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R, H, Capps
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I. Introduction

By making use of certain basic physical principles, it is possible
to say a great dsal about the outcome of a particular scattering expsriment.
For example, the principle that the interacticn between'particles must be
invariant %o a translation of the coordinate system may be used to prove
that the tatal momentum of the system must be conserved. Ancther basic
principle which has received much attention recently is the causaliiy
principle, which stabtes that no signal may be transmitted with a speed
exceeding the speed of light. Gell-Mann, Coldberger and collaborators
have made use of the causality principle to give a quantum.mechanical
derivation of some dispersion relations, which had previously been derived,
uglng classical methods, by Kramers, Kroning, and other authors.l The
essential features of this guantum mechanical derivation will be discuésed

later in these lectures,

IT. The Scattering Mairix.

To simplify the discussion we shall discuss only reactions in which

thers are two particles in the initial state, and two particles in the final

Sea, for example, M. L. Goldberger, Phys. Rev. 99, 979 (1955), and
Gell-¥amn, Goldberger, and Thirring, Phys. Rev. 25, 1612 (1954), Their

vorks contain references to previous discussions of dispersion relations.
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gbate. (Examples: "+ P—-—-ﬁ?’“-é” [ 7+ P‘«~>/\o+ 90 .} We shall treat
the masses of the heavier initial p;rticle and the heavier final particie as
if they were infinite, though this is not necessary for most of the conclusions
derived, The possible initial and final states of the system will be denoted
by one of the following two sets of guantum numbers,

(a) c{ , B) and

(b) & , B, /@, Qz) s

where ©f denotes the nature of the particles and their "internal quantum

numbers" such as spin and isotopic spin. The vector ? denotes the momentum

of the light particle, and &, }? R and ’ez represent the energy, orbital
angular momentum, and =z componsent of the orbital a,ngul_ar momentum of the
light particle, Primes will be used to denote the final states.

Let the heavy target particle be lecated at the origin of the coordﬁtﬁate
system. Then, in the region of large 7 s we may express the wave function of
ths system “L’)/ as a superposition of an incoming wave, yl(%), ard an
outgoing wave y/(ﬁ. FEach of these waves may be expanded in the elgenstates

of the (o{ s By Q s ,Qz) representation. The complex matrix elemenits of the

scattering matrix S are defined by the eqguation,

| 7 (-) | (+) ~ |
Ve S AgE Qf)q,E ) z: Saa’ Yyis ) ;) ()
q,k @
The guantum numbers q and q' denote all the quantum numbers o’oﬁer than
the energy, i.e., ¢ = (OI 5 ,é, fz);. q' = {o 93 ‘f, f;) We are
defining S only> when energy is conserved.
The elements Sqqﬂ are independent of the coefficients Aq,E s

which give the form of the arbitrary incoming wave, In actual practice,

(=)
27L' is the incoming part of a plane wave.
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Iil. Relation of the 5 Hatrix o %cao*e*} g Cress Sasctions,

£
If there is no interaction batween the projeciile ard target particle,
0 ths requirement that the wave function be finlte at the origin may be used to
show that
e @) | |
}}"’ésﬁ = =W y (2)
The wave function will be a plane wave, which, expanded in spherical wave
will have the form |
i{; o g {
Wee® T2 ST ( <y Wy (2)
i F q E qE %E / |
Thus in this case the S matrix is the unibt mairix
, R
,f,' i 0 0 ses
S = g 0 1 0 o
LI . . co.
“e gee from the above argument that the matrix element
I U (S‘qq‘
is proporiional Lo the smplitude for the re ct n ge-=pq', Uz define the
scativering amnlibude qu for the transition q —pq’ .'by
N s ()
ik
’ where Koz A S p being the initial womenbtum,

The cross section for the process a=pqg' 1is then gl‘fﬁﬂ by

: 2 '
@m = /w( /Q ,,'L“., l) qug / ° v ) (5)



IV, Unitarity of the S-Maliiw

A well-knowr. taysical law stetze that iT a bezin of part w.z

to bombard & targat carticle, esch perticle in the besn

gither miss the target, be scatiered

¢
&

niunber of final states musw eoqual the number of indtisl

be axpressed by the sgualiion

2 _—

. \ e
P A :)>‘;. B.!

where we are letting one
and B refer to the

notakion the 8 matyix is given by

i

Z2en

X

B

g 0= Skj Ak

Talking the complex conjugate we geb

.
% PR 3% 3

> S, A
“._F ‘Q j £
Substituting these &Kpressidns for BI and

¥ bL
5 3
é-”{:-h 'g j‘ A j_, e o ‘&‘k -A; g

2= s v

ek
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Sines the coefficients representing the ineoming wavs

the above rrelation necessitates
3
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ineoming and oultgoing states respectively.
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states,

our seuabicr becomes

by

Thiz equation oxpresses the unliery conditlion or the S wairis

. slastic scatterirg
If only ene-peoeddan- 1z possitls.

.3
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mognituds onz, We writs the matrix
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The real numoer &, is the scattering phase shift corresvonding wo the
S .

orbital anguiar morzohun }2 « From Iq. (4 the scatizring arplitude for s
given ,4? i3

15
Tp = & __.?E'FS;

-8
k

and the eross section for a glven xe, is

IR AT A2
’6 ”

2

A
sin é Y
k

How Lot us invesltigate the consequences of unitavity vhan thers a3

Lo poss:?.ble_ final states which may be reaclrzd from a pacticular in!tial «ate
Por example we ccnsidex’_ the inftial state te e '?T'":+ £ ina 5 st:ite,
vl consider only i‘la two final stat

¢

>, N i ’
Ty 2 ard P 4= N, soth slso .0
& ntates. We.dencol? these states by the nuwvbers 1 and 2 respectively.
Unztarity vequires that

o

)

| 12
& | f 514 , (10)
L

s,
il

e
[2]
i
D)
R a————
A3
3
s
o

o total 3 vure cross gection for the two possible final statsuy is

2

et i
(H\)’{ % R .-,“::i), ’ S}-l } ‘“"’ S /

9 L - 2ReS L)
te . el v - e J
5 12 ! il A
1’4‘
S
Lz cen he peen fron Bg. (L) ard [5), and the fact “lat
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Combining these two equationﬁ we sse that

S gmﬁlz Re Sy + 2 | N (12)

-

and, using Eg. (4)

(13}

o7 = &l Im T, -
K i

Thus, the imaginary part of the amplitude for the elastic prdcess is related
to the total cross sectioi‘for all processes. The above result is independerd
of the number of final states involved.

A stmilar relation holds if we use the plane wave Q% , B
reprssentation. Iﬁ this representation (again neglecting spins) the initisl
- state 1s completely in the state

3= 1

Pﬁ‘zps

"

”
where _i ie a2 unit vector in the 2 direction. The total cross secticen

%
2
then is proportional to the sum ) (8 =1) , where b opt
25| ¢ gy | e
range over all possible final states. The unitarity condition is again
Ly

2
=/

AN

ezp“ "’{p"ﬁ’pﬂ

The matrix element of (S - 1) differs from that of S only when the initial

and final states are the same, which in this case refers to scattering in the
forward direetion. So the unitarity condition in this case gives a relation
similar to qu (13), except that here the imagluary part of the forward
glastic scattering amplitude 1s related to the tobtal cross sectiqn for all

processes. The relation is

S .fg. 7 Im Tp ' ‘ (ii)
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where Tf . the forward scattering amplitude is related to the differential

eross geciion in the forward direction by
2 _
do = ‘Ti.\ : (15)

This relationship shows that whenever any kind of reaction ta&es
place, there must be some scatbering in the forward direcbion. This result
is well-known in the theory of optical diffraction.

It should be emphasized that the unitaery property of the Sfmatrix,
and the relation Eq, (1&% are correct independently of the assumptien that
the only possible final states are two particle sitates, If final states
involving more particles are possible, the total cross section in Eg. (14)

must Iinclude transibions to these states.





