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INELASTIC PROCESSES IN PARTICLE TRANSFER REACTIONS
R. J. Ascuitto and Norman K.‘Glendenning
Léwreﬁée'Radiation Laborafdry
University of California

Berkeley, California 9720 -

October 1968

ABSTRACT
There are certainly some -levels in all'nuclei, and all levels in some
\ : v
nuciei for which the usual treatment of particle transfer reactions, which
neglects inelastic effects, is invalid. Here a éractical method for taking
these effects into accouht is 'described. The method is discussed iﬁ terms‘

of the (d,p) reaction, but it has.a much broader,application than this.

“
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- 1. INTRODUCTION

The usual distorted wave Born approximation (DWBA)_for_transfer reactions
makes fhree basic assumptions. First, it assumesAthat fhe—tranéfer takes.place
- directly from the'elasfic,entrahce.channel to the fesidual channel. Only the
tranéfefred particles are treated expliCitly, while all the others, Which we
shall refer to collectively as the core, are régérded as passive. The reaction is
‘assumea to éroceed only to the extent that the coré state is uﬁchanged. Second,.it
assumes that the elastic oﬁticai potential provides wave functionsvfor ﬁhe relative
motion which are good iﬁside the ngcleus, or at léast‘in_the surface region,'since
this is where the transfer‘process is concentratgd. Third, it assumes that
the trahéfer process itSelf‘is weak so that it-can be treated in first-prder.
- With these assumptions the transition amplitudé canvbe coﬁputed for (d,?) |
reactiohs, from

(')% 1) o) r dr '
| -@P(é_ _1)vlvv.np‘|‘®d(.A)> Yy dEpdr, (1.1)

_ where wd ‘and _wb"are distorted waves describing only the elastic scattering

in the channels d and p, and @p and @, describe the nuclear states
. . v _

’

bétween ?hich the reactionftakés place.
Thefe arevcertainly situations where one or both of the first two.

aséumptions are false, although the third assﬁmption is probably alwaYs

vélid for particle transfer reactions. As Qéﬁcérné the first assumption, the

theory wiil fail to the extent that theiréaction of ihterest ﬂoes,take placé

‘between stateé, one of wﬁich is not the parent of ﬁhé other. This siﬁuation

is illustrated, in idealized form, for the (d,p) reaction in Fig. 1.
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In this example the lower states of the residual nucleus, A+l, do have the

target A as parent, so that the direct transition can occur. However the

third state has as its parent an excited state of the target, so that it can

‘be reached only through excitation 6f the core to'the‘parent state either
before or aftef’the fraﬁsfer takes'place. The ﬁsual DWBA may provide good
answers for the former transitions but i£ cannot treat the latter. As long
as one knows which states havé the ground state as their parent and restricts
attention to them, the usual treatment EEZ providé valid results..

However if there are stfoﬁgly enhanced inelastié transitions, the
usual DWBA will fail in any case because of the second assumption. This can
be understood as follows. The (one-channel) optical potential is chosen
so as to reproduce the elastic cross section. This assures that the wave
function for the relative motion is correct in the external region. However,
for the purpose of célculatiné the reaction, it is needed in the interior.
region, or at leééﬁ in the neighborhood of £he nucleaf‘surface. It is hére
that the one-chanﬂel-optical mo@el will break down due to de-excitation of
cher channels back to the elas£ic chanﬁel, if their coupling is sufficientiy
strong. ‘

Onelsoiufion to the problém bf’including excitation of the-core in
: traﬂéfér reaétions was suggested by Penny and Satchle'r.2 They propose

evaluating the amplitude for d4,p reactions from

p',a’ B | |

. . _
where w( ) is a generalized distorted wave in the channel d4' <found by
s :

A
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solving the coupled equations for deuteron inelastic scattering by A with an

é'g, is similarly defined for the

proton-(A+1l) system. However a numerical solution to the full problem has

incident wave in the channel d, and .
. ' Py

never been obtained. Iano and Austern considered‘the problem from a similar -
point of view, but solved it only to first order as concerns the inelastic .
transitions.3 (That is to say, their generalized distortéd waves éorrespohd
to the DWBA a£pfoximation for the inelastic processes.) Therefore they db
not remedy the second cause of failure of the usual method. Kozlowsky and

5

de-Shalit)1L and Levin” also havé worked on this problem. They too treat in-
elaétic effects ohly in first order, and énly in the exit channel. The
evaluation of (1.2) evidently is an extremely troublesome numerical problem.

Iﬁ %ﬁis papef we present a different solution which apparenﬁly is
more aﬁenable torhumerical calculation. -Wevare able to treat inelastic
effects to all orders in both entrance and exit channels, and ﬁo treat spin-
dependent interactions in theuoptical potentials and in the direct interactions.
The S-matrix is obtained directly from the application of the physical bound-
ary conditions to the solution of an inhomogeneous system of equaﬁions describingf'
the scattering in the residual system. The inhomogeneity is a source term
which describes the production of the.residual pqrticle by the tranSfef process.
The method isfvery general for scatteriﬁg probléms because the épecification
of the type of reaction enters only in the Structure-of theVSource.term.
The equations othérwise describe inelastic scatﬁering.

In this paper we describe ouf'mefhod in terms of the (d,p)vreactidn,

though it is applicable to all particle transfer reactions. In section 2

the rationale for the equations that we use to describe the reaction is
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given, followed by a detailed fofmulation of their structure in section 3.
There also it is shown that the solution reduces to the usual DWBA in case

the core excitation effects are neglected. The source term due to the trans- 

fer reaction is explicitly calculated in the Zero—range appfoximation. In

section 4 the numerical problem posed bylthe systems of equations used.to

describe the reaction is discussed.



6.  UCRL-18529

- 2. SCHEMATIC PRESENTATION OF THE SOLUTION
In this section'the reasoning is given by which we arrive at the
equations we use to describe the transfer reaction where inelastic effects

are included. TFor definiteness we consider thev(d,p) reaction
d+A - p+ (A+l) . ' : (2.1)

First focus attention on a typical deuteron channel. &' in‘Fig. 2. We use
d' +to label all the quantum.nuﬁbefs needed to definé:thé'channél,-such as
the state of the nucleus A, and the angular momentum 6f the deuteron. The
equation describing the motion_in ﬁhis channel is

+ Vd'd' - Edv) U-df: - Z Vd,dn udn . , (2.2)

d"}éd'

(T4,
in which the various terms on the rightlrepresent the feeding of the channel.
d' by inelastic pfoéesses from other chaﬁnéls d", illustrated in the
figure by the wiggly affows. The equation (2.2) together with those describ-
ing all the other channels constitute the usﬁél system of coupled equations .
. for inelastic‘scattering. | |

Now focus attention on a typical proton channél p'._ Again this
channel is fed by inelastic prqcesseS’léading from other proton channels
(the wiggly arrows in the figure)'but as well,,if is fed by the fransfer
reaction from the various deuteron channels. Therefo?é, there will be two
types of source terms in the equations for the protoﬁ motion. lAccOrdingly

we write,
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Gy Uy =B Yy == L Ve s Ll . @)
Here' pg: ‘repfesents the souree;of'protens in‘channei-1p' és a.reeult bf.
- the strlpping reactlon in channol d', 1llustrated by the stralght arrow in
.t_the flgure. of . course. p. will depend upon the solutlons of the deuteron
't equatlons (2 2). We write down its detailed structure in section 3.
Since the reaction is initiated by a beam of deuterons incident on
.'the_ground state,of nucleus’ A, the deuteron gystem (2. 2) is to bevsolved
_ sgbject to the bbuﬁdary conditions that_only aeground clannel-has an 1ncom1ngr
 vave while all channels may.haVe outgoing vaves. The ploton sygtem is subJect
" to thc CODstlOﬂ that there are only outgoing vaves. i
The amplitudes of the outgoing proton vaves are of course the S-matrix
,elements'for_the (da,p) reactione, in thqh the ineldstic-scattering is |
calculeted to Ei}_g@dgzé among, the retained chadnels in Both the;deuteron
" and proton systems, while the.tranSfer reaetion,itself is treated as the
feak process it is,_Ouly'in first order. That is, ve have net ineluded the
reactjon‘back on the deutevon charnels of plckun reactions Therefqre the_r
sdlution to the troblem can-be obtained in two sceps._ First, the coupled |
_syetem (é.?) for the_deuterbns is'sblVed sd.thdt the source terﬁe- p can
“be constfucted, lSeeond, the inhomogeneous system (2.5) describiﬁg the
Protoﬁc is ; ived | | |
of. course‘one could thlnk.of eﬁtendlng the system of ecuatlons to

include nleu‘Oﬂal OaYtICJL channels llke trlton and alnha chdnne‘s in vhlch_

cach of these,systems is described by equations like (2.3).
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3. DETAILED FORMULATION FOR THE (d,p) REACTION
' In order to illustrate our method withbut unnecessary detail we con-
sider the (d,p) reaction in the gbsence of spin-dependent interactions.
This means we can treat the deutéron aﬁd proton as spinleés‘particles. The

éeneral case is treated in thé-appendix.

3.1. Inelastic Deuteron Scattering
Let the target nucleus _(A) be governed by the Ha.milt'onvian. Hy
whose eigenfunctions are denoted by @dg(g);'where ‘A denotes all the nuclear
coordinates, and & denotes all nuclear quantum numbers additional to J, M

such as the parity Ty

(1) =0 . | 6

[We use the subscript d on all quantum numbers referring either to the

.

_ deuteron itself or the nucleus (A) and p for quantum numbers describing

the proton and the nucleus (A+l).] For the total system we have

H = Hy + T + (4, 4) . - o (3.2)

where T is the energy'of relative motion and V 1is the deuteron-nucleus
interaction. It should be understood that V is an effective interaction

in the sense discussed elsewhere, which carries the affect of .all the chan-
nels we néglect on those we do treat.explicitly.7’8
With the eigenfunction of total angular momentum I = £, +gd and

parity m = (-) d T
d
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M 8 .y A M .
bamr (Bs A) = [ de(B.) 0, 7 (8) J - S (3.3)

we expand a solutioﬁ ¥ of
(H-EF) ¥ =0 | | . (3.4)

corresponding to incident particles in the channel d as
L M1 AT,y . Ma ' I~
ST E ¢ AV (5.5)
dl
where we use d +to denote the whole Collection of quantum numbers in a

deuteron target channel

d=a, J, L . . , | _ - (5.6)}

and by d' some other state of intrinsic motion Qﬁ Jé “and/or relative

motion () . In the usual way from (3.4) and (3.5) we get, for each total
angular momentum and parity I,m a system of coupled equations for the

radial functions u(r). They have the form, for each channel 4'

(,, + vV, THR) - By, wTHR) - - Z;é PTG I CONR CR S
R ) d" dy , N

(A sum over a primed subscript will always include the ground (unprimed)

channel unless otherwise .indicated. ) In the above equation,
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Taq (®) = Gam(E DIV, A)log1(E 2) | (3.8)
and'
. e 42 150ty + 1)
Ta=zm. | "2 5 o (3.9)
a dR R~ - | - |
E.=F - E . | ~ (3.10)
a o,

These are to be solved subject to the boundary conditions that there

are{incomigg waves (I) only in the channels containing the nucleus in its

ground state, while all channel% may have outgoing waves (0O)

' v 1/2 o
anl ' d L v .
Uy (R) —» 8414 Iﬂd(de) - ;ET > sd,’d Oﬂd'(kd,R) . (3.11)

Here

i(kr-nﬂn(?kr)—ﬂﬂ/2+dl)

TE(kr) = 0,(kr) = G ,(kr) + in(kr) - e (3.12)

where G and F are the irregular and regular Coulomb funcfiohs,

5. . : _ )
N = ZZ'e /1r’1v,'clZ is the Coulomb phase shift, and v the particle velocity.

The total wave function has all angular momentum and both parities,

corresponding to the fact that a beam of particles is incident on the

target.
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A

v - Z A My Mo S | | (3.13)

03T £, io o
M 1 Jadatl e fa %
bamr = - o] Co M, M (28, 1) 1 Te | (Gl

then, in the absence of the Coulomb force,

M ik 2
v oo %) e ¢

+ scatteféd wave
a )

which is the desired solution.
The detailed structure of the coupled equations (3.7) based on micro-

7,8

“scopic nuclear descriptions has been discussed elsewhere.

%.2. Proton Production and Inelastic Scattering

The nucleus A+l we suppose is described by

<HA+1'E04J>CDO£J (a4:1) = 0 , (5.15)
Pp/ PP .

and with notation and definitions analogous to the above, the proton motion

in the channel p would be described, for each total angular momentum and

parity Im, by
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@, V) -8 ) <= ) V) ) (5.16)
p'fp

were 1t not for the fact that there is a_source'of protons in the vicinity of
the nucleus due to the stripping of the neutron from the deuteron.

We must instead solve the inhomogeneous sysﬁem

(Tp + Vg__:;(rp) -E) wd”I(rp) = - Z ) dTrI(r ) - d7TI(1" ) (3.17)

p’ "p
p'fp

where © denotes the proton source. We calculate this from

Ogﬁl(l‘p) =:rp Z P’TTI(r ;l)lvnp(r)|¢0(r) d)d I(R A) dﬂI(R)7R>

Al .
d | | | (3.18)
and will justify this form later in section 3;h; Here r =r, -‘gp' and
2R = In +=;p and ¢O is the deuteron wave function. In this matrix

element, all coordinates (inclﬁding QP) are integrated except rp; The
“various terms in this sum represent:the transitions indicated by arrows in
Fig[ 2 leading from the various channels d' in the deuteron system_tq the
channel p in the proton’system.

We have placed 4 ~as a supérscript on w to correspénd to the fact
that the reaction is initiated by a ngg_of deuterons in thé ground channel
a, wﬁich information is carried in the,soﬁrce terms through their1dependenée

on solutions of (3.7) withhboundary conditions (3.11).
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The equations (3.17) are to be solved with the physical. boundary

COnditions that proton channels of this reaction have only outgoing waves

v
danl d I p
W > - <;f;> Sp Ol.(kprp) . / (3.19)

( vy >l/2 @M . i[kpfp-n/zn(zkpr)]

in wdﬂI ¢ M
D il
is
B 'zp_Jp'I m .
-5, ! © o M ow Yy (Ep)

. PP P
. .

.On the other hand, the sources (3.18) were constructed with unit amplitude for

dnt
a’

Hence the total amplitude for the process is

_ whereas its actual amplitude in the incident wave is given by (3.14).

' fzd—/z i(cd+d )
P(T M, SIM ) = = Z \/lvrr(efz +1) 15 P e P
Lgtm TM
£:3.1 4. J_ 1 m_ .
c & & P P ogT gDy | (3.20)

0O MM . "m M M a £
q b ‘ b, o p 1Y
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A

- (We have feplaced ‘fp by ‘gp since they become coincident asymptotically.)

St ~
The flux through the surface ridQ in the direction ,gp. is therefore

vdlftedn, while the incident deuteron flux is vy. Whemce ' . - ‘
do - 1 . o : '
@ " 2T ) leagy — M) | (3.21)
M M
pad

We should perhaps note that 'Séné ~is a short hand notation for
. ) ’

- | | | _‘ |
-Sp?a.z'((ZpJp)IM}S}(Ede)IM) B (3.22)

{which is independent of M). It iéItheﬁﬁﬁraﬁébarehﬁnthaﬁf

zp I, 1 zp . - - :
E{:co MM So M oM sp,d = (lpmp, JpMp|Slld 0, JMy) - ,(5'25)
™ a PP L .

3.3. Check with DWBA

We can check the.constructipn-of the source term in all its‘détailsiby-
considering the limit of our équations whén the ihelastic effeqts in both:
proton and deuteron chaﬁnels are négiected. Sinée in any case, thé transfer
procesé is éalculated in first ofder, this limit should lead exaétly to thev
DWBA cross section. Oﬁr”equations become _ | : .

(Td - gé - Ed) ugﬂl_(R) =0 v . : (3.24) - S




7

-15- UCRL,-18529

(2, + VI - B)) () = - ol () . (3.25)

where 4 refers to elastic deuteron channels and p +to any proton channel.

Introduce the solution of the homogeneous equatioh corresponding to.the second of
these

il ord - - ’ :
T +V_ -E W r)=0 : .26
(z, + Voo - E)) w0 (x) - S B9
which is regular at the origin and has the asymptotic behaviour,
orT id

. . p . : ) - ' ' .
W - 2i e sinfk r - £ 2 + : .2
o - i ( oD p’IT/ SP) | (3.27)

where SP_ is the phase shift introduced by V?p' Then the asymptotic

onl

solution of (3.25) can be writtenvdbwn immediately in terms of U3 -and
wgﬂi (See for example Ref. 7). It is o '
v 1/2 _
ant d ml Y
u - - = S 0, (k. r - .28
P v p,d 1 ( P p) : , (3.28)
P ‘ P
where‘ Oz is an outgoing wave and S 1is given by the explicit formula
o ‘
1/2 | . :
ar i [ ™M oml aml - (3.29)
-5 T e | e : W r .
p,a h2 k kd P pp | P > ’9.

and ‘kp = (EmpEp:/’ﬁ.g)l/2 is the wave number. The shperscript o on. the
solutions to (3.24, 3.26) indicate that they describe elastic. scattering

only. Introducing (3.18) for p into this expression for S gives,
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/2 r _onl

‘ ., /mm (r) - % .
sz (i) | BT tm Gy
M, A ugﬂ(ﬁ') ‘
| Vnp(r) ¢O(I‘) ¢dﬂI(B, 4) —g 4, ¢ 5 d A
Inserting this into (3.20) we have
1/2 : '
m m — , Y, i(o to,) m
£ =2 p 4 Z bmer, +1) 1 &P e P 4y P
e\ KRy - a ot !
d P {0 m P
-dpp ' .
_oml *
vy (rp) myoa M.p My
—E v,7 (z) (@ 5 AV ()leg(x) o 5 (A))
P p PP - : da'd
wWhR) o . | | ,.
M O @, - _—
d 1
Now let us write
' s orl
' £, ‘io, u; (R)
(+) _ z\/———— *a a ‘a 0y
wd = - @n(EEd +1) i e —§EE£§_ de(ﬁ)

d

which is the partial wave expansion of the deuteron wave, distorted by

Vdd'» In the absence of distortion it goes to

(3.30)

(3.31)‘

(3.32)

<
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2/,((;) o ¥ . | (3.33)
Also
| onl, = o
* : -1 io. w_ (r) m m :
_ (:( . . ~ L ~ .
| ‘”1() ) &y Z 1P e P AR v P ) v (k) (5.34)
s PP P P
PP

which, in the absence of distortion goes to

=) e NI | (3.35)

. 1/2 , \
L[ T | - (3.36)
f=— == mm - : .
where
: * M M. ' '
(=) o - d (+) e
Toa=] Yy (B Ep) <®OCPJP(A+1)|‘VHP;}¢O(?) CDade(é)) vy ‘(kg» By d g dr,

(3.57)

is precisely the usual DWBA expression for the T-matrix. The cross section

according to (3.21) is
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EE ;.jﬁiii__ ﬁg .__E__ E: TT |2 v (5.58)
| (emf)? Ko AT L TmA :

which is the usual DWBA result for the (d,p) reaction with spinless nucleons.
Thus we have confirmed, to the last factor, that our construction of

the source term is the ane which, in the absence of inelastic eéffects leads

to the DWBA cross section for the transfer reaction. Consequently, although .

our equations are approximate, they embody no approximations additional to
those of the usual DWBA, whereas they do take account of inelastic effects,

to all orders among the retained channels.

5.4, The Source Term

The source term can be explicitly evaluated under the usual zero-

7

range approximation,
Tup(r) @o(r) = Dy 8(r) - | e

where DO can be related to the binding energy of the deuteron.

To carry out the integration of the coordinates - A 'we make a

parentage expansion

M . ‘.'4 . N . .
®JP(A+1) = Z B, (3> Jp) v[.CDO‘J (4) ¥, (;n)] P x, (r)) (3.k0)
e n d d n J n
anﬁJd- , : P

4 (-J:‘
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where Xﬂ is a single-particle radial function for the neutron in the

nucleus (A+l). Inserting these into the source (3.18) gives,

oz ) = 1, Z< fonilly: B0 ;)10 ﬂ(r,A>> L ORI CREP

where. !

M, e Mea ‘
bty 2 2) 00y 1> = ) 8, () %, ()

I I

R . M . | M . |
<Y%<;p>[@Jd<g> xzn@p)];rp] Hyzdu:p) cde(g)] > o

The integrations are over A and ;ﬁp. We write the bracket in this

-expression symbolically as .

Jagm (3.15)

(o (Tgs ) T M|

. . ’ ~
where the argumentsvof' ﬂp Zn, and - zd are Ep while those of Jd are ‘é;

Tofcarry out the A integrations we recouple on the left

: . ~ ~N1/e . n
[4ys (3g8,) 35 ) = Z (4, %) /,(,—) PP P | (ep2,) Ky 345

(5;&4).

A

Where K = 2K+l.
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For the following bracket we have

| | K 3,1 4,7, 1 IR
(O 8) Ky 34 IMlszd5 ) = §: C M, M Cmd M, M (405 K myl Lqms)

a
nth., |
(3.45)
~ . -
The rp integration of the last bracket yields,
| l 2 ?pzn \1/2 1 g |
(L £ ; Km {tm.) = (=) [ ' : 8 . (3.146)
pn a'"da’d ] L , 0 0 0 Kig
Thus we find for the source term in the channel p,
: T 4T
aml, v _ : B n p
P, (r) =D, Z an(Jd_. ) ()
a'i :
A AN A 1/2 ) ) .
X ’4—7'[' ) Xz (r) udl (r) .
Jd_, I J 0 0 O n
ar’ P
(3.47)

-

Here we see explicitly the radial form of the source which ¢ontains the_product'

of the neutron bound state and the deuteron scattering state, as éxpected.'
That they have the same coordinate r, follows of course from the zero-
range approximation. For simplicity we have omitted the usual center-of-mass

correction.

(i
v
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Of course the stiength with which the variéus levels d' -contribute
to the source in the proton channel p depends §n the extent to which each
of them is a parent of the level p. In.theiidealized example of Fig. i, the
first two levels havé only the target ground state as paréht wﬁile thé ﬁhird
state also has a pure parentaged but based on the ex01ted target state. FIn
general the parentage will be spread over several or even many states, though
it may stlll reside dominantly in several states. At any rate, this
informafion is inserted in the.soﬁfcelterm through the parentage cdefficieﬁts 

B, (J.,, J_).

3.5. The Inverse Reaction

The reaction, inverse to the one of primary interest can be calculated
at liﬁﬁle extra trouble,:as we shall see in the next section. The source

for deuterons corresponding teo the (p,d) reaction in the channel labeled -d

is

ETR) SR Y (0g R 4) 3o, (o)l ﬂ(r 4 B V)
p' | '
(5.&8)1

in which wi?i are solutions of the proton,inelaétic scattering problem

defined by (3.16) with boundary conditions

. ‘ o v "1/2 ) . :
e 5 .. I, (k r ) -| 2 s, ™ o, . (3

The equations describing fhe deuteron motion'following the pickup reaction
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‘are for each channel d,

(VR - B R < - Y ) T w) - P"I(R)

a'td

which are to be solved with the‘boundary condition’

1/2 :
P oy vp I -
ug (R) - - % sd,p _ Old(kd R)

UCRL-18529 -

(3.50)

(5.51)

The source term can be evaluated explicitly as before, under the

zero-range approximation, and is

z +J +-I

oI (R) - §: FACENIOR

The cross section can be computed from (3.20) and (3.21) if everywhere

the subscript d is replaced by p and vice versa.

T, .
X, (8) wor (R)

(3.52)

-)
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“ L. THE NUMERICAL_PROBLEM AND ITS SOLUTIONS
In brief the problem of ‘calculating the (d,p) reaction including -
inelastic effects, amounts to solving the coupled equations (3.7) describihg
deuteron elasﬁic and inelastic scatterihg, construeting the proton source
terms (3.147) from this solution, and then solving the inhomogeneous coupled
equa@ions‘(3,17) for the proton scattering by the residual nucleus. Each of
these two systems of coupled equatibns is definéd by fwﬁ‘boundary conditions,

one at the origin, where all solutions must vanish, and one at some suitably

" large radius, say R, outside the range of the nuclear interactions. Let us

denote the solution to the deuteron equations (3.7) by the vector

uy(r)

u(r)

o) = | | | S ()

where uy denotes the entrance channel function, and there are altogether
N channels. Clearly it is not known a priori what slope to assign to the

components of this vector at the origin, so that in the asymptotic region.

it will have the required form

) I, -8y 04{r) |
Cu(r) =y (r) = -sél 0,(r) , T>2R . : (&.2)
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Consequently a linearly'independent-set_ofvvector solutions ‘Hq(r) must
be generated from which the desired aone can be constructed. This is

-conveniently done by using the initial values

0
v 0
1 +1 .
. (qu)vq. . . - ; :
1,(") = ey R )
0

where the 1 occurs in the qth position. Solﬁing the system N times
corresponding to q =1, .. N generates the desired sét of independent
with the nature of the solution near the origin, and it insures that the
solution does not grow out of bounds with increasing r. In practice,.the

integration is started at some value of r, say Rmin chosen to be as .

small as possible but such that Uq(Rmin) is not smaller than some assigned

30

small number, say of the order 1077,
With this set of solutions U (r), g =1, ... N, we seek the

linear combinations such that
| U (R) = U (R) . - L
) e n® =g ® . (4.)
g=1 ' :

This, together with the derivatiVe, constitute 2N lihearualgebraic

equations in the aq and Sq{ of which there are N each. From these.

S-matrix elements the elastic and inelastic deuterons cross sections may be
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calculated, while with thev‘aq, the desired solutioﬁ caﬁ be_constructgd for
use in the proton source term. H

The solution Qf the inhomogeneous problem is.obtained in a similar
fashion, since a general solution can be obtained frbm avparticular solution
say W(r) of the inﬁomogenous system (3.17) plus a general solution of the
corresponding homogeneous system (3.16). One may staft the particular solution
with>z¢ro value and slope at the origin. The solutions Eq to fhe ho@ogeneous
problem are obtained by the séme means as above, and the solution with the

desired asymptotic boundafy condition i1s found by solving the linear algebraic

equations
M ’ . Sl Ol(R) | » .
Y v q<R> + w(a) - : (k.5)
a1 .
Sy oM(R) o

for the unknowns b and ' S. From these last S-matrix elements the cross
sections of the various proton channels in the (d,p) reaction caﬁ be

" calculated.

It is clear that one can calculate the proton elastic and inelastic
scéttering by the residual nucleus (A+1) by simply solving a set of linear

algebraic equations.

Zcq H(B) = B,(8) “ (ke

g=1

where W&(R) is defined similarly to (L4.2).
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Finally the inverse (p,d) reaction can be Calculatéd at only the éost
of finding a particular solution of (3.50) with the source term (3.48) con-
structed from the physical solution of (3.16) already found in connection

with the scattering boundary conditions (k4.6) and then solving a set of

algebraic equations analogous to (4.5).
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"reaction is treated as a weak process, only in first order.
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5.  SUMMARY

We have showﬁ how to go beyoﬁd the usual DWBA treatment of transfer
reactions to include the effects of inelaStic écattering in both entrance and
exit channels. As discussed in more detail in the introduction, this may be
necessary in some cases for one or both of twq reasons. The one of thesé is_
that the cqupling of inelastic channéls to the ground is in some nuclei very
strong, especlally in deformed regions.‘ The other is that most certainly in
every nucleus some states pfoduced in particle transfer reactions will have
a parentage based more on an excited rather than the ground state of the
target. ‘This wili be especially tfue»pf higher lying sﬁates.

Qur basic equations cannot be rigorously derived from the Schroedingef
equation for the Systemf:'However we can say tﬁat they embody ﬁo approximétioﬁs
beyond those made in the usual distorted.wave method, whereas they do carry
the effects of inelastic processes on the transfer reaction. These effects
are carried to all orders améng the retained channels so £hat bofh causes of
failure of the usual DWBA are covered. However like the DWBA, the transfer

. :

We have illustrated our method by a detailéd exaﬁéle,_the (a,p)
stripping ang inverse pickup reaction, in which, for didactic purposes, we
have omitted réference to fhe nucleon and deuteron spins. The Samatfix
elements for the deuteron and proton elastic.and inelastic scattering'aé well
as the stripping and pickﬁp reactiéns are bbtained by applying the appfopriate
bouﬁdary con@itiéhs to the solutions of a homogeneous . and inhombgenebué
system of coupled.aifferenﬁial equations foflggﬁg the deutefon ahd‘proton

channels. One particular solution only is required for each of the two
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‘-:inhomogénéoﬁs systems whiiejgenéral solutibhs éf thejtwo homogéneQus problems'.

are required. . .

The_method’can'be applied'to’other_problems besides the oﬁe’conSidered  

ﬂherg; Our firét=application isvto the: (p,t) reaction using a microscopic
vnucieér degcr;ption and#awsPinQdependent direct interaction.és.Well as

spin-orbit coﬁpling in.the bptical.pdtentials.
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Appendix: ‘The General Case with Spins

a ' ;
Having considered the (d,p) reaction in detail in the absence of spin-
EJ dependent interactions, we now give the changes necessary to include such
interactions as spin-orbit terms in the'opticdl potentials and spin-dependent
direct-interactions.
The chammel functions ¢, and ¢? used in section 3 are now con-
structed -with the use of spin-orbit functions as
0] = ., @ . (A.1)
L L1/2 o J
P (£,1/2)3, "3 j1 | |
‘ M : :
¢ = [ . @ ] (A.2)
ant %(ﬂdl)gd g b1 |
where
. m mp
:Q _ ~ .
b b b . : v
b ‘
- =1 Y, (®) | a(g) nlg,) (A.L)
7(ﬂdl)Jd ld go) n 145
v : ) _
where n 1is the spin function for a nucleon. The channel quantﬁm numbersb
4

d and p now include the additional specification of jd'_and jp

respectively. The source term for the (d,p) reaction becomes



where .

abc

a evf

g h i

- =30~

0, +T_+j_+T

amT , ‘ . a' “p “p
oM@ any ) By Ted) (8
. n'n '
a'z 3
n-'n
PNEEREESERN 1/2 .
Jp dar H Iy P it Ip
- Lgr
0 0 O Ty
dmI
X, 5 (1) ugi(x)
nn
: : abec
= (cfgh)]-'/2 def
ghi
9-J symbol.

is ‘a recoupling coefficient with { } a

Corresponding to the incident wave

. de | .' Ha d
Y0=®Jd(A) [n(gp)n(‘gn)_.]'l e

The amplitude of

mM
dude

A

ik 7

) Ug?I: in the source is
S Jatda Jadat
_ Elkd 0 ud,“d ud Md M

UCRL—18529

(A.7)

(A.8)

) ;
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Hence the ampliﬁude for the transition is.

' o S _ £.-1 i(o,to )
j((JdeHd - JpMpup) - Z , \/lm(zzdﬂ) 14 P o 4P

2ik
d
I
PJP
Czdkl Jq Cad Iy I 'Zvclp 1/2 Iy CJ I, 1 o Ymp(ﬁ )
: + + yor
i b ,
(A.9)
so that the cross section is
2
dc . ‘
- STy Z ‘ 7[ (8-10)
P

The source‘term fpr the inverse reaction can be written down 1mmediately
from (A.5) by‘anelogy.to the relationship between (3.47) and (3.52). The
corresponding amplitude can be obtained from (A.9) by everywhere 1nterchang1ng
the subscripts d and p, and interchanging 1 and 1/2 in the two

Clebsch-Gordon coefficients.
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FIGURE CAPTIONS
Fig. 1. The (d,p) reaction befwéén ideaiized nuclei is i1lustrated. The
lowest two levels of (A+l1) hévé.the same core cénfiguration ®O(A) as
. the target and’so cén be produced directly 5& the stfipping proceés as-
indicated by the arrows. The:third7level;,as indicated by its wave function,
has an exciéed core, and.so_can be reached only through an inelastic
collision With the deuterbn before or with the proton after the transfer

‘reaction. Onlyvthe lowest order routes'are,illustrated.

Fig. 2. Tor a typical deuteron channel d' and proton channel p', this

figuré illustrates by the arrows leading to=these levels, what processes
have to be described by the équations of motion in these channels. See

section 2 for a full discussion.

[}
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LEGAL NOTICE

This report was prepared as an account of Government sponsored work.
Neither the United States, nor the Commission, nor any person acting on
behalf of the Commission: _

A. Makes any warranty or representation, expressed or implied, with
respect to the accuracy, completeness, or usefulness of the informa-
tion contained in this report, or that the use of any information,
apparatus, method, or process disclosed in this report may not in-
fringe privately owned rights; or _

B. Assumes any liabilities with respect to the use of, or for damages
resulting from the use of any information, apparatus, method, or
process disclosed in this report.

As used in the above, "'person acting on behalf of the Commission"”
includes any employee or contractor of the Commission, or employee of .
such contractor, to the extent that such employee or contractor of the
Commission, or employee of such contractor prepares, disseminates, or pro-
vides access to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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