10.17: Numerical example 3, case 1: Deformed configuration.
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Figure 10.18: Numerical example 3, case 1: Error in the Simo-Reissener beam relative to the
Chadha-Todd beam.
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Figure 10.19: Numerical example 3, case 1: Error in the Simo Vu-Quoc beam relative to the
Chadha-Todd beam.
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Figure 10.20: Numerical example 3, case 1: The component of material curvatures k1, and k;

in global coordinates.
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Figure 10.21: Numerical example 3, case 1: The component of material curvature k3 in global

coordinates, and warping amplitude p.



Figure 10.17 and 10.18 shows the error in the mid-curve position vector and rotation triads
predicted by SR and SV beams relative to CT beam respectively. CT beam prediction is closer
to SV beam as compared to SR beam. The figure 10.19 and 10.20 compares the curvature and
warping amplitude fields interpolated linearly from their values at the Gauss points obtained by
CT, SV, and SR beam models for various load steps. The yellow plane represents the positive
plot. We note that the strain fields are in global coordinate system, for example, in local element
coordinate system, k| represents bending curvature about e, for elements 1, 2, 3, and 4, whereas it
represents torsional curvature for elements 5 and 6. Similarly, the torsional curvature for elements
1 and 2 is given by 3, for elements 3 and 4 by k> (the local and global system aligns for elements
4 and 5). A clear resemblance in the warping amplitude p can be observed with k3 for elements 1

and 2; with k, for elements 3 and 4; and with «; for elements 5 and 6.

10.5.3.2 Case2

For case 2, we consider a more slender structure with the cross-sectional dimension as
b = 0.2 units and d = 8b units. We subject the structure to 2 times the load showed in figure
10.16. Figure 10.22 illustrates the deformed shape for various load-steps using CT, SV, SR, and

CF beam models.

co

1.6
Cross-section

Figure 10.22: Numerical example 3, case 2: Deformed configuration.
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Figure 10.23: Numerical example 3, case 2: Error in the Simo-Reissener beam relative to the
Chadha-Todd beam.

ey €Q

S‘AS
0 0
15
N
10
——— Step 25
—— Step 100
5 —— Step 150
45
00 20
10 10
20 0
X Y

Figure 10.24: Numerical example 3, case 2: Error in the Simo Vu-Quoc beam relative to the
Chadha-Todd beam.
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Figure 10.25: Numerical example 3, case 2: The component of the material curvatures 1, and

k7 in global coordinates.
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Figure 10.26: Numerical example 3, case 2: The component of the material curvature k3 in

global coordinates, and warping amplitude p.
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As is expected, SR and CF formulation yields a very close displacement field. The
difference in the displacement fields obtained by various beam models are very prominent in this
example because the slenderness of the structure brings out the affect of fully coupled Poisson’s

and warping effect in the displacement and strain fields.

10.6 Summary

This chapter delineates the consistent linearization of the weak form of the equilibrium
equation discussed in chapter 7. The material and geometric stiffness matrices, external and
internal force vectors are obtained. The matrix form of equilibrium equations is derived and
solved using Newton Raphson’s iterative algorithm using uniformly reduced Gauss quadrature.
For the considered constitutive model, the material stiffness matrix is symmetric, whereas, in
general, the geometric stiffness is not symmetric. Finally, numerical simulation for conservative
and non-conservative loading is presented.

The discussion carried out in this chapter is planned to be published in a journal titled:
“Mathematical theory of a higher-order geometrically-exact beam with a deforming cross-section”.

The dissertation author is the primary investigator and author of this paper.
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Chapter 11

Modal analysis

11.1 Introduction

In this chapter, we investigate linear dynamics, focusing on modal analysis, for the
considered beam. There are seven unknowns in our beam model: three components of the
mid-curve position vector ¢, three components of rotation vector 0, and the warping amplitude
p. Therefore, in this chapter, we arrive at seven uncoupled and non-dimensionalized governing
differential equations describing the evolution of these seven degrees of freedom. We solve these

Euler-Lagrangian equations to obtain mode shapes for various boundary conditions.

11.2 Euler-Lagrangian equations of motion

For the purpose of linear dynamics, we assume that the deformation is small, such that
the oscillations occur about the undeformed state €)y. Therefore, it is safe to assume Q = I3 or
equivalently, d; = E;. The deformed mid-curve position vector is given by ¢ = ¢, + x, where
x = x;E; is the the mid-curve displacement vector. For small deformation, from Eq. 2.3, we have,

limg_0 & = 0, 0. Thus, k; = k; = 0 0;. The angle 0; represents torsional deformation, whereas,

296



the angles 0, and 03 quantifies bending. The deformation map is then defined as:

R(&1,6.83) =@ +1r =Ro+u. (11.1)
The components of the displacement vector u = u; E; are given as:
= x1 = (1 = ve)ér03 + (1 — va)&30, + p¥1 + 0; 0,.%, + 07, 03.Ws;
uy = x3 — (1 —ve)&01 — vedy; (11.2)
uz = x3 — (1 —ve)ér01 — veés.

where,

€ = (951 X1 — 52.65163 + §3.0§1 0, + aglp.\Pl (11.3)

The quantity ¢ is same as /l% -d; defined in Eq. 4.33, but for the linear small deformation case.

We extend our small deformation assumption to the following:

1. Contributions to Poisson’s effect due to bending and warping deformations are negligible

as compared to axial strains. Therefore,

€] :8§1x1. (11.4)
2. Contributions of Poisson’s deformation on to bending and torsion are negligible. Therefore,
the deformation map simplifies to the following,

up = Xy — 5293 + 5392 +p‘1”1 + (9; 92.‘{’2 + 6?1 93.‘1’3;
u = xp — 5391 - Vaglxl.fz; (115)

usz = X3 — 5261 - Vaé:lxl .53.

3. The contribution of bending induced shear non-uniform warping is negligible. The section

constant arising out of non-uniform shear warping is negligible as compared to other section
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constant. The deformation map further simplifies to,
up = x1 — 603+ 50, + p¥y;
uy = x3 — &301 — v x1.62; (11.6)
uz = x3 — 01 — vog x1.63.
4. To proceed further, we also assume the section to be symmetric to at least one principle

axes.

Considering linear isotropic St. Venant’s Kirchhoff material, we define the symmetric

Cauchy stress tensor o and its strain conjugate T as:

1

Tij = E (Ogiuj + agju,’) ;
Ev

(1 +v)(1-2v)

(11.7)

Oij =2GTij+( )Tkkéij-

Using the deformation map defined in Eq. (11.6), and the definition of stress-strain in Eq. (11.7),

the strain energy Ugyain, Kinetic energy 7 and external work Wey can be obtained as:

1
Ustrain ZE / g.T dQ
Q

1 L
=3 / (EA((}glxl)Z + GA(Og, x3 + 0,)? + GA(9g,x2 — 03)% + G(I; — Ik)(aflal)z
0

+ Elzz(aé:l 92)2 + EI33(0§] 63)2 + G]k(p — 85161)2 + EE.(@glp)z

GI;v?
+( — )(a;xl)z) déy;
(11.8)
1 L
T =3 / p(A(a,x% + 0yx3 + 0,x3) + 33(0,03)* + 12(8,02)” + 111(0,01)?
0 (11.9)
+ V2 111(0;0g x1)* + Eazpz) déy;
L
Wext = / (N])C] + Noxo + N3x3 + M0 + M>0, + M305 + Npp) df]. (11.10)
0
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In the equation above,

A=/ ds; 122=/§22d93; 133=/§32d93; Iy = In + B3;
B B B

11.11
E= /%‘Pf d®B; I = /%a,f;{'fw&‘{'f d® = /%(gzag;{q — &05,'¥1) dB. e
The external force and moment vectors are given by:
N = N@E; = [omar+ [ pbao;
M(fl):Ml-(fl)Ei:/rrxa'.n dl"+/Qpr><bdQ; (11.12)

NP:El-(/‘I’lo'.ndr+/p‘1’1bd£2).
r Q

We note that, for the case of small linear deformation case, the integration in the above equation
set can be carried out with respect to the undeformed state €y, with the boundary I'y. The vector
n gives the surface normal vector.

We arrive at the governing equations of motion using Hamiltonian’s principle, such that

the action 2 is stationarized:
O = 6(T = Ustrain + Wext) = 0. (11.13)

We obtain seven coupled Euler-Lagrangian equations of motion with the respective boundary
conditions. The governing equations and the boundary conditions for the axial deformation is

obtained as:

GV2111
( Ty ) Bglxl - (EA)@;1 x| — (plllvz)a,za; X + (pA)@tle = Ny;
Gv?I L
[(—EA(?glxl — (pI11V?)0}0g, x1 + (Til) 8§1x1) sx;| =0; (11.14)
0

szhl) ) ) ]L
—0 X1 5(95 X1 =0.
[(( L+ )78 o
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The coupled equations for the torsion angle 6; and warping amplitude p are obtained as:

PEO;p — EED; p + GIi(p — 0,01) = Np;
) (11.15)
|[EZ0;, p.op], = 0;

and,

plnafel - 851 (G1116§161 — G[kp) =My,
(11.16)

L
[(G1110,61 — GIyp) .601 |, = 0.
The coupled equations for the bending angle 0, and the mid-curve deformation component x3 are

obtained as:

pAalz)Q — GA.@g, (62 + agl X3) = N3;
(11.17)

[(GA(®2 + 85, x3)) .6x3] ¢ = O;
and,

p1223t262 + GA(OZ + 651 X3) - Elzgaé%l 0, = My;
(11.18)

L
[(E1220¢,62) .66,],, = 0.
The coupled equations for the bending angle 03 and the mid-curve deformation component x; is

obtained as:
pAaIZXQ + GA(')é:l (63 - (9@:1 XQ) =Ny;
. (11.19)
[(GA(63 - agl)CQ)) .5)62]0 =0;
and,

pl330703 + GA(03 — 0g, x2) — E1335§193 = Ms;
(11.20)

[(E1330¢,03) .665], = 0.

11.3 Modal analysis

To proceed further with the modal analysis, we non-dimensionalize the Euler-Lagrangian
equations of motion obtained in the previous section. We represent the mode shapes corresponding

to a non-dimensionalized degree of freedom by adding a tilde on the quantity. For example 0, and
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P represents the ™ mode shape corresponding to 0; and non-dimensionalized warping amplitude
p (defined later) respectively. Secondly, we use sin (a) = s, and cos (@) = ¢, interchangeably.
Lastly, we define shorthand notation of hyperbolic functions as sinh (@) = sh, and cosh (@) = ch,

that is used interchangeably.

11.3.1 Mode shape for 6; and p

We consider the following definition of dimensionless quantities:

-z _& - E= _ _
§1=Tsi=t 4 L4;P:pL; 01(&1,1) = 01(,,7) = 0y
2 (11.21)
ﬂZ:E-,yz:i.aZZI_k_ﬁ :NpL,_lele
G Iy L* I’ PTGl Gl

We note that if I; < 0, then « is a complex number. Substituting these quantities into equations

(11.15) and (11.16), we get non-dimensionalized but coupled equations as:

By 0P - BY*02 b+ a*(p - 0z 01) = Ny
! 1 (11.22)

and,

,32’)/28;291 - 65_% 0 + a'zaglﬁ = Ml;
1 A
(11.23)
1
2— _
[(aael _a p) .(561]0 - 0.

The non-dimensionalized uncoupled Euler-Lagrangian equations can be obtained from Eq. (11.22)

and (11.23) as:

BY°0p + @’ By 07 — By (B° + )0z 9p + Bly*0z p+ a’(e” = )3z p

(11.24)
2 v 2 20277 2 X7 .
= a’0; My + B>y, - aEINp,
—B*0820, — 282?320, + BAyH(B% + 102 820, — B*y202 0, — o*(a? - 1)d2 0,
t t 'fl t .fl é:l (1125)

= T, ~ Y M + fY 2 M) + "9 N,
S1
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For modal analysis, we consider the case of free vibration and assume all the external forces to
vanish. We assume a solution of form p = e*¢! cos w7 (or similar form of 0) and substitute it in

Eq. (11.24), yielding the characteristic equations:

2.2 2.4 46
(-1 +a®)2% + ('3—Z) 2= (BT + (ﬁ—Z) (8% + V22T + (%) Tt =0.  (11.26)
(04 a

The characteristic equation leads to four complex roots:

/11’2 = +i5(; (1127)
/13,4 = +is). (11.28)
where,
-1)* ot o (a -
1
_ Z (2 22,
5 = 2y +2(,8 +1)y*w*;
(11.29)
— 2 g4 52 —
n (\/,34(,32 T PO ) L (021 1) B (B + 1) Y
2T 28%y?
(11.30)
Here, 51,5, € R. Therefore, the mode shapes can be written as:
P = (c1cos(51&)) + casin(s1&;) + ¢3 cos (526,) + ¢4 5in (s&,) ) cos (w1);
: : : (11.31)

0; = (c5 cos (51€) + ¢gsin (51€) + ¢7 cos (52€,) + cg sin (5221)) COS .

There are nine unknowns: eight ¢; and the natural frequency w that is embedded in s; and
sp. Eight constants can be specified by applying four boundary conditions and four continuity
conditions. The continuity conditions makes sure that the assumed solutions in (11.31) must

solve the coupled equation (11.22) and (11.23). To realize various mode shapes, we assume For
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B> =2.4,y>=2.88 x 1072 and o = —0.923.

11.3.1.1 Fixed-fixed boundary condition

For fixed-fixed boundary, we have

p(0,7) = p(1,1) = 0;

01(0,7) = 01(1,7) = 0.

(11.32)

We impose these boundary conditions on the Eq. (11.31) and ensure continuity as mentioned

before. We obtain eight conditions that can be represented in the form given below:

Z.c =0, where, (11.33a)
¢ = [c15 025 ¢33 043 €55 5 €73 (85 (11.33b)
1 0 1 0 0 0 0 0
Cs, Ss, Cs, Ss, 0 0 0 0
0 0 0 0 1 0 1 0
7 - 0 0 0 0 Cs, Ss, Cs, Ss, (11.330)
0 st—-x* 0 0 —a*; 0 0 0
st—x* 0 0 0 0 a% 0 0
0 0 0 si-x* 0 0 -a’s 0
0 0 55— x° 0 0 0 0 a’s
X =pyow. (11.33d)

For equation (11.33a) to hold, we require the determinant of Z matrix to vanish, yielding
1
det(2) =§(2slssz (2 =3 (254 (53 = &%) + 3150, (= 52) (x +92))

+ 59 (S% - )(2) (252sg,ls52 (5% - )(2) + 5 (—4c51c52 + €25, + 3) ()(2 - 5%) )) =0.

(11.34)
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We solve the above equation to obtain the natural frequencies w of which the first five are
w = {8.912, 23.527, 26.406, 38.114, 43.133}. The natural frequency w can be obtained using the
equality wf = wt. The mode shape or the Eigenfunction is only determinable up to the arbitrary
scaling constant. Therefore, we obtain seven constants by solving any seven equations in the
equation set Eq. (11.33a) and normalize the mode shape to obtain the eighth constant. Figure
11.1 illustrates the first five mode shapes.

1.5 _ 1.5
1.0 ] 1.0+ 1
— Mode 1 i = Mode 1
05 1 0.5
Mode 2 & 00 Mode 2

’ Mode 3 ~05 Mode 3
03 | — Mode 4 _10 | — Mode4
1o | — Modes ~15 . = Mode 5
-15! ‘ | 5 ]

0.0 02 0.4 0.6 08 10 0.0 02 0.4 0.6 08 10
& &
(a) Mode shapes p,, for1 <n <5 (b) Mode shapes 01, for1 <n <5

Figure 11.1: Mode shapes for the warping amplitude p and 6; considering the fixed-fixed
boundary.

11.3.1.2 Fixed-free boundary condition

At the fixed boundary, we have displacement boundary conditions, whereas at the free
boundary, we impose the force boundary conditions, such that
p(0,7) = 01(0,7) = 0;

(11.35)
9z p(1,1) = 0; 3 01(1,7) = * p(1,7) = 0
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We obtain eight simultaneous equations in the coeflicient ¢; that can be written in the form defined

in Eq. (11.33a), such that:

1 0 1 0 0 0 0 0
0 0 0 0 —51 85, $1Cs, —928s, $2Cs,
0 0 0 0 1 0 1 0
7 - —518s, $1Cs, —5) 8, $2Cs, —a/zc51 —a2ssl —a2c52 —azssz . (11.36)
0 s —x° 0 0 —a’s) 0 0 0
s2—x* 0 0 0 0 a’s 0 0
0 0 0 s—-x* 0 0 -a’s 0
0 0 55— x? 0 0 0 0 a’s)

The zero determinant condition yields,
det(Z) = — 51525, Cs, (—25%)(2 - 25%)(2 + s‘l‘ + sg + 2)(4) — 2519 (sf - )(2) ()(2 - sg)
- (5% + s%) S5, Ssy (5% - )(2) (s% — )(2) =0.

We solve the Eq. (11.37) for w, yielding the first five non-dimensional natural frequencies as

(11.37)

w = {11.888, 17.956, 31.622, 34.408, 46.462}. The mode shapes can be obtained using the
approach described in section 11.3.1.1. Figures 11.2 illustrates the first five mode shape for

fixed-free boundary.

—— Mode 1 1 = Mode 1

Mode 2 Mode 2

' .
0
/ Mode 3 - Mode 3
-1 —— Mode 4 -1 —— Mode 4
— Mode 5 \ — Mode 5

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

:
.
>\

(a) Mode shapes p,, for1 <n <5 (b) Mode shapes O, forl<n<5s

Figure 11.2: Mode shapes for the warping amplitude p and 0; considering the fixed-free
boundary.
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11.3.1.3 Free-free boundary condition

We assume force boundary condition at both ends as,

(11.38)
1 §1

The Z matrix obtained after imposing these boundary conditions along with the continuity

conditions is:

0 0 0 0 0 5] 0 5

O O 0 O _51S51 51651 _52S52 52652
0 51 0 S —a? 0 —a? 0

Z _ _5]S51 §]C51 _52S52 52C52 _CYZCS] —stsl —C¥2C52 _a2S52 (1139)

0 st—-x* 0 0 —a% 0 0 0
st—x* 0 0 0 0 o’y 0 0
0 0 0 sS—-x* 0 0 —a’s) 0

0 0 si-x* 0 0 0 0 a’s)

The zero determinant condition yields,

det(Z) :Zszsf (cs65, — 1) (5% - )(2) + 25051 X2 (€505, — 1) ()(2 - 5%) + sslsg,zsf)/'
(11.40)

- 2S51S52541"X2 + S51S52 (5% - 52X2) 2 + SSISSZS? = O-
We solve the Eq. (11.40) for w, using same parameters used before, yielding the first six
non-dimensional natural frequencies as w = {0, 12.272, 22.480, 26.003, 39.726, 41.778}. We
note that w = 0 is a trivial solution to the previously discussed boundary conditions. However, for

this boundary condition, the Eigenfunction corresponding to w = 0 reflects the rigid body mode

for 0. Figure 11.3 illustrates the first six mode shape for fixed-free boundary.
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) %/ ] — Mode 4 1 W/ —— Mode 4
—— Mode 5 —— Mode 5
-2

1 = Mode 6 —— Mode 6
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

<1 &1

(a) Mode shapes p,, for1 <n <6 (b) Mode shapes 0;,, for 1 <n <6

Figure 11.3: Mode shapes for the warping amplitude p and 6; considering the free-free
boundary.

11.3.2 Mode shape for 0, and x;

We consider the following definition of dimensionless quantities:

- & - EhL, _  x3 - , E ,  In
== t=1l\|— =—;0 ,1)=10 ,0;) = 05; =—; R, = —. 11.41
§1=7 DAL X3 = 2(61,1) = 02(61,6,) = 023 B o Re =773 ( )

In the equation above, R, defines the radius of gyration of the cross-section about E; axis.
Substituting these quantities into the Euler-Lagrangian equations for 6, and x3 in Eq. (11.17) and

(11.18) leads to the non-dimensional equations of motion as,

PPRE 07T — 92 T3 - 0 02 = Ni:

| (11.42)
[(651 X3 + 62).(5)63]0 = O;
and,
ﬁzRg (9—262 - ﬁzR‘? (9—2 0, + 0, + 0z X3 = Mz;
! P f (11.43)

1
|202.602| =0.

S1 0
We can obtained the uncoupled non-dimensionalized set of governing equations like before.
We assume a solution of form x3 = X1 cos wt (or similar form of 6,) and substitute it in the

uncoupled non-dimensionalized equation yielding the characteristic equations:

225 (—ﬁzRé%2 - Rgz) -BER + @t -t =0; (11.44)
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The characteristic equation leads to four roots (2 complex and two real):

1_ _ - :
Aip = ii\/ia) ((,82 +1) wR?z + \/(52 - 1)2(1)2Rg2 + 4) = +isq; (11.45)

1 _ 2 _
/13’4 = il\/iw((—ﬁz_l)wR§2+\/(ﬂ2_ ]) szg2+4) = +9;. (1146)
Here, 51,5, € R. Therefore, the mode shapes can be written as:

X3 = (q cos (slg_-“l) + ¢p sin (slg_-“l) + ¢3 cosh (szg_-“l) + ¢4 sinh (5231)) cos (wt);
(11.47)

0, = ((5 cos (51€) + ¢ sin (51&) + ¢7 cosh (s5&,) + cg sinh (szgl)) COS Wl .

As before, there are nine unknowns: eight ¢; and the natural frequency w that is embedded in s;
and s;. Eight constants can be specified by applying four boundary conditions and four continuity
conditions. The continuity conditions makes sure that the assumed solutions in (11.47), must solve
the coupled equation (11.42) and (11.43). To investigate mode shapes for various boundaries, we

assume Ry, = 0.0289 and 8 = 2.4.
11.3.2.1 Pinned-pinned boundary condition:

We enforce the following boundary conditions:

T3(0.7) = 0; 9 0,(0.7) = 0;
! (11.48)

x3(1,7) = 0; 051 02(1,7) = 0.
We obtain eight simultaneous equations in ¢; by enforcing the boundary conditions and continuity
conditions, that can be written in the form Z.c = 0. The vanishing determinant of Z matrix yields,

det(2) = 533 (s + 53 %s.,sh, = 0. (11.49)

The non trivial solution for the equation above is s; = nr, where n € Z* — {0}. Solving the

equation above for s; — nrr yields two group of natural frequencies w as,
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& &

|7 (B2 + 1) n2R2 — \J* (B2 = 1)” n*RY + 272 (B2 + 1) n2R?, + 1 + 3
\ T |

(11.50)

__ n2 (B%+1) anéz + \/714 (B% - 1)2114R§2 +212 (B2 +1) ané%z +1+1
B 27K, |

The first set of natural frequencies corresponds to bending about E;, whereas the second set
of natural frequencies corresponds to shear mode. The first set of natural frequencies are
w = {9.727, 37.372, 79.286, 131.479, 190.672}, whereas the shear mode frequencies are
w = {755.083, 786.158, 833.756, 893.834, 963.046}. In this case, we obtain an analytic form of

mode shapes X3, and 0,, as,

X3, =0 sin(ﬂngl);

i 2n2 —,8252R§ 3 (11.51)
02, = —» 2 cos(mnéy).
n
The normalized mode shapes are obtained as:
X3y = \/Esin(ﬂngl);
(11.52)

02, = —V2cos(nné,).

For simplicity, we have used the displacement variables x3 and 0, as the variable representing the
mode shapes. Figure 11.4 illustrates the first five mode shapes.

1.5

1.5 T T T :
1.0 — 1 1.0
05" . —— Mode 1 0.5 —— Mode 1
0.0 Mode 2 & 0.0 Mode 2
Mode 3 Mode 3
-0.5 -0.5
—— Mode 4 1 = Mode 4
-1.0+ ! -1.0 .|
—— Mode 5 —— Mode 5

-1.5 | | -1.5 I I
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

& &

£3

(a) Mode shapes X3, for1 <n <5 (b) Mode shapes Oy, forl <n<5s

Figure 11.4: Mode shapes for X3 and 0, considering the pinned-pinned boundary.
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11.3.2.2 Fixed-fixed boundary condition
We impose the following boundary conditions:

%3(0,7) = 02(0,7) = 0;
(11.53)
f3(1,;) = 92(1,;) =0;.
The determinant condition on the Z matrix arrived at by enforcing the boundary conditions and
the continuity requirements is given by:
1 _ —
det(Z) = - 35192 (4chs, chs, — chys, — 3) (s% — ,BszRé) (ﬁzszé%Z + 5%)
+ s1shs, (,B’ZBZR?2 + sg) (ﬁZEZRé%Z (s2shs, + 515s,) + 5152 (256, — slshSZ)) (11.54)
+ sg,lsa%sh52 (— (sf - ,BZEZR{%Z) 2) =0.
The natural frequencies can be by solving above equation. The first five natural frequencies
are obtained as w = {21.172,54.727,99.706,152.466,210.595} (assuming Rg, = 0.0289 and

B% = 2.4). Figure 11.5 illustrates the first five mode shapes for this case.

15 s
1.0 1.0 Z
05 —— Mode 1 O.SVA | — Model
W 0.0 Mode2 & 00 Mode 2
-0 ] Mode 3 -05 V Mode 3
—— Mode 4 -1.0: - —— Mode 4
-1.0 L
_15 —— Mode 5 -1.5 —— Mode 5
0.0 0.2 04 0.6 0.8 1.0 0.6 0.8 1.0
&

0.0 0.2 0.4

<1

(a) Mode shapes X3, for1 <n <5 (b) Mode shapes Oy, forl <n<5s

Figure 11.5: Mode shapes for x3 and 6, considering the fixed-fixed boundary.

11.3.2.3 Fixed-free boundary condition
The boundary conditions for this case are:

x3(0,7) = 02(0,1) = 0;
(11.55)
9, 02(1,7) = 0; 0(1,7) + 9 %3(1,7) = 0.
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The determinant condition on the Z matrix yields:

det(Z) =s;sych,, ch, (2,84E4R§2 +2p° (s% - 5%) 52R§2 + 5‘1l + sg)
+2515 (2 - PRY ) (BD°RE +<2) (11.56)
+ (57 = 2) su she, (BT°RE - 57) (B07RE, + 53) = 0.
The first five non-dimensional natural frequencies, for same parameters R, and 3, obtained by

solving the equation above are w = {3.492,21.040,55.712,101.807,156.041}. Figure below
illustrates the mode shapes.

2

. . 1 ) . 3
1 1 1
— Mode 1 — — Mode 1
&0 Mode 2 © 0 Mode 2
Mode 3 Mode 3
=1 71— Mode 4 -1 - = Mode 4
—— Mode 5 —— Mode 5
_2 L d
0.0 0.2 0.4 0.6 0.8 1.0
g

-2 |
0.0 0.2 0.4 0.6 0.8 1.0

1 &

(a) Mode shapes %3, for 1 <n <5 (b) Mode shapes 0,, for 1 <n <5

Figure 11.6: Mode shapes for x3 and 6, considering the fixed-free boundary.

11.3.2.4 Free-free boundary condition

The boundary conditions for this case are:

9z 02(0,7) = 0; 02(0,7) + I %3(0,7) = 0;

(11.57)

63 62(1,;) =0; 92(1,;) + 65 f3(1,;)

1

0.

1

The vanishing determinant condition for this case is:

det(Z) = = 2si:ach ch,, (sF - BT RY ) (BG°RE + 3] + 20152 (s} - 207 RY, | (B RY, + 53

0.

+syshe, (B (52 3) @'RE - 28 (s + 53 @ RY, + 5 - )

(11.58)

311



Solving the above equation for previously assumed parameters yields the natural frequency, the
first six of them being w = {0, 21.660, 56.656, 104.022, 159.795, 221.170}. The Eigenfunction
corresponding to w = 0O represents the rigid body mode for 0, and x3. The figure below presents

the mode shapes.
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—— Mode 1 —— Mode 1

Bl [~
T ONAAXRY T

Mode 3 Mode 3

—— Mode 4 —— Mode 4
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—— Mode 5 —— Mode 5

—— Mode 6 Y —— Mode 6

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0:6 0.8 1.0

<1 &1

(a) Mode shapes %3, for 1 <n <6 (b) Mode shapes 8,, for 1 <n <6

Figure 11.7: Mode shapes for x3 and 0, considering the free-free boundary.

11.3.3 Mode shape for 63 and x;

We consider the following definition of dimensionless quantities:

- & - ElLz _  x - , E , Iy
== t=1l\— =—;0 ,1)=10 ,0,) = 03; =—:; R; = —. 11.59
§i1=7 DAL =7 3(61,1) = 03(£1,0,) = 03; B G Re=7112 ( )

In the equation above, Rg, defines the radius of gyration of the cross-section about E3 axis.
Substituting these quantities into the Euler-Lagrangian equations for 03 and x; givenin Eq. (11.19)

and (11.20) leads to the non-dimensional equations of motion as,

2p2 2= 2— N
B R&a;xz —6glx2 +0é-:163 = Ny;

1 (11.60)
|05 - 0 %2).6%2 | =0;
and,
ﬁzRgf 6-293 —ﬁzRé% 6—2 03 + 035 — 0: Xp = M3;
2 e f (11.61)

1

[agl 93.563]0 = 0.
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The non-dimensional equation of motions obtained in Eq. (11.60) and (11.61) are similar in
the form to the equations (11.42) and (11.42) (for the quantities 0, and x3). We omit the modal
analysis for 03 and x, because the results are identical to the modal analysis for 0, and x3 carried

out in section 11.3.2.

11.3.4 Mode shape for x;

To obtain the non-dimensional governing equation of motion, we define the following,

- - E _ x_, Lhpv , B
=7 AR A v i g (11.62)

Substituting the above definitions into Eq. (11.14), we obtain the non-dimensionalized equation

of motion as,
gznzaglxl - ag%lxl - n%;aéxl +8°%) = Ny;
[(—aé—:lxl - nzafaglfl + 772425;?1) -5%1]; =0; (11.63)
[aglzl.aaglxl]lo = 0.
We consider a solution to free vibration problem of form x; = %1 cos wf and substitute it in Eq.

(11.63) yielding the characteristic equation as,
Pt P 2w - A2 -t =0, (11.64)

The characteristic equation leads to four roots (two complex and two real):

\/77252 (4§2 + 2w’ - 2) +1+n%w -1 (11.65)
/11 = =+ 2(2,72 - iiSI;
\/77252 (4{ 24 2w’ - 2) +1-n@” +1 (11.66)
PR = +%9.
3 2§2n2 2
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Here, 51,5, € R. Therefore, the mode shapes can be written as:
x| = (q cos (slg_-“l) + ¢ sin (5151) + ¢3 cosh (5251) + ¢4 sinh (524_31)) cos (wt) (11.67)

There are five unknowns: four ¢; and the natural frequency w that is embedded in s and s,. Four
constants can be specified by applying four boundary conditions. The fifth constant is obtained
by normalizing the mode shape. We consider the four boundary conditions with ¢ = 0.544 and
n=0.1.

11.3.4.1 Pinned-pinned boundary condition

We enforce the following boundary conditions:
x1(0,¢) = 0; 85; x1(0,¢) = 0; x1(1,7) = 0; 6§ x1(1,7) = 0. (11.68)
1 1

We obtain four simultaneous equations in ¢; by enforcing the boundary conditions that can be

written in the form Z.c¢ = 0, such that:

V/ c 0
— —
0 1 0 1 (8] 0
s Cs shy ch 0 0
K ‘ ’ e = (11.69)
0 —s? 0 53 3 0
—sf S5, —Cs, sf s% shs, chs, 5% 4 0
For Eq. (11.69) to be true and solvable (ignoring the trivial solution ¢ = 0), we require:
det(Z) = ss,5hs, (57 +53)* = 0. (11.70)

The solution for the equation above is s; = nxr, where n € Z* — {0} and s; = 0. The latter solution
is trivial for the considered boundary. The natural frequency w can be solved by solving for

s1(w) = nm, that yields a positive and a negative solution. Since, the natural frequency w > 0, we
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ignore the negative solution and obtain,

_ aR Pt v 2
Wy = )
Vrin?n? + 1

The mode shape can be obtained by solving for any three ¢; in the system of Eq. (11.69), yielding

(11.71)

F1p = ¢ sin (nré)). (11.72)
The normalized mode shape is obtained as:
%1p = V2sin (mné,). (11.73)

Figure 11.8 illustrates the first five mode shapes.

1.5FT d T T | T v T T i ; T T " § T : T L_
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0.0 0.2 0.4 0.6 0.8 1.0

€

Figure 11.8: Mode shapes %, for 1 < n < 5 for the pinned-pinned support.

11.3.4.2 Fixed-fixed boundary condition

We enforce the following boundary conditions:

Yl(O,f) =0; aglfl(o,;) =0; fl(l,f) =0; 84;1%1(1,?) =0. (11.74)
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We obtain four simultaneous equations in ¢; by enforcing the boundary conditions as:

S1

0 1
shy,  chy,
52 0

Cs, 81 —518s5, chg,s0  sashg,

The zero determinant condition can then be obtained as:

det(Z) = 25155, che, + (sf - sg) 56, 5he, — 2515 = 0.

(1

)

3

4

o o o O |

(11.75)

(11.76)

Unlike the pinned-pinned case, there is no closed form solution of Eq. (11.76). For the assumed ¢

and 7, the first five natural frequencies are obtained as w = {3.182,6.354, 9.507, 12.630, 15.715}.

Figure 11.9 illustrates the first five mode shapes.

Figure 11.9: Mode shapes %, for 1 < n < 5 for the fixed-fixed support.
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11.3.4.3 Fixed-free boundary condition
We enforce the following boundary conditions:

x1(0,7) = 0; 85 x1(0,7) = 0;
: (11.77)
—0: x1(1,7) — n?820: x1(L,7) + n*£202 x1(1,7) = 0; 82 x,(1,7) = 0.
& 176 é 3
The zero determinant condition is,

det (2) :slsz(sf (cslch52 (;7252 1207 - 1) T 1) — g2 (;7252 - 1) (csychs, — 1)

+ {277251t + g’znzsg — 5785, 515hs, (27]252 + {277252 — 2) + §2n252sslsfsh52 =0.
(11.78)
The first five natural frequencies are obtained as w = {1.645,4.611, 6.939, 10.273, 11.755}.

Figure 11.10 illustrates the first five mode shapes.
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1.5
1.0 —— Mode 1
- 0.5 - Mode 2
=00
’ —— Mode 3
-0.5
—— Mode 4
-1.0
—— Mode 5
-1.5 ]
0.0 0.2 0.4 0.6 0.8 1.0
&4

Figure 11.10: Mode shapes Xy, for 1 < n < 5 for the fixed-free support.
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11.3.4.4 Free-free boundary condition
We enforce the following boundary conditions:

—d2 %1(0,1) — 7%020= %1(0,7) + 77202 %1(0,7) = 0; 92 X,(0,7) = 0;
& 178 &1 3

(11.79)
—8: x1(1,7) — n%820: x1(1,0) + n? 2?02 x1(1,1) = 0; 82 %1(1,7) = 0.
&1 176 ¢ &
The zero determinant condition yields,
det (Z) =202P5,53 (cs,chy, — 1) (nzaz - PR - 1)
— 25751 (77252 - 1) (cs,chs, — 1) (17252 + sl - 1) + *'ytslsg s)shs,
(11.80)

2
- s,;ls%shg,2 ((nzaz - 1) + {47]453 + 4{21725% (77252 - 1))
2 2—2 2
+s2s,, (n @ - 1) she, = 0.

The first five natural frequencies are obtained as w = {1.645, 4.611, 6.939, 10.273, 11.755}.

Figure 11.11 illustrates the first five mode shapes.
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Figure 11.11: Mode shapes X, for 1 < n < 5 for the free-free support.
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11.4 Conclusion

This chapter deals with the modal analysis of the beam theory detailed in this dissertation
in the domain of small strain and small deformations considering St. Venant’s and Kirchhoff
linearly elastic material model. The governing equations of motion obtained in chapter 7 and 8
are non-linear and coupled. Small strain and small deformation assumption simplify the beam
kinematics and yields seven linear uncoupled Euler-Lagrange equation of motion for each primary
degree of freedom. The mode shapes and natural frequencies for each deformation variable are

obtained.
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Chapter 12

Conclusions and Future Work

In this chapter, we summarize the concepts discussed and the results obtained in this
dissertation. We dedicate a section to elaborate on the new line of research that can potentially

branch out of this work.

12.1 Conclusions

The goal of this work is to investigate the differential geometry of framed space curves and
explore its engineering applications. This research, therefore, utilizes the application of differential
geometry and mechanics to define the configuration of single-manifold characterized systems and
eventually helps obtain the governing differential equations to investigate the evolution of these
systems. Most importantly, this work leads to the development of an advanced non-linear beam
theory, shape reconstruction of slender structures, path-estimation, and computational graphics.

Chapter 1 details various curve framing techniques. There are multiple ways to frame a
space curve, ranging from intrinsic Frenet-Serret and relatively parallel adapted frames (RPAF)
to the system-dependent material-adapted frame (MAF) and even more general material frame
(MF). Unlike the Frenet-Serret and RPAF, the material frame is conveniently defined in terms

of the parameters associated with the system configuration and is free of singularities. Hence,
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various curve framing approaches and the relationship between these frames and the curvatures
associated with them are studied in chapter 1. The concepts of proper orthogonal Lie group, finite
rotations, tangent space, and exponential maps are also discussed.

In chapter 2, we exploit the theoretical discussions and mathematical constructions
explored in chapter 1 to develop path-estimation techniques and applications in computer graphics.
The evolution of the system can be mathematically defined by a state space. An approach to
approximate the state space of a single-manifold characterized system (like drone or swarm of
drones) using a limited number of the material linear and angular velocity vector is proposed. The
relationships are applied to generate some complicated structures like double helix intertwined
about a space curve, a leaf, and an entire plant.

Chapter 1 and 2 deals with the material and spatial forms of curvature of a framed space
curve. Chapter 3 is a theoretical extension to chapter 1 as it details higher-order derivatives,
variations, and co-rotational derivatives of curvature tensor. Parameterizing the rotation tensor
using the Gibbs vector yields a suitable formula of rotation tensor that helps in deriving a closed
form formula to obtain any order derivative of the curvature tensor as the summation of functions
of the parameterizing quantity and its derivatives. A linearized updating algorithm for curvature
and its derivatives when the configuration of the curve acquires a small increment is obtained. The
results presented in this chapter can be readily used in numerical implementation of higher-order
geometrically-exact beam/rod theory that requires obtaining and updating higher order derivatives
of curvatures (discussed in chapter 10).

Chapter 4 and 5 elucidates the enhanced kinematics of higher-order non-linear geometrically-
exact beams that incorporates bending curvatures, torsional curvatures, shear, axial strains, and
fully-coupled Poisson’s wand warping effects. The primary reason to investigate the coupling
between Poisson’s and warping effect (along with the contribution to warping due to torsional and
bending induced shear) and develop a fully-coupled Poisson’s transformation is to further refine

the kinematics of the Cosserat beam model. This is beneficial for both forward modeling analyses
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and solving inverse problems like shape reconstruction from strain measurements. Chapter 5 is
dedicated to investigating the inconsistencies in the differential equation for warping obtained in
chapter 4 and arriving at a simplified warping function.

The kinematics developed in chapter 4 is used to establish a measurement model of discrete
and finite-length strain gauges attached to the surface of the beam (or embedded into the beam).
The discrete strain gauge measurement model is then used to develop a global shape reconstruction
algorithm of the Cosserat beam subjected to large deformation. The idea is to obtain the global
shape of the rod using a countable number of strain gauge measurements. The finite strain
parameters on to which the strain gauge reading depends (like mid-curve axial strain, curvatures
and their derivatives) at a given cross-section can be evaluated from the strain gauges reading
by inverting the set of scalar strain measurements. Once the material mid-curve strain vector
and the curvature vector at discrete cross-section locations are obtained, the mid-curve position
vector and the director triads can be estimated using similar techniques used in path-estimation
(like SPEG) described in chapter 2. Preliminary noise tolerance study and boundary condition
uncertainty studies show that the RMS error trends with the extraneous noise due to environmental
or measurement noise and with error in specifying the one boundary condition vector required for
inertial reference. The suggested reconstruction strategy is convergent and non-singular even if
the mid-curve has multiple points or segments of degeneracy.

Chapter 7 details the variational formulation of geometrically-exact Cosserat beams with
deforming cross-sections. The attempt to capture fully coupled Poisson’s and warping effect
(including bending induced non-uniform shear) results in the dependence of deformation map on
derivatives of curvature fields (up to second-order). This makes the calculation of variations rather
demanding. Detailed calculations of variations of kinematic quantities required to obtain the
weak form are performed. The strong and weak form of governing equations is obtained. Finally,
the variational formulation of the beam with a rigid cross-section (a special case) is discussed

in detail. Chapter 8 further extends the variational mechanics of the geometrically-exact beam
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by investigating the Poisson’s bracket formulation and Hamiltonian structure of the concerned
beam model. Various mathematical constructions like co-tangent space, co-tangent bundle, phase
space and the associated duality (or metric) are discussed. The Hamiltonian is obtained via the
Legendre transformation of the Lagrangian.

Chapter 9 details the time- and rate-independent, multi-axial linear constitutive relations
restricted to large deformation, but small strain assumption is considered for isotropic Saint-
Venant/Kirchhoft material. Chapter 10 delineates consistent linearization of the weak form and
details finite element formulation of the geometrically-exact non-linear beam with enhanced
kinematics. The matrix form of equilibrium equations is derived and solved using Newton
Raphson’s iterative algorithm using uniformly reduced Gauss quadrature. The numerical
simulations compare and discuss the results obtained using the current beam model (referred to as
Chadha-Todd beam or CT beam) with co-rotational formulation (CF), Simo-Reissener beam (SR),
and Simo Vu-Quoc beam (SV). Finally, chapter 11, tackles the modal analysis of the beam model
developed in previous chapters. The small strain and small deformation assumption simplify
the beam kinematics and yields seven linear uncoupled Euler-Lagrange equation of motion for
each primary degree of freedom. The mode shapes and natural frequencies for each deformation

variable are obtained.

12.2 Future Work

1. Numerical solutions using other approaches: The comprehensive kinematics that was
developed for Cosserat rods gives a simple but accurate description of deformation. However,
the governing differential equations have higher regularity requirements. Numerical solu-
tions were developed using standard FEM. Other approaches to numerical implementation
like isogeometric and mesh-free finite element analysis using Reproducing Kernel Particle

Method (RKPM) might be more suitable to solve the problem numerically. The prime
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motivation to implement these numerical methods is their suitability to solve problems
with higher regularity requirements. The finite element formulation presented here leads to

displacement-based elements and can be extended to force-based element formulation.

2. Material non-linearity: The variational mechanics of the beam derived here is general,
geometrically-exact, and is capable of defining beam subjected to large deformations and
finite strains. Except for the reduced modeling of the beam using a framed curve (or as a single
manifold structure) and prior knowledge of warping functions, no kinematic assumptions
are made. However, limitations are introduced when a linear Saint Venant’s/Kirchhoff
material model for the isotropic case is assumed. The linear constitutive law is valid for
small strain case. Further efforts could be directed to expand the current beam theory for
non-linear material with composite cross-sections (like a reinforced concrete beam) that

can capture damage and collapse of the structure.

3. Numerical implementation for dynamic effects and stability analysis: The numerical
implementation described in this thesis is limited to the static case using Newton-Raphson’s
iteration technique. A straightforward extension to the current work is to include the
dynamic effects and investigate the non-linear dynamic behavior of the beam. Secondly,
problems related to stability like lateral bifurcation can be numerically modeled using

arch-length control and other advanced non-linear solvers.

4. Analysis of non-conventional structures like DNA and bio-polymers: DNA (deoxyri-
bonucleic acid) molecules are stress-responsive, and in the case that they are mutated,
compressed or stretched, they can lead to serious deformities and illnesses in the body.
Thus, the investigation of DNA elasticity and stability is necessary. The mechanics
of a DNA molecule under mechanical stress can be studied within the framework of

geometrically-exact Cosserat rods.

5. Estimation of higher-order Riemannian manifold from the material curvature data:
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The path-estimation and shape sensing of slender rods using material strains and curvatures
(equivalently linear and angular velocity) can be further extended to higher-order manifold
problems like shape sensing of composite panels, membranes, motion of swarm of drones,
space-time fabric in general relativity, etc. The sensors like strain gauges or Inertial
Measurement Units (IMU) are attached to the structure; therefore, the sensor data are
obtained with respect to the deformed frame of reference and are local. Local curvatures
and strains associated with finite deformation can be used to obtain the state space of the

system using the idea of parallel-transport and nature of manifold under consideration.

. Investigating errors in the problem of shape sensing and path-estimation: The issue
of dead-reckoning is observed in the problem of shape-sensing and path-estimation.
Understanding the relationship between the error structure of the sensors and the estimated
configuration is extremely useful to mitigate or minimize the errors and can be potentially

explored.
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