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Abstract 
Numerical simulation studies are presented for 

transverse and longitudinal stochastic cooling of 
bunched particle beams. Radio frequency buckets of 
various shapes (e.g. rectangular, parabolic well, 
single sinusoidal waveform) are used to investigate 
the enhancement of phase space cooling by 
nonlinearities of synchrotron motion. The connection 
between the notions of Landau damping for 
instabilities and mixing for stochastic cooling are 
discussed. In particular, the need for synchrotron 
frequency spread for both Landau damping and good 
mixing is seen to be comparable for bunched beams. 

I. Introduction 
Stochastic cooling of particle beams, the 

feedback damping of transverse oscillations and 
longitudinal momentum spread, is an essential feature 
of plans to produce antiproton beams of sufficient 
quality for pp storage ring physics.('•') These 
schemes call for cooling a coasting beam; the 
question arises whether it is possible to apply 
stochastic cooling directly to a bunch and obtain a 
reasonable amount of cooling. The success of this 
technique would ease the requirements for RF 
manipulations in accumulation, and opens the 
possibility of compensating for emittance growth due 
to diffusion caused by periodic beam-beam 
interactions in storage rings. Another motivation to 
study bunched beam cooling is its direct connection 
to bunched beam instability phenomena — Schottky 
signal suppression being the anologue of coherent 
instabilities. 

II. Particle Orbits 
Single particle orbits in a coasting beam and 

bunched beam are topologically different. The 
cooling dynamics in the two cases differ 
nontrivially. While particles in a coasting beam are 
essentially freestreaming, particles in a bunch 
follow trapped oscillatory orbits, which repeat in 
phase space. Particles with different revolution 
frequencies in a coasting beam eventually separate; 
on the other hand, the separation between two 
particles in a bunch is bounded by the amplitudes of 
the synchrotron oscillations. During the cooling 
process, a particle is affected primarily by 
particles neighboring in frequency. For a bunch 
without synchrotron frequency spread (a parabolic 
potential well), all particles have the same Schottky 
frequencies. 

In the simulation study we investigate three 
types of particle orbits — orbits in a rectangular 
potential well, in a parabolic well, and in a 
sinusoidal RF bucket. In order to study directly the 
effect of a spread in synchrotron frequencies on the 
cooling rate, we have also considered the case of 
elliptical orbits as in the parabolic case but with 
an imposed amplitude dependence of the synchrotron 
frequency. 

•This work was supported by the Olrector, Office of 
Energy Research, Office of High Energy and Nuclear 
Physics, High Energy Physics Oivision of the U.S. 
Department of Energy under Contract No. H-7405-ENG-48. 

III. Algorithm for Model Cooling System 
In the simulation, the correction per step to the 

cooled variable was taken to be of the form 

at - -§"• <)K 
where \ = (x R, x k ) is the cooled phase-space vector, 
transverse or longitudinal of kit particle and 
e|((t) describes the longitudinal or it of kill 
particle (angle around the ring) as a function of 
time. We report results for cases where the 
transverse correction was applied to transverse 
betatron position (x|() only, and the longitudinal 
correction was applied to the longitudinal velocity 
deviation from the synch onous particle, 
xk" = vk ~ vs only. In real cooling syrtems, 
corrections are applied impulsively in rromentum; 
however, it is a matter of interpretation in a 
simulation experiment, since a correctio: in either 
position or velocity of the transverse mc- ion will 
lead to a change in betatron oscillation clergy in 
general. 

The function g(o) simulates the response function 
of the feedback system and determines the azimuthal 
distance of the effective interaction between 
particles. The rotational symmetry in the angle 'e' 
implies g(a) to be periodic in '«'. Thus we use a 
finite number of azimuthal harmonics to simulate a 
realistic g(e): 

m +m 
g(«) *J2 i l Cos* 8 -]£ g4 e i U 
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We use up to m * 4 harmonics, implying a feedback 
system of effective angular extent e 0 - 90°. Since 
the bunch length has to be larger than the feedback 
system length electrically in order to have effective 
cooling, we expect good cooling only for bunches 
longer than 90° in angular extent. 

Initial distributions of particles in phase space 
were constructed out of a random number generator to 
tailor to a desired amplitude profile. The 
transverse and longitudinal oscillation amplitudes 
were chosen according to aj « [1 -/I - ft]*s and 
»L " 0/2)»FVR wrwe 'R* fs a random number 
between 0 and 1, and F is t&p fraction of the total 
length of the ring occupied by the bunch (F * 8B/2», 
S Q » angular extent of the bunch). In the 
particular case of the rectangular potential well, 
the revolution frequencies were chosen from a 
rectangular distribution. 

Vie correct the cooled phase space variable of a 
particle at a fixed kicker position at every nominal 
revolution period of the bunch. Once a central 
reference particle has arr.ived at the kicker, all 
particles are kicked irrespective of their angular 
position in the ring. The basic code is a 
•odification of a transverse coasting beam simulation 
developed by Laslett.3) in the coasting beam 
context, the results were well-described by 
stochastic cooling theory including signal 
suppression.4) For this agreement, however, it was 
found necessary to Introduce a small, random 
frequency variation to destroy very small frequency 
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One set of runs was performed with a parabolic 
potential energy bucket; i.e., the synchrotron 
oscillation is linear with frequent amplitude 
independent. The cooling system used harmonics 1 to 
4 with equal weighting, 90 particles, and the gain 
would provide a perfect cooling rate of .009/turn. 
The synchrotron frequency f s « .05 and the bunch length is .5 of the ring circumference. No 
significant cooling occurs after 1 synchrotron 
oscillation. Similar runs for longitudinal 
corrections also yields no cooling, and varying 
synchroton frequency and gain had no appreciable 
effect. 

To investigate the effect of synchrotron 
frequency spread in detail runs were made with a 
"square" bucket and a sinusoidal "RF" bucket. For 
the square bucket particles were assigned a range of 
revolution frequencies from a rectangular 
distribution. The particles were advanced in 
azimuthal angle as in a coasting beam until they 
reached the end of the bunch. At the ends, particles ; 
are elastically reflected with only their angular j 
velocities changing sign. The motivation of this 
bucket shape was the hope that it would most closely 
resemble a coasting beam for analysis and offer in 
some sense a maximal degree of nonlinearity. The 
sinusoidal bucket corresponded to a harmonic 2 
system. The phase orbits were determined by the 
first 5 terms of an expansion of the orbits in terms ' 
of elliptic Integrals. In Table 1 results of a 
number of 90 particle runs are tabulated for 
transverse and longitudinal cooling. Table 2 gives 
coasting beam rates from theory. The bunching factor 
gives the fraction of the ring circumference occupied 
by the bunch. The results in Table 1 are for single 
cases with 90 particles. Within each category the 
same seed was used to Initialize the random loading 
to lessen statistical variation as parameters were 
changed. 



TABLE I 

Ion 
Charge State, Z 
Atomic Number, A 
Beam Energy 
Kinetic Energy 
fit 
Resonant frequency,!! 
Q of cavity (a - fi/2Q) 
Effective length of cavity 
Distance between modules, L 
Phase advance per module, uJ. 

With these parameters, we find that the 
transverse beam breakup amplitude is damped for 
z < 540 km for Case a with 3 kA current and z < 180km 
for Case B with 10 kA current. These distances are 
much larger than the length of about 10 kms. 
visualized for Inertial Confinement Fusion drivers. 
Beyond these distances, the magnitude of maximum 
amplitude grows with distance down the machine as 

A B 
Uranium Uranium 
+1 +1 238 238 
3 MJ 10 MJ 
10 GeV 1 5 10 GeV 1 5 - 2 x 10 - 3 x 10 300 MHz 300 MHz 
10 10 

ity,« 5 cm. 5 cm. 
s, L 1 meter 1 meter e, U f iL 30° 30° 

alfZ -1/2 x=|«z-'/ 2e" , ( . ( 4„ Y)-
where r * 1.85 x 10-5 m-l f o r c a s e ft and Y - 5.55 x 10-6 m-l f o r case B. 

Conversely, for a 10 km. .long machine, the beam 
breakup amplitude starts becoming significant when 
the product (QI) is about 1850 kA. For a q of about 
10 as in Table I, this implies no growth of 
tranvserse amplitude up to a current of 185 kA. For a 
beam carrying about 10 kA current, as envisaged in 
typical ICF drivers, we would need a Q of at least 
200 for transverse oscillations to start to grow. 

VI. Conclusion 
As is evident from the estimates above, the 

damping due to the low-Q, heavily loaded induction 
modules is dominant over the cumulative buildup of 
the beam breakup mode and prevents growth of 
transverse oscillation amplitude for large distances 
of the order of hundreds of kilometers or 
equivalently up to high currents of hundreds of 
kiloamperes! For an accelerated beam, the total 
pulse duration is usually much shorter than the time 
at which maximum growth occurs for very large 
distances. Me conclude that high current heavy ion 
beams in induction linacs are safe against the beam 
breakup mode in general. However, induction modules 
driven asymmetrically in azimuth, could be dangerous 
for beam transport against the beam breakup mode, 
since the beam would have no equilibrium orbit at all 
in such a case. 
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