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Mesoporous materials could serve as promising thermally insulating materials for

window applications due to their low thermal conductivity at ambient conditions.

However, they tend to be translucent and hazy due to their nanoscale porous ar-

chitecture controlling their optical and radiative properties. This dissertation aims

to (i) computationally generate and characterize realistic mesoporous materials,

(ii) explore how their nanoscale structure affect their light scattering character-

istics, and (iii) apply the knowledge gained to understand light transfer through

drying mesoporous monoliths and optical characterization of thin films.

First, three-dimensional mesoporous materials consisting of a network of touch-

ing or overlapping spheres were computationally generated using the diffusion-

limited cluster-cluster aggregation (DLCCA) method. A new algorithm was de-

veloped to reproduce nitrogen adsorption porosimetry and retrieve their pore size

distributions. The numerically computed specific surface areas and pore size distri-

butions were in good agreement with experimental data reported for mesoporous

silica. Second, unpolarized electromagnetic wave scattering by the computer-

generated mesoporous structures, described as porous fractal aggregates, were

investigated using the T-matrix and discrete-dipole approximation (DDA) meth-

ods. The transition between the independent and dependent scattering regimes
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was studied in systems with up to 8 particles. Independent scattering refers to

situations when particles are sufficiently distant that some radiation character-

istics of the ensemble can be determined by adding the contributions of each

particle. When particles are in close proximity, however, dependent scattering

prevails and is affected by near-field interactions and far-field interferences among

scattered waves from nearby particles. Here, the dimensionless parameters gov-

erning the scattering cross-section and asymmetry factor of non-absorbing particle

suspensions and aggregates were found to be (i) the particle size parameter, (ii)

the relative index of refraction, (iii) the interparticle distance-to-wavelength ratio,

and (iv) the number of particles. Different transition criteria were derived for the

scattering cross-section and the asymmetry factor. Dependent scattering effects

prevailed in all aggregates and increased with decreasing particle size parameter.

In addition, particle overlapping had a negligible effect on the scattering cross-

section and asymmetry factor. Furthermore, predictions of the integral scattering

characteristics of non-absorbing aggregates with relatively small particle size pa-

rameter were found to be accurately predicted by the equivalent effective property

(EEP) approximation treating the aggregates as homogeneous spheres with the

same volume and an effective refractive index. The EEP approximation was then

combined with the Monte Carlo method to predict the transmittance and haze

of ambiently drying mesoporous monoliths. The temporary decrease in transmit-

tance and increase in haze observed experimentally during drying of the monoliths

could be explained by light scattering by growing dry domains forming within the

monolith. Finally, optical interferometry was demonstrated as a robust and sim-

ple alternative to ellipsometry for measuring the film thickness, effective refractive

index, and total porosity of non-absorbing multicomponent mesoporous thin films.
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CHAPTER 1

Introduction

1.1 Heat losses through windows

Heating, ventilation, and air conditioning (HVAC) of commercial and residential

buildings consume about 14% of the total amount of primary energy consumed

every year in the United States [27]. In 2013, direct greenhouse gas (GHG) emis-

sions from buildings accounted for approximately 12% of the total GHG emissions

in the U.S., mainly due to combustion of fossil fuels for heating in the winter

months. One way to reduce building energy consumption and the associated

GHG emissions is to reduce heat losses through the building envelope. Windows

are arguably the weakest constituent of the building envelope. In fact, heat losses

through windows in cold weather across the U.S. consumes about 4% of the pri-

mary energy [27]. While double-pane windows have excellent thermal, optical, and

acoustic performance, their adoption has been relatively slow. In fact, between 30

and 40% of single-pane windows remain in use in the Northeastern/Midwestern

and Southern regions of the US, respectively [27]. This relatively small percent-

age of single-pane windows contributes significantly to building heat losses since

single-pane windows conduct heat approximately twice as much as multi-pane win-

dows. Therefore, the realization of single-pane windows with a thermal barrier

leading to a reduction in U-value under 0.4 BTU/ft2.h.◦F (from 1.1 BTU/ft2.h.◦F)

without a significant change in appearance may create a simplified alternative for

retrofitting single-pane systems and improve the energy efficiency of residential

and commercial buildings.
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1.2 Mesoporous materials

Porous materials feature interconnected or dispersed pores of different morpholo-

gies such as cylindrical and spherical pores. Depending on their average pore

diameter d̄p, these materials can be divided into three categories including (i) mi-

croporous (d̄p < 2 nm), (ii) mesoporous (2 nm ≤ d̄p ≤ 50 nm) or (iii) macroporous

(d̄p > 50 nm) [28,29]. In particular, mesoporous materials exhibit several defined

nanostructures (ordered or disordered), numerous morphologies (film, powder,

monolith), and various frameworks (silica, metal-oxides, etc.). Since the discov-

ery of this class of materials in the early 1990’s [30], researchers have focused

on varying their composition and structure [31–33] and on expanding the range

of applications including catalysis [34], medicine [35, 36], electrochemistry [37],

electronics [38], optics [39], and thermal insulation [40, 41]. Indeed, mesoporous

materials provide excellent opportunities for tunable functionality. First, the inor-

ganic framework of the host system can be chosen for its suitable properties (e.g.,

optical transparency in the visible and near UV range) for a specific advanced

applications (e.g., window insulation). Second, additional functionality can be

developed by tuning the porosity and pore size distribution of the materials. The

porous nanostructure controls the physical properties of the materials such as

thermal and electric conductivity [42].

One of the most common methods for synthesizing mesoporous materials with

pore diameters in the 2-50 nm range includes the diffusion-limited aggregation as

commonly found in aerogel or aerogel-like synthesis [43]. In this case, reactive

inorganic building blocks in solution aggregate in a diffusion-limited manner to

form a fractal network of overlapping particles. Figure 1.1 shows scanning (SEM)

and transmission (TEM) electron microscopy images of typical silica aerogels [1–3].

It illustrates how silica aerogels consist of distinct overlapping nanoparticles.

An alternative to aerogel synthesis is to use templating to create nanoporous
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(a) (c)(b)

Figure 1.1: TEM images of (a),(b) silica aerogels (reprinted with permission from
Ref. [1] and Ref. [2] Copyright Springer International Publishing A.G. 2007 and
Copyright Elsevier B.V. 2013, respectively), and (c) silica solution during gela-
tion (reprinted with permission from Ref. [3] Copyright Springer International
Publishing A.G. 2007).

materials [44–46]. A range of materials, from block copolymers, to surfactants, to

polymer colloids can be used to create mesoporous materials with both ordered

and disordered porosity from a wide range of crystalline and amorphous oxide and

non-oxide materials [45,47].

1.2.1 Aerogels, ambigels, and xerogels

Synthesis of aerogels can be divided into four successive stages namely (1) sol

phase, (2) gelation, (3) aging, and (4) drying [48]. During the sol phase, the gel

precursor reacts and forms nanoparticles. The gelation occurs when the nanopar-

ticles start aggregating and forming a network. Nanoparticles clusters form and

grow by aggregation of individual particles and by collision with other clusters.

The process progressively leads to a continuous network [49]. Aging results in

the growth of necks between particles which strengthens the network [50]. Dur-

ing drying, the solvent contained in the pores is removed. The drying method
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strongly affects the porosity and pore size distribution of the final mesoporous

structure [43, 49]. The capillary pressure imposed by the solvent on the network

during drying results in shrinkage of the gel structure. Gels dried quickly in the

open air have typical porosity less than 50% due to significant shrinkage and are

referred to as xerogels [51]. By contrast, aerogels reach porosity above 80% thanks

to supercritical CO2 drying at high pressure so as to minimize capillary forces.

Alternatively, capillary forces can also be minimized by exchanging the pore liquid

with a non-polar solvent featuring low surface tension (e.g., hexane or cyclohex-

ane) and by slow drying at ambient temperature and pressure [51]. Gels dried via

non-polar solvent exchange at ambient temperature and pressure are referred to

as ambigels [43]. Aerogels have larger porosity and pore size than ambigels and

xerogels [49] while ambigels typically feature porosity and pore size between those

of xerogels and aerogels [43].

1.2.2 Templated mesoporous thin films

Mesoporous thin films are usually prepared using templating methods by evaporation-

induced self-assembly (EISA) processes [45, 47]. The most common deposition

techniques are dip-coating and spin-coating [45, 47, 52]. For dip-coating deposi-

tion, the substrate is vertically immersed in the solution before being withdrawn

at a constant speed. For spin-coating, the liquid flows radially outward onto the

substrate driven by centrifugal force. Here, solvent evaporation is the main pa-

rameter that governs the film-formation process. The film deposition is typically

followed by a heat treatment aiming to stabilize and stiffen the network, and to

increase the porosity through template calcination [47].
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1.3 Windows energy performance

Energy performances of windows are usually estimated based on three characteris-

tics namely (1) the U-value, (2) the solar heat gain coefficient (SHGC), and (3) the

condensation temperature. The U-value or U-factor, expressed in Btu/ft2.h.◦F, is

a measure of the heat loss across the window. The lower the U-value, the more

thermally insulating the window is. The SHGC is the fraction of the incident

solar radiation that enters the building through the window and includes trans-

mitted radiation and absorbed radiation eventually released inside the building.

The lower the SHGC, the smaller the amount of solar heat the window admits.

The condensation temperature is defined as the exterior temperature at which

condensation appears on the inside surface.

In this study, the U-value, SHGC, and condensation temperature, were pre-

dicted using the software WINDOW 7.6 developed by LBNL [53]. The U-value and

SHGC were calculated using the National Fenestration Research Council (NFRC)

100-2010 environmental conditions [54] corresponding to (i) an interior ambient

temperature of 21◦C, (ii) an exterior ambient temperature of -18◦C, (iii) an ex-

terior windspeed of 5.5 m/s, and (iv) without solar illumination. Moreover, the

U-value and SHGC calculated were the “center-of-glass” values, i.e., they did not

include the effects of the window frame and sash. For the condensation temper-

ature, the relative humidity was assumed to be 30% and the exterior ambient

temperature was progressively changed until the temperature of the inside surface

of the window pane featured condensation. The other environmental conditions

were also taken as those of the NFRC 100-2010.

In addition, reducing the emissivity of one or more of the window surfaces,

so that it reflects long-wave infrared energy (or thermal radiation), improves a

window’s insulating properties. Uncoated glass has an emissivity of 0.84 [53]. It

can be significantly reduced by adding a low-e coating featuring low emissivity

5



at room temperature. For example, the Low-E3 366 coating by Cardinal Glass

Industry (Eden Prairie, MN) has an emissivity of 0.022 and is, to the best of

our knowledge, one of the lowest emissivity achieved for a low-e coating. Finally,

energy efficiency of basic single windows can be improved by adding a thermal

barrier layer consisting of an insulating material such as a monolith of mesoporous

silica.

1.3.1 Enhanced single-pane windows

Low-e coating location

For single-pane windows, the location of the low-e coating and the key design

parameters to be optimized depend on the geographical zone for which the product

is developed. In northern states, where energy is mainly used for heating, the low-

e coating is placed on the inside surface to reflect the thermal radiation emitted

by the dwelling walls, as illustrated in Figure 1.2(a). In this climate zone, the key

parameters controlling the performance of the windows are the U-value and the

condensation temperature. By contrast, in southern states with warm climates, a

low solar heat gain coefficient (SHGC) is the most important property to achieve.

Therefore, the low-e coating is placed on the exterior surface to reflect sunlight

[Figure 1.2(b)] and reduce solar heat gain.

Since thermal barrier layers of mesoporous silica are transparent and non-

absorbing, they have little impact on the solar heat gain. They are more effective

and useful in improving the performances of single-pane windows for the north-

ern states zone. Therefore, the preferred enhanced single-pane window is that

illustrated in Figure 1.2(a) for northern states and consists of a 3 mm glass pane

coated with a 3 mm mesoporous thermal barrier coated with a low-e coating facing

the interior of the dwelling.

6



Figure 1.2: Single-pane window with a thermal barrier and a low-e coating on the
(a) inside and (b) outside surface.

U-value and condensation temperature

Figure 1.3 plots the condensation temperature as a function of the U-value at the

center of a 3 mm thick single-pane window (kpane = 1 W/mK) for two configura-

tions (1) with a low-e coating with emissivity ε varying between 0.84 (glass) and

0.1 and (2) with a thermal barrier or insulating coating with thermal conductivity

kTB varying between 0.17 W/m.K and 0.014 W/m.K and a low-e coating ε = 0.1

(enhanced single-pane). Figure 1.3 indicates that the low-e coating alone cannot

achieve a U-value lower than 0.6 Btu/ft2.h.◦F. However, when combined with a

thermal barrier, the U-value decreased with decreasing thermal conductivity kTB

and reached 0.34 Btu/ft2.h.◦F when kTB = 0.014 W/m.K. Moreover, in the case

of a single-pane with a low-e coating, the condensation temperature was higher

than -3◦C and increased with decreasing emissivity ε. On the other hand, for

enhanced single-pane windows, the condensation temperature decreased with de-

creasing thermal conductivity and reached values as low as -15.5◦C when kTB =

0.014 W/m.K.

Table 1.1 presents the U-value and condensation temperature Tc of enhanced
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Figure 1.3: Condensation temperature as a function of U-value for a single-pane
window (blue line) and an enhanced single-pane window (red line).

single-pane windows depicted in Figure 1.2(a). The thermal conductivity of the

glass pane was kpane= 1 W/m.K and its emissivity was εpane= 0.84. The thermal

conductivity kTB of the thermal barrier was varied from 0.07 W/m.K to 0.025

W/m.K. A thermal conductivity kTB= 0.07 W/m.K is representative of the ther-

mal conductivity of silica nanoparticle-based monoliths and a thermal conductiv-

ity kTB= 0.025 W/m.K is representative of that of silica ambigel. The emissivity

ε of the low-e coating was varied between 0.3 to 0.022. Performances of a basic 3

mm single-pane are also presented for comparison.

Table 1.1: Performances of an enhanced single-pane window with a mesoporous
silica insulating coating on the inside surface [Figure 1.2(a)].

ε Single-pane kTB = 0.07 W/m.K 0.025 W/m.K
0.3 U=0.74 Btu/ft2.h.◦F U=0.62 Btu/ft2.h.◦F U=0.48 Btu/ft2.h.◦F

Tc=0◦C Tc=-4◦C Tc=-10.5◦C
0.1 U=0.62 Btu/ft2.h.◦F U=0.52 Btu/ft2.h.◦F U=0.42 Btu/ft2.h.◦F

Tc=0.5◦C Tc=-2.5◦C Tc=-7.5◦C
0.022 U=0.57 Btu/ft2.h.◦F U=0.49 Btu/ft2.h.◦F U=0.39 Btu/ft2.h.◦F

Tc=1◦C Tc=-1.75◦C Tc=-6◦C

Table 1.1 shows that the U-value and condensation temperature Tc decreased

with decreasing kTB, as previously mentioned. On the other hand, decreasing the
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emissivity ε decreased the U-value, but increased condensation temperature, as

more heat is reflected back into the room resulting in a lower interior window

surface temperature. However, all cases of enhanced single-pane windows consid-

ered still achieved a lower condensation temperature than a simple single-pane.

Especially, enhanced windows with a thermal barrier with thermal conductivity

of kTB= 0.025 W/m.K achieved the lowest condensation temperatures for any

emissivity ε considered. Therefore, the preferred configuration will be that of an

enhanced single-pane window with kTB= 0.025 W/m.K and ε = 0.022. In ad-

dition, the SHGC of this configuration was 0.86. As mentioned previously, the

SHGC is not a key parameter for Northern state zones. However, in these re-

gions, a high SHGC is preferred so that solar energy will contribute to heating

the building.

1.3.2 Insulating Glass Units (IGUs) or double-pane windows

Another advantage of enhanced single-pane windows is that they can be added to

existing single-pane windows to form an IGU or double-pane window. Figure 1.4

displays this possibility. In this case, the two panes are separated by an air gap

and the glazing system can feature a low-e coating on the 2nd and/or 4th surfaces.

To calculate the performances of this system, the thickness of the air gap was

taken as Lgap= 12 mm and the emissivity of the low-e coating as ε = 0.1.

Table 1.2 presents the U-value and condensation temperature of enhanced

single-pane window added to an existing single-pane window to form an IGU

as illustrated in Figure 1.4. Table 1.2 demonstrates that the performances of

the double-pane window with a thermal barrier were improved when compared

to enhanced single-pane windows [Table 1.1 and Figure 1.2(a)]. In particular,

U-values lower than 0.28 Btu/ft2.h.◦F and condensation temperatures lower or

equal to -20◦C were achieved whereas the lowest U-value and condensation tem-

perature achieved for enhanced single-pane windows were 0.389 Btu/ft2.h.◦F and
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Figure 1.4: Single-pane window with a thermal barrier added to an existing single-
pane.

-6◦C (when kTB = 0.025 W/m.K), respectively.

Furthermore, Table 1.2 shows that the lowest U-value was achieved for a sys-

tem with two low-e coatings on the 2nd and 4th surfaces. Therefore, the preferred

double-pane window is that with two low-e coatings. Finally, Table 1.2 also indi-

cates that this product outperformed basic double-pane windows with two glass

panes separated by a 12 mm air gap.

Table 1.2: Performances of an enhanced single-pane window added to an existing
window and incorporating a mesoporous thermal barrier as illustrated in Figure
1.4.

Low-e Double-pane kTB = 0.025 W/m.K
2nd surface U=0.32 Btu/ft2.h.◦F U=0.26 Btu/ft2.h.◦F

Tc=-44.5◦C Tc=-60.5◦C
4th surface U=0.35 Btu/ft2.h.◦F U=0.27 Btu/ft2.h.◦F

Tc=-12◦C Tc=-20◦C
2nd and 4th surfaces U=0.24 Btu/ft2.h.◦F U=0.21 Btu/ft2.h.◦F

Tc=-24◦C Tc=-32◦C

Enhanced double-pane windows consisting of two glass panes each coated with

a thermal barrier are another alternative (Figure 1.5). The gap was assumed to

be 12 mm in thickness and filled with a mixture of air (10%) and argon (90%),
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commonly used for double-pane windows.

Figure 1.5: Enhanced double-pane window with two thermal barriers.

Table 1.3 shows the U-value and condensation temperature of enhanced double-

pane windows. Comparing Tables 1.1, 1.2, and 1.3 indicates that enhanced double-

pane windows were more insulating than enhanced single-pane windows and IGUs

with one thermal barrier. They also featured lower condensation temperatures.

Similarly to what was observed for double-pane windows with one thermal bar-

rier, Table 1.3 indicates that the enhanced double-pane windows with two thermal

barriers and low-e coatings featured the best performances. An enhanced double-

pane window with low-e coatings on the 2nd and 4th surfaces enabled to achieve a

U-value of 0.16 Btu/ft2.h.◦F and a condensation temperature of -44.5◦C.

Table 1.3: Performances of an enhanced double-pane window incorporating meso-
porous thermal barriers as illustrated in Figure 1.5.

Low-e Double-pane kTB = 0.025 W/m.K
2nd surface U=0.27 Btu/ft2.h.◦F U=0.19 Btu/ft2.h.◦F

Tc=-53.5◦C Tc=-84◦C
4th surface U=0.33 Btu/ft2.h.◦F U=0.22 Btu/ft2.h.◦F

Tc=-13.5◦C Tc=-30◦C
2nd and 4th surfaces U=0.21 Btu/ft2.h.◦F U=0.16 Btu/ft2.h.◦F

Tc=-29◦C Tc=-44.5◦C
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1.4 Light scattering by a single spherical particle

Scattering by a single spherical particle depends on its (i) size parameter χs and

(ii) relative complex index of refraction m [55]. The particle size parameter χs is

defined as χs = 2πrs/λ where rs is the particle radius and λ is the wavelength

of the incident light. The relative complex index of refraction m is defined as m

= ms/nm where nm is the index of refraction of the non-absorbing surrounding

medium and ms is the complex index of refraction of the particle defined as ms =

ns + iks where ns and ks are the refractive and absorption indices of the particle,

respectively.

The scattering cross-section Csca(χs,m, rs) and asymmetry factor g(χs,m) of

a single spherical particle in a non-absorbing medium can be predicted by the

Lorenz-Mie theory [56]. Notably, in the Rayleigh scattering regime, corresponding

to χs � 1 and χs|m− 1| � 1, the scattering cross-section of a particle with size

parameter χs and relative complex index of refraction m can be expressed as [57]

CR
sca(χs,m, rs) =

24π3V 2
s

λ4

∣∣∣∣m2 − 1

m2 + 2

∣∣∣∣2 =
8πr2

sχ
4
s

3

∣∣∣∣m2 − 1

m2 + 2

∣∣∣∣2 (1.1)

where Vs is the volume of the particle. On the other hand, the asymmetry factor

g can be defined as [55]

g(χs,m) =
1

4π

∫
4π

Φ(χs,m,Θ)cosΘdΩ (1.2)

where Φ(χs,m,Θ) is the scattering phase function representing the probability that

a wave be scattered from the incident direction ŝi into direction ŝ. Here, Θ is the

scattering angle between unit vectors ŝi and ŝ and Ω is the associated solid angle.

Particles in the Rayleigh scattering regime feature a negligible phase shift β =

2χs|m− 1| between the incident electromagnetic wave and that traveling through

them [57, 58]. Thus, their scattering phase function is isotropic, i.e., Φ(χs,m,Θ)
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' 1 and g(χs,m) ' 0.

Moreover, predicting the transparency of mesoporous materials with respect

to their nanostructure is challenging. Scattering characteristics of systems with

distant particles are usually determined by assuming that the particles scatter

independently from one another so their individual contributions can be added,

based on superposition principles. In situations when the particles are spherical,

the Lorenz-Mie theory can be used to predict the scattering characteristics of each

individual particle. However, this approximation, sometimes called “independent

scattering approximation” depends on some measure of the proximity of the con-

stitutive particles. In the case of mesoporous materials, particles overlap and form

a connected network. When particles are in close proximity, light scattering is af-

fected by near-field interactions and far-field interferences resulting in so-called

“dependent scattering effects” [59]. In the dependent scattering regime, scatter-

ing characteristic of particle systems cannot be determined by merely adding up

the contributions of individual particles.

1.5 Motivation of the study

Mesoporous silica materials, particularly silica aerogels, are known to have some

of the lowest reported thermal conductivities (< 20 mW/m.K) at room temper-

ature and atmospheric pressure [60]. Thanks to their low thermal conductivity,

a number of studies used silica aerogels sandwiched between two glass panes to

create a thermally insulating windows [40, 61]. Unfortunately, light scattering by

aerogel is significant despite the ability to adjust porosity by tuning the pH in

the gelation process and/or through heat treatment. As a result, the windows

are only translucent and not transparent. Optical transparency could be achieved

by controlling the aerogels’ pore size and pore size distribution. However, it is

difficult to synthesize aerogels with large porosity and small pores [62]. In fact,
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xerogels, although featuring smaller porosity (∼50%) compared to aerogels, can

achieve better transparency thanks to their smaller and narrower pore size distri-

bution [8].

1.6 Objectives of the present study

The structural characterization of mesoporous materials is of great practical inter-

est and critical to correctly determine the relationships between their nanoscale

architecture and their thermal and optical properties. Experimental optimization

of mesoporous materials by trial and error to achieve the desired thermophysical

properties can be challenging and time consuming. Alternatively, computer simu-

lations can quickly generate various representative mesoporous structures with a

wide range of structural parameters. Then, nanostructure-property relationship

can be derived and used to identify the optimum nanostructure for the desired

properties. First, this study aims to numerically generate and characterize a wide

variety of three-dimensional mesoporous structures featuring aggregated spherical

nanoparticles with either point-contact or surface-contact. Whenever possible,

the results were compared with experimental data reported in the literature. The

developed computational tools and methods can accelerate the discovery and op-

timization of mesoporous materials for a wide range of applications.

Furthermore, in the perspective of the application of mesoporous materials

as a transparent and thermally insulating layers in window solutions, it would

be insightful to know the effect of their porous nanostructure on their scattering

characteristics. This study also aims (1) to identify the parameters controlling

the scattering cross-section and asymmetry factor of aggregates and mesoporous

materials consisting of non-absorbing monodisperse spherical particles; (2) to de-

termine the conditions under which independent and dependent scattering regimes

prevail for particle ensemble; and (3) to assess the effects of dependent scattering
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on the scattering cross-section and asymmetry factor of non-absorbing aggregates

with touching or overlapping particles. The radiative characteristics of aggregates

are usually computed using algorithms solving Maxwell’s equations. However,

it would be computationally far more efficient to quickly estimate the radiation

characteristics of aggregates using simple approximations. Therefore, this study

also aims to identify approximations capable of rapidly predicting the scattering

cross-section and asymmetry factor of non-absorbing aggregates.

Moreover, questions aroused from our experimental observations and from

anecdotal reports in the literature of transparent gels turning white and milky

during drying before becoming transparent again when fully dried. No clear un-

derstanding of the reasons for such observations was given in the literature. How-

ever, such understanding could provide insight into light scattering by the dry

ambigel and final product. In addition, the apparent changes in haze could be

used for continuous monitoring of the drying process. Thus, this dissertation also

aims to identify the physical phenomena responsible for the temporary haziness

observed in the sol-gel synthesis of mesoporous monoliths during drying. The ob-

jectives of the study were (1) to experimentally measure changes in transmittance

and haze as functions of time during the drying process and (2) to predict the

observed changes by modelling light transfer through the drying gel.

Finally, templated mesoporous thin films are also of interest for a wide range of

applications from optical waveguides to interlayer dielectrics for microprocessor-

based integrated circuits. Moreover, their synthesis is relatively fast and their

study can provide insights into the effect of the porous nanoscale architecture

on their thermal and optical properties. In all their applications, accurately and

reliably measuring their thickness, refractive index, porosity, and pore size dis-

tribution is essential to ensure proper performance of the materials and to cor-

rectly assess their nanostructure-property relationships. Contrary to mesoporous

monoliths, the transmittance and reflectance of mesoporous thin films feature in-
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terference patterns which depend on the thickness and optical properties of the

film and its substrate. This study aims (1) to determine how accurately optical

interferometry can retrieve thickness, refractive index, and porosity of multicom-

ponent mesoporous thin films and (2) to investigate if the porosity and pore size

distribution of thin films can be estimated from their equivalent powders, as com-

monly done in the literature. This method was used to investigate the effects of

pore size and nanoscale architecture on the thermal conductivity of mesoporous

silica films [63,64] as well as the role of atomic scale heterogeneities [65].

1.7 Organization of the document

Chapter 2 presents computational tools and methods to generate realistic three-

dimensional mesoporous materials and perform numerical porosimetry character-

ization. Chapter 3 investigates the parameters controlling the transition between

dependent and independent scattering regimes and derives transition criteria for

bispheres, ordered and disordered suspensions and aggregates with up to 8 spher-

ical particles. Chapter 4 studies the effect of dependent scattering on aggregates

with up to 30,000 spherical touching or overlapping particles and investigates the

validity of the equivalent effective property approximation to rapidly estimate the

integral scattering characteristics of aggregates. Chapter 5 elucidates the scatter-

ing phenomena responsible for the significant temporary drop in transmittance

and increase in haze of mesoporous monoliths during their drying. This chap-

ter reports for the first time quantitative measurements of solvent mass fraction,

transmittance and haze as functions of time. Chapter 6 compares different meth-

ods to measure the thickness, refractive index, porosity, and/or pore size distri-

bution of silica and silica-titania mesoporous thin films with a particular interest

in optical interferometry. Finally, Chapter 7 summarizes the finding of this PhD

thesis and provides recommendations for future research.
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CHAPTER 2

Computer Generated Mesoporous Silica and Associated Structural

Characterization

This chapter demonstrates how to computationally generate and fully character-

ize realistic three-dimensional mesoporous materials. Notably, a new algorithm

reproducing gas adsorption porosimetry was developed to calculate the specific

surface area and pore size distribution of computer-generated structures. The

diffusion-limited cluster-cluster aggregation (DLCCA) method was used to gener-

ate point-contact or surface-contact mesoporous structures made of monodisperse

or polydisperse spherical particles. The generated structures were characterized

in terms of particle overlapping distance, porosity, specific surface area, interfa-

cial area concentration, pore size distribution, and average pore diameter. The

different structures generated featured particle radius ranging from 2.5 to 40 nm,

porosity between 35 and 95%, specific surface area varying from 35 to 550 m2/g,

and average pore diameter between 3.5 and 125 nm. The specific surface area and

pore size distribution of computer-generated mesoporous materials were in good

agreement with experimental data reported for silica aerogels. The specific surface

area and pore size distribution of computer-generated mesoporous materials were

in good agreement with experimental data reported for silica aerogels. Finally,

widening the particle size distribution and increasing the particle overlapping were

shown to strongly decrease the specific surface area and increase the average pore

size of the mesoporous structures.
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2.1 Background

2.1.1 Numerically-generated mesoporous structures

Several particle aggregation models have been developed to numerically simulate

the gelation process [66]. They differ mainly in the way the particle clusters

grow and diffuse. For example, the monomer-cluster aggregation method consists

of clusters formed from particles added one-by-one throughout the process [66].

Alternatively, the cluster-cluster aggregation method consists of a given initial

number of particles moving, colliding, and forming clusters which themselves dif-

fuse, collide, and grow [49]. The cluster-cluster aggregation method generates less

compact structures (i.e., with lower fractal dimension) than the monomer-cluster

method and has been reported to be more representative of the aerogel gelation

process [49].

Moreover, one can distinguish diffusion-limited aggregation from reaction-

limited aggregation [49]. Under diffusion-limited aggregation, the colliding clus-

ters aggregate immediately and irreversibly upon contact [49]. By contrast, under

reaction-limited aggregation, particles or clusters can collide several times be-

fore aggregating and the connection between clusters is reversible, i.e., clusters

can break apart [49]. Reaction-limited aggregation is more representative of the

gelation process of structures in which chemical bonds are formed after several

collisions [49]. On the other hand, diffusion-limited aggregation corresponds bet-

ter to the gelation of reactive specimens forming bonds after few collisions [49,67].

For example, for silica aerogel synthesis, the occurrence of bonds formation de-

pends on the pH and solution composition [68]. At high pH, silica is very reactive

and nanoparticles form bonds only after few collisions [67]. Finally, the diffusion-

limited cluster-cluster aggregation (DLCCA) method has been shown to reproduce

the gelation growth process and the cluster size distribution of gels [49, 67,69].
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2.1.2 Numerically-generated silica aerogels

Silica aerogels have been generated numerically as fractal structures using aggre-

gation models to predict their morphology [70–72], physical characteristics [73,74],

and thermophysical properties [75–77]. Numerically-generated silica aerogels by

DLCCA method have considered point-contact structures [73,75–77] and surface-

contact structures with overlapping particles [72, 74]. For example, Primera et

al. [71] numerically generated 3D silica aerogel structures by the DLCCA method.

The generated structures consisted either of monodisperse cubic particles less than

4 nm in size or of bimodal mixture of cubic particles of size rs1 ≤ 4 nm and rs2

= 7rs1 nm with porosity ranging from 80 to 95%. The authors also characterized

them in terms of specific surface area, average pore size, and pore size distribution.

Morales et al. [72] developed a diffusion-limited monomer-cluster aggregation

algorithm to generate surface-contact silica structure with monodisperse spherical

particles. The particle radius was 1.1 or 1.2 nm and the porosity ranged from 80

to 90%. The authors showed that the mechanical strength of computer-generated

surface-contact silica aerogel structures agreed well with experimental measure-

ments [74]. Similarly, Ma et al. [73] used DLCCA method to generate mesoporous

silica structures and model their elastic properties using finite element method

(FEM). The structures consisted of monodisperse spherical silica particles with

arbitrary diameter and porosity ranging from 92 to 99%. The authors showed that

increasing the aerogel density reinforced its mechanical stiffness. They also de-

rived a scaling relation between the elastic bulk modulus and the effective density

of the DLCCA silica aerogel structures.

Lallich et al. [76] used computer-generated DLCCA aggregates with point-

contact spherical monodisperse particles with radius of 3.5, 4.5, and 7.25 nm and

porosity around 90% to predict the extinction coefficient and scattering albedo of

silica powders. Hasmy et al. [75] used computer-generated DLCCA structures with
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monodisperse and polydisperse nanoparticles to characterize the X-ray scattered

intensity by silica aerogels. They compared their results with experimental small-

angle X-ray scattering (SAXS) measurements for structures with porosity around

95% and particle radius around 2.3 nm. They showed that the scattered X-ray

intensity calculated from the DLCCA structures was in qualitative agreement with

experimental measurements.

Furthermore, Zhao et al. [77] used DLCCA-generated structures with point-

contact monodisperse silica nanoparticles of radius less than 2.5 nm and with

porosity ranging from 85 to 98% to predict the effective thermal conductivity of

silica aerogels. They used finite volume method (FVM) to solve the combined two-

flux radiative transfer equation and the energy equation through the generated

structures.

Finally, pore size distribution (PSD) has been previously determined numer-

ically either from simulated nitrogen adsorption isotherms calculated by Grand

Canonical Monte Carlo (GCMC) simulations [78, 79] or by a 2D triangulation

method applied to 3D structures [70–72]. Unfortunately, the GCMC method is

time consuming and computationally complex [78]. On the other hand, the 2D

triangulation method calculates pore sizes from cross-sections of the pores. Un-

fortunately, the extension of the triangulation method to 3D pore volumes is far

from trivial [80].

2.1.3 Experimental characterization methods

Nitrogen adsorption porosimetry is commonly used experimentally to characterize

the specific surface area Ag,BET (in m2/g), pore size distribution (PSD), and open

porosity φ of mesoporous materials [28, 81]. The specific surface area can be

obtained by the Brunauer-Emmett-Teller (BET) method based on the expression
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[81, 82]

Ag,BET = NmNACN2 (2.1)

where NA is the Avogadro constant (in mol−1) and CN2 is the cross-sectional area

of a N2 molecule adsorbed in a monolayer (in m2) while Nm is the measured

monolayer capacity (in mol/g), defined as the number of moles of N2 needed to

cover the surface of the pores in 1 g of porous material with a monolayer of N2.

Moreover, the Barrett-Joyner-Halenda (BJH) method [83] is usually used to

obtain the pore size distribution (PSD) of mesoporous materials. The BJH method

assumes that the pores are cylindrical with diameter dp and relies on the Kelvin

equation relating the pore filling pressure to the radius of curvature of the adsor-

bate [84]. This estimate is then corrected for the layer of adsorbate present on

the pore walls, using the measured statistical film thickness curve [85]. The BJH

analysis provides (i) the incremental PSDs, i.e., the volume Vp,i of pores having

diameter between dp and dp+ ∆dp as a function of pore diameter dp, and (ii) the

differential PSDs, i.e., dVp,cu/ddp as a function of dp, where Vp,cu is the cumulative

pore volume of pores with diameter smaller than dp.

The open porosity φ can be determined from the material bulk density ρs (in

g/cm3) and the measured specific pore volume vp (in cm3/g) as [28]

φ =
vp

1
ρs

+ vp
. (2.2)

Here, the specific pore volume vp is the volume occupied by the pores per unit

mass of mesoporous material and can be expressed as [49,71]

vp =
1

ρeff
− 1

ρs
(2.3)

where ρeff is the effective density of the mesoporous material. Note that Equations

(2.2) and (2.3) were obtained by ignoring the mass of air contained in the pores
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(ρair�ρs). Then, the effective density ρeff can be estimated as

ρeff = ρs(1− φ). (2.4)

Experimentally, the specific pore volume vp is estimated from the amount of ni-

trogen adsorbed at relative pressure P/P0 = 0.95 close to saturation, i.e., when

all pores are filled with N2, where P0 is the saturation pressure of N2 [28]. Then,

the measured vp is used to calculate φ [Equation (2.2)] and ρeff [Equation (2.3)].

However, note that Equations (2.3) and (2.4) are valid when all pores are open.

Finally, the average pore diameter d̄p of mesoporous materials can be estimated

by treating the pores as cylindrical such that [71,86]

d̄p =
4vp
Ag

. (2.5)

Overall, although point-contact structures are easier to characterize in terms

of porosity, specific surface, and average pore size, the degree of overlapping

among constituent particles should be considered as an important parameter in

computer-generated mesoporous structures. Unfortunately, several studies con-

sidering computer-generated surface-contact structures did not quantify the effect

of particle overlapping on the specific surface area and pore size distribution of the

generated structures [71–74]. In addition, the range of porosity (80-99 %) inves-

tigated was relatively limited. This study aims to numerically generate realistic

mesoporous structures similar to ambigels and aerogels using the DLCCA method

for a wide range of particle radius between 2.5 and 40 nm and porosity between 35

and 95%. It also aims to characterize these structures in terms of specific surface

area Ag, total porosity φ, average pore diameter d̄p, and incremental, cumulative,

and differential PSDs. A new algorithm reproducing experimental gas adsorption

porosimetry measurements and BJH analysis is proposed to obtain the PSD of

the computer-generated mesoporous materials. Particular attention was paid to
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the effect of particle overlapping and polydispersity on the structural properties.

2.2 Analysis

2.2.1 Aerogel and ambigel structure generation

The DLCCA method was used to generate aerogel and ambigel structures repre-

sented as fractal aggregates of monodisperse or polydisperse nanoparticles. This

method was chosen because it can reproduce the gelation growth process and

the geometry of the gel structure [49, 67, 69], as previously discussed. The input

parameters of the DLCCA method were (i) the initial number of monodisperse

nanoparticles Nt, (ii) their radius rs, (iii) the final number of clusters nc, and (iv)

the dimension L of the cubic simulation domain. The DLCCA algorithm created

the structures in four steps: (1) the Nt particles were randomly dispersed in a

LxLxL cubic simulation domain. (2) Randomly selected particles or clusters were

set in motion in random directions by an incremental and arbitrary traveling dis-

tance ls until they collided with another particle or cluster. (3) If the interparticle

distance d, defined as the distance between the centers of two adjacents particles,

was equal or smaller than the particle diameter, the particles merged into one

cluster that continued moving as a whole in subsequent iterations. (4) The above

process was repeated until the number of clusters decreased to a predefined final

number of clusters nc. Periodic boundary conditions were adopted to prevent

particles or clusters from exiting the simulation domain.

Two types of nanostructures with monodisperse nanoparticles were generated

namely (i) point-contact structures where particles touched at a point but did

not overlap and (ii) surface-contact structures consisting of overlapping spherical

particles. These two types of structures were denoted by the subscript “PC”

and “SC”, respectively. To generate point-contact structures, the interparticle

distance d was calculated after each collision. If the interparticle distance d was
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smaller than 2rs, the moving particle or cluster was stepped back in the opposite

direction to a new position such that d = 2rs. The distance between adjacent

particles was calculated again and if two adjacent particles were still overlapping,

they were removed. The fraction of particles removed over the initial number of

particles Nt increased with decreasing porosity φ and ranged from 11 to 71% as

the porosity φ decreased from 95 to 50%. Therefore, in point-contact structures,

the final total number of particles Ns was less than the initial number of particles

Nt while Ns = Nt for surface-contact structures. The porosity φ of the final

structure was varied between 35 and 95% by decreasing the number of particles

Nt. The final number of clusters nc was set to be less than 2% of the total number

of particles Nt. The length L of the simulated cubic domain was set to L = 40rs

to ensure that the computational domain was sufficiently large to be considered

a representative elementary volume of mesoporous material. Here, the particle

radius rs ranged from 2.5 to 40 nm and Ns between 750 and 15,000.

Mesoporous structures with surface-contact consisting of polydisperse nanopar-

ticles were also generated and characterized. To do so, the DLCCA algorithm

was first used to generate surface-contact structures with monodisperse particles.

Then, the radius of randomly selected particles was modified so as to follow a

Gaussian distribution f(rs) given by

f(rs) =
1

s
√

2π
exp

[
−(rs − r̄s)2

2s2

]
(2.6)

where r̄s is the mean particle radius (in nm), and s is the associated standard

deviation (in nm). The particle radius was limited to the range r̄s − 2s ≤ rs ≤

r̄s+2s. Finally, to facilitate comparison with structures consisting of monodisperse

spheres, the average radius r̄s was taken as 2.5, 5, and 10 nm while the standard

deviation was taken as either s = r̄s/2.5 or r̄s/5. Here, porosity φ varied between

60 and 95% for Ns ranging from 6900 to 800, respectively.
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2.2.2 Structural characterization - monodisperse nanoparticles

Overlapping distance

Let us define the interparticle distance d in computer-generated mesoporous struc-

tures with monodisperse nanoparticles as the distance between the center of two

adjacent particles. Then, the overlapping distance can be expressed as lo = 2rs

− d, as illustrated in Figure 2.1(a). The average interparticle distance among

all overlapping particles in the aggregate is denoted by d̄ and the dimensionless

average interparticle distance can be defined as d̄∗ = d̄/2rs. For point-contact

structures, d∗ is such that d̄∗ = d̄/2rs = 1 while that of surface-contact structures

is such that d̄∗ < 1. Similarly, the dimensionless average overlapping distance of

surface-contact structures can be defined as l̄∗o = l̄o/2rs = 1 − d̄/2rs and ranged

between 0 and 1. For surface-contact structures, the distance ls traveled incre-

mentally by particles or clusters during DLCCA structure generation may affect

d̄ and l̄o. Specifically, d̄ was found to increase with decreasing ls but remained

unchanged for ls ≤ rs/2.5 for rs = 2.5 nm and φ = 50 and 95%. Thus, the

traveling distance was set to ls = rs/2.5 to obtain a structure independent of the

numerical parameter ls, i.e., to achieve a numerically-converged structure. The

dimensionless average overlapping distance l̄∗o and the fraction of overlapping par-

ticles among the Ns particles in the structure were computed for the generated

surface-contact structures. Here, the porosity ranged between 35 and 95% and

the particle radius was taken as rs = 2.5, 5, and 10 nm.

Porosity, specific surface area, and interfacial area concentration

For point-contact structures with monodisperse spherical particles of radius rs,

porosity φ, specific surface area Ag,PC (in m2/g), and interfacial area concentration
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(a) (b)

Figure 2.1: (a) Illustration of the overlapping distance lo = 2rs − d and (b) ex-
ample of cube discretization of a surface-contact cluster numerically generated by
DLCCA for porosity φ and specific surface area Ag calculations.

or surface area per unit volume Ai,PC (in m−1) can be expressed as [49,68]

φ =
V0

L3
= 1− fv = 1− 4πNsr

3
s

3L3
, Ag,PC =

3

ρsrs
, and Ai,PC = Ag,PCρsfv.

(2.7)

Here, V0 is the total pore volume of the structure, fv is the volume fraction of

the simulation cell occupied by the particles, and ρs is the density of the spherical

particles. For the purpose of illustration and comparison with experimental data,

ρs was taken as the density of bulk silica, i.e., ρs = 2.2 g/cm3 [68].

For surface-contact structures with monodisperse particles, fv, φ, Ag,SC , and

Ai,SC were calculated numerically by discretizing the particles into small cubes

of side ∆x, as illustrated in Figure 2.1(b). The particle volume fraction fv was

calculated by adding the volume ∆x3 of all cubes located inside the Ns particles.

Note that when two adjacent particles overlapped, the cubes contained in both

particles were not double-counted. Moreover, the specific surface area Ag,SC was

estimated by adding up surface areas of the cubes’ faces Sij located at the surface

of the particles according to

Ag,SC =
S0

ρsVc
=

Ns∑
i=1

6Nc,i∑
j=1

Sij

ρsVc
. (2.8)
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Here, S0 is the total internal surface area of the porous structure, Nc,i is the

number of cubes of volume ∆x3 inside particle i, Vc is the volume occupied by

all cubes (i.e., Vc = fvL
3), and j denotes the surfaces of cubes located in particle

i. If the surface next to surface j in particle i was in contact with another cube

then Sij = 0, otherwise surface j was located at the surface of the particle i so

that Sij = ∆x2. Finally, the expression for interfacial area concentration Ai,PC for

point-contact structures given by Equation (2.7) was also valid for surface-contact

structures with either monodisperse or polydisperse particles.

The algorithm for computing particle volume fraction, porosity, and specific

surface area by numerical discretization was first validated with one particle of

radius rs = 4 nm set in a cubic simulation domain of length L = 10 nm correspond-

ing to porosity φ = 73.2% and specific surface area Ag = 340.9 m2/g. The method

was further validated with a structure consisting of two overlapping particles with

rs = 2 nm, L = 6 nm, and d = 2 nm corresponding to porosity φ = 73.8% and

specific surface area Ag = 597.3 m2/g (see Table A.1 in Supporting Information).

The volume fraction fv, porosity φ, and specific surface area Ag were found to

be independent of the discretization ∆x for ∆x/rs ≤ 0.04 when the results were

numerically converged. In addition, the porosity φ and specific surface area Ag,PC

for point-contact structures generated by DLCCA method were also computed

numerically with the above-described discretization method. Results for fv and

Ag,PC calculated by numerical discretization fell within 5% of predictions by ex-

act analytical expressions [Equation (2.7)] further confirming the validity of the

algorithm.

Finally, dimensionless average overlapping distance l̄∗o, porosity φ, specific sur-

face area Ag, and interfacial area concentration Ai reported in the present study

correspond to the average of at least three computer-generated structures. The as-

sociated relative standard deviations were shown in the plots only when they were

larger than the symbols. Similarly, error bars were represented for experimental
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data retrieved from the literature (Refs. [4–8]) whenever they were reported.

Pore size distributions

The pore size distribution was calculated in three steps. First, the computer-

generated mesoporous structure was iteratively filled with “adsorbate” layers of

thickness ∆t to mimic N2-adsorption porosimetry measurements. At each iter-

ation i, the total volume Vi of unfilled space in the pores and the total surface

area Si of the interface between the “adsorbate” layer and the unfilled space were

computed. Second, the data for the volumes (Vi)0≤i≤N and surface areas (Si)0≤i≤N

were analyzed with an algorithm based on the BJH method [83] to calculate the

volumes (Vp,i)0≤i≤N−1 of pores with diameter d̄p,i. Third, the incremental Vp,i, cu-

mulative Vp,cu, and differential dVp,cu/ddp pore size distributions were calculated.

The initial pore volume V0 = φL3 (in m3) and interfacial surface area S0

= AgρsVc (in m2) of the as-generated structure (i.e., without “adsorbate”) were

calculated using the discretization method discussed previously. Then, at iteration

i = 1, the particle radius was enlarged by a thickness ∆t representing the thickness

of a monolayer of “adsorbate”. The total volume of unfilled space in the pores V1

(in m3) and the total surface area of the interface between the “adsorbate” layer

and the unfilled space S1 (in m2) were calculated using the same discretization

method. This procedure was repeated iteratively for i > 1 to yield (Vi)1≤i≤N and

(Si)1≤i≤N corresponding to an “adsorbate” layer thickness ti = i∆t. After the last

iteration i = N , all pores were filled with “adsorbate”, i.e., VN = 0 m3 and SN =

0 m2.

Once the dataset for (Vi)0≤i≤N and (Si)0≤i≤N was generated, it was analyzed

based on the BJH method [83]. Between steps N−1 and N , the “adsorbate” layer

thickness was increased from tN−1 to tN , thus completely filling the largest pores.

Therefore, the largest pores had diameter between dp,N−1 = 2tN−1 and dp,N = 2tN
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(see Figure 2.2) and the average pore diameter d̄p,N−1 of the largest pores can be

approximated as

d̄p,N−1 =
dp,N−1 + dp,N

2
. (2.9)

The volume VN−1 and surface area SN−1 corresponded to the total volume and

surface area of the unfilled space in the largest pores, i.e., the pores with diameter

between dp,N−1 and dp,N . Assuming that this unfilled space in the largest pores

at iteration N − 1 had cylindrical geometry, its average diameter d̄N−1 can be

expressed as

d̄N−1 =
4VN−1

SN−1

. (2.10)

Then, from geometric considerations (see Figure 2.2), the volume Vp,N−1 and the

surface area Sp,N−1 of the largest pores with average pore diameter d̄p,N−1 can be

related to the dimensions of the unfilled space according to

Vp,N−1

VN−1

=

(
d̄p,N−1

d̄N−1

)2

and
Sp,N−1

SN−1

=
d̄p,N−1

d̄N−1

. (2.11)

Subsequent volume Vp,i and surface area Sp,i of smaller pores filled between iter-

ations i and i + 1 were calculated using the same method. However, the unfilled

space volume Vi and surface area Si at iteration i had to be corrected for the

contribution of larger pores whose average diameter d̄p,i+1 has already been esti-

mated, as illustrated in Figure 2.2. Specifically, the volume Vi was corrected for

the volume of unfilled space in pores contained in the pores with diameter larger

than dp,i+1 already accounted for to yield

V ∗i = Vi − Vi+1 −∆t
N−1∑
j=i+1

Sp,j

(
d̄p,j − 2t̄i
d̄p,j

)
(2.12)

where t̄i = (ti+ti+1)/2 = i∆t + ∆t/2 is the average “adsorbate” layer thickness

between steps i and i+1. Here, Vi+1 represents the total volume of unfilled space in

the pores with diameter larger than dp,i+1 when the “adsorbate” layer thickness
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was ti+1. The third term on the right hand side of Equation (2.12) represents

the volume of unfilled space created in these pores when the “adsorbate” layer

thickness was reduced from ti+1 to ti. Similarly, the corrected surface area S∗i can

be expressed as

S∗i = Si −
N−1∑
j=i+1

Sp,j

(
d̄p,j − 2ti
d̄p,j

)
. (2.13)

The general expressions for d̄i, Vp,i, and Sp,i assuming cylindrical geometry of the

unfilled spaces and pores were

d̄i = 4
V ∗i
S∗i
,

Vp,i
V ∗i

=

(
d̄p,i
d̄i

)2

, and
Sp,i
S∗i

=
d̄p,i
d̄i

(2.14)

where d̄p,i = (2i+1)∆t. Note that Vp,i, and Sp,i were constrained to non-negative

values.

Then, the cumulative Vp,cu(d̄p,i) and total Vp,tot pore volumes were calculated

according to

Vp,cu(d̄p,i) =
i∑

j=0

Vp,j and Vp,tot =
N−1∑
j=0

Vp,j. (2.15)

The differential pore size distribution was then calculated by interpolating the

cumulative pore volume Vp,cu(d̄p,i) as a function of the average pore diameter d̄p,i

with a cubic spline to obtain a continuous function Vp,cu(dp) and its derivative

dVp,cu/ddp. Finally, the normalized pore size distribution was calculated by divid-

ing the differential PSD by Vp,tot to obtain the probability distribution expressed

as

f(dp) =
1

Vp,tot

dVp,cu
ddp

. (2.16)

The PSD calculation algorithm was validated with ideal structures made with

one to several pores with cylindrical, cubic, or spherical shapes (see Figures A.2

and A.3 in Supporting Information). In addition, the effect of numerical uncer-
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Figure 2.2: Schematic representation of the adsorption process and change in
“adsorbate” layer thickness between steps N − 3 and N (relative dimensions not
to scale).

tainties on the apparent pore volume Vi and apparent surface area Si was studied.

Random errors within 3% of the exact values of Vi and Si did not significantly

affect the predicted PSDs. This PSD algorithm was applied to the numerically

generated structures of particle radius rs = 2.5 nm and porosity ranging from 40

to 80%. Note that when the porosity increased, large pores located at the surface

of the simulation domain were more likely to be cut and considered smaller than

they really were. Here, numerical convergence also depended on the ratio ∆t/∆x

and this ratio was increased with increasing porosity. Table 2.1 summarizes the
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increment of the “adsorbate” layer thickness ∆t and the discretization cube size

∆x used for each porosity. Table 2.1 also features the relative error δVp,tot in

calculations of the total pore volume obtained either from porosity calculations

or from pore size distribution defined as

δVp,tot =
φL3 − Vp,tot

φL3
. (2.17)

The relative error δVp,tot was less than 6% for porosity φ = 39.6, 50.1, and 60.5%,

and reached up to 15.2% for φ = 79.1%. The relative error δVp,tot of the computer-

generated structures was comparable to the relative error δVp,tot calculated for

the ideal structures used for validation. In addition, experimental measurements

feature uncertainty within 5%, thus confirming the validity of the algorithm. The

relative error was mainly due to the assumption of cylindrical pores which is

not satisfied by actual silica aerogels and ambigels nor by computer-generated

structures.

Finally, the average diameter d̄p,PSD of the PSDs was calculated from the PSD

according to

d̄p,PSD =

∫ ∞
0

dpf(dp)ddp. (2.18)

The results could be compared with the average pore diameter d̄p,PC for point-

contact structures with monodisperse particles of radius rs derived by combining

Equations (2.3), (2.5), and (2.7) to yield [49]

d̄p,PC =
4rs
3

φ

1− φ
. (2.19)

2.2.3 Structural characterization - polydisperse nanoparticles

The fraction of overlapping particles and the dimensionless average overlapping

distance l̄∗o were also computed for surface-contact structures with polydisperse
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Table 2.1: “Adsorbate” layer thickness ∆t, cube size ∆x, relative total pore
volume error δVp,tot, specific surface area Ag,SC , pore diameter range, and average
pore diameters d̄p [Equation (2.5)] and d̄p,PSD [Equation (2.18)] of the PSDs of
surface-contact structures with monodisperse particles of radius rs = 2.5 nm.

φ = 39.6% φ = 50.1% φ = 60.5% φ = 79.1%

∆t (nm) 0.1 0.2 0.25 0.5

∆x (nm) 0.10 0.09 0.09 0.09

∆t/∆x 1.0 2.22 2.78 5.55

δVp,tot 0.90% 2.57% 5.04% 15.20%

Ag,SC (m2/g) 330 362 406 479

Pore diameter range (nm) 1.5 - 9.3 2.2 -11.8 2.8 - 19.3 5.5 - 27.5

d̄p (nm) 3.6 5.0 6.9 14.4

d̄p,PSD (nm) 3.8 4.8 6.0 9.5

nanoparticles. The dimensionless overlapping distance between two adjacent over-

lapping particles “j” and “k” in surface-contact structures was defined as l∗o

= 1 − djk/(rs,j + rs,k) where rs,j and rs,k are the radius of the particles and

djk/(rs,j + rs,k) is the dimensionless interparticle distance between the particles.

The dimensionless average overlapping distance l̄∗o was then obtained by aver-

aging all computed values of l∗o. The porosity φ of surface-contact structures

with polydisperse nanoparticles was calculated using the discretization method

detailed previously. Similarly, their specific surface area Ag,SC can be calculated

in the same manner as for monodisperse structures using Equation (2.8). In ad-

dition, Equations (2.5) and (2.7) are still valid for surface-contact structures with

polydisperse nanoparticles and can be used to determine Ai and d̄p, respectively.

2.3 Results and discussion

2.3.1 Aerogel and ambigel structures

Figure 2.3 shows examples of surface-contact structures numerically generated by

the DLCCA method consisting of monodisperse particles and featuring porosity

φ of (a) 50.5, (b) 70.4, and (c) 90.5%. For the three illustrated structures, the
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final number of clusters was nc = 10, and the total particle number Ns varied from

11,800 to 1,549. Figure 2.3(d) shows details of a computer-generated high-porosity

surface-contact structure with overlapping particles. It resembles the structure of

actual silica aerogels observed in the TEM image of Figure 1.1(a).

(d)

𝜙𝜙 = 50.5 %

𝐿𝐿

𝐿𝐿

𝐿𝐿
(a)

𝜙𝜙 = 70.4 %

(b)

𝜙𝜙 = 90.5 %

2𝑟𝑟𝑠𝑠(c)

Figure 2.3: Illustrations of surface-contact structures obtained by DLCCA simu-
lations for (a) φ = 50.5%, (b) φ = 70.4%, (c) φ = 90.5%, and (d) zoom-in of a
high-porosity computer-generated surface-contact aerogel structure.

2.3.2 Structural characterization - monodisperse nanoparticles

Overlapping distance

Figure 2.4 shows the dimensionless average overlapping distance l̄∗o = 1 − d̄/2rs

for surface-contact structures with monodisperse nanoparticles as a function of

particle volume fraction fv for particle radius rs = 2.5, 5, and 10 nm. It indicates
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that the dimensionless average overlapping distance l̄∗o increased with particle

volume fraction fv. In other words, the particles overlapped more with decreasing

porosity φ = 1−fv. This was consistent with experimental observations for denser

aerogels obtained wia sintering and featuring lower porosity and larger particle

coalescence [7, 49, 87, 88]. It is also interesting to note that the dimensionless

average overlapping distance l̄∗o was independent of the particle radius rs. Figure

(a) (c)
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Figure 2.4: Computed dimensionless average overlapping distance l̄∗o = 1− d̄/2rs
of an aggregate as a function of particle volume fraction fv and porosity φ for rs
= 2.5, 5, and 10 nm, along with least-square fit given by Equation (2.20).

2.4 also shows a logarithmic fit (R2 = 0.98) of all data points given by

l̄∗o = 0.076ln(1− φ) + 0.31 (2.20)

where porosity φ varied between 35 and 95%, i.e., particle volume fraction fv

ranged between 5 and 65%. Finally, note that more than 99% of the particles in

the nanostructures overlapped with other particles for porosity ranging from 60

to 90% and for all radius rs considered.
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Specific surface area and interfacial area concentration

Figure 2.5 shows (a) the specific surface area Ag and (b) the interfacial area con-

centration Ai as functions of porosity φ computed for both point-contact and

surface-contact aerogel structures consisting of monodisperse particles. It indi-

cates that the specific surface area Ag,PC for point-contact structures computed

using Equation (2.8) was in excellent agreement with the theoretical predictions

of Equation (2.7). Consequently, good agreement was also observed for Ai,PC =

Ag,PCρs(1 − φ). The specific surface area Ag,PC depended only on the particle

radius rs and was independent of porosity φ. On the other hand, the interfacial

area concentration Ai,PC was linearly proportional to porosity φ and decreased

with increasing particle radius rs.

Moreover, for surface-contact structures, the specific surface area Ag,SC [Equa-

tion (2.8)] was systematically lower than that of point-contact structures Ag,PC for

a given particle radius rs. Furthermore, Ag,SC increased with increasing porosity

φ, i.e., with decreasing dimensionless average overlapping distance l̄∗o. This sug-

gests that surface-contact structures with higher particle overlap (or coalescence)

had lower specific surface area, in agreement with previous studies [68]. Indeed,

Iler [68] reported that the theoretical specific surface area Ag,PC [Equation (2.7)]

was greater than the experimentally measured specific surface area Ag,BET of sil-

ica aerogels in which the particles were “cemented together”. The author detailed

that the ratio of the theoretical point-contact and experimental BET specific sur-

face areas Ag,PC/Ag,BET was greater than 1.1 for silica aerogels featuring strong

coalescence between the particles [68]. This ratio was used as an indication of

the interparticle overlapping. In the present study, the ratio of the theoretical

point-contact to the computed surface-contact specific surface area Ag,PC/Ag,SC ,

varied from 1.05 to 1.77 as the porosity φ decreased from 95 to 40% and the

dimensionless average overlapping distance l̄∗o increased from 0.05 to 0.27. The
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specific surface areas Ag,SC and Ag,PC were found to be related by the following

simple ad hoc expression

Ag,SC(rs, φ) = [(1− l̄∗o)(φ− 1) + 1]Ag,PC(rs) (2.21)

where l̄∗o(φ) was predicted by Equation (2.20). Equation (2.21) was derived to

satisfy the following observations: (i) the upper bound of Ag,SC as φ tended to

100% was Ag,PC , (ii) overlapping reduced the specific surface area, and (iii) Ag,SC

increases linearly with porosity φ. Figure 2.5(a) indicates that predictions by

Equation (2.21) combined with Equation (2.7) for Ag,PC and Equation (2.20) for

l̄∗o agreed well with numerical results.

Finally, Figure 2.5 shows measurements of Ag,BET reported in the literature

[4,5] for silica aerogels and ambigels with porosity φ between 76 ± 5 and 92 ± 5%

and particle radius rs between 1.4 ± 0.05 and 3 ± 0.05 nm. The measured specific

surface area Ag,BET fell between Ag,SC and Ag,PC . In fact, it was systematically

smaller than or equal to the theoretical specific surface area Ag,PC for a given

particle radius rs. Therefore, the experimental data was consistent with the fact

that Ag,PC(rs) corresponds to the maximum specific surface area for a structure

with dense particles of radius rs, as previously discussed.

Figure 2.6 shows the computed specific surface areas Ag,PC and Ag,SC as func-

tions of particle radius rs for point-contact structures and surface-contact struc-

tures with monodisperse nanoparticles and porosity φ = 40%. It also shows pre-

dictions of (i) Ag,PC by Equation (2.7) for point-contact structures and (ii) Ag,SC

by Equation (2.21) for surface-contact structures corresponding to φ = 40% and

a dimensionless average overlapping distance l̄∗o = 0.27 (Figure 2.4). First, Figure

2.6 indicates that the specific surface area Ag,PC decreased with increasing particle

radius rs and was in excellent agreement with predictions by Equation (2.7), as

previously mentioned. Similarly, the specific surface area Ag,SC of surface-contact
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Figure 2.5: Computed (a) specific surface area Ag (in m2/g) and (b) interfacial
area concentration Ai (in m−1) of point-contact and surface-contact structures as
functions of porosity φ for monodisperse spheres of radius rs = 2.5, 5, and 10 nm,
along with predictions by Equations (2.7) and (2.21), and experimental data from
Refs. [4, 5].

structures decreased with decreasing rs and differed by less than 3% with pre-

dictions by Equation (2.21). Figure 2.6 also features experimental data Ag,BET

reported in the literature for silica aerogels [4] and ambigels [5, 6]. It is interest-
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Figure 2.6: Computed specific surface area Ag (in m2/g) of point-contact and
surface-contact structures with monodisperse nanoparticles as a function of parti-
cle radius rs, along with predictions by Equations (2.7) and (2.21) with l̄∗o = 0.27
for φ = 40%, as well as experimental data from Refs. [4–6].

ing to note that, here also, experimental data for Ag,BET fell between predictions

for point-contact structures Ag,PC and computational results for surface-contact

structures Ag,SC .

Figure 2.7 plots the specific surface area Ag as a function of porosity φ mea-

sured experimentally for sintered silica aerogels [7] and computed for surface-

contact structures Ag,SC [Equation (2.21)] with an overlapping distance l∗o esti-

mated using Equation (2.20). It indicates that Ag,SC increased with increasing

porosity φ. These results were consistent with other experimental data for sintered

silica ambigels and aerogels [89,90]. Moreover, predictions by Equation (2.21) were

in very good agreement with experimental measurements for φ < 80%. However,

for φ > 80%, discrepancies were apparent and likely due to the reported average

particle radius which corresponded to that of the “secondary particles”, i.e., the

particles resulting from the agglomeration of primary particles [91]. For larger
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porosities, such secondary particles were porous and micropores contributed to

the surface area [91]. However, these micropores were ignored in the simulations

and collapsed during the sintering process as the porosity decreased [7].
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Figure 2.7: Comparison between the specific surface area Ag of sintered silica
aerogels from Ref. [7] and the specific surface area Ag,SC calculated from Equations
(2.20) and (2.21) for aerogels with monodisperse overlapping spherical particles
as functions of porosity φ. Inset: porosity φ of the sintered silica aerogels from
Ref. [7] as a function of average particle radius rs.

Overall, the measured specific surface area Ag,BET of aerogels can be used

to provide information on the primary particle radius rs and interparticle coa-

lescence. Indeed, the specific surface area of point-contact structures Ag,PC(rs)

represents the maximum specific surface area for structures with monodisperse

particle of radius rs. Thus, an upper limit of the silica aerogel’s particle radius

can be determined from the measured Ag,BET based on Equation (2.7). In ad-

dition, a more precise estimate of the particle radius could be determined if the

average overlapping distance l̄∗o of the aggregate was also known. The latter could

be inferred from Equation (2.20) and porosity measurement. Finally, the specific

surface area is also an indication of the interparticle coalescence such that a ra-
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tio Ag,PC/Ag,BET ∼ 1 indicates little coalescence (i.e., overlapping) while a ratio

Ag,PC/Ag,BET > 1.1 indicates strong coalescence between the particles [68].

Pore size distributions

Figure 2.8 shows (a) the normalized cumulative pore volume Vp,cu/Vp,tot and (b)

the differential pore size distribution f(dp), obtained by the algorithm previously

described, for computer-generated surface-contact structures with monodisperse

particles of radius rs = 2.5 nm and porosity φ ranging from 40 to 80%. Table 2.1

summarizes the range of pore size and the average pore diameter d̄p,PSD obtained

from the differential PSDs [Equation (2.18)] with porosity φ between 40 and 80%.

Figure 2.8 indicates that the structures with lower porosity φ featured smaller

pores and narrower pore size distribution. For example, Table 2.1 indicates that

the pore diameter dp ranged (i) from 1.5 to 9.3 nm for porosity φ = 39.6%,

and (ii) from 5.5 to 27.5 nm for porosity φ = 79.1%. In addition, Figure 2.8(a)

plots experimental PSDs for silica ambigels and aerogel with porosity φ = 41,

42, 54, and 80% reported by Harreld et al. [8]. It indicates that the numerically

predicted PSDs were in good agreement with experimental measurements. Note

that the particle radius rs of the synthesized mesoporous silica was not reported

[8]. However, the measured specific surface area Ag,BET for the four silica ambigels

and aerogels considered was larger than Ag,PC(rs = 5 nm) predicted by Equation

(2.7), indicating that, experimentally, the silica nanoparticles were smaller than 5

nm.

Table 2.1 shows that the average pore diameter d̄p,PSD of computer-generated

structures ranged from 3.8 to 9.5 nm for porosity φ ranging from 39.6 to 79.1%.

These results were also in good agreement with experimental measurements for

silica ambigels and aerogels with porosity between 41 and 80% reported in Ref.

[44].
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Figure 2.8: (a) Normalized cumulative pore volume Vp,cu/Vp,tot and (b) differential
PSDs f(dp) of computer-generated surface-contact structures with monodisperse
particle radius rs = 2.5 nm and porosity ranging from 39.6 to 89.1% along with
experimental measurements from Ref. [8].

Average pore diameter

Figure 2.9 shows the average pore diameter d̄p, estimated by Equation (2.5), (a)

as a function of the particle radius rs for φ = 50 and 80%, and (b) as a function
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of porosity φ for rs = 2.5, 5, and 10 nm for computer-generated point-contact

and surface-contact structures consisting of monodisperse spheres. It also plots

predictions of d̄p,PC by Equation (2.19) and experimental data for silica aerogels

reported in the literature for silica aerogels with porosity φ around 80% [5–7].

First, Figure 2.9 indicates that both d̄p,PC and d̄p,SC (i) increased linearly with

increasing particle radius rs and (ii) increased sharply with increasing porosity φ.

It also shows that the average pore diameter of surface-contact structures d̄p,SC

was slightly larger than predictions of d̄p,PC for point-contact structures [Equation

(2.19)]. The difference between d̄p,PC and d̄p,SC increased with decreasing porosity

φ due to the larger associated particle overlapping.

Moreover, Figure 2.9(a) shows that the average pore diameters reported in

the literature [5–7] were in good agreement with (i) numerical simulations and (ii)

predictions of d̄p,PC by Equation (2.19). Moreover, Figure 2.9(b) plots the average

pore diameter d̄p reported for sintered silica aerogels with different porosities [7].

It indicates that the sharp increase in d̄p with increasing porosity φ was also

observed experimentally for sintered silica aerogels.

Finally, Figure 2.9(b) plots the average diameter d̄p,PSD obtained from the dif-

ferential PSDs [Equation (2.18)] of surface-contact structures consisting of monodis-

perse nanoparticles. It shows that the average diameter d̄p,PSD was in good agree-

ment with the average pore diameter of surface-contact structures d̄p,SC computed

using Equation (2.5) for porosity φ ranging from 39.6 to 79.1%.

2.3.3 Effect of particle polydispersity

Figure 2.10 shows the specific surface area of surface-contact structures Ag,SC

consisting of polydisperse particles following a Gaussian distribution with three

values of mean radius r̄s = 2.5, 5, and 10 nm and three values of standard deviation

s = 0 (monodisperse), rs/5, and rs/2.5. It indicates that the specific surface area
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Figure 2.9: Computed average pore diameter d̄p (in nm) [Equations (2.5) and
(2.18)] of point-contact and surface-contact mesoporous structures consisting of
monodisperse spheres of radius rs as a function of (a) particle radius rs between
2.5 and 40 nm for φ = 50 or 80% and (b) porosity φ for rs = 2.5, 5, and 10 nm.
Predictions of d̄p,PC [Equation (2.19)] are also shown, as well as experimental data
from Refs. [5–7].

of surface-contact structures consisting of polydisperse particles was lower than

that of monodisperse particles with the same mean radius. In addition, for a given

mean radius r̄s, larger standard deviation s resulted in smaller specific surface area.

Note, however, that a smaller fraction of particles overlapped in structures with

44



polydisperse particles (75-95%) than in structures with monodisperse particles

(99%). Finally, polydispersity of the constitutive particles resulted also in lower

interfacial area concentration Ai [Equation (2.7)] and larger average pore diameter

d̄p [Equation (2.5)] for both point-contact and surface-contact structures.
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Figure 2.10: Specific surface area Ag,SC as a function of porosity φ for surface-
contact structures of polydisperse nanoparticles of mean radius r̄s and standard
deviation s. Results for the specific surface area of surface-contact structures with
monodisperse particles are also shown for reference.

2.4 Conclusion

This study aimed to numerically generate mesoporous structures and assess the

effects of porosity, particle radius, polydispersity, and overlapping on the struc-

tural characteristics of mesoporous materials. Point-contact and surface-contact

structures with either monodisperse or polydisperse particles were generated nu-

merically using the DLCCA method. Porosity was varied from 35 to 95% and

particle radius from 2.5 to 40 nm. The computer-generated mesoporous materials

were characterized numerically in terms of specific surface area, average pore di-
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ameter, and pore size distribution in complete analogy with experimental charac-

terization. In particular, a new algorithm, inspired by gas adsorption porosimetry,

was developed to compute the specific surface area and pore size distribution of

computer-generated structures. The specific surface area for point-contact struc-

tures corresponded to the maximum specific surface area of mesoporous material

for a given primary particle radius. For given porosity and particle radius, particles

overlapping and/or polydispersity reduced the specific surface area and interfa-

cial concentration but increased the average pore diameter. Finally, the structural

properties of the computer-generated structures agree well with those reported for

silica aerogel and ambigel. The computational tools and methods can be used in

the discovery and optimization of mesoporous materials (e.g., silica, carbon [92],

or alumina [93], or ceria [94]) and to relate their nanoscale architecture to their

mechanical, optical, and thermal properties.
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CHAPTER 3

Revisiting Independent versus Dependent Scattering Regimes in

Suspensions and Aggregates of Spherical Particles

This chapter investigates the parameters governing the scattering cross-section

and asymmetry factor of systems consisting of non-absorbing spherical particles

and the conditions under which dependent and independent scattering regimes

prevail for each radiation characteristic. The dimensionless parameters governing

the scattering cross-section and asymmetry factor of non-absorbing bispheres,

disordered and ordered suspensions and aggregates with up to 8 particles were

found to be the particle size parameter χs, the relative index of refraction m,

the interparticle distance-to-wavelength ratio d∗, and the number of particles.

Dependent effects were observed in aggregates with particles of all sizes and were

strongly affected by the relative index of refraction in particle systems with χs

≥ 2 due to large phase shifts across the particles. Moreover, new criteria for

the transition between the dependent and independent scattering regimes for the

scattering cross-section and the asymmetry factor were derived. For the scattering

cross-section of structures with a narrow interparticle distance distribution, the

independent scattering regime prevailed when the average interparticle distance-

to-wavelength ratio d̄∗ exceeded (i) 2 for particles with χs ≤ 2 and (ii) 5 for

particles with χs > 2. For the asymmetry factor, the transition from the dependent

to the independent regimes for particles with χs ≤ 2 was achieved for d̄∗ as high

as 25. These transition criteria could be extended to particle systems with a

broad interparticle distance distribution when based on the minimum interparticle

distance-to-wavelength ratio d∗min. Finally, the relative index of refraction m did

not affect these transition criteria.
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3.1 Background

3.1.1 Light scattering by particle suspensions and aggregates

Light scattering characteristics of a suspension or aggregate of spherical parti-

cles have been reported to depend not only on the particle (i) size parameter

χs and (ii) relative complex index of refraction m but also on (iii) the particle

volume fraction fv of the suspension or aggregate [12, 13, 15, 17], (iv) the average

clearance-to-wavelength ratio c̄∗ = c̄/λ where c̄ is the average surface-to-surface

distance (or clearance distance) between adjacent particles [Figure 3.2(a)] [13,15],

(v) the average interparticle distance-to-wavelength ratio d̄∗ = d̄/λ where the

average interparticle distance d̄ is expressed as d̄ = c̄+2rs [17, 95], (vi) the aver-

age clearance-to-radius ratio c̄/rs [14, 15], and/or (vii) the average interparticle

distance-to-radius ratio d̄/rs [12, 16]. The particle volume fraction fv can be cal-

culated as the ratio of the volume Vs occupied by the particles to the total volume

Vtot of the suspension. For systems with monodisperse particles of radius rs, fv

can be expressed as

fv =
Vs
Vtot

with Vs = 4πr3
sNs/3 (3.1)

where Ns is the total number of particles in the total volume Vtot of the suspension.

When the particle volume fraction fv is sufficiently low, particles are far from

each other and the scattering characteristics of a particle are said to be “unaf-

fected” by the presence of the surrounding particles corresponding to the indepen-

dent scattering regime [15,55]. For example, in the independent scattering regime,

the effective scattering cross-section Cs
sca of the suspensions can be expressed as

the sum of the scattering cross-sections Csca(χs,i,mi, rs,i) of individual particles,

i.e., [55]

Cs
sca =

Ns∑
i=1

Csca(χs,i,mi, rs,i). (3.2)
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Here, the index “i” corresponds to the particle of radius rs,i with size parame-

ter χs,i = 2πrs,i/λ and relative complex index of refraction mi. Similarly, the

asymmetry factor gs of the suspension can be expressed as [59,96]

gs =

Ns∑
i=1

Csca(χs,i,mi, rs,i)g(χs,i,mi)

Ns∑
i=1

Csca(χs,i,mi, rs,i)

(3.3)

where g(χs,i,mi) is the asymmetry factor of the ith particle. Note that for sus-

pensions of identical monodisperse particles with size parameter χs and relative

complex index of refraction m, Equations (3.2) and (3.3) simplify to Cs
sca = Ns

Csca(χs,m,rs) and gs = g(χs,m), respectively.

When particles are in close proximity, light scattering is affected by (i) near-

field interactions and (ii) far-field interferences [16,59,97]. Near-field interactions

originate from multiple scattering corresponding to the situation when the near-

field scattered wave from one particle is incident on another particle leading,

in turn, to interferences [16, 59, 97]. Far-field interferences refer to interferences

between far-field-scattered waves from neighboring particles [16,59,97]. These two

phenomena play an important role in the dependent scattering regime such that

Equations (3.2) and (3.3) are no longer valid [55].

Previously, experiments or analytical derivations have been used to establish

the range of validity of the independent scattering approximation. More recently,

numerical algorithms solving Maxwell’s equations in complex particulate media

have been developed including the discrete dipole approximation (DDA) [98] and

the superposition T-matrix method [99, 100]. They have notably been used to

analyze the range of applicability of the independent scattering approximation for

radiative characteristics such as integral properties, scattering phase function, or

scattering matrix elements [20].
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3.1.2 Independent versus dependent scattering

Previous studies have investigated the independent and dependent scattering

regimes in monodisperse bispheres [12, 14, 16, 59, 95], suspensions of spherical

particles [13, 15, 17], or aggregates [13–15, 101, 102] based on experimental mea-

surements [13, 15], analytical derivations [15, 59, 95], or computer simulations

[12, 14, 16, 17, 101, 102]. In general, the independent scattering regime was con-

sidered to be reached when the radiation characteristic investigated (e.g., Cs
sca

or gs) of the particle system fell within 5% of the independent scattering regime

predictions [Equations (3.2) and (3.3)]. Note that this criterion was arbitrary and

represents a good compromise between the experimental and numerical uncertain-

ties and the need to obtain a reasonable yet conservative criteria for the transition

between the two regimes.

Tien and Drolen [15] reviewed experimental studies considering the scattering

efficiency factor, scattering cross-section, or scattering coefficient of suspensions of

latex particles in water or air [58,103–107] and of various pigment suspensions in

water [108] with 0.05 ≤ χs ≤ 400 and 10−6 ≤ fv ≤ 0.74. The review also included

two analytical studies [97,109]. The different experimental studies established the

transition between the independent and dependent scattering regimes correspond-

ing to c̄/rs ranging between 0.8 and 1.4 and c̄∗ around 0.3-0.5 depending of the

suspensions considered. The authors also presented a scattering regime map in the

diagram plotting the particle size parameter χs versus particle volume fraction fv

based on the work of Yamada et al. [107] for monodisperse latex particles in water

or air (m = 1.2 or 1.6) with 0.2 ≤ χs ≤ 90 and 10−3 ≤ fv ≤ 0.74. For χs ≤ 0.388,

the critical particle volume fraction corresponding to the independent/dependent

scattering transition was fv,cr = 0.006 [15]. On the other hand, for χs > 0.388 and

fv > 0.006, the transition from independent to dependent scattering was given by
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a critical average clearance-to-wavelength ratio of [15]

c̄∗cr = 0.5. (3.4)

The corresponding critical particle volume fraction fv,cr was calculated by assum-

ing a rhombohedral packing of monodisperse particles and expressed as [15]

fv,cr =

(
0.9047

π/2χs + 1

)3

. (3.5)

Kaviany and Singh [13] modified the average clearance distance c̄ proposed

by Tien and Drolen [15] by c̄+0.2rs where the distance 0.2rs was added in an ad

hoc manner to correct for the close-pack separation distance in a rhombohedral

packing when the most compact arrangement is obtained (i.e., fv = 0.74) to

yield [13]

c̄∗cr = 0.5− 0.1χs/π resulting in fv,cr =

(
0.9047

π/2χs + 0.9

)3

. (3.6)

This correction was negligible for systems with particle volume fraction fv <

0.3 but resulted in a significant difference between Equations (3.5) and (3.6) for

particle volume fraction fv > 0.5 [13]. Equation (3.6) was shown to predict exper-

imental data for monodisperse latex spheres in water and air [107] more closely

than Equations (3.4) and (3.5). Although these studies [13,15] considered experi-

mental data covering a wide range of particle size parameters 0.2 ≤ χs ≤ 90, they

considered non-absorbing monodisperse particles with relative index of refraction

m of either 1.2 (latex particles in water) or 1.6 (latex particles in air). Note that

Tien and Drolen [15] did not consider the scattering phase function or asymmetry

factor of the suspensions.

Olaofe [95] derived an analytical expression for the scattering cross-section

of bispheres by integrating the scattered field intensity obtained from solving
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Maxwell’s equations. In particular, the author presented the ratio of some scat-

tering efficiency factors of non-absorbing monodisperse bispheres defined as Qb
sca

= Cb
sca/πr

2
s to that of a single sphere QM

sca predicted by Lorenz-Mie theory. Here,

Cb
sca was the scattering cross-section of the bisphere at a fixed orientation, the

particle size parameter χs was 0.5 or 1, and m ranged from 1.05 to 1.50. The ra-

tio Qb
sca/Q

M
sca was plotted as a function of the ratio d∗ between 1/2π and 15/π. As

the separation distance between the spheres increased, the oscillation amplitude

decreased and Qb
sca/Q

M
sca tended asymptotically towards 2 corresponding to the

independent scattering regime when Qb
sca = 2QM

sca [95]. Moreover, the oscillation

pattern of the ratio Qb
sca/Q

M
sca was shown to vary with changes in the bisphere

orientation. Finally, Olaofe [95] concluded that the relative index of refraction

m = ns/nm did not affect the efficiency factor ratio Qb
sca/Q

M
sca when all other

parameters were kept constant.

Videen et al. [59] developed a general expression for the orientation-averaged

asymmetry factor of monodisperse bispheres using an extension of Lorenz-Mie

theory. The expression consisted of one term accounting for far-field interferences

and another accounting for near-field interactions. The bispheres consisted of two

absorbing monodisperse carbon spheres with χs = 0.628 or 3.14 and m = 1.75

+ i0.44. The authors showed that far-field interferences resulted in enhanced

forward scattering due to constructive interference in the forward direction. On

the other hand, near-field interactions resulted in enhanced backscattering “due to

constructive interference of rays reflecting off multiple interfaces” [59]. Lastly, they

showed that the asymmetry factor of bispheres tended towards the asymmetry

factor of a single sphere when the interparticle distance-to-wavelength ratio d∗

exceeded 2.

Quirantes et al. [12] used the T-matrix algorithm to predict the orientation-

averaged scattering cross-section ratio Cb
sca/2CM

sca of non-absorbing monodisperse

bispheres with particle size parameter χs varying from 0.1 to 20, interparticle
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distance-to-radius ratio d/rs varying from 2 to 20, and relative index of refraction

m = 1.2. The critical interparticle distance-to-radius ratio (d/rs)cr was estimated

for bispheres with different particle size parameter χs. The authors also hypothe-

sized that the critical criterion obtained for bispheres could be extended to particle

suspensions. Then, the critical particle volume fraction fv,cr beyond which depen-

dent scattering prevailed was such that [12]

fv,cr =
4

3
π
(rs
d

)3

. (3.7)

The authors showed that when χs < 5.5 the critical particle volume fraction fv,cr

decreased with decreasing χs. In particular, suspensions of monodisperse particles

such that χs < 1 fell in the independent scattering regime for fv,cr < 0.001. Note

that this criterion contradicts that proposed by Tien and Drolen [15] and such

that fv,cr = 0.006 for suspensions of particles with χs < 0.388.

Mishchenko et al. [16] studied the orientation-averaged phase function and

scattering matrix elements of monodisperse bispheres with χs = 5 and 15 and

m = 1.5 + i0.005 using the T-matrix algorithm. The authors showed that, in

both cases, the independent scattering regime was reached when the interparticle

distance d exceeded four times the particle radius rs, i.e., d/rs ≥ 4. In addition,

Mishchenko et al. [17] studied the independent and dependent scattering regimes

of 8 non-absorbing monodisperse spheres randomly distributed but in contact with

at least another sphere. The particle size parameter was χs = 4, the relative index

of refraction m was 1.32, and the particle volume fraction fv varied from 0.0014 to

0.296. The authors showed that the scattering cross-section ratio Cs
sca/8CM

sca and

forward-scattering phase function ratio Φs(Θ = 0)/8ΦM(Θ = 0) tended towards

1 when the average interparticle distance-to-wavelength ratio was such that 2πd̄∗

> 30 and fv < 0.01. Here, Φs(Θ = 0) and ΦM(Θ = 0) are the phase functions of

the particle suspension and of a single particle in the forward direction (Θ = 0◦),

53



respectively. Furthermore, the study showed that near-field interactions resulted

in enhanced backscattering, in agreement with Videen et al. [59]. Especially,

multiple scattering was shown to corroborate with “the interference nature of

coherent backscattering”.

Ivezić and Mengüç [14] used the discrete dipole approximation (DDA) method

to study a system of two monodisperse carbon spheres with m = 1.75 + i0.75

and 0.2 ≤ χs ≤ 1 under polarized incident radiation. Their study focused on

the scattering cross-section and phase function of bispheres at fixed orientations

and established that the independent scattering regime was reached for a critical

clearance-to-radius ratio given by [14]

(c/rs)cr = 2/χs. (3.8)

The authors also studied touching aligned spheres and ordered aggregates (e.g.,

tetrahedron, body centered cubes, etc.) with up to 12 monodisperse spheres.

Orientation-averaged results for agglomerates showed that when χs ≈ 2, the scat-

tering cross-section and phase function were within 10-20% of the independent

scattering regime predictions. Then, they concluded that “dependent effects never

disappear” for such systems due to the adjacency of the particles.

Ivezić et al. [101] also studied the effect of the relative index of refraction m

on the parameter (Cs
sca/C

M
sca)(C

M
abs/C

s
abs)(Φ

s/ΦM) of aggregates on the basis that

dependent effects on Cs
sca, C

s
abs, and Φs “are difficult to separate” [101]. Here,

Cs
abs is the absorption cross-section of the particle system. Results for compact

and linear aggregates with 7 monodisperse spheres with a particle size parameter

χs varying from 0.025 to 1.57 and for the scattering angles Θ = 45, 135, and 165◦

were presented. First, the particle index of refraction ns was taken as ns = 1.75

while the absorption index was ks = 0.01, 0.1, or 1. Second, the absorption index

was kept constant as ks = 0.75 and the index of refraction ns was taken as equal to
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1.5, 1.75, or 2.0. The authors concluded that the complex index of refraction had

a negligible effect on the parameter (Cs
sca/C

M
sca)(C

M
abs/C

s
abs)(Φ

s/ΦM). The study’s

conclusion suggests that the complex index of refraction m did not affect the

transition between the scattering regimes for particle suspensions.

Ma et al. [102] investigated densely packed disordered aggregates with Ns =

200 monodisperse particles with size parameter χs = 6.964 (corresponding to rs

= 500 nm and λ = 600 nm) embedded in a virtual spherical domain of radius

equal to 10rs in water (i.e., nm = 1.33). The index of refraction of the particles ns

varied from 1.4 to 3.0 and the absorption index ks from 0 to 1.0. The Mueller ma-

trix elements of the scattering system were computed using the T-matrix method.

The authors concluded that the transition between independent and dependent

scattering regimes depended not only on the clearance-to-wavelength ratio c∗ but

also on the complex index of refraction m. However, this conclusion was in con-

tradiction with those of Olaofe [95] and Ivezić et al. [101]. This disagreement

could be due to the fact that different particle systems with different particle size

parameter χs and relative index of refraction m were considered.

Table 3.1 summarizes the range of parameters explored in the different stud-

ies previously reviewed and the transition criteria proposed. First, most studies

considered a narrow range of particle size parameter χs and/or relative complex

index of refraction m. Second, major discrepancies appear in the choice of pa-

rameters governing the scattering cross-section and asymmetry factor as well as

the transition criteria between independent and dependent scattering regimes.

The present study aims to investigate scattering by non-absorbing bispheres,

particle suspensions, as well as aggregates with a wide range of particle size pa-

rameter (0.031 ≤ χs ≤ 8.05) and relative index of refraction (0.677 ≤ m ≤ 2.6).

This study focuses on integral radiative characteristics, namely the scattering

cross-section and asymmetry factor, because they are essential in solving the RTE

in applications concerned with unpolarized light such as those illustrated in Fig-
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ure 3.1. The goal of this study is (i) to determine unequivocally the parameters

controlling the scattering cross-section and asymmetry factor of bispheres, sus-

pensions, and aggregates of non-absorbing monodisperse spherical particles, (ii)

to assess the validity of the transition criteria between the independent and de-

pendent scattering regimes proposed in the literature (Table 3.1) and, if necessary,

propose an alternative criterion, and (iii) to determine whether transition crite-

ria for bispheres can be extrapolated to particle suspensions and aggregates, as

previously assumed in the literature [12].
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(a) (c)

(a) (b)

(c) (d)

1 μm

20 nm 1 μm 

Figure 3.1: Scanning electron microscopy images of (a) aerosol carbon particles
(reprinted with permission from Ref. [9], Copyright Taylor & Francis) and (b)
silica aerogel (reprinted with permission from Ref. [1], Copyright Springer Nature).
(c) Transmission electron image of nickel nanoparticle suspension (reprinted with
permission from Ref. [10], Copyright Elsevier) and (d) scanning electron image of
titania particles (reprinted with permission from Ref. [11], Copyright John Wiley
& Sons).
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3.2 Analysis

3.2.1 Computer-generated structures

The radiative characteristics of three types of non-absorbing particle arrangements

were investigated namely (i) bispheres, (ii) multiple disordered, monodisperse,

non-touching spherical particles representative of particle suspensions, and (iii)

multiple ordered monodisperse touching or non-touching spherical particles. Ra-

diative characteristics of bispheres were denoted by the superscript “b” and those

of disordered and ordered particle systems were denoted by the superscript “s”.

Figures 3.2(a)-3.2(c) illustrate the investigated bispheres and the disordered par-

ticle systems obtained by randomly generating 4 or 8 particles in a cubic domain

of size L and volume Vtot = L3. Figures 3.2(d)-3.2(g) display ordered particle

systems including tetrahedron and simple cubic structures with Ns = 4 or 8 when

the particles were touching [Figures 3.2(b) and 3.2(c)] and non-touching [Figures

3.2(d) and 3.2(e)]. For any given arrangement, all spherical particles had a radius

rs ranging from 2.5 nm to 50 nm while wavelength λ was varied so that the par-

ticle size parameter χs ranged from 0.031 to 8.05. In addition, the non-absorbing

particle relative index of refraction m varied from 0.667 to 2.6. To investigate

both dependent and independent scattering regimes, the size of the cubic domain

or lattice was progressively increased resulting in increasing interparticle distances

d. For bispheres, the interparticle distance d ranged from 5 nm to 30 µm. In the

case of disordered and ordered particle systems, the average interparticle distance

d̄ ranged from 25 nm to 1.4 µm.

3.2.2 Scattering characteristics

The discrete-dipole approximation (DDA) algorithm developed by Draine and

Flatau [98] was used to compute the scattering cross-section Csca and asymmetry

factor g of the different particle systems considered. First, Nd cubic dipoles of
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(b)

(d)

(f)

(c)

(e)

(g)

(a)

𝑐

𝑟𝑠

𝑑 = 𝑐 + 2𝑟𝑠

𝐿𝐿

𝐿

Figure 3.2: Schematics of (a) bisphere, (b)-(c) disordered particle suspensions with
Ns = 4 and Ns = 8, (d) tetrahedron and (e) simple cubic structure with touching
particles, and (f) tetrahedron and (g) simple cubic structure with distant particles.
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side ∆d were generated inside the Ns particles. The dipoles were such that their

size ∆d was small compared to the particle radius rs and wavelength λ to achieve

numerically converged results independent of the choice of discretization [110].

The input parameters of the DDA method included (i) the position of the Nd

cubic dipoles, (ii) the wavelength λ, (iii) the particle relative index of refraction

m with respect to the surrounding, and (iv) the equivalent radius req defined as the

radius of a sphere with the same volume Vs as the particle system and expressed

as [110]

req =

(
3Vs
4π

)1/3

. (3.9)

Substituting Equation (3.1) into Equation (3.9) simplifies the equivalent radius as

req = Ns
1/3rs. The scattering cross-section Csca (in nm2) of systems consisting of

Ns monodisperse particles was expressed as a function of the computed scattering

efficiency factor Qsca according to [110]

Csca = πr2
eqQsca. (3.10)

The scattering cross-section Csca and asymmetry factor g were averaged over at

least 33 orientations for bispheres and simple cubic structures and over at least

115 orientations for tetrahedrons and disordered particle systems to ensure ac-

curate orientation-averaging. Similarly, the number of scattering directions was

set greater than 1000 so that the asymmetry factor g can be properly estimated

[Equation (1.2)]. Finally, the DDA method was validated against predictions by

Lorenz-Mie theory for single spheres with particle size parameter χs and relative

index of refraction m in the same range as that of the particle systems investi-

gated. In all cases, predictions of Csca and g by the DDA method fell within 3% of

those by Lorenz-Mie theory (see Figure B.1 and B.2 in Supporting Information).

In fact, the average error between the two methods was 0.89% for the scattering

cross-section and 0.85% for the asymmetry factor for all cases considered in the
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validation.

3.3 Results and discussion

3.3.1 Bispheres

Governing dimensionless parameters

Figure 3.3 plots (left) the scattering cross-section Cb
sca of bispheres as a func-

tion of the interparticle distance d and (right) the scattering cross-section ratio

Cb
sca/2CM

sca as a function of the interparticle distance-to-wavelength ratio d∗ =

d/λ for bispheres with m = 1.5 and (a) χs = 0.031, (b) χs = 0.063, and (c) χs

= 0.126. Each size parameter χs was represented by three cases corresponding to

different values of particle radius rs and wavelength λ. Figure 3.3 indicates that

the scattering cross-section Cb
sca plotted as a function of d differed significantly

among cases with the same particle size parameter χs but different particle radius

rs and wavelength λ. By contrast, the scattering cross-section ratio Cb
sca/2CM

sca

plotted as a function of the interparticle distance-to-wavelength ratio d∗ collapsed

on a single line for any given particle size parameter χs. Similar results were ob-

tained for different values of m including 1.2 and 2 (see Figure B.3 in Supporting

Information). These results establish that the ratio Cb
sca/2CM

sca was a function of

only χs, m, and d∗, i.e., Cb
sca(χs,m,d∗,rs) = 2f b(χs,m,d∗)CM

sca(χs,m,rs) where f b is

a function to be determined. Note that the parameters c∗, c/rs, and d/rs can be

expressed in terms of both the interparticle distance-to-wavelength ratio d∗ and

particle size parameter χs such that

c∗ = d∗ − χs/π, c/rs =
2π

χs
d∗ − 2, and d/rs =

2πd∗

χs
. (3.11)

Therefore, Cb
sca(χs,m,d∗,rs) could also be expressed in terms of c∗, c/rs, or d/rs

instead of d∗. However, plotting Cb
sca/2CM

sca versus c∗, c/rs, or d/rs for the three
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particle size parameter χs = 0.031, 0.063, and 0.126 did not result in the collapse

of the data on a single line such as that observed when plotting versus d∗ (Figure

B.4 in Supporting Information). Therefore, χs, m, and d∗ are the independent

parameters determining the scattering cross-section ratio Cb
sca/2C

M
sca of bispheres.

Moreover, Figure 3.3 shows that when the two spheres were touching (i.e., d =

2rs and d∗ = χs/π) the bisphere scattering cross-section was 4 times that of a single

sphere, i.e., Cb
sca = 4CM

sca, for the values of χs considered. Similar observations were

also reported in Refs. [12,16]. This observation can be explained by the so-called

equivalent volume model consisting of approximating the scattering cross-section

of a particle aggregate as that of an equivalent sphere with the same volume Vs and

an equivalent radius req = Ns
1/3rs [55]. In fact, since the scattering cross-section

of particles in the Rayleigh regime is proportional to the square of the volume Vs

[Equation (1.1)], expressing the scattering cross-section CR
sca of an aggregate using

Equation (1.1) with Vs = (4π/3)r3
eq results in

CR
sca = N2

sC
M
sca. (3.12)

In other words, for touching bispheres Cb,R
sca = 4CM

sca. This also indicates that

the equivalent volume model was valid for aggregates with touching particles for

the size parameter χs considered. This was in agreement with previous studies

investigating the validity of the equivalent volume model for aggregates with small

particles [55].

Figure 3.3 also demonstrates that when the interparticle distance-to-wavelength

ratio d∗ exceeded 2, independent scattering prevailed since Cb
sca ' 2CM

sca. On the

other hand, when d∗ < 2, the ratio Cb
sca/2CM

sca oscillated and exceeded 1 for the

values of χs and m considered. This was due to dependent effects and notably

to interference effects. These results were in agreement with published numerical

simulations for bispheres with small size parameter [12,16].
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Figure 3.3: (left) Scattering cross-section Cb
sca as a function of the interparticle

distance d and (right) corresponding scattering cross-section ratio Cb
sca/2CM

sca as
a function of the interparticle distance-to-wavelength ratio d∗ of bispheres for (a)
χs = 0.031, (b) χs = 0.063, and (c) χs = 0.126 and m = 1.5.
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Figure 3.4 shows (left) the asymmetry factor gb as a function of the interparticle

distance d and (right) the asymmetry factor gb as a function of the interparticle

distance-to-wavelength ratio d∗ for bispheres with m = 1.5 and (a) χs = 0.031,

(b) χs = 0.063, and (c) χs = 0.126. The different cases corresponded to those

shown in Figure 3.3 for Cb
sca. Figure 3.4 indicates that the asymmetry factor gb

of bispheres with the same particle size parameter χs but different radius rs and

wavelength λ differed when plotted as a function of d. However, the different

plots of gb for a given value of χs overlapped when plotted as functions of d∗.

In other words, the asymmetry factor gb could also be expressed as a function

of χs, m, and d∗, i.e., gb = gb(χs,m,d∗), as previously established for Cb
sca/2CM

sca.

The same conclusions were reached for m = 1.2 and 2 (Figure B.5 in Supporting

Information). Moreover, the parameters χs, m, and d∗ were also shown to be the

independent parameters controlling the asymmetry factor of bispheres (Figure

B.6 in Supporting Information). Finally, it is interesting to note that the bisphere

asymmetry factor gb converged towards that of a single sphere gM but for d∗ ≥

25 instead of d∗ ≥ 2 as observed for Cb
sca (Figure 3.3).

Bisphere scattering cross-section Cb
sca

Figure 3.5 presents the scattering cross-section ratio Cb
sca/2CM

sca as a function of

the interparticle distance-to-wavelength ratio d∗ of bispheres with m = 1.5 and

(a) χs ≤ 2 and (b) χs > 2. Figure 3.5(a) indicates that for χs ≤ 2 and d∗ <

2, dependent effects due to interactions and interferences between the two parti-

cles resulted in the scattering cross-section of the bisphere exceeding that of two

individual spheres, i.e., Cb
sca > 2CM

sca, as previously observed in Figure 3.3. Fur-

thermore, the oscillations in Cb
sca/2CM

sca, observed for χs ≤ 2 and d∗ < 2, reached

their maxima and minima for the same values of d∗ for all particle size param-

eter χs considered. This suggests that the interparticle distance-to-wavelength

ratio d∗ determined if interferences between waves scattered by each sphere were
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Figure 3.4: (left) Asymmetry factor gb of bispheres as a function of the interpar-
ticle distance d and (right) asymmetry factor gb as a function of the interparticle
distance-to-wavelength ratio d∗ of bispheres for (a) χs = 0.031, (b) χs = 0.063,
and (c) χs = 0.126 and m = 1.5.
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constructive or destructive. This also further confirms that χs, m, and d∗ are

the independent parameters determining the effect of dependent scattering on the

scattering cross-section of bispheres. Interestingly, the subsequent maxima and

minima were spaced by the same interparticle distance-to-wavelength ratio d∗ of

approximately 1/2. This observation was also made by Videen et al. [59] regard-

ing the subsequent maxima of the interference term of the asymmetry factor. By

contrast, Figure 3.5(b) shows that for large bispheres with χs > 2, the scattering

cross-section ratio Cb
sca/2CM

sca did not feature any oscillation. Moreover, dependent

effects caused the scattering cross-section Cb
sca of the bisphere to be smaller than

the scattering cross-section of two individual spheres, i.e., Cb
sca < 2CM

sca. These

observations were consistent with those made in previous studies [12,16].

Finally, Figure 3.5 establishes that the independent scattering regime for bi-

spheres prevailed, i.e., Cb
sca = 2CM

sca when d∗ exceeded a critical value d∗cr such that

(a) d∗cr = 2 for χs ≤ 2 and m = 1.5 and (b) d∗cr = 5 for 2 < χs ≤ 8.05 and m =

1.5.

Critical interparticle distance-to-radius ratio (d/rs)cr

In some studies, the ratio d/rs was preferred over d∗ = d/λ to identify the transi-

tion between dependent and independent scattering regimes [12,16]. As indicated

in Equation (3.11), the critical interparticle distance-to-radius ratio (d/rs)cr can

be expressed as a function of the critical interparticle distance-to-wavelength ra-

tio d∗cr. In order to facilitate the comparison of the different studies summarized

in Table 3.1, Figure 3.6 displays the critical interparticle distance-to-radius ratio

(d/rs)cr for bispheres or suspensions as a function of particle size parameter χs

reported in previous studies [12–17] for different particle relative index of refrac-

tion m. Note that when particle suspensions were investigated, the parameter

considered was in fact the critical average interparticle distance-to-radius ratio
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Figure 3.5: Scattering cross-section ratio Cb
sca/2CM

sca as a function of the interpar-
ticle distance-to-wavelength ratio d∗ for bispheres with m = 1.5 and (a) χs ≤ 2
and (b) χs > 2.

68



(d̄/rs)cr [13,15,17]. In the present study, m = 1.5 and d∗cr, used in the calculation

of (d/rs)cr, was determined from data shown in Figure 3.5 when the scattering

cross-section of bispheres fell within 5% of predictions by Lorenz-Mie theory, i.e.,

when |1 - Cb
sca/2CM

sca | ≤ 0.05. First, Figure 3.6 indicates that the different mod-

els [13–15] and numerical results [12, 16, 17] predicting the transition between

the dependent and independent scattering regimes differed significantly from one

another and from results obtained in the present study. However, Figure 3.6 in-

dicates that the numerical predictions for (d/rs)cr reported in Ref. [12] for m =

1.2 were in qualitative agreement with those of the present study for m = 1.5.

Finally, Figure 3.6 indicates that the transition criteria d∗cr = 2 for χs ≤ 2 and

d∗cr = 5 for χs > 2 from dependent to independent scattering regimes encompass

all the criteria previously reported. In practice, the critical interparticle distance

dcr to ensure the independent scattering regime was such that dcr ≥ 6.5rs for χs

≥ 2. However, for χs < 0.2, independent scattering prevailed for interparticle

distance d hundreds of time larger than the particle radius rs, i.e., dcr ≥ 100rs.

Bisphere asymmetry factor gb

Figure 3.7 plots the ratio gb/gM of the asymmetry factor gb for bispheres to

that predicted by Lorenz-Mie theory gM for a single particle as a function of

the interparticle distance-to-wavelength ratio d∗ for spheres with m = 1.5 and

(a) χs < 2 and (b) χs ≥ 2. First, Figure 3.7 indicates that for particle size

parameter χs ≤ 2, the asymmetry factor ratio gb/gM vs. d∗ featured oscillations

whose magnitude tended to decrease with increasing χs. In fact, these oscillations

disappeared for χs ≥ 2 [Figure 3.7(b)], as also observed in Cb
sca/2CM

sca vs. d∗

[Figure 3.5(b)]. Furthermore, for χs < 2 the oscillations reached their maxima

and minima for the same values of d∗ as observed for Cb
sca/2CM

sca [Figure 3.5(a)].

Moreover, gb/gM reached a global maximum around d∗ = 1/4 and the subsequent
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maxima and minima occured at intervals of approximately 1/2, in agreement with

observations made by Videen et al. [59]. The global maximum was attributed to

destructive interferences of the scattered radiation by individual particles.

Finally, Figure 3.7 indicates that gb/gM converged towards unity (i.e., gb =

gM) as d∗ increased beyond a critical interparticle distance-to-wavelength ratio

d∗cr when independent scattering regime prevailed. For small particles such that

χs < 2, the smaller the particles, the larger the critical interparticle distance-to-

wavelength ratio d∗cr. For example, the critical interparticle distance-to-wavelength

ratio d∗cr was 2 for χs ≥ 0.628 but reached 25 for χs = 0.126. On the other hand,

for large particles such that χs ≥ 2, independent scattering for gb prevailed for d∗

≥ 5, as obtained also for Cb
sca.

Overall, this study showed that the particle size parameter χs and interparticle

distance-to-wavelength ratio d∗ are the dimensionless parameters governing the

scattering cross-section and asymmetry factor of bispheres. The fact that χs is

one parameter controlling scattering of light is well-known for single-particles [56].

However, to the best of our knowledge, this has not been demonstrated for particle

systems. Similarly, the present study establishes unequivocally that d∗ is the

dimensionless distance parameter controlling interference effects. Note that all

the results discussed so far for Cb
sca and gb of bispheres were obtained for the

same value of relative particle index of refraction m = ns/nm = 1.5. Thus, it is

essential to consider different values of m to fully assess the validity of the above

conclusions.

3.3.2 Effect of the relative index of refraction m

Effect of m on the scattering cross-section Cb
sca

Figure 3.8 plots the scattering cross-section ratio Cb
sca/2CM

sca as a function of the

interparticle distance-to-wavelength ratio d∗ for bispheres with particle size param-
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Figure 3.7: Asymmetry factor ratio gb/gM as a function of the interparticle
distance-to-wavelength ratio d∗ for bispheres with m = 1.5 and (a) χs ≤ 2 and
(b) χs > 2.
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eter (a) χs = 0.063 or 0.628 and (b) χs = 2 or 4 and relative index of refraction

m varying between 0.667 and 2.6. It indicates that the scattering cross-section

ratio Cb
sca/2CM

sca of bispheres was independent of the relative index of refraction

m for very small particle size parameter such as χs = 0.063 as well as for χs =

0.628 with small index mismatch (m ≤ 1.2). This could be attributed to the fact

that for small size parameter χs (i) the phase shift β = 2χs|m− 1| was negligible

and (ii) scattering was isotropic (gM ' 0). Then, interference and interaction

effects were independent of m. These results establish that Cb
sca can be expressed

as Cb
sca = 2f b(d∗)CM

sca(χs,m,rs) for χs|m− 1| � 1 where f b(d∗) is a function to be

determined.

By contrast, the scattering cross-section ratio Cb
sca/2CM

sca of bispheres with χs

= 2 and 4 as well as χs = 0.628 and m ≥ 1.5 depended on the relative index of

refraction m. Here, the phase shift across the particles was significant (e.g., β =

2 for χs = 0.628 and m = 2.6) and interference effects were affected by changes in

m. Moreover, scattering of the particles was anisotropic and more sensitive to m.

Finally, Figure 3.8 establishes that, here also, and regardless of m, the inde-

pendent scattering regime, characterized by Cb
sca = 2CM

sca, prevailed when d∗ >

d∗cr with the critical interparticle distance-to-wavelength ratio d∗cr such that d∗cr

= 2 for χs ≤ 2 and d∗cr = 5 for χs > 2. However, note that these criteria are

conservative estimates. In fact, for bispheres with χs ≥ 2 and different relative

index of refraction m, the independent scattering regime was reached for different

values of d∗ smaller than d∗cr = 5.

Effect of m on the asymmetry factor gb

Figure 3.9 presents the asymmetry factor gb as a function of d∗ for bispheres with

(a) χs = 0.063 or 0.628 and (b) χs = 2 or 4 and particle relative index of refraction

m varying between 0.667 and 2.6. Here also, the asymmetry factor of bispheres
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Figure 3.8: Scattering cross-section ratio Cb
sca/2CM

sca as a function of the interpar-
ticle distance-to-wavelength ratio d∗ for bispheres with m varying between 0.667
and 2.6 and (a) χs = 0.063 and 0.628 and (b) χs = 2 and 4.
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with χs = 0.063 was not affected by the relative index of refraction m due to

negligible phase shift β across the particles, as previously discussed. However, as

observed for Cb
sca/2CM

sca, the asymmetry factor gb of bispheres with larger values

of χs varied with relative index of refraction m due to the non-negligible phase

shift β. In addition, Figures 3.9(c) and 3.9(d) plot the ratio gb/gM as a function

of d∗ for bispheres with the same particle size parameters and relative indices

of refraction presented in Figure 3.9(a) and 3.9(b), respectively. Figure 3.9(d)

establishes that for bispheres with χs ≥ 2 and any relative index of refraction m,

the transition from dependent to independent scattering occurred for d∗ ≥ d∗cr =

2. On the other hand, for χs < 2, d∗cr was larger than 2 for all relative index of

refraction m considered [Figure 3.9(c)].
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Overall, Figures 3.8 and 3.9 indicate that the effect of the relative index of

refraction m on dependent effects was negligible for systems with small particle

size parameter χs < 2, as observed by Olaofe [95] for bispheres and by Ivezić et

al. [101] for aggregates. However, the radiation characteristics of bispheres with

large particle size parameter χs ≥ 2 were affected by m. This was in agreement

with conclusions made by Ma et al. [102] for aggregates.

3.3.3 Particle suspensions and aggregates

Scattering cross-section Cs
sca

A similar analysis to that previously performed for bispheres was conducted

for a 4 particle tetrahedron to identify the parameters governing the scattering

characteristics of suspensions and aggregates. The scattering cross-section ratio

Cs
sca/NsC

M
sca and asymmetry factor gs of the tetrahedron were found to be also

functions of (i) the particle size parameter χs, (ii) the relative index of refraction

m, and (iii) the interparticle distance-to-wavelength ratio d∗ (Figures B.6 and B.7

in Supporting Information).

Figure B.9 in Supporting Information plots the scattering cross-section ratio

of bispheres, disordered, and ordered particle systems (Ns = 2, 4, or 8) as a func-

tion of the average interparticle distance-to-wavelength ratio d̄∗ with a relative

index of refraction m = 1.5. First, Figure B.9 indicates that the oscillations for

disordered particle suspensions with small particle size parameter χs were not as

well structured as those obtained for bispheres and ordered particle systems. This

was due to variations in the interparticle distance among pairs of particles. More-

over, Figure S9 shows that ordered particle systems with Ns = 4 and 8 featured

a critical average interparticle distance-to-wavelength ratio d̄∗cr = 2 beyond which

independent scattering prevailed for χs = 0.031, 0.126, and 0.628 and d̄∗cr = 5 for

χs = 3, as observed for bispheres. However, disordered particle systems featured
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transition from the dependent to the independent scattering regimes for higher

critical average interparticle distance-to-wavelength ratio. In fact, the criterion

d̄∗cr = 2 developed for bispheres with χs = 0.031, 0.126, and 0.628 did not ap-

ply to disordered particle systems with the same particle size parameter. This

was due to the fact that disordered particle systems had a broader interparticle

distance distribution and especially smaller minimum interparticle distances dmin

than ordered particle systems. These observations establish that bispheres were

not representative of actual disordered particle suspensions contradicting the hy-

pothesis made by Quirantes et al. [12]. Instead, results for bispheres provided the

lower limit for the critical distance dcr among pairs of particles required to reach

the independent scattering regime.

Figure 3.10 presents the scattering cross-section of bispheres, disordered, and

ordered particle systems (Ns = 2, 4, or 8) as a function of the minimum interparti-

cle distance-to-wavelength ratio d∗min = dmin/λ with a relative index of refraction

m = 1.5. Figure 3.10 shows that the criteria (i) d∗min,cr = 2 for χs ≤ 2 and (ii)

d∗min,cr = 5 for χs > 2 developed for bispheres could also be applied conservatively

to disordered and ordered particle systems with various interparticle distance dis-

tribution. Note that Figure 3.10 also indicates that ordered particle systems fell

under the independent scattering regime for slightly larger values of d∗min than

that observed for bispheres. This suggests that the total number of particles Ns

affected slightly dependent scattering effects.

Figures S9 and 3.10 establish that for small particle size parameter χs = 0.031,

0.126, and 0.628, (i) dependent effects resulted in Cs
sca ≥ NsC

M
sca and (ii) the

scattering cross-section ratio Cs
sca/NsC

M
sca increased with increasing number of

particles Ns, as predicted by Equation (3.12). These observations were due to the

fact that scattering by small particles was isotropic leading to increased multiple

scattering with increasing Ns. It is also interesting to note that for simple cubic

systems (Ns = 8) with small touching spheres such that χs = 0.031 and 0.126,
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Figure 3.10: Scattering cross-section ratio as a function of the minimum inter-
particle distance-to-wavelength ratio d∗min for bisphere (Ns = 2), ordered, and
disordered particle suspensions or aggregates with Ns = 4 or 8 for m = 1.5 and
(a) χs = 0.031, (b) χs = 0.126, (c) χs = 0.628, and (d) χs = 3.
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Cs
sca = 64CM

sca, as predicted by the volume equivalent model [Equation (3.12)].

Finally, note that the critical particle volume fraction fv,cr = 0.006 proposed

by Tien and Drolen [15] and below which independent scattering prevailed for χs

< 0.388 was found to be inadequate for both the disordered and ordered parti-

cle systems simulated in the present study. Indeed, for χs = 0.031 and 0.126,

the independent scattering regime prevailed for much lower volume fractions (see

Figure S10 of Supporting Information).

Asymmetry factor gs

Figure B.11 in Supporting Information presents the asymmetry factor gb and gs

of bispheres, disordered, and ordered particle systems as functions of the average

interparticle distance-to-wavelength ratio d̄∗. First, Figures B.11(a)-B.11(c) show

that the asymmetry factor increased with increasing particle number Ns and that

oscillations were present for disordered and ordered particle systems for χs =

0.031, 0.126, and 0.628. Moreover, Figures B.11(b)-B.11(d) indicate that the

asymmetry factor of ordered particle systems with χs ≥ 0.1 and Ns = 4 or 8

tended towards those of bispheres (Ns = 2) for d̄∗ ≥ 2, unlike that of disordered

particle systems. This was due to the broader interparticle distance distribution

of disordered systems, as mentioned previously.

Figure 3.11 presents the asymmetry factor gb and gs of bispheres, disordered,

and ordered particle systems as functions of the minimum interparticle distance-

to-wavelength ratio d∗min for the same cases considered in Figure 3.10. Figure

3.11 shows that the asymmetry factor of disordered and ordered particle systems

with χs ≥ 0.1 converged towards that of bispheres for d∗min ≥ 2. Therefore,

Figure 3.11 suggests that particle suspensions with χs = 0.628 and 3 reached

the independent scattering regime for the same critical minimum interparticle

distance-to-wavelength ratio as bispheres, i.e., when d∗min ≥ d∗min,cr ' 5. On the
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other hand, for χs = 0.031, Figure 3.11 indicates that the independent scattering

regime was reached for d∗min ≥ d∗min,cr > 5.
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Figure 3.11: Asymmetry factor as a function of the minimum interparticle
distance-to-wavelength ratio d∗min for bisphere (Ns = 2), ordered, and disordered
particle systems with Ns = 4 or 8 with m = 1.5 and (a) χs = 0.031, (b) χs =
0.126, (c) χs = 0.628, and (d) χs = 3.

3.4 Conclusion

This study determined (1) the parameters governing the scattering cross-section

and asymmetry factor of bispheres, disordered and ordered particle suspensions,

and aggregates of non-absorbing spherical particles and (2) the conditions un-

der which dependent and independent scattering regimes prevail for each radia-

tion characteristic. A wide range of parameters was investigated using the DDA

method including (i) particle size parameter χs varying from 0.031 to 8.05, (ii)
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relative index of refraction m ranging from 0.667 to 2.6, and (iii) average inter-

particle distance-to-wavelength ratio d̄∗ varying between χs/π (touching particles)

and 30. The scattering cross-section ratio Csca/NsC
M
sca and asymmetry factor g

were shown to be functions exclusively of the number of particles Ns, their size

parameter χs, their relative index of refraction m, and the interparticle distance-

to-wavelength ratio d∗. Additionally, the transition between independent and

dependent scattering regimes was shown to be different for the scattering cross-

section and the asymmetry factor. For all cases considered, the criteria d̄∗ ≥ 2

for χs ≤ 2 and d̄∗ ≥ 5 for χs > 2 were shown to ensure conservatively that the

independent scattering approximation was valid for the scattering cross-section of

structures featuring interparticle distances with relatively small standard devia-

tion and for all values of m considered. Similarly, the critical average interparticle

distance-to-wavelength ratio d̄∗cr associated with the asymmetry factor (i) reached

values as high as 25 for χs < 2 and (ii) was equal to d̄∗cr = 5 for χs ≥ 2. Finally,

this study demonstrated that results obtained for bispheres could be extended to

the disordered particle systems considered provided the transition criteria were

based on the minimum interparticle distance-to-wavelength ratio d∗min instead of

on the average interparticle distance-to-wavelength ratio d̄∗.
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CHAPTER 4

Scattering Characteristic Approximations for Non-Absorbing

Aggregates

This chapter demonstrates that the integral scattering characteristics of non-

absorbing aggregates consisting of spherical particles with size parameter less than

1 can be rapidly estimated as those of homogeneous spheres with the same volume

and effective refractive index. The so-called equivalent effective property (EEP)

approximation predicted the scattering cross-section and asymmetry factor when

dependent scattering prevailed. Dependent scattering effects were shown to in-

crease with decreasing particle size parameter xs. The results also established

that overlapping of particles had a negligible effect on the scattering cross-section

and asymmetry factor of non-absorbing aggregates.

4.1 Background

4.1.1 Scattering regimes map

Figure 4.1 illustrates the scattering regime map plotting the particle size param-

eter xs versus the average interparticle distance-to-wavelength ratio d̄/λ [111].

The transition from dependent to independent scattering regimes corresponds to

a relative difference in the predicted scattering cross-section exceeding 5%. The

transition occurs for an average interparticle distance-to-wavelength ratio d̄/λ = 2

for xs ≤ 2 and d̄/λ = 5 for xs > 2. Note that for the aggregate asymmetry factor,

the transition from the dependent to the independent scattering regimes for parti-

cles with xs > 2 was also achieved for d̄/λ = 5. However, for xs ≤ 2 the transition

was achieved for d̄/λ as high as 25 [111]. The effect of the relative refractive index
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m was shown to be negligible when varied between 0.67 and 2.6 [111]. Figure

4.1 also maps xs and d̄/λ of typical particle systems consisting of non-absorbing

aggregates, as those previously mentioned. It indicates that dependent scattering

of light can prevail for various particle systems such as mesoporous materials or

atmospheric aerosols.
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Figure 4.1: Scattering regime map for the scattering cross-section plotting zones
of typical particle systems with respect to their particle size parameter xs and
average interparticle distance-to-wavelength ratio between constituent particles.

4.1.2 Scattering approximations

There exists numerous approximations predicting the scattering cross-section Ca
sca

and asymmetry factor ga of fractal aggregates consisting of monodisperse particles.
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All approximations require knowing (i) the particle size parameter xs, (ii) the

particle relative complex refractive index m = (ns + iks)/nm, and (iii) the spatial

arrangement of the particles in the aggregate.

For example, the Rayleigh-Debye-Gans (RDG) theory and the anomalous

diffraction approximation assume that the phase shift of the wave passing through

optically soft spheres satisfies the condition |m − 1| � 1 [112, 113]. On the one

hand, the RDG theory predicts the scattering and absorption cross-sections, and

the asymmetry factor of aggregates with monodisperse point-contact spheres such

that xs � 1. Expressions for Ca
abs, C

a
sca, and ga not only depend on (i) xs and

(ii) m but also on the aggregate’s (iii) fractal dimension, (vi) radius of gyration,

(v) structure factor, and (vi) number of particles Ns [112, 113]. On the other

hand, the anomalous diffraction approximation considers aggregates consisting of

large point-contact particles such that xs � 1 [114]. The scattering cross-section

Ca
sca of the aggregates can be predicted based on (i) xs, (ii) m, (iii) the path of

light through the particles in the aggregate, and (iv) the aggregate’s projected

area [114].

Alternatively, other approximations model aggregates as equivalent homoge-

neous spheres. These approximations necessitate relatively few structural informa-

tion about the aggregate and can also be used for aggregates with surface-contact

particles. Two of the most commonly used approximations includes the equiva-

lent volume (EV) [15,55] and the equivalent effective properties (EEP) [15,19–21]

approximations illustrated in Figure 4.2. The EV approximation models the ag-

gregate as an equivalent sphere with the same complex index of refraction as the

particles ms and effective radius reff such that the volume of the equivalent sphere

matched the volume Vs of the aggregate occupied by the particles, i.e.,

4π

3
r3
eff = Vs = fvVt (4.1)
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where Vt is the total volume of the aggregate and fv is the particle volume fraction

calculated as the ratio of the volume Vs occupied by the particles to the total

volume Vt of the aggregate, i.e., fv = Vs/Vt. For aggregates with monodisperse

point-contact particles of radius rs, Vs can be expressed as Vs = 4πr3
sNs/3 and

Equation (4.1) simplifies to reff = rsN
1/3
s .

Moreover, the EEP approximation models the aggregate as an equivalent

sphere of radius Rs encompassing the aggregate such that [21]

Rs = (3Vt/4π)1/3. (4.2)

Here, the equivalent sphere has an effective refractive index neff given by some

effective medium approximation (EMA) [Figure 4.2(c)]. In this study, the 3D

Maxwell-Garnett EMA was used to predict neff according to

n2
eff = n2

m

[
1− 3fv(n

2
m − n2

s)

2n2
m + n2

s + fv(n2
m − n2

s)

]
. (4.3)

In both the EV and EEP approximations, the scattering cross-sections, denoted

by CEV
sca and CEEP

sca , and the asymmetry factors, gEV and gEEP , of their respective

equivalent spheres can be predicted using the Lorenz-Mie theory [56].

4.1.3 Equivalent sphere approximations

Previous studies have investigated the applicability of the EV [18,55] and EEP [18–

21] approximations for predicting the radiation characteristics of non-absorbing

aggregates [18,21] and suspensions [19,20] with monodisperse spherical particles.

Drolen and Tien [18] studied the scattering and absorption cross-sections of spher-

ical, cubical, and ellipsoidal clusters and linear chains of monodisperse particles

with xs = 0.00785, 0.037, and 0.0393 and aggregate size parameter χs ≤ 5 defined

as χs = 2πRs/λ. The number of particles Ns in the aggregates was less than
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Figure 4.2: (a) Particle aggregate and its equivalent representations (b) in the EV
approximation and (c) in the EEP approximation.
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136, the particle volume fraction fv varied from 0.05 to 0.95, and the particle

relative complex index of refraction was m = ms/nm = 2.0+i0.95, 3.5+i3, and

1.5+i10−6. The authors compared the EV and EEP approximations based on the

Maxwell-Garnett EMA for both neff and keff with predictions from an analytical

model based on the solution of Maxwell’s equations for spheres in the Rayleigh

scattering regime [109, 115]. The study showed that predictions by the EV ap-

proximation were in good agreement with results from the analytical model for

chains with a small number of particles (Ns < 30) and for all clusters considered.

By contrast, the EEP model was in good agreement with the analytical model for

all aggregates investigated.

Lagarrigue et al. [21] investigated the scattering cross-section of non-absorbing

aggregates with particle size parameter xs ≤ 0.63, number of particles Ns > 13,

and aggregate size parameter χs ≤ 3.14. The relative refractive index of the

monodisperse particles was m = ns/nm = 2.35 or 2.58. The aggregates were gen-

erated in spherical and cubic domains as well as cylindrical or ellipsoidal domains

featuring aspect ratios varying from 1/20 to 20. The aggregates’ particle volume

fractions fv varied from 0.0605 to 0.605. The generalized multiparticle Mie the-

ory algorithm was used to compute the aggregates scattering cross-section. The

authors showed that the applicability of the EEP approximation, based also on

the Maxwell-Garnett EMA, depended on the aspect ratio of the aggregate. As

the aspect ratio deviated from unity, the EEP approximation differed from the

numerical predictions. The study also concluded that the effect of the particle

size on the validity of the EEP approximation was negligible. An empirical ex-

pression for the scattering cross-section of aggregates was derived by fitting the

scattering cross-section of 1,792 aggregates with various shapes, sizes, particle size

parameters, relative refractive index, and aspect ratios and was given by [21]

Csca = 0.81f 0.11
v d̄−0.66

s CEEP
sca . (4.4)
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Here, d̄s is the average interparticle distance of the aggregate normalized by the

aggregate radius Rs and CEEP
sca is the scattering cross-section calculated using the

EEP approximation for a sphere of radius Rs.

Mishchenko et al. [19] used the T-matrix method to compute the elements

of the normalized scattering matrix of randomly distributed non-touching and

non-absorbing spherical particles and compared them to the EEP approximation

based on the Maxwell-Garnett EMA. The non-touching particles featured xs =

0.3, 0.5, or 1 and were embedded in a spherical domain with size parameter χs

= 10. The particle refractive index was ns = 1.55 and that of the surrounding

medium was nm = 1.33. The aggregates’ particle volume fraction fv was 0.216

or 0.2 and the number of particles Ns varied from 216 to 8,000. The authors

showed that suspensions with particles such that xs = 0.3 and 0.5 were within the

range of validity of the EEP approximation while those consisting of particles with

xs = 1 fell outside. In addition, by comparing results for suspensions with the

same particle size parameter xs = 0.3 and different number of particles (Ns = 500

and 8,000) the authors concluded that Ns should be sufficiently large to ensure

the validity of the EEP approximation. However, the authors wrote that “the

threshold value of xs and Ns can be expected to depend on the refractive indices of

the host and the inclusions as well as on the size parameter of the host and should

be further analyzed and quantified”.

Mishchenko et al. [20] extended the analysis of Ref. [19] to non-touching par-

ticle suspensions with a wider range of particle size parameter xs and suspension

size parameter χs representative of air bubbles (ns = 1) and hematite inclusions

(ms = 3.102+i0.0925) in dust material (nm = 1.6). For air bubbles, xs varied

from 0.15 to 1.09, χs = 4 or 8, and Ns ranged from 1 to 3,035. For hematite in-

clusions, xs varied from 0.1 to 0.5, χs = 4 or 8, and Ns ranged from 10 to 10,240.

Results were also presented for non-absorbing suspensions of particles with xs =

0.3 or 0.6, χs = 10, Ns = 1,000 and 8,000, refractive index ns varying from 1.4
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to 2, and nm = 1.32. The particle volume fraction was fv = 0.02 for air bubbles

and hematite particles and fv = 0.216 for other non-absorbing suspensions. The

elements of the scattering matrix, the scattering and absorption cross-sections,

and the asymmetry factor of the suspensions were calculated using the T-matrix

method and the EEP approximation based on the Maxwell-Garnett EMA for both

neff and keff . For all cases considered, predictions of the scattering cross-section

and asymmetry factor by the EEP approximation fell within 6.5% of those by the

T-matrix method. However, predictions of the elements of the scattering matrix

by the EEP approximation differed significantly from the T-matrix calculations

for aggregates with xs ≥ 0.5. In addition, the difference between predictions of

the two methods increased with increasing suspension size parameter and refrac-

tive index mismatch between the particles and their surrounding. The authors

concluded that a larger refractive index mismatch restricted the range of validity

of the EEP approximation to aggregates with smaller particles. This observation

suggests that the validity of the EEP approximation depends on the phase shift

xs|m− 1|.

Finally, Figure 4.3 illustrates the ranges of particle size parameter xs, aggre-

gate or suspension size parameter χs, and phase shift xs|m−1| used in the different

studies investigating the validity of the EV and EEP approximations for systems

consisting of non-absorbing spherical particles [15,19–21]. It indicates that previ-

ous studies were limited to relatively small particle size parameter xs (≤ 1.09) and

aggregate size parameter χs (≤ 10). Although the refractive index ns of the parti-

cle was sometimes large [21], the particles were relatively small and, therefore, the

range of the phase shift xs|m−1| explored was limited to 0.85. Moreover, none of

the previous studies investigated the effect of particle overlapping on the applica-

bility of the EEP approximation. The present study aims to systematically assess

the validity of the EEP model for predicting the scattering cross-section Ca
sca and

the asymmetry factor ga of aggregates with point-contact and surface-contact par-
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ticles over a large range of relevant parameters. In particular, it is interesting to

determine if this approximation is also valid in the dependent scattering regime.
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Figure 4.3: Aggregate size parameter χs as a function of (a) the particle size
parameter xs and (b) the optical phase shift xs|m − 1| for computer-generated
aggregates investigated in Refs. [18–21].

4.2 Analysis

4.2.1 Computer-generated aggregates

The DLCCA algorithm [116] was used to generate aggregates consisting of Ns

spherical monodisperse particles of radius rs positioned in a three-dimensional

spherical simulation domain of radius Rs or in a cubic domain of side L. For cubic

simulation domains, the radius Rs encompassing the aggregate was defined as the

radius of a sphere having the same total volume as the aggregate, i.e., Vt = L3

and was calculated from Equation (4.2). Two types of structures were generated

namely (1) aggregates with point-contact particles where spherical particles may

touch each other at a point but do not overlap and (2) aggregates with surface-

contact particles consisting of overlapping spherical particles [116]. The particle

radius rs ranged from 2.5 to 400 nm, Rs varied from 6 nm to 1860 nm, and the

wavelength λ was set to 500 nm corresponding to xs varying from 0.031 to 5.03
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and χs varying from 0.08 to 23. The number of particles Ns ranged from 5 to

30,000 and the refractive index ns of the particles was set to ns = 1.5 while the

surrounding medium was vacuum, i.e., nm = 1 resulting in m = 1.5. Finally, the

particle volume fraction fv of all computer-generated structures was 33±2%. This

choice of fv was arbitrary. However, if the EV or EEP approximations are found

to be valid for fv = 33±2%, it is reasonable to expect them to be valid for other

values of fv whose effect is accounted for through the equivalent sphere radius

reff [Equation (4.1)] or via the effective refraction index neff [Equation (4.3)].

4.2.2 Scattering characteristics

The multiple sphere T-matrix (MSTM) code developed by Mackowski [117] and

based on the superposition T-matrix method [118] was used to predict the scatter-

ing efficiency factor Qa
sca and the asymmetry factor ga of the computer-generated

aggregates with point-contact particles generated numerically. The input param-

eters of the MSTM code included (i) the position of the constitutive monodisperse

particles, (ii) their size parameter xs = 2πrs/λ, and (iii) their relative refractive

index m.

To consider the complex geometry of aggregates with surface-contact parti-

cles, the discrete-dipole approximation (DDA) algorithm developed by Draine

and Flatau [98] was employed. First, Nd dipoles of size ∆d were generated inside

the Ns particles of the numerically-generated aggregates such that
∑Nd

i=1(∆d)3 =

Vs. The dipoles were such that their size ∆d was small compared to the particle

radius rs and wavelength λ to achieve numerically converged results independent

of the choice of discretization [110]. The input parameters of the DDA method

included (i) the position of the Nd dipoles, (ii) the wavelength λ, (iii) the relative

refractive index m, and (iv) the effective radius of the aggregate reff which can

also be expressed as reff=(3Vs/4π)1/3.
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The integral radiative characteristics can be predicted either for aggregates

with a given orientation or for randomly oriented aggregates. However, fixed-

orientation and orientation-averaged scattering efficiency factors were found to

differ by less than 1% and the asymmetry factors by less than 4% for both point-

contact and surface-contact aggregates with xs ≤ 0.13 (see Table C.1 in Supporting

Information). This observation was likely due to the fact that particles with small

xs scatter radiation isotropically resulting in very similar scattering characteris-

tics for different aggregates’ orientations. Therefore, simulations for aggregates

with point-contact particles with xs ≤ 0.13 and large aggregate size parameter χs

were performed for a fixed orientation to reduce the computational time. On the

other hand, for aggregates with particles such that xs > 0.16, the reported scat-

tering cross-section and asymmetry factor were those of the orientation-averaged

aggregates averaged over at least 55 orientations.

The scattering cross-section Ca
sca (in nm2) of aggregates consisting ofNs monodis-

perse point-contact and surface-contact particles can be calculated from the radius

reff and the computed efficiency factor Qa
sca such that [110,117]

Ca
sca = πr2

effQ
a
sca. (4.5)

Finally, the scattering coefficient σs of the aggregate was calculated according

to [55]

σs = Ca
sca/Vt. (4.6)

4.3 Results and discussion

4.3.1 Dependent effects in aggregates

Figure 4.4 presents the absorption and scattering cross-section ratios Ca
abs/NsC

M
abs

and Ca
sca/NsC

M
sca, and asymmetry factor ratio ga/gM as functions of χs for fractal
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aggregates with point-contact particles with size parameter xs = 0.031 and 0.63,

particle volume fraction fv = 33±2%, and relative refractive index m = n+ik such

that n = 1.5 and 0 ≤ k ≤ 0.5. Here, CM
abs, C

M
sca, and gM are the absorption cross-

section, scattering cross-section, and asymmetry factor of a particle of size pa-

rameter xs calculated using Lorenz-Mie theory. Ratios Ca
abs/NsC

M
abs, C

a
sca/NsC

M
sca,

and ga/gM equal to unity would indicate that the radiation characteristics of the

aggregates represent the cumulated effects of individual constitutive particles, i.e.,

the particles scattered and absorbed independently of each other. First, Figures

4.4(a)-4.4(d) establish that dependent effects prevailed in the absorption and scat-

tering of the aggregates considered, as all ratios exceeded or fell below 1. However,

the ratio Ca
sca/NsC

M
sca increased significantly more than Ca

abs/NsC
M
abs with increas-

ing χs. These observations were in agreement with results reported in previous

studies [119, 120]. Figures 4.4(c) and 4.4(d) also suggest that the increase in the

aggregate scattering cross-section ratio Ca
sca/NsC

M
sca was larger for aggregates with

small particle size parameter xs. These results indicate that for applications with

small absorbing nanoparticles (xs ≤ 0.1) such as those found in nanofluids for so-

lar energy applications [10,121–123], the nanoparticles can be assumed to absorb

independently (i.e., Ca
abs ≈ NsC

M
abs), but dependent scattering prevailed (i.e., Ca

sca

> NsC
M
sca).

Figures 4.4(a) and 4.4(b) also show that the ratio Ca
abs/NsC

M
abs decreased with

increasing relative absorption index k for any given aggregate size parameter χs

> 0.6. For very large values of k, Ca
abs was even smaller than CM

abs. The same

findings were presented in Ref. [120] for aggregates consisting of monodisperse

particles with xs = 1, n = 1.0165, 0 ≤ k ≤ 0.5, and Ns < 1000. This observation

was attributed to the so-called “shielding” or “shading” effect of the aggregate’s

inner particles by those located outside responsible for the increased attenuation of

the electromagnetic wave before reaching the inner particles. In addition, Figures

4.4(c) and 4.4(d) indicate that the scattering cross-section ratio Ca
sca/NsC

M
sca was
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not affected by absorption for χs ≤ 0.7. However, for χs > 1, the ratio Ca
sca/NsC

M
sca

decreased with increasing relative absorption index k for any given value of χs.

Finally, Figures 4.4(e) and 4.4(f) show that dependent scattering effects in

aggregates with large size parameter χs and small particle size parameter xs were

significant and resulted in ga > gM . In addition, the effect of the particle relative

absorption index k on the asymmetry factor ratio ga/gM was negligible despite

its effect on Ca
sca/NsC

M
sca. Note that the same conclusions were reached for all

three ratios Ca
abs/NsC

M
abs, C

a
sca/NsC

M
sca, and ga/gM for particle size xs = 2.51, as

presented in Figure C.1 in Supporting Information.

Overall, Figure 4.4 shows the importance of studying the scattering charac-

teristics Ca
sca and ga of particle aggregates for a wide range of particle xs and

aggregate χs size parameters.

4.3.2 Equivalent models for non-absorbing fractal aggregates

Scattering cross-section Ca
sca

Figure 4.5(a) plots the scattering cross-section Ca
sca predicted by the T-matrix

method [117, 118] as a function of the aggregate size parameter χs for fractal

aggregates with particle volume fraction fv = 33±2% generated in cubic or spher-

ical domains with point-contact particles of size parameter xs ranging from 0.031

to 5.03 and relative refractive index m = 1.5. Figure 4.5(a) also displays the

scattering cross-section of the same aggregates predicted by the EV and EEP ap-

proximations. First, Figure 4.5(a) indicates that the scattering cross-section of

aggregates Ca
sca increased with increasing aggregate size parameter χs for all par-

ticle size parameter xs. Figure 4.5(a) also establishes that both the EV and EEP

approximations were in good agreement with the T-matrix method predictions of

Ca
sca for relatively small aggregates with χs ≤ 1. These observations were consis-

tent with those of Ref. [15]. For χs > 1, the scattering cross-section Ca
sca of the
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Figure 4.4: (a)-(b) Absorption cross-section ratio Ca
abs/NsC

M
abs, (c)-(d) scattering

cross-section ratio Ca
sca/NsC

M
sca, and (e)-(f) asymmetry factor ratio ga/Nsg

M as
functions of the aggregate size parameter χs for aggregates with particle size
parameter (a, c, e) xs = 0.031 and (b, d, f) xs = 0.63, particle volume fraction fv
= 33±2%, and relative refractive index m between 1.5 and 1.5+i0.5.
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aggregates differed significantly from that predicted by the EV approximation.

In addition, Figure C.2(a) in Supporting Information presents the relative error

in the scattering cross-section |Ca
sca-C

EEP
sca |/Ca

sca between numerical predictions

and EEP approximation, with respect to the aggregate χs and particle xs size

parameters. Figure C.2(a) shows that the relative error |Ca
sca-C

EEP
sca |/Ca

sca varied

between 0 and 80% for χs varying from 0.08 to 23 and xs from 0.031 to 5.03.

Interestingly, Figure C.2(a) also indicates that |Ca
sca-C

EEP
sca |/Ca

sca ≤ 15% when

xs < 1.1, xs|m − 1| < 0.55, and any χs considered. When xs ≥ 1.1, the ratio

Ca
sca/C

EEP
sca varied between 0 and 80% with varying xs and χs, but no clear and

systematic effect of xs or χs could be identified.

Asymmetry factor ga

Figure 4.5(b) presents the asymmetry factor ga as a function of the aggregate

size parameter χs for non-absorbing aggregates with point-contact particles with

xs varying between 0.031 and 5.03, m = 1.5, and particle volume fraction fv =

33±2%. It also plots predictions obtained by the EV and EEP approximations.

Figure 4.5(b) shows that the asymmetry factor ga depended not only on the ag-

gregate size χs but also on the particle size xs. For given values of χs and fv,

aggregates with smaller particles had larger asymmetry factor ga indicating that

they scattered more in the forward direction. Moreover, Figure 4.5(b) indicates

that the predictions of the EEP approximation of the asymmetry factor of aggre-

gates were in good agreement with those of the T-matrix method for particles such

that xs ≤ 0.63. However, the EV approximation failed to predict ga accurately

for all cases considered.

Figure C.2(b) presents the relative error in the asymmetry factor |ga−gEEP |/ga,

where gEEP is the asymmetry factor predicted by the EEP model, as a function of

the aggregate χs and particle xs size parameters. First, Figure C.2(b) shows clear
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Figure 4.5: (a) Scattering cross-section Ca
sca and (b) asymmetry factor ga of point-

contact particle aggregates as functions of the aggregate size parameter χs for
particle size parameter xs ranging from 0.031 to 5.03, particle volume fraction fv
= 33±2%, and relative refractive index m = 1.5.
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variations in |ga−gEEP |/ga with varying xs and χs, contrary to |Ca
sca-C

EEP
sca |/Ca

sca

[Figure C.2(a)]. In fact, Figure C.2(b) indicates that the ratio |ga − gEEP |/ga

increased from 0 to 50% with decreasing particle size parameter xs and aggre-

gate size parameter χs. Moreover, Figure C.2(b) indicates that the relative error

|ga−gEEP |/ga was within 15% for aggregates with xs < 1.1 and any χs considered.

Scattering coefficient σs

Figure 4.6 presents the scattering coefficient σs [Equation (4.5)] of spherical and

cubic aggregates as a function of the size parameter χs for particle volume fraction

fv = 33±2% and point-contact particles featuring xs between 0.031 and 5.03 and

m = 1.5. It also plots predictions by the EEP approximation. First, Figure 4.6

indicates that the scattering coefficient σs increased sharply with increasing χs

to reach a maximum for χs = 10, corresponding to 2Rs ≈ 3λ. However, as χs

increased above 10, σs decreased and the EEP approximation featured oscillations

for χs ≥ 25. Moreover, Figure 4.6 shows that numerical predictions of σs were in-

dependent of xs and of the aggregate shape when χs ≤ 4. For χs > 4, σs depended

slightly on the particle size xs and the aggregate shape. Note that the predictions

given by the EEP approximation decreased as χs increased and did not converged

(see Figure C.3 in Supporting Information). This observation suggests that the

scattering coefficient of aggregates does not reach a plateau with increasing χs

and converge towards that of films, monoliths, or bulk materials consisting of the

same porous medium. This indicates that representing porous monoliths, films,

or bulk materials by aggregates to predict their radiative properties, as done in

the literature [123–125], is not an appropriate approach.
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Figure 4.6: Scattering coefficient σs of point-contact particle aggregates as a func-
tion of the aggregate size parameter χs for particle size parameter xs ranging from
0.031 to 5.03, particle volume fraction fv = 33±2%, and relative refractive index
m = 1.5.
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Dependent scattering effects

Figure 4.7 plots the relative (a) scattering cross-section ratio Ca
sca/NsC

M
sca and

(b) asymmetry factor ratio ga/gM as functions of the aggregate size parameter

χs for the same range of parameters considered previously including 0.031 ≤ xs

≤ 5.03 and m = 1.5. First, Figure 4.7 indicates that Ca
sca deviated from NsC

M
sca

more strongly for small values of xs. Indeed, smaller particles scatter radiation

isotropically resulting in increased multiple scattering in the aggregates. This

observation was consistent with the conclusions of Ref. [111] for aggregates and

suspensions with 2 ≤ Ns ≤ 8. Moreover, Figure 4.7 indicates that dependent

scattering effects resulted in Ca
sca/NsC

M
sca > 1 and ga/gM > 1 for xs < 2.51 and in

Ca
sca/NsC

M
sca < 1 and ga/gM ∼ 1 for xs ≥ 2.51. Interestingly, Figure 8(a) suggests

that Ca
sca/NsC

M
sca reached its maximum when χs ' 10 and then decreased with

decreasing χs, similarly to σs. On the other hand, the asymmetry factor ratio

ga/gM increased with increasing χs and then reached a plateau when χs > 2.

Finally, Figure 4.7 establishes that the EEP model predicted the scattering cross-

section and asymmetry factor with a relative error of 15% of aggregates with

xs|m− 1| < 0.55 when dependent scattering prevailed.

4.3.3 Effect of particle overlapping

Figure 4.8 plots (a) the scattering cross-section Ca
sca and (b) asymmetry factor

ga of aggregates as functions of χs for cubic aggregates with fv = 33±2% and

with point-contact and surface-contact particles with xs ranging from 0.063 and

1.25. It also shows predictions by the EEP and EV approximations. First, Figure

4.8 indicates that overlapping between particles did not strongly affect the scat-

tering characteristics of the aggregates. Indeed, the scattering cross-section Ca
sca

of aggregates with surface-contact particles fell within 15% of that of aggregates

with point-contact particles with the same aggregate size χs, particle size xs, and
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Figure 4.7: (a) Scattering cross-section ratio Ca
sca/NsC

M
sca and (b) asymmetry fac-

tor ratio ga/gM of point-contact particle aggregates as functions of the aggregate
size parameter χs for particle size parameter xs ranging from 0.031 to 5.03, particle
volume fraction fv = 33±2%, and relative refractive index m = 1.5.
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similar particle volume fraction fv (see Table C.2 in Supporting Information).

Similarly, the asymmetry factor ga of aggregates with surface-contact particles

fell within 10% of that of the equivalent aggregates but with point-contact par-

ticles and similar fv. This observation suggests that the scattering cross-section

and asymmetry factor of non-absorbing aggregates were mainly dependent on (i)

the aggregate size parameter χs, (ii) the particle volume fraction fv, and (iii) the

relative refractive index m of the particles.

4.4 Conclusion

This study investigated the scattering cross-section and asymmetry factor of ag-

gregates consisting of non-absorbing spherical particles and the validity of the EEP

approximation. A wide range of parameters was studied using the multiple sphere

T-matrix and DDA methods, including (i) point-contact and surface-contact par-

ticles, (ii) particle size parameter xs varying from 0.031 to 5.03, and (iii) aggregate

size parameter χs up to 23. The results established that dependent scattering ef-

fects in aggregates were more significant than dependent absorption effects. The

former increased with decreasing particle size parameter for both absorbing and

non-absorbing aggregates. Furthermore, the predictions of the scattering coef-

ficient σs by the EEP approximation showed that σs does not reach a plateau

as χs increased, suggesting that the scattering coefficient of aggregates cannot

be used to model porous monoliths, films, or bulk materials. This study also

showed that particle overlapping had no effect on the scattering cross-section and

asymmetry factor of non-absorbing aggregates for all sizes considered. Finally,

the study demonstrated that the EEP approximation could predict the scattering

cross-section and asymmetry factor of non-absorbing aggregates with xs|m− 1| <

0.55 in the dependent scattering regime.
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Figure 4.8: (a) Scattering cross-section Ca
sca and (b) asymmetry factor ga of point-

contact and surface-contact particle aggregates as functions of the aggregate size
parameter χs for particle size parameter xs between 0.063 and 1.25, particle vol-
ume fraction fv = 33±2%, and m = 1.5. Also shown are predictions by the EEP
and EV approximations.
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CHAPTER 5

Drying of Mesoporous Monoliths: from Transparent to White to

Transparent Again

This chapter explains the changes in appearance observed in sol-gel synthesis

of mesoporous monoliths during drying under ambient conditions. First, the

gel monoliths remained transparent during the constant rate period when the

gels shrank. Then, the mesoporous monoliths turned white during the so-called

falling rate period when the pores started emptying, before becoming transpar-

ent again at the end of the drying process. The haziness and white appearance

were attributed to scattering by growing drained regions encompassing multiple

pores and featuring a refractive index mismatch with the surrounding wet mono-

lith. The scattering coefficient and asymmetry factor of the drained regions were

modeled by approximating the wet and dry mesoporous regions as homogeneous,

non-absorbing, and polydisperse domains with some effective refractive indices.

Then, the radiative transfer equation was solved by the Monte Carlo method to

predict the transmittance and haze of a 2 mm thick monolith. The model predic-

tions were in good agreement with experimental measurements obtained during

drying of water-based nanoparticle-based mesoporous silica monoliths.

5.1 Background

Drying of all gels can be divided into two consecutive stages namely the constant

rate period and the falling rate period [49,126–128]. During the constant rate pe-

riod, solvent evaporation occurs at the monolith’s surface. The monolith shrinks

uniformly and the pores remain filled with solvent. Once the monolith becomes
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too stiff to shrink, the drying process enters the falling rate period as air replaces

the evaporating solvent. Brinker and Scherer [49, 126] further divided the falling

rate period into two successive regimes namely (i) the first falling rate period and

(ii) the second falling rate period. During the first falling rate period, the solvent

was predominantly transported along pore walls to the monolith’s surface where

it evaporated [49]. During this period, some solvent also evaporated within the

monolith and was transported to the outside by diffusion. The second falling

rate period started when isolated pockets of solvent appeared in the monolith.

Then, evaporation only occurred within the monolith and the gaseous solvent dif-

fused out of the monolith through the open pores [49]. More recently, Thiery et

al. [127, 128] studied ambiently dried particle-based silica monoliths with parti-

cle diameter varying from 6 nm to 45 µm, and revisited the drying mechanisms

occurring during the falling rate period. Their studies indicate that the drying

mechanisms depended on the pore size. For particle diameter larger than 40 nm,

solvent transport and vapor diffusion occurred simultaneously in monoliths af-

ter the constant rate period. In fact, these monoliths featured (i) a drying front

advancing inward thanks to vapor diffusion through the dry porous region and

(ii) an homogeneous desaturation in the wet region progressively drained through

liquid solvent flow [128]. On the other hand, for particle diameter less than 40

nm, only solvent transport occurred during the falling rate period such that the

solvent remained homogeneously distributed in the monolith [127,128].

Figure 5.1 shows a sequence of photographs illustrating how nanoparticle-

based mesoporous silica monoliths [129] appear transparent, white, and trans-

parent again during the course of the drying process. Two potential causes of

scattering in drying porous monoliths responsible for their milky appearance have

been commonly mentioned, namely (1) the refractive index mismatch between

the air entrapped in the pores and the solid phase [49, 126] and (2) scattering

by regions of drained or wet pores [49, 127]. First, Brinker and Scherer [49] hy-
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pothesized that “the saturated body is translucent or transparent because of the

similarity in refractive index of the solid and liquid, but the lower index of air

causes scattering of light”. This reasoning explains the opacity of dry and dry-

ing porous monoliths consisting of large particles and pores, comparable to the

wavelength of visible light. Indeed, as large pores empty and feature a significant

refractive index mismatch with the solid particle network, they scatter light. How-

ever, pores in the nanoparticle-based monolith of Figure 5.1 were less than 12 nm,

much smaller than the wavelength of visible light, and featured a narrow size dis-

tribution causing limited scattering and resulting in transparent monoliths when

fully dry [129]. Therefore, the difference in refractive index between the solvent

and the air in individual mesopores cannot explain the transition from transparent

to white during the drying stage (Figure 5.1). Alternatively, drained pores can

form relatively large mesoporous regions - with size on the order or larger than the

wavelength of visible light - and feature strong refractive index mismatch with the

surrounding wet monolith. Although the same observations as those illustrated

in Figure 5.1 have been mentioned anecdotally in the literature [49, 126, 127], to

the best of our knowledge, the observed changes in appearances during the dry-

ing step of the sol-gel process have never been rigorously documented, physically

modeled, or theoretically investigated.

5.2 Experiments

5.2.1 Material Synthesis

The water-based synthesis method used to synthesize nanoparticle-based silica

monoliths was described in detail in Ref. [129] and need not be repeated here.

In brief, a commercially available aqueous colloidal solution of silica nanoparti-

cles Nalco 2326 (15 wt% in water, NH3 stabilized, NalcoTM Chemical Company,

Naperville, IL) with an average particle diameter of 9 nm was poured in a solid
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Figure 5.1: Photographs of the (a) wet, (b) partially dry, and (c) dry nanoparticle-
based mesoporous silica monolith dried from water. (d) Photographs of the same
mesoporous silica monolith drying over 30 days. The monolith was photographed
on an image of UCLA Royce Hall [22] (modified and redistributed with permission
from Ref. [23] Copyright Prayitno).

PTFE mold. Water slowly evaporated resulting in gelation and aging of the mono-

liths at room temperature. Then, the monoliths were dried at ambient tempera-

ture and atmospheric pressure in a covered or open dish. Note that the monoliths

continued aging during the drying process due to the presence of water in the

pores. At the end of the drying stage, the monoliths were calcined for 4 hours at

450 ◦C in oxygen to remove any trace of water and organic residues.

5.2.2 Characterization

The total mass mm(t) of the mesoporous silica monoliths was measured at regu-

lar time intervals t during drying using an Entris balance (Sartorius, Gottingen,

Germany). The mass fraction of water xw(t) remaining in the mesoporous silica

monoliths was estimated according to

xw(t) =
mm(t)−ms

ms

(5.1)
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where ms is the mass of silica in the monolith corresponding to the mass of the

calcined and fully dried monoliths. The monolith dimensions were also monitored

to calculate its shrinkage throughout the drying process.

The normal-hemispherical transmittance Tnh,λ of the mesoporous silica mono-

liths was measured at each time interval with a double-beam UV-Vis spectropho-

tometer (Shimadzu 3101-PC, Kyoto, Japan) and an integrating sphere with an

internal diameter of 60 mm (Shimadzu ISR 3100). The reference signal Bλ and

the normal-hemispherical transmitted signal Snh,λ through the sample were mea-

sured under collimated and normally incident radiation and corrected for the dark

signal Dλ to yield the sample normal-hemispherical transmittance given by

Tnh,λ =
Snh,λ −Dλ

Bλ −Dλ

. (5.2)

The dark signal Dλ was collected when no light entered the integrating sphere.

The reference signal Bλ was measured in the same configuration as for Snh,λ but

without sample.

The haze of the mesoporous monolith, characterizing its cloudiness, can be

defined as [130]

hλ =
Sd,λ
Snh,λ

− Mλ

Bλ

(5.3)

where the diffuse transmitted signal Sd,λ represents the fraction of the collimated

and normally incident radiation that is scattered and eventually transmitted by

the sample in directions other than the incident direction. The signal Sd,λ was

measured by removing the highly reflecting plate facing the sample in the integrat-

ing sphere so that the unscattered light escaped. Here, Mλ is the signal measured

in the same configuration as for Sd,λ but without sample.

The visible transmittance Tvis and haze hvis were calculated by weighting the

spectral normal-hemispherical transmittance Tnh,λ and haze hλ by the photopic

spectral luminous efficiency function Vλ of the human eye in daytime between
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wavelength of 380 and 780 nm [54,131], i.e.,

Tvis =

∫ 780

380
VλTnh,λdλ∫ 780

380
Vλdλ

and hvis =

∫ 780

380
Vλhλdλ∫ 780

380
Vλdλ

. (5.4)

Here, Vλ was tabulated in Ref. [131].

Finally, low-temperature nitrogen adsorption-desorption isotherms of the fi-

nal calcined monoliths were measured at -196◦C using a surface area and poros-

ity analyzers TriStar II 3020 (Micromeritics Instrument Corp., Norcross, GA,

USA). The pore size distribution and final porosity φF were retrieved from ad-

sorption isotherms of the calcined monoliths using the Barrett-Joyner-Halenda

(BJH) method [83]. The monolith porosity φ(t) during the constant rate period

can be estimated from the measured volume shrinkage and the final porosity φF .

During the falling rate period, as shrinkage stopped, the porosity can also be

assumed to be equal to φF .

5.3 Analysis

The objective of this section is to develop a radiation transfer model predicting the

normal-hemispherical transmittance and haze of the mesoporous monoliths during

the constant rate and falling rate periods. Then, the model predictions can be

compared with experimental measurements to validate the model hypotheses and

confirm the causes of changes in the appearance of sol-gel monoliths during drying.

5.3.1 Assumptions

During both the constant rate and falling rate periods, the mesoporous monolith

was assumed to be non-absorbing in the visible. Specifically, during the constant

rate period, when the monolith is fully wet, light scattering by the pores can

also be ignored, since the latter are much smaller than the wavelength. Then,
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the monolith can be approximated as that of a plane-parallel, homogeneous, and

transparent monolith with optically smooth surfaces. During the falling rate pe-

riod, we hypothesize that the mesoporous monoliths appeared white and hazy due

to volumetric scattering by dry regions forming and growing within the wet gel, as

illustrated in Figure 5.2. The monolith was assumed to contain NT (t) polydisperse

and spherical dry regions per unit volume of monolith (in #/µm3), homogeneously

distributed and embedded in domains of solvent-filled mesopores, as illustrated in

Figure 5.2(a). The dry and wet domains were assumed to be homogeneous with

effective refractive index nD,λ and nW,λ, respectively [Figures 5.2(b) and 5.2(c)].

The refractive indices of air na,λ, water nw,λ, and silica ns,λ were assumed to be

constant and were taken as na,λ = 1, nw,λ = 1.33, and ns,λ = 1.5, respectively [132].

Note that this model is consistent with the drying mechanism of solvent transport

identified for nanoparticle-based silica monoliths in Refs. [127,128]. At the end of

the falling rate period, the monolith is fully dry and can be approximated as that

of a plane-parallel, homogeneous, and transparent monolith, similarly to the fully

wet monolith.

5.3.2 Water mass fraction xw

During the constant rate period, the monolith shrinks while remaining fully wet.

Its water mass fraction xw can be expressed as

xw(t) =
mm(t)−ms

ms

=
mw(t)

ms

=
ρw
ρs

φ(t)

1− φ(t)
(5.5)

where ρs = 2.2 g/cm3 is the density of silica [50] and ρw = 1 g/cm3 is the density

of liquid water at room temperature. At the transition between the constant rate

and the falling rate periods at time t = tF , the wet monolith stops shrinking and

reaches its final porosity, i.e., φ(tF ) = φF , such that xw(tF ) = xw,F . In other

words, during the constant rate period xw(t) > xw,F .
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: silica nanoparticles, 𝑛𝑠,λ

2𝑟𝐷

Figure 5.2: (a) Mesoporous monolith containing polydisperse spherical drained
domains surrounded by a wet matrix. (b) Dry spherical domain with radius
rD of a mesoporous silica monolith and (c) its equivalent homogeneous sphere
representation.
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During the falling rate period, the water mass fraction xw(t) in the mesoporous

monoliths can be expressed as

xw(t) = xw,F [1− fD(t)]. (5.6)

Here, fD(t) is the volume fraction of the dry domains at time t, i.e., the ratio

of the volume occupied by the dry mesoporous domains to that of the monolith.

When the monolith is fully dry, fD = 1 and xw = 0.

5.3.3 Constant rate period and calcined monoliths

As previously mentioned, during the constant rate period the monolith is fully

wet and can be assumed to be an homogeneous and non-scattering monolith with

normal-hemispherical transmittance expressed as [132]

Tnh,λ =
(1− rλ)2

1− r2
λ

with rλ =
(nm,λ − 1)2

(nm,λ + 1)2
. (5.7)

Here, the monolith’s effective refractive index nm,λ can be estimated by the Maxwell-

Garnett effective medium approximation (EMA) as [133]

n2
m,λ = n2

s,λ

[
1−

3φ(t)(n2
s,λ − n2

d,λ)

2n2
s,λ + n2

d,λ + φ(t)(n2
s,λ − n2

d,λ)

]
(5.8)

where the subscript “s” refers to the continuous silica phase and the subscript

“d” refers to the discontinuous phase contained in the pores, i.e., the solvent (nd,λ

= nw,λ = 1.33) when the sample is wet. The same assumptions apply to the dry

monoliths and Equations (5.7) and (5.8) can also be used with nd,λ = na,λ = 1.

Note that the Maxwell-Garnett EMA has been validated both numerically [134]

and experimentally [111, 135] for dry mesoporous silica films. In addition, as a

first order approximation, the haze hλ is assumed to vanish for the fully wet or

dry monoliths [Figures 5.1(a) and 5.1(c)].
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5.3.4 Falling rate period

During the falling rate period, pores empty and dry domains appear in the meso-

porous monolith [Figure 5.2(a)]. First, for a given water mass fraction xw, the

dry domains were assumed to be spherical with radius rD and follow the Gaussian

size distribution ψ(xw, rD) (in #/µm4) given by

ψ(xw, rD) =
NT (xw)

S
√

2π
exp

(
−1

2

[
rD − r̄D(xw)

S

]2
)
. (5.9)

Here, r̄D(xw) is the average radius of the dry domains and S is the associated

standard deviation. Note that during the falling rate period, the monolith does

not shrink anymore. Therefore, its volume and porosity are constant and the

volume fraction of dry domains 0 ≤ fD ≤ 1 can be expressed as

fD =

∫ +∞

0

4π

3
r3
Dψ(xw, rD)drD = NT (xw)V̄D(xw) (5.10)

where V̄D is the average volume of the dry domains defined as

V̄D =

∫ +∞

0

4π

3
r3
D

e
− 1

2

[
rD−r̄D(xw)

S

]2

S
√

2π
drD. (5.11)

Note that V̄D can be analytically expressed as a function of r̄D and S (see Sup-

porting Information) given by

V̄D =
2

3

√
2π

([
r̄2
D + 2S2

]
Sexp

(
− r̄2

D

2S2

)
+

√
π

2

[
3r̄DS

2 + r̄3
D

] [
1 + erf

( r̄D
S

)])
.

(5.12)

At the beginning of the falling rate period, xw = xw,F , fD = 0, and NT = 0 since

the mesoporous monolith is fully wet. On the other hand, as the monolith dries,

xw approaches 0, fD tends to 1, and NT decreases and ≈ 0.

The one-dimensional RTE was solved to predict the normal-hemispherical
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transmittance Tnh,λ, the diffuse transmittance Td,λ, and the haze hλ of meso-

porous silica monoliths during the falling rate period. The input parameters were

the monolith effective (i) scattering coefficient σs,λ, (ii) asymmetry factor gm,λ,

(iii) refractive index nm,λ, and (iv) thickness L. The regions of drained pores

[Figure 5.2(b)] were modeled as spherical scatterers with radius rD and effective

refractive index nD,λ [Figure 5.2(c)], as previously explained. The surrounding

medium was homogeneous wet mesoporous silica with effective refractive index

nW,λ. Here also, the effective refractive indices nD,λ and nW,λ can be estimated

using the Maxwell-Garnett EMA [Equation (5.8)] using nd,λ = na,λ = 1 and nd,λ

= nw,λ = 1.33, respectively. The spectral scattering cross-section Csca,λ(rD) and

asymmetry factor gλ(rD) of the spherical dry domains of radius rD were computed

using the Lorenz-Mie theory [55]. The input parameters included (i) the relative

refractive index of the dry domains defined as nD,λ/nW,λ and (ii) their size pa-

rameter equal to 2πrDnW,λ/λ. Moreover, it was assumed that the spherical dry

regions scattered independently so that the scattering coefficient of the monolith

during drying can be defined as [55]

σs,λ(xw) =

∫ +∞

0

Csca,λ(rD)ψ(xw, rD)drD. (5.13)

In addition, the asymmetry factor of the monolith containing polydisperse drained

spherical domains can be expressed as [55]

gm,λ(xw) =
1

σs,λ(xw)

∫ +∞

0

Csca,λψ(xw, rD)gλ(rD)drD. (5.14)

The refractive index of the three-phase mesoporous silica monolith nm,λ during the

falling rate period was computed using the Maxwell-Garnett EMA given by [136]

n2
m,λ = n2

s,λ

1 +

φw(n2
w,λ−n

2
s,λ)

n2
s,λ+(n2

w,λ−n
2
s,λ)/3

+
φa(n2

a,λ−n
2
s,λ)

n2
s,λ+(n2

a,λ−n
2
s,λ)/3

1− φw(n2
w,λ−n

2
s,λ)

2n2
s,λ+n2

w,λ
− φa(n2

a,λ−n
2
s,λ)

2n2
λ+n2

a,λ

 . (5.15)
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Here, φw and φa are the fractions of the porosity occupied by water and air,

respectively, and such that φF = φw + φa. They can be expressed in terms of the

overall volume fraction fD of dry mesoporous silica domains and the final porosity

φF of the monolith as φw = φF (1− fD) and φa = φFfD. Lastly, the thickness of

the simulated nanoparticle-based mesoporous silica monolith was L = 2 mm.

The 1D RTE was solved using the Monte Carlo method. To do so, the num-

bers of photons Nnh,λ transmitted in all directions and Nd,λ transmitted outside

of a cone of transmission angle 16◦ were counted. The latter corresponds to the

solid angle of the integrating sphere’s back port opened for diffuse transmittance

measurements. Then, the normal-hemispherical and diffuse Tnh,λ and Td,λ trans-

mittances were obtained according to

Tnh,λ =
Nnh,λ

Ni,λ

and Td,λ =
Nd,λ

Ni,λ

(5.16)

where Ni,λ is the number of incident photons. Similarly, the haze hλ was defined

as [130]

hλ =
Td,λ
Tnh,λ

=
Nd,λ

Nnh,λ

. (5.17)

Figure 5.3 summarizes the computational procedure used to predict the tem-

poral evolution of the normal-hemispherical transmittance Tnh,λ and haze hλ of

mesoporous silica monoliths during the falling rate period. The input parameters

included (i) the water mass fraction xw(t), (ii) the standard deviation S of the

dry domains size distribution, and (iii) the number NT (t) of dry domains per unit

volume of monolith. The water mass fraction xw(t), as that measured experimen-

tally, progressively decreased from xw,F to 0.08 as the drying process proceeded.

The dry domain standard deviation was arbitrarily taken as S = 0.1r̄D. Lastly,

the number NT of dry domains per unit volume of monolith was determined by

trial and error to obtain a good agreement between experimental and modeled

transmittance and haze. Several functions commonly used in population balances
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satisfying the conditions NT (xw,F ) = 0 and NT (xw→ 0) ≈ 0 were tested. Here, the

expression used for microbial cell populations generated good agreement between

model and measurements [137]. It was expressed as

NT (xw) = A(xw,F − xw)exp

(
−xw,F − xw

sw

)
, (5.18)

where A and sw are fitting constants. The fraction fD of porosity occupied by

the dry domains was calculated using Equation (5.6), i.e., fD = 1 - xw(t)/xw,F .

Then, the average radius r̄D(xw) of the dry domains was obtained by considering

that Equations (5.10) and (5.11) simplify to fD ' 4.31r̄3
DNT when S = 0.1r̄D.

Knowing r̄D and S = 0.1r̄D enables one to predict the size distribution ψ(xw,rD)

of the polydisperse dry domains [Equation (5.9)]. Here, ψ(xw,rD) was assumed to

be contained between r̄D-2S and r̄D+2S. Then, the scattering cross-section Csca,λ

and asymmetry factor gλ of the dry domains of radius rD were estimated using

Lorenz-Mie theory. The scattering coefficient σs,λ and asymmetry factor gm,λ of

the monolith were predicted using Equations (5.13) and (5.14), respectively. The

normal-hemispherical transmittance Tnh,λ and haze hλ were computed by solving

the RTE using the Monte Carlo method. Finally, the visible transmittance Tvis

and haze hvis were calculated using Equation (5.4).

5.4 Results and discussion

Several nanoparticle-based mesoporous monoliths dried from water either in a

covered or open dish were observed during drying. Special attention was paid

to nanoparticle-based monoliths dried from water in a covered dish since their

slower evaporation rate allowed for time-dependent measurements of their water

mass fraction and optical properties, as illustrated in Figure 5.1. Although the

monoliths dried with different evaporation rates, they all underwent the same

optical changes (Figures D.1 and D.2 in Supporting Information). Some parts of
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Figure 5.3: Block diagram of the procedure used to predict the normal-
hemispherical transmittance Tnh,λ and haze hλ of drying mesoporous silica mono-
liths during the falling rate period (FRP).
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the monoliths may turn white or transparent faster than others. Note, however,

that all the observed monoliths were completely white at some point in the drying

process. These observations suggest that dry and wet regions were homogeneously

distributed throughout the monoliths.

5.4.1 Structural and optical characterization

Figure 5.4 shows (a) the adsorption-desorption isotherms and (b) the pore size

distribution of the calcined nanoparticle-based mesoporous monolith illustrated in

Figure 5.1. The isotherms were of type IV(a) according to the IUPAC classification

[28] confirming that the monolith was mesoporous. In addition, the monolith

featured a H2(b) hysteresis loop indicating that the pores were constricted by

neck but that the neck size distribution was broad. The monolith featured pores

with diameter dp ranging from 2.4 to 12 nm, and a porosity φF of 49±2%.

Figure 5.5 presents the spectral (a) normal-hemispherical transmittance Tnh,λ

and (b) haze hλ of the drying mesoporous monolith over the course of the drying

process. Figure 5.5 also displays the days corresponding to the measurements.

Figure 5.5(a) shows that Tnh,λ decreased from Day 1 to Day 6, and then increased

from Day 6 until its calcination on Day 30. Moreover, Figure 5.5(a) indicates

that the spectral normal-hemispherical transmittance Tnh,λ was almost constant

when the mesoporous monolith was wet (Days 1 through 3) and fully dry (Day

30). On the other hand, between Days 4 and 8, Tnh,λ increased with increasing

wavelength. Similarly, Figure 5.5(b) shows that hλ increased from Day 1 to Day

6, and then decreased from Day 6 until Day 30. Figure 5.5(b) also shows that

the haze was higher than 96% and almost constant on Days 5 and 6 when the

monolith was white. This observation indicates that almost all of the transmitted

light was scattered with a scattering angle larger than 16◦. Figure D.3 in Sup-

porting Information presents the 3D plots of the spectral transmittance and haze

as functions of the monolith’s water mass content.
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Figure 5.4: (a) Adsorption-desorption isotherms and (b) pore size distribution of
the calcined nanoparticle-based mesoporous silica monolith (Table 5.1 and Figure
5.1).
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Figure 5.5: Spectral (a) normal-hemispherical transmittance Tnh,λ and (b) haze
hλ of a nanoparticle-based mesoporous monolith (pictures in Figure 1) over the
course of drying. Days of measurements are also indicated on the graphs.
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Table 5.1 summarizes the evolution of the water mass fraction, volume shrink-

age, and visible transmittance and haze during drying of the water-based meso-

porous silica monolith over 30 days. It indicates that during the first three days

of drying, the water mass fraction xw decreased while the monolith shrank by

20%, corresponding to the constant rate period [49]. During these three days, the

monolith remained transparent with visible transmittance Tvis decreasing slightly

from 92 to 81% and visible haze hvis increasing from 18 to 27%. This was likely

due to the appearance of cracks and defects. Between Days 3 and 4, the shrink-

age stopped signaling the beginning of the falling rate period when pores started

emptying suggesting 0.46 ≤ xw,F ≤ 0.51. On Day 4, the monolith turned white

and the visible transmittance Tvis decreased to 37% while the visible haze hvis

increased abruptly to 95%. These observations were in agreement with those of

Brinker and Scherer [49]. The monolith remained white for two more days, the

visible transmittance Tvis was below 25% and the visible haze hvis exceeded 95%.

On Day 7, the monolith became translucent and featured increasing transmittance

Tvis = 56% and decreasing haze hvis = 48%. Then, the monolith’s optical quality

continued improving until the last traces of water were removed by calcination. It

is also interesting to note that from Day 9 until calcination, the water mass frac-

tion xw remained constant (xw = 0.08), and the optical properties barely changed.

This suggests that xw = 0.08 was the residual water mass fraction resulting from

capillary condensation of the surrounding humidity and that the drying process

had stopped.

Figure 5.6 plots the visible normal-hemispherical transmittance Tvis and the

corresponding haze hvis for the nanoparticle-based mesoporous silica monolith pic-

tured in Figure 5.1 as functions of the measured water mass fraction xw [Equation

(5.1)]. Figure 5.6 also displays the drying stages that were identified from Table

5.1. It indicates that the different drying stages had very distinct optical features.

First, the constant rate period corresponded to 0.46 < xw ≤ 1.01 and coincided
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Table 5.1: Water mass fraction xw(t) and optical characteristics Tvis and hvisof the
nanoparticle-based mesoporous silica monolith drying from water over 30 days.

Day Water mass Appearance Transmittance Haze Volume

fraction xw(t) Tvis (%) hvis (%) shrinkage (%)

1 1.01 Transparent 92.4 18.4 100

2 0.71 Transparent 91.7 21.1 95

3 0.51 Slightly hazy 81.3 26.7 80

4 0.46 White 36.7 94.8 80

5 0.42 White 24 97.7 80

6 0.38 White 19.8 98.8 80

7 0.25 Translucent 56.2 48.1 80

8 0.20 Slightly hazy 81.1 19.8 80

9 0.08 Transparent 91.5 13.0 80

10 0.08 Transparent 92.5 12.8 80

18 0.08 Transparent 92.3 11.4 80

30 0 Transparent 92.3 9.3 80

with low haze hvis and high transmittance Tvis. During this stage, the haze and

transparency of the monolith were mainly controlled by reflection at the mono-

lith/air interface, random defects, and surface roughness. Figure 5.6 also shows

that the monolith featured the lowest haze and highest transmittance after calci-

nation when xw = 0. In this case, haze and transparency of the calcined monolith

were also controlled by reflection and potential scattering at the monolith surface.

Figure 5.6 also establishes that at the beginning of the falling rate period when

xw ' 0.46, the haze hvis abruptly increased and Tvis decreased. We hypothesized

that these observations were the result of volumetric scattering of growing dry

domains within the monolith with characteristic size on the order or larger than

the wavelength λ. As drying proceeded with xw < 0.4, these drained domains

occupied more volume but were significantly less numerous resulting in decreasing

haze and increasing transmittance.
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Figure 5.6: Measured visible normal-hemispherical transmittance Tvis and haze
hvis of a 2 mm thick nanoparticle-based mesoporous silica monolith dried from
water as functions of its water mass fraction xw (Table 5.1 and Figure 5.1).
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5.4.2 Modeling

Structural characteristics

First, the theoretical water mass fraction of xw,F at the transition between the

constant rate and falling rate periods of a mesoporous monolith was calculated as

xw,F = 0.44 using Equation (5.5) for porosity φF = 49% obtained experimentally.

Then, Figure 5.7(a) plots the volume fraction fD(xw) of dry domains predicted

by Equation (5.6) as a function of its water mass fraction xw(t) for a drying

nanoparticle-based monolith (Figure 5.1 and Table 5.1) as well as details of its

appearance. Figure 5.7(a) indicates that the monolith turned white for xw ' 0.46

suggesting the start of the falling rate period as discussed previously. In other

words, the water mass fraction at the transition between constant rate and falling

rate periods obtained visually was consistent with that predicted by Equation

(5.6).

In addition, the average dry domain radius r̄D(xw) can be obtained from Equa-

tions (5.10) and (5.11). The trial and error fitting of the model parameters A and

sw that minimized the least square error between the measured and predicted

visible transmittance and haze yielded A = 7.9 and sw = 0.015. Figure 5.7 also

presents (b) the number NT of dry domains per unit volume of monolith [Equation

(5.18)] and (c) their average dry domain radius r̄D [Equation (5.10)] as functions

of the water mass fraction xw. Figures 5.7(b) and 5.7(c) indicate that as the water

mass fraction xw decreased from 0.44 to 0.4, NT and r̄D increased. This suggests

that at the early stage of the falling rate period, the number of dry domains ap-

pearing in the monolith increased rapidly and their size grew. Moreover, when xw

fell below xw,F = 0.44, the emerging dry scattering domains featured a radius rD

≈ 0.3 µm, comparable to the wavelength of visible light. Then, for xw < 0.4, NT

decreased and r̄D increased. This implies that dry regions expanded and probably

grew by merging with other dry regions as the drying proceeded.

124



(a)

0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45

0

1x10
7

2x10
7

3x10
7

4x10
7

5x10
7

 

 

N
u

m
b

er
 o

f 
d

ry
 d

o
m

a
in

s,
 N

T
 (
#

/m
m

3
)

Water mass fraction, xw

0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45
10

-1

10
0

10
1

10
2

10
3

10
4

1 mm

 

 

A
v

er
a

g
e 

ra
d

iu
s,

 r
D
 (


m
)

Water mass fraction, xw

0.3 m

(b)

(c)

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.0

0.2

0.4

0.6

0.8

1.0

DRYING

 Transparent monolith

 Slightly hazy/translucent monolith

 White monolith

RATE PERIOD

 

 

D
r
y
 d

o
m

a
in

s 
v
o
lu

m
e
 f

r
a
c
ti

o
n

, 
f D

Water mass fraction, xw

CONSTANTFALLING
RATE PERIOD

x
w,F

 = 0.44

Figure 5.7: (a) Dry domain volume fraction fD of a mesoporous silica monolith
with porosity φ = 49% as a function of the water mass fraction xw, predicted
by Equation (5.6). (b) Number NT of dry domains per unit volume of monolith
[Equation (5.18)] and (c) their average radius r̄D as functions of the water mass
fraction xw in the mesoporous monolith.
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Normal-hemispherical transmittance and haze

Figure D.4 of the Supporting Information plots the scattering coefficient σs,λ

[Equation (5.13)] and asymmetry factor gm,λ [Equation (5.14)] as functions of

the water mass fraction xw, used in the computation of the visible transmittance

Tvis and haze hvis of a mesoporous silica monolith with thickness L = 2 mm and

porosity φF = 49%. Figure S4(a) indicates that the scattering coefficient σs,λ

exceeded the value of 0.5 mm−1 during the falling rate period. This establishes

that the white color of the monoliths resulted from multiple light scattering as the

optical thickness τλ = Lσs,λ ≥ 1 [15]. Moreover, Figure S4(a) shows that over-

all the scattering coefficient σs,λ decreased with increasing wavelength suggesting

enhanced scattering of the dry domains in the shorter wavelengths. In addition,

Figure S4(b) shows that the asymmetry factor gm,λ > 0.9 indicating that the dry

domains scattered most of the light in the forward direction.

Figure 5.8 plots the modeled and experimental visible transmittance Tvis and

haze hvis of a drying nanoparticle-based silica monolith with thickness L = 2 mm

and porosity φF = 49% as functions of the water mass fraction xw. First, Figure

5.8 shows that the model estimations and experimental measurements were in

good agreement thanks to the trial and error fitting of A and sw. The model re-

produced the drastic decrease in transmittance Tvis and the sharp increase in haze

hvis at the transition between the constant rate and falling rate periods when xw

= xw,F . In fact, the model estimations and experimental measurements featured

transmittance Tvis ≤ 20% and haze hvis ≥ 95% when xw ' 0.4. This observation

indicates that the white appearance of the monolith was due to volumetric light

scattering by drained regions. Also, Figure 5.8(a) shows that the model repro-

duced properly the increasing transmittance when xw decreased from 0.35 to 0.08.

This confirms that as the number of dry domains decreased significantly and they

became larger than 3 µm [Figures 5.7(b) and 5.7(c)], scattering by the monolith
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decreased and its transparency improved. Furthermore, the modeled visible haze

hvis presented in Figure 5.8(b) depicted the measured decrease when xw ≈ 0.25.

Figure 5.8(b) shows that the modeled hvis was higher than the measured one when

xw < 0.3. This difference between measurements and model estimations for hvis

was likely due to the approximation of the scattering phase function. In the Monte

Carlo method, the scattering direction of the photons was assumed to be char-

acterized by the Henyey-Greenstein phase function. Overall, Figure 5.8 suggests

that the amount of light scattered by the dry domains was correctly simulated by

the model and that the direction of scattering was not as well estimated.

Figure D.5 in Supporting Information plots the modeled spectral normal-

hemispherical transmittance Tnh,λ and haze hλ of a nanoparticle-based monolith

with porosity φF = 49% and thickness L = 2 mm. Figure S5(a) shows that at

the beginning of the falling rate period when 0.22 < xw ≤ 0.44, Tnh,λ increased

with increasing wavelength indicating greater scattering of the dry domains in the

shorter wavelengths, as observed experimentally [Figure 5.5(a)] and as suggested

by the predicted scattering coefficient [Figure S4(a)]. When xw ≥ 0.22, Tnh,λ was

constant. On the other hand, hλ was overall constant and did not feature the same

variations with varying wavelength as observed experimentally. This difference in

measured and modeled spectral haze was probably also due to the approximation

of the scattering phase function, as mentioned previously.

5.5 Conclusion

The optical changes in mesoporous monoliths from transparent to white to trans-

parent again have been mentioned anecdotely and some qualitative explanations

have been provided in the literature. For the first time, the present study docu-

ments quantitatively the changes in water content, transmittance, and haze during

drying of nanoparticle-based mesoporous monoliths. Moreover, this study shows,
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Figure 5.8: Simulated and experimental (a) normal-hemispherical transmittance
Tnh,500 and (b) haze h500 at wavelength λ = 500 nm for a 2 mm thick nanoparticle-
based silica monolith (Figure 5.1, Table 5.1) with final porosity φF = 49%.
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through a light transfer model, that dry domains emerging during the falling

rate period caused the changes in appearances of drying monoliths. Light trans-

fer through the mesoporous monolith accounted for volumetric light scattering

by polydisperse spherical drained domains encompassing several pores and sur-

rounded by the wet gel. In other words, the white appearance of the monolith

resulted from the refractive index mismatch between dry and wet domains. The

dry domains and wet gel were approximated as homogeneous domains with some

effective refractive index. The scattering cross-section and asymmetry factor of

the dry domains were calculated using Lorenz-Mie theory. Finally, the Monte

Carlo method was used to estimate the transmittance and haze of the monoliths.

The model was able to reproduce the sharp changes observed in the measured

transmittance and haze during the falling rate period.
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CHAPTER 6

Comparing Methods for Measuring Thickness, Refractive Index, and

Porosity of Mesoporous Thin Films

This chapter compares systematically contact profilometry, interferometry, ellip-

sometric porosimetry for measuring thickness, effective refractive index, porosity,

and/or pore size of mesoporous thin films. Here, sol-gel and nanoparticle-based

mesoporous silica and silica-titania thin films were synthesized and characterized

with the aforementioned methods. The synthesis recipe and deposition conditions

were varied to achieve a wide range of compositions (silica:titania molar ratio from

100:0 to 70:30), thickness (80 nm ≤ L ≤ 630 nm), effective refractive index ( 1.11

≤ neff,λ ≤ 1.75), porosity (0% ≤ φ ≤ 70%), and peak pore diameter (1 nm ≤

dp ≤ 20 nm). Overall, the thickness, effective refractive index, and/or porosity

obtained from contact profilometry, interferometry, ellipsometry, and ellipsomet-

ric porosimetry agreed very well. However, porosity and pore size distribution

obtained from nitrogen porosimetry on powder samples differed significantly from

those of the equivalent thin films.

6.1 Background

6.1.1 Effective medium approximations

Effective medium approximations (EMAs) treat heterogeneous materials as homo-

geneous with some effective properties. For example, EMAs predict the effective

refractive index of heterogeneous media based on the optical properties and volume

fractions of its constituent materials, assumed to be known. For mesoporous ma-

terials, this approach is valid if the pore size is much smaller than the wavelength
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λ of the incident light so that scattering by pores can be ignored [133, 138, 139].

In addition, the films should be thick compared to the pore size to consider a

sufficiently large representative volume of the film [134,140].

The most commonly used EMAs include (1) the symmetric Bruggeman model

[133,139,141], (2) the Maxwell-Garnett model [142], (3) the asymmetrical Brugge-

man model [143], (4) the Lorentz-Lorenz model [144,145], and (5) the volume av-

eraging theory (VAT) [140]. The symmetric Bruggeman model relates the effective

refractive index of a two-phase mixture neff,λ to its total porosity φ as [133]

φ
n2
d,λ − n2

eff,λ

n2
d,λ + 2n2

eff,λ

+ (1− φ)
n2
c,λ − n2

eff,λ

n2
c,λ + 2n2

eff,λ

= 0 (6.1)

where the subscript “c” refers to the “continuous” phase (e.g., silica), and the

subscript “d” refers to the “dispersed” phase (e.g., air or toluene). Similarly, the

Maxwell-Garnett model was derived for randomly monodisperse spherical inclu-

sions in a continuous matrix and is expressed as [133]

n2
eff,λ = n2

c,λ

[
1−

3φ(n2
c,λ − n2

d,λ)

2n2
c,λ + n2

d,λ + φ(n2
c,λ − n2

d,λ)

]
. (6.2)

The asymmetrical Bruggeman model considers polydisperse spheres distributed

in a continuous matrix [146]. It predicts the effective refractive index neff,λ of the

mesoporous material based on the following implicit relationship [133]

1− φ =

n2
eff,λ

n2
c,λ

−
n2
d,λ

n2
c,λ(

n2
eff,λ

n2
c,λ

)1/3(
1−

n2
d,λ

n2
c,λ

) . (6.3)

The Lorentz-Lorenz model was derived for monodisperse spherical particles in air
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and expresses the effective refractive index implicitly according to [147–149]

n2
eff,λ − 1

n2
eff,λ + 2

= (1− φ)
n2
c,λ − 1

n2
c,λ + 2

+ φ
n2
d,λ − 1

n2
d,λ + 2

. (6.4)

The Maxwell-Garnett and Bruggeman models have been generalized to ellipsoidal

and spheroidal inclusions to account for the shape and orientation of the inclusions

[150–152]. On the other hand, the VAT model was derived by volume averaging

the Maxwell’s equations and disregards the inclusions shape, size, and spatial

distribution. It expresses the effective refractive index neff,λ of a non-absorbing

two-phase composite as [153]

n2
eff,λ = φn2

d,λ + (1− φ)n2
c,λ. (6.5)

Hutchinson et al. [134, 135] numerically solved Maxwell’s equations through

mesoporous silica films with different porosities and morphologies and compared

the porosity retrieved from different EMAs based on reflectance spectrum simu-

lated numerically. The authors concluded that the Maxwell-Garnett model could

predict the effective refractive index neff,λ while the asymmetrical Bruggeman

model predicted the absorption index keff,λ of mesoporous films with spherical

pores regardless of their spatial arrangement. Similarly, Braun and Pilon [140]

recommended the VAT model for non-absorbing films consisting of aligned cylin-

drical pores in a continuous matrix. Stenzel [138] recommended the Lorentz-

Lorenz model for highly porous films regardless of their morphology. Despite the

different recommendations, the above mentioned EMAs yield similar predictions

for mesoporous materials with relatively small mismatch in refractive indices be-

tween the continuous and the dispersed phases such as mesoporous silica (see

Figure E.1 in Supporting Information).
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6.1.2 Interferometry

Interferometry relies on interference patterns present in UV-Vis reflectance spec-

tra of thin films to measure their thickness and refractive index. The theoretical

spectral reflectance of a non-absorbing, non-scattering, optically homogeneous,

and isotropic thin film deposited on a reflective substrate (Figure 6.1) for unpo-

larized light can be expressed as [132]

Rpred,λ =
|r⊥,λ|2 + |r‖,λ|2

2
(6.6)

where r⊥,λ and r‖,λ are the amplitude reflection coefficients for the perpendicular

and parallel polarizations, respectively. They can be expressed as [132]

r⊥,λ =
r12,⊥,λ + r23,⊥,λe

−2iβλ

1 + r12,⊥,λr23,⊥,λe−2iβλ
and r‖,λ =

r12,‖,λ + r23,‖,λe
−2iβλ

1 + r12,‖,λr23,‖,λe−2iβλ
(6.7)

where r12,λ and r13,λ are the Fresnel’s coefficients defined as [132]

rij,⊥,λ =
mi,λcosθi −mj,λcosθj
mi,λcosθi +mj,λcosθj

and rij,‖,λ =
mj,λcosθi −mi,λcosθj
mj,λcosθi +mi,λcosθj

. (6.8)

Here, m1,λ = n1,λ is the refractive index of the transparent surrounding medium,

m2,λ = n2,λ is the refractive index of the non-absorbing film, andm3,λ = n3,λ − ik3,λ

is the complex refractive index of the substrate. In addition, βλ = 2πn2,λLcosθ2/λ

is the phase difference between interfering waves while θ1 is the angle of the

collimated incident radiation defined with respect to the outward normal vector

to the film. Moreover, θ2 is the angle of transmission at the air/film interface and

θ3 is a complex angle [132]. The angles θ2 and θ3 can be calculated using Snell’s

law [132] according to n1,λ sin θ1 = n2,λ sin θ2 and n2,λ sin θ2 = m3,λ sin θ3. If the

substrate is non-absorbing, θ3 is real and corresponds to the angle of transmission

at the film/substrate interface (Figure 6.1).

Fitting the experimental reflectance spectrum from a thin film on a substrate
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Figure 6.1: Schematic of dense or mesoporous thin films deposited on a silicon
substrate exposed to collimated light incident at angle θ1.

of known optical properties m3,λ using Equations (6.6)-(6.8) yields the thickness

L and refractive index n2,λ of the film. When the film is absorbing, the complex

refractive index m2,λ can also be retrieved by interferometry by including the

adsorption index k2,λ in the fitting procedure. Note that this procedure also

requires prior knowledge of the complex index of refraction of the surrounding

medium m1,λ (if different from air) and of the incident angle θ1. Furthermore,

Equation (6.7) is valid when the substrate is thick enough to be treated as semi-

infinite. Finally, a reflective substrate is preferred to maximize the signal-to-noise

ratio and to measure strong interference fringes.

For mesoporous thin films, this procedure retrieves the effective refractive in-

dex neff,λ (= n2,λ) that can then be used to retrieve the porosity φ based on some

EMAs. In this study, the Maxwell-Garnett model [Equation (6.2)] was chosen

for neff,λ since it was validated both numerically [134] and experimentally [135]

for sol-gel mesoporous silica films. Moreover, note that the porosity φ retrieved

by interferometry based on some EMAs is the total porosity including both the

open and closed porosities. By contrast, porosimetry techniques, including ellip-

sometric porosimetry and nitrogen porosimetry, measure only the open porosity
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φo accessible to the probing molecule. Figure 6.2(a) illustrates the procedure of

interferometry used in the present study.

6.1.3 Ellipsometry

Spectroscopic ellipsometry measures changes in polarization between the linearly

polarized incident radiation and the reflected radiation from a film as a func-

tion of wavelength in the UV to IR regions. After reflection by the film and its

substrate, the polarization of the electromagnetic wave changes from linear to el-

liptical. The measured reflected intensity is characterized by two angles ∆λ and

Ψλ where ∆λ represents the phase difference between the parallel and perpendic-

ular polarizations of the reflected electric field while tan Ψλ represents the change

in their amplitude ratio. The amplitude reflection coefficients r⊥,λ and r‖,λ of the

perpendicular and parallel components of polarization are such that their ratio is

given by [154]
r‖,λ
r⊥,λ

= tan Ψλ exp(i∆λ). (6.9)

For a mesoporous thin film on a reflective substrate, the ratio r‖,λ/r⊥,λ depends

on the film’s thickness L and on its effective refractive index neff,λ [Equations

(6.7)]. Therefore, fitting the spectral angles ∆λ and Ψλ to a model based on thin

film optics enables the retrieval of both L and neff,λ of non-absorbing mesoporous

thin films. Then, neff,λ can be used to calculate the total porosity φ of the film

using one of the EMAs previously discussed.

6.1.4 Ellipsometric porosimetry

Ellipsometric porosimetry (EP) combines ellipsometry and gas adsorption mea-

surements by measuring the mesoporous thin film’s thickness and refractive index

as a gas (i.e., adsorbate) progressively fills the pores. This method yields (i) the

thickness L, (ii) the spectral effective refractive index neff,λ, (iii) the adsorption
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and desorption isotherms, (iv) the open porosity φo, and (v) the pore size dis-

tribution. The thickness L and the effective refractive index neff,λ are retrieved

by the ellipsometry method previously described. This method is also used to

retrieve the thicknesses L(P ) and effective refractive indices neff,λ(P ) of the film

filled with adsorbate retrieved for different pressures P . Then, the amount of

adsorbate adsorbed/desorbed in the mesoporous film can be calculated as a func-

tion of the relative pressure P/P0 where P0 is the adsorbate saturation pressure.

Since the processes are not necessarily reversible, the resulting adsorption and

desorption isotherms feature hysteresis loops that can be classified into four types

and provide information on the pore connectivity and shape [28]. In the case of

ellipsometric porosimetry, the volume adsorbed ratio ra(P ) at adsorbate pressure

P , defined as the ratio of the volume of adsorbate in pores to the volume occupied

by the film, is calculated from the thickness L(P ) and effective refractive index

neff,λ(P ) using some EMA. For example, when using the Lorentz-Lorenz model,

the volume adsorbed ratio ra(P ) can be expressed as [144]

ra(P ) =
Vm

αaL(P )
[D(P )L(P )−D(0)L(0)] (6.10)

where Vm is the molecular volume of the adsorbate (in cm3), αa is the molecular

polarizability of the adsorbate (in cm3), and D(P ) is defined as D(P ) = [neff,λ(P )2

− 1]/[neff,λ(P )2 + 2].

Then, the open porosity φo is calculated using the Lorentz-Lorenz EMA [Equa-

tion (6.4)] based on the effective refractive indices measured when the pores are

completely empty and when the accessible pores are completely filled with the

adsorbate close to saturation P0 such that

φo = ra(P0) =
D(P0)−D(0)

nd,λ(P0)2 − 1

nd,λ(P0)2 + 2

(6.11)
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where nd,λ(P0) is the refractive index of the adsorbate, assumed to be known.

Finally, the pore size distribution can be calculated from the isotherms using

the Barrett-Joyner-Halenda (BJH) [83] algorithm which assumes that the pores

are cylindrical. The model relies on the Kelvin equation relating the pore filling

pressure to the radius of curvature of the adsorbate phase [84]. This estimate

is then corrected for the layer of adsorbate present on the pore walls, using the

measured or estimated statistical film thickness curve [155]. Figure 6.2(b) shows

a diagram of the procedure.

6.1.5 Nitrogen porosimetry

Nitrogen porosimetry is a gas adsorption technique that measures (i) adsorption

and desorption isotherms, (ii) the specific surface area Sa (in m2/g), (iii) the total

pore volume vp,tot (in cm3/g) and open porosity φo, and (iv) the pore size distri-

bution of bulk mesoporous materials. Adsorption-desorption isotherms report the

amount of adsorbed nitrogen, calculated from the difference in numbers of moles

that are (i) dosed into the sample tube and (ii) left in the gas phase in the sample

tube after adsorption is complete, as a function of the relative pressure P/P0. The

specific surface area Sa can be obtained by the Brunauer-Emmett-Teller (BET)

method based on the expression [82]

Sa = NACN2Nm (6.12)

where NA is the Avogadro constant (in mol−1) and CN2 is the cross-sectional area

of a N2 molecule adsorbed in a monolayer (in m2) while Nm is the measured

monolayer capacity (in mol/g), defined as the number of moles of N2 needed

to cover the surface of the pores in 1 g of porous material with a monolayer of

N2. The total pore volume vp,tot can be calculated by converting the number

of moles of nitrogen adsorbed at a relative pressure P/P0 close to saturation to
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the volume of liquid nitrogen based on the liquid nitrogen molar density of 34.38

cm3mol−1 [156,157]. Then, the open porosity φo can be calculated from the total

pore volume vp,tot according to [157]

φo =
Vtρ

1 + Vtρ
(6.13)

where ρ is the density of the solid phase. Here also, the pore size distribution

of mesoporous materials is obtained from the BJH method [83] using the Kelvin

equation and the statistical film thickness of the adsorbate on the pore walls to

estimate the pore size [85]. Nitrogen porosimetry is mainly used for characterizing

mesoporous powders available in sufficiently large quantities.

Interferometry is a simple and well-established technique for measuring thick-

ness and refractive index of dense thin films and has been implemented in com-

mercial devices [158]. Several studies used interferometry to retrieve thickness and

effective refractive index of mesoporous thin films and to estimate their porosity

using some EMAs [159–162]. However, to the best of our knowledge, no com-

prehensive comparison of interferometry with other well-established methods for

measuring the thickness, effective refractive index, and porosity of mesoporous

thin films is available in the literature. Notably, this method has never been used

for multicomponent mesoporous thin films such as silica-titania films. In addi-

tion, this study aims at determining if nitrogen porosimetry measurements on

equivalent powders can be used as a substitute to measurements on thin films.

6.2 Materials and methods

6.2.1 Materials

The following materials were obtained from commercial suppliers and used with-

out further purification: (1) ammonia-stabilized colloidal suspension of silica
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nanoparticles (15 wt% of silica in water, measured mean particle diameter 9 nm,

Nalco 2326, Nalco Chemical Company), (2) triblock copolymer Pluronic P123

(EO20PO70EO20, Mw = 5800 Da, BASF), (3) triblock copolymer Pluronic F127

(EO100PO65EO100, Mw = 12600 Da, BASF), (4) tetraethyl orthosilicate (TEOS)

(98%, Acros Organics), (5) titanium isopropoxide (TIPO) (95%, Acros Organics),

(6) hydrochloric acid (38 wt% in water, Certified ACS Plus, Fisher Scientific), (7)

and ethanol (200 proof, Rossville Gold Shield).

6.2.2 Synthesis

Mesoporous silica and silica-titania thin films were prepared by evaporation-

induced self-assembly [45,47,49] using either molecular precursors of silica (TEOS)

and titania (TIPO) or silica nanoparticles as the building blocks along with

Pluronic F127 or P123 as the structure directing agents. The porosity, pore

size, and pore wall thickness of the thin films were controlled by adjusting the

mass ratio M of the polymer to the inorganic components (i.e., the sum of silica

and titania). The exact synthesis is described in the following paragraphs. Note

that nanoparticle-based mesoporous silica-titania films were not prepared because

solutions of silica and titania nanoparticles were unstable due to uncontrolled ag-

gregation and precipitation caused by their opposing surface charges. Indeed, the

silica nanoparticles were stabilized in NH3 at pH 9 resulting in a negative surface

charge while the titania nanoparticles were stabilized in solution at pH 3 resulting

in a positive surface charge [163].

Mesoporous silica thin films

The solution of molecular silica precursor was prepared by dissolving 25 mg of

either Pluronic F127 or Pluronic P123 in 0.6 mL of ethanol and 0.16 mL of 0.05

M aqueous HCl by magnetic stirring. Then, TEOS was added in the amount
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corresponding to the desired polymer to silica mass ratio M between 0.1 and 2.5

g/g. Similarly, the solution of silica nanoparticles and structure directing agents

was prepared by dissolving 0.678 g of either Pluronic F127 or Pluronic P123 in

3 mL of deionized water by magnetic stirring. Then, the colloidal suspension of

silica nanoparticles was added in the amount corresponding to M between 0.1 and

2 g/g.

Sol-gel and nanoparticle-based mesoporous silica thin films were synthesized

by spin-coating 80 µL of one of the above solutions onto a 1” x 1” single-crystal

p-doped silicon substrate (µ = 0.005-0.01 Ω.cm). The film thickness was varied

by changing the spin speed between 1,000 and 4,000 rpm. The as-spun films

were calcined in air at 350◦C for 30 min using a temperature ramp of 2◦C/min to

remove the polymer and then cooled in air to room temperature.

Silica-titania thin films

The synthesis of sol-gel mesoporous silica-titania films was adapted from the lit-

erature [164]. The desired amount of Pluronic F127 was dissolved in a solution

of ethanol, HCl, and H2O that was rapidly stirred at 60◦C. Then, the desired

amount of TEOS was added to the solution followed by a dropwise addition of

TIPO, and the stirring was continued for another 5 hours at 60◦C. The amount of

Pluronic F127 was adjusted to correspond to a polymer to inorganic components

mass ratio M between 1 and 2.5 g/g while the amount of the remaining compo-

nents of the solution were defined by a molar ratio ethanol:HCl:H2O:TEOS:TIPO

= 50:6.1:0.06:x:(1-x) where x = 10, 20, and 30 determined the molar ratio of sil-

ica and titania in the prepared thin films. The sol-gel mesoporous silica-titania

thin films were synthesized by spin-coating (1,000-4,000 rpm) 80 µL of the above

silica-titania solution onto a 1” x 1” single-crystal p-doped silicon substrate (µ =

0.005-0.01 Ω.cm). The as-spun films were calcined in flowing oxygen at 400◦C for
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2 hours using a temperature ramp of 1◦C/min to remove the polymer and then

cooled in flowing oxygen to room temperature.

Moreover, dense sol-gel silica-titania thin films with compositions identical to

those of the sol-gel mesoporous silica-titania films were prepared using the same

procedure but without Pluronic F127. These films were used to measure the

refractive index of the silica-titania continuous phase nc,λ necessary to retrieve

porosity of the sol-gel mesoporous silica-titania films using an EMA.

Mesoporous silica and silica-titania powders

Finally, sol-gel and nanoparticle-based mesoporous silica powders and sol-gel meso-

porous silica-titania powders were synthesized from the same solutions as those

used to prepare the corresponding silica and silica-titania thin films. The solutions

were evaporated in a Petri dish for at least 2 days, at relative humidity above 50%.

The resulting powders were calcined in a tube furnace in flowing oxygen at 400◦C

for 10 to 12 hours using a temperature ramp of 5◦C/min to remove the polymer

template. They were then cooled in flowing oxygen to room temperature. These

powders were characterized by nitrogen porosimetry.

6.2.3 Characterization

Mesoporous thin films were characterized by (i) scanning electron microscopy

(SEM), (ii) contact profilometry, (iii) interferometry, (iv) ellipsometry, and (v)

ellipsometric porosimetry (EP). Note that the porosity retrieved by interferom-

etry and ellipsometry combined with the Maxwell-Garnett model corresponded

to the total porosity φ of the mesoporous films while that measured by ellipso-

metric porosimetry represented the open porosity φo [157]. The open porosity of

mesoporous powders was characterized by low-temperature nitrogen porosimetry.

All details of these measurements and calculations are provided in Supporting
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Information.

6.3 Results and discussion

Table 6.1 summarizes the structure, composition, thickness L, spectral effective

refractive index neff,λ, open porosity φo, and peak pore diameter dp, character-

ized by ellipsometric porosimetry, for sol-gel silica (denoted by SG) and silica-

titania (ST) as well as nanoparticle-based silica (NP) mesoporous thin films using

Pluronic F127 (F) or P123 (P) with different polymer to inorganic components

mass ratio M . Here, the pore size distribution was calculated from the adsorption

branch of the isotherm and the peak pore diameter dp was defined as the diameter

for which the pore size distribution reached its maximum. In the following discus-

sion, ellipsometric porosimetry was used as the reference method to characterize

mesoporous thin films.
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Table 6.1: Structure, composition, thickness L, spectral effective refractive index
neff,λ, and open porosity φo of the different mesoporous sol-gel silica (SG) and
silica-titania (ST) thin films and nanoparticle-based silica (NP) films investigated
in the present study.

Sample Structure Polymer Mass Silica:titania Film thickness Effective refractive Open porosity Peak pore
ratio M molar ratio L index neff,λ φo diameter dp

(g/g) (nm) (λ = 400 -800 nm) (%) (nm)

SGF-2.5 sol-gel F127 2.5 100:0 628 1.11 58 15.2
SGF-2 sol-gel F127 2 100:0 374 1.17-1.18 65 11.5

SGF-1.7 sol-gel F127 1.7 100:0 235 1.22 45 8.1
SGF-1.4 sol-gel F127 1.4 100:0 255 1.22 46 8.1
SGF-1.2 sol-gel F127 1.2 100:0 198 1.25-1.26 41 8.7

SGF-1.2-2 sol-gel F127 1.2 100:0 337 1.20-1.21 54 15.0
SGF-0.6 sol-gel F127 0.6 100:0 156 1.35 31 7.6
SGF-0.4 sol-gel F127 0.4 100:0 231 1.37-1.39 22 6
SGP-1.5 sol-gel P123 1.5 100:0 460 1.18-1.19 65 5.2
SGP-0.8 sol-gel P123 0.8 100:0 297 1.23-1.24 47 8
SGP-0.2 sol-gel P123 0.2 100:0 80.5 1.41 8 2.5

NPF-1.7 NP F127 1.7 100:0 526 1.15-1.6 59 16.4
NPF-1.5 NP F127 1.5 100:0 524 1.15-1.16 40 13.9
NPF-1.2 NP F127 1.2 100:0 401 1.21-1.22 53 13.3

NPF-1.2-2 NP F127 1.2 100:0 530 1.21-1.22 61 12.7
NPF-1 NP F127 1 100:0 368 1.19-1.20 55 10.8

NPF-0.5 NP F127 0.5 100:0 406 1.29 33 5.8
NPF-0.3 NP F127 0.3 100:0 399 1.29-1.30 34 2.8
NPP-2 NP P123 2 100:0 456 1.19 56 12.3

NPP-1.5 NP P123 1.5 100:0 461 1.17-1.18 68 13.2
NPP-0.5 NP P123 0.5 100:0 396 1.25-1.26 40 6.4
NPP-0.2 NP P123 0.2 100:0 438 1.27-1.28 36 4.4

STF91-1 sol-gel F127 1 90:10 242 1.33-1.35 36 4.1
STF82-2.2 sol-gel F127 2.2 80:20 571 1.27 58 4.5
STF82-2 sol-gel F127 2 80:20 508 1.28 53 4.9

STF82-1.7 sol-gel F127 1.7 80:20 445 1.29-1.31 42 4
STF82-1.5 sol-gel F127 1.5 80:20 424 1.32-1.34 41 4
STF82-1 sol-gel F127 1 80:20 321 1.32-1.37 39 3.7

STF73-1.5 sol-gel F127 1.5 70:30 452 1.33-1.35 48 4
STF73-1 sol-gel F127 1 70:30 369 1.40-1.43 32 4

6.3.1 Scanning Electron Microscopy

Figure 6.3 shows SEM images of three representative mesoporous thin films namely

(a) SGF-1.2 sol-gel silica film prepared using Pluronic F127 with polymer to silica

mass ratio M = 1.2 g/g, (b) NPP-1.5 nanoparticle-based silica film prepared us-

ing Pluronic P123 with M = 1.5 g/g, and (c) STF73-1.5 sol-gel silica-titania film

prepared using Pluronic F127 with M = 1.5 g/g and a silica:titania molar ratio

of 70:30. The images indicate that the films were mesoporous with somewhat

uniform but disordered pores. The backbone of the sol-gel silica and silica-titania

films consisted of continuous silica and silica-titania networks that were created

by condensation of the molecular precursor(s) [Figures 6.3(a) and 6.3(c)]. By con-

trast, the backbone of the nanoparticle-based silica film consisted of a network of

aggregated silica nanoparticles that served as building blocks of the mesoporous
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structure [Figure 6.3(b)].

6.3.2 Reference measurements

Refractive index of dense silica-titania nc,λ

Figure 6.4 plots the spectral refractive index nc,λ of dense silica-titania films

for wavelength λ between 400 and 800 nm retrieved by interferometry and el-

lipsometry for silica:titania molar ratio of 100:0 [24], 90:10, 80:20, and 70:30 using

Cauchy’s dispersion law given by [155]

nc,λ = A+
B

λ2
+
C

λ4
(6.14)

where A, B (in µm2), and C (in µm4) are fitting coefficients with λ expressed in

µm. First, Figure 6.4 shows that the refractive index nc,λ measured by interfer-

ometry was in very good agreement with that measured by ellipsometry. Table

E.1 summarizes the values of A, B, and C for the different silica:titania molar

ratios considered. In fact, the relative error in refractive index nc,λ between the

two methods was less than 6% (Table E.2 and Figure E.2).

Figure 6.4 also indicates that the refractive index of the dense silica-titania

films increased with decreasing silica:titania molar ratio. This was expected since

amorphous titania has a larger refractive index than silica [165], i.e., 2-2.6 vs.

1.45 in the 400-800 nm wavelength range. In addition, the refractive index nc,λ of

dense silica-titania films varied from 0.03 to 0.07 in the 400-800 nm wavelength

range as the silica:titania molar ratio ranged from 90:10 to 70:30 while that of

silica did not vary by more than 0.02. Thus, the spectral nature of the refractive

index of silica-titania nc,λ, given by the dispersion law of Equation (6.14), must

be considered in order to achieve good fitting of the reflectance spectra. However,

the refractive index nc,λ of silica can be assumed to be constant and equal to 1.459
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(a)

100 nm

(b)

100 nm

(c)

100 nm

Figure 6.3: SEM images of (a) sol-gel mesoporous silica film templated with
Pluronic F127 with a mass ratio M of 1.2 g/g (SGF-1.2), (b) nanoparticle-based
mesoporous silica film templated with Pluronic P123 with M = 1.5 g/g (NPP-
1.5), and (c) sol-gel mesoporous silica-titania film templated with Pluronic F127
and M = 1.5 g/g and with a silica:titania molar ratio of 70:30 (STF73-1.5). Silica
matrix or nanoparticles appear in grey and pores appear in black.
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(see section 6.1 in Supporting Information).
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Figure 6.4: Spectral refractive index nc,λ of dense silica-titania films with sil-
ica:titania molar ratio of 90:10, 80:20, and 70:30 retrieved from ellipsometry
(solid lines) and interferometry (dashed lines). The refractive index of silica from
Ref. [24] is also plotted for comparison.

Adsorption-desorption isotherms

Figure 6.5 shows toluene adsorption-desorption isotherms of the (a) sol-gel meso-

porous silica films (SGF), (b) nanoparticle-based mesoporous silica films (NPF),

and (c) sol-gel mesoporous silica-titania films (STF) with silica:titania molar ratios

of 90:10, 80:20, and 70:30 all prepared using Pluronic F127 with different polymer

to inorganic components mass ratio M . All isotherms were of the type IV(a) ac-
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cording to the IUPAC classification [28] confirming that all films were mesoporous.

The isotherms of the sol-gel mesoporous (i) silica films with a mass ratio M < 2

g/g and (ii) silica-titania films featured H2(a) hysteresis loops indicating that the

mesopores were constricted by necks with narrow size distribution [28]. The latter

resulted in pore-blocking apparent through the very steep desorption close to the

cavitation point of toluene. This indicates that the pores were likely spherical

and the narrow connections between them served as the constricting necks. The

isotherms of (a) the sol-gel mesoporous silica films prepared using Pluronic F127

with M = 2 and 2.5 g/g (SGF-2 and SGF-2.5) and (b) all nanoparticle-based

mesoporous silica films prepared using Pluronic F127 featured H2(b) hysteresis

loops indicating that the mesopores were similarly constricted by necks but in

these films the neck size distribution was broader [28]. The latter was likely due

to the broader pore size distributions in the sol-gel films with high mass ratio M

and in all nanoparticle-based films.

Figure 6.6 presents the toluene adsorption-desorption isotherms of the sol-gel

mesoporous silica films (SGP-0.2 to 1.5) and of the nanoparticle-based mesoporous

silica films (NPP-0.2 to 2) templated with Pluronic P123, instead of Pluronic F127.

Figure 6.6(a) shows that SGP-0.2 had an isotherm of type I(b) and featured an

irreversible adsorption isotherm, i.e., the adsorption and desorption branches did

not coincide even below the cavitation point of toluene, likely due to trapping

of toluene in the network of very small pores. This was likely due to the very

small amounts of block copolymer used for the synthesis of this film that resulted

in small pores [28]. The isotherms of the other sol-gel and nanoparticle-based

silica films prepared using Pluronic P123 were all of the type IV(a) indicating the

presence of mesopores [28]. The SGP-0.8 film featured an H2(a) hysteresis loop

while the SGP-1.5, NPP-0.2, NPP-0.5, NPP-1.5, and NPP-2 films featured H2(b)

hysteresis loops.
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Figure 6.5: Toluene adsorption-desorption isotherms measured by ellipsometric
porosimetry of the (a) sol-gel mesoporous silica films, (b) nanoparticle-based meso-
porous silica films, and (c) sol-gel mesoporous silica-titania films with silica:titania
molar ratios of 90:10, 80:20, and 70:30 all prepared using Pluronic F127 with dif-
ferent polymer to inorganic components mass ratio M . Isotherms were shifted for
better visibility.
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Figure 6.6: Toluene adsorption-desorption isotherms measured by ellipsometric
porosimetry of the (a) sol-gel mesoporous silica and (b) nanoparticle-based meso-
porous silica thin films all templated with Pluronic P123. Toluene isotherms were
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and 1.2 for NPP-0.2, NPP-0.5, NPP-1.5, and NPP-2 films.
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Porosity

Figure 6.7 depicts the open and total porosities retrieved by ellipsometric porosime-

try and by interferometry for (a) sol-gel mesoporous silica, (b) nanoparticle-based

mesoporous silica, and (c) sol-gel mesoporous silica-titania films (see Table 6.1)

as a function of polymer to inorganic components mass ratio M . Figure 6.7 indi-

cates that the porosity of all films generally increased with increasing mass ratio

M . However, some films synthesized using high mass ratio M showed reduced

porosity. For example, the open porosity φo of the sol-gel mesoporous silica films

prepared using Pluronic F127 increased from 22 to 65% as M increased from 0.4

to 2 g/g. However, φo decreased to 58% for M = 2.5 g/g. Similarly, the open

and total porosities of the nanoparticle-based silica films, prepared using Pluronic

P123, increased from 36 to over 63% when M increased from 0.2 to 1.5 g/g but

φo decreased to 56% and φ to 60% for M = 2 g/g. This observation was likely

due to the fact that the films synthesized using high mass ratio M were more

fragile, resulting in a partial collapse of the mesostructure during calcination. As

a result, the porosity did not exceed 70% regardless of the polymer to inorganic

components mass ratio M used for the synthesis.

Moreover, Figure 6.7 shows that the minimum porosity of the sol-gel silica films

was much lower (8% for M = 0.2 g/g) than that of the nanoparticle-based silica

films (34-36% for M = 0.2-0.3 g/g). This can be attributed to the fact that con-

densation of molecular precursors formed a continuous silica network that, in the

absence of polymer template, completely filled the available space forming dense

silica films. By contrast, silica nanoparticles aggregate spontaneously and leave

empty space between them, even for M = 0 g/g, resulting in films with porosity

above 26%, corresponding to the porosity of ordered close-packed monodisperse

spheres [166].
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Figure 6.7: Porosity as a function of the polymer to inorganic component mass ra-
tio M for (a) sol-gel mesoporous silica, (b) nanoparticle-based mesoporous silica,
and (c) sol-gel mesoporous silica-titania films measured by ellipsometric porosime-
try and interferometry.
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Pore size distribution

Table 6.1 shows that the peak pore diameter dp of the mesoporous silica and silica-

titania films generally increased with increasing polymer to inorganic components

mass ratio M . Moreover, Figure 6.8 shows the pore size distributions retrieved

from ellipsometric porosimetry for (a) sol-gel, (b) nanoparticle-based mesoporous

silica, and (c) sol-gel mesoporous silica-titania thin films templated with Pluronic

F127. They indicate that the pore size distributions of mesoporous silica films

broadened with increasing mass ratio M . This was caused by the increase in block

copolymer concentration that resulted in increasing micelles’ size and broadening

of their size distribution [164]. The latter also caused broadening of the neck size

distribution reflected in the aforementioned changes of the hysteresis loops from

H2(a) to H2(b) for the sol-gel mesoporous silica films (see Figure 6.5(a) for SGF-

0.4 to 2.5 and Figure 6.6(a) for SGP-0.2 to 1.5). Finally, Figure 6.9 shows similar

trend for the pore size distributions of sol-gel and nanoparticle-based mesoporous

silica films templated with Pluronic P123.

6.3.3 Comparison of characterization methods

Tables E.3 to E.5 in Supporting Information summarize the thickness, spectral

effective refractive index, and porosity measured by contact profilometry, interfer-

ometry, ellipsometric porosimetry, and/or nitrogen porosimetry of all synthesized

films and their corresponding powders.

Film thickness L

Figure 6.10(a) plots the thickness L of all mesoporous thin films investigated and

measured using contact profilometry and interferometry as a function of the film

thickness measured by ellipsometry. It shows that, in general, all three methods
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Figure 6.8: Pore size distributions measured by ellipsometric porosimetry of the
(a) sol-gel mesoporous silica films, (b) nanoparticle-based mesoporous silica films,
and (c) sol-gel mesoporous silica-titania films with silica:titania molar ratios of
90:10, 80:20, and 70:30 all prepared using Pluronic F127 with different polymer
to inorganic components mass ratio M . Pore size distributions were shifted by
increments of 1.
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Figure 6.9: Pore size distributions measured by ellipsometric porosimetry of the
(a) sol-gel mesoporous silica and (b) nanoparticle-based mesoporous silica thin
films all templated with Pluronic P123. Pore size distributions were shifted by
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considered were consistent. In fact, the thickness measured by contact profilome-

try and interferometry fell within 10% of the value measured using ellipsometry.

However, the thickness of the SGF-2.5, NPF-1.2-2, and NPP-1.5 films showed sig-

nificant inconsistency among the three methods resulting in differences in excess

of 10%. This was probably due to the non-uniformity of the film thickness since

each method probed different parts of the film. Finally, note that the thickness of

some mesoporous thin films less than ∼ 250 nm thick and of dense silica-titania

films could not be measured using contact profilometry because of the difficulty

in preparing the samples due to the chipping of the films or the fact that they

were too hard.

Effective refractive index neff,λ

Figure 6.10(b) plots the effective refractive index neff,λ measured at wavelength

λ = 500 nm by interferometry as a function of that measured using ellipsometry

for all mesoporous thin films investigated. It shows that the measurements from

both methods fell within 5% of each other for all samples.

Porosity

Figure 6.10(c) plots the total porosity φ retrieved by interferometry using the

Maxwell-Garnett EMA [Equation (6.2)] as a function of the open porosity φo

measured by ellipsometric porosimetry, based on Lorentz-Lorenz EMA [Equa-

tion (6.11)], for all mesoporous thin films synthesized. It also shows the total

porosity retrieved by ellipsometry using the measured effective refractive index

and the Maxwell-Garnett EMA along with the open porosity measured from ni-

trogen adsorption porosimetry performed on equivalent powders. First, Figure

6.10(c) shows that the total porosity φ measured by interferometry and ellipsom-

etry agreed very well for most films. It also indicates that, for most samples,
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Figure 6.10: (a) Thickness L, (b) effective refractive index neff (λ = 500 nm),
and (c) porosity of sol-gel mesoporous silica films (Table E.3), nanoparticle-based
mesoporous silica films (Table E.4), and sol-gel mesoporous silica-titania films (Ta-
ble E.5) measured by contact profilometry, interferometry, ellipsometry, and/or
ellipsometric porosimetry. Dashed lines represent relative errors of 5 or 10%.

156



the total porosity obtained from interferometry was generally within 10% of the

open porosity measured by ellipsometric porosimetry. This difference could be

attributed to experimental uncertainty associated with both methods. It also

suggests that the closed porosity of the films did not contribute significantly to

their total porosity.

Figure 6.10(c) also shows that the total porosity of several mesoporous films

retrieved by interferometry or ellipsometry was unexpectedly lower than the open

porosity measured with ellipsometric porosimetry. In the case of all mesoporous

silica films and most mesoporous silica-titania films, the total and open porosities

fell within a relative error of 15% or an absolute error of 7%. This may be due to

experimental uncertainty associated with both methods. For sol-gel mesoporous

silica-titania films, it may also be due to the fact that the sol-gel derived dense

films used to retrieve nc,λ might have been slightly porous. This would lead to

an underestimation of the refractive index nc,λ resulting in underestimation of the

total porosity by interferometry based on the Maxwell-Garnett model. However,

the differences observed were not significant and the accurate total and open

porosities were within the experimental uncertainties.

Finally, the fact that the total porosity φ of most mesoporous silica-titania

films measured by interferometry was in good agreement (within 10%) with that

measured by ellipsometry establishes that interferometry is a simple and reliable

method to estimate the porosity of multicomponent mesoporous films.

6.3.4 Mesoporous thin films versus equivalent powders

Tables E.6 and E.7 present the structural characteristics of the powders measured

by nitrogen porosimetry. Powders were designated with the letter P followed by

references to their structure (SG, NP, ST), the template used (F for Pluronic F127

or P for Pluronic P123), and the mass ratio M .
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Structure

Figures 6.11 shows the nitrogen adsorption-desorption isotherms of the powders

equivalent to the (a) sol-gel mesoporous silica films, (b) nanoparticle-based meso-

porous silica films, and (c) sol-gel mesoporous silica-titania films with silica:titania

molar ratios of 90:10, 80:20, and 70:30, all prepared using Pluronic F127. Com-

paring Figures 6.5 and 6.11 indicates that, in general, the equivalent powders

had porous structures different from their corresponding thin films. For example,

SGF-0.4 and SGF-0.6 films were mesoporous based on their type IV(a) toluene

isotherms but their equivalent powders, P-SGF-0.4 and P-SGF-0.6, had isotherms

of type I(a) according to the IUPAC classification indicating a microporous struc-

ture [28]. Moreover, for the SGF-1.7, SGF-2, SGF-2.5, NPF-1.2, NPF-1.5, and

NPF-1.7 films, the toluene isotherms featured only one clear adsorption step re-

lated to the capillary condensation in the pores whereas the nitrogen isotherms of

the corresponding powders featured two steps indicating a bimodal pore size dis-

tribution. These discrepancies can be attributed to the fact that sol-gel synthesis

is very sensitive to the drying conditions [167] and that the drying rate in spin-

coating of thin films is much larger than in synthesizing equivalent powders. The

same observations were made for mesoporous silica films and powders templated

with Pluronic P123 (Figures 6.6 and 6.12).

Pore size distribution

Figures 6.13 shows the pore size distributions measured by nitrogen porosimetry of

the powders equivalent to the (a) sol-gel mesoporous silica films, (b) nanoparticle-

based mesoporous silica films, and (c) sol-gel mesoporous silica-titania films with

silica:titania molar ratio of 90:10, 80:20, and 70:30 all prepared with Pluronic F127.

Comparing Figures 6.8 and 6.13 indicates that, overall, the pore size increased with

increasing polymer to silica mass ratio M for both mesoporous films and powders.
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Figure 6.11: Nitrogen adsorption-desorption isotherms of the (a) sol-gel meso-
porous silica powders, (b) nanoparticle-based mesoporous silica powders, and (c)
sol-gel mesoporous silica-titania powders with silica:titania molar ratios of 90:10,
80:20, and 70:30 all prepared using Pluronic F127 with different polymer to inor-
ganic components mass ratio M . Isotherms were shifted for better visibility.

However, films and their equivalent powders had different pore size distributions

and peak pore diameter dp. Contrary to thin films, powders often had bimodal

pore size distributions such as P-SGF-1.4, P-SGF-1.7, or P-NPF-1.5. Similar

discrepancies could be observed for the sol-gel and nanoparticle-based mesoporous

silica films and powders templated with Pluronic P123 (Figure 6.9 and 6.14).

This was due to the different drying conditions between the mesoporous films

and the equivalent powders that affected their structural evolution, as previously

discussed. Note that the kinetic diameter of toluene molecules is 0.61 nm [168] and

that of nitrogen is 0.37 nm [169]. Therefore, since the measured pores featured

a diameter equal or greater than 1.6 nm, both molecules should probe the same

pore sizes [157].
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Figure 6.12: Nitrogen adsorption-desorption isotherms of the (a) sol-gel meso-
porous silica and (b) nanoparticle-based mesoporous silica powders all templated
with Pluronic P123. Nitrogen isotherms were shifted by 0, 100, and 350 cm3 STP
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Figure 6.13: Pore size distributions measured by nitrogen porosimetry of the
(a) sol-gel mesoporous silica powders, (b) nanoparticle-based mesoporous silica
powders, and (c) sol-gel mesoporous silica-titania powders with silica:titania molar
ratios of 90:10, 80:20, and 70:30 all prepared using Pluronic F127 with different
polymer to inorganic components mass ratio M . Pore size distributions were
shifted for better visibility.

161



(a) (b)

P-SGP-1.5

P-SGP-0.8

0

0.1

0.2

0.3

0.4

0.5

0.6

0 10 20 30 40 50

d
v

p
,c

u
/d

d
p

(c
m

3
g
–
1

n
m

–
1
)

Pore diameter, dp (nm)

P-SGP-0.2

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0 10 20 30 40 50

d
v

p
,c

u
/d

d
p

(c
m

3
g
–
1

n
m

–
1
)

Pore diameter, dp (nm)

P-NPP-1.5

P-NPP-2

P-NPP-0.2

P-NPP-0.5
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sol-gel mesoporous silica and (b) nanoparticle-based mesoporous silica powders all
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powders.
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Porosity

Figure 6.10(c) indicates that the open porosity φo obtained from nitrogen porosime-

try on the powders equivalent to the sol-gel mesoporous silica and silica-titania

films generally differed by more than 10% from the open porosity φo of films mea-

sured by ellipsometric porosimetry. It is interesting to note that the porosity φo of

the powders equivalent to the nanoparticle-based mesoporous silica films measured

by nitrogen porosimetry was in good agreement (within 10%) with the porosity

obtained from ellipsometric porosimetry or from interferometry in the case of the

NPF-1.2, NPF-1.5, and NPF-1.7 films, except for films with low polymer to silica

mass ratio M ≤ 0.5 g/g.

Overall, these results establish that using the equivalent powders as a substi-

tute to perform the structural characterization of thin films is inappropriate.

6.4 Conclusion

This study compared systematically contact profilometry, interferometry, ellip-

sometry, and ellipsometric porosimetry for measuring the thickness, effective re-

fractive index, porosity, and/or pore size distribution of mesoporous thin films.

To do so, mesoporous silica and silica-titania thin films with different thicknesses,

structures (sol-gel or nanoparticle-based), compositions (silica or silica-titania),

porosities, and pore sizes were synthesized and characterized. For most films, the

thickness measured using contact profilometry and interferometry agreed within

15% with that measured using ellipsometry. Interferometry and ellipsometry

should be preferred as they are non-destructive methods, unlike contact profilom-

etry. The effective refractive index measured by interferometry agreed within

5% with that measured by ellipsometry. Finally, the porosity measured by in-

terferometry fell within 15% with that measured by ellipsometric porosimetry for

most films indicating that closed pores did not contribute significantly to the total
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porosity. Occasionally, interferometry was more appropriate for porosity measure-

ments than ellipsometric porosimetry since it measures the total porosity of the

film instead of the open porosity.

Moreover, the open porosity and pore size distribution measured by nitrogen

adsorption porosimetry on equivalent powders disagreed with measurements made

on the corresponding mesoporous thin films. These observations were attributed

to the different drying conditions between spin coating of films and drying of

powders. Therefore, characterization of equivalent powders cannot be used as

representative of thin films.

Overall, the study showed that interferometry is a robust and simple alter-

native to ellipsometry for measuring the film thickness, effective refractive index,

and total porosity of non-absorbing multicomponent mesoporous thin films.
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CHAPTER 7

Conclusions and Future Work

7.1 Conclusions

The objectives of this dissertation were to (i) computationally generate and char-

acterize realistic mesoporous materials, (ii) explore how their structures affect

their scattering characteristics, and (iii) apply the knowledge gained in light scat-

tering to understand light transfer through drying mesoporous monoliths and

optical characterization of thin films.

The first objective was achieved by developing numerical methods to generate

and fully characterize realistic three-dimensional computer-generated mesoporous

materials (Chapter 2). First, new tools were developed to numerically generate

and characterize mesoporous structures in terms of specific surface area, average

pore diameter, and pore size distribution, in complete analogy with experimental

characterization including gas adsorption porosimetry. Notably, Chapter 2 estab-

lished that the specific surface area for point-contact structures corresponded to

the maximum specific surface area of mesoporous material for a given primary par-

ticle radius. For given porosity and particle radius, particles overlapping and/or

polydispersity reduced the specific surface area and interfacial concentration and

increased the average pore diameter.

The second objective was achieved in Chapters 3 and 4. Chapter 3 determined

(1) the parameters governing the scattering cross-section and asymmetry factor

of bispheres, disordered and ordered particle suspensions, and aggregates of non-

absorbing spherical particles and (2) the conditions under which dependent and

independent scattering regimes prevail for their scattering cross-section and asym-
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metry factor. These integral radiation characteristics were shown to be functions

exclusively of the number of particles, their size parameter, their relative index of

refraction, and the interparticle distance-to-wavelength ratio. Transition criteria

between the dependent and independent scattering regimes obtained for bispheres

could be extended to disordered particle systems provided the transition criteria

were based on the minimum interparticle distance-to-wavelength ratio instead of

on the average interparticle distance-to-wavelength ratio. Furthermore, Chapter 4

showed that (1) dependent effects prevailed in all aggregates and were stronger in

aggregates with smaller particles, (2) particle overlapping did not affect the scat-

tering cross-section and asymmetry factor of aggregates, and (3) non-absorbing

aggregates constitutive of mesoporous materials could be approximated as spheres

with the same volume and effective refractive index corresponding to the so-called

equivalent effective properties (EEP) approximation.

The third objective was achieved in Chapters 5 and 6. In Chapter 5, the

changes in appearance observed experimentally in sol-gel synthesis of mesoporous

monoliths during drying under ambient conditions were explained. Chapter 5 con-

firmed, through a light transfer model based on the EEP approximation (Chapter

4), that dry domains emerging during the falling rate period caused the tem-

porary white appearance of drying mesoporous monoliths. Finally, Chapter 6

compared systematically contact profilometry, interferometry, ellipsometry, and

ellipsometric porosimetry for measuring the film thickness, effective refractive in-

dex, and total porosity of non-absorbing multicomponent mesoporous thin films.

It demonstrated that interferometry is a robust and simple alternative to ellip-

sometry. Moreover, the open porosity and pore size distribution measured by

nitrogen adsorption porosimetry on equivalent powders disagreed with measure-

ments made on the corresponding mesoporous thin films. These observations were

attributed to the different drying conditions between spin coating of films and dry-

ing of powders. Therefore, characterization of equivalent powders cannot be used
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as representative of thin films.

7.2 Future work

7.2.1 Effect of absorption on thermal performances of mesoporous ma-

terials

Chapters 3 and 4 investigated the scattering characteristics of transparent meso-

porous materials in the visible when absorption is negligible. However, in the

infrared (IR), absorption of mesoporous materials such as mesoporous silica is

no longer negligible [170]. In fact, the radiative characteristics in the IR may

affect the thermal conductivity of mesoporous materials with high porosity [76].

Therefore, in the perspective of using mesoporous materials in window solutions,

it would be insightful to study both the scattering and absorption cross-sections

and the asymmetry factor of fractal aggregates in the IR.

7.2.2 Predicting transmittance, reflectance, and haze of mesoporous

materials

Chapter 6 indicated that mesoporous thin films are non-scattering. However, thick

mesoporous monoliths scatter light. In fact, Chapter 5 assumed that fully dry and

fully wet mesoporous monoliths could also be considered as non-scattering. How-

ever, the predicted normal-hemispherical transmittances of dry and wet monoliths

were slightly higher than the measured ones while the measured hazes were non-

negligible. These differences between measurements and predictions were due

to scattering of light by the mesopores. Therefore, it would be of great practi-

cal interest to develop a numerical model computing the transmittance and haze

of mesoporous materials from their structural characteristics, i.e., particle size,

porosity, and pore size distribution. Such models exist, however, to the best

of our knowledge, they do not account for dependent scattering effects whereas
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Chapters 3 and 4 established these effects are significant in mesoporous materials

under visible light.
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APPENDIX A

Supplementary Materials for Chapter 2

A.1 Validation of discretization method for overlapping particles

 
  

 

(a) (b)

 
  

 

(a) (b)

Figure A.1: Illustrations of (a) the overlapping spheres and (b) the cube dis-
cretization method to compute porosity φ, surface area S, and specific surface
area Ag. Here rs = L/3 = 2 nm, d = 2 nm, and ∆x = 0.04 nm.

Table A.1: Theoretical and computed porosity φ, surface area S, and specific
surface area Ag of two overlapping spheres.

Actual Value Simulation Results
Porosity (%) 73.8 73.8

Surface area (nm2) 74.3 76.5
Specific surface area (m2/g) 597.3 614.2
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A.2 Validation of pore size distribution algorithm
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Figure A.2: Differential pore size distribution of four structures with single cylin-
drical pore of dp = 1, 2, 3, and 4 nm.

Table A.2: “Adsorbate” layer thickness ∆t and relative error on the total pore
volume δVp,tot for structures with one cylindrical pore used for validation of pore
size distribution algorithm.

Pore diameter dp (nm) “Adsorbate” layer thickness ∆t (nm) Relative error δVp,tot (%)
1.0 0.10 5.97
2.0 0.10 10.07
3.0 0.15 10.07
4.0 0.20 10.07

185



0 1 2 3 4 5

0

1x10
-17

2x10
-17

3x10
-17

4x10
-17

5x10
-17

6x10
-17

d
V

p
/d

(d
p
) 

(m
2
)

Pore diameter, d
p
 (nm)

 Mixed pores

          1 cylindrical pore, d
p
 = 2 nm

          1 cubic pore, d
p
 = 3 nm

          1 spherical pore, d
p
 = 4 nm

Figure A.3: Differential pore size distribution of a structure with three pores of
different shapes (cylindrical, cubic, and spherical) and size (dp= 2, 3 and 4 nm).

Table A.3: “Adsorbate” layer thickness ∆t and relative error on the total pore
volume δVp,tot for the structure with pores of different shapes used for validation
of pore size distribution algorithm.

“Adsorbate” layer thickness ∆t (nm) Relative error δVp,tot (%)
0.1 2.0
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APPENDIX B

Supplementary Materials for Chapter 3

B.1 DDA validation
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Figure B.1: (a) Scattering cross-section of single spheres CDDA
sca computed us-

ing the DDA method and (b) relative error between the scattering cross-sections
computed using the DDA and Lorenz-Mie methods as functions of the scattering
cross-section CM

sca predicted by Lorenz-Mie theory.
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Figure B.2: (a) Asymmetry factor of single spheres gDDA computed using the
DDA method and (b) relative error between the asymmetry factors computed
using the DDA and Lorenz-Mie methods as functions of the asymmetry factor gM

predicted by Lorenz-Mie theory.
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Figure B.3: Scattering cross-section ratio Cb
sca/2CM

sca as a function of the interpar-
ticle distance-to-wavelength ratio d∗ for bispheres with (a) χs = 0.031, (b) χs =
0.063, (c) χs = 1.047 and m = 1.2, and (d) χs = 1.047 and m = 2.
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Figure B.4: Scattering cross-section ratio Cb
sca/2CM

sca as a function of (a) the inter-
particle distance-to-wavelength ratio d*, (b) clearance-to-wavelength ratio c∗, (c)
interparticle distance-to-radius ratio d/rs, and (d) clearance-to-wavelength ratio
c/rs for bispheres with χs = 0.031, 0.063, and 0.126 and m = 1.5.
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Figure B.5: Asymmetry factor gb as a function of the interparticle distance-to-
wavelength ratio d∗ for bispheres with (a) χs = 0.031, (b) χs = 0.063, (c) χs =
1.047 and m = 1.2, and (d) χs = 1.047 and m = 2.
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Figure B.6: Asymmetry factor gb as a function of (a) the interparticle distance-
to-wavelength ratio d∗, (b) clearance-to-wavelength ratio c∗, (c) interparticle
distance-to-radius ratio d/rs, and (d) clearance-to-wavelength ratio c/rs for bi-
spheres with χs = 0.031, 0.063, and 0.126 and m = 1.5.
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B.2 Ordered and disordered particle systems
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Figure B.7: (a) Scattering cross-section Cb
sca as a function of the interparticle

distance d and (b) scattering cross-section ratio Cb
sca/4CM

sca as a function of the
interparticle distance-to-wavelength ratio d∗ for tetrahedrons with χs = 0.628 and
m = 1.5.
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Figure B.8: Asymmetry factor as a function of (a) the interparticle distance d and
(b) the interparticle distance-to-wavelength ratio d∗ for tetrahedrons with χs =
0.628 and m = 1.5.
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Figure B.9: Scattering cross-section ratio Cs
sca/Ns C

M
sca as a function of the average

interparticle distance-to-wavelength ratio d̄∗ for (a) χs = 0.031, (b) χs = 0.126,
(c) χs = 0.628, and (d) χs = 3 and m = 1.5.
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sca as a function of the par-
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Figure B.11: Asymmetry factor gs as a function of the average interparticle
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0.628, (d) χs = 3, and m = 1.5.
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𝒙𝒔 = 2.51 

Figure C.1: (a) Absorption cross-section ratio Ca
abs/NsC

M
abs, (b) scattering cross-

section ratio Ca
sca/NsC

M
sca, and (c) asymmetry factor ratio ga/gM as functions of

the aggregate size parameter χs for aggregates with particle size parameter xs
= 2.51, particle volume fraction fv = 33±2%, and relative refractive index m
between 1.5 and 1.5+i0.5.
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Figure C.2: Relative errors (a) |Ca
sca-C

EEP
sca |/Ca

sca and (b) |ga − gEEP |/ga between
numerical simulations and EEP approximation predictions for aggregates with
particle volume fraction fv = 33±2% and with point-contact particles with m =
1.5 as functions of the particle size parameter xs and aggregate size parameter χs.
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APPENDIX D

Supplementary Materials for Chapter 5

D.1 Analytical expression of V̄D (5.11)

V̄D =

∫ +∞

0

4π

3
r3
D

e
− 1

2

[
rD−r̄D(xw)

S

]2

S
√

2π
drD (Equation(5.11)). (D.1)

Let us define

q =

∫ +∞

0

r3
De
− 1

2

[
rD−r̄D(xw)

S

]2

drD. (D.2)

By performing the following change of variable r=(rD-r̄D)/σ, q can be rewritten

as

q = σ

∫ +∞

−r̄D/σ
e

−x2

2 (σr + r̄D)3drD. (D.3)

By integrating the integral in the expression of q from −r̄D/σ to 0 and from 0 to

+∞, and by expanding (σr+r̄D)3 such that

(σr + r̄D)3 = σ3r3 + 3r̄Dσ
2r2 + 3r̄2

Dσr + r̄3
D (D.4)

q can then be expressed with 8 integrals that can then be integrated by part. This

results in

V̄D =
2

3

√
2π

([
r̄2
D + 2S2

]
Sexp

(
− r̄2

D

2S2

)
+

√
π

2

[
3r̄DS

2 + r̄3
D

] [
1 + erf

( r̄D
S

)])
.

(D.5)

If S = 0.1r̄D, V̄D can be further simplified such that V̄D = 4.31r̄3
D.

D.2 Optical changes in drying nanoparticle-based mesoporous silica
monoliths
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Figure D.1: Photographs of a nanoparticle-based mesoporous silica monolith dry-
ing from water in ambient conditions. The monolith was photographed on an
image of UCLA Royce Hall [22] (modified and redistributed with permission from
Ref. [23] Copyright Prayitno.

Figure D.2: Photographs of a nanoparticle-based mesoporous silica monolith dry-
ing from water in a covered dish. The monolith was photographed on an image of
UCLA Royce Hall [22] (modified and redistributed with permission from Ref. [23]
Copyright Prayitno).
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(a)

(b)

Figure D.3: 3D plots of the spectral (a) normal-hemispherical transmittance and
(b) haze of a nanoparticle-based mesoporous monolith (pictures in Figure 1) as a
function of the water mass fraction xw.
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Figure D.4: Modeled (a) scattering coefficient σs,λ and (b) asymmetry factor
gm,λ of a nanoparticle-based mesoporous monolith with porosity φF = 49% and
thickness L = 2 mm as a function of the water mass fraction xw.
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(b) haze hλ of a nanoparticle-based mesoporous monolith with porosity φF = 49%
and thickness L = 2 mm as a function of the water mass fraction xw.
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APPENDIX E

Supplementary Materials for Chapter 6

A,B,C coefficients in Cauchy dispersion law, Equation (S3)

a, b, c, d coefficients in the expressions of n0,λ and γλ, Equations (S6)

Bλ reference intensity, %

CN2 cross-sectional area of a nitrogen molecule, m2

Dλ dark signal, %

dp peak pore diameter, nm

L mesoporous film thickness, nm

M mass ratio of polymer to inorganic components, g/g

mλ complex index of refraction, mλ = nλ−ikλ

N number of measured data points

n0,λ variable in the expression of n3,λ, Equation (S5)

nλ refractive index

k0,λ variable in the expression of k3,λ, Equation (S7)

kλ absorption index

P0 adsorbate saturation pressure, Pa

Rpred,λ predicted reflectance of the film, %

Rλ measured reflectance, %

Sa specific surface area, m2/g

Sλ measured reflected intensity, %

T0 ambient temperature, T0 = 20◦C

vp,tot total pore volume, cm3/g

uλ, wλ variables in the expression of R3,pred,λ, Equation (S4)

v volume fraction

Greek symbols
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∆ refers to uncertainty

δR relative error between experimental and theoretical reflectances

ε offset, %

γλ variable in the expression of n3,λ, Equation (S5)

λ wavelength of radiation, nm

φ total porosity, %

φo open porosity, %

ρ density of the solid phase, g/cm3

σλ standard deviation of the white noise, %

θ angle of incidence or transmission, rad

Subscripts

1 refers to the surrounding medium of the sample, i.e., air

2 refers to the thin film

3 refers to the silicon substrate

c refers to the continuous phase of the porous structure

d refers to the dispersed phase of the porous structure

eff refers to effective properties

nn refers to normal-normal measurement

nh refers to normal-hemispherical measurement

s refers to silica

t refers to titania

std refers to the high reflecting standard

⊥ refers to the perpendicular polarization

‖ refers to the parallel polarization
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E.1 Characterization

E.1.1 Scanning Electron Microscopy

Scanning Electron Microscopy (SEM) images were obtained using a model JSM-

6700F (JEOL, Tokyo, Japan) field emission electron microscope with 5 kV accel-

erating voltage and secondary electron detector configuration.

E.1.2 Contact profilometry

The thickness L of the mesoporous silica and silica-titania films was measured

using a surface profiler (Dektak 6, 8, or 150 Veeco, Plainview, USA). The reported

thickness was the average of three measurements at different locations. The error

bars represented one standard deviation or 68% confidence interval.

E.1.3 Interferometry

Normal-hemispherical reflectance spectra Rnh,λ were measured using a double-

beam UV-Vis spectrophotometer (3101-PC Shimadzu, Kyoto, Japan) equipped

with an integrating sphere of internal diameter of 60 mm (ISR 3100, Shimadzu).

The sample slit width was 2 mm x 16 mm and the angle of incidence of the light

beam into the integrating sphere was θ1 = 8◦. Normal-normal spectral reflectance

Rnn,λ was also measured using a UV-Vis-NIR spectrometer (HR4000 UV-NIR

Ocean Optics, Largo, USA) equipped with a bifurcated reflectance probe (R400-7-

SR, Ocean Optics) and a UV-Vis-NIR light source (DH2000-BAL, Ocean Optics).

A probe holder (RPH-1, Ocean Optics) was used to ensure normal incidence (θ1 =

0◦) and constant distance between the probe and the samples for all measurements.

Normal-hemispherical Rnh,λ and normal-normal Rnn,λ reflectances were measured

in the visible range between 400 and 800 nm with spectral resolution of 1 nm or

less. The reflection signals Snh,λ and Snn,λ for normal-hemispherical and normal-

normal measurements were normalized by a corresponding baseline Bnh,λ and
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Bnn,λ measured using a high specular reflection standard mirror (NIST certified

STAN-SSH, Ocean Optics). Then, the experimental spectral reflectances Rnh,λ

and Rnn,λ were calculated as

Rnh,λ =
Snh,λ −Dnh,λ

Bnh,λ −Dnh,λ

Rstd,λ and Rnn,λ =
Snn,λ −Dnn,λ

Bnn,λ −Dnn,λ

Rstd,λ (S1)

where Dnh,λ and Dnn,λ are the dark signals measured by obstructing the detector

window or turning the light source off and Rstd,λ is the normal-normal reflectance

of the standard mirror provided by the supplier. The reflectance Rnh,λ of the

different mesoporous films was measured with the spectrometer and the integrat-

ing sphere. The reflectance Rnn,λ of films whose thickness and refractive index

could not be retrieved from their reflectance spectrum Rnh,λ was measured in

multiple spots with the reflectance probe that had much smaller sample slit. In

fact, thickness non-uniformity altered the reflectance spectrum and focusing the

measurement on a smaller surface enabled to minimize the effects of thickness

variation. Note that all mesoporous films were degassed at 150◦C for at least two

hours in air before any reflectance measurement.

Figure 6.2(a) shows a block diagram of the procedure used to retrieve thickness

L, effective refractive index neff,λ, and total porosity φ of mesoporous thin films

from their reflectance spectra. All fittings were performed using the generalized

reduced gradient (GRG) algorithm implemented in the Microsoft Excel Solver.

Thickness L and effective refractive index neff,λ of mesoporous silica and silica-

titania thin films were retrieved by minimizing the relative error δR2 between the

predicted Rpred,λ(L,neff,λ) [Equation (6)] and experimentally measured Rnh,λ or

Rnn,λ [Equation (S1)] reflectances defined as

δR2 =
1

N

N∑
i=1

(
Rpred,λi −Rnh,λi

Rnh,λi

)2

(S2)

where N is the number of measured wavelengths between 400 and 800 nm. The

effective refractive index of mesoporous silica films was assumed to be constant
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while the effective refractive index of mesoporous silica-titania films was assumed

to obey Cauchy dispersion law given by

neff,λ = A+
B

λ2
+
C

λ4
(S3)

where A, B (in µm2), and C (in µm4) are fitting coefficients constrained such that

A ≥ 1, 0 < B <1, and 0 < C <1 and λ is expressed in µm. In fact, assuming

that the effective refractive index of silica-titania films was constant lead to poor

fittings indicating that this assumption was not valid for such films.

The complex refractive index of the silicon substrate m3,λ = n3,λ − ik3,λ used

in the calculation of Rpred,λ [Equations (6)-(8)] was retrieved by minimizing the

relative error between the experimentally measured R3,nh,λ and the theoretically

predicted reflectance spectra R3,pred,λ of the silicon substrate treated as a semi-

infinite slab and was expressed as [132]

R3,pred,λ =
R3,⊥,λ +R3,‖,λ

2

with R3,⊥,λ =
(n1,λ cos θ1 − uλ)2 + w2

λ

(n1,λ cos θ1 + uλ)2 + w2
λ

,

R3,‖ =
((n2

3,λ − k2
3,λ) cos θ1 − n1,λuλ)

2 + (2n3,λk3λ cos θ1 − n1,λwλ)
2

((n2
3,λ − k2

3,λ) cos θ1 + n1,λuλ)2 + (2n3k3 cos θ1 + n1,λwλ)2
,

and uλ − iwλ =
√
m3,λ − n1,λ sin θ1.

(S4)

In Equation (S4), the spectral refractive index n3,λ of silicon was expressed using

the empirical equation of Jellison and Modine [171] given by

n3,λ = n0,λ + γλT0 (S5)

where T0 = 20◦C is the ambient temperature (in ◦C). The coefficients n0,λ and γλ

were expressed as [171]

n0,λ =

(
a+

b

3.6482 − (1.24/λ)2

)1/2

and γλ = c+
d

3.6482 − (1.24/λ)2
(S6)
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where λ is the wavelength (in µm). The absorption index k3,λ was expressed

as [171]

k3,λ = k0,λexp

(
T0

369.9− exp(−12.92 + 6.831/λ)

)
with k0,λ =

(
−0.0805 + exp(−3.189 +

7.946

3.6482 − (1.24/λ)2
)

)
.

(S7)

The fitting parameters a, b, c, and d were fitted from the experimental normal-

hemispherical reflectance R3,nh,λ of the bare Si substrate used in the present study

and found to be a = 4.463, b = 96.99 eV−2, c = -2x10−6 ◦C−1, and d = 6.6x10−5

eV−2.◦C−1.

Moreover, the total porosity φ of the mesoporous films was calculated based

on the Maxwell-Garnett model [Equation (2)] using the effective refractive index

neff,λ retrieved from reflectance measurements and the refractive index nd,λ = 1

of air. For mesoporous silica thin films, the refractive index of the continuous

phase nc,λ and the effective refractive index neff,λ of the mesoporous films were

assumed to be independent of wavelength λ and nc,λ was taken as the average

refractive index of silica given by the Sellmeier formula derived by Malitson [24]

over the 400-800 nm wavelength range, i.e., as nc,λ = 1.459. In this spectral range,

the refractive index of silica does not vary by more than 0.017 [24]. Then, only

one value of porosity φ was retrieved. On the other hand, for mesoporous silica-

titania thin films, the refractive index nc,λ of the matrix was expressed using

the Cauchy dispersion law [Equation (S3)] and the parameters A and B were

fitted based on Equations (6)-(8) from the experimental normal-hemispherical

reflectance of dense silica-titania thin films with the same composition as the

mesoporous silica-titania films. Note that the coefficient C was fitted only if

good fittings could not be obtained by fitting A and B only. At least two dense

silica-titania thin films were measured for each composition and the calculated nc,λ

were averaged at each wavelength. Here, the refractive indices nc,λ and neff,λ were

functions of wavelength and the retrieval procedure yielded a value of porosity φ
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for each wavelength. In this case, the reported porosity was taken as the average

of all porosities and the error bars were within the estimated uncertainty ∆φ (see

below).

The method was validated by comparing the retrieved thickness L and refrac-

tive index n2,λ of a thermal oxide (amorphous silica) thin film on undoped silicon

wafer against the thickness and refractive index measured using a NanoSpec 210

film analysis system (Nanometrics, Milpitas, CA). The instrument measured re-

flectance over the 480-800 nm wavelength range at ambient conditions and cal-

culated average thickness and refractive index of the film. Before measuring

each sample, the instrument was calibrated against a bare silicon substrate. The

normal-normal reflectance was measured at five spots uniformly spaced across the

sample. The thickness and refractive index retrieved from our fitting method fell

within 3% of those measured with the Nanospec instrument.

To estimate the uncertainties associated with the film thickness L and ef-

fective refractive index neff,λ, more than 40 ideal normal-hemispherical spectral

reflectance Rnh,λ were generated using [Equation (1)] for film thickness L ranging

from 30 nm to 1 µm and effective refractive index neff,λ ranging from 1 to 1.7.

The effective refractive index neff,λ of mesoporous silica films was assumed to be

constant and taken between 1 to 1.45. On the other hand, the effective refractive

index neff,λ of mesoporous silica-titania films followed the Cauchy dispersion law

[Equation (S3)] and varied from 1 to 1.7. In addition, white noise ∆Rλ and an ar-

bitrary offset ε were added to the spectral reflectance Rnh,λ resulting in a modified

reflectance Rnh,λ+∆Rλ+ε. The noise ∆Rλ was introduced at each wavelength by

adding Gaussian-distributed random values with a mean of 0% and a standard

deviation of σλ. The standard deviation σλ was estimated from actual experimen-

tal measurements and based on the expression of Rnh,λ given by Equation (S1) so
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that

σλ =

√(
∂Rnh,λ

∂Snh,λ
∆Snh,λ

)2

+

(
∂Rnh,λ

∂Dnh,λ

∆Dnh,λ

)2

+

(
∂Rnh,λ

∂Bnh,λ

∆Bnh,λ

)2

(S8)

where ∆Bnh,λ, ∆Dnh,λ, and ∆Snh,λ are the uncertainties associated with the refer-

ence intensity Bnh,λ, the dark signal Dnh,λ, and the reflected signal Snh,λ, respec-

tively. Note that the uncertainty related to the reflectance Rstd,λ of the NIST-

certified mirror was assumed to be zero. The uncertainty of the reference intensity

∆Bnh,λ was estimated by calculating the standard deviation and was averaged over

10 experimental measurements of the baseline signal Bnh,λ. The uncertainties of

the dark signal ∆Dnh,λ and of the measured reflected signal ∆Snh,λ were set as

∆Dnh,λ = ∆Snh,λ = ∆Bnh,λ. In addition, the offset ε was introduced randomly

for each modified reflectance spectrum. It was estimated to be ε = ± 0.13%

corresponding to the mean of the difference (Bnh,λ - Dnh,λ) over 10 experimental

measurements. Finally, the thickness L and effective refractive index neff,λ from

the noisy spectral reflectance data, i.e., from Rnh,λ+∆Rλ+ε, were determined

using the aforementioned fitting procedure.

The uncertainty ∆neff,λ associated with the retrieved neff,λ was defined as the

average absolute difference between the refractive index used to predict the ideal

spectral normal-hemispherical reflectance Rnh,λ and that retrieved from the noisy

normal-hemispherical reflectance Rnh,λ+∆Rλ+ε. It was found to be (i) ∆neff,λ

= 0.003 for mesoporous silica films with 1 ≤ neff,λ ≤ 1.45 and (ii) ∆neff,λ =

0.005 for mesoporous silica-titania films with 1 ≤ neff,λ ≤ 1.7. Similarly, the

uncertainty ∆L associated with the film thickness L was defined as the average

relative difference between the exact thickness and that retrieved from fitting. It

was found to be ∆L/L = 0.41% for mesoporous silica films and ∆L/L = 0.31%

for mesoporous silica-titania films.

The uncertainty ∆φ associated with the retrieved total porosity φ was calcu-
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lated according to

∆φ =

√(
∂φ

∂neff,λ
∆neff,λ

)2

+

(
∂φ

∂nc,λ
∆nc,λ

)2

(S9)

where the expression of φ can be taken from any EMA [Equations (4)-(8)]. Here,

φ was expressed according to the Maxwell-Garnett model [Equation (2)]. The un-

certainty ∆nc,λ of the refractive index of silica was calculated as twice the standard

deviation of nc,λ given by the Sellmeier formula (Ref. [24]) over the 400-800 nm

wavelength range. It was found to be ∆nc,λ = 0.009 while that of the silica-titania

matrix was taken as ∆neff,λ = 0.005. Finally, the uncertainty of the total porosity

∆φ calculated by error propagation of ∆neff,λ and expressed by Equation (S9)

was estimated as ∆φ = 2% for mesoporous silica films and as ∆φ = 1.5% for meso-

porous silica-titania films. Note that the estimated uncertainties were related to

the optical measurements and fittings only and do not account for film defects or

EMAs uncertainty. In addition, the uncertainty related to the choice of the EMAs

affects ellipsometric porosimetry results in the same way as the present method.

Note that the uncertainty associated with the reference intensity from normal-

normal reflectance measurement ∆Bnn,λ was equivalent to ∆Bnh,λ. Therefore, the

uncertainties ∆L, ∆neff,λ, and ∆φ for normal-normal reflectance measurements

were identical to those calculated for normal-hemispherical reflectance measure-

ments.

E.1.4 Ellipsometry and ellipsometric porosimetry

Ellipsometric porosimetry measurements were performed using a spectroscopic

ellipsometer equipped with a porosimetry accessory (PS -1100 Semilab, Budapest,

Hungary). Ellipsometry measurements were performed first, under vacuum and at

room temperature, and were followed by porosimetry measurements using toluene

as adsorbate. All mesoporous films were degassed in air above 100◦C for at least

12 hours prior to each measurement to remove adsorbed water. Data analysis

217



was performed using the associated Spectroscopic Ellipsometry Analyzer software.

The procedure is summarized in the block diagram of Figure 6.2(b).

The thickness L and effective refractive index neff,λ of the mesoporous films

were retrieved by fitting the ellipsometric spectra using the Cauchy dispersion

law [Equation (E.1)] between wavelengths 250 and 1000 nm and assuming the

films were non-absorbing. The total porosity φ was then calculated using the

retrieved effective refractive index neff,λ and the Maxwell-Garnett EMA [Equation

(2)]. The open porosity φo was obtained from the toluene adsorption-desorption

isotherms. The isotherms were measured by progressively introducing or pumping

out toluene vapor into the sample chamber. The open porosity φo of the films was

estimated based on the Lorentz-Lorenz model [Equation (4)] and calculated from

Equation (11) for λ = 632.8 nm and nd,λ(P0) = 1.4961 [155].

The pore size distribution was calculated from the toluene adsorption isotherm

based on the Kelvin equation and statistical film thickness of toluene on a reference

non-porous adsorbent and assuming the pores were cylindrical. The peak pore

diameter dp was defined as the pore diameter for which the pore size distribution

reached its maximum.

E.1.5 Nitrogen porosimetry

Low-temperature nitrogen adsorption-desorption isotherms of sol-gel and nanoparticle-

based mesoporous silica powders and sol-gel mesoporous silica-titania powders

were measured at -196◦C using a surface area and porosity analyzers TriStar II

3020 (Micromeritics Instrument Corp., Norcross, GA, USA). Each sample was

degassed in vacuum at 150◦C for 20-24 h prior to each measurement. The spe-

cific surface area Sa was calculated using the Brunauer-Emmett-Teller (BET)

method [82] based on the low-temperature nitrogen adsorption data in the rela-

tive pressure P/P0 range 0.05-0.2, assuming that CN2 = 0.162 nm2 [156]. The total

pore volume vp,tot was calculated from the number of moles of nitrogen adsorbed
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at a relative pressure P/P0 = 0.98. The open porosity φo was then calculated

using Equation (13). The density of silica-titania was estimated as ρst = ρsvs +

ρtvp,tot where vs and vp,tot are the volume fractions of silica and titania, respec-

tively. The density of silica and titania (anatase) were taken as ρs = 2.2 g/cm3 [68]

and ρt = 3.8 g/cm3 [172]. The pore size distribution was determined using the

Kruk-Jaroniec-Sayari (KJS) [173] method based on the Barrett-Joyner-Halenda

(BJH) method [83] using (i) the adsorption branch of the isotherm, (ii) the mod-

ified Kelvin equation [173] calibrated for cylindrical pores, and (iii) the statistical

film thickness curve derived from the nitrogen adsorption isotherm measured for a

macroporous silica LiChrospher Si-1000 [85]. In addition, the peak pore diameter

dp was estimated as the pore diameter for which the pore size distribution reached

its maximum.

The relative uncertainty of the specific surface area Sa was estimated as ∆Sa/Sa

= 10% and the uncertainty ∆Vt was taken as 0.03 cm3/g. The latter was propa-

gated to φ using Equation (13) to calculate the experimental uncertainty ∆φ from

nitrogen adsorption.
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Table E.1: Cauchy coefficients [Equation (E.1)] of dense silica-titania samples
measured by ellipsometry. The refractive indices nc,λ plotted on Figure 3 are
those of D91-1, D82-1, and D73-1.

Sample Silica:titania Cauchy coefficients
molar ratio A B C

(in µm2) (in µm4)
D91-1 90:10 1.49 1x10−5 1.1x10−3

D91-2 90:10 1.51 9.1x10−3 8x10−5

D82-1 80:20 1.56 7.7x10−3 0
D82-2 80:20 1.56 8.8x10−3 0
D73-1 70:30 1.65 8x10−3 8.9x10−4

D73-2 70:30 1.68 1x10−7 2x10−3

Table E.2: Thickness L and refractive index nc,λ of dense silica-titania films
measured by interferometry and ellipsometry.

Sample Silica:titania Film thickness L Refractive index nc,λ
molar ratio Interferometry Ellipsometry Interferometry Ellipsometry

(nm) (nm) (400-800 nm) (400-800 nm)
D91-1 90:10 294±1 302 1.51-1.55 1.49-1.53
D91-2 90:10 383±1 347 1.51-1.54 1.53-1.57
D82-1 80:20 149±0.5 149 1.56-1.60 1.57-1.61
D82-2 80:20 133±0.5 130 1.55-1.57 1.58-1.61
D73-1 70:30 137±0.5 137 1.65-1.70 1.66-1.73
D73-2 70:30 307±1 290 1.60-1.65 1.68-1.75
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Table E.6: Structural characteristics of sol-gel and nanoparticle-based meso-
porous silica powders measured by nitrogen porosimetry.

Powder Structure Polymer Mass Specific surface Total pore Open porosity φo Peak pore
ratio M (g/g) area Sa (m2/g) volume vp,tot (cm3/g) (%) diameter dp (nm)

P-SGF-2.5 Sol-gel silica F127 2.5 730±73 0.817±0.03 64±1 7.7 and 21.7
P-SGF-2 Sol-gel silica F127 2 790±79 0.720±0.03 61±1 1.9 and 12.3

P-SGF-1.7 Sol-gel silica F127 1.7 290±29 0.639±0.03 58±1 8 and 30.3
P-SGF-1.4 Sol-gel silica F127 1.4 740±74 0.617±0.03 58±1 1.9 and 7.6
P-SGF-1.2 Sol-gel silica F127 1.2 650±65 0.452±0.03 50±1.5 6.8
P-SGF-0.6 Sol-gel silica F127 0.6 380±38 0.177±0.03 28±3.5 < 1.6
P-SGF-0.4 Sol-gel silica F127 0.4 310±31 0.148±0.03 25±4 < 1.6
P-SGP-1.5 Sol-gel silica P123 1.5 500±50 0.700±0.03 61±1 8
P-SGP-0.8 Sol-gel silica P123 0.8 580±58 0.290±0.03 39±2.5 8
P-SGP-0.2 Sol-gel silica P123 0.2 300±30 0.130±0.03 22±4 < 1.6
P-NPF-1.7 NP silica F127 1.7 270±27 0.834±0.03 65±1 8 and 32.7
P-NPF-1.5 NP silica F127 1.5 310±31 0.839±0.03 65±1 8.1 and 27.5
P-NPF-1.2 NP silica F127 1.2 310±31 0.576±0.03 56±1.5 8.7 and 28.5
P-NPF-1 NP silica F127 1 420±42 0.600±0.03 57±1.5 8.5

P-NPF-0.5 NP silica F127 0.5 400±40 0.406±0.03 47±2 6.4
P-NPF-0.3 NP silica F127 0.3 420±42 0.435±0.03 49±2 5
P-NPP-2 NP silica P123 2 390±39 0.573±0.03 56±1.5 8.7

P-NPP-1.5 NP silica P123 1.5 280±28 0.753±0.03 62±1 11.3
P-NPP-0.5 NP silica P123 0.5 420±42 0.460±0.03 50±1.5 6.0
P-NPP-0.2 NP silica P123 0.2 380±38 0.462±0.03 50±1.5 5.8

Table E.7: Structural characteristics of sol-gel mesoporous silica-titania powders
measured by nitrogen porosimetry.

Powder Silica-to-titania Polymer Mass Specific surface Total pore Open porosity φo Peak pore
molar ratio ratio M (g/g) area Sa (m2/g) volume vp,tot (cm3/g) (%) diameter dp (nm)

P-STF91-1 90:10 F127 1 97±10 0.069±0.03 15±5.5 2.6
P-STF82-2.2 80:20 F127 2.2 720±72 0.623±0.03 61±1 2.3 and 6.4
P-STF82-2 80:20 F127 2 740±74 0.553±0.03 60±1 1.9 and 6.0

P-STF82-1.7 80:20 F127 1.7 640±64 0.473±0.03 56±1.5 1.2 and 5.8
P-STF82-1.5 80:20 F127 1.45 500±50 0.348±0.03 48±2 2.0 and 5.9
P-STF82-1 80:20 F127 1 630±63 0.363±0.03 50±2 2.1

P-STF73-1.5 70:30 F127 1.5 680±68 0.456±0.03 57±1.5 2.1 and 5.5
P-STF73-1 70:30 F127 1 660±66 0.429±0.03 55±2 2.1
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Figure E.1: Effective refractive index neff (λ = 600 nm) of (a) a mesoporous silica
film with nc(λ = 600 nm) = 1.457 and (b) a mesoporous silica-titania thin film
with a silica:titania molar ratio of 70:30 and with nc(λ = 600 nm) = 1.652 as a
function of the total porosity φ calculated from various EMAs [Equations (4)-(8)].
It shows that the maximum absolute difference in porosity between all models
was at most 8% for the mesoporous silica film and at most 11.3% for the silica-
titania film corresponding to the difference between the Lorentz-Lorenz and VAT
models for neff (λ = 600 nm) = 1.25 and neff (λ = 600 nm) = 1.33, respectively. It
indicates that differences between the EMAs increases with increasing refractive
index mismatch between the dispersed and continuous phases. However, these
relative differences in porosity calculated from effective refractive index and using
EMAs for mesoporous silica and silica-titania films are similar to those found
between different porosimetry methods [25,26].
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Figure E.2: (a) Thickness L and (b) refractive index of dense silica-titania films n̄c
averaged over the visible range (λ = 400-800 nm) with silica:titania molar ratio of
90:10, 80:20, and 70:30 measured by interferometry and ellipsometry. Results for
two films are presented for each silica:titania molar ratio. It shows that the two
methods were in very good agreement. Note here that thickness of dense silica-
titania films could not be measured using contact profilometry since the dense
films could not be scratched.
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