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Abstract

Mean field games with singular controls of bounded velocity
by
Joon Seok Lee
Doctor of Philosophy in Engineering—Industrial Engineering and Operations Research
University of California, Berkeley
Professor Xin Guo, Chair

This thesis studies a class of mean field games (MFG) with singular controls of bounded
velocity. By relaxing absolute continuity of control processes, it generalizes the MFG frame-
work of Lasry and Lions [58] and Huang, Malhamé, and Caines [46]. It provides a unique
solution to the MFG with singular controls of bounded velocity and its explicit optimal
control policy establishes an e-Nash equilibrium of the corresponding stochastic differential
N player game with singular controls. It also includes MFGs on an infinite time horizon.
Our method to approach MFGs with singular controls is from bounded velocity processes,
and we analyse the relationship between singular controls with finite variation processes and
singular controls with bounded velocity.

Finally, it illustrates particular MFGs with explicit solutions in a systemic risk model
originally formulated by Carmona, Fouque, and Sun [23] in a regular control setting and
an optimal partially reversible investment problem with N players originally formulated by
Guo and Pham [39] in a single player setting.
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Chapter 1

Introduction of MFG

The theory of Mean Field Games (MFG) studies stochastic differential N player games of
a large population with small interactions. Although stochastic differential N player games
are useful and applicable in various fields, as N becomes large number, the game has high
complexity, and finding a Nash equilibrium of the game is intractable in general. Because
of these difficulties, the theory of MFGs suggests a new approach to approximate Nash
equilibria of stochastic differential N player games. The key idea of MFGs is to approximate
the dynamics and the objective function from population’s probability distributions. Instead
of considering all other players’ behaviour directly, considering a probability distribution of
all other players’ behaviour decreases complexity of the game. As such, the MFG provides
a simple and elegant analytical approach to approximate the Nash equilibrium of N player
games. The MFG is first introduced by Lasry and Lions [58] and independently studied by
Huang, Malhamé, and Caines [46]. In additions to the PDEs and control approach, there
is an alternative probabilistic approach of Carmona, Delarue, and Lacker ([19], [20], [22]).
There are many applications of MFGs in economics and finance, such as the systemic risk
by Carmona, Fouque, and Sun [23] and by Garnier, Papanicolaou, and Yang [33], and the
growth theory by Lasry, Lions, and Gueant [59], high frequency trading by Jaimungal and
Nourian [47], and by Lachapelle, Lasry, Lehalle, and Lions [56], non-renewable resources
by Bauso, Tembine, and Basar [5] and by Gueant, Lasry, and Lions [36], and finally the
queueing theory by Manjrekar, Ramaswamy, and Shakkottai [64], by Wiecek, Altman, and
Ghosh [80], and by Bayraktar, Budhiraja, and Cohen [6].

1.1 Toy model of MFG

Let us start with a toy model to illustrate the main idea and solution technique behind
the MFG. This toy model is “the meeting start time” in [36]. Suppose that there are iden-
tical N = 10K agents distributed on the negative half-line according to the probability
distribution mg. Consider the probability space (Q, F,F = (F})o<t<oo, P), and let {W/}
for i = 1,2,--- | N be independent and identically distributed (i.i.d.) standard Brownian
motions on this probability space. Let m(t,z) be a probability distribution of agents’ po-
sitions at time ¢ and m(0,2) = mg(z) = 0 for Vo > 0. The location of the meeting is
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x = 0. Let X} be a position of agent i at time ¢ and ! be an agent i’s control variable
at time ¢ with dynamics dX; = aidt + odW/. Although the announced meeting time is
to > 0, the meeting actually starts at T, when 90% of agents present at the meeting place
0. 7; is the time at which agent ¢ would like to arrive but in reality the agent ¢ will arrive
at time 7" = 7' 4 g€’ = mtin{t : X} = 0} where € for 4 = 1,2,--- , N are i.i.d. normal
distributions with variance 1. The cost function for each agent consists of four parts: a
cost by controls OTZ sai?dt, a cost of lateness (reputation effect) ¢1(to, T, 7') = afF" — t]4, a
cost of lateness (personal inconvenience) cy(ty, T,7') = B[7' — T4, and a waiting time cost
Cg(to, T, 7~'l) = ’Y[T — %Z]+ Denote C(to, T, 7:7') = C1 (to, T, %Z) + Cg(t(), T, %Z) + Cg(to, T, 7’”) Then,
each agent tries to minimize its cost by controlling o! based on all other agents’ arrival time.
There are two different methods: the NV player game approach and the MFG approach.

In the N player game approach, each agent chooses its controls in the view of N identi-
cal distributions (e',--- ,e"). One can simplify the problem using order statistics for 90%
percentile of arrival times (€gx_1), €9r)). A given player’s optimal strategy 7* satisfies

7 = argmin E[C(7* + o', 7"+ 0€*,- -+, 7" + V)]

= argmin E[C (7" 4 o€', 7 4+ 0€9r—1), T* + 7€),

where C' is the cost function for the player 1 with respect to other players’ arrival times.

1.2 From N player game to MFG

Let’s formulate general N player game first, and then heuristically derive the MFG from the
N player game. Let (Q, F,F = (F;)o<i<T, P) be a probability space with W' = {W/}o<i<7
independent and identically distributed (i.i.d.) standard Brownian motions in this space for
1=1,2,...,N. Fix a finite time 7" and assume that there are N identical players. The state
process for the ith player is X; satisfying the dynamics for ¢ € [0, T

N N
i 1 i i i 1 i i i i i
dX! = ~ jzlbo(t,Xt,Xt],at)dt + 5 jzlao(t,Xt,th,at)th, Xi=2'eR?Y (1.1)

where af is the control process for the ith player. by : [0,7] x RY x R4 x R? — R? and
0o : [0,7] x R x R x R" — R? are Lipschitz continuous functions. Then, the stochastic
differential N player game is for any ¢ = 1,2,--- | N,

inf £

ateA

T X o 1 & o
| 30 e X1l D holX5 X5 (1.2
j=1 j=1

subject to (1.1) where fo : [0,7] x R x RY x RY — R? and hy : RY x R — R? are
Lipschitz continuous functions. The ith player chooses its optimal control process based on
all N stochastic processes X}, X2 --- XN, Hence, the optimal control a! is a function of
Xt xz2 ... XN
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The strong law of large numbers is for any i.i.d. random variables Yi,Ys, -+, Yy with
ElY;] < oo,

N

1

NE Y, — ElY;]] as. as N — co.
i=1

Consequently, with some technical condition on fy, hg, by, 09, as N goes to infinity, the strong
law of large numbers applies to ¢g = fo, ho, by, 09 as

N
NZ¢O(t7Xt7Xg7at) — E[gbO(taXtanvOét)] - /¢0(t7Xt7x7at)ut(dx) = ¢(t7Xt7Mt7at)7

=1

where yi; is the probability measure for { X7 },—;... x. Define f,b,0 : [0, T|xR*xP(R¥) xR —
R? and h : R x P(R?) — R as corresponding functions if P(R?) is a set of all probability
measures on R?. Then, the mean field game with regular controls (MFG) can be formulated
as following:

T
ig/fé\E l/ ft, Xy, e, a)dt + h(Xr, pr)
@ 0

1.
subject to (13)

dXt = b(t,Xt, ot Oét)dt + O_(t,Xt, Mt Oét)th, Vt € [O,T], XO =X, Uy = U.

where p; is the probability measure of X; for any ¢ € [0, T]. Here {a;} is the control process
in an appropriate admissible control set A. The player determines its control based on its
current state X; and the probability measure u; rather than based on the state of all players.
The solution to the MFG can be defined as below.

Definition 1. A solution of the MFG (3.1) is defined as a pair of the optimal control o € A
and the flow of probability measures {y;} if they satisfy

(s, X¥) =F [fST ft, X/, pf, o )dt + h(X},u*T)] for all (s, X?) € [0,T] x R? and for each

t € [0,T) pu; is a probability measure of the optimal controlled process X[ which is

dX; =b(t, X[, puf,of)dt + o(t, X[, puf, o )dWy, ¥t € [0,T], X5 =z, uy = p.

1.3 PDESs/control approach

Because of probability measures u;, a MFG is different from a stochastic control problem.
To use the PDE/control method, one needs to fix u; as a deterministic function first.

PDE/controls approach to MFGs The PDE/control approach of [58, 18, 46] consists of
three steps. The first step is to fix a deterministic mean information process and to analyse
the corresponding stochastic control problem. Given the solution to the optimal control, the
second step is to analyse the optimal controlled process, i.e., the McKean—Vlasov equation
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or stochastic differential equation (SDE). The third step is to show that the iterations of
previous two steps converge to a fixed point solution to the MFG. In this approach, the
MFG is essentially analysed by studying two coupled PDEs, the backward Hamilton—Jacobi—
Bellman (HJB) equation and the forward McKean—Vlasov SDE. This approach requires three
main technical questions. The first question is existence and uniqueness of optimal controls
{a;} and the value function v of the stochastic control problem in the first step. The second
question is existence and uniqueness of the flow of probability measures {y;} which is the
solution to the stochastic differential equation in the second step. The last question is
existence and uniqueness of the fixed point solution in the third step.

For the first step, fix a deterministic function ¢ € [0,7] — p; € P(R?), and then the
MFG (3.1) is equivalent to the stochastic control problem:

T
0(ov) = 0L B | [ 70Xy e+ 10 i)
st dX; = b(t, Xy, g, d)dt + o (t, Xy, g, o)dW;  and X, = x,

where A is the admissible set which contains all progressively measurable processes satisfy-
ing the condition F fOT |o|?dt < co. There are two approaches to solve the stochastic con-
trol problem: the Dynamic Programming Principle (DPP) which refers to the PDE/control
method and the stochastic maximum principle which refers to the probabilistic method. The
DPP established by Bellman is a technique to solve the optimization problem from consid-
ering sub-optimization problems in different time and states. Suppose the value function
v(s, ) provides the optimized value for time s € [0,7] and state x € R?. Then, the DPP
relies on Bellman’s principle of optimality: for any s < S < T,

S
o(s,x) = inf E[ [ 56X s (5, X))

ac A, 5]

where A[, g denotes the admissible set over [s, S]. One can derive an infinitesimal version of
Bellman’s principle of optimality, the HJB equation:

1
—0w(t, ) — ini{itr(a(t, z, )t z, p, ) Dygv(t, x))
ac

+b(t,x, p, ) - Dyv(t,x) + f(t,z, p, )} =0 (1.4)

with  v(T,z) = h(x, pr).

Because the HJB equation (1.4) could have multiple solutions or does not have smooth
solutions, one needs to verify the solution. If the HJB equation (1.4) has a C*2([0,T] x R?)
solution, w, then using the It6’s formula, one can prove w(s,x) = v(s,z) for any (s,z) €
[0, 7] x RZ. If it does not have a C12([0, T] x R?) solution, one can use the viscosity solution
to (1.4). ' By proving that the viscosity solution to (1.4) is the value function v and the
viscosity solution to (1.4) is unique, one concludes that the value function v is the viscosity
solution to (1.4). Within the verification step, one can also show that there is a unique

!The definition of the viscosity solution to (1.4) is in appendix A.2.
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optimal control a;(u;) € A if there is a unique value function to the problem. Therefore, by
the uniqueness of the value function v and optimal control ay(p;) of (3.1) under fixed {pu;},
one can define a mapping I'y such that I'y ({u:}) = {aw(pe) }-

The second step is the consistency part. Under the optimal control a;(u;) from the first
step, one will update the flow of probability measures u; using Py, which is a probability
measure of X;. There are two different methods in this step. In [46], they approach the
second step with the McKean-Vlasov SDE:

dXt = b(t, Xta PXt, O{t(ﬂt))dt + U(t, Xt7 PXt7 Oét([,l,t))th7 Vt € [O, T], XO =x c Rd.

Under fixed oy (), with some technical assumptions, the McKean-Valsov SDE has a unique
solution pair (X, Px,) where Py, is a probability measure of X;. Another method is to use
the SDE under fixed p,. With fixed p; and oy(p) from the first step, the second step is
equivalent to solve the SDE:

dX; = b(t, X, pue, o (pe))dt + o (t, Xy, i, o (pae) ) AWy, V€ [0,T), Xo=ax€REL  (1.5)

The Kolmogorov forward equation for (1.5) is for any x € R? and t € [0, T

8tp(t7x) = - Zawj (b(tv Ty [, Odt(ﬂt»P(t, .CE)) (16)
+ % > Z i O (0 (t, 2, frz, ()0 (8, 2, g, ()T P(E, ). (1.7)

The solution to the Kolmogorov forward equation, P(t,x), is the probability measure for
X with ay(pe). So, one can update new fixed flow of probability measures {u}} using
the solution to the McKean-Vlasov SDE or the Kolmogorov forward equation. Therefore,
with the uniqueness of probability measure under fixed {y;} and {4 ()}, one can define a
mapping I’y such that To({oy (1) }) = {1}

The third step is the fixed point part. One can define I'y and I's in previous two steps,
and the MFG framework repeats I'yoI'; until convergence. By Schauder fixed point theorem,
if the mapping ['; o I'; is continuous mapping, there exists a fixed point solution, and under
some technical conditions it is unique [58, 18, 46].

Therefore, the PDE/controls approach to MFGs is of solving these three main technical
questions. After all, the MFG framework can be converted as two time conflict PDEs:
the HJB equation (1.4) and the Kolmogorov forward equation (1.6). The HJB equation
is associated with the stochastic control part, so it is backward in time. The Kolmogorov
forward equation is associated with the consistency part of the statical distribution, so it is
forward in time. Because these two differential equations are nonlinear PDE and conflicting
direction of time, solving these two equations is not easy in general.

Let us illustrate the PDE/control approach to the toy model in section 1.1.
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The MFG framework for the toy example Fix an actual meeting start time as deter-
ministic 7. Then, with fixed 7', the problem is equivalent to the stochastic control problem:

1 T
v(xg) = inf Elc(to, T, 7) + 5/ aZdt]
@ 0
s.t. dX; = opdt + odW,, Xo=u1z9, 7T =min{s: X, =0}.

Then, the Hamilton-Jacobi-Bellman (HJB) equation for the value function v is
: L i 0% s
0 = 0y + min{ad,v + 50/ T+ ?va.

However, this solution is the optimal solution under fixed T, finding the proper T' is also
crucial to solve the MFG. Let’s use fixed point method for finding the solution 7. The
Kolmogorov forward equation for the distribution of agents’ position at time ¢, m(t, x), is

2
om + 0, ((—0,v)m) = %Qﬁzm.

Define the cumulative distribution function of arrival times as F(s) = — [ dxm(r,0)dr.
Then, one can update 7" = F~1(0.9) as new actual meeting start time. With new fixed 77,
one can repeat the same iterations, the HJB equation and the Kolmogorov forward equation.
Repeat these iterations until the solution converges to a fixed point solution of 7% and v*.
Then, this is the solution to the MFG.

1.4 Probabilistic approach

The stochastic maximum principle is also one of the most common approaches to solve
stochastic control problems as well as the PDE/control approach. Because the HJB equa-
tion only works for Markovian controls, the stochastic maximum principle is suitable to solve
the stochastic controls with non-Markovian controls or open loop controls. The stochastic
maximum principle is a probabilistic approach using the duality principle and an adjoint pro-
cess. It gives necessary conditions for optimality, so by solving adjoint backward stochastic
differential equations (BSDE) it suggests an optimal solution to the problem.

The theory of BSDE is introduced by Bismut [9, 10] and it is widely studied in 1990s.
Pardoux and Peng [66] prove the existence of uniqueness of general BSDEs with Lipschitz
conditions, and there are works connecting BSDEs and stochastic control problems [67, 68,
55]. Beyond BSDEs, the forward backward stochastic differential equations (FBSDE) which
are coupled BSDEs is introduced by Antonelli [1], and Ma, Protter, and Yong [62] study more
general FBSDESs. Because of connection between stochastic control problems and (F)BSDEs,
it has many applications in finance such as [29, 73].

BSDEs are stochastic differential equations in backward time with terminal conditions.
For any fixed time interval [0, T, define Fi-adapted processes {y:}, {2} with dynamics

dy, = h(t,yp, z)dt + 2dWy, t€[0,T), yr=E¢,
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where ¢ is in L?(F;R?). The solution to the BSDE is a pair of (y, 2¢) satisfying the above
BSDE with terminal condition. If h(t,y, z) is Lipschitz continuous in y and z, the BSDE has
a unique solution which has finite second moments. In general, because the proof of existence
and uniqueness of the solution to BSDEs relies on the second order norm and the fixed point
method, the space of processes is with L? norm. Based on the relationship between BSDEs
and the stochastic maximum principle, BSDE is widely used to solve stochastic control
problems.

Canonically, interest on alternative probabilistic approach on the MFG with stochastic
maximum principles arises. Buckdahn et al. [13, 14] and Carmona, Delarue, and Lacker [19,
20, 22] propose probabilistic approaches to directly analyse the combined FBSDE. For the
following MFG

T
nf B e dt + h(X
;Iel.A {A f( ) tautuat) + ( T;,UT) (18)

subject to dX; = b(t, Xy, py, o)dt + odWy, ¥Vt € [0,T], Xo =, o = [,

with proper admissible set A, define the Hamiltonian H as H(t,z, u,y,a) = b(t,z, pu, ) -
y+ f(t,z,pu,a) for any (t,z,u,y) € [0,T] x R x Py(R?) x RE In stochastic controls,
because a minimizer of the Hamiltonian with respect to the control process is the minimizer
of the stochastic control problem, it is important to analyse the Hamiltonian. If the drift
b is an affine function in control processes and the cost function f is convex and Lipschitz
continuous derivatives, then, with some technical assumptions the Hamiltonian H has a
unique minimizer &(t, x, p, y).

As in the PDE/control approach, with fixed {yu;}, the MFG (1.8) is equivalent to the
stochastic control problem. From the Hamiltonian H and its minimizer &, one can apply the
stochastic maximum principle to find necessary and sufficient conditions for the problem.
With adjoining process {Y;}, if the FBSDE

dXt = b(t, Xt, s d(t, Xtv s Yt))dt + Uth, XO = c Rd,
dYe = =0, H(t, X¢, e, Yy, a(t, Xy, g, Y3))dt + ZedWy, Yo = 0,h( X, pr),

has a solution with finite second moments, then the minimizer & of the Hamiltonian H is the
optimal controls and X; is the optimal controlled process. Since the stochastic maximum
principle provides an optimal solution only under fixed {u;}, the consistency part which
studies updating probability measures {y;} needs to be analysed. In [19], Carmona and
Delarue derive the FBSDE of the McKean-Vlasov type such as

dX, = b(t, X;, Px,, &(t, Xy, Px,, Y,))dt + cdW,, X,=1z € R%

1.9
d}/;‘, = _axH(tuXt7PXt7}/;7d<t7Xt7PXt7}/;))dt+thWt7 YT = axh<XT7PXT)7 ( )

where Py, is the probability distribution of X;. Under some technical conditions such as
functions are Lipschitz continuous and the drift is affine, (1.9) has a unique solution, and
furthermore it is the solution to the MFG (1.8). Therefore, there exists a unique solution to
the MFG (1.8).
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There are many recent works on the probabilistic MFG theory: Carmona and Lacker [22],
who study a weak formulation of MFGs, Lacker [57], who analyses MFGs with controlled
martingale problems, and Carmona, Delarue, and Lacker [21], who add common noise to
MFGs.

1.5 MFG solution and e-Nash equilibrium

Another main result of the theory of MFG is that the optimal control to the MFG is actually
an e-Nash equilibrium of the corresponding N player game.? In [46], Huang, Malhamé, and
Caines prove that the optimal control to the MFG (3.1) is an ey-Nash equilibrium of the
corresponding N player game (1.2) for some special class of games; the dimension of the
space d is 1, the terminal cost function A is 0, and o is constant. Furthermore, ey has a
bound c% for some constant ¢ > 0, ey converges to 0 as N goes to infinity.

In the MFG probabilistic approach [19], Carmona and Delarue also show relationship
between the solution to the MFG and an e-Nash equilibrium. Consider the MFG (1.8) and
let o is the optimal control to the MFG (1.8). The corresponding N player game of the
MFG (1.8) is formulated as, for any i = 1,2,--- , N,

T
T¥3(al, o o) = int B { | e xt o ayar+ hxk o).
@ 0

subject to the dynamics
dX} =b(t, X!, 6N a)dt +odWi, Yte[0,T]), X,=a"€cR%

where 6 = L 3V X7 is the empirical distribution of X}, --- , XY at time ¢, A is the same
admissible set, and W} are i.i.d. standard Brownian motions. Then, with some technical
assumptions, for any 8¢ € A the following inequality holds:

JN’i(()é*l,"‘ 76i7"' ’a:N) > JN’i(()g*l,"' ,Oé:N) — €N,

with ey = O(N_d%rﬁl).
Therefore, the optimal control of the MFG is an e -Nash equilibrium of the corresponding
N player game and €y goes to 0 as N goes to infinity.

The toy model case In [36], there exist explicit solutions to the toy model by the MFG
approach and by the N player game approach. Denote 75 as the solution to the toy model
by the N player game approach and 7}, as the solution to the toy model by the MFG
approach, then it provides the relation as

1
%
where G is a some function which is independent to N. So, the MFG solution 73, converges

to the solution of NV player game 73 as N goes to infinity, and it is an ey-Nash equilibrium
where ey = +G + o(%).

* * 1

2The definition of e-Nash equilibrium is in appendix A.1.
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1.6 MFG with common noise

In the previous MFG (3.1), there were only i.i.d. noises for each player. However, because
in reality there are many possible common impacts to players within the industry, studying
games with common noise as well as individual noises is important. Let W be another
Brownian motion in the same space and W} is independent and identical to W} for i =
1,---,N. Then, the MFG with common noise is

T
U(S,J}) = HlilE |:/ f(t,Xt,,ut,ozt)dt—i— h(T, XT,/LT)
ac s
sit. dX, = b(t, Xy, e, ap)dt + o (t, Xy, i) AWy + oo (t, Xy, pe)dWL,  and X, = 2.

With conditioning on common noise W, Carmona, Delarue, and Lacker [21] develop the
theory from weak formations and prove the uniqueness and existence solution of the MFG
with common noise. In economics literatures, idiosyncratic noises can be eliminated by
the exact law of large numbers [26, 53, 71, 75]. Using the exact law of large numbers and
conditional exact law of large numbers, Nutz [65] studies MFGs of optimal stopping problems
with common noise, and Carmona, Fouque, and Sun [23] apply the MFG with common noise
to systemic risk. Because of the common noise term, the HJB equation and Kolmogorov
forward equation for MFGs have different form. Consider the following example in [23]

T
v(s,x,m) = ian4E {/ flt, Xy, my, op)dt + h(XT,mT)]
ac s

s.t. dX; =b(t, Xy, my, aq)dt + o/ 1 — p2dW,; + adetO, and X,=x,mgz=m,

where m; = [ xPx,(dz) is the mean of X; with conditioning on W°. Then, by conditioning
on the common noise, the HJB equation and Kolmogorov forward equation for this MFG
become following stochastic PDEs:

1
dPx, = {—@C (b(t, Xy, my, ap) Pyx,) + 502(1 — p2)8mPXt} dt — pa@mPXtthO,

and

1 d
dv + {502(1 — p?)Opev + L™ + amuw] dt

dt
+ 1r€1£ [b(t,x,m,a)0v + f(t,z,m,a)]dt

+ podpyvdWy + pod,vdW, = 0,

where L™ + po0,,dW? is an infinitesimal generator for m;.

1.7 Mean—field SDE and McKean—Vlasov type
controls

After Lions introduces differentiability with respect to the probability measure in his MFG
course [18], there are many works in stochastic controls with mean field interaction using
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derivatives with respect to the probability measure. For any random variable Y € L?(F;R?),
let Py be a probability measure of Y, then one can define the lift function as ®(Y) = ®(Py)
for any function ® : Py(R?) — R. Then, differentiability of ® with respect to Py can be
defined as differentiability in Fréchet sense of ® in [18, 15].

Definition 2. ]fCi) is differentiable in Fréchet sense at Yy € L*(F;R?), there exists a unique
ho : RY — R? such that ®(Py) — ®(Py,) = E[ho(Yo) - (Y — Yo)] + o(|Y — Yo|p2) for any
Y € L*(F;R?%). Then, define 0,9(Py,,y) = ho(y) for any y € R,

Using the derivative with respect to the probability measure, Buckdahn, Li, Peng, and
Rainer [15] derive the generalized 1t6’s formula for mean-field SDEs

dX; = b(Xy, Px,)dt + 0(Xy, Px,)dW,, X, =z, Px, = F%,
and for the function ® : [0, 7] x R% x Py(R?) — R in C;’(Z’l)([O, T] x RY x Py(R?)) as following:

®(S7 XS7 PX3> - q)(’l", X’r’7 PX,«)

s d
= / 00(t, Xy, Px,) + Y _ 00, 0(t, Xy, Px,)bi(X,, Px,)
r i=1

d d
1 _ o
+3 Y 82, (t, Xs, Px,)osk0n,(Xe, Py,) +E{§ (0,9)(t, Xy, Px,, X,)bi( Xy, Px,)

i,j,k=1 i=1

d
1 _ _
+3 D 0 ((0u9),(1, X, Py, X2)) Ui,kak,j(XmPXz}dt

i k=1

s d
+/ > 0,,0(t, Xy, Px,)oi (X, Px,)dW], 0<r<s<T,
rogg=1

(1.10)

where X, is independent and identical copy of X;. Using the generalized It6’s formula,
recently, Pham and Wei [69, 70] study following stochastic McKean—Vlasov control problems:

T
inf J(a) = inf E/ f(t, Xy, ap, Px, o,)dt + g(Xr, Px,)
0

acA acA

S.t. dXt = b(t,Xt,Oét,PXhat)dt—'—O'(t,Xt,C(t,PXt’at)th, XO = Xy,

where b, o are Lipschitz continuous, f, g satisfies the quadratic condition in [69], and A is
the admissible set which includes progressively measurable and square integrable processes
with closed loop in feedback forms. Then, the dynamic programming principle holds for
this stochastic McKean—Vlasov control problem, and they derive the Bellman equation and
prove the verification theorem using results in [15].
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1.8 Notations

Throughout the thesis, use the following notation, unless otherwise specified.

o (O, F,F = (F)o<i<r, P) is a probability space and W* = {W} }o<;<r are i.i.d. standard
Brownian motions in this space for i =1,2,..., N,

e P(R) is the set of all probability measures on R;

e P,(R) is the set of all probability measures of p order on R such that p € P,(R) if
1
(f |zPu(dx))r < oo

e Lip(f) is a Lipschitz coefficient of f for any Lipschitz function f. That is, |f(z) —
F)l < Lip(f)lz —y| for all z,y € R;

e DP is the pth order Wasserstein metric on P,(R) between two probability measures p
and g/, defined as DP(p,p') = inf ([ |y — v/[Pfi(dy, dy'))?, where fi is a coupling of p
i
and p/;
o My CC([0,T]: Py(R)) is a class of flows of probability measures {s;} on [0,7] and
contains all {y,} so that
D! s
P gy [ <o

st |t — sz te(0,7]

where c¢; is a positive constant. Mg 7] is a metric space endowed with the metric d
such that

daa({pe}, {}) = sup. D (pue, p11); (1.11)

o Ly(z) = b(2)0,0(x) + 20*(x),(x) for any stochastic process dx, = b(z,)dt +
o(xy)dW; and any ¥ (z) € C?;

e A function f is said to satisfy a polynomial growth condition if f(z) < ¢(|z|* + 1) for
some constants c, k, for all x.

e Py is a probability distribution of the random variable ;

e Py _ is alimiting stationary distribution of the process { X; }+>0 if { Xt }+>0 has a limiting
distribution and a stationary distribution and they are same.
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Chapter 2

Singular controls

2.1 Singular controls

The stochastic maximum principle and the dynamic programming principle are most com-
monly used approaches to solve stochastic control problems. Because the dynamic pro-
gramming principle only works for Markovian controls, for stochastic control problems with
non-Markovian controls the stochastic maximum principle is widely used to solve it. How-
ever, since the stochastic maximum principle relies on a unique maximizer or minimizer of
the Hamiltonian and on boundedness of the Hamiltonian, it fails to give a solution when
the Hamiltonian does not converge or maximizer or minimizer is not unique. It is called a
bang-bang situation.

Let’s look at an example of the bang-bang situation in [7]. Let z; = = + W; + & be a
state process where x is an initial position, W, is a Brownian motion, and & is a control
process which is a finite variation process. Since &; is finite variation, it can be decomposed
as the difference of two nondecreasing processes & = & — &, . The objective of controls is
to minimize the following function:

) =B [ e e b+ €t
0
The Hamiltonian for this model is
H(e,p) = inf{p- dé +dg; + dé} = nf{(p+ g — (p— 1)dg; }.

According to the stochastic maximum principle, the optimal control is a minimizer of the
Hamiltonian H, but if p > 1, the minimizer is d§;” = 0,d¢; = +o00. If p < —1, the minimizer
is d&;” = +00,d&; = 0. If p € (—1,1), the minimizer is d¢; = 0. In this case, the Hamiltonian
diverges and one can not use the classical stochastic maximum principle.

Because of these situations, one needs to consider the singular control which control
processes are not absolutely continuous but finite variation processes. This class of controls
was introduced by Bather and Chernoff [2], and Benes, Shepp, and Witzenhausen suggest
some singular control problems with explicit solutions. In 1970s and 1980s, Harrison and
Taylor [43], Karatzas [48, 49], and Karatzas and Shreve [50, 51] develop the theory of singular
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controls in one dimensional space. For any finite variation process &, by the Lebesgue

decomposition theorem one can decompose uniquely &; as the pure jump part & = >~ A&,
0<s<t
Jp

and the continuous part & = & — &*. The continuous part consists of the absolutely
continuous part ¢ = f(f fgds, and the singularly continuous part £¢ = & — £/, The regular
control is a special case of the stochastic control with % = &P = 0.

Because the Hamiltonian may diverge for singular controls, the HJB equation for singular
controls also does not have a solution in general. However, singular controls can be solv-
able when one analyses the variational inequality. Consider the following stochastic control
problem:

T
U(S,l‘) :SUpJ(S,ZE,a) :SupE |:/ f(Xtvat)dt+g(XT) )
acA acA s

st dX; = b(Xy, op)dt + o(Xy, )dW,, X, =z € R

The Hamiltonian is H(z, Dv, D*v) = sup [b(z, a)Dv + itr(co” D?v) + f(z, )], and
A

ac
F(t,z,v,v;, Dv, D*v) = —v; — H(x, Dv, D*v) is the HJB equation for this problem. Because
H may diverge, define H = {(z,p, M) € (R",R% S%)|H(x,p, M) < oo} where & is the
set of d x d semi positive definite matrices. Assume that there exists a continuous function
G : (RYLRYSY) — R such that (z,p, M) € H if and only if G(z,p, M) > 0. Then, the
variational inequality for this stochastic control problem is

min{F (¢, z,v,v;, Dv, D*v), G(z, Dv, D*v)} = 0. (2.1)

Then, as in regular controls, the solution to (2.1) is one of the solution candidates, so
one needs to verify that the solution to (2.1) is actually the value function of the problem
using the verification theorem or the uniqueness of the viscosity solution to the equation.
Regularity of the solution to the HJB equation or the variational inequality is useful to prove
the verification theorem. For the variational inequality, because of the existence of G, the
C? regularity is not an easy problem in general. There are previous papers which study
the smooth fit regularity of the value function for singular controls by Benes, Shepp, and
Witsenhausen [7], by Harrison [42], by Harrison and Taylor [43], by Karatzas [48, 49], by
Taksar [78], by Guo and Pham [39], and by Guo and Tomecek [41].

Unlike regular controls, the rates of optimal control processes in singular controls are
not Lipschitz continuous and the control space can be divided into two regions. On the set
H, the optimal control is equal to 0, “do nothing”, or on the set H the optimal control
is singularly continuous or has a jump, “action”. It is interpreted as the optimal control is
either pushing the object with maximum force to keep the object in some specific region if
the object is out of that region, or doing nothing if the object is within the region.

2.2 Singular controls of bounded velocity

Because of difficulties on singular controls, approaching the singular controls from controls
with bounded velocity process is one of the useful techniques. The process &; is called to the
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bounded velocity process if |%| < 0 for some constant 6 € [0, 00). Since a bounded velocity
process is absolutely continuous, the control problem with bounded velocity is again regular
control problem. However, the solution behaviour of the control problem with bounded
velocity is similar to the solution behaviour of the singular control problem, and furthermore
the solution to the singular control problem can be approximated by the solution to the
control problem with bounded velocity as 6 go to oo,.

The relationship between singular controls and singular controls with bounded velocity
is previously studied in [44]. In [44], under some technical assumptions with one direction
of controls, the value function and optimal controls of convex stochastic control problems
converge to some function and optimal controls as bounds going to oo, and resulting function
and optimal controls satisfy the optimality of the corresponding control problem.

Therefore, we approach the MFG with singular controls from bounded velocity in this
thesis. First, we formulate the MFG with singular controls of bounded velocity (with a bound
0 < o0) and prove uniqueness and existence of the solution to the MFG. Then, we show that
optimal controls of the solution to the MFG is an e-Nash equilibrium to the corresponding
N player game and, furthermore, € converges to 0 as the number of players N and the bound
0 go to infinity.
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Chapter 3

MFG with singular controls of
bounded velocity

3.1 Introduction to MFG with singular controls of
bounded velocity

Let (Q, F,F = (Fi)o<i<r, P) be a probability space with W = {W, }o<;<r standard Brownian
motion in this space. Fix a finite time T" and a probability measure . This paper introduces
and analyses the following class of stochastic games:

for any (s,z) € [0,7] x R,

T
o) = _int B[ (flan it + e+ maas)| . G
16 € s
subject to
dry = b(ay, py)dt + d&; — d&; + odWy, Vit € [s,T], Ty =1, [ls = [ (3.2)

Here (&, &, ) is a pair of non-decreasing cadlag processes in an appropriate admissible control
set U, p is a probability measure of x;, and f, g1, g» are functions satisfying some technical
assumptions to be specified in Section 3.2.

This kind of problems belongs to a broad class of stochastic games known as the mean
field games (MFGs). The theoretical development of MFGs is led by the pioneering work
of [58] and [46], who studied stochastic games of a large population with small interactions.
MFG avoids directly analyzing the notoriously hard N-player stochastic games when N is
large. Instead, it approximates the dynamics and the objective function under the notion
of population’s probability distribution flows, a.k.a., mean information processes. (This
idea can be traced to physics on weakly interacting particles.) As such, MFG leads to an
elegant and analytically feasible framework to approximate the Nash equilibrium (equilibria)
of N-player stochastic games.

Our work with singular controls. Most research on MFG theory focuses on regular
controls where controls are absolutely continuous and rates of optimal controls are usually
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Lipschitz continuous. In practice, controls are not necessarily absolutely continuous and/or
the control rate might be constrained. These types of controls are called singular controls or
impulse controls depending on the degree of discontinuity of the control. Generally, singular
and impulse controls are much harder to analyse. For instance, studying singular controls
involves analyzing fully nonlinear PDEs with additional gradient constraints, an important
and difficult subject in PDE theory especially in terms of the regularity property. On the
other hand, the subject of singular controls has fascinated control theorists, with its distinct
“bang-bang” type control policy (Benes, Shepp, and Witsenhausen [7]) and its connection
to optimal stopping and switching (Karatzas and Shreve [50, 51], Boetius [12], Guo and
Tomecek [40]).

Our thesis studies MFGs with singular controls with a bounded velocity for which the
rates of optimal controls are no longer Lipschitz continuous. For a class of MFGs in the form
of Eqn. (3.5), it shows that under appropriate technical conditions,

e the MFG admits a unique optimal control, and

e the value function of the MFG is an e-Nash equilibrium to the corresponding N-player
game, with e = O (ﬁ)
These results are analogous to those for MFGs with regular controls. Furthermore, our paper
provides an MFG with singular control with an explicit analytic solution. This case study
illustrates a curious connection between MFGs with and without common noise, under some
“symmetric” problem structure.

Solution approach. Our solution approach is built on the PDE/control methodology
of [58] and [46]. However, the analysis is more difficult for both the HJB equation and the
SDE: not only the HJB equation is with additional state constraints, but also the rate of
optimal controls is no longer Lipschitz continuous. Our analysis technique is inspired by
the work of El Karoui, Kapoudjian, Pardoux, Peng, and Quenez [28] for reflected BSDEs.
The key element is to impose the rationality of players. Mathematically, it means that the
control is non-increasing with respect to the player’s current state. Intuitively, it says that
the better off the state of the individual player, the less likely the player exercises controls
(in order to minimize cost).

Related work. Some early work on MFG with singular controls includes Zhang [82] and
Hu, Oksendal, and Sulem [45]. Both establish the stochastic maximal principle while the
latter also proves the existence of optimal control policies for a class of MFGs with singular
controls. The work of Fu and Horst [32] adopts the notion of relaxed controls to prove the
existence of the solution of MFG with singular controls. Their problem setting and solution
approach, however, are different from ours. In addition, our thesis establishes both the
uniqueness and existence of the solution for MFGs, with explicit structures for the optimal
control.
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Outline of the chapter This chapter is organized as follows. Section 3.2 defines the
MFG with singular controls of bounded velocity, and presents the main results regarding the
existence and uniqueness of the solution to the MFG, as well as its e-Nash equilibrium to
the N-player game. Section 3.3 provides detailed proofs and Section 3.5 analyses a MFG in
a systemic risk model with explicit solutions.

3.2 Problem formulations and main results

N-player games with singular controls. Fix a finite time T and suppose there are N
identical players in the game. Denote {z!}o<;<r as the state process in R for the ith player
(i=1,2,...,N), with 2, = 2" starting from time s € [0, T]. Now assume that the dynamics
of xt follows, for t € [s, T,

S

N
dry = N E bo(zy, x1)dt + ocdW; + d&;, ), =z,

J=1

where by : R x R — R is Lipschitz continuous and ¢ is a positive constant. Here {&/}<i<r
is the control by the ith player with ¢ = 1,2,..., N, assumed to be a cadlag process and of
a finite variation with & = 0.

The finite variation process {£!}s<;<r can be decomposed into two nondecreasing pro-
cesses {& Vocrer, {6 Ys<i<r such that & = &1 — & with €+ = ¢i= = 0. Therefore the
dynamics of x! can be rewritten as

N
dry = > " bolaq, ol)dt + odWy 4+ d&T —dgm, xl =,
=1
The objective of the ith player is to minimize a cost function J4V (s, z, £, €7 €77) where

£7% is all other players’ control processes {55 - ftj Ny

inf  JUN (s, 2t € &)

&€ Eloo

= inf F

&€ Elso

T N
/ %;fo@;,xz)dtm(xi)dff*+92<‘”9d57 - (33)

s

N
subject to  dzy = N Z bo(xh, zl)dt + odW} +d&" — d&;~, b =1,
j=1
for Lipschitz continuous functions fy : RxR — R and g1, g» : R — R, and over an appropriate
admissible control set
U = {{EY|€] is Fy-progressively measurable, nondecreasing, and & = 0},

where F; is a sigma algebra of o(xf, - ,xY). We consider that controls are closed loop in
feedback form. That is, d§! = d&;" — d&}~ = di(t, ot al, - ) — dpi(t, abal, - 2N)
for some function 1, 15.
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Definition 3 (e-Nash equilibrium). {&**, &7}, is called an e-Nash equilibrium to (3.3)
if for any i € {1,2,...,n}, any (s,x) € [O,T] X ]R, and any & +,ft € Uy,

T (5,2, €70, 67767 2 TN (s, 0, €006 — e

Note that in this N-player game, both the drift term in (3.3) for the dynamics and the
first term in (3.3) for the objective function are affected by both the local information (i.e.,
the state of the ith player itself) and the global information (i.e., the states of other players).
In general, this type of stochastic game is difficult to analyse: although the work of Uchida
[79] shows the existence of Nash equilibrium for such an N-player game, finding a Nash
equilibrium of the N-player game is in general intractable.

Now assume that the controls &, &~ are with bounded velocity so that d&/™ = frdt
and d&i™ = &7 dt with 0 < £%,6~ < 6 for a constant § > 0. Corresponding N player game
with bounded velocity can be formulated as:

Cinf o JpN (st € )

z+1§7§_€u9
T XN
= inf F — xba])dt + gy () ETdE + go(a)Edt |
I Iat= A /S szlf0< 01 g1(z})&; 92(2})&; (3.4)

s

N
subject to  dx; = N E bo(z}, x])dt + cdW} + &t dt — &~ dt, z', = 2"

=1
Similarly with the game (3.3), the admissible control set is

Uy = {{&}H{&} is Fi-progressively measurable, nondecreasing, and &, = 0, ét e U =10,0]},

where F; is a sigma algebra of o(zf, -+ ,2), and we will again restrict ourselves to closed

loop controls in feedback form.
A heuristic derivation to the MFG formulation. Assume that all N players are
identical. Then, for each time ¢ € [0,T], all z{ for ¢ = 1,2,--- , N have same probability

distribution. If e = + Z 0,: 1s an empirical distribution of xi for i = 1,2,--- , N, under

appropriate technical condltlons one can approximate via ¢;, according to SLLN, the drift
function and cost function of the ith player game when N — oo, so that

N
Z (1, ) —>/bo ze,y)en(dy) = b(wy, &),

ZIH

ZIH

> et = [ e p)edy) = e

where b, f : RxP2(R) — R and g1, g2 : R — R are functions satisfying following assumptions;
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Assumptions

(A1) b(x,p), f(z, 1), g1(x), and go(x) are Lipschitz continuous in x and u (i.e. |b(xy, pu') —
b(2, p )I < Lip(b)(|z1 — 22| + D'(p', p?)) for some Lip(b) > 0 and [f(z1,p') —
f@a, p?)| < Lip(f)(Jz1 — x2| + D'(p', p?)) for some Lip(f) >0 );

(A2) f(z,p) has first order derivatives, and f and 0, f(x, ) satisfy the polynomial growth
condition;

(A3) b(x,pn), g1(x), and go(x) have first and second order derivatives with respect to x, and
derivatives are uniformly continuous and bounded in z;

(A4) —g1(z) < go(z) and g1(z), g2(z) # 0 for any z € R.

Note that now the drift term in the dynamics and the objective function rely only on the local
information z! and the aggregated mean information y;. This leads to an MFG formulation
of (3.4). The MFG problem of Eqn. (3.1) can be defined precisely as

ve(s,r) = inf J(s,x,&5,67)

et e ey

=t B[ (fn) +0@0€ i) a6

erem ey

subject to  dx; = (b(xt7ut) + & — §t_> dt + odW, Ty =T, s = [

where p; is a probability measure of x; for any ¢ € [s,7] and controls are closed loop in
feedback form over the admissible set Uy. Since controls are closed loop in feedback form
and the control process § is bounded velocity, we can define the control function ¢ as

& =& —& = olt,as{m}) = o1(t,ze; {u}) — @a(t, 24 {pu}) where @1 = max{p, 0} and
g = —max{—¢,0} .

Assumptions.

(A5) (Monotonicity of the cost function) Either i) f satisfies the following condition

/ (Fle ) — Fa. )it — i2)(dx) > 0, for any 4 # 2 € Po(R),

or ii) f satisfies the following condition

/ (i) — Flo ) — 12)(dz) > 0, for any 4, 4 € Pa(R),

and H(z,p) = inf {(Et = )p+g1(2)ET+go(2)€ )} satisfies the following condition
£+1§7€[070]
for any x,p,q € R

it H(z,p+q) — H(z,p) — 0,H(z,p)qg =0, then 9,H(z,p + q) = 0,H(z,p);
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(A6) (Rationality of players) For any control functions ¢, any t € [0,T], and any z,y € R,

The assumption (A4) ensures the finiteness of the value function. For the game (3.3), if
—gi(z) > go(), by letting dét = déf~ = M and M — oo, JiV goes to —oo. The
assumption (Ab5) which is used in the proof of proposition 4 is for the uniqueness of the
fixed point as in [58, 18] . The assumption (A6) which is used for the proof of theorem
2 is that closed loop in feedback type control functions are nonincreasing in current states
because tendency of increasing state decreases as the current state is higher.

Solution approach and main results. Our solution approach is in the spirit of [58, 46],
and consists of three steps. Fix a flow of probability measures {y;} which is in My *
The first step is to analyse a stochastic control problem under the fixed flow of probability
measures {u}o<i<r. If such a control problem has a unique optimal control, denoted the
optimal control as &dt = o(t, z;|{:})dt, then one can proceed to define a mapping I'; from
the class of flows of probability measures My to the space of optimal control functions
and Mo so that I'y({}) = (@(t, x[{g}), {1¢}). The second step is to analyse the optimal
controlled process, the SDE, given the optimal control function . If this SDE allows for a
unique flow of probability measures solution in M 7y, denoted as {fi¢}o<i<7, then one can
define another mapping I'; from the space of optimal control functions and My 77 to Mg
so that To(p(t, z[{}), {m}) = {i}. Then, repeat the first and second step under fixed
flow of probability measures {fi;}. Keep repeat these steps until these iterations converge
to a fixed point of the flow of probability measures {y;}. We will check if ' =T'; o'y is a
continuous mapping to allow for a fixed point solution and if I' has at most one fixed point
solution, leading to the solution of the MFG.

Definition 4. A solution of the MFG (3.5) is defined as a pair of an optimal control {&}
and a flow of probability measures {u;} € Mo if they satisfy v(s,x) = Jg°(s,x, &, &)
for all (s,x) € [0,T] xR and u; is a probability measure of the optimal controlled process x}
for all t € [0,T] where the dynamics of x} is

dr = (b(x;f,,u;‘) T - 5;‘*) dt + odW,, i =ux,

fors <t <T.
Now, we are ready to state the main results of the paper.

Theorem 1. Under (A1)-(A5), there exists a unique solution (§,{u;}) to the MFG (3.5).
Moreover, the corresponding value function v for the MFG (3.5) is a function in C12([0, T| x
R), of a polynomial growth.

Theorem 2. Assume (A1)-(A6). Then,

By proposition 2 in later section, a flow of probability measures for the optimally controlled state process
{utYo<e<r is in Mg 7.
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a) for any fived py € M1, the value function to the stochastic control problem with
bounded velocity processes (3.5) converges to the value function to the stochastic control
problem with finite variations:

T
vl ) =, inl E[ [ S+ gwdiet + iy |

subject to  dxy = b(wy, py)dt + d& — dé; + odW,, Ty =1,

(3.6)

as 0 goes to infinity;

b) the optimal control to the MFG with bounded velocity processes (3.5) is an ex-Nash

equilibrium to the corresponding N -player game with bounded velocity processes (3.4),

with EN = O(\/Lﬁ),

c) the optimal control to the MFG with bounded velocity processes (3.5) is an (ex + €p)-
Nash equilibrium to the corresponding N -player game with finite variations (3.3), with
eN:O(\/LN) and eg — 0 as 0 — oo.

3.3 Proof of existence and uniqueness of solutions to
MFG

The stochastic control problem

Let {u:} € Mo} be a fixed exogenous flow of probability measures with pg = p. Then,
(3.5) is the following control problem,

T . .
s ) = vt B[ [ (o) 4 a@lé + oo )t 60
ETETEUy s
subject to
dxy = <b($t,pt) + f:“ — f’t_) dt + odWy, Ty = T.

This is a classical stochastic control problem, and the corresponding HJB equation with
the terminal condition is given by

own= it { (o) + (€ =€) B+ (@) + @ + 92(@E) ) + S 0nrvy

+ - ef0,6] 2

2

—  inf {(azvg + g (@) + (—0,vp + gg(x))gf*} + b(z, 10)Davp + F(@ 1) + = Dae
£+,67€[0,0] 2

2
= min {(D,vp + 91(x))8, (—yvs + g2(2))0, 0} + b, 1)Dyve + f(x, 1) + %amve,
with ve(T,2) =0, VzeR.
(3.8)
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The existence and uniqueness of a C1%([0, T] x R) solution to (3.8) is clear by Theorem 6.2.
in Chapter VI. [31]. Moreover, we can show that such a solution to (3.8) is the value function
of (3.7).

Before establishing this result, let us recall the viscosity solution to (3.8).

Definition 5. v is called a viscosity solution to (3.8) if 0 is both a viscosity supersolution
and a viscosity subsolution, with the following definitions,

(i) viscosity supersolution: for any (to,xo) € [0,T] X R and any ¥ € C*2, if (to, xo) is a local
minimum of v — 9 with 0(tg, xg) — V(to, xo) = 0, then

— it (b + € =€) 0u0(t0,0) + (Flwo, ) + (o)t + gale0)é) }

£t.6-€0,0]
2

= 0 (to, x0) — -DuaV(t, 20) > 0, and (T, zy) > 0:

(ii) viscosity subsolution: for any (to,ro) € [0,T] x R and any 9 € C'?, if (ty, o) is a local
mazximum of 0 — ¥ with 0(ty, v9) — V(to, xo) = 0, then

—  inf {(b(xo, ) + (£ — é‘)) 0,9(to, xo) + (f(xo, 1) + g1(w)ET + gz(ﬂﬁo)f‘)}

£+.€-€0,0]
2

— 9y9(to, vo) — %@mﬁ(to,xo) <0, and T, zq) < 0.

Proposition 1. Assume a fixed {p:} in Mypq for 0 <t < T. Under the assumptions
(A1)-(A5), the HIB Eqn. (3.8) with a terminal condition vg(T,z) =0 for any x € R has a
unique solution v in CY2([0,T] x R), of a polynomial growth. Furthermore, the solution is
the value function to the problem (3.7), with the optimal control given by
o 6 if Opplt, 1) < —n(r),
eolt, wil{p}) = &y — &p = 0 if —agi(z) < Opva(t, ) < goly),
=0 if  ga(xy) < Opvp(t, ).

Proof. By theorem 6.2. in Chapter VI. [31], there exists a unique solution w which is in
C12([0,T] x R) with polynomial growth to (3.8) and let vy be the value function of (3.7).
First, w is a viscosity subsolution to (3.8). That is, for any (s,z) € [0,T] xR, w(T,z) <0
and
2
o~ inf { (b, ) + (€5 =€) dw+ (Fla ) + 01 (@) + (@)} = TOnw <0

£+.€-€l0,0]

On one hand, for any §t+ , é[ € Uy, let z; be a controlled process with f;r , é{ . Then, by the
[t6’s formula on w(s, x),

0> FElw(T,xr)]

=w(s,z)+ E [/ w(t, ) + (b(zy, ) + (& — &) Dpw(t, 1) + %@mw(t,xt)dt}

T . .
> w(s,z) - E { [ )+ e + oo i
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Hence, for any §t+ , ft_ € Uy,

E { /ST f(@e, ) + gu () + 92($t)§'tdt} > w(s, ).

Therefore,

v(s,z) = inf FE { /STf(xt,ut)+91($t)€?+g2(flft)£}dt] > w(s, ).

& & eu
On the other hand, let é;re, é{ o € Up be a minimizer of the Hamiltonian:

inf L (b )+ (65 =€) dew+ (Fw,1) + @)+ ga(2)€) .

£+.€-€l0,0]

Then, since w(s,z) is the solution to (3.8), w(T,z) = 0 for any z € R and with controls
5;;975;9

0_2

=0 = { (b ) + (€ — 60)) G+ (o) + (@) + 92(2)isy ) | = ZOuaro = 0.

Let z; 9 be the controlled process with controls S;f@, 5{ o, - Then, applying the Ito’s formula to
w(t, ),

)]
—w(s,z) + E [ / ' <8tw(t, o) + (b(we0, 1) + (61 — & 9)Ouw(t, 2eg) + %2(9mw(t, wt,g)) dt}
|

< w(s,x) —v(s, ).

Hence, v(s,x) < w(s,x).
' ' 6 if Oyug(t,rg) < —g1(wrp),
Combined, v(s,z) = w(s,z), and £y =&y = 0 if —gi(meg) < 0pvp(t,zep) < go(zrp),
—0 it go(wrg) < Opvp(t, rp).
is the optimal controls.
[

Now, one can define I'; from the class of flows of probability measures Mg 7} so that
Uy({ue}) = (p(t, z[{u}), {pe}) which is a pair of the optimal control function under fixed
{1} and the fixed flow of probability measures {1}
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Consistency part

Now with fixed {u:} and the optimal control function ¢(¢,x|[{s}), the dynamics of the
optimal controlled process z; follows

dxy = (b(xy, py) + o(t, x| { e })) dt + odWi, To=1x (3.9)

Since the function |b(z, u)+p(t, z[{})] < M(1+|z|) for some positive M and o is a positive
constant, the SDE (3.9) has weak solutions and it is unique in law by the Stroock-Varadhan
theorem (from the chapter V.19 and V.24 in [72]).

Consequently, one can define I'y so that I's (o (¢, z[{u}), {s}) = {fie} which is an updated
mean information probability measure flow under the fixed control function ¢.

The fixed point method

Define a mapping I as T'({g:}) = Te o Thy({ue}) = {fie} . We will use the Schauder fixed
point theorem to show the existence of fixed point.

Lemma 1 (Schauder fixed point theorem). If K is a nonempty conves subset of a normed
space V' and T is a continuous mapping of K into K such that the range I'(K) is compact
i K, then I" has a fized point.

Let’s prove that I' is a mapping of My 7y into Mg 7}, and it is continuous and relatively
compact.

Proposition 2. T is the function from M1 to Mo ).

Proof. For any {y;} in Mjor, let’s prove that {fi;} = I'({x}) is also in M 7). Without
loss of generality, suppose s > t, and z, = xy + [; (b(@r, ) + (1, 2,))dr + [ odW,. Since
b(x, ) is Lipschitz and |p(s, xs)| < 0,

Dl(/]m/lt) < E‘l‘s— |

< [ o) + ol ldr + 0E sup W, = W4

re(t,s]

< E/ |b xralu’v‘ - (xtulut) + b(xt7/~Lt>|dT + 0‘8 - t| +ok sup |W'r - VVt|

re(t,s]
< E/ b(s 1) — b, i) dr + |5 — £ E|b(we, )| + 0] — £] + o] — ¢
t
= E/ Lip()(|, — x| + D*(tty, pu))r + |s — t|(E|b(x, )| + 0) + o|s — |2
t
< Lip(b)E |m,,—xt|dr+/ erlr — £ dr + |5 — t(Eb(an, )| + ) + ofs — ¢}
t t

s 2
< Lz’p(b)E/ |z, — x|dr + §c1|s — t|g + |s — t|(Eb(ze, )| + 0) + ols — t|%
t
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By Gronwall’s inequallity,
2 o
D'(jiy, i) < Bla, — 1| < (gcns —1]3 + |s — t|(Eblzs, )| +0) + ols — t|%) el Ll
2 A
- (gcns — 1]+ |s — (Blb(ae, )] +6) +ols — t|%) et~

Since b is Lipschitz, for any ¢ € [0, T, E|b(x, )| < M for some positive M > 0. Therefore,

Dl(,atu ,as) <

— Y

sup T
s#£t |t — 8‘5

For any t € [0, T7,

/|x|2/lt(dx) < 2E[/ (o2djio + 282 + 0] < 2E[/ (2 [2dfio + T2 + 02T]

. sup / aPfin(de) < ¢

te[0,7

Proposition 3. ' is continuous.

Proof. Let {uy'} € Mjgq) for n =1,2,--- be a sequence of measure flows which converges
to {i} € Mo as n — oo in the sense of metric dyg (1.11) ie. dp({pe'}, {pe}) — 0 as
n — oo. For each n, denote ¢™(t, z) as the optimal control function of the MFG (3.5) under
fixed {pf'}, and {x}'} is corresponding optimal controlled process:

da = (b i) + " (b )t + od Wy, o = .

Let {}'} be a flow of probability measures of {z}'}, then T'({x}'}) = {f;}.
Similarly, define ¢(t,2) as the optimal control function with respect to {p:}, {x:} is
corresponding optimal controlled process:

dxt - (b(‘rt’ /’Lt) + (p(t, xt))dt + O'th7 Ty = T,

and {/i;} is a flow of probability measures of {z;}. Let’s prove that dy({fiy}, {fi}) — 0 as
n — oQ.

Step 1: Find a relation between D*({f7}, {fi;}) and D*({u?}, {ue}).
For arbitrary ¢ € [0, 77, for any s such that 0 < s <¢,

d(ws = x3) = (b(ws, ps) = 0(aF, i) + (s, 5) — " (s, 7)) ds.
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By the chain rule,
t
|z — af* = 2/ (b(zs, prs) = b, 1) + (s, w5) — " (5, 27)) (w5 — x)ds

< 2/ /bo s, y) s (dy) — /bo(w?,y")uﬁ(dy”)\!ws — ]
R
(s,z5) — " (s,20))(xs — 2 )ds
< / / o) — b ) — 22 .y, dy™)
RxR
zs) — " (s,2])) (s — x)ds
where Z is an arbitrary coupling probability measure of ug and p” for any s € [0, T7.
[ Ile) = bulal e~ 2.y
RxR
:/ |b0($57 ?J) - bO(xZ7 y) + bO('TZ) y) - bO(xg7 yn>||l‘8 - $Z|Es(dyv dyn)
RxR
S/ (Lip(bo)lws — 2 * + Lip(bo)ly — y"|lzs — 23 Zs(dy, dy™)
RxR
< [ (iptowle o EER - ) ) S i)
RxR 2
and, since ¢"(s, x) is nonincreasing function in z,

(s, 29) = ¢"(s, ) (w5 — a7)
<(p(s,25) = " (5,25) + " (8,25) = " (s, 7)) (w5 — 27)
<(p(s,2s) = "(s,25)) (s — 27)

»
8

<5 (pls,20) = @"(s, 20) + foy — 221
Consequently,
|2y — 2} ’2
< [ @Lip(tn) + Ve = a2+ Lin(o) [ o= 52l ) + lols, ) = (s, s,

Because the inequality holds for any coupling measure =; and by the Gronwall’s inequality;,

(D?(fu, iy))? < 01/0 Lip(bo) (D* (s, 12))? + o (s, ) — " (s, 25)|*ds (3.10)

for some constant ¢; depending on T" and Lip(by).
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Step 2: Using It6’s formula, find useful equations and inequalities.
By proposition 1, for fixed {u;} the stochastic control problem (3.7) has a unique value
function v(s, x) and optimal controls given by
0 if Oyu(s,z) < —gi(),
o(s,z) = 0 if —gi(z) <0(s,z) < go(x), and
—0 if go(x) < Ov(s,z),
for fixed {u}'} the stochastic control problem (3.7) has a unique value function v"(s, z) and
optimal controls given by

0 if 0v"(s,z) < —gi(x),
l(s,z) =4 0 if  —gi(z) < 0"(s,2) < ga(a),
—0 if  go(x) < Opv"™(s,x

)
Let’s prove that for any (¢,z) € [0,7] x R as n goes to infinity, 9,v"(t,x) converges to
0,v(t, x).
Fixt € [0, 7] again and let 0 < ¢ < s < T'. For each n, {27 };<s<7 is the optimal controlled
process:
dzl = (b(zh, pu2) + ¢"(s,22))ds + ocdWs, z} = x.

S

Similarly, {zs}i<s<r is the optimal controlled process:

drs = (b(xs, 1s) + (s, x5))ds + odWs, x; = x.
By proposition 1, v and v™ are the solution to the HJB equation (3.8). Denote ¢;(s,x) =
max{p(s, ),0}, @a(s, 2) = —max{—p(s, x),0}, ¢ (s, ) = max{p"(s,x),0} and 5(s, ) =

— max{—¢"(s,x),0}.
By the It6’s formula and the HJB equation (3.8),

2 T
/ Ov(s, xs) + (b(ws, ps) + ©(25))0pv(s, xs) + %8mv(s,ccs)ds +/ 00, (s, xs)dWy
t
T
= _/ [f(xsa ,us) + gl(xs)gol(s,xs) + g2(l’5)902(5, l’s)]dS +/ a@xv(s, xs)dWS
t t

Since v(T, z) = 0 for any = € R,

U(t7 LE) = /t {f(a:s;/fls) + 91(333)%(8,%) + g2<xs)902(57xs>]d5 - /t a@xv(s, xs)dWs- (311)



CHAPTER 3. MFG WITH SINGULAR CONTROLS OF BOUNDED VELOCITY 28

Similarly, for any n € N, by the Ito’s formula for v"(s, x) and {zs},

2
/ 0" (s, 24) + (b(xs, pis) + ©(8, 245)) 00" (8, x5) + %&mv”(s, xs)ds

2
/ 0" (s, s) + (b(xs, ul) + @™ (s, x5)) 00" (5, x5) + %8mv”(s,xs)ds
+/ 000" (s, xs)dWs — / b(ws, p) — b(ws, ps) + @™ (8, x5) — p(8, 25)) 00" (8, x5)ds
Yo T
== [ ) + et ) + o) esimlds + [ 000,
¢ ¢
T
= [ O = b ) + 9 (51m) = ol ) 00" (5, )ds
¢
The last equality is due to the HJB equation (3.8).

o (tz) = / (e 1) + 01 (2207 (5 20) + ga(a) 22 (5, 2.0)]ds

T T
— / 00, 0" (s, x5)dWs + / (b(xs, 1) — b(xs, pis) + @" (s, x5) — p(s, x5)) 00" (8, x5)ds.
t t

(3.12)
From equations (3.11) and (3.12),
<t x> ”(t )

- o1, 2)

—E [ / P 12) = F 1)+ 1 (2) (91 (5, 22) — 305, 2.)) + 90(22) (92(5, 22) — (5, 2.))ds

‘B [ / (s ) — s ) + (5, 22) — ¢ (5,2.)) 000" (5, 2.)ds

—E/ f(@s, ps) = fl@s, 17) + (91(2) + 0a0" (s, 2)) (015, 25) — 7 (s, 25))
(9

2(s) = 0p0" (5, 75)) (p2(s, w5) = 5 (s, %)) + (b5, p1s) = (s, 41)) 0p0" (5, ) ds]
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Hence,

o(t, z) —v"(t,x)| + E[/t |f(@ss ps) = f@s, p)| 4 [(0(2s, ps) — bas, 1)) 050" (5, 25)|ds]

> U<t7$) - Un(t,:L‘) - E[/t f(x&/j’S) - f(xsa MZ) + (b(xs,,us) - b(xsv MZ))&UU”(S, xS)dS]

='E[ [ (o) + 000715, — 5,2
+ (92(373) - &EU"(S, 5’75))<902(57x8> - ng(sa$8>>ds]

By definition of ¢}, if ¢} (s,zs) = 0, then g;(zs) + 0,v"(s,z5) < 0 (Because the controls are
Markovian, a closed loop in feedback form, ¢"(s,xs) does not depend on the process {z,}
but only depend the value z; € R), and if ¢ (s, z5) = 0, then g;(x;) + 0,v"™(s,x5) > 0 (same
here; because the controls are Markovian, a closed loop in feedback form, ¢"(s, z4) does not
depend on the process {x;} but only depend the value "z, € R”). So, by definitions of ¢4
and 90?7 (gl(xs) + a’cvn(sa xS))(@1<3v‘T5) - 90?(37 ZL‘S)) > 0.

By definition of b, if ¢4 (s,zs) = 0, then go(xs) — 00" (s, x5) < 0, and if Y5 (s, zs) = 0, then
g2(xs) — 00" (s, z5) > 0. So, by definitions of ¢y and @4, (go(zs) — 00" (s, xs))(P2(s, Ts) —
@3 (s, 25)) = 0.

Hence,

E[/t (91 () + 0a0" (s, 25)) (P15, 25) = T (s, 25))]

+ [(g2(xs) — 0x0"™ (5, 25)) (02(5, Ts5) — (s, 25))|ds]

§|U<t,$) - Un(t’ {L‘)| + E[/t |f(l‘sa Ms) - f(xsa :u?)| + |(b(1‘sa /’LS) - b(xs’p“g))awvn(svxs”ds]

<lv(t,z) —v"(t,2)] + E[/t Lip(f) D (s, 15) + Lip(b) D* (s, 1)1 00" (5, 25 |ds],
(3.13)

because f and b are Lipschitz continuous.

Since for any s € [t,T] D*(u®, ps) — 0asn — oo, |b(xs, us)—b(zs, u)| < Lip(b) D (us, p) —
0 as n — oo. By proposition 4.1. in chapter 4 in [81], v"(¢t,z) — v(t,x) for any (t,z) €
[0,7] x R as n — oo. By definition of v"™ and boundedness of g1, g2, |0,v™ (s, x)| < sup{z :
lg1(z)], |g2(2)|} < M for some M. Hence, as n goes to infinity, the last term in the inequality
(3.13) goes to 0.

Consequently, for any x € R, as n goes to infinity

(91 (%) + 0uv" (s, 2)) (1 (s, 2) = @1 (5, 2)) | + [(92(2) = 0u" (s, %)) (02(s, 2) — 5 (s, 2))| = 0.

Step 3: Prove that ¢"(s,z) converges to (s, x) for any s,z € [0,7] x R as n goes to
infinity.
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From equations (3.11) and (3.12), by the Cauchy-Schwartz inequality and the Itd’s isom-
etry,

(v(t,x) —v"(t,z))* + UQE[/t (0,0(8,15) — 00" (5, 2,))?ds]

<AT-t)E {/t {f (s, p1s) — £, M?)}Q + {(b(xs, ps) — b(ws, p1g)) 00" (s, xS)}Q
+{(g1(@s) + 00" (s, %)) (@1 (s, 25) — @1 (5, 2s))

T (gal) — 00" (s,2)) (pals, ) — 93 (s, xs>>}2ds}

AT - 0)E [ [ D s + LD o 2107 5,2
+ {(91(1’3) + (%U"(S, IS>>(901(37 xs) - 90?(57 xs))
T (gale) — 00" (5, 22)) (a5, 22) — s :cs>>}2ds]

Because of the result in step 2 and D*(us, u*) — 0, the last term goes to 0 as n goes to
infinity. Therefore, 0,v" (s, x) converges to 0,v(s, x) for any (s,z) € [t,T] x R. Furthermore,
by definition of ¢ and ¢, ¢™(s,z) converges to (s, x) for any s, x € [t,T] x R. This holds
for any t € [0, T]. Therefore, ©™(s,x) converges to (s, x) for any s,z € [0,7] x R.

Step 4: Prove dy({fi}, {f}'}) — 0 as n — oo.

From previous steps, as n goes to infinity, for any s,z € [0,7] x R, ¢™(s, x) converges to
o(s,z) and D?(jug, u) converges to 0. Hence, by the inequality (3.10), D?(ji, ji) converges
to 0 for any ¢t € [0,T]. Since D'(ji, jit) < D*(jis, i), D'(jis, jit) converges to 0 for any
t €10,7], and dp({fae}, {fi'}) — 0 as n — oo. Therefore, I' is continuous. O

Proposition 4. I" has a fized point, and the MFG (3.5) has a unique solution.

Proof. As the proof in lemma 5.7 in [18], the range of the mapping I is relatively compact,
and by proposition 3, I' is a continuous mapping. Hence, due to the Schauder fixed point
theorem, I" has a fixed point such that I'({x:}) = {j:} € Mjo1). By the assumption (A5),
the fixed point is at most one ([58],[18]). Therefore, there exists a unique fixed point solution
of flow of probability measures {x;}. Then, consider the MFG (3.5) with fixed {p;}. It is
again stochastic control problem and by proposition 1, there exists a unique optimal controls
{&} for the MFG (3.5) with fixed {u;}. by definition of the solution to a MFG, {¢/} is a
optimal control solution to the MFG (3.5) and by proposition 1, it is unique. (If there is
another optimal controls, there are two optimal controls for the the MFG (3.5) with fixed
{u;}. So, it is contradiction.) O

3.4 Proof of e-Nash equilibrium

Suppose ({&0}, {tu0}) is a MFG solution to the MFG (3.5) with bound 6, ve(s,x : {}) is
the value function of the MFG (3.5) with any fixed flow of probability measures {p:} (i.e.
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vp(s,x : {pep}) is the value function of the MFG (3.5)), and x4 is the optimal controlled
process:

i = (b(xeg, o) + pro(t, veol{neot) — €20t wrol{peo}))dt + odWy, 159 = 2,
where &9 = @o(t, z|{1:}) = @1.0(t, z|{1e}) — w2.0(t, z|{pe}) is the optimal control function.

Proof of theorem 2 a) For any fixed {1} € M1y, vo(s,x : {1:}) converges to v (s, x :
{1u}) as 6 — oo.

Proof. Fix {j;} € M. For any (., € Ux, since each path of a finite varia-
tion process is almost everywhere differentiable, there exists a sequence of bounded ve-
locity functions which converges to the path as bounds go to infinity. Hence, there ex-

ists a sequence {CJB}BE[O,oo)v {C,;g}ee[o,oo) such that QmCtTa € Uy and EfoT |é;f9dt . dQ,Loo| o
0. [ [Cyflt — dirc] = 0 a5 6 — co.
Denote

dirg = (b(Eeg, 1) + Gy — Crp)dt + 0dW, g9 =, and
iy = by, po)dt + odW, + dGh, — dG, i = 1.

Then, for any 7 € [s, T,
g — ] < / D1 ) — b, )|t + / (Chdt — di | + / (Cydt — de|
< / Lip(b)|29 — 24| dt + / |é;9dt - dCtJ,roo| +/ ‘égedt —d¢; |

By the Gronwall’s inequality,

Bliry — i, <O (E / Chdt — G| + E/ oyt — dgoo|) .
Consequently,
T35 (85, Glogs Groo + {ie}) = 5% (5,2, (g G+ {1 })]
Bl / F, pe) = [, pe) + 91(20)dG o + g2(80)dC o — 1 (jw)g';’“@dt - 92(@,9)@9&“

SE[/ Lip(f)|2 — &9] + Lip(g1)| 8¢ — Ze0|dG o + Lip(g2) | — E9]dC; o

g1 (Bea)l G — Gyt + ga(E00) |G — Crydt]
T T
<0 (E / Chdt — G| + B / 1Cyit - dc;oo|) |

Hence, |voo(s,x @ {ue}) —vo(s,z : {u})] - 0as 6§ — 0 O
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Define €y as sup Voo (S, = {pe}) — va(s,z : {ue})| < €9 with ¢ — 0 as
S,x,{ut}E[O,T}XRXM[OyT]

0 — oo.
Consider the stochastic control problem (3.6) with {itp}. voo(s,z @ {re}) is the value
function, and let x;, be the optimal controlled process:

100 = D(T1 00, fi00)dt + 0dWy + dE . — déi,  Tgpo = .

The optimal controls & . is also of feedback form. Hence, denote dpo(t,z|{pte}) =
dp1 oot xl{t1,0}) — dpaoo(t, z|{pue}) = d&o — d& . as the optimal control function for
the stochastic control problem (3.3) with fixed {4}
Denote,? fori =1,--- , N,
dxt& (b(xi,ea pe0) + pro(t, @,0) — pap(t, $i,0))dt + odW, Ii,e =z,
dxt,oo b([)ﬁ;oo,,utg)dt—f— d(pl OO(tvxz,oo> - dgp?,w(t?xzoo) + O-thi’ xzsoo =z,

dwijﬁf— Z bo(zpy 2y ) + pra(t.ays ) — paelt,apy ))dt + odW},  alf) =,

Since (pu,0, e) is the solution to the MFG (3.5), i is the probability measure of z} , for
anyi=1,---,N (xiﬁ fori=1,--- N areiid.) .

Lemma 2. Forany 1 <i:<n, E sup |xt9 — %9 |2 O(%)
s<t<T

Proof.

d(ﬁe xiév) (/ bO(Itm Y)tio(dy) — —Zbo xte 7xt9 ) + po(t, It@) vo(t, xije\/)) dt,

and

N

i N i i,N i
d(xy — Lo )? = (2<5Ut6 — Ty )(/ bo(}9, Y) tht0(dy) — Z ‘TtG >$t0

(b aly) — (] >>)dt

2In this proof, omit {s ¢} for notations simplicity. Denote ¢; ¢(t,2) = p; o(t, x|{p1,0}) and @; o0 (t, x) =
Vi oolt, x|{pte,0}) for i =1,2.
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Since py(t, x) is nonincreasing in , (zj, — xiév)(go‘g(t,xie) wo(t, xta M) <. So,

T N
, A A . . 1
1 ’L,N 7 Z,N 1
|35T,9 - 5BT,9|2 < / 2|:Bt,6 —Tig | /bO(xt,ea?/)Ntﬂ(d?J) N E bo fte »%9 )|dt

s

5/ 2|1’t0 xte ||/b0 xt@? )1a,0(dy) ——Zbo xt97xte )|t
T ) 1 N
+/ 2|wy g — xtG Zbo xt@’xte N bo (xthte)‘dt

j:
T
S/ 2|xt0 ﬂ37&9“/60%97 Hted _N

T
+/ 2[1:;9—x29 Zsz bo) ]xte l‘ N dt

$t9axt9 )|dt

||Mz

T
S/ ’mée_xtep‘i“/bﬂ 37t9a )i (dy) __Zbﬂ mt(wmte )[Pdt

N
/—szbozme SN 4 |y — N Pt
7j=1
< (1+ Lip(ho)) / PEp———

T i 1 &
[0 olatg it o0ay) - 2 eyl P
S j:
/ — Lip(by) Z |xt9 - :v N2dt

Hence,
Blahy — 252 < (1 + Lip(h)) E / jaty — N Pt

+E/ /bo Ty 9, Y) o (dy) ——Zbo xte,xw )|2dt

+E/ sz(b0)|56’t9 xt9| dt,

33
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and
1 & ’
E /50(33;97 Y)io(dy) — N Zbo(xZéV, )

J=1

9 2

N
. 1 .
<2E /bo(l";e,y) bo (ifte Y)(dy)| +2E /b0($t9 Y e (dy) — N E xt@ ’xtQ)

2

2
+2F

<2E / Lip(bo)|zt p — 22 [ dy)

i 1 i j
[l () - S (el )
j=1

= 2Lip(bo)*Elz}, — x’ NIRRT

with € = O(\/LN) by the central limit theorem. Consequently,

T T
Elxy, — xT0‘2 < E/ (1+2Lip(bo))|t g — xijév|2dt + E/ <2Lz’p(b0)2\xig xtﬂ JP+e ) dt.

By the Gronwall’s inequality,

T T
E sup |ty — o5 < / e2dt - Elexp! / (1+ 4Lip(bo)2)dt)]

s<t<T
’ 2 (1+4Lip(bo)2)T 1
— dt - +4Lap(bo =0(=).
[ (%)

Therefore, E sup |2, — 275 |* = O (%). O
s<I<T

Proof of theorem 2 b)

Proof. Suppose that the first player chooses a different control function & € U, which
is bounded velocity and all other players ¢« = 2,3,..., N choose to stay with the optimal
control function {& ¢}. Denote d§; = &jdt = ¢'(t,x)dt and d&; g = & pdt = y(t, x)dt. Then
the corresponding dynamics for the MFG is

ditl,e = (b(‘%tl,ea peg) + &' (t, ftl,e))dt + odW},

and the corresponding dynamics for N-player game are
dN;GN_< Zb() 'rt07$t0 +80(t xt@ )) dt"—O'thl,

N
fi?—( Z (Z0g @75 ) + wolt, xt9)>dt+ath’, 2<i<N.

We can show
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Lemma 3. sup E sup |mt9 xte M < O(%)
2SN O<t<T

Proof. For any 2 <i < N,

35

N ~1N ~i,N ~j,N N ~i,N
d(zg —T,p) [N Z (bO xt@ ,xte ) b (1},0 axi,a )) + ‘Pe(t’%e ) — Spe(taxt,e )] dt.

Because @y(t, x) is nonincreasing in z,

T N
) ~Z ~i 1 ~1 ~
oify 5 < [ 2l —aid) (yZ(bww,m) %(wﬁwi@)))dt

7=1
T N
~1N ~3,N
S/ Z(xte _xte ZLZP bo)( |xt9 _It9|+|x Ige |)dt
S j 1
TN N N
<2Lipo) [ iy = ) P+ lely 3 r—Z\x —
T 1 N
. i,N ~1,IN
SQLZp(bO)/ [z — Ty |2+ﬁ2(|xt9 _xte |2+|$te _:Bt@ o |7t
s j=1

S

T N
) i ~z 1 . v
< Liplta) [ 3fai a3 P4 D Jaby’ a2 P
j=1

and

2
sup E sup |a:t9 —xt9|
2<i<N s<t<T

T
< Lip(bo)/ [ sup E sup 3|zyh — 351

2<IKN  s<t<t
N -1 1
~jN 2 LN ~1Np2
sup E sup |xt/9 — &) +NE|xt,9 — I, []dt
2N s<t'<t

, TTAN -1 i
:sz(bo)/ [ N Sup E sup |:Et, t,9|2+ E|ZL‘ — 1N|2}

2<i<N s<t'<t

By the Gronwall’s inequality,

sup E sup ]xt(, — 37w Y12 < Lip(by) / E]x — i’iévl dt - elo Livbo) tat 0 (—
2<I<N  s<t<T N N

"’iuN — 1
So, sup E sup |xt9 — Ty _O(\/_N)'
2SN s<t<T

)

]
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From the Lemma 2, for any 2 < i < N, sup E|xt0 xt9| = O( ), and by the

s<t<T

triangle inequality, sup E sup |xt9 f;év| =0 \/N) Therefore,
2<i<KN - s<t<T ’

i 1
sup E sup |z}, — xte\—i- sup B sup |z}, — xt:év\ :O<\/—N).

2<i<N s<t<T 1<i<N  s<t<T

Define

N
di if—( Z (@ al ) + (1, x,}gv)) dt + odW},

Since (z—y)(¢'(t,x)—¢'(t,y)) < 0 by the assumption (A6), then an approach as in Lemma 2

shows E sup \xte a_:;eNl O( > and E sup |5’5t9 —T19l =0 (ﬁ) Therefore,
0<t<T 0<t<T

=

N ~jN 1N J1N
Z xie 7%9 Jat + g(Z, )¢/ (t, 3, )dt

TN (s, € €N = F /

= |

N 1,N ~1,N
xie 7$t€)dt+g(xt6‘ )80 (t, Ty )dt

2|H
~

IIMZ IIMZ H

I
Q

|
.
A/~ N

D

mt@ 7It9)dt+g(xt9 )& (t, f:oN)dt

2l
S~—

It 0, Y)eo(dy) + g(xt e)Spl(taftl,a)dt} -0

|
\\ \ \
ZIH
/7
-
—

2Ly yis(dy) + 9(al o) golt, m)dt} e

)
A/~
2=
~—

=E/ﬁ2m@wmwmw%wﬁw
S j= 1

i e 1
= J97N(37$17€.—j_975.’9;§,791) -0 (\/_N) ,

the last inequality is due to the optimality of ¢ as the optimal control function of the MFG
(3.5), and the last equality is due to the central limit theorem. This completes the proof. [

Proof of theorem 2 c)

Proof. Similarly, let the player 1 choose any other controls & € U, which is a finite variation
process but all other players choose same optimal controls & . Denote d§; = dy'(t,x) =
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dgpll(t,l‘) 902( )
dl‘too = (‘i' )dt—f—dgpl(t xtoo) d(plz(t,j}%(x) +JthI j;oo =T,
1
leN ~ Z ~tooajio]\<f>)dt+d‘ﬂ1(t fitlg) dl(t, fgg)WLUthla fiévo =,
N
) 1 ~i i i
dj‘?,N = (_ b ('ﬁz;ivm i'goo) + Y1 H(t $t oo) 90279(257 xt:]ovo))dt + Uth’ xs:]c:/vo =,

N

j=1,-,N
fori=2,--- ,N,
1
Lemma 4. sup E sup \:Btg ZUtoo’ = (‘m)
2<i<N s<t<T

Proof. For any 2 <1 < N,

N
d<xrzrjev - NZN [ Z <b0 xt@ 7xt9 bo(ﬁyjovoaxt oo)) + o1, xte ) eolt, xtoo)] dt.

7j=1

By the definition, yy(t, x) is nonmcreasmg in x. Henee similarly with the proof of the lemma

3, we can prove sup £ sup \xte :UtOO] = ( ~). O
2SN s<t<T

From the Lemma 2, for any 2 <7 < N, sup E|a:t9 miév| =0 <\/LN> Then, by the
s<t<T

triangle inequality, sup E sup |z}, — xtoo| = ( —). Therefore,
2SN s<t<T

; 1
sup E sup |z}, — xtoo|+ sup B sup |z}, — xzév| :O(\/—N).

2<i<N s<t<T 1<i<N s<t<T

Since d¢'(t,x) is also nonincreasing in x, then an approach as in Lemma 2 shows

E iltlfT |JEtlo]X — Tl =0 (ﬁ) Therefore, due to Lipschitz continuity of f, fo, g1, g2,
ST

TN (s, 2,67, f’—f—1>
"1 N 1N
=F / Zfo too’xtoo dt—i_gl(xtoo)dcpl( ) too) +g?(l‘too)dcp2< ) too)]

T N
1 -
> FE N Zfo xtooixt9 dt‘i‘gl(xtoo)d@l(t Ty, oo) +g2<xt oo)dSOQ(t 33;&7)

lQ
VR
5~
~_

)
)

T
> E / [ 1@ et ie + @ ag xm>+gz<xm>d¢2<xi£>}—o

(
(

2= 5~

T
> E / /f xtooay ,U/tﬁ dy)dt+gl(xt oo)dgpl(t ‘rt oo) +g?(xt oo)ngQ( 7~2OJZ):| -0
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By definition of ¢, ¢},
Bt (t, #17%) = dgh (1,5 ) — dgh(t, 5%) + dih(t, 3|
1

v S0 oY)~ b )
j=1, N

< Ed|#gN — 3l |+ E

a=0()

By definition of ¢/,

(@t 7120 = dh (1,3 ) ) + (—dihlt, 5 + deh(t. 7t )|

Consequently, E'sup,c,<r ‘dgp’l (t, igg) — dy(t, 92‘%00)’ =0 (\/Lﬁ) and

Esup,cier | ~dieh(t, 31) + dieh(t 7t)| = 0 ()
Therefore, since g1, go are bounded,

) LN 1,N 1

E [ / / F(F o W0 (dy)dt + g1(3y o0 ) (8, T ) + 92(T4 00 ) A5 (2, ;;;t;oo)] _0 ﬁ)

T
> F |:/s /f(i’%,oovy)ﬂt,@(dy>dt + gl(i’tl’oo)dwll(t,i’;oo) + g2(£§ol)d<ﬂ§(t,iim)} _0 <\/LN>

T
>F [ / / F@h oo W) 0 (dy)dt + g1 () o) A1 oolt, 21 o0) + g2 ) dipa oot :p%’oo):|

1
(%)
1

= Uo(8, 0 {purp}) — O <\/_N) ’

the last inequality is due to the optimality of ¢.. By theorem 2 a), |vg(s,z : {pue})) —
Vso(s, @+ {peo}))| < Oley) -

Hence, by £ iltlfT |z} 4 —x;év| = O(ﬁ) and similarly with previous steps, we could derive
s_ —
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Jolc’)N<S7ZE,£./+,§.I_;§7_91> = V(8,7 : {pip}) — O (L)
> vp(s,x: {pre}) — O (\/LN + 69)

T
>F {/ /f(xi,m Y)peo(dy)dt + g1 ($%79)d50179(t, x%ﬂ) + QQ(thl,e)dgpze(t’mie)}

(e

/ NZfo gl )t + gu (g Al (t ') + galyy )d(t, tlév)]

1
~O0(—=+
(m 69)
= J;N(Saxafj%f:e;g.jel)'

> F

3.5 An MFG with singular controls of bounded
velocity: systemic risk

In this section, we study a particular MFG and provide explicit solutions. For comparison
purposes, we present a singular control counterpart of the MFG originally formulated with
regular controls by [23] for systemic risk. We will see that our solution structure is consistent
with theirs, despite the differences in problem settings.

The basic idea behind the interbank systemic risk model of [23] is as follows. (A similar
model can also be found in [33].) There are N banks in the system that borrow and lend
money among each other. Each bank controls its rates of borrowing and lending to minimize
a cost function. There are common noise and individual noise for each bank. Define ! to
be the log-monetary reserve for bank 7 with ¢ = 1,2,..., N. Then, the dynamics of z! is
assumed to be

N

dxy = % Z(fﬁg — a})dt + Eldt + o (pdW + /1 — p2dW}),

J=1

= a(my — 2))dt + Eldt + o (pdWP + /1 — p2dW}), ' =2’

(3.14)

Here, {W/}o<i<r represents the individual noise for the ith player with ¢ = 1,2,..., N,
and {W?}o<,<r is another independent Brownian motion representing the common noise,
N

my = % S 2] with my = m, & is the control by bank i, a is a mean-reversion rate, and o,
=1
p, q, ¢, and € are nonnegative constants.
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The objective is to solve this stochastic game over an admissible control set A, which
includes adapted processes satisfying proper integrability condition. That is to solve

. . . € c
U(Sv ZL’) = EHEI.E\ Es,a:,m |:/ (551&2 - qgt(mt - xt) + §(mt - xt)2>dt + §(mT - xT)2 ) (315)

subject to dzy = a(my — z;)dt + &dt + o(pdWP + /1 — p2dW,), xs=x,ms=m.

Our model. Now consider the model with singular controls of bounded velocity. Assuming
(realistically) that the rate of bank borrowing and lending is bounded, the MFG takes the
following form

T
v(s,x) = inf E,,.n, {/ (r|&| + E(mt — z)%)dt + E(mT —x7)?, (3.16)
é€ly s 2 2

subject to

dz; = a(my — x,)dt + d&, + o(pdW) + /1 — p2dW,),

. (3.17
= [a(mt —x) + ft] dt + o(pdWP + /1 — p2dW,), x,=x,ms =m. )

Here m; = [ (dr) is a mean information process with p; a probability measure of .
r,€, ¢, a,0, p are nonnegative constants, and the admissible control set is given by

Uy = {{&} | {&} is Fi-progressively measurable, finite variation, & = 0,& € [—6,6]}.

Remark 1. [t is worth noting that the choice of ¢ = 0 here is mainly for exposition simplicity
and does not change the general solution structure. Also, instead of the quadratic form, |£§|
1s used. Technically, it could be replaced by any convex and symmetric function as far as
explicit solution is concerned, as demonstrated in Karatzas [49] which generalizes the earlier
work of [7] for singular control problems.

This particular MFG appears different from the general problem setting presented in
Eqn. (3.1), with the additional term of common noise. We will show, nevertheless, that
appropriate conditioning argument coupled with the symmetric structure in the problem
will reduce this MFG to to the case without common noise.

Solution for p = 0 (no common noise). Step 1. Fix m; as a deterministic process with
ms = m € R. The problem now is a stochastic control problem. The HJB equation is

1 . .
00 + =020, + inf {(a(m — x) + )00 + €] + =(m — x)?} =0,
2 E€Uy 2

with the terminal condition v(T’,z) = £(my — x)*. By Proposition 1, the optimal control is

' 6 if Ou(t,z) < —r,
E(x|{my}) = 0 if —r<ow(tx)<r,
—0 if r<ou(t, ).
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By symmetry of the model, v(¢,m; — h) = v(t,m; + h) for any ¢ € [0,T] and any h > 0.
Hence, 0,v(t,m; — h) = —0,v(t,my + h) for any h > 0. So, we can denote the optimal
controls as

9, if xSmt—ht,

E(z|{m}) =< 0, if my—hy <z <my+ hy, (3.18)
—6, if my + ht S x,

for some deterministic h; > 0.
Step 2. Solve the McKean-Vlasov equation: 3

day = [a(m; — ) + ol (mi})] dt 4+ odWs, = 2] =m,

where mj is an updated mean information process with &, such that my = [ xp(dz), with
1 a probability measure of optimal state process ;. The Kolmogorov forward equation for

fg 18
/ . 1 2
Oupe = =0, ((alm) = 21) + ) + 50" Oraitr (3.19)
Then, by (3.19) and m, = [ zu(dz),
dm!, = 0 (P(ét — ) - P = e)) dt = 0 (P(x, > m) + hy) — Pz, < m), — hy))dt = 0,

because z; is symmetric to m;. Hence, dmj = 0 and m; = m for ¢t € [s,T].
From step 1 and 2, updated mean information process is always m}, = m for t € [s, T].
So, let’s solve the associated HJB for the value function with fixed m; = m:

1
O + %(m — )% 4 a(m — 1)0v + 5028”11 + 0 min{0, r + O,v,r — O,v} = 0, (3.20)

with the terminal condition v(T,z) = §£(m — z)*.
One can solve for the value function explicitly. Indeed, since the value function v(s, -) is

convex, define
fi(s,m) =sup{z : d,v(s,x) = —r},

and

fa(s,m) = inf{z : O,v(s,z) =r}.
Then, on fi(s) <z < fa(s),

1
at'U + %(m — $)2 + a/(m - x)amv + 50281,%1) = 07 U(Tv ZE’) - g(m - x)z‘ <32]‘)

3In previous section 2, we use the stochastic differential equation for the second step (consistency part)
instead of the McKean-Vlasov equation. With the existence and uniqueness of the fixed point solution to
the MFG, both methods suggest same fixed point solution, so either method gives the solution to the MFG.
So, we use the McKean-Vlasov method for this example.
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The Laplace transform of v is 0(\, x) = f_TOO e My(t, z)dt for X < 0, which satisfies

N T
8tv()\,x,m):/ e Mop(t, x)dt

oo .,
= e Myt z)|L_ + )\/ e M
_ —)\Te 2+/\/T =Xty
_ e—)\T;(m _ x) + A0(A, x).
Thus,
1 € AT 2 ~ ~ 1 2 ~

A particular solution to (3.22) is given by

€ 1 o€ 1
1—- = —\T . 2_ = 1- = _)\T.
4a—2/\< )\) e m =) =S TN ( )\) ‘

The fundamental solutions to (3.22) are sums of two parabolic cylinder functions

~ a(z—m)? —
¢1(Aam—$)=€(262)Di <_x - QQ)’

g

~ a(w—m)> Tr—m ~
i\ m =) =e 3 Dy | =——V2a ) = i\ x —m),

a

z2 +2
where D, (z) = % Jo ot o temz7"dt. Therefore, solution to (3.22) is

€ 1 o€ 1
A, 12 e — 2 7€ [1_2)T
o xm) =55 < /\) e m =) = SN ( )\> ‘

+ 11\, m — x) 4+ a1 (N, & —m)

€ 1 o€ 1
_ =2 e Mm—p2— 7€  [1_2) 7
da — 2\ < /\) e m =) =S 2/\) ( )\> ‘

C 0 zZ o0 22 Tr—m
3+—1/\/ e 1e’7 mzdz—l— / e lem T T2z g,
I'(=2)Jo 0

a

F(—%)
for some constant ¢y, co. That is,
5\, 2) = (A (m — 2)* + is(N) + i (A, m — @) + 2 (A, 2 — m).
Inverting this function yields the solution to the original PDE (3.21),

o(s,7) = m(5)(m — ) + ns(s) + 161 (s, m — &) + oy (5,7 — m).
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where ¢, is the inverse Laplace transform of ¢;. Here n;(s),n2(s), n3(s) are solutions to

ODEs

[Ke)

€
(9t771—2am+§=0, m(T) = 3,

Oms + om = 0, (1) =

and can be expressed explicitly as

_ (€ _ €\ 2as-1) €
mn(s) <2 4a)e +4a’

and

(s—T)—i—aQi(E—i).

1 /c € _ €
773(8) =—o" <_ ) el —o? = 20 \2 4a

7 2a\2 7 4a da

Similarly, on = < fi(s), the HJB equation is
o + %(m —2)2+ 70+ (a(m — z) + 0)0,v + %azﬁmv =0, (T, x) = g(m — )2
The solution is
v(s,x) = Cu(s)(m — 2)* + Ga(s)(m — ) + G3(s) + csa(s,m — @) + eaha(s, m — x),

where ¢, s are the inverse Laplace transforms of ¢, and 5 respectively, with

a

~ a(z—m,—%)2 T —m — Q
po(A,m —x) =€ 22 D (——“\/2&) ,

a o

and

~ a,(ac—m—g)2

8
o(A,m —x) =e¢ 27 Dx(—x mn a\/Q_a),

Here <1(8)7 42(3)7 C?)(S) SatiSfy

0yC1 — 2a; + % =0, Q(T) = 57
0iCo — aga — 20¢; = 0, Cz(T) =0,
NGz + 10 — 0 + 0% =0, G(T)=0

Hence,
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and

(50 2 G5)) -0
On f5(s) < x, the HJB equation is
Ov + %(m — )2 + 70+ (a(m — x) — 0)0,v + %0263“1) =0, (T, x) = g(m — )%
Therefore,
v(s, ) = Ay(s)(m — ) 4+ Ao (s)(m — ) + A3(s) + csthals, x — m) + ceda(s, x — m).

where Ay, Ay, A3 satisfy

By — 2ah; + g — 0, AV(T) = g
@Ag - CLAQ + 29A1 = O, AQ(T) = O,
6tA3+7“9+0A2—|—02A1:0, Ag(T =0
That is,
c € €
A —(Z_ = 2a(s—T) -~
1(s) (2 4a> T
0 € 0 € Oe
_vyr. € (s—17) Y ( _ _) 2a(s—T) | V€
Aa(s) a (C a) ¢ a ¢ 2a 2a2’
and

(5 -2 G e

Note that n;(s) = (1(s) = A1(s), —Ca(s) = Az(s), and (3(s) = As(s). Hence, the value
function v is also symmetric to m, meaning ¢; = ¢y, ¢c3 = ¢ and ¢4 = ¢5. Moreover, the
regularity and convexity of v(s,-,m) implies that 0,v is nondecreasing and that there are
r1 < x9 satisfying

x1 = sup{z : (s, x) = —r},

and
zy = inf{x : ,v(s,z) =r}.

Now, the symmetry of v(s,-) with respect to m implies that x1 = m — h and x5 = m + h for
some h > 0.
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In fact, one can solve for ¢y, c3, ¢4 and h from the C2-smoothness of v'(s, ) at xo, and get

o — 2A1(S)h—7"
b _¢,1(87h) + (b/1(57 _h)’
1 A (s =h) .
"G Galo ) I )t (s, —y P~ sl ()
$a(s, —h) 1 - . o
Ga(5 =) h(5, —I)Ba 5, ) — Ualo, R (s, ) P25~ (A ()l A Aals) =)

¢1(s, h) + ¢1(s, —h)
— ¢ (s, h) + ¢ (s, —h)
1

= (o R da(s, ) — Uals, R ys, ) 2l T Aale)h+ Aals) =)

o MR ) S R

— d(s, —h)((2A1(s)h — 1) — Az(s)h — As(s) + m2(s))),

— Ag(8)h — As(s) + ma(s))),

and eventually
cay (s, —h) + csdy(s, —h) = c1¢/{(s, h) + c1¢(s, —h).

By definitions of z; and x5 and convexity of v(s,-,m), x;1 = m — h and xs = m + h with
= inf{r : 405 (s, —K) + c3¢5 (s, —k) = 197 (s, k) + 19} (s, —K) }. (3.23)

Note that the degenerate case of h = oo means that there is no action region and & = 0 for
all x € R.

In summary, the solution to the MFG (3.16) with p = 0 is given by Eqn. (3.18) for the
optimal control, and

dm; =0 Vtels, T, mi =m, (3.24)

v(s, ) = ay(s)(m — x)* + az(s)(m — z) + az(s)

+ as(s)p1(s,m — ) + as(s)P1(s, . —m) + ag(s)p2(s,m — x) + az(s)a(s,m — x).
(3.25)

G(s), if x <m—h,
for deterministic functions a;(s) =< n,(s), ifm—-—h <z <m+h, forj=1,3,
Gi(s), fm+h<u,

Ca(s), ifz<m—h,
0, ifm—h<zx<m-+h,
—(ao(s), ifm+h <z,
0, ifz<m-—~nh

aj(s)=< ¢, fm—-—h<z<m+h, forj=4,5,
0, ifm+h<uz,
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c3, ifx<m-—h,
ag(s) = 0, fm—h<xz<m+h, and
c3, ifm+h<uz,
cy, ifx<m—h,
az(s)=1¢ 0, ifm—h<z<m+h,
cy, ifm+h<uwx.

Solution for p # 0 (with common noise). As the alternative method to deal with the
presence of common noise [21, 23], we approach this problem with conditioning on .

Step 1: stochastic control part Let’s derive the HJB equation for (3.16) with condi-
tioning on W and fixed m.

T
v(s,x) = inf E,, {/ (r|&] + %(mt — 3)%)dt + g(mT — xT)2}

é.EZx{g
s+d . €
< / <r|£t| ~|—§(mt —xt)2> dt +v(s+ 9, sss)

Hence, for any &,

’ . 5’ ) 1 5+0 .
v(s, ) UESS +0,%15) < . (/S (rlé)] + g(mt _ xt)z)dt> ‘

Let 6 — 0, then v(s,z) — v(s + dt, siar) < (r\§s| + 5(m — m)2> dt. By the Ito’s formula for
T, we can derive
1 . .
dv + 502(1 — p?) OV + %(m — x)Q] dt + inf [(a(m —x)+£)0v + 7‘|§|} dt + pod,udWy = 0,
€Uy
(3.26)

Similar to the special case without common noise, the value function with a fixed my,
v(t, ) is also symmetric with respect to m;. That is, v(t, m;—h) = v(t, m;+h) for any h > 0.
From the HJB (3.26), the optimal control is given by Eqn. (3.18), which is independent of
the common noise, and P(x; > m; + hy) = P(x; < my — hy) for some deterministic h; > 0.

Step 2: Consistency part Let’s solve the Mckean-Vlasov equation:
dr; = [a(m; —x) + ft] dt + a(pdWy + /1 — p2dW,), x,=x,m,=m. (3.27)

Kramers-Moyal Expansion of the master equation for the SDE (3.27) with conditioning on
W is

i) = 3 0o 1wy, (3.28)
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where a(™(t, z) = L E[(dx;)"™|W)]|s,=. and j is the probability measure of ;.

. (0]
Then, o (t, 2) = a(m) — x) + & + po 2,

a?(t,x) = 0*(1 — p*)dt, and a™(t,z) = 0 for any m > 3.

/ . 1
Sodpy = [—395 ((a<mt —z)+ ft)Mt) + 502(1 — ) Oapte | dt — podppudWY,

and from m} = [z (dx),
dm), = 0(P(x; > m) + hy) — P(x; < m} — hy)dt + podW? = podW;.

Hence, conditioning on W, m} satisfies dm, = podW} with m/, = m for t € [s,T].

Step 3: Fixed point part As in the previous case, for any give fixed m;, the updated
mean information process which is the result from step 1 and 2 is always dm} = podW}? with
m/, = m for t € [s,T]. Therefore, with conditioning on W2, there exists a unique fixed point
solution and it is

dm} = podW, Vvt € [s,T), mi =m. (3.29)

Let’s prove that m} is a unique optimal solution to the MFG (3.16) subject to (3.17). Suppose
there is a better or another solution m;* to the MFG. Since m;* is also solution to the MFG,
if we iterate steps with initial fixed m;*, then the fixed point solution would be m;*. However,
according to the previous steps, resulting fixed point solution m; is independent to the initial
fixed m; and it is always dm} = podW?. Hence, m; = m}* and it is a unique solution to the
MFG.

Because of common noise, we rewrite v(t, x;) = w(t, z;,m;). Then,

dv = Owdt = Qywdt + Opwdm} = dw + OpwpodWy.

dw + | 202(1 = ) + S(m — x)?} dt+ inf |(a(m — o) + )9pw + rlé]] dt
2 2 g€ty

+ pa@mdetO + paamdetO =0,

(3.30)

By the model structure, w(t, z,m) = w(t, x4+ h,m+ h) for any h > 0. So, J,,w = —0,w and
the HJB equation (3.30) is same as the HJB equation without common noise. Therefore,
value functions are same.
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Chapter 4

MFG with singular controls over
infinite time

4.1 Problem Formulations and Main Results

Background: Single player optimal partially reversible investment

Consider the optimal partially reversible investment model which is formulated as singular
controls in [39]. There is a player who produces a single product, and the player controls
its production capacity to maximize its profit on an infinite time horizon. The player can
expand or contract its capacity, but it is partially reversible.

Mathematically, let {K;}o<t<oo be a cadlag process representing the production capacity
of the player. We assume that given initial position & € R* the dynamics of K; is

th = Kt(édt + ’Yth) + st — thy KO_ = kf7

for constants v > 0 and §. {L;}o<t<oo and {M,;}o<i<oo are cadlag control processes in an
admissible set U which includes all nondecreasing o(K;)-adapted processes satisfying the
integrability condition E[[;~ e "dL,] < oo or E[[; e dM;] < oo and Ly = My = 0.
There is a nonnegative discount rate r satisfying r > 4. II; : R — R is the production
output function which is continuous, nondecreasing, and concave. The typical example of
I1; function is the Cobb-Douglass production function: II;(k) = ck® with some positive
constants ¢, € (0,1). We also assume that one unit of increasing capacity needs p units
of investment cost and one unit of decreasing capacity generates (1 — A)p units of profit.
Because of 0 < A < 1, it is partially reversible. Then, the optimal partially reversible
investment with singular control on an infinite time horizon in [39] can be formulated as

w(k)= sup E {/000 e "I (K;)dt — pdL; + p(1 — \)dM,]

L¢,Mreld

s.t. th = Kt((gdt + ’}/th) + st - th, K()_ = k.

(4.1)

The HJB equation associated with (4.1) is
min{rw — Lw — Iy, Opw — (1 — N)p,p — Opw} = 0,
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and according to results in [39], this equation has a unique C*-solution, which is the value
function of the model. For the case of II; (k) = k%, the value function w(k) is

Al —|—p/{: k S /{Zb
w(k) ={ Ak™+ Ask" + Hk® ky < k < k,
Ay +p(1 =Nk ks <k

for some constants k, < ks and m,n, H, Ay, As, A3, Ay which are defined in [39]. The opti-
mally controlled process K is a reflected geometric Brownian motion with two boundaries
[ky, ks] and the optimal controls { L]} and { M} are processes in such Skorohod type problem
for K;:

dK; = K7 (5dt +7dWy) + dL; —dM;, Ki_ =k, K; €[k ks a.s.

/ LkysrydLly =0, / Lir; <hydM; = 0.
0 0

This model is a single player model, so by adding other players’ behaviour and interaction
among players one could generalize the control problem to a game.

Optimal partially reversible investment stationary MFG

Suppose that there are identical N players in same industry and they produce the same
product. For i = 1,2,..., N, let {K}}o<i<oo be the production capacity process for ith
player which is a cadlag process satisfying the dynamics for any & € R

dK} = K;(0dt +~vdW}) +dL; —dM;  K{_ =k,

where 4, v are nonnegative constants. Let y; € Po(R) be a probability measure of { K} }i—19... &
at time ¢t. Then, the optimal partially reversible investment for N players can be formulated
as

sup Jy (k' Lj, My) = sup FE
Li,Mjeu Li,Mieu

N
> —r 1 i j i i
/0 e t[NZH()(Kt,Kz)dt—deﬁp(l—A)th]]

J=1

= sup E { / e "IL(KY, eN)dt — pdLi + p(1—A)dM;']}
Li,MieU 0
st. dK; = K;(0dt +vdW}) +dL, —dM;, K| =k,
where € is an empirical distribution of {K}}i—12.. v at time ¢ and can be consider as
price information at time ¢. Each player’s admissible control processes are {L!}o<i<oo and
{M/}o<t<oo which are cadlag nondecreasing processes with L{ = M} = 0. Let’s assume
that our controls are closed loop feedback type. Let U be an admissible set including such
admissible controls. Let r > 0 be a discount rate and A € (0,1), p be nonnegative constants.
Let IT : R x Po(R) — R be a revenue function for the ith player which depends on the

production output of the ith player (K?) and the price (e).
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As N goes to infinity, we can approximate the N player game using a MFG;

sup Joo(k’ Ly, Mt) = sup E {/ e‘”[H(Kt7ut)dt — pdL, +P(1 - )‘)th]
0

Ly, Mreld Ly, Mreld

s.t. th = Kt(édt + ’)/th) + st - th, K(]_ =k.

where p; is a probability measure of K; at time ¢t and U is the admissible set and controls
are closed loop feedback form adapted in o (K, p;).

(¢ is the price information at time ¢ in this model. The model can be with short run price
which is changing as time or with long run average price which is constant over time. Let’s
consider the model with stationary p; = p first which determines the long run average price
in this section, and then consider the model with general nonstationary p, which determines
short run prices in next section.

Then, the stationary MFG (SMFG) can be formulated as

w(k) = sup J5(k, Ly, M) = sup E{/ e " [TI( Ky, p)dt — pdLy + p(1 — \)dMy]
0

Lt,Mf,EZ/{ Lt,Mteu
s.t. th :Kt(édt + ’Yth) + st — th, Kof = k',
(4.2)

where p is a limiting stationary distribution of {K;} if it exists, and the admissible set of
controls U is

U ={Ly, M;| L, M, are FEi—_adapted, cadlag, and nondecreasing with

Lo = My =0, and E/ e "dL, < oo,E/ e "'dM; < oo}.
0 0
Again controls are closed loop feedback form.

Assumption

(A1) TI(k, ) is Lipschitz continuous, nondecreasing, bounded and concave over k € (0, 00).

It also satisfies two conditions: lgﬁ)l w = oo and the Legendre-Fenchel transform of

IT is finite: TI(z) = sup[I(k, ) — k2] < oc.
k>0

Let’s define a solution to the SMFG (4.2).
Definition 6. A solution of the SMFG (4.2) is defined as a pair of optimal control processes

{L;},{M;} and a probability measures pu* € Pa(R) if the optimal controlled process { K/}
has a limiting stationary distribution p* and w(k) = J3 (k, Ly, M}) for all k € R.
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SMFG framework We can solve the SMFG (4.2) by following three steps.

e Step 1: (stochastic control part) Fix {u} as deterministic first, then (4.2) becomes a
stochastic control problem. Solve this stochastic control problem, and let {L;}, {M,}
be optimal controls and { K} be the corresponding optimal controlled process.
Define the mapping I'(u) = ({ L.}, {M,}).

e Step 2: (consistency part) Given the optimal controls ({L;},{M,;}) from step 1, solve
stochastic differential equation:

Update fixed flow of probability measures p’ as a limiting stationary probability dis-
tributions of { K} if it exists.
Define the mapping Uo({ L}, {M;}) = 1.

e Step 3: (fixed point part) Under new fixed {y'}, repeat step 1 and 2 until convergence
to a fixed point solution p*, {L;}, {M;}.

Theorem 3. Under (Al),

1) for any fized p, there exists a unique optimal controls {L,}, {M;} for the step 1 in the
SMFG framework. The mapping I" is well-defined;

2) for any optimal controls {L;},{M;} from the step 1, the optimal controlled process
{K;} following the dynamics (4.3) has a limiting stationary distribution. The mapping
[y is well-defined;

3) ifToly is a contraction mapping, the SMFG (4.2) has a unique solution (p*, {L;}, {M;}).

Proof. 1) Step 1: well-definedness of I'. Fix p as deterministic first. With deterministic
u, the SMFG (4.2) is equivalent to the stochastic control problem (4.1). As we have seen
in previous section, there exists a unique value function and optimal controls. Hence, the
mapping I' is well-defined.

2) Step 2: well-definedness of I'y. Under given {L;},{M;}, we use the limiting stationary
distribution of K; from (4.3). For any Markov chain, if it is irreducible, aperiodic, and
positive recurrent, then there exists a unique stationary distribution and it is a limiting
distribution. The optimal controlled process K; is a geometric Brownian motion with two
reflected constant boundaries by definition of L;, M;. Hence, K; has a unique limiting sta-
tionary distribution. Consequently, the mapping I'y is also well-defined.

3) Step 3: The space of probability measures Py(R) with 2nd order Wasserstein metric is
complete. By Banach fixed-point theorem, if I" o Iy is a contraction mapping, the SMFG
framework has a unique fixed point (u*, {L;}, {M;}). By definition of each mapping, the
fixed point solution satisfies definition 6. O]
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Remark By the theorem, whether I' o I'y is contraction or not is critical for the solution
to the MFG. Actually it depends on coefficients of the model so we will illustrate explicit
numerical examples when I' o I'j is a contraction mapping in section 4.3.

Optimal partially reversible investment MFG

Let’s generalize the model with a general drift function and with a mean information process
{1t} which does not need to be stationary. The model can be formulated as

sup E [/ e " [I(Ky, pg)dt — pd Ly + p(1 — N)dM;]
0

Lt,MtEZ/{
s.t. th = b(Kt, /,Lt)dt + O'th + st — th KO* = ]{I, Ho— = U.

(4.4)

where b : R x P2(R) — R is Lipschitz continuous, pu; is the probability measure of K,
and the admissible set . This game is a MFG with singular controls on an infinite time
horizon. Because of difficulties when we approach MFG with singular controls using PDE
method directly, we will approach this game through MFG with singular controls of bounded
velocity. We will discuss the relation between singular controls and singular controls of
bounded velocity in the later section.

MFG with singular controls of bounded velocity For any fixed 6 > 0, we assume that
{L;} and {Mt} are bounded velocity processes which means dL; = Lidt and dM; = M,dt
with 0 < L; < 6 and 0 < M; < 6. Then, the value function for any fixed pu € P2(R) is

v(s, k)= sup J(s,k, L, M)

L, MieUy
= sup FE {/ e "I, py)dt — pLydt + p(1 — X\) M, dt] (4.5)
Ly, M€l s
st dIy = b(Ky, p)dt + odWy + Lydt — Mydt K, =k, jie— = 1,

for any s € [0,00) and £k € R. We impose assumption (Al) and additional assumptions as
follows

Assumptions

(A2) For any fixed p € Pa(R), b(k, 1) are measurable and linear function in k. So, there
exists some constant dy > 0 such that |b(k,u)| + |o| < (1 + k). Furthermore, we
assume r > dg.

Admissible set
Uy ={&|&, is FE—=+#-)_adapted, cadlag, and nondecreasing with

0<&<6,& =0, and E/ e, dt < oo}
0
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MFG solution Let’s define the solution to the MFG (4.5).

Definition 7. A solution of the MFG (4.5) is defined as a pair of optimal control pro-
cesses {Li}, {M}} and a flow of probability measures {jif} € Mo o) if they satisfy v(s, k) =
J(s,k, Ly, M) for all (s,k) € [0,00) x R and p; is a probability measure of the optimal
controlled process {K}} for all t € [0, 00).

MFG framework We can solve the MFG (4.5) by following three steps.

e Step 1: (stochastic control part) Fix {u;} as deterministic first, then (4.5) becomes a
stochastic control problem. Solve this stochastic control problem, and let {L;}, {M;}
be optimal controls and { K} be the corresponding optimal controlled process.

e Step 2: (consistency part) Solve stochastic differential equation:
th = b(Kt,Mt)dt + O'th + st - th Ko_ = k, Ho— = U

Let Pk, be the weak solution, then update fixed flow of probability measures {yu}} as
probability distributions of {K:;}: uj(k) = Pk, (k).

e Step 3: (fixed point part) Under new fixed {1}, repeat step 1 and 2 until convergence
to a fixed point solution {p;}, {L;},{M;}.

Before approaching the MFG (4.5) on an infinite time horizon, let’s define value functions
for the MFG (4.5) on a finite time horizon as in [37]. For any finite time 7' > 0, denote

T
(s, T,k)= sup E {/ e TEINII(Ky, g )dt — pLydt 4+ p(1 — N) Mydt]

L, Mi€Uy

(4.6)
st dK; = b(Ky, pg)dt + odW, + Lydt — Mydt K, =k, s =

for any (s,k) € [0,00) x R. Then, the HIB equation associate with the MFG (4.6) with
fixed {pu} is

1
— O+ 1o — 11 — 50—28%17 — bOv + O min{0, 0xv — p(1 — \),p — v} =0 (47)
with terminal conditions v(7,T,k) =0 Vk e R

According to the theorem 1 in [37], (4.7) has a unique C? solution, and this solution is the
value function of (4.6) with fixed {s}.

Definition 8 (Supersolution and subsolution). The v is a continuous viscosity solution to
(4.7) on [0, T] x (0,00) if v satisfies

1) Viscosity supersolution: for any (so, ko) € [0,T) x R and for any function 1 € C*?* such
that (so, ko) is a local minimum of v — ¢ with v(so, T, ko) = ¥(so, T, ko),

1
— 0+ — 11— 5023%@/) — b0kt + 6 min{0, Optp — p(1 = A),p — O} = 0,
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and for any ko € R, (T, T, ko) > 0;
2) Viscosity subsolution: for any (so, ko) € [0,T) x R and for any function ¢ € C?* such
that (s, ko) s a local mazimum of v — 1 with v(so, T, ko) = ¥ (s0, T, ko),

1
— O+ -1 - 5023%1/} — b0kt + 0 min{0, Optp — p(1 = A),p — 00} < 0

and for any ko € R, (T, T, ko) < 0.

Let’s look at main results of the model. Proofs of propositions and theorems are in the
next section.

Proposition 5. Under fized {yu:},

v(s, k) = 711_1}(}0 u(s, T, k) Y(s,k)€[0,00) xR,

and for any fized s € [0,00) the value function v(s,k) is concave and differentiable in k.
Then, the MFG (4.5) with fived {{:} has a unique value function v and unique optimal
control processes {L;}, {M;}.

The optimal control process will have two threshold functions k,(7), ks(7) : [0,00) — R
such that ky(7) = sup{k : Oxv(7, k) = p} ks(7) = inf{k : Opv(r, k) = p(1 — A\)} and the
optimal control processes are

t t
Ltz/ 01 (s, <ty (r)ydT Mt=/ 01k, >k, (r)}dT-
0 0

So, we can define a mapping from the fixed flow of probability measures to optimal control
processes under fixed p; as I't({ue}) = ({Le}, {M:}).

Proposition 6. Under fized {p}, {L+},{M:}, dynamics of K,
dK, = b(Ky, jy)dt + odW, + Lidt — Mydt, t>0, Ko =k (4.8)

has a unique weak solution Pyx. Furthermore, the corresponding Kolmogorov forward equa-
tion 1s

0, P, (k) = —0k[(b(k, ju) + Ly — M) P, ()] + éﬁkk[JQPKt(k)], VkeR.  (4.9)

Update p} using Pg,. Then, define a mapping I's({L:}, {M;}) = {u}}.

Theorem 4. IfT'; o'y is a contraction mapping, then the MFG (4.5) has a unique solution

({ui}, L7} M.

Remark Whether I'; o I'; is a contraction mapping or not depends on the coefficients of
functions in the model. We will illustrate explicit numerical examples when I'; o I'y is a
contraction mapping in section 4.3.
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Relationship between MFGs and N-player games One of the goals of this paper
is showing that optimal control processes {L;}, {M;} of the MFG with singular controls of
bounded velocity is a e-Nash equilibrium of corresponding N-player game. The corresponding
N-player game of the MFG (4.5) is

o 1 A A . .
sup E / e—“t—S)[N > Mo(K} K})dt — pLidt + p(1 — X)Mjd1]
Li,MjeU s j=1,--,N (4 10)
st dR; =+ > bo(K K])dt + od Wi + Lidt — Mdt, Ki =k

]:17 7N

Under some technical condition, we can approximate the objective function and drift func-
tion by the strong law of large numbers:

DY NHo(KZ} K{) — [To(K{, y)p(dy) = (K}, j1,) and

7=1,...,
~ > b(K} K]) = [bo(K, y)u(dy) = b(K}, 1) as N goes to co where {1} is a flow of

j=1,..N
probability measures of {K7};—1.. n. So, we can consider that the MFG (4.5) is a approxi-
mated game of the N-player game (4.10), and they have following relation.

Theorem 5. The optimal control processes of the solution to the MFG (4.5) is an e-Nash
equilibrium of the N-player game (4.10) with € = 0(\/%)

Remark If the game has a well-known form of stochastic controls problems such as a
linear-quadratic form, we could find an exact Nash equilibrium for some cases. However,
in general N-player games, finding an exact Nash equilibrium is intractable. Therefore,
studying MFG for e-Nash equilibrium for N-player game is useful, and it is an approximated
Nash equilibrium as N goes to infinity. We prove the general results under our formulation,
and we will illustrate examples of solutions of MFGs.

4.2 Proofs of the MFG with singular controls of
bounded velocity on an infinite time horizon

Existence and uniqueness of solutions to the MFG

Fix {i:} as deterministic. Then, the MFG (4.5) and (4.6) are stochastic problems with
singular controls of bounded velocity.

v(s, k)= sup J(s,k, Ly, M)

L¢,Mi€Uy

= sup F [/ e TEINII(Ky, g )dt — pLydt 4+ p(1 — X) Mdt]

Li,MclUg
st dKy = b(Ky, p)dt + odWy + Lydt — Mydt K, =k, jie_ = pu.



CHAPTER 4. MFG WITH SINGULAR CONTROLS OVER INFINITE TIME 56

T
o(s,T)k)= sup E [ / e "UITI(K, g )dt — pLydt + p(1 — ) Mdt]

L, Miely
st dIy = b(Ky, p)dt + odWy, + Lydt — Mydt K, =k, ps_ = p.

Proof on proposition 5
Proof.

Lemma 5. Let (s, k) be a nonnegative CH* supersolution to (4.7) with fized T > 0, then
(s, T, k) < (s, k) for any (s,k) € [0,00) x R.

Proof. Let ¢ € C?([0,00) x R) and {L;},{M,;} be control processes in the admissible set
Up. Let {K,} be a corresponding controlled process under {L;}, {M,;}. Define 7,, = inf{t >
0; Ky >n}A(nAT), neN

Then, for [s, 7,], by the Itd’s formula,

Ele "™ o(10, K,)] =e " p(s, k) + E {/ e (—ro+ 0w + Lo)(t, Kt)dt}

+ E |:/ ' B_Ttak(p(t, Kt)(Ltdt — Mtdt):|

Let’s prove Vt, k € [s,00] X R,
(—rp + 0o + Lo)(t, k) + Opip(t, k) Ly — Orp(t, k) My < =TIk, 1) + pLy — (1 — \)pM,.

1) If (1 — N)p < dpp(t, k) < p, the inequality is true since Ly, M; > 0.
2) If p < Opp(t, k), since ¢ is the supersolution, r¢o — dyp — I — Lo + 0(p — Ikp) > 0. So,

< —I(k, p)dt + pLy — (1 — A\)pM,

3) If Opp(t, k) < (1 — N)p , similarly the inequality is ture.
Therefore,

B[ e 0t = paL+ (1= Npad) | + Bl < el )
Since ¢ is nonnegative,
E [ / " eI, ) dt + (1 — /\)det}} B [ / : ertdet} < e (s, k)
By Fatou’s lemma with taking n goes to oo,
E UT eI Ky, pig)dt — pd Ly + (1 — )\)det}} < (s, k)

for any admissible L; and M,. Hence, v(s,T k) < ¢(s, k) Vs, k > 0. O
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From [37], the HJB equation (4.7) with fixed T has a unique solution, and the solution
is the value function o(s,T,k). Let’s prove that u(s,T,k) pointwisely converges to some
function as T" goes to infinity. Denote v(s, k) = limsup o(s, T k).

T—o00

Lemma 6. u(s,T, k) converges to v(s, k) as T goes to oo for any (s, k) € [0,00) x R.

Proof. Let {T,}n,en be any monotonic increasing positive sequence satisfying lim 7, = occ.
n—oo

By definition, v(s, T}, k) are monotonic increasing as 7T; increases.

Let’s prove that v(s, T, k) converges to 9(s, k) as n — o0o. To prove this, we need to prove
enough that for any e > 0, there exists ny such that for any m > n > ng, 0(s, T, k) —
(s, Ty, k) < e.

For any ¢ € ((1—\)p,p), let go = M where I is the Legendre-Fenchel transform, then
w(k) = gk + qo is a supersolution of (4.7) with T,,,. By lemma 5, o(-, T),, k) < gk + qo. Then,

< (s, T, k) + e "I E[0(T,, T, K, )]
< o(s,Tn k) +e —r(Tn— S)E[QKT + qo]

By assumption 2, for any fixed p € Po(R), b(k, 1) < 6o(1 + k). Then, by the It6’s formula
with f(t,k) = ke™", B[Kr,] < kg% ehT (1 — e=00T),

(50—|—9

0
for large enough T, since r > ;.

@(87 Tm7 k:) (S Tn7 ]{3) < ko (T_(SO)(T"_S) + qoe_T(Tn_S) < €

Therefore, (s, T,, k) pointwisely converges to v(s, k) as n goes to oco. ]

Now, let’s prove that the limit of solutions for finite interval, (s, k), is the value function
v(s, k) of (4.5).

Lemma 7. (Verification theorem) (s, k) = v(s, k) for any (s, k) € [0,00) x R
Proof. Fix (s,k) € [0,00) x R

1) v(s, k) <o(s, k)
Fix T > 0, v(s, T, k) is a classical C'? solution to (4.7) with T, so it is a supersolution. So,

1
—0,0 + 10 — I(k, 1) — §azakk® — bORU + O min{0, 0,0 — p(1 — \),p — Op0} > 0
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For any L;, My € Uy, let {Kt}te[s,oo) be the state process with control processes L;, M;.
By the It6’s formula,

Ele " T=9%(T, T, K7)]

T
=i(s, T, K,) + E[/ e ") (=T 4 0,0 4 Lo)(t, T, K)dt]
T ’ T . .
+ E] / e ") eoLu(t, T, Ky)dW,) + E] / e "0 (t, T, Ky) (Ly — My)dt]
T
—=i(s, T, K,) + E[/ e (—rD + 0,0 + L0)(t, Ky) 4 0,0(t, T, K;)(Ly — M,))dt]
T
<v(s, T, Ky) + E[/ e ") (—TI(Ky, p1) + 0 min{0, 0,0 — p(1 — \), p — OxT}
+ (Ly — My) 0o (t, T, Ky))dt]
T
<o(s, T, Ks) + E[/ e ") (—II(Ky, p) + pLy — p(1 — ) M,)dt
Since v(T,T, k) = 0 for any T" > 0,k € R,
T . .
E[/ e "UNII(Ky, ) — pLy + p(1 — N)M,)dt <o(s, T, K)
Hence, as T — o0,
B / eI T(Ky, 1) — e+ p(1 — NVt <o(s, K.)
This is true for any L;, M; € Uy. So,

v(s,k) = sup E[/ e TS (II(Ky, ) — pLy + p(1 — N M,)dt < (s, k)

L, My€Up

Therefore, v(s, k) < v(s, k) for any (s, k) € [0,00) x R.

2) wv(s, k) >v(s, k)
Fix T > s,
0 if p<ou(tT,K)
Let LT —M;T =< 0 if p(1—X\) <ot T,K,) <p
—0 if Oo(t, T, K;) < p(l—N)
Then, the HIB equation (4.7) is

00+ 10— TI(k, 1) — §U2akk7_) — VoD — <(L:T — M;")o0 — pLiT + p(1 — )\)Mt*T> =0
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Similarly with 1),
Ele™"T%(T, T, Kr)]

T
=0(s, T, k) + E[/ e (=rD + 0,0 + L0)(t, Ky) + 0p0(t, T, K,) (LT — M;T))dt]
ST . .
=0(s, T, k) + E[/ e (_H(Kt’/it> +pLy" —p(l - )‘>Mt*T> dt

Hence,
o(s, T, k) = E[e " =9%(T, T, Kr)]

T
B[ e (M) = pLiT + (1= NI

T
— E / e (MUK, ) = pLiT + p(1 = AT )
< v(s, k)

Therefore, as T — 00, (s, k) < v(s, k).
By 1) and 2), 9(s, k) = v(s, k) O

We proved that the value function v(s, k) is the limit of v(s, T, k). Now, let’s prove that
there exists a unique optimal control process L;, M;. As in finite time horizon models, if
v(s, k) is differentiable in k, we can define optimal controls as

0 if p <o
Ly — M} = 0 if p(l—X) <0kv <p . Let’s prove that v(s, k) is differentiable in k.
—0 if O <p(1—N)

Lemma 8. For any fized s € [0,00), the value function v(s,k) is concave and continuous
on k € R.

Proof. Because II is nondecreasing, v(s, k) is also nondecreasing. By using concavity of IT
over k and linearity of dynamics with L; and M, the value function v is concave. Since
v(s, k) is finite and concave on (0, 00), it is continuous. O

We will use the viscosity solution method. The HJB equation associated with the MFG
(4.5) with fixed {p} is for any (¢, k) € [0,00) x R and for any p € Pa(R),
1
—ow(t, k) +ro(t, k) — II(k, u) — 5028%1)(15, k) — b(k, u)okv(t, k)
+ 0 min{0, Opv(t, k) — p(1 — N),p — Oxv(t, k)} = 0.

(4.11)

Define the viscosity solution to (4.11) as

Definition 9. (Viscosity solution) The v is a continuous viscosity solution to (4.11) on
[0,00) x (0,00) if v satisfies
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1) Viscosity supersolution: for any (so, ko) € [0,00) x R and for any function ¢ € C?* such
that (so, ko) is a local minimum of v — ¥ with v(so, ko) = ¥ (so, ko),

1
- 8{¢ -+ T@D —1II — 5028%1# — b(?kw -+ Hmin{(), 8k2/1 — p(l — )\),p — 8kw} Z 0

2) Viscosity subsolution: for any (so, ko) € [0,00) x R and for any function ¢ € C? such
that (so, ko) s a local mazimum of v — v with v(sg, ko) = V(So, ko),

1
—Op+ry — 11— 5023kk¢ — b0yt + 6 min{0, Oyt — p(1 — A), p — Okp} <0

Lemma 9. The value function v(s, k) is a continuous viscosity solution to (4.11).

Proof. 1) v is a viscosity supersolution.

Let ko be any point and ¢ € CY? satisfying v(so, ko) = ¢(s0, ko) and v(s, k) > (s, k) on
(s,k) € Be(sog, ko) for small enough €. Define 7. = inf{t > 0;(s¢, Ksy1¢) & Be(so, ko) for
K, = ko}. Let Ly(0) = 0t for t € (0,h) where 0 < 6; < 6 for any h > 0, and M, = 0.

(50, ko) = v(so, ko)

so+T7eAh
> B [/ e UKy, puy)dt — pdt) + e T MWy (s 4 7 A B, Ksmw)}

s0
so+T7eAh
> F [/ eSO (TI( K, i) dt — phdt) + e 0T M (g0 47 A B, KSOJFTEA;L)}
S0

By the Ito’s formula,
E[G_T(TEA}L)SO(SO + Te /\ h7 K50+Te/\h)]

so+TeAh
=p(so, ko) + E[/ e”"(t’SO)(—rgo + Oyp + L) (t, Ky)dt]

S0

so+71eAh
+ E| / et 9o (t, Ky )dt]

S0

so+TeAh
=P [/ e UMLKy, py)dt — pOdt) + "7 o(s0 + e A hy Koy ironn)

S0

so+TeAh
+ B / e~ (i + D + Lop)(t, K dt]

(?90-&-7'5/\}1
B / =00, (¢, K,)0dH]
50

Hence,
S0+TeNh
E| / e (rp — Oyp — L) (¢, Ky) — T(EG, ju) Yt
S0

so+71eAh so+T7eAh
+ E[/ e TS0 phdt] — E[/ e Tt 9 p(K)0dt] > 0

S0 S0



CHAPTER 4. MFG WITH SINGULAR CONTROLS OVER INFINITE TIME 61

Let 6; = 0. Then,

s0+TeAh
Bl / T (1 — B — L) (1K) — TH(K o) }elt] > 0

S0

Letting h — 0.

(rp — Op — L) (S0, ko) — (Ko, frsy) > 0

Let 6, = 6 and h — 0. Then,
(1 — Orp — L) (50, ko) — (Ko, pisy) + 0(p — (S0, ko)) > 0

Similarly, let M; = 6 and L; = 0 for t € (0, h) for some h > 0. Then, as letting h goes to 0,
then

(1 — Opp — L) (50, ko) — H(ko, f1s,) + (ke (S0, ko) — (1 = A)p) > 0

S — 0o — 1T — Lo+ 0min{0, 0k — p(1 — N),p — Okp} >0 at  (so, ko)

Hence, v is a viscosity supersolution to (4.11).

2) v is a viscosity subsolution.

Suppose not. Suppose that v is not a viscosity subsolution.

There exists a (sg, ko) € [0,00) X (0,00) and ¢ € C'? satisfying ©(sg, ko) = v(so, ko) and
©(s, k) > v(s, k) for any (s, k) € Be(so, ko), but

ro — Opp — I — Lo + 0min{0,0kp — p(1 — N),p — Oep} >0 at (s, ko).
Then, there exists a > 0 such that
re — Owp — 11— Lo + 0 min{0, Opp — p(1 — A), p — o} > @

for all (s, k) € Be(so, ko) for small enough 0 < €, because it is continuous.
Define 7. = inf{t > 0; (s, Kso+t) & Be(s0, ko) where K =ko}.
For any admissible L;, M;, by the Ito’s formula,

Ele™ ™ ¢(s0 + T, K50+Te)]

S0+Te
=p(s0, ko) + E[/ e””(t’s‘))(—wp + O + L) (t, Ky)dt]

S0

80+Te . .
4 / 670 ot ) (g — M)

S0

For any (¢, K;) € Be(s0, ko) and py,

if (1 —A)p < dp(t, K¢) < p,

because of r¢o — i — Il — Lo > a, then (—ro + i + L) (Ky) < —TI(Ky, pr) —
By i (t, K¢)(Le — My) < pLy — (1 — A)pMs,
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=1+ @ + Lo)(t, Ky) + Opp(t, Ky) (Le — My) < =LKy, pe) + pLye — (1 — A\)pM; — o
F(1=Np <p <t Ky),
—rip + Opp + LO)(Ky) + oi(t, K;)(Ly — M) _
(—rp + O + Lo)(Ky) + @r(t, i) Ly — (1= N)pM, ,
—mem—a+ﬂp Owp(t, Ky)) + Opp(t, Ki) Ly — (1 — N)pM,
I(Ky, ) — o+ (p — Opep(t, Kt))Lt + Opp(t, K;) Ly — (1 — A)pM,
(K, ) + pLy — (1 — N)pM, — . '
6’k90(t K;) < (1= N)p < p, similarly (=re + ¢ + Lo)(t, Kt) + Opp(t, Ki) (L — My)
—TI(Ky, ) + pLy — (1 = N)pM, — o ' ' ‘
0, (=10 + @i + L) (t, Ky) + Opp(t, Ky)(Ly — M) < =IL(K}, ji) +pLy — (1 — \)pM; — o, and

D—GA

CDI/\ ml/\l/\l/\l/\”‘

E[eirn(p(so + Te, KSO+TG)]

S0+Te . .
<p(s0, ko) + E[/ e_r(t_SO)(—H(Kt, g )dt + pLydt — (1 — N)pM,dt — adt}]

50

By definition of ¢,
Ele™ ™ v(s0 + 7, Ksgrr. )]

S0+Te . .
<v(so, ko) + EJ / e "N TI(K, iy )dt + pLydt — (1 — N)pM,dt — adt}]

S0

S0+Te . .
E { / e "SI (K, iy )dt — pLydt + (1 — N)pMdt} + e "™ (s + 7o, Koyir.)

S0

80+T7e
—l—aE[/ e =0 dt] < (s, ko)

S0

Taking the supremum over all admissible L;, M;, then

S0+Te
v(s0, ko) + aE[/ et 1] < (s, ko)

S0

Since a > 0, it is contradiction. Therefore, v is a viscosity subsolution.
So, the value function v is a continuous viscosity solution on (0, c0) to (4.11). O

Lemma 10. For any fized s € [0,00), the value function v(s, k) is differentiable in k.

Proof. Fix s € [0,00). By previous lemma, the value function v is a viscosity solution
to the HIB equation (4.11), and v(s, k) is continuous, nondecreasing, and concave in k.
Hence, for any k € (0,00), Orrv(s, k) < Op_v(s, k). Suppose that v(s,-) is not C' at k.
Then, there exists ¢ such that Oy v(s, ko) < ¢ < Ok_v(s, ko). Define (¢, k) = v(t, ko) +
q(k — ko) — 5 (k — ko)® — (s — t)2. Then, ¢*(s, ko) = v(s, ko) and 9xp(s, ko) = ¢. Since
O+ (s, ko) < q < Ok—v(s, ko) and Oxp(s, ko) = ¢, then v(t, k) — (¢, k) has a local maximum
at (s, ko). Because v is a viscosity subsolution for the HJB equation (4.11),
re¢ — Oy — I1 — Lo + O min{0, Iy — p(1 — A),p — Opp} < 0
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Casel : p(1 —\) < Okpt(s,ko) =q<p
Hence,

(s, ko) — Opp (s, ko) — I1(s, ko) — L (s, ko)
=rp° — I — L+ 0 min{0, dp® — p(1 — X),p — O} <0

Oep(s, ko) = q and O (s, ko) = —o= = L (s, ko) = 302 (—5) + b(ko, -)q

-8, ko) — (Ko, -) + 202 — blko, -)q = 1¢(s, ko) — I(ko, ) — L& (s, ko) <0

Since kg, o are constants, and ¢° and II are continuous function and bounded on the bounded
set, as letting ¢ — oo , it is contradiction.

Case2 : O (s, ko) =q>p

Hence,

7"906(87 kO) - 8t§06(3, kO) - H(k07 ) - ‘CSD€(57 k:()) + e(p - 8k906(3, kO))
=rpOip" — I — Lo + Omin{0, O — p(1 — A),p — Ok} <0

e (s, ko) = q and O (s, ko) = —o = L (s, ko) = 302 (—5) + b(ko, ).

T@E(S’ kO) - 825906(87 ko) - H(kO’ ) + ioj - b(k07 ')q + 0(19 - Q)

= rp°(s, ko) — Opp(s, ko) — Il(ko, ) — Lo*(s, ko) + 0(p — Okp*(s, ko)) < 0

Since kg, 0,0 are constants, and ¢ and II are continuous function and bounded on the
bounded set, as letting € — oo , it is contradiction.

Case3 : Op®(s, ko) = q < p(1 — )

Hence,

r906(87 kO) - atspe(sv kO) - H(k07 ) - ‘6906(57 kO) + 00(816906(8’ kO) - p(l - )‘))

=rp° — 0y — I — L+ 0 min{0, Op® — p(1 — X),p — O} <0
e (s, ko) = q and O (s, ko) = —o = L (s, ko) = 302 (—5) + b(ko, -)q
-1 (s, ko) — B (s, ko) — Llko, ) + 2% — blko, ) + 0(g — p(1 — V)
= rp(s, ko) — 0w (s, ko) — H(ko, -) — Lo (s, ko) + 0(Okp (s, ko) —p(1 — X)) <0
Since kg, 0y, 0 are constants, and . and II are continuous function and bounded on the
bounded set, as letting € — oo , it is contradiction.
Hence, Or_v(s, k) = Okrv(s, k) Vk € (0,00).
. v(s, k) is differentiable in k.

[

Optimal controls Since v(s, k) is differentiable and concave in k, for fixed ¢ € [s,00), we
can define ky(t) < ks(t) where ky(t) = sup{k|Oxv(t,k) = p} and k(t) = inf{k|Opv(t, k) =
(1 — \)p}, and define

t t
Lt_/ 01K, <k, (r}dr, Mt_/ 0L, >k, (ryydr

Then, because v is differentiable and concave in k, we apply the Tanaka’s formula which is
generalized Ito’s formula for v with L;, M;. Similarly with the proof in lemma 7, it is the
optimal controls. O
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Proof of proposition 6

Proof. Under fixed {u:}, {L:}, {M;}, the existence and uniqueness of the martingale problem
(4.8) is equivalent to the existence and uniqueness of weak solution to (4.8), and by the
Stroock-Varadhan theorem, since |b(k, u.)| + 6 + |o| < d2(1 + |k|) for some 5, > 0, (4.8)
has a unique weak solution (from the chapter 4.19 and 4.24 in [72]). Hence, (4.8) has a
unique probability distribution Pk, and update the mean process from this distribution for
consistency part.

Furthermore, using Kramers-Moyal Expansion of the master equation

[e.e] 1m
06 = > T 0 1) Pr 1)
m=1

where a™ (¢, k) = AI}fmo ~ Bl(Kyyae—Ki)™]| k=, it is easy to derive the Kolmogorov forward
—>

equation (4.9). O

Remark. For general finite variation processes L;, M;, a™ (¢, k) may not converge for some
m.

Approximation to N-player games and its Nash equilibrium

Proof of theorem 5

Proof. In this paper, we only prove the case which the drift function is b(k). For general
b(k, i), using the proof in [37] and combining this proof for the model on an infinite time
horizon, we can prove this theorem.

Let LZ* and M * be optimal control processes to (4. 5) Let only player 1 choose other
control L1 and M i but all other players choose L’* and M* as controls. K} does not change
because dynamics of K only depends on player’s own state and controls. j is a distribution
of Ki fori=2,3,---,N. Let K}' be a new state process for player 1 under controls L!" and
Because of lemma 5 and lemma 6 in previous section, if ¢(k) is a supersolution of the HJB
equation (4.11), v'(s, k) < ¢(k) = gk + qo for same g and g in the proof of lemma 6. Hence,

LB { | ”H(Kl,mdt] LKD) < L (aK? 4 ) = O(5)

1 ° S 1 1
S| [ et mar] < o) < et +a) =0

1 S .
N_1 ZH0<KZ> K}) = (K, ) + O(
J#
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& —r 1 i ; . 1/ c 1/
E/ e t[ﬁ Z Iy(K}, K7)dt — pL; dt + p(1 — \) M} dt]

j=1,-,N

’ ’ 1 ’ 1 -1/ v
B / Y Ho (K K 4 < D Mo(KE K dt = pLy dt + p(1 = \)Mdf]
i#1

& _r ’ ’ N 1 ’ * 1/ . 1 1
=F / g HO (K}, K})+ TH(Ktl ,pe)dt — pLidt + p(1 — \) M} dt]] + O(ﬁ)
> , - 1 1
<FE rt —H KY, p)dt — pLY dt 1— N M} dt — —
<] [ (Y e = pL dt -+ p(1 = NI de] + 02+ O()
& —r / > 1/ 1/ 1
<FE / e " II(KY, py)dt — pLy dt + p(1 — X) M} dt]] + O<\/_N)
—r * rlx 1
<E / e*”[i > oK), K})dt — pLi*dt + p(1 — N)M"dt] | + O(L)
L ¢ j=1,--,N \/N

Last two inequality is due to the optimality of Ltl*, Mtl*, and due to the central limit theorem.

This inequality holds for any (L, M/). Hence, optimal controls of the MFG (4.5) is an e-Nash

equilibrium for this N —player game (4.10), and € = O(\/LN) O

4.3 Stationary optimal partially reversible investment
MFG

Let’s solve the toy model of optimal partially reversible investment SMFG. We will solve one
toy model with singular controls and another toy model with singular controls of bounded
velocity. Then, we shall compare both models and study limit behaviours as the bound goes
to infinity.

Problems

SMFG with singular controls Consider the toy model which is a SMFG model with
singular controls as follows:

v(k)= sup F {/000 e "II(Ky, p)dt — pdL; + p(1 — N)dM,]

Ly, MieUd

s.t. th :Kt(édt + ’)/th) + st - th7 K(]_ = k?, n = PKOO

(4.12)

where 9§, are nonnegative constants and Pk __ is a limiting stationary distribution of Kj.
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SMFG with singular controls of bounded velocity The toy SMFG model which is
singular controls of bounded velocity is for any fixed § > 0

o(k:0)= sup E { / e " T(Ky, p)dt — pK,;Lidt + p(1 — \) K, M,dt]
0

L, MUy
st. dK, =K, (6dt + vdW,) + K,Lydt — K,Mydt, K, =k, p=Pg_.

(4.13)

In this model, we re-parametrize control variables Ltdt — Ktﬁtdt for calculation. Assume

that 8 > 9.

Revenue function TII(k,p) is the revenue function which is the long run average price
p times the production output level. By the Cobb-Douglass model, we assume II(k, u) =
pck® for constant ¢ > 0 and o € (0,1). The limiting stationary distribution u of {K;}
determines the long run average price. According to the inverse demand function, we set
p = ag— ag(ck‘"‘)%a for some positive constant ag, as where p is the long run average price
and ck® is the production output level. So, p = ag — a; k'~ for some constant a;. Then,
(k, u) = ck®p = ck® [(ao — ark'~*)pu(dk)

Solution to the SMFG model (4.13)
Let’s solve it through the MFG framework.

Step 1 Fix p as deterministic. Then, the HJB equation to the SMFG model (4.13) under
fixed p is

1
0=r0—ck®p — 0kOv — 5%#0,%@ + 0k min{0, p — O, Opd — p(1 — \)} (4.14)

Then, the solution v is

Bik" + H\k® + Hok bk <k,
O(k:0) =19 Bok™+ Bsk" + Hk® ky <k <k,
Bik™" + H3k® + Hyk k, <k

where k, = inf{k : 9y0(k : 0) = p}, ks =sup{k: d(k:0) =p(l —\)} and

d+0 1 d+60 1 2
m'n = — + —l——:F\/(— + +_>2+_T

v 2 v 20 g2

0—60 1 0—60 1 2r
= +§$\/(_ SRR U
0

2c 20p
H = H e —
R —a)a—m) P YA —1)(1 —m/)
2c 2001 — A\
1, p - ( )P

o 72(,,71// _ 1)(1 _ m//)'



CHAPTER 4. MFG WITH SINGULAR CONTROLS OVER INFINITE TIME 67

Then, k, = cwﬁ and k, = cwﬁ

where the numerator of ¢j “ is

(n’(n’ —D-mm—Dys—ys  nn—1) w0 —1)y5 — g5 2ca
m vz =y n vz —yy' 7 —a)(a —m)
N <2c(a(a —)=n'(n'=1)) 2c(a(a—1)—n'(n"— 1)))
7*(n —a)(a —m) (' —a)la—m) 7

and the denominator of ¢} is

n'(n' —1) —m(m —1)y3 — (1 = Ny N n(n—1)—n'(n' = 1) y3" — (1 =Ny

n m p n m 2p + n'(n' - 1)H2>
m Yo — Yo n Yo — Y

and the numerator of of ¢;~* is

(=) =nn =Dy =g mim=1) —mim" = 1) g " — " 2ca
n Y =y m ya " =y (n — a)(a —m)
N (QC(a(a —1)—m"(m"-1)) 2c(afa—1) —m"(m" - 1)))
2 — @) —m) 2 —a)a—m)

and the denominator of c;~® is

m/(m" —1) —n(n -1y —(1-Ny"

n v =y
— 1) =m" ”_1 71_1_)\ —n
=+ m(m ) m (m >y2 7n( 72}/2 P+ m//(m// . 1)H4.
m Y2 — Y

Hence, ¢4, c5 are independent to p.
Bl7 BQ; B37 B47 are:

B, = MW= (1= Ny) — Hoky ™ (y5 — y5) B, = PWE = (1= V) — Hoky ™ (y5" — y5)
mhky (5 — v5') ’ nky ! (y5' — ) ’
_ Boky' + Bykyy + Hkp — Hiky — Hoky . Bokl' + Bsky + HES — Hyke — Hik,

= 4 =
n/ "
ki ke

By

Y
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and yo > 1 is the solution on (1,00) to the equation: F(ys) = % — % = 0 such that

=) —mm-1)yy—ys nn—1)—n'(—1)y" —ys 2ca
File) = m v n V=5 P a)a—m
2c(a(a—=1)=n'(n'=1)) 2c(a(a—1) —n'(n"—1))
e e aa-m
F2<y2) :yg—l(n (n _ 1) — m<m — 1) Y _n(l__ni‘)y2
m Y2 — Y2
N n(n —1) —nn (n' —1)ys ;n(i;:\)?hp b — 1))
Fly) (Pl =T min = D = b
2ca 2c(a(a = 1) =m"(m" = 1))  2c(a(a—1) —m"(m" —1))
“F—a@-m T - aa-m = e =)
Fu(yn) = m”(m" — 121— n(n —1)y, y;gl_—y:\T)nyQ
+ m<m — 1) — m”(m” _ 1) ygl in<1 _:\glyinp + m//(m// _ 1)H4 ‘
m Y2 = Y2

Because of n > 1,0 > m and m” < 0,n’ > 0, lim F(y;) = +o0 and
Y2 — 00

. o 1 o 1
lim F(42) = S0 -Trnm — = -

n m

< 0. So, there exists a solution

such that F(y2) = 0 on (1,00) and by uniqueness of solutions of By, Bs, B3, By, ky, ks, it is
unique. We will give numerical examples for this in section 4.3.

Step 2 In [11] and [63], for a diffusion process dX; = pu(X:)dt + o(X;)dW; with reflecting

boundaries k, < ks, the scale density is s(z) = exp|— l:; 2;‘((;’)) dy] and the scale density is
m(z) = m Then, the limiting stationary distribution for X; is Px_ = AZI((ZS)) where
(6+0)y y< kb .
M(z) = fki m(y)dy. The drift function of K; is p(y) = oy ky <y <ks . Then,
(0=0y ki<y
the limiting stationary distribution is
| 2610 -
Y f y <k
~20 25 ~ -
Pr (y) = ﬁ b”zva 2 ky <y < ks
L2820 26-0) o ~
ﬁk:b” ki y 7 ks <y
2 2 |~ (040)-1 2 2 -2 .21
where M = (3557=p2 — 552Ky (5552 — sy ke K
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Proof. The scale density with arbitrary A > 0 is s(y) = exp{— X 27“ S”

2(5+0)  2(5+0)

Ay ° y € (0, k]

2(5+9)~7ﬁ 25 - -

s(y) = A2k my 2 y € (ky, ks)
2(5+9) 2@ 29 _2(5-0)

k: ks 7 2y e [l%s,—{—oo)
The speed density is m(y) = m and the density 7(y) is proportional to m(y). Since
7(y) is proportional to m(y), we can ignore A and % Then,
20540) -
y y € (0, k]
~ 28 25 o -~
mly) = k. y y € (Ko, ks)
20 7200 2(5-9)

kORTy 7y € [k, 4o0)

_ __my)
Pr(y) = 7 m(ra
o 20540) o ks 20 2, ©0 20 20 a5-0)-2
M = / dz-/zv2 dz+/ ky” 277 dz+/ k)"ki™ 2z * dz
0 ky ks
i 7’ RO 04 T i
204 0) =2 20 —92 20 —92 206 —0)—~2"""
]
Hence, updated long run average price is
p= /(ao —a1y' ™) P, (dy)
RETIN RETIN
1 1 1 1
— a (2(6+6‘)—a72 B 26—0@2) kl;/ + <25—a72 B 2(5—0)—a72> ks
=ap — a1
( 1 1 )];%_1 +( 1 1 )%%_1
2(0+0)—2  20—2/7b 20—y2  2(0-0)—2/7
From step 1, ky = c4pﬁ,l;;s = c5pﬁ and % = z—: where ¢4, c5 do not depend on p.
Consequently,
1 1 . \5-a 1 1 7 2y to
pl —y a (2(5+9)7a72 o 257a72> (éks)fﬂ + (2670472 o 2(579)+7a72> ks

—w0 2 25 _

1 1 cag oz~ 1 1 1 7.2

(2(6+9)—72 25— 7)(Eks)? + (25—72 o 2(5—9)—72)k‘g

)

S

1 1 ca\ -2 1
<2((5+9)—aw2 - 25—0[72) (é)’y + (26 ay? 2(5—9)—a'y2> 1o
=Qg — a1 k
) Ly

(257 2(6— 9)v>

1 1
( 20640)—2 ~ 26—42 ) ( i5

Let p' = ag — alcgl;j’a where c¢g is independent to p, l;:b, IES.
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Step 3 Fixed point method
Fixed p

1 ~ 1
step 1: ky = cqpTa, kg = c5pT-=
IR _
step 2: p' = ag — a1c6k! ™ = ag — aycs(csp™= )" = ag — arcecs *p
cs, ¢4, c5 are independent to p. Hence, for any py, pa,

P} — py] = arcges™*|p1 — pol

If it is contraction mapping (i.e. |a1060é_a] < 1), it has a fixed point solution. Moreover,

the long run average price of the fixed point solution is p* = # We will illustrate
a C‘C5

numerical examples when |a;cges ™| < 1 with numerical solutions.

Solution to the SMFG model (4.12)

Let’s solve it through the mean field game framework.
Step 1 Fix u as deterministic. As in [39], the HIB equation to the MFG (4.12)
1
min{rv — ck®p — éy%zakkv — 0kOkv, Opv — p(1 — X),p — Ok} =0

has a unique viscosity solution and it is the value function of the stochastic control problem.
The optimal state process under optimal controls K is a geometric Brownian motion with

the reflecting boundaries k, < k,. Let y; = ﬁ—b and
) 1 ) 1 2r ) 1 ) 1 2r
2cp
H—
7?(n —a)(a—m)
Then,
2 ( n a) %
calyy — U o1 1
kb = ( ) plfa = C plfoz
P2 (n = a)p(t —m)(y — (1= Ny1) 1
1
2ca(yy —yt) )“ . .
ks :y ( pl—a = C pl—a
"\ (n = a)p(1 = m)(yp — (1= M) ’

where ¢y, ¢ are independent to p and y; > 1 is the solution to the equation

(n =o)L —m)y? ™ (o —yi") + (@ =m)(n = Dy" " —f) _ |
(n—a)(X —m)(yf —yi") + (@ —=m)(n — 1)(y7 —y7) '

(By [39], this equation has a unique solution y; on (1, 00).)
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The value function is
Al —i—pk‘ k < k’b
’U(k’) = Aok™ + Agl{?n + HEY ky < k < kg
Ay +p(1 =Nk ks <k

where A, Ay, Az, Ay are constants which are uniquely determined by continuity and C2-ness
of the value function, and the conditions k, = sup{k : dyv(k) = p}, ks =sup{k: Opv(k) =

p(1 =X}
_ (n—1)pky + aH (o — n)ky
A = m(n —m)k}"

Al = Agkgn + Agk{; + Hk'g[ — pkb,

(1 — m)pky, — aH (o — m)ky'
Ag —
n(n —m)k}

Ay = Aok™ + A5k + HE®* — p(1 — Nk,

Y

)

Step 2 From [39], the optimal state process K is the reflected geometric Brownian motion

in [k, k] of drift 0 and diffusion v with two boundaries k, < k.
Similarly with the step 2 in the previous section, for K7,

v 20y 20 /x 1
s(z) = exp{— dy} = exp{—— —dy
(=) { K, VY2 J { Y Sk, Y s

20 x 3% _2
= exp{—ﬁlog(k—b)dy} =k x , x € (kp, ks)

2 2k, " 2
) = Vas(z) 52 A
k -% -4
* 2k, 7 2y 2k, " B 2
M(ks):/ —a* dr = 22_;_1(1@2 — k")
kb fy 7 <72 )

Consequently,
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o

25
1— ‘1 ’72_
2543504_—712)72 (02)@,1 does not depend on p,ky, ks. Therefore,
1—(&)?

€2

where c3 =

/) l-a __ 11—«
p =ag— aicsk, * = ap — ajcscy Up

|0y — py] = arcsey™*|p1 — pol

Step 3 As we have seen above, if ajcscy ® < 1, this process has a fixed point solution.

Moreover, the long run average price of the fixed point solution is p* = #
1C3Coy

Limit behaviour of value functions
Proposition 7. 0(k : 0) converges to v(k) as 0 goes to oo pointwisely.

Proof. Under any fixed p, as 6 — oo,

o+60 1 o+60 1 2 =
m = 2 +——\/(— i +—)2+—T—>—oo, n=-2 0
gl

72 72 2 m/
0—0 1 0—0 1 2r 3_’2”
e +§+\/(_ 7w Tt m' == 0
Hence, as 6 — oo,
2cp
Hy = -0
T a)a - m)
H2 = T2 N — D
2cp
H. — 0
3 72 (n// _ a)(a _ m//)
20(1 — MNp
H =(1-=A
4 ’}/2(71” _ 1)(1 _ m//) ( )p
Therefore,
By + pk k <k
O(k:00) = Bok™+ Bsk™ + Hk* ky < k < k
By+p(1 =Nk ks <k
Originally,

Al —i—pk k S ]Cb
v(k) = Agk™ 4+ Ask" + HE® ky < k < k,
A+ p(1=Nk  k <k
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Constants in both cases are uniquely determined by same conditions. Furthermore, we can
see ky — ky, ks — kg, By — Ay, By = Ay, By — Ay, By — Ay as 0 goes to co. Hence,
¥ converges to v as # goes to co pointwisely. With fixed p, the value function of singular
controls of bounded velocity problem converges to the value function of corresponding sin-
gular controls problem. Furthermore, ¢, and c5 are also converging to ¢; and ¢, because
of ky — ky, ks — k. Hence, the fixed point solution price p* of the MFG with singular
controls of bounded velocity converges to the fixed point solution price p* of the MFG with
singular controls. Therefore, the value function o(k, @) of the MFG with singular controls of
bounded velocity converges to the value function v(k) of the MFG with singular controls as
0 — oo. O

Numerical examples

Numerical solutions of SMFGs Set p=05A=06,0a=06,0=1,vy=2,r=3,c=1.
Denote 6 = oo as the case of singular controls.

1) SMFG model with singular controls (4.12) (i.e. § = oc0) ; start with the initial price
p = 1. Then, as in [39], k, = 0.069 and k, = 4.83. In this case, ¢; = 4.89 and ¢3 = 0.36.
Then, cscy™® = 0.673 < 1. a; is the ratio between one unit of the production level and one
unit of the price, so it will be very small number. So, a; < 1 and ajcsc; * < 1. Set ag = 1
and a; = 0.1. Then, this model has a unique solution and the long run average price is 0.937
and k; = 0.058, K} = 4.10.

2) SMFG with bounded velocity (4.13); start with the price p = 1. Then, repeat step 2
and 3 until fixed point solutions. In this case, c; = 11.46 and c¢g = 0.29. Then, cﬁcé_"‘ =
0.78 < 1. a; is the ratio between one unit of the production level and one unit of the price,
so it will be very small number: |a;| < 1 and |ajcze; ®| < 1. Set ag = 1 and a; = 0.1. Then,
aycscy ® = 0.078 < 1. Therefore, there exists a unique fixed point solution and the long run

average price of the fixed point solution is p* = —%— o P
1C6Cx

6 |50 100 200 300 400 200 1000 00

k; | 0.0680 | 0.0634 | 0.0609 | 0.0600 | 0.0596 | 0.0593 | 0.0588 | 0.0583
/5;* 9.4900 | 6.0819 | 4.9565 | 4.6412 | 4.4932 | 4.4074 | 4.2419 | 4.100
p* 1 0.928 | 0.9325 | 0.9347 | 0.9355 | 0.9359 | 0.9361 | 0.9365 | 0.9369

Table 1: Change of optimal controls and prices of the MFG as 6 — oo

Single player models vs SMFG Changes of optimal controls with respect to the price

p;set p=05\A=06,a=06,0=1,v=2,r=3,c=1,and § = 1.1. Optimal controls of
~ ~ ~ 1 ~ 1

the fixed point solution have two thresholds k, and kg as k, = c4pT= and ks = c5pT-=.

p |05 0.75 1 1.25 1.5 1.75 2
ky | 0.0484 | 0.1334 | 0.2739 | 0.4785 | 0.75648 | 1.1096 | 1.5493
ks | 0.3966 | 1.0928 | 2.2434 | 3.9190 | 6.1820 | 9.0885 | 12.6904

Table 2: Change of optimal controls as the price changes
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rho
The upper line is ks and the lower line is k;

Figure 4.1: Change of optimal controls as the price changes

Hence, as p increases, /%b, ks also increase. Hence, the expansion region [0, k;) is larger
and the contraction region (ks, o) is smaller.
Furthermore, as p increases (i.e. the price goes up), the region of "no action” [/%b, l;:s] is larger.
So, ks — ky = (5 —cy) pﬁ and ¢; > ¢4 are independent to p.) It can be interpreted in terms
of the benefit of good price for the player. For higher price, there are more the region of
"no action” [l;;b, l%s] So, the player does not need to expand or contract its capacity in many
situations. Vice versa, if the price is low, then the "no action” region is small. So, the player
has to control its capacity (expansion or contraction) more frequently.

Sensitivity analysis with respect to \ for the SMFG model (4.13) Setp=0.5,a =
06,0 =1,vy=2,r=3,c=1, and # = 100. If X is close to 1, the model is more irreversible.
Hence, the player unlikely controls its capacity since the investment is irreversible. In con-
trast, if A is close to 0, the model is more reversible. Hence, the player more likely controls
its capacity. So, this case is more favourable to the player, and the optimal price will be
”good price” for the player.

A 102 0.4 0.6 0.8

ky 1 0.0927 | 0.0726 | 0.0634 | 0.0583

/5: 1.0807 | 2.2331 | 6.0820 | 33.4333
p* 1 0.9406 | 0.9382 | 0.9325 | 0.9217

Table 3: Change of optimal controls and prices as A changes
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Figure 4.2: Change of optimal controls and prices as A changes

~ The red line in the left graph represents /2:; and the black line in the left graph represents
kf. So, as A is close to 1, the waiting region [k, k] is larger and the optimal price decreases.
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Appendix

A.1. Viscosity solution

The definition of viscosity solution to (1.4) is as follows

Definition 10. ¢ is called a viscosity solution to (1.4) if 0 is both a viscosity supersolution
and a viscosity subsolution, with the following definitions,
(i) viscosity supersolution: for any (to,zo) € [0,T] x R? and any 9 € C'?,
if (to, o) is a local minimum of v' — O with v(to, zo) — V(to, o) = 0, then

1

—0p(to, o) — ini{itr(a(to, To, i, )0 (to, To, b, @) Dy (Lo, 20))
ac
+ b<t07 Lo, Uy Oé) ' D$19<t7 .T) + f(ta T, [, Oé)} Z 07

and 9(T, x¢) > h(xg, pr) for Yog € RY;
(ii) viscosity subsolution: for any (to, xo) € [0,T] x R and any 9 € C*2,
if (to, o) is a local mazimum of 0 — ¥ with O(to, o) — J(ty, x9) = 0, then

) 1
—09(to, xo) — 523{5757“(0(750, o, 1, )0 (to, To, pty )" Dy (o, o))
+ b(to, wo, j1, @) - DpO(t, ) + f(t, 2, 1, )} <0,
and 9(T, x¢) < h(xg, pur) for Yoy € RZ

A.2. Pareto optimality and Nash equilibrium

Consider the N player game

N
agéaJN( _auéaE/ ZfOtXZ,Xg,atdt Nz o(T, Xi, X7)
(4.15)
with dynamics
1 & o 1 < o , S
dX{ =~ > bt X}, X7 af)dt + ~ > oot X7, X, 0f)dW, X, =21 eRY,

Jj=1 J=1
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where A is the admissible set of controls. A = {a; : oy is F—adapted and square integrable.}.
One needs to precise to define the filtration F of controls for adeptness. If the controls are
open loop, then {a;} is FVoi-adapted and oy is the function of ¢ and Wio,q- If the controls
are closed loop, then {a;} is F¥04-adapted and oy is the function of ¢ and Xjoy. If the
controls are closed loop in feedback form, then {a;} is FXt-adapted and «; is the function
of t and X; which «; is Markovian control. In this thesis, we consider the controls as closed
loop in feedback form, so we could write a; = ¢(t, X;) for some function ¢.

There are two types of equilibrium in this game: Pareto optimality and Nash equilibrium.

Definition 11 (Pareto optimality). Then, {ai*}", is called a Pareto optimal of the N
player game if for any i

Ji (o, - o) = inf Ji(at, -, o).
ate A
Definition 12 (Nash equilibrium). Then, {ai*}?, is called a Nash equilibrium of the N
player game if for any i € {1,2,...,n} and a,ny of € A, Ji(af a7 > Ji(alr, ),
where JY is the cost function for the ith player and o*~* is the control processes {ai” }] 1t
by all players except the ith player.

Pareto optimality is an optimal solution based on all players’ behaviour, but Nash equi-
librium is an optimal solution for a player given that all other players behaviours remain the
same. A Pareto optimality is also one of the Nash equilibria, but a Nash equilibrium is not
necessary to be a Pareto optimality. e-Nash equilibrium is an approximation to the Nash
equilibrium. The definition of e-Nash equilibrium is following.

Definition 13 (e-Nash equilibrium). Then, {a}* Ly 18 called an e-Nash equilibrium of the
N player game if for any i € {1,2,...,n} and any 0% €A, Jy(al a7t > Ji(al, a* ") —e,
where JY is the cost function for the zth player and o*~" is the control processes {al”* ?’:Lj#

by all players except the ith player.

Existence of the Nash equilibrium Because of N player game’s complexity, finding
a Nash equilibrium or a Pareto optimality is not simple. There are previous works on
existence of the Nash equilibrium in NV player stochastic differential games. In [79], the Nash
equilibrium exists if the N player stochastic differential game satisfies the Nash condition.
The N player game (4.15) satisfies the Nash condition, so it has a Nash equilibrium.

Definition 14 (Nash condition). Consider the following N player game which has a cost
function for the player i as

T
(o', oY) = B / filtoznal, - o)t + hixr),
0

and dynamics as dr; = b(t,zy, oty -+ a™N)dt+odW,, x0= 3. Controls o’(t,z) are Markov
feedback controls. Define the Hamiltonian for each i =1,2,--- ,N as

H(t Z,Pi 'at7"' 7(1/1{\7) :pib(t7xt7a17”' aaN)+fi(ta$taa17"' 7aN)'
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The Nash condition holds if there exists processes ai* such that for alli=1,--- , N,
Hi(twrapi : Oél*7 e aaN*) S H’L(ta x,p;: al*a e 7ai_1*7 aiv ai+1*7 e )O-/N*)v
fOT all (t7ZL’, alu e 705N7p17 e 7pN)

A.3. Schauder fixed point theorem

Proposition 8 (Schauder fixed point theorem). Let M be a nonempty convex subset in the
locally convex topological vector space. Then, any continuous mapping F' - M — M has a
fized point x such that F(x) = x if F(M) C M is compact. Furthermore, if the mapping is
contraction i.e. for all x,y € M, d(F(x), F(y)) < Ad(z,y) with 0 < X < 1, then the fized
point is unique.

A.4. Relationship between singular controls and
controls with bounded velocity - approximation of the
value function

We study the relationship between singular controls and singular controls of bounded velocity
which is previously studied in [44]. Define two HJB equation Fy and F' as

0 = Fyp(Opav, Opv, Opv, v, t,2) = O + Lv + f + O min{0, g1 + 0,v, —0,v + g}

0 = F(0pv, Opv, Opv, v, t, ) = min{dyw + Lv + f, g1 + Opv, =00 + g2}

where L is a some second order uniformly elliptic partial differential operator, f is a bounded
and Lipschitz continuous function, and two positive constants p > ¢. g is continuous function.

We will study the relationship between solutions to Fy and F'. Consider new sequence of
functions

Fﬁ(axazva aarvv aﬂ), v, ta ZE)

:[Otv+£v+f][atv+§v+f aﬂ]+9£'l)+f

F(axwv7 aﬂﬁva atva v, t? ‘1.) = [8tv =+ Lv + f] ’ [gl + axv] ’ [_a’rv + 92]

+g1+ 0] - | — 050 + gal,

Then, Fy goes to F as 0 — 00 uniformly on compact sets, and there is a large enough © > 0
such that for any 6 > ©, Fy, I’ are uniformly elliptic partial differential equations.

Theorem 6. Let © > 0 be a large enough constant such that for any 6 > ©, Fy are uniformly
elliptic partial differential equations. Assume that Fy has at most one viscosity solution for
any 0 > © and F also has at most one viscosity solution. If for each 0 > 0 Fy = 0 has a
unique classical CY? solution vy and F = 0 also has a unique classical CY? solution v, then
vy converges to v uniformly on compact set as 8 — 0.
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Proof. Fg has at most one viscosity solution and Fj has a classical C%? solution vg. Then,
0 = Fy(vg) = Qg + Lvg + f + Omin{0, g; + 0,v, —0v + g2}. So, 0 = [Oyvg + Lvg — 1] -
[w + g1+ 0,0)] - [W + (=00 + g2)] = Fy(vy). Hence, vy is also a classical C2
solution to 159, and it is a unique viscosity solution to Fy. Similarly, v is also a classical C!*?
solution to F, and it is a unique viscosity solution to F.

Let’s use following lemmas.

Lemma 11. (stability of viscosity solutions) Let {G,(M,p,q,r,t,x)}5°, be a sequence of
functions and assume G,, — G uniformly on compact sets for some function G. Let v, be a
viscosity solution to G, (0pzVn, Opp, OpUn, U, t,x) = 0. If v, — u uniformly on compact sets,
then v is a viscosity solution to G(Opzvn, Opvy, Opv, v, t,x) = 0.

Lemma 12. vy are classical C*? solutions to Fy = 0. Then, vy converges to some function
w uniformly on compact sets.

Proof. Since L is uniformly elliptic, we can use the maximum principle.
Hence, || vo ||o<|| f ||co- Let’s replace f(x) to H(z) = f(x + h) for any h > 0. Then,
up(z + h) is a solution to Luy + H + 6 min{0, g; + 0,v, —0,v + g2} = 0 and

[ v(-) = vo(- + 1) lloo=Il v — up [[o<[| f = H [loc=[| f(-) = f(- + 1) [[oo< CIh]

because f is Lipschitz. Therefore, {vy} is bounded and equicontinuous. By Arzela-Ascoli
theorem, there exists w such that vy — w as 6 — oo. ]

By lemma 12, vy converges to some function w. Then, by lemma 11, w is a viscosity solution
to F'. However, I’ has a unique viscosity solution v, so w = v. Therefore, vy converges to
V. ]

Fy is the HJB equation for stochastic controls of bounded velocity and F' is the HJB
equation for singular controls. Hence, if we know that two HJB equations have classical
solutions and if they are value functions, the value function of bounded velocity converges
to the value function of singular controls.





