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Dynamic reconstruction of sedimentary rock and simulation of its mechanical

properties

Guodong Jin1, Tad W. Patzek1,2,∗ and Dmitry B. Silin2

1Department of Civil and Environmental Engineering, UC Berkeley, CA 94720, USA and
2 Earth Sciences Division, Lawrence Berkeley National Laboratory, CA 94720, USA

(Dated: November 17, 2004)

We describe a general, physics-based approach to numerical reconstruction of the geometrical
structure and mechanical properties of natural sedimentary rock in 3D. Our procedure consists of
three main steps: sedimentation, compaction, and diagenesis, followed by the verification of rock
mechanical properties. The dynamic geologic processes of grain sedimentation and compaction are
simulated by solving a dimensionless form of Newton’s equations of motion for an ensemble of grains.
The diagenetic rock transformation is modeled using a cementation algorithm, which accounts for
the effect of rock grain size on the relative rate of cement overgrowth.

Our emphasis is on unconsolidated sand and sandstone. The main input parameters are the grain
size distribution, the final rock porosity, the type and amount of cement and clay minerals, and grain
mechanical properties: the inter-grain friction coefficient, the cement strength, and the grain stiffness
moduli. We use a simulated 2D Fontainebleau sandstone to obtain the grain mechanical properties.
This Fontainebleau sandstone is also used to study the initiation, growth, and coalescence of micro-
cracks under increasing vertical stress. The box fractal dimension of the micro-crack distribution,
and its variation with the applied stress are estimated.

PACS numbers:

I. INTRODUCTION

The three-dimensional, detailed reconstruction of per-
meable rock is of great importance to earth sciences, and,
in particular, to petroleum engineering. The main rea-
son is the following: The microstructures of the solid
and the void part of rock jointly determine its transport,
electric, and mechanical properties. An effective rock re-
construction procedure enables one to completely spec-
ify the geometry of each part, and compute the desired
macroscopic properties of the rock [1, 2].

In the past decades, several approaches have been pro-
posed to numerically reconstruct the microstructure of a
natural porous medium [1–20]. Among these approaches
is the commonly used stochastic rock reconstruction [1–
3, 6, 8, 11, 15, 18–20], which relies on matching statis-
tical properties of a three-dimensional model to those of
a real rock microstructure. Recent quantitative compar-
isons of stochastic models with microtomographic images
have shown that the former strongly underestimate the
connectivity of the pore space [21–24] and, thus, the
permeability [25].

A promising approach to modeling rock microstruc-
ture is to simulate the relevant fundamental physical pro-
cesses of rock formation, such as sedimentation, com-
paction, and diagenesis [4, 5, 7, 10, 26, 27]. Roberts
and Schwartz [4] introduced a grain consolidation model,
which simulates the diagenetic processes of cementa-
tion and compaction by increasing grain size uniformly.
Bryant et al. [7, 27] developed a geologic model, which
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simulates the final results of the rock-forming processes
using a completely defined packing of equal spheres con-
structed by Finney [28]. Bakke et al. [10] proposed a
similar process-based reconstruction procedure to build
analogs of actual sandstones by stochastically modeling
the final outcome of the principal phases of sandstone
formation. This approach selects a “stable” position for
each deposited grain at a local or global minimum of
potential energy, and assumes that no lateral motion of
other grains will result. Based on the initial grain pack-
ing, compaction is modeled by either shifting the vertical
coordinate of each grain by a distance proportional to
its original value [7, 10, 12], or by just increasing the
grain radius [4, 5]. In simulations of rock cementation,
the commonly used grain-growth model was proposed by
Schwartz and Kimminau [5]. This model does not ac-
count for the relation between grain size and the relative
rate of cement overgrowth [4, 5, 7, 10, 26, 27].

In natural rock, the geometry of the solid skeleton and
the structure of the void space are controlled by the dy-
namic formation processes [14, 26, 29, 30]. Grain sedi-
mentation and compaction are governed by gravity, con-
tact forces, frictional forces between neighboring grains
and surrounding fluids, etc. Jia and Williams [31] showed
that when grains are allowed to rotate and/or rebound
during sedimentation, a completely different structure of
grain packing results. Therefore, these processes should
be accounted for in the rock reconstruction procedure.
Only few attempts have been made to account for the
grain interaction forces and their moments during sed-
imentation and compaction. Coelho et al. [30] tried to
take into account the translational and rotational motion
of a rock grain without considering the forces acting on
this grain. Yen and Chaki [32] accounted for the inter-
particle forces and translational motion, but not for the
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moments, damping forces, and rotational motion. We
demonstrate that the last three components should be
included in the model to make it realistic.

We simulate the dynamic processes of grain sedimen-
tation and compaction with the distinct element method
(DEM), proposed by Cundall and Strack [33]. DEM has
been derived from molecular dynamics, and it simulates
the dynamic interactions of discrete grains according to
the fundamental laws of Newtonian mechanics. DEM ex-
plicitly takes into account the grain shape, and the forces
and moments [33–35]. DEM has been used widely to
study mechanical behavior of granular materials, such as
soils and powders. In contrast, DEM-based reconstruc-
tions of the microstructure of sedimentary rock are rare.

This paper describes how we apply the DEM to recon-
struct three-dimensional microstructure of natural sedi-
mentary rock: unconsolidated sand and sandstone. The
initial rock grain shape is assumed to be spherical. Sec-
tion II is focused on the mechanisms of grain interactions.
A dimensionless form of Newton’s equations of motion is
presented. The simulation of geological processes is ad-
dressed in Section III. An enhanced algorithm is given
to account for the effect of rock grain size on the rate of
cement overgrowth. In Section IV, the mechanical prop-
erties of rock grains used in Section III are determined
by reproducing the mechanical behavior of Fontainebleau
sandstone through adjustments of grain and bond stiff-
nesses, and strengths. The development of a system of
micro-cracks is observed, and its distribution analyzed
with the box-counting method [36–39].

II. MECHANISMS OF GRAIN INTERACTIONS

The bulk behavior of a granular system is determined
by the interactions between individual grains. The mo-
tion of a single grain in the multi-grain system is deter-
mined by the resultant force and moment vectors acting
upon it. It can be described by the Newton’s equations
of motion:

Fi = mẍi (1)

Mi = Iθ̈i (2)

For each grain, xi and θi (i = 1, 2, 3) are the coordinates
of the centroid and the angle of rotation about the cen-
troid; the Cartesian coordinate system is used; ẍ and θ̈
denote second time derivatives of the position and rota-
tion angle; m and I are the mass and moment of inertia;
and Fi and Mi are the resultant forces and force moments
acting upon the grain.

The net force acting on a grain is a vector sum of the
following components: (i) body forces, Fb,i, from grav-
ity and external forces acting on the grain; (ii) contact
forces, Fc,i, at the contacts among grains and between a
grain and the pack boundary; and (iii) damping forces,
Fd,i, resulting from the movement of a grain in a viscous
fluid, or its collisions with other grains or pack bound-
aries.
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FIG. 1: Schematic diagram of grain-grain contact and its rel-
ative contact model in the simulation.

Two types of damping schemes are used in this
study: velocity-proportional and stiffness-proportional.
Velocity-proportional damping (Fdv,i) simulates energy
dissipation by rock grains moving in the viscous fluid,
and is assumed proportional to the grain velocity, ẋi.
Stiffness-proportional damping (Fdk,i) models energy dis-
sipation in collisions of the grain with other grains or pack
boundaries, and is assumed proportional to the velocity
differences between the grains, ẋr,i. These two damping
forces can be expressed as

Fdv,i = −αmẋi (3)

Fdk,i = −βkẋr,i (4)

where α and β are the damping coefficients, and k is the
contact stiffness [33, 34].

When two grains collide, the resulting deformation
causes the contact force Fc,i (Fig. 1a). The contact re-
gion can be simulated as a dash-pot, spring and slider
system (Fig. 1b). In Fig. 1, xA

i and xB
i are the positions

of grains A and B, and xc
i is the location of the contact

point of these two grains.
The contact force Fc,i can be resolved into a normal

and tangential component, Fn
c,i and F t

c,i:

Fc,i = Fn
c,i + F t

c,i (5)

The normal contact force Fn
c,i is proportional to the nor-

mal deformation Un, and calculated as

Fn
c,i = KnUnni (6)

where Kn is the normal contact stiffness, and ni is the
unit normal vector, defined from grain A to grain B.
The magnitude of deformation Un is assumed to be small
compared with the grain size and linearly related to the
contact force, unless slip or separation occurs between
the grains.

The tangential contact force F t
c,i is not entirely de-

termined by the current grain locations; it also depends
on the history of relative displacement. The relation-
ship between the incremental tangential component of
the contact force and the relative displacement is linear
with the change of tangential component of the contact
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displacement of two grains ∆U t, given by [40],

∆F t
c = kt∆U t (7)

where kt is the tangential contact stiffness.
For slip between two grains, the Mohr-Coulomb con-

dition is used. Slip occurs between grains A and B when
the normal and tangential components of the contact
force satisfy the inequality

F t
c > c + µFn

c (8)

where c and µ are the cohesion and friction coefficients.
If slip occurs, the tangential contact force is changed to

F t
c,i :=

F t
c,i

F t
c

(c + µFn
c ) (9)

Thus, summing up, the equations of motion (1) and
(2) can be written as:

mẍi + αmẋi = Fc,i + Fdk,i + Fb,i (10)

Iθ̈i + αIθ̇i = Mc,i + Mdk,i + Mb,i (11)

where Mc,i and Mdk,i are the moments resulting from
the contact forces, Fc,i, and the damping forces, Fdk,i;
and Mb,i is the externally applied moment. Note that al-
though both velocity-proportional damping and stiffness-
proportional damping terms are velocity-dependent, they
are put on different sides of the equations (10) and (11).
The velocity-dependent damping is split to reflect the
way the solution to equations (10) and (11) is computed
numerically. In addition, unlike the velocity-proportional
damping term, both the stiffness-proportional damping
forces Fdk,i and the moments Mdk,i vanish if there is no
contact between the respective neighboring grains.

In this study, the dimensionless forms of Eqs. (10) and
(11) are used, which are derived based on the following
set of dimensionless variables:

x̄ =
x

R∗
, θ̄ = θ, k̄t =

kt

K∗
, K̄n =

Kn

K∗

m̄ =
m

m∗
, Ī =

I

I∗
, F̄ =

F

F ∗
, M̄ =

M

M∗
(12)

t̄ =
t

T ∗
, ᾱ = α · T ∗, β̄ =

β

T ∗
, ρ̄ =

ρ

ρ∗

where R∗, K∗, and ρ∗ are the characteristic radius,
stiffness and density of the largest grain in the pack-
ing; m∗ = 4/3πρ∗R∗3; T ∗ =

√

m∗/K∗; I∗ = m∗R∗2;
F ∗ = m∗g∗; M∗ = F ∗R∗ and g∗ = g. Eqs. (10) and (11)
are transformed to the following dimensionless form:

m̄¨̄xi + ᾱm̄ ˙̄xi = (F̄c,i + F̄dk,i) + CF̄b,i (13)

Ī ¨̄θi + ᾱĪ ˙̄θi = (M̄c,i + M̄dk,i) + CM̄b,i (14)

where the dimensionless parameter C is,

C =
T ∗2g∗

R∗
=

4πR∗2ρ∗g∗

3K∗
(15)

The dimensionless equations of motion (13) and (14)
are solved numerically as follows. With given resultant
forces and moments acting on a grain, its linear and angu-
lar accelerations are determined, and the velocities and
displacements are obtained through numerical integra-
tion [33, 34]. The grain positions and velocities are up-
dated, and the resultant new forces and moments are
calculated. This approach makes it possible to explicitly
track the position of each grain and the forces and mo-
ments acting on it during sedimentation and compaction.
The algorithm has been implemented efficiently in FOR-
TRAN 90.

III. SIMULATIONS OF GEOLOGICAL

PROCESSES

Sedimentary rock is formed by a series of complex pro-
cesses: source rock fragmentation, sediment transport
and erosion, sedimentation, and diagenesis. When the
energy of a transporting medium becomes too low, sed-
iments begin to deposit [41]. Once deposited, the sed-
iments are compacted. Later, water flows through the
deposited sedimentary bed dissolving, nucleating, and
growing solid materials by the processes summarily called
diagenesis [42]. The diagenetic alteration cements the
sediments into solid rock.

To mimic the processes described above, sedimentary
rock is modeled in three main steps: sedimentation, com-

paction, and diagenesis. First, using a known grain size
distribution, an initial grain packing is obtained by sim-
ulating the dynamic process of grain sedimentation. Sec-
ond, this grain packing is compacted. In these two steps,
the grains are allowed to translate, rotate and rebound.
Third, after compaction is completed, the end-result of
diagenetic rock transformations is modeled and, in par-
ticular, cement bonds are introduced.

In this study, Fontainebleau sandstone [23] is used as a
reference standard for comparison. As input parameters,
we use the following grain properties: the grain material
density, ρ = 2650 kg/m3; the inter-grain friction coeffi-
cient, µ = 0.60; the damping coefficients, ᾱ = 0.5 and
β̄ = 0; the grain normal and tangential stiffness, kn =
8.0 × 1010 N/m, and kt = 5.3 × 1010 N/m; and the uni-
form grain size distribution bounded by Rmin = 0.07 mm
and Rmax = 0.13 mm. A particular grain size distribu-
tion is external to our procedure. The values of mechan-
ical properties of the rock grains listed above have been
obtained by matching stress-strain behavior of a macro-
scopic rock sample, see Section IV.
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FIG. 2: Initially, the non-overlapping grains are randomly
placed in the confining box.

A. Sedimentation

Grain packing during sedimentation strongly affects
the geometrical, transport, and mechanical properties of
the resultant rock. The final grain packing is largely de-
pendent on the grain sizes, shapes, sorting, and sedimen-
tation environment. For example, poorly sorted grains
generally have closer packing and lower porosity across
a wide range of grain sizes, as the fine grains tend to fill
the void space between the large grains.

The sedimentation process is simulated using a
“generate-settle” algorithm. First, a predetermined num-
ber of grains is generated according to a given probabil-
ity distribution function. Then, these grains are dropped
into a given spatial domain either simultaneously or one-
by-one, from either a single point or randomly chosen
positions. Alternatively, the generated grains can be
randomly placed within the domain according to some
probability distribution function either with overlaps or
not (Fig. 2). Thereafter, the grains settle under grav-
ity or other external forces, and reach a final equilibrium
state (Fig. 3). The equilibrium state is assumed to be
reached, when either the ratio of the mean unbalanced
force on grains in the packing, F̄mn

u , to the mean contact
force at the grain contacts F̄mn

c , or the ratio of the max-
imum unbalanced force, F̄mx

u , to the maximum contact
force, F̄mx

c , meets an a priori criterion.

Our DEM model simulates the dynamic process of
grain sedimentation, in which the grains are allowed to
translate, rotate and rebound. Fig. 4 shows a 5 mm ×

5 mm × 4.63 mm random grain packing after gravity-
driven sedimentation. The random placement scheme is
used to generate the initial grain positions in the cube
(5 mm × 5 mm × 6 mm), i.e., at first the grains are
randomly placed within the domain based on a uniform
distribution without overlaps. The packing Fig. 4 has
already reached gravity equilibrium, which is assumed to

FIG. 3: The grains settle under the action of gravity.

FIG. 4: A random packing of 14,000 grains after gravity sed-
imentation. The grain sizes are from a uniform distribution
bounded by Rmin = 0.07 mm and Rmax = 0.13 mm. The
voxel-based porosity in the middle part of this image is about
40%.

be reached when the ratio F̄mn
u /F̄mn

c < 0.01 after 75013
time steps (∆t̄ = 0.261 × 10−4, dimensionless).

To eliminate or reduce boundary effects, we analyze a
fixed region in the middle part of the grain packing, x ∈

[2.2, 2.8] mm, y ∈ [2.2, 2.8] mm, and z ∈ [2.2, 2.8] mm in
this study. To simulate a discrete rock image, this region
is discretized into a three-dimensional array of identical
small cubes (voxels). The voxel size is 5 microns. We
use the convention that a voxel is an element of the pore
space if its center is in the pore space. Otherwise, it is an
element of the skeleton. Thus, the porosity can be evalu-
ated by simply counting the number of void space voxels
over the whole region. The porosity calculated this way
depends on the resolution. However, this dependence is
negligible if the resolution is high enough. The initial
voxel-based porosity (the ratio of the number of voxels
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in the void space to the total number of voxels) of the
selected region is estimated of 40%, compared with the
porosity of 39% of the grain packing generated using the
local minimum algorithm [23] with the same grain size
distribution. In other simulations [43], our DEM sedi-
mentation algorithm has also generated a random pack-
ing of monodisperse spheres with a porosity of 41.9% [43],
compared with the experimental porosity of 40.2% [44]
and the numerical porosity range of 40.0± 2.0% [30, 45].

B. Compaction

Compaction reduces rock bulk volume and porosity in
response to the applied stress. In quartz sandstones,
compaction at shallow depths is mainly caused by me-
chanical processes, such as grain rearrangement and grain
fracturing. At greater depths, pressure dissolution is the
main process causing further compaction [7].

The compaction process is modeled by applying an
overburden pressure, and moving the wall at the top of a
grain pack downwards by a certain distance. In this way,
one simulates the effect of the overburden compacting
the rock. A grain pack can be compacted in an arbitrary
direction or in several directions simultaneously. During
compaction, a grain can undergo translational and rota-
tional motion, depending on its interactions with neigh-
bor grains, confining boundaries, and surrounding fluid.

In compaction modeling, grains may interpenetrate,
similarly to pressure dissolution of grain contacts in nat-
ural rock. In the simulation discussed here, we assume
that the rock grains are very stiff in comparison with
the cement bonds (see Section IV), i.e., their interpen-
etration is exceedingly small compared with the grain
size, and the grain deformations are negligible. There-
after, the normal and tangential contact stiffness, Kn in
Eq. (6) and kt in Eq. (7), respectively, are assumed to be
constant and independent of the small grain interpene-
tration.

The grain interactions and rearrangement determine
the final outcome of compaction. Initially, grain rear-
rangement plays a significant role in the porosity reduc-
tion. However, with the progress of compaction grain
interpenetration becomes more pronounced. Fig. 5 dis-
plays the result of a 18.8% bulk volume reduction in uni-
axial compaction of the grain packing in Fig. 4. In this
simulation, the wall at the top of the grain pack moves
downwards at a constant strain rate of 1.25 × 10−2 s−1

(half of the rate used in the simulation in Section IV),
and other boundaries are fixed. If we assume that the
volume of grain interpenetration during compaction has
dissolved under pressure and is transported out from the
system, the voxel-based porosity in the central region of
the compacted grain pack is 28.7%.

As a comparison, another approach was also simulated:
the vertical position of each grain was shifted downwards
by an amount proportional to its original position as
in [7, 10, 12]. Starting from the same initial packing as

FIG. 5: Compaction of the grain packing in Fig. 4 after
a 18.8% reduction of bulk volume in uniaxial compaction.
Grain interpenetration occurs under pressure. The voxel-
based porosity in the middle part is about 28.7%.

in Fig. 4, and for the same bulk volume reduction, this
approach gives the porosity value of 30.6%. As expected,
grain rearrangement in uniaxial compaction leads to a
closer grain packing and, thus, to a lower porosity.

C. Diagenesis

Diagenesis transforms an unconsolidated loose sed-
iment into rock. It involves all physical, chemical
and biochemical processes that affect sediments between
the time of deposition and metamorphism. Diagenesis
mainly includes two types of processes: cementation and
authigenesis.

FIG. 6: Syntaxial overgrowth of quartz cement on quartz
grains, from Maurice [46].

Cementation is the process of mineral nucleation and
precipitation, which binds the individual grains and
transforms them into a single solid structure. One of the
most common types of silica cement is quartz overgrowth.
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FIG. 7: Notation in the cement overgrowth algorithm. The
dark grey zone is the original grain, the light gray zone is the
cement; and the white area is the void space.

Silica cement is precipitated on grains of the compacted
rock and forms a syntaxial (or rim) overgrowth (Fig. 6).
This type of cementation is simulated with a modifica-
tion of the grain-growth model by Schwartz and Kim-
minau [5]. Here, this model is enhanced by including the
effects of grain size on the rate of cement growth:

∆(r) =

(

R̄

R0

)ξ

min
(

κl(r)ζ , l(r)
)

(16)

In Eq. (16), ∆(r) = L(r) − R0 is the increment of silica
cement growth along the direction r measured from the
grain center, where L(r) is the distance from the grain
center to the pore-cement interface, Fig. 7. The origi-
nal grain radius and the mean grain radius in the whole
sample are R0 and R̄, respectively. The distance between
the original grain surface and the plane of the polyhedron
(polygon in 2D) into which the grain is inscribed is l(r).
The parameter ξ controls the effect of grain size on the
rate of cement overgrowth. The exponent ζ controls the
direction of silica cement growth. Finally, the coefficient
κ determines the amount of porosity reduction.

The effects of the model parameters on the cement
growth are illustrated in a 2D grain packing, Fig. 8. The
influence of ξ is shown in Fig. 8a-c. A positive value of
ξ favors small-grain growth, with more cement deposited
on the surfaces of the smaller grains (Fig. 8a). If ξ = 0,
the same amount of cement is deposited on the surfaces
of all grains (Fig. 8b). A negative value of ξ favors large-
grain growth (Fig. 8c). Although in the model positive,
negative, or zero ξ are admissible, from the physical point
of view, a positive value of ξ seems more sensible because
a packing of small grains has a larger specific surface area
than that of large grains. In this study, a positive value
of ξ has been chosen to simulate silica cement growth.

The growth exponent ζ affects the geometry of cement
development (Fig. 8d-f) in the following way. A positive
value of ζ favors pore-body growth, i.e., more cement is
deposited toward the direction of a pore body or large

distance, l(r), (Fig. 8d). This type of cement growth
increases the pore surface-to-pore volume ratio in the
rock, and keeps the pore space interconnected even when
porosity is very low. If ζ = 0, the growth is uniform, and
the same amount of the cement is deposited on grain sur-
faces in all directions (Fig. 8e). Negative value of ζ favors
pore-throat growth (Fig. 8f). In such a situation, the
cement preferentially deposits on the narrow grain con-
tact regions, decreasing the pore surface-to-volume ratio.
This growth pattern preserves a relatively high porosity
when the pore space becomes disconnected.

Fig. 9 displays the result of cementation of the com-
pacted grain pack in Fig. 5. The parameters obtained
for Eq. (16) are ξ = 1.0, ζ = 1.0, and κ = 0.435. The
final voxel-based porosity in the selected region of grain
packing is 18.0%. Compared with the porosity of 28.7%
before the cementation, the porosity decrease is signifi-
cant.

Fig. 10 depicts evolution of the voxel-based pore space
in the selected region of the grain packing at each step
of the reconstruction: sedimentation, compaction, and
cementation. Note that the grains captured in the se-
lected region just after sedimentation may be different
from those after compaction and cementation because
the rock grains move to new positions during the com-
paction process. The interpenetration of grains rarely
happens after the sedimentation, Fig. 10(a), but can be
seen after the compaction, Fig. 10(b). Note that this
interpenetration is still small compared with the grain
size. Three types of cementations in Fig. 10(c-e) show
the impact of the growth exponent, ζ, on cement de-
velopment. It can be observed that the pore space be-
comes less connected when ζ decreases from a positive
to a negative value. Different values of κ are used to
obtain the same final porosity. The imaged pore space
of natural Fontainebleau sandstone (f) is also shown to
compare the quality of reconstruction visually. Visual
inspection of (d), (e) and (f) reveals that the pore space
of the simulated rock resembles Fontainebleau sandstone
even though some key parameters in the reconstruction
process, such as the type and amount of cement and clay
in the Fontainebleau sandstone, compaction porosity loss
during rock formation are not known exactly, and only
the final porosity is matched.

The simulated rock samples can be further visually in-
vestigated by cutting cross-sections through the centers
of the images in Fig. 10. Fig. 11 shows that pore shape
modifications occur during rock formation, and different
values of ζ generate different pore shapes. It seems that a
nonpositive value of ζ results in a closer resemblance be-
tween the modeled rock and the Fontainebleau sandstone
sample.

Authigenic clays (smectite, chlorite, and kaolinite) are
abundant and widely distributed in sandstones, and ap-
pear as a variety of pore linings, pore fillings, pseudomor-
phous replacements, and fracture fillings [47]. A pore lin-
ing is formed by clays coating the surfaces of rock grains,
except at the points of grain contacts. The individual
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(a) ξ = 2.0 (b) ξ = 0.0 (c) ξ = −2.0

(d) ζ = 1.0 (e) ζ = 0.0 (f) ζ = −1.0

FIG. 8: Effects of the grain size parameter, ξ, and the growth exponent, ζ, on the rate of quartz cement overgrowth in 2D. The
original grain is grey, the quartz cement is black, and the void space is white.

FIG. 9: Cementation of the compacted grain pack, Fig. 5,
ξ = 1.0, ζ = 1.0, and κ = 0.435. The voxel-based porosity in
the middle part is about 18.0%.

clay particles or aggregates commonly exhibit a preferred
orientation either normal or parallel to the grain surface.
Pore-filling clays plug interstitial pores, and the individ-
ual flakes, or aggregates of flakes, exhibit no apparent
alignment relative to the detrital grain surfaces. Both
pore lining and filling are simulated here. Fig. 12 shows
the occurrence of pore lining in a real rock, and the sim-
ulated pore lining and pore filling in 2D. In the model,
the shapes of clay particles or aggregates can be changed
at will to mimic the type of clays and the relevant depo-
sitional environment.

IV. ROCK MECHANICAL PROPERTIES

In the 3D depositional model formulated in Sections I
– III, we have used grain mechanical properties suggested
by the 2D computations described in this section. Before,
our goal was to obtain a virtual sample of consolidated
rock with a specified final porosity, and whose 3D images
and 2D cross-sections were similar to the CT images of
a similar real rock under visual inspection. Elsewhere,
we have confirmed [43] that the calculated permeabilities
of the virtual rock samples were close to the measured
ones. Here, we describe how we obtained the required
grain properties, and what else we can learn about the
mechanical properties of rock.

To simulate the macroscopic mechanical behavior of a
natural rock, one must specify the suitable mechanical
properties of the rock grains, such as friction coefficient,
and normal and tangential stiffness. These properties
must be specified individually for each grain. In this
Section, to reduce the computations, we consider a two-
dimensional model of the rock, in which grains are disks.
By adjusting the grain parameters, we have obtained a
surprisingly good fit of stress-strain data from a constant
lateral stress compression experiment, see Figs. 15 and 16
below. In the simulations discussed in this Section, we
have used PFC2D, a commercial code by Itasca Consult-
ing Group, Inc. [48]. Thus obtained grain parameters
have been used in the 3D depositional model.

An increasing external stress can cause bond breaking
and micro-crack development in rock, and change the
rock microstructure. Nucleation, growth, interactions,
and coalescence of micro-cracks determine rock failure
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(a) Sedimentation (b) Compaction (c) Cementation 1

(d) Cementation 2 (e) Cementation 3 (f) Fontainebleau ss

FIG. 10: The pore space in the selected central region of grain packings at each simulation stage, and the pore space of
Fontainebleau sandstone. The cementations 1-3 are used to show the effect of growth exponent, ζ, on cement overgrowth. The
value of κ is adjusted to obtain the same porosity. The voxel resolution is 5 microns for the simulated images and unknown
for the Fontainebleau sandstone image. (a) sedimentation, φ = 40.0%, (b) Compaction, φ = 28.7%, (c) ξ = 1.0, ζ = 1.0, κ =
0.435, φ = 18.0%, (d) ξ = 1.0, ζ = 0.0, κ = 7.9 × 10−3, φ = 18.0%, (e) ξ = 1.0, ζ = −1.0, κ = 1.46 × 10−4, φ = 18.0%, (f)
Fontainebleau sandstone, φ = 18.0%.

(a) Sedimentation (b) Compaction (c) Cementation 1

(d) Cementation 2 (e) Cementation 3 (f) Fontainebleau ss

FIG. 11: The cross-sections cut through the centers of the images in Fig. 10. The interpenetration of grains rarely happens
after sedimentation (a), and can be seen after compaction (b). The pore shapes change during the process of rock formation,
and different pore shapes are formed using the different values of ζ (c-e). The resolution of the Fontainebleau sandstone image
is unknown and only the porosity is matched for the simulated samples.
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(a) SEM (b) Simulation

FIG. 12: Different pore linings and fillings: (a) radial align-
ment of chlorite flakes on the detrital grain surface suggesting
development outward into the pores during diagenesis, from
Wilson and Pittman [47], (b) The simulated pore fillings and
pore linings. Note the small grain interpenetration.

3P

e&

e&

FIG. 13: Geometry of the simulated Fontainebleau sandstone
composed of 12130 grains and 24084 contact bonds. The
grains are uniformly distributed between Rmin = 0.20 mm
and Rmax = 0.26 mm.

and alter the macroscopic mechanical and flow properties
of the rock. Efforts have been made by many researchers
to analyze the micro-crack development in stressed rock,
e.g., Refs. [38, 49–52]. To understand rock deformation
and fracture behavior [53–59], we quantify the evolution
of micro-cracks in the simulated rock in a compressional
test, and characterize patterns in the spatial distribu-
tion of these micro-cracks by using a box-counting tech-
nique [36].

A. The rock sample and test conditions.

The reference rock chosen for the study is
Fontainebleau sandstone with the porosity of 21% [60].
It is a narrowly and uniformly graded rock with an aver-
age grain size of 0.23 mm. A simulated specimen with a
width of 40 mm and a height of 60 mm is generated from
12130 grains and 24084 contact bonds (Fig. 13). The

FIG. 14: Schematic diagram of the contact bond model. The
grains are gray color and the contact bond are black.

grain sizes are assumed to follow the uniform distribution
bounded by Rmin = 0.20 mm and Rmax = 0.26 mm.
Uniform properties are assigned to the grains: the den-
sity, ρ = 2646 kg/m3, the coefficient of friction, µ = 0.60,
the damping coefficients, ᾱ = 0.5 and β̄ = 0, and the
normal and tangential stiffness, kn = 8.0 × 1010 N/m,
and kt = 5.3 × 1010 N/m, respectively. These grain
mechanical properties have been chosen by adjusting
the stress-strain behavior of the modeled Fontainebleau
sandstone to fit the measured macroscopic behavior
of the target rock. Thus obtained grain mechanical
properties were used in the simulation of sedimentation
and compaction using our three-dimensional code in
Section III.

Fontainebleau sandstone contains little clay and is
poorly cemented [60]. It is reasonable to assume that
cement is only deposited at the grain contacts. This ce-
mentation pattern is approximated by choosing ζ = −1.0
in Eq. (16). For simplicity, a contact bond is used
to simulate the physical behavior of the cement filling
the grain contacts and joining the grains in the model
Fontainebleau sandstone (Fig. 14). Each bond is as-
sumed to be ideally brittle, i.e., to have a linear elas-
tic response up to the threshold normal strength, Sc, or
shear strength, Ss, at which it breaks. The threshold nor-
mal and shear strengths are assumed to be distributed
randomly according to the Gaussian distributions with
the means of 110 MPa and 130 MPa, and the stan-
dard deviations of 35 MPa and 20 MPa. A bond is
irreversibly broken once the stress acting on it is larger
than this bond’s threshold strength. It is assumed in this
study that the rupture of each bond results in a micro-
crack, which may close but cannot be healed during the
experiment, i.e., this micro-crack always exists after its
inception. In the simulation discussed here, the grains
are much stronger than the bonds. Thus, the individual
grains do not break during the test.

The sample is loaded by applying a force that moves
the top and bottom walls toward each other at a con-
stant strain rate of 2.5 × 10−2s−1, which is slow enough
to ensure that the sample remains at quasi-static equi-
librium throughout the test and inertial effects can be
neglected [52]. A servo-control system is used to keep
the confining pressure constant at P3 = 28 MPa during
the test. The compaction test simulation stops shortly
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FIG. 15: The stress-strain response of Fontainebleau sand-
stone sample in the compressional test with P3 = 28 MPa.
The laboratory data were digitized from Bied et al.’s pa-
per [60].

FIG. 16: A shear band formation: the experimental result
from Bied et al.’s paper [60] is on the left, and our simulation
on the right. The white color zone shows the shear band.
Note that the scales of these two pictures are not the same,
and the confining pressure for the experimental data was not
mentioned.

after the maximum axial load (peak strength) has been
reached.

B. Simulated experiment results

The stress-strain response of the simulated rock is
shown in Fig. 15. The numerical result is similar to that
obtained in the laboratory test [60]. The macroscopic
Young’s modulus and peak strength are approximately
matched by the simulated rock. Fig. 16 shows the for-
mation of shear localization after the rock fails. The
experiment photograph is shown to compare our simula-
tion with reality, although the scales of these two pictures
are not exactly the same, and the experimental confining
pressure was not mentioned in the paper [60].

Fig. 17 shows the evolution of damage in the sim-
ulated Fontainebleau sandstone by depicting the orien-

tations and locations of the micro-cracks at strains of
0.407%, 0.557% (pre-peak), 0.614% (peak), and 0.714%
(post-peak), respectively. At first, few micro-cracks –
randomly distributed over the sample area – develop.
When approximately 2.5% of the bonds are broken,
micro-cracks start to interact and coalesce. Finally, nu-
merous micro-cracks link together to develop shear lo-
calization, and the rock fails. Most of the micro-cracks
form along linear bands after the peak stress is reached.
The progressive development of micro-cracks and the fi-
nal shear macro-fracture formation are consistent with
the laboratory observations that generally show failure
of samples along inclined shear fractures, as shown in
Fig. 16.

The distribution of micro-cracks is quantified using the
box-counting or box dimension technique [36]. Fig. 18

and Fig. 19 show the number of boxes, N , needed to
cover the micro-cracks vs. the box size, a, in the log-
log coordinates, when the rock is subjected to different
stresses. The log of 1/a is used to obtain the fractal
dimension D. It is found that the self-organized distri-
bution of micro-cracks has fractal properties. Before the
peak stress is reached, the fractal dimension is smaller
than one, and the rock is still intact. But the fractal
dimension exceeds one after the peak stress has been
reached, the rock becomes increasingly disordered, and
more micro-cracks develop.

Fig. 20 and Fig. 21 show the variation of the esti-
mated fractal dimension D with axial strain and axial
stress. It can be observed that the estimated fractal di-
mension of micro-cracks in the simulated Fontainebleau
sandstone always increases with the increasing axial
strain. The fractal dimension also increases with axial
stress until the peak stress is reached, and it continues to
increase with the decreasing axial stress beyond the peak
stress. This behavior is consistent with Carpinteri and
Yang’s observations of disordered materials [51]. No crit-
ical value is found for the fractal dimension even when the
simulated Fontainebleau sandstone fails. The increasing
fractal dimension during the simulation means that the
rock becomes filled with micro-cracks as the bond dam-
age propagates.

Using least squares regression, the fractal dimension D
can be approximated as a function of axial strain,

D = −1.40(100ǫ)2 + 4.90(100ǫ) − 1.35 (17)

and as two functions of the normalized pre- and post-
peak stress,

D = 18.88σ̄2
− 30.23σ̄ + 12.43 (18)

D = 63.99σ̄2
− 130.53σ̄ + 67.71 (19)

where ǫ is the axial strain, σ̄ is the normalized stress, σ̄ =
σ/σ0, and σ0 is the peak axial stress. The universality of
the coefficients in Eqs. (17)-(19) has not been studied.

Since fracture formation is generally irreversible (at
least over a short time period), the process is cumula-
tive and can be described using damage parameter [61–
63], which increases monotonically during the progressive
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(a) 0.407% (b) 0.557% (c) 0.614% (d) 0.714%

FIG. 17: The distribution of micro-cracks in the modeled Fontainebleau sandstone sample during the uniaxial test at a strain
of (a) 0.407% (pre-peak) (b) 0.557% (pre-peak), (c) 0.614% (peak), and (d) 0.714% (post-peak).
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FIG. 18: The dependence of the number of boxes, N , needed
to cover the micro-cracks on the box size, a, in the pre-
peak stage of the test, (1) ǫ = 0.407%, D = 0.44, (2)
ǫ = 0.495%, D = 0.66, (3) ǫ = 0.523%, D = 0.78, (4)
ǫ = 0.557%, D = 0.97, (5) ǫ = 0.585%, D = 1.07, (6)
ǫ = 0.614%, D = 1.17. The log of 1/a is used to obtain
the fractal dimension, D.

bond failure [64]. The formation of the shear macrofrac-
ture in the simulated rock results from the initiation, in-
teractions, and coalescence of the micro-cracks, i.e., bro-
ken bonds. Thus, the damage parameter may be defined
as the ratio of the number of broken bonds, nf , to the
total number of bonds, n, in the rock sample:

DP =
nf

n
(20)

The variation of the damage parameter with axial strain
is shown in Fig. 22. It can be seen that only about 7.5%
of the contact bonds are broken even after the rock fails
and most of the broken bonds are developed after the
axial strain reaches 0.6%.
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FIG. 19: The dependence of the number of boxes, N , needed
to cover the micro-cracks on box size, a, in the post-peak stage
of the test, (6) ǫ = 0.614%, D = 1.17, (7) ǫ = 0.633%, D =
1.23, (8) ǫ = 0.660%, D = 1.28, (9) ǫ = 0.689%, D = 1.33,
(10) ǫ = 0.714%, D = 1.38. The log of 1/a is used to obtain
the fractal dimension, D.
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FIG. 20: Evolution of the fractal dimension, D, with axial
strain in the simulated Fontainebleau sandstone.
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FIG. 21: Evolution of the fractal dimension, D, with axial
stress in the simulated Fontainebleau sandstone.
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FIG. 22: The damage parameter, DP , in the Fontainebleau
sandstone as a function of axial strain.

V. SUMMARY AND DISCUSSION

We have developed a depositional model that simulates
the formation of two types of reservoir rock: unconsoli-
dated sand and sandstone. The essence of our approach
is to build analogs of real sedimentary rock by simulating
the dynamic processes of grain sedimentation and com-
paction, modeling the result of diagenesis process, and re-
producing the mechanical behavior of the simulated rock.

A reconstruction approach is meaningful if it preserves
as many attributes of a target real rock as possible. Thus,
not only the geometrical and transport properties of the
real rock, but also its mechanical properties should be
reproduced. The key feature of our approach is that it
requires one to first match the mechanical behavior of the
target sedimentary rock, and then quantitatively compare
the important morphological and transport properties of
the simulated and real rock samples. Only when all these
properties are nearly matched, does the reconstruction

procedure succeed. Our rock reconstruction procedure
has been verified by comparison of mechanical proper-
ties of the simulated and natural rock. We discuss the
geometrical and transport properties elsewhere [43].

Grains in a rock-forming pack may be subject to exter-
nal forces, such as gravity, damping forces from the vis-
cous fluid, and they may interact with each other through
classical compressional and frictional contact forces. At
present, the contacts between grains are modeled as dash-
pot, spring and slider systems, and the contact forces are
assumed to be linearly related to the magnitude of the
deformation at the contact. More sophisticated interpar-
ticle force and displacement model based on the Hertz-
Mindlin theory [65, 66] is under development.

Our approach enables one to study the process of
progressive rock failure, and secondary porosity gener-
ation. For example, the simulated Fontainebleau sand-
stone shows many features of rock damage observed in
laboratory tests, such as micro-crack initiation, interac-
tions, coalescence, and shear macrofracture formation.

Fractal geometry is used to quantify the progressive
damage and rock failure during a rock deformation pro-
cess. The self-organized distribution of the micro-cracks
developed in the simulated rock displays fractal proper-
ties throughout uniaxial compression tests. The increas-
ing fractal dimension shows that the simulated rock be-
comes more disordered with damage evolution.

This study is but a first step towards obtaining an in-
dustrial strength 3D depositional models and extracting
meaningful rock transport properties from these models.
We believe that (1) our approach is physically sound,
and (2) we can study effectively the evolution of sedimen-
tary rock microstructure (its porosity, permeability, and
strength) during arbitrary rock deformations, thus en-
hancing general understanding of deformation and frac-
ture behavior of hydrocarbon and gas reservoirs. Our
results suggest the possibility of reconstructing sedimen-
tary rock so that the rock’s geometrical, transport, and
mechanical properties are matched simultaneously.

ACKNOWLEDGEMENTS

Gratitude is expressed for financial support to the
Assistant Secretary for Fossil Energy, Office of Natu-
ral Gas and Petroleum Technology, through the Na-
tional Petroleum Technology office, Natural Gas and Oil
Technology Partnership under US Department of Energy
contract no. DE-AC03-76SF00098 to Lawrence Berke-
ley National Laboratory. Partial support was also pro-
vided by gifts from ChevronTexaco, Phillips Petroleum,
and Statoil to UC Oil, Berkeley. We are thankful to
Schlumberger for providing the synchrotron CT images
of Fontainebleau sandstone.



13

[1] C. L. Y. Yeong and S. Torquato, Physical Review B 58,
224 (1998).

[2] C. L. Y. Yeong and S. Torquato, Physical Review E 57,
495 (1998).

[3] J. A. Quiblier, Journal of Colloid and Interface Science
98, 84 (1984).

[4] J. N. Roberts and L. M. Schwartz, Physical Review B
31, 5,990 (1985).

[5] L. M. Schwartz and S. Kimminau, Geophysics 52, 1,402
(1987).

[6] P. M. Adler, C. G. Jacquin, and J. A. Quiblier, Int. J.
Multiphase Flow 16, 691 (1990).

[7] S. L. Bryant, C. Cade, and D. Mellor, The American
Association of Petrolem Geologists Bulletin 77, 1,338
(1993).

[8] J. Yao, P. Frykman, F. Kalaydjian, J. F. Thovert, and
P. M. Adler, Journal of Colloid and Interface Science 156,
478 (1993).

[9] M. N. Panda and L. W. Lake, AAPG Bulletin 79, 431
(1995).

[10] S. Bakke and P.-E. Øren, SPE 35479 2, 136 (1997).
[11] A. P. Roberts, Physical Review E 56, 3,203 (1997).
[12] P.-E. Øren, S. Bakke, and O. J. Arntzen, SPE Journal

pp. 324–336 (1998).
[13] L. Tacher, P. Perrochet, and A. Parriaux, Transport in

Porous Media 26, 99 (1997).
[14] M. Pilotti, Transport in Porous Media 33, 257 (1998).
[15] C. Manwart and R. Hilfer, Physical Review E 59, 5,596

(1999).
[16] M. Pilotti, Transport in Porous Media 41, 359 (2000).
[17] T. R. Lerdahl, P.-E. Øren, and S. Bakke, SPE 59311

(2000).
[18] C. Manwart, S. Torquato, and R. Hilfer, Physical Review

E 62, 893 (2000).
[19] V. V. Mourzenko, J. F. Thovert, and P. M. Adler, The

European Physical Journal B 19, 75 (2001).
[20] J. F. Thovert, F. Yousefian, P. Spanne, C. G. Jacquin,

and P. M. Adler, Physical Review E 63, 061307 (2001).
[21] B. Biswal and R. Hilfer, Physica A 266, 307 (1999).
[22] B. Biswal, C. Manwart, R. Hilfer, S. Bakke, and P. R.

Oren, Physica A 273, 452 (1999).
[23] P.-E. Øren and S. Bakke, Transport in Porous Media 46,

311 (2002).
[24] E. S. Duff, M.S. Thesis, University of California, Berke-

ley, Department of Civil and Environmental Engineering
(2003).

[25] C. Manwart, U. Aaltosalmi, A. Koponen, R. Hilfer, and
J. Timonen, Physical Review E 66, 016702 (2002).

[26] S. L. Bryant, D. W. Mellor, and C. A. Cade, AIChE
Journal 39, 387 (1993).

[27] C. A. Cade, I. J. Evans, and S. L. Bryant, Clay Minerals
29, 491 (1994).

[28] J. Finney, Ph.D. thesis, University of London (1968).
[29] A. H. Thompson, A. J. Katz, and C. E. Krohn, Advances

in Physics 36, 625 (1987).
[30] D. Coelho, J.-F. Thovert, and P. M. Adler, Physical Re-

view E 55, 1,959 1,978 (1997).
[31] X. Jia and R. A. Williams, Powder Technology 120, 175

(2001).
[32] K. Z. Y. Yen and T. K. Chaki, J. Appl. Phys. 71, 3,164

(1992).

[33] P. A. Cundall and O. D. L. Strack, Geotechnique 29, 47
(1979).

[34] O. D. L. Strack and P. A. Cundall, Tech. Rep., University
of Minnesota (1978).

[35] X. Lin and T.-T. NG, Geotechnique 47, 319 (1997).
[36] A. Kolmogorov, Ann. Inst. H. Poincaré 16, 27 (1958).
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